CVGMT Preprint Server - http://cvgmt.sns.it/papers/amblecriv/

A Viscosity Property of Minimizing Micromagnetic Configurations

Luigi Ambrosio^∗, Myriam Lecumberry^†and Tristan Rivière^‡

I Introduction

The object of study of the present paper is the space of divergence free unit vector fields u of a bounded domain Ω of R^2 admitting a lifting ϕ in L^∞(Ω; R) ( u = e^{iϕ} ) such that the distribution U in D^′(Ω × R) defined by < U_ϕ; ψ(x, a) >:= − ∫ a∈R ∫ Ω e^{iϕ∧a} · ∇_xψ (I.1) is a bounded Radon Measure in Ω × R.

Here we use the notation ϕ(x) ∧ a := inf{ϕ(x); a} and integrals with respect to the parameter a will always be understood with respect to the Lebesgue measure on R.

We call M_{div}(Ω) the space of divergence free unit vector fields in Ω satisfying (I.1) for a suitable lifting ϕ.

Observe that if u admits a sufficiently smooth lifting ϕ (say ϕ is Lipschitz) then ∀a ∈ R div(e^{iϕ∧a}) = 0 in D^′(Ω) for all a ∈ R and therefore U_ϕ = 0 (this condition is in fact necessary and sufficient for the existence of a Lipschitz lifting, see [LR]). Therefore the measure U_ϕ is related to the “jump set” of u (or, more precisely, the “jump set” of ϕ). This expectation is confirmed by the explicit expression of U_ϕ given in [RS1] under the a priori assumption that ϕ is a BV function.

∗Scuola Normale Superiore, Piazza dei Cavalieri, 56100 Pisa, Italy. †Laboratoire de Mathématiques, Université de Nantes, 44322 Nantes Cedex 03, France. ‡D-Math, ETH Zentrum, 8049 Zürich, Switzerland.

The Space M_{div}(Ω) was introduced in [RS1] and [RS2] by the third author and S.Serfaty in connection with the a variational problem related to micromagnetism that we briefly describe. For a given simply connected bounded domain Ω of R^2 and a positive parameter ε > 0, we consider the following energy, for unit vector-field u in W^{1,2}(Ω; S^1),

E_ε(u) := ε ∫ Ω |∇u|^2 + 1 ε ∫ R^2

|H|^2 , (I.2)

where H = −∇(G∗û), û = u on Ω, û = 0 in R^2 \Ω and G is the Kernel of the Laplacian on R^2 so that, in particular, we have div(û + H) = 0 in D^′(R^2 ). It was proved in [RS1], [RS2] that, from any sequence u_{εn} ∈ W^{1,2}(Ω, S^1) such that ε_n → 0 and E_{εn} (u_{εn} ) ≤ C independently of n, one can extract a subsequence u_{εn′} converging strongly in L^p(Ω) for any p < +∞ to a limit u in M_{div}(Ω). Moreover

E_0(ϕ) := 2 ∫ a∈R ∫ Ω |div(e^{iϕ∧a})|(Ω) ≤ lim inf E_{εn′} (u_{ϵn′} ) (I.3) is the expected Gamma-Limit of E_ε as ε → 0 (notice also that it is not hard to show that E_0(ϕ) equals |U_ϕ|(Ω), but this is not strictly relevant in our discussion). One can for instance prove that, see [RS1], [RS2], lim_{ε→0} inf_{u∈W} 1,2 E_ε(u) = 2 inf_{u∈Mdiv(Ω)} ∫ a∈R ∫ Ω |div(e^{iϕ∧a})| = 2|∂Ω| (I.4) where |∂Ω| is the perimeter of Ω, if Ω has a Lipschitz boundary. One of the questions left open in [RS1], [RS2] was to describe the limit of minimizing configurations of E_ε. It was conjectured in these works that, representing u as −∇^⊥g for a suitable 1-Lipschitz function g, the function g is a viscosity solution of |∇g|^2 − 1 = 0 in Ω. Since g is equal to 0 on ∂Ω, this fact would imply that: g(x) = dist(x; ∂Ω), the unique viscosity solution of the boundary value problem. It was proved in [RS2] that any limit u of minimizing sequences of E_ε has to satisfy div(e^{iϕ∧a}) ≥ 0 ∀a ∈ R. (I.5) The following theorem, which is the main result of the present paper, answers positively to the above problem left open in [RS2].

Theorem I.1 Let u = −∇^⊥g be a divergence free unit vector-field in the space M_{div}(Ω). If (I.5) holds then g is a viscosity solution of |∇g|^2 − 1 = 0 in Ω. In particular we have g(x) = inf_{y∈∂Ω} {g(y) + |x − y|} (I.6) and therefore g is locally semiconcave in Ω and u ∈ BV_{loc}(Ω; S^1).

It was proved in [RS2] that the maps in M_{div}(Ω) satisfy the kinetic equation ie^{ia} · ∇_xχ_a = −∂_a(div(e^{iϕ∧a})) D^′(Ω × R) (I.7) where χ_a(x) = χ(ϕ(x)−a) and χ is the characteristic function of R_− . It seems that the standard theory of kinetic equations does not directly apply here to deduce from the sign condition of the jumps (I.5) the uniqueness result (I.6), whereas the viscosity methods are very efficient. This being said, due to the natural kinetic meaning of (I.5), it would be nice to have a direct proof of theorem I.1 via the kinetic equation approach.

As we mentioned above a consequence of theorem I.2 is the following corollary.

Corollary I.1 Let u_ε be a family of unit vector-fields over a bounded smooth simply connected domain Ω of R^2 such that

lim_{ε→0} E_ε(u_ε) = lim_{ε→0} inf { E_ε(u) ; u ∈ W^{1,2}(Ω, S^1) } = 2|∂Ω| and ∫ ∂Ω u_ε · τ ≤ 0, where τ is the unit tangent to ∂Ω. Then u_ε −→ u_⋆ := ∇^⊥dist(x, ∂Ω) in L^p(Ω) for any p < +∞.

A similar problem to (I.2) is the so called Aviles-Giga problem where, instead of constraining u to be unit, one requires iu to be a gradient, say u = −∇^⊥g ∈ W^{1,2}(Ω; R^2 ), and one introduces the Ginzburg-Landau Functional GL(∇^⊥g) := ε ∫ Ω |∇^2g| + 1 2ε ∫ Ω (|∇g|^2 − 1)^2 (I.8)

The asymptotic analysis of this problem, as ε tends to 0, has been extensively developped in [ADM], [AG1], [AG2], [DKMO1], [DKMO2], [JP], although a complete Γ-convergence result is still not available. One of the relevant facts showing up when one tries to compare these two, apparently very similar, relaxations ((I.2) and (I.8)) of the eikonal equation |∇g|^2 − 1 = 0 is that non viscosity solution can sometimes realise a fundamental state of the limiting Aviles-Giga Functional. This result, shown by W.Jin and R.Kohn in [JK], is in striking contrast with Corollary I.1.

The apparently similar problems (I.2) and (I.8) carry a major difference: in the Aviles-Giga problem there is no obstruction for ∇g to have vortices, this is truly a vectorial problem, whereas in (I.2) the energy |U_ϕ| is not 0 near to vortices, since a jump in the lifting is forced. In this sense the latter problem is a scalar one. In [ARS] the formulation (I.2) is slightly “relaxed” in order to release the topological constraint not to have vortices. It has to be noticed, see the results in [ARS], that in this more general framework the viscosity solution is not minimizing anymore in the limit ε → 0.

Our theorem I.1 has been obtained by us within a more general research project aimed to show the countable rectifiability of the “jump set” of vector fields u ∈ M_{div}(Ω) and an explicit representation, in terms of the jumps of ϕ, of U_ϕ. Indeed, it can be proven by the construction in [ADM] that the vector fields u ∈ M_{div}(Ω) need not be in BV (Ω), not even locally, and therefore this regularity result for the jump set has to be established independently from the BV theory.

Acknowledgments : This work has been carried out while the first two authors were visiting the Mathematics department of the ETH-Zürich. They would like to thank the department for its hospitality.

II Proof of theorem I.1.

Take u = e^{iϕ} = −∇^⊥g satisfying the assumptions of theorem I.1 : u ∈ M_{div}(Ω) and u satisfies the sign condition (I.5). We claim that g is a viscosity solution of |∇g|^2 − 1 = 0 (II.9)

We recall the definition for g to be a viscosity solution of (II.9) (see for instance [CEL], or [AD] definition 6.1).

(a) g is a viscosity subsolution of (II.9) in Ω if for any x_0 ∈ Ω and any ψ ∈ C^∞_c (Ω) such that g − ψ has a local maximum at x_0, ψ satisfies

|∇ψ|(x_0) ≤ 1. (II.10)

(b) g is a viscosity supersolution of (II.9) in Ω if for any x_0 ∈ Ω, and any ψ ∈ C^∞_c (Ω) such that g − ψ has a local minimum at x_0, ψ satisfies

|∇ψ|(x_0) ≥ 1. (II.11)

Finally, g is a viscosity solution of (II.9) if g is both a viscosity subsolution and a viscosity supersolution of (II.9).

Step 1 : It is standard to prove that g is a viscosity subsolution of (II.9). Assuming g − ψ admits a local maximum at x_0 ∈ Ω, we have for any t ≥ 0 small enough and ω ∈ S^1

0 ≤ [g(x_0) − ψ(x_0)] − [g(x_0 + tω) − ψ(x_0 + tω)]

using the fact that g is lipschitz, with a lipschitz constant equal to 1, we then have 0 ≤ t + ψ(x_0 + tω) − ψ(x_0) .

Therefore −t ≤ t∇ψ(x_0) · ω + o(t). Choosing ω = −∇ψ(x_0)/|∇ψ(x_0)| (we assume |∇ψ|(x_0) ≠ 0, otherwise (II.10) is already true) we get (II.10).

Step 2 : We shall prove now that g is a viscosity supersolution of (II.9). This requires some more work and the crucial use of the sign condition (I.5).

Let ψ ∈ C^∞_c (Ω) and assume that g−ψ admits a local minimum at x_0 ∈ Ω. Without loss of generality we assume that g(x_0) = ψ(x_0). We shall prove that |∇ψ|(x_0) ≥ 1. We first proceed to a dilation process which is not absolutely unavoidable in the proof below, but makes the presentation cleaner.

Let χ ∈ C^∞_c (B_2) with χ ≡ 1 in B_1. Because of the sign condition (I.5) we have

lim sup r→0 1 r ∫ a∈R ∫ B_r (x_0) |div(e^{iϕ∧a})| ≤ lim sup_{r→0} 1 r ∫ a∈R ∫ B_{2r} (x_0) div(e^{iϕ∧a})χ_{x0,r} = lim sup r→0 − 1 r^2 ∫_{‖ϕ‖∞} a=−‖ϕ‖_∞ ∫ B_{2r} (x_0) e^{iϕ∧a} · ∇χ_{x0,r} ≤ C ‖ϕ‖_∞ < +∞ (II.12) where χ_{x0,r} := χ((· − x_0)/r). This being granted, we define for any r > 0,

ϕ_r(x) = ϕ(x_0 + rx) u_r(x) = u(x_0 + rx) g_r(x) =^1_r (g(x_0 + rx) − g(x_0)) ψ_r(x) =^1_r (ψ(x_0 + rx) − ψ(x_0)) .

Using (II.12) we have

lim sup r→0 ∫ a∈R ∫ B_1 |div(e^{iϕr∧a})| < +∞. (II.13) Therefore we may use the compactness result of [RS2] (in fact some modified version of it, see [Le], saying that from any sequence u_j = e^{iϕj} in M_{div}(B_1) such that |U_{ϕj} | and ‖ϕ_j‖_∞ are uniformly bounded, one can extract a strongly converging sequence ϕ_j′ in L^p(B_1), ∀p < +∞) to deduce that there exists a sequence r_i tending to zero such that

ϕ_{ri} → ϕ_∞ in L^p(B_1) ∀p < +∞ . (II.14)

As a consequence u_{ri} converge to u_∞ := e^{iϕ∞} in L^p(B_1) for any p < ∞ and the Sobloev embedding theorem implies that g_{ri} uniformly converge in B_1 to a 1-Lipschitz function g_∞. We immediately obtain that ∇^⊥g_∞ = −e^{iϕ∞} and div e^{iϕ∞∧a} ≥ 0 ∀a ∈ R g_∞ − ψ_∞ admits a global minimum on B_1 at 0

(II.15)

where ψ_∞ := λω · x, λ = |∇ψ|(x_0) and ω := ∇ψ(x_0)/|∇ψ(x_0)| whenever λ ≠ 0 (if λ = 0 we choose any ω ∈ S^1).

Observe that after this linearization our goal is to prove now that λ ≥ 1. We argue by contradiction and assume that λ < 1.

In order to ensure that 0 is a strict minimum of g_∞ − ψ_∞ we add to this function a small quadratic quantity δ‖x‖^2, where δ > 0 will be chosen so that λ̃ := λ + 2δ < 1. We then denote for any δ > 0

f_δ(x) := g_∞(x) − ψ_∞(x) + δ‖x‖^2 .

Observe that f_δ ≥ 0 on B_1, that f_δ(0) = 0 and that this minimum is achieved only at 0. Moreover, our choice of δ ensures that |∇f_δ| > 0 in B_1.

Let τ > 0 be the minimum of f_δ on ∂B_1 and let a^∗ be the essential supremum of ϕ_∞ on {f_δ < τ}. We choose a < a^∗ sufficiently close to a^∗, so that a^∗ − a < π and 1 + sin (π 2 + a^∗ − a ) > 2λ̃^2 .

Notice that all level sets E_s := {f_δ = s} are, for 0 ≤ s < τ, compact subsets of B_1. Moreover, as {ϕ_∞ > a} has strictly positive Lebesgue measure, the co-area formula for Lipschitz functions and the non-degeneracy of ∇f_δ imply that the set

S := { s ∈ (0, τ) : H^1(E_s ∩ {ϕ_∞ > a}) > 0, H^1(E_s ∩ {ϕ_∞ > a^∗}) = 0 } has strictly positive Lebesgue measure. Setting ω^⊥ := (−ω_2, ω_1), x^⊥ := (−x_2, x_1) and ν = ∇f_δ/|∇f_δ|, we choose s ∈ S where the function s → l(s) := ∫ E_s (e^{iϕ∞∧a} + λω^⊥ − 2δx^⊥) · ν is left approximately continuous, i.e. lim_{ε→0} 1 ε ∫_s s−ε l(s^′) ds^′ = l(s) . By applying the coarea formula, we have in particular lim_{ε→0} ∫ B_1 (e^{iϕ∞∧a} + λω^⊥ − 2δx^⊥) · ∇ζ_ε = − ∫ E_s (e^{iϕ∞∧a} + λω^⊥ − 2δx^⊥) · ν , where ζ_ε(x) := 1 ∧ (s − f_δ)^+/ε.

Applying the sign assumption, we get 0 ≤ − ∫ B_1 ∇ζ_ε · (e^{iϕ∞∧a} + λω^⊥ − 2δx^⊥) → ∫ E_s (e^{iϕ∞∧a} + λω^⊥ − 2δx^⊥) · ν . (II.16) We decompose E_s into Γ^+_s := E_s ∩ {ϕ_∞ > a} and Γ^−_s := E_s ∩ {ϕ_∞ ≤ a}. Since e^{iϕ∞} +λω^⊥ −2δx^⊥ = −∇^⊥f_δ, combining this fact with (II.16) we finally obtain that 0 ≤ ∫ Γ^+_s

(e^{ia} + λω^⊥ − 2δx^⊥) · (∇g_∞ − λω + 2δx). (II.17)

On the other hand, using the identity a · b^⊥ = −a^⊥ · b, on Γ^+_s we get (e^{ia} + λω^⊥ − 2δx^⊥) · (∇g_∞ − λω + 2δx) = e^{ia} · ∇g_∞ − (e^{ia} + ∇^⊥g_∞) · (λω − 2δx) ≤ e^{ia} · ∇g_∞ + λ̃‖∇^⊥g_∞ + e^{ia}‖ . Therefore 0 ≤ ∫ Γ^+_s

e^{ia} · ∇g_∞ + λ̃‖∇^⊥g_∞ + e^{ia}‖ . (II.18)

For a ≤ ϕ_∞ ≤ a^∗ we have π/2 ≤ ϕ_∞ + π/2 − a ≤ π/2 + a^∗ − a ≤^{3π}_2 and therefore e^{ia} · ∇g_∞ = cos ( ϕ_∞ + π 2 − a ) ≤ 0. (II.19)

Observe now that ‖∇^⊥g_∞ + e^{ia}‖^2 = 2 + 2∇^⊥g_∞ · e^{ia} = 2(1 − sin(ϕ_∞ +^π_2 − a)) and, by our choice of a, we have

(e^{ia} · ∇g_∞)^2 = cos^2 ( ϕ_∞ + π 2 − a )

= 1 − sin^2 ( ϕ_∞ + π 2 − a ) > 2λ̃^2 ( 1 − sin ( ϕ_∞ + π 2 − a ))

= λ̃^2‖∇^⊥g_∞ + e^{ia}‖^2 .

(II.20)

Combining (II.18), (II.19) and (II.20) we get a contradiction, since Γ^+_s by our choice of s has strictly positive H^1-measure. Thus g is a viscosity solution of |∇g|^2 − 1 = 0 in Ω.

Finally, since the right hand side in (I.6) is a viscosity solution in Ω with the same boundary values, the uniqueness theorem for first order viscosity solutions with convex Hamiltonians leads to (I.6). Since D^2| · −y| + g(y) ≤ C(B)I on B for any y ∈ ∂Ω on any ball B ⊂⊂ Ω, it turns out that D^2g ≤ C(B)I in B as well. Therefore g is locally semi-concave in Ω. It is well known that gradients of concave or semi-concave functions are locally BV .

Remark II.1 Observe that the above presented proof gives a new approach for the first part of the proof of the main result in [LR] saying that any u = e^{iϕ} in M_{div} satisfying U_ϕ = 0 is Lipshitz.

References

[ARS] F.Alouges, T.Rivière and S.Serfaty, Néel Walls and Cross-tie Walls for micromagnetic materials having a strong planar anisotropy, COCV (2002), Volume à la mémoire de J.L.Lions.

[AD] L.Ambrosio and N.Dancer, Calculus of variations and partial differential equations. Topics on geometrical evolution problems and degree theory. Papers from the Summer School held in Pisa, September 1996, Edited by G.Buttazzo, A.Marino and M.K.V.Murthy, Springer, 2000.

[ADM] L. Ambrosio, C. De Lellis, and C. Mantegazza, Line energies for gradient vector fields in the plane, Calc. Var. PDE 9 (1999) 4, 327-355.

[AG1] P. Aviles and Y. Giga, A mathematical problem related to the physical theory of liquid crystals configurations, Proc. Centre Math. Anal. Austral. Nat. Univ., 12, (1987), 1-16.

[AG2] P. Aviles and Y. Giga, On lower semicontinuity of a defect obtained by a singular limit of the Ginzburg-Landau type energy for gradient fields, Proc. Royal Soc. Edinburgh, Sec A, 129, (1999), 1-17.

[CEL] M. Crandall, L.C. Evans and P.L.Lions, Trans. Amer. Math. Soc., 282, (1984), 487-502

[DKMO1] A. DeSimone, R.V. Kohn, S. Müller and F. Otto, A compactness result in the gradient theory of phase transitions, to appear in Proc. Royal Soc. Edinburgh.

[DKMO2] A. DeSimone, R.V. Kohn, S. Müller and F. Otto, Magnetic microstructures, a paradigm of multiscale problems, to appear in Proceedings of ICIAM, (1999).

[JK] W. Jin and R. Kohn, Singular Perturbation and the Energy of Folds, Journal of Nonlinear Science, 10, No. 3, (2000), 355-390.

[JP] P.E. Jabin and B. Perthame, Compactness in Ginzburg-Landau energy by kinetic averaging, Comm. Pure and App. Math., 54, (2001), 1096- 1109.

[Le] M. Lecumberry, The structure of micromagnetic defects, PhD Thesis in preparation.

[LR] M. Lecumberry and T. Rivière, Regularity for micromagnetic configurations having zero jump energy, to appear in Calc. of Var. and P.D.E. (2002).

[RS1] T. Rivière and S. Serfaty, Limiting Domain Wall Energy for a Problem Related to Micromagnetics, Comm. Pure Appl. Math., 54, (2001), 294- 338.

[RS2] T. Rivière and S. Serfaty, Compactness, kinetic formulation and entropies for a problem related to micromagnetics, to appear in Comm. in P.D.E. (2002).