A SHARP ATTAINMENT RESULT FOR NONCONVEX VARIATIONAL
PROBLEMS
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ABSTRACT. We consider the problem of minimizing autonomous, multiple integrals like
(P) min {/f(u,Vu) dz : ueuo+W1”’(Q)}
Q

where f: RxRY — [0,00) is a continuous, possibly nonconvex function of the gradient variable
Vu. Assuming that the bipolar function f** of f is affine as a function of the gradient Vu on each
connected component of the sections of the detachment set D = {f** < f}, we prove attainment
for (P) under mild assumptions on f and f**. We present examples that show that the hypotheses
on f and f** considered here for attainment are essentially sharp.
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1. INTRODUCTION

Consider the following variational problem

(P) min {I(u) = /Qf (u(z),Vu(z)) dz : u € ug + Wol’p(Q)}

where Q is a bounded open subset of RY with N > 2, 1 < p < 400, f: RxRY — [0, +00) is a
continuous function, possibly nonconvex with respect to its last argument and ug € WP (Q).

The lack of convexity of f(u,Vu) with respect to the gradient variable Vu prevents from estab-
lishing the existence of minimizers of (P) via the Direct Method of the Calculus of Variations,
nevertheless many nonconvex minimum problems actually have solutions. Therefore, the question
of establishing which conditions on f, other than convexity, ensures the existence of solutions to
(P) has been receiving increasing attention in recent years.

As regards variational problems for multiple integrals, the most widely investigated cases con-
cern Lagrangean functions featuring the following structure: either f(u,Vu) = g(u) + h(Vu) or
fu,Vu) = g(u)h(Vu) with continuous functions g and nonconvex h. For these models, a well
developed theory regarding attainment versus non attainment phenomena has been set up in re-
cent years, see [9], [10], [19], [40], [37], [4] and [6]: whenever g and h satisfy mild regularity and
growth assumptions, minimizers do exist for a wide class of continuous functions g, provided the
convex envelope h** of h is affine on each connected component of the detachment set {h** < h}.
Otherwise minimizers do not likely exist even if f(u,Vu) = h(Vu) and the boundary datum is
affine, see [26] and the sharp results of [9] and [19]. The conditions on g that yield attainment are
roughly speaking the following: (a) every point of R lies between two intervals where g is monotone,
i.e. g does not oscillate too fast; and (b) g has no strict, local minima.

Bolza’s type examples highlight the sharpness of these assumptions for both type of models: as
regards the case of sum-like integrals for instance, the following variational problem:

min {/B [(IVu(@)| - 1) + (u(2))?] de: ue W01’2(B)}

has no solutions for any open ball B in RY. Here, g(u) = u? and only condition (b) is violated.
Yet, the same pathological situation may occur when (b) holds and (a) fails. Indeed, the very same
argument can be applied to the same Dirichlet problem with g(u) = max {0, usin (1/u)}.

Similar examples can be produced also for the product case, see for instance [20] and [6]. Among
the many related papers, besides those mentioned above, we refer to [18], [33], [23], [1], [25], [34],
[12], [11], [3], [39], [38], [8] and [2] for sum-like integrals and to [27], [21] and [5] for product-like
ones respectively, though all these latter papers deal with one dimensional problems only. Passing
on, we mention also that there is a broad literature concerning the special case of one dimensional
nonconvex problems and we refer to [27] and the references therein. See also the references in [7]
for later years.

As regards nonconvex Lagrangean functions of general form, the available results concern only the
nonautonomous case f(z,Vu) without dependence on u, see for instance [28], [29] and the recent
result [17], or the one dimensional, autonomous case f(u ,u'), see [35], [7] and the references therein.
In this latter paper [7], it is shown that again the two assumptions on the function g considered
above, suitably rewritten for f, ensure the existence of solutions to the minimization problem.
The aim of this paper is to show that the same result can be recovered also for multiple integrals,
provided we assume in addition that & — f**(n,&) is affine on the connected components of the
sections of the detachment set D = {f** < f}, i.e. where f and f** are different. In particular, we
wish to emphasize that we do not require neither any particular smoothness assumption besides
continuity of f and f** nor any qualified convexity hypothesis at infinity and outside D. Indeed, we
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associate with the convex envelope f** of f with respect to ¢ a function ¢: RxRY — R whose value
at the point (1, &) is, roughly speaking, the value at the origin of the supporting affine function to
the graph of & — f(n,£) through the point (n,&). When f** is smooth, g is given by

7 (n,8) = (Ve (n,€),8)

where V¢ is the gradient with respect to £. Note also that ¢ reduces to f** itself for £ = 0.
The hypotheses (a) and (b) considered before for sum-like and product-like integrals then turn into
the following assumptions on the function g on the detachment set D:

(@”) if f**(no,&0) < f(no,&o), there exists & = §(ng , &) > 0 such that n — q(n,&p) is monotone
on both intervals [y — d,4] and [ng,no + d];

(b’) the function n — f**(n,0) has no strict, local minima on the section of D corresponding
to £ =0.

We refer to the following Section 2 for the definition of ¢ and the exact statement of the attainment
result for (P). Here, we wish to point out only that, when f(n,0) = f**(n,0) for every 7, then the
only condition we have to require is (a’) which is a very weak requirement on the behaviour of f.
Moreover, when f(n,&) = g(n) + h(£) for instance and h** is smooth, it turns out that g is given
by h** (&) — (VA*™ (&), &) + g(n) and we thus recover the previous assumptions (a) and (b) of [4]. A
similar remark holds for the product-like case as well.

Finally, we briefly outline the idea of the proof. As a common feature of all nonconvex minimization
problems, we consider the relaxed problem of (P), i.e.

(P*) min {/Q F* (u(zr),Vu(z)) do: u € ug + Wol’p(Q)} )

By the Direct Method of the Calculus of Variations, this problem has a solution, say v, and we
consider the measurable set of those points z of 2 such that the vector (v(z), Vuv(z)) falls in the
detachment set D. Exploiting the main assumption that £ — f**(n,&) is affine on the connected
components of the sections of the detachment set D together with the hypotheses (a’) and (b’), we
show that we can locally modify v around almost every such point z so as to find new solutions to
(P*) which have the further property that they stay, together with their gradients, on the boundary
of D, i.e. where f and f** coincide, on a small neighbourhood of the point z. This is the main
technical part of the proof and the construction of these new solutions is accomplished by convex
integration of partial differential relations. Then, by a covering argument, we glue these new, locally
modified solutions so as to find a further new solution u to (P*) satisfying f**(u,Vu) = f(u, Vu)
almost everywhere on €2, thus proving attainment for (P).

2. NOTATIONS AND STATEMENT OF THE MAIN RESULT

We begin by recalling some elementary definitions, notations and results, mostly from convex
analysis and measure theory.

We denote the norm of a vector £ in RY by |£| and the scalar product of ¢ and ¢ by (£,¢). We also
denote the standard basis of RV by{e;,...,en}, the open ball of radius p > 0 in RY centered at
zo by B,(zo) and the closed segment in RV whose endpoints are the vectors & and & by [&1, &)
If Ais aset in RV, we let int (4), A and 0A be the interior, the closure and the boundary of A
respectively. The convez hull co (A) of A is the intersection of all convex sets containing A itself.
Moreover, if C is a convex subset of RY, we denote its polar set by C° and we recall that the
dimension of C is the dimension of the smallest affine subspace containing it.

Throughout the paper, we shall consider points and subsets of Rx RY. We shall write (1, &) for
such points and, whenever € is a subset of RxRY, we denote its sections with either n or ¢ fixed



A SHARP ATTAINMENT RESULT FOR NONCONVEX, VARIATIONAL PROBLEMS 3

by
£ ={€eRY: (n,¢) €} and g={neRr: (n,6) e}

respectively and, for every point (7,£), the connected component of £, containing ¢ by &,(¢).
Now, let g: RY — [0,+00) be a lower semicontinuous function. We recall that g is said to be
subdifferentiable at some point ¢ if there exists a vector d € RY such that

(2.1) 9(¢) 2 g(&) +(d,¢ = &), (eRY.

Every such d is a subgradient of g at £ and the set of all such vectors d is the subdifferential 0g(¢)
of g at £. When g is also convex, dg(¢) is a nonempty, convex, compact set for every ¢ in RV and g
turns out to be locally Lipschitz continuous on RY with dg(¢) = {Vg(¢)} for almost every & € RY.
We recall also that, if g: RY — [0,400) is lower semicontinuous, the polar function of g is the
lower semicontinuous, convex function g*: RV — (—oo, +00] defined by

g () =suwp {(£,)—g(®): EcRY},  CeRY,

(see [16]) and that the bipolar function or convex envelope of g is the polar g**: RY — [0, +00) of
g*. Thus, ¢g** is convex and

97 (¢) < g(8), £ eRY.

Moreover, we recall that, whenever d € RY is a subgradient of ¢** at some point &, the values of
g**(€) and g*(d) are related by

(2.2) g7 (&) +97(d) = {d,&)

(see [16]) because of the equality ¢*** = g*. Hence, writing (2.1) with ¢** instead of g, it follows
that the value at the origin of the supporting affine function to the graph of ¢** through the point
(&, g™ (&)) with slope d is given by —g*(d).

As to measure theoretic notations and results, we denote the Lebesgue measure of a measurable
subset E of RV by |E| and, as usual, we call negligible those sets E having null measure. We recall
that a family K of compact sets containing a given point z € RY is said to shrink nicely at z if

(a) inf {|K|: K€ K} =0; and (b) sup {% : K C B, B closed ball} > ¢, K e K;
for some constant ¢ > 0. We recall also that a Vitali covering of a measurable set F is a family
of compact sets K containing, for a.e. x € FE, a sequence that shrinks nicely at x itself. Though
we shall not need this in the sequel, we remark that, in the definitions above, the compact sets K
associated with = need not be neither centered at x nor nested. Then, Vitali’s covering theorem
(see [36]) states that every such covering contains a (at most) countable subfamily of sets {K},
consisting of pairwise disjoint sets that cover E up to a negligible set, i.e. |E \ (U, Kp)| = 0.

As regards functional theoretic notations, we let Q be an open, bounded set in RY and we use stan-
dard notations for Lebesgue and Sobolev spaces of functions on 2 and their norms. In particular,
we let p* be the Sobolev exponent relative to 1 < p < N, i.e. p* = pN/(N —p) for 1 < p < N and
p* = +oco for p=N.

Now, we introduce the class of integral functionals that we are going to consider in the sequel. Let
f:RxRY — [0, 400) be a continuous function. We consider the following integral functional

1) = [ f (@), Va(@) ds, e W),
Q
and the associated minimum problem

(P) min {I(u) : uEuo—FWOl’p(Q)}
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where 1 < p < 400 and ug is in WHP(Q2). We denote the polar and the bipolar functions of f
with respect to the second variable ¢ by f*: RxRY — (—o00,+0c0] and f**: RxRY — [0,+00)
respectively and, for every nn € R, we denote also the subdifferential of the function & — f**(n,¢&)
at the point & € RN by 9f**(n,£). Then, f** is Borel measurable and we consider the auxiliary
functional

I (u) = / £ (ulz) , Vu(z)) dz, ue Whe(Q),
Q
and the associated minimum problem
(P**) min {I**(u) DU € ug+ Wol’p(Q)} :

This auxiliary functional I** coincides with the relaxed functional of I with respect to the weak
topology of W1P(Q) (see Theorem 3.8, Chapter 10 in [16]) as soon as f satisfies suitable growth
assumptions like those in the first formula of (H2,) below. Even if this does not hold, it is plain
that I** < I on WHP(f) so that any solution u to (P**) satisfying f**(u,Vu) = f(u, Vu) almost
everywhere on (2 is a solution to (P) as well.

Next, we describe the assumptions that we are going to consider on the function f and its convex
envelope f**. As regards the regularity and the behaviour at infinity, we assume that

(H1) f and f** are continuous on RxR”Y;

and that f satisfies the following growth assumption (H2,) according to the value of 1 < p < 4o0:
if 1 <p <N, f is supposed to be bounded from above and below by

(H2,) clél’ — e (L+In|) < f(n,€) < sl +c2 (1 +nl7), (n,€) € RxRY,

for some constants cg3 > ¢; > 0 and ¢ > 0 with 1 < ¢ < p* whereas, if N < p < oo, f is only
supposed to be such that

(H2p) calgl’ —ea (14 nl) < f(n,6), (n,€) € RxRY,

for some constants ¢; > 0, co > 0 and ¢ > 1. Clearly f** satisfies the very same growth properties
as f. The growth assumption from below ensures that every minimizing sequence for the problem
(P**) has weakly convergent subsequences. This, and the weak lower semicontinuity of I** on
ug + W, () (see Theorem 3.4, Chapter 3 in [13]), ensure the existence of solutions to (P**). As
regards the regularity of these solutions, when 1 < p < N, minimizers are Holder continuous (see
[22]) and almost everywhere (classically) differentiable (see [4]). Moreover, the growth assumption
from above can be somewhat relaxed when the boundary datum wug is (essentially) bounded, see
the remark following the statement of Theorem 2.1. Finally, for p > N, the same smoothness
properties are shared by all Sobolev functions.

As a consequence of (H1), the detachment set D defined by

D= {(n,f) € RxRY : f**(n,¢) < f(n,f)}

is open and, as we agreed upon at the beginning, we denote its sections with either 7 or £ fixed by
D,, and D¢ respectively and the connected component of D, containing ¢ by Dy (£).

In the sequel, we also assume that f** features the following qualitative behaviour on the sections
of the detachment set D:

(H3) for every n € R, the function { — f**(n,£) is affine on each connected component of D,.

To be explicit, this means that, whenever (19, &p) is a point of D, there exist mo € RY and ¢y € R
such that

(2.3) f(m0,€) = (mo, &) + qo, £ € Dyy(&o)-



A SHARP ATTAINMENT RESULT FOR NONCONVEX, VARIATIONAL PROBLEMS 5

Now, we consider the function ¢: RxRY — R defined by
(2:4) a(n,€) =sup {~f*(n,d) : d € 9f*(n,€)}, (n,€) € RxRY.

It is well defined and real-valued because f** is convex with respect to £ and, as recalled at the
beginning of this section, its value at the point (7, £) yields the largest among the values at the origin
of the supporting affine functions to the graph of £ — f**(n,¢) through the point £&. Moreover, if
it happens that f** has continuous partial derivatives with respect to £, then ¢(7,£) reduces to

(2.5) q(n,€) = 7 (n,8) = (Vef™(n,),8), (n,€) € RxRY,

because of the basic equality (2.2).

The properties of the detachment set D and of the restrictions of f** and ¢ to D itself will be
investigated in the following Section 3.

Now, the preliminaries are over and we can state the attainment result for the nonconvex problem

(P).

Theorem 2.1. Let f: RxRY — [0,+00) satisfy (H1), (H2,) for some 1 < p < 400 and (H3).
Let q be defined by (2.4) and assume also that the following properties hold:

(2.6) for every (no,&) € D, there is § = §(ng, &) > 0 such that [ng — 6 ,mo + 0] C D and such
that the restriction n € [no—0d,m0+ 3] = q(n,&o) is monotone on each interval [ny— 3§ ,mo)
and [no ,no + 0);

(2.7) if D° # 0, the restriction n € D° — q(n,0) has no strict, local minima on DP.

Then, the nonconvex problem (P) has a solution for every boundary datum uy € W1P().

It turns out that ¢(n,0) = f**(n,0) for every n in D°, see (d) of Proposition 3.1 below, so that
(2.7) can be equivalently stated by requiring that the restriction n € D% — f**(n,0) of f** on
the nonempty section D° has no strict, local minima. Note also for future purposes that the other
hypothesis (2.6) implies that

(2.8) if D¢ # 0, the restriction n € D¢ — q(n,€) has only finitely many strict, local extrema in
every compact subinterval of DE.

As regards the hypotheses of this attainment result, we have already pointed out that the growth
assumption (H2,) is related only with the coercivity of I** and the regularity of minimizers of
(P**). Moreover, if 1 < p < N and the boundary datum wug is in L®(Q) N WP(Q), it can be
relaxed by requiring only that

(H2,) cilél’ —ca (1 +n|?) < f(n,8) < cm)El” +ca (14 nlT), (n,€) € RxRY,

for some constants ¢; > 0, c; > 0 and for some function ¢ € C(R) such that ¢(n) > ¢; for every
n € R with 1 < g < p* as before. Then, every minimizer u of (P**) is again Holder continuous
and almost everywhere (classically) differentiable on €2 (see Theorem 2.1 of [6]) and the rest of the
proof of Theorem 2.1 remains unchanged.

As to the main qualitative hypotheses (H3), (2.6) and (2.7), we have already remarked that they
cannot be dropped in general without affecting attainment for (P) as the examples mentioned in the
Introduction show. Thus, all the assumptions of our attainment result but (H1) - which is a very
weak smoothness hypothesis on f and f** - are needed in the sense specified above and we wish to
emphasize once again that the only truly demanding ones among them are (H3) and (2.7) - provided
DY is nonempty - which are well known necessary assumptions for nonconvex variational problems
involving multiple integrals. By contrast, (2.6) is a very weak assumption on the behaviour of f**
and, whenever f** is smooth enough so that g reduces to (2.5), its fulfillment just requires that ¢
does not oscillate on finer and finer scales as a function of . Once f** is computed, this can be
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easily tested by checking that the derivative of ¢ with respect to 1 vanishes finitely many times
only on each subinterval of Dt.

3. SOME TECHNICAL RESULTS

This section contains the main technical steps towards the proof of our attainment result, Theo-
rem 2.1. Indeed, the program outlined at the end of the Introduction calls first for studying the
properties of the convex envelope f** and of other f**-related functions such as g, then for studying
the properties of the detachment set D, namely the local properties of its boundary, and at last
for defining new solutions to (P**) which stay on the boundary of D. As regards the properties
of D, we prove — see Propositions 3.2 and 3.3 below — that, though D need not to have bounded
connected components, the connected components of the vertical sections D,; of D are locally uni-
formly bounded with respect to 7 and the “trace” of the boundary of a section D, in every given
direction of RY is a locally bounded, lower semicontinuous function of 7. Either properties follow
from the fact that D is a sublevel set of the continuous function f** — f, ie. D = {f** — f < 0}
and that both f and f** have superlinear growth as |£| — 4+00. Then, we exploit these properties
of D in the following Proposition 3.4 to define new, local solutions to (P**) which now stay on the
boundary of D. This is the main technical point of the paper and, following the works initiated
by De Blasi and Pianigiani on the Baire category method in [15] and by Miiller and Sverdk in [30]
on the convex integration of partial differential relations of Gromov ([24]), it will be accomplished
by applying this method to find special families of solutions to autonomous, first order partial
differential equations in implicit form like

(3.1) H(w(z),Vw(z)) =0 for a.e. z € Q,

where the Hamiltonian function H is given by H = f** — f. As we said, this latter problem has
been receiving much attention in recent years and we refer to [30], [15], [14], [31] and [32] for an
extensive and systematic discussion of this kind of equations though all these papers mainly deal
with the case of vector-valued solutions w. Here, we just remark that, by contrast, we deal with
the much simpler case of real-valued solutions but we want to select, among all such solutions w to
(3.1), those featuring some kind of order-related property with respect to the original solution v to
(P**). We refer to Proposition 3.4 below for the exact statement of this property.

Now, we start by studying the properties of f** and ¢ on the detachment set D.

Proposition 3.1. Let f: RxRY — [0, +o00) satisfy (H1) and (H3). Then,

(a) there exists d: D — RN such that 0f**(n,&) = {d(n, &)} for every (n,€) € D;
(b) for every n € R, the restrictions £ € Dy, — d(n,&) and § € Dy, — q(n,£) are constant on
each connected component of Dy;
(c) both d: D — RN and g: RxRY — R are continuous on D;
(d) if D # 0, then q(n,0) = f**(n,0) for every n € D°.
Note that, if (7o, &) € D, then (2.3) turns into
(32) f**(no 55) = <d(770 560) a§> + ‘](770 560)7 5 € Dno (50)

Proof of Proposition 3.1. For every nonempty section D, the function £ € RY — f**(n, &) is affine
on each connected component of D,, because of (H3). Hence, it has derivatives with respect to the
components of £ at every point ¢ in the open section D, so that (a) obviously holds with d(n,§)
given by V¢ f**(n, &), i.e. the gradient of f** with respect to £ at the point (77,¢). From (H3) again,
this gradient is obviously constant on each connected component of D, and this proves the part
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of (b) regarding d. The part of (b) regarding ¢ follows from this and the very definition of ¢, see
(2.4). Then, recall that

f*(n’d(nag)):<d(7]a£)a§>_f**(7]a§)’ (Uaﬁ) ED,

because of (2.2). By (a) and (2.4), this equality proves (d) and shows that, because of (H1) again,
the continuity of ¢ on the set D will follow from the corresponding property of d.

Thus, we have to prove that d is continuous on D. To see this, let § > 0 be such that the cylinder
C = [no — 6,m0 + 8] x Bog(&) is contained in the open set D and let d" be the n'® component of
the vector-valued function d. From (a), (b) and (H3) we have

a(, ) = TR O) S TTE 2 0en) <l gl <

Thus, d is continuous on D because of (H1). O

It is useful to introduce the set where f** is affine as a function of £. To this purpose, let A be
the subset of RxRY defined by the following property: for every n € R, the section A; of A is the
union of all maximal, compact, N-dimensional convex sets {K;} such that f** is affine on K; as a
function of &, i.e. f**(n,€&) = (m;,€) + g; for every ¢ € K; for some m; € RY and ¢; € R. Here,
maximal means that there is no other compact, N-dimensional convex set containing K; where the
above formula for f** holds. Each section .4, is the union of at most countably many sets K; with
this property and every two such sets have pairwise disjoint interiors. Again, when (7, £) is a point
of A, the connected component of A, containing { will be denoted by A, (€).

Thus, the assumption (H3) can be stated equivalently by saying that D, (&) C Ay, (&) for every
point (ng,&o) in D. Moreover, the formula (3.2) holds on the larger set Ay, (&o), i.e.

(3.3) (o ,€) = {d(n0,&0) ,€) + aq(no, &), £ € Ay (o),

and it is easy to check that the set A,,(&) is just the set of points & where the previous formula
holds.

The properties of the sections of A that will be useful in the sequel are proved in the following
proposition. In particular, we show below that, for every point (7y,&p) in D, the connected com-
ponents A, (&) of the vertical sections A, are uniformly bounded provided 7 is sufficiently close to

To-
Proposition 3.2. Let f: RxRY — [0, +o00) satisfy (H1), (H2,) for some 1 < p < +oo and (H3).

Let also (no,&) € D and § = 6(no, &) > 0 be such that (n,&) € D for every n € [no — d,m0 + 4.
Then,

(a) Ay, (&) is a compact, convez subset of RN and D,y (&o) C Ay (&0);
(b) there is R = R(no,&o0,6) > 0 such that A, (&) C Br(&o) for every |n —no| < 4.

Proof. The set A, (&) is closed and bounded by (H1) and (H2,) respectively and it is also convex
because it is a level set of a convex function. The inclusion of D, (&) into A, (&) is (H3). As to
(b), assume by contradiction that there are numbers 7, at most ¢ far from 7 and vectors { in
Ap, (€o) such that || = +oo and 1, — 7 for some point 74, at most ¢ far from 7y again. Then,

Ak ;€0) = d(noo , €0) and q(nk , €0) — (710, €0) because all points (1 ,§o) and (neo ,§o) are in D
and both ¢ and d are continuous on D itself. Hence, (3.2) yields that

i 1O &e) oy (ks €0) o k) + (k5 o)
k—+oo |£k‘p k—+00 |fk|p

=0

because p > 1 but (H2,) gives f**(ny,&k) > c1|€x|P for every k with ¢; > 0 and this completes the
proof. O
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Next, we describe the local behaviour of the “trace” in a given direction of the boundary of the
detachment set D as a function of 7.

Proposition 3.3. Let f: RxRY — [0, +o00) satisfy (H1), (H2,) for some 1 < p < +oo and (H3).
Let also (no,&) € D and 6 = 6(ng ,&) > 0 be such that (n,&) € D for every n € [ng — & ,m0 + 6].
Then, for every unit vector v € RY | there exists a function a,: [ng — §,n9 + d] — (0,+00) such
that

(a) a, is lower semicontinuous and bounded;
(b) f**(n7£0 +tl/) < f(n,§0 +tl/) fO’I‘ every 0 <t < al/(n) and ne [770 - 65770 +5]7
(c) f™(n,& +av(n)v) = f(n, + av(n)v) for every n € [no — b,m0 + 4].

Proof. Set a,(n) =sup {t >0: f*(n,& + sv) < f(n,& + sv) for every 0 < s < t} for every 7 €
[0 — 0 ,m0 + d]. The resulting function is well defined. Indeed, (H1) and the choice of ¢ imply
that a, is positive on the interval [no — 0,70 + d] and (b) of Proposition 3.2 shows that it is also
bounded on the same interval. Then, the properties (b) and (c) follow from (H1) again and the
very definition of a, so that we only have to prove that it is lower semicontinuous. Suppose not,
ie.
liminf a,(n) < to < ay(n')
7=

at some point 7’ in [ng — & ,mo + 6] and for some to > 0. It would follow that f**(n',& + tv) <
f(n,& + tv) for every 0 < t < to. Hence, the compact segment of Rx RY whose endpoints are
(n",&) and (n',& + tor) would be contained in the open set D whence the same would hold for
all segments having endpoints (n,&y) and (n,&y + tov) for every n in [ng — d,m9 + 6] within some
sufficiently small o > 0 from 7’. Thus, a,(n) would be at least ty for every 7 in [y — §, 19 + §] such
that |np — 1’| < o and this would give a contradiction. O

Next, we show that we can modify every minimizer v of (P**) such that (v(zo), Vv(zo)) is in the
detachment set D so as to find new functions which now stay on the boundary of D, i.e. where f
and f** coincide, on neighbourhoods of xy. As it was mentioned above, this is a special instance
of results regarding the Dirichlet problem for equations like (3.1) but the emphasis here is not on
the smoothness of the Hamiltonian function H = f** — f which can be somewhat relaxed — see
Theorem 3.2 in [32] — but on the fact that we wish to control the values of the modified functions
with respect to the original function v on neighbourhoods of z.

Proposition 3.4. Let f: RxRY — [0, +o00) satisfy (H1), (H2,) for some 1 < p < +oo and (H3).
Let also v € WHP(Q) be a continuous, almost everywhere differentiable function on § such that

(a) v is differentiable at some point xo € Q with (classical) gradient &y = Vv(zy);
(b) f*(v(z0), Vo(zo)) < f(v(20), Vo (20))-

Then, there ezist €9 = eo(z0) > 0 and two families of compact subsets K& = {K;'%’g : 0<e<eo}
of 0 such that

(3.4)  each set K;% 18 a neighbourhood of Ty and each family IC;:CEO shrinks nicely at zq;

»€

and two corresponding families of continuous functions V;E) = {U;to’g 1 0<e<eg}in WHP(Q) such
that the following properties hold for every 0 < € < gq:

(3.5) wi,=wvonQ)\int (Ki );

Zo,E Z0,&

(3.6+) v(z) < vy .(z) < v(z) +¢ for every x € int (K:O,E) ;
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(3.6—) v(z) —e < vy () <v(z) for every x € int (Kmo E)

(B87) 7 (v (@), Vo (2)) = f (v .(2), Vo3 (@) for ae. m € K ;
(3.8) Vw wos( z) €A, 3 (w)(fo) for a.e. T € Kgg0 o

(3.9) / L {n (U;to,g(w)) Vi (2)) do = / . (h(v(2), Vo)) do for every h € C(R,RY).
K3y .. Kiy,e

The main tool of the proof — besides Gromov’s method of convex integration as modified and
described in [30] — is a rather elementary but powerful construction which enables to glue piecewise
affine and differentiable functions, thus modifying the gradient of the latter. This kind of argument
was introduced first by De Blasi and Pianigiani in case of Lipschitz continuous functions and
improved versions of this result have been given also in [37], [40] and [6]. Here, we are going to
state a slightly modified version of Lemma 3.1 of this latter paper. The only differences are: (i)
stronger estimates than the original estimate (3.5) of [6], see (3.124) and (3.12—) below; and (ii)
an additional remark concerning the boundaries of the sets defined in the Lemma 3.5 below. Since
the proof is essentially the same as that of Lemma 3.1 of [6], we just sketch it and we refer to the
paper for the details.

Lemma 3.5. Let vy, ...,vy be N + 1 unit vectors of RN such that
(a) 0 €int (co {v;: 1 =0,...,N});

and let w € WP(Q), 1 < p < +o0, be a continuous, almost everywhere differentiable function on
Q such that

(b) w is differentiable at some point xo € Q with (classical) gradient & = Vw(zo).

Then, for every N + 1 positive numbers A, ..., An, there exist g > 0 and two families of compact
neighbourhoods {Az, . : 0 < e < &g} of z contained in Q such that

(3.10) By,c(z0) C AZ

T0,E

C By,.(z0) CC Q, 0 < e < e,

for some numbers r1 = ri1(xg) and ro = ro(xg) with 0 < r1 < ro with the following additional
property: there exist also two families of corresponding continuous, almost everywhere differentiable
functions {wE _: 0<e <eo}in WHP(Q) such that the following properties hold for every e:

Zo,e
(3.11) w;to . =w on Q\ int (AJE0 c);

(3.124) w(z) < wxo (z) < w(z) + 2 for every x € int (A;'0 2);

(3.12—) w(x) — 26 < wy (7) <w(x) for every x € int (A, .);

(3134) e >wh, () — [w(zo) + (Vu(zo) 5 — 50)] > £/2 for every z € Bre(zo);
(3.13-) —€/2 2 wy, (2) — [w(zo) + (Vw(zo) ,x — 20)] > —€ for every x € By, (x0);
(3.14) Vw;to,g( )e{&+Avi: i =0,...,N} for a.e. z € Axo .

Moreover, (Afo 6) =0 for all but at most countably many 0 < € < €.

Note that (3.10) shows that the compact sets Am0 . of the previous lemma rescale properly with ¢
and, in particular, that they shrink nicely to zg as € — 0.

Proof of Lemma 3.5. Set C = —co ({\v;: i =0,...,N}). The polar set C° of C is a compact,
convex neighbourhood of the origin so that there exist 0 < r; < ry such that By,, C £C° C B,, /2-
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Then, choose p > 0 such that the closed ball centered at zo with radius p is contained in €2 and set

n(e) = %supﬂw(:(;) ~ fw(wo) + (0,7 — z0)]| ¢ | — mo| < rac}, 0<e<p/ra

Obviously, (b) implies that n(e) — 04+ as € — 0 and we choose ¢g < p/re so that n(e) < 1/4 for

every 0 < € < gyg. We refer to Lemma 3.1 in [6] for the details. Next, for ¢ > 0, consider the open
sets V. = 2o + int (¢C°) and the piecewise affine functions aX € WH°(RY) defined by

af () = e —max {{§ — \ivi,z —x) : i =0,...,N}

a; (z) = max {(\v; —&o,z—xzp) : 1 =0,...,N} —¢

Now, VaZf(z) € {\v; —&: i =0,...,N} for a.e. z € RY and every ¢ and, arguing again as in

Lemma 3.1 of [6], it is easy to check that w(z) — [(w(zo) + (o, % — zo)) + af (z)] is negative on

f /2 and positive on the boundary of V26 Obviously, the reversed inequalities hold for the same

:I:E]RN, € > 0.

function with a instead of af with respect to the sets V672 and V,_.
Thus, for 0 < € < gp, we consider the functions

 (g) = { max {w(z),w(zo) + (0,7 — 7o) + a (z)} se vy,
T0,€ o w(.’I,') reQ \ ‘/'2-15-,
N B e Ay

zo, ’u}(.’IJ) s eQ \ sz

They are both continuous, almost everywhere differentiable on  and in W1(Q). We define the

corresponding sets A% _ to be the closure of the open sets {wy, . > w} and {w,, . < w} respectively.
Then, it is clear that (3 10) holds since
Bre(z0) C VT e Az . C Vo C Brye(wo), 0<e< e,

and we note that the gradient of fwxo . takes the values & + A\;v; only almost everywhere on A% o
whence (3.14). Moreover, from (3.10) we have |w(z) — [w(zo) + (€0, — z0)]| < en(e) < /4 and
laZ, .(z)| < e for every = € int (AE ) so that (3.12+) and (3.12—) follow. As to the other properties
stated in the thesis they can be proved by the very same arguments of Lemma 3.1 of [6].

Finally, w = wxo . on the boundary of AJ;0 .- Thus, these boundaries have to be disjoint for different
values of € because the functions afo’s never take the same value at the same point for different e.
As they are all contained in some bounded set, they must be negligible for all but countably many

€ at most. O

Proof of Proposition 3.4. We prove the + case only and we omit the superscript +. Set 7y = v(z)
and &y = Vu(xg) so that (n9,&) € D by (b) and let § = d(ny , &) > 0 be such that all points (7, &)

are in D too for every n € I = [g — 6,10 + 6]. Then, choose N + 1 unit vectors vy, ..., vy in RY
such that
(3.15) 0€int (co{v;: 1=0,...,N})

and let a’: T — (0,+00) be the positive, bounded and lower semicontinuous functions associated
with the vectors v; by Proposition 3.3. In particular, we have that

(3.16) £ (0,60 +aimw) = f (n.& +d'(n)i) nel.

Set 0 =min{a’(n): ne€l,i=0,...,N } > 0 and consider the Moreau-Yosida approximations (up
to the constant o/2k) of the functions a’, i.e.

aj,(n) = min {a’ (') + k' —nl: o' € T} - nel

2k
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These approximating functions afc have the following properties:

(3.17) ai(n) > % and a}, 1 (n) — al(n) > Ay for every n € I and k > 1;

o
here Ay = ———  and

where Ay T 1) an

(3.18) every at, is Lipschitz continuous on I with Lipschitz constant k;

(3.19)  dk(n) — a'(n) for every n € I.
Now, the preliminaries are over and we divide the rest of the proof into three steps.

Step 1. There exists g > 0 and a family of compact neighbourhoods {K,.: 0 < e < ep} of zg
such that

(3.20) |0 (Kzo.)| =0, 0 < e < ¢,

with the following property: whatever positive sequence {wg}r we choose, there exists a corre-
sponding sequence of continuous, almost everywhere differentiable functions {vj 4o }x in WhP(Q)
such that vz, = v and

(3.21a) Uk o,e = v 00 Q\ int (K o);

A

k
Yk 4k + 1)

(3.21b) 0 < Vg gpe(T) — Vi—1,zp(2) < min{ } for every = € int (Ky,();

€

2_k' )
1) )

(3.21¢) Uk 20,6 (2) — o] < 3 + -4 oF for every z € Ky ¢;

(3.21d)  Vugg.e(z) € U [50 + @l (Vg g e (2))i , 0 + afeﬂ(vk’wo’g(m))yi] for a.e. z € Ky .
0<i<N

Recall that [¢1, o] stands for the closed segment in RY whose endpoints are the vectors ¢; and &.

Proof of Step 1. Let {wy} be a sequence of positive numbers to be chosen in the following Step2.

We apply Lemma 3.5 with w = v, x¢, the unit vectors vy, ..., vy and the positive numbers
at a
)\Z.:M’ i=0,...,N.

We thus find the numbers 0 < r; < rg and g > 0, a family {4, : 0 < € < g} of compact
neighbourhoods of z satisfying (3.10) and a corresponding family of continuous, almost everywhere
differentiable functions {wg,c: 0 < € < g} in WHP(Q) such that (3.11), (3.12+), (3.134) and
(3.14) hold. We recall that the sets A, . have negligible boundaries for all but possibly countably
many e. We assume that eg < §/2 and also that it is small enough so that

. [0 A
(3.22) |v(z) — no| < min {Z ) ?1} Z € Bryey ().
As wy, . converges to v uniformly on Q as ¢ — 04 by (3.11) and (3.12+), for every 0 < &€ < gy we
find 0 < &’ < € such that |0 (Ag, )| =0 and

. (€ A .
(3.23) 0 < Wgyer(x) —v(z) < min {5 , W1 ?1} ) z €int (Agye) -
Then, for every 0 < ¢ < g9, we set v1 gy = Wy and Ky = Ay . It follows that vy 4. is a

continuous, almost everywhere differentiable function in W'?(Q) and we emphasize that (3.10) of
Lemma 3.5 implies that the sets {K;,.: 0 < ¢ < gg} shrink nicely at o and that our choice of g
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implies also that (3.20) holds true. Moreover, (3.21a) and (3.21b) obviously hold by construction
— recall that vg 4, . = v — and (3.21c) follows from (3.22) and (3.23) since € < gy < /2.
Now, we claim that (3.21d) holds with k£ = 1, i.e.

(3.24) Vg, e(z) € U [{0 + @} (V1,50 ¢ (%)) Vi , €0 + aé(vl,xo,s(x))l/i] for a.e. z € Ky .
0<i<N . ,
ai (o) + a5(no)
2

Since the values of Vwi g, . are taken among the N + 1 vectors & + v; almost

everywhere on K, . by construction, we have to check that

ai (Ul,wo,s (r)) <

a} +a} ]
o) oln) _ i, oy

for every 4 and every z € K, .. We prove the second inequality only, the first one being similar.
Indeed, (3.17) yields

—all(n()) ; a5(m0) < ag(WO) T = ag(vl,mo,a(w)) + [aé("IO) - aé(’”l,mo,a(x))] o %

and then (3.18), (3.22) and (3.23) yield

Ay Al)_Al
2

ab(m0) — a4(V1,z0.c (7)) < 2 (Im0 — v(@)| + [0(2) — V1,506(x)]) <2 (? + =

so that the inequality follows.

Now, we want to define the second function vy 4, . of the sequence on the same set K;,.. On
account of (3.20), it is enough we do this on the interior of K, . only. To this aim, fix 0 < € < &,
let v 4, be differentiable at some point y € int (K, ) where (3.24) holds with z = y and set
Mo = Ulmee(y) and & = Vi g (y). Thus, there exist an index 49 € {0,..., N} and a positive
number g such that

(3.25) & =6 +pvi, and  a(ny) < p < ag (np)-
Then, we want to apply Lemma 3.5 to the function w = vy 4, at the point z¢ = y, this time with
new unit vectors

, a%(né)ﬂ;aé(né)w — o
= U, and v; = ot o) for @ # 19,
a a
2_”073_"0_,/1. — v,

!
U

and new positive numbers

N = %) +ai(mp) and A — | (o) + a5 ()
10 2

5 i for 1 # 1.

Vi — Bl

Indeed, /\;0 is positive by (3.25) and the monotonicity of the sequence a}; with respect to k£ and
the other X, are positive too because of (3.15). This latter property of the original unit vectors
v; implies that the same property is shared by the new v]. Note also that this choice of the unit
vectors v/ and the positive numbers A, gives
aZ !/ + all ! )
£6+A;£=£o+—2("°)2 slo),,, i=0,...,N.

Therefore, Lemma 3.5 yields this time a new family {A, 3 : 0 <9 < 9} of compact neighbourhoods
of y contained in the interior of K, . such that

(3.26) Bg9(y) C Ay C Bsyy(y) CC int (Kg,e) CC Q
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for some numbers 0 < s1 < s9, 99 = J9(y,€) > 0 and also a new family of continuous, almost ev-
erywhere differentiable functions {wy g : 0 < 9 < ¥y} in WP(€) such that the following properties
hold for every 0 < 4 < ¥Jg:

(3.27a) Wy, 9 = V1,9, 00 O\ int (Ay 9);
(3.27b) V10,6 () < Wy 9(T) < V1 ,30(x) + 20 for every z € int (Ay »);
3 (o] 7 (!
(3.27c¢) Vwy g(x) € {50 + ww :1=0,... ,N} for a.e. z € Ayy.

Moreover, all sets A,y but countably many at most have negligible boundaries and, recalling that
Vl,z0,c 18 continuous, we may assume that 9y is small enough so that

Ay
12°
Now, arguing as above, for every 0 < 9 < ¥, we choose 0 < 9" < ¥ such that |3 (Ay,,g/)| = 0 and

V1,20, (T) — mol < x € By,p,(y)-

A
(3.28) 0 < wy9 (%) — V1,z06(x) < min {2 , W2, 1—22} ) z €int (Ayy).
This inequality, together with (3.21c) with £ = 1 and the assumption ¢ < gy < §/2, shows that
d 0
(3.29) wr@-ml <2+ sed,.

Moreover, from (3.27c) and the inequalities
aj (o) + aj ()
2

which hold for every 7 and z € A,y and can be proved by the very same argument we have used
for the case k = 1, we conclude that

(3.30)  Vuwyg(z)e |J [50 + a5 (wy 9 (2))v; , €0 + a3 (wy g (x))z/z] , for a.e. z € Ay .
0<i<N
When v 4, . will be defined, see (3.31) below, (3.28), (3.29) and (3.30) will imply (3.21b), (3.21c)
and (3.21d) with k = 2, respectively. In the sequel, to simplify the notation, we just write w, y and
Ay instead of wy g and Ay g respectively.
Now, we have to glue the functions wy y we have defined so far. Indeed, we have associated with
every 0 < € < g and every point y € int (K, ), where vy 4, . is differentiable and (3.24) holds,
a family {45 : 0 < 9 < Jo} of compact neighbourhoods of y contained in the interior of Ky, .
which, for all such y, give a Vitali’s covering of int (K, ). Hence, by Vitali’s covering theorem, we
can choose countably many points y; in int (K, ) and positive numbers 0 < 9; < 9y(y;,€) such
that the corresponding compact sets A; = Ay]. ,9; are pairwise disjoint and cover int (Kzq,e) — and
hence the whole set Ky, . by (3.20) — up to a null set. We set also w; = wy, 9, for every j.
Now, we define vy, ., the second term of the sequence {vj 4, .}y we are looking for, by gluing
together the functions wj, i.e.

(3.31) V2,20, (T) = V1 g0, (T) + Z [wj(x) — v1,50.6()], z € Q.

aj(wy, (7)) < < aj(wyg ()

The support of each summand is contained in A; and these sets are pairwise disjoint. Thus, there
is at most one nonzero term of the series for every = € (2 and the resulting function vg 4, . is almost
everywhere differentiable on {2 because each summand w; — v1 4, enjoys the same property and
the boundary of each set A; is negligible. Next, we claim that the series converges also uniformly
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on © and strongly in WP(Q). Indeed, |4;| — 0 unless there are only finitely many sets A; and
hence (3.26) and (3.27b) imply that w; — v1 5., goes to zero uniformly on 2 as j — 4o00. Since the
sets A; are disjoint, this shows that the series converges uniformly on €. As to the gradients, the
very same property of the sets A; implies that

Z/ [Vwj — Vi g0 [P dz < op—1 Z
Q

/ Vaw|P da + 271 / V01,0, P dz
i>1 j>174 f

and the right hand side is finite because the gradients Vw; are uniformly bounded on A; by (a) of
Proposition 3.3. Thus, vy 4, ¢ is in WHP(Q).

Finally, vy 4, satisfies the required properties (3.21) with k& = 2 because of the corresponding
properties (3.26), (3.28), (3.29) and (3.30) of the functions w;. We wish to remark in particular
that (3.21d) holds true not only on the interior but on the whole compact set K, . by (3.20).
The other terms of the sequence {vj 4} are defined recursively in the very same way we have
got vg g, . from vy 4, . and this completes the proof of Step 1.

Before going on with the second step, we wish to point out that, by construction, each function
Vk 30, actually depends only on the choice of the numbers wy, ..., wy and not on the remaining terms
wy, for h > k + 1. This will be crucial in the following step where we will exploit the possibility
of choosing the sequence {wy}r so as to get strong convergence in W1P(§)) of the sequence of
approximating functions {vk 4, }-

Step 2. For every 0 < &€ < g, there exists a sequence {wg}y with w; = 1 such that the cor-
responding sequence {vi s, }x of Step 1 converges uniformly on Q and strongly in WHP(Q) to a
continuous function vy, . € W1P(Q) satisfying (3.5), (3.6+) and

(3.32) |Vzg.e(x) —mo| <6, T € Ky
Proof of Step 2. Fix 0 < ¢ < gp and let v 4, be the function defined in Step 1 with w; = 1.
We extend Vvy 4, to RY setting it equal to zero outside 2 so that Vv 4, is in LP(RY ,RY).

Let ¢ € C(RY) be the standard mollifying kernel and set as usual ¢.(z) = r—N(z/r) for every
z € RN and r > 0. We choose 0 < 11 < 1/2 such that

/RN |ors % VULIO,E(37) - Vvl,wo,s(xﬂp dr < 1.

Then, set wy = riwy and let vy 4, be as in Step 1 for this value of we. Extend again Vw4 . to
RY setting it equal to zero outside  and choose 0 < ro < 1/4 such that

1
[ Vs = V0(2) = Vorag @) da < 5.
RN 2

Iterating this argument, for every 0 < € < g¢, we find a sequence of continuous functions {v z, ¢ }%
in W1P(Q) and a corresponding sequence of positive numbers rj, = r(¢) with r; < 1/2F such that

1
(3.33) /R 16 % Vi o(2) = Vg ()P da <
for every k and such that (3.21) hold. In particular, we have

0< 'Uk—l—l,zo,s(x) - 'Uk,zo,s(x) < Wk+1, z €4,

by (3.21a) and (3.21b). Since wy 1/wy = 11 < 1/2%, it follows that {Vk,z0,¢ }& is uniformly Cauchy
on € and hence it converges uniformly on €} to some continuous function v;,.. Moreover, the
limit function v, . thus obtained satisfies (3.5), (3.6+) and (3.32) because of the corresponding
properties (3.21a), (3.21b) and (3.21c) respectively of the approximating functions v 5 c.
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Then, we wish to prove that v, . is in the Sobolev space WHP(Q) and that Uk 20, CODvVerges strongly
t0 Vg, in WHP(Q).

Indeed, (3.21a), (3.21d) and the uniform boundedness of the functions a} show that the sequence
{k z¢ & is bounded in W1P(Q2) and this implies that vy, . is in WP(Q) as well. Next, we prove
that Vv, 4, actually converges strongly to Vv, . in LP(€, RY). Indeed, recalling that everything
is set equal to zero outside (2, we have

||Vvk,zo,6 — Vggellp <

< ||VUk,mo,e — Pr, * V'Uk,aco,aHp + ||‘Prk * (vvk,zo,e - vvwo,s) ”p + ”‘Prk * Vg e — VUggellp

and, from (3.33) and standard properties of convolutions, we conclude that the first and the third
terms at the right hand side go to zero as k — +o00. As to the second term, integrating by parts,
we get

lere * (VUk,zoe = Vzge) llp = [IVOr, * (Vk,mo,e — Vzose) llp < 7"1;1|Q|1/p||v90”1”Uk,zO,e — Uz |00

and we are left to estimate ||vg gy — Vgo,e|loo- Recalling (3.6+) and that wgy1/wg = rp < 1/2% by
definition, we obtain

(3.34) |Vk,0,e — Vzo,e

oo < Z |Vk+h,z0,e — Vkth—1,m0,ell00 < Z Wrth < 2wg41 = 2wgTy
h>1 h>1

so that combining the three previous inequalities, we conclude that Vuy ;. . — Vwg, . strongly in
LP(Q,RY).

Step 3. For every 0 < € < gy and for the same sequence {wy }; of Step 2, we have that

(3.35) % (Vg 20,6 (7)) = @4 (Vgy £(T)), z€Q, 1=0,...,N.

Proof of Step 3. First, notice that (3.35) is well defined because of (3.21c) and (3.32). If z is not
in the interior of Ky, ., then vy 5, . (2) = vz, ¢(z) and the conclusion follows. Therefore, suppose
is in the interior of K, .. Then,

|k (V0,6 (2)) — @' (V0,2 ()] < | (V0,6 () — @ (Vs0,6 (2))] + |0} (vag,£(2)) — 0" (Vg,e (2))]
and, from (3.19), we conclude that the last summand goes to zero as k — +o00. Moreover, (3.18)
and (3.34) yield

. . k
|ak (Vkz0,6 (%)) = 1 (Vao,e (2))] < K [Vk,0,0(2) = Va0,(2)] < 2kwpry < 537

because wy, is decreasing with wy =1 and 0 <7, <1/ 2% and this yields the conclusion.

We can now summarize the results we have obtained so far and draw the conclusion. The functions
Voo = {Vz0e: 0 < € < g9} we have defined in Steps 1 and 2 satisfy (3.5) and (3.64) and the
corresponding compact sets Ky, = {Ky: 0 < € < go} shrink nicely at xy as proved in Step 1.
Therefore, we are only left to prove that vy, . satisfies (3.7), (3.8) and (3.9). Indeed, up to a
subsequence, Vg z0.(%) = Vug, () for a.e. z in Q because vg 5o — Vg, Strongly in WHP(Q).
Thus, from (3.21d) and (3.35), we see that

Vgye(z) € U {50 + ai(vxo,s(m))ui} for a.e. z € Ky (.
0<i<N
From (3.32) and (3.16) we conclude that (3.7) and (3.8) hold true. Finally, (3.9) follows immediately

from (3.5) as we note that (h (vge) , VUgg,e) —(h(v), Vo) is the divergence of a function in Wol’p(Q).
O
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4. PROOF OF THE MAIN RESULT

In this final section, we put together and exploit the tools developed in the previous sections and
prove our attainment result, Theorem 2.1. Before starting with the proof, we wish to point out a
property of the set M of those points (n,&) € D such that 7 is a strict, local extremum point of
the restriction of g to the section D¢, i.e.

(4.1) M= {(n,§) € D : 7 is a strict, local extremum point of 5’ € D¢ — q(n',f)} .
We have the following result about this set M.

Proposition 4.1. Let f: RxRY — [0, +o00) satisfy (H1), (H2,) for some 1 < p < +oo and (H3).
Assume also that (2.6) holds. Then,

(a) M =U,; ({m;}xDj) where Dj is a connected component of Dy, ;
(b) D\ M is open.

Proof. Choose (n9,&p) in D and let § > 0 be such that the cylinder Cs = [y — 6 ,m0 + 6] x Bs(&o)
remains in D as well. Then, the projection of C5 N M on R must be finite because of (2.8) which
follows from (2.6) and because of (b) of Proposition 3.1. As D is covered by countably many
cylinders Cs, we conclude that the projection of M on R is countable, say {m;};. Now, each
section Dp,; has at most countably many connected components. Let Dﬁnj be those connected
components of Dp,; containing points of M. Recalling (b) of Proposition 3.1 again and possibly
relabelling the sets {m;} x Dy, ., we get (a).

To prove (b), choose (19 ,&p) in D\ M and let the cylinder C; be contained in D as before. By (2.6)
and (2.8) again, we can assume that § > 0 is small enough to have that no strict, local extrema
of n € D — q(n, &) fall into [y — 6,1 + 6]. Thus, C5 C D\ M by (b) of Proposition 3.1 once
more. O

Now, we can start with the proof of the attainment result for the nonconvex problem (P).

Proof of Theorem 2.1. Let v be a solution to (P**) such that I**(v) < 4+o0c. This is obviously true
for 1 < p < N because of (H2,) but need not be true for other values of p and special choices of
f and ug. However, were I** identically equal to +00 on the set of feasible functions, the thesis
of the theorem would be trivially true. Moreover, v is Holder continuous and almost everywhere
differentiable on 2, either because it is in WP(£2) and p > N or because of Theorem 3.1 in [4] if
1<p<N.

The proof will be obtained by finding a new solution u to (P**) such that

(4.2) fu(z),Vu(z)) = f*(u(z), Vu(z)) for a.e. x € Q.

To this aim, recalling that f and f** are different on D only, we first modify v so as to find this
new solution u to (P**) with the further property that the set

(4.3) E, ={z € Q: u is differentiable at = and (u(z),Vu(z)) € D\ M}

is negligible. Here M is the set of strict, local extrema of ¢ defined by (4.1). Then, we show that
the set
F, ={z € Q: u is differentiable at = and (u(z), Vu(z)) € M}

is negligible too so that (4.2) follows. We divide the proof into two claims.
Claim 1. There exists a solution u to (P**) such that the set E, is negligible.

Proof of Claim 1. Let v be the solution to (P**) considered at the beginning and let E, be
the set defined by (4.3) with v instead of u. Assume that E, has positive measure otherwise we
set u = v and the claim is proved. Let also zy be a density point of E, and set ny = v(zg)
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and & = Vov(zg). Thus, (19,&) is in D \ M by definition and, since this set is open by (b) of
Proposition 4.1, there is 6 > 0 such that (n,&p) is in D\ M too for every n € I, I = [pg— & ,m9 + 4.
Thus, recalling (3.3), we have

(4.4) [ (n,€) = (d(n), &) +q(n), § € Ay(&o),

for every n € I where we have set d(n) = d(n,&) and q(n) = q(n,&) for every n € I because of
(b) of Proposition 3.1. Moreover, ¢ is monotone on the interval I by the choice of §. Now, since v
is differentiable at zo and f**(no,&) < f(no ,fo), we apply Proposition 3.4 and we thus find two
families of compact neighbourhoods ICw0 ={K zo .1 0<e<ep} of zy that shrink nicely at zo and
two corresponding families of continuous functions V;EO = {fuj;'EO,‘E : 0 <e<ego}in WHP(Q) featuring
the properties stated in Proposition 3.4. Moreover, we choose 0 < g9 < 1 small enough to have

[v(z) — o <6 and vz, . (z) — 0| <&

T0o,E

for every z € K _ and every 0 < ¢ < &.
Every modified function v, . is feasible for (P**) by (3.5) and we compare the values of I** at v and
By (3.5) it is enough to compare the integrals on the sets K _ only. Since Vvl . € A, £ (60)

20.c Dy (3.8), it follows from (4.4) and (3.9) that T0,€ = .
/Ki I (), 905 ) e = /Kf [(a (v (@) Yok @) + ¢ (v ()] do =
= [, [@w@), V@) +q (v ()] dz.

K

z(,€

,UCE0€
for a.e. z € K=

Then, f**(n,&) > (d(n),&) + q(n) for every & € RN and n € I. Thus,
/:l: F <U$05( ) vaos( )) dr <
Kazg,e

</Ki f*(v(z),V da:—l—/ mo,g )) —q(v(z))] dz.

z(,€

(4.5)

Since ¢ is monotone on the interval I, we can choose elther the + or the — modified function from
'U;to,g according to the monotonicity of g so that the last summand in (4.5) is nonpositive.

We have thus proved that for every density point zy of E, there is ¢ = o(zy) chosen between +
and — such that the corresponding functions from Vy  are still solutions to (P**) with the further

property that each function v7 . from V7 satisfies

(46) 17 (vge(0), Vil (z 7)) = f (v5,c(2), Vo, (@) for ae. € Kg, .

because of (3.7). Now, recalling that the corresponding sets Kf  shrink nicely at zo, we apply
Vitali’s covering theorem thus finding countably many density points zj of E,, numbers g, > 0
and symbols op, = o(z) € {+,—} such that the sets K, = KJ* _ are pairwise disjoint and cover
E, up to a negligible set, i.e.

(4.7) |Ey \ (UnKp)| = 0.

Then, let v, = v7* . be the corresponding new solutions to (P**) and notice that (4.6) turns into

(4.8) f**( n(z), Vop(z)) = f (va(z) , Vor(z)) for a.e. z € K.
Then, we set
(4.9) u(z) =v(z) + Z [vp(z) — v(z)], z € Q,

h

and we check that it is a solution to (P**) for which |E,| = 0.
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First, recall that, by (3.5), all functions v, — v have pairwise disjoint supports. Hence, at every
point z, there is at most one nonvanishing summand of (4.9) so that u is pointwise defined. Then,
arguing as in Step 1 of the proof of Proposition 3.4, we show that u is in WP(2). Indeed, the
very same property of the supports of the functions v, — v together with either (3.6+) or (3.6—)
and the assumption ¢¢ < 1 yield that

/ ulP do < 21’—1/ |U|de+2p—1z/ lop — v? da < 27 (/ ([P dz + |Q|>.
Q Q Ky, Q

As to the gradients, note that each partial sum of the series defining u is itself a minimizer of I**
by construction so that

(4.10) v+ Y (vh—v) | =T"(v)

1<h<k
holds for every k. Hence, a standard argument based on the growth assumption (H2,) and Sobolev-
Poincare’s inequality yields that

Z/ |Vop, — VolPdz = Z/ |Vup, — VoulP dz < 4o00.
h 78 h Kn

This implies that « is in WP(Q2) and that the series (4.9) converges strongly to it in W1P(€).
Moreover, u is feasible for (P**) and the sequential weak lower semicontinuity of I** together with
(4.10) show that w is a solution to (P**) as well. In particular, as a minimizer of I**, u must be
Holder continuous and almost everywhere differentiable on 2. Finally, u = up, on each set K} and
u = v off the union of the sets Kj; and the same holds true almost everywhere for the gradients.
Hence, (4.8) and (4.7) show that E, is negligible and this completes the proof of the claim.

Claim 2. The set F,, = {z € Q: u is differentiable at z and (u(z), Vu(z)) € M} is negligible.

Proof of Claim 2. By (b) of Proposition 4.1, we have F,, = |J; Fy,; where the measurable sets
F,,; are defined by

Fyj ={z € Q: u is differentiable at z and (u(z), Vu(z)) € {m;}xD;}.

Assume by contradiction that |F, ;| > 0 for some j and, to simplify the notations, write F', m
and D for F, ;j, mj and D;. As F is a level set of u, Vu = 0 almost everywhere on F. Thus,
D must contain the origin and (2.7) forces m to be a strict local maximum point of the section
n € D° — ¢(n,0). Recall also that ¢(n,0) = f**(n,0) for every n € D° and, to simplify the
notations, write ¢(n) = f**(n,0) and d(n) = d(n,0) for every n € D°.

Now, choose a density point zy in F' where Vu(zg) = 0 and let § > 0 be such that the interval
I = [m — 25, m + 28] is contained in D°. In addition, recalling (2.6) and that m is a strict local
maximum point of ¢, we can assume also that ¢ is increasing on the interval [m — 26, m| and
decreasing on [m ,m + 26]. Then, choose N + 1 unit vectors vy, ...,vx of RN such that

0€int (co{r;: 1=0,...,N})

as in (a) of Lemma 3.5 and let Ag,...,Anx be such that 0 < \; < min {a;(n) : n € I} where the
bounded, positive and lower semicontinuous functions a;: I — (0,+00) are those associated with
& = 0 and the vectors vy, ...,vny by Proposition 3.3. Thus, & + \jv; € A,(0) for every 7 and
7 € I. Then, we apply Lemma 3.5 to the function u at the point zy with ng = m, & = 0, the
unit vectors v; and the positive numbers \; defined above and we thus find two families of compact
sets {Af _: 0 < & < g} satisfying (3.10) for some numbers 0 < r; < r and two corresponding
families of continuous, almost everywhere differentiable functions {ufms : 0 <e<eg}in WHP(Q)

such that (3.11), (3.12+), (3.12—), (3.13+4), (3.13—) and (3.14) hold.
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We suppose g9 < §/2 is small enough so as to have |u(x) —m| < § for every z € AL _ and ¢ and we

T0,E
recall that |ugUo (z) —u(z)| < 2 < 2 < 4 by either (3.12+) or (3.12—). Thus, |uw0€ —m| <2§
on A;‘EO . for every €.

Now, we wish to compare the values of I** at v and uwo .- Asu= u;to . outside Afa . by (3.11), it

is enough we compare the integrals
+ +
/A I (uwo,g(x) avuwo,s(w)) dx and /Amio,s 1 (u(z) , Vu(z)) dz.
Arguing as in the proof of Claim 1, we get

Ai f** (’U,mog( ) Vumog( )) dz <

z(Q,€

< foo 170 Vuto) dok [, o (u,00) — atulo)] ds

+
z(,€

+
z(),€

and we claim that we can choose + or — and € such that the second term at the right hand side of
the previous formula is negative, thus contradicting the minimality of u. As the argument is the
very same of Step 2 of the proof of Theorem 1.1 in [4], we just sketch the main points of the proof
and we refer to this paper for the details.

Indeed, choose a sequence {e }x in (0, €] that goes to zero and set

1
e = — sup {|u(z) —m|: |z — zo| < 2roex} for every k
€k

where 79 is the positive number given by Lemma 3.5 and appearing in (3.10). Obviously, 7, — 04
since u is differentiable at zy with Vu(zg) = 0 by assumption and we can assume also that 0 <
nker < ¢ for every k. Then, recalling that m is a strict, local maximum point of ¢ and possibly
extracting a subsequence that we relabel as {e;}x, we can assume in addition that the minimum
between g(m — ngex) and g(m + niex) is actually achieved for every k by terms that always have
the same sign inside, say g(m + ny€x), so that

(4.11) 0 < g(m) — qg(m + nge) = max {g(m) — g(m — nrex) ,q(m) — q(m + nker)}

holds for every k.

According to this assumption, we choose the + functions and, to simplify the notations, we set
up = uf . and Ay = Al for every k. Of course, should the minimum between g(m — nkek) and
q(m + nrex) be achieved at g(m — ngex), we would choose the — functions.

Finally, set B; ;, = By, (%) for i =1 and 2 and every k so that (3.10) of Lemma 3.5 turns into
(4.12) By C Ay C Byg.

We prove the claim by setting

=i [, ) —gtu@) de and = [ fam) - atu(e)] de

and showing that Jk — Jk > ( for some k.
Indeed, note first that (3.134+) of Lemma 3.5 reduces to €;/2 < ug(z) — m < ¢ for every z € By .
Hence, recalling (4.12) and that g is decreasing on the interval [m ,m + 2], we find that

1
T g - lam) — atou)] de >
> o [ ) — atm+ /) do = () fatm) — gt + ex/2)
= 1Bl B1,kqm q\m + € T = ro g\m) —g\m T €g
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for every k. As to J?, we have

1

Jp=1—
g |Ak| Jap\F

[g(m) = q(u(z))] dx

for every k and |m — u(z)| < ngex for every z € Ay by the very definition of 7. Hence,

0 < g(m) — q(u(z)) < max {g(m) — g(m — nkex) , g(m) — g(m + nex) } =
= q(m) — q(m + nrex)

for every = € Ay and every k because of the behaviour of ¢ around m and by (4.11) whence

A\ F
0<JE< % [g(m) — q(m + nrex)] for every k.

Since n — 0., it follows that eventually g(m) — ¢(m + €, /2) > g(m) — g(m + nxex) > 0 since ¢ is
increasing on [m,m + 24]. As zg is a density point of F', (4.12) shows that the ratio |A; \ F|/|Ax|
goes to zero and the conclusion follows. O
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