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1. INTRODUCTION

In the last years models involving bulk and interfacial energies have been used to describe
phenomena in fracture mechanics, phase transitions, image segmentation and static theory
of liquid crystals (see [8], [11], [12], [17], [24], [26], [33], [34]). The problem consists in
finding minima of an energy functional of this kind

(1.1) Fw) = [ flz,w, Vw)dr + [ p(z,wh,w,v,)dHY
[z |

Juw

where Q is an open set of RY, HV~! denotes the Hausdorff measure of dimension (N — 1),
w belongs to the space of special functions of bounded variation denoted by SBV(Q, R™),
Jw denotes the set of approximate jump points of w, and the distributional derivative Dw
is represented by Dw = VwLY + (w™ — w™) ® v, H¥N 1| J,, with v, being the normal
to J, and w™ and w™~ the so called upper and lower approximate limit of w at the point
x € .

The existence of minima can be proved by using the direct methods in the calculus of
variations. Under appropriate boundedness constraints, Ambrosio in [3] (see also [6])
proved a compactness theorem in SBV, which combined with lower semicontinuity results
guarantees the existence of minima. In [4] the author studied the lower semicontinuity
of the functional (1.1) when the function f is convex and satisfies p-growth condition,
while the function ¢ fulfills suitable conditions, and in [5] he extended this result under
quasiconvexity assumption on the function f (see also [20]). Earlier works (see [18] and
[2]) have addressed other lower semicontinuity results under different assumptions on the
bulk and on the surface energy.

In this paper we present a lower semicontinuity result for free discontinuity energies with
a quasiconvex volume term having variable exponent growth and a quite general surface
term.

(*)The work by C. Leone and A. Verde was partially supported by the European Research Council under
FP7, Advanced Grant n. 226234 ”"Analytic Techniques for Geometric and Functional Inequalities”
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During the last decade, function spaces with variable exponent have attracted a lot of
interest. In fact, apart from interesting theoretical considerations, this framework occurs
in various variational problems from mathematical physics, in particular in electrorheo-
logical fluids (see [28] [29], [30]) and in the theory of homogenization (see [35]). More
recently, Chen, Levine, and Rao in [9] proposed a variable exponent formulation for the
problem of image restoration (see also [19]).

A survey of the history of Lebesgue and Sobolev variable exponent spaces with a com-
prehensive bibliography is provided in [14] and [31].

In this paper we consider a free discontinuity energy of the type

(1.2) F(u) = /f(x,w, Vw)dz + / Y(|wt — w™|)k(x, v,) dHN 1,
Q QN T

where € is a bounded open set of RN, f: Q x R™ x R¥Y™ — R~ : [0, +00) — [0, +00)
and k : Q x RY — [0, +00). We prove a lower semicontinuity result for the functional
above with respect to the L'-convergence under variable exponent growth assumption on
f. In order to prove this l.s.c result it will be sufficient to concentrate on the bulk energy
term since the Ls.c. of the surface term is essentially addressed in [2] (see Theorem 3.3).
Thus the main result will be the following theorem.

Theorem 1.1. Let Q C RY be an open set and let p : Q — [1,4+00) be a measurable
bounded function such that 1 < p~ < p(z) < p™ < 400 in Q; moreover p is (locally)
log-Hblder continuous (see definition in Sect. 2.4 below).

Let f:Q xR™x R¥™ — [0, 4+00) be a Carathéodory function such that

(1.3)  —c+ [2]P@ < f(z,u, 2) < a(z) + T(Jul)(1+ [2|PD) V(z,u, 2) € Q x R™ x RN™
for some ¢ > 0, a € LY(Q), and some continuous function ¥ : [0,00) — [0,00). Let us
assume that for every (xz,u) € Q x R™ the function z — f(x,u, z) is quasiconver. Then

liminf/f(x,w",Vw")dxz/f(x,w,Vw)da:
Q 0

n—oo

for every sequence {w"} C SBV(Q,R™) converging in L'(Q,R™) to a function w €
SBV(Q,R™) and satisfying sup,,cy HY 1 (Jyn) < +00.

This result extends a well known ls.c. theorem due to Ambrosio (see [5] or Theorem
5.29 in [7]) in this new framework of special function of bounded variation with variable
exponent.

Let us also observe that in the Sobolev setting with variable exponent, the problem was
considered in [23].

The main ingredients in order to prove the result are essentially the following: blow up
argument and Lipschitz truncation Lemma.

The blow up argument is useful in order to treat firstly the case where w is a linear function
and the measure of the jump set of w" goes to zero. In this case the idea is to replace
w" by equi-Lipschitz functions w™’ which agree with w” on large sets. In the Sobolev
setting this Lipschitz truncation Lemma is proved in [22| and [1], and then generalized
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by Ambrosio in [5] to the SBV context. More recently, Diening, Malek and Steinhauer in
[15] extended the Lipschitz truncation method to Sobolev functions of variable exponent.
Following the ideas of |15], and using the maximal function of the total variation of w”
as in [5], we are able to construct a suitable sequence w™’ of Lipschitz functions whose
gradient, where w” differs from w™7, in the L?)-norm can be so small as needed, and not
only bounded as in [1] and in [5] (see subsection 2.4 for the definition of the Lebesgue
space LP()(()). It is worth pointing out that this fact also leads to a simplification of the
proof of Theorem 1 in [5], when p(z) is constant.

2. PRELIMINARIES

Throughout the paper N,m > 1 are fixed integers. Moreover, €} will be an open subset
of RV. The letter ¢ will denote a strictly positive constant, whose value may change from
line to line.

By B,(z) we denote the open ball in RY with radius r and centered at z, and, more
briefly, by B; the open unit ball centered at 0.

Let £V denote the Lebesgue measure on RV and H"~! the Hausdorff measure of dimension
(N —1) on RY.

2.1. BV functions. If v € L. _(;R™) and = € Q, the approzimate limit of u at x is

loc

defined as the unique value u(z) € R™ such that

limL /\u(y)—ﬂ(mﬂdmzo.

p—ot pN
B,(a)
The set of points in {2 where the approximate limit is not defined is called the approximate
singular set of u and denoted by S,,, while Q\ S, consists of approzimate continuity points.
It simply follows by definitions that any Lebesgue point € ) of w is an approximate
continuity point and @(x) = u(x). Moreover it can be proved that S, is a LY -negligible
Borel set and @ : 2\ S, — R™ is a Borel function, coinciding £V-a.e. in Q\ S, with w.

Let u € LL _(€;R™) and z € Q2. We say that z is an approximate jump point of u if there

loc

exist a,b € R™ and v € $V!, such that a # b and

lim lu(y) —aldy =0 and lim lu(y) —bldy =0

p—0F p—0+
Bf (z,v) B, (z,v)
where By (z,v) == {y € By(x) : (y—x,v) 2 0}. The triplet (a,b,v) is uniquely
determined by the previous formulas, up to a permutation of a,b and a change of sign of
v, and it is denoted by (u™(x),u™(z),v,(x)). The Borel functions u* and u~ are called
the upper and lower approrimate limit of u at the point x € €). The set of approximate
jump points of u is denoted by J,. The set J, is a Borel subset of S,,.
We recall that the space BV(Q; R™) of functions of bounded variation is defined as the
set of all u € L*(Q;R™) whose distributional gradient Du is a bounded Radon measure
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on Q with values in the space M["™*N of m x N matrices. If u € BV(Q;R™) then
HNL(S,\ J,) = 0.
We recall the usual decomposition

Du = Vul" + Du,

where Vu is the Radon-Nikodym derivative of Du with respect to the Lebesgue measure
and D*u is the singular part of Du with respect to LY. We also split D*u into two parts:
the Cantor part D°u and the jump part Diu = (u™ — u™) @ v, HN 71| J,.

If w € BV(Q,R™), then Vu(z) is the approximate differential of u for almost every x € ),
i.e.

(2.1) lim |u(y) — w(z) — Vu(z)(y — z)|

p—0%F ly — |
Bp(x)

dy =0

for a.e. x € Q. An important consequence of (2.1) is the fact that Vu(z) = 0 for almost
every z in the set {y € Q : u(x) = 0}. In particular we have

(2.2) u,v € BV(Q) = Vu(z) = Vu(z) for a.e. v € Qs.t. u(x) = v(x).

We recall that the space SBV(Q;R™) of special functions of bounded variation is defined
as the set of all u € BV(Q2; R™) such that the Cantor part of derivative Du is 0.

Let p > 1. The space SBVP(Q; R™) is defined as the set of functions v € SBV(Q2; R™)
with Vu € LP(; RY™) and HY=1(S,) < oo.

For a general survey on the spaces of BV, SBV and SBV? functions we refer for instance
to [7].

2.2. Quasiconvex functions. Let f : R¥™ — R be a continuous function. We say that
f is quasiconvex if

/f(z +Vop(z))dr > f(z) VzeRN™ Vp e Ci(B;,R™).
By

This property, introduced by Morrey (see [25]), is necessary for the sequential lower semi-
continuity of the functional

Flu) = / F(Vuw) da

with respect to the weak* topology of W'*°(B;). We have the following result (see
Theorem II.1 in [1]).

Theorem 2.1. Let f(z,u,z2) : By x R™ x RY™ — [0, +00) be a Carathéodory function,
quasiconver in z for any x € By and any u € R™, such that

sup { f(z,u,z) : 2 € Bj,u € R™,z € R"™ Ju| + |2| < A} < +o0
for any A > 0. Then,

liminf/f(x,w”,Vw”)dxz/f(ac,w,Vw)dac
Bl Bl

n—-+00
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for any bounded sequence {w™} C W1°°(By,R™) uniformly converging in By to w €
Whee (B, R™).

2.3. Lusin approximation in BV. For every positive, finite Radon measure p in RY
we introduce the mazximal function

M ) :=su
(1) () D

#(By(z))

N z € RV,

Using the Besicovitch covering theorem (see e.g. [32]), it can be proved the existence of
a constant £ depending on N such that

(2.3) LY ({z e RY : M(p)(z) > A}) < i (R™).

Now we show that a BV-function can be replaced by a Lipschitz function which agrees
with it on larger and larger sets whose union is £V-almost all the domain. Our result
slightly improves Theorem 5.34 in [7].

Theorem 2.2. For every u € BV(RY R™) and 9, \ > 0 there exists a Lipschitz function
v:RY — R™ such that ||v]|ee <9, |Vl < e and up to a null set

(2.4) fo # u} € {M(Jul) > 9} U{M(Dul) > A}

Moreover if Q C RY is a bounded open set with the property that there exists a constant
A > 1 such that for all x € Q)

(25) £ (Blest(x Qc) ( )) < AE (B2dist(ac,ﬂc)(l‘) N Qc)a

and if u has compact support in Q then v € WL (RN R™), v =0 in RV \ Q, ||v]leo < 9,
IVv]loo < e and up to a null set

(2.6) {v#u} CON{M(Ju]) > 93 U{M(|Dul) > A}).

Proof. Firstly, we note that it is sufficient to prove the theorem for a scalar valued BV-
function. In fact, since for every u = (u',...,u™) € BV(Q,R™) and for every ball B,(z)
max [Du?|(By(x)) < |Dul(B,(x))

we obtain that
max M (|Du®()(x) < M(|Dul)(x)

1<a<m
and hence, for each «,

{M(|Du[) > A} S {M([Dul) > A} .
Analogously, we have
{M(Ju*]) > 9} € {M([u]) > I} .
By Lemma 3.81 and Remark 3.82 in |7, v has an approximate limit @ at every point x
such that M (|Du|)(z) < oo and for every p > 0

(2.7) / [u(v) |y_x| dyS/%dtSMﬂDuD(x).
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This inequality shows that for any A > 0 the restriction of u to {M(|Du|) < A} is a
Lipschitz function. In fact, if x,2" € {M(|Du|) < A} and p = |z — 2/|, setting v :=
LY (B,(z) N B,(2"))/p" (independent of p,z,z’), we get

_ ~ 1 - _

i)~ = —x [ - a@)ldy

By (2)NBo(a")

[ o) = @) + luty) = @)l dy

By (2)NBo(a’)

1

(2.8) -

IN

< 2)\&)]\[

| — 2|

< WTN[MuDuD(x)+M<|Du|><x’>]

Moreover the restriction of u to {M (|u]) < I} N{M(|Du|) < A} is bounded by 9. In fact,
for every xo € {M(|u]) <9} N{M(|Du|) < A} we have

fiwn)| < f - [iao) — ule) o+ Ju(o) do < f  [aleo) — u(w)] dz + M (ul)(z0).

By (o) By (o) By (o)
As p — 0, since 7g € RV \ S, we have
|u(zo)| < M(Jul)(zo) < 9.

Letting My ) := {M(Ju]) <9} N {M(|Du|) < A} and letting v be any extension of 17‘
M19,>\

to RY which is bounded (with the same bound 9) and it is Lipschitz continuous (with the
same Lipschitz constant c¢\) (see e.g. [16]), the conclusion of the first part of the theorem
follows since, up to an £V-null set, the following inclusions hold

{v#u} ={v#u} CRY\ My = {M(|u]) > 9} U{M(|Dul) > A}.

For the second part of the theorem we have to proceed more carefully in order to obtain
that the Lipschitz truncations vanish on the boundary.

Let x € My N and set r := 2dist(x,Q2°). Then by assumption (2.5) and since u is zero
on ¢ we have

1
- Ay = e - | d
F ) = @nwlds > g [ ) - @l dy
Br(x) By (z)NQe
LY (B, (x) N Q°)
1
> Sl
Let us now recall a variant of the Poincaré inequality (see Remark 3.50 in [7]):

1Dul(B, ()
B ](i ) = (w0l dy < er T
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which, together with (2.9), gives, for z € My, NQ

| Dul(B,(x))

VB = AT M(Du() < cAr

[(W)p,@| <cAr

Consequently, using also (2.7), we obtain
(2.10) [@()| < rM(Dul)() + (85, 0y| < ¢ ATA
It follows from (2.10) that for all z € My, N Q and all 2’ € Q° we have
(2.11) [u(x) —u(2")| = |Ju(z)] < cAdist(z, Q)N < c ANz — 2|,
since @ is zero on 2°. Then (2.8) and (2.11) imply that

[u(z) —u(a')| < c ANz — 2| Va,2" € My, UQC.

Hence w is Lipschitz continuous on Hy ) := My, UQ° with Lipschitz constant bounded by
cA. We also have that u is bounded by ¥ on Hy . Therefore extending ﬁ‘ to RY with

Hy
the same bound 9 and with the same Lipschitz constant ¢\ we proved also the second

part of the theorem. O

Remark 2.3. If Q C RY is an open bounded set with Lipschitz boundary, then Q satisfies
assumption (2.5).

2.4. The Lebesgue space with variable exponent. Let Q C RY be an open set and
let p: Q — [1,400) be a measurable bounded function, called a variable exponent on (.
We assume that there exist two numbers p™, p~ such that 1 < p~ < p(x) < p™ < 400 for
every x € (.

We define the variable exponent Lebesgue space LPO)(€; R™) (which we will denote by
LPO(Q) if m = 1) as the set of all measurable functions f : Q — R™ for which the modular

pree o(f) = |f(2)[P@) da
/

is finite. We define the Luxemburg norm on this space by

£y .o =inf {X >0 procy o(f/N) <1}

for every f € LPO(Q;R™). If there is no misunderstanding we will write p;,.)(-) and
| - || o) for the modular and the norm. We remark that the set LP()(Q;R™) with this
norm is a Banach space. Let us now consider some simple relationships between norm
and modular. First of all, it is very easy to check that:

(2.12) proo (f) <1 if and only if || f]| oo < 1.

This property can be generalized as follows.
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Lemma 2.4. Let f € LPV(Q;R™), then

(2.13) if |fllzeer < C, then /‘f(x)|p(z) de < C9,
where
(2.14) G p=if [y If(@)P® de <1,
pt  otherwise.
Moreover
1
C» if C<1

(2.15) if /If(:c)!”(m) dx < C, then | || < o<,

Q C otherwise.

Proof. Let us observe that

p(z)
£l :inf{»o:/%dfcg 1}

Q

p(z) p(z)
=min{ nf<0< A< 1: Mdmﬁl ;inf S A>1: Mdmﬁl
(@) (@)
Q Q

1

Moreover, if 0 < A < 1 is involved in the first infimum, then X > ([, |f(z)[P™ dz)»,
while for the second one we have A > ([, |f(2)["®) dz)»" . Then

| f[| L»¢» > min ( | ()P d:c)p_; ( ) dx)“ |
frere) (]

which gives

QY=

with

1

(2.16) T / @)@ dz |
o i (lrapd)

Q
o
< (lropea)”
pt  otherwise.

It is easy to check that this coincides with the number ¢ defined in (2.14).
By (2.16) we have (2.13), While for (2.15), let us note that in the first case, i.e.
Jolf(@) P de < C < 1, since

=

< —L— we have

- é/|f(g;)|f’<$> dr <1.
Q

L
pt Cpr )
f(z)

a1 </‘
CP(Z)
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Therefore, we obtain || f||ec) < C7*. In the second case, Le. [,|f(z)P® dx < C and

C > 1, since (i)p(x) < %, we have

C
jre

Therefore, we obtain || f|| ) < C. O

p(z) 1
dr < 5/|f(x)|p($) dx < 1.
Q

We say that a variable exponent p : Q — [1,4+00) is (locally) log-Holder continuous if
there exists a constant ¢ > 0 such that

Ip(z) — p(y)| < Tog(—1)

|z—y|

for every x,y € Q with |z —y| < 1/2.
We say that p is globally log-Holder continuous if it is log-Holder continuous and there
exist constants ¢ > 0 and p, € [1,4+00) such that for all points x € Q we have

C
P € —————— .
IP(%) = Poo| < oale + 2]

The following fact is proven in [13] and [10].

Proposition 2.5. Let p : RY — [1,+00) be a variable exponent with 1 < p~ < p(z) <
pt < 400, for every x € RY, which is globally log-Holder continuous. Then the Hardy-
Littlewood mazimal operator M is bounded from LPC)(RN) to LPC)(RYN).

For other weaker results about the boundedness of the Hardy-Littlewood operator see
[13], [21], |27]

The following fact (see Corollary 4.3 in [15]) will be used in Theorem 4.1 to apply the
Lipschitz truncation Theorem 3.1 below.

Proposition 2.6. Let Q C RY be a bounded open set with Lipschilz boundary and let
p: Q — [1,+00) be log-Holder continuous with 1 < p~ < p(x) < pt < 400 for every
x € Q. Then there exists an extension p: RN — [1,+00) with 1 < p~ < p(z) < pF < +o0
forx € RN, such that the Hardy-Littlewood mazimal operator M is bounded from LPC)(RN)
to LPO(RN).

3. LUSIN APPROXIMATION IN SBV WITH VARIABLE EXPONENT

The space SBVPO (Q; R™) is defined as the set of functions v € SBV(Q;R™) with Vu €
LPO)(Q; MI™N) and HN~1(S,) < oo.

Theorem 3.1. Let Q C RY be an open bounded set which satisfies assumption (2.5), and
let p: RY — [1,4+00), with 1 < p~ < p(x) < pt < 400 for every x € RY, be such that
the Hardy-Littlewood mazimal operator is bounded from LP)(RN) to LPC)(RN).
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Let o™ € SBVp(')(]RN, R™) be a sequence of functions with compact support in 2 such that
v™ tends to 0 in L*(,R™), as n — oo. Moreover we assume that

(3.1) sup [|v"||oo < +00;
(3.2) sup/ Vo [P@) dz < 400
"o
(3.3) T = ([0 [0 = 0 (n— 00).

Let 9,, > 0 be such that

U, — 0 and Tn o (n — 00).

n

Then there exist sequences [1j, A, j > 1 such that for everyn,j € N

(3.4) B < Anjg < Hjtts

and a sequence v™ € WE(RN R™), v =0 on RN \ Q, such that for every n,j € N
(3.5) [0 loo < O

(3.6) VU™ [|oo < CApyj -

Moreover, up to a null set,

(3.7) {v™ £} C QN ({M(Jv"]) > 9, U{M(|Dv"|) > 3K\, ;}).
For every 5 € N and for n — oo

(3.8) Vo™ =0 weakly® in L=(Q,RY™).

Finally, there exists a sequence €; > 0 with €; — 0 such that for everyn,j € N
(3.9) VO™ X (it (jom ) >0, 3o (9om)>2K A, H 1000 0 <

Tn
OH/\TL,jX{M(Iv”\)>197L}U{M(\Vv"\)>2K)\n’j}HLP(-)@ < Cﬁ—,ujﬂ + €j-

Proof. The proof follows the lines of the proof of Theorem 4.4 in [15]. Even if only few
changes are significant we will write it for the sake of completeness.
By (3.3), (3.2), and by (2.15) of Lemma 2.4, we have that

SlTle 10" Loty v + Slip V"™ || o) gy < 400,
which thanks to the boundedness of the Hardy-Littlewood maximal operator, implies
(3.10) M ([0" DIl o gy + M AV ) o) pv < K
for every n € N. So, by (2.12) we get
[ty e [ Qv ds <1,

RN RN

for every n € N.
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Next, we note that for a function g € LP©®)(RY) with ||g||»() gv < 1 we have

1 > /|g |p(x)dx—// tp() X{lg |>t}dtdl‘

RN O
2m+1

/ Z / tp( X{\g|>t} dt dx

RN meZ om

/Z 2m p(z )X{|g|>2m+1}d£€

RN meZ

/ D (@M xgpsamny d

RN meN

v

(3.11)

v

v

29+l 1

> > D, / X g1y A

]GN k= 2] RN

The choice g = xoM (|Vv"])/K yields

29+l 1

>N / X Gr(on i sy de < 1

JEN k=27

and thus, for all j,n € N,

21+l 1

Z / X{‘M(‘VUVLD/KI>2IC+1} dx < 1.

k=27
Since the sum contains 27 addenda, there is at least one index k;,, ; such that

kyn i T —7
(3.12) /(2 NPOX ar(wony i 22ty 48 < 277,
Q

Letting ¢; := 279/7" by (2.15) of Lemma 2.4, it follows from (3.12) that
(3.13) 25 XM (von ) K |22 nJ}”LP() o < ¢&j

Now we define A, ; := 255 and p; := 2%, then

(3.14) s =22 <Ay <277 =y,

and we conclude from (3.13) that

(3.15) [ An g X{m(vor)>2A 3 | 120 0 < €5

Next we observe that

[ A X {01 (jom > 00 YU (V0 ) >2K A i3 | 200 00

An,j
< 19—]H%X{M(\m)wn}HLP(-),Q + [ A X (a(ven)>28 2,3 206 0

11
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An,j

(3.16) < o IMu Dlizeo mv + 5
)\n,' n Tn
< Cﬁ—njHU 00+ &5 = Cﬁ—n)\n,j + €
Tn
< €y Hitt +é€j.

Now we apply Theorem 2.2 (with ¢, and 3K\, ;) and we find, for each n,j € N, a
sequence v™ € WH(RN R™), v™ =0 in RY \ Q, such that

(3.17) 10" |oo < Uy [[VO™||0o < 3¢K A i= C A,
and, up to a null set,
(3.18) {v”’j + v"} CaOn({M(v"]) >V, U{M(|Dv"|) > 3K\, ;})

holds. Finally (3.8) follows by (3.17) and (3.14), while, using (3.16) and (3.17) we obtain
(3.9).
U

4. LOWER SEMICONTINUITY RESULTS

In this section we establish the main result of the paper, i.e. a lower semicontinuity
theorem for integral functionals defined in SBV (€2, R™), under a variable growth condition.
More precisely, we consider energy functionals containing a volume term of quasiconvex
type and a surface term, whose integrands admit a growth assumption with variable
exponent and we prove their lower semicontinuity separately. The first result (Theorem
1.1 above) extends the Ambrosio lower semicontinuity theorem (see Theorem 1 in [5]
or Theorem 5.29 in [7]) to the SBV framework with variable exponent. The second
one (Theorem 4.3 below) is a result obtained in [2]| for surface energies with integrands
depending in a discontinuous way on the spatial variable.

As in [5], in order to obtain Theorem 1.1 we first prove the result in the particular case
when Q is the unit ball By, the limit function v is linear, H¥~1(.J,, ) is infinitesimal and
the integrand functions vary.

Theorem 4.1. Let p, : By — (1,+00) be a sequence of log-Holder continuous functions
such that there ezists a constant ¢, > 0 (independent of n) such that

[pn () — pa(y)| < Tos(—)

lz—y|

for every x,y € By with |x —y| < 1/2. Moreover we assume that 1 < p~ < p,(y) <
pt < 400 for every y € By and that there exists a function p : By — (1,400) such that
limy, oo P (y) = p(y) uniformly in B;.

Let g, : By Xx R™ x RN™ — [0, +00) a sequence of Carathéodory functions such that
(4.1)

—cy 4 ¢3)2)P"Y) < gn(y,u, 2) < an(y) + Uu(ju))(1 + |2P*¥) Y(y,u, 2) € By x R™ x RV™,
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for some positive constants co,c3, some continuous functions ¥, : [0,400) — [0,400),
with the sequence {¥,} convergent in L2, ([0,+00)), and a, € L*(By), with the sequence
{a,} convergent in L*(B;). Let us assume that there exists a LY -null set E C By and
a Carathéodory function g : By x RN™ — [0, +00), quasiconvez (in the second variable),

satisfying the condition
—co + 3|2V < g(y,2) < a1+ |2PY) V(y,2) € B x RY™,

for ¢y > 0, such that lim, .. g,(y,u,2) = g(y, 2) locally uniformly in R™N™ for every
y € By \ E. Then

(4.2) liminf/gn(y,w”,Vw”) dy > /g(y,Vw) dy

Bl Bl
for every sequence {w"} C SBV(By, R™) converging in L'(B1,R™) to a linear function w
and satisfying HY "1 (Jyn) — 0, as n — oc.

Proof. First observe that the function p shares with p,, the same regularity.

Let L = Vw. Possibly replacing w™ by w" — w and g,(y,u, 2) by g.(y,u, z + L) we can
assume that w = 0, that is w" converges to 0 in L'. Without no loss of generality we can
suppose that the liminf in (4.2) is a finite limit, so that, by (4.1), we easily get that

(4.3) lim sup/ V" [P»¥) dy < oo.
n—oo Bl

This implies, among other things, that the sequence {|Vw"|} is bounded in LP™ (B, RN™).
Recalling that p~ is greater than 1, the proof of STEP 2 in Proposition 5.37 of [7] can
be carried out exactly in the same way. Hence we can assume the additional information
that ||w"||s < 3. Moreover, by the uniform convergence of p, to p, we can consider a
number 0 < 1 < 7y and an index n, € N, such that, for every y € B; and for every
n > ny,, p(y) —n < pa(y), with ny such that p© := p~ — 1 is still strictly greater than 1.
Thus, for such n, defining p(y) := p(y) — n, we derive from (4.3) the following estimate

(4.4) limsup/ (V" [P¥) dy < oo.

By

Letting p € (0, 1), the Theorem will be proved if we show that

n—oo

B, B,

(4.5) liminf/gn(y,w",Vw") dy = /g(y,O) dy,

eventually letting p tend to 1. Moreover, possibly multiplying w™ by a cut off function
¢ € C®(RY), with compact support in B; and identically equal to 1 in B,, we can
assume, without loss of generality, that w™ € SBV?(® (RY,R™) have compact support in
Bj. Notice that, by the L bound on w", the sequence {V(w"()} still satisfies (4.4).
Since p satisfies all the hypotheses of Proposition 2.6 we can extend it to all RY (without



14 englishV. DE CICCO™, C. LEONE®**), AND A. VERDE**

renaming it) and apply Theorem 3.1 to w", obtaining a sequence w™ € Wh> (RN R™),
w™ =0 in RN \ By, such that (3.5), (3.6), (3.7), (3.8) hold, and

(4.6) VW™ X (M (o) > 0n JoAM (Twn ) >2K 0} | 150 B, <
Tn
C | A g X {1 (wn ) >0n UM (V) >2K A} | 200 B, < Cﬁ_,uj—&-l + €5,

with g5, A, ; > 1 such that p; < A\, ; < pjpq. We have

/ Gn(y,w", V™) dy > / gn(y, W™, V™) dy

B, Bon{wnr=wm7}
(4.7) = / [gn(y, W™, V™) — g(y, Vw™ )] dy + / g(y, Vw™) dy
Bo\E By
- / Gn(y, W™, V™) dy,
B,n{wn#wmi}

obtaining, when n tends to oo,

liminf/gn(y,w",Vw")dy > liminf/g(y, Vuw™) dy

n—oo Bp Bp
(4.8) — limsup / gy, W™, V™) dy > / 9(y,0) dy
e Bon{wn#£w™7} By
tmswp [ fano) + T+ ) dy

Byn{wnr#wni}

where we used the Lebesgue dominated convergence theorem, Theorem 2.1, and (4.1).
Let us now focus our attention on the last term in (4.8). First we note that, since the
sequence {w™’} is bounded by a constant independent by n, 7, the sequence {¥,,(|w™’|)}
is bounded by a constant ¢, independent by n, j. So, thanks to (3.7), we have

/ [an(y) + T (|w™ ) (1 + [Ny 5 P7W)] dy
Bon{wn#w™7}

(19) < / (an(y) + ea(L+ Py 2] dy

Bin({M(lw™)>0n JU{M(|Vw")>2K A ;})

PO dy < w(n) + I+ I+ 137

T / (an(y) + a1+ Ay

Bin{M(|Dsw™|)>KAn ;}

where w(n) is infinitesimal and

I = / a(y) dy + / a(y) dy,
Bun({M (juwn )0, ) UM ([T ) >2K A, 1) Buin{M(|DIwn)> KA ;)
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with @ the L!-limit of a,, plus a constant,

[;w‘ — / C‘)\n7j|pn(y) dy,
Bin({M(|w")>n }U{M (VW™ [)>2KAn,;})
and
I} = / | A i P @ dy.
Bin{M(|Dsw™|)>K A ;}

Concerning 15”7 we derive from (2.3) that

n,j 5 + s, N +— —
(4.10) 19 < oo N D (RY) < e T MY ()
n,J
so that
(4.11) lim 137 = 0.

n—oo

Let us consider now I;,”/; we have

L7 < I)\n,j\p”p"’”"/C|>\n,j!p(y)X{M(|wn|)>q9n}u{M(|vwn|)>2KAH,]-}dy,
B

which together with Lemma 2.4 (with ¢ = ¢,,; € {p™,p®}) and (4.6) gives

‘/J\n,j
" n—P||co ,y
I;7 < C’Mj+1|Hp Pllootn {Cﬁ—nﬂjﬂ + 5]} )
n

and

(4.12) lim sup hH(l) limsup 157 = 0.

j—oo n— n—oo
Finally, let us consider I/, We already estimated the Lebesgue measure of { M (|D*w"|) >
K\, ;} in (4.10) obtaining that it goes to zero as n tends to infinity. On the other hand,
by Chebyshev inequality

£¥(By M) > 2K }) < —— / MY (V™) dy
”’ij{M(|an|)>2K,\n,j}

c - c
< — | MP (|Vu"|)dy < —.

p p

H; B, My

Similarly, using also Lemma 2.4 and the boundedness of the maximal function between
LPO(RYN) and LPO)(RM) we have

LYN(By N {M (|w"]) > ¥,}) < / <%1:n|>>p(y) dy

RN

"o (o)t ()
Lp() RN a 7971 ﬁn

3 HMuwnD
< |=F
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with @, € {p™,p®}. Thus we can infer that
(4.13) lim lim sup I}/ = 0.
J70 n—oo

Finally, combining (4.11), (4.12), and (4.13) we obtain (4.5) and this concludes the proof
of the theorem. O

Now a blow up argument, in conjunction with covering theorems and with the approximate
differentiability of BV functions, allows us to reduce the general problem to the special
case of Theorem 4.1.

Proof of Theorem 1.1. The proof is very similar to that of Theorem 5.29 in [7] (see also
Theorem 4.3 in [5]). We will consider only the key points of the proof referring for the
details to [7] or [5].

The aim is to show that the Radon measure p, that is the weak* limit of (a subsequence
of) f(z,w"™, Vw™) LY, will be greater than f(x,w, Vw)LY. This is obtained proving that

. 1(By(0))
U B o))
for a.e. xg € ). Choosing suitable points xg3, Theorem 4.1 is applied to the sequences
gi(y,u, 2) :== f(xo+ piy, w(wo) + piu, 2), u'(y) == [wW" (xg + psy) — w(zo)]/p;i, where p; — 0
as i — oo and u’ — Vw(xg)y in L*(By,R™), while H¥=1(J,:) — 0. On the other hand
the functions g; satisfy all the conditions of Theorem 4.1, besides the fact that
(Bp.(0))

(4.14) /gi(y,ui,vui) dy < MT + pi.

> [(zo, w(xo), Vw(o)),

B
Thus

ligglf/gi(y,ui,Vui) dy > /f(xo,w(mo),Vw(mo))dy = LN(B)) f(zo, w(xo), Vw(zg)),

B1 Bl

and this inequality, in conjunction with (4.14) gives the desired result. O

Remark 4.2. The continuous function V : [0, 00) — [0, 00) in the growth hypothesis (1.3)
of Theorem 1.1 can be replaced by an increasing function U : [0,00) — [0,00). In this case
(4.1) can be written for a constant sequence of increasing functions V,, = U : [0,00) —
[0,00) and the proofs of both theorems do not require any remarkable change.

Finally, in the next theorem we deal with the surface energy.

Theorem 4.3. Let p : Q — [1,400) be a log-Holder continuous function, such that
1 <p <px)<pt < +4oo for every x € Q.
Let k: Q x RY — [0, +00) be a locally bounded Borel function satisfying

(4.15)  k(-,€) is Ci-quasi lower semicontinuous for every & € RY ;

(4.16)  k(x,-) is convex and positively 1-homogeneous in RY for every x € 0;

(4.17)  k(z,&) = k(x, =€) for every (z,€) € @ x RV
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(4.18)  Kk(z,&) >0 for every (z,&) € (2\ No) x (RV\ {0}), where H™*(N,) = 0.

Let v : [0,400) — [0,+00) be a locally bounded, lower semicontinuous, increasing and
subadditive function such that v(0) = 0. Then, for every (w™) C SBV(Q,R™) and w €
SBV (2, R™) such that w"(x) — w(x) for almost every x € Q0 and

sup [0l + 90" 0 + Y ()] < 400,
ne

we have
(4.19)
/ Y(Jwt —w)k(z, vy) dHN T < lim inf / (™)t = (w") " k(z, vn) dHY T
QNJw Qﬂan

Proof. 1t is sufficient to observe that the equiboundedness (with respect to n) of {Vw"}
in LP¢) implies the same boundedness also in LP . Then we can apply Theorem 3.3 in [2]
with p=p~ > 1. O
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