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Abstract. Talenti symmetrization rearranges functions on an open con-
nected set X ⊂ RN , endowed with a measure µ with continuous positive
density, along the superlevel sets of a given function f . Talenti proved a
Pólya–Szegő principle for it, provided that these sets are µ-isoperimetric,
have connected boundaries, and are crossed by straight lines of steepest as-
cent. We show that, if X is convex, these requirements are very rigid: they
force the superlevel sets of f to be either parallel half-spaces, or concentric
balls, or complements of tubes around an affine subspace of codimension at
least two. This identifies the only geometries in which Talenti’s Pólya–Szegő
principle can be applied. We also prove a family of weighted isoperimetric
inequalities in convex cones, showing that complements of tubes around
affine subspaces of every codimension at least two do occur.

1. Introduction

Let X ⊂ RN , with N ≥ 2, be an open connected set, and let µ = eWLN ,
with W continuous on X. In [18], Talenti introduced a symmetrization which
rearranges a function u along the superlevel sets of a fixed function f : the
symmetrized function u♯ is a nonincreasing function of f , µ-equimeasurable
with u. In analogy with the classical Pólya–Szegő inequality [14], which states
that the symmetric decreasing rearrangement does not increase the Lp norm
of the gradient, Talenti proved that his symmetrization does not increase the
Lp(µ) norm of the gradient either, for bounded Lipschitz functions u with
µ({u ̸= 0}) < +∞, see [18, Main Thm.]. In [1], assuming X convex, we
extended this result to Sobolev functions vanishing on the relative boundary of
an open set Ω ⊂ X, thus obtaining Faber–Krahn and Saint-Venant inequalities
in a variety of weighted settings, see [1, Sect. 6] and the references therein.

Talenti’s assumptions, recalled in Theorem 2.2 below, are that the super-
level sets of f are isoperimetric in (X,µ), relative to X, that the level sets
of f are connected, and that the lines of steepest ascent of f are straight.
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In addition, f is required to satisfy some regularity, normalization, and non-
degeneracy conditions, collected in Section 2. Neither the measure nor the
function f is prescribed, and this generality is what makes the principle at-
tractive: Schwarz symmetrization [16], with balls and the Lebesgue measure,
and Ehrhard symmetrization [10], with half-spaces and the Gaussian measure,
are particular instances.

It is then natural to ask which geometries are admissible, that is, which
families of sets can arise as the superlevel sets of f . Since these sets are
isoperimetric in (X,µ), relative to X, the question becomes which families of
isoperimetric sets can occur in weighted settings, as the density varies, while
the other two assumptions, connectedness of the level sets and straightness
of the lines of steepest ascent, still hold. In all the examples we are aware
of, including those of [1, Sect. 6], these sets are either parallel half-spaces,
or concentric balls, or complements of balls. The purpose of this paper is to
show that, when X is convex, this is not a coincidence: Talenti’s assumptions
single out these three families, up to allowing, in the third one, tubes around
affine subspaces in place of balls. The informal statement reads as follows, the
precise one being Theorem 4.8 in Section 4.

Theorem A. Let X ⊂ RN , with N ≥ 2, be an open convex set, let µ =

eWLN , with W continuous on X, and let f be a function on X satisfying the
assumptions above. Then, its level sets are parallel hypersurfaces, and, relative
to X, its superlevel sets are either

(a) parallel half-spaces, or
(b) concentric balls, centered at a point of ∂X, or
(c) complements of closed tubes around an affine subspace L of codimension

at least two, which meets X but not X.

Moreover, the alternatives (b) and (c) require µ(X) = +∞, and (c) also re-
quires the density not to be integrable near any point of L ∩X.

In other words, Theorem A is a rigidity result: on convex ambient sets, every
Faber–Krahn or Saint-Venant type inequality obtained through Talenti sym-
metrization, such as those of [1], has parallel half-spaces, concentric balls, or
complements of tubes as extremal sets. Hence, the search for new applications
essentially reduces to finding measures for which these sets are isoperimetric,
the remaining assumptions then only requiring their boundaries relative to X
to be connected.

This rigidity is of a different nature than the characterization of equality
cases in Pólya–Szegő inequalities, see, e.g., [6]: rather than the extremal func-
tions, it constrains the frameworks in which the inequality can be established.
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It is closer in spirit to the classification of isoparametric and transnormal func-
tions [2, 17, 19], from which it differs in two respects: the presence of a bound-
ary and the isoperimetric property, which restricts the level sets of f , a priori
only parallel hypersurfaces, to be isoparametric, that is, hyperplanes, spheres,
and cylinders by Segre’s classification [17]. In particular, tubes around affine
subspaces of positive dimension never occur, even though they may be isoperi-
metric for large volumes [11, 15], whereas their complements do. In a comple-
mentary direction, fixing the geometry constrains the measure: for instance,
if half-spaces are isoperimetric in a cylinder, then the density has a product
structure, as shown by Brock, Chiacchio, and Mercaldo [5].

All the alternatives of Theorem A do occur. Concentric balls and parallel
half-spaces appear in [1, Sects. 6.1 and 6.2], see also [3, 4, 7] for balls centered
at the vertex of a convex cone and [5] for half-spaces with Gauss-like product
measures, while the complements of the disks centered at the vertex of a pla-
nar convex sector, endowed with a density blowing up at the vertex, provide
an instance of alternative (c) with dimL = 0, see [1, Sect. 6.3] and [8, 9].
In Section 5 we prove, via calibration, a family of weighted isoperimetric in-
equalities in convex cones times cubes, which generalizes this planar example
and may be of independent interest, thus showing that alternative (c) occurs
with dimL = ℓ for every ℓ ∈ {0, . . . , N − 2}. For ℓ = N − 1, the same con-
struction yields parallel half-spaces in a setting with µ(X) = +∞, so that
alternative (a), unlike (b) and (c), occurs both for finite and for infinite mea-
sures, see Remark 5.4. The same calibration also shows that convexity cannot
be dropped in Theorem A, see Remark 5.5.

Outline of the paper and strategy of the proof. In Section 2, we re-
call the setting, the normalization and nondegeneracy conditions (N1)–(N3),
Talenti’s assumptions (T1)–(T4), and the results of [1, 18] that we need.

In Section 3, we describe the geometry of f : by [1, Thm. 4.1], ∥∇f∥ = g(f)

for a continuous profile g, and, the level sets being connected, the straightness
of the lines of steepest ascent amounts to f being, away from its extremal level
sets, transnormal in the sense of [2, 19]. Unlike in the classical setting, where
the ambient space has no boundary, the lines of steepest ascent may leave X,
and the focal sets of f typically lie on ∂X, so that the known structure results
do not apply, see Remark 3.5. We show that, if f satisfies a sweeping condition,
that is, if it takes all its values along each of its lines of steepest ascent, then
it is a function of the signed distance from any of its level sets, and either its
level sets are parallel hyperplanes, or f is a function of the distance from a
focal set, see Theorem 3.2 and Corollary 3.3.
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In Section 4, we combine this structure with the isoperimetric property. The
isoperimetric arguments rely on a single comparison principle, see Lemma 4.1:
parametrized by arclength along the lines of steepest ascent, the measure V of
the superlevel sets solves V ′ = −I(V ), where I denotes the µ-isoperimetric pro-
file. On the other hand, the measure w of any family of sets whose boundaries
move at unit normal speed, such as parallel sets or concentric balls, satisfies
|w′| ≥ I(w), so that w can be compared with V . Applied to the inner and
outer parallel sets of a superlevel set, it shows that the isoperimetric property
forces the sweeping condition above, see Lemma 4.2. Applied to balls centered
at points of X, it proves that each such ball has measure at least that of the
tube of the same radius around a focal set. Hence, if the superlevel sets of
small measure are tubes around a focal set, they cannot contain disjoint balls
centered at two distinct focal points; therefore, the focal set is a point, and the
superlevel sets are concentric balls, see Proposition 4.3. When µ(X) < +∞,
we prove the isoperimetric profile to be symmetric, which, together with the
previous step, rules out focal sets, so that only parallel half-spaces occur, see
Proposition 4.4. Applied to the complements of the metric neighborhoods of
closed subsets of the focal set, the comparison principle shows that the density
is not integrable near any of its points, see Proposition 4.5. In alternative (c),
the lines of steepest ascent are half-lines emanating from the focal set F0: this
forces F0 to be convex and, by the non-integrability of the density, to lie on
∂X, while the continuity of the second fundamental form of the level sets of
f forces F0 to be the intersection of X with an affine subspace, see Proposi-
tion 4.6. These steps are combined in Theorem 4.8.

Finally, in Section 5, we prove the isoperimetric inequalities in cones briefly
described above. Through [1], they yield Faber–Krahn, Saint-Venant, and
(p, q)-eigenvalue inequalities whose extremal sets are complements of tubes,
see Example 5.2.

Acknowledgments. Both authors are members of INdAM–GNAMPA. G.B.
is supported by the Deutsche Forschungsgemeinschaft (DFG, German Research
Foundation), Project No. 555837013.

2. Setting and preliminaries

2.1. Assumptions. Throughout the paper, X ⊂ RN , with N ≥ 2, is an open
convex set, and µ = eWLN , with W continuous on X. Convexity is the setting
of [1], where it is used to extend the Pólya–Szegő principle to Sobolev functions
vanishing on the relative boundary of open subsets of X, see [1, Thm. 5.1].
Here, it is used from Theorem 2.3 on, where segments joining points of X are
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required to lie in X. Talenti’s theorem, recalled in Theorem 2.2, only requires
X to be open and connected, but convexity cannot be dropped in Theorem 4.8,
see Remark 5.5. The µ-perimeter of a Borel set E ⊂ X relative to X is

Perµ(E;X) =

∫
∂∗E∩X

eW dHN−1, (2.1)

where ∂∗E is the reduced boundary of E; in particular, ∂X is not counted.
For the theory of sets of finite perimeter, we refer the interested reader to the
comprehensive treatise [12].

Throughout the paper, f : X → [0, 1] is a fixed smooth function; for t ∈
[0, 1], we let Φf (t) = µ({f > t}). We collect here all the assumptions on f and
µ that we shall use; each statement below recalls the ones it needs.

The first three are normalization and nondegeneracy conditions:

(N1) inf f = 0 and sup f = 1, with µ
(
f−1(0)

)
= µ

(
f−1(1)

)
= 0;

(N2) ∇f(x) ̸= 0 for all x ∈ X with 0 < f(x) < 1;
(N3) Φf (t) < +∞ for all t ∈ (0, 1), or µ(X) < +∞.

We let Xreg = {x ∈ X : 0 < f(x) < 1 } and, for t ∈ (0, 1), we denote by
Mt = {x ∈ X : f(x) = t } the level sets of f , which, under (N2), are smooth
hypersurfaces. Further, the unit normal

N(x) =
∇f(x)

∥∇f(x)∥
, x ∈ Xreg, (2.2)

is smooth on Xreg, and the lines of steepest ascent of f are the maximal
integral curves of N in Xreg, that is, the maximal solutions s 7→ x(s) of
dx/ds = N(x(s)), where s is the arclength parameter. The next four are
the assumptions of Talenti’s theorem:

(T1) isoperimetric inequality: there exists a continuous function I ≥ 0 on
[0, µ(X)), positive on (0, µ(X)), such that

I(µ(E)) ≤ Perµ(E;X), for all Borel sets E ⊂ X with µ(E) < µ(X);

(T2) saturation: Perµ({f > t};X) = I(Φf (t)) for all t ∈ (0, 1);
(T3) connectedness: the level sets Mt, t ∈ (0, 1), are connected;
(T4) straightness: the lines of steepest ascent of f are segments, that is,

d2x/ds2 = 0 along each of them.

Finally, we shall use the following sweeping condition, which is not among
Talenti’s assumptions, but follows from them, see Lemma 4.2:

(SW) along each line of steepest ascent of f , the function f is onto (0, 1).
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2.2. Known results. The (µ, f)-Talenti symmetrization of a function u is
defined by u♯(x) = u∗(Φf (f(x))), where u∗ is the µ-decreasing rearrangement
of u, see [18]. We shall only use the following properties of f , see [1, Lem. 3.5
and 3.8].

Lemma 2.1. Assume (N1)–(N3). Then, Φf is a continuous and strictly de-
creasing map of [0, 1] onto [0, µ(X)] (onto [0,+∞], in the case µ(X) = +∞).
Moreover, for every t ∈ (0, 1), the level set Mt is a smooth, µ-negligible hyper-
surface, which is the boundary relative to X of the open set {f > t}, so that
Perµ({f > t};X) =

∫
Mt
eW dHN−1.

We now recall Talenti’s theorem [18, Main Thm.], see also [1, Thm. 3.10],
which proves the Pólya–Szegő principle (2.3) for bounded Lipschitz functions
on X. When X is convex, it extends to Sobolev functions on an open set
Ω ⊂ X vanishing on the boundary of Ω relative to X, see [1, Thm. 5.1].

Theorem 2.2 (Pólya–Szegő principle of [18]). Assume (N1)–(N3) and (T1)–
(T4). Then, for every bounded Lipschitz function u : X → R with µ({u ̸=
0}) < +∞ and every p ∈ (1,+∞),∫

X

|∇u♯|p dµ ≤
∫
X

|∇u|p dµ. (2.3)

Finally, we recall the structural result of [1, Thm. 4.1], which is the starting
point of this paper.

Theorem 2.3. Assume (N1)–(N3), (T3), and (T4). Then, the following hold.

(a) There exists a continuous function g : (0, 1) → (0,+∞) such that

∥∇f(x)∥ = g(f(x)), ∀x ∈ Xreg. (2.4)

(b) Let c0 ∈ (0, 1) and

G(c) =

∫ c

c0

dt

g(t)
, c ∈ (0, 1). (2.5)

If y1, y2 ∈ X and 0 < τ1 < τ2 < 1 are such that f(y1) ≤ τ1 and
f(y2) ≥ τ2, then

∥y1 − y2∥ ≥ G(τ2)−G(τ1) > 0. (2.6)

Whenever Theorem 2.3 applies, we fix c0 ∈ (0, 1) once and for all, we let G
be as in (2.5), and we let

smin = lim
c→0+

G(c) ∈ [−∞, 0), smax = lim
c→1−

G(c) ∈ (0,+∞]. (2.7)
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As G is a strictly increasing C1 map of (0, 1) onto (smin, smax), we extend its
inverse to the whole R by setting

G−1(s) = 0 for s ≤ smin, G−1(s) = 1 for s ≥ smax. (2.8)

Since the extended G−1 equals 0 on (−∞, smin], equals 1 on [smax,+∞), and
is strictly increasing on (smin, smax), with G−1(G(t)) = t, we have, for every
t ∈ (0, 1),

G−1(u) > t ⇐⇒ u > G(t), ∀u ∈ R. (2.9)

In particular, if f = G−1 ◦ h on X for some function h : X → R, then
{f > t} = {h > G(t)} for all t ∈ (0, 1).

We conclude this section with an elementary fact on Xreg, which will be used
throughout.

Lemma 2.4 (Regular points). Assume (N1). Then, Xreg is dense in X. If,
in addition, (N2), (N3), (T3), and (T4) hold, then {f = 0} = ∅ if smin = −∞,
and {f = 1} = ∅ if smax = +∞.

Proof. Let y ∈ X and r > 0 be such that Br(y) ⊂ X, and assume by contra-
diction that Br(y) ∩ Xreg = ∅. Then, f only takes the values 0 and 1 on the
connected open ball Br(y), so that, by continuity, f ≡ f(y) on Br(y). Hence,
µ
(
f−1(f(y))

)
≥ µ(Br(y)) > 0, contradicting (N1).

As for the second part, let y1 ∈ X with f(y1) = 0, and fix y2 ∈ Xreg,
which exists by the first part. For every τ1 ∈ (0, f(y2)), (2.6) applied with
τ2 = f(y2) gives ∥y1 − y2∥ ≥ G(f(y2)) − G(τ1). Letting τ1 → 0+, we get
smin ≥ G(f(y2))− ∥y1 − y2∥ > −∞. The case f(y1) = 1 is analogous. □

3. Distance representation of f

If the lines of steepest ascent of f sweep the whole range of f , that is,
if (SW) holds, then f can be determined by any of its level sets and by the
profile g appearing in Theorem 2.3 (a), as the composition of G−1 with the
signed distance function from a fixed level set. In particular, the level sets
of f are parallel hypersurfaces. By Lemma 4.2 below, this is always the case
under the assumptions of Talenti’s Theorem 2.2. In this section, c0, G, smin,
smax, and the extension of G−1 are as in (2.5), (2.7), and (2.8). We first show
that the level sets of f are obtained by moving a given level set Mc0 along its
normal; this will be used repeatedly in the sequel.

Lemma 3.1 (Normal coordinates on Xreg). Assume (N1)–(N3), (T3), (T4),
and (SW). For x ∈ Mc0 and s ∈ (smin, smax), let Ps(x) = x + sN(x). Then,
the following hold.
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(a) For all x ∈ Mc0 and s ∈ (smin, smax), the point Ps(x) belongs to Xreg,
N(Ps(x)) = N(x), and

f(Ps(x)) = G−1(s). (3.1)

(b) Every y ∈ Xreg can be uniquely written as y = Ps(x), with x ∈Mc0 and
s ∈ (smin, smax); moreover, s = G(f(y)) and N(y) = N(x).

In particular, the level sets of f are the parallel hypersurfaces MG−1(s) =

Ps(Mc0), s ∈ (smin, smax).

Proof. Let γ be a maximal line of steepest ascent in Xreg, i.e., a maximal
solution in Xreg of γ′ = N(γ), which exists and is uniquely determined by
γ(0), as N is of class C1 on Xreg; let J be its interval of definition. By (T4),
γ′′ = 0, so that N(γ) = γ′ is constant on J . By (2.4),

d

ds
f(γ(s)) = ∇f(γ(s)) ·N(γ(s)) = ∥∇f(γ(s))∥ = g(f(γ(s))),

so that d
ds
G(f(γ(s))) = 1, that is,

G(f(γ(s))) = a+ s, ∀ s ∈ J, where a = G(f(γ(0))). (3.2)

By (SW), f(γ(J)) = (0, 1), and G maps (0, 1) onto (smin, smax); hence, by (3.2),
a+ J = (smin, smax), that is,

J = (smin − a, smax − a).

Step 1: Proof of (a). If γ(0) = x ∈ Mc0 , then a = G(c0) = 0. Therefore,
J = (smin, smax) and γ(s) = x + sN(x) = Ps(x) for all s ∈ J . Hence, Ps(x) ∈
Xreg, N(Ps(x)) = N(x), as N is constant along γ, and (3.2) gives (3.1).

Step 2: Proof of (b). Let y ∈ Xreg, and let γ be the maximal line of steepest
ascent with γ(0) = y, so that a = G(f(y)) ∈ (smin, smax) and J contains −a, as
smin < 0 < smax. Let x = γ(−a) = y− aN(y). By (3.2), G(f(x)) = 0 = G(c0),
so that f(x) = c0 by injectivity of G, that is, x ∈ Mc0 . Moreover, as N is
constant along γ, we have N(x) = N(y), whence y = x + aN(x) = Pa(x). As
for uniqueness, if y = Ps(x) = Ps′(x

′), with x, x′ ∈Mc0 and s, s′ ∈ (smin, smax),
then s = s′ = G(f(y)) by (3.1), and N(x) = N(y) = N(x′) by (a), whence
x = y − sN(y) = x′. □

We can now prove the distance representation of f .

Theorem 3.2. Assume (N1)–(N3), (T3), (T4), and (SW), and let d be the
signed distance from Mc0, positive in {f > c0}. Then, the following hold.

(a) The level sets of f are parallel hypersurfaces; specifically, one has

f(y) = G−1(d(y)), ∀ y ∈ X.
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(b) If smin > −∞, letting

F0 = {x+ sminN(x) : x ∈Mc0 } ⊂ X, (3.3)

one has

f(y) = G−1(smin + dist(y;F0)), ∀ y ∈ X.

Analogously, if smax < +∞, letting

F1 = {x+ smaxN(x) : x ∈Mc0 } ⊂ X, (3.4)

one has f(y) = G−1(smax − dist(y;F1)) for all y ∈ X.
(c) If N is not constant on Mc0, then either smin > −∞ or smax < +∞.

Proof. We divide the proof into three steps.

Step 1: Proof of (a). Let y ∈ Xreg and let s = G(f(y)). Since G is strictly
increasing and G(c0) = 0, the sign of s is that of f(y)− c0. We claim that

dist(y;Mc0) = |s|. (3.5)

On the one hand, by Lemma 3.1(b), there exists x0 ∈Mc0 such that we have
y = x0 + sN(x0); hence, dist(y;Mc0) ≤ ∥y − x0∥ = |s|.

On the other hand, let x ∈ Mc0 . If s = 0, then trivially ∥y − x∥ ≥ 0 = |s|.
If s > 0, that is, c0 < f(y), we apply (2.6) with

y1 = x, y2 = y, τ1 = c0, τ2 = f(y),

which is allowed, since 0 < τ1 < τ2 < 1, f(y1) = τ1, and f(y2) = τ2; this gives
∥y − x∥ ≥ G(f(y))−G(c0) = s. If s < 0, that is, f(y) < c0, we apply (2.6) as
above, but with the roles of x and y exchanged. Thus

∥y − x∥ ≥ |s|, ∀x ∈Mc0 .

Taking the infimum over x ∈Mc0 proves the opposite inequality, giving (3.5).
Finally, by definition, d(y) = dist(y;Mc0) if f(y) ≥ c0, that is, if s ≥ 0, and

d(y) = − dist(y;Mc0) otherwise. Hence, by (3.5), d(y) = s = G(f(y)), that is,

f(y) = G−1(d(y)), ∀ y ∈ Xreg. (3.6)

The signed distance d is continuous on X, and so is the extended function G−1

on R. Hence, both sides of (3.6) are continuous on X and, coinciding on Xreg,
which is dense in X by Lemma 2.4, they coincide on X.

Step 2: Proof of (b). Assume that smin > −∞, and let F0 be as in (3.3);
notice that F0 ⊂ X, since Ps(x) ∈ Xreg for all s ∈ (smin, smax) by Lemma 3.1(a).
Let y ∈ Xreg, and write

y = xy + sN(xy), with xy ∈Mc0 and s = G(f(y)) = d(y),
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by Lemma 3.1(b) and Step 1.
On the one hand, the point xy + sminN(xy) belongs to F0 and has distance

s− smin from y, so that

dist(y;F0) ≤ s− smin.

On the other hand, let z = x+sminN(x) ∈ F0, with x ∈Mc0 , and, for sk ↓ smin,
let zk = Psk(x), so that zk → z and, by (3.1), f(zk) = G−1(sk) → 0. Given
τ1 ∈ (0, f(y)), for k large enough we have f(zk) ≤ τ1, and (2.6), applied with
y1 = zk, y2 = y, and τ2 = f(y), yields

∥y − zk∥ ≥ G(f(y))−G(τ1) = s−G(τ1).

Letting first k → ∞ and then τ1 → 0+, we obtain ∥y − z∥ ≥ s − smin, and,
passing to the infimum over z ∈ F0, we get dist(y;F0) ≥ s− smin.

This proves that dist(y;F0) = d(y)− smin and, by (3.6),

f(y) = G−1
(
smin + dist(y;F0)

)
, ∀ y ∈ Xreg.

Since both sides are continuous and Xreg is dense in X by Lemma 2.4, the
equality holds on the whole X. The case smax < +∞ is analogous.

Step 3: Proof of (c). Assume that N is not constant on Mc0 . Since Mc0 is
connected, its shape operator S = −dN|TMc0

does not vanish identically; thus,
there exist x0 ∈ Mc0 and an index j such that the j-th principal curvature
κj(x0) of Mc0 at x0, i.e., the j-th eigenvalue of S, is not 0. Along the line
s 7→ Ps(x0), the principal curvatures (with respect to the arclength parameter)
of the parallel hypersurfaces Ps(Mc0) = MG−1(s), see Lemma 3.1, satisfy the
Riccati-type ODE

κ̇i = κ2i , κi(0) = κi(x0),

see [13, Thm. 3], whose solution is

κi(x0, s) =
κi(x0)

1− sκi(x0)
.

Since the level sets MG−1(s) are smooth hypersurfaces for all s ∈ (smin, smax),
their principal curvatures are finite, so that 1 − sκj(x0) ̸= 0 on (smin, smax).
Hence, depending on the sign of κj(x0),

either smin ≥ 1

κj(x0)
> −∞, or smax ≤

1

κj(x0)
< +∞. □

As a consequence, the superlevel sets of f are mutually parallel, and they
fall into three families. In the next statement, G, smin, and smax are as in (2.5)
and (2.7), and the focal sets F0 and F1 are as in (3.3) and (3.4).
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Corollary 3.3 (Superlevel sets are parallel sets). Assume (N1)–(N3), (T3),
(T4), and (SW), and let Et = {f > t}, for t ∈ (0, 1). Then,

Et′ =
{
x ∈ X : dist(x;X \ Et) > G(t′)−G(t)

}
, 0 < t < t′ < 1, (3.7)

that is, each superlevel set of f is an inner parallel set, relative to X, of any
larger one. Moreover, exactly one of the following holds.

(a) N is constant on Mc0. In this case, there exist θ ∈ SN−1 and r ∈ R
such that Et = {x ∈ X : ⟨x, θ⟩ > r +G(t) } for all t ∈ (0, 1).

(b) N is not constant on Mc0, and smax < +∞. In this case,

Et = {x ∈ X : dist(x;F1) < smax −G(t) }, ∀ t ∈ (0, 1).

(c) N is not constant on Mc0, and smax = +∞. In this case, smin > −∞,
and

Et = {x ∈ X : dist(x;F0) > G(t)− smin }, ∀ t ∈ (0, 1).

Proof. Step 1: Parallel sets. Let 0 < t < t′ < 1, and notice that the set
X \Et = {f ≤ t} is nonempty by (N1). We prove the two opposite inclusions.

Let y ∈ Et′ , and pick τ2 ∈ (t′, 1) with τ2 ≤ f(y). For every z ∈ X \ Et,
that is, with f(z) ≤ t, (2.6) applied with y1 = z, y2 = y, and τ1 = t gives
∥y − z∥ ≥ G(τ2)−G(t). Hence, as G is strictly increasing,

dist(y;X \ Et) ≥ G(τ2)−G(t) > G(t′)−G(t),

that is, y belongs to the right-hand side of (3.7).
Conversely, let y ∈ X \Et′ , that is, f(y) ≤ t′. If f(y) ≤ t, then y ∈ X \Et, so

that dist(y;X \Et) = 0. If t < f(y) ≤ t′, then y ∈ Xreg and, by Lemma 3.1(b),
we can write y = Ps(x), where x ∈ Mc0 and s = G(f(y)) ∈ (G(t), G(t′)].
By (3.1), PG(t)(x) belongs to Mt ⊂ X \ Et, and, as ∥N(x)∥ = 1, its distance
from y is s−G(t) ≤ G(t′)−G(t). In both cases, dist(y;X \Et) ≤ G(t′)−G(t),
that is, y does not belong to the right-hand side of (3.7).

Step 2: The three alternatives. The conditions on N and smax in (a)–(c)
are clearly mutually exclusive and exhaust all possibilities, so that it suffices
to prove the corresponding descriptions of Et. In each case, we show that
f = G−1 ◦ h on X for an explicit function h : X → R, so that for all t ∈ (0, 1)

we have Et = {x ∈ X : h(x) > G(t) } by (2.9).
Proof of (a): assume that N ≡ θ on Mc0 . By (T3) and Lemma 2.1, Mc0

is a connected smooth hypersurface, with constant normal θ; hence, Mc0 ⊂
{⟨x, θ⟩ = r} for some r ∈ R. By Lemma 3.1(b) and Theorem 3.2(a), every
y ∈ Xreg can be written as y = x + d(y) θ, with x ∈ Mc0 . Therefore, we get
d(y) = ⟨y, θ⟩ − r. Both sides being continuous on X, and Xreg being dense
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in X by Lemma 2.4, this identity holds on X. Hence, by Theorem 3.2(a),
f = G−1 ◦ h with h(x) = ⟨x, θ⟩ − r, and (a) follows.

Proof of (b): if N is not constant on Mc0 and smax < +∞, then, by Theo-
rem 3.2(b), f = G−1 ◦ h with h = smax − dist( · ;F1), and (b) follows.

Proof of (c): if N is not constant on Mc0 and smax = +∞, then smin > −∞
by Theorem 3.2(c). Then, owing to Theorem 3.2(b), we get f = G−1◦h, where
h = smin + dist( · ;F0), and (c) follows. □

Remark 3.4 (Talenti-symmetrized sets). Assume (N1)–(N3), and let Et be as
in Corollary 3.3. By Lemma 2.1, the map t 7→ µ(Et) = Φf (t) is a continuous,
strictly decreasing bijection of (0, 1) onto (0, µ(X)), so that {Et}t∈(0,1) is a
nested one-parameter family of open sets, in which every volumem ∈ (0, µ(X))

is attained by exactly one set Et. By [1, Lem. 3.8], for every open set Ω ⊊ X

with µ(Ω) < +∞, the Talenti-symmetrized set Ω♯ is the member of this family
with µ(Ω♯) = µ(Ω), and, under (T2), all the sets Et are isoperimetric. By
Corollary 3.3, under (T3), (T4), and (SW), Talenti symmetrization can only
be performed with respect to nested families of mutually parallel sets. For
instance, concentric balls as in [1, Sect. 6.1] fall into (b), with F1 = {0}, while
parallel half-spaces as in [1, Sect. 6.2] fall into (a).

Remark 3.5 (Comparison with transnormal functions). A smooth noncon-
stant function F on a given Riemannian manifold M is called transnormal if
∥∇F∥2 = b(F ) for some smooth function b, see [2, 19]. For such a function, the
integral curves of ∇F/∥∇F∥ are geodesics and the regular level sets are paral-
lel hypersurfaces; moreover, if M is complete, the focal varieties M±, i.e., the
sets where F attains its minimum and its maximum, are smooth submanifolds,
and each regular level set is a tube over either of them [19].

By Theorem 2.3(a), the functions f considered here satisfy ∥∇f∥2 = g(f)2

on Xreg, and g is smooth, as, along each line of steepest ascent γ, the func-
tion s 7→ f(γ(s)) is a smooth diffeomorphism onto an open interval, and
g(f(γ(s))) = ∥∇f(γ(s))∥. Thus, f is transnormal on Xreg, with b = g2. Con-
versely, transnormality implies that the lines of steepest ascent are straight.
Hence, under (T3), condition (T4) is equivalent to the transnormality of f
on Xreg, and Theorem 2.3, Lemma 3.1, and Theorem 3.2, as well as Proposi-
tion 4.3, can be regarded as counterparts of the above classical facts. However,
they do not follow from them, for the following reasons.

First, the function f is defined on a convex open set X ⊂ RN with boundary,
rather than on a complete manifold. A priori, its lines of steepest ascent may
leave X, which is why (SW) is assumed in Lemma 3.1 and Theorem 3.2.
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Second, the focal sets F0 and F1 of Theorem 3.2 lie inX and, unlessX = RN ,
they typically lie on ∂X, where f is not defined. Hence, the structure results
of [19] on the focal varieties do not apply, and the representation of f in terms
of the distance from F0 or F1 has to be proved directly.

4. Isoperimetry and classification

In this section, we combine the structure of f with the isoperimetric property
of its superlevel sets. We start by proving several preliminary properties that
will lead to the main theorem of the paper, Theorem 4.8, which is the precise
version of Theorem A.

Throughout this section, whenever (N1)–(N3), (T3), and (T4) hold, we let
c0, G, smin, and smax be as in (2.5) and (2.7), and, for s ∈ (smin, smax),

φ = G ◦ f on Xreg,

Us = {f > G−1(s)},

V (s) = µ(Us) = Φf (G
−1(s)).

(4.1)

By (N3) and Lemma 2.1, V (s) ∈ (0,+∞) for all s ∈ (smin, smax).
Under these assumptions, by Theorem 2.3, φ is of class C1 on Xreg, by

Theorem 2.3 (a) and (2.5), its gradient satisfies

∇φ =
∇f
g(f)

=
∇f
∥∇f∥

= N, (4.2)

and (2.6) gives

|φ(y1)− φ(y2)| ≤ ∥y1 − y2∥, ∀ y1, y2 ∈ Xreg. (4.3)

By Lemma 2.4, Xreg is dense in X. Hence, by (4.3), φ uniquely extends
to a 1-Lipschitz function on X, still denoted by φ, so that (4.3) holds for
all y1, y2 ∈ X. Further, since f is continuous, φ = smin on {f = 0} and
φ = smax on {f = 1}, these sets being empty if smin = −∞ and smax = +∞,
respectively, by Lemma 2.4. Moreover, if γ is a line of steepest ascent of f ,
that is, an integral curve of N in Xreg, which is parametrized by arclength as
∥N∥ = 1, then, by (4.2),

(φ ◦ γ)′ = ⟨∇φ(γ),N(γ)⟩ = 1;

that is, φ increases at unit speed along γ.

4.1. Comparison and sweep. We first show that the function V in (4.1),
defined on (smin, smax) with smin and smax as in (2.7), solves an ordinary dif-
ferential equation driven by the isoperimetric profile I of (T1), and that it



14 G. BARTOLI AND G. SARACCO

can be compared with any function satisfying the corresponding differential
inequality. This comparison principle will be used several times in the sequel.

Lemma 4.1 (Comparison with the profile). Assume that (N1)–(N3) and (T1)–
(T4) hold. Then, V is of class C1 on (smin, smax), with V ′ = −I(V ). Moreover,
V (s) → 0 as s→ smax, and V (s) → µ(X) as s→ smin. Further, the function

Λ(v) =

∫ v

V (0)

du

I(u)
, v ∈ (0, µ(X)), (4.4)

is of class C1 and strictly increasing, and

Λ(V (s)) = −s, ∀ s ∈ (smin, smax),

Λ(0+) = −smax, Λ(µ(X)−) = −smin.
(4.5)

In particular, for all s ∈ (smin, smax),

smax − s =

∫ V (s)

0

dv

I(v)
, s− smin =

∫ µ(X)

V (s)

dv

I(v)
. (4.6)

Finally, let J ⊂ R be an interval, and let w : J → (0, µ(X)) be absolutely
continuous on every compact subinterval of J . Then, for all τ1, τ2 ∈ J with
τ1 < τ2,

Λ(w(τ2)) ≤ Λ(w(τ1))− (τ2 − τ1), if w′ ≤ −I(w) a.e. in J,

Λ(w(τ2)) ≥ Λ(w(τ1)) + (τ2 − τ1), if w′ ≥ I(w) a.e. in J.
(4.7)

Proof. Since φ is Lipschitz, with ∥∇φ∥ = 1 on Xreg, for smin < s1 < s2 < smax,
by the coarea formula, see [12, Sect. 13.1], and by (T2), we have

V (s1)− V (s2) = µ(Us1 \ Us2) =

∫ s2

s1

Perµ(Uσ;X) dσ =

∫ s2

s1

I(V (σ)) dσ.

Since I is continuous by (T1), the first claim follows. The second one is a
consequence of the definition of V and of Lemma 2.1.

By (T1), Λ′ = 1/I is continuous and positive on (0, µ(X)), so that Λ is
of class C1 and strictly increasing. As V takes values in (0, µ(X)), we have
(Λ ◦ V )′ = V ′/I(V ) = −1 on (smin, smax). Further, since 0 ∈ (smin, smax) and
Λ(V (0)) = 0, we have Λ(V (s)) = −s for all s ∈ (smin, smax). Letting s→ smax

and s→ smin, by the monotonicity of Λ and by the limits of V , we get the last
two identities in (4.5), and (4.6) follows by difference.

Finally, let w be as in the statement, and let τ1, τ2 ∈ J with τ1 < τ2. As w
is continuous, on [τ1, τ2] it takes values in a compact subset of (0, µ(X)), on
which Λ is Lipschitz. Hence, Λ ◦ w is absolutely continuous on [τ1, τ2], with
(Λ ◦ w)′ = w′/I(w) a.e. If w′ ≤ −I(w) a.e., then (Λ ◦ w)′ ≤ −1 a.e., and
the first inequality in (4.7) follows by integration on [τ1, τ2]; the second one is
analogous. □
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The next result shows that, as soon as the superlevel sets of f are isoperimet-
ric, they are mutually parallel, and the lines of steepest ascent of f sweep its
whole range. In particular, (SW) follows from the assumptions of Theorem 2.2.
Therefore, under (N1)–(N3) and (T1)–(T4), Theorem 3.2 and Corollary 3.3 ap-
ply. For the reader’s convenience, we recall that φ and Us are defined in (4.1),
and smin and smax in (2.7).

Lemma 4.2 (Isoperimetry forces the sweep). Assume that (N1)–(N3) and
(T1)–(T4) hold. Then, for all s ∈ (smin, smax) and x ∈ Xreg, we have

dist(x;X \ Us) = φ(x)− s, if φ(x) > s,

dist(x;Us) = s− φ(x), if φ(x) < s.
(4.8)

Moreover, (SW) holds, that is, f takes all values in (0, 1) along each of its
maximal lines of steepest ascent in Xreg.

Proof. Fix s ∈ (smin, smax). Throughout the proof, we use that, as φ = smin on
{f = 0} and φ = smax on {f = 1}, the sets in (4.1) can be written as

Uσ = {x ∈ X : φ(x) > σ }, ∀σ ∈ (smin, smax), (4.9)

which are relatively open in X as φ is continuous.

Step 1: Inner parallel sets. Here we prove the first identity in (4.8), by
showing the two opposite inequalities. Let ψ = dist( · ;X \ Us) on X.

First, let x ∈ X and z ∈ X \ Us, so that φ(z) ≤ s, by (4.9). By the 1-
Lipschitz continuity of φ, see (4.3), we have ∥x− z∥ ≥ φ(x)−φ(z) ≥ φ(x)− s,
so that, taking the infimum over z,

ψ(x) ≥ φ(x)− s, ∀x ∈ X. (4.10)

Second, we show that ψ(x) ≤ φ(x) − s for all x ∈ Xreg with φ(x) > s. To
this aim, let w(h) = µ({ψ > h}) for h ≥ 0. As X \ Us is relatively closed in
X, we have {ψ > 0} = Us, so that it holds w(0) = V (s). Moreover, by (4.10)
and (4.9), we have Us+h ⊂ {ψ > h} for all h ∈ (0, smax − s). Since ψ is
Lipschitz, with ∥∇ψ∥ = 1 a.e. in Us, by the coarea formula, for 0 ≤ h1 < h2,
we have

w(h1)− w(h2) =

∫ h2

h1

Perµ({ψ > σ};X) dσ ≥
∫ h2

h1

I(w(σ)) dσ,

where, in the last inequality, we used (T1), which applies as

w(σ) = µ({ψ > σ}) ≤ µ({ψ > 0}) = V (s) < µ(X).

Hence, w is absolutely continuous, with

w′(σ) = −Perµ({ψ > σ};X) ≤ −I(w(σ)), for a.e. σ > 0.
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Let now h ∈ (0, smax − s) be such that w(h) > 0. As w is nonincreasing, on
[0, h] it takes values in [w(h), V (s)] ⊂ (0, µ(X)), so that, by (4.7) with τ1 = 0

and τ2 = h, and by (4.5), with Λ as in (4.4),

Λ(w(h)) ≤ Λ(V (s))− h = −(s+ h) = Λ(V (s+ h)).

As Λ is strictly increasing, we get w(h) ≤ V (s + h) for all h ∈ (0, smax − s),
which trivially holds also if w(h) = 0. Since Us+h ⊂ {ψ > h}, this means that

µ
(
{ψ > h} \ Us+h

)
= w(h)− V (s+ h) ≤ 0.

As a consequence, the set {ψ > h} \ Us+h
X , being open and µ-negligible, is

empty; in other words, by (4.9),

ψ(x) > h =⇒ φ(x) ≥ s+ h, ∀x ∈ X, ∀h ∈ (0, smax − s). (4.11)

Let now x ∈ Xreg with φ(x) > s. By (4.11), ψ(x) ≤ h for all h in the interval
(φ(x) − s, smax − s), that is, ψ(x) ≤ φ(x) − s, which, together with (4.10),
proves the first identity in (4.8).

Step 2: Outer parallel sets. The second identity in (4.8) follows along the
lines of Step 1, with the sets {ψ > h} ⊂ Us replaced by {ψ < h} ⊃ Us,
where now ψ = dist( · ;Us) on X; we only sketch the argument. Analogously
to Step 1, by the 1-Lipschitz continuity of φ, we have ψ ≥ s − φ on X, so
that, by (4.9), {ψ < h} ⊂ Us−h for all h ∈ (0, s − smin). Hence, letting now
w(h) = µ({ψ < h}), we have w(h) ≤ V (s − h) < µ(X), so that (T1) applies
to {ψ < h}, and the coarea formula gives that w is absolutely continuous
on compact subintervals of (0, s − smin), with w′ ≥ I(w) a.e. Finally, since
Us

X \ Us ⊂MG−1(s) is µ-negligible, we have w(0+) = V (s), and the rest of the
argument is as in Step 1, with reversed inequalities.

Step 3: Sweep. Let x ∈ Xreg. We first show that f takes all values in [f(x), 1)

along the line of steepest ascent through x. Let s ∈ (φ(x), smax). By the second
identity in (4.8), there exists z ∈ Us ⊂ X such that ∥z − x∥ = s− φ(x). Let

e =
z − x

∥z − x∥
, yτ = x+ τe, τ ∈ [0, s− φ(x)).

Since X is convex and open, x ∈ X, and z ∈ X, we have yτ ∈ X. We claim
that

φ(yτ ) = φ(x) + τ, ∀ τ ∈ [0, s− φ(x)). (4.12)

On the one hand, φ(yτ ) ≤ φ(x) + τ by (4.3). On the other hand, for every
ξ ∈ Us, by (4.9) and (4.3), we have ∥yτ − ξ∥ ≥ φ(ξ) − φ(yτ ) > s − φ(yτ ), so
that, as z ∈ Us,

s− φ(yτ ) ≤ dist(yτ ;Us) ≤ ∥yτ − z∥ = s− φ(x)− τ,
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where we used that yτ − z = (τ − ∥z − x∥) e, that is, yτ lies on the segment
from x to z. Rearranging, φ(yτ ) ≥ φ(x)+ τ . This proves (4.12). In particular,
φ(yτ ) ∈ [φ(x), s) ⊂ (smin, smax), so that yτ ∈ Xreg, as φ = smin on {f = 0}
and φ = smax on {f = 1}. Since ∥∇φ∥ = 1 on Xreg, (4.12) gives ∇φ(yτ ) = e,
that is, N(yτ ) = e, for all τ ∈ [0, s − φ(x)). Hence, the segment τ 7→ yτ is
an integral curve of N, so that it is contained in the line of steepest ascent
through x, along which φ therefore takes all values in [φ(x), s). As s < smax

is arbitrary, φ takes all values in [φ(x), smax), that is, f takes all values in
[f(x), 1), along this line.

Analogously, letting s ∈ (smin, φ(x)) and exploiting the first identity in (4.8),
one shows that f takes all values in (0, f(x)] along the same line. This
proves (SW). □

We can now prove, one at a time, the remaining ingredients of Theorem 4.8.

4.2. Balls. First, we show that, if smax < +∞, defined in (2.7), the superlevel
sets of f are concentric balls; in particular, the focal set F1 in (3.4) reduces to
a point. Here, G is as in (2.5).

Proposition 4.3 (The focal set F1 is a point). Assume that (N1)–(N3) and
(T1)–(T4) hold, and that smax < +∞. Then, there exists x0 ∈ X such that

{x ∈ X : f(x) > t } = Bsmax−G(t)(x0) ∩X, ∀ t ∈ (0, 1),

that is, the set F1 in (3.4) reduces to {x0}; in particular, N is not constant on
Mc0.

Proof. By Lemma 4.2, (SW) holds, so that Theorem 3.2 applies. By Theo-
rem 3.2(b), we have F1 ⊂ X and f = G−1(smax − dist( · ;F1)) on X; hence,
by (4.1) and (2.9), the superlevel sets of f are tubes around F1, that is,

Usmax−r = {x ∈ X : dist(x;F1) < r }, ∀ r ∈ (0, smax − smin). (4.13)

Step 1: Balls grow faster than tubes. Here we prove that

µ(Br(a) ∩X) ≥ V (smax − r), ∀ a ∈ X, ∀ r ∈ (0, smax − smin). (4.14)

Fix a ∈ X and r ∈ (0, smax−smin), let w(σ) = µ(Bσ(a)∩X) for σ ∈ [0, r], and
assume by contradiction that w(r) < V (smax − r). Then, 0 < w(σ) < µ(X)

for all σ ∈ (0, r]: the lower bound holds as a ∈ X, and the upper one as
w(σ) ≤ w(r) < V (smax − r) < µ(X), owing to the definition of V in (4.1). By
the coarea formula,

w(σ) =

∫ σ

0

Perµ(Bτ (a) ∩X;X) dτ,
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so that w is absolutely continuous on [0, r] and, by (T1), w′ ≥ I(w) a.e. on
(0, r). Hence, by (4.7) on J = (0, r], for every σ0 ∈ (0, r), recalling also that Λ
is strictly increasing by Lemma 4.1, and by (4.5), we have

Λ(w(r)) ≥ Λ(w(σ0)) + r − σ0 ≥ Λ(0+) + r − σ0 = r − smax − σ0.

Letting σ0 → 0+, we get Λ(w(r)) ≥ r−smax = Λ(V (smax−r)), the last equality
owing to (4.5). Since Λ is strictly increasing, it follows that w(r) ≥ V (smax−r),
a contradiction. This proves (4.14).

Step 2: Conclusion. Assume by contradiction that there exist a, b ∈ F1

with a ̸= b, and let r ∈ (0, smax − smin) be such that 2r < ∥a − b∥. The sets
Br(a) ∩ X and Br(b) ∩ X are disjoint and, by (4.13), they are contained in
Usmax−r. Hence, by (4.14), which applies as a, b ∈ F1 ⊂ X,

V (smax − r) ≥ µ(Br(a) ∩X) + µ(Br(b) ∩X) ≥ 2V (smax − r),

which contradicts 0 < V (smax − r) < +∞. Therefore, F1 = {x0} for some
x0 ∈ X, and, by (4.13) with r = smax −G(t), we get

{f > t} = Bsmax−G(t)(x0) ∩X, ∀ t ∈ (0, 1).

Finally, if N ≡ θ were constant on Mc0 , then F1 = {x + smaxθ : x ∈ Mc0 }
would be a translate of the hypersurface Mc0 , and not a single point. Hence,
N is not constant on Mc0 . □

4.3. Finite measure forces half-spaces. We now show that the total mea-
sure µ(X) restricts the alternatives of Corollary 3.3: if µ(X) < +∞, there are
no focal sets, and only parallel half-spaces may occur.

Proposition 4.4 (Finite total measure). Assume that (N1)–(N3) and (T1)–
(T4) hold, and that µ(X) < +∞. Then, smin = −∞ and smax = +∞; in
particular, N is constant on Mc0, that is, the superlevel sets of f are parallel
half-spaces intersected with X.

Proof. By Lemma 4.2, (SW) holds, so that Theorem 3.2 applies.

Step 1: Symmetry of the profile. First, Perµ(E;X) = Perµ(X \ E;X) for
every Borel set E ⊂ X. Second, for all t ∈ (0, 1), the set X \ {f > t} has
measure µ(X)− Φf (t) < µ(X), as µ(X) < +∞ and Φf (t) > 0 by Lemma 2.1.
Then, by (T1) applied to X \ {f > t} and by (T2), we have

I(µ(X)− Φf (t)) ≤ Perµ({f > t};X) = I(Φf (t)), ∀ t ∈ (0, 1).

As Φf maps (0, 1) onto (0, µ(X)) by Lemma 2.1, we get I(µ(X)−m) ≤ I(m)

for all m ∈ (0, µ(X)), and, exchanging the roles of m and µ(X)−m,

I(m) = I(µ(X)−m), ∀m ∈ (0, µ(X)). (4.15)
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By (4.6) and (4.15), smax < +∞ if and only if smin > −∞, both conditions
being equivalent to the integrability of 1/I near 0.

Step 2: No focal sets. We claim that smax = +∞, so that also smin = −∞,
by Step 1. This suffices: then, Theorem 3.2(c) implies that N is constant on
Mc0 , and the conclusion follows from Corollary 3.3(a).

Assume by contradiction that smax < +∞, so that smin > −∞ as well. We
show that f̃ = 1− f satisfies the assumptions of Proposition 4.3. Indeed, f̃ is
smooth and satisfies (N1)–(N3), the latter since µ(X) < +∞. It has the same
level sets as f , which are connected, and the same lines of steepest ascent, with
reversed orientation, so that (T3) and (T4) hold. Moreover, for all t ∈ (0, 1),
as the level sets of f are µ-negligible, we have Φf̃ (t) = µ(X) − Φf (1 − t),
and, as the µ-perimeter is invariant under complementation in X and under
modifications on µ-negligible sets, by (T2) and (4.15), we get

Perµ({f̃ > t};X) = Perµ({f < 1− t};X) = Perµ({f ≥ 1− t};X)

= Perµ({f > 1− t};X) = I(Φf (1− t))

= I(µ(X)− Φf̃ (t)) = I(Φf̃ (t)).

Hence, (T2) holds for f̃ . Finally, ∥∇f̃∥ = g̃(f̃), with g̃(t) = g(1− t), so that,
choosing 1 − c0 as reference level in (2.5), the function associated with f̃ is
G̃(c) = −G(1 − c), and the quantity smax associated with f̃ is −smin < +∞.
Therefore, Proposition 4.3 applies to f̃ .

By Proposition 4.3, applied to f and to f̃ , there exist x0, x1 ∈ X such that,
for all t ∈ (0, 1),

{f > t} = Bsmax−G(t)(x1) ∩X,

{f < t} = {f̃ > 1− t} = BG(t)−smin
(x0) ∩X.

By Lemma 2.1, applied to f and to f̃ , the nonempty level set Mt is the bound-
ary relative to X of both sets, that is,

Mt = ∂Bsmax−G(t)(x1) ∩X = ∂BG(t)−smin
(x0) ∩X,

which is therefore a nonempty relatively open subset of both spheres. Since a
sphere containing a nonempty relatively open subset of another sphere coin-
cides with it, we get x0 = x1 and smax − G(t) = G(t) − smin for all t ∈ (0, 1),
which is impossible, G being strictly increasing. This contradiction shows that
smax = +∞, which, as observed above, concludes the proof. □

4.4. Complements of metric neighborhoods. Next, we show that, when-
ever smin > −∞ and smax = +∞, as in alternative (c) of Corollary 3.3, the
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density is not integrable near the focal set F0. Here, smin and smax are as
in (2.7), and the focal set F0 is as in (3.3).

Proposition 4.5 (Non-integrability near F0). Assume that (N1)–(N3) and
(T1)–(T4) hold, and that smin > −∞ and smax = +∞. Then, µ(X) = +∞
and

µ({x ∈ X : dist(x;F0) < r }) = +∞, ∀ r > 0.

Further, µ(Bρ(a) ∩ X) = +∞ for all a ∈ F0 and all ρ > 0. In particular, if
there exists a ∈ F0 such that µ(X \Bσ(a)) < +∞ for all σ > 0, then F0 = {a}.

Proof. By Lemma 4.2, (SW) holds, so that Theorem 3.2 applies; in particular,
F0 ̸= ∅ and f = G−1(smin + dist( · ;F0)) on X, by Theorem 3.2(b).

Step 1: Tubes around F0 have infinite measure. Since smin > −∞, by
Proposition 4.4, we have µ(X) = +∞. Let r > 0. The set

{dist( · ;F0) > r} = {f > G−1(smin + r)}

has finite measure by (N3), so that its complement in X, which is contained in
{dist( · ;F0) < 2r}, has infinite measure. As r > 0 is arbitrary, the first claim
follows.

Step 2: Balls centered on F0 have infinite measure. Let a ∈ F0, and assume
by contradiction that µ(Bρ(a) ∩ X) < +∞ for some ρ > 0. If F0 ⊂ Bρ/2(a),
then

{dist( · ;F0) < ρ/2} ∩X ⊂ Bρ(a) ∩X
has finite measure, against Step 1. Therefore, K = F0 \ Bρ/2(a) is nonempty
and closed, and we let

w(σ) = µ({x ∈ X : dist(x;K) > σ }), σ > 0.

Recalling that smax = +∞ and the definition of V in (4.1), by Theorem 3.2,
we have

µ({dist( · ;F0) > σ}) = µ({f > G−1(smin + σ)})

= µ(Usmin+σ) = V (smin + σ) > 0, ∀σ > 0.

On the one hand, as K ⊂ F0, we have dist( · ;K) ≥ dist( · ;F0), and thus
w(σ) ≥ V (smin+σ) > 0. On the other hand, for σ ∈ (0, ρ/4), every x ∈ X with
dist(x;K) > σ either satisfies dist(x;F0) > σ, or lies within distance σ from
F0 ∩Bρ/2(a), hence in Bρ(a), so that, by definition of V and our contradiction
assumption,

w(σ) ≤ V (smin + σ) + µ(Bρ(a) ∩X) < +∞.

We now show that, in fact, w(σ) ≤ V (smin + σ) for all σ ∈ (0, ρ/4).



ADMISSIBLE GEOMETRIES FOR TALENTI’S PÓLYA–SZEGŐ PRINCIPLE 21

By the coarea formula applied to the Lipschitz function dist( · ;K), whose
gradient has unit length a.e. outside K, and by (T1), which applies since
w < +∞ = µ(X) on (0, ρ/4), for 0 < σ0 < σ < ρ/4, we have

w(σ0)− w(σ) =

∫ σ

σ0

Perµ({dist( · ;K) > τ};X) dτ ≥
∫ σ

σ0

I(w(τ)) dτ,

so that w is absolutely continuous on [σ0, σ], with w′ ≤ −I(w) a.e. As w takes
values in (0,+∞) = (0, µ(X)), by (4.7) on J = (0, ρ/4), since the function Λ

of Lemma 4.1 is strictly increasing, and by (4.5), we get

Λ(w(σ)) ≤ Λ(w(σ0))− (σ − σ0)

≤ Λ(µ(X)−)− σ + σ0 = −smin − σ + σ0.

Letting now σ0 → 0+ and owing once again to (4.5), we finally obtain that
Λ(w(σ)) ≤ −(smin + σ) = Λ(V (smin + σ)), that is, w(σ) ≤ V (smin + σ), as Λ is
strictly increasing.

Hence, for σ ∈ (0, ρ/4), we have w(σ) = V (smin + σ) < +∞, so that the set
{x ∈ X : dist(x;F0) ≤ σ < dist(x;K) }, whose measure is w(σ)−V (smin+σ),
is µ-negligible, and its open subset {x ∈ X : dist(x;F0) < σ < dist(x;K) }
is empty. However, the latter contains Bσ(a) ∩ X, which is nonempty as
a ∈ F0 ⊂ X. Indeed, let x ∈ Bσ(a). On the one hand, as a ∈ F0, we
have dist(x;F0) ≤ ∥x − a∥ < σ. On the other hand, every k ∈ K satisfies
∥k − a∥ ≥ ρ/2, so that ∥x − k∥ ≥ ∥k − a∥ − ∥x − a∥ > ρ/2 − σ; hence,
dist(x;K) ≥ ρ/2 − σ > σ, as σ < ρ/4. This contradiction proves the second
claim.

Step 3: A criterion for F0 to be a point. Finally, let a ∈ F0 be such that
µ(X \ Bσ(a)) < +∞ for all σ > 0, and assume by contradiction that there
exists b ∈ F0 with b ̸= a. Then, for ρ = ∥a−b∥/2, the set Bρ(b)∩X ⊂ X\Bρ(a)

has finite measure, against the second claim. Hence, F0 = {a}. □

If smin > −∞ and smax = +∞, the lines of steepest ascent of f are half-lines
emanating from F0 and contained in X. This forces the focal set to be convex
and, combined with the smoothness of the level sets of f , to be flat; moreover,
its affine hull has codimension at least two exactly in alternative (c). Here, G,
smin, and smax are as in (2.5) and (2.7), and F0 is as in (3.3).

Proposition 4.6 (Focal sets are flat). Assume that (N1)–(N3) and (T1)–(T4)
hold, and that smin > −∞ and smax = +∞. Let K = F0, where F0 is the focal
set in (3.3), and let L be the affine hull of K. Then, L ∩X = ∅, K = L ∩X,
and dist( · ;K) = dist( · ;L) on X; in particular,

{x ∈ X : f(x) > t } = {x ∈ X : dist(x;L) > G(t)− smin }, ∀ t ∈ (0, 1).
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Moreover, L is a hyperplane if N is constant on Mc0, and dimL ≤ N − 2

otherwise.

Proof. By Lemma 4.2, (SW) holds, so that Lemma 3.1 and Theorem 3.2 apply.
Therefore, K ⊂ X and f = G−1(smin + d) on X, where d = dist( · ;F0), which
equals dist( · ;K). In particular, the formula for the superlevel sets of f follows
as soon as we show that d = dist( · ;L) on X, by (2.9).

Step 1: K is convex. Let y ∈ Xreg. By Lemma 3.1(b), we have y = Ps(x),
with x ∈Mc0 and s = φ(y), so that N(x) = N(y). We let

π0(y) = y − (φ(y)− smin)N(y) = x+ sminN(x) ∈ F0,

so that y = π0(y) + d(y)N(y), as d(y) = φ(y) − smin > 0 by the above
representation of f . As smax = +∞, for every τ > 0,

π0(y) + τN(y) = Psmin+τ (x) ∈ Xreg,

and, by (3.1), we have d(π0(y) + τN(y)) = τ . Therefore, none of the balls
Bτ (π0(y) + τN(y)) meets K, and, since their union over τ > 0 is the open
half-space { z : ⟨z − π0(y),N(y)⟩ > 0 }, we get

K ⊂ { z ∈ RN : ⟨z − π0(y),N(y)⟩ ≤ 0 }. (4.16)

This half-space being convex, it also contains the convex hull co(K) of K, so
that, for all z ∈ co(K),

∥y − z∥ ≥ ⟨y − z,N(y)⟩ = d(y) + ⟨π0(y)− z,N(y)⟩ ≥ d(y).

Thus, dist(y; co(K)) = d(y) for all y ∈ Xreg and, by continuity and Lemma 2.4,
for all y ∈ X. As X is convex and contains K, it contains co(K), so that

dist(z;K) = d(z) = dist(z; co(K)) = 0

for all z ∈ co(K), so that co(K) ⊂ K, as K is closed, that is, K is convex.

Step 2: K ⊂ ∂X. By Proposition 4.5, µ(Bρ(a)∩X) = +∞ for all a ∈ K and
ρ > 0, whereas µ is locally finite on X, as W is continuous; hence, K ∩X = ∅.

Step 3: K is a slice. We first collect some properties of d. As K ∩ X = ∅
by Step 2, we have d > 0 on X, whence f > 0 on X, while f < 1 on X, as
smax = +∞; that is, Xreg = X. Hence, as f = G−1(smin + d) on X, we have
d = φ− smin on X, so that, by (4.2),

∇d = ∇φ = N,
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which is smooth on X; in particular, d ∈ C2(X). Moreover, for every y ∈ X,
we have y − π0(y) = d(y)N(y), so that ∥y − π0(y)∥ = d(y) = dist(y;K); as K
is convex by Step 1, π0(y) is the metric projection πK(y) of y onto K, that is,

y − πK(y) = d(y)∇d(y), ∀ y ∈ X. (4.17)

Let now L0 be the linear subspace parallel to L, the affine hull of K, let Q
be the orthogonal projection onto L⊥

0 , let ri(K) be the relative interior of K
in L, which is nonempty, as K is nonempty and convex, and let

A = { y ∈ X : πK(y) ∈ ri(K) }.

Since πK is continuous and ri(K) is relatively open in K, the set A is open. It
is also nonempty: if b ∈ ri(K) ⊂ X and yj ∈ X converge to b, then πK(yj) → b,
so that yj ∈ A for j large.

We first show that d = dist( · ;L) on A. Let y ∈ A. By (4.16) and (4.17),
we have that ⟨z − πK(y), y − πK(y)⟩ ≤ 0 for all z ∈ K. As πK(y) ∈ ri(K),
for every v ∈ L0 we have πK(y) ± εv ∈ K for ε > 0 small enough; choosing
z = πK(y) ± εv, we get y − πK(y) ⊥ L0, so that πK(y) is the orthogonal
projection of y onto L, and dist(y;L) = ∥y − πK(y)∥ = d(y). As the opposite
inequality d ≥ dist( · ;L) holds everywhere, d = dist( · ;L) on the open set A.

Fix now p ∈ L. Every y ∈ RN can be written as y = p + v + Q(y − p), for
some v ∈ L0, so that dist(y;L) = ∥Q(y − p)∥. Hence, as d = dist( · ;L) on
the open set A, where d > 0, and the orthogonal projection is symmetric and
satisfies QTQ = Q2 = Q, we have

∇d(y) = Q(y − p)

d(y)
∈ L⊥

0 , ∀ y ∈ A, (4.18)

and, differentiating once more and using the above equality,

D2d(y) =
Q−∇d(y)⊗∇d(y)

d(y)
, ∀ y ∈ A. (4.19)

We now show that A = X. Assume by contradiction that A ̸= X. As
X is connected and A is open and nonempty, there exists ξ ∈ X \ A in the
closure of A. As d ∈ C2(X) and d > 0 on X, both sides of (4.18) and (4.19)
are continuous on X, so that these identities also hold at ξ. Consider now
πK(ξ) ∈ K \ ri(K), so that ξ = πK(ξ) + d(ξ)∇d(ξ) by (4.17), and ∇d(ξ) ⊥ L0

by (4.18). As πK(ξ) lies on the relative boundary of K in L, there exists
η ∈ L0 ∩ SN−1 such that

⟨z − πK(ξ), η⟩ ≤ 0 for all z ∈ K. (4.20)
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For s ≥ 0, let

ys = πK(ξ) + d(ξ)
∇d(ξ) + sη√

1 + s2
, (4.21)

which belongs to X for s small, as y0 = ξ. Since z− πK(ξ) ∈ L0 for all z ∈ K,
by (4.18) and (4.20), we have ⟨z − πK(ξ),∇d(ξ) + sη⟩ ≤ 0. By (4.21), this
is equivalent to ⟨z − πK(ξ), ys − πK(ξ)⟩ ≤ 0 for all z ∈ K, as ys − πK(ξ) is a
positive multiple of ∇d(ξ) + sη. Therefore, as

∥ys − z∥2 = ∥ys − πK(ξ)∥2 + ∥z − πK(ξ)∥2 − 2⟨z − πK(ξ), ys − πK(ξ)⟩

≥ ∥ys − πK(ξ)∥2

for all z ∈ K, we have πK(ys) = πK(ξ). Thus, as ∇d(ξ) ⊥ η are unit vectors,
by (4.21), we get d(ys) = ∥ys − πK(ξ)∥ = d(ξ) and, by (4.17),

d(ξ)∇d(ys) = ys − πK(ξ).

Differentiating the above equality at s = 0, we get d(ξ)D2d(ξ)η = η, whereas
D2d(ξ)η = 0 by (4.19), as η ∈ L0, so that Qη = 0 and ⟨∇d(ξ), η⟩ = 0. This
contradiction shows that A = X.

Therefore, d = dist( · ;L) onX, hence onX by continuity, so that L∩X ⊂ K,
and thus K = L ∩ X, as K ⊂ L ∩ X. By Step 2, L ∩ X = K ∩ X = ∅; in
particular, L ̸= RN , that is, dimL ≤ N − 1.

Finally, if L is a hyperplane, then X, being connected and disjoint from
L, lies on one side of it, so that N = ∇d = ∇ dist( · ;L) is constant on
X. Conversely, if N ≡ θ on Mc0 , then Mc0 is a relatively open subset
of a hyperplane orthogonal to θ, see the proof of Corollary 3.3(a), so that
F0 = {x + sminθ : x ∈ Mc0 }, being a translate of Mc0 , spans a hyperplane.
Hence, L is a hyperplane if and only if N is constant onMc0 , and dimL ≤ N−2

otherwise. □

Remark 4.7 (Convexity and flatness). In the proof of Proposition 4.6, the
convexity of F0 only relies on the fact that the lines of steepest ascent of f are
half-lines contained in X, the inclusion F0 ⊂ ∂X relies on the non-integrability
of the density near F0 given by Proposition 4.5, whereas the flatness of F0, in
the sense that F0 = L∩X, relies on the continuity of the second fundamental
form of the level sets of f .

4.5. The classification. We can now state the precise version of Theorem A,
whose proof relies on the results of the previous subsections.

Theorem 4.8. Let X ⊂ RN , with N ≥ 2, be an open convex set, let µ =

eWLN , with W continuous on X, and let f : X → [0, 1] be a smooth function
satisfying (N1)–(N3) and (T1)–(T4). Then, f takes all values in (0, 1) along
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each of its lines of steepest ascent, its level sets are parallel hypersurfaces, and,
relative to X, its superlevel sets are either

(a) parallel half-spaces, or
(b) concentric balls, centered at a point x0 ∈ X, or
(c) complements of closed metric neighborhoods of an affine subspace L,

with dimL ≤ N − 2 and L ∩X = ∅, such that L ∩X is the closure of
the focal set F0 in (3.3) and spans L.

Moreover, if µ(X) < +∞, only (a) may occur, whereas point (c) requires
µ(Bρ(a) ∩X) = +∞ for all a ∈ L ∩X and ρ > 0.

We remark that in (c), L = F0 = {a} if µ(X \ Bσ(a)) < +∞ for some
a ∈ F0 and all σ > 0, by Proposition 4.5. Further, in (c) every dimension
dimL ∈ {0, . . . , N − 2} does occur, see Section 5.

Proof of Theorem 4.8. By Lemma 4.2, f satisfies (SW), so that Theorem 3.2
and Corollary 3.3 apply, and the level sets of f are parallel hypersurfaces.
If smax < +∞, then (b) holds by Proposition 4.3. If smax = +∞, then, by
Corollary 3.3, either N is constant on Mc0 , and (a) holds, or smin > −∞,
and the superlevel sets of f are the complements in X of the closed metric
neighborhoods of F0. In the latter case, by Proposition 4.6, the closure of F0,
which has the same metric neighborhoods, is L∩X, where L is its affine hull,
dimL ≤ N − 2, as N is not constant, L ∩X = ∅, and dist( · ;F0) = dist( · ;L)
on X, so that (c) holds. The remaining claims follow from Propositions 4.4
and 4.5. □

Remark 4.9 (Balls, half-spaces, and cylinders). Theorem 4.8 is consistent
with the examples of [1, Sect. 6]: concentric balls appear in [1, Sect. 6.1] for
measures with µ(X) = +∞, the measures of [1, Sect. 6.2] and the Gauss-like
product measures of [5], for which parallel half-spaces occur, are finite, and in
[1, Sect. 6.4] balls occur for finite measures, but they are isoperimetric only for
small volumes, see Remark 4.10. Also the third alternative does occur, with
affine subspaces L of every dimension ℓ ∈ {0, . . . , N − 2}, see Section 5, while
parallel half-spaces also occur for infinite measures, as complements of tubes
around a hyperplane, see Remark 5.4.

In particular, cylinders around affine subspaces of positive dimension never
occur. This is consistent with the fact that cylinders may well be isoperimetric
for large volumes, see, e.g., [11, 15], while the proof of Proposition 4.3 only uses
the isoperimetric property for small volumes. On the contrary, complements
of cylinders may occur, see Example 5.2.
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Remark 4.10 (Small volumes). By [1, Rem. 5.5], Talenti’s inequality still
holds for functions whose support has measure at most m ∈ (0, µ(X)), if (T1)–
(T3) are replaced by their counterparts (T1′)–(T3′) of [1, Sect. 2], which only
involve volumes not exceeding m, as for the convex polytopes of [1, Sect. 6.4.1].
The proofs of Lemma 4.2 and Proposition 4.3 then apply to the superlevel sets
of f of measure smaller than m, which are therefore mutually parallel, and
concentric balls if smax < +∞; in particular, tubes around sets of positive di-
mension are still excluded. Below this threshold, however, the lines of steepest
ascent of f may leave X, as in [1, Sect. 6.4], and we do not pursue this case.

5. Examples of alternative (c)

In this section, we show that alternative (c) of Theorem 4.8 does occur,
with an affine subspace L of any dimension ℓ ∈ {0, . . . , N − 2}, and that
alternative (a) also occurs for infinite measures, see Remark 5.4. Let N ≥ 2,
let ℓ ∈ {0, . . . , N−2}, and let n = N−ℓ ≥ 2. We write points of RN = Rn×Rℓ

as x = (y, z), with the convention that the variable z is absent if ℓ = 0. Let
C ⊂ Rn, C ̸= Rn, be an open convex cone with vertex at the origin, so
that 0 /∈ C, let Σ = C ∩ Sn−1, which is relatively open in Sn−1, and let
σC = Hn−1(Σ) ∈ (0,+∞). For k > 0, we let

X = C × (0, 1)ℓ ⊂ RN , eW (y,z) = ∥y∥−n−k, (y, z) ∈ X.

Then X is open and convex, and eW is of class C1 on X, but not integrable
near the face {0} × [0, 1]ℓ ⊂ ∂X, which is a vertex if ℓ = 0, and an edge if
ℓ = 1. Given any r > 0, we let

Xr = { (y, z) ∈ X : ∥y∥ > r },

that is, the complement in X of the closed tube Br(0) × Rℓ, where Br(0)

denotes a ball of Rn. Integrating in polar coordinates in the variable y, we
have

µ(Xr) =
σC
k rk

, Perµ(Xr;X) =
σC
rk+1

, (5.1)

while µ(X \ Xr) = +∞. In particular, for every m ∈ (0,+∞), there exists
exactly one r > 0 such that µ(Xr) = m. In the next proposition, via a
calibration argument, we show that the setsXr are isoperimetric in this setting.

Proposition 5.1. For every Borel set E ⊂ X with 0 < µ(E) < +∞,

Perµ(E;X) ≥ Perµ(Xr;X),

where r is such that µ(E) = µ(Xr).



ADMISSIBLE GEOMETRIES FOR TALENTI’S PÓLYA–SZEGŐ PRINCIPLE 27

Proof. Let E ⊂ X be a Borel set with 0 < µ(E) < +∞ and Perµ(E;X) < +∞,
the claim being trivial otherwise. Since eW is bounded away from zero on
compact subsets of X, E has locally finite perimeter in X, so that, by De
Giorgi’s structure theorem, see [12, Thm. 15.9],∫

E

div Φdx =

∫
∂∗E∩X

⟨Φ, νE⟩ dHN−1, ∀Φ ∈ C1
c (X;RN), (5.2)

where νE is the measure-theoretic outer unit normal to E. We let r > 0 be
such that µ(Xr) = µ(E).

Step 1: The calibration. Let h be given by

h(s) =


(k + 1)s− sk+1

k
s ∈ [0, 1],

1, s > 1.

This function is easily seen to be in C1([0,+∞)), to be nondecreasing, and to
satisfy

0 ≤ h(s) ≤ min

{
1,
k + 1

k
s

}
. (5.3)

We now consider the vector field T defined on X as

T (y, z) = −h
(
∥y∥
r

)
eW (y,z)

(
y

∥y∥
, 0

)
, (y, z) ∈ X.

Clearly, ∥T∥ ≤ eW . Further, by definition of h, recalling that eW = ∥y∥−n−k,
and recalling that y ̸= 0 for all (y, z) ∈ X, the vector field T is of class C1 on
X. A straightforward computation, using that the divergence in Rn of y/∥y∥
equals (n− 1)/∥y∥, shows that

div T =
1

∥y∥n+k r

(
(k + 1)h(s)

s
− h′(s)

)
, where s =

∥y∥
r
.

In particular, the term in brackets equals k+1 if s ≤ 1, and (k+1)/s if s > 1.
Thence, recalling once again that eW = ∥y∥−n−k, we have

div T = λ eW , where λ(y, z) =
k + 1

max{∥y∥, r}
. (5.4)

Step 2: Localization. We now wish to build from T a vector field Φ admissible
in (5.2). Therefore, we need to cut-off nearby the boundary of X and also
localize in a bounded set. Thus, we consider the following two cut-off functions:
given 0 < ε < r < R and δ > 0, we let

ψ ∈ C1
c ((ε, 2R)) and ζ ∈ C1

c (Σ× (0, 1)ℓ)
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taking both values in [0, 1], with

ψ = 1 on [2ε, R], 0 ≤ ψ′ ≤ 2

ε
on (ε, 2ε), ψ′ ≤ 0 on (R, 2R),

ζ = 1 on Σδ × [δ, 1− δ]ℓ, with Σδ = {ω ∈ Σ : dist(ω; Sn−1 \ Σ) ≥ δ }.
(5.5)

We let ψ act on the ∥y∥ variable, thus providing a localization in the set
(B2R(0) \Bε(0))× (0, 1)ℓ, and we let ζ act on the angular variable y/∥y∥ and
on z, thus killing T near the lateral walls ∂C × (0, 1)ℓ and near the faces
C × ∂(0, 1)ℓ of X. Namely, we let

Φ(y, z) = ψ(∥y∥) ζ
(

y

∥y∥
, z

)
T (y, z).

By definition it belongs to C1
c (X;RN), with ∥Φ∥ ≤ eW .

Step 3: Comparison with Xr. Since y 7→ y/∥y∥ is constant along rays from
the origin, the gradient in y of ζ(y/∥y∥, z) is orthogonal to y; as T has no
z-component and its y-component is parallel to y, the gradient of ζ(y/∥y∥, z)
is orthogonal to T , so that, by (5.4) and the definition of T ,

div Φ = ψ ζ div T + ζ
〈
∇(ψ(∥y∥)), T

〉
+ ψ

〈
∇
(
ζ
( y

∥y∥
, z
))
, T

〉
= ζ

(
ψ div T +

〈
∇(ψ(∥y∥)), T

〉)
= ζ(ψλ− ψ′h)eW ,

where ψ, ψ′ are evaluated at ∥y∥, ζ at (y/∥y∥, z), and h at ∥y∥/r.
Since ∥Φ∥ ≤ eW , by the previous equality, by (5.2), and recalling that

µ = eWLN , we get ∫
E

ζψλ dµ ≤ Perµ(E;X) +

∫
E

ζψ′h dµ.

Owing to (5.5), ψ′ is supported on [ε, 2ε] ∪ [R, 2R] and in the interval [R, 2R]
we have ψ′h ≤ 0; recalling also that ζ is nonnegative, we can bound the
second term on the right-hand side by considering only the integral over the
set E ∩{ε < ∥y∥ < 2ε}; using that ζ ≤ 1, and the upper bound (5.3) on h and
that on ψ′ in (5.5), we get∫

E

ζψ′h dµ ≤
∫
E∩{ε<∥y∥<2ε}

ψ′(∥y∥)h
(
∥y∥
r

)
dµ

≤
∫
E∩{ε<∥y∥<2ε}

2

ε

k + 1

rk
∥y∥ dµ

≤ 4(k + 1)

kr
µ(E ∩ {ε < ∥y∥ < 2ε}).
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Thence, using this latter estimate in the previous one, we have the upper
bound ∫

E

ζψλ dµ ≤ Perµ(E;X) +
4(k + 1)

kr
µ(E ∩ {∥y∥ < 2ε}).

Letting δ, ε→ 0+ and R → +∞, owing to the dominated convergence theorem,
as λ ≤ (k + 1)/r by (5.4) and µ(E) < +∞, we conclude that

Perµ(E;X) ≥
∫
E

λ dµ =

∫
E∩Xr

λ dµ+

∫
E\Xr

λ dµ.

By definition of λ, see (5.4), and of Xr, we have that

λ =
k + 1

r
on E \Xr, λ <

k + 1

r
on Xr \ E;

and since µ(E \Xr) = µ(Xr \E) < +∞, we can bound from below the second
term with the integral of λ over Xr \E, so that, using the definition of λ and of
Xr, that of eW , passing to polar coordinates in the variable y, and using (5.1),
we get

Perµ(E;X) ≥
∫
Xr

λ dµ = (k + 1)σC

∫ +∞

r

1

ρk+2
dρ = Perµ(Xr;X). □

Example 5.2 (Complements of tubes around a face). Let X and µ be as
above, and let

f(y, z) =
∥y∥2

1 + ∥y∥2
, (y, z) ∈ X.

Then, (N1) and (N2) hold, as inf f = 0 and sup f = 1 are not attained in X,
and ∇f ̸= 0 in X. The superlevel sets of f are the sets Xr, which have finite
measure by (5.1), so that (N3) holds, and which saturate the isoperimetric
inequality of Proposition 5.1, so that (T1) and (T2) hold with I(0) = 0 and
I(m) = Perµ(Xr;X) for µ(Xr) = m > 0, that is, by (5.1),

I(m) = k
k+1
k σ

− 1
k

C m
k+1
k ,

which is continuous. Its level sets are the sets

(∂Br(0) ∩ C)× (0, 1)ℓ = rΣ× (0, 1)ℓ,

which are connected. Its lines of steepest ascent are the half-lines emanating
from the face {0} × (0, 1)ℓ given by { (τω, z) : τ > 0 }, with ω ∈ Σ and
z ∈ (0, 1)ℓ. Along these, f takes all values in (0, 1). Hence, all the assumptions
of Theorem 4.8 hold, N is not constant, smin > −∞, and smax = +∞, so
that we are in alternative (c). In particular, the closure of the focal set is
{0} × [0, 1]ℓ = L ∩ X, with L = {0} × Rℓ and dimL = ℓ, in accordance
with Proposition 4.6. Further, as prescribed by Proposition 4.5, the density is
not integrable near any point of F0. Finally, we notice that the Pólya–Szegő
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principle of [1] applies to f , and so do the Faber–Krahn, Saint-Venant, and
(p, q)-eigenvalue inequalities that it implies, see [1, Sect. 6], with the sets Xr

as extremal sets.

Remark 5.3. For ℓ = 0 and N = 2, the set X = C is a planar convex sector,
and we recover that the complements of the disks centered at the vertex are
isoperimetric in C endowed with the density ∥y∥−2−k, see also [9, Remark after
Thm. 4.17] and [8, Prop. 4.3]; this is the example of [1, Sect. 6.3], for which
alternative (c) holds with F0 = {0}. For ℓ = 0 and N ≥ 3, see also the remark
after [9, Prop. 7.5].

Remark 5.4 (Half-spaces as complements of tubes). The above construction
also makes sense for ℓ = N − 1, that is, n = 1, with C = (0,+∞), so that
Σ = {1} and σC = 1. In this case, the divergence in R of y/∥y∥ vanishes,
consistently with the formula (n − 1)/∥y∥, and the proof of Proposition 5.1
applies verbatim, showing that the half-spaces Xr = { (y, z) ∈ X : y > r } are
isoperimetric. These differ from the half-spaces of [5]: there µ is finite and the
half-spaces are normal to the Gaussian direction, whereas here µ(X) = +∞
and they are normal to the direction carrying the density y−1−k.

Therefore, as in Example 5.2, the function f(y, z) = y2/(1 + y2) satisfies all
the assumptions of Theorem 4.8, with smin > −∞ and smax = +∞, but now
N is constant, and we are in alternative (a): the closure of the focal set is
the face {0} × [0, 1]N−1, whose affine hull is the hyperplane {0} ×RN−1. This
shows that, in Proposition 4.6, the bound dimL ≤ N − 2 does require N not
to be constant.

The calibration of Proposition 5.1 also shows that the convexity of X cannot
be dropped in Theorem 4.8, even though Talenti’s theorem only requires X to
be open and connected.

Remark 5.5 (Convexity cannot be dropped). Let K ⊂ RN be a convex body
with smooth boundary, and let X = RN \ K, which is open and connected,
but not convex. Every x ∈ X can be uniquely written as x = p+s νK(p), with
p ∈ ∂K, s = d(x) = dist(x;K), and νK the outer unit normal to K; in these
coordinates, the Lebesgue measure reads

J ds dHN−1(p), with J(p, s) =
N−1∏
i=1

(1 + s κi(p)),

where κi ≥ 0 are the principal curvatures of ∂K, and ∆d = ∂s log J . For k > 0,
let

eW =
d−1−k

J
, f =

d2

1 + d2
,
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so that µ is s−1−k ds dHN−1(p), and the superlevel sets of f are the sets Xr

defined as {d > r}. With h as in the proof of Proposition 5.1, the field
T = −h(d/r) eW ∇d is of class C1 on X. As ∂K is compact, the proof of
Proposition 5.1 applies verbatim, with ∥y∥ replaced by d and with no cut-off
ζ, and shows that the sets Xr are isoperimetric. Hence, as in Example 5.2, f
satisfies (N1)–(N3) and (T1)–(T4).

However, the sets Xr are complements of the parallel bodies K ⊕Br(0) and
fall into none of the alternatives of Theorem 4.8: if K is not a ball, their
boundaries are neither hyperplanes, nor spheres, nor cylinders, and if K is a
ball, they are complements of balls whose center does not lie in X. In the proof
of Theorem 4.8, what breaks down is Step 1 of the proof of Proposition 4.6:
f is a function of the distance from ∂K, which plays the role of F0, but the
convex hull of ∂K, that is, K, is not contained in X.
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