CVGMT Preprint Server - http://cvgmt.sns.it/papers/tredal00/

Γ-limit of periodic obstacles

Gianni DAL MASO^∗and Paola TREBESCHI^†

Abstract We compute the Γ-limit of a sequence of obstacle functionals in the case of periodic obstacles.

1 Introduction

In this paper we study the asymptotic behaviour, as k → ∞, of the solutions to the obstacle problems

min{ ∫ Ω |Du|^2dx + ⟨f, u⟩ : u ≥ ψ_k q.e. in B, u ∈ H^1_0 (Ω)}, (1)

where Ω is a bounded open set of IR^n, n ≥ 3, f ∈ H^{−1}(Ω), ⟨·, ·⟩ denotes the duality pairing between H^{−1}(Ω) and H^1_0 (Ω), and B is a relatively compact subset of Ω with |∂B| = 0. The obstacles ψ_k are periodic functions of period^1_k e_1, . . . ,^1_k e_n, where e_1, . . . , e_n is the canonical basis of IR^n, and the restriction of ψ_k to the periodicity cell Q 1_k = [−^1_{2k} ,^1_{2k} ]^n is obtained by rescaling a fixed function ψ: IR^n → IR, which is assumed to be quasi upper semicontinuous (see Section 2), bounded from above, and such that ψ = −∞ out of the closed ball of centre 0 and radius 1. More precisely, we suppose that ψ_k(x) = ψ(k^{nn−2} x) for every x ∈ Q 1_k .

It is well known (see, e.g., [3]) that the exponent^n_{n−2} in the scaling factor is the critical exponent for this kind of problems: it is the only exponent which leads to a limit problem where the obstacles are replaced by a finite penalization term. The purpose of this paper is to compute this term explicitly.

For every t ∈ IR we define

g(t) = min{ ∫ IR^n |Dv|^2dx : v − t ∈ D^{1,2}(IR^n), v ≥ ψ q.e. on IR^n}, (2) where D^{1,2}(IR^n) = {u ∈ L^{2∗} (IR^n) : Dv ∈ L^2(IR^n)},

with^1_{2∗} =^1_2 −^1_n . The main result of this paper is the following theorem.

∗SISSA, Via Beirut 4, 34014 Trieste, Italy, dalmaso@sissa.it †Dip. di Matematica, Università di Pisa, Via Buonarroti 2, 56127 Pisa, Italy, trebesch@dm.unipi.it 1

Theorem 1.1 For every k, let u_k be the solution to problem (1), and let u be the solution to the problem min{ ∫ Ω |Du|^2dx + ⟨f, u⟩ + ∫ B g(u) dx : u ∈ H^1_0 (Ω)}.

Then (u_k) converges to u weakly in H^1_0 (Ω) and lim_{k→∞} ∫ Ω |Du_k|^2dx = ∫ Ω |Du|^2dx + ∫ B g(u) dx. The result is proved using Γ-convergence techniques (for the definition and properties of the Γ-convergence we refer to [5]). For each k we consider the obstacle functional F_{ψk} (u, B) = { 0 if u ≥ ψ_k q.e. on B, +∞ otherwise.

Then Theorem 1.1 is a direct consequence of the following result (see [5], Theorems 7.8 and 13.12). We recall that B ⊂⊂ Ω means that B is relatively compact in Ω. Theorem 1.2 For every set B ⊂⊂ Ω, with |∂B| = 0, the sequence ∫ Ω |Du|^2dx + F_{ψk} (u, B) (3) Γ-converges to the functional ∫ Ω |Du|^2dx + ∫ B g(u) dx in the weak topology of H^1_0 (Ω).

Using the results of [8] and [6], it easy to see that a subsequence of (3) Γ-converges, in the weak topology of H^1_0 (Ω), to a functional of the form ∫ Ω |Du|^2dx + ∫ B h(u) dx, (4) and that the subsequence and the function h do not depend on B. In our proof we will identify the function h, showing that h = g. Since the result does not depend on the choice of the subsequence, this will prove Theorem 1.2.

The paper is organized as follows: • in Section 2 we prove Theorem 1.2;

• in Section 3 we discuss an example, which shows that the knowledge of the capacity of the set {ψ ≥ t} for every t is not enough to determine the function g in the Γ-limit. 2

2 Proof of the main result

For every set E of IR^n the capacity of E, denoted by cap(E), is defined as the infimum of ∫ IR^n |Du|^2dx on the set of all functions u ∈ D^{1,2}(IR^n) such that u ≥ 1 almost everywhere (shortly a.e.) in a neighbourhood of E. A property is said to hold quasi everywhere (shortly q.e.) on a set E if it holds for every point of E, with the exception of the points of a set of capacity zero.

A function u: Ω → IR is said to be quasi-continuous (resp. quasi-upper semicontinuous) if, for each ε > 0, there exists an open set Ω_ε, with cap(Ω_ε) < ε, such that the restriction of u to Ω \ Ω_ε is continuous (resp. upper semicontinuous). Any function u ∈ H^1(Ω) has a quasi-continuous representative, which is uniquely defined quasi everywhere (see [9], Section 4.8, [12], Section 7.2.4, [10], Section 4, or [14], Chapter 3), and we shall always identify a function u ∈ H^1(Ω) with its quasi continuous representative. Similar results hold also for the space D^{1,2}(IR^n).

We say that a positive Radon measure μ belongs to H^{−1}(Ω) if there exists a constant c such that | | ∫ Ω u dμ | | | ≤ c ‖u‖_H1_{(Ω)}, for every function u ∈ C^1_c (Ω). It is well known that these measures vanish on any set of capacity zero. The following property (see [3], Lemma 2.8) will be used in the proof of our result.

Proposition 2.1 Let Ω be a bounded open set of IR^n. Let (μ_k) be a sequence of positive measures which converges strongly in H^{−1}(Ω), and let (ν_k) be a sequence of measures such that 0 ≤ ν_k ≤ μ_k. Then ν_k ∈ H^{−1}(Ω), (ν_k) is bounded in H^{−1}(Ω), and any weakly convergent subsequence converges strongly in H^{−1}(Ω).

The open ball in IR^n of centre x and radius r is denoted by B(x, r). When x = 0, we write simply B(r). For every t ∈ IR and for every R > 1 we define

g_R(t) = min{ ∫ B(R) |Dv|^2dx : v − t ∈ H^1_0 (B(R)), v ≥ ψ q.e. on B(R)}. (5)

Note that the minima are achieved in problems (2) and (5), which define g(t) and g_R(t), and the minimum points are unique by the strict convexity of the functionals. Arguing as in [7], Lemma 6.2, we obtain

g(t) = lim_{R→∞} g_R(t). (6)

Proof of Theorem 1.2. It is enough to show that the function h in (4) is equal to g. To simplify the exposition we assume whole sequence (3) Γ-converges to the functional 3

(4) and that the cube Q = [−^1_2 ,^1_2 ]^n is contained in Ω. Since h does not depend on B, to determine h we choose B = Q in (3) and (4). Let us fix t ∈ IR and a function u ∈ C^∞_0 (Ω) such that u = t in a neighbourhood of Q. We divide the proof into three steps.

Step 1. Let us prove that h(t) ≤ g(t). Let us fix a real number α, with 1 < α <^n_{n−2} , and put r_k = k^{− nn−2} and ρ_k = k^{−α}. For every k > 2^{1α−1} let w_k be the solution to the following variational problem on the periodicity cell Q 1_k :

min{ ∫ Q_{1k} |Dw|^2dx : w ≥ ψ_k q.e. on Q 1_k , w = t q.e. on Q 1_k \ B(ρ_k)}. (7)

We extend w_k by^1_k -periodicity to Q_{σk} = ]−σ_k/2, σ_k/2[^n , with σ_k = 1 for k odd, and σ_k = 1 +^1_k for k even. Then we have k^n ∫ Q_{1k} |Dw_k|^2dx ≤ ∫ Q_{σk} |Dw_k|^2dx ≤ (k + 1)^n ∫ Q_{1k} |Dw_k|^2dx. (8) By the change of variables y = k^{nn−2} x the ball B(ρ_k) is transformed into the ball B(R_k), with R_k = k^{nn−2 −α}, and the obstacle ψ_k is transformed into ψ. Therefore g_{Rk} (t) ≤ ∫ Q_{σk} |Dw_k|^2dx ≤ (1 +^1_k )^ng_{Rk} (t). (9)

From (6), (8), and (9) we get ∫ Q_{σk} |Dw_k|^2dx → g(t) < +∞. (10) Since, by the choice of α, the sequence (w_k) converges to t in measure, from (10) we obtain also ∫ Q_{σk} |w_k − t|^2dx → 0. (11) Moreover, by construction, w_k ≥ ψ_k q.e. on Q_{σk} . (12) Let v_k be the function defined by

v_k = { w_k on Q_{σk} , u on Ω \ Q_{σk} .

(13)

Since u = t in a neighbourhood of Q, the function v_k belongs to H^1_0 (Ω) for k large enough. By (10) and (11) we have that v_k ⇀ u weakly in H^1_0 (Ω). Since the functionals (3) Γ-converge to (4) for B = Q, by the definition of Γ-convergence and by (10) and (12) we have ∫ Ω\Q |Du|^2dx + h(t) ≤ lim_{k→∞} ∫ Ω |Dv_k|^2dx = ∫ Ω\Q |Du|^2dx + g(t), (14) 4 hence h(t) ≤ g(t), which concludes the proof of Step 1.

Step 2. Let us prove that h(t) ≥ g(t). Since the functionals (3) Γ-converge to (4) for B = Q, by the definition of Γ-convergence there exists a sequence (u_k) in H^1_0 (Ω) such that u_k ⇀ u weakly in H^1_0 (Ω), u_k ≥ ψ_k q.e. on Q, and ∫ Ω |Du_k|^2dx → ∫ Ω\Q |Du|^2dx + h(t). Let us consider the function v_k defined in (13). By (14) it is enough to prove that lim inf k→∞ ∫ Ω |Du_k|^2dx ≥ lim inf_{k→∞} ∫ Ω |Dv_k|^2dx, which is a consequence of lim inf k→∞ ∫ Ω (|Du_k|^2 − |Dv_k|^2) dx ≥ 0. (15) By convexity we have ∫ Ω (|Du_k|^2 − |Dv_k|^2) dx ≥ 2 ∫ Ω (Dv_k, Du_k − Dv_k) dx = −2⟨Δv_k, u_k − v_k⟩. (16) Let E_k and F_k be the intersections with Q_{σk} of the^1_k -periodic extension of the sets B(r_k) and B(ρ_k) respectively. Since w_k is the solution of the minimum problem (7), and ψ_k = −∞ on Q 1_k \ B(r_k), we have −Δv_k = 0 on Q_{σk} \ (E_k ∪ ∂F_k). More precisely, there exist two non-negative measures μ_k and ν_k on Ω such that −Δv_k = −Δw_k = μ_k − ν_k on Q_{σk} , μ_k is supported by E_k, ν_k(B) = − ∫ B∩∂F_k ∂w_k ∂η dH^{n−1} (17) for every Borel set B ⊂ Ω, where η is the exterior unit normal to ∂F_k. Moreover (see [2]) μ_k ∈ H^{−1}(Ω) and w_k = ψ_k μ_k-a.e. on Ω. Hence ∫ Q_{σk} (u_k − w_k) dμ_k = ∫ Q_{σk} (u_k − ψ_k) dμ_k ≥ 0. It follows that −⟨Δv_k, u_k − v_k⟩ ≥ − ∫ Q_{σk} (u_k − v_k) dν_k − ∫ Ω\Q_{σk} Δu(u_k − u) dx. (18) By (16), in order to prove (15) it remains to check that the right hand side of (18) tends to zero. We observe that u_k − v_k ⇀ 0 in H^1_0 (Ω). To conclude, it is sufficient to prove that (ν_k) converges strongly in H^{−1}(Ω). Using Proposition 2.1, we only have to show that there exists a sequence of measures (λ_k) such that 0 ≤ ν_k ≤ λ_k, λ_k ∈ H^{−1}(Ω), λ_k → 0 strongly in H^{−1}(Ω).

Step 3. Construction of the sequence (λ_k). Let z_k be the solution of −Δz_k = 0 on B(ρ_k) \ B(r_k), z_k = M on B(r_k), z_k = t on Q 1_k \ B(ρ_k), where M is an upper bound of ψ with M ≥ t. By the comparison principle we have z_k ≥ w_k on B(ρ_k) \ B(r_k), from which we obtain − ∂z_k ∂η ≥ − ∂w_k ∂η ≥ 0 on ∂B(ρ_k), (19) where η is the exterior unit normal. For each Borel set B ⊂ Q 1_k we define

λ_k(B) = − ∫ B∩∂B(ρ_k ) ∂z_k ∂η dH^{n−1}, and we extend the measure λ_k to Q_{σk} by^1_k -periodicity. By (17) and (19) we obtain λ_k ≥ ν_k. Arguing as in [1], pag. 76, we find that (λ_k) converges strongly in H^{−1}(Ω), which concludes the proof.

3 An example

If ψ^c_E is equal to a (finite) constant c on a set E ⊂ B(0, 1) and ψ^c_E = −∞ out of E, then the corresponding function g^c_E, defined by (2), is given by g^c_E(t) = ([c − t]^+)^2 cap(E) = (c − t)^2 cap({ψ^c_E ≥ t}), where [·]^+ denotes the positive part. Let E_k be the^1_k -periodic extension of the set k^{− nn−2} E. The results of Theorem 1.1 remain true, with minor modifications in the proof, if we take f = 0 and replace Ω by IR^n and H^1_0 (Ω) by D^{1,2}(IR^n). In particular, for ψ = ψ^c_E and c = 1, we obtain

lim_{k→∞} cap(E_k ∩ B) = min{ ∫ IR^n |Dv|^2dx + cap(E) ∫ B (1 − v)^2dx : v ∈ D^{1,2}(IR^n)}, for every B ⊂⊂ IR^n with |∂B| = 0. This shows that, if ψ^{(1)} and ψ^{(2)} satisfy cap({ψ^{(1)} ≥ t}) = cap({ψ^{(2)} ≥ t}) for every t ∈ IR, (20) then the corresponding periodic obstacles ψ^{(1)}_k and ψ^{(2)}_k satisfy

lim_{k→∞} cap({ψ^{(1)}_k ≥ t} ∩ B) = lim_{k→∞} cap({ψ^{(2)}_k ≥ t} ∩ B), (21)

for every t ∈ IR and for every B ⊂⊂ IR^n with |∂B| = 0.

Under a very weak boundedness assumption, it is proved in [4] that, if the obstacles φ_k and φ satisfy lim_{k→∞} cap({φ_k ≥ t} ∩ B) = cap({φ ≥ t} ∩ B), for every t ∈ IR and for every B ⊂⊂ IR^n with |∂B| = 0, then the solution of problem (1) associated with φ_k converges to the solution of the same obstacle problem associated with φ. In this case, the knowledge of the limit lim_{k→∞} cap({φ_k ≥ t} ∩ B) is enough to determine the asymptotic problem. This theorem can not be applied in the case (21), since the limits in (21) can not be expressed as cap({φ ≥ t} ∩ B), for a suitable function φ.

We construct now two functions ψ^{(1)} and ψ^{(2)} which satisfy (20), and hence the corresponding periodic obstacles ψ^{(1)}_k and ψ^{(2)}_k satisfy (21). We will show that, in this example, the limit problems are different, since they contain two different functions g^{(1)} and g^{(2)}.

Let ψ^{(1)}, ψ^{(2)}: IR^n → IR be defined by

ψ^{(1)} =

1 on B(0,^1_2 ), 0 on B(0, 1) \ B(0,^1_2 ), −∞ otherwise, ψ^{(2)} =

1 on B(ξ,^1_2 ), 0 on B(0, 1) \ B(ξ,^1_2 ), −∞ otherwise,

where ξ ∈ IR^n and |ξ| =^1_2 . Let g^{(1)} and g^{(2)} be the functions defined by (2), corresponding to ψ^{(1)} and ψ^{(2)} respectively. Clearly, (20) is satisfied for every t ∈ IR. We will prove that g^{(1)}(t) = g^{(2)}(t) for t ≥ t^∗, (22)

g^{(1)}(t) < g^{(2)}(t) for t < t^∗, (23)

where t^∗ = −1/(3^{n−2} − 1).

It is clear that g^{(1)}(t) = g^{(2)}(t) = 0 for t ≥ 1. For every t < 1 let u^{(1)}_t and u^{(2)}_t be the solutions of problem (2) relative to ψ^{(1)} and ψ^{(2)} respectively. Let z^{(1)}_t be the solution of the problem

min{ ∫ IR^n |Dz|^2dx : z − t ∈ D^{1,2}(IR^n), z ≥ 1 on B(0,^1_2 )}, (24)

and let z^{(2)}_t (x) = z^{(1)}_t (x − ξ). A direct computation yields

z^{(1)}_t (x) = (1 − t)2^{2−n}|x|^{2−n} + t. 7

Let t_∗ = −1/(2^{n−2} − 1). It easy to see that if t_∗ ≤ t < 1 we have z^{(1)}_t ≥ 0 on B(0, 1), hence u^{(1)}_t = z^{(1)}_t , and consequently g^{(1)}(t) = (1 − t)^2 cap(B(0,^1_2 )) for t_∗ ≤ t < 1. (25) If t < t_∗, by comparison, we have ψ^{(1)} ≤ u^{(1)}_t ≤ z^{(1)}_{t∗} . This implies {ψ^{(1)} ≥ 0} ⊂ {u^{(1)}_t ≥ 0} ⊂ {z^{(1)}_{t∗} ≥ 0}, hence {u^{(1)}_t ≥ 0} = B(0, 1) for t < t_∗. (26) If t^∗ ≤ t < 1, by an elementary computation we see that z^{(2)}_t ≥ 0 on B(0, 1), hence u^{(2)}_t = z^{(2)}_t , and consequently

g^{(2)}(t) = (1 − t)^2 cap(B(ξ,^1_2 )) = (1 − t)^2 cap(B(0,^1_2 )) for t^∗ ≤ t < 1. (27) As t_∗ < t^∗, from (25) and (27) we obtain (22).

Now we consider t < t^∗. By comparison, we have u^{(2)}_t ≥ z^{(2)}_t , from which {u^{(2)}_t ≥ 0} ⊃ B(0, 1) ∪ {z^{(2)}_t ≥ 0} = B(0, 1) ∪ B(ξ, R_t), (28) with R_t =^1_2 (1 −^1_t )^{1n−2} . Since t < t^∗, we have^1_2 < R_t <^3_2 . As |ξ| =^1_2 , we get |(B(0, 1) ∪ B(ξ, R_t))| > max{|B(0, 1)|, |{z^{(1)}_t ≥ 0}|}. (29) Let u^{(2)}_t be the spherical rearrangement of u^{(2)}_t . From the fact that u^{(2)}_t ≥ ψ^{(2)}, we deduce that u^{(2)}_t ≥ ψ^{(2)} = ψ^{(1)}. Let us prove that u^{(2)}_t ≠ u^{(1)}_t . If t_∗ ≤ t < t^∗, we have u^{(1)}_t = z^{(1)}_t and, by (28) and (29), |{u^{(2)}_t ≥ 0}| = |{u^{(2)}_t ≥ 0}| > |{z^{(1)}_t ≥ 0}| = |{u^{(1)}_t ≥ 0}|. If t < t_∗ we have |{u^{(2)}_t ≥ 0}| = |{u^{(2)}_t ≥ 0}| > |B(0, 1)| = |{u^{(1)}_t ≥ 0}|, where the last equality follows from (26). Therefore u^{(2)}_t ≠ u^{(1)}_t for t < t^∗. By the Pólya-Szegö principle (see [13]) we obtain ∫ IR^n |Du^{(2)}_t |^2dx ≥ ∫ IR^n |Du^{(2)}_t |^2dx > ∫ IR^n |Du^{(1)}_t |^2dx, where the last inequality follows from the uniqueness of the solution to problem (2) for ψ^{(1)}. This inequality proves (23).

References

[1] Attouch H.: Variational Convergence for Functions and Operators. Pitman, London, 1984.

[2] Attouch H., Picard C.: Variational inequalities with varying obstacles: the general form of the limit problem. J. Funct. Anal. 50 (1983), 329–386.

[3] Cioranescu D., Murat F.: Un terme étrange venu d’ailleurs I, II. Nonlinear Partial Differential Equations and Their Applications, Collège de France Seminar, Vol II, 98–138, Vol. III, 154–178, Res. Notes in Math., 60 and 70, Pitman, London 1982 and 1983. English translation: A strange term coming from nowhere. Topics in the Mathematical Modelling of Composite Materials, 45-93, Birkhäuser, Boston, 1997.

[4] Dal Maso G.: Some necessary and sufficient conditions for the convergence of sequences of unilateral convex sets. J. Funct. Anal. 62 (1985), 119–159.

[5] Dal Maso G.: Introduction to Γ-convergence. Birkhäuser, Basel, 1993.

[6] Dal Maso G., Defranceschi A.: Limits of Nonlinear Dirichlet Problems in Varying Domains. Manuscripta Math. 61 (1988), 251–278.

[7] Dal Maso G., Garroni A.: New results on the asymptotic behavior of Dirichlet problems in perforated domains. Math. Models Methods Appl. Sci. 4 (1994), 373– 407.

[8] Dal Maso G., Longo P.: Γ-limits of obstacles. Ann. Mat. Pura Appl. (4) 128 (1980), 1–50.

[9] Evans L.C., Gariepy R.F.: Measure Theory and Fine Properties of Functions.

CRC Press, Boca Raton, 1992.

[10] Heinonen J., Kilpeläinen T., Martio O.: Nonlinear Potential Theory of Degenerate Elliptic Equations. Clarendon Press, Oxford, 1993.

[11] Longo P.: Characterization of the Γ-limits of unilateral obstacles. J. Anal. Math.

50 (1988), 79–99.

[12] Maz’ya V.G.: Sobolev Spaces. Springer-Verlag, Berlin, 1985.

[13] Pólya G., Szegö G.: Isoperimetric Inequalities in Mathematical Physics. Princeton University Press, 1951.

[14] Ziemer W.P.: Weakly Differentiable Functions. Springer-Verlag, Berlin, 1989.