CVGMT Preprint Server - http://cvgmt.sns.it/papers/celcupgui03/

A SHARP ATTAINMENT RESULT FOR NONCONVEX VARIATIONAL PROBLEMS

P. CELADA^{(1)} – G. CUPINI^{(2)} – M. GUIDORZI^{(3)}

Abstract. We consider the problem of minimizing autonomous, multiple integrals like

(P) min {∫ Ω f (u , ∇u) dx : u ∈ u0 + W^{1,p}(Ω) }

where f : R×R^N → [0 , ∞) is a continuous, possibly nonconvex function of the gradient variable ∇u. Assuming that the bipolar function f^{∗∗} of f is affine as a function of the gradient ∇u on each connected component of the sections of the detachment set D = {f^{∗∗} < f}, we prove attainment for (P) under mild assumptions on f and f^{∗∗}. We present examples that show that the hypotheses on f and f^{∗∗} considered here for attainment are essentially sharp.

(1) Dipartimento di Matematica – Università degli Studi di Parma Via M. D’Azeglio 85, I-43100 Parma (Italy) E-mail: pietro.celada@unipr.it

(2) Dipartimento di Matematica “U. Dini” – Università degli Studi di Firenze V.le Morgagni 67/A, I-50134 Firenze (Italy) E-mail: cupini@math.unifi.it

(3) Dipartimento di Matematica – Università degli Studi di Ferrara Via Machiavelli 35, I-44100 Ferrara (Italy) E-mail: guidorzi@dm.unife.it

2000 Mathematics Subject Classification. Primary: 49J10; Secondary: 49K10. Key words and phrases. Nonconvex variational problems, existence of minimizers, convex integration.

1. Introduction

Consider the following variational problem

(P) min { I(u) = ∫ Ω f (u(x) , ∇u(x)) dx : u ∈ u_0 + W^{1,p}_0 (Ω) }

where Ω is a bounded open subset of R^N with N ≥ 2, 1 < p < +∞, f : R ×R^N → [0 , +∞) is a continuous function, possibly nonconvex with respect to its last argument and u_0 ∈ W^{1,p}(Ω). The lack of convexity of f(u , ∇u) with respect to the gradient variable ∇u prevents from establishing the existence of minimizers of (P) via the Direct Method of the Calculus of Variations, nevertheless many nonconvex minimum problems actually have solutions. Therefore, the question of establishing which conditions on f, other than convexity, ensures the existence of solutions to (P) has been receiving increasing attention in recent years.

As regards variational problems for multiple integrals, the most widely investigated cases concern Lagrangean functions featuring the following structure: either f(u , ∇u) = g(u) + h(∇u) or f(u , ∇u) = g(u)h(∇u) with continuous functions g and nonconvex h. For these models, a well developed theory regarding attainment versus non attainment phenomena has been set up in recent years, see [9], [10], [19], [40], [37], [4] and [6]: whenever g and h satisfy mild regularity and growth assumptions, minimizers do exist for a wide class of continuous functions g, provided the convex envelope h^{∗∗} of h is affine on each connected component of the detachment set {h^{∗∗} < h}. Otherwise minimizers do not likely exist even if f(u , ∇u) = h(∇u) and the boundary datum is affine, see [26] and the sharp results of [9] and [19]. The conditions on g that yield attainment are roughly speaking the following: (a) every point of R lies between two intervals where g is monotone, i.e. g does not oscillate too fast; and (b) g has no strict, local minima.

Bolza’s type examples highlight the sharpness of these assumptions for both type of models: as regards the case of sum-like integrals for instance, the following variational problem: min {∫ B [ (|∇u(x)| − 1)^2 + (u(x))^2 ] dx : u ∈ W^{1,2}_0 (B) }

has no solutions for any open ball B in R^N . Here, g(u) = u^2 and only condition (b) is violated. Yet, the same pathological situation may occur when (b) holds and (a) fails. Indeed, the very same argument can be applied to the same Dirichlet problem with g(u) = max {0 , u sin (1/u)}. Similar examples can be produced also for the product case, see for instance [20] and [6]. Among the many related papers, besides those mentioned above, we refer to [18], [33], [23], [1], [25], [34], [12], [11], [3], [39], [38], [8] and [2] for sum-like integrals and to [27], [21] and [5] for product-like ones respectively, though all these latter papers deal with one dimensional problems only. Passing on, we mention also that there is a broad literature concerning the special case of one dimensional nonconvex problems and we refer to [27] and the references therein. See also the references in [7] for later years.

As regards nonconvex Lagrangean functions of general form, the available results concern only the nonautonomous case f(x , ∇u) without dependence on u, see for instance [28], [29] and the recent result [17], or the one dimensional, autonomous case f(u , u^′), see [35], [7] and the references therein. In this latter paper [7], it is shown that again the two assumptions on the function g considered above, suitably rewritten for f, ensure the existence of solutions to the minimization problem. The aim of this paper is to show that the same result can be recovered also for multiple integrals, provided we assume in addition that ξ → f^{∗∗}(η , ξ) is affine on the connected components of the sections of the detachment set D = {f^{∗∗} < f}, i.e. where f and f^{∗∗} are different. In particular, we wish to emphasize that we do not require neither any particular smoothness assumption besides continuity of f and f^{∗∗} nor any qualified convexity hypothesis at infinity and outside D. Indeed, we associate with the convex envelope f^{∗∗} of f with respect to ξ a function q : R×R^N → R whose value at the point (η , ξ) is, roughly speaking, the value at the origin of the supporting affine function to the graph of ξ → f(η , ξ) through the point (η , ξ). When f^{∗∗} is smooth, q is given by f^{∗∗}(η , ξ) − ⟨∇_ξf^{∗∗}(η , ξ) , ξ⟩ where ∇_ξ is the gradient with respect to ξ. Note also that q reduces to f^{∗∗} itself for ξ = 0. The hypotheses (a) and (b) considered before for sum-like and product-like integrals then turn into the following assumptions on the function q on the detachment set D:

(a’) if f^{∗∗}(η_0 , ξ_0) < f(η_0 , ξ_0), there exists δ = δ(η_0 , ξ_0) > 0 such that η → q(η , ξ_0) is monotone on both intervals [η_0 − δ , δ] and [η_0 , η_0 + δ];

(b’) the function η → f^{∗∗}(η , 0) has no strict, local minima on the section of D corresponding to ξ = 0.

We refer to the following Section 2 for the definition of q and the exact statement of the attainment result for (P). Here, we wish to point out only that, when f(η , 0) = f^{∗∗}(η , 0) for every η, then the only condition we have to require is (a’) which is a very weak requirement on the behaviour of f. Moreover, when f(η , ξ) = g(η) + h(ξ) for instance and h^{∗∗} is smooth, it turns out that q is given by h^{∗∗}(ξ) − ⟨∇h^{∗∗}(ξ) , ξ⟩ + g(η) and we thus recover the previous assumptions (a) and (b) of [4]. A similar remark holds for the product-like case as well.

Finally, we briefly outline the idea of the proof. As a common feature of all nonconvex minimization problems, we consider the relaxed problem of (P), i.e.

(P^∗) min {∫ Ω f^{∗∗} (u(x) , ∇u(x)) dx : u ∈ u_0 + W^{1,p}_0 (Ω) } . By the Direct Method of the Calculus of Variations, this problem has a solution, say v, and we consider the measurable set of those points x of Ω such that the vector (v(x) , ∇v(x)) falls in the detachment set D. Exploiting the main assumption that ξ → f^{∗∗}(η , ξ) is affine on the connected components of the sections of the detachment set D together with the hypotheses (a’) and (b’), we show that we can locally modify v around almost every such point x so as to find new solutions to (P^∗) which have the further property that they stay, together with their gradients, on the boundary of D, i.e. where f and f^{∗∗} coincide, on a small neighbourhood of the point x. This is the main technical part of the proof and the construction of these new solutions is accomplished by convex integration of partial differential relations. Then, by a covering argument, we glue these new, locally modified solutions so as to find a further new solution u to (P^∗) satisfying f^{∗∗}(u , ∇u) = f(u , ∇u) almost everywhere on Ω, thus proving attainment for (P).

2. Notations and statement of the main result

We begin by recalling some elementary definitions, notations and results, mostly from convex analysis and measure theory.

We denote the norm of a vector ξ in R^N by |ξ| and the scalar product of ξ and ζ by ⟨ξ , ζ⟩. We also denote the standard basis of R^N by{e_1 , . . . , e_N }, the open ball of radius ρ > 0 in R^N centered at x_0 by B_ρ(x_0) and the closed segment in R^N whose endpoints are the vectors ξ_1 and ξ_2 by [ξ_1 , ξ_2]. If A is a set in R^N , we let int (A), A and ∂A be the interior, the closure and the boundary of A respectively. The convex hull co (A) of A is the intersection of all convex sets containing A itself. Moreover, if C is a convex subset of R^N , we denote its polar set by C^0 and we recall that the dimension of C is the dimension of the smallest affine subspace containing it. Throughout the paper, we shall consider points and subsets of R ×R^N . We shall write (η , ξ) for such points and, whenever E is a subset of R×R^N , we denote its sections with either η or ξ fixed by E_η = { ξ ∈ R^N : (η , ξ) ∈ E } and E^ξ = { η ∈ R : (η , ξ) ∈ E } respectively and, for every point (η , ξ), the connected component of E_η containing ξ by E_η(ξ). Now, let g : R^N → [0 , +∞) be a lower semicontinuous function. We recall that g is said to be subdifferentiable at some point ξ if there exists a vector d ∈ R^N such that (2.1) g(ζ) ≥ g(ξ) + ⟨d , ζ − ξ⟩ , ζ ∈ R^N . Every such d is a subgradient of g at ξ and the set of all such vectors d is the subdifferential ∂g(ξ) of g at ξ. When g is also convex, ∂g(ξ) is a nonempty, convex, compact set for every ξ in R^N and g turns out to be locally Lipschitz continuous on R^N with ∂g(ξ) = {∇g(ξ)} for almost every ξ ∈ R^N . We recall also that, if g : R^N → [0 , +∞) is lower semicontinuous, the polar function of g is the lower semicontinuous, convex function g^∗ : R^N → (−∞ , +∞] defined by

g^∗(ζ) = sup { ⟨ξ , ζ⟩ − g(ξ) : ξ ∈ R^N } , ζ ∈ R^N , (see [16]) and that the bipolar function or convex envelope of g is the polar g^{∗∗} : R^N → [0 , +∞) of g^∗. Thus, g^{∗∗} is convex and g^{∗∗}(ξ) ≤ g(ξ), ξ ∈ R^N . Moreover, we recall that, whenever d ∈ R^N is a subgradient of g^{∗∗} at some point ξ, the values of g^{∗∗}(ξ) and g^∗(d) are related by

(2.2) g^{∗∗}(ξ) + g^∗(d) = ⟨d , ξ⟩

(see [16]) because of the equality g^{∗∗∗} = g^∗. Hence, writing (2.1) with g^{∗∗} instead of g, it follows that the value at the origin of the supporting affine function to the graph of g^{∗∗} through the point (ξ , g^{∗∗}(ξ)) with slope d is given by −g^∗(d).

As to measure theoretic notations and results, we denote the Lebesgue measure of a measurable subset E of R^N by |E| and, as usual, we call negligible those sets E having null measure. We recall that a family K of compact sets containing a given point x ∈ R^N is said to shrink nicely at x if

(a) inf {|K| : K ∈ K} = 0; and (b) sup { |K| |B| : K ⊂ B, B closed ball } ≥ c, K ∈ K; for some constant c > 0. We recall also that a Vitali covering of a measurable set E is a family of compact sets K containing, for a.e. x ∈ E, a sequence that shrinks nicely at x itself. Though we shall not need this in the sequel, we remark that, in the definitions above, the compact sets K associated with x need not be neither centered at x nor nested. Then, Vitali’s covering theorem (see [36]) states that every such covering contains a (at most) countable subfamily of sets {K_n}_n consisting of pairwise disjoint sets that cover E up to a negligible set, i.e. |E \ (∪_nK_n)| = 0. As regards functional theoretic notations, we let Ω be an open, bounded set in R^N and we use standard notations for Lebesgue and Sobolev spaces of functions on Ω and their norms. In particular, we let p^∗ be the Sobolev exponent relative to 1 ≤ p ≤ N, i.e. p^∗ = pN/(N − p) for 1 ≤ p < N and p^∗ = +∞ for p = N.

Now, we introduce the class of integral functionals that we are going to consider in the sequel. Let f : R×R^N → [0 , +∞) be a continuous function. We consider the following integral functional I(u) = ∫ Ω f (u(x) , ∇u(x)) dx, u ∈ W^{1,p}(Ω), and the associated minimum problem

(P) min { I(u) : u ∈ u_0 + W^{1,p}_0 (Ω) } where 1 < p < +∞ and u_0 is in W^{1,p}(Ω). We denote the polar and the bipolar functions of f with respect to the second variable ξ by f^∗ : R ×R^N → (−∞ , +∞] and f^{∗∗} : R ×R^N → [0 , +∞) respectively and, for every η ∈ R, we denote also the subdifferential of the function ξ → f^{∗∗}(η , ξ) at the point ξ ∈ R^N by ∂f^{∗∗}(η , ξ). Then, f^{∗∗} is Borel measurable and we consider the auxiliary functional I^{∗∗}(u) = ∫ Ω f^{∗∗}(u(x) , ∇u(x)) dx, u ∈ W^{1,p}(Ω), and the associated minimum problem

(P^{∗∗}) min { I^{∗∗}(u) : u ∈ u_0 + W^{1,p}_0 (Ω) } . This auxiliary functional I^{∗∗} coincides with the relaxed functional of I with respect to the weak topology of W^{1,p}(Ω) (see Theorem 3.8, Chapter 10 in [16]) as soon as f satisfies suitable growth assumptions like those in the first formula of (H2_p) below. Even if this does not hold, it is plain that I^{∗∗} ≤ I on W^{1,p}(Ω) so that any solution u to (P^{∗∗}) satisfying f^{∗∗}(u , ∇u) = f(u , ∇u) almost everywhere on Ω is a solution to (P) as well.

Next, we describe the assumptions that we are going to consider on the function f and its convex envelope f^{∗∗}. As regards the regularity and the behaviour at infinity, we assume that

f and f^{∗∗} are continuous on R×R^N ;

(H1)

and that f satisfies the following growth assumption (H2_p) according to the value of 1 < p < +∞: if 1 < p ≤ N, f is supposed to be bounded from above and below by

c_1|ξ|^p − c_2 (1 + |η|^q) ≤ f(η , ξ) ≤ c_3|ξ|^p + c_2 (1 + |η|^q) , (η , ξ) ∈ R×R^N ,

(H2_p)

for some constants c_3 ≥ c_1 > 0 and c_2 ≥ 0 with 1 ≤ q < p^∗ whereas, if N < p < ∞, f is only supposed to be such that c_1|ξ|^p − c_2 (1 + |η|^q) ≤ f(η , ξ), (η , ξ) ∈ R×R^N , (H2_p)

for some constants c_1 > 0, c_2 ≥ 0 and q ≥ 1. Clearly f^{∗∗} satisfies the very same growth properties as f. The growth assumption from below ensures that every minimizing sequence for the problem (P^{∗∗}) has weakly convergent subsequences. This, and the weak lower semicontinuity of I^{∗∗} on u_0 + W^{1,p}_0 (Ω) (see Theorem 3.4, Chapter 3 in [13]), ensure the existence of solutions to (P^{∗∗}). As regards the regularity of these solutions, when 1 < p ≤ N, minimizers are Hölder continuous (see [22]) and almost everywhere (classically) differentiable (see [4]). Moreover, the growth assumption from above can be somewhat relaxed when the boundary datum u_0 is (essentially) bounded, see the remark following the statement of Theorem 2.1. Finally, for p > N, the same smoothness properties are shared by all Sobolev functions. As a consequence of (H1), the detachment set D defined by D = { (η , ξ) ∈ R×R^N : f^{∗∗}(η , ξ) < f(η , ξ) } is open and, as we agreed upon at the beginning, we denote its sections with either η or ξ fixed by D_η and D^ξ respectively and the connected component of D_η containing ξ by D_η(ξ). In the sequel, we also assume that f^{∗∗} features the following qualitative behaviour on the sections of the detachment set D:

for every η ∈ R, the function ξ → f^{∗∗}(η , ξ) is affine on each connected component of D_η.

(H3)

To be explicit, this means that, whenever (η_0 , ξ_0) is a point of D, there exist m_0 ∈ R^N and q_0 ∈ R such that

(2.3) f^{∗∗}(η_0 , ξ) = ⟨m_0 , ξ⟩ + q_0, ξ ∈ D_{η0} (ξ_0).

Now, we consider the function q : R×R^N → R defined by (2.4) q(η , ξ) = sup {−f^∗(η , d) : d ∈ ∂f^{∗∗}(η , ξ)} , (η , ξ) ∈ R×R^N . It is well defined and real-valued because f^{∗∗} is convex with respect to ξ and, as recalled at the beginning of this section, its value at the point (η , ξ) yields the largest among the values at the origin of the supporting affine functions to the graph of ξ → f^{∗∗}(η , ξ) through the point ξ. Moreover, if it happens that f^{∗∗} has continuous partial derivatives with respect to ξ, then q(η , ξ) reduces to (2.5) q(η , ξ) = f^{∗∗}(η , ξ) − ⟨∇_ξf^{∗∗}(η , ξ) , ξ⟩ , (η , ξ) ∈ R×R^N , because of the basic equality (2.2).

The properties of the detachment set D and of the restrictions of f^{∗∗} and q to D itself will be investigated in the following Section 3.

Now, the preliminaries are over and we can state the attainment result for the nonconvex problem (P).

Theorem 2.1. Let f : R ×R^N → [0 , +∞) satisfy (H1), (H2_p) for some 1 < p < +∞ and (H3). Let q be defined by (2.4) and assume also that the following properties hold:

(2.6) for every (η_0, ξ_0) ∈ D, there is δ = δ(η_0, ξ_0) > 0 such that [η_0 − δ , η_0 + δ] ⊂ D^{ξ0} and such that the restriction η ∈ [η_0 − δ , η_0 + δ] → q(η , ξ_0) is monotone on each interval [η_0 − δ , η_0] and [η_0 , η_0 + δ];

(2.7) if D^0 ≠ ∅, the restriction η ∈ D^0 → q(η , 0) has no strict, local minima on D^0.

Then, the nonconvex problem (P) has a solution for every boundary datum u_0 ∈ W^{1,p}(Ω).

It turns out that q(η , 0) = f^{∗∗}(η , 0) for every η in D^0, see (d) of Proposition 3.1 below, so that (2.7) can be equivalently stated by requiring that the restriction η ∈ D^0 → f^{∗∗}(η , 0) of f^{∗∗} on the nonempty section D^0 has no strict, local minima. Note also for future purposes that the other hypothesis (2.6) implies that

(2.8) if D^ξ ≠ ∅, the restriction η ∈ D^ξ → q(η , ξ) has only finitely many strict, local extrema in every compact subinterval of D^ξ.

As regards the hypotheses of this attainment result, we have already pointed out that the growth assumption (H2_p) is related only with the coercivity of I^{∗∗} and the regularity of minimizers of (P^{∗∗}). Moreover, if 1 < p ≤ N and the boundary datum u_0 is in L^∞(Ω) ∩ W^{1,p}(Ω), it can be relaxed by requiring only that

(H2^′_p) c_1|ξ|^p − c_2 (1 + |η|^q) ≤ f(η , ξ) ≤ c(η)|ξ|^p + c_2 (1 + |η|^q) , (η , ξ) ∈ R×R^N ,

for some constants c_1 > 0, c_2 ≥ 0 and for some function c ∈ C(R) such that c(η) ≥ c_1 for every η ∈ R with 1 ≤ q < p^∗ as before. Then, every minimizer u of (P^{∗∗}) is again Hölder continuous and almost everywhere (classically) differentiable on Ω (see Theorem 2.1 of [6]) and the rest of the proof of Theorem 2.1 remains unchanged.

As to the main qualitative hypotheses (H3), (2.6) and (2.7), we have already remarked that they cannot be dropped in general without affecting attainment for (P) as the examples mentioned in the Introduction show. Thus, all the assumptions of our attainment result but (H1) - which is a very weak smoothness hypothesis on f and f^{∗∗} - are needed in the sense specified above and we wish to emphasize once again that the only truly demanding ones among them are (H3) and (2.7) - provided D^0 is nonempty - which are well known necessary assumptions for nonconvex variational problems involving multiple integrals. By contrast, (2.6) is a very weak assumption on the behaviour of f^{∗∗} and, whenever f^{∗∗} is smooth enough so that q reduces to (2.5), its fulfillment just requires that q does not oscillate on finer and finer scales as a function of η. Once f^{∗∗} is computed, this can be easily tested by checking that the derivative of q with respect to η vanishes finitely many times only on each subinterval of D^ξ.

3. Some technical results

This section contains the main technical steps towards the proof of our attainment result, Theorem 2.1. Indeed, the program outlined at the end of the Introduction calls first for studying the properties of the convex envelope f^{∗∗} and of other f^{∗∗}-related functions such as q, then for studying the properties of the detachment set D, namely the local properties of its boundary, and at last for defining new solutions to (P^{∗∗}) which stay on the boundary of D. As regards the properties of D, we prove – see Propositions 3.2 and 3.3 below – that, though D need not to have bounded connected components, the connected components of the vertical sections D_η of D are locally uniformly bounded with respect to η and the “trace” of the boundary of a section D_η in every given direction of R^N is a locally bounded, lower semicontinuous function of η. Either properties follow from the fact that D is a sublevel set of the continuous function f^{∗∗} − f, i.e. D = {f^{∗∗} − f < 0} and that both f and f^{∗∗} have superlinear growth as |ξ| → +∞. Then, we exploit these properties of D in the following Proposition 3.4 to define new, local solutions to (P^{∗∗}) which now stay on the boundary of D. This is the main technical point of the paper and, following the works initiated by De Blasi and Pianigiani on the Baire category method in [15] and by Müller and Šverák in [30] on the convex integration of partial differential relations of Gromov ([24]), it will be accomplished by applying this method to find special families of solutions to autonomous, first order partial differential equations in implicit form like

(3.1) H(w(x) , ∇w(x)) = 0 for a.e. x ∈ Ω,

where the Hamiltonian function H is given by H = f^{∗∗} − f. As we said, this latter problem has been receiving much attention in recent years and we refer to [30], [15], [14], [31] and [32] for an extensive and systematic discussion of this kind of equations though all these papers mainly deal with the case of vector-valued solutions w. Here, we just remark that, by contrast, we deal with the much simpler case of real-valued solutions but we want to select, among all such solutions w to (3.1), those featuring some kind of order-related property with respect to the original solution v to (P^{∗∗}). We refer to Proposition 3.4 below for the exact statement of this property. Now, we start by studying the properties of f^{∗∗} and q on the detachment set D.

Proposition 3.1. Let f : R×R^N → [0 , +∞) satisfy (H1) and (H3). Then,

(a) there exists d: D → R^N such that ∂f^{∗∗}(η , ξ) = {d(η , ξ)} for every (η , ξ) ∈ D; (b) for every η ∈ R, the restrictions ξ ∈ D_η → d(η , ξ) and ξ ∈ D_η → q(η , ξ) are constant on each connected component of D_η ;

(c) both d: D → R^N and q : R×R^N → R are continuous on D; (d) if D^0 ≠ ∅, then q(η , 0) = f^{∗∗}(η , 0) for every η ∈ D^0.

Note that, if (η_0 , ξ_0) ∈ D, then (2.3) turns into

(3.2) f^{∗∗}(η_0 , ξ) = ⟨d(η_0 , ξ_0) , ξ⟩ + q(η_0 , ξ_0), ξ ∈ D_{η0} (ξ_0).

Proof of Proposition 3.1. For every nonempty section D_η the function ξ ∈ R^N → f^{∗∗}(η , ξ) is affine on each connected component of D_η because of (H3). Hence, it has derivatives with respect to the components of ξ at every point ξ in the open section D_η so that (a) obviously holds with d(η , ξ) given by ∇_ξf^{∗∗}(η , ξ), i.e. the gradient of f^{∗∗} with respect to ξ at the point (η , ξ). From (H3) again, this gradient is obviously constant on each connected component of D_η and this proves the part of (b) regarding d. The part of (b) regarding q follows from this and the very definition of q, see (2.4). Then, recall that f^∗(η, d(η , ξ)) = ⟨d(η , ξ) , ξ⟩ − f^{∗∗}(η , ξ), (η , ξ) ∈ D, because of (2.2). By (a) and (2.4), this equality proves (d) and shows that, because of (H1) again, the continuity of q on the set D will follow from the corresponding property of d. Thus, we have to prove that d is continuous on D. To see this, let δ > 0 be such that the cylinder C = [η_0 − δ , η_0 + δ]×B_{2δ} (ξ_0) is contained in the open set D and let d^n be the n^{th} component of the vector-valued function d. From (a), (b) and (H3) we have d^n(η, ξ) = f^{∗∗}(η , ξ + δe_n) − f^{∗∗}(η , ξ − δe_n) 2δ , |η − η_0| ≤ δ, |ξ − ξ_0| < δ. Thus, d is continuous on D because of (H1). □

It is useful to introduce the set where f^{∗∗} is affine as a function of ξ. To this purpose, let A be the subset of R×R^N defined by the following property: for every η ∈ R, the section A_η of A is the union of all maximal, compact, N-dimensional convex sets {K_i} such that f^{∗∗} is affine on K_i as a function of ξ, i.e. f^{∗∗}(η , ξ) = ⟨m_i , ξ⟩ + q_i for every ξ ∈ K_i for some m_i ∈ R^N and q_i ∈ R. Here, maximal means that there is no other compact, N-dimensional convex set containing K_i where the above formula for f^{∗∗} holds. Each section A_η is the union of at most countably many sets K_i with this property and every two such sets have pairwise disjoint interiors. Again, when (η , ξ) is a point of A, the connected component of A_η containing ξ will be denoted by A_η(ξ). Thus, the assumption (H3) can be stated equivalently by saying that D_{η0} (ξ_0) ⊂ A_{η0} (ξ_0) for every point (η_0 , ξ_0) in D. Moreover, the formula (3.2) holds on the larger set A_{η0} (ξ_0), i.e.

(3.3) f^{∗∗}(η_0 , ξ) = ⟨d(η_0 , ξ_0) , ξ⟩ + q(η_0 , ξ_0), ξ ∈ A_{η0} (ξ_0),

and it is easy to check that the set A_{η0} (ξ_0) is just the set of points ξ where the previous formula holds.

The properties of the sections of A that will be useful in the sequel are proved in the following proposition. In particular, we show below that, for every point (η_0 , ξ_0) in D, the connected components A_η(ξ_0) of the vertical sections A_η are uniformly bounded provided η is sufficiently close to η_0.

Proposition 3.2. Let f : R×R^N → [0 , +∞) satisfy (H1), (H2_p) for some 1 < p < +∞ and (H3). Let also (η_0 , ξ_0) ∈ D and δ = δ(η_0 , ξ_0) > 0 be such that (η , ξ_0) ∈ D for every η ∈ [η_0 − δ , η_0 + δ]. Then,

(a) A_{η0} (ξ_0) is a compact, convex subset of R^N and D_{η0} (ξ_0) ⊂ A_{η0} (ξ_0); (b) there is R = R(η_0 , ξ_0 , δ) > 0 such that A_η(ξ_0) ⊂ B_R(ξ_0) for every |η − η_0| ≤ δ.

Proof. The set A_{η0} (ξ_0) is closed and bounded by (H1) and (H2_p) respectively and it is also convex because it is a level set of a convex function. The inclusion of D_{η0} (ξ_0) into A_{η0} (ξ_0) is (H3). As to (b), assume by contradiction that there are numbers η_k at most δ far from η_0 and vectors ξ_k in A_{ηk} (ξ_0) such that |ξ_k| → +∞ and η_k → η_∞ for some point η_∞ at most δ far from η_0 again. Then, d(η_k , ξ_0) → d(η_∞ , ξ_0) and q(η_k , ξ_0) → q(η_∞ , ξ_0) because all points (η_k , ξ_0) and (η_∞ , ξ_0) are in D and both q and d are continuous on D itself. Hence, (3.2) yields that lim k→+∞ f^{∗∗}(η_k , ξ_k) |ξ_k|^p = lim_{k→+∞}

⟨d(η_k , ξ_0) , ξ_k⟩ + q(η_k , ξ_0) |ξ_k|^p = 0 because p > 1 but (H2_p) gives f^{∗∗}(η_k , ξ_k) ≥ c_1|ξ_k|^p for every k with c_1 > 0 and this completes the proof. □

Next, we describe the local behaviour of the “trace” in a given direction of the boundary of the detachment set D as a function of η.

Proposition 3.3. Let f : R×R^N → [0 , +∞) satisfy (H1), (H2_p) for some 1 < p < +∞ and (H3). Let also (η_0 , ξ_0) ∈ D and δ = δ(η_0 , ξ_0) > 0 be such that (η , ξ_0) ∈ D for every η ∈ [η_0 − δ , η_0 + δ]. Then, for every unit vector ν ∈ R^N , there exists a function a_ν : [η_0 − δ , η_0 + δ] → (0 , +∞) such that

(a) a_ν is lower semicontinuous and bounded;

(b) f^{∗∗}(η , ξ_0 + tν) < f(η , ξ_0 + tν) for every 0 ≤ t < a_ν (η) and η ∈ [η_0 − δ , η_0 + δ]; (c) f^{∗∗}(η , ξ_0 + a_ν (η)ν) = f(η , ξ_0 + a_ν (η)ν) for every η ∈ [η_0 − δ , η_0 + δ].

Proof. Set a_ν (η) = sup {t ≥ 0 : f^{∗∗}(η , ξ_0 + sν) < f(η , ξ_0 + sν) for every 0 ≤ s ≤ t} for every η ∈ [η_0 − δ , η_0 + δ]. The resulting function is well defined. Indeed, (H1) and the choice of δ imply that a_ν is positive on the interval [η_0 − δ , η_0 + δ] and (b) of Proposition 3.2 shows that it is also bounded on the same interval. Then, the properties (b) and (c) follow from (H1) again and the very definition of a_ν so that we only have to prove that it is lower semicontinuous. Suppose not, i.e.

lim inf η→η^′ a_ν (η) < t_0 < a_ν (η^′)

at some point η^′ in [η_0 − δ , η_0 + δ] and for some t_0 > 0. It would follow that f^{∗∗}(η^′ , ξ_0 + tν) < f(η^′ , ξ_0 + tν) for every 0 ≤ t ≤ t_0. Hence, the compact segment of R ×R^N whose endpoints are (η^′ , ξ_0) and (η^′ , ξ_0 + t_0ν) would be contained in the open set D whence the same would hold for all segments having endpoints (η , ξ_0) and (η , ξ_0 + t_0ν) for every η in [η_0 − δ , η_0 + δ] within some sufficiently small σ > 0 from η^′. Thus, a_ν (η) would be at least t_0 for every η in [η_0 − δ , η_0 + δ] such that |η − η^′| ≤ σ and this would give a contradiction. □

Next, we show that we can modify every minimizer v of (P^{∗∗}) such that (v(x_0) , ∇v(x_0)) is in the detachment set D so as to find new functions which now stay on the boundary of D, i.e. where f and f^{∗∗} coincide, on neighbourhoods of x_0. As it was mentioned above, this is a special instance of results regarding the Dirichlet problem for equations like (3.1) but the emphasis here is not on the smoothness of the Hamiltonian function H = f^{∗∗} − f which can be somewhat relaxed – see Theorem 3.2 in [32] – but on the fact that we wish to control the values of the modified functions with respect to the original function v on neighbourhoods of x_0.

Proposition 3.4. Let f : R×R^N → [0 , +∞) satisfy (H1), (H2_p) for some 1 < p < +∞ and (H3). Let also v ∈ W^{1,p}(Ω) be a continuous, almost everywhere differentiable function on Ω such that

(a) v is differentiable at some point x_0 ∈ Ω with (classical) gradient ξ_0 = ∇v(x_0); (b) f^{∗∗}(v(x_0) , ∇v(x_0)) < f(v(x_0) , ∇v(x_0)).

Then, there exist ε_0 = ε_0(x_0) > 0 and two families of compact subsets K^±_{x0} = {K^±_{x0,ε} : 0 < ε ≤ ε_0} of Ω such that

each set K^±_{x0,ε} is a neighbourhood of x_0 and each family K^±_{x0} shrinks nicely at x_0;

(3.4)

and two corresponding families of continuous functions V^±_{x0} = {v^±_{x0,ε} : 0 < ε ≤ ε_0} in W^{1,p}(Ω) such that the following properties hold for every 0 < ε ≤ ε_0:

v^±_{x0,ε} = v on Ω \ int ( K^±_{x0,ε} ) ; (3.5)

v(x) < v^+_{x0,ε}(x) ≤ v(x) + ε for every x ∈ int ( K^+_{x0,ε} ) ; (3.6+) v(x) − ε ≤ v^−_{x0,ε}(x) < v(x) for every x ∈ int ( K^−_{x0,ε} ) ; (3.6−) f^{∗∗} ( v^±_{x0,ε}(x) , ∇v^±_{x0,ε}(x) ) = f ( v^±_{x0,ε}(x) , ∇v^±_{x0,ε}(x) ) for a.e. x ∈ K^±_{x0,ε};

(3.7)

∇v^±_{x0,ε}(x) ∈ A_v±_{x0,ε(x)}(ξ_0) for a.e. x ∈ K^±_{x0,ε};

(3.8) ∫ K^±_{x0,ε} ⟨ h ( v^±_{x0,ε}(x) ) , ∇v^±_{x0,ε}(x) ⟩ dx = ∫ K^±_{x0,ε} ⟨h(v(x)) , ∇v(x)⟩ dx for every h ∈ C(R , R^N ). (3.9)

The main tool of the proof – besides Gromov’s method of convex integration as modified and described in [30] – is a rather elementary but powerful construction which enables to glue piecewise affine and differentiable functions, thus modifying the gradient of the latter. This kind of argument was introduced first by De Blasi and Pianigiani in case of Lipschitz continuous functions and improved versions of this result have been given also in [37], [40] and [6]. Here, we are going to state a slightly modified version of Lemma 3.1 of this latter paper. The only differences are: (i) stronger estimates than the original estimate (3.5) of [6], see (3.12+) and (3.12−) below; and (ii) an additional remark concerning the boundaries of the sets defined in the Lemma 3.5 below. Since the proof is essentially the same as that of Lemma 3.1 of [6], we just sketch it and we refer to the paper for the details.

Lemma 3.5. Let ν_0, . . . , ν_N be N + 1 unit vectors of R^N such that

(a) 0 ∈ int (co {ν_i : i = 0, . . . , N});

and let w ∈ W^{1,p}(Ω), 1 < p < +∞, be a continuous, almost everywhere differentiable function on Ω such that

(b) w is differentiable at some point x_0 ∈ Ω with (classical) gradient ξ_0 = ∇w(x_0).

Then, for every N + 1 positive numbers λ_0, . . . , λ_N , there exist ε_0 > 0 and two families of compact neighbourhoods {A^±_{x0,ε} : 0 < ε ≤ ε_0} of x_0 contained in Ω such that

B_{r1ε}(x_0) ⊂ A^±_{x0,ε} ⊂ B_{r2ε}(x_0) ⊂⊂ Ω, 0 < ε ≤ ε_0,

(3.10)

for some numbers r_1 = r_1(x_0) and r_2 = r_2(x_0) with 0 < r_1 < r_2 with the following additional property: there exist also two families of corresponding continuous, almost everywhere differentiable functions {w^±_{x0,ε} : 0 < ε ≤ ε_0} in W^{1,p}(Ω) such that the following properties hold for every ε:

w^±_{x0,ε} = w on Ω \ int (A^±_{x0,ε});

(3.11)

w(x) < w^+_{x0,ε}(x) < w(x) + 2ε for every x ∈ int (A^+_{x0,ε});

(3.12+)

w(x) − 2ε < w^−_{x0,ε}(x) < w(x) for every x ∈ int (A^−_{x0,ε});

(3.12−)

ε ≥ w^+_{x0,ε}(x) − [w(x_0) + ⟨∇w(x_0) , x − x_0⟩] ≥ ε/2 for every x ∈ B_{r1ε}(x_0);

(3.13+)

−ε/2 ≥ w^−_{x0,ε}(x) − [w(x_0) + ⟨∇w(x_0) , x − x_0⟩] ≥ −ε for every x ∈ B_{r1ε}(x_0);

(3.13−)

∇w^±_{x0,ε}(x) ∈ {ξ_0 + λ_iν_i : i = 0, . . . , N} for a.e. x ∈ A^±_{x0,ε}.

(3.14)

Moreover, | |∂ ( A^±_{x0,ε} )| | = 0 for all but at most countably many 0 < ε ≤ ε_0.

Note that (3.10) shows that the compact sets A^±_{x0,ε} of the previous lemma rescale properly with ε and, in particular, that they shrink nicely to x_0 as ε → 0_+.

Proof of Lemma 3.5. Set C = − co ({λ_iν_i : i = 0, . . . , N}). The polar set C^0 of C is a compact, convex neighbourhood of the origin so that there exist 0 < r_1 < r_2 such that B_{2r1} ⊂ ±C^∘ ⊂ B_{r2/2}.

Then, choose ρ > 0 such that the closed ball centered at x_0 with radius ρ is contained in Ω and set η(ε) = 1 ε sup {|w(x) − [w(x_0) + ⟨ξ_0 , x − x_0⟩]| : |x − x_0| < r_2ε} , 0 < ε ≤ ρ/r_2. Obviously, (b) implies that η(ε) → 0_+ as ε → 0 and we choose ε_0 ≤ ρ/r_2 so that η(ε) ≤ 1/4 for every 0 < ε ≤ ε_0. We refer to Lemma 3.1 in [6] for the details. Next, for ε > 0, consider the open sets V^±_ε = x_0 ± int (εC^0) and the piecewise affine functions a^±_ε ∈ W^{1,∞}(R^N ) defined by { a^+_ε (x) = ε − max {⟨ξ_0 − λ_iν_i , x − x_0⟩ : i = 0, . . . , N} a^−_ε (x) = max {⟨λ_iν_i − ξ_0 , x − x_0⟩ : i = 0, . . . , N} − ε x ∈ R^N , ϵ > 0. Now, ∇a^±_ε (x) ∈ {λ_iν_i − ξ_0 : i = 0, . . . , N} for a.e. x ∈ R^N and every ε and, arguing again as in Lemma 3.1 of [6], it is easy to check that w(x) − [(w(x_0) + ⟨ξ_0 , x − x_0⟩) + a^+_ε (x)] is negative on V^+_{ε/2} and positive on the boundary of V^+_{2ε} . Obviously, the reversed inequalities hold for the same function with a^−_ε instead of a^+_ε with respect to the sets V^−_{ε/2} and V^−_{2ε} . Thus, for 0 < ε ≤ ε_0, we consider the functions

w^+_{x0,ε}(x) = { max { w(x) , w(x_0) + ⟨ξ_0 , x − x_0⟩ + a^+_ε (x) } x ∈ V^+_{2ε} ,

w(x) x ∈ Ω \ V^+_{2ε} , w^−_{x0,ε}(x) = { min { w(x) , w(x_0) + ⟨ξ_0 , x − x_0⟩ + a^−_ε (x) } x ∈ V^−_{2ε} , w(x) x ∈ Ω \ V^−_{2ε} . They are both continuous, almost everywhere differentiable on Ω and in W^{1,p}(Ω). We define the corresponding sets A^±_{x0,ε} to be the closure of the open sets {w^+_{x0,ε} > w} and {w^−_{x0,ε} < w} respectively. Then, it is clear that (3.10) holds since B_{r1ε}(x_0) ⊂ V^±_{x0,ε/2} ⊂ A^±_{x0,ε} ⊂ V^±_{x0,2ε} ⊂ B_{r2ε}(x_0), 0 < ε ≤ ε_0, and we note that the gradient of w^±_{x0,ε} takes the values ξ_0 + λ_iν_i only almost everywhere on A^±_{x0,ε} whence (3.14). Moreover, from (3.10) we have |w(x) − [w(x_0) + ⟨ξ_0 , x − x_0⟩]| ≤ εη(ε) ≤ ε/4 and |a^±_{x0,ε}(x)| ≤ ε for every x ∈ int (A^±_{x0,ε}) so that (3.12+) and (3.12−) follow. As to the other properties stated in the thesis, they can be proved by the very same arguments of Lemma 3.1 of [6]. Finally, w = w^±_{x0,ε} on the boundary of A^±_{x0,ε}. Thus, these boundaries have to be disjoint for different values of ε because the functions a^±_{x0,ε} never take the same value at the same point for different ε. As they are all contained in some bounded set, they must be negligible for all but countably many ε at most. □

Proof of Proposition 3.4. We prove the + case only and we omit the superscript +. Set η_0 = v(x_0) and ξ_0 = ∇v(x_0) so that (η_0 , ξ_0) ∈ D by (b) and let δ = δ(η_0 , ξ_0) > 0 be such that all points (η , ξ_0) are in D too for every η ∈ I = [η_0 − δ , η_0 + δ]. Then, choose N + 1 unit vectors ν_0, . . . , ν_N in R^N such that (3.15) 0 ∈ int (co {ν_i : i = 0, . . . , N})

and let a^i : I → (0 , +∞) be the positive, bounded and lower semicontinuous functions associated with the vectors ν_i by Proposition 3.3. In particular, we have that

(3.16) f^{∗∗} ( η , ξ_0 + a^i(η)ν_i ) = f ( η , ξ_0 + a^i(η)ν_i ) , η ∈ I. Set σ = min {a^i(η) : η ∈ I, i = 0, . . . , N } > 0 and consider the Moreau-Yosida approximations (up to the constant σ/2k) of the functions a^i, i.e.

a^i_k(η) = min { a^i(η^′) + k|η^′ − η| : η^′ ∈ I } − σ 2k , η ∈ I.

These approximating functions a^i_k have the following properties:

a^i_1(η) ≥ σ 2 and a^i_{k+1}(η) − a^i_k(η) ≥ Δ_k for every η ∈ I and k ≥ 1;

(3.17)

where Δ_k = σ 2k(k + 1) and every a^i_k is Lipschitz continuous on I with Lipschitz constant k;

(3.18)

a^i_k(η) → a^i(η) for every η ∈ I.

(3.19) Now, the preliminaries are over and we divide the rest of the proof into three steps. Step 1. There exists ε_0 > 0 and a family of compact neighbourhoods {K_{x0,ε} : 0 < ε ≤ ε_0} of x_0 such that (3.20) |∂ (K_{x0,ε})| = 0, 0 < ε ≤ ε_0, with the following property: whatever positive sequence {ω_k}_k we choose, there exists a corresponding sequence of continuous, almost everywhere differentiable functions {v_{k,x0,ε}}_k in W^{1,p}(Ω) such that v_{0,x0,ε} = v and

v_{k,x0,ε} = v on Ω \ int (K_{x0,ε});

(3.21a) 0 < v_{k,x0,ε}(x) − v_{k−1,x0,ε}(x) < min { ε 2^k , ω_k , Δ_k 4(k + 1) } for every x ∈ int (K_{x0,ε});

(3.21b) |v_{k,x0,ε}(x) − η_0| ≤ δ 2 + · · · + δ 2^k for every x ∈ K_{x0,ε};

(3.21c) ∇v_{k,x0,ε}(x) ∈ ⋃ 0≤i≤N [ ξ_0 + a^i_k(v_{k,x0,ε}(x))ν_i , ξ_0 + a^i_{k+1}(v_{k,x0,ε}(x))ν_i ] for a.e. x ∈ K_{x0,ε}.

(3.21d)

Recall that [ξ_1 , ξ_2] stands for the closed segment in R^N whose endpoints are the vectors ξ_1 and ξ_2. Proof of Step 1. Let {ω_k} be a sequence of positive numbers to be chosen in the following Step2. We apply Lemma 3.5 with w = v, x_0, the unit vectors ν_0, . . . , ν_N and the positive numbers

λ_i = a^i_1(η_0) + a^i_2(η_0) 2 , i = 0, . . . , N. We thus find the numbers 0 < r_1 < r_2 and ε_0 > 0, a family {A_{x0,ε} : 0 < ε ≤ ε_0} of compact neighbourhoods of x_0 satisfying (3.10) and a corresponding family of continuous, almost everywhere differentiable functions {w_{x0,ε} : 0 < ε ≤ ε_0} in W^{1,p}(Ω) such that (3.11), (3.12+), (3.13+) and (3.14) hold. We recall that the sets A_{x0,ε} have negligible boundaries for all but possibly countably many ε. We assume that ε_0 ≤ δ/2 and also that it is small enough so that

(3.22) |v(x) − η_0| < min { δ 4 , Δ_1 8 } x ∈ B_{r2ε0} (x_0).

As w_{x0,ε} converges to v uniformly on Ω as ε → 0_+ by (3.11) and (3.12+), for every 0 < ε ≤ ε_0 we find 0 < ε^′ ≤ ε such that | |∂ (A_{x0,ε′} ) | | = 0 and

(3.23) 0 < w_{x0,ε}′ (x) − v(x) < min { ε 2 , ω_1 ,

Δ_1 8 } , x ∈ int ( A_{x0,ε}′ ) . Then, for every 0 < ε ≤ ε_0, we set v_{1,x0,ε} = w_{x0,ε}′ and K_{x0,ε} = A_{x0,ε}′ . It follows that v_{1,x0,ε} is a continuous, almost everywhere differentiable function in W^{1,p}(Ω) and we emphasize that (3.10) of Lemma 3.5 implies that the sets {K_{x0,ε} : 0 < ε ≤ ε_0} shrink nicely at x_0 and that our choice of ε^′ implies also that (3.20) holds true. Moreover, (3.21a) and (3.21b) obviously hold by construction – recall that v_{0,x0,ε} = v – and (3.21c) follows from (3.22) and (3.23) since ε ≤ ε_0 ≤ δ/2. Now, we claim that (3.21d) holds with k = 1, i.e. (3.24) ∇v_{1,x0,ε}(x) ∈ ⋃ 0≤i≤N [ ξ_0 + a^i_1(v_{1,x0,ε}(x))ν_i , ξ_0 + a^i_2(v_{1,x0,ε}(x))ν_i ] for a.e. x ∈ K_{x0,ε}.

Since the values of ∇v_{1,x0,ε} are taken among the N + 1 vectors ξ_0 + a^i_1(η_0) + a^i_2(η_0) 2 ν_i almost everywhere on K_{x0,ε} by construction, we have to check that a^i_1(v_{1,x0,ε}(x)) ≤ a^i_1(η_0) + a^i_2(η_0) 2 ≤ a^i_2(v_{1,x0,ε}(x)) for every i and every x ∈ K_{x0,ε}. We prove the second inequality only, the first one being similar. Indeed, (3.17) yields

a^i_1(η_0) + a^i_2(η_0) 2 ≤ a^i_2(η_0) −

Δ_1 2 = a^i_2(v_{1,x0,ε}(x)) + [ a^i_2(η_0) − a^i_2(v_{1,x0,ε}(x)) ] − Δ_1 2 and then (3.18), (3.22) and (3.23) yield

a^i_2(η_0) − a^i_2(v_{1,x0,ε}(x)) ≤ 2 (|η_0 − v(x)| + |v(x) − v_{1,x0,ε}(x)|) ≤ 2 ( Δ_1 8 + Δ_1 8 ) = Δ_1 2 so that the inequality follows.

Now, we want to define the second function v_{2,x0,ε} of the sequence on the same set K_{x0,ε}. On account of (3.20), it is enough we do this on the interior of K_{x0,ε} only. To this aim, fix 0 < ε ≤ ε_0, let v_{1,x0,ε} be differentiable at some point y ∈ int (K_{x0,ε}) where (3.24) holds with x = y and set η^′_0 = v_{1,x0,ε}(y) and ξ^′_0 = ∇v_{1,x0,ε}(y). Thus, there exist an index i_0 ∈ {0, . . . , N} and a positive number μ such that

(3.25) ξ^′_0 = ξ_0 + μν_{i0} and a^{i0}_1 (η^′_0) ≤ μ ≤ a^{i0}_2 (η^′_0).

Then, we want to apply Lemma 3.5 to the function w = v_{1,x0,ϵ} at the point x_0 = y, this time with new unit vectors

ν^′_{i0} = ν_{i0} and ν^′_i =

a^i_2(η^′_0 )+a^i_3(η^′_0 ) 2 ν_i − μν_{i0} | | |^a i 2(η^′_0 )+a^i_3(η^′_0 ) 2 ν_i − μν_{i0} | | | for i ≠ i_0,

and new positive numbers

λ^′_{i0} = a^i_2(η^′_0) + a^i_3(η^′_0) 2 − μ and λ^′_i = | | | | a^i_2(η^′_0) + a^i_3(η^′_0) 2 ν_i − μν_{i0} | | | | for i ≠ i^0.

Indeed, λ^′_{i0} is positive by (3.25) and the monotonicity of the sequence a^i_k with respect to k and the other λ^′_i are positive too because of (3.15). This latter property of the original unit vectors ν_i implies that the same property is shared by the new ν^′_i. Note also that this choice of the unit vectors ν^′_i and the positive numbers λ^′_i gives

ξ^′_0 + λ^′_iν^′_i = ξ_0 + a^i_2(η^′_0) + a^i_3(η^′_0) 2 ν_i, i = 0, . . . , N. Therefore, Lemma 3.5 yields this time a new family {A_{y,ϑ} : 0 < ϑ ≤ ϑ_0} of compact neighbourhoods of y contained in the interior of K_{x0,ε} such that

(3.26) B_{s1ϑ}(y) ⊂ A_{y,ϑ} ⊂ B_{s2ϑ}(y) ⊂⊂ int (K_{x0,ε}) ⊂⊂ Ω for some numbers 0 < s_1 < s_2, ϑ_0 = ϑ_0(y , ε) > 0 and also a new family of continuous, almost everywhere differentiable functions {w_{y,ϑ} : 0 < ϑ ≤ ϑ_0} in W^{1,p}(Ω) such that the following properties hold for every 0 < ϑ ≤ ϑ_0: w_{y,ϑ} = v_{1,x0,ε} on Ω \ int (A_{y,ϑ});

(3.27a)

v_{1,x0,ε}(x) < w_{y,ϑ}(x) < v_{1,x0,ε}(x) + 2ϑ for every x ∈ int (A_{y,ϑ});

(3.27b) ∇w_{y,ϑ}(x) ∈ { ξ_0 + a^i_2(η^′_0) + a^i_3(η^′_0) 2 ν_i : i = 0, . . . , N } for a.e. x ∈ A_{y,ϑ}.

(3.27c)

Moreover, all sets A_{y,ϑ} but countably many at most have negligible boundaries and, recalling that v_{1,x0,ε} is continuous, we may assume that ϑ_0 is small enough so that |v_{1,x0,ε}(x) − η^′_0| ≤ Δ_2 12 , x ∈ B_{s2ϑ0} (y). Now, arguing as above, for every 0 < ϑ ≤ ϑ_0, we choose 0 < ϑ^′ ≤ ϑ such that | |∂ (A_{y,ϑ′} ) | | = 0 and

(3.28) 0 < w_{y,ϑ}′ (x) − v_{1,x0,ε}(x) ≤ min { ε 4 , ω_2 ,

Δ_2 12 } , x ∈ int ( A_{y,ϑ}′ ) . This inequality, together with (3.21c) with k = 1 and the assumption ε ≤ ε_0 ≤ δ/2, shows that (3.29) |w_{y,ϑ}′ (x) − η_0| ≤ δ 2 + δ 4 , x ∈ A_{y,ϑ}′ . Moreover, from (3.27c) and the inequalities a^i_2(w_{y,ϑ}′ (x)) ≤ a^i_2(η^′_0) + a^i_3(η^′_0) 2 ≤ a^i_3(w_{y,ϑ}′ (x)) which hold for every i and x ∈ A_{y,ϑ}′ and can be proved by the very same argument we have used for the case k = 1, we conclude that (3.30) ∇w_{y,ϑ}′ (x) ∈ ⋃ 0≤i≤N [ ξ_0 + a^i_2(w_{y,ϑ}′ (x))ν_i , ξ_0 + a^i_3(w_{y,ϑ}′ (x))ν_i ] , for a.e. x ∈ A_{y,ϑ}′ .

When v_{2,x0,ε} will be defined, see (3.31) below, (3.28), (3.29) and (3.30) will imply (3.21b), (3.21c) and (3.21d) with k = 2, respectively. In the sequel, to simplify the notation, we just write w_{y,ϑ} and A_{y,ϑ} instead of w_{y,ϑ}′ and A_{y,ϑ}′ respectively.

Now, we have to glue the functions w_{y,ϑ} we have defined so far. Indeed, we have associated with every 0 < ε ≤ ε_0 and every point y ∈ int (K_{x0,ε}), where v_{1,x0,ε} is differentiable and (3.24) holds, a family {A_{y,ϑ} : 0 < ϑ ≤ ϑ_0} of compact neighbourhoods of y contained in the interior of K_{x0,ε} which, for all such y, give a Vitali’s covering of int (K_{x0,ε}). Hence, by Vitali’s covering theorem, we can choose countably many points y_j in int (K_{x0,ε}) and positive numbers 0 < ϑ_j ≤ ϑ_0(y_j, ε) such that the corresponding compact sets A_j = A_{yj ,ϑj} are pairwise disjoint and cover int (K_{x0,ε}) – and hence the whole set K_{x0,ε} by (3.20) – up to a null set. We set also w_j = w_{yj ,ϑj} for every j. Now, we define v_{2,x0,ε}, the second term of the sequence {v_{k,x0,ε}}_k we are looking for, by gluing together the functions w_j, i.e.

(3.31) v_{2,x0,ε}(x) = v_{1,x0,ε}(x) + ∑ j≥1 [w_j(x) − v_{1,x0,ε}(x)] , x ∈ Ω. The support of each summand is contained in A_j and these sets are pairwise disjoint. Thus, there is at most one nonzero term of the series for every x ∈ Ω and the resulting function v_{2,x0,ε} is almost everywhere differentiable on Ω because each summand w_j − v_{1,x0,ε} enjoys the same property and the boundary of each set A_j is negligible. Next, we claim that the series converges also uniformly on Ω and strongly in W^{1,p}(Ω). Indeed, |A_j | → 0 unless there are only finitely many sets A_j and hence (3.26) and (3.27b) imply that w_j − v_{1,x0,ε} goes to zero uniformly on Ω as j → +∞. Since the sets A_j are disjoint, this shows that the series converges uniformly on Ω. As to the gradients, the very same property of the sets A_j implies that ∑ j≥1 ∫ Ω |∇w_j − ∇v_{1,x0,ε}|^p dx ≤ 2^{p−1} ∑ j≥1 ∫ A_j |∇w_j|^p dx + 2^{p−1} ∫ Ω |∇v_{1,x0,ε}|^p dx and the right hand side is finite because the gradients ∇w_j are uniformly bounded on A_j by (a) of Proposition 3.3. Thus, v_{2,x0,ε} is in W^{1,p}(Ω).

Finally, v_{2,x0,ε} satisfies the required properties (3.21) with k = 2 because of the corresponding properties (3.26), (3.28), (3.29) and (3.30) of the functions w_j . We wish to remark in particular that (3.21d) holds true not only on the interior but on the whole compact set K_{x0,ε} by (3.20). The other terms of the sequence {v_{k,x0,ε}}_k are defined recursively in the very same way we have got v_{2,x0,ε} from v_{1,x0,ε} and this completes the proof of Step 1.

Before going on with the second step, we wish to point out that, by construction, each function v_{k,x0,ε} actually depends only on the choice of the numbers ω_1, . . . , ω_k and not on the remaining terms ω_h for h ≥ k + 1. This will be crucial in the following step where we will exploit the possibility of choosing the sequence {ω_k}_k so as to get strong convergence in W^{1,p}(Ω) of the sequence of approximating functions {v_{k,x0,ε}}_k.

Step 2. For every 0 < ε ≤ ε_0, there exists a sequence {ω_k}_k with ω_1 = 1 such that the corresponding sequence {v_{k,x0,ε}}_k of Step 1 converges uniformly on Ω and strongly in W^{1,p}(Ω) to a continuous function v_{x0,ε} ∈ W^{1,p}(Ω) satisfying (3.5), (3.6+) and (3.32) |v_{x0,ε}(x) − η_0| ≤ δ, x ∈ K_{x0,ε}. Proof of Step 2. Fix 0 < ε ≤ ε_0 and let v_{1,x0,ε} be the function defined in Step 1 with ω_1 = 1. We extend ∇v_{1,x0,ε} to R^N setting it equal to zero outside Ω so that ∇v_{1,x0,ε} is in L^p(R^N , R^N ). Let φ ∈ C^∞_c (R^N ) be the standard mollifying kernel and set as usual φ_r(x) = r^{−N} φ(x/r) for every x ∈ R^N and r > 0. We choose 0 < r_1 ≤ 1/2 such that ∫ R^N |φ_{r1} ∗ ∇v_{1,x0,ε}(x) − ∇v_{1,x0,ε}(x)|^p dx ≤ 1. Then, set ω_2 = r_1ω_1 and let v_{2,x0,ε} be as in Step 1 for this value of ω_2. Extend again ∇v_{2,x0,ε} to R^N setting it equal to zero outside Ω and choose 0 < r_2 ≤ 1/4 such that ∫ R^N |φ_{r2} ∗ ∇v_{2,x0,ε}(x) − ∇v_{2,x0,ε}(x)|^p dx ≤ 1 2 . Iterating this argument, for every 0 < ε ≤ ε_0, we find a sequence of continuous functions {v_{k,x0,ε}}_k in W^{1,p}(Ω) and a corresponding sequence of positive numbers r_k = r_k(ε) with r_k ≤ 1/2^k such that

(3.33) ∫ R^N |φ_{rk} ∗ ∇v_{k,x0,ε}(x) − ∇v_{k,x0,ε}(x)|^p dx ≤ 1 k for every k and such that (3.21) hold. In particular, we have 0 ≤ v_{k+1,x0,ε}(x) − v_{k,x0,ε}(x) ≤ ω_{k+1}, x ∈ Ω, by (3.21a) and (3.21b). Since ω_{k+1}/ω_k = r_k < 1/2^k, it follows that {v_{k,x0,ε}}_k is uniformly Cauchy on Ω and hence it converges uniformly on Ω to some continuous function v_{x0,ε}. Moreover, the limit function v_{x0,ε} thus obtained satisfies (3.5), (3.6+) and (3.32) because of the corresponding properties (3.21a), (3.21b) and (3.21c) respectively of the approximating functions v_{k,x0,ε}.

Then, we wish to prove that v_{x0,ε} is in the Sobolev space W^{1,p}(Ω) and that v_{k,x0,ε} converges strongly to v_{x0,ε} in W^{1,p}(Ω).

Indeed, (3.21a), (3.21d) and the uniform boundedness of the functions a^i_k show that the sequence {v_{k,x0,ε}}_k is bounded in W^{1,p}(Ω) and this implies that v_{x0,ε} is in W^{1,p}(Ω) as well. Next, we prove that ∇v_{k,x0,ε} actually converges strongly to ∇v_{x0,ε} in L^p(Ω, R^N ). Indeed, recalling that everything is set equal to zero outside Ω, we have ‖∇v_{k,x0,ε} − ∇v_{x0,ε}‖_p ≤ ≤ ‖∇v_{k,x0,ε} − φ_{rk} ∗ ∇v_{k,x0,ε}‖_p + ‖φ_{rk} ∗ (∇v_{k,x0,ε} − ∇v_{x0,ε}) ‖_p + ‖φ_{rk} ∗ ∇v_{x0,ε} − ∇v_{x0,ε}‖_p and, from (3.33) and standard properties of convolutions, we conclude that the first and the third terms at the right hand side go to zero as k → +∞. As to the second term, integrating by parts, we get ‖φ_{rk} ∗ (∇v_{k,x0,ε} − ∇v_{x0,ε}) ‖_p = ‖∇φ_{rk} ∗ (v_{k,x0,ε} − v_{x0,ε}) ‖_p ≤ r^{−1}_k |Ω|^{1/p}‖∇φ‖_1‖v_{k,x0,ε} − v_{x0,ε}‖_∞ and we are left to estimate ‖v_{k,x0,ε} − v_{x0,ε}‖_∞. Recalling (3.6+) and that ω_{k+1}/ω_k = r_k < 1/2^k by definition, we obtain (3.34) ‖v_{k,x0,ε} − v_{x0,ε}‖_∞ ≤ ∑ h≥1 ‖v_{k+h,x0,ε} − v_{k+h−1,x0,ε}‖_∞ ≤ ∑ h≥1 ω_{k+h} ≤ 2ω_{k+1} = 2ω_kr_k

so that combining the three previous inequalities, we conclude that ∇v_{k,x0,ε} → ∇v_{x0,ε} strongly in L^p(Ω, R^N ).

Step 3. For every 0 < ε ≤ ε_0 and for the same sequence {ω_k}_k of Step 2, we have that (3.35) a^i_k(v_{k,x0,ε}(x)) → a^i(v_{x0,ε}(x)), x ∈ Ω, i = 0, . . . , N. Proof of Step 3. First, notice that (3.35) is well defined because of (3.21c) and (3.32). If x is not in the interior of K_{x0,ε}, then v_{k,x0,ε}(x) = v_{x0,ε}(x) and the conclusion follows. Therefore, suppose x is in the interior of K_{x0,ε}. Then, |a^i_k(v_{k,x0,ε}(x)) − a^i(v_{x0,ε}(x))| ≤ |a^i_k(v_{k,x0,ε}(x)) − a^i_k(v_{x0,ε}(x))| + |a^i_k(v_{x0,ε}(x)) − a^i(v_{x0,ε}(x))| and, from (3.19), we conclude that the last summand goes to zero as k → +∞. Moreover, (3.18) and (3.34) yield |a^i_k(v_{k,x0,ε}(x)) − a^i_k(v_{x0,ε}(x))| ≤ k |v_{k,x0,ε}(x) − v_{x0,ε}(x)| ≤ 2kω_kr_k ≤ k 2^{k−1} because ω_k is decreasing with ω_1 = 1 and 0 < r_k ≤ 1/2^k and this yields the conclusion.

We can now summarize the results we have obtained so far and draw the conclusion. The functions V_{x0} = {v_{x0,ε} : 0 < ε ≤ ε_0} we have defined in Steps 1 and 2 satisfy (3.5) and (3.6+) and the corresponding compact sets K_{x0} = {K_{x0,ε} : 0 < ε ≤ ε_0} shrink nicely at x_0 as proved in Step 1. Therefore, we are only left to prove that v_{x0,ε} satisfies (3.7), (3.8) and (3.9). Indeed, up to a subsequence, ∇v_{k,x0,ε}(x) → ∇v_{x0,ε}(x) for a.e. x in Ω because v_{k,x0,ε} → v_{x0,ε} strongly in W^{1,p}(Ω). Thus, from (3.21d) and (3.35), we see that ∇v_{x0,ε}(x) ∈ ⋃ 0≤i≤N { ξ_0 + a^i(v_{x0,ε}(x))ν_i } for a.e. x ∈ K_{x0,ε}.

From (3.32) and (3.16) we conclude that (3.7) and (3.8) hold true. Finally, (3.9) follows immediately from (3.5) as we note that ⟨h (v_{x0,ε}) , ∇v_{x0,ε}⟩−⟨h(v) , ∇v⟩ is the divergence of a function in W^{1,p}_0 (Ω). □

4. Proof of the main result

In this final section, we put together and exploit the tools developed in the previous sections and prove our attainment result, Theorem 2.1. Before starting with the proof, we wish to point out a property of the set M of those points (η , ξ) ∈ D such that η is a strict, local extremum point of the restriction of q to the section D^ξ, i.e.

(4.1) M = { (η , ξ) ∈ D : η is a strict, local extremum point of η^′ ∈ D^ξ → q(η^′ , ξ) } . We have the following result about this set M.

Proposition 4.1. Let f : R×R^N → [0 , +∞) satisfy (H1), (H2_p) for some 1 < p < +∞ and (H3). Assume also that (2.6) holds. Then,

(a) M = ⋃ j ({m_j}×D_j ) where D_j is a connected component of D_{mj} ;

(b) D \ M is open.

Proof. Choose (η_0 , ξ_0) in D and let δ > 0 be such that the cylinder C_δ = [η_0 − δ , η_0 + δ]×B_δ (ξ_0) remains in D as well. Then, the projection of C_δ ∩ M on R must be finite because of (2.8) which follows from (2.6) and because of (b) of Proposition 3.1. As D is covered by countably many cylinders C_δ, we conclude that the projection of M on R is countable, say {m_j }_j . Now, each section D_{mj} has at most countably many connected components. Let D^i_{mj} be those connected components of D_{mj} containing points of M. Recalling (b) of Proposition 3.1 again and possibly relabelling the sets {m_j }×D^i_{mj} , we get (a).

To prove (b), choose (η_0 , ξ_0) in D \M and let the cylinder C_δ be contained in D as before. By (2.6) and (2.8) again, we can assume that δ > 0 is small enough to have that no strict, local extrema of η ∈ D^{ξ0} → q(η , ξ_0) fall into [η_0 − δ , η_0 + δ]. Thus, C_δ ⊂ D \ M by (b) of Proposition 3.1 once more. □

Now, we can start with the proof of the attainment result for the nonconvex problem (P).

Proof of Theorem 2.1. Let v be a solution to (P^{∗∗}) such that I^{∗∗}(v) < +∞. This is obviously true for 1 < p ≤ N because of (H2_p) but need not be true for other values of p and special choices of f and u_0. However, were I^{∗∗} identically equal to +∞ on the set of feasible functions, the thesis of the theorem would be trivially true. Moreover, v is Hölder continuous and almost everywhere differentiable on Ω, either because it is in W^{1,p}(Ω) and p > N or because of Theorem 3.1 in [4] if 1 < p ≤ N. The proof will be obtained by finding a new solution u to (P^{∗∗}) such that

(4.2) f(u(x) , ∇u(x)) = f^{∗∗}(u(x) , ∇u(x)) for a.e. x ∈ Ω.

To this aim, recalling that f and f^{∗∗} are different on D only, we first modify v so as to find this new solution u to (P^{∗∗}) with the further property that the set

(4.3) E_u = {x ∈ Ω : u is differentiable at x and (u(x) , ∇u(x)) ∈ D \ M}

is negligible. Here M is the set of strict, local extrema of q defined by (4.1). Then, we show that the set F_u = {x ∈ Ω : u is differentiable at x and (u(x) , ∇u(x)) ∈ M} is negligible too so that (4.2) follows. We divide the proof into two claims.

Claim 1. There exists a solution u to (P^{∗∗}) such that the set E_u is negligible. Proof of Claim 1. Let v be the solution to (P^{∗∗}) considered at the beginning and let E_v be the set defined by (4.3) with v instead of u. Assume that E_v has positive measure otherwise we set u = v and the claim is proved. Let also x_0 be a density point of E_v and set η_0 = v(x_0) and ξ_0 = ∇v(x_0). Thus, (η_0 , ξ_0) is in D \ M by definition and, since this set is open by (b) of Proposition 4.1, there is δ > 0 such that (η , ξ_0) is in D \ M too for every η ∈ I, I = [η_0 − δ , η_0 + δ]. Thus, recalling (3.3), we have (4.4) f^{∗∗}(η , ξ) = ⟨d(η) , ξ⟩ + q(η), ξ ∈ A_η(ξ_0), for every η ∈ I where we have set d(η) = d(η , ξ_0) and q(η) = q(η , ξ_0) for every η ∈ I because of (b) of Proposition 3.1. Moreover, q is monotone on the interval I by the choice of δ. Now, since v is differentiable at x_0 and f^{∗∗}(η_0 , ξ_0) < f(η_0 , ξ_0), we apply Proposition 3.4 and we thus find two families of compact neighbourhoods K^±_{x0} = {K^±_{x0,ε} : 0 < ε ≤ ε_0} of x_0 that shrink nicely at x_0 and two corresponding families of continuous functions V^±_{x0} = {v^±_{x0,ε} : 0 < ε ≤ ε_0} in W^{1,p}(Ω) featuring the properties stated in Proposition 3.4. Moreover, we choose 0 < ε_0 ≤ 1 small enough to have |v(x) − η_0| ≤ δ and |v^±_{x0,ε}(x) − η_0| ≤ δ for every x ∈ K^±_{x0,ε} and every 0 < ε ≤ ε_0.

Every modified function v^±_{x0,ε} is feasible for (P^{∗∗}) by (3.5) and we compare the values of I^{∗∗} at v and v^±_{x0,ε}. By (3.5) it is enough to compare the integrals on the sets K^±_{x0,ε} only. Since ∇v^±_{x0,ε} ∈ A_v±_{x0,ε} (ξ_0) for a.e. x ∈ K^±_{x0,ε} by (3.8), it follows from (4.4) and (3.9) that ∫ K^±_{x0,ε} f^{∗∗} ( v^±_{x0,ε}(x) , ∇v^±_{x0 ,ε}(x) ) dx = ∫ K^±_{x0,ε} [⟨ d ( v^±_{x0,ε}(x) ) , ∇v^±_{x0,ε}(x) ⟩ + q ( v^±_{x0,ε}(x) )] dx = = ∫ K^±_{x0,ε} [ ⟨d(v(x)) , ∇v(x)⟩ + q ( v^±_{x0,ε}(x) )] dx. Then, f^{∗∗}(η , ξ) ≥ ⟨d(η) , ξ⟩ + q(η) for every ξ ∈ R^N and η ∈ I. Thus,

(4.5) ∫ K^±_{x0,ε} f^{∗∗} ( v^±_{x0,ε}(x) , ∇v^±_{x0 ,ε}(x) ) dx ≤ ≤ ∫ K^±_{x0,ε} f^{∗∗} (v(x) , ∇v(x)) dx + ∫ K^±_{x0,ε} [ q ( v^±_{x0,ε}(x) ) − q(v(x)) ] dx. Since q is monotone on the interval I, we can choose either the + or the − modified function from v^±_{x0,ε} according to the monotonicity of q so that the last summand in (4.5) is nonpositive. We have thus proved that for every density point x_0 of E_v there is σ = σ(x_0) chosen between + and − such that the corresponding functions from V^σ_{x0} are still solutions to (P^{∗∗}) with the further property that each function v^σ_{x0,ε} from V^σ_{x0} satisfies

(4.6) f^{∗∗} ( v^σ_{x0,ε}(x) , ∇v^σ_{x0,ε}(x) ) = f ( v^σ_{x0,ε}(x) , ∇v^σ_{x0,ε}(x) ) for a.e. x ∈ K^σ_{x0,ε}

because of (3.7). Now, recalling that the corresponding sets K^σ_{x0} shrink nicely at x_0, we apply Vitali’s covering theorem thus finding countably many density points x_h of E_v, numbers ε_h > 0 and symbols σ_h = σ(x_h) ∈ {+ , −} such that the sets K_h = K^{σh}_{xh,εh} are pairwise disjoint and cover E_v up to a negligible set, i.e.

(4.7) |E_v \ (∪_hK_h)| = 0.

Then, let v_h = v^{σh}_{xh,εh} be the corresponding new solutions to (P^{∗∗}) and notice that (4.6) turns into

(4.8) f^{∗∗} (v_h(x) , ∇v_h(x)) = f (v_h(x) , ∇v_h(x)) for a.e. x ∈ K_h.

Then, we set

(4.9) u(x) = v(x) + ∑ h [v_h(x) − v(x)] , x ∈ Ω, and we check that it is a solution to (P^{∗∗}) for which |E_u| = 0.

First, recall that, by (3.5), all functions v_h − v have pairwise disjoint supports. Hence, at every point x, there is at most one nonvanishing summand of (4.9) so that u is pointwise defined. Then, arguing as in Step 1 of the proof of Proposition 3.4, we show that u is in W^{1,p}(Ω). Indeed, the very same property of the supports of the functions v_h − v together with either (3.6+) or (3.6−) and the assumption ε_0 ≤ 1 yield that ∫ Ω |u|^p dx ≤ 2^{p−1} ∫ Ω |v|^p dx + 2^{p−1} ∑ h ∫ K_h |v_h − v|^p dx ≤ 2^{p−1} (∫ Ω |v|^p dx + |Ω| ) . As to the gradients, note that each partial sum of the series defining u is itself a minimizer of I^{∗∗} by construction so that

(4.10) I^{∗∗} v + ∑ 1≤h≤k (v_h − v) = I^{∗∗}(v) holds for every k. Hence, a standard argument based on the growth assumption (H2_p) and Sobolev- Poincare’s inequality yields that ∑ h ∫ Ω |∇v_h − ∇v|^p dx = ∑ h ∫ K_h |∇v_h − ∇v|^p dx < +∞. This implies that u is in W^{1,p}(Ω) and that the series (4.9) converges strongly to it in W^{1,p}(Ω). Moreover, u is feasible for (P^{∗∗}) and the sequential weak lower semicontinuity of I^{∗∗} together with (4.10) show that u is a solution to (P^{∗∗}) as well. In particular, as a minimizer of I^{∗∗}, u must be Hölder continuous and almost everywhere differentiable on Ω. Finally, u = u_h on each set K_h and u = v off the union of the sets K_h and the same holds true almost everywhere for the gradients. Hence, (4.8) and (4.7) show that E_u is negligible and this completes the proof of the claim.

Claim 2. The set F_u = {x ∈ Ω : u is differentiable at x and (u(x) , ∇u(x)) ∈ M} is negligible.

Proof of Claim 2. By (b) of Proposition 4.1, we have F_u = ⋃ j F_{u,j} where the measurable sets F_{u,j} are defined by

F_{u,j} = {x ∈ Ω : u is differentiable at x and (u(x) , ∇u(x)) ∈ {m_j }×D_j } .

Assume by contradiction that |F_{u,j} | > 0 for some j and, to simplify the notations, write F , m and D for F_{u,j} , m_j and D_j . As F is a level set of u, ∇u = 0 almost everywhere on F . Thus, D must contain the origin and (2.7) forces m to be a strict local maximum point of the section η ∈ D^0 → q(η , 0). Recall also that q(η , 0) = f^{∗∗}(η , 0) for every η ∈ D^0 and, to simplify the notations, write q(η) = f^{∗∗}(η , 0) and d(η) = d(η , 0) for every η ∈ D^0.

Now, choose a density point x_0 in F where ∇u(x_0) = 0 and let δ > 0 be such that the interval I = [m − 2δ , m + 2δ] is contained in D^0. In addition, recalling (2.6) and that m is a strict local maximum point of q, we can assume also that q is increasing on the interval [m − 2δ , m] and decreasing on [m , m + 2δ]. Then, choose N + 1 unit vectors ν_0, . . . , ν_N of R^N such that

0 ∈ int (co {ν_i : i = 0, . . . , N})

as in (a) of Lemma 3.5 and let λ_0, . . . , λ_N be such that 0 < λ_i ≤ min {a_i(η) : η ∈ I} where the bounded, positive and lower semicontinuous functions a_i : I → (0 , +∞) are those associated with ξ_0 = 0 and the vectors ν_0, . . . , ν_N by Proposition 3.3. Thus, ξ_0 + λ_iν_i ∈ A_η(0) for every i and η ∈ I. Then, we apply Lemma 3.5 to the function u at the point x_0 with η_0 = m, ξ_0 = 0, the unit vectors ν_i and the positive numbers λ_i defined above and we thus find two families of compact sets {A^±_{x0,ε} : 0 < ε ≤ ε_0} satisfying (3.10) for some numbers 0 < r_1 < r_2 and two corresponding families of continuous, almost everywhere differentiable functions {u^±_{x0,ε} : 0 < ε ≤ ε_0} in W^{1,p}(Ω) such that (3.11), (3.12+), (3.12−), (3.13+), (3.13−) and (3.14) hold.

We suppose ε_0 ≤ δ/2 is small enough so as to have |u(x) − m| ≤ δ for every x ∈ A^±_{x0,ε} and ε and we recall that |u^±_{x0,ε}(x) − u(x)| ≤ 2ε ≤ 2ε_0 ≤ δ by either (3.12+) or (3.12−). Thus, |u^±_{x0,ε} − m| ≤ 2δ on A^±_{x0,ε} for every ε.

Now, we wish to compare the values of I^{∗∗} at u and u^±_{x0,ε}. As u = u^±_{x0,ε} outside A^±_{x0,ε} by (3.11), it is enough we compare the integrals ∫ A^±_{x0,ε} f^{∗∗} ( u^±_{x0,ε}(x) , ∇u^±_{x0 ,ε}(x) ) dx and ∫ A^±_{x0,ε} f^{∗∗} (u(x) , ∇u(x)) dx. Arguing as in the proof of Claim 1, we get ∫ A^±_{x0,ε} f^{∗∗} ( u^±_{x0,ε}(x) , ∇u^±_{x0,ε}(x) ) dx ≤ ≤ ∫ A^±_{x0,ε} f^{∗∗} (u(x) , ∇u(x)) dx + ∫ A^±_{x0,ε} [ q ( u^±_{x0,ε}(x) ) − q(u(x)) ] dx and we claim that we can choose + or − and ε such that the second term at the right hand side of the previous formula is negative, thus contradicting the minimality of u. As the argument is the very same of Step 2 of the proof of Theorem 1.1 in [4], we just sketch the main points of the proof and we refer to this paper for the details.

Indeed, choose a sequence {ε_k}_k in (0 , ε_0] that goes to zero and set

η_k = 1 ϵ_k sup {|u(x) − m| : |x − x_0| < 2r_2ε_k} for every k

where r_2 is the positive number given by Lemma 3.5 and appearing in (3.10). Obviously, η_k → 0_+ since u is differentiable at x_0 with ∇u(x_0) = 0 by assumption and we can assume also that 0 < η_kϵ_k ≤ δ for every k. Then, recalling that m is a strict, local maximum point of q and possibly extracting a subsequence that we relabel as {ϵ_k}_k, we can assume in addition that the minimum between q(m − η_kϵ_k) and q(m + η_kϵ_k) is actually achieved for every k by terms that always have the same sign inside, say q(m + η_kϵ_k), so that

(4.11) 0 < q(m) − q(m + η_kϵ_k) = max {q(m) − q(m − η_kϵ_k) , q(m) − q(m + η_kϵ_k)}

holds for every k.

According to this assumption, we choose the + functions and, to simplify the notations, we set u_k = u^+_{x0,ϵk} and A_k = A^+_{x0,ϵk} for every k. Of course, should the minimum between q(m − η_kϵ_k) and q(m + η_kϵ_k) be achieved at q(m − η_kϵ_k), we would choose the − functions. Finally, set B_{i,k} = B_{riεk} (x_0) for i = 1 and 2 and every k so that (3.10) of Lemma 3.5 turns into

(4.12) B_{1,k} ⊂ A_k ⊂ B_{2,k}.

We prove the claim by setting

J^1_k = 1 |A_k| ∫ A_k [q(m) − q(u_k(x))] dx and J^2_k = 1 |A_k| ∫ A_k [q(m) − q(u(x))] dx and showing that J^1_k − J^2_k > 0 for some k.

Indeed, note first that (3.13+) of Lemma 3.5 reduces to ϵ_k/2 ≤ u_k(x) − m ≤ ϵ_k for every x ∈ B_{1,k}. Hence, recalling (4.12) and that q is decreasing on the interval [m , m + 2δ], we find that

J^1_k ≥ 1 |B_{2,k}| ∫ B_{1,k} [q(m) − q(u_k(x))] dx ≥ ≥ 1 |B_{2,k}| ∫ B_{1,k} [q(m) − q(m + ϵ_k/2)] dx = ( r_1 r_2 )_N [q(m) − q(m + ϵ_k/2)] for every k. As to J^2_k , we have

J^2_k = 1 |A_k| ∫ A_k\F [q(m) − q(u(x))] dx for every k and |m − u(x)| ≤ η_kϵ_k for every x ∈ A_k by the very definition of η_k. Hence, 0 ≤ q(m) − q(u(x)) ≤ max {q(m) − q(m − η_kϵ_k) , q(m) − q(m + η_kϵ_k)} = = q(m) − q(m + η_kϵ_k)

for every x ∈ A_k and every k because of the behaviour of q around m and by (4.11) whence

0 ≤ J^2_k ≤ |A_k \ F | |A_k| [q(m) − q(m + η_kϵ_k)] for every k.

Since η_k → 0_+, it follows that eventually q(m) − q(m + ϵ_k/2) ≥ q(m) − q(m + η_kϵ_k) > 0 since q is increasing on [m , m + 2δ]. As x_0 is a density point of F , (4.12) shows that the ratio |A_k \ F |/|A_k| goes to zero and the conclusion follows. □

References

1. P. Bauman and D. Phillips, A non convex variational problem related to change of phase, Appl. Math. Optim.

21 (1990), 113–138.

2. P. Celada, Existence and regularity of minimizers of non convex functionals depending on u and ∇u, J. Math.

Anal. Appl. 230 (1999), 30–56.

3. P. Celada and A. Cellina, Existence and non existence of solutions to a variational problem on a square, Houston J. Math. 24 (1998), 345–375.

4. P. Celada and S. Perrotta, Minimizing non convex, multiple integrals: a density result, Proc. Roy. Soc. Edinburgh 130A (2000), 721–741.

5. , Minimizing nonconvex, simple integrals of product type, J. Differential Equations 171 (2001), 148–172. 6. , On the minimum problem for nonconvex, multiple integrals of product type, Calc. Var. Partial Differential Equations 12 (2001), 371–398.

7. , Existence of minimizers for nonconvex, noncoercive simple integrals, SIAM J. Control Optim. 41 (2002), 1118–1140.

8. P. Celada, S. Perrotta, and G. Treu, Existence of solutions for a class of non convex minimum problems, Math.

Z. 228 (1998), 177–199.

9. A. Cellina, On minima of a functional of the gradient: necessary conditions, Nonlinear Anal. 20 (1993), 337–341. 10. , On minima of a functional of the gradient: sufficient conditions, Nonlinear Anal. 20 (1993), 343–347. 11. , Minimizing a functional depending on ∇u and u, Ann. Inst. H. Poincaré Anal. Non Linéaire 14 (1997), 339–352.

12. A. Cellina and S. Perrotta, On minima of radially symmetric functionals of the gradient, Nonlinear Anal. 23 (1994), 239–249.

13. B. Dacorogna, Direct methods in the Calculus of Variations, Appl. Math. Sci., no. 78, Springer, Berlin, (1989). 14. B. Dacorogna and P. Marcellini, Implicit partial differential equations, Progr. Nonlinear Differential Equations Appl., no. 37, Birkhäuser, Boston, (1999).

15. F. S. De Blasi and G. Pianigiani, On the Dirichlet problem for Hamilton-Jacobi equations. A Baire category approach, NoDEA Nonlinear Differential Equations Appl. 6 (1999), 13–34.

16. I. Ekeland and R. Temam, Convex analysis and variational problems, Studies in Mathematics and its Applications, no. 1, North Holland, Amsterdam, 1976.

17. I. Fonseca, N. Fusco, and P. Marcellini, An existence result for a nonconvex variational problem via regularity, ESAIM Control Optim. Calc. Var. 7 (2002), 69–95.

18. R. L. Fosdick and G. MacSithigh, Helical shear of an elastic, circular tube with a non-convex stored energy, Arch.

Rational Mech. Anal. 84 (1983), 31–53.

19. G. Friesecke, A necessary and sufficient condition for nonattainment and formation of microstructure almost everywhere in scalar variational problems, Proc. Roy. Soc. Edinburgh Sect. A 124 (1994), 437–471.

20. N. Fusco, P. Marcellini, and A. Ornelas, Existence of minimizers for some non convex one dimensional integrals, Portugal. Math. 55 (1998), 167–185.

21. D. Giachetti and R. Schianchi, Minima of some nonconvex, noncoercive problems, Ann. Mat. Pura Appl. (4) 165 (1993), 109–120.

22. M. Giaquinta and E. Giusti, On the regularity of the minima of variational integrals, Acta Math. 148 (1982), 31–46.

23. J. Goodman, R. V. Kohn, and L. Reyna, Numerical study of a relaxed variational problem from optimal design, Comput. Methods Appl. Mech. Engrg. 57 (1986), 107–127.

24. M. Gromov, Partial differential relations, Ergeb. Math. Grenzgeb. (3), no. 9, Springer, Berlin, (1986). 25. B. Kawhol, J. Stara, and G. Wittum, Analysis and numerical studies of a problem of shape design, Arch. Rational Mech. Anal. 114 (1991), 349–363.

26. P. Marcellini, A relation between existence of minima for non convex integrals and uniqueness for non strictly convex integrals of the Calculus of Variations, in Mathematical theories of optimization (S. Margherita Ligure (1981)) (J. P. Cecconi and T. Zolezzi, eds.), Lecture Notes in Math., no. 979, Springer, Berlin, 1983, pp. 216–231.

27. , Non convex integrals of the Calculus of Variations, in Methods of non convex analysis (Varenna (1989)) (A. Cellina, ed.), Lecture Notes in Math., no. 1446, Springer, Berlin, 1990, pp. 16–57.

28. E. Mascolo and R. Schianchi, Non convex problems of the Calculus of Variations, Nonlinear Anal. 9 (1985), 371–379.

29. , Existence theorems in the Calculus of Variations, J. Differential Equations 67 (1987), 185–198. 30. S. Müller and V. Šverák, Attainment results for the two-well problem by convex integration, Geometric analysis and the calculus of variations (J. Jost, ed.), International Press, Cambridge MA, (1996), pp. 239–251.

31. , Convex integration with constraints and applications to phase transitions and partial differential equations, J. Eur. Math. Soc. (JEMS) 1 (1999), 393–422.

32. S. Müller and M. A. Sychev, Optimal existence theorems for nonhomogeneous differential inclusions, J. Funct.

Anal. 181 (2001), 447–475.

33. F. Murat and L. Tartar, Calcul des variations et homogénéization, in Les methodes de l’homogénéization: thèorie et applications en physique (Bréau sans Nappe (1983)) (D. Bergman et al., eds.), Collect. Dir. Études Rech. Élec. France, no. 57, Eyrolles, Paris, 1985, pp. 316–369.

34. J. P. Raymond, Existence of minimizers for vector problems without quasiconvexity condition, Nonlinear Anal.

18 (1992), 815–825.

35. , Existence and uniqueness results for minimization problems with nonconvex functionals, J. Opt. Theory Appl. 82 (1994), 571–591.

36. S. Saks, Theory of the integral, Monografie Matematyczne, no. 7, Hafner Publishing Co., New York. 37. M. A. Sychev, Characterization of homogeneous scalar variational problems solvable for all boundary data, Proc.

Roy. Soc. Edinburgh Sect. A 130 (2000), 611–631.

38. G. Treu, An existence result for a class of non convex problems of the Calculus of Variations, J. Convex Anal. 5 (1998), 31–44.

39. M. Vornicescu, A variational problem on subsets of R^N , Proc. Roy. Soc. Edinburgh Sect. A 127 (1997), 1089–1101. 40. S. Zagatti, Minimization of functionals of the gradient by Baire’s theorem, SIAM J. Control Optim. 38 (2000), 384–399.

Parma – Firenze – Ferrara, April 24 2003