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ABSTRACT. We study the uniform properties of solutions to a singular perturbation problem
associated to a general second order parabolic operator. In particular, our main results show
that, under suitable assumptions, the limit function is a pointwise solution to a free boundary

problem that naturally arises in combustion theory.

1. INTRODUCTION

In recent times there has been a resurgence of interest in the regularity of two phase free
boundary problems, especially in the difficult parabolic case. These problems are often approx-
imated by regularizing ones. To obtain information about the solution to the original problem
one tries to establish results for the approximating ones which carry over in the limit. In this
work we are concerned with a free boundary problem for a large class of parabolic partial differ-
ential equations. It consists of the determination of a function u(z,t), defined in a space-time

domain D C R™*!, which represents a temperature and is a weak solution to
(FBP1) Lu = divA(z,t)Vu — du + b(x,t) - Vu+ c(xz,t)u =0 in D\ 0{u > 0}.

We assume that A(z,t) = (ai;(z,t)), ; € CHR™*1) is an m x m real, symmetric, uniformly
elliptic matrix, with bounded L*°-norm, and b,c € L®(R™*!). The notion of weak solution
is described in [LSU]. Two conditions are given on the a priori unknown moving interface

D N o{u > 0}, also called the free boundary:
(FBP2) u=0,
(FBP3) (AVut, n)? — (AVu ™, n)? = 2M,

where M is a positive constant,  denotes the inward spacial normal to D N d{u > 0}, ut =
maz(u,0), and u~ = max(—u,0). This problem arises in a natural way in combustion theory, to
describe the propagation in non-homogeneous media of deflagration flames in the limit of high
activation energy. It is obtained via an asymptotic method which simplifies the complicated
system of nonlinear equations (conservation laws) describing the process of combustion on the
basis of physically sound approximations. The main assumption is that of taking to the limit the

activation energy of the chemical reaction. For further details we refer the reader to [BL], [BE],
1
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and [V]. The very way the problem is derived, as a simplified asymptotic model, suggests viewing
it as the limit of approximating singular perturbation problems consisting of the semilinear

equations
(SPP) Lu® = B (u®)

where e — 0 (which corresponds to letting the activation energy go to infinity). In order to
approximate problem (FBP1-3) as ¢ — 0, the term [.(u®), which represents a reaction term for

the temperature, has to satisfy certain conditions. Specifically, we will assume
1 s
B.5) = -8 (2).
e \e
with 8 a nonnegative, Lipschitz continuous function, supported in [0, 1], such that

18] ooy < Mo < o0 and /ﬂds:M.
R

The elliptic version of this problem in the one phase case (i.e. when u® > 0) and, in particular,
the issue of convergence for traveling waves, have been studied in the pioneering work [BCN].
The first results in the parabolic context, again in the one phase setting, were obtained in the
important paper [CV], where the authors dealt with the initial value problem associated to
(SPP). When L is the heat operator H = A — 9, they proved that the functions u® converge to

a function u which is a weak solution of the free boundary problem

Hu=0 in {u > 0},
u=0,u,=v2M  on d{u > 0},

(1.1)

under suitable assumptions on the initial data u§. In (1.1), u, denotes the derivative of u
with respect to the inward spacial normal 7 to the free boundary. More recently, Caffarelli,
Lederman and Wolanski ([CLW1], [CLW2]) have continued with the local study of the equation
Hu® = B.(uf), in a domain D C R™*!, in the more general two phase setting (that is, the
solutions are allowed to change sign). They have shown that the limit function u satisfies
(1.2) Hu=0 in D\ 9{u > 0},
u=0, (uf)*—(u;)*=2M  onDNd{u>0}

in a pointwise sense at “regular” free boundary points and in a viscosity sense when {u = 0}° = ).

The aim of the present work is to extend these results to the general operator L which appears
in (FBP1). We consider a family {u°} of solutions to (SPP) in a domain D C R™*!. It has been
shown in [CK] that if {u®} is uniformly bounded, then it is locally uniformly Lipschitz continuous
in space. Section 2 is devoted to the construction of a family of uniformly bounded solutions,

obtained by solving a Neumann-type boundary value problem with uniformly bounded initial

data. In Section 3 we prove that uniformly bounded solutions are also locally uniformly Holder
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continuous in time, with exponent 1/2, and that they converge uniformly on compact subsets

of D to a function v which is a solution to
Lu = p,

where p is a nonnegative measure supported on DN o{u > 0}. In particular, u satisfies (FBP1)
and (FBP2). Next, we address the following central question: Is the free boundary condition
(FBP3) satisfied? The strategy to provide a positive answer is to investigate the local behavior
of the limit function v around a free boundary point (xo,tp) € DNI{u > 0}. Our main results,
Theorems 1.1 and 1.2, show that, under suitable assumptions, v has an asymptotic development
around (zg,%p) which implies that both (A(z,¢)Vu™,v) and (A(z,t)Vu~,v) exist, and that

condition (FBP3) holds in a pointwise sense. We introduce first the relevant definitions.

Definition 1.1. A unit vector n € R™ 4s said to be the inward unit spacial normal in the
parabolic measure theoretic sense to the free boundary 0{u > 0} at a point (xg,ty) € 0{u > 0}
if
(1.3) lim %Jrg // X {u>0} = X{(a,t)|(x—z0,m)>0} | dz dt = 0.

r—=07r Qr(wo,to)
Definition 1.2. Let u be a continuous function in a domain D C R™TL. A point (zg,t9) €
DNo{u > 0} is said to be regular from the positive side if there is a cylinder Q,(y,s) C {u > 0}
such that (xo,t0) € 0Q,(y, s).

Definition 1.3. Let E,I' ¢ R™*'. We say that E has uniform positive density on I' if there

exists c,rg > 0 such that

%Zc for 0 <r <rg, (x,t) €.

Definition 1.4. Let v be a continuous function in a domain D C R™TL. We say that v is

nondegenerate at a point (zo,to) € DN {v =0} if there exist ¢, ro > 0 such that

=/
— vdxdt > cr for any r € (0,719).
2 ) @outo)

Our first hypothesis concerns the regularity of the free boundary at (zo,to):
(H1) 9{u > 0} has at (zo,t0) an inward unit spacial normal 1 in the parabolic measure theoretic
sense.

Moreover, without loss of generality, we may assume:
(H2) A(zo,t0) = I.

The following theorems precisely describe the above mentioned asymptotic expansion. Due
to their intrinsically different natures, it is necessary to treat the one- and two-phase cases

separately.
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Theorem 1.1. (One-phase case) Let usi be solutions to (SPP) in a domain D C R™! such that
u® — w uniformly on compact subsets of D and €; — 0. Assume that (xg,ty) € DN o{u > 0}
satisfies (H1) and (H2), and that u > 0 in D. Let I' C DN o{u > 0} denote the set of free
boundary points that are regular from the positive side and suppose that:

(H3) There exists 6 > 0 such that the set {u = 0} has uniform positive density on I'NQs(xo,to);
(H4) u is nondegenerate at (xg,to).

Under these assumptions, we have
(1.4) u(e,t) = V2M(x — z0,m) " + o[z — wo| + [t — to|'/?).

We would like to emphasize that Theorem 1.1 is new even in the special case L = H, and
complements the results already available in the literature. In fact, in [CLW2] the authors prove

in particular that nonnegative limit solutions to Hu® = (. (u®) satisfy (1.4) under the assumption

that the set {u = 0} have vanishing density at (xo, %), i.e. lim,_g 0o to)]

corresponding result in the two phase setting reads as follows.

Theorem 1.2. (Two-phase case) Let ui be solutions to (SPP) in a domain D C R™*! such
that u® — w uniformly on compact subsets of D, and e; — 0. Let (zo,t9) € DNO{u > 0} satisfy
(H1) and (H2). Assume moreover:

(H4’) u~ is nondegenerate at (xq,tg).

Then there exist o,y > 0 such that
(1.5) u(z,t) = alz — x0,m) " — (@ — m0,m) " + o]z — @0 + [t — to|"/?),

with
ol — 72 = 2M.

We explicitely observe that Theorems 1.1 and 1.2 are of a local nature. In fact, on the one
hand, the u® are not forced to be globally defined, nor to take on prescribed initial or boundary
values. On the other hand, all of the hypotheses are made only at the point (xg,ty). The
one exception is given by (H3), which can be interpreted as a nondegeneracy condition on the
vanishing part of u in a (small) neighborhood of (z,ty). Conditions of the type (H3), (H4), and
(H4’) first appeared in the study of free boundary problems in [AC] and [ACF], and they seem
to be natural assumptions in order to prove the regularity of the interface, see the discussion
below.

The key ingredient in proving Theorems 1.1 and 1.2 is a blow-up argument. Precisely, one
performs a parabolic scaling of u around (zg,to) by letting uy(z,t) = Fu(zo + Az, to + A%t),
and studies the limit U obtained when A — 0. The core of the proof is then to show that U is

piecewise linear, with the “right” gradient jump. From this fact, the desired conclusion readily
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follows. In order to carry out this plan, it is necessary to understand a very special case, namely
when the limit of solutions to a rescaled problem is given by the difference of two hyperplanes,
see Propositions 3.5 and 3.6. Section 4 is devoted to the proof of Theorem 1.1. One of the main
ingredients in the proof consists in the study of the precise behavior of Vu near free boundary
points, see Theorem 4.1. The proof of Theorem 1.2 is contained in Section 5. We mention here
that the nondegeneracy assumption on u~ allows to apply a beautiful two-phase monotonicity
formula, due to Caffarelli and Kenig [CK], combined with an important convexity property of
eigenvalues proved by Beckner, Kenig and Pipher [BKP]. Finally, we show in Theorem 5.1 that
if the free boundary is given by a differentiable hypersurface in a neighborhood of (z¢, t), then
the conclusion of Theorem 1.2 continues to hold with v > 0, and assumptions (H3), (H4), and
(H4’) replaced by a single weaker nondegeneracy condition:

(H5) If lim inf, W =0, then u™ is nondegenerate at (zo, to).

The results presented in this paper constitute the first crucial step in investigating the reg-
ularity properties of the free boundary 0{u > 0} for the problem (FBP1-3). Let us remark
that there exist limit functions which do not satisfy the free boundary condition (FBP3) in the
classical sense on any portion of the interface. Hence, extra hypotheses need to be made in order
to obtain regularity results. In the elliptic setting, this problem has been treated in [LW] for the
Laplace equation, using the fundamental regularity theory, developed by Caffarelli ([C1], [C2],
[C3]) for viscosity solutions of a class of elliptic free boundary problems which includes the one
under consideration. The main results in [LW] show that, if u™ is locally uniformly nondegener-
ate and the set {u < 0} has locally uniform positive density on 0{u > 0}, then there is a subset
of the interface, whose complement has vanishing (m — 1)-dimensional Hausdorff measure, which
is locally a O surface. In addition, if u~ is locally uniformly nondegenerate on d{u > 0},
then the free boundary is locally a C™® surface, and therefore there are no singularities. These
results, in particular, show that assumptions of the type (H3)-(H5) above are natural for this
type of free boundary problems. Moreover, an asymptotic expansion analogous to (1.5) plays a
crucial role in their analysis. The study of the regularity properties of the interface for solutions

to (FBP1-3) is the object of forthcoming work.

Notations. The following notations will be used. We let v, A > 0 be such that v|¢* <
(A(x,1)€,€) < v €)? for every (z,t) € R™ and € € R™, and ||b|loo + |Ic|lc < A. Given
K cc R™H w = w(K) denotes a positive constant such that max; j=1,...m ||Vat@ijl| Lo (r) < w.
For any r > 0, (7,t0) € R™™! and K C R™™! we set: B,(z0) = {x € R™ | |z — z0| < 7},
Qr(z0,t0) = Br(z0) x (to — 12, t0 +12), Q; (20, t0) = Qr(z0,t0) N {t < to}, Qr = @(0,0), Q; =
Q. (0,0), Np(K) = {(x,t) | (z,t) € Qr(x0,tp) for some (zg,t9) € K}, N7 (K) = {(z,t) | (z,t) €
Q; (z0, to) for some (zo,t0) € K}. We also let dy, ((z,1), (y,s)) = max (Jz — y|, |t — 5\1/2), and
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for a set £ C R™™, d, ((x,t),E) = inf(, yepdy ((2,1), (y,5)). The symbol 8, will denote the
parabolic boundary. We define

S
B.(s) = / Be (1) dT.
0
A function v is in the class Lipjoc(1,1/2) in a domain D C R™*! if for any K CC D there exists a
constant L = L(K) such that [v(z,t)—v(y,s)| < L (|z — y| + [t — s|*/2) for any (z,1), (y, s) € K.

Finally, C' will denote an all purpose constant.
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2. GLOBAL UNIFORM ESTIMATES

In this section we consider an initial-boundary value problem for the equation (SPP) and we
prove that if the initial data ug are uniformly bounded, so are the solutions u° to the problem.
In the sequel ) will denote a bounded domain in R™ satisfying the interior sphere condition at
every point of the boundary. We let Qp = Q x (0,7) for some T > 0, and consider the problem
Lu® = [ (uf) in Qp,

(2.1) AVuE -n=0 on 99 x (0,T),
uf(z,0) = uf(z) =€,

where 7 denotes the outward unit normal to €.

We begin our study with a suitable version of the maximum principle.

Theorem 2.1. Assume v is a weak L-subsolution in Qrp, i.e.
(2.2) Lv>0 n Qr,
with boundary conditions

AVv-n=0 on 092 x (0,T),
(2.3)
v(x,0) =wvo(x) €.
Suppose there exists a positive constant Ag such that vg < Ag in Q. Then

v(z,t) < Ag for a.e. (z,t) € Q.

The proof of Theorem 2.1 is inspired to that in [AS, Theorem 1] for the Dirichlet problem.

In the sequel, we will need the following modification of [AS, Lemma 6].
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Lemma 2.1. Suppose that w is weakly differentiable with respect to t in Qp and vanishes in a

neighborhood of the boundary set {t = 0}. Then

/ /wtdxdt:/wt:T dx
0 Q Q

Proof. Let ¢ = (t) € C§°(0,T), ¢ = ¢(x) € C§°(2). Then

/OT@Dt (/gzwqbdx) dt:/ QTﬂ)tébwdxdt:/ QT¢¢wtdxdt:/0T¢(/th¢dx) dt,

and thus, since @ is arbitrary,

(2.4) (/qubdx)t:/ﬂwtqbdx.

On the other hand,

o (foes) o (oo

for a.e. 7 € (0,7"). Combining (2.4) and (2.5) we obtain

/Q</Ofwtdt> ¢ dx —/OT/thtbdf’fdt_/Qw‘t—T¢d%

for a.e. 7 € (0,T). Since ¢ is also arbitrary, we conclude

for a.e. 7€(0,T).

= / w ‘t:T ¢dl’
t=T1 Q

-
/ wedt = w 4= a.e. in , for a.e. 7€ (0,7),
0
and the lemma is proved. U

Proof of Theorem 2.1. We begin making the temporary assumption that v has a weak derivative
v € Lige(Qr).

Suppose first Ag < 0. Set v = max{v,0} and for 0 < 7 < T define ¢(x,t) = v(x,t)x(t, 1),
where x(t,7) denotes the characteristic function of the interval (0,7). Under the current as-

sumptions ¢ is an admissible test function. We thus have

// AVU-Vgodzdt—// vcptdmdt—// b-vaodmdt—// cvpdrdt
Qr Qr Qr Qr
< / vo(@)(x, 0) d = 0.
Q

Using the chain rule for weakly differentiable functions (see, e.g., [AS, Lemma 5]) and Lemma 2.1,

this inequality can be rewritten as

1
(2.6) // AVU-V(pdxdt—i——/ﬁz le=r dw—// b~Vv<pdwdt—// cvpdrdt <0
QT 2 Q QT QT
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for a.e. 7 € (0,7). Next, note that on the set where ¢ > 0 one has Vv = Vv and |v| = v. On
this set,

(2.7)  AVv-Vo—b-Vop —cvp = AViVT —b- Vi1 — cv® > v|Vo|> — A|VT[v — AT

Observing that
up < 5|Vo + 55,7

we infer from (2.7)

(2.8) AVv-Vo—b - Vvp —cvp > — ]V’U|2—év

where A = 2A (% + 1). The latter inequality holds also on the set where ¢ = 0. We infer from
(2.6) and (2.8) that

1// /yvuy2da;dt+/v2 |i=r dngx/ /Uzda}dt.
0 JQ Q 0o JQ

If x(t, 71, 72) denotes the characteristic function of the interval 0 < 71 < 72,0 <71 < T2 < T, a

slight modification of the above arguments allows to show the fundamental inequality

T2
(2.9) / /yvqudde/—?V ~dx <A/ /Ededt
1 JQ

for a.e. 71,79 € (0,T). Using Cauchy-Schwarz’s inequality, the integral appearing in the right

hand side of (2.9) can be estimated as follows:

T2 T2 2 1/2
/ /52 drdt < </ (/ 72 daz) dt) (19 — )2
T1 Q T1 Q
1/2
<(ro—m)Y2| sup (¢ HLQ(Q </ /v dxdt) :
t€(7'1,7'2)

If WHLg,t(Qx(n,m)) =0, clearly 7 = 0 a.e. in Q x (71,72) and so v < 0 a.e. in this cylinder.

y) > 0. Then it follows from (2.9) and (2.10) that for a.e. 71,72 €

(2.10)

Assume instead ||E||L§’t(9X (

1,72
(0,T)
_9|t=T —
(2.11) /Q P e < Am—n) s 5602
tE(Tl,TQ)
Now let s be a time variable over the interval I = (71,71 + ﬁ), and set X(s fQ

Replacing 7 with s, we then deduce from (2.11) that for a.e. s € I it holds
X(s) < Ms —m) sup [[9(,0)]72q) + X (1),
te(r1,s)
which in turn yields

esssup X' (s) < 2X(7).
sel
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Iteration of this inequality gives
X(s) < 2'2m/Bx(0) =0

for a.e. s € I. But this implies v = 0 in  x I, which is absurd. In conclusion, we have proved
that if Ag < 0, then v <0 a.e. in Q x (71, 72). Since 71, 75 were arbitrarily chosen in (0,7), we
conclude that v < 0 a.e. in Qp. At this point, we can dispose of the assumption Ay < 0. Let
d>0andset V=v— Ay— 4. Then V is a solution to the problem (2.2)—(2.3), with V' < 0 on
{t = 0}. By virtue of our previous conclusion, V' < 0 a.e. in Qp, and thus v < Ay + 0 a.e. in
Qp. Letting § — 0 we obtain v < Ap a.e. in Q7.

Finally, we need only to remove the assumption that v has a weak derivative v; € Liﬁ (Qr).
To this end we let 7 € (0,T), h € (0, — 7), and wy(x,t) = 1/h [/ w(x,s) ds be the Steklov
average of w. Observe that op(x,t) = Tpx(t,7) is an admissible test function in the weak

formulation of (2.2) and that if v < 0 near {t = 0}, then ¢}, there vanishes provided h is small

enough. Under this assumption, a simple calculation shows

// (AVv), - Vop dazdt—i—/ Ovp, ©p d:zdt—// (b- V), pp d:z:dt—// (cv)pop dxdt
QT QT QT QT
< / vo(x)en(z,0)dr = 0.
Q

We can now integrate with respect to ¢ and infer that

1
// (AVv)h'Vgohdxdt—l-—/WQ |t=r da:—// (b-Vv)n n d:L'dt—// (cv)ppn dxdt < 0.
Qr 2 Q Qr Qr

Sending h — 0 we find that (2.6) holds, and therefore we can repeat the above arguments. The

proof is concluded. O

We also need to recall the following result from [CK].

Theorem 2.2. Let ¢ € C°(R™),0 <0 < 1,0 =1 in Byyy and suppd C Byjy. For p >0
define ,(x,t) = 6(x/p). There exist pg = po(m,v,\,w) and C = C(m,v,\,w) such that if
p<po, Lv=01in R, = B, X [0, p?], and v lo,rR,= Vp lo,R,, then

—>C>0 on 9,R, N {t > p?/2}.
Here a% denotes differentiation in the direction of the unit normal.

At this point we are ready to prove that if the initial data uf in (2.1) are uniformly bounded,

so are the solutions €.

Proposition 2.1. Let u® € C(Q7) NCYY2(Qp) be a family of solutions to (2.1), with ¢ < 0. If
”U%HLOO(Q) < Ag for some Ag > 0, then HUEHLOC(QT) < Ap.
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Proof. Since B. > 0, the assertion u® < Ay in Qp clearly follows from Theorem 2.1. We
now want to prove that u®* > —Ag in Q7. By contradiction, assume that u® attains an
interior minimum —A; < —Ag at (xg,tg) € Qp. If we let ||u6||01,1/2(QT) = L and 7y =
min{A1 idp ((mo,to),apQT)}, then Qo = Q;,(w0,%0) CC Qr, and u* < 0 in Qo. It follows

L3
that

Lw+A;)=L(u)+cA <0  inQo,

since ¢ is nonpositive and (:(s) = 0 for s < 0. By the strong minimum principle, u® = —A; in
Qo. It is now possible to repeat this argument with (x,%) replaced by (zq,to — rg). Iterating
this procedure, one finds sequences t; = tp_1 — 7"1%—1 and r; = min {‘;—Ll, %dp ((aﬁg,tk),apQT)}
such that u® = —A; in Q;, (wo,tx). In particular, u®(wo,ty) = —A; for all k = 0,1,.... We
explicitely observe that there exists k > 0 such that r, = %“ for all k > k, and thus t;, — 0 as
k — oco. We may conclude, letting & — oo and recalling that u¢ € C(Qr), that u(xg,0) = —A;.
But this contradicts the hypothesis ug > —Ap > —A; in 2, and therefore u° has no interior
minimum.

Next, we assume that v attains its minimum —A; < —Ag on the lateral boundary 0Q x (0, T").
Let 7 = inf{t € (0,T) | There exists z € 09 such that u®(x,t) = —A;}. Since uj > —Ap in Q,
we have 7 > 0. Let P = (£, 7), with £ € 99, be such that u®({,7) = —A;. Without loss of
generality we may assume A(¢,7) = I. We note that d,(P,{u > 0}) > 0, and the fact that Q
satisfies an interior sphere condition at every boundary point, imply the existence of £ € 2 and
p > 0 such that |£ — & = p, Q= Q, (6o, 7) C{u<0}NQy. In Q the function u + A; satisfies
the equation L(u® 4+ A;) < 0. Moreover, since we have already ruled out the possibility that u°
attains its minimum value —A; in the interior of Qp, and u® > —A4; on 9N x (0,7), we have

that

a= min (u®+ A1) > 0.

Bp(fo)x{t:T_Pz}
Let v be a solution to Lv = 0 in @ such that v [, o= Y |y oL where v, is as in Theorem 2.2.
P P
By Theorem 2.2, there exists C' = C(m, v, A,w) such that

(2.12) —>C>0 ond,Qn{t>7—p*/2}.

By the maximum principle, u® + A; — av > 0 in @ and therefore, by (2.12),

ou® O(u® + Ap) ov
— 27 T s 22
on (P) on - af)n

(P) > 0.

But € is a solution to the problem (2.1) and so, in particular,

ou®
on

(P) =0.
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This contradiction shows that the minimum of u® cannot be attained on the lateral boundary

of Qp, and thus

u® > —AO in QT.

This completes the proof of the proposition. O

3. LOCAL UNIFORM ESTIMATES AND PASSAGE TO THE LIMIT AS € — 0

In this section we prove uniform estimates for an uniformly bounded family {u.} of solutions
to (SPP) in a domain D C R™*!  and then we establish some convergence results when & — 0.
These results, in particular, apply to the family of solutions constructed in Section 2. As a
consequence, we show that the limit function w is a solution of the free boundary problem
(FBP1-2) in a weak sense. Our first goal is to show that if the family {u®} of solutions to
(SPP) is uniformly bounded in the L*°-norm in D, it is also locally uniformly bounded in the

Lip(1, })-seminorm in D.

Theorem 3.1. Let {u°} be a family of solutions to (SPP) in a domain D C R™ such that
|u®|| oo (D) < Ao, for some Ag > 0. Let K C D be a compact set and let 7 > 0 be such that
Nor(K) C D. There exists a positive constant L = L(m,v, A,w, My, Ao, T) such that

(@) = ()| S L(le =yl + [t =sl"?)  for (@,0), (4.5) € K.
We begin by recalling the local bound on the gradient established in [CK]:

Theorem 3.2. Suppose that (SPP) holds in Q4. If ||ullpe(q,) < Ao, then there exists C =
C(m,v, A\,w, My, Ag) > 0 such that

||quL°°(Q1/2) <C.
As an immediate corollary, we have the following result.

Proposition 3.1. Let {u¢} be a family of solutions to (SPP) in a domain D C R™*!. Assume
there ewists a constant Ag > 0 independent of € such that |luc|[peo(py < Ao. Let K C D
be a compact set such that N7 (K) C D for some 7 > 0. There exists a positive constant

Ay = Ai(m, v, A,w, My, Ay, 7) such that
|Vus(z,t)] < Ay for any (x,t) € K.
Proof. Apply Theorem 3.2 to vE(z,t) = Lu(z + T, to + 7%t), with (z¢,t9) € K. O

In order to prove Theorem 3.1, we will also need the following proposition.
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Proposition 3.2. Let u be a solution to Lu = f in Q7 (0,0), with || f|lec < Mo in {u < 0}U{u >
1} If |lulleo < Ao and ||Vu|so < Aj, then there exist two positive constant C1 = Ci(m) and
Cy = Co(m,v, A, My) such that

|u(0, —t) — u(0,0)| < C1AAy + C2 Ay for allt € (0,1).

Proof. We begin by showing that if the cylinder By x (s,t), with —1 < s < ¢ < 0, is contained
in {u <0} U{u> 1}, then

”U,(O, S) — ’LL(O, t)‘ < C1AAg + CoA;.

Without loss of generality we may assume A; > 1. Taking ¢ € C§°(By), with [¢dz =1, as

test function in the weak formulation of Lu = f, we obtain

/ u(z,t)pdr —/ u(z, s)pdr = —// AVu -Vodxdr
By B B1x(s,t)

+// b-Vugpd:z:dT+// cucpd:EdT—// fodxdr.
B x(s,t) B x(s,t) Bi1X(s,t)
We thus obtain

/ u(z,t)pdr — / u(zx, s)pdr
B1 B
By Taylor’s formula, u(z, s) = u(0, s) + O(|z|) and u(z,t) = u(0,t) + O(|z|). Hence,

< Cm (v A1+ A(A1 + Ao) + Mo) < C1AAg + CoAy.

(3.1) |u(0,s) —u(0,t)| < C1AAy + CaA;. for —1<s<t<0.

Consider now the cylinder B;(0) x (—t,0), for 0 < ¢ < 1. If it is contained in {u < 0} U
{u > 1} we simply apply (3.1) to obtain the desired conclusion. If not, let ¢t; = inf{s €
(—t,0) | There exists 1 € Bj such that 0 < wu(z1,s) < 1} and let to = sup{s € (—t,0) |
There exists xo € By such that 0 < u(xe,s) < 1}. Assume first t; > —t, t2 = 0. We observe
that, under the current assumption, B;(0) x (—¢,¢1) is contained in {u < 0} U {u > 1}.
1. 4(0,0) € [0, 1].
We have
|u(0, —t) — u(0,0)| < |u(0,—t) — u(0,t1)| + |u(0,t1) — u(xy, t1)| + |u(z1,t1)] + w(0,0)
(by (3.1)) < C1AAg+ CoAy + Aqlz1| +2 < C1AAg + CHA;.
2. u(0,0) ¢ [0,1].
In this case,
[u(0, =t) = u(0,0)] < [u(0, =t) — (0, £1)| + [u(0, 1) — u(xy, t1)] + [u(z1, £1))|
+ [u(0,0) — u(w2, 0)] + |u(wz, 0)|

(by (31) again) < C1AAg + Cr A1 + Al(]xl\ + ‘1'2’) + 2 < ChAAg + CéAl
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The cases i) t; = —t, to = 0, ii) t; = —t, to < 0, and iii) ¢; > —t, to < 0 can be dealt with
analogously. The proof is thus complete. O

We are now ready to prove Theorem 3.1.

Proof of Theorem 3.1. Let (zq,t9) € K and define, for (z,t) € Q7 , w5 (z,t) = Fu(zo + Az, to +
N Fo< A< T, wy satisfies in Q] the equation

Lyw$, = div ANz, t)Vws, + b (2, 1) - Vus, + (z, hws, — dyws, = Bea (W),

with A*(z,t) = A(wg+ Az, to+A%t), b (2, 1) = Ab(zg+ Az, to +A%t), Nz, t) = N2c(xo+ Az, to +
A%t). We have HwiHLOO(Ql_) < Ap/A, vaiHLw(Ql—) < |[Vu|[ gy < A1 by Proposition 3.1.
We now want to show that ./ (w5) is bounded in {w§ < 0} U {w§ > 1}. Clearly, if w§ < 0, or
w§ > 1 with /A < 1, then ,/\(w5) = 0 because supp B./» C [0,e/A]. If instead w§ > 1 and

g/A > 1 then 3,5 (w§) < My. We may thus apply Proposition 3.2 to obtain

|w5 (0,t) — w5(0,0)] < C for any t € (—1,0),

or
(3.2) |uf (g, to + A2t) — uf (xo, to)| < CA for any t € (—1,0).
The desired conclusion follows from Proposition 3.1 and (3.2). O

Next, we want to show that an uniformly bounded family of solutions to (SPP) converges to a
limit function w which is a solution to (FBP1-2) in a weak sense. In order to do so, first we need

to establish the existence of the limit, along with some convergence properties of its derivatives.

Lemma 3.1. Let u® be a family of solutions to (SPP) in a domain D C R™l.  Assume
|u[| oo (py < Ao for some Ag > 0. For every sequence e — 0 there exist a subsequence €51 — 0
and u € Lip(1,1/2) in D such that:

i) u%" — w uniformly on compact subsets of D;

i) Vu®i' — Vu in L2 (D);

loc

2

iii) Opu®i' — O weakly in Lj, .

(D), and for all compact sets K C D there exists a positive
constant C such that [|0wu®' || 12k < Ck;

i) Lu =0 in D\ 0{u > 0}.

Proof. Let K C D be compact and fix 7 > 0 such that No,(K) C D. By Theorem 3.1, there
exists L = L(m, v, A,w, My, Ag,7) > 0 such that

[u (2,1) = u(y, 8)| < L(lz —y| + [t = s|"/*)  for all (z,1), (y,5) € N-(K).

By Ascoli-Arzela’s theorem, for any given sequence €; — 0 there exists a subsequence £;; — 0

and a function u € Lip(1,1/2) in N;(K) such that %’ — u uniformly in N.(K). This proves
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i). In order to prove iii), fix (xo,%0) € K and let ¢ > 0, ¥ € C§°(B-(20)), ¥ = 1 in B, j9(x0). If
we choose dyufy? as test function in the weak formulation of (SPP) in Q. (z,to) and integrate

by parts, we obtain

1

1
= / AVUE - VU® [y 402 Y dr — / AVUE - Vs |y _r2 V2 dx
2 /B, (x0) 2 /B, (x0)

- %// DAV - Vuf)? + 2 // AVu® - Vi) Oputp

+ //(0tu5)2¢2 _ //b YV Spufy? — //Cu58tu5w2 _
- / Be(u®) Opusep?,

where all the “double” integrals are performed over the set Q;(zo,%p). Now, let w > 0 be such
101 Al Loo (@ (w0,t0)) < w- Recalling that [|Allee < v, |[bllos + [lelloo < A, [Juf]loe < Ao, and

|Vu®| < Ay in K by Proposition 3.1, and applying Cauchy—Schwarz’s inequality we infer

//(atu5)2¢2 < CA2 + % //(AVUE V)% + a//(@tua V) + %/ Vs |2
w3 [[@urwr+ o [[wper+ 5 [[ 0w v

— / B (u®)(x, to + 72)w2 dx + / B (u®)(x, to — Tz)wQ dz,
Br(x0) B (wo)

where C' = C(m, 7,v,w), 0 > 0 and B:(v) = [ 8:(s)ds < M. In particular, if we choose o > 0
such that (1 4+ A) = 1/2, we conclude

//(8tu€)2w2 < C =C(m,v,w,\, My, Ay, T).

This yields
to+72

/ (atuE)Q < C,
to—12 J B, /5(z0)

and therefore, via a compactness argument,

/ (Owf)? < C,
K

with C independent of €. As a consequence, for any given sequence ¢; — 0 there exists a

subsequence €;; — 0 such that
O’ — dyu  weakly in L?(K).

The proof of iii) is thus completed. We now turn our attention to iv). Since u is continuous,
the sets {u > 0} and {u < 0} are open. Let ¢ € C§°(R™*1) be supported in {u > 0} and
let (x,t) € suppyp. Fix ¢j — 0. There exists an open neighborhood U, ;) of (x,t) such that
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uti > ( Y~ 0in Uz and thus, if €; is small enough, B¢, (u) = 0 in U, ;). Using a partition

of unity argument, we find

(3.3) [[aves - ves [[owso- [[b-vuso- [[cusp=o

By Proposition 3.1, we know that ||Vu®| pe(n, (k) < A1, and therefore we may assume Vu©' —
Vu weakly in L?(N,(K)). Passing to the limit in (3.3) yields

[[avu-ves [[owe- [[b-Fuo- [[cup=0

Hence Lu = 0 in {u > 0} and, analogously, in {u < 0}. Moreover, u is a supersolution in
{u < 0}°. On the other hand, since Lu® > 0 in D, we have Lu > 0 in D, and therefore Lu = 0
in {u < 0}°U{u > 0}. Finally, we need to prove ii). Let § > 0 and take (u— &) "), where 1 is as

above, as test function. Since Lu = 0 in the positivity set of u, integrating by parts we obtain

// AVu-Vuyp = — // AVu - un—i-é// AVu - Vi
{u>0} {u>d} {u>d}

_ 5/{u>5}(u—5) (2, to + 7)) d

(3.4)
1 2 2
+ 5 /{u>5}(u — 5) (.%',t() — T )@Ddl‘
b-V -4 —0)1.
+ //{u>6} u(u—0)Y + //{u>5}cu(u )
Analogously,
A Vuy = A Vipu—4§ A
//{u< 5} Vi Vuy = //{u< -6} Vi Veu //{u< o} Ve vy
——/ (u+ 6)(x,to + 7)) da
(3.5) {u<—d}

—{-1/ (u—|—5)2(1’,t0—7’2)¢dm
2 Jiu<—sy

- //{u<—6} b Vu(u+ )+ //{u<_5} cu(u + §)i.

Adding equations (3.4) and (3.5) and letting 6 — 0 we find

// AVu~Vu1/J:—// AVU'VQ/)U—E/ u?(z,to + 7)Y dx
{uz0} {uz0} 2 J{uzoy

1
(3.6) + = / u?(z,to — 72) dx + // b - Vuuy

2 J{uz0y {u0}

+ // cuq.
{u#0}
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On the other hand, the observation [ (u®)u® > 0 yields

//AVu VU < — /AVu Vo — ;AT(xO( V2 (a, to + 7)) da

%/Bm)( Y2 (b — 72 wdx+//b VuEuET,ZH-//

where all the “double” integrals are performed over Q- (x¢,tp). Using the uniform convergence
of u® to u and the weak convergence of Vu® to Vu in Q- (xg,1y), we infer from (3.6) and (3.7)
that

(3.8) lim sup // AVUE - Vu' ) < // AVu - Vur.
J'—00 Q+(o,to)

Now, since the matrix A is symmetric and positive definite, there exists a matrix B, with bounded

L>-norm, such that B> = A. Recalling that || BVu&|| 12y, (k)) < C by Proposition 3.1, we have
(3.9) BVu’ — BVu  weakly in L*(N,(K)),

and therefore

(3.10) // AVu - Vuy < liminf // AVUS - Vui' .
Q+(zo,to) J'—00 Q~(zo,to)

It follows from (3.8), (3.9), and (3.10) that
/ Y| B(Vus' — Vu)[? — 0 as j' — oo.
Finally, the ellipticity of A and a simple compactness argument yield
Vui' — Vu  in L*(K).
The conclusion of part ii) is proved, and so is the lemma. O

A slight modification of the above arguments yields the following variant of Lemma 3.1.

Lemma 3.2. Let u” be a family of solutions to
Lyu" = div A"Vu" +b" - Vu" 4 c"u" — o™ = e, (u")

in a domain D C R™L where A™(x,t) = A(zy, + M, tn + A2t), B (2, 1) = A\pb(p, + A2,y +
A2t), c(m,t) = A2 (Tn + ATyt + A21), (Tnytn) — (z0,t0) € D and en, Ay — 0 as n — oo, with
A(zo,to) = I. Assume |[u"||poo(py < Ao for some Ag > 0. There exists a subsequence {u"'} of
{u"} and u € Lipioe(1,1/2) in D such that:

i) u" — u uniformly on compact subsets of D;

i) Vu" — Vu in L}, (D);

ii1) o™ — dyu weakly in L? (D). Moreover, for any compact set K C D there exists a constant

loc

Cxk > 0 such that ||0pu™ lz2(x) < Ck;

i) w is a solution to the heat equation in D\ d{u > 0}.



SINGULAR PERTURBATIONS OF A PARABOLIC FREE BOUNDARY PROBLEM 17

The following approximation result will play a crucial in role in the implementation of blow-up

arguments in the sequel.

Lemma 3.3. Let {ui} be a family of solutions to (SPP) in a domain D C R™! such that
u® — w uniformly on compact subsets of D and ¢j — 0 as j — oo. Let (zo,t0), (xn,tn) €
DN o{u > 0} be such that (xn,t,) — (zo,to) as n — oo. Assume A(xo,to) = I. Let A\, —
0, uy, (z,t) = ﬁu(mn + Ayt + A2t), and (uf)y, = /\inuej (T + Az, tn + A2t). Suppose that
uy, — U as n — oo uniformly on compact sets of R™*1. There exists j(n) — oo such that for
every jn > j(n) there holds that if—: — 0 and

i) (uSin )y, — U uniformly on compact sets of R™1;

i) V(usin)y, — VU in L} (R™T1);

iii) Oy (usin)y, — O,U weakly in L7 (R™1);

w) Vuy, — VU in LZ (R™T1);

v) Opuy, — OU weakly in L? (R™F1).

loc

Proof. The proof is along the lines of the one of Lemma 3.2 in [CLW1]|. We discuss here only
the relevant modifications. For simplicity we assume (z,,t,) = (xo,t9). Proceeding as in the

cited reference, one can show that i) holds. The functions (u%n),  are solutions to

L (um )5, = Begn ((u™n),)
in Qg, where k is a fixed positive number and L,, is as in Lemma 3.2. By Lemma 3.2 there exists
a subsequence, still denoted by j,, such that V(ufin)y, — VU in L?(Q},), and 0 (uin )y, — OU
weakly in L?(Qy). Then also ii) and iii) hold. In order to prove iv), let § > 0 and consider

IVuy, = VU < [[Vuy, = V(u)y || + [V (@), = VU[ =T + 11,

where all the norms are in L?(Qy). We already know that IT < § if j > j, and n is sufficiently

large. Moreover, by virtue of Lemma 3.1 it holds
I? = // \Vu — Vi |2 (20 + A, to + A2t)
Qk

1 // 12 2
= |Vu — Vu|*(z,t) <6
/\nm+2 Qxpk(o,to)

if j and n are sufficiently large. This suffices to prove iv). Finally, in order to prove v) one needs

to apply Lemma 3.2 to show that, for j and n large enough, [0;(u)x,[|r2(g,) < €, and then
proceed as in [CLW1, Lemma 3.2]. O

Remark 3.1. The conclusion of Lemma 3.3 continues to hold when the operator L is replaced
by Ly, = div APV — 0, + bX -V + &, where A (z,t) = A(wy + 7o, tr, + 721), bX(2,t) = 7pb (2% +
Tty + TEL), F(x,t) = TRe(wp + Tha, ty + TEY), (Thotk) — (T,7) € D and 1, — 0 as k — oo,

provided the assumption A(xo,to) = I is replaced by A(T,t) = I.
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We can now prove that limit functions are solutions to (FBP1-2) in a weak sense.

Proposition 3.3. Let u® be a family of solutions to (SPP) in a domain D C R™L. Ifus — u
uniformly on compact subsets of D as €5 — 0, then there exists a locally finite measure p
supported on the free boundary DN O{u > 0} such that B, (u®) — p weakly in D. In particular,
Lu=p D, ie.

(3.11) // AV - ng)dmdt—// udyp dr dt — // (b Vu+ cu)¢drdt = / édu

for all ¢ € C3°(D).

Proof. By definition of weak solution to (SPP), if ¢ € C§°(D), one has

gy [ ave-vo- [[ woo- [ v reio-— [[ o

Since u® — wu uniformly on compact subsets of D, by Lemma 3.1 we know Vu® — Vu in Ll (D),
and so the left-hand side of (3.12) converges to the left-hand side of (3.11). Now let K C D be
compact, and pick ¢ € C§°(D), ¢ > 0, ¢ = 1 in K. The sequence { [[ B, (u)¢ dx dt}jeN is

convergent, and therefore it is bounded. Hence

//Kﬂ?"(usj)d"fdt = //Dﬂej(ugf)gbdardt <c.

This implies that there exists a locally finite measure p such that, passing to a subsequence
(still denoted by ¢;) if necessary, 3:;(u®) — p as measures in D. Passing to the limit in (3.12),
we get (3.11). Moreover, since Lu = 0 in D \ 9{u > 0} by Lemma 3.1, we conclude that x is
supported in D N d{u > 0}. The proof is thus complete. O

In a similar fashion, we can also show that the solutions u® to the global problem (2.1)
converge to a (weak) solution of the corresponding free boundary problem, if the initial data ug

are uniformly bounded.

Proposition 3.4. Let u* € C(Q7) N CHY/2(Q x (0,T)) be a family of solutions to (2.1), with
c <0 and ||ugl| L) < Ao for some Ag > 0. Let g5 — 0, up € L>(Q2), and u € Lipioe(1,1/2)
in Qp be such that u¥ — wu uniformly on compact subsets of Qp, and ugj — ug *-weakly in
L>(Q). Then there exists a locally finite measure pu in Qr such that Be; — 1 as measures in

Qr. Moreover, supp N Qr C {u > 0} and

Lu=yp in Qr,
AVu-n=0 on 092 x (0,7T),
u(z,0) = up(z) =€,
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in the following weak sense:
t t
/ / (ups — AVu-Vo+b -Vuo+cud) deds+ / uo(z)p(x,0) de = / / o dpu
0 JQ Q 0 JQ
for every ¢ € C§°(Q x [0,1)).
Proof. By definition of weak solution to (2.1), if ¢ € C§°(2 x [0,t)) we have

/t/ (u®ps — AVU® - Vo +b-Vu® ¢+ cu¢) deds + / ug(x)p(z,0) dz
Q

Q

:/Ot/Qﬁg(ug)gbdxds.

By virtue of Proposition 2.1, we know that u® — wu x-weakly in L°°({27r). Let us see that

(3.13)

Vusi — Vu weakly in L? (Q x [0,7T)). Choosing uf1? as test function in the weak formulation

loc

of (SPP), with ¢ € C§°(Q), we have for 0 <ty <t; <T

/t:1/1<Avu () /t:l/ VS + euf) w4 / /8tu€usw2
——/to [ty <o

because [.(s)s > 0 for every s € R. Here K = suppt. We thus obtain, using Proposition 2.1

again and Cauchy—Schwarz’s inequality,

t1 t1 t1
1// / |Vue % < 2/ / AVua-VQ/)usdqu/ / (b - Vuf 4 cuf) uep?
to K to K to K
1 h eN2,/,2
5 [ e
to K
t1 %
<t ([ [ 9ue?)
to K

This gives

t1
(3.14) /t /K V242 < Co(th, Ao, w, A)

and therefore Vuf — Vu weakly in L7 (Q x [0,T)). Next we want to show that £, (u%) — p

loc

as measures. To this aim, we estimate 3:(u?) in L} (Qr). Let ¢ € C§°(2), ¢ > 0. By definition

of weak solution, it holds for a.e. ¢ >0

/Ot/ﬂﬂe(ugﬁpz—/ng(:c,t)gpder/ﬂug(q;yp(q;) do

t
—|—/ /(—AVUE-V@—{-b-qu(p—{—CUE@).
0 JQ
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t t t
/ / AVu® -V = / / AV -nu®dods — / / Oz ;@iju Oz, 0
0o Ja 0 Joo 0o Ja

t
—/ /amusaix]so < C(A()?SO? I/,W)
0 JQ

We have

and, using (3.14),

t t 1/2
[ [oewwesa( [ [1vape) i < ce it
0 Q 0 Q

If K C Qis a compact set and ¢ = 1 in K, we finally obtain

/ [ ) < Ol A )

The passage to the limit as €; — 0 in (3.13) can now be carried out as in the proof of Proposi-

tion 3.3. O

We close this section turning our attention to the study of the case when the limit function
u is piecewise linear. As we will see in Section 3, this analysis is one of the key ingredients in

understanding the local behavior of general limit solutions.

Proposition 3.5. Let D be a domain in R™, (xg,t0) € D, and (zn,t,) — (z0,t0) asn — oo.

Assume A(xg,to) = I. Let u®" be solutions to
(3.15) Loyu™ = e, (u™)

in D, where Ly, is as in Lemma 38.2. If u*™ converge to a(x — x0)] —v(z — m0)] uniformly on

compact subsets of D, with o € R, v > 0, and €, — 0 as n — oo, then
a? —~%=2M.

Proof. Without loss of generality, we may assume (zg,%) = (0,0). By Lemma 3.2, we know
that Oyus" — 0 weakly in L7, (D), and Vu™ — ax(z,>01€1 + VX {z <oy€1 in L7 (D). Moreover,
A"(z,t) — I, b™ — 0, and ¢ — 0 uniformly on compact subsets of D. This suffices to show
that u is subcaloric in D. Assume « < 0. Then u <0 in D, u < 0 in {x; < 0}, and u(0,0) =0,
but this is not possible because u is subcaloric in D. Hence necessarily a > 0.

Now, let ¢ € C§°(D). Choosing 0, u°"1) as test function in the weak formulation of (3.15)

and integrating by parts we obtain

1 1
_5 //D axlAnqun . vusn w _ 5 //D Anvusn . vuen axlw + //D atusnazlusnw
(3.16) + // AMVUER - Vih Oy ur — // b® - V" 9, um )
D D

—// cnus”&rlu&”d):// Be, (u™") 0y, 9.
D D
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Next, we show that
(317) Bsn (ufn) - MX{x1>O} in Llloc(D)‘

In fact, if (y,s) € DN {x; > 0}, then v > ay;/2 in a neighborhood of (y, s) for n sufficiently

large. Hence, if u®"(x,t) > ¢, we have

B, (u*)(z,t) = /0 B(s)ds = M.

Analogously, if (y,s) € DN {x; < 0}, then B, (u°") = 0 in a neighborhood of (y, s) for n large
enough. To prove (3.17), it suffices to observe that 0 < B, (s) < M. Passing to the limit in
(3.16) as n — oo we thus find

1 1
—5// o20,,1) — 5// 726m1¢+// a26ml¢+// 720, 0
{z1>0} {z1<0} {z1>0} {z1<0}

— M / / By,
{x1>0}
Integration by parts yields

a2 72
M// wdm’dt:—// wdx’dt——// W dx’ dt.
{21=0} 2 JJ {z1=0} 2 JJ twi=0}

Since the choice of ¥ € C§°(D) is arbitrary, we infer a? — 42 = 2M. O

Proposition 3.6. Let D be a domain in R™*L, (z0,t9) € D, and (zy,t,) — (z0,t0) asn — oco.

Assume A(xg,to) = I. Let u®™ be solutions to
Lnusn = /BETL (usn)

in D, where L, is as in Lemma 3.2. Suppose u°" converge to a(x — :1:0)1+ uniformly on compact

subsets of D, with a« € R, and &, — 0 as n — oo. Then
0<a<Vv2M.

Proof. Without loss of generality, assume (zg,ty) = (0,0). Arguing as in the proof of Propo-
sition 3.5, we see that necessarily & > 0. Since 0 < B. (s) < M, there exists M(x,t) €
L>(D),0 < M(xz,t) < M, such that on a subsequence (still denoted by B., ) B, (u®") —
M(x,t) x-weakly in L°°(D). Arguments similar to the ones employed in the proof of Proposi-
tion 3.5 show that M(x,t) = M in DN {x; > 0}. Moreover, using Propositions 3.1 and 3.3 it is

immediate to recognize that

VB, (u) = B, (u)Vu™ — 0
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in L}, (DN {x1 <0}). Hence M(z,t) = M(t) in DN {21 < 0}. Passing to the limit in (3.16)

2
M// xlw+// o) = // Ber ),
{z1>0} {171<0} {xz1>0}

and integrating by parts we find

M// P da’ dt—// )0z, da’ dt = // W dx' dt.
{z1=0} {z1= 0} {z1=0}

The arbitrariness of ¢ € C§°(D) allows to conclude 0‘72 =M — M(t) < M, because M(t) > 0.

yields

Hence o < 2M, and the proof is complete.

4. ASYMPTOTIC BEHAVIOR OF LIMIT SOLUTIONS: ONE PHASE CASE

In this and the next section we prove that the limit solution u has an asymptotic expansion
at any “regular” free boundary point which implies, in particular, that both (AVu™,n) and
(AVu~,n) exist, and that the free boundary condition

(AVu*,n)? = (AVu™,9)* = 2M

is satisfied. We treat the one phase situation first.
The following gradient estimate near the free boundary plays a fundamental role in the proof

of Theorem 1.1.

Theorem 4.1. Let u and I" be as in Theorem 1.1. If (xo,to) € DN I{u > 0} is such that (H2)
and (H3) hold, then
limsup |Vu(z,t)| < vV2M.

(z,t)—»(mo 7t0)

Proof. Let o = limsup y [Vu(z,t)]. Since u € Lipie(1,1/2) in D, clearly a < oo. If

,t)—(z0,t0)
a = 0 there is nothing to prove, so we may assume « > 0. There exists a sequence (xy,t,) —
(zo,to) such that |Vu(zy,t,)| — « and u(x,,t,) > 0. Let (2, $,) € DN I{u > 0} be such that
dy, = max{|z, — x|, |80 — ta|Y?} = dp((@n, tn), 0{u > 0}). Define uq, (z,t) = ﬁu(z,ﬁ—dnx, Sp +
dn?t). Since u € Lipe(1,1/2) in D and ug, (0,0) = 0 for every n, {ug, } is uniformly bounded
on compact subsets of R”*1 and therefore for a subsequence (still denoted by d,) ug, — ug
uniformly on compact subsets of R™! where ug € Lipi,.(1,1/2) in R™!. Now set

Tn = n =
dp?

Clearly (T, t,) € 0Q1, and thus we may choose the subsequence d,, so that (ZT,,t,) — (T,t) €

0Q1. Without loss of generality, we may assume T = e1, t = 0. Using Lemma 3.1, (iv) and
Lemma 3.3, (iv) and (v), it is easy to recognize that ug is caloric and nonnegative in Q1 (e, 0). We

now claim that |Vug(e1,0)| = a. In order to prove the claim, it will suffice to show that Vug, —



SINGULAR PERTURBATIONS OF A PARABOLIC FREE BOUNDARY PROBLEM 23

Vup uniformly on compact subsets of Q1(e1,0). For the sake of brevity, let vy, = uq, — ud,,-
Let K be a compact set in Q1(e1,0) and let 7 > 0 be such that Ny, (K) C Q1(Ty, t,) for n large.
Letting A'(z,t) = A(z + djz, s + d?t), B(z,t) = I — Az, t), bY(z,t) = dib(z + diz, 5, + d?t),
and c!(x,t) = d?c(z + djz, s; + d?t), we have
Huvy, = div[B"Vug, — B"Vug, ]+ [b™ - Vug, —b™ - Vug,|+ ["uq,, — c"ug,]
in N;(K), for n, m large enough. As observed above, {ug4, } is an uniformly bounded family on
compact subsets of R™ ! and so [|¢™ug,, — ¢"uq, || oo (n, (k) < C(dy? + dm?)A for some positive
constant C. As a consequence of Theorem 3.2, there exists A; > 0 such that ||b™ - Vuy, —b™ -
V7~‘deL<>°(NT(K)) < (dn+dp)AA; and || B"Vug, _BmvudeLw(NT(K)) < (I Balloo + 1| Bmlloo) A1
If we define g(x,t) = B"(z,t)Vug, (z,t) — B™(z,t)Vug,, (z,t), we have
g(x,t) — 8y, s)| < Qn + O,

with

O = | B (,t)Vug,(,t) — B'(y, s)Vua,(y, 5)|
< 1B (x,t) = B'(y, s)l[[Vug, (@, )] + | B (y, )| Vug, (2,1) = Vug,(y, 5)].
Now, since ugq, is a solution to
div Aqudl + bl Vug, + cludl — Oyug, =0

in N;(K), with 4 € CY{R™"!) and b, ¢ € L>®(R™"), Vuy, € C7 for some v > 0. We may
conclude
< C(Ardiw + || B|lso) (|l =yl + [t = s['/2)7,

and thus

g(@, 1) — g(y:5)| < Cdn + dy + | B"[loo + [ B™ o) (|7 =yl + [t = 5/'/2)".
By [CK, Corollary 1.2.22],

”vudn - vudeLoo(K) = ||V'Un7mHLoo(K)

<C (an,m”B(NT(K)) +dp + dm + | B" || + HBmHOO) .

Since vy m, B™ and B™ are uniformly convergent to 0 in N, (K), we infer that Vug, — Vug
uniformly in K. Next, it is easy to show that |Vug| < « in R™*!. Indeed, let R > 1, >
0. There exists 79 > 0 such that |Vu(z,t)] < a + 9 for any (x,t) € Qrr(zo,to) if 7 < 7.
Set 7, = max{|z, — ol,|tn — to|'/?}. One has Qu,r(2n,sn) C Qsr,r(To,t0), and therefore
|Vug, (x,t)| < a+0 for any (x,t) € Qg for n large enough. In particular, Vug, — Vug *-weakly
in L*(Qr) and thus |Vug| < a+ 0 in Qg. Since 6 and R are arbitrary, we conclude

|Vug| < a in R™ L,
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Vug (81,0)
[Vuo(e1,0)]

Q7 (e1,0), w(ey,0) = . By the strong maximum principle, w = « in Q7 (e1, 0) and so ug(x,t) =

Odug

Let v = and set w = %, which is caloric in Q1(e1,0) and satisfies w < « in

a(z,v) +b(t) in Q7 (e1,0). But since uy is caloric in Q1(eq,0), and ug, (0,0) = 0 for any n € N,
necessarily up(z,t) = a(z,v) in Q7 (e1,0). At this point we observe that |Vug(e1,0)| = « forces

up > 0 in Bi(e1) x {0}. From this we infer that v = e; and
uo(z,t) = ax; in Q7 (e1,0).
It is not difficult to see that
uo(z,t) = axy in {z; >0,t <0}.
We now apply Corollary A.1 in [CLW1] to ug in {1 < 0} N {¢ < 0} and obtain
uo(z,t) = vy + o(|z| + |t[V/?) in {z1 <0,t <0}

for some v > 0. Define, for A > 0, (uo)(z,t) = fug(Az, A%t). There exist a sequence A\, — 0
and a function vy € Lip(1,1/2) in R™*! such that (ug) A — vo uniformly on compact sets of
R™ L We have vo(x,t) = axf +vz; in R™ x {t < 0}. Since the set {u = 0} has locally uniform
positive density on I' N Qs(xo, to), it follows
u=0}yNQ; (zn,s
oo Z 0100 )
’anr(zna Sn)’
for » > 0 and n sufficiently large. A change of variable gives
Lo M =0jnar
Q7 |
and therefore, passing to the limit as n — oo, we obtain
L tw=0nar
Q7 |
Rescaling and letting £ — oo we obtain
¢ < {vo = OEQQH.
Q7 |

This implies v = 0, and vo(z,t) = az] in R™ x {t < 0}. By Lemma 3.3, there exists a sequence

d, — 0 such that u% is a solution to

Lyu’n = div A"Vu'™ — g’ + b - V' + c"u = B, (u’)

o s g uniformly on compact subsets

in Q7 , where A", b", and ¢" are as above. Moreover, u
of Q7 , and (ug)y, — vo uniformly on compact sets of R™*1. Applying Lemma 3.3 again, see

also Remark 3.1, we find a sequence d,, — 0 and solutions udn to

div A (A, A 20Vt — ™ + b9 (N, A 2E) - Vit + I (A, A 2Eu™ = By (u)
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in Q7 such that udn — vy = aajf uniformly on compact subsets of ()7 . Finally, we may apply
Proposition 3.6 to conclude o < v/2M. O

We are now ready to prove Theorem 1.1.

Proof of Theorem 1.1. Without loss of generality we may assume (xg,ty) = (0,0) and n = ej.
Define, for A > 0, uy(x,t) = %u()\a:,/\%), and let p > 0 be such that @), CC D. Since
uy € Lip(1,1/2) in Q,/ uniformly in A, and u(0,0) = 0, there exist a subsequence A, — 0 and
a function U € Lip(1,1/2) in R™*! such that uy, — U uniformly on compact subsets of R™ 1.

It is easy to show, using Lemmas 3.1 and 3.3, that u) is a solution to
Lyuy = div AAVuy — dyuy + b - Vuy + ruy =0

in {uy > 0}, and that U is caloric in {U > 0}. Here AMx,t) = A(\z,\%t), b M(2,t) =
Ab(Az, \%t), cMx,t) = Mc(Ax,A\?t). On the other hand, rescaling (1.3) we see that, for ev-
ery k>0

H{ux >0} N{z1 <0} NQkl — 0 as A — 0.

We deduce that U is nonnegative in {z; > 0}, caloric in {U > 0}, and vanishes in {z; < 0}. By
Corollary A.1 in [CLW1], for any point (0,7,%), Z € R™~1 £ € R there exists o > 0 such that

Uz, t) = axf + o|(z1,2') — (0,7)| + |t — T|/?) in {x; >0} N{t <t}

By virtue of Lemma 3.3, there exists a sequence j, — oo such that §, = i{—: — 0 and

u® = (ufn)y, — U uniformly on compact sets of R™*! as n — oo. Here (uin)y, (z,t) =

SEufin (A, An2t). Tt is readily seen that ud» is a solution to

where Ly, is as above. Next, define U, (z,t) = 1U(ra1,72’ + @/, 7%t + ). Then U, — az;
uniformly on compact subsets of {t < 0} as 7 — 0. We may apply Lemma 3.3 again (see also

Remark 3.1), to conclude that there exist a sequence o, = % and solutions u°™ to

(4.1) Lou’" = div A"Vu — 0 + b™ - Vu™ 4 "u" = B, (u)

such that u°» — Ozxf uniformly on compact subsets of {t < 0}, and

(4 2) Vuor — X {z1>0}€1 in L%oc({t < 0})a
‘ O™ — 0 weakly in L2 ({t < 0})

loc
by virtue of Lemma 3.2. Here A™(x,t) = AYn (1,21, 70" +T', 72t+1), b (2, 1) = 7,,bNn (1,21, T+
T, T2t+1), Mz, t) = 72 (Tnw1, T +T, T2t +1). Let 1 € C§°({t < 0}) and choose 0, u®") as test
function in the weak formulation of (4.1). Integrating by parts we obtain (3.16), with &, replaced
by o,. Next, since 0 < By, (s) < M, there exists M (z,t) € L®°(R™*!), 0 < M(z,t) < M, such
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that on a subsequence, still denoted by By, , By, (u°")(z,t) — M (x,t) *weakly in L (R™*1).
Proceeding as in the proof of Proposition 3.6, we see that M (z,t) = Mx{z,>01 + Mx{xld)} and
a? = 2(M — M), where M is a nonnegative constant. We now claim that either M = 0 or

M = M. Let ni,m2 >0, and let @ = Q,(y,s) CC {x1 < 0}. There exists 0 < p < 1 such that

uom
QN {m < By, (u™) < M —mna}| < ’Qﬂ{u< > < 1—M}

n

(4.3) < ‘Qﬂ {(ﬁon(ug") > int ﬁ}‘ -0

On [11-p]
as n — oo, since 3,, (u’") — 0 in L'(Q) by Proposition 3.3. The claim will thus follow from the

following lemma, whose proof we postpone for a moment.
Lemma 4.1. The sequence {B,, (u)} is precompact in L*(Q).

Let us see that @ > 0. By virtue of the nondegeneracy assumption on u at (0,0), for every

1

iz [[ ez er
1

m//Q; U Z Ccr.

Clearly, this forces o > 0, and as a consequence M = 0 and a = v/2M. We have thus shown

r > 0 and n sufficiently large,

and passing to the limit as n — oo,

that for every point (0,7, %)

V2Mzy 4 o(|(z1,2") — (0,7)| + |t —F|V/2), t <7t x1>0;

O) I S 0.

(4.4) U(z,t) =

Next, let us show that |[VU| < v/2M in R™*!. By Theorem 4.1,

limsup |Vu(z,t)] < V2M.

(z,t)—(0,0)
Let R, 0 > 0 be fixed. There exists Ao > 0 such that |Vu(z,t)| < V2M + ¢ for any (z,t) € Qxg
if A < A\o. Therefore, |Vuy, (z,t)] < V2M + o for any (x,t) € Qg if n is sufficiently large.
Moreover, Vauy, — VU sweakly in L®(Qr) and so |VU(x,t)| < v2M + o for any (z,t) € Qg.
Since R and o were arbitrarily chosen, we have that |[VU| < v2M in R™*1,

At this point it suffices to observe that U = 0 on {z; = 0} to conclude that U < v/2Mz; in

{x1 > 0}. Applying Hopf’s maximum principle to the function v(z,t) = U(x,t) — V2Mx1, we
see that necessarily

Ulz,t) =V2Mz;  in {z; > 0}.

As an immediate consequence we finally obtain

u(z,t) = V2Maf + of|a| + |t]'/?).
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To conclude the proof, we need to prove Lemma 4.1.

Proof of Lemma 4.1. The proof of this result is inspired by an idea in [W, Proposition 4.1].
Thanks to Proposition 3.1, it suffices to show the precompactness of v7» = (A"Vu?", Vu’") +
2Bg, (u’"). Let {¢s}sc(o,1) be a family of approximations to the identity in space, i.e. ¢5 €
CS°(R™), supp ¢s5 C Bs, s > 0, [ ¢5 = 1. For (z,t) € Q and 0 < § < 1 fixed, we compute

O (V7" * ¢5)(x,t) = / <8t(A”Vu”", Vu™) + 20,, (u”")&tuan) (x —y,t) ds(y) dy

= [ (@A"Tu 90 = ) és(y) dy
2 / ) ((A"&tVu"”, Vo) + By, (uon)&gu””> (@ — 1) doly)dy = I + 2.
First we estimate
b= [ (50000007 + G, (47)0") & = .8) d5(a) dy
_ /R (O (AT + B, (470 (2,1) b5( — 2) dz
+ /R AL OO (2, )05 — 2) d
= /m(bn -Vuo™ 4+ "u') o’ (2, t)ps(x — z) dz — /m(ﬁtu"")Q(z, Hos(x — z) dz

+/ A?jatu""aiu“” (Z,t)ajd)(;(x — z) dz
Rm™

1
2

N

< < / (Vut a2 )gs(x - 2) dz>

+ I Vosllool|Alloo [V [[2[|85u" |2,

</m(8tu"")2(z,t)¢5(:c —z) dz>

where all the norms are on Bs(x). On the other hand,
Iy < 73100 All oo VU 1%

where again the norms are on Bgs(x). By virtue of Proposition 3.1 and Lemma 3.1, (iii), we

conclude that
[0:(v7" * @5 L1 (@) < C1(0)-
Also,

[V (07 * ¢6)l L1 (@) < 107" o) Vb5l L1 () < C2(0),
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and both constants C; and Cs are independent of o,,. Thus for each 0 < é < 1 the sequence

{07 % ¢s }nen is precompact in L1(Q). At this point, we estimate

||B0'n (uan) — Bo-n(ug” * ¢5)||L1(Q) < sup / ‘Ban(ugn)(l‘,t) — Bon (uan)(gj — y,t)| dx dt
y€Bs; JQ

<6 sup sup / (9 (Bay (u7)) (@ — sy, )| da dt
(4.5) y€Bs s€(0,1]

< C6 sup sup / B, () (x — sy, t)| dx dt
y€DB;s s€(0,1]

< Co.

Here we have used that VB, (u’") = [, (u’")Vu’ and Proposition 3.1 again. Finally, we

observe that the precompactness of {|Vu"|?},en in L1(Q) implies
(4.6) [(A"Vu™, Vu™) — (A"Vu, Vu) * ¢ 11(q) — 0

as 0 — 0. From the precompactness of {v7™ % ¢s}nen and estimates (4.5), (4.6), the desired

conclusion follows. The lemma is thus proved. O

O

5. ASYMPTOTIC BEHAVIOR OF LIMIT SOLUTIONS: TwO PHASE CASE

In this section we study the local behavior of limit solutions in the two phase case. In
particular, we present here the proof of Theorem 1.2. The following results will play a crucial

role in the sequel.

Lemma 5.1. Let {u®i} be a family of solutions to (SPP) in a domain D C R™* such that u®
converges to u uniformly on compact subsets of D and e; — 0. Let (xg,ty) € DNo{u > 0}, and
assume A(zo,t9) = I. Define uy(z,t) = su(zg + Az, to + A?t). There exists § > 0 such that if

for a sequence A\, — 0, uy, — U uniformly on compact sets of R™*1 then

Jo(t) = t%(/j/m VU2 x, —s) d:pds) (/_Ot/m VU 2G —s)dwds) _ 5

_lz|
it

for every t > 0, where G(z,t) = We

Proof. Without loss of generality, we may assume (zg,t9) = (0,0), with A(0,0) = I, and that
Q7 CCD. Let p € C§°(B1(0)), ¢ =1 in By 5 and define

0t) = 3 (/ /m e —s)dxds) </ /m (=) [2G(x, —s)dxds)
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for 0 <t < 1. Let § = limy_,o+ Ju(p,t). Since ut and u~ are L-subsolutions in D, the proof of
Theorem 2.3.1 in [CK] shows that § < co. Now, define ¢)(x) = p(Az). A simple computation
shows that Jy,, (¢x,t) = Ju(p, A%t), and therefore we have

(51) )\li)%l+ Jux(gp)\,t) =¢

for any ¢t > 0. Now, fix ¢ > 0 and let \,, — 0 be such that uy, — U uniformly on compact subsets
of R™*1. By Lemma 3.3 we know that Vuy, — VU in L} (R™"1), so that for a subsequence
(still denoted by \,) Vuy, — VU a.e. in R™*1. Moreover, since u € Lip,.(1,1/2) in D, there
exists L > 0 such that |Vu| < L in Q. It is then easy to recognize that V(uy,¢y,) — VU a.e.

and HV(u)i\n ©xn )l Loe (R x (—t,0)) < C for n sufficiently large. By Lebesgue dominated convergence

theorem,
(5.2) lim Ju, (oA, 1) = Ju(t).
n—oo
The conclusion follows from (5.1) and (5.2). O

Lemma 5.2. Let u € Lipo.(1,1/2) in a domain D C R™*! be a global L-subsolution, such that
Lu =0 in{u>0}U{u <0}°. Ifu is nondegenerate at (xg,ty) € DN {u > 0}, then u™ is

also nondegenerate at (xg,to).

Proof. Arguing by contradiction, assume that there exists a sequence A, — 0 such that

1
hm T—i—-‘} // u+ = O
n— oo )\ Q;\n (xO»tO)

Define uy, = iu(mo + Apx, to + )\th). Since u € Lipioe(1,1/2) in D and u(zg,tp) = 0, there
exist a subsequence, still denoted by \,, and U € Lipj.(1,1/2) in R™! such that uy, — U

uniformly on compact sets of R™*!. Hence

1
// U+—hm// X = lim +3// ut =0.
n—oo Ql n—oo )\ Q;n ($07t0)

This implies that UT =0 in Q7 , or U < 0 in Q] . Since U is globally subcaloric and vanishes
at the origin, necessarily U = 0 in ()7 . But this contradicts the fact that u~ is nondegenerate

at (zo,to), because

lim// uy = lim // u- >c>0.
n—oo Q; An n—oo )\ m—i—;} Q}\ (@0,t0)

This completes the proof. O

We are now ready to prove the asymptotic development for limit solutions when they are

allowed to change sign.
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Proof of Theorem 1.2. Without loss of generality, assume (xg,%9) = (0,0) and n = e;. Define
uy(z,t) = fu(Az, A%) and let p > 0 be such that @, CC D. Since uy € Lip(1,1/2) in Qp/x
uniformly in A, and u)(0,0) = 0, there exist a subsequence \,, — 0 and a function U € Lip(1,1/2)
in R™*! such that uy, — U uniformly on compact subsets of R™*1. Using Lemmas 3.1 and 3.3,
it is not difficult to see that U is caloric in {U > 0} U{U < 0}. Moreover, rescaling (1.3) we see
that, for every k > 0

Hux >0} N{z1 <0} NQk| — 0, Hux <0} N{z1 >0} NQkl — 0

as A — 0. We deduce that U is nonnegative in {x; > 0}, nonpositive in {z; < 0}, and caloric
in {U > 0} U{U < 0}. In particular, U is supercaloric in {x; < 0}. On the other hand, since
Lu® > 0in D, also Lu > 0. Rescaling and passing to the limit, we find that U is subcaloric in
R™*! and so it is caloric in {77 < 0}. Moreover, since U € Lip(1,1/2) in R™*!,

|U(z,t) —Uly,s)| < L(lz —y| + |t — s|1/2) for any (x,t), (y,s) € {z1 <0},

and U |{z,—0y= 0. From these facts we infer that necessarily U(x,t) = yx1 in {1 < 0}. Since
U <0 in {z; < 0}, we must have v > 0. Finally, the nondegeneracy of u~ at the origin implies
v > 0. We now want to show that U = ax; in {z; > 0} for some positive constant « such that

a? —~% =2M. Consider, for t > 0,

7§2/ / IVUT|2G(z, —s dxds/ / VU™ |?G(z, —s) dz ds,

where G(z,t) = W . By Lemma 5.1 there exists 6 > 0 independent of the sequence
An such that Jy(t) = 6 for all ¢ > 0. Let us see that 6 must be positive. In fact, v > 0 forces
ff)t Jom VU *G(z, —s) dzds > 0 for all t > 0. If thO Jgm IVUT2G(, —s) dzds = 0 for some

to > 0, then Ut = 0 in R™ x (—to,0) and so, for any 7 > 0 such that r? < t,

1 1
0= lim —— o= i +
no A3 //Q D = 2% Dr)mt3 (Apr)mt3 //QAM !

which is absurd since, by Lemma 5.2, v is nondegenerate at (zo, to). Clearly, J;; = 0 and thus

2 I I

t LIy

where

0 0
L :/ / VU ?G(z, —s) dz ds, I :/ / VU™ |?G(z, —s) dx ds.
7t m 7t m

Integrating by parts we find that

Jom VU (2, —t)PG(z,t) dz [gm VU (2, —1)]*G (2, ) dz

>
Jm (U (x, —1)|2G(z, t) dz Jpm (U= (2, —0)|2G(z,t) dx
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We now make the change of variable z = t/2y and set vi(y) =UT (t1/2y, —t), vi(y) = U~ (t1/2y, —t).
We obtain
Jor [VOL P [ [VV5|dp

(5.3) 1> ,
Jrm V1 12dp Jrm [05]2dp
with du = We*‘yw‘ldy. Setting
Vol2d
)\S:il’lfifs| UQ‘ M,
fs lv]2dp

where the infimum is taken over all v € Lip(1,1/2) in R™, v = 0 in S¢, we can rewrite (5.3) as
(5.4) L2 Atsop + Agus >0}

At this point we recall an important result of Beckner, Kenig and Pipher [BKP], see also

[CK], which states that
Asy +Ag, > 1

if 51,52 are disjoint open sets in R™, and equality holds if, and only if, Sy = S{, with 51 =
{x;, > 0}, or a rotate of it, modulo sets of measure zero. This result, together with the
fact that (5.4) holds, implies that {v} > 0} = {(x,n) > 0} for some unit vector n = n(t),
{vt >0} = {{(z,n) < 0} and

vily) = a®)(y,n@)*,  vhly) =)y, n(t)”

for some a(t), ¥(t) > 0. Hence
U2y, —t) = a(){y. (), U (#"y, 1) = y(O)(y,0(t) "
and therefore
U (@, t) = a(t)|t (@, n(t)), U (@) = y(e)lel >, n(|t))

for any ¢ < 0. At this point we recall that U(z,t) = —yz] in {z; < 0} and so, in particular,
n(|t]) = e1 for any ¢t < 0. It follows that Ut (z,t) = &(t)x] for any t < 0. But U is caloric
where positive and so necessarily &(t) = « for some positive constant « or &(t) = 0. On the
other hand, since U is continuous, also & is continuous in ¢ and therefore, keeping in mind that

U™ cannot vanish because of the nondegeneracy of u™ at the origin, we may conclude that
Ut(x,t) = axf for any t < 0.

We now need to show that U™ (z,t) = ax] also for any ¢t > 0. By Corollary A.1 in [CLW1],
for any point (0,7',%), 7 € R™~!, # € R there exists & > 0 such that

(5.5) Ulz,t) = axf + o(|(z1,2') — (0,7)| + |t — T|/?) in {z1 >0} N{t <t}



32 DONATELLA DANIELLI

By virtue of Lemma 3.3, there exists a sequence j, — oo such that 4, = E/\”—: — 0 and

ué" _ (uaj”))\n ~U

uniformly on compact sets of R™*! as n — oo. Here (uin )y, (7,t) = ﬁueﬁ'n(}\nw, A2t). Tt is

readily seen that u% is a solution to
L,u’ = fs, (u™),

where L, is as in Lemma 3.2, with (zy,t,) = (0,0). Next, define Ur(z,t) = 1U(rz1, 72’ +
7', 7% +1). Then U, — az{ uniformly on compact subsets of {1 > 0} N {t <0} as 7 — 0, and
Ur = —yz] in {z; < 0}. We may apply Lemma 3.3 again (see also Remark 3.1), to conclude

that there exist a sequence o, = % and solutions u’" to
Ly, u’™ = div A"Vu’" — 0™ + b7 - Vu™ + 7" u’" = 3, (u")

such that u’» — &x{ — ya] uniformly on compact subsets of {t < 0}. Here A%"(z,t) =
An (Tpx, T+, T2t4HE), b0 (2, 1) = T b (T, T T, TR, O (2, ) = T2 (T, Tra!+
7,72t +1). By Proposition 3.5, we may conclude & —~2 = 2M. In particular, « is independent
of the point (0,7',t) and & = «a.

At this point, we only need to observe that the function v(z,t) = U(z,t) — ax] is subcaloric
in £ ={x; >0} N{t> -1}, and v = 0 on Jd,E. We infer from the maximum principle that
U < ax{ in E. Applying Hopf’s maximum principle to the function v(z,t) = U(x,t) — az; in

E and keeping (5.5) in mind, we see that necessarily
U= ax] in {z; > 0}.

Finally, by Lemma 5.1 there exists § > 0, independent of \,, such that 6 = Jy(t) = #.
Since o2 — 2 = 2M, « and ~ do not depend on the sequence \,. In conclusion, we have proved
that uy(x,t) — axf — yx;] uniformly on compact subsets of R™™! with a? — 42 = 2M. The

conclusion of the theorem readily follows. O

Our last main result shows that is actually possible to relax the nondegeneracy conditions
(H3), (H4), and (H4’) which appear in Theorems 1.1 and 1.2, provided that the free boundary is
given by a differentiable surface, with non-vertical inward normal 7. Without loss of generality

we may assume
(5.6) n = (cosb,0,...,0,sind), with 0 < 6 < 7/2.

Theorem 5.1. Let {u%} be solutions to (SPP) in a domain D C R™! such that u — u
uniformly on compact subsets of D as €; — 0. Let (x0,to) € DN o{u > 0} be such that (H2)
and (H5) holds. Suppose in addition that at (xg,to) the free boundary 0{u > 0} is given by a
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differentiable surface, with inward normal n as in (5.6). Under these assumptions, there exist
a >0 and v > 0 such that

u(z,t) = af(z — x0)1 + (tan ) (t — to)]T — y[(z — 20)1 + (tan ) (t — to)]~
+ o(|a — @o| + [t — to]*/%),

with o — % = 2M.
In order to prove Theorem 5.1 we will need the following results.

Proposition 5.1. Let u% be solutions to (SPP) in a domain D C R™" such that u®i — u
uniformly on compact subsets of D as €; — 0. Let (xo,t9) € DN o{u > 0} and assume that
there exists an unit vector n € R™ such that

{u >0} N {{z —z0,m) >0} N Q, (w0, to)]|

lim inf — =
r—0+ |Qr (o, to)]

and

- - t
lim inf ‘{U < 0} N {<$ ai0777> < 0} N Qr (%0, 0)‘
=07 |Qr (20, t0)]
with a1 + ag > 1/2. There exists a positive constant C' = C(a, aa, m, v, A) such that for every

= (g,

r > 0 small

sup  u>Cr.
0pQr (zo,to)

Since the proof of Proposition 5.1 is analogous to the one of Theorem 6.3 in [CLW1], we omit

it and refer the reader to that source. The next result is a consequence of Lemma 5.1.

Lemma 5.3. Let {ui} be a family of solutions to (SPP) in a domain D C R™! such that
u® — u uniformly on compact subsets of D as €; — 0. Let (xq,t9) € DN O{u > 0} and define
ux(z) = 3 (zo + Az, to + A%t). Let Ay, An be two sequences tending to zero and such that

ur, = U = axf —yay +olla| +[t]'?),  ug, —U=axf +ol|z| +[t]'/?),

n

uniformly on compact subsets of R™H with a > 0 and &,y > 0. Under these assumptions,

v =0.

Proof. Without loss of generality, we may assume (z9,%p) = (0,0) and A(0,0) = I. By

Lemma 5.1, there exists a constant ¢ (independent of the sequence \,) such that

0 0
67 0= Jult) = ;2/ / VUG, —s)dacds/ / VU~ 2G(x, —s) da ds

for every t > 0. Let Ux(z,t) = U(Az, A%t). Then Uy — Uy = az] — vz uniformly on compact

subsets of R™*1 as A — 0. Rescaling (5.7) we obtain

0 0
(5.8) d= %2/ / IVU;\:‘QG(l',—S) dxds/ / ‘VU);’QG(JZ, —s) dxds.
—t JRM —t m
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We want to pass to the limit in this identity. By Lemma 3.3, there exists a sequence d,, such

that u% — U uniformly on compact subsets of R™+!, with u% solutions to
Lnudn = ﬁdn (udn)v

where L, is as in Lemma 3.2, with (z,,t,) = (0,0). We infer from Lemma 3.3 that VU, — VU
in LZQDC(R’"H), and on a subsequence still denoted by \,, VU, — VU a.e. in R™*1. Moreover,
|VU,, | is uniformly bounded in R™*! because U € Lip(1,1/2) in R™*!. Hence we may apply
Lebesgue dominated convergence theorem in (5.8) to get 6 = a?y%/4. But the same argument

for the sequence A, shows § = 0. Since a > 0, necessarily v = 0. O
We can now present the proof of Theorem 5.1.
Proof of Theorem 5.1. For simplicity, we assume (xq,t9) = (0,0) and 6 = 0. Define, for A > 0,
1 2
(5.9) up(z,t) = XU(MC’)\ t).

As proved in Theorem 1.2, on a subsequence )\, — 0, wu), converges to a function U €
Lipioe(1,1/2) in R™*! uniformly on compact sets of R™*1. Moreover, U is a solution of the heat
equation in {U > 0} U{U < 0}°. Consider now a linear scaling of u around the origin given
by va(z,t) = u(Az, At). If we start with u restricted to a cylinder Qp = {|z| < R, |t| < R},
then vy is defined at least in a box Qr/y. Let Dy = {(z,t) € Qg/\ | va(z,t) > 0}, and let
IT = {x; = 0}. Since I is a tangent plane, for every R > 0 and o > 0 the boundary of Dy N Qg
can be confined in the region II, = {(z,t) € Qg | |z1] < o} if A is sufficiently small. Thus,
the region D) converges as A — 0 to the half space {x; > 0}, and the convergence is uniform
in boxes Qg. Since uy(x,t) = vx(z, A\t), the domain {uy > 0} tends as A\ — 0 to the half
space {x; > 0}. We conclude that U is a nonnegative solution of the heat equation in {z; > 0},
with boundary value 0 on II, and satisfying |U(z,t) — U(y,s)| < L(|z — y| + |t — s|'/?) for any
(z,1), (y,s) € {1 > 0}. Hence, necessarily U(z,t) = ax] in {z1 > 0} for some a > 0. Arguing

as in the proof of Theorem 1.2, it is not difficult to recognize that
U(x,t) = axf —yzy.

By Lemma 3.3, there exists a sequence ug, of solutions to (SPP) such that ug, — az] —~ya]
uniformly on compact subsets of R+, We now consider two cases.
Case I lim, o =209 — 0.

Assume first v > 0. We may thus apply Proposition 3.5 to conclude that o? — 2 = 2M.
Moreover, Lemma 5.1 ensures that « and v be independent of the choice of the subsequence A,

and from this the conclusion of the theorem readily follows.
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Suppose instead v = 0. Since 0 < B, (u*) < M, there exists M(x,t) € L>®(D),0 <
M(x,t) < M, such that on a subsequence (still denoted by B., (u")) B:, (u®") — M(x,t) *-
weakly in L*°(D). As in the proof of Proposition 3.5, M(x,t) = M in D N {z; > 0}. Let
1 € C3°(D) and take 0y, u®1 as test function in the weak formulation of (SPP). Proceeding as

in the proof of Proposition 3.5 and passing to the limit as €, — 0 we obtain

//8tu8x1uzp = %//8m1AVu‘Vuw+%/ AVu - Vu Oy ¢
(5.10) - //AVu-Vwaxlu—i—//b‘Vuaxluw
+//cu8z1uw+M//{u>0}ax1¢+//{u0} M (2, 1), 1.

Now let 9y, (z,1) = Apth(2/An, t/ N 2), with ¢ € Cso(R™1) and suppp C Q, for some r > 0. If
A is small enough, supp )y, C D and therefore we may replace ¥ with 1, in (5.10). A change
of variable then yields

(5.11)
1 1
// Oruy, Op un, Y = 5/\71/ 8$1A(/\n-%',)\n2t)vu)\n -Vuy, ¥ + 3 // A"Vuy, - Vuy, Oz,

— // A”Vu)\n . vw 8;51U)\n + // b™. Vu,\naxluAn 1/)
+// c”u,\namluAnw+M// ax1¢+// M (A, A\pt) 0, 0.
{ux, >0} {ux, =0}

Here, A", b™, and ¢ are as in Lemma 3.2, with (z,,t,) = (0,0). Using Lemma 3.3 again we
find Vuy, — axqz>oye1 in L (R™*1), and dyuy, — 0 weakly in L7 (R™*!). Keeping in mind
that A is continuously differentiable, A™ converges to the identity uniformly on compact sets of
R™ L b|lso + [Iclloo < A, [[Vuy,|loo < L, and that [{uy, =0}NQ,| — 0as A — 0 for any r > 0

by the current assumption, we may pass to the limit in (5.11) obtaining

R/ [

The latter identity, in turn, implies via integration by parts

2
M// zpdx'dt:a—// o da dt.
{21=0} 2 JJ {ai=0y

Since ¢ € C§° is arbitrary, we conclude that a? = 2M, and uy, (z,t) — V2Max] as n — oo.

The conclusion of the theorem is easily inferred from this.

{u=0}NQ-|
g >0

Case II limsup,_,
We prove that in this case v = 0. Because of the current hypothesis, there exists a sequence

S\n — 0 such that
H{u=0}tNQy |

=2c >0,
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and so

(5.12) im W, =0 0@

n—00 Q1
for n large. On the other hand, on a subsequence (still denoted by S\n), us, — U uniformly on
compact subsets of R™*! and f](:(:, t) = &:UT — yx1, for some &,5 > 0. As shown in the proof
of Case I, the existence of a classical normal to the free boundary D N d{u > 0} at the origin
guarantees that u > 0 in {1 > 0} N Q, for all r > 0 sufficiently small, and therefore u3 > 0 in
Q1 N{x1 > 0}, if n is large enough. This implies, together with (5.12),

. |{0EO}QQ1|:|{UEO}Q{$1<O}QQ1‘
B Q1] Q1] '

Since U(x,t) = —4x] in {z; < 0}, necessarily 4 = 0. But then also v = 0 by Lemma 5.3. We

next show that a > 0. If liminf, g % = 0, then u™ is nondegenerate at the origin by

assumption. Hence, for every r > 0 and n sufficiently large

7 ] o = s [ o
u cr
e N VT
1
) / / Ut zer
r Qr

for all » > 0. This forces o > 0. If instead liminf,_,o % > (0, we may apply Proposi-

which implies

tion 5.1 to infer the existence of a positive constant C such that SUPy o U > Cr for any r > 0
small enough. Rescaling and passing to the limit we find that, for r > 0, SUPy o U > Cr, and
so necessarily again o > 0. At this point we can proceed as in the proof of Theorem 1.1 to show

= v/2M. This proves that U (z,t) = V2M xf in R™*! and the conclusion of the theorem

follows also in this case. The proof is now complete. O
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