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Abstract. Usually smeared crack techniques are based on the following features:
the fracture is represented by means of a band of finite elements and by a softening
constitutive law of damage type. Often these methods are implemented with non-
local operators which control the localization effects and reduce the mesh bias. We
consider a non-local smeared crack energy defined for a finite element space on a
structured grid. We characterize the limit energy as the mesh size h tends to zero
and we establish a precise link between the discrete and continuum formulations
of the fracture energies, showing the correct scaling and the explicit form of the
mesh bias.

1 Introduction

It is well known that beyond the elastic limit most of the engineering materials
exhibit dissipative phenomena, such as damage, plasticity and fracture, resulting
with constitutive laws of softening type. Loss of coercivity (or ellipticity) is in
some sense the main mathematical feature of these models. As a consequence,
boundary value problems based on local formulations of the constitutive law are
ill-posed in Sobolev spaces and their finite element simulations are usually affected
by un-physical effects induced by the mesh.

In this work we take into account the class of elasto-brittle materials. In this
case, after Griffith [1], the free energy has the form

We(e(w)) dz +yH" 1 (K),
O\K



where 2 C R" is the reference configuration, u is the displacement field and K is
the fracture; W€ is the density of linearized elastic energy, v is the material tough-
ness and H"~! is the (n — 1)-dimensional Hausdorff measure (roughly speaking,
the length for n = 2 or the surface for n = 3). In particular we are interested in
the finite element discretization of the free energy by means of the so-called crack
band [2] and smeared cracking [3] methods, which are both based on a damage con-
stitutive law. Our attention is focused on the behaviour of the discrete energies,
introduced hereafter, as the mesh size h — 0, with a special care for two crucial
aspects: scaling and mesh bias. By contrast, for the moment we are not taking
into account boundary value problems and crack tracking.

From the mathematical point of view a convenient framework for the study
of fracture energies is provided by the spaces of functions with bounded variation
and bounded deformation. For our purposes the natural choice is the space SBD
(see §6 and [4] for details). In this contest the fracture set K is replaced by the
set J(u) of jump points of the displacement field u : @ — R"; the Griffith energy
is then written as

Flu) = / We (e () do + vH" (T ().
O\J(w)

Now, let us start with a crack band approach [2]. Let T}, be a triangulation
of @ c R? and let V}, denote the space of P; elements on T},. Moreover, let
w : [0,400) — [0,1] be a continuous, non-decreasing function such that w(0) =0
and limg_, o w(s) = 1. Let f(s) be such that f'(s) =1 —w(s). Then, for uy in
the space V},, we consider the free energy

Fh(uh):/Q%f(hWe(sh))dx: Z \Th\%f(hWe(gh)).

TheTy

Note that this energy is of isotropic damage type; indeed, for every element T},
differentiation of the energy density gives

0

o (5 F () = 7 () = (1~ (Vo))

Note that here the damage parameter w depends on the energy density and on the
mesh size h. This scaling property, as already pointed out in similar cases in [2]
and [5], is fundamental to recover to right order of the fracture energy as h — 0.
More precisely, it is shown in [6] that (as h — 0) the discrete energies F}, converge
(in the sense of I'-convergence [7]) to a continuum energy of the form

Fy(u) = / Weé(e(u))dx +~ (v)dH"t,
Q\J(u) J(u)



where v is the normal vector to J(u) and ¢ is an anisotropic norm accounting for
the mesh bias. As a matter of fact, an explicit representation of ¢ is possible only
when the triangulations are periodic in space and self similar with respect to h.
Note that the isotropic energy F' is recovered as a special case of F; when ¢ is the
Euclidean norm, i.e. ¢(v) = |v| = 1.

Since the anisotropy effect of the crack band is quite strong, it was proposed in
[3] a non-local smeared cracking approach which effectively reduces this numerical
artifact. In the original form [3] the (local) strain was replaced by a non-local
strain obtained by a weighted average on a finite volume. Later, this approach
was employed in a similar way taking the average of other quantities, such as the
damage parameter, the energy density or the stress. Referring to [8] for a com-
parative study, here we take into account a special form of the non-local operator,
which is quite convenient for our analysis. Let @, be a square mesh in  C R?
and let V}, be a space of @1 elements on @), (or of P elements on a triangulation
T}, with the same vertices as Q). For every Q, € Q),, denoting by x its center,
let

W€(en) * pn(x) = We(en(y))pnly — =) dy,
Pp(x)

where pj, is a symmetric convolution kernel py(z) = p(z/h)/h? with compact
support P, = hP. Accordingly, the non-local discrete energy will be

Fawn) = 3 1Qulf (1 (en) + (a)
QreQy,

where dj, is the diameter of P,. As in the case of the crack band, we prove that
as h — 0 the discrete non-local energies F}, I'-converge [7] to a continuum, local
energy of the form Fy, where ¢ can be explicitly computed and depends only on
the support P of the convolution operator.

Some remarks are worth. In principle, similar results holds true for more
complex energies which may take into account the differences between traction,
compression, shear and between loading and unloading regimes. By contrast, such
models would be considerably more difficult from the mathematical point of view
and possibly will be the subject for future investigations. We remark also that
in our convergence result the diameter dj of the non-local operator behaves like
hd, where d is the diameter of P, and thus d;, — 0 as h — 0. Hence, dj is
not really a “characteristic length” of the material since it depends on the mesh
size h. From this point of view, as it does not introduce any internal length in
the continuum model, we may regard our approach also as a non-local crack band
method. It seems that our convergence result supplies also a mathematical base
for the so-called “1/3 rule”’: indeed, as shown in §3 the anisotropy of the mesh is



considerably reduced when the support P;, contains at least a band of 3 square
elements. Clearly, when larger supports P are employed the effect of the mesh
is further reduced while the original isotropic model is recovered, in the limit as
h — 0, if the diameter dj, satisfies d;, — 0 and dj/h — +o0, i.e. when the mesh
size is much smaller than the diameter dj,. As a matter of fact this case has just a
theoretical relevance since the number of elements (), in the support P}, increases
as h — 0 and definitively tends to infinity.

Apart from the mechanical applications, it is right to mention that analogous
results, based on non-local operators, are of common use in the approximation of
free discontinuity problems [9]. Most of the results in this direction originated in
the field of image processing from the non-local approximation of the Mumford-
Shah functional [10]. A sort of crack band model has been considered in [11]
combined with directional mesh adaption and in [12] for structured triangulations
while a non-local approach has been employed in [13] discretizing [10] with convo-
lution operators such that d — 0 and dj,/h — +00. To our knowledge, the truly
non-local case where P, = hP was not treated before; it follows as a corollary
of our main result. Finally, from a technical point of view we remark that our
proof relies strongly on the use of the slicing technique which seems convenient
for linearized elastic energy density (see also [14]). By contrast, in the case of
the Mumford-Shah functional it is often possible to use a simpler two-dimensional
construction, which is not easily extended to our case.

2 Constitutive assumptions and convergence
results

2.1 Notation and statement of the convergence results

For « € Z? let Q(x) be the square with center  and edge length 1. For r > 1/2/2
let B, be the ball with radius r centered in the origin and let P be the union of
the squares Q(x) such that € Z? and Q(z) C B, (see Figure 2). We denote
these squares by Q(xy), for k = 1,...,m = |P|/|Q|, and the diameter of P by d.
Finally, we say that p is a (discrete) convolution kernel on B, if

pP= quXQ(a:k) where ¢ >0 and qu =1.
k=1 k=1

Clearly, p is constant on the squares Q(x,) (for k =1,...,m) and [, p = fB'r p=1.
For a sequence h, “\, 0 let us denote by Q,(x) the squares with center = €
h,Z? and edge length h,. Clearly, the vertices of @, (x) belong to the lattice



ha|Z? + (1/2,1/2)]. Moreover, let P, = h, P be the union of the squares Q,(x)
contained in By,,,. We write again P,, = U’ Qy(xy) for z), € hpZ? and we denote
the diameter of P, by d,. Then let p,(z) = p(z/h,)/h2. Clearly we can write
Pn = Z?:I(Qk/h%)XQn(mk)

Considering a structured mesh, we assume that the reference configuration
is a rectangular domain 2 and that, for every n € N,  is the union of the
squares @, (x) with center € (N h,Z?). We introduce for every n € N a set
of indexes I,, such that {x € (2N h,Z%)} = {z; : i € I,}. Now, forn € N
let T;, be a (structured) triangulation of Q with vertices on the lattice h,,[Z? +
(1/2,1/2)] (see Figure 1) and let V,, = V,,(, R?) be the finite element space of
continuous piecewise affine functions on T, such that ||ullc < k, where k is a
positive constant, arbitrarily large and fixed a priori. Similarly, we denote by
V the set of deformations u € SBD?*(Q) with |jullcc < k. We remark that the
constant k is not related to a physical constraints; indeed it is employed only for
technical reasons related to symmetrized gradients and its value does not effect
the convergence result.

Now, let us turn to the constitutive law. Let w : [0,4+00) — [0,1] be a non-
decreasing continuous function such that w(0) = 0 and

“+oo
/0 (1 - w(s)) ds < +00. (1)

Note that the monotonicity of w and (1) imply that lims 4o w(s) = 1. Then,
let f:[0,400) — [0,4+00) be such that f(0) = 0 and f'(s) = 1 — w(s). Since
(1 — w) is non-negative and non-increasing, it turns out that f is non-decreasing
and concave. Moreover

lim f(s)/s=1—w(0) =1

s—0t
(2)

s——400

+oo
lim f(s) = foo = /0 (1 —w(s))ds < +oo.

A typical example is given by the exponentially increasing damage, i.e. by

S

w(s) =1—e"® which gives f(s)=1—e"".

In some applications it is customary to consider also a damage parameter of the
form

0 for s < s,
w(s) =< (s—5se)/(sp —se) forse <s<sy
1 for s > sy,



for 0 < s, < sy, which gives

s for s < s,
f(S): S_(S_Se)z/z(sf_se) for Se<8<8f
sf—(sf—se)/2 for s > sy,

and separates clearly the elastic (s < s.), damage (s < s < sf) and fracture
regimes (s; < s). Finally, denoting by u : & — R? the displacement field and
by € = e(u) its symmetrized gradient, let W¢(g) = € Ce be the (density of) lin-
earized elastic energy. Our main convergence result is summarized in the following
Theorem.

Theorem 2.1 Let f be a non-decreasing, concave function satisfying (2) and let
p be a discrete convolution kernel. For hy, \, 0 let f,(t) = f(dnt)/dy. Let {F,} be
the sequence of discrete energies

|Qnlfr (W (e(u)) * prn(x;) forueV,
Fn(u) = Z; ( > (3)
400 foruELl\Vn.

Then F,, T'-converges with respect to the strong topology of L' to a functional of
the form

€ 1
rg{ e i [ o goruev
+00 forue L'\ V.

(4)

The density ¢ which appears in the jump term is a norm in R? which measures the
mesh bias introduced by the approximation. It depends only on the support P of
the convolution kernel p and it can be computed explicitly by the following formula
(see §3 for further details)

o(v) = max {2(v,&)/d : for { € P} . (5)

First of all we show that our energy density is associated to a constitutive law
of the form o = (1 —w, )C & where w,, denotes a non-local damage parameter. For
simplicity the effect of the boundary 02 on the convolution operator is not taken
into account. Since the functional is non-local we will compute the stress in terms
of the differential dF),(u). For every (admissible) variation du of the displacement
u we have

(dF(u), 6u) = lim % (Fo(u + t6u) — Fo(u))

= S 1@l [£(Wele + 169) 5 pu (@) — fu(W(E) 5 pu 1))

i€ln



Then we can write

(dFu(w), 0u) = D 1Qul £ (W (&) # pu (@1)) (o - 32 % pu (1)

1€ln

= > lQulfi@i) (o - be 5 pu (22)

1€ln

where ¢ = OW¢ /e is the elastic part of the stress and f),(x;) stands for f), (We(s)*

Pn (:c,)) Hence, writing explicitly the convolution operator,

dF,(u), 6u) = n ; Y h2) . 0ed
(AF 00 = 3 1Qulfy o (Xtas [ o sed)
= Y R2)|Qnl £ (2 €. dedy) .
33 (/)@ (@) /Q )

Then, considering f], as piecewise constant on the square @, the change of variable
T; = T; + T} gives

ar .50 = 3 (S0 ites —w0) ([ ot sed)

j€l, k=1

= ST % pu)(ay) / o° - Se dy

jEIn Q(mj)
= Z/ (f * p)(xj) o€ - dedy.
jel Q(m])

It follows that on each element contained in @, we can write o = (f], * pp) o€
while in terms of the damage parameter w we can write

o= (i % pu)o = (L —w p,)o” = (1 — 0,)o", (6)

where w,, = W, (x;) = w * p, (x;).

2.2 Some corollaries

In the applications, e.g. [3], non-local operators are usually defined by means of
convolution kernels supported on balls. Nonetheless, for the sake of generality and
comparing with similar results [15], [16], it seems interesting to consider also the
case of kernels supported on a convex, symmetric set. Thus, let C be a convex,
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Figure 1: A structured grid on the lattice h,[Z* + (1/2,1/2)].

bounded set in R? symmetric with respect to the 2 and y axes. Let P be the union
of the squares Q(x) contained in C' and let d be the diameter of P. For h, \, 0
let Qn, Py, d, be defined as before. Then, following closely the proof of Theorem
2.1, it is easy to prove this similar result.

Corollary 2.2 Let f be as in Theorem 2.1. Let p be a discrete kernel on a con-
vez, bounded symmetric set C'. For h, \, 0 the sequence of the discrete energies
F,, defined as in (3), T-converges with respect to the strong topology of L' to a
functional of the form (4). The density ¢ can be computed again by (5).

Clearly, with minor changes in the proof, Theorem 2.1 and 2.2 hold true also in
the framework of the space SBV. Denoting again by V,, the finite element space
of piecewise affine functions on the mesh T,, we can state the following result.

Corollary 2.3 With the notation and assumptions of Theorem 2.2 the sequence
of the discrete energies

‘Qn‘fn ’VUF * pn(mz) foru eV,
F(u) = zezl;l < ) (7)
+00 foru e LY\ 'V,



I'-converges with respect to the strong topology of L' to a functional of the form

/ |Vul|? do + foo/ p(v)dH'  foru e SBV
u) =4q Jo S(u)
+0o0 forue L'\ SBV.

F( (8)

The density ¢ is given again by (5).

Finally we remark that, with a small change in Lemma 5.1, all the previous
convergence results holds true also in the case of ()1 elements on a square mesh

Qn'

2.3 A further relationship between damage and frac-
ture

As we have seen, Theorem 2.1 gives a fracture energy as the limit of a rescaled
damage energy in a discrete setting. This relationship is strengthen in the contin-
uum framework by considering the scale effect of damage. Let p : B, — (0, +00) be
a symmetric convolution kernel with support B,.. We consider a non-local operator
given by

W o) = [ W) oly ) dy.

Under these assumptions, we will consider a free energy of the form

Fw = [ F(Wie)«p(a) do. )

where, for simplicity, the effect of the boundary 9<2 on the convolution operator is
not taken into account. As before, this energy density is associated to a constitutive
law of the form o = (1 —w)C e where w. Considering a variation du, the Gateaux
differential OF (u) is given by
1
(OF (u), 6u) = lim n (F(u+tou) — F(u))

1

=1 [ 1(Wee+t5e) 2 p(@) = F(W(E) o (@) da

Then, assuming all the quantities to be sufficiently regular, we can write
(0F (u),ou) = / f’<We(s) * p(a:)) (0'e - dE * p (:E)) dx
Q
— / f'(z) <ae -de*p (a:)) dz,
Q



where f'(z) stands for f’(We(s) * (az)) Again, writing explicitly the convolution
operator,

(OF (u), 6u) = /Q ') /Q o () - 3e(y)p(x —y)dy) du
= /Qae(y)'56(y)(/9f’(x)p(w—y) dx) dy
=/Q<f’*p>ae-6edy.

It follows that o = (f’ * p) ¢ and with the damage parameter w we get
—\ €

o= (f *p)o = (1 —wxp)o° = (1 — D)o,

where

w(x):w*ﬂ(fﬂ)Z/Qw(y)p(w—y)dy:/

) w(We(e) «p () pl — y) dy.

Now, let us take into account the non-linear scale effects of this energy: let the
domain be AQ, for A > 1, and consider the deformation uy : AQ — R? defined by
ux(x’) = u(z’/N). The energy (9) is then given by

Fluy) = /m f<We(€>\) * p(a:')) dz’ .

Being Vuy (y') = Vu(y'/A) /X we have W¢(ex(y')) = We(e(y'/)\))/A? and then can

write

Fa) = [ 5[ W@ —aay)
= /m f(/Br(x/) %WE(E(?//A)) py' — ) dy’) da’.

By the change of variables ' = Az and 3’ = \y we get
— i e ! I 7\ \2
Fa = [ (s [ WHew /A oy~ Ar)ay' )32 da
Q By (A\z)
1
= [ i [ W) ol = A0 dy) da
Q Bryn (@)
1

N /Q)\2f(p /B(T/A)(CU) WHew e =) dy) -



where py(z) = A2p(A\z). In particular, note that the radius of the non-local oper-
ator is now ry = r/\.

Denoting by f(t) = A2f(t/A?) we can say that at the scale A the energy F is
equivalent to the rescaled energy Fy in the reference domain, i.e.

Fluy) = Falu) = /QfA (We(e) * pA(a:)) dz .

It is well known that for large domains, i.e. for A > 1, quasi-brittle materials
behaves like brittle materials; indeed, as A\ — 400, the rescaled (non-local) energies
F converge [16] to the Griffith (local) energy

Glu) = / We(e)dz + foH (J ().
Q\J(u)

which describes an elasto-brittle behaviour.

3 Anisotropy

Let P be the polygon defined in the previous section. Note that, just by definition,
P inherits the axial symmetries of Z2. Let co(P) be the convex envelope of P;
then we define the anisotropy function ¢ : R? — [0, +00) as

d(v) = max {2(v,&)/d : for £ € P} = max{2(v,§)/d : for £ € co(P)} . (10)

Moreover, let & for i = 1,...,m be the vectors of the vertices of co(P); being
co(P) a convex polygon, we get also ¢(v) = max {2(v,&)/d : fori=1,...,m}. In
particular, ¢ is the dual of a norm with unit ball 2co(P)/d. Given P, the unit
(anisotropic) ball {¢(v) < 1} can be computed graphically in a very easy way (see
Figure 2): by (5) it is sufficient to draw the lines (v,2¢;/d) = 1 and then to take
the intersection of the half planes (v, 2¢;/d) < 1.

Now, let us see how the anisotropy ¢ is related to the smeared representation
of the fracture. Let J denote a line segment in R? with unit normal v. For h > 0
let Q, = hQ and P, = hP be the rescaling of @ and P in the lattice hZ?. We
denote by dj = hd the diameter of P,. Since it is not restrictive, we assume that
JNhZ? = () and let ; fori = 1,..., M be the points of hZ? such that Qj,(x;)NJ # 0.
For convenience, we define a further set .J;, as the piecewise linear curve joining the
points x; (for i = 1,..., M) with horizontal and vertical line segments of length h
(see Figure 3). Note that Jj, is in some sense the representation of J in the discrete
geometry of the lattice hZ? and that it does not depend on the support Pj,. Now,
for every point @; (for i = 1,..., M) we consider the polygon Py(x;) = P, + x; .
The smeared representation [J, of the “crack” J is then given by the union of
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Figure 2: Left: balls B, for r = v/2/2 and r = v/10/2 (dashed) and polygons
P (solid). Right: anisotropic unit circle {¢(v) = 1} (bold), unit circle |v| =1
(dashed) and polygon 2co(P)/d (solid).

the sets Pp(x;) and is a closed neighbourhood of J. The following proposition
establish a precise link between the smeared crack J, and the mesh bias (10) with
the diameters dj, playing the role of the characteristic lengths.

Proposition 3.1 Under the previous assumptions we have
lim [ 731/ = H (1) (0).

Proof. Given v with |v| =1 let £ € co(P) such that ¢(v) = 2(v,&)/d. Moreover
let J,f = {Jp + t& for |t| < h}. We will prove that

|Tn| = |J5] + O(h?). (11)
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Figure 3: J and J,.

From this estimate follows limy_q |74|/dn = HY(J)é(v). Indeed, apart from the
endpoints, whose contribution is negligible, the sections of JfL in directions £ have
length 2h|€|; hence by Fubini’s Theorem we can write that

Tl fdn = | |/dn + O(h) = [{] + €€ for |t] < h}|/dy, + O(h)
= 2[J[(v,§)h/dn + O(h) = |J|p(v) + O(h),

which gives the required limit.

Considering that the contribution near the endpoints is of order O(h?), to
show (11) it is sufficient to prove that Jj, = Jhg whenever J is a (infinite) line with
normal v.

Step I: J,f C Jn. First of all observe that by construction the sections of
Py, parallel to é; = (1,0) and é2 = (0,1) are convex, and that the same holds
for Py(x;) U Py(x;q1) for @; and x;11 consecutive points of J,. Let y € Jg;
then by definition y = x + t§ with € Jj, and [t| < h. Note that x belongs to
a segment [x;, x; 1] parallel to é; (for i = 1 or i = 2) where x; and x;;1 are
consecutive points of Jy. Then = Ax; + (1 — N)x;4 for some A € [0, 1], and thus
y = MNx; +t)+ (1= N) (i1 +1) for (x;+t§) € Py(x;) and (x;41+t€) € Pp(xit1).
From the convexity property of P (x;) U Pp(x;+1) along the directions é; it follows
that

y € Py(xi) U Py(Tit1) C Th-

Step 2: J,f D Jp. For every vertex x; € Jy, let J° denote the line parallel to J
through x;; first of all we prove that Py (x;) C {J°+ 1t for [t| < h} (see Figure 4).



By a translation argument, we can suppose x; = 0; then
J°={veR*: (v,v) =0}, Jo+hé ={veR?: (v,v) = (h&,V)}.
We introduce also the half-space
[0+ el = {v € R ¢ (v,0) < (€, )}

Observe that by the choice of £ we have max,ep, (w,v) = (h&,v); then (w,v) <
(h&,v) for every w € Pp,. This implies that P, C [J°+hE&]~. By the same argument
Py, C [J° — h&]T, where

[J° = he]T = {v e R?: (v,v) > —(h&,V)}.

Then
Py, C[J°+hE]™ N[J° = hE]T = {J° +t for |t| < h}.

This implies that P, C J 5; indeed, suppose by contradiction that
(Jn = hg) Nint(Py) # 0,

then (see Figure 4), being J, — h€ a piecewise linear curve with vertices on the
lattice hZ? — h¢, it follows that an entire line segment of Jj, — hé is contained in
Py,. We denote it by [z, z}]. Hence, there are two squares @1 and Q3 (represented
with dashed lines in Figure 4) contained in Pj, and such that Q1 N Qq = [z}, z5].
Since J° — h€ is not contained in P, in the worst case it will pass through a vertex
of Q1 U @3. Then, with the notation of Figure 4 by the definition of Jj it follows
that J — h& intersects the interior of ()1. At the same time, the definition of J°
implies that J — h& intersects the interior of ()9 since by translation both J° and
J intersect Qn(x;) (see again Figure 4). This is clearly a contradiction. ]

4 The I'-limsup inequality

To obtain the estimate from above for the I'-limsup, we take into account the
density results [17] and [18]; thus we can limit ourselves to considering functions u
which are Wk (Q\ J(u), R?) (for k arbitrarily large), where J(u) is the disjoint
union of segments J;, for j = 1,..., M. Moreover, without loss of generality, we
can suppose that J(u) does not intersect the vertices of Tj,.

Let u, be the Lagrange interpolation of u in V,,. Let us denote by J,, the set
{i € I, : Qu(z;) N J(u) # 0} and by J, ; the set {i € I, : Qn(x;) N J; # 0} for
j=1,..., M. Using the notation of the previous section let

Tn = U Py(x;) and J, ;= U P ().

i€y i€Jn,j



Figure 4: Representation of some sets used in the proof of Proposition 3.1.

Define I} = {i € I, : Qu(x;) C Jn} ans I, = I, \ I]; then we can write

lim sup B (1) <limsup > |Qulfo (W (e(un))  pu(w1))

n—-+00 n—-+o0o

1el], (12)
Hlimsup 3 (Qul (W ((un)) # pua) ).
T Gery
We will show that
hmsup Z \Qn]fn( “(e(un)) * pn( :cl / We(e (13)

iel],
and
e 3= (Qul o (W elon)) 5 pu(e) < o [ o). (19

n—-+o0 | e

From (12), (13) and (14) it follows that limsup,, ., o Fi(uyn) < F(u).

Before proving (13) and (14) it is convenient to write the non-local operator



in different ways: denoting by P, (x;) the set P, + x; we get

W) pal@:) = | WHe(w))pn(e —2;) dv

—m2 ¢(e(u))dx
—-j£j<qk/hn>jgn(mk+mﬂtw’<e< ) d

1
%f W (e (u)) d.
Qn(xr+x;)

First consider the sum on I; since f is concave, by condition (2) f(t) < ¢
and then f,(t) < t. Thus we can write, recalling the definition of the convolution
kernel,

Z |Qnlfr (WG(E n)) * pn(Ti) > Z Qn| WE(e(un)) * pn(z:)

iel], i€l

= > 1@l Z qi/h3) / We(e(uy)) dx

iel!, Qn(zp+i)

_Z%Z/ (e(un)) de.

_ ZEI’ n(mk +ﬂ37,

e
I

I
NE

B
Il

1

Observe that given k for every i € I}, we have Q,(x; + x;) = Qn(x;) for some
j € I, \ Jp; moreover, for every such j there exists at most one index i € I], such
that Qn(zx + ;) = Qn(x;). Then, as Y ;" gx = 1, we have

> 1Qulfu (W (o) 5 pu(w2)) S a Y ) de

il k=1 j¢J, =" (;)
= Z / n))dz.
J¢dn ”(m’

Now we show that
gy @n(@i)
Let @y, = U;¢,, @n(x;); then

Z/ e(uy) da:—/We ) dz
e

J&In

e(uy)) d:v—/I/Ve

<

< Z/ W (e(un)) — We(e(u))| da+ We(e(u)) da.

iETn n(x;) A2y,



Since [\ Q,] — 0 and W¢(e(u)) € L'(Q) the second integral goes to 0. For
every j ¢ J, we have the following pointwise estimate, which descends from the
definition of W*:

(We(e(un)) — We(e(u))| =% [(e(u) — €(un))C(e(u) + (un))|
< cle(u) — e(un)|le(u) + e(un)|
< 2cle(u) — e(un)|[Vull L= (@, (2)),R?)
< d|Vu, — Vul,

where ¢ > 0 does not depends on j and n. On every square Q,(x;) for j ¢ J, by
[19] Theorem 3.1.6 we have, for every p € [1,+o0],

llun = ullwia < clQul'™Phylulw2s

where |u| is the seminorm of the second derivative of w. Thus for every j ¢ J,

/ |We(e(upn)) — We(e(u))|de < c'/ |Vu, — Vul|dx
Qn(z;) Qn (i)

< c//‘Qn‘l_l/phn’u‘Wlpa

and then
S et = W)l de < 3 IQul T bl
igdn Q@) Jel;,

= C//’u‘Wzvphn’Qn’_l/p Z |Qn
JeI,
< ' [ulyzohy P10,

which tends to 0 for p > 2 and this conclude the proof of (13).

For the proof of (14) we observe that as

(W) () < 22,

we can write

timsup 37 [Qulfu (W () # pu(a:)) <foo§jhmsup Y [

n—-+00 iel” —, n—+oo GI”




where I}, ; = {i € I} : Qn(®;) C Ji}. By Proposition 3.1 we get (14), since

| Tn 51
lim su nlfn * pn(x;) ) < foo lim sup —>~
map 3 12 1 (W (e n) # p(i)) < 1 Zwo}? T
< foo Z o(v)H' (J;)
j=1
= foo o(v) dH’,
J(u)
and this concludes the proof. [ |

5 The I'-liminf inequality

For every open subset A of Q let I/, = {i € I, : P,(x;) C A}. We define the
localized functionals

n n we w)) * Pp\; or u Vn
Fn(%A){QiE%f( (e(w) * pal@))  forue )
+00 for u € LY\ Vy,

and

/ We(e(uw))dz + foo / p(w)dH'  forueV
J(u)NA
forue LY\ V.

Let u, — u in L', with u, € V;, and liminf, ., o F,(un, A) < +00; we will show
that
lim inf F, (uy,, A / We(e

n—-+00

(16)
hmlan (up, A) > foo/ P(v)dH .
J(u)

n—-4oo
By Proposition 6.2, since the function
w(-) = I-liminf F,, (uy, -) = inf{liminf F,, (uy,,-) : u, — u}
n—-+00 n—-+4o0o

is superadditive on disjoint open subsets of ) and since the densities W€(e(u))
and ¢(v) are supported on the disjoint Borel sets € \ J(u) and J(u) we obtain

- hmlan (up, A / We(e(u))dx + foo/ p(v)dH' = F(u).
J(u)NA

n—-4o0o



5.1 Estimate for the bulk energy and compactness

Let 6 > 0 small and A% = {& € A : d(x,0A) > §}. For n sufficiently large A°
is covered by the union of the sets P,(x;) for i € I]. From (15) and by Jensen’s
inequality we have

wuns 4) 2 37 1Qulfu (WE(e(un))) * pu(wi)

1€l

AL /Q i +m)fn (W*(e(un))) d

k=11i€el],

Suy |

_ i€l n(@K+a;)

We(e (un)))dﬂc.

Observe that for every k = 1,...,m and for n sufficiently large A° is covered by
the union of the squares Qn(a}k + x;) for ¢ € I]; thus

S [ n(weew)r= [ (e
EI’ n $k+ﬂ3 A8
Then, recalling that >~}" ; g, = 1, we have

(u, A) > qu Z/ . e(s(un))>dm

= iel],

Arguing for instance as in §5.1 in [6] we get

lim inf F, (uy,, A /VVe

n—-4oo

which gives the lower estimate for the bulk energy. Moreover, by (17) and §5.1 in
[6], if u, € V,, and F,,(u,) < 400 then u,, is precompact with respect to the strong
topology of L.

5.2 Estimate for the fracture energy

We want to show that

lim inf F, (un, A) > foo / p(v)dH.
J(u)

n—-4oo



Since W¢(e(u)) > ple(u)|?, by the monotonicity of f we get

Fa(ttns 4) = 3~ 1Qul fu (sile(n) 5 pu (1) ). (18)
i€l
The idea of the proof is a reduction from P, (x;) to a finite family of symmetric
rectangles Rg(a}l) contained in co(P,(x;)); then the supremum of the family of
the anisotropy functions )¢, associated to every Ri(mi), will be ¢. Hence, as a
preliminary case, we consider our discrete functional to be defined on auxiliary
rectangular meshes.

5.2.1 A preliminary case

Let us consider the lattice 2aZ x 2bZ and the rectangle R = (—a, a) x (—b, b), with
a,b > 0. Considering the mesh with vertices on the lattice (2aZ x 20Z) + (a, b) let
T be the triangulation obtained dividing every rectangle R in two triangles T as
in Figure 5.

T T

Figure 5: The triangulations T and T".

For h, \, 0 let T, = h,T and let V,, be the space of finite elements on
T, = h,T. Let A be an open subset of R? and A, = {T of T: T C A}. In
this section we take into account the functional

1
| T |—f chn|zs(un)|2 for u, € V,
Gr(tn, A) = T%:‘n hn, ( )

400 for u, € LY\ V,,

where ¢ > 0 is a constant. Following the proof in §5.2 of [6] we obtain

n—-4oo

lim inf Gy (un, A) > foo / Y(v)dH!, (19)
J(u)NA



where ¢(V) = Supi:1,2,3{2|<yv 772>|} with 71 = (a>0)> n = (a> b)> n3 = (07 b) (See
Figure 6). Let us consider the symmetric triangulation T” as in Figure 5. With
obvious modifications in the notation, it is clear that, by symmetry,

n—-+00

hmlnfG (up, A) > foo/ Y (v) dH?, (20)
J(u)NA

where W(V) = Supi=1,2,3{2‘<1/7 T]ZH} with m= (CL,O), 2 = (—CL, b)7 n3 = (07 b)

Figure 6: The rectangle R = (—a,a) x (—b,b); the circle {|v| = va? + 1?};
the level curves (from left to right) {¢(v) = vVa? + b?}, {¢'(v) = Va? + b}
and {(¢ V¢')(v) = va? + b?}.

5.2.2 The general case

Let £ = (a,b) be a vertex of co(P); by symmetry it is not restrictive to consider only
the case a,b > 0. Let R€ = (—a,a)x (=b,b). For h,, \, 0let RS = h, R¢. Recalling
that p = > /L1 GeXQ@y), @k > 0, 2jey e = 1, let ¢ = min{qx : k= 1,...,m} > 0;
since P, (z;) D RS(x;) we have

q
‘E(UH)P * pn(Ti) > o) ]e(un)\2dw
h?
R (@)

|R5|
|QTL| R (x;)

e (un) |2 dz.

Since f, is non-decreasing from (18) we obtain
w(tn, A) = > |Qul fa ( ][ )\e(un>r2dx> ,
iell, B (i

with ¢ = pg|R%|/|Qn| a positive constant independent of n. Let Ré = U;’il Q(x;),
with &; € Z?; then Z? can be written as the disjoint union of the sets 2(aZ x bZ) +



x;, for j = 1,...,m, and similarly I}, = U;ﬂ 1 Ly where 1D = {i € I}t x; =
hnx; + 2h,(aZ x bZ)}. Hence we have

n(uns A) 2 ) Qnlfn ( ][ w)!f-:(un)\zdw>

el
‘Qn‘ g 2d
;,Ru |fn<]{%n(wz)|e<un>| :c>
—Z > u%%(f re<un>\2dw>-
ZEI’ " i)

Fix j =1,...,m/ and consider the functional
Fjn(un, A) = Y |Ri|fn ( ]l |e<un>|2d:c> -
ZGII n(wi)

For every j = 1,...,m' consider the auxiliary triangulation T; with triangles
oriented as in Figure 7 and with vertices on the lattice 2(aZ xbZ)+x;+&. Denote by

D C
Ri(wy) |+ /] | Y N 4 i/
/¢ O
oy L o |/ v ]
Ly | . R R Y R Y
Q(x;) . |
A B T

Figure 7: The triangulation T}.

W » the space of finite elements on T ,, = h,, T;. For u € V,, let w € W ,, such that
w(x) = u(x) for every x vertex of T} ,, (the field w re-interpolates the displacement
field u on the triangulation T ,). In general the elastic energy density W€(e(u))
could be greater than W¢(e(w)); however we have the following control.



Lemma 5.1 There exists ¢ > 0, independent of n, such that for all u € V,

/ e (u)2dz > c/ e (w) 2da.
RS RS

Proof. A simple rescaling argument show that the constant ¢ does not depend
on n. Thus we can assume h,, = 1 and we will drop the subscript n.
By contradiction we assume that for all m € N there exists u™ € V with

/Ré\( \dm<—/ m™)2da.

By normalization we can suppose [pe |€(w™)[*dz = 1, and then [p |e(u™)|*dx <
%; thus, being u™ piecewise affine, e(u™) — 0 uniformly in R¢. Let A, B,C, D be
the vertices of RS, as in Figure 7. By translation we can suppose u™(B) = 0 for
all m € N; let u™(A) = (of*,ai?), u"™(C) = (7", 74"). Then, on ABC, we have

—al'/2a A/2b

Duw™ =
—ay'/2a 3" /2b
from which
_ot 1 <l _ a_z>
2a 4\ b a
e(w™) =
1 (’L _ a_2> '
4\b a 2b

Considering the triangle ABC' and the edge AB, since w™ is affine on AB and
interpolates u™ on the vertices of RS, we have (using the notation of §6.1)

DA < ][AB Do de = ]{m (e(u™)ey, )2 do < ]iB (™) da.

Moreover, as €(u™) is constant on triangles of T', we get

7[ e \2dx<c][ (™) da,

with ¢ > 0 independent of m. Then |D61w2| — 0. The same holds for é; and for
¢ = 2aé1+2béy (considering the edges BC and AC respectively), i.e. |D® wgr| — 0
and |D<w2”| — 0. Thus we obtain of*,v5* — 0 and

m

m m m am
Dcwc = (—2aa7" + 2bvy") + ba (% — %) — 0,

from which +{"/b — o' /a — 0. Then |e(w™)] — 0 on ABC'. Similarly one shows
le(w™)| — 0 on ACD; this is a contradiction, since [p |e(w™)[*dz = 1. ]



Remark 5.2 The proof of previous Lemma can be obtained in other ways; for
instance applying inequality 2.47 in [20] we know that for all u™ there exists S(u™),
where S(x) is an affine function Az +d with A skew symmetric n X n-matriz, such

that
/ ™ — S(u™)|2da < c(R)/ e (u™)|2da.
R¢ RE

Assume that [ le(w™)|?dx = 1; arguing by contradiction as in the previous proof,
if le(u™)] — 0 then u™ and w™ converge to an affine function S = Az + d with A
skew symmetric. This would imply [ |e(w™)[*dz — 0.

By Lemma 5.1 we have

Fin (un, A Z |R£|fn ( ][ |5(wj,n)|2d$> )
Rn wz)

ZGI’

for some ¢ > 0 independent of n, where wjn € Wy, is the re-interpolated of u,
in the triangulation T} ,. We have

1
e(wjn)2de = —|T|e 2+—TT 2
]éz%(mi)\ (wjn)] R I Talle(w],)] Talle(w] )l

| |R3|

_ Je(wi )P+ le(w) )P
- > ,

f n and wi - are the restrictions of wjn on, respectively, T! and T (the

left and right-triangle that divide R%); then by concavity of f,
()P + ()Y 1 1
/ Jn Jn > 2 ’ ¢ \2 1 < / V2
fa < 5 > 2 fa(le@] ) P) + 5 fu( o] ) 2).

Now, we want to apply the preliminary case; to do this, let § > 0 small and
A% ={z € A:d(zx,0A) > §}; then for n sufficiently large

Fintns 4) 2 Y [Tl fu(le(wsn)?) = ZlTlh —F(hncle(wsa)l?)

T,.CA

where w

For n sufficiently large the union of the triangles T C A contains A%. Thus by (19)
we get

n—-4oo

lim inf Fj ,, (up, A) > foo/ Ye(v)dH",
J(u)NAS



with T;ZJE(V) = Supi:1,2,3{(2/d)|<y7 77@>|} with m = (a>0)> 2 = (a> b) = ¢ and N3 =
(0,b). Then

n—+00 J(u)NAS

- foo / | / '

liminf F,, (u,, A) > — Ye(V)dH" = foo Ye(V)dH" .
(un, 4) 2 77 ;:1: s ¢(v) ¢(v)

By taking the supremum for § — 0 we get

liminf Fy, (tn, A) > foo / Ve (v)dH . (21)
J(u)NA

n—-+o0o

Now, let us consider the triangulation Tj' with elements oriented as in Figure 8
and vertices on the lattice 2(aZ x bZ) + x; + £. Following the proof above it is

,,,,,,,,,,,,,,,,,

fffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffff

2b

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

————————————————————————————————————————————————

2a \ | T,

Figure 8: The triangulation Tj.

easy to see that

lim inf Fy, (tn, A) > foo / AL A (22)
n—+00 J(u)NA
where 1y is given as in (20), i.e. ¥¢(v) = sup;—1 2 3{(2/d)[{v, )|} with m = (a,0),
n2 = (—a,b) and 73 = (0,b). From the definition of 1)¢ and 1% it is easy to check
that
de(v) 1= (e Ve (v) = (/) (1w )V 1(,€)])

where £’ is the symmetric vector with respect to the horizontal (or vertical) axis.
By (10) it follows that ¢(v) = supg ¢¢(v) where the supremum is taken over the



vectors & € co(P). Then setting A = H'LJ(u), by (21), (22) and by Proposition
6.2 we conclude that

n—-+o0o

liminf F, (tn, A) > foo / p(v)dH*,
J(u)NA

which gives the required estimate.

6 Technical results

6.1 Special functions of bounded deformation

Let © be an open, bounded and Lipschitz subset of R?; a function u € L'(Q2, R?)
is called a special function of bounded deformation if the symmetric part of its
distributional derivative

Eu = % (Du + DuT)

is a finite measure on ) which can be written as Fu = e(u)L" + (vt —u™) ®
v H ' J(u). We denote by SBD() the space of special functions with bounded
deformation; moreover, we denote by SBDP(Q2), for p > 1, the space of all SBD-
functions with e(u) € LP(Q, R**?) and H!(J(u)) < +oo.

For ¢ € S* let u¢c = (u,¢). If u € SBD(Q) then Du¢ = (Dug,() is a Radon
measure and DCUC = (Fu(, () in the sense of measures and pointwise if u is regular.

The following density result [17], [18] is what we need for the proof of the upper
bound for the I'-limsup.

Proposition 6.1 Let ¢ be a norm in R2; for every u € SBD(Q) N L>®(Q, R?)
there exists a sequence u, in SBD(Q) converging to u in L'(Q,R?), in such a
way that |[un||eo < ||tllos, Un € WEX(Q\ J(uy,),R?) (with k arbitrary large) and
e(un) — e(u) in L2(Q,R?*2). Moreover J(uy,) is the union of a finite number of
disjoint segments and

lim p(v)dH' < (v)dH®.
=00 (un) J(u)

6.2 Supremum of measures

We conclude recalling a very useful tool from measure theory, which can be used
for the I'-liminf inequality; we denote by A(€2) be the set of all open subsets of €.



Proposition 6.2 Let p: A(Q2) — [0, +00) be such that u(AU B) > p(A) + p(B)
for every A, B € A(Q) with AN B =) and let \ be a positive Borel measure on S).
If ; is a family of positive Borel functions with

/ GidA < p(A), VA € AQ)
A

then
/ sup;d\ < p(A), VA€ AQ).
A
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