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Synopsis We study the behaviour of non convex functionals singularly perturbed
by a possibly oscillating inhomogeneous gradient term, in the spirit of the gradient
theory of phase transitions. We show that a limit problem giving a sharp inter-
face, as the perturbation vanishes, always exists, but may be inhomogeneous or
anisotropic. We specialize this study when the perturbation oscillates periodically,
highlighting three types of regimes, depending on the speed of the oscillations. In
the two extreme cases a separation of scales effect is described.

1 Introduction

In the classical theory of phase transitions for mixtures of two immiscible fluids (or
for two phases of the same fluid) it is assumed that, at equilibrium, the two fluids
arrange themselves in such a way that the area of the interface which separates
the regions occupied by the two phases is minimal. This ‘minimal-interface crite-
rion’ can be interpreted in mathematical terms as an energy-minimization process.
We can describe every configuration of the system by a function u defined on )
(the ‘container’ of the fluids), taking the value 0 on the first phase and 1 on the
second one. In addition u satisfies a ‘volume constraint’ [, udz =V, where V is
the assigned total volume of the second fluid. The set of discontinuity points of
u parametrizes the interface between the two fluids in the corresponding configu-
ration and is denoted by S(u). We then postulate that the energy of such a wu is



proportional to the area of the interfaces, i.e., it is given by
F(u) = 09 H*(S(u)),

where ‘H? denotes the 2-dimensional (Hausdorff) surface measure and oq (the
‘surface tension’) is a strictly positive constant, characteristic of the fluids. In
such a way, the optimal configurations are obtained by minimizing this surface
energy among all admissible configurations.

The ‘gradient theory’ of phase transitions is an alternative way to study
these systems of fluids, by assuming that the transition between the phases is not
concentrated on a interfacial surface, but takes place on a thin ‘transition layer’. In
this way, we allow fine mixtures of the two fluids, and an admissible configuration
u will be a function taking its values in [0, 1], so that u(z) will be interpreted as
a local average density or concentration of the second fluid. Following this model
proposed by Cahn and Hilliard [11], to such a u, we associate the energy

E.(u) = /Q(W(u) n 52|Du|2)dx,

where W is a ‘double-well energy’ with wells at 0 and 1 (i.e., a non-negative
function vanishing only at 0 and 1), and € is a small parameter linked to the width
of the transition layer. In addition, the admissible configurations will always satisfy
the same volume constraint as above. The competing effects of the two integrals in
E. are to favour the configurations which take values close to 0 and 1 by the first
term and at the same time to penalize spatial inhomogeneities of u (and hence the
introduction of too many transition regions) by the second term.

The connection between these two standpoints had been conjectured by
Gurtin [20], and was proved by L. Modica [23] (after an earlier work by Mod-
ica and Mortola [22]) by showing that minimum problems for the functional F.
tend to minimum problems for F. More precisely, in terms of I'-convergence he
proved that the scaled functionals

lEe(u) = / (M + 5|Du|2)dx
€ ol €

I'-converge to F' given above if the constant oy is chosen as o9 = 2 fol W (s)ds.
Loosely speaking, this convergence means that minimal configurations u. for E.
will tend to have transition layers which ‘concentrate’ as e — 0 on the interface
S(u) of a minimizer u of F. Moreover, the scaled minimal values %Ee(ue) will
converge to the value F'(u). It is interesting to note that the proof of the Modica
Mortola result is essentially one dimensional. The key point is to show that for
minimizers of E. the profile of the transition layer approximately depends only
on the direction orthogonal to S(u) and is a scaling of an ‘optimal profile’. After
noticing this the convergence result can be proved first, with the due changes in
the statement, if €2 is one-dimensional (in which case interfaces are points), and



then the 3-dimensional case can be recovered by a ‘slicing’ argument (see e.g. [5],

[1])-

In this paper we investigate the effect of the presence of small-scale hetero-
geneities on the passage to the limit described above. More precisely, we assume
that the gradient term in the definition of E. may depend on the space variable
x, so that we are lead to the study of the asymptotic behaviour of functionals of

the form
F.(u) = /Q(Wg(u) —l—sfe(x,Du))dx,

where f. are Borel functions convex and positively 2-homogeneous in the second
variable. In this case, by a simple comparison argument with the case studied by
Modica, we may see that the domain of the I'-limit will be the same as that of
the energy F above. However, the determination of the actual form of the limit is
much more complex. By following the ‘direct methods of I'-convergence’ (see [13],
[9]) we have first given a general compactness result for I'-limits of functionals F;
as above, and then explicitly characterized the limit functional when f. is rapidly
oscillating in the first variable. In our general framework (as it was already done
by Modica and Mortola) we do not restrict to the case of space dimension n = 3.

Our compactness result (Theorems 3.3 and 3.5) shows that from every se-
quence (F;,) of functionals as above, it is possible to extract a subsequence which
converges to a functional Fy of the form

Fo(u) = /S( )U(J?,l/u) dH™ !

defined on functions u : Q — {0, 1} of bounded variation. In this case v, represents
the measure-theoretical normal to S(u). Note that in this case the limit may be
anisotropic and inhomogeneous, but it is always in the same ‘class’ of the functional
F above, which we recover when o is a constant. To prove this result we follow a
procedure which is by now customary in I'-convergence, consisting in combining
localization and integral representation arguments: first, we extend the definition
of F. to every open set of R™ by

F.(u, A) :/A(Wg(u) —l—sfe(x,Du))dx;

we then prove the existence of converging subsequences to an (abstract) functional
Fy(u, A), which is, among other things, (the restriction of) a measure in the second
variable and by comparison we get Fy < ¢ F' for some ¢ > 0 We conclude then that

Fo(u, A) = / o(x,v,) dH"
S(u)nA

for some Borel function o by suitable representation results (see [8], [10]). This
method is well established in the case of functionals defined on Sobolev spaces ([13],



[9]) and had been previously used within the framework of Caccioppoli partitions
[2] or, in a way similar to the present paper, to characterize limits of non-local
functionals [12].

It is interesting to note that the key point in the complex procedure above is
proving that the set function Fy(u, -) is subadditive, and that this was the object
of an early lemma by Dal Maso and Modica [14]. Their result was inspired by
De Giorgi, clearly aiming to illustrate how the direct methods of I'-convergence
could be applied also outside the framework of Sobolev spaces. Only now we have
at disposal powerful integral representation techniques for functionals defined on
functions with bounded variation which allow to conclude this argument.

The main part of paper is Section 4, where we specialize the convergence
result in the case of rapidly-oscillating perturbations. We fix a function § = d(¢)
such that 6 — 0 as € — 0 and take

fe(x; Z) = f(%a Z)a

where f is periodic in the first variable; i.e.,

Fe(u)z/ﬂ(WE(u) —I—Ef(%,Du))dx.

We may interpret this situation as modelling the presence of heterogeneities at
a scale §, which locally favour or disfavour the onset of a transition layer. We
show that the behaviour of the whole family (F.) can be completely described and
depends on the mutual speed of convergence to 0 of § and €. The limit functional
Fp is homogeneous, but may be anisotropic:

Fo(u) = /S( )O'(Vu) dH" "t

In the first case, ¢ << § the final result is that we have a ‘separation of scales’
effect: we may first regard ¢ as fixed and let ¢ — 0, and subsequently let § — 0.
In this way, we first obtain an inhomogeneous functional by applying the Modica
Mortola procedure, which can be explicitly computed as

F‘S(u) =09 /S(u) Hf(%,l/u) dH™ !

(for this anisotropic version see also [5] Chapter 4.3). The limit as 6 — 0 of these
types of functionals falls within the framework of I'-convergence of functionals
defined on Caccioppoli partitions [2] and can also be seen as a particular case of
homogenization on BV spaces [4]. By applying either of these two procedures we
obtain a formula for o (see also [7]). A second case is when € and § are comparable
(for simplicity, e = §). In this case the two effects cannot be separated, and o(v)
is described through an asymptotic formula which describes the optimal profile,



which in this case is not depending only on the direction v. Finally, when 6 << ¢
we again find a separation of scales phenomenon: the total effect is as if first we
freeze €. In this case, letting 6 — 0 we obtain a functional of the form

Fe(’u,)Z/Q(@‘Fffhom(l)u))dxa

where fhom is the homogenized integrand of f (see e.g. [9]). We eventually let e — 0,
so that, by applying the Modica Mortola procedure, we have o(v) = 09+/ fhom (V).
Note that by the inequality w? 4+ 22 > 2wz, we always have the estimate

Fo(u) > /Qz,/W(u)f(%,Du) dz,

which turns out to be optimal if € << §, but is not sharp in all other cases.
To briefly illustrate the difference in the separation of scales effect, as an
example, we may consider the case of a simple inhomogeneous isotropic fe:

F.(u) :/Q(Wg(u) +5a(§)|Du|Q)dx,

where n = 2 and a for example is a ‘chessboard coefficient’ (taking the values
o on ‘white squares’ and 3 > /2« on ‘black squares’). If ¢ << & then F(u) =

0o /S(u) Ha(%) dH*, and

o(v) = o0 (V2= 1)|i] A lva| + ] V [v2])

(see [7] Example 5.3). If § << € then we have by the classical Dychne formula (see
[25]) Fe(u) = / (W(u)/s + 5\/a6|Du|2) dz, and eventually
Q

o(v) = ao(aB)M4.

We finally point out that throughout the paper we have chosen to make some
continuity hypotheses on f in order to simplify formulas, which otherwise should
take into account relaxation results in BV spaces. The reader interested in the
problems connected to general Borel integrands is referred to [7], [8] and [10].

2 Notation and preliminary results

Let €2 be an open subset of R™. We denote by A and B the families of all bounded
open and Borel subsets of R™, respectively. We denote by x g the characteristic
function of E. We introduce the notation

Qz,p) =z +p(=1/2,1/2)"



in particular @ = Q(0, 1); Q) (x) denotes an open cube of R” centered at z, having
side length p and one face orthogonal to v; Q) = Q}(0) and Q" = Q7(0). By [t]
we denote the integer part of ¢t € R.

Let U and U’ be open sets with U’ CcC U. We say that ¢ : R® — R is a
cut-off function related to U and U’ if ¢ € C5°(U’) and 0 < p <1 with ¢ =1 in
a neighbourhood of U.

Given a vector-valued measure p on €2, we adopt the notation |u| for its total
variation (see Federer [18], and M () is the set of all signed measures on  with
bounded total variation. The Lebesgue measure of a set E is denoted by |E|. The
Hausdorff (n — 1)-dimensional measure in R" is denoted by H" L.

We say that u € L'(Q) is a function of bounded variation, and we write
u € BV(Q), if its distributional first derivatives D;u belong to M(2). We denote
by Du the R™-valued measure whose components are Dyu, - -, Dyu.

We will say that a set F is of finite perimeter in 2, or a Caccioppoli set, if
XE € BV(Q), and for every open subset Q of R™, we let

Pa(E) = |Dxe|(2)

the perimeter of E in ). The family of Caccioppoli sets can be identified with
the functions u € BV (;{0,1}), the set of BV () functions which take almost
everywhere the values 0 or 1.

In this case (if v € BV (£;{0,1})) the vector-valued measure Du can be
represented as

Du(B) = / vy dH™ !
BNS(u)

for every Borel set B C ), where S(u) denotes the complement of the Lebesgue
set of u, v, € R™ is a unit vector which is H" !-a.e. defined in S(u), interpreted
as the normal to S(u). Moreover, one can prove that, if £ = {z : u(x) = 1},

Po(E) = |Dul(Q) = H"H(S(u) N Q).

For the general exposition of the theory of functions of bounded variation we refer
to Ambrosio, Fusco and Pallara [3], Federer [18], Giusti [19], Vol'pert [24] and
Ziemer [26].

Since we will consider either functions in Sobolev spaces or characteristic
functions of sets of finite perimeter, with a slight abuse we will use the notation
Du = (Dyu,- -+, Dyu) both for the gradient of a Sobolev function and for the
distributional derivative of u, as no confusion may arise.

We recall the definition of I'-convergence of a sequence of functionals Fj
defined on L'(Q) (with respect to the L!'(Q)-convergence). We say that (Fj) I'-
converges to Fy on L'(Q) if for all u € L*(£2)

(i) (D-liminf inequality) for all (u;) sequences of functions in L' () converging
to u in L' () we have

Fo(u) <liminf Fj(u;);
j



(i) (D-limsup inequality) there exists a sequence (u;) of functions in L' (1)
converging to u in L'(£2) such that

Fo(u) > limsup Fj(u;).
J

We will say that a family (F.) I'-converges to Fy if for all sequences (¢;) of
positive numbers converging to 0 (i) and (ii) above are satisfied with I, in place
of Fj;. For a comprehensive study of I'-convergence we refer to the book of Dal
Maso [13] (for a simplified introduction see [6]), while a detailed analysis of some
of its applications to homogenization theory can be found in [9].

The model example of I'-convergence we have in mind is the following result
(see [22] and [23]).

Theorem 2.1 Let W : R — [0, +00) be a continuous function such that
{zeR:W(z) =0} ={0,1} (2.1)

a(lz]"—1) <W(z) <clz]”+1) for every z € R, (2.2)

with v > 2.
Then, the functionals

W('U,) 2 .
+¢|D d e Whv(4
) — [ (PR eApuR)de ifuewtaa)
+0o0 otherwise

T'-converge as € — 0 to the functional
E(u, A) = co O(u, A)

for every Lipschitz set A € A and every function u € L (R™), where

loc

Bl 4) = {74-(;:1(5(“) A= P = Patte =1 gﬁi?efw]?sz(A; 1)
(2.3)

co = 2/0 VW(z)dz. (2.4)

From this theorem and the properties of convergence of minima of I'-limits
the following corollary, which describes the limit behaviour of the gradient theory
of phase transitions, holds (see [23], Proposition 3).

and



Corollary 2.2 Let 0 <V < |Q|. Let v > 2, and let u. € WH(Q) be a solution
of problem

e :min{/ﬂ(W(u)+52|Du|2) dx:/ﬂudx:V}.

Then, upon extracting a subsequence, u. — u € BV (£;{0,1}) in L*(2), where u
is a solution of problem

m = min{|Du|(Q) cue BV(Q{0,1}), /Q udz = V} = min{”Pg(E)  |E| = V}

and mg /e — com.

3 A compactness result

Foralle > 0 let f. : R"xR"™ — [0, +00) be a Borel function satisfying the following
conditions:

f<(y,-) is positively homogeneous of degree two for a.e. y € R", (3.1)

c1lé)? < fo(y, €) < ea)é)? for a.e. y € R”, for every £ € R™, (3.2)

with 0 < ¢; < ¢o independent of e.
Let W : R — [0,400) be a continuous function satisfying (2.1), (2.2). We
will consider the functionals G. : Li. .(R") x A — [0, +00] defined by

e /A(WE(“) +5f€(x,Du)) dz it u e WH(A) 53

+oo otherwise.

Remark 3.1 By (3.2) it follows immediately that

/ (W(u) +501|Du|2) dr < G.(u, A) < / (W(u) +502|Du|2) dx

N N
for each u € W7(A) and hence, if we set

G'(u, A) = I'-lim iglf G:(u, A),
£e—

G" (u, A) = T-limsup G.(u, A),

e—0

then by Theorem 2.1 G'(u, A) = G”(u, A) = 400 whenever u ¢ BV (4;{0,1}).
Moreover if A € A is a Lipschitz set,

con/e1®(u, A) < G'(u, A) < G" (u, A) < co\/ca®(u, A) (3.4)

where ® is defined in (2.3).



The following lemma is crucial in the description of the behaviour of the
I'-limits with respect to the set variable.

Lemma 3.2 (The fundamental estimate) Let G. be defined by (3.3). Then for
every € > 0, for every bounded open sets U, U', V, with U cC U’, and for every
u, v € Lt _(R™) there exists a cut-off function o related to U and U’, that may

loc

depend on e, U, U’, V, u, v, such that
Ge(pu+ (1 — ), UUV) <G (u,U") + Ge(v, V) + 6 (u,v, U, U, V)

where 8. : L (R™)? x A% — [0, +oo[ are functions depending only on & and G.,
such that

1ir% 0 (ue, ve, U, U, V) =0

£E—
whenever U, U'\V € A, U cC U’ and u., v. € LL _(R"™) have the same limit as

—= loc
e—0in LY((U'\U)NV) and satisfy sup(Ge(us, U') + Ge(ve, V) < +00.

e>0

PROOF. The proof follows the lines of that contained in the Appendix of [14], with
slight modifications. However we include it, since the changes in the notation are
heavy.

We fix e, U,U",V € A with U CC U’. Let k. denote the integer part of 1/e,
let d = dist (U, R™ \ U’) and choose k. + 1 open sets Uy, -+, Uy_4+1 € A such that

UccU, CcC--CCU 41 CcCU

and

. " d
dlSt(Ui,R \U¢+1)Z k€+2

For each i =1,---, kc let ¢; be a cut-off function between U; and U; 41 such that

i=1,2,, k.

ko + 2
max | Dy;| < % (3.5)

We have for every i = 1,-- -, k. that

Ge(piu+ (1 —¢i)v,UUYV)
= Gelpiu+ (11—, UUV)NT)
+Ge(piu+ (1 —p)v, UUV)N(R™\ Uiy1))
+G(piu+ (1 — i), (UUV)N (Uigr \ T;))
= G(u, UUV)NT) +Ge(v, VN (R"\ Upy1))
+Ge(piu+ (1 = @i)v, (Ui \U;) N V)
G (u, U+ Ge(v, V) + Ge(piu+ (1 — oi)v, (Ui \U;) N V). (3.6)

IN



We now estimate the last term in (3.6). We denote S; = (U;11 \ U;) N V; by the
growth conditions (3.2) and (3.5) we have that

Ge(piu+ (1= ¢i)v, S;)
[ 2Wleat (L= ) + <15, Dl + (1= ) do
s; €

1
< /EW(wu+(1—<pi)v)dx+/ e es [ D{gsu+ (1 — i)v)|2 do
Si Si
1
< [ TWewr @ -pvdo+ [ ccDuf + Do + Do lu— o) de
Si i
<

/S éW(%'zH— (1 -gi)v)dr+ecc (wy/g lu —v|? dz
+c(Ge(u, S;) + Ge (v, S;)).

Summing on ¢ we get

x

£

Ge(piu+ (1 —@i)v, S;)
1

.
Il

x

IA
™
o=

LI

£

W(gpru+ (1 - gi)0) dx+sc(w)2/5|u—vl2dx

s, d

+c(Ge(u, S) + Ge(v, 9)),

=

where S = (U’ \ U) N V. Then there exists ¢, among 1, - -, @k, such that

Ge(pnu+ (1 —pp)v, Sh)

k
1 [ e /2(ke 4 2)\2 )
< — i 1-— 4 el B —
< Eke(;/&w(@w( pondo) + o () [uofda
+k£ (Ge(u, S) + Ge(v, S)).
If we define
k
vy - LY | o
w0 V) = (8 [ Wt 0 gmar) 67
€ (2(ke +2)\2 9
—l—ck—e(T) /S|u—v| dx
+ (Gelu, S) + Ge(v, )

and we choose ¢ = ¢y, cut-off function between U and Up41, by (3.6) we have
that

Ge(pu+ (1=, UUV) < G (u,U") + Ge(v, V) + 6 (u, v, U, U, V).

10



Let u. and v. be two sequences in L. (R™) with the same limit in L' (S) and with
SUPgso(Ge(ue, U') + Ge(ve, V) < M. Under these conditions we can prove that
the sequences u. and v, converge to the same limit also in LY(S). In fact, let w

be the common limit of u. and v, in L'(S) and let r € R be such that
W(z) > %1|z|7 it |2 >
We define
w"(z) = —rV (r Aw(x)) zeR"

and, analogously, u; and vZ. It can be easily seen that u. and v converge to w”
in L7(S); moreover

/ e () — (@) e < / fte ()] e
S {z€S : |uc|>r}

2 W) da
C1Js

IN

2 2M
< _EGE(U'E)S) < —E.
C1 C1

Hence, we can conclude that ue and v. converge to w” in L7(S). As they converge
to w in L'(S) we have w" = w. To prove that

1ir% 0 (ue, ve, U, U, V) =0
£e—

it remains to study the convergence to zero of the first term in (3.7) since for the
other ones is obvious.
Note that i is bounded; hence, it is sufficient to prove that

£—0 4

ke
lim Z/ W(piue + (1 —p;)ve)de =0.
i=175i

We define for z € R"

pite + (1 —pi)ve ifx € S; for some i =1, ke
W, =
w(x) otherwise

which converges to w in L7(S). Since W is continuous, we have that
0 < lim Z/ W(piue + (1 — p;i)ve) dx
X S,

= lim [ W(we(z))dx = 1in(1) W (ue(x)) dz
< 1in(1)5G€(u€,S) =

which completes the proof. |

11



Theorem 3.3 (Compactness by I'-convergence) For every sequence (g;); converg-
ing to 0, there exists a subsequence (¢;, )i and a functional G : Li, (R™) x A —

[0, +00], such that (G-, )i T-converges to G for every U bounded Lipschitz open

Jk
set, and for every u € LL (R™) such that uw € BV (U;{0,1}), with respect to the

strong topology of L*(U). Moreover, for every u € BVioc(R™; {0,1}) G(u, ) is the
restriction to A of a regular Borel measure.

PROOF. By a standard compactness argument (see e.g. [9] Section 7.3) we can
assume that (G, (-, R))xr [-converges to a functional Go(-, R) with respect to the
L'(R) convergence for all R belonging to the class R of all polyrectangle with
rational vertices. If u € BVjoe(R™; {0, 1}) we define G(u, A) on all open sets A € A
by setting
G(u, A) = sup{Go(u,R) : RCC A, R € R}.

For every A, A’ € A with A’ CC A, there exists R € R such that A’ CC R CC A;
hence, we get

G(u,A) = sup{G'(u,A"): A’ cCc A, A" € A} (3.8)
= sup{G"(u,A"): A cCc A, A’ € A} (3.9)

for all A € A; that is, G is the inner regular envelope of G’ and of G”. Hence
the set function G(u, -) is inner regular (see [13] Remark 16.3), superadditive (see
[13] Proposition 16.12) and by using the fundamental estimate above we can prove
that G(u, -) is also subadditive (see [13] Proposition 18.4); hence, by the measure
property criterion of De Giorgi and Letta, G(u, -) is the restriction to A of a regular
Borel measure (see [9] Chapter 10). Since by the fundamental estimate G'(u,-),
G"(u,-) are themselves inner regular on the class of bounded Lipschitz open sets
U (see [9] Propositions 11.5 and 11.6) then by (3.8) we deduce that

G'(u,U) = sup{G'(u,A"): A ccU, A e A}
= Gu,U)
= sup{G"(u,A"): A ccU, A €A}
G (u,U)

for all such sets U; hence, G is the I'-limit of (ijk ) for every U bounded Lipschitz
open set and for every u € LL (R"). Remark 3.1 completes the proof. O

loc

In the sequel we still denote by G the extension of G(u, -) to the family B of
all Borel subsets of R™.

Remark 3.4 G is a local functional on A, i.e.,
G(u, A) = G(v, A)

for every set A € A and every u,v € BVjoc(R™;{0,1}) such that v = v a.e. in
A. This follows directly by applying the definition of I'-convergence, being each

12



G. a local functional too. Moreover, by Remark 3.1 we can deduce the following
estimate

G(u,U) < cor/c2®(u, U) = co\/ecaH" (S, NT) (3.10)
for every Lipschitz set U € A and every u € L, .(R™) such that u € BV (U;{0,1}).

Theorem 3.5 (Integral representation) There exists a Borel function ¢ : R™ X
St — [0, +oo[ such that

cov/er < p(x,v) < coy/ca for a.e. x € R",v € S"! (3.11)

Glu. B) = /SmB o(x,v,)dH"™ ' ifu e BV(U;{0,1}) (3.12)

+00 otherwise

for every Lipschitz set U € A and every Borel set B C U. Moreover @ satisfies the
deriwation formula

o(x,v) = limsup p' " inf{G(u, Qy(r)) + u=uy in R"\ Q) (z)} (3.13)
p—0+

where uY is the characteristic function of the half-space {y € R" : (y — x,v) > 0}.

ProOOF. It suffices to notice that G as defined in Theorem 3.3 satisfies the hy-
potheses of Theorem 1.4 of [10] (a direct proof can be also obtained by following
that of Lemma 3.5 in [8]). O

Remark 3.6 If ¢ does not depend on z, then from (3.13)

o) =inf{Gu, Q") : u=u"in R"\ Q"}

where u” = ug. Moreover the one-homogeneous extension of ¢ to R™ is convex
(see [2]), and in particular it is continuous. We will use this fact to identify ¢ by
computing it on a dense set in S"~!.

3.1 Boundary conditions

In this section we extend the preceding results to include the case of problems
with some types of boundary conditions.
Let w : R — [0, 1] be such that

w(—o00) := lim w(t) =0, w(4o00) := lim w(t) =1

t——o00 t——+oo
and
+oo
/ (W(w) + |w’|2) dt = ¢ < +o0. (3.14)
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We define w(t) = w(%) and v.(z) = w.((z,v)). We easily see that
ve — u” (3.15)

where u” = v is defined in Theorem 3.5.
With fixed € R™ and p > 0, we define

- Fe(u,Qp(x))  if u(y) = ve(y — =) on R" \ Q(w),u € Hy, (R")
Fe(u, Qy(x)) = {

400 otherwise.

Theorem 3.7 Let F. be defined by (3.3), and suppose that (F.) T'-converges to F
as in Theorem 3.3 (upon passing to a subsequence). Let the function ¢ given by
the integral representation Theorem 3.5 be independent of x. Then

I-lim F(u, Q) (x)) = F(u, Q5 (2)), (3.16)
where we extend u by setting u(y) = u”(y — ) on R™ \ Q7 (x).

PROOF. It clearly suffices to prove the theorem with © = 0. We begin by proving
the I'-liminf inequality.
Let p1 > p; we then have

Fo(u, Q%) = Fo(u, Q%) — Fo(v-, Q% \ QY) . (3.17)
We define

1 =1z €@y, (z,v)=0} Qp, 1 ={ze@): (z,v)=0}
and
Ay = Qzl,n—l \Qz,n—l X (_pl/za pl/z)
Ar =Qp 1 X (=p1/2,—p/2)U (p/2,p1/2).

We now compute

FE(UEa Zl\QZ) = FE(UE)A1)+FE(UE;A2)
+oo
< el = [ )+ e (3.18)

“+oo

—l—cp"_l(/_iﬁ (W (w) + |w'|?) dt +/ (W (w) + |w'?) dt)

£

2e

where ¢ = max{1, c2}. Hence, by (3.14) and (3.18), for every sequence u. converg-
ing to uw such that u. = v, on R™\ Q) and liminf._.o F.(ue, QZ) < 400 we get
that

liminf F.(us, Q%) > liminf F-(us, QY,) — O(pp " — p" 1)
e—0 e—0

> F(u,Qp,) =0~ =p" ). (3.19)

V
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Passing to the limit as p; tends to p we have the liminf inequality

F(u,Qb) < liminf . (u., Q%) . (3.20)
e—0
We now prove the I'-limsup inequality. Let u € BV(Q};{0,1}) be such that
u=u"onR"\ QY.
a) We first assume that u = u” on R™ \ Q) with p; < p. Let u. be a sequence
converging to u such that

F(u, QZ) = gll% Fe(ue, QZ)y

in particular u. converges to u” on R"\ Q} . Let ¢, be a cut-off function between

U=QY%, and U =Q} and let V = Q) \ Q% ; by the Fundamental Estimate
=t

Fe(ue@e"‘(l_@e)ve;QZ) < Fe(ueaQZ)"‘Fe(UEaQZ\Q—Zl)
+0: (ue, v, U, U, V). (3.21)

By the assumptions on u. and (3.15) we also have
U — u”, ve — u” on V.

Hence we get
1ir% 0 (ue, ve, U, U, V) =0
E—

and by (3.17), (3.18) and (3.21)

I'-lim sup ﬁe(u, Q) < F(u,Q}).

e—0

b) In the general case we consider p; < p and we define u,, (z) = u(p%x). By the
previous case (a) and (3.12)

F' hm sup ﬁe (U'p1 ) QZ) < F(U'pl ) QZ)

e—0

4,0(1/%1 YdH™ !

Il
S—

QrNS(up,)

S /_ @(Vu) dHn—l + O(pn—l _ p?—l)
QznS(u)
= F(u,Q5)+0(p" ' = pi™h). (3.22)

Since u,, converges to u as p; tends to p, if we denote

ﬁ”(um , Q) = I'-limsup ﬁe(um , Q)

e—0
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then by the lower semicontinuity of the I'-upper limit (see e.g. [9] Remark 7.8) and
(3.22)

I-lim sup F. (u, Q) < lim infﬁ”(up1 ,QY) < F(u,Qy). (3.23)
e—0 P1—=p
Hence by (3.23) and (3.20) we get the required equality (3.16). O

Corollary 3.8 Let the function ¢ given by the integral representation Theorem
3.5 be independent of . Then

o) = min{F(u,Q") u=u" onR"\ Q"}
= '1121 min{f'}j (u, Q") u=v:;, ondQ"}. (3.24)
j—+o0

PrOOF. The first equality follows from Remark 3.6, while the convergence of min-
ima comes from the I'-convergence of F;, and the fact that we may find a sequence
of minimizers which is compact in L'(Q"). This can be proved by following [23]
Proposition 3, upon noticing that we may assume that minimizers take values in
[0,1] by a truncation argument. O

Remark 3.9 We want to show by a simple example that if ¢ explicitly depends
on = then Theorem 3.7 is not true. Consider

Fo(u,U) = /U(lW(u) +za(z) | Duf?) d

€
where
1 ifze@
a(z) = i otherwise.
It can be easily checked that
F(u,U) =T-lim F.(u,U) = ¢ Va(z)dH" . (3.25)
e—0 S(u)nU

Now we want to show that there exists u« such that

I-lim iglfﬁe(u, Q) > F(u,Q). (3.26)

Such u can be chosen as

. 1
u = { 1 ifx, > 3
0 otherwise.

In fact, let u. be a sequence converging to u such that u. = v, on 9Q; then

Fe(us,Q) = /

Q

= (éW(uE) + 5|Du€|2) do — /

(1+1)Q 1+ Q\Q

(éW(ue) + | Ducf?) d

GW(UE) +e|Ducf?) da
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and
lim inf F(ue, Q) > co M (S(u) N (14 1)@) — (1 + )" ~ 1),
Passing to the limit as 7 tends to 0, we get
1i1€rrliglfﬁ€(u€, Q) = oM '(Su)NQ)
> M HSW) NQ) + 62—0 HL(S(u) N AQ).

By (3.25) we get the required inequality (3.26).

4 Homogenization

In this section we treat the case of highly-oscillating coefficients.

Let f: R™ x R® — [0,400) be a Borel function satisfying the conditions:
there exist 0 < ¢; < ¢g such that

c1lé]? < f(y,€) < e2léf (4.1)
for all y € R"™ f(y,-) is positively homogeneous of degree two; (4.2)
for all £ € R™ f(-,€) is one-periodic, (4.3)

ie, flx +e,8) = f(x,&) forallz e R" andi=1,...,n.
Let ¢ : (0,400) — (0,+00), and let W be as in Section 2. For all € > 0 we
consider the functional F. : L (R™) x A — [0, +00] defined by

loc

F.(u,A) = /A(WE(U)JFEJC(;—E),Du))dx if ue WL (A)

+oo otherwise.

(4.4)

With fixed a sequence (¢;) of positive numbers converging to 0, by applying

Theorem 3.3 with "
Je(x,§) = f(@aﬁ)

we conclude that, upon extracting a subsequence (not relabeled), the functionals
F¢, T-converge on all Lipschitz bounded open subsets of R"™. Their limit F' can
be represented as an integral by Theorem 3.5 with an energy density ¢ given by
formula (3.13). In this section we will characterize this function ¢ and hence also
F. We begin by remarking that ¢ is independent of x.

Proposition 4.1 Let
lim é() = 0.

e—0

Then the function ¢ is independent of x.
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PROOF. To show that ¢ is independent of & we show that ¢(x,v) = ¢(y, v) for all
x,y € R™; this will be done by using formula (3.13).
Fix z,y € R, p > 0 and let u™” be a minimizer of the problem

inf{F(u,Q4(x)) : u=muy in R"\ Q) (x)}.

By Theorem 3.7 there exists a sequence uj” converging to u™* with u}”(2) =

Ve, (2 — x) on R™ \ Q7 (z), such that

lim P, (], Q@) = F(u™, Q).

We define 7; € Z™ by

_ (Y
(15)i = — |,
&j
VP — TP (s — o e — ) — Y.p .0
and u?”(z) = u;"”(z — ;7). Note that lim;e;7; =y — @, u?"” converges to u

given by u¥*(2) = u**(z — y + x), and
W) =wi(z)  on R\ (&7 +Qu()),
where
wj(z) = ve, (2 — & — g57)).
By plugging u¥” into F:; we get
Fe,(u?, e5m + Q@) = Fe, (ui”, Q) (2)),

so that, for fixed r > 1 we get

F(u”",Q4(y))
F(u¥?, Q% (y)) < 1imjian€j (u?’p, Q7))

= liminf (P (), 275 + Q) + e, (a7, Q1 (0)\ (5575 + Q)
= liminf (£ (a5, Q5(x)) + B, (w5, Q2 (0) \ (6575 + Q4 ()))

= limF (a7, Q) (@) + im Fe (w5, Q7 (0) \ (e57; + Q) ()

< Fu™,Q4(x) +cp" ("t = 1),

c= /+O° (W(w) + |w'|2) dt.

—00

IN

with

By the arbitrariness of r > 1 we get

F(u”?, Qp(y)) < F(u™”, Qy(x))

and, by symmetry, the equality, so that ¢(z,v) = ¢(y,v) by letting p — 0, by
formula (3.13). O
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Remark 4.2 The formula

o(v) = lim min{gg—l/l N (W(u)+f(ix,Du))dx :

u=v" on 8(%@”)} (4.5)

€5

holds, where v¥(z) = w({z,v)). To check this it suffices to use the previous propo-
sition and Corollary 3.8.

4.1 Oscillations on the scale of the transition layer

In this section we treat the case when the scale of oscillation § and the scale of
the transition layer € are comparable.

Theorem 4.3 Let F. be defined by (4.4). Let f(x, &) be a Borel function 1-periodic
in x, positively homogeneous of degree two in & and satisfying the growth conditions
(4.1), and let W(z) be a continuous function satisfying the conditions (2.1) and
(2.2). Let § : (0,400) — (0,+00) be such that

lim — =
e03(e)

where ¢ is a positive constant; then there exists the I'-limit

I-lim F.(u,U) = / () dH" 1
e—0 S(u)nU

for every uw € BV (U;{0,1}), where

pv) = Tgrfoo % inf{/TQV (W(u) + fl(ex, Du)) dr : u=v" on 8(TQ”)} .
(4.6)

PROOF. First, we prove the theorem when d(g) = ¢.

Step 1 It is sufficient to prove the formula for a dense set = of v. In fact
since ¢ is convex it is also continuous hence if the formula is true for every v € =
then ¢ is independent from ¢; for every v € Z. By the continuity of ¢, it is also
independent from ¢; for every v. Hence, we can conclude that there exists the
I-limit of F 5. and by the convergence of minima the formula is true for every
V.

Step 2 Let = be the set of unit rational vectors, i.e.; 2= {v € S"~t: 3\ €
R, \v € Q"}. In can be easily seen that = is dense in S"~!. Now, for simplicity of
notation, we develop the proof only in the case v = e,, but the same arguments
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clearly work for any v € =, up to a change of variables and of the periodicity cell.
We define for T > 0, TQ = (- L, )" and

9(T) = inf{% /TQ(W(u) + f(z,Du))dz : uw=w(z,) on 8TQ};

we have to prove that there exists the limit as T tends to +oco. Let ur be such
that

/TQ(W(uT) + f(x, Dur))de < T" 'g(T)+ 1.

Let S > T; we define Q7. = 2([T] + 1) + TQ for z € Z"~! x {0} and Is = {z €
Z" ' x {0} : Q7. C SQ}. We can construct
ur(x —z([T)+1)) ifz € Qry z€Ig
us(xr) =
w(zy) otherwise .

We can proceed as in the proof of [9] Proposition 14.4: plugging ug into the
definition of g(.5), we obtain the inequality
9(8) <g(T) +r(5,T),

with
lim sup limsup (S, T) = 0,
T—+oco S—+oo

so that

limsup ¢g(S) < liminf g(7T).
S—+o00 T—+too

Hence, we conclude the proof of the case §(¢) = e.
If e = dc by a change of variables we can apply the previous case.

Finally if lim._,g ﬁ = ¢ then, by the change of variables ﬁx = ¢y, it can
be easily checked that

en—1 /%QV (W(u) + f(%x, Du)) dx

= G L (V((P20)) + gt (e () a0

where T' = 1/d0c and lim._, 1/eT = 1. Hence, for every n > 0 there exists ¢g > 0
such that for every ¢ < ¢

(1—n)inf{%/TQu(W(u)—l—(l—n)Qf(cy,Du))dy :u=1v" on 8TQ”}

1 1

< inf{E—TW /TQV (W(u) + @f(cy, Du)) dy : u=7v" on 8TQV} (4.8)

< (1+n)inf{%/TQu(W(u)+(1+77)2f(cy,Du))dy : u=v" on 8TQ”}.
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By the previous case € = dc, we can conclude that for every sequence €; converging
to 0 there exists the limit

lim inf{E?_l /1 0 (W(u) —|—f(ix,Du) dr : u=1" on 8(%@”))}
1w j

j—too - d(ej)
= TEI—EOO inf{% /TQV (W(u) + f(cy, Du)) dy : u=v" on 8TQ”}. (4.9)

Hence, by Remark 4.2, ¢ is independent from ¢; for every v and satisfies formula
(4.6). O

4.2 Oscillations on a larger scale than the transition layer

In this section we treat the case when the scale of oscillation § is much larger that
the scale of the transition layer e.

Theorem 4.4 Let F. be defined by (4.4). Let f(x,€) be a continuous function

1-periodic in x, positively homogeneous of degree two and locally Lipschitz in &,

satisfying the growth conditions (4.1), and let W (z) be a continuous function sat-

isfying conditions (2.1) and (2.2). Let § : (0, +00) — (0, 4+00) be such that
lio(e) =0l =0

then there exists the I'-limit

I-lim F.(u,U) = / () dH"
e—0 S(u)NU

for every Lipschitz set U € A and every u € BV (U;{0,1}), where

1
= inf infd —— n=l .
o) = etz [ R

we BV(Q:{0,1}) u=u" on R™\ TQ”} .

PRrROOF. We recall that
1
co = 2/ VW (z)dz
0

- min{/+oo(W(v)+|v’|2) dt : v(—00) =0, v(+00) :1} (4.10)

—0o0

(see e.g. [1], [5]) and we denote

'Lphom(l/) = inf mf{%/ w(ﬂ?,l/u) dHn—l .

-1
T>0 TQNS(u)

we BV(2{0,1}) u=u" on R"\ TQ”}, (4.11)
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where ¥(z, &) = /f(x,§).

Step 1 T'-liminf inequality Let u € BV (;{0,1}) and let u. be a sequence con-
verging to u in L*(£2). We can always assume that u. € H*({, [0, 1]). With fixed
N € N, we divide [0, 1] in intervals of length 1/N. If we define Iy = {z € Q

EL <wu. < EYand ubf = (ue VER)A L for k=1,---, N, then u* converges to
ub = (uvEL)A L = Bl 4 & and

Fosoe®) = 2 [ W) f(575. D) do
N

2;21‘/& \/W(ue)f(@,Due) dx
N

ZZ/Q \/W(uﬁ)f((sgc—g),Du’g) dx

\/ / 55 Du’€ dr. (4.12)

V

[N}
1= I

E

B

By [7] Theorem 5.1, we have that the I-limit as 7 — 0 of the functionals
u»—>/ 1/f(f,Du) dx
Q n

/ whom((u—i_ - u_)l/u) dHn_l
S(u)nQ2

takes the value

if u = u*. Then, since ¥pom is a positively one-homogeneous function, we get that

hmmf/ S Du’€ dr > / Yhom (WFT — uF " )vye) dH 1
S(uk)NQ

1
= N 'Lphom(yu) dHn_l (413)
S(u)nQ2

so that

N
2
hm 1nf F, 5(c)(ue, Q Z N \/ Yhom (V) dH™ 1

S(u)n2

and passing to the limit as N tends to 4+o00, we get

1
lim iglfF&(;(e)(U,e, Q) > 2/ \/ W(Z) dZ/ 'Lphom(l/u) d')—(n—l
e— 0

S(u)nQ2

(we have used the Riemann integrability of v W).
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Step 2 T-limsup inequality We can consider the case v = ¢,,. By (4.11), if we fix
7 > 0 there exist k > 0 and @ € BV (kQ; {0,1}) such that @ = u®~ on R™\ kQ and

1 p—
Jen—1 / _ ’Lp(ﬂ?, Vﬂ) dH" ! < whom(en) +n. (414)
S(@)NkQ
We extend by periodicity @ so that it is k-periodic in (21, -, 2,—1) and @ = u®"

when |z,| > k/2.
Let v such that

+oo
/_ (W (o) + [o/|?) dt

= min{/+oo(W(v) + V' [A)dt : v(—o0) =0, v(+o0) = 1}

—0o0

if we define
=0V (((1+277)v—77)/\1)

then there exists R such that v"(t) € {0,1} if |¢| > R, and
+oo
/ (W (v") 4 | Dv"|?) dt — co asn—0. (4.15)
—0o0

We can always assume that u is such that S(u) is of class C?; hence, for
a > 0 small enough there exists a unique projection of class C?

p:{zx e : dist(z,S(a)) < a} — S(a).

We se
' . {Z/(p(x)) if dist(z, 5(@)) < a
én otherwise
and
. dist(z,{u=0}) ifu(z)=1
- —dist(z,{u=1}) ifu(z)=0 .
We define i o 5d(x)
tes(@) = v (Ew(x,ﬂ(x)))
and
Ue (T) = TUe,s (%) =v"(d:(7))
where ) - 5d(%)
: e(5.7(5)



Hence

Due(s) = D" (g
57

but Dv" #0on D ={z € Q : [d(§)] < R5\/c1} and D(dd(%)) = v(%), so that

Fe,é(e) (U'E) Q)

W73 DY)
) /m<_w(“€)“f Rl Ereaea I eacard )>dx
! Dot SEDUG RN o
= 2 (W(%”(w(%,u(%» ) ! (5’”(5))> d
L BEDUG HE)?
- é/m<w“‘“f”(m " HENGE 1E) )>dx (4.16)

If we set © =y + tv(y) with t = 6d(§) and y € S(u), then v(§) = v(%) and
by (4.16) and the coarea formula, using the fact that |D(dd(§))| = 1, we get

Fe 5¢)(ue, Q
eRyCr ;
- /eRf/b“(qu( et (M V(%))))
- t - f,Drlp(?H-tu(y) (6)) 2> -
i (W(W”‘” <%>)) V(0 (2 () e

N / /S(u)mQ< y+e§ufy),y(%) )) (4.17)

+

b (w(yﬁzufy),y(%)) ) v

Since 1) is a Lipschitz function, by (4.17) we get

Fe 5(e)(ue, @)
/ /9<u>mQ< ) ‘Dvn(w) ‘2 * (ER)ch‘% 2) dH" " (y) ds
+eca
/ij /S(u)mQ< ) ‘D“n(w)‘ )dH"_l(?ﬂ ds+ez.  (4.18)
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By the change of variable

S

(v (y)

t =

we obtain

F, 5(c)(ue, Q)

< o (e« pop) a w(g’l”fg(%)

! U (t)|? o z,v(x "
[ (women + per) ar Ly @)

>dH"_1(y) +ec

A

oo 1+0(5)
O(£> n—1a/m—1 — 1 ~
+TO‘S(%)5 H" 2 (S(u) N 5@) +eé. (4.19)

By (4.19), (4.14) and (4.15) we get
lim S(l)lp F€75(€)(ue, Q) < ¢o Yhom(en)
E—
as desired. =

Remark 4.5 Note that the I'-liminf inequality does not depend on the behaviour
of § with respect to € and we do not use the assumption of f being locally Lipschitz.

4.3 Oscillations on a finer scale than the transition layer
Finally, in this section we treat the case when the scale of oscillation § is much
smaller that the scale of the transition layer e.

In order to prove the liminf inequality, we make the following two additional
technical hypotheses:
(H1) (Lipschitz continuity of W)

(W (u) = W(v)| <Clu—

if 0 <wu,v,<1
(H2) we have
§ << ev/e.

These hypotheses will be used in the proof of Proposition 4.10 only, and will not
be needed for the limsup inequality.

Theorem 4.6 Let F. be defined by (4.4). Let f(x, &) be a Borel function 1-periodic
in x, positively homogeneous of degree two in & and satisfying the growth conditions
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(4.1), and let W be a continuous function satisfying conditions (H1), (2.1) and
(2.2). Let § : (0,400) — (0,+00) be such that

. &y/e
1 5y =~ T

then there exists the I'-limit

I-lim F.(u,U) = / () dH"
e—0 S(u)nU

for every Lipschitz set U € A and every u € BV (U;{0,1}), where

QO(V) = Co fhom(V)

and from @S the homogenized integrand of f defined by

Fhom (€) = inf{/ fly,Du+ &) dy :u e HL . (R™),u one-periodic}
(0,1)m

for all £ € R™.

The proof of the theorem will be obtained from the results in the rest of the
section.
The liminf inequality will be proved if we show that for every sequence (uc)
such that
sup Fr(ue) < +oo, Us — U
€

and for every n > 0 there exists a sequence (u!!) converging to u such that

n
lim inf £ (ue) > lim inf / (@ te fhom(DuQ)) dz — C. (4.20)
E— Q

e—0

The conclusion will then follow since we already know the I'-limit of the functionals
on the right hand side of (4.20) (see Proposition 4.11 below). Such (u?) will be
obtained from (u.) by averaging on a intermediate scale between § and e. Before
defining such functions we prove a preliminary proposition.

Proposition 4.7 Let U be a connected bounded open set. For every n > 0 there
exists K € N such that for allu € H'(U) and for allh > K, h € N, we have

2
][ f(hz, Du)dx > fhom(][ Dudx) —77‘][ Dudx‘ .
U U U

PROOF. Suppose by contradiction that n > 0, (hg) an increasing sequence of
integers and functions uy € H'(U) exist such that

‘][ Dukdx‘ =1
U
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and

]{]f(hkx,Duk) dr < fhom (]{] Duk) -7

(we use a scaling argument by positive homogeneity). Upon a translation argu-
ment and a passage to a subsequence, we may assume that uy — uw in H 1(U). In

particular we have
][ Duy, dx —>][ Dudzx,
U U

‘][ Dﬂdx‘ =1,
U

from which we obtain, by the classical Homogenization Theorem (see e.g. [9] Sec-
tion 14) and Jensen’s inequality,

and hence

lim inf ][ F(hix, Duy) de > ][ Foom(DT) dz > from (][ Dadx)
k U U U

and a contradiction easily follows. O

Note preliminarily that by the compactness and representation theorem we
may limit our analysis in (4.20) to the case u = w” with v = e,, @ = Q =
(—=1/2,1/2)™. Moreover, we may suppose that u. € C*°(R") and that

ue () = w(x,/€)

on R™\ @ by Theorem 3.7.
With fixed n > 0 let K be given by Proposition 4.7. We define

Note that u? € C*°(R™) and that
pule)=f  Duly)dy
Q(z,K6)

Proposition 4.8 Let ¢ € CO(R™) and let n, K and u? be as above. Then there
exists y € Q(0, K§) such that, if we set

e =y +iKs,  Qf =Q(zf, K9),

7

and
Ix={iez": QFnQ+#0},
we have

/Q oDy dz < 3 (K6)" p(Du (25)),

i€l
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PROOF. The thesis follows immediately from the Mean Value Theorem upon re-
marking that

/ o(Dull)dx < / Z o(Dul(z +iK9)) dz. O
Q (0.K0) jerx

Proposition 4.9 Let (u.) and (ul) be as above. Then we have

lim inf e / f(%,Due) dv > liminf e / From (Du) da: — en.
Q

e—0 e—0

PROOF. Let y be given by Proposition 4.8 with ¢(£) = fuom(£) — 1/€|?. Then we
have, using both propositions above (in addition to Proposition 4.7 we have to use
a change of variable and the positive homogeneity of f),

E/Qf(%,Due) dx+O(K?6)

:EZ/ Dued

ielf

Y

& > (K0)" (from (D2 () — n|Dul ()P

ielf
> 5/ (fhom(Dug) —77|D“?|2) dz
Q

The thesis follows by remarking that we have
sups/ |Dul? dx < +00. O
€ Q

Note that we do not have yet used the hypotheses (H1) and (H2).

Proposition 4.10 Let (u.) and (ul) be as above. Then we have

n
1iminf/ Mcla:Zliminf/ Mdm
Q ¢ Q

e—0 £—s c

PROOF. By Poincaré’s inequality applied in each Q(x, K§) and the Lipschitz con-
tinuity of translations in Sobolev spaces (see e.g. [26] Theorem 2.1.6), setting
r; = Ko,

Qi = Q(x;, K9) and I={i €Z":Q;NQ #0},

ue(x —][ ue(y) dy‘ dx

28

we have

[ e~ < 3 [

el




30 [ =) = ) dyao

iel
1/2
< CK(S(/ |Du€|2dx) .
Q

Hence, by (H1) we get

/W(ue)dx > /W(u?)dm—C’/ |ue —ull|dz
Q Q Q

1/2
> / W (ul) dx — CK(S(/ |Du€|2dx)
Q Q
1/2
= / W (ul) dx—scKi (E/ |Du€|2dx) ,
Q evel Jo
and the thesis follows by (H2). O

The I'-liminf inequality reads as follows.

Proposition 4.11 For allu € BV (U;{0,1}) we have
[-liminf F.(u,U) > / V/ from (V) dH" L.
e—0 S(u)nU

PROOF. It suffices to use the two previous propositions and recall that the I'-limit

of the functionals -
U — / ( (u) + thom(Du)) dx
Q g

is given by
/ V fhom (Vu) dHn_l
S(u)nQ2

on BV (£2;{0,1}) (see [5], Section 4.2). O

It remains to prove the I'-limsup inequality, which completes the proof of the
Theorem 4.6.

Proposition 4.12 For allu € BV (U;{0,1}) we have

P-limsup F.(u,U) < / V from (V) dH™ L.
S(u)nU

e—0

PROOF. We want to prove that there exists a sequence u. converging to u” such

that
lim sup F; (us, Q) < co V Jhom (V) -

e—0
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By (4.10)

Co/ fhom(l/)
+oo
= min{/ (W (W) + from@)|V'[?) dt = v(—00) =0, v(+00) = 1}

—0o0

= inf inf{/T (W () + from@)|V'[?)dt -

T>0 _r

o(t) = 0ift < T, v(t) =1if t > T}; (4.21)

hence, fixed o > 0 there exist T' > 0 and vr such that

T
/ (W(UT) + fhom (V>|'U§"|2> dt S Co fhom (V) + . (422)

-7
We define "
op = / (W (vr) + From ()0 ?) dt

-7
and u” (z) = vr((z,v)). Then there exists a sequence u, converging to u’ such
that u,, = u” on 8(@;_1 x (=T, T)) and

‘r = / (W(U'T)"_fhom(DuT))dx (423)
Z,_lx(_TvT)
T
= lim Wiu,) + fl —, Du dx .
n—0 Q;_lx(—T,T)( (1) f(n "))

Let n = d(g)/¢e; we define a sequence u. on ([$] +1)6Q}, _; x R as follow
AN y 3

“n(g) ifxeeQr_| x (—eT,eT)
L 2 € 14 14

W(2) ifze ((51+100Qu_1\2Qusy) x (~eT,eT)

ue(x) = £ (4.24)
1 if ¢z, > T

0 if ¢z, < —eT

and we extend it by periodicity so that u. is ([5] + 1)d-periodic in the variables
(1, -+, Tnp—1). We define

I. = {Z S VAR EQ@'V,n—l X (_ET; ET) N QV 7& (Z)}a

where

=i ) ey
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and
J. = {z ezt . z([g} n 1)5@;_1 \ QY1 X (=T, eT) N Q" # (2)}.

We get

Fego (e, Q") = /Q (Gwe) (5=

ied. /([ £]4+1)6QY_, \(€QY,,_y X (—€T, T))(
+Ef( 55 P J))de  (4.25)

in particular by (4.24)

lW(ue) —l—sf(%, Due)) dx

= /<[ £141)6QY_,\eQY,,_, X (T, T>(

- ZE" 1/ SI+1)2QY_\QY,, X (=T.T)
s (G [ o
i€Je -
< S (2" ) e [ 1 ar); (1.20
hence, by (4.26) we obtain

1
limsupZ/ (—W(ue)—l—sf(i,Due))dx:O.
e=0 o7 Ji(51406Q8_\QY,_y x(—eT.eT) \E i(e)

(W(uT) + f(%, DuT)) dx

We now estimate the first term in (4.25) as

Z/ e TT) )—l—sf((sgc—g),Due))dx

; ([ }+1) 1 1/QV n TT)(W(un)+f( Dun))daz; (4.28)
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hence, by (4.25), (4.27), (4.28), (4.23) and (4.22) we get

lim sup F, 5¢)(ue, Q7)) < lim (W(un) + f(f, Dun)) dx
e—0 n—0 Q¥ _, x(=T,T) n
= cr<o fhom (V) + « (429)
and by the arbitrariness of a we obtain the I'-limsup inequality. O
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