QUASISTATIC EVOLUTION FOR CAM-CLAY PLASTICITY:

THE SPATIALLY HOMOGENEOUS CASE

G. DAL MASO AND F. SOLOMBRINO

ABSTRACT. We study the spatially uniform case of the problem of quasistatic evolution in
small strain nonassociative elastoplasticity (Cam-Clay model). Through the introdution
of a viscous approximation, the problem reduces to determine the limit behavior of the
solutions of a singularly perturbed system of ODE’s in a finite dimensional Banach space.
Depending on the sign of two explicit scalar indicators, we see that the limit dynamics
presents, under quite generic assumptions, the alternation of three possible regimes: the
elastic regime, when the limit equation is just the equation of linearized elasticity, the
slow dynamics, when the strain evolves smoothly on the yield surface and plastic flow is
produced, and the fast dynamics, which may happen only in the softening regime, where
viscous solutions exhibit a jump across a heteroclinic orbit of an auxiliary system.
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The modified Cam-Clay model has been introduced in the engineering literature on soil
mechanics as a conceptual tool to understand the irreversible deformations experienced by
fine grained soils (clays); one of the interesting features of this model is that, depending
on the loading conditions, the stress-strain response may exhibit a hardening or a softening
behavior. Furthermore, it is an important example of nonassociative plasticity.

A general approach to the instabilities due to the softening regime has been developed
in [3] using a vanishing viscosity approximation. The goal of the present paper is the study
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of the spatially homogeneous case in dimension N, with no volume forces. The system is
driven by a time-dependent affine boundary condition w(t,z), whose symmetrized spatial
gradient Fw(t,z) is independent of the space variable z and is denoted by £(¢). In this
situation, the displacement wu(¢,z) coincides with w(¢,z) and the unknowns are the elastic
part e(t) and the plastic part p(t) appearing in the additive decomposition of the strain
Eu(t,x) = e(t) + p(t), as well as a scalar internal variable z(t), which describes the time
evolving yield surface. The stress o(t) is determined by the elastic part of the strain through
the usual relation o(t) = Ce(t), where C is the tensor of elastic moduli.

One ingredient of the model is a closed convex cone K C Mé\;an %[0, +00), where Mé\;ﬁf\f
is the space of symmetric NxN matrices. It is assumed that K contains the half-line
{0} x[0,4+00). The stress is constrained by the inclusion o(t) € K(z(t)), where for every
z € [0,400) we define K(z) := {o € MNXN : (0,2) € K}. The interior of K(z) is the
elastic domain corresponding to the value z of the internal variable, while its boundary
0K (z) is the yield surface. In the typical applications, 0K (z) is a suitable ellipsoid in
the space I\\/Jli\;an . Due to mathematical reasons, we shall impose some restrictions on
K(z) (see (2.14)-(2.17)), even if most of the results can be proved without these additional
assumptions.

The other ingredients of the model are the evolution laws for p(¢) and z(t), resulting in

the system

et) +p(t) =&(t), o) =Ce(t) € K(2(1)),

P(t) € Nk(z(y)(0(t)) (L.1)

(t) = tr(a(t)) tr(p(2)) ,
where Ng(.)(o) denotes the normal cone to K(z) at o, in the sense of convex analysis.
The nonassociative nature of the problem is due to the fact that the second equation in
(1.1) does not depend on K. In view of the hypotheses on K, we have the monotonicity
condition z; < zg = K(z1) C K(22). Therefore if 2(¢) > 0 the set K(z(t)) expands leading
to a hardening response. On the contrary, if 2(t) < 0 the set K(z(t)) shrinks leading to
a softening response. We shall assume that tr(o) < 0 for every o € K(z), which reflects
the compressive conditions typical of soil mechanics. Therefore, by the second equation in
(1.1), the hardening or softening behavour is determined only by the sign of tr(p).

To deal with the instabilities of the softening regime, we propose a viscosity approximation

to (1.1), in agreement with [3]. Denoting the minimal distance projection of o onto K(z)
by Tz (0), for every € > 0 we consider the unconstrained system

ec(t) +pe(t) = £(t), oc(t) = Cec(t),
pe(t) = Nf{(zg(t))(ae(t)) ) (LQ)
Ze(t) = tr(oe(t)) tr(pe(t)) ,

where Ni( (o) := 1(0 — mk()(0)) is the usual approximation of the normal to K(z). A
viscosity solution (e(t), p(t),o(t),z(t)) to (1.1) is defined as a left continuous map which, for
almost every time ¢, is the pointwise limit of a sequence (e (t), p<(t), o(t), ze(t)) of solutions
of (1.2). Notice that system (1.2) is slightly different from the one considered in [2], where a
particular case has been studied; here indeed, in the equation for the internal variable, the
term tr(7mg (.. (1)) (0c(t))) is replaced by simply tr(o.(t)), in agreement with [3].

In this paper we study in detail the limit behavior as € goes to 0 of the solutions of (1.2).
We will see that the limit dynamics presents, for a generic choice of the initial data — some
degenerate cases have indeed to be excluded — the alternation of three possible regimes:

a) Elastic regime. This situation occurs when in a time interval [t1,?s], the plastic
part, and thus the internal variable, do not evolve, while the stress is completely
determined by the prescribed boundary displacement through the relation o(t) =
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C(&(t) —&(t1)), for every t € [t1,ta]; a necessary condition for this behavior to occur
is clearly (C(&(t) — &(t1)), 2(t1)) € K for every t € [t1,12].

b) Slow dynamics. In this situation the strain evolves smoothly on the yield surface
and the limit equation (3.1), called the equation of the slow dynamics, takes into
account the production of plastic flow. The evolution can be studied using the
standard time t; during this regime both hardening and softening behavior can
occur.

¢) Fast dynamics. This is the situation where, in the softening regime, singular
behavior occurs; this requires the use of a fast time s := %t. The corresponding
limit equation (4.1) is called the equation of the fast dynamics. We will see that, at a
jump time ¢, the right limit (o(t+), z(¢t+)) of the solution is given by the asymptotic
value for s — 400 of the heteroclinic solution of the equation of the fast dynamics
(4.1) issuing from the point (o(t—), z(t—)) at s = —c0.

As in the associative case, studied in [7], the alternation of these three regimes is deter-
mined by the sign of two scalar indicators; the first one, depending explicitly on time and on
the state of the system, will be called the elastic-inelastic indicator. Its explicit expression
is given by

O(t,0,2) = ng)(0) - CE(t) for every (t,0,z) € [0, +o0] x 0K

here ng(.)(0) denotes the outward unit normal to K(z) at o. The second one, only

depending on the state of the system, will be called the slow-fast indicator; its explicit

expression will be given by

U(0,2) == —ng(s)(0) - Crgezy(0) — NN (5 ()] for every (o, 2) € OK.
z

For mathematical reasons, both the indicators will be suitably extended to the whole space,

but what only matters are their values on the yield surface.

We now briefly describe how the two indicators determine the limit dynamics. We take an
initial condition (g, zp) € int K; then initially the solution is following the elastic regime,
till it reaches the yield surface, at a time ¢, at a certain point (o1, 21). Here the elastic-
inelastic indicator must be nonnegative. In a generic situation it will be strictly positive, and
this determines the appearance of a plastic behavior after the time ¢;. The choice between
the slow and the fast dynamics depends on the sign of the slow-fast indicator.

a) If U(oq,21) < 0 the solution has no singularity and is obtained by solving the system
of the slow dynamics
. D(t,o51(t),2zs1(t :
oalt) = Wf Nk (=) (0s1() + CE (), (1.3)
Zat) = —TJiomeaan Toa) tr(ng @) (oa(t))),

defined on 0K, with Cauchy data (o1,21) at time t;; this situation is studied in
Section 3. This behavior persists as long as one of the two indicators does not vanish
along the motion.

If at a time ¢, we have that ®(¢,04(¢),z5(f)) = 0 while ¥ remains strictly
negative, elastic behavior may reappear, starting from the point (o4 (%), 2z4(f)), in
presence of some suitable higher order conditions, implying a change of sign of ®
along the motion; this situation is discussed in Section 3.3.

If ® remains stricly positive, the solution follows the equation of the slow dy-
namics for all its maximal interval of existence, that is to say as long as ¥ does not
vanish.
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b) If U(oq,21) > 0 the solution is discontinuous at time ¢; and jumps to the asymptotic
value as s — +o0o of the solution of the problem

07(s) = C(m(z;(s))(0f(5)) — ap(5))
zp(s) = tr(op(s)) tr(op(s) — Tr(z(s)) (0 (5))) (1.4)
Jim (o4(s), 25(s)) = (01, 21)

which is formally obtained by rescaling time in (1.2) according to s = %, and
neglecting all terms of order €. This situation is studied in Section 4. We will see
that the internal variable is decreasing along the solution of (1.4), thus we are in
the softening regime in this case. At the end of the jump the slow-fast indicator
is nonpositive (in some cases, see for instance Example 4.4, we can prove that it is
always strictly negative); excluding the degenerate case when it vanishes, this means
that, in a right neighborhood of ¢; the evolution is continuous and may follow the
elastic regime or the slow dynamics equation, depending on the sign of the elastic-
inelastic indicator. Moreover, if we are in the inelastic regime, we prove that, still,

softening behavior occurs at the end of the jump.

¢) If during a continuous evolution the indicator ¥ vanishes at a time to in a point

(02, 22) on the yield surface (we will see that this situation can never occur as long

as we are in the hardening regime), the following higher order condition must be
satisfied

VO (09, 29) - (e (72)__ gy g, (1.5)

tr(oz) tr(nk(zy)(02))’

if strict inequality holds, this implies a transition from the slow dynamics to the fast
dynamics regime; also this case will be discussed in Section 4. Then, the viscous
solution is discontinuous at time ¢5 and jumps to the asymptotic value as s — 400
of the solution of the problem (1.4), with (o2, 22) in place of (01,21). At the end
of the jump, exactly as in case b), the evolution is continuous and may follow the
elastic regime or the slow dynamics equation, with softening behavior, depending
on the sign of the elastic-inelastic indicator.

By iterating these arguments at each critical time, we can completely describe the solution,
except for some degenerate cases. The precise statement is given in Theorem 5.2.

2. FORMULATION OF THE PROBLEM AND PRELIMINARY RESULTS

Let Mé\;ﬁlN be the vector space of all symmetric N x N matrices with real entries, endowed
with the scalar product o - & := 37, 03;&;;; the norm of o € MNXN will be denoted by |o|.

sym

Let K be a closed convex cone in MJ %N x[0,+00). For every z € [0, +00) we define

K(z):={o€ Mé\;an :(0,2) e K}.
Each set K(z) is closed and convex, and we have
K(z)=2K(1) for every z € (0, +00) . (2.1)

Throughout the paper, we shall assume that K (1) is a bounded domain of class C? and
that 0 € 0K (1), hence

0€dK(z) for every z € [0, +00), (2.2)
and
lo| < Mgz for every (o,2) € K (2.3)
for a suitable constant My < +o0o. For every z > 0, we obviuosly have
o € 0K (z) < (0,2) € OK. (2.4)

For every o € 0K (z), we will denote the outward unit normal to K(z) at o by ng(.)(o),
while nk (o, z) will denote the outward unit normal to K at (o, z2).
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‘We shall also assume that
tr(o) <0 for every o € K(1); (2.5)

this reflects the compressive conditions typical of soil mechanics.
For every closed convex set C' C MQLLN let 7o MQLEN — C' be the minimal distance

projection onto C'. It follows from (2.1) that

WK(z)(U) :Z’/TK(U(%O') (26)
for every z > 0 and every o € MY N . We also define, for every (o,z) € MY XN x (0,400),
the function
9(07 Z) = |U - ﬂ-K(z)(g)‘; (27)
it is a Lipschitz function, moreover it is C* for every (o,2) € MY XN x (0,+00)] \ K. An
elementary consequence of (2.6) is the following relation:
0(o,2) = z0(Z,1) for every (o,z) € Mi\;an x (0, +00). (2.8)

The next proposition collects some elementary properties which will be useful in what follows.

Proposition 2.1. Let K be a closed convex cone in ML XN x[0,+00), and let K(z) be as

in (2.1). Assume that K(1) is bounded and of class C* and that 0 € OK(1). Then, for

every z >0 and every o € MYXN \ int K(2), we have

ng () (Tk(2)(0)) = ng ) (Tr ) (20)). (2.9)

Moreover, for every (o, z) € 0K

_ 1
\/ZZ—F‘O'“H.K(Z) (0

ni(o,z) ))‘2(2711((2)(0),—0~nK(Z)(U)). (2.10)

For every (0,z) € [MNXN x (0,+00)] \ K, we have

Vo(o,2) = 2(znk(2)(Tk(2)(0)), =Tk (2)(0) - k() (TK(2)(0))). (2.11)

Proof. To prove (2.9) it suffices to consider the case when o ¢ K (z), which is equivalent to
say that Z ¢ K(1). We then have, applying (2.6) and (2.8), that

o —Tg()(0)
o(0,2)
(2 —mr)(2))

_ _ 1
= T ni ) (Tr()(50)),

ng)(o) =

which proves (2.9).
For what concerns (2.11), it is well known that, for every (o, z) € [MY XN x (0, +00)]\ K,
Vo 0(0,2) = ng () (T (z)(c)) so only the last component of the gradient has to be calculated.

Together with (2.8) this implies that

%Q(U, z) = %[2 Q(%, 1)] = %(Q(Uv z)—0- nK(1)(7TK(1)(%))),
hence we get (2.11) by (2.9) and the equality

Q(O’, Z) — 0 NK(z) (TrK(z) (U)) = —TK(z) (U) "NK(z) (TrK(z) (0))

This also implies (2.10); indeed, by the C? regularity of the boundary, for every fixed
(7,%) € 9K we may locally define an oriented distance function r form K , which is a C*-
extension of ¢ to the interior of K. Then, locally we have that K = {(o,z)|7(0,2) < 0}.
It follows that the outward unit normal to K at (7, Z) must be parallel to Vr(7, Z), which
by continuity is obtained by extending the right-hand side of (2.11) to 0K, and this proves
(2.10). O
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Another useful property, which will be used in what follows, comes directly from the
characterization of the minimal distance projection and from the fact that 0 € K(z) for
every z; we have indeed that, for every (o, z) € [MYXN x (0, +00)] \ K

sym

Ti(2)(0) Nk (2)(Tr()(0))) > 0. (2.12)

NXN

sym 10 its spherical and deviatoric part through the

We shall often decompose o € M
relation

azz\/—lﬁ +y (2.13)

where x € R and y € Mg XN are uniquely determined; here as usual Mg *N denotes the
space of trace-free symmetric matrices of order N. Notice that vV Nz = tr(o); in particular,
for every o € K(1), we shall have < 0. Similarly, n(¢) and ~(¢) will denote the spherical
and the deviatoric part, respectively, of the function £(¢) mentioned in the introduction.

For mathematical reasons, we shall make some additional hypotheses on the set K(1),
even if most of the results we are going to prove do not need them. Precisely, we shall
suppose that there exist a constant a > 0 and two not identically zero functions g and
h, defined on a bounded convex domain D of class C?, satifying g = h = 0 on 9D and
g,h € C%(D) N C(D) such that, decomposing o € MY XN as in (2.13), we have

sym

K(1) = {0 e M{5Ng(y) <z +a < h(y)} (2.14)

sym
Convexity of the domain K (1) is then easily equivalent to the fact that g is convex and
h is concave; as they do not identically vanish on D and they are zero on the boundary,
this implies that
g(y) <0 and h(y) > 0 for every y € D.
Regularity of 0K (1) implies, that, for every w € 9D

li h = . 2.15
im_ [Vh(y)] = +o¢ (215)

=,

li v
i IVa(y)

Moreover, both (2.2) and (2.5) are satisfied, provided we have

= = Q. 21
I;leagh h(0) =a (2.16)
We shall also suppose that
g%, h? are concave . (2.17)

An example of set satisfying all these assumptions is, for instance, any ellipsoid of the form
(§+1)2+Z%:1,

where m = w

— 1 and y; are the components of y with respect to an orthonormal
basis of MY*Y . We then have the following Proposition.

Proposition 2.2. Assume that (2.14)-(2.17) are satisfied. Then, there exists a constant
F >0 such that, for every o € 0K(1)

|tr(nk1)(0))] < Flz +al, (2.18)
where x is defined as in (2.13). Moreover
tr(ng)(0)) =0 <=z = —a. (2.19)
The proof of this proposition relies on the following Lemma.
Lemma 2.3. Let m > 1 and let 0 an open bounded convex subset of R™ with C? boundary.

Let f € C?(Q)NC(Q) a concave function satifying

f(y) >0 for everyy € Q and f =0 on d9. (2.20)
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Then, for every w € 082,
liminf |V > 0.
yig71&52| W)l

Proof. Define Qs := {y € Q|dist(y, Q) < d}; for § > 0 suitably small due to the regularity
assumption on {2 we may assume that a minimal distance projection P on 0f2 is defined in
Q5. We then define the map v : y — —0,(py) f(y), where v(Py) denotes the outward unit
normal to 9Q at Py. Clearly, for every y € Q, we have |Vf(y)| > v(y), thus it suffices to
prove

lim inf >0 2.21
ygg}}ynmv(y) (2.21)

For every w € 09, we put v(w) := limsup;,_,g+ v(w — hv(w)); indeed, this limsup is a
limit and coincides with supje¢ g 5) v(w — hrv(w)). To prove this, we fix w € 9 and we
consider the function V,,(h) = v(w — hv(w)); this is a nonincreasing function, as, for every
h € (0,6), by a direct computation and exploiting the concavity of f, we have

%Vw(ﬁ) = v(W)T V2 f(w - hv(w)) v(P(w — hv(w))
v(w)T V2 f(w — hv(w)) v(w) < 0;

this proves the claim.

We now show that the function v is lower semicontinuous in 5 it is trivially continuous
in Q5 N Q, so it suffices to check what happens on 99Q. Fix then w € 9Q and o € R such
that v(w) > a. We may fix hy > 0 such that v(w — hyjv(w)) > «, then, by continuity of n
in Q5N Q, there exists € > 0 such that v(y) > « for every y € B(w — hiv(w), ), where the
latter set is the open ball of radius € centered at w — hyv(w). We then fix 0 <7 < § such
that, for every y € B(w,n) N, one has |[v(Py) — v(w)| < 2h -

With this choice, whenever y € B(w,n)NQ we have that y—hiv(Py) € B(w—hiv(w),e),
thus v(y — hiv(Py)) > «; but proceeding as before it is easy to show that v(y) > v(y —
hiv(Py)), then lower semicontinuity of v is proven.

Finally, we have that v(w) > 0 for every w € 99; indeed, if v(w) < 0, as seen before we
shall have that, for every h € (0,0), v(w—hv(w)) < 0, which is to say J, ) f(w—hv(w)) > 0.
This easily implies that 0 = f(w) > f(w — dv(w)), contradicting (2.20).

By lower semicontinuity we then have that, for every w € 092,

liminf v(y) > v(w) > 0,
y—w, ye

which proves (2.21), as required. O
We now prove Proposition 2.2.

Proof. Let 6 € OK(1) and let 7 € R, § € MY*Y as in (2.13). First, we suppose that
g € D, which is equivalent to Z # —a. Then only one of the two is possible: Z+a = g(g) or
Z+a = h(f). Suppose the first is true, then locally K (1) = {(z,y) € RxM}*¥|g(y)—z—a <
0}; recalling that tr(ng (o)) is obtained multiplying by V/N the first component of the
outward unit normal to K(1) at &, we obtain
VN —(z+a)VN .
B ¢1+\\V/;(@)|2 - g(y)\(/1+|)w(@)|2 <0 (222)
in the other case we have with similar reasonings that
N z+a)VN

B \/1+|¢v7h<y>|2 B h<y>(\/1+)|w<y>|2 =0 (2.23)
in both the equations, the latter equalities are justified since g, h never vanish in D.

This in particular proves that tr(ng)(5)) # 0 when T # —a. Conversely, suppose that
Z = —a, which is equivalent to saying that § € dD. Then take a sequence (y)nen C D
converging to y and put

tr(ng (o))

tr(ng1)(7))

on = [9(yn) — a]ﬁ + Yn;
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easily we have that o, € K (1) for every n and that o, converges to . Then (2.15), and
(2.22), applied to o, , immediately imply that tr(ng1)(d)) = 0. This concludes the proof
of (2.19).

By (2.19), we see that, to prove (2.18), we may suppose that, given ¢ € 9K(1) and
TeR, g€ MgXN in correspondance, one has § € D. By this fact, (2.22), and (2.23), it
clearly suffices to show that

inf [g(y)/1+|Vgy)l?| >0 and inf |h(y)\/1+ |Vi(y)?| > 0.
yeD yeD

We only prove the first of the two, the other being completely analogous. As g never vanishes
in D it suffices to show that, for every w € 0D one has

liminf |g(y)v/14 [Vg(y)]?| > 0;

y—w,yeD

as g vanishes on the boundary,

2
lim inf 1+ [Vg(y)?| = liminf V&
Jminf lg(y)v1+|Vg(y)l*| = liminf =5
and conclusion follows applying Lemma 2.3 to the function f := -‘72—2. O

Remark 2.4. Let 0 € 9K(1) and let 2 € R, y € MY*™ as in (2.13). As g is nonpositive
and h is nonnegative,  +a > 0 is easily equivalent to x +a = h(y), then (2.22) and (2.23)
imply that

tr(ng(1y(o)) >0 <= x+a>0. (2.24)

Let us fix £ € C1([0, +00); MY XN) | We introduce the elastic tensor C : MY XN — M XN

sym sym sym
and we suppose it is isotropic, that is to say

C¢ =2uép + K(tré)I, (2.25)

where the constant g > 0 is the shear modulus, the constant « > 0 is called modulus of
compression, and £p denotes the projection of ¢ onto the space of deviatoric matrices. In
particular, the quadratic form associated to C is positive definite. For every ¢ > 0 system
(1.2) is equivalent to

{56:5<t) = 55@) - (Cee(t) + 7'rl((zs(t))((ces(t» ) (2.26)
ez (t) = tr(Cec(t)) tr(Cec(t) — T (2. (1)) (Cec(t))) .

Lemma 2.5. For every € > 0 and for every initial condition e-(0) = ep and z:(0) = zp > 0
system (2.26) has a unique solution defined for every t € [0,+00). Moreover the solution
(ec,ze) of (2.26) with initial condition e-(0) = eg and z.(0) = zo > 0 satisfies z:(t) > 0
for every t € [0, +00).

Proof. The first part of the statement can be proved as in [2], Lemma 2.2; we also have, in
particular that for every € > 0 and T > 0 there exists a positive constant My . such that
|Cec(t)| < My, for every t € [0,T]. Let now T be the first time such that z.(T) =0 and
suppose by contradiction that 7' < +o0o. Fix £ < T such that T —# < m, where Mg

is given by (2.3) and let @ < T be a maximum point for z.(t) in [£,T]. We shall have, by
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(2.26) and (2.3)
T
0 = ez(a) +E/ Ze(s)ds

T
= ez.(a)+ / [tr((Ces(s))2 —tr(Cec(s)) tr(mx (2. (s))(Ce(s)))] ds

Y

eze(a) - / [tr(Cec(s))] [tr(7k (z. ()) (Cee(s))) ds

v

eze(a) — My Mg /T ze(s) ds
> z.(a)[e— (T — a)M;,EMK] > Sz (a),
a contradiction. O
Introducing the dual variable o, the system becomes
{Ede(t) = eC&(t) + Clri (z, (1) (02 (1) — o= (1)),
eze(t) = tr(0= (1)) tr(0e(t) — T (2. () (0=(1))) -
Since we want to consider a system which is initially in the elastic regime, for every € > 0

we will consider an initial condition satisfying (o¢, z9) € intK; in particular, we shall have
zo > 0. For every ¢ the solution of (2.27) is trivially given, by

(2.27)

(a(t),2(t)) = (o0 + C(£(t) — £(0)), 20) (2.28)
for t small; actually, this formula gives the solution in the time interval [0,#;], where
t1 =inf{t > 0: (o9 + C(&(t) — £(0)),20) € OK}. (2.29)

In terms of the function ¢ defined by (2.7), for every t such that o(o.(t),z:(t)) > 0,
equations (2.27) become

Cé(t) —0.(t) = éQ(JE(t% 2e(t)) (CnK(za(t))(Js(t)v z:(t)),
2:(t) = z0(0e(t), z(1)) tr(0= (1)) tr(nK (. (t)) (T (20 () (02 (1))

Given the solution of (2.27) with the prescribed initial data we define
0c(t) := o(oc(t), z(t)); (2.31)
notice that o.(t) is Lipschitz continuous, thus differentiable, for almost every ¢; in particular

it is differentiable for every t such that o.(¢t) > 0, and we have, by a direct computation,
taking into account (2.30) and (2.11), that

(2.30)

d t

ags(t) = ®(t, 0.(t), 2:(t)) + QE?()\II(UE(t), z¢(t)) whenever g.(t) > 0, (2.32)
where
(I)(tv g, Z): = NK(z) (ﬂ'K(z) (U)) : Cg(t)a (233)
U(o,z): = —ng ) (Tr)(0)) - Cng ey (Tr:)(0))
tr(o) tr(ng () (T () (O

- ) (0) ey (mrc oy ()] (2:34)
The function @ is defined on [0, +00)x{[M}*N x (0,+00)] \ int K} and is continuous,
while W is defined on [MJ XN x(0,+00)] \ int K and is of class C'. In what follows, it
is often convenient to consider extensions of ® and ¥ to [0,400)xMY*N x (0,+00) and

MYV % (0, +00) of class C” and C*, respectively. Notice that the partial derivatives of ¥
at each point of 0K do not depend on the extension.

As in [7], we will see that the sign of ® determines the transition from elastic to inelastic
regime at times when the stress meets the yield surface, while in case of inelastic regime
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the sign of ¥ determines whether the quasistatic evolution follows the equation of the slow
dynamics (continuous evolution) or jumps along the trajectory of the fast dynamics. For
these reasons, ® will be called elastic-inelastic indicator, while ¥ will be called slow-fast
indicator. Even if, for mathematical reasons, the two indicators are defined on the whole
space, we will also see that what only matters are the values they attain on the yield surface.

Remark 2.6. By positive definiteness of C and by (2.12) it is immediate to deduce that, for
every (o,z) such that tr(o) tr(ng(.)(7x()(0))) > 0, the indicator W is strictly negative;
as we are going to see in what follows, this reflects the fact that, as long as we are in the
hardening regime, the evolution does not present discontinuities.

In general, it is easy to verify, taking into account (2.25) and (2.3), that the following
bounds on ¥ hold: from above, we have, for every (o, z) € [MYXNx (0, +00)] \ int K,

sym
U(0,2) < —min{k, 2u} + MgV N|tr(o)], (2.35)

while from below
U(0,z) > —max{r,2u} — MgV Nltr(c)| (2.36)

where k,2u are defined by (2.25) and Mk is as in (2.3); clearly we may assume that any
extension of ¥ we will consider preserves these bounds in the whole space. Notice that,
by (2.35) and (2.3), if z is sufficiently close to 0, and (o, z) € K, then the indicator ¥ is
strictly negative uniformly in ¢; according to what we shall see in the following sections,
this means that when the internal variable is sufficiently small the evolution is continuous.

In what follows we shall define, for every o € Mé\;ﬂv ,
o) == max{x, 2u} + MgV N|tr(0)|. (2.37)

3. CONTINUOUS EVOLUTION

3.1. The equation of the slow dynamics. In this section we study in detail the equation
Galt) = w ;)c MK () (051 (1)) + CE(B),

Zsl(t) = —W tr(JSl(t)) tr(nK(zsl(t))(asl(t))),

defined on the open submanifold 0K N {¥(o,2) # 0} \ {(0,0)}. This will be called the
equation of the slow dynamics: observe that this is a well-defined equation, since, for every
t € [0, +00), the vector field

xe(o, z) = (CE(L) + q’qfv(t;af)) Cngz)(0), %tr(a) tr(ng () (0)))

is a tangent vector field to K N {¥(0,z) # 0} \ {(0,0)}; indeed, by (2.10), it suffices to
show that x:(c, 2) - (2 ng(2)(0), =0 - Nk (z)(0)) = 0, which follows by a direct computation,
recalling (2.33), and (2.34).

(3.1)

Remark 3.1. Let (o(¢),2(t)) a solution of (3.1) and define e(t), p(t) through the consti-
tutive relations in (1.1); we have that p(t) = —Wn;{(z(t))(a(ﬂ), thus the flow rule

in (1.1) is satisfied as long as 7% > 0; that is, in our case, as long as ® does not

become negative along the trajectory. We will see indeed that equation (3.1) appears in the
limit of (2.27) when the slow-fast indicator ¥ is negative.

Viceversa, let (o(t),2(t)) a C! function with values on K satisfying (1.1) in a certain
interval of time; if we suppose ¥ (o (t), 2(t)) # 0, the flow rule and the condition

0 =nk((o(t),2(1))) - (6(2), 2(1)),
with the help of (2.10), easily imply that (o(t),z(t)) satisfies (3.1) and that

 B(to().z(1)
V(o (D),2(0) = O-
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We endow equation (3.1) with initial data (o1, 21) € OK at a time ¢; > 0, with 2z > 0
and ¥(o1,21) # 0. We may thus apply all standard results about local existence and
uniqueness and the existence of a maximal interval where solutions to (3.1) are defined. So,
let (t1,t2) be the maximal interval of existence for the Cauchy problem associated to (3.1)
with datum (o7, 21). As said in (2.13), we denote the spherical and the deviatoric part of
osi(t) with x4 (t) and yg(t), and the spherical and the deviatoric part of £(t) with 7(t)
and ~y(t). Using the identity tr(Co) = kNtr(o), from (3.1) we obtain

KZg(t) = zg(t) (K NN(t) — 24(1)). (3.2)
The next Proposition shows an useful consequence of this equation.

Proposition 3.2. Assume (2.1)-(2.5), and (2.25); let ®, U as in (2.33), and (2.34),
respectively. Let (og(t),zsi(t)) the unique solution to the Cauchy problem associated to
(3.1) with Cauchy data (01,21) € OK at a time t; > 0, with z; >0 and V(o1,21) #0, and
let [t1,ta) be its maximal interval of existence. If to < 400, there exists a positive constant
M such that

[(osi(t), zs1(t))] < M for every t € [t1,t2) (3.3)
Proof. By (2.3), it suffices to show that z4(¢) is bounded. Let L > 0 such that |n(¢)| < L
for every t € [t1,t2]: by (3.2), and (2.3) we have, for every t € [ty,t2)

K(zsi(t) — za(t1)) = fi/t Zs1(s)ds

= _/t Ts(8)ig(s)ds + kN /t:ﬁ(s)xsl(s) ds

ty

t
< gladi(t) —23®)] + HN/ [n(s)l|zsi(s)] ds
t
) 1
< i22(t)+ HLNMK/ zsi(s) ds
ty
and conclusion follows by Gronwall’s inequality. (]

By the use of (3.2) we are also able to show that z4(t) cannot vanish at t = t5.

Proposition 3.3. Assume (2.1)-(2.5), and (2.25); let ®, ¥ as in (2.33), and (2.34),
respectively. Let (o4(t),zs(t)) the unique solution to the Cauchy problem associated to
(3.1) with Cauchy data (01,21) € 0K at a time t1 > 0, with z1 > 0 and ¥(o1,21) # 0,
and let [t1,t2) be its mazimal interval of existence. If to < +o00, then

liminf 2z (¢) > 0. (3.4)
t—>t2

Proof. Suppose by contradiction that lign %nf zs1(t) = 0; we first show that this liminf is a
—l2

limit. Let L > 0 such that [9(t)| < L for every t € (t1,t2), and Mg as in (2.3), and let

¢ :=limsup z4/(t); if we suppose ¢ > 0, we may fix ¢ < t3 such that
thQ

1) LNMg(to — 1) < §;
2) zg(t) < 2c for every t > t;
3) Zsl(t) > %
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We shall then have, by (3.2), (2.3), and the previous assumptions, that, for every ¢ > ¢

kzg(t) = ﬁzsl(f)—i-/ Zs1(s)ds
= weald) =~ [ wa(ia()ds+ N [is)n()ds

%

kS + S[22(F) — 24 ()] — HN/i n(s)l|zsi(s)] ds

v

t
KE — 2a2(t) — KNLMK/ zs1(s) ds
i

> kg - SaZ(t) — kS

N0

So, let t, a sequence converging to t realizing the liminf; by (2.3) we shall get that
lirf Zsi(tn) =0. As ¢, > t for n sufficiently large, we shall have
n—-—+oo

Kzai(tn) 2> 6§ — 5235 (tn),
which in the limit yields
which immediately implie

¢ <0, a contradiction. We thus have that lim; ¢, zg(t) = 0,

s, by (2.3), that tlirgl zs(t) = 0. We now fix ¢ < to such that

—l2

LNMpg(ts — 1) < 1;as zq(t) > 0 in (t1,t5) and 1tlin? zsi(t) = 0, there exists a maximum
—l2

point t3 for zg4(t) in [f,t2). Repeating the previous estimates, we shall have , for every

t > t3, that

Kza(t) > kzg(ts) — 22%(t) — KNLMgczg(t3)(t2 — 1) > r2t) — 122 (4,

which in the limit as t — t5 gives z4(t3) < 0, a contradiction. O

Proposition 3.4. Assume (2.1)-(2.5), and (2.25); let ®, ¥ as in (2.33), and (2.34),
respectively. Let (05(t), z5i1(t)) the unique solution to the Cauchy problem associated to (3.1)
with Cauchy data (01,21) € 0K at a time t1 > 0, with z; > 0 and such that ¥(o1,21) # 0,
and let [t1,t2) be its maximal interval of existence. If to < +00, then

11H17 \Ij(asl(t)a Zsl(t)) =0 (35)

—t,

Proof. Suppose by contradiction that there exists a sequence tp — to such that

kETMW(JSl(tk),ZSl(tk)) 7& 0. (36)

By Proposition 3.2, we may assume that (os(tk), 2si(tx)) tends to a finite limit (o2,22) as
k — +o00; by Proposition 3.3 we have that zo > 0. By continuity of ¥, (3.6) implies that
U(0g, 22) # 0; it follows now from Lemma 3.5 below that

Him (0 (t): 2 (1)) = (02, 22);

we may then solve the Cauchy problem associated to (3.1) with data (o2, 22) at time to,
contradicting the maximality of [t1,t2). O

In the previous Proposition we have used the following elementary Lemma about differ-
ential equations, whose proof can be found in [4], Chapter 1, Lemma 3.1; we state it for the
reader’s convenience.

Lemma 3.5. Let E be a subset of R x R™ let f: E— R™ a continuous function, and let
u(t) a solution of the ODE 0(t) = f(t,v(t)) on an interval [a,d) or (d,a] where |§] < 4o0.
If there exists a sequence ty converging to § such that u(ty) — @ € R™ and f(t,v) is
bounded on the intersection of E with an open neighborhood of the point (§,a), then

lim u(t) = 4.

t—
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In the next Proposition, we use Lemma 3.5 to prove that, if ¥ vanishes at time t; < 400,
then (o (t), zs(t)) have a limit at ¢ = 5 ; the proof is obtained by z4(¢) must be monotone
in a neighborhood of t;. We also need the additional hypothesis that the elastic-inelastic
indicator is not vanishing at to, that is to say

liminf |®(¢, 05(t), zs:(t))| > 0. (3.7
t—ty

Proposition 3.6. Assume (2.1)-(2.5), and (2.25); let ®, ¥ as in (2.33), and (2.34),
respectively. Let (o5(t),zsi(t)) the unique solution to the Cauchy problem associated to
(3.1) with Cauchy data (o1,21) at a time t; > 0, with z; > 0 and such that V(oy,21) #0,
and let [t1,ta) be its mazimal interval of existence. If to < 400, and (3.7) holds, then there
exists

lim (04(t), zs1(t)) := (02, 22) € OK. (3.8)

t—ty
Proof. By Proposition 3.4 we have lim,_,— U(og(t), zs(t)) = 0; as seen in Remark 2.6, this
implies that

liminf g () <0 and liminftr(nK(zsl(t))(O'sl(t))) > 0;
t—ty s—t,
if not, in both cases we may find a sequence t,, converging to ¢ along which
limsup U(og(t), 251 (tn)) < —min{k,2u} <0,
n—-+00

a contradiction. By (3.1), (3.5), and (3.7) we easily get that there exists a left neighborhood
of to, denoted with (%,t3), where 24 (t) # 0; thus z4(t) is invertible in this interval, with
inverse t(z), and converges to a limit zo, which is finite by Proposition 3.2. We now suppose,
for instance, that z4(t) is strictly decreasing, the proof in the other case being completely

analogous. We put 2 := z4(t) and we express ¢ in function of z; by (3.1), we then get that

U(og(z),2z
70;1(2) - tr(”sl(z))tr(iK(z)(o'sl(Z))) [(C NK(2) (USI(Z)) o CX(Z)W} (3'9)

for every z € (2y, 2); here we have put: x(z) := £(t(2)). So, as
lizniizr;f [tr(osi(2)) tr(ng(z)(os(2)))] > 0

by the previous discussion, and taking into account (2.3) and (3.7), |o%,(z)| remains uni-
formly bounded in this interval. The conclusion follows. O

Remark 3.7. We will see in the next subsection that the solutions of (2.27) uniformly
converge to the solution of (3.1) in a right neighborhood of ¢; if we suppose that

(I)(tl,O'l,Zl) >0 (310)
and
\Il(crl,zl) < 0. (311)
In general, [t1,t2) may not be the maximal interval of convergence, as positivity of & may
fail before of t5. We will show that this convergence holds on [t1,%3) whenever
O(t,05(t), z51(t)) >0 for every t < ts. (3.12)
Assume this inequality, as well as (3.7), suppose that to < 400, and let (02, 22) be as in
(3.8); then
\I/(JQ, 2'2) =0. (313)
Let us prove that
V(09 20) - (——CiKC2)(72)__ 4y (3.14)

tr(o2) tl‘(’nK(Zz)(Ug)) )
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Indeed, as seen in Proposition 3.6 z(t) is strictly decreasing in a left neighborhood of ¢,
with inverse t(z). If we define o4 (2) := 04(t(2)), we shall then have that ¥(o4(2),2) <0
in a right neighborhood of z5, which yields

lim i\I/(Usl(z),z) <0

z—z2 dz
a direct computation involving (3.9) and (3.13) gives us condition (3.14).
We claim that the vector ( —C k(o) (02)

tr(oz) tr(nK(Q) (o2

that, by (2.10), it suffices to show that

75 1) is tangent to K at (o9, 22). To prove

—Cng(zy)(02)
(tr(ag)tTrLE;(Ki)ZQ)z()og))’ 1) ! (ZQ nK(Zz)(U2)7 —02 nK(Zz)(UQ)) =0.

Recalling (2.34), the left-hand side is equal to tr(ngiz;‘zz”;(@)) , and the conclusion follows
22

by (3.13). Thus the left-hand side of (3.14) is a tangential derivative and depends only on
the values ¥ attains on 0K .

Due to the presence of the forcing term (Cé(t) , the sign of Z,(t) may change, causing the
alternance of hardening and softening regime; we end this subsection by presenting a simple
condition that prevents this phenomenon. To be definite, we consider the case where the
spherical part of £(t) is constant, as in [2]. Observe that here we are assuming (2.14)-(2.17),
in order to apply Proposition 2.2.

Proposition 3.8. Assume that (2.25), and (2.14)-(2.17) are satisfied; let &, U as in (2.33),
and (2.34), respectively. Let (o5(t),zsi(t)) the unique solution to (3.1) with Cauchy data
(01,71) at a time t; > 0, with z; > 0 and ¥(o1,21) < 0, and let [t1,t2) be its mazimal
interval of existence. Let t € [ty,t3) such that

D(t,05(t), zs1(t)) >0 for every t € [t1,1] (3.15)
and suppose that 1(t) = 0 for every t € [t1,t]. If there exists T € (t1,t) such that 24 (f) =0,
then 24 (t) =0 for every t € [t1,1].

Proof. As t < 400, by the same arguments as in Proposition 3.2 and Proposition 3.3, we
may assume that Z :=inf,c, 5 2a(t) >0 and that [24(?)| is bounded by a finite constant
M . By (3.1) we have that

() = VNGRS A (e ) (0(1))), (3.16)

while (3.2) reduces to

kZg(t) = —:L‘Sl(t)il‘sl(t). (3.17)
By (3.16), (3.15), (2.9), and (2.19), we have that
Tsi(t) =0 <= xg(t) + azs(t) =0, (3.18)

where a > 0 is as in (2.14). Let us prove that z4(t) # 0 for every t € (t1,1]; indeed, by
(2.5), which is equivalent to (2.16), if the value 0 is assumed, it is a maximum value for
x4 (t), thus, if for some t € (t1,] we have x4(t) = 0, it must be also @4 (t) = 0, but this is
excluded by (3.18), as z4(t) > 0.

Suppose that there exists # € (t1,f) such that Z4(f) = 0; as 24(f) # 0, by (3.17) we
must have Z4(t) = 0, that is to say z4(f) + az5(f) = 0. Let f(t) := x5(¢) + a z5(¢); under
our hypotheses, by (3.16) and (3.17) there exists a positive constant W such that

O € Wty (oa(®)]  for every t € [t 1]
(2.9) and (2.19) imply that

[tr (K i (1) (00 (D) < Zla(t) + aza(t)],
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where F' > 0 is as in (2.18). We conclude that
FOISWEIF@  for every ¢ € [t1, )

as f(f) = 0, Gronwall’s inequality implies that f(t) = 0 for every t € [t1,{], which in its
turn entails that @4 (t) = 0 for every t € [t1,#], and conclusion follows by (3.17). O

3.2. Convergence to the slow dynamics. In this subsection we examine how to recover
equation (3.1) from (2.27) in the limit as € goes to 0, under suitable hypotheses on the sign
of the indicators ® and ¥: as the arguments are essentially the same as in [7, Section 3],
some of the proofs will be only sketched.

Throughout this part of the paper, ¢ denotes a time such that there exist a left continuous
function t +— (o(t), 2(t)) defined on [0,f) with values in MY XN x [0, +00) and an element

sym
(6,2) of MY XN x[0,+00) satisfying the following properties:
(0(t), z:(t)) — (o(t), 2(t)) for a.e. t €[0,1), (3.19)
there exists £, — t such that (o.(f.), z:(t.)) — (6, 2), (3.20)
(6,2) € 0K and % >0, (3.21)
®(t,5,2) > 0. (3.22)
For instance, we can take f = t; defined by (2.29), if t; < +00 and, setting
(01, 21) == (00 + C(£(t1) — £(0)), 20)- (3.23)
we have
(I)(tl,Ul,Zl) > 0; (324)

notice that in general we have ®(¢1,01,21) > 0, as the solution was in K at all previ-
ous times, thus we are only excluding the degenerate case when equality holds. The case
®(t1,01,21) = 0 will be discussed in the next subsection.

Lemma 3.9. Assume (2.1)-(2.5), and (2.25), and let ® as in (2.33). Let t > 0 satisfy
(3.19)-(3.22), and let t. be as in (3.20); then, for every t* >, the set {o.(t) > 0} N [tc, t*]
is nonempty, when ¢ is sufficiently small.

Proof. Assume on the contrary that along a suitable subsequence, that we shall not relabel,
one has o (t) =0 for every t € [t.,t*]; we then get

(0=(t), 2(t)) = (Ue(fs) +C(&(t) - 5(&))) ze(te)) € K (3.25)
for every t € [f.,t*]. In the limit we obtain that, for every ¢ € [£,t*], (6+C(£(t) — £(1)), 2) €
K ; by (3.21) we easily deduce that it must be ®(,&,2) < 0, contradicting (3.22). O

Remark 3.10. Notice that if £ = ¢;, the statement of the Lemma holds with #. = ¢; .

We fix an open neighborhood Us := (£ — 6, + &) x Bs(6,2), where Bj(6,2) denotes the
open ball of radius § > 0 centered at (6, 2), in a way that there exists a positive constant
3 > 0 such that

O(t,0,2) > 72 >0 for every (t,0,2) € Us. (3.26)
We may clearly assume that § < %, where k,2u are defined by (2.25) and Mg
is as in (2.3), in a way that for every (o, z) € B;s(6, 2), the following holds:
¥ < (3.27)
where A(o) is defined as in (2.37). We define
ae = inf{t € (t,t. +6) : (0:(t), 2.(t)) € OBs(5,2)}, (3.28)

where %, is given by (3.20). The following lemma shows that, thanks to (3.26), the function
%gg(t) becomes greater than a fixed positive constant after a time t. converging to # as
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¢ — 0, while the motion is still in Bs(5, 2); we shall see that this implies a transition to the
inelastic regime.

Lemma 3.11. Assume (2.1)-(2.5), and (2.25), and let ® as in (2.33). Let t > 0 satisfy
(3.19)-(3.22), let t. be as in (3.20), and let &, a., and v, be as in (3.26) and (3.28). Let
e >0 and o-(t) be as in (2.31). Define

te:=inf{t € (fe,f + )+ Zo-(t) > 535y} (3.29)

Then:
a) te—1—0 ase—0F;
b) t. < ae for e sufficiently small;
c) éga(t) > % for every t € [t.,a.].

Proof. We closely follow [7, Lemma 3.3]. Concerning part a) and part b) of the statement,
we may clearly suppose that t. > t.. Let s. :=t. A a.. We first claim that, for small €, in
(t.,s.) one has o.(t) > 0.

Indeed, we first observe that if the set {o.(t) > 0} N [fc, s.] is empty along a suitable
subsequence (unrelabelled), then clearly s. = a., and (3.25) holds for every t € [t.,t*]; we
then easily get that liminf a. > ¢, and this contradicts Lemma 3.9. Then, for ¢ sufficiently
small, the set {o.(t) > 0} N [t., s-] has positive measure. Now, observe that ¢.(t) = 0 a.e.
in {o.(t) =0} N[t,s.], while in the set {o.(t) > 0} N [f.,s.] one has

0:(t) = % (3.30)
by (2.32), (3.26), (2.36), and (3.27). Then, by the fundamental theorem of calculus and by

Lemma 3.9, we get

0:(7) = o-(t)dt > B L ({o-(t) > 0} N [Ee, 7]) > 0

‘/{Qa (t)>0}ﬂ[£5 ,7]

for every 7 € [t.,s.], which proves our claim. Therefore {o.(t) > 0} N (t.,s.] = (f.,s.] so
that the previous estimate and the definition of s. yield

53;7(25) > 0e(se) > l;(ss - Es)a
which implies, by (3.20), that
se—t—0 ase—0". (3.31)

Now suppose, by contradiction, that s. = a. as € — 0 along a suitable sequence. Then
ae —t. — 0 as € — 07 and

1 .
sup  Z0:(t) < 537657
te[ts7as]

by the definition of a., (2.30), and (3.20), this implies

§+0(1) = [(0e(ac), z(ac)) = (oc(fe), z(t))]
< |(0(ae) = 0c(ie), 0)| + (0, ze(ac) — z(to))|
< [T+ o) (332
< (|((53|+|tr(&)|+6+o(1))/:5Qfs(t)dt—i-|(C| :E E(0)) dt
< 1G] +1t8(0)] + & + o(1) ] ax — 1) +1C] [ Ewna

a contradiction, since the right-hand side tends to 0 as € — 0. This proves part a) and part
b) of the statement.
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Observe now that (3.30) yields gc(t-) > % . Thus, if ¢) is false, let ! be the first time
in (tc,a.) such that o.(t!) = %; then . (t!) < 0. Repeating the proof of (3.30) we find
0-(t1) > 2 > 0, a contradiction. O

Remark 3.12. Notice that if £ = ¢;, the statement of the Lemma holds with #. = ¢;.

We now focus on the case where the slow-fast indicator is negative at (4, 2). As in [7],
this allows to show that, in a neighborhood of ¢, the function %gg(t) remains uniformly
bounded. This is the key ingredient to prove that the limit evolution is continuous.

For a suitable choice of ¢ in the definition of the neighborhood Us satisfying (3.26), we
may assume that there exists a positive constant «; such that

U(o,2) < —m for every (o, z) € B;5(5,2). (3.33)

We now state an auxiliary lemma, analogous to [7, Lemma 3.6], which will be used also in
Section 4. Notice that in the statement of the lemma we make no assumption on the sign
of the indicator ®.

Lemma 3.13. Assume (2.1)-(2.5), and (2.25); let U be as in (2.34). Let t > 0, (5,%) €
0K, and t. a sequence such that

te —tase— 0T,
(0c(te), 2e(te)) — (6, 2) as e — 0%,
Suppose that there exist two constants n > 0, v > 0 such that, for every (o,z) satisfying
|(o,2) — (6,2)] <n, one has
U(o,z) < —7.
Let
bl = inf{t € (t.,t+1n): (0:(t),2(t) € 0B, (5,2)}.
Then there exist L > 0 and a sequence 3., which may be taken equal to t. whenever
lim sup 0e(fe) < 400, such that

£
e—0

where C(G,7,7) = min{n, rreyelieyme ) -

Proof. To prove a), b), ¢) it suffices to adapt the arguments of [7, Lemma 3.6]; to prove d)

one can proceed as in (3.32), using the above bound on QET(t) given by c); this explains why,

differently from [7, Lemma 3.6], here the constant C' may also depend on &. O

The proof of the main theorem of this section involves of the following general result on
continuous dependence on a parameter, whose proof can be found in [6] (see also [5]).

Theorem 3.14. Let f. and fo be Carathéodory functions defined on [a,b]xR™ with values
in R™, let t., tg € [a,b], and let z., xog € R™. Assume that there exist two constants
L >0 and M > 0 such that

|fe(t,z2) — fe(t,z1)| < Llze — a1], (3.34)
|fe(t,2)] < M, (3.35)
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for every € > 0, every t € [a,b], and every x, x1, xo € R™. Let y.(t) and yo(t) be the
solutions of the Cauchy problems

{ys(t) = [ (ty(1)), {y'o(t) = folt.y(1)), (3.36)

ye(ta) = T, ys(tO) = Zo -

If t. — tg, xe — xg, and for every x € R™

/t fe(s,x)ds — /t f(s,x)ds uniformly for t € [a,b],
then y<(t) — yo(t) uniformly for t € [a,b].

In the following corollary inequalities (3.34) and (3.35) are satisfied only in the intervals
[te,b], and the conclusion is slightly weaker.

Corollary 3.15. Let f. and fo be Carathéodory functions defined on [a, b]xR™ with values
in R™, let t. — a, and let x., xg € R™. Assume that there exist two constants L > 0 and
M >0 such that (3.34) and (3.35) hold for every € > 0, every t € [t.,b], and every x, x1,
29 € R™. Let y(t) and yo(t) be the solutions of the Cauchy problems (3.36). If x. — xo,
and for every x € R™ and every n > 0

t t
/ fe(s,z)ds — / f(s,z)ds uniformly for t € [a+n,b],
a+n a+n

then
sup [ye(t) = yo(t)] = 0
to<t<b
Proof. See [7, Corollary 3.5]. O

We are now ready to prove the main result of this section.

Theorem 3.16. Assume (2.1)-(2.5), (2.25), and let ®,¥ be as in (2.33), and (2.34),
respectively. Let t > 0 satisfy (3.19)-(3.22), let t. be as in (3.20), and suppose that (3.33)
holds. Let (o5(s),zsi(8)) be the unique solution to the equation of the slow dynamics (3.1)
with Cauchy datum (6,2) at t, and let to >t be as in (3.5). Let t < to and suppose that
there exists a constant v3 > 0 such that

D(s,05(8), 2zs1(8)) = 3 for every s € [t,1]. (3.37)
Then (0., z.) converges uniformly to (cs,2s) as € — 0% on compact subsets of (,1].

Proof. We follow the scheme of [7, Theorem 3.7]. Let &, 72, 71, te, and a. be given by
(3.26), (3.33), (3.20), and (3.28), respectively. We put t* = liminf a. , and we apply Lemma

e—0t
3.13 with £ = ¢, f. = t., and b7 = a.; we have that t* > t, and, by part c) of the Lemma,
we may assume that there exists a nonnegative function w(t) such that, for every n > 0,
QET(” w*-converges in L®((t +n,t*)) to w(t).

We write equation (2.27) in the form

{Q@d@—WWJ@J@)

where

Wity o (1), 2(t)) == L= hy (o(1), 2(1)) (3.38)

wi(t, o(t), 2(t)) == ELhy(o(t), 2(1)); (3.39)

here hy(o,2), ha(o,2) denote two C! globally Lipschitzian functions, which coincide with
Cng () (Tr(2)(0)), and tr(o)tr(ng () (Tx(2)(0))), respectively, in Bs(d, 2) \int K. Corollary
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3.15 now provides the uniform convergence of the solutions of (2.27) to the solution of the
problem

{cg’(t) —6(t) = w(t)hi(o(t), 2(t)) (3.40)

£(t) = w(t)ha(o(t), 2(1)),
with the required Cauchy data, on the compact subintervals of (tA7 t*].
Now, Lemma 3.13, part c), implies that (o(t),2(t)) € K for every t € (f,¢*], while
Lemma 3.11 entails that, for every ¢ € (£,¢*], the points (0(t),2-(t)) do not belong to K
when ¢ is sufficiently small; this proves that (o(t), 2(t)) € K for every t € (£,t*]. Thus, for
every ¢ € (£,¢*], the functions hy(c(t),2(t)) and ha(o(t), 2(t)) coincide with Cng(,)(c) and
tr(o)tr(ng(s)(0)), respectively. Since (o(t),z(t)) € 0K, we must have, for every ¢ € (£,t*]

0=nx((a(t),2(t))) - (5(t), £(1));
this in turn, recalling (2.10), is equivalent to
0= (2ng)(0), =0 -ngey (o)) - (0(t), 2(t)).
Then (3.40), (2.33), and (2.34) imply that
0=w(®)¥(o(t),z(t)) + ®(t, 0(t), 2(t)). (3.41)
Therefore (3.40) coincides with (3.1). We conclude that the solutions of (2.27) converge
uniformly on compact subintervals of (,%*] to the solution of the equation (3.1) with Cauchy
data (6, 2) at t, and by uniqueness, the limit is exactly (o (t), zs(t)).
Now, let ¢! the maximal time such that (o.,2.) converges uniformly to (o.,zs) as
e — 0T on compact subintervals of (f, tT); to conclude the proof, we have to show that
tT > f. Let us argue by contradiction, supposing ' < . Define (o', 21) := (o4 (t1), 2, (t1))
and observe that, by the hypotheses, there exist two constants 7 > 0 and v > 0 such that,
for every (t,0,2) € [tt —n,tT+n] x B,(ot, 21), one has ¥(o, 2) < —y and ®(t,0,2) >~. We
define c(%,7v) as the infimum in Bg (of,2") of C(0,%,7), where the latter is the constant
defined in Lemma 3.13. Now we may fix ¢t/ — 1 < o< th <t <l <]+ c(2,7)
in a way that (og(t]), za(t])) € Bg(UT,zT) and we shall have that for every (t,0,2) €
[t = 2.8 + 4] x By (oa(t]), za(t]),
U(o,2) < —y and ®(t,0,2) > 7. (3.42)

By Lemma 3.13, applied with ¢ = . = t}, we have that there exists L > 0 such that for ¢
sufficiently small QET(t) < % for every t € [t;,t;]. By Lemma 3.11, applied with ¢ = {, = t{,

n
and a. = b2 we get that

0:(t) oy tot
= 2 Bau) for every t € [ty, 23], (3.43)

when ¢ is sufficiently small; here A(o) is defined by (2.37). We repeat the arguments of
the previous step of the proof, and we also notice that we are in position to apply Theorem
3.14 in place of Corollary 3.15, to get that the solutions of (2.27) converges uniformly in
the interval [t},t] to the solution of the problem (3.1) with Cauchy data (o(t}),z(t})) =
(o51(th), 241 (t})), that is, by uniqueness, to (og (), zs(£)). This contradicts the maximality
of tf. O

Remark 3.17. A slight adaptation of the proof, taking into account Remark 3.12, easily
shows that in the particular case ¢ = t; the conclusion of the Theorem holds on the whole
closed interval [ti,¢].

The previous theorem shows that, if one has

O(t,05(t), zs1(t)) >0 for every t <t < to, (3.44)
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then (o, z.) converges uniformly to (o, 2s) as € — 07 on compact subintervals of (£,t5).
On the contrary, if
(I)({, 051(57281(5)) =0 (345)

for some £ < t < ty, then the elastic behavior may re-appear starting from the point
(7,2) = (0s(t), z51(t)) € DK, as we are going to discuss in the next subsection.

In the last section of the paper we will consider the case when (3.44) holds, and to < +00;
we will show that a transition from the slow to the fast dynamics occurs at time ¢t when(3.7)
and (3.14) hold with strict inequality.

3.3. Return to the elastic regime. In this subsection we take # and t; as in Theo-
rem 3.16, and we assume that there exists ¢ < < t, satisfying (3.45) and such that
O(t,05(t),za(t)) > 0 for every t <t < . Our purpose is to give some conditions which
imply the return of the system to the elastic behavior after the time #. The discussion will
be completely analogous to that in [7, Section 3.3], hence the proofs will be only sketched.

Assume that there exists a sequence t,, — t such that
D(ty, 0s1(tn), zsi(tn)) <0 (3.46)

and that there exists 7 > 0 such that, for every (¢, s, 0, z) € (t,t+n) x(0,1) % (B, (7,2))NOK
satisfying ®(¢,0,2) <0,

(0 +C(&(t+s) —&(t)),2) € int K. (3.47)
We then have the following theorem.

Theorem 3.18. Assume (2.1)-(2.5), (2.25), and let ®,¥ be as in (2.33), and (2.34),
respectively. Let t > 0, (04(s),zs(s)), and to > t be as in Theorem 3.16. Let t < t,
satisfy (3.45) and suppose that ®(t,04(t),za(t)) > 0 for every t <t < t. Let (5,2) :=
(osi(t), z51(t)), and assume that (3.46) and (3.47) hold. Let (oe(t), za(t)) := (7 + C(E(t) —
§(t)), 2) and

7 :=sup{t > t|(0e1(s), ze1(s)) € int K for every s € (t,t)}.

Then (o, z.) converges uniformly on compact subsets of (t,7) to the function (o, z) defined
by
(osi(t),za(t)) fort<t<t,

(0ei(t), ze1(t))  for t<t<r. (3.48)

(o(t), 2(t)) := {
Proof. Let 7 be the maximal time such that (o, z.) converges uniformly to (o, z) on com-
pact subintervals of (,7); we have to show that # = 7. By Theorem 3.16, it follows that
7 >1¢. As in [7, Theorem 3.11], it is easy to see that 7 = 7 when 7 > ¢, therefore we have
only to exclude 7 =t.

In this case, there exist two constants n > 0 and ~ > 0 such that, for every (¢,0,2) €
[t —n,t+ 1] x By(5,%), one has ¥(o,z) < —vy. We define ¢(Z,7) as the infimum in
By (o', 2%) of C(o,%,v), where the latter is the constant defined in Lemma 3.13. Now we

2
may fix tf — 2 < th<th <tt <l <l +c(3,7) in a way that (oa(th), za(th)) € By (of, 21)
and we shall have that for every (t,0,z) € [t] — g,t{ + 2] x Bg(asl(ti), za(t))),

U(o,z) < —7.

By Lemma 3.13, applied with { ={. = tJ{, we have that there exists L > 0 such that for
e sufficiently small QET(O < % for every t € [t;,t;], thus we may assume QET(t)
in L>((t), t;)) to some nonnegative function w(t). By (3.38), (3.39), and Theorem 3.14 the
sequence (o, z.) converges uniformly in [t}, 5] to a continuous function (&,%). Theorem
3.16 gives (5,%) = (041, 2q) in [th,), while [7, Theorem 3.11] gives (5,2) = (0e, 2e;) in
[, t4], thus (5,2) = (0, 2) in [th, ¢}]. This contradicts the maximality of 7, when 7 = . [J

w* -converges
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Remark 3.19. When ¢ is at least C? regular, by adapting the argument of [7, Remark 3.12)]
we obtain that the inequality

CE(F) - ez (0) + CER) - [Vong (s (7)] CE(#) < 0. (3.49)

implies both (3.46) and (3.47). Notice that, since ¢ is the first time such that (3.45) is
satisfied, we always have

CE(D) - nic(s) (@) + CED) - [Vompc (o) (@) CED) < 0.
It follows from the definition of &, from (3.45), and from (2.10), that the vector C£(f) is

tangent to 9K (Z) at &, hence CE(f) - Vong ()] CE(#) is exactly the second fundamental
form of K (Z) at &, applied to the tangent vector CE(Z).

4. SOFTENING WITH DISCONTINUITIES

4.1. The equation of the fast dynamics. The goal of this section is a qualitative study
of the equation

a7(s) = C(mk(z;(s))(05(5)) — af(5)) (41)
25(s) = tr(op(s)) tr(op(s) = Tie(p () (0(3)))3

this is called the fast dynamics equation and appears, as we shall see, as limit of a rescaled

version of (2.27) near a discontinuity point of a viscosity solution.

Under suitable conditions, we shall see the viscosity solution will jump between the two
endpoints of a heteroclinic orbit of (4.1), whose existence, together with other properties, is
the object of this subsection.

In order to prove the main theorem of this subsection, we need a preliminary lemma,
showing that the internal variable is constant along the unique solution of (4.1), with an
initial condition (7,z) satisfying

(6,2) ¢ K and tr(nk)(mr(z)(7))) = 0. (4.2)

We preliminarly observe that taking an initial condition outside K easily implies that we
can never reach K in finite time, as the set K is made of critical points of the autonomous
equation (4.1). Through the decomposition (2.13) we identify MYXN with R x MgXN;

sym
in particular oy(s) is identified with the pair (z;(s),ys(s)) of its spherical and deviatoric
parts. Introducing the function o defined by (2.7), which is positive by the previous remark,
we may rewrite equation (4.1) in the form

ir(s) = —k VN o(zs(s),ys(s), 2£(s)) tr(nK(Zf(s))(WK(zf(s))(l"f(S),yf($)))>,

9r(s) = =2mo(xs(s),y5(5), 25 (8)) NR (-, (o)) (Tr (e () (24 (5), 91 (5))), (4.3)

21(s) = VN g(s) 0wy (s), ys(s), 2 (s)) tr (”K<zf<s)>(WK(ms))(wf(S)»yf(S)))).
Here x and p are the constants defined in (2.25) and ng(zf(s))(WK(Zf(S))(xf(s),yf(s))) is
the deviatoric part of ng (., (s)) (WK(Zf(S))(xf(s),yf(s))).

Lemma 4.1. Let (5,2) € [MYXN x (0,+00)] \ K satisfying (4.2), and let T and j the

sym
spherical and the deviatoric part of &, respectively. Then, for every t € R, the unique
solution to equation (4.3) with Cauchy data (x(0),y5(0),2¢(0)) = (Z,7, 2) is given by

(z5(s),yr(s), 25 (s)) = (T, y(s), 2)
where y(s) solves the equation
() = —2p0(Z,y(5), 2) NE ) (i (2) (T, 7)) (4.4)
with Cauchy condition y(0) = 3.
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Proof. Let y(s) be the unique solution to (4.4) with Cauchy condition y(0) = §. Then, for
every s’ >0

’

@) = (202 [ ofploh R (racs 2.9)) ds)

’

= (;f,ﬂ - 2/“12(2) (Tr(z)(7,7)) /(: o(z,y(s), 2) ds)

’

— (@)~ 2 (s 2.0 [ o@alo).2) )

Therefore g (z)(Z,y(s")) = 7k (z)(Z,7), provided (z,y(s’),z) ¢ K; this allows to check that
(Z,y(s), Z) solves (4.3), at least for small |s|. The conclusion for every s follows, as solutions
0 (4.3) can never reach K in finite time. O

Now we are able to prove the existence of an heteroclinic orbit of (4.1) starting from a
point (4,2%) € K under suitable hypotheses on the slow-fast indicator ¥.

Theorem 4.2. Assume that (2.25) and (2.14)-(2.17) are satisfied; let ®, ¥ as in (2.33)
and (2.34), respectively. Let (6,%) € 0K and suppose that

(6,2) >0 (4.5)

or

__Crr6) 4
2) (tr(o)tr(nK<z)(g))7 1) <0. (4.6)

o,
Then equation (4.1) has a unique solution (65(s),Zs(s)) (up to time-translations) satisfying
(s),2

£(5) = (5,2). (4.7)

U(6,2)=0 and VI(

lim (6y
§——00

Moreover, the limit

(0o0s 200) := lim (G7(s), 2¢(s)) (4.8)

exists and satisfies the following conditions
(0oos 200) € OK, 200 > 0, (4.9)
U (000, 200) < 0, (4.10)
tr(0o0) <0, tr(ng(.)(000)) > 0. (4.11)
Proof. We first observe that, by (2.5), (2.12), and by (2.34), both (4.5) and (4.6) imply that
tr(6) <0, tr(ng s (6)) > 0. (4.12)

Moreover, due to our regularity assumptions on K we may assume that in a suitably small
neighborhood of (6,2) an oriented distance function r from 9K is well-defined; this is a
C'-extension of the function o, defined by (2.7), to the interior of K. In view of the same
assumptions, we may also locally define a minimal distance projection onto 0K (z), denoted
by Tak(-), which obviously coincides with 7 (.), outside of K(z). For all these reasons,
the Cauchy problem

—Cngz)(o(2))
tr(o(2)) tr(ng ) (Tax () (0(2)))) (4.13)

o(2)=¢6

o' (z) =

is well defined and admits a unique solution, which shall be denoted by &(z). For z suffi-
ciently close to Z we then have that tr(6(z)) < 0 and tr(ng(.)(Tox () (0(2))) > 0; moreover
for z < z, sufficiently close to Z we can prove that (6(z),z) ¢ K. Indeed, as r(6,%) =0, it
suffices to show that in a left open neighborhood of Z one has

Lr(5(z),2) <0. (4.14)
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By a direct computation, similar to that in (2.11), exploiting (4.13) and (2.34) we get:
d . ¥(6(2), 2)

—r(6(2),2) = — - .

2 = @) o (Fon o L))

p (4.15)

Then (4.5) implies that -“£r(5(z),2) < 0 for z = 2, thus (4.14) follows; if (4.6) holds,
deriving U(6(z), z), we get that

£r(5(2),2) = 0 and r(6(2),2) > 0,

which in its turn implies (4.14). We thus may fix Z < Z such that, for every z € [z, 2), the
following three hold

0(6(z),z) >0, (4.16)

tr(6(z)) <0, (4.17)

tr(ng () (T (z)(6(2)))) > 0; (4.18)

we may indeed replace mox with mx as (6(z),2) ¢ K. Now, let Z2¢(s) the unique solution

to the autonomous Cauchy problem

{Z'f(s) = t1(6(24(5))) tr(6(2£(8)) — Tr(z4(s)) (6(21(8))))
z£(0) = %

by (4.16)-(4.18), we have that tr(6(2))tr(6(2) — Tx(-)(6(2)) <0, for every z € [Z, 2), with
equality in z = Z; the theory of autonomous equations implies that Z(s) is defined for
every s < 0 and satisfies

lim Z,(s) =2, Z¢(s) < 0 for every t < 0;

t——o0

it now suffices to put 6¢(s) := (2¢(s)), to get a solution to (4.1) satifying (4.7).

To prove uniqueness, let (o(s),z(s)) a solution to (4.1) satisfying (4.7); (4.12) implies
that there exists § € R such that, for every s < §, one has 2(s) < 0. Then z(s) is
invertible in (—oo,t) with inverse s(z). If we put o(z) := o(s(z)), it is easy to see that
o(z) solves (4.13), thus coincides with &(z); the theory of autonomous equation now implies
that (0(s),2(s)) and (6¢(s),Zf(s)) may only differ by a time translation, thus the first part
of the statement is proven.

Now, let (—o0,S) the maximal interval of definition for (&¢(s), 27(s)); observe that, as
orbits can never reach K in finite time, (6(s), 2¢(s)) also solves (4.3). We split 64(s) in
its spherical part Z;(s) and in its deviatoric part g;(s) as in (2.13), and we observe that,
by (4.3), the following equality holds:

KkEp(s) = = (s)as(s). (4.19)
Moreover, (4.12) implies that there exist § < S such that i:f(s) < 0 for every s < 5. Let us
prove that Z;(s) < 0 for every s < S. Indeed, if there exists s; < S such that Z¢(s1) =0,
by (4.3), as o(Zf(s1),9f(s1),25(s1) > 0, it must be
tr(nK(z;(s1))(0r(51))) = 0;
1

by Lemma 4.1, this implies Z(s) = &s(s1) for all s, a contradiction. In particular there
exists
xg = lin}gif(s) <z <0, (4.20)

where # is the spherical part of 6. Now (4.19) implies that Z;(s) < 0 for every s < S. In
particular there exists zg := liI% Zr(s) < 2.
S5—

We now show that zg is greater than zero. Indeed, by (4.3), the fact that zs(s) <
0 for every s < S is equivalent to the inequality

tr(nK(éf(s))(WK(éf(s))(j:f(S)7gf(s)))) > 0 for every s < S7 (421)
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and also, as o(Z7(s),9r(s), 2;(s)) > 0, to the inequality
tr(Tr (2,(5)) (07 (5)) < tr(ay(s)) = VNif(s) for every s < S. (4.22)
By (2.9) and (2.24), (4.21) is equivalent to
(7 ke (25.(5)) (57 (5)) + aVNZp(s) > 0
where a is the positive constant defined by (2.14); thus, by (4.22) we conclude that

Z(s) +azs(s) > 0 for every s < S (4.23)
lzs|

which in the limit gives zg > > 0, as claimed.

We now show that (6(s),2¢(s)) is bounded, which in particular implies that S = 4o00.
Clearly, it suffices to prove th t gr(s) is bounded. We have, by (4.1), the negativeness of
Z¢(s) and (4.22), that

N OO
2u(s) - (Tr(z, () (4 (5) = 65(5))
= 2u65(s) - (Tr(z,s)) (G5 (5)) — G5 (s))
— 2y (8) b (Tr(zp(s) (04 (5) — G4 (5))
< 2u6p(s) - (Tr(z(s))(05(s)) — Gp(s)) <0,

| 2

AQ

Sl

—~

as a consequence of (2.12); this proves that |g(s)|* is decreasing, thus g,(s) is bounded.
Thus S = 400 and zg is the limit of Z;(s) at +oo, which shall be denoted with 2,
from now on; by the previous discussion, we also have that z., > 0, as required by (4.9).
Now we prove that 6¢(s) has a limit at +o00. To do that, we observe that Z;(s) is strictly
decreasing, thus globally invertible; we thus express ¢ in function of z and we have to show
that there exists lim &(z). We already know that &(z) is bounded and that its derivative

satisfies b
—Cng (6
5(2) = — nx(0(2) (4.24)
tr(6(2)) tr(ng(z) (Tr(2)(0(2))))
thus the claim will follow once we get that
lim inf tr(ng ;) (T (z)(6(2)))) > 0. (4.25)

Z2—Zoo

Suppose that (4.25) is false; first, observe that in this case the liminf must be a limit,
as a consequence of the boundedness of (z) and of Lemma 3.5. Therefore we will have,
exploiting (2.34),

lim ¥(6(z),2) = —2u. (4.26)

Z—Zoo

Moreover, observe that by (2.9) and (2.19),

Jimtr(ng) (T (6()) = 0 & lim HEEEGEED L) =0 (4.27)

on the other hand, clearly lim. .. tr(ng(.)(7k(:)(6(2)))) = 0 implies that

lim [tr(mse () (6(2)) — VNE(2)] = 0, (4.28)

Z—Zoo

thus combining (4.27) and (4.28), we get that
lim 2(z) = —azeo. (4.29)

Z—Zco
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Now, by (2.9), (2.19), (2.24), and (4.22), we have that

~ tr(mi () (6(2
[tr(ng ) (Tr(2)(0(2))))] < |§[W + az?]|
tr(mg () (6(z
< i[%w + a2
< i[a}(z) + az]. (4.30)
By (4.24), #'(z) = 705y this fact, together with (4.29) and (4.30), yields that
t z z 6 1
tim sup FPEORGEEI] 1~ (431)
Z2—Zoo Z— 2o Zoo QAZoo
Since (4.15) gives
A (5 - V(6(2):2)
z000(2),2) = GEE K., s GED) (4.32)

recalling that tr(ng(.)(7Tx()(6(2)))) > 0 for all z > 2z, we conclude by (4.26), (4.29), and
(4.31), that

liminf (2 — z00) £ 0(6(2), 2) > e — > 0.

This finally implies that
lim 9(6(2)72) = =00,

Z2—Zoo
contradicting the nonnegativeness of o.
We thus have that there exists

0o = lim 6(z2),

Z2—Zoo

thus the proof of (4.8) is concluded. It is obvious that (0, 200) € 0K as it must be a
critical point of (4.1), thus (4.9) is proved. Concerning (4.11), it immediately follows from
(4.25) and (4.20). Finally, as 0(6(2),2) >0 for z > z, we must have - o(6(z),z) > 0 for
2 = Zoo; Observing that tr(oe) tr(ng (-, )(0s)) < 0 by (4.11), from (4.32) we immediately
get (4.10). O

Remark 4.3. It is easy to show that, if an orbit of the system (4.1) has (6, 2) as an «-limit
point, then (4, 2) is indeed its unique «a-limit point; indeed, by the same arguments used in
the proof of the previous theorem we can show that in this case z(s) is strictly decreasing
in a neighborhood of —oo, thus it has Z as a limit; the rest of the proof follows from (4.24),
and Lemma 3.5.

We end up this analysis of equation (4.1) by showing an example where we can improve
(4.10), that is a case where ¥(0o, 200) < 0.

Example 4.4. We suppose that for every z € (0,+00), K(z) is an ellipsoid of the form
K(2) = {o € MVN|(2 4 2)2 + 1 = 22}, (4.33)

sym

where x and y are as in (2.13). Notice that K (1) satisfies (2.14)-(2.17) with a = 1. Suppose
that, if x and g are as in (2.25) and b as in (4.33) the following condition holds:

KN > 24 (4.34)
We first compute the expression of ¥ on the yield surface in this case. Let (o,2) € 0K,

with z > 0. We define
F(z,y,2) =/ (x +2)? + ';{—f; (4.35)

to compute the expression of W, it suffices to take into account the following facts:
a) ni(o) = m[(l’ + z)ﬁ + &
b) tr(ng(.)(o)) = % and tr(c) = VNuz;
c) Cng(z)(o) = m[mN(ac + z)\/—lﬁ + %]
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It follows that

nK(z)(U) '(CnK(z) (o) = W[ N(x+ ) ]
— e (KN = ) (2 + > + 2] (4.36)
exploting (4.33). On the other hand, again by the use of (4.33),
Helallio (o)) = SER @@ ) + )
— HER )+ )
g )
Recalling (2.34), by the use of (4.36) and (4.37), we have that
U(o,z) = W[(HN 2z +2)? + 2“2 — N22(z + 2)] (4.38)
for every (o,z) € 0K, z > 0. We put
G(x,2) i= (kN — 2)(x +2)2 + 22 — Na®(z + 2) (4.39)
and o
H(o,z) = F(Sz’ii) (4.40)

Now, let (6(z),z) the heteroclinic trajectory joining the points (5,2) and (0o, 2c0)
whose existence is guaranteed by the previous theorem; we shall denote the spherical and
the deviatoric part of 6(z) by &(z) and g(z), respectively. Let o and y~ be the spherical
and the deviatoric part of o, . Recall that, by (4.24), &(z) satisfies

¥'(2) = ~ (5 (4.41)
We claim that if (4.34) holds, one has
U (000, 200) < 0. (4.42)
Suppose, by contradiction, that ¥(cu, 200) = 0; this means, according to (4.38), that
G(Too, 200) = 0. (4.43)

Observe now that by (4.32), we have - 0(6(20), 200) = 05 as 0(6(2), z) is strictly positive
for z > z,, while it is 0 for z = z,., we must have
2 ~
#5206 (200), 200) > 0,

and by explictly calculating this derivative with the help of (4.24), and recalling (4.11), we
find that it must be

VU (0o, 2o0) - (r—tiileae)(@0) 1y (4.44)

t1(000) tr(N K (200)(000))
As we have already discussed in Remark 3.7, the directional derivative in (4.44) is calculated
in a tangential direction with respect to 0K, whenever we suppose ¥(0, 200) = 0; as ¥
and H coincide on 0K, we conclude that (4.44) is equivalent to
VH (0oo, 200) - (mpiiile () 11y < (4.45)

tr(o’oo) tr(”K(zoo) (UOO)) ’

where the left-hand side is, again by the use of (4.24) nothing more that L H(&(z), 2)
calculated for z = 2. By (4.43) and (4.40), we conclude that we have

4 G(2(2),2) > 0 for z = zec. (4.46)

Now, by (4.41), recalling that Z(z) < 0 for every z € [2s0, £], we have that &'(z) > 0 for
all z € [200, 2]; moreover, by (4.41) it follows that, for every z,

Li%z) =25, L5iP(x) =0, i"(2) = £53'(2) > 0. (4.47)
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As in our case the constant a defined in (2.14) is equal to 1, (4.23) gives us that Z(z)+2z >
0 for every z; as #”(z) > 0 by (4.47), we easily conclude that if (4.34) holds

2

ez l(sN = 35)(@(2) + 2)°

Therefore, recalling (4.39), by the use of (4.47),
2

(&

]>0 for every z € 200, Z]. (4.48)

we get

LGE(2),2) > L2 — Na(2)(d(2) + 2)]
= ¥ - NL[2()(E) + 2)]
= - N2(L3%(2) (L (0(2) +2)) +32(2) iz ((2) + 2)]
H— N [—4k(@'(2) +1) + £ (2)]
= % +4kN +35N3'(z) > 0;

thus, by (4.43) and (4.46) we have that
G(#(z),z) >0 for every z € (200, 2];

in particular, for z = 2 we get G(Z,2) > 0, and then, by (4.38), (4.39), and (4.40), we
conclude that ¥(4,2) < 0, which contradicts both (4.5) and (4.6).

4.2. Convergence to the fast dynamics. We want now to investigate how equation (4.1)
governs the jump of our viscosity solution when it reaches a point on the yield surface where
the elastic-inelastic indicator is strictly positive (which means that we are in the inelastic
regime), while the slow-fast indicator satisfies (4.5), or (4.6); we will see how a rescaled
version of the solution converges to a heteroclinic solution of the auxiliary system (4.1),
whose asymptotic values at s = oo give the asymptotic values of the viscosity solution
before and after the jump time. Both the cases where (4.5) and (4.6) hold will be treated
simultaneously; the discussion will closely follow Section 4 and Section 5 of [7], hence some
proofs will be only sketched as the arguments are essentially the same as in [7].
Throughout this part of the paper, # denotes a time such that there exist a left continuous
function t +— (o(t), 2(t)) defined on [0,%) with values in MY %N x [0, +00) and an element

(6,2) of MYXN x [0, 4+00) satisfying the following properties:

sym
(02(0), (1)) — (0(5), 2(1) for aue. t € [0,D), (4.49)
(0(8),2(8) — (6,5) ast— i, (4.50)

(6,2) € 9K and 2 >0, (4.51)

U (5, 2) satisfies (4.5) or (4.6), (4.52)

B(i,6,2) > (4.53)

For instance, we can take t = t; defined by (2.29), if (3.24) holds and ¥(oy,21) > 0, or
t = to defined by (3.5), provided that (4.6) holds for (6, 2) = (02, 22) defined in Proposition

3.6. In the latter case we have ¥(o9,22) = 0 and in general, by Remark 3.7, we have the
weak inequality

V\II(O'Q,ZQ) . ( *CnK(zg)(oé) 1) S O7

tr(oz) tr(nk(zy)(02))’
thus, assuming (4.6), we are excluding the degenerate case when equality holds.
By (4.49) and (4.50) we also may fix a sequence t. — ¢ such that

(06(£€)vzs(£€)) — (6,2); (4.54)

Indeed, by (4.53), and Lemma 3.11 we can find another sequence, still denoted by t., which
preserves (4.54), and satisfies in addition, for every € > 0,

Q(Ua(fa)vzs(t;)) > Ceg, (4.55)

where c¢ is a positive constant independent of €.
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We finally recall, as we have already dicussed in Remark 2.6 and in Proposition 3.6, that
in the case £ = t5 the internal variable z is strictly decreasing in a left neighborhood of 5,
thus discontinuities can appear only in the softening regime.

We start by fixing an open neighborhood Us, := (t — &1, + 01) x B, (6,2) of (t,6,2),
in a way that (3.26) holds. If (4.5) holds, we may assume for a suitable choice of d; there
exists a positive constant 7y; such that

U(o,2) >m for every (o, z) € Bs, (5, 2); (4.56)

if instead (4.6) holds, we may assume that there exists a positive constant 4 such that

—Cng (T (o A A .
V¥ (o,z) - (tr(g) tra;((z)g;(;((z)zl))’ 1) < —yy for every (o,2) € By, (6,2) \ int K. (4.57)

We now define the exit time from By, (5, 2)
bl =inf{t € (t.,t. +61) : (0-(t),2:(t)) € dBs, (6,%)}; (4.58)

by the previous assumptions for small ¢ we will trivially have f. < bl. We then fix a

positive decreasing sequence J; \, 07, starting from J;, and consequently we define, for
every k € N,

bE = sup{t € (t.,b}) : (0-(t),2:(t)) € dBs, (6, 2)}. (4.59)

Next lemma, which will be crucial in the remainder of the section, shows that the exit

times b tend to £ when & goes to 0 and that the difference b! — b is of order e for fixed

k.

Lemma 4.5. Assume (2.1)-(2.5), and (2.25); let , ¥ asin (2.33), and (2.34), respectively.
Let t > 0 satisfying (4.49)-(4.53). Let bl be given by (4.58) and b* be given for every
keN, k>1 by (4.59). Then, for every k € N:

a) b¥ -+t as e — 0t

bl—bk
b) sup..o === < ¢ < 400,

where ¢ s a constant depending on k. Moreover, for every k € N, there exists a constant
my, such that
o(oc(bE), 2 (b)) > my. (4.60)

Proof. As announced, we limit ourselves to giving a brief outline of the proof. Concerning
part a) of the statement, it clearly suffices to show this is true for b!. As . — ¢ this will be
proved once we get:
limsup (b} —£.) = 0. (4.61)
e—0t

By Lemma 3.11 we have that o.(t) > 0 for every t € (f.,b!), hence (2.32) holds.

Now, assume that (4.5) holds, which implies on his turn (4.56). With this condition, with
the help of (3.26) and (2.32), we get that ¢ (t) > v120(t); dividing by o(t), we get

0:(t) o m
0:(t) ~ €
which is the analogue of [7, formula (4.17)]; now the proof of (4.61), of part b) of the state-
ment and of (4.60) can be easily achieved by simply adapting the arguments of [7, Lemma
43].
Assume instead (4.6), which implies (4.57). We have already observed that this implies
tr(6) < 0; by (2.35) this means that

for every t € (t.,bL), (4.62)

_ min{k,2pu}

MgVN
where M is as in (2.3) and &, 2 as in (2.25). Provided we have chosen §; suitably small,
we may clearly assume that

in{r,2 7 .
tr(o:(t)) < 7% for every t € (t.,bL);

tr(6) <
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analogously, as (4.6) implies tr(ng;)(d)) > 0 we may assume

tr(n g (. (1)) (Tx (2. 1) (0 (1)) > 0 for every t € (i, b7).

By these facts and (2.30) we then easily get the existence of a positive constant C' such that
t .
sty < —0%Y o every t € (7, b)). (4.63)
€

In particular, for fixed ¢ > 0, the function Z.(¢) never vanishes in the prescribed interval.
We also immediately get, as z.(t) < 2+ &, for every t € (f.,bl) that there exists a positive
constant R independent of £ such that:

1

b
e t -
/ () 4 < 1
t. €
as in [7, formula (5.10)].
Differentiating the function ¥ along the trajectories, we get

%\If(oe(t),%(t)) = VU(0(t), % (1) - (6=(t), (1))

V(02 (t), 2(t)) - (CE(t), 0) +

2 (VU (0 (1), (1)) - (— SELE) q)
= VU(o(t), % (1) - (C£(#),0) +

. —Cng . 0)(Tr (2 (1) (0e(t .
2 (OVE(0L(1), 2:(0) - (el ),

— —

this equality, together with (4.63) and (4.57), implies that there exist two positive constants
L and R such that

d t .

L wout)0) 2 RED _LCI@W)]  forevery te (18, (464)
as in [7, formula (5.11)]. Now the proof of (4.61), of part b) of the statement and of (4.60)
can be achieved by repeating the arguments of [7, Lemma 5.1]. O

We are now ready to prove the main result of this section.

Theorem 4.6. Assume (2.25), and (2.14)-(2.17); let ®, U asin (2.33), and (2.34), respec-
tively. Lett >0, (6,2) € OK , such that (4.5) or (4.6) hold. Assume that ®(t,6,2) > 0, and
let 51 > 0 as in (3.26) and let bl be given by (4.58). For every s € R, let (al(s),z(s)) =
(oo (bL +¢e5),2:(bl +e5)). Then (al(s),z(s)) converges uniformly on compact subsets of R
to a solution of the problem:

G1(s) = C(Tk(z;(s)) (07 () — 05(s))
zp(s) = tr(oy(s)) tr(oy(s) — Tr(zp(s)) (07(5))) (4.65)
Jim (o4 (s), 27(s)) = (0, 2)

whose existence and uniqueness up to time translations is guaranteed by Theorem 4.2.

Proof. This proof closely follows [7, Theorem 4.4], which was in his turn reminiscent of [8,
Lemma 4.3]. First of all, we claim that it suffices to prove the statement along a subsequence
e, tending to 0. Indeed, the only difficulty is that the solutions of (4.65) may differ by a time
translation, thus the limit could depend on the chosen subsequence. We are able to exclude
this fact applying [8, Lemma 4.4], with the same arguments as in the proof of Theorem 3.5
of the same paper. In view of that, we shall extract from now on subsequences without
relabelling. We also define x.(s) := £(al + es).
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We start by observing that the function (ol(s),z1(s)) solves the problem

€ €

62(s) = C(mi(21(5)) (02 (5)) — 02(s)) + eC xe (),

2(s) = tr(02(s)) tr(02(s) — T (21(5)) (02 (5))); (4.66)

(02(0),22(0)) = (0= (b2), 2(bz)),
in the interval [—%, %]. As (0c(bl), 2z (b)) belongs to the compact set dBs, (6,2) we
may assume, possibly passing to a subsequence that (o.(al), 2:(al)) — (61,%1) € 8Bs, (6, 2)
as ¢ — 0. Notice that (d1,21) has a strictly positive distance from K as a consequence
of (4.60). Therefore, Lemma 4.5 and the Continuous Dependence Theorem imply that
(0l(s),2L(s)) converges uniformly on compact subsets of R, as ¢ — 0, to the solution
(0'(s),2%(s)) of the problem

&'(s) = Cmi (z1(5)) (01 (5)) — 0 (s)),
#(s) =tr(ol(s)) tr(o(s) — Tr(1(5)) (01 (5))), (4.67)
(01(0),21(0)) = (61, 21).
To conclude the proof we have to show that
Siigloo(al(s), 21(s)) = (6, 2). (4.68)
Actually, recalling Remark 4.3, it suffices to show that there exist s — 400 such that
kETm(Ul(—sk)7zl(—sk)) =(6,%). (4.69)

To do that, we take §; and b* as in Lemma 4.5, and we define S1* := @; by Lemma
4.5 and a diagunal argument, we may suppose, passing to a subsequence, that for every
k € N there exists
sy := lim SM* e Ry,
e—0

Now we define (0¥ (s), 28(s)) := (0-(b* +e5), 2. (b¥ +¢5)); by repeating the above arguments
we may suppose that for every k € N there exists (6y,25) € 90B;5,(6,2) \ K such that
(0F(s),2¥(s)) converges, as ¢ — 0, uniformly on compact subsets of R, to the solution
(0% (s),2"(s)) of the problem

Uk(‘g) = (C(ﬂ-K(zk(s))(o-k(s)) - Uk(s))a
() = tr(0"(s)) tr(0*(s) — Tr(2r(0)) (07(5))), (4.70)
(07(0), 2%(0)) = (G, 2x)-

Moreover, equality (o (SLF), 28 (S3F)) = (0.(b}), 2. (b)) implies that (o*(sg), 2*(sk)) =
(61,21), hence by the uniqueness of solutions for Cauchy problems we get

(0" (5),2"(5)) = (0" (s = s1), 2" (5 = s1)); (4.71)
it follows that
(o' (=s1), 2 (=s1)) = (6%, 21)- (4.72)
As 8, — 0, we have that (6, 2;) — (,2) as k goes to +oo, hence
Jim (! (=se), 2 () = (6. 2); (4.73)

since (4,%) is an equilibrium point for equation (4.1), necessarily sy — +o0o as k — +o00;
so, (4.69) is proven and conclusion follows. O

Remark 4.7. (Return to the continuous evolution).

Let (000, 200) the unique w-limit point of the solution of (4.65); by Theorem 4.2, we have
that U(0u0, 200) < 0; assume now that strict inequality holds (this is certainly true, for
instance, if we are in the situation described by Example 4.4). By the previous theorem we
may fix a sequence f. converging to ¢ as € — 07 such that (0.(f.), 2:(£.)) — (Toos Zoo) -
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Now, we have three possibilities:

a) Return to the continuous evolution in the softening regime. This situation
occurs if ®(f,040,%05) > 0; by Theorem 3.16, in a right neighborhood of ¢ the
solutions of (2.27) uniformly converge, on compact subintervals, to the solution of
the slow dynamics equation given by (3.1) with Cauchy datum (0, zo) at time #;
notice that (4.11) implies that, when the continuous evolution restarts, we are still
in the softening regime, thus no istantaneous transition between the softening and
the hardening regime occurs during the jump.

b) Return to the elastic regime . This situation occurs if instead ®(f, 0oo, 200) < 0.
To prove that, take n > 0, v > 0 such that, for every ¢ € [f,{ 4+ 7] and every (o, 2)
satisfying |(o,2) — (0o, 200 )| < 77, One has

U(o,z) < —y and ®(t,0,2) < —v (4.74)

We observe that (4.74) obviously implies both (3.46) and (3.47), hence repeating the
arguments of [7, Theorem 3.11], we get that (o-(t), z:(¢)) uniformly converges to
the solution of the equation of linearized elasticity (o¢;(t), zei(t)) := (000 + C(£(2) —
(1)), 2o0) on compact subintervals of (£, 7), where

7 1= sup{t > t|(ca(s), za1(s)) € int K for every s € (£,1)}.

¢) If ®(f,000,%00) = 0, we need some higher order conditions on the indicator @ to
establish whether the system will follow the first or the second alternative; how-
ever, by the negativeness of the indicator ¥, applying Lemma 3.13, and Corollary
3.15, we are able to conlude that the evolution must be continuous in a right open
neighborhood of .

5. STATEMENT OF THE MAIN RESULT

We collect the results of the previous sections in the next theorem, which gives a procedure
to construct a viscosity solution to our evolution problem under quite general assumptions;
in fact, if these assumptions are satisfied at every step of the construction, the viscosity
solution is also unique. The theorem will determine a possibly infinite sequence of times
to <t; <--- <t; <... such that in each interval (¢;_1,t;] the solution, denoted here by
(0i-1,2i—1) is continuous and satisfies either the slow dynamics, or the elastic regime, or a
combination of the two. A jump may occur at time ¢, if the value (o;_1(t;), z;—1(t;)) satisfies
(4.5) or (4.6). In this case the new starting point (o7, z;") for the solution in the interval
(t;,ti+1] is determined by taking the limit as s — +oco of the solution of the fast dynamics
originating from (o;_1(t;), 2z;—1(t;)) at s = —oco. To prepare the technical statement of the

theorem it is convenient to introduce some notation.

Definition 5.1. For every (6,2) € 0K satisfying (4, 2) # 0, and every T > 0 we define
(0s1,251)(t;6,%2,T) as the unique solution to (3.1) starting from the point (4, 2) at time T'.
For every (6,%2) € 0K we define (o¢, ze)(t;6,2,T) = (6 + C(&(t) — &(T)),2). For every
(6,2) € OK satisfying (4.5) or (4.6) we define (o, z7)(s; 6, 2) as the unique solution to (4.1)
having (6, %) as an «-limit point.
To simplify our notation, in the statement of the theorem we also put
0Ky :={(0,z) € 0K : (0, 2) satisfy (4.5) or (4.6) }.

Theorem 5.2. Let (09,20) € int K, let to = 0, ¢1 as in (2.29), and (0o(t), 20(t)) =
(o0 +C(&(t) — €(0)), 20) . For every i > 1 with t; < +oo define

(0’1‘,1,21‘,1)(751‘) Z-f\I](O'ifl(ti%Zi*l(ti)) <0,
lim (op,2¢)(s500-1(t), zi1(t))  f (0i-1(ti), zia(8) € 0K

s—+
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If (o)

. 2) <0, let t; be the maximal time of existence for (o4, 24)(t; 07,2, t;), and
t o= inf{t > t;: O, (05, 251)(t; 057, 27, 1)) < 0}
If t; =t;, put tip1 :=1t;, and
(0i(t), 2i(1)) = (051, 251) (t.077, 2, 1)

for every t; <t <ty ; if instead t; > t;, put (5;,%) = (0a, 24)(Liy 0, 2, i

i ti),
tiv1 = inf{t > t; |(0er, 2e1) (¢; 54, Zi, t;) € int K for every s € (¢;,1)},
and o B
Osi, 2si)(t;0 20, b ort; <t <t

(ou(f), 2:(8)) = E%;%iiiﬁé%;@) | ;07“ ti <t <tiy1.
Define (o(t),2(t)) := D251 Lt 1) (0i-1(t), 2i-1(t)) . Assume that

D(o(t;), 2(t;)) >0  for every i > 1,

(3.46) and (3.47) hold for every i with t; < t;

ltimti}1f O(t,a(t),z(t)) >0 for everyi with t; 1 =1; < 4+00,.

—ti,
If we define e(t) and p(t) through the consitutive relations in (1.1), (e(t),p(t),o(t), z(t)) is
the unique viscosity solution of (1.1) in [0,T), where T :=sup, t; .
Proof. The result follows from Theorem 3.16, Theorem 3.18, Theorem 4.6, and Remark
4.7. O

—~~
[N
~—

Remark 5.3. Notice that assumption (5.3) ensures that whenever t;11 = ti < 400 we
can extend by continuity (o, 2s) in t;+1 thanks to Proposition 3.6, hence at every step
(o(t;), 2(t;)) is well-defined. Concerning the other assumptions in the theorem, observe that

by construction and Theorem 4.2, we always have at least the weak inequality \I/(aj' ,2) <

0; by construction we also have that ®(o(¢;),2(¢;)) > 0 for every i. Similarly, the weak
inequality in (5.3) is always true whenever t;4; = ¢;. Thus our construction works at least
for the nondegenerate cases where equality is excluded while a higher-order analysis is needed
in the remaining situations to get insight of the limit behavior of the viscous approximations.
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