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Preface

These notes cover the material of two courses given at SISSA, Trieste, in the academic years
2023-2024 and 2025-2026, together with some material from courses taught in other recent
years. The original idea behind these courses emerged from conversations with Andrea
Causin and Margherita Solci about the somewhat elusive notion of ‘multiscale behaviour’,
which arises in the study of variational problems involving one or more small parameters.
Two main mechanisms govern their asymptotic behaviour: concentration and oscillations.
Their description is often associated with the emergence of a characteristic ‘scale’, quan-
tifying either the speed of concentration or the period of an optimal oscillation. These
mechanisms may originate from different variational principles and may occur separately,
coexist, compete, or interact, thus providing a natural interpretation of the term ‘multi-
scale’. This perspective inspired the informal title of the courses, which also became the
title of these notes.

The natural framework for these analyses is ['-convergence. However, these notes are
not intended as a general introduction to this now well-established theory. We provide
only a brief account of the techniques relevant to our purposes, referring the reader to
the author’s book chapter A Handbook of I'-convergence. For a broader introduction to
I'-convergence, and in particular to its topological properties, the standard reference is Dal
Maso’s monograph An Introduction to I'-convergence.

The courses were highly interactive, and I am grateful to all the students who con-
tributed through their questions, comments, and suggestions: Irene Anello, Fabrizio Cara-
giulo, Simone Carano, Simone Vincini, Giuseppe Cosma Brusca, Davide Donati, Sergio
Scalabrino, Chiara Trifone, Edoardo Voglino, Matteo Zanardini, Roman Oleinik, Marco
Picerni, Abdilaziz Z. U. Komilov, Stefano Mannella, Alec J. A. Schiavoni Piazza. Some of
them also developed parts of the material presented in these notes, building on research
projects proposed during the courses.

Trieste Andrea Braides
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1 Introduction

In his laudatio in honour of the newly awarded Fields medalist Artur Avila at the Interna-
tional Congress of Mathematicians in Seoul in 2014, Etienne Ghys gave an account of the
development of dynamical systems that can equally be applied to the Calculus of Varia-
tions, not surprisingly quoting some of the same reference names. For the mathematicians
of the eighteenth century, of the likes of Newton, solving a minimum problem of the form

min { /ab Ftu(t), o' (1)) dt : u € X(a, b)}

would mean explicitly exhibiting a smooth minimizer u, or giving a construction that leads
to its precise determination. In the nineteenth century the focus shifted to the actual
possibility of obtaining a solution, and here we can quote Poincaré as Ghys did, together
of course with Hilbert and his famous XIX problem on the Calculus of Variations. The
twentieth century saw the shift towards the use of weak spaces, with the standpoint of
Laurent Schwartz’s distributions and even more geometrical objects of Geometric Measure
Theory, for which the problem above is just a distant prototype, and the solutions are
intended in a more general sense. At that point the focus had turned to determining
conditions on the functionals which ensure the existence of solutions, and, more generally,
following the so-called Direct Method, the coerciveness and lower semicontinuity of these
functionals. In problems such as the one we have at hand, this translates into questions
on the integrand f. In remarkable analogy with Ghys’s description, motivated for him by
the presence of small perturbation parameters in physical theories, a further step in the



development of the Calculus of Variations has been the study of the asymptotic behaviour
of families of minimum problems. In the language of De Giorgi’s Gamma-convergence this
is essentially equivalent to the study of the I'-limit of families of functionals parameterized
by a (small) parameter e.

In these notes, we interpret I'-limits in the light of the properties of e-parameterized
families of solutions (or almost solutions) of the corresponding minimum problems. We
highlight the possibility of oscillations and concentration of the solutions. In the first case,
families are increasingly oscillating, and the I'-limit describes the averaged effect of such
oscillations. In the second case some quantities, mainly gradients or Jacobians, tend to be
singular on some lower-dimensional set, and the I'-limit describes the nature and energetic
cost of the singularity. Our viewpoint is that in these processes the effect of the small
parameter is characterized by some scale that describes, for example, the typical period
of oscillation or the size of the region where we have high gradients. The question of how
these scales depend on ¢, and the relation with the general properties of the functionals,
will be the main focus of our analysis.

A scale for concentration. To understand what we may mean by the ‘scale’ of a
problem, as a first example of e-parameterized minimum problems, we consider one in which
€ appears as a singular-perturbation factor. We consider a so-called double-well potential
W:R — [0,+00); that is, a sufficiently smooth positive function, with the value 0 only
at two points, which we can assume to be 0 and 1. The related perturbed optimal-profile
problem is

me = min { /R(W(u) + &%/ |?) dt tg@mu(t) =0, tiigloou(t) = 1}. (1)
Note that the addition of a derivative forbids trivial solutions with u(t) € {0,1} almost
everywhere, and this effect, in a sense, weakens as ¢ — 0. Since the test functions u
are continuous, by the conditions at infinity, we deduce that there is at least one point
where they are equal to 1/2. Since the problem is invariant under translations, we can
assume that u(0) = 1/2. We suppose that a minimizer u. exists (which can be proved in
a suitable space) and is smooth enough so that it satisfies the Euler-Lagrange equation
W' (ue) — 2e2u! = 0. Multiplying by u. and integrating, we find that W (u.) — e2[u”|? is a
constant, which turns out to be 0 by the conditions at infinity. We then have

{eu; = /W (ue)
ue(0) =

DO

)

which also guarantees uniqueness of the solution.
The change of variables u(t) = v(t/e) shows that the value m,. is independent of e. If
w is the minimizer with w(0) = 1/2 of the problem with ¢ = 1; that is, of

_ . 112 . . _ . _
m= mln{/R(W(v) + [v']7) dt - tl}l_noov(t) =0, tl}gloov(t) = 1},
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then the function u.(t) = w(t/e) is the corresponding minimizer of the first problem. With
this remark in mind, we see that the equality W (w) + |w'|> = 2y/W (w)w’ holds, from
which we can actually compute

mzz/R\/Ww’dtzz/ol\/Ws)ds,

after the substitution s = w(t).

The key feature of the u. is that they concentrate at 0 at scale €. This statement is
to be understood in the sense that, for a given T' > 0, the integral of the energy density
W (ue) + €2|ul|? outside (—eT,eT) is infinitesimal, while its integral on (—¢T,eT’) tends to
m, as T — 4o0.

A scale for oscillations. The way a ‘scale’ is understood is different in problems with
oscillations. As a prototype, we consider the minimum problems

me = min { /01 a(L)[u/|?dt : u(0) = 0,u(1) = 1}. (2)

Here a is a periodic function with period 1, with 0 < a < a(t) < 8. The parameter ¢ is
the period of the scaled coefficient a(t/¢); hence, in this case, it has a geometric meaning.
In order to simplify the computations, we suppose that there is an integer number of
periods in the interval (0, 1); that is, n = 1/¢ is an integer. Supposing a differentiable, the
Euler-Lagrange equation for the minimizer u. is

o

(a(é)ulg)’ = 0; that is, u. = o

)
To determine the constant C', using the boundary conditions, we have

1 1 n 1 1
1= / uldt = C’/ %dt = C/ Lds; that is, C = </ Lds) =:aq,
0 o a(z) n Jo a(s) o a(s)

the harmonic mean of a, so that we have

QRIS

us(t) =t +ep(L); where o(t) = a/ot (L _ l)ds

a(s) a

defines a 1-periodic function. Moreover, we can compute the minimum value m. = a,
independent of €. This allows us to consider the case ¢ = 1 for the characterization of .
Rewriting u(t) =t + ¢(t) gives that ¢ is the minimizer of

a = min { /01 a(t)|1 + ' (t)2dt - p(0) = (1) = 0};

that is, the minimizer among periodic perturbations of the identity.



The form of u. highlights oscillations, in the form of a periodic variation around the
limit function u(t) = t. The scale € is then interpreted as giving both the period and the
scaling of the oscillating term ep(L).

These two examples indicate the two aspects that will be examined in these notes. One
is the asymptotic analysis of the functionals that guarantees the convergence of solutions
of minimum problems. This requires the use of sufficiently weak notions of convergence of
functions that allow for concentration and oscillation effects. The second is the asymptotic
description of minimizers. In the terminology of I'-convergence, this is described by the
computation of a I'-limit with respect to these topologies. The object of these lectures will
be to improve this description by studying the scales involved in optimal sequences, often
highlighting concentration or oscillations of a different nature.

2 Calculus of Variations in a nutshell

In this section we introduce very briefly some tools from the Calculus of Variations which
will be used in the sequel. The focus will be on the Direct Method, which consists in
examining the behaviour of minimizing sequences using topological arguments. We will not
use Euler—Lagrange equations, obtained by examining suitable variations of a minimizer,
since in general we will try not to rely on regularity assumptions on the minimizers.

2.1 Calculus of Variations without variations

If a minimum exists for a problem involving a single functional F', we expect the nature
of a minimizer to be revealed by looking at minimizing sequences; that is, sequences {z,}
such that the values F'(x,,) approach the infimum of F' on its domain. By choosing a notion
of convergence on the domain X of the functional, this idea translates into looking at the
cluster points of minimizing sequences. Already at this point, the choice of a topology
reflects two competing demands: on one side, a weaker topology favours the existence of
converging sequences; hence, the existence of these cluster points. On the other hand, a
stronger one will provide more information on them. Once a minimizing sequence {z,}
converging to a point T € X is found, the minimality of T is equivalent to the inequality

F@) < lm Flr),
or, equivalently, to the requirement that, for any sequence {y,} C X converging to Z, F’
satisfies

F(z) < liminf F(y,),

n—-+00
which is the definition of sequential lower semicontinuity of F' at Z. This process, ensuring
the existence of a minimizer for F' in X, is a basic version of the Weierstrass Theorem,
which is the core of the so-called Direct Method.



In order to use general functional-analytic methods, it can be useful to view the two
conditions

e existence of a minimizing sequence converging to T € X;
e sequential lower semicontinuity of F' at ;

as consequences of properties of the functional F' independent of the point Z. The existence
of a converging minimizing sequence is ensured by the more general requirement

e (sequential coerciveness of F') there exists C' € R such that every sequence {y,} C X
satisfying F'(y,) < C admits a converging subsequence.

The second requirement is a particular case of the more general property that

e (sequential lower semicontinuity of F) for all x € X we have

F(z) <liminf F(x,)

n—-+o00

for all sequences {z,} C X converging to x.

In these notes, we will always consider topologies for which in the relevant sub-level
sets {x € X : F(x) < C} sequential properties are equivalent to corresponding general
topological ones. In particular, we will use topologies that are metrizable on such sets.

Functionals on LP spaces. As a first example, we examine coerciveness and lower-
semicontinuity properties of functionals of the form

F(u) = /Q f(u) dz, (3)

defined for u € LP(Q;R™), where (2 is a bounded open subset of R? and f: R™ — RU{+o0}
is a Borel function.

As for coerciveness, if p > 1, this is usually derived from the growth condition
from below given by

f(2) > c1|z|P — eq,

with ¢; > 0 and co € R. This ensures that for any C' € R the elements of the set
{u € LP(Q) : F(u) < C} have equibounded LP-norm. Hence, if F' is not trivially equal to
400, then this condition ensures coerciveness with respect to the weak LP topology. Indeed,
these sets are weakly pre-compact in LP(2), since the weak convergence in bounded sets
of LP is metrizable, and they are not empty for some C.

The weak lower semicontinuity (that is, lower semicontinuity with respect to the
weak convergence) of these functionals is a classical issue in the Calculus of Variations and
is linked to convexity properties of f. For functionals as in (3), the weak lower semicon-
tinuity in LP(2; R™) with p > 1 is equivalent to the convexity and lower semicontinuity of
the integrand f. The necessity of the lower semicontinuity of f is immediately obtained



by looking at sequences of constant functions. The necessity of the convexity of f is de-
rived from the analysis of sequences of oscillating functions, using the so-called Riemann-
Lebesgue Lemma, describing the weak limit of scaled periodic functions. More precisely,
let ¢ € LIOC(Rd; R™) be a T-periodic function and

_ 1/
P = w(y) dy
T Jio,1)a )

be its average. Then, the sequence u,(x) = @p(nx) weakly converges to the constant
function v = @ (see Lemma 2.1 in the Appendix to this Chapter for a proof). We apply
this lemma to the 1-periodic function ¢ defined as follows. We fix ¢ € (0,1) and choose
z,2" € R™. We then define

z if 0<z1 <t

(p(x) 290(=T17~-->xd> = { /

: (4)
Zif t <z <1,

so that p =tz 4 (1 — )z’ and u,(z) = ¢(nz) = u(x) = in LP(2; R™). We can apply the
Riemann-Lebesgue Lemma also to the 1-periodic function ¢ (z) = f(¢(x)) whose average
is ¥ = tf(z) + (1 —t)f('). From the weak convergence of ¢)(nz) to 1, in particular we
obtain that

lim /w(nx) dx = Q.

n—-+00 QO
Hence, from the weak* lower semicontinuity in L>° (which is the case with the strongest
convergence) of the functional F', we get

Q[f(tz + (1 — t)2) = F(u) < liminf F(u,) = [Q[(tf(2) + (1 — ) f(2'))

n—-+4o0o

and the convexity of f.

The sufficiency of the convexity and lower semicontinuity of f for the lower semi-
continuity of F with respect to the weak L!-topology (which is in this case the weakest
convergence) can be obtained first by considering smooth f, and then using an interesting
approximation procedure.

We first suppose f to be C' and Lipschitz. From the convexity inequality f(w) >
f(z) +(Vf(z),w — 2), if u,, = u then we have

liminf/ f(up)dx > f da:+hm1nf (Vf(u),un—u>dx.

n—+oo n—+00
Since V f(u) € L>®(2;R™) is a good test function for the weak convergence, the last term
is 0, and we obtain the lower semicontinuity of F'.

We then approximate f from below as follows. First, we consider the sequence of
convex n-Lipschitz functions f, defined by f,(z) = min{f(w) + n|z — w|}, and note that



ﬁb(z) converges increasingly to f(z). Then we regularize the functions ﬁl — % using a

convolution argument so that the resulting sequence f,, is strictly increasing. This is
possible since the term —% is added so as to separate the graphs of these functions. Note
that mollification preserves convexity and Lipschitz continuity, so that the functionals F},
given by Fy,(u) = [, fn(u)dz are weakly lower semicontinuous in L' as just seen. We finally
note that F,,(u) converges increasingly to F'(u) by Beppo Levi’s Theorem (in this argument
we have to note that, up to adding a linear function to f, whose corresponding integral
gives a weakly continuous perturbation, it is not restrictive to suppose that f, > 0). The
lower semicontinuity of F' is then obtained by noting that the supremum of a family of
lower-semicontinuous functionals is a lower-semicontinuous functional.

For future reference, we note that the arguments above can be extended to functionals

F(u):/ﬂf(m,u) dzx, (5)

provided that f is a Borel function (so that the composition with u is measurable). In
this case the necessary and sufficient condition for F' to be lower semicontinuous is that
for almost all x € Q the function z — f(z,2) is convex and lower semicontinuous. O

Functionals on Sobolev spaces. We will mainly consider functionals defined on Sobolev
spaces. We recall that the Sobolev space W1P(Q; R™) is defined as the space of functions
in LP(£2; R™) such that for each i € {1,...,d} and j € {1,...,m} there exists v;; € LP(2)
such that the j-th component of u satisfies

/ uja—goda: = —/ vijp dx for all ¢ € CZ°(Q).
The functions v;; are called the weak derivatives, or derivatives in the sense of distributions,
of u, and their matrix (or vector if d =1 or m = 1) is the weak gradient of u, still denoted
by Vu. The weak convergence in WP(Q; R™) is then understood as the weak convergence
of u, — v and Vu,, = Vu in the appropriate LP-spaces. In this notation we remove R™ if
m = 1.

As in the case of functionals on LP-spaces, we fix a bounded domain © C R? and
consider functionals of the form

F(u) = /Q £(Vu) da, (6)

defined for u € WHP(Q), where f is a Borel function defined on R™*<,

In the scalar case, remarkably, convexity and lower semicontinuity of f are still nec-
essary and sufficient for the lower semicontinuity of F. Indeed, while the sufficiency comes
from the LP-weak lower semicontinuity, the necessity relies on a gradient Riemann-
Lebesgue Lemma, stating that if ¢ € VVll’p (R4 R™) is a function with V4 T-periodic,

ocC



then the functions ¥.(z) = eyp(£) weakly converge in WHP(Q;R™) as € — 0 to the linear
function ¢)(x) = Az (or ¢(z) = (A, x) in the case m = 1), where A = % f(o,T)d Vi dy. In
the scalar case, the necessity of convexity is then derived in an analogous way as in the L?
case, using ¢ with the function ¢ in (4) as derivative.

As a consequence of the Direct Method, for such an f we immediately obtain solutions
for problems of the form

min { / f(Vu)dx : u—ug € Wol’p(Q)}, (7)
Q
where Wol’p(Q) is the closure of C§° in W1P(Q), or of the form

min { /Q (F(Vu) + guydar: u € WHP(0)} (8)

if Q is connected and fQ gdxz = 0. In both cases the coerciveness is obtained by using the
Poincaré or the Poincaré—Wirtinger inequality, as in the second case it is not restrictive to
examine only u with zero average.

More in general we can consider functionals of the form

/ (f(Vu) + g(z,u))dz,
Q

provided that ¢ is a Carathéodory function with |g(x,u)| < C(1 + |u|?) with ¢ < p* if
p < d. Indeed, in this case the perturbation is a continuous functional with respect to the
strong convergence in L4((), so that the sum is weakly lower semicontinuous in W!?(Q)

by Rellich’s theorem.

The determination of necessary and sufficient conditions for weak lower semicontinuity
in the vector case d,m > 1 is more delicate. In particular convexity is not a necessary
condition. To understand why the previous argument does not work, we remark that if
2,7’ are matrices, in general the function ¢ in (4) is not a derivative of a WP function,
unless the rank of z — 2’ is 0 or 1, so that the necessity argument cannot be repeated. [J

Examples on the effect of lack of lower semicontinuity. Now we look at some
prototypical problems, where the lack of lower semicontinuity may translate either into the
existence of infinitely many solutions, or of no solutions at all, and we may describe the
form of some minimizing sequences.

Infinitely many minimizers. As a first example we consider the minimum problem

min { /01 W) dt : u(0) = 0,u(1) = =}

10
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Figure 1: Minimizers for a double-well problem

where W is a double-well potential as above; that is, W: R — [0,400) is a sufficiently
smooth positive function vanishing only at two points, which we can suppose to be —1
and 1.

We consider the case of a boundary datum z belonging to the interval between the two
minimizers; that is, |z| < 1. In this case, we can construct a piecewise-affine test function
such that u' € {—1,1} by setting u(t) = ¢ in (0,14%) and u(t) = 1+ 2z — t in (3=, 1);

2
then, the value of the functional is 0 and u is a minimizer. Similarly, we can also construct
a minimizer with «/ = —1 on (0,15%) and «/ = 1 on (33%,1). In Fig. 1 we picture a

minimizer which mixes the two slopes —1 and 1. In this way we can construct infinitely
many piecewise-affine minimizers.

Y

Figure 2: Construction of minimizers approximating a given u
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We can now consider the problem of characterizing the limits of sequences of minimizers.
We note that we can approximate with a sequence of minimizers any function u satisfying
the boundary data and the condition ||4/||« < 1. A pictorial description of a possible way
to explicitly construct such an approximation is given in Fig. 2: given such a u, in each
interval ((i — 1)g,¢/k) we define the derivative of a function wuy as taking only the values
—1 and 1 so that the integral of u) on this interval equals that of u/. The function wuy is
then uniquely defined by the condition u(0) = 0, is a minimizer, and u converges weakly
in H'(0,1) and strongly in L°°(0, 1) to u.

Figure 3: Oscillations at different scales with u = 0.

We note that, unless u is itself a minimizer, the convergence of ur — wu is weak in
H'(0,1). This entails oscillations of the gradient of uj. We note however that these
oscillations have no given scale. Now we take the boundary condition z = 0. In Fig. 3
we take as target function v = 0, and we picture a sequence u constructed as above,
oscillating at scale 1/k, and another sequence of minimizers with oscillations at scale 1/k
on (0,1/2) and at scale 1/k? on (1/2,1).

Y

— 3

" 18 14 1/2

Figure 4: A function with oscillations at all scales 277 with j > 2.

We can construct an even more complex example of a sequence of minimizers converging
to 0 and with oscillations at all scales. Their construction is described pictorially in Fig. 4
and Fig. 5. The first one describes the construction of an even one-periodic ¢ with |¢/| =1
almost everywhere and oscillations at all scales 277 with j > 2. The functions uy(z) =
27Fp(2%x) are test functions for the problem with z = 0 and uy, has oscillations at all scales

12



Figure 5: A test function with oscillations at all scales 277 with j > k + 2.

277 with j > k + 2.
Oscillating minimizing sequences without a scale. The second example, due to Bolza, is
the problem of minimizing the functional

1
Plu) = /0 (W () + [uf?) dt.

In this case no boundary conditions are prescribed. The same functions constructed in the
previous example and represented in Figs. 3—5 show that

inf { /01 (W) + [u?) dt} =0,

and minimizers can develop oscillations at all scales.
Note however that the minimum is not achieved since the minimization of |u|? would
give u = 0, for which the contribution of W (u') is not zero.

Concentrating minimizing sequences without a scale. In this example we see how the prob-
lem of minimizing a concave functional will give rise to a phenomenon of concentration
and eventually of non-existence. We minimize

1
Fw = [ VPl
0
over the set of Wl !-functions satisfying u(0) = 0 and u(1) = 1. For any such u,

1 1 1
F = [ Ve [l | [ o] = o) - o) = 1.
0 0 0

Hence, the infimum of F'(u) is greater than 1.
We now fix z € (0,1), and (for all n large enough) we set u,(t) = min{n(t — =)™, 1}.

Since .
vn?+n
| VRGEF T = Y 1 o1)
0
we get

inf{/ol\/mdt:u(o)zo,u(l)zl} ~1.
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Note that the sequence {u,} tends to the function u; = X(,,1). In the same way one can
find minimizing sequences converging to functions of the form Zjvzl ajX(z;,1) With a; >0
and Zé\;l aj = 1. The closure (e.g. in L'(0,1)) of this set is the set of all increasing
functions with u(0) = 0 and u(1) = 1.

From the inequality above, we see that the equality F(u) = 1 holds only if ' = 0
almost everywhere. This cannot hold if u(1) # «(0), so that no minimizer exists.

2.2 Some use of variations

Even though we will be careful not to rely on regularity assumptions, sometimes it is
convenient to be able to solve a minimum problem by looking at the Euler—Lagrange
equation.

Suppose now that f is smooth enough and consider

b
Flu) = / Ftou, ) dt.

The Euler—Lagrange equation for this functional is

—jtgjg(t, u,u') + gi(t,u,u’) =0,
and it is satisfied if u € C?(a,b) is a minimizer of F' on an interval with respect to functions
with its own boundary data. The equation also holds in the sense of distributions under
some growth conditions on f.

In general, solutions of the Euler-Lagrange equations may not be minimizers. An
exception is given by functionals that are convex in the pair (u, &). If the function (u, &) —
f(t,u, &) is convex, then a function u satisfying the Euler-Lagrange equations is a minimum
of the functional F' with respect to its own boundary conditions. Indeed, let u be a test
function; that is, u € C?(a,b) satisfying the same boundary conditions as the solution %
of the Euler-Lagrange equation. Then, by the convexity condition applied at each point
(u(t),@(t)), it follows that

Ftu(®),d'(t) = f(a),a'(#) + - a), ' (1) (u(t) —u(t))
af — —/ !/ /
e LT TE) W (@) —T(?)

Here we have used the convexity inequality, and the fact that (%, g—g) is the gradient of f
with respect to the pair of variables (u,&). By integrating the two terms of the inequality
in the domain (a,b), and then integrating by parts, since v — u vanishes on the boundary
we obtain
b
F(u) > F(a) + / (g(t,ﬂ(t),ﬂ’(t) - iai(t,u(t),u’(t))(u(t) —a(t)) dt = F(a),
o \Ou dt 0¢
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where in the last equality we used the fact that u solves the Euler—Lagrange equation, so
that the integrand vanishes and @ minimizes the functional in the set of smooth functions
satisfying the same boundary conditions.

As an application, we consider a function of the form f(¢,u') = a(t)|u
u of the Euler-Lagrange equation

’|2, and a solution

(a(t)d'(t)) =0

in an interval I where a is smooth. Then, the convexity of f with respect to «' implies
that @ minimizes

Flu) = /Ia(t)|u’2dt

over functions u with the same boundary conditions. This can be repeated on all intervals
where a is smooth. We choose the simple case when a(t) is given by

a(t)_{a ?fte[O,l/Q),
B ifte1/2,1),

with «, 5 > 0 and consider the problem

min { /01 a(t)}u' P dt < u(0) = 0,u(1) = 1}.

The solution u, which exists by the Direct Method, satisfies the Euler-Lagrange equation
in both intervals (0,1/2) and (1/2,1), hence u is the piecewise-affine function satisfying
au/(t) = cq in (0,1/2) and Bu'(t) = ¢z in (1/2,1) and the imposed boundary conditions.
The minimum problem for the functional becomes the problem of finding the two optimal
constants ¢, and cg, which can be determined by finding the minimizer of the function
g(s) = as® + B(2 — s)?, so that ¢, = cg = %, which is also the value of the minimum.

Note in particular that the solution u does not belong to C1(0, 1) if o # 3.

Figure 6: A minimizing sequence for the Weierstrass example.
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Another example, this time of how the Euler-Lagrange equations can be of use in ob-
taining minimizing sequences, even if the problem has no solution, is the so-called Weier-
strass example. This is the problem of minimizing

1
F(u):/ z|u|? dz
0

over the set of the functions u € H'(0,1) satisfying the boundary conditions u(0) = 0 and
u(1) = 1. Since the integrand is smooth, the Euler-Lagrange equation

(zu') =0

implies that a solution u of the minimum problem is such that zu' is constant; that is,
taking into account the condition u(1) = 1, that

u(z) =14+ Clogx

for some C' € R, which is incompatible with the initial condition u(0) = 0. Hence, a
smooth minimum does not exist, otherwise it would be characterized by the Euler-Lagrange
equation. In this case, the Euler—Lagrange equation also helps in proving that the infimum
is 0. To that end, we can test the minimum problem with uc(x) = max{1 + C'logx,0} for
C > 0, obtaining F(uc) = C, and the infimum is obtained letting C' — 0. Note that this
minimizing sequence tends to the constant 1 as C' tends to 0 (see Fig. 6).

2.3 Characterization of minimizing sequences: relaxation

With the examples on the effect of lack of lower semicontinuity in Section 2.1 in mind,
we now describe the behaviour of minimizing sequences of a non-lower-semicontinuous
functional. We will see that the limits of minimizing sequences solve a relaxed minimum
problem. In order to describe this latter problem, we start by giving the notion of lower-
semicontinuous envelope of a functional F'. If X is a metrizable topological space,
and F: X — RU {400}, then the lower-semicontinuous envelope of F is the functional F
defined on X by

F(z) = sup{G(z): G < F, G lower-semicontinuous}.

As we have seen, the supremum of a family of lower-semicontinuous functions is lower
semicontinuous, hence the sup in the definition is in fact a maximum. Since X is metrizable,
it follows that
F(z) = inf { liminf F(z;) : {z;} C X,z; — x},
J—r+0o0
where the convergence x; — x is understood as induced by the metric. This characteriza-
tion is simpler to use for the computation of the lower-semicontinuous envelope. Note that
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the infimum is in fact a minimum, since we can use a diagonal argument to construct a
sequence achieving the infimum. Then, by considering converging subsequences, we have
that

F(x) = min{ lim F(zj): {z;} C X such that z; - 2 and lim F(xj)exists}. 9)

Jj—+oo J—+o00
To show that a functional G coincides with the lower-semicontinuous envelope of F' at a
point z, we have to prove that G(z) is a lower bound for the infimum; that is,

e G(z) <lim lnf F(x;) for all sequences {z;} converging to z,
J—+00
and that it is optimal; that is,

e there exists a sequence {z;} converging to = such that G(z) = lim F(z;).
J—r+oo

Cluster points of minimizing sequences. Using the definition of F, we can charac-
terize the relaxed minimum problem solved by the limits of minimizing sequences. To this
end, we note that, for any given z € X, by the characterization of F(z) in (9) there exists
x; — x such that F(z;) — F(x); then,

F(z) = lim F(zj) > inf{F(y):y € X}
Jj—+oo
and we deduce that inf{F(y) : y € X} = inf{F(y) : y € X }. Now, let {Z,} be a minimizing
sequence for the problem such that 7; — 7 € X. We get
F(z) < lim F(z;) =inf{F(z):2 € X} =inf{F(z) : x € X}.
J—+00

This argument proves that if there exists a converging minimizing sequence for the problem
inf{F(x):x € X}, then

e there exists the minimum of {F(x) : x € X}, and
min{F(z) :x € X} =inf{F(z): 2 € X}

(relaxation of minimum problems);
e the minimum points for F' are all the cluster points of minimizing sequences for F'.
This is a Weierstrass theorem for non lower-semicontinuous functionals.

Before reconsidering the previous examples of minimum problems for non lower-semi-
continuous functionals, we note the connection between lower semicontinuous envelopes
and convexifications. The simplest example is the (one-dimensional) lower semicontinuous
envelope F of a functional

b
F(u):/ flu)dt
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Figure 7: The convex envelope of a function f.

with respect to the weak L'-convergence.
We define f** as the lower-semicontinuous and convex envelope of the function
f defined as

7€) =sup{g(§) : g < f, g lower-semicontinuous and convex}.

Then )
F(u):/ £ (u) dt.

The inequality F(u) > f; f*(u)dt is due to the lower semicontinuity of the latter. To
understand the converse inequality, we restrict to the case of scalar u, and suppose that
f** < f on an interval (z1, 22), with f**(21) = f(z1) and f**(22) = f(22) (Fig. 7). We only
consider the case u(x) = z constant with z = tz; 4+ (1 — ¢)2z2. Then we note that f**(z) =
tf(z1) + (1 —t)f(z2), and an optimal sequence is obtained by periodically alternating z;
and zo, and using the Riemann-Lebesgue Lemma.

This characterization of the lower semicontinuous envelope can be generalized in many
ways. A general relaxation result for functionals on Sobolev spaces of the form

F(u):/Qf(a:,Vu) dr,

defined for u € W1P(Q), with respect to the weak convergence is as follows. Assume that
f satisfies a growth condition ensuring that F is coercive in W1?(Q). Then, we can limit
the problem of minimizing F' to bounded subsets of W1?(Q), where the weak topology is
metrizable (and, equivalently, we can use the strong LP-convergence). Then, the lower-
semicontinuous envelope of F' is given by

F(u) :/Qf**(x, Vu) dx
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where f**(z,-) is the lower-semicontinuous and convex envelope of the function £ — f(z, &)
defined as

[ (x,&) =sup{g(&) : g < f, g lower-semicontinuous and convex};

that is, since convexity and lower-semicontinuity are maintained by taking the supremum,
the largest lower-semicontinuous and convex function below f(z,-).

Y

Figure 8: Optimal sequence for an affine function.

In the simplest case of a homogeneous integrand this result is proved in the same way
as the corresponding result in LP. In the one-dimensional case an optimal sequence for
the affine function u(x) = zx is pictured in Fig. 8, with reference to Fig. 7. We apply this
relaxation result to our minimum problems involving the double-well potential W.

Infinitely many minimizers. We can relax the minimum problem for the integral of W (u/)
with prescribed boundary datum z € R, obtaining

inf { /01 W(u')dt : u(0) = 0,u(l) = z} = min { /01 W**(u') dt : u(0) = 0,u(1) = z},

where W** is the convex envelope of W. Note that W** = 0 in the interval [—1, 1] between
the minimizers. We have seen with an explicit construction that all functions u satisfying
the given boundary data and |[u/[| < 1 are limits of minimizing sequences. If W satisfies
a superlinear growth condition at infinity, then W** vanishes exactly in [—1, 1] and hence
the set of functions satisfying the given boundary data and ||u'||s < 1 is exactly the set of
all limits of minimizing sequences.

Oscillating minimizing sequences without a scale. In Bolza’s example, the relaxation gives
1 1
inf{/ (W) + [uf) dt} = min{/ (W™ () + fu?) dt} =0,
0 0
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and the unique minimum point is v = 0. Again, this proves the initial guess that the
unique cluster point of minimizing sequences is 0.

Note that the concentrating minimizing sequences without a scale example of Section 2.1
is deliberately not revisited here. There, non-existence is not caused by a failure of convex-
ity of the integrand (which relaxation, in the form of the convex envelope, would repair),
but by a loss of coerciveness: along the minimizing sequence the derivatives u), do not re-
main bounded in L!, and concentrate instead, in the limit, as a singular measure. This is a
genuinely different phenomenon from the previous two, outside the reach of the relaxation
theory developed in this section; it is the prototype, without a scale, of the concentration
phenomena that reappear, now driven by a parameter €, in the model case (1) of the
Introduction and that are studied systematically, with their natural scales, starting from
Section 3.

Definitions by relaxation. Note that, if we have a problem which is well-defined on a
suitable space X, we can extend the definition to a larger set X by relaxation.

Sobolev spaces by relaxation. As an example of definition by relaxation, we can consider
the functional

F(u) = /Q (Jul® + \Vu|2) dx

defined in C1(Q2), and extend it to L?(Q) by setting F(u) = +oo in L*(Q) \ C*(Q). The
lower-semicontinuous envelope of F', whose domain is the set of all functions in L?(£2) which
can be approximated by functions such that F(u) is finite, is the functional F': L?(Q2) —
[0, +00] given by

ul? u?)dx ifu 1,2
Flu) = /Q(|+|V|)d fuecWh?(Q)
+00 if ue L2(Q)\ Wh2(Q).

This is actually a version of the H = W Meyers—Serrin Theorem stating that W1?(Q)
coincides with the space H'(); the proof follows from the fact that all functions in the
Sobolev space can be approximated by C! (or C*) functions. The fact that in the relaxed
functional we have the same formula is due to the fact that F' is lower-semicontinuous in
CL(Q).

Sets of finite perimeter by relazation. A measurable set £ C Q C R is a set of finite
perimeter in € if

sup {/ xe div(p) dz : ¢ € CHQ;R?) such that ||¢[le < 1} < +o0.
Q

This quantity is the perimeter of E in 2, denoted by Per(FE;2). Note that, if F is smooth,
then by integrating by parts we get

[ xedivgyae= [ (o)as,

QNOE
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where v is the exterior normal to OF and dX denotes integration with respect to the d — 1-
dimensional surface measure. Then, the perimeter coincides with the d — 1-dimensional
surface area of the boundary of E in €.

If we define the functional

F(E) = {Per(E; Q) if E smooth (or if E is a polytope)

400 otherwise,

and consider the convergence E; — E given by the convergence to 0 of the measure of
the symmetric differences FAFE;, or by the convergence xg; — xg in LIIOC(Q), then the
lower-semicontinuous envelope of F' is given by

F(E) = Per(E;Q) if E is a set of finite perimeter in 2
|+ otherwise.

Note that also in this case the functional is lower-semicontinuous in the space of smooth
sets with respect to the same convergence, since it is the supremum of a family of lower-
semicontinuous functions. This relaxation result states that every set of finite perimeter
can be approximated by smooth sets Ej, (or by polytopes) in such a way that the perimeters
of E}, converge to the perimeter of E.

2.4 Limits of minimizers and limit functionals: I'-convergence

We go back to the two model cases (1) and (2) described in the Introduction, where we
have seen concentration and oscillation, respectively, of the solutions of minimum problems
depending on a parameter €. We now want to extend the analysis to a general setting,
including cases when the minimum problems have no solutions.

Given a family of minimum problems m. depending on a parameter ¢, the idea is to
introduce suitable functionals F. such that inf F. = m., and analyze the limit behaviour
of minimizing sequences u., such that

FE(UE) =M + 0(1)5—>0,

showing that the cluster points of such sequences are solutions of a minimum problem
depending on a “limit” functional independent of . In the same spirit as the definition of
the relaxation, the definition of such functional will be given in topological terms. We recall
that F is the lower-semicontinuous envelope of F at z if two conditions are satisfied; that is,
for all z; — z the lower estimate liminf; F(z;) > F(x) holds, and there exists a sequence
z; — 0 such that lim; F(z;) = F(z). We now generalize this definition to a sequence of
functionals Fj in such a way that a Weierstrass theorem still holds. Let X be a metrizable
space, and let Fj: X — RU {400} be a sequence of functionals depending on a parameter

j. Then, a functional F is the I'-limit of Fj at x € X, denoted by F(z) =T 1i31 Fj(x),
j—+o0
if
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e (liminf inequality) lim Jinf Fj(xzj) > F(x) for all sequences x; — x;
j—+o0

ee (limsup inequality) there exists a sequence T; — x such that limsup F;(Z;) < F(x).
Jj—+oo

Note that, once the liminf inequality holds, the lim sup inequality is equivalent to

ee (existence of a recovery sequence) there exists T; — x such that linl F;(z;) < F(x).
Jj—4o0
The following equivalent formulation of the lim sup inequality can in general be useful in
the computation of I'-limits:

ee (approzimate limsup inequality) for all n > 0, there exists a sequence T; — z such
that limsup F;(z;) < F(x) +n.
j—+o0

We will use the corresponding definition for a family of functionals F. depending on a pa-
rameter ¢ > 0, meaning that, for all sequences €; — 0, the functionals F; = F., I'-converge
to the same F'. Moreover, we mention that I'-convergence enjoys the Urysohn property;
that is, the I'-convergence of Fj is equivalent to the property that for all sequences {jy}
we can extract a subsequence of {F}, } which I'-converges to F' (see Proposition 2.3 in the
Appendix to this Chapter for a proof).

With the definition of I'-convergence for a sequence of functionals, we can go back to
the problem of the limit behaviour of a minimizing sequence for a family of functionals Fj.
Assume then that there exists a converging minimizing sequence for the sequence {Fj}; that
is, a sequence {Z;} converging to some T € X and such that F}(Z;) = inf Fj + o(1) 40,
and suppose that F'is the I'-limit of F};. Then, by the liminf inequality,

liminfinf{F}(x) : x € X} = liminf F}(Z;) > F (7).

j—+oo Jj—+oo

For all z € X, there exists a sequence x; — x such that

F(x) > limsup Fj(x;) > limsupinf{Fj(y) : y € X };

Jj—+oo Jj—+o0
taking the infimum over z € X, by the previous inequality we get
inf{F(z):z € X} = F(Z).

We have then shown that, if F' = I'-lim; F; and there exists a converging minimizing
sequence for F}, then:

e there exists the minimum min{F(z) : x € X}, and

min{F(z):z € X} = jgrfooinf{ﬂ(x) cxe X}
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(convergence of minima);

e the minimum points for F' are all the cluster points of minimizing sequences for Fj
(convergence of minimizing sequences);

that is, a Weierstrass Theorem along a I'-converging sequence holds.

A simple example of convergence that can be stated in terms of I'-convergence is given
by problems involving finite-difference approrimations. The simplest case, but still bearing
the characteristics of the general case, is the one-dimensional discrete problem, where the
parameters are functions u : {0,...,n} — R, i — u;, and the energy is the quadratic

energy
n

F,(u) = Zn(u, — ;)2

i=1
We can reinterpret such a u as an element of the subspace P, of the piecewise-affine

functions defined on [0, 1] and with values u(%) = u;. We then have

1
F,(u) :/ |2 dt if u € Py,
0
so that the I'-limit of F), is simply F(u) = fol |u'|2dt with domain H'(0,1). The liminf

inequality is a consequence of the lower semicontinuity of the norm, while the limsup
inequality follows from the strong density of functions in P,,. Note that similarly we can

consider energies
n
Glu) =2
i=1

for example if g is continuous on [0,1] and g; = g(%). If u, — w in L*(0,1) then G(uy) —
G(u), so that F,, + G, T-converges to F' + G, and problems of the form

il if u € Py,

S|

min{/ﬂl(|u’\2 — gu)dt : u(0) =Tp, u(l) = ﬂ1}

are approximated by discrete problems of the form

n n 1
. 2 o — — 7
mm{ g n(u; — ui—1)” — g ﬁgiui .u—uo,un—ul}.
i=1

i=1

The same holds in any dimension, also for arbitrary reference sets €2, once we consider
a local convergence, and we identify discrete functions with interpolations on suitable
triangulations. The only thing to remember is that the notation is a little different, taking,
in place of Fj,, the functionals

Fow= > e Nu—u)?

i,J€24,i—j|=1
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and the functions {u;} are identified with interpolations of the functions defined on ¢Z¢ by
u(ei) = u;. For finite-difference schemes, ¢ is a scale of discretization, in the sense that
the gradients of the related functions u are constant on sets (elements of the triangulation)
at the scale ¢.

These approximations can be coupled with relaxation, giving a relaxation with a
scale. For example, if f is not convex then we can use finite-difference approximation
to characterize the lower-semicontinuous envelope of [ f(u)dt, obtaining (in the case of f
continuous for simplicity) a discrete formula for the convex envelope of f

17 (z) = ngrfmmm{i;ﬂzi) EDIEE }

=1

In the rest of these notes, our analyses will in general be translated into
e computation of the I'-limit of some F;

e the relation of the form of the recovery sequences to oscillation or concentration
phenomena
at some scale, described in terms of the parameter €.

2.5 Appendix: relevant tools of Chapter 2

References. The Direct Method and the characterization of weak lower semicontinuity
through convexity go back to Tonelli [1]; modern self-contained treatments, including the
vectorial (quasiconvex) case only touched upon here, are given in the books by Dacorogna
[4], Giusti [5], and Fonseca and Leoni [6]. Relaxation and lower-semicontinuous envelopes
are treated systematically in Ekeland and Temam [7] and, in the integral-functional setting
used here, in the monograph by Buttazzo [8]. The notion of I'-convergence is due to De
Giorgi and Franzoni [2]; the standard references are the books by Dal Maso [3] and by
the author of these notes [90], to which we refer for all the properties of I'-convergence
used without proof below and in the rest of these notes (compactness with respect to
I’-convergence, stability under continuous perturbations, metrizability of I'-convergence
on separable spaces, etc.). The H = W theorem is due to Meyers and Serrin [9]. For
the final example on sets of finite perimeter (whose systematic theory will only be used
starting from Chapter 3, see the Appendix to that Chapter) we refer to Ambrosio, Fusco
and Pallara [10] or to Maggi [11]. The Weierstrass and Bolza examples are classical; both,
together with several variants, can be found for instance in the book by Buttazzo, Giaquinta
and Hildebrandt [12], specifically devoted to one-dimensional problems as in most of this
chapter; for the second, see also Bolza’s own lecture notes [13], although we have not been
able to trace the precise original source of the specific form used here, and would be grateful
for a more precise pointer.
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A remark on suprema of lower-semicontinuous functionals. We have twice used
the elementary fact that the pointwise supremum F = sup;c; F; of an arbitrary family of
lower-semicontinuous functionals Fy: X — RU {400} is itself lower semicontinuous. This
follows at once from the characterization of lower semicontinuity through sublevel sets: for
every ¢ € R,
{reX:Fl)<ct=({reX:Fix)<c}
el

an intersection of closed sets (since each F; is lower semicontinuous), hence closed; this is
exactly the statement that F' is lower semicontinuous.

Proof of the Riemann—Lebesgue-type Lemma. We restate and prove the lemma
used in Section 2.1 to derive the necessity of convexity for weak lower semicontinuity.

Lemma 2.1. Let 1 < p < oo, let ¢ € LY (R4 R™) be 1-periodic (i.e. o(y + k) = ¢(y) for

loc
a.e. y and all k € Z%), and let @ = f(o 1) ©(y) dy be its average. Then, for every bounded
open set Q C RY, the functions un(z) = @(nx) converge weakly in LP(S;R™) (weakly* in
L (Q;R™) if p = 00) to the constant function @ as n — 400, n € N.

Proof. Since ¢ is 1-periodic, for every k € Z? and every g € L. (R% R*) built from ¢ (e.g.
g = org=|p|P) we trivially have f(o,l)d+k g(y)dy = f(O,l)d g(y) dy, since the change of
variables y — y+k leaves both the domain of integration and, by periodicity, the integrand
unchanged. We use this fact to compute the limit, as n — 400, of n=¢ an 9(y) dy for a box
B = H,flzl(ai, b;) C R? and g as above: the box nB is covered, up to a boundary layer of
O(n%=1) unit cells (as n — +00), by the N,, ~ n?|B| unit cells (0,1)? + k, k € Z%, entirely
contained in nB; on each such cell the integral of g equals f(O,l)d gdy by the observation

above, while the boundary cells contribute a total of at most O(n~1) f(o 1)d lg| dy. Hence

/ g(y)dy = Ny
nB (0,1)¢

as n — +00.
Applying this with ¢ = |¢P and B any box containing €2, and using the change of
variables y = nx, we get

/ i (2)P dir < / lo(na)|P do = n~ / e)lPdy — |B] / 0P dy < +oo,
Q B nB (0,1)d

so that (uy,) is bounded in LP(Q;R™) (trivially so if p = oo, since then ||uy||oo = ||¢]|oo for
all n).
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Applying the same computation with ¢ = ¢ and B an arbitrary box contained in {2,
we get, again by the change of variables y = nx,

/ wn() dz =~ / o) dy — 1B,
B nB

so that u,, — ©» when tested against the indicator function of any box B C 2, and hence,
by linearity, against any simple function on §2.

Since simple functions are dense in LP (Q;R™) for 1 < p/ < oo (respectively, in
LY(;R™), for the weak* statement with p = o00), and (u,) is bounded in LP(Q;R™),
a standard density argument (approximate a general test function ¢ by a simple function
Yy with || — 1by|y <, and use the uniform bound on u, to control the error) upgrades
the convergence tested on simple functions to convergence tested on all of L' (Q; R™) (resp.
L' (2;R™)). This is exactly the statement u,, — @ in LP({; R™) (resp. weakly* in L>°). [

Remark 2.2. The same proof, with obvious changes (covering B/e instead of nB by unit
cells), shows that if ¢ is 1-periodic then . () := p(z/e) converges weakly to g as ¢ — 0T,
e ranging over all of (0, 400) and not only over the reciprocals of integers; this is the form of
the lemma used, e.g., in the discussion of oscillating coefficients in Section 7 and elsewhere.

The Urysohn property of I'-convergence. We prove the equivalence stated in Sec-
tion 2.4. We recall that, for a fixed x € X, the I'-liminf and I'-lim sup of a sequence of
functionals G;: X — RU {+oo} at = are defined by

I'-liminf G(z) = inf { liminf Gj(z;) : ; — m}, I'-limsup G;(z) = inf { limsup Gj(z;) : x; — x},
J J j j

so that G; — G at x in the sense of I'-convergence if and only if these two quantities

coincide and equal G(z). We will use two elementary facts.

e (monotonicity along subsequences) If (ji) is a subsequence of (j), then, since for any
fixed sequence (y;) the liminf (resp. limsup) along a subsequence of indices is always >
(resp. <) the liminf (resp. limsup) along the full sequence, taking the infimum over y; —
on both sides gives

I-liminf G;(z) < F—limkinijk(x), I-limsup Gj, (x) < I'-limsup Gj(z).
J k J

e (attainment) Since X is metrizable, the infima defining I'- lim inf; G (x) and I'- lim sup; G; ()
are always attained, by a standard diagonal argument: for a countable, decreasing (in h)
local base {Bj(z)}n>1 of neighbourhoods of z, choose m? — x with liminf; G; (a:?) within
1/h of T-liminf; Gj(x) (truncating if the latter is —oo), and let Nj 1 400 be such that
x? € By(x) for j > Nj; the diagonal sequence Z; := a:? for N, < j < Npy1 converges to x
and realizes the infimum. The same construction applies to I'-lim sup.
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Proposition 2.3 (Urysohn property). Let X be metrizable, let (F;) be a sequence of
functionals on X, and let F': X — RU {4o00}. Then F; I'-converges to F if and only if
every subsequence (Fj, ) of (Fj) admits a further subsequence I'-converging to F.

Proof. If F; I'-converges to F' then, by the monotonicity fact above applied to any sub-
sequence (ji) (with the full sequence playing the role of the “subsequence” of itself), we
get

F(z) =TI-liminf Fj(z) <T- limkinf Fj (z) <T-limsup Fj, () < I'-limsup Fj(z) = F(x),
J k J

so that (F}, ) itself (with no need to pass to a further subsequence) I'-converges to F.

Conversely, suppose every subsequence of (Fj) has a further subsequence I'-converging
to F, and fix * € X. We show I'-liminf; Fj(z) = F'(z) (the proof that I'-lim sup; Fj(z) =
F(x) is entirely symmetric, using recovery sequences in place of the sequence Z; below).
Suppose, for contradiction, that I'-liminf; F}(x) # F(z); since by the monotonicity fact
(applied to the trivial subsequence (jr) = (j), using the hypothesis that some subse-
quence of the full sequence I'-converges to F') we already know I'-liminf; Fj(z) < F(x),
we must have I'-liminf; Fj(z) < F(x). By the attainment fact, there exists T; — z real-
izing liminf; F;(Z;) = I'-liminf; Fj(z) < F(x); passing to a subsequence (j;) along which
F;, (T, ) converges to this same value (possible since it is the liminf of the full sequence
Fj(z;)), the hypothesis provides a further subsequence (j,) along which Fj, I'-converges
to F; the I'-liminf inequality for this subsequence, applied to Tj, — T, gives

I- hmianj(x) = lim F]k (f]k) = liminf ij (j]k) > F('T)>
j 7 1 1 7 k2 k2

contradicting I'-liminf; Fj(z) < F(x). O

A remark on the H = W theorem. The inclusion F(u) < [,(|u|? 4+ |Vu[*)dz for
u € WhH2(Q) used in the main text amounts exactly to the density of C1(Q2) N W12(Q)
(in fact of C°°() N W12(Q)) in W2(Q) with respect to the W1-2-norm; this holds on an
arbitrary open set {2 (no regularity of 02 is required) and is the content of the Meyers—
Serrin theorem [9], proved by a clever partition-of-unity argument that mollifies u at a
scale depending on the distance to 0f2, so that the local mollifications patch together into
a single globally defined smooth approximation.
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3 Concentration on interfaces

Let W: R — R be a non-convex function, with superlinear growth, and consider the

problem
min{/W(u)dm:/udm—c\Q]},
Q Q

where Q is a bounded domain in R and u: Q — R. We can compare this problem with
the convex-minimization problem

min{/QW**(u)dx:/Qudx:c\m},

whose minimizer is trivially given by the constant function v = ¢, which is then also a
solution of the initial non-convex problem if W(c) = W**(¢). Otherwise, there exists an
affine function r(z) such that W**(z) = r(z) in a neighbourhood of ¢. Noting that, if we
replace W (u) with W (u) — r(u), minimizers do not change, it is not restrictive to suppose
that W > 0 and that c lies between two consecutive zeroes, and, up to a change of variables,
that these two zeroes are 0 and 1. With these observations in mind, it follows immediately
that all functions of the form u = yg with |E| = ¢|Q| solve the minimum problem.

In order to rule out minimizers with “large boundaries”, a possible strategy is the one
described in the previous chapter; that is, the choice of those solutions that are limits
of minimizers of suitable approximating problems depending on a parameter £. We then
introduce a family of singularly perturbed energies, which are referred to as Cahn—
Hilliard free energies in the theory of phase separation, and the corresponding minimum
problems

min{/ﬂ(W(u)+62\Vu|2)d:r:/Qudx—cm\}.

This choice is motivated by the Van der Waals conjecture that the sets corresponding to
limits of such minimizers satisfy a minimal interface criterion.
We can consider the Cahn—Hilliard functionals, or, more precisely, the functionals

FO(u) = /Q(W(u) + 4 Vul|?)dz  if u € HY(Q)

£

“+00 otherwise in L()

in terms of I'-convergence, neglecting for the moment the integral constraint. If u is the
characteristic function of a smooth set E, and u. = ¢, * u with ¢. a standard mollifier
supported in B., we can check that the corresponding I'-limit with respect to the L'
convergence is 0. By approximation, it holds for any set F, so that I"-convergence does not
give information about the limits of the minimizers of the approximating functionals.

In order to make this approach work, we have to find a meaningful scaling of the
energies; indeed, multiplying by a constant e-dependent scaling factor does not affect
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the minimizers while it allows for a different form of the I'-limit, hence restricting the
limit minimum problem. We then consider the functionals F& defined by setting F®(u) =
e~ *F9(u). Since for a < 1 the same computation performed for a = 0 gives a vanishing
I'-limit, we can conjecture that the meaningful scaling is obtained by dividing by . These
arguments lead to the analysis in terms of I'-convergence of the functionals

1
/ (W +elVu?) de itue H'(9)
Q
+o0o otherwise in L(Q)

Fe(“) = (10)

as a model of concentration on interfaces.

3.1 Minimizers as scaled phase transitions

The key argument in the computation of the I'-limit of (10) is based on the analysis of
optimal sequences close to a limit interface, showing that the transition essentially occurs
on a layer of size of order ¢ and follows a scaled one-dimensional profile in the direction
orthogonal to the interface. The I'-convergence result when the dimension d is equal to 1
consists in the characterization of this optimal profile, while the general case is obtained
by using the structure of the sets of finite perimeter and the one-dimensional result applied
to one-dimensional sections.

In the computations, we assume that W is a continuous function, and that W(z) =0
if and only if z € {0,1}.

Compactness and ['-convergence in one dimension. It is not restrictive to fix 2 =
(0,1). We prove that all sequences {u.} such that F.(u.) < C' < 400 admit a subsequence
strongly converging in L' to some u, and that such u is the characteristic function of a
finite union of intervals.

Let then {u.} be a sequence with equibounded energy. Since we reason up to subse-
quences, we do not change the notation and still use wu..

We first note that the values of u. are in measure close to the set {0, 1}. Indeed, setting
S = sup, Fe(ue), from the bound fol W (u)dx < Se, we deduce that for each n > 0 there
exists a ¢, > 0 such that

{z : Jue(z) = 1 > np 0 {z : Jue(z)] > n}| < epe. (11)

In particular, ¢, can be taken equal to S(min{W(s) : |s—1| > n and |s| > n})~!. Next, we
note that the norms ||u¢||s are equibounded. This can be proven by contradiction. Indeed,
suppose that max u. = u.(x.) tends to +o00. By (11), there exists y. such that u.(y.) = 2.
We may suppose y. < x. and u.(r) > 2 in [y, z.], which implies |z, — y.| < c1e by (11).

Then
(ue(ze) — ue(ys))2 > ([[uelloo — 2)2‘

Te
F.(u 2/ e(u’ 2dx25
6( 5) v (5) ‘xa_ys‘ c1
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This gives the contradiction.

Now, we examine transitions from close to 0 to close to 1. Each such transition will
cross a region where W is bounded from below by a positive constant, say where u. €
(3,3). Consider a transition interval I = (z~,2") such that {u:(z7),uc(z*)} = {},2
and u(z) € (1,2) in (z7,2%). Let now x = min{W(s) : s € (1,2)} and 6 = 2+ —z~. We
estimate

where the last inequality is obtained by optimizing in §. Hence, the number of such
transition intervals is equibounded independently of €.

Now, we fix n € (0, %) and we estimate the energy of each transition between 1 and
1 —n. With fixed ¢, if now I = (27, 2") is a transition interval between n and 1 — n;
that is, such that {uc(z7),us(z)} = {n,1 —n} and u(z) € (n,1 —n) in (z~,z"), we can
apply inequality (12) to some subinterval of (x~,z7"), deducing that the number of such
transition intervals is equibounded independently of € and 7. This argument allows us to
describe some structure of u. by subdividing the domain in a finite number of (disjoint)
transition intervals I;” = (277, 25"") for k € {1,...,N}, with N independent (up
to subsequences) of the parameters, and the complement. For each interval of the form

(™", 23 17), the values of the function u. are either strictly less than 1 — 7 or strictly

larger than n at any point, and the same holds for the boundary intervals (0,27 ") and
(:cf\’,"’Jr, 1). Hence, the complement of the transition set can be again decomposed in a finite

union of intervals Ay"” where u. < 1 — 7 and a finite union of intervals A7 where u. > 7
(see Fig. 9).

A7 A u
/ \ / 1
1-—n
J \ J 7
0
&n L — 7
A If’” I;’n 4 I " x

Figure 9: The decomposition of u. into transition intervals I;” and the complementary
sets Ay", AT

We can then define a sequence of piecewise-constant functions with N discontinuities

by setting
. 677’]
N () = 1 ?f x € A )
0 ifze(0,1)\ A7
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Fig. 10(a) shows u. together with the resulting u*", for the same function pictured in
Fig. 9.

-
e Ue (Ye) =2 Ue

oC h\
|’/

oC

o~
=
Rap!
~

(b)

Figure 10: (a) ue (thin) together with the piecewise-constant u*" (thick, dashed) obtained
from it: an asymmetric {0, 1}-valued projection of wu., agreeing with it up to n outside
the transition intervals IZ’", but set to 0 throughout each I,i’n regardless of the transi-
tion’s direction. (b) A non-monotone competitor, overshooting above the level 2 used in
the equiboundedness argument, and oscillating before settling near a plateau: the same
construction applies unchanged.

Since by (11) the measure of the union of the transition intervals is bounded by cye,
the choice of the value of u*" in this set does not affect the convergence of the sequence.
Up to subsequences, by letting ¢ — 0 and then  — 0 we obtain a limit function u valued
in {0,1} with at most N discontinuities. Moreover,

1
/ [u(2) — ue(@)| da < 1+ [|uel|oocne
0

by (11), so that by the equiboundedness of ||u.||~ we also obtain the convergence u. — u
in L', proving the claimed coerciveness.

To give a meaningful lower bound for the I'-limit, we note that we can estimate the
energy integrated on each transition interval between 7 and 1 — 7 by minimizing over the
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length of the interval, after setting ue(v) = v:(%), as
W ) =
/ <% + 6(ué)2> dx = [C_s (W (ve) + (v))?) dt
T £
> ir%fmin {/ (W) + [V} dt : v(=T) =n,v(T) =1 — 17} =cw +o(1)
-T
as 11 — 0, where
+oo
cw = inf { / (W (v) + |v/|%) dt : t_l}l_n v(t) = O,tl}gl v(t) = 1}. (13)

This minimum problem is referred to as an optimal-profile problem, describing the least-
energy transition from 0 to 1. Note that we have used the fact that W (0) = W (1) =0 to
pass from conditions of the form v(—7") = 0, v(T') = 1 to asymptotic conditions at +oo. If
S(u) denotes the set of discontinuity points of the limit function w, since #S(u) < N, we
then obtain the estimate

I-liminf F.(u) > ew #S(u). (14)

e—0

In order to show that this estimate is sharp, we can use the optimal-profile problem in
order to construct recovery sequences. If u = X (4 4+o00) With zg € (0, 1), for given § > 0 we
choose an admissible test function for the minimum problem in (13) realizing the value cyy
up to an error d, and define

:E—l'o)

us(z) = v(

Then, u. — w and limsup F(u:) < ew + 6. If S(u) = {z;};, the construction can be
e—0

extended by locally using functions of the form v(*=*) and v(*=).
We can then conclude that

£

cw #S(u) if u piecewise constant and u € {0,1} a.e. (15)

e—0 +00 otherwise in L.

I-lim F.(u) = {

The construction of the recovery sequences, obtained by scaling optimal transitions,
shows that the parameter € has a geometric interpretation as the typical size of the intervals
where the energy of minimizers for problems involving F. concentrates. In this sense we
say that the energy is at scale e.

The coefficient ¢y can be expressed directly as

1
= 2/0 /W (s) ds. (16)
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This can be seen as a consequence of the so-called Modica—Mortola trick based on the
simple inequality W (v) + (v/)? > 24/W (v)[v'|, which gives the lower bound

+o0o 1
oW > Qinf{ VW)Yl dt: Tim o(t) =0, Tim o(t) = 1} - 2/0 VW (s) ds,

t—+o00

achieved on increasing functions v, using the change of variable s = v(t). The converse
inequality is obtained by using as a test function a solution of

{v’(t) = VW ((t)

v(0) = 4,

for which W (v) + (v/)? = 24/W(v)|v'| (see Fig. 11; the existence of such a v, with the
correct behaviour as t — 00, is checked in the Appendix to this Chapter).

t wiz) v() ‘
1

(a)

Figure 11: (a) A double-well potential W, with wells at 0 and 1; (b) the corresponding
optimal profile v.

Compactness and I'-convergence in higher dimension. We note that the precom-
pactness of a sequence {u.} with equibounded energy can be directly obtained by using
the Modica—Mortola trick, which gives

Fo(u) > 2/9\/W(u5)\Vu€\dx.

Setting ®(s) = 2 [; /W (7)dr, and v. = ®(u.), we then have the boundedness of v. in
WH1(Q). Hence, up to subsequences, v. converge to some v in L', up to translations. Since,
again by (11), u. converge to {0,1} in measure, we also deduce that v, — {®(0), ®(1)} in
measure. Since ®(0) = 0, the limit of v, is given by ®(1)xg with E a subset of Q. We
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U=XE

Figure 12: The limit set £ C € (so that u. — xg), with the e-neighbourhood of its reduced
boundary 0*FE and the outer normal v used in the blow-up argument below.

then deduce that u. converge in L' to xg since u. = ® !(v.). Finally, we note that the
boundedness of v, in W' implies that E is a set of finite perimeter.

We estimate the I'-liminf by using the Fonseca—Miiller blow-up method, which
essentially consists in interpreting the energy densities as densities of a sequence of weakly
converging measures, and estimating the derivative of the limit measure with respect to
the relevant fixed measure.

In this case, given a sequence {u.} with equibounded energy and converging in L' to a
set E of finite perimeter, the relevant fixed measure is H%~! L *F, and the approximating
sequence of measures is given by

,ua(A):/A<VV(:E)+€|Vu5|2> dz.

We can suppose that p. weakly* converge to a bounded measure pu. For H¢ !-almost all
xo € QN OE, we have that
__dw (zg) = lim 7M( (20)) = lim lim 7%(@;(3:0))
dHI1 L O*FE 0/ = p—0  pd-l C p=0e—0 pd—1 ’

where in the last equality we discard a countable set of p. By a diagonal argument and by
the structure of sets of finite perimeter we may choose p = p. >> ¢ such that

du () = lim Me(QZ(xO))

dHTT L 0°F 2 (17)
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and ue(Y=) converge in LY(QV) to the characteristic function of S¥. We now use a Fubini
argument. To that end, for each y € Q¥ NII¥ we denote vZ(t) = uc(xo + y + tpr) defined

for t € (—%, %) and note that v¢ converge to X(0,1/2) in Ll(—%, %) for almost all y. We then
have
1 c 1/2 Y
" (M +e|Vuel?) do > / / (W(UE) S|ty ?) de amt ).
P JQue) N € Qo Jo12 N E/pp

By the one-dimensional result we have

1/2
lim inf (

W(wg) e 2
- dt > cw;
L, W) dez e

hence, by Fatou’s Lemma, we obtain

1
lim inf dl/ (M + e\waﬁ) do > ew H"HQV NTIY) = ey,
e=0 P QZ(fEO) 9

and conclude the blow-up argument since

lim i(I)lf F.(u:) = lim iglf we(Q) > p(92) > / dn dH1
E—

E— QNO*E d%d_l L 8*E
dp d—1
> ——————cwdH = cwyPer(FE, Q).
= /ma*E dHITL o*E Y wPer(E, Q)
This inequality is obtained by estimating from below the contribution of d-dimensional
transition energies by the corresponding one-dimensional transition energies on sections in

the direction of the normal to E. We now see that this argument is sharp, and allows us
to construct recovery sequences. To that end, for fixed 7', consider a minimizer vy of

min { /_TT(W(U) W) dt: o(=T) = 0,0(T) = 1},

extended to 0 if ¢t < =T and to 1 if ¢t > T. If P is a polyhedron, we then consider the
functions

o) = UT(—dP($7 R P)),

u
€ €

where dp is the signed distance from 0P defined by

ap(2) dist(z,R1\ P) ifz e P
xTr) =
r ~dist(z, P) if 2 € RY\ P.

Then u!" converge to xp, and we have

limsup Fi(ul) < ey Per(P, Q) + o(1)

e—0
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as T — +oo, proving the upper bound if P is a polyhedron. By the density of polyhedral
sets in the family of sets of finite perimeter, the argument is complete.

Summarizing, in the higher-dimensional case we have seen that optimal sequences pro-
duce transition layers at scale ¢ tending to an interface, that follow a one-dimensional
profile in the direction orthogonal to the interface itself.

3.2 Internal and external boundary layers

Singular perturbations can also be considered for problems with boundary conditions; for
example of the form

min{/ol W(u)dt+s2/01 o 2dt : u(0) :zo}. (18)

Consider a continuous non-negative potential W: R — [0, +00), with a single minimum
point Z such that W(Z) = 0. Then the minimizers of (18) converge in measure to the
constant function u(x) =Zz. As a consequence, the domain of the I'-limit F' of

1 1
F.(u) = i/o W (u)dt + E/O |2 dt u(0) = 2o (19)

consists only of the function w. Arguing as for the phase-transition energies, we deduce
that the value of F' on this function is given by the one-sided optimal-transition problem

“+o0o
m(zp) = inf {/0 (W (v) + [v'|?)dt : v(0) = 2zg, v(400) = E}, (20)

and minimizing sequences concentrate on the boundary at scale ¢, their profile following
a scaled boundary layer; that is, u-(x) = v(z/¢) with v a minimizer of (20). Note that
this is a kind of double-well problem, where the well at Z is due to minimization, while the
other zg is imposed by the boundary condition.

The same argument can be used for two-sided boundary conditions, for which the
functionals are

1 1
F(u) = i/o W(u)dt+5/() WAt u(0) = z0,u(1) = 21, (21)

and the value of their I'-limit at @ is m(zo) + m(z1).
This argument can be extended, for example, to the case of problems of the form

1 1 1
min{/ W(u)dt+52/ \u/det:u(O):zo,/ udt =%, (22)
0 0 0

where now Z is not necessarily a minimum. If W is strictly convex and C, then we consider

1

1 1
Fo(u) = 8/0 (W () - W(z) —W’(z)(u—z))dt+€/g Pt
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with the constraints u(0) = zp and fol udt = Z. Note that considering W(u) = W (u) —
W(z) — W'(Z)(u — Z) in place of W (u) only adds a constant to the integrals in (22), and
W has the single minimizer zZ. Hence, again the domain of the I-limit F' of F. is the only
function @, and its value there is

+oo
i z0) :inf{/o (W (v) = W(Z) - W' (@) (0 —2)+ [ [2)dt : v(0) :zo,v(+oo):z}. (23)

In the case of a double-well potential W with minimum 0 attained at 0 and 1, we can
couple this analysis with the analysis of phase transitions. In this case the functionals (21)
I'-converge to the sharp-transition functional

F(u) = ew#S(u) + m(z0,u(01)) +m(z1,u(17)),

where ¢y is given by (13), and m(z,w) is defined for w € {0,1} and z € R by

m(z,w) = inf { /O+OO(W(U) + [v'[})dt : v(0) = z,v(4+00) = w}, (24)

and represents a boundary layer between the boundary value z and the minimum state w.
Note that the minimization of F' is non-local since the behaviour at 0 may influence the
behaviour at 1, and minimizers exhibit both internal and external boundary layers
at scale ¢, as pictured in Fig. 13.

Finally, we briefly remark that one can also consider a problem such as (18) in the
general d-dimensional case. Suppose that €2 is a bounded C?-domain and ¢ : 92 — R is
sufficiently smooth (e.g., the trace of a C'!'-function), and as above W: R — [0, +00), with
a single minimum point Z such that W (z) = 0. Then the I'-limit F of

/W d:c+€/ \Vu|?dx (25)
with constraint u = ¢ on 052 is again finite only on the function @, where
Fw = [ mola)an' (o)
o0
where m is given by (20). In the case of a double-well potential, the additional term on

the boundary depends on the integral of m(¢(x), Tru(z)), where Tru is the trace of u on
o0N.

3.3 Competing effects: concentration and uniformity

We now examine the behaviour of minimum problems

me(N) = min{/ol W(u)dt+€2/01 |u’2dt:/01udt:)\}, (26)
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4 external boundary layer
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Figure 13: A minimizer u. with two internal jumps and boundary values zg, z1 not equal
to 0 or 1. Near z = 0 and x = 1, external boundary layers of width O(e) connect zp and z;
to the nearest well; the two internal jumps are realized, as in Figs. 9-10, by optimal-profile
transitions between 0 and 1.

with respect to the parameter A in the case of a double-well potential W with minimum
0 achieved at 0 and 1, and such that W**(z) = W(z) for z € (0,1). The I'-limit analysis
gives

o for A ¢ (0,1) we have m.(\) = W(A);

e for A\ € (0,1) we have m.(\) = ecw + o(e).

For € > 0 fixed, the function m, is discontinuous at 0 and 1 (Fig. 14). This is in contrast
with the definition of m. in (26).

Actually, the sharp-discontinuity energy must be compared with the energy of a uniform
minimizer, which is W(X): for A close to 0, say, concentrating the mass A on a single internal
transition costs = ecyy, independently of A, while spreading it uniformly, with u = A, costs
W (), which is small precisely when A is small (Fig. 15).

Hence, restricting our analysis to A € [0, 1] for simplicity, a better description of m, is

me(A) = min{W(X),ecw } + o(e),

or, if W is twice differentiable at 0 and 1,
: 1 " 2 1 " 2
me(A) = min { SW(0)A%, SW(1)(1 = N, cew | +ofe), (27)

whose graph, continuous this time, is pictured in Fig. 16.
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me(A)

o
—
>

Figure 14: The graph of m.(\) suggested by the two bullets above, for ¢ > 0 fixed: it
jumps from 0, attained at A = 0, 1, up to ecy as soon as A enters (0, 1), and back down to
Oat A=1.

Fs(u) N Eecw

=

\w\ concentration

equi-distribution

Figure 15: The two competing constructions realizing a small mean value A = ¢: concen-
tration (a single internal transition, of energy ~ ecyy regardless of ¢) and equi-distribution
(u = ¢, of energy W(c) ~ sW”(0)c?). Whichever is smaller determines m.(A) near A = 0,
and symmetrically near A = 1.
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me(A)

! /j

1 A

Figure 16: The continuous graph of m.(\) given by (27): equi-distribution wins close to 0
and 1, concentration (the plateau at ecyy) wins away from them.

This description is sharp, in the sense that the functionals depending on two parameters
e and A

1 1 1 1
Fo\(u) = / W (u)dt + z-:/ |u/|?dt with the constraint / udt =\
€Jo 0 0

I-converge as (¢,A) — (0,0) to the functional finite only for w = 0, on which its value is
equal to min {%W”(O))\Q, ECw}, and analogously for (¢,\) — (0, 1), while if (¢, A) — (0, Ag)
with A\g € (0,1) it converges to the usual sharp phase-transition functional. Then equality
(27) can be obtained by a Weierstrass theorem along the sequence F; ).

3.4 Appendix: relevant tools of Chapter 3

References. The variational, I'-convergence formulation of the Van der Waals—Cahn—
Hilliard theory of phase transitions is due to Modica and Mortola [14], who first proved
the one-dimensional case of the I'-convergence result (15); the higher-dimensional case,
together with the identification of the sharp-interface limit with the minimal-interface
criterion conjectured by Van der Waals, is due to Modica [15]. The blow-up method used
above to prove the I'-liminf inequality in dimension d > 1 is due to Fonseca and Miller
[16]; the general, pedagogically-oriented account on which the summary below is modeled
is given by Braides, Maslennikov and Sigalotti [17]. For the systematic theory of sets of
finite perimeter, only briefly touched upon in Section 2.3, we refer again to Ambrosio,
Fusco and Pallara [10] or to Maggi [11].
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Sets of finite perimeter: the structure theorem. Recall that a measurable set F C
R? has finite perimeter in € if the distributional gradient Dy g of its characteristic function
is a (vector-valued) Radon measure on €2 with finite total variation, this total variation
being by definition Per(FE; ). De Giorgi’s structure theorem (see e.g. [10, Theorem 3.59]
or [11, Chapter 15]) asserts that

Dxg=vH" L OE,

where 0*F is the reduced boundary of F; that is, the set of points = at which the
blow-ups (E — z)/p converge, as p — 07, to the half-space {y : y - v(z) < 0} for some unit
vector v(x) (the generalized outer normal). In particular,

Per(E;Q) = HIH QN O*E).

The reduced boundary 9*FE coincides with the classical boundary OF when E is smooth,
but for a general set of finite perimeter it is a proper, H? !-measurable, subset of JE.
It is exactly on Q N 0*FE that the blow-up argument used above applies: by definition of
reduced boundary, H? !-almost every o € 0*E is a point at which E has an asymptotically
flat (half-space) blow-up, which is what allows the d-dimensional transition energy to be
estimated, on sections through z( in the direction v(xg), by the one-dimensional optimal-
profile problem.

Existence of the optimal profile. In the computation of ¢y above it is implicitly used
that the infimum in (13) is attained, by the increasing solution of v/ = /W (v), v(0) = 3,
pictured in Fig. 11(b). We check that this is always the case, for an arbitrary continuous
W:R — [0,400) with W(z) = 0 if and only if z € {0,1} (no further regularity of W is
needed).

Proposition 3.1. The infimum cw in (13) is a minimum.

Proof. Since W is continuous and strictly positive on (0, 1), the function

z ds
g(z)—/l/2 W, z € (0,1),

is well defined, of class C', and strictly increasing, hence a bijection of (0, 1) onto an interval
(t7,tT) with —oco <t~ <0 < tT < +o0. Let vg = g~ 1: (t7,t7) — (0,1) be its inverse;
then vy is strictly increasing, vo(0) = 3, and, differentiating the identity g(vo(t)) = t,

vy (t) = VW (vo(t)) for every t € (t—,t7).

Define v: R — [0,1] by v = vp on (¢7,t"), and v(t) =0 for t < ¢, v(t) =1 for t > ¢+
(only relevant if t~ > —oo, respectively t < +o0c). Then v is continuous, non-decreasing,

41



locally absolutely continuous on R, with v(—o0) = 0 and v(4+o00) = 1; that is, v is an

admissible test functlon for Slnce v = 0 a.e. on {v € {0,1}}, where also W(v) =
using W (v) = 2y/W(v)v on (t7,t") (an equality, since there v/ = /W (v)) and
the change of varlable s = U(t) we get
+o00 tt 1
/ (W (v) + [v']?) / 2/ W (v)v' dt = / VW (s)ds,
—o0 t—
which equals ¢y by (16). Hence v is a minimizer. O

Remark 3.2. If f1/2 W(s))~'/2ds = fll/Q(W(s))_l/st = +oo — as is the case, for in-
stance, whenever W is 02 with W”(0) > 0 and W”(1) > 0, i.e. W vanishes to second order
at the two wells — then t* = 400, and the minimizer v constructed above coincides with
vo on all of R, exactly as pictured in Fig. 11(b). If instead W vanishes to first order at
(say) 0 — a case compatible with the mere continuity assumed here, e.g. W(z) ~ cz as
z — 07 — then t~ > —o0: the increasing solution of the ODE reaches the value 0 in finite
(reversed) time, and the minimizer constructed above is the one obtained by extension
with the constant value 0. In both cases ¢y is attained, with no change in its value.

The blow-up method. We summarize, in the abstract form of Fonseca and Miiller [16]
(see also [17] for a general exposition, on which the scheme below is modeled), the blow-up
technique used above to prove the I'-liminf inequality in dimension d > 1. The method
applies whenever functionals F; can be written as set functions, Fj(u) = u;(2), for set
functions p; defined on the open subsets of Q (here, Fj = F. and p-(A) = [,(e7"W(uc) +
g|Vue|?) dr), and consists of the following steps.

Step 1. Extract a subsequence along which the p; weakly* converge, as (equibounded) mea-
sures, to some finite measure p on ; fix a reference positive measure A, suited
to the target function ug = lim;ju; (here, A\ = HI™1 L (Q N 0*E)), and write the
Radon—Nikodym decomposition u = fl—f\‘)\ + p®.

Step 2. At a A-a.e. point xq (here, H? l-a.e. 9 € QNO*E), use the differentiation theorem for
measures to express %‘(wo) as a limit of ratios pu(D,(x0))/A(Dp(r0)) over a suitable
family of shrinking sets D,(zo) (here, cubes Q) (xo) with a face orthogonal to v =

v(xo)).

Step 3 (blow-up). By a diagonal argument, choose p = p; — 0, with p; > ¢, such that 4 Klxg) =
limj (D, (20))/A(Dp,;(w0)). The rescaled functions converge to a model profile vy
determined only by wug and zy (here, vg = xgv, by the very definition of reduced
boundary).
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Step 4 (local estimate). Minimize the rescaled energy among competitors agreeing with vy on 0D, reducing
the local ratio to a minimum problem, independent of j in the limit (a homogenization
formula in general; here, by a Fubini argument on the one-dimensional sections in
the direction v and the one-dimensional result of this section, the relevant minimum
problem gives exactly cyy).

Step 5 (global estimate). Integrate the local lower bound over zy with respect to A, to obtain u(2) > [ %f d,
and conclude since liminf; Fj(u;) > () (here, u(2) > cw Per(E;Q)).

This is precisely the scheme followed, with the choices indicated above, in the proof of the
[-liminf inequality in the higher-dimensional case.

4 Concentration on singularities

The analysis of Van der Waals interactions with Dirichlet data shows that imposed bound-
ary conditions may result in the appearance of an external boundary layer at the scale €.
This then affects the limit through a contribution concentrated on the boundary, which is,
in that case, a (d — 1)-dimensional set. Starting from this observation, in a sense we can
revert the argument and impose boundary conditions on e-dependent sets that allow for
concentration effects on different types of sets, not necessarily limited to the boundary.

To explain how the choice of these e-dependent sets is reflected in the scale of the
corresponding minima, and then in the limit, we look at a prototypical minimum problem,
whose asymptotic behaviour can be explicitly computed. We consider p > 1 and the
minimum problem in WP (Bp \ B.) given by

min{/ |VulP dz : uw =z on 0Br and v = 0 on 835},
Br\Be

where B, C R is the open ball of radius 7 centered at 0, z € R and p > 1. The minimizer
ue, computed from the Fuler-Lagrange equation, is given by
p—d p—d

o] — 5

us () = 2 p—d p—d

Rpr=1 —gp-1
if p # d, and by

(z) log |z| — loge

Ue(x) = z2————

c log R — loge

in the case p = d. Note that, if p < d, then u. tends to the constant function z; if p > d,

(28)

p—d
on the contrary, the limit of u. is the function z’%!l’—l (see Fig. 17, where z = 1).
The corresponding minimum values are

—d —d -
deZIp(f.f%;(Rﬁfl - Egj» " itp£d
wg|z|P(log R — loge)1~¢ it p=d,
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Figure 17: Radial profiles of the minimizers u., with z = 1, extended by 0 in B, for

e = 0.2, 0.05, 0.01, 0.002 (dotted, dash-dotted, dashed and solid line, respectively) and

d=3,p=2(p<d),d=p=2 (formula (28)),d =2, p =3 (p > d). The thin gray line is
d

the pointwise limit: the constant 1 if p < d, and ]m/R|§%1 if p>d.

and therefore they tend to 0 if p < d.

In order to explain the singular behaviour for p < d, for each fixed p we can embed all
minimum problems in the common space WP (Bg), independent of €, by extending all test
functions to 0 in B.. Since the condition u = 0 is imposed on a set shrinking to a point, this
corresponds to considering as € tends to 0 a minimum problem with the condition u(0) = 0,
which can be neglected if p < d. The precise computation of the minima m,. allows one to
focus on the effects of the perturbation; that is, on the relevant e-dependent terms in the
approximation. We note that the minimum is positively homogeneous of degree p in z, so
that, after the change of variables x = ey, it equals

|2P=4P min {/B - [VulPdy : u=1 on dBp/. and u =0 on 531}, (29)
R/e\P1

where u € Wl’p(BR/E \ Bi). This last minimum is the so-called p-capacity of B; in Brye-

If p < d, these minima decreasingly converge to the strictly positive value
min {/ \VulP dy : w € WYP(R?) with u = 1 on Bl} =: Capp(Bl;Rd),
R4

the p-capacity of By in R, Then, the energy effect of the perturbation of the boundary is at
a scale €?7P, and it is concentrated on the point z = 0, in the sense that it does not depend
on R. The minimizers of the problem m. are approximately described as u.(z) = v(%),
where v is the solution of the minimum problem giving Cap,,(B; RY).

If p = d, the problems are scale-invariant; that is, the values are the same after the
change of variables, and the information is carried by the capacitary term, depending on
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log (g) This highlights that, contrary to the case p < d, we may have a dependence on R
even if R >> . In this sense, the effect of ¢ is still singular, but it is not concentrated at
a point.

For our purposes, this example is prototypical in two directions.

e Choice of the boundaries where Dirichlet conditions are imposed, and of their scales,
to recover asymptotic effects of order 1, competing with the integral term.

e Analysis of scale-invariant minimum problems at a scale where the arising singu-
larities drive the behaviour of minimizers. In this case, a vectorial setting allows
us to substitute Dirichlet boundary conditions on shrinking sets with compatibility
requirements of topological nature.

4.1 Strange terms

As suggested by the described example, we generalize the e-dependent domain Bg \ B: by
considering a general set ()., on part of whose boundary, corresponding to dB., we can
impose homogeneous Dirichlet boundary conditions. In order to give a heuristic argument
of how we can choose these boundaries to produce a limit effect of order 1, we can consider
them as composed of a union of disjoint (d — 1)-dimensional spheres with a common radius
€. By suitably increasing the number of these sets as ¢ — 0, the overall limit energy
concentrating on the centers of the spheres can be chosen to be of order 1.

Periodic arrays of boundaries. As a first example, we consider a fixed bounded open
set © C R? and define Q. as the set obtained by removing from  an array of closed balls
of radius ¢ centered at the points in the cubic lattice 6Z% N Q. The Dirichlet boundary
condition v = 0 is imposed on the union of the boundaries of these balls. Since the
number of such balls is proportional to ¢, by recalling the prototypical example (hence,
in particular, with p < d) we expect a contribution of order 1 if e¥~P§~¢ is of order 1. This
suggests choosing the scale § such that § ~ S

With the choice 6. = ed;dp, we then consider the functionals F.: W1P(Q) — [0, +o0]
defined by

F.(u) = / VulPdz if u=0in | B.(6:k)
@ kezd
and F.(u) = +oo otherwise in W1P(Q). For simplicity, we do not impose boundary con-
ditions on the remaining part of 9€) since it may intersect the boundary of the balls, thus
they may be in contrast with the given homogeneous Dirichlet conditions. This choice
makes the minimum problems for F. trivial, so, to have a relevant application of the study
of the asymptotic behaviour of F., we can for instance think of minimum problems of the
form
min {/ (IVu(@)]P — g(z)u(x)) dz : w=0 in U Bg(égk)},
Q

kezd
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where g € LP (). Note that the addition of the last term is compatible with the I'-
convergence of Fy since it is continuous with respect to the strong LP-convergence.

To heuristically understand the form of the I'-limit of F. (with respect to the strong
LP-convergence), we first assume that the sequence {u.} converges to a continuous u, and
suppose that u. = u(kd.) on the boundary of each scaled ball with center d.k and radius
T0. for a small enough fixed T. By applying the previous considerations for the case of
one single ball, we obtain a global contribution of

Cap,(BiRY) S 6lju(ké.)? = Cap,(Bi; RY) / [l de + o(1).
06ckESZANQY Q

Noting that the constant extensions of w. to each ball B.(kd:) with the corresponding
constant value still converge to the same wu, by the lower semicontinuity of the gradient
part (which contributes outside the perforations), we can conjecture an expression of the
form

F(u):/ |Vu|pd:c—|-Capp(Bl;]Rd)/ |ulP dx.
Q Q

for the I-limit of F. on the whole space WP(Q). The additional lower order term appearing
in the I'-limit has been poetically called a strange term coming from nowhere, or more
philologically un terme étrange venu d’ailleur.

(a)

| 0B5 4(5:k)
| B.(6:k), u=0
| 0B; ,+(d:k)

Figure 18: The geometry of the periodic array of perforations for d = 2. (a) The balls
B.(6-k), where u = 0, are centred at the points of the lattice 6.Z%N€; the radius ¢ is much
smaller than the period d.. (b) A single cell Q¥ of side 6.: the ball B.(d.k) (black), the
sphere 0Bjs_ . (0:k) with r¥ € (0,1) (dashed), on which u. is compared with a constant in
the lower bound, and the sphere 9B;_4(0:k) (dotted).

We prove the lower estimate for the I-limit of F. by making this heuristic argument
rigorous; the geometry is pictured in Fig. 18. If u. — wu, we can suppose that
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(i) for any k € Z? there exist r¥ € (0,1) and a constant u.j such that u. = u. on
0B;_k(dck) in the sense of traces;

(ii) hrn 5d Z ]usk]p—/ |ulP dx.

kezd
This follows by a changing of boundary data argument applied on each suitable sphere
0B;_.x(6ck), taking into account that the distance of u. from a constant can be controlled
by a Poincaré-type inequality on sets at a scale d.. The details of this argument are given in
the Appendix to this chapter, since they are of independent interest and will often be used
in asymptotic problems involving Dirichlet conditions. Setting P = Q\ Uycza B,k (0:k),
the lower estimate can be written as

liminf F.(u;) > lim inf/ |Vue|P dx +hm 1nf Z / |Vue|P dz
e—0 e—0 (6:k)
QkcO B, ’“
> hm mf/ |VuelP do + hm mf Z min / ]Vfu]p dxr :v=01in Ba(éek)}
QEca

v

hmlnf/ |Vwe|P dz + l1m1nf Z 6% ue k[P Cap,(B1; R%),
QFcCQ
where w. equals u. on P and the constant u. j in each ball Bésrif (0ck). Note that w. — u
in W1P(Q); hence, we can pass to the limit by using the lower semicontinuity of the first
integral term, and by condition (ii), concluding the proof of the lower bound.
To prove the upper estimate, we fix u € C1(2) and n > 0. Let T > 0 and ¢ € WP (Br)
be a test function such that

/B IVl? dz < (14 n)Cap,(B1; R?)
T
with ¢ =1 on 9Br and ¢ = 0 in B;. We define ¢, by setting
— 0k
ve(x) = gp(x £ ) in Bep(ock),

and . = 1 outside the union of such balls. Choosing u. = up. (see Fig. 19), on each ball
we can estimate

/ VuelP dz < / [Vupe +uV el de
5T(5E ) sT(6sk)

C
< / |Vu|pd1:+(1+n)/ [uV e |P dx
eT 66 sT(6sk)
C
< Cedpdigulr 1 (14 n)ulo.k) + w(sT)]p/ Voo, P da
T] BsT((ssk)

C
< gsd:rduvungo + (14 1)?|u(6:k) + w(eT)[PePCap,(B1; RY),
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Ue = U Pe

5.k \
>
e

ue =0 1n B.(d:k)

Figure 19: A section, along a line through the centres of a row of balls, of the recovery
sequence u. = up. for a non-constant function u (gray): u. coincides with v away from the
balls, vanishes in each B.(d:k), and in between follows the capacitary potential ¢, rescaled
at scale ¢ around each centre. The ratio £/ is exaggerated.

where w is the modulus of continuity of u. By summing up over k, we then obtain
Cyre

F(u) < / [Vl do+ = (+

Q n \de

(1 P do -+ o)) Cap, (B R

d
) TVl

Since € = 0(d;), the upper estimate follows by the arbitrariness of n > 0. We extend the
result to a general u € WHP(Q) by density. The recovery sequence highlights concentration
at scale ¢, averaged at scale ¢(¢—1)/d.

Concentration “at all e-scales”. We now go back to the case p = d, where the be-
haviour is singular. In particular, the power of ¢ disappears in (29). Plugging the solution
ue described in (28) in (29), we then obtain

min { / ~ |Vul%dy:u=1o0n OBpj. and u = 0 on aBl} = wyl|log(R/e)|™¢,  (30)
BR/E\Bl

where wy = H41(S91) is the d — 1-dimensional measure of the unit sphere in R% and
results from integration in polar coordinates.

We can repeat the arguments in the previous case p < d looking for a period § >> ¢
for a periodic arrangement of balls of radius € where to impose 0 boundary conditions.
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Using the computation (29) with R = /4, so that the contribution of the balls can be
decoupled, the resulting relation is 6¢ = |log(6/4¢)|'~?. Neglecting the asymptotically
negligible contributions, we can choose

J= \logs\l%dd.

We do not repeat the computation of the I'-limit, which gives an analogous result with the
“strange term” fQ lu|?dx. As far as scales are concerned, we note that recovery sequences
for a function u are constructed of the form ., with ¢.: R? — [0, 1] §-periodic, and

_log|z| —loge

Pe() Al (31)

~ logcd —loge
on [0,1]%, where ¢ > 0 is a small constant. The relevant scaling property of such a function
is that for all 0 < oo < 8 < 1 we have

6(1
| log e[ / Vil ~ walf - o)
E

that is, the energy at scales between €7 and ¢* is a given portion of the total energy
concentrating at the perforation. Hence, we may say that the energy concentrates at all

scales ¢ around the perforation, modulated at scale ]logs\%.

4.2 Topological singularities

In order to introduce a different way in which singularities may arise, and the relevant
corresponding scales, we return to problems of the form

min { /Q (W(u) + 52|Vu]2) dx :u= ¢ on 89}, (32)

where w € H'(Q). If W has a unique minimum point, the minimizers of these problems
converge to a constant function possibly developing external boundary layers. In this
chapter, a similar behaviour is that of minimizers of singular capacitary problems, which
again converge to a constant function, given by an imposed Dirichlet datum, except for a
boundary layer concentrated at a singularity.

We now consider a case in which the boundary datum ¢ pointwise minimizes W but
forces a singularity in §2 similar to that in the capacitary problem. For such a phenomenon
to be possible, we have to consider a vectorial setting; that is, in the simplest case, €2
is a bounded and simply connected domain in R? and v € H'(Q;R?), with the function
W:R? = R attaining its minimum on the set S'. We fix, for simplicity,

W () = (Juf® - 1)?.

49



We choose a smooth function : 9Q — S! as a boundary datum, and consider the minimum
problem in (32). To briefly explain the topological nature of the problem, we first assume
that a minimizing sequence exists such that it converges to a continuous u such that
W (u) = 0 pointwise and the boundary condition is satisfied. Then, u € C°(Q; S!), which
is possible only if the degree of u (that is, of the datum ¢) on the boundary of €2 is 0, since
Q) is simply connected. We recall that, loosely speaking, the degree is the number of times
u winds around S!. Writing ¢ in complex notation as () = ¢®(@)  the degree is given by

where 7 parameterizes 9€2. The degree on a closed curve v C € can in general be defined
in a similar way for functions belonging to H'(£2; S'); if Q is not simply connected, the
degree may be a non-zero integer.

Ginzburg-Landau functionals. We consider the energy
F.(u) = /((]u|2 —1)? 4 4| Vu|))dz
Q

defined on u € H'(Q;R?). The pointwise limit of F. as ¢ — 0 is equal to [,,(|u[* — 1)dz,
which is minimized by all functions in H'(£2;S%).

The similarity with the van der Waals model may suggest scaling the energies by some
e with a < 2. We can check that the I-limit (for example in the sense of the L2-
convergence) of such scaled energies is trivial. To that end, choose z1, 29 € S! and u(x) =
u(z1) = 21 + (22 — 21)X(0,400) (71); that is, a function with an interface in the hyperplane
{x1 = 0}, which we suppose intersects Q. If in complex notation z; = €' and 2z, = €%,
for § > 0 we define

us(z) = exp(i(61 + z1(62 — 61)/6) for z1 € (0,6),
and ug(z) = u(z) otherwise. Since u(z) € S* for all x, we then have

1 62—()c
—F.(u5) =

a2
= — 02— 01,

Choosing § = 6. >> 2%, we get that the I'-limit on such u is trivial. The same argu-
ment shows that it is zero on all piecewise-constant functions in L>°(£; S1), and then by
density on the whole L°°(£2; S1). On the other hand, dividing by &? trivially gives that
the functionals are equi-coercive with respect to the weak convergence in H' and strong
convergence in L?, and their I-limit has domain H'(€2; S1), where it is simply [, |Vu|*dz.
Hence, also this scaling has a trivial effect.
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In order to highlight a non-trivial scaling we consider u(z) = x/|z| as a target function,
and a sequence u. — u in Hl (B, \ {0};R?), such that there exists a ball of radius 28 with

loc
|ue| = u(z) in B, \ Bgs and u. = 0 on Bs. Such a u. can be constructed explicitly as

= ((5-1)" ), 5

() (b)
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Figure 20: A vortex: the function u. in (33). (a) The vector field . in the plane: it vanishes
in Bs (dashed circle), and has modulus 1 and points radially outwards, u. = x/|z|, outside
Bss (dotted circle). (b) The modulus |u.| as a function of |z|.

Then we estimate
1
F.(ug) ~ / (Jue)® — 1)%dz + £ sdr + 52/ \Vu|?dz.
Bas Bgs B1\Bs

Noting that |Vu|? = 1/|z|?, we see that this term is of order 62 + &2 + £2|log 6|, which is
minimized when ¢ is of order .
This scaling gives the Ginzburg-Landau functionals at the vortex scale,

1 1
FGL _ 2_12d / 2d
) = o (=1 et o [ Vuas,

whose I'-limit must be understood in an appropriate sense. Without entering into details,
this limit is computed with respect to a convergence u. — u, where p is a measure of the
form

N
= Z djoy, (vortex measure),
j=1
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and d; € Z can be understood as the degree of a limit function at x;. This convergence
may be defined as the convergence of the Jacobian determinants of u. in the dual space of
Lipschitz functions (flat sense). The limit is then the vortex energy

N
F () =my |ds|-
j=1

As far as scales are concerned, we remark that the recovery sequences, constructed as
in (33), can be compared with those for perforated domains in the critical scaling (31),
showing again concentration at all scales £ around the vortices.

4.3 Appendix: relevant tools of Chapter 4

References. The “strange term coming from nowhere” of Section 4.1 is due to Cioranescu
and Murat [18]; for the general theory of p-capacity we refer to the monograph of Heinonen,
Kilpeldinen and Martio [19]. The study of Ginzburg-Landau functionals at the vortex scale
originates with the book of Bethuel, Brezis and Hélein [20]; the sharp lower bounds from
which the vortex energy is derived are due to Sandier [21] and Jerrard [22], while the full
I'-convergence result stated without proof above, with convergence of the Jacobians to the
vortex measure, is due to Alberti, Baldo and Orlandi [23].

Changing of boundary data. In the analysis of asymptotic problems a recurring is-
sue is that of matching given boundary conditions. This occurs when Dirichlet data are
assigned on a portion of the boundary of the domain, and also when test functions for
asymptotic formulas have to satisfy a prescribed condition on some auxiliary set, such as
the spheres 0Bs_,x(d-k) used in the capacitary formula of Section 4.1. While in phase-
transition problems imposing a boundary datum results in a nontrivial additional term (an
external boundary layer, as discussed in the previous chapter), for functionals of p-growth
in Sobolev spaces the same constraint is compatible with I'-convergence: recovery sequences
can always be modified to satisfy a prescribed boundary datum at an asymptotically van-
ishing extra cost. We prove this fact by a quick slicing argument, due to De Giorgi: the
near-boundary region is divided into N disjoint zones, and, by the pigeonhole principle,
at least one of them carries an energy no larger than 1/N-th of the total; interpolating
between the given sequence and the target datum only across that (thin, low-energy) zone
changes the energy by an amount that vanishes as N — oo.

Lemma 4.1. Let p > 1, let A be a bounded open subset of R?, S C OA a hypersurface, and
p > 0 such that the collar A, = {x € A : dist(x,S) < p} is well defined. Let v € WIP(A,)
and let {uc} C WIP(A,) be such that u. — v in LP(A,) and

M := sup/ \Vua\pd:v+/ |VolP de < +o0.
Ap

€ p
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Then there exists a sequence {w.} C WYP(A,) such that w. = v on S in the sense of
traces, we — v in LP(A,), and

limsup/ |Vwe|P dz < limsup/ |Vue|P de.
A, A,

e—0 e—0

Proof. Fix N € N and partition A, into N consecutive thin sub-collars Si, ..., Sy of width
p/N, labelled so that S; is adjacent to S. For every e, since

N
Z/ (Yl + [VolP) dz < M,
j=1"5i

the pigeonhole principle gives an index j. € {1,..., N} with

M
/ (VP + Vo) dz < L.
ie N
Let 7. be the Lipschitz cut-off equal to 1 on S1U---US;, 1, equal to 0 on Sj, 41 U---USN,
and affine in dist(-,.S) on Sj. (so that |[Vn.| < N/p there), and set w¥ = n.v + (1 — n)ue.

Then w = v on S and wY = u. on Sj. 41 U---U Sy, while on S,

N CM N
[ overpar<c [ qvarverdeeo(S) [ uopde < SEe0(T) [ uop ds,
S, Sjg p Ap N P AP

J

Since u: — v in LP(A,), for N fixed the last term vanishes as ¢ — 0, and w) — v in

LP(A,) (being equal to v on part of the collar and to u. — v on the rest); hence

M
limsup/ IVl P dx < Iimsup/ |VuelP do + CT
Ap

e—0 e—0 o

Choosing, by a standard diagonal argument, N = N, — oo slowly enough as ¢ — 0 and
setting w. = wév =, all the stated properties hold for the single sequence {w;}. ]

Dirichlet conditions on periodic perforations. We now complete the lower-bound
proof of Section 4.1, where §. = 5% is the period of the lattice of balls. Finding, around
each ball B.(d.k), a sphere on which u. is close to a constant requires, in addition to
Lemma 4.1, a control of the oscillation of w.: this is provided by the Poincaré inequality,
applied to a dyadic family of annuli around 6.k, each of radius comparable to its own
thickness.
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Proposition 4.2. Let Q C RY be open and bounded, let p € (1,d), and let {u.} C WP(Q)
be such that uz = 0 in Jyeza B=(6:k), ue — u in W(Q), and F.(us) = [ |[Vuc|P dz < C.
Then, for every n > 0, there exists {vl} C WHP(Q) such that

(i) vl = u in WHP(Q);

)

(i) Fe(vd) < (1+n)Fe(ue);
(iii) for every k € Z% there exist r¥ € (0, %) and a constant U;’yk such that vl = Ug,k on

OB; .k (0:k) in the sense of traces;
. . d
() T o? 3 o, = [ jup o
kezd
In particular, replacing ue by ve and lettingn — 0 along a diagonal sequence gives properties

(i)-(ii) assumed in Section 4.1.

Proof. Fix k € Z% and consider, around 6.k, the dyadic family of circular coronas
CJ((SEI’C) == B217j55/4((55]€) \ B27j55/4(55k3), j - ]., e ,N,

each with radius of the same order as its own thickness, where N > 1/n is a fixed integer
depending only on n (we take only N coronas). Since the C;(d:k) are pairwise disjoint
subsets of Bs_/4(0ck),

N
Z/ \Vua\pdxg/ \Vue|P do =: MF,
= Joje.n) Bs, /4(5:k)

so that, by the averaging argument of De Giorgi (the most convenient corona carries at
most + of the total), there exists an index j* € {1,..., N} such that ijk(ésk) |Vu|P de <

%Mf < nMPF. The Poincaré inequality on ng(dak), rescaled to the fixed reference corona
By \ Bj, controls the oscillation of u. on the spheres crossing this corona by

osc Uy < 0(2_]’?55)17% </

C 1 (3ck)
>

d
P

1/ _
Vel de) " < Cy 6”0 (M),

where C, = c2NGY depends only on 7 (here p < d and j* < N), and in particular
not on ¢ and k. Setting ¥ = 2792 ¢ (0, £1 € (0,9), let vl be the average of u. on
0B;, .k (dck): the estimate above shows that u. is, up to an n-controlled, LP-small error,
already equal to this constant on the sphere. Applying Lemma 4.1 on the corona ng (0ck),

with S = 0Bs_,1(0ck) and target value v = v, replaces u. by a function equal to v,
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exactly on S, at an extra cost of the order of nM, f, since the corona carrying the transition
was chosen, by the averaging argument above, to hold only a fraction 7 of the local energy
MPE. Performing this replacement independently on each (pairwise disjoint) ball By, j4(6:k),
and leaving u. unchanged elsewhere, defines vZ, with

Fe(v?) < Fe(ue) + CUZMsk < (1 +Cn)Fe(ue),
k

which gives (ii) up to renaming 7. Properties (i) and (iii) hold by construction, and (iv)
follows from w. — w in LP(Q) together with the smallness of the oscillation of u. on the
spheres OB;_x (0:k): by the estimate above, 6¢ 3", osc? < Cy 68 Y, MF < €y 6 Fe(ue) — 0,
which identifies the constants ’Ug’k, in the limit, with the local averages of w. ]

5 Concentration on free discontinuities

We now consider a class of problems where the main variable is the set of discontinuity
points S(u) of some function u. In order to detect such a set it is convenient to use some
small scale of approximation, in which the set is substituted by some other variable or
corresponds to a feature of the approximating sequence.

5.1 A phase-field approach to free-discontinuity problems

We consider a simple one-dimensional approximation problem, with the target functional

/l /|2 dt if ue H'(-1,1)
F(u) = oy (34)
/ WPt +1 if e HY(=1,0)U (0,1)) and u(0-) # u(0*);
~1

that is, we want to “detect” whether u, elsewhere H', has a jump or not at 0, by approx-
imation with elliptic functionals. The function v’ in the second formula is considered as
an L? function defined piecewise. Note that F is not a convex functional; hence, it cannot
be approximated by functionals of the form f_ll a-(x)[u'|?dt, which are convex. The idea
to overcome this difficulty is to introduce a new variable v which concentrates at 0 and
is of “phase-transition type”, for which the convexity restriction does not hold. Such an
approach is usually called a phase-field approach to the treatment of discontinuity. The
functionals we introduce are of the form

1 1 1_,0)2
F _ 21 12dt / ( "2\ gt
(u,v) /_11; |u'|“dt + _1< i + €| )d,

defined on pairs of functions u,v € H'(—1,1) such that v(t) = 1 if [t| > /. Note that
this functional is separately convex (even quadratic) in both its variables.
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Consider a sequence u., v. with F.(us,v.) < S < +00 and ue — v in L?(—1,1). Then,
up to subsequences, we have u. — u in H'((—1,0) U (0,1)). Note that

lim inf

/ |u;|2dt>nminf/ |u;|2dt>/ o Pt
=0 J(—1,)\(-VEVE) =0 J(=1,)\(~4.0) (=1L,)\(~4.6)

for all 9 > 0, so that the inequality

lim inf

/ |u;|2dt2/ |2 dt (35)
e—0
(71,1)\(7\/&\/5) (7171)

always holds by the arbitrariness of §.

If . > ¢ > 0 on (—1,1) then, up to subsequences, u. — u in H'(—1,1), and the
lower inequality is achieved. Conversely, if, up to subsequences, there exist t. such that
ve(tz) — 0, then we have

_ 2
/ (M + E\U;P)dt > / (1 — v.)|ol|dt
(—vEwve) N 4e (

7\/5,\/5)

1
> <’/ (1—v€)v;dt‘+’/ (1—v5)v;dt’> :2/ (1= s)ds =1+ o(1).
(—/este) (te,V/E) Ve (te)

In the terminology that we have used in the previous chapters, these contributions are
given by two boundary layers connecting points where v, is almost 0 and 1, respectively.
The presence of the first point is ensured by the necessity of having a discontinuity in
the limit. The second is ensured by the vanishing of the contribution of the “single-well
potential” (1 — v)2. Gathering the estimate just obtained and (35), we then have, in this
second case,

E—

lim inf F_(u, ve) > / |/ |*dt 4 1.
0 (-1,1)

Since in the first case u € H'(—1,1) and the liminf is at least f(—LI) |u’|?dt, in both cases
we have liminf._,o F(ue,ve) > F(u).

We now fix u € H'((—1,0) U (0,1)) (the case u € H'(—1,1) being trivial with u. = u
and v, = v = 1), and a parameter 7. > 0 with 1. = o(¢) (for instance, 7. = £2). We define
the recovery sequences as follows

u(t) = u(t +ne) ift < —ne
0F) — u(0~
w(07)+ OOy i g <

£
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and
if |t| > /e
0 if |t] < ne

Ve(t) =
() 1 — e—3=(Itl=ne) ;
if [t] € e, V€|,
et S AL L UG
as pictured in Fig. 21.
(@) . (b)
1
Ve
T T > T T > 1
1| e —Ve 7| 7 Ve

Figure 21: The recovery sequence: (a) a function u with a jump at 0 (gray, dashed) and the
corresponding u., which is a translation of u outside (—7., ) and is affine in this interval;
(b) the function v, which vanishes in (—n.,7.), is equal to 1 for |t| > /e, and connects
the two values in two boundary layers at scale € at £n.. The scales (7. < £ < /€) are
not respected.

The function w, is the translation of u by 7. on both sides of 0, with an affine interpo-
lation on (—7.,7.), so that u. — u in L?(—1,1). Since v. = 0 on (—7.,7.), the only region
where u. has a large derivative does not contribute to the first term of F;, and

| s | e < [ 2t
(_171) (_111)\(_77577]6) (—I,O)U(O,l)

Up to a multiplicative constant converging to 1, the function v, is defined, on each of the two
intervals (1., v/€) and (—+/g, —1.), by a version, scaled by ¢, of the function v(s) = 1—e~%/2,
solution of v/ = 1(1 — v) with initial condition v(0) = 0; that is, v(t) = U('”%"E)/NE with
N.=1- em2e(VEmme) 1. Setting S, = @ — 400 and changing variables, we obtain

2 Se
/ (M—deéﬁ)dt = 22/ [(e*% —ef%)2+efs}ds
(—VEEN (=1 e) e ANZ Jo
1 [T
— / 2¢e ds =1,
2 0
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since N. — 1 and e=°/2 — 0. The region (—=7e,me), where v, = 0, contributes

1—wv.)2 -
/ Aol ey
(*7)67775) 46 28

which is the reason for choosing 7. = o(e), while v, = 1 on {|t| > /¢ } gives no contribution.
Hence limsup, _,q F:(ue,ve) < |, (—11) |u'|2dt + 1. Thus, we have used a phase-field variable
at the scale ¢, in the same way as for the phase-transition case. Note that formally we
have shown the I'-convergence of F. to a different functional than F'; namely, with a little

abuse of notation
F ifv=1
Flu,v) = { (u) ifw

+00 otherwise.

Clearly, the two functionals are equivalent.

Functional (34) is a particular case of a more general functional, in which the location
of the jump points is an unknown, the (one-dimensional version of the) Mumford-Shah
functional [24, 25, 10]. In dimension one its domain consists of piecewise-H' functions;
that is, functions v which are H' on the complement of a finite set of jump points S(u).
The functional on an interval (a,b) can then be written

FUS) —a [ Jude+ s#(S() (36)
(a,b)

This functional is lower semicontinuous with respect to the strong L? convergence, and it
is coercive on sets of functions bounded in L*°(a,b) (see the Appendix to this chapter).
Note that for &« = 8 = 1, (a,b) = (—1,1) and on functions v € H((—1,1) \ {0}), the
functional is the same as (34). The same proof as in that particular case shows that an
approximation of FM9 is given by the Ambrosio—Tortorelli functionals [27, 28]

FEAT(u,v):a/( 2]u|dt+ﬁ/ +5\v|)

defined on pairs of functions u,v € H'(a,b), and with respect to the L? convergence for
both. The function v is considered as an L? function defined piecewise. Again, the limit
is formally a functional depending on v, but it is finite, and equal to the Mumford-Shah
functional, only if v is identically 1. The phase-field variable concentrates at scale € on
the set of discontinuity points S(u) of wu.

Alternative Approximations Due to its importance in Visual Reconstruction and, in
its higher-dimensional versions, in Fracture Mechanics, several different approximations of
the Mumford-Shah functionals have been proposed in the literature (see also [33]). Here
we list a few of them in the simpler one-dimensional case (36).
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Discrete Approximation (Blake—Zisserman/Chambolle). We consider the discrete
energies, introduced by Blake and Zisserman [29] and studied by Chambolle [30],

Fa(u)zimin{w,ﬁ} :'Nzaamin{a(”_eui_l){f}, (37)

where {to,...,tn.} is a parameterization of [a,b] N eZ. If we identify each such function u
with the function v given by

e its affine interpolation of the values u;—1 and w; on [t;—1,t;] if |u; — ui—1| < \/Be/a
e the constant value w;—1 on [t;—1,t;) if |u; —u;—1| > \/Pe/;
e the value ug in (a,tp) and un. in (tn.,b).

u,;*’ui,l‘>\/ﬂ€/04 u;
//I, \‘\
’ \
./"_‘\’_O \
Ui —1 \ v

T T T T T T T T T T T T T T : t
tici
<> <>
9 g
Figure 22: The identification of a discrete function u = (ug,...,uy.) (dots) with the

piecewise-affine function v (solid line): v is the affine interpolation of the values u;_; and
w; on [ti—1,t;] if |u; — ui—1| < \/Pe/a; otherwise, v = u;_; on [t;—1,t;) and v has a jump
at t; (the dashed segment is the affine interpolation, which is not used). The intervals of
length € where this happens form the set S..

With this identification (Fig. 22), we have F.(u) = FM9(v), and the liminf inequality
follows since u. — u implies v. — u. The upper bound is simply obtained with the recovery
sequence u. = u; that is, u. is the discretization of the target function u. Hence, the set
S(u) is approximated by the sets S given by the union of the intervals [t;_;,t] of length

e where |u; —u;—1| > +/fe/a.

Finite-difference Approximation (De Giorgi/Gobbino). This is a continuum ap-
proximation of the previous one, conjectured by De Giorgi and proved by Gobbino [31].
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For simplicity of notation we consider the case of functionals defined on the whole line. We
fix a symmetric mollifier ¢ : R — [0, +00) with support in [—1,1], and define

_ 1 x—y\ . |u(z) —uly)
Fe(u) = g2 /RX]R(P< € )mm{ € ’
This functional can be rewritten as
2
Fou) = / / {'“ ‘”552 u() ,1}dxd§

:/M /E'ﬁ'z {|usfg+t> ig(j1>+t)|2,1}dtd§

u(e + ) — (e~ 1) + 1) 1
foserer 2 min | “Ie o

1 }dx dy.

Y

for some t. € [0,¢|¢|]. By the previous discrete approximation, if u. — u, we have

i J [E8T F te) (€ —1) + )| 1 W 2dt 4 (S
{ € |«s\}2/ﬂ@’ Pt + g #(S ().

Hence, by applying Fatou’s Lemma, we obtain the liminf inequality with

a—/R<>|5|d5, 5/ £)l€lde.

The recovery sequence is again obtained by taking u. = u. At fixed &, each jump point
of u corresponds to an interval of length ¢|{|; hence, the scale is ¢ modulated by &.

lim inf
e—0 4
JEZ

Non-local Approximation (Braides—Dal Maso). In this approximation [32] the gra-
dient in a non-convex energy can be replaced by some averaged quantity which is lower
semicontinuous for the weak convergence. A simple such energy is

1 [ots
F.(u)= [ min{ - lu /\Zdt — rdx,
R € T—5

again integrated on the whole real line for simplicity of notation. The domain can be taken
to be HlOC functions or simply LlOC functions, with the convention that the integrand takes
the value 1/e if u ¢ H'(z — 5,2+ §).

By Jensen’s inequality and a discretization argument we have that there exists z. € [0, ¢]

such that, setting u; = u(je + z.), we obtain
€y _ 2
F.(u) Z/min{(u(x+2) u(@ — ) }dw>2mm{ uj ) ,1};
R 9
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that is, we have a lower bound by the discrete approximation, obtaining the Mumford—
Shah functional with & = 8 = 1. Again, a recovery sequence for a piecewise H'-function
is obtained with the trivial sequence u. = u. In the computation of F.(u.), note that if
teS(u)thenu g H'(z—§,2+5) ifx € (t—5,t+ 5), on which interval we then have the
value 1/e giving the constant 1. This shows a concentration of the discontinuity at scale
€.

5.2 Interaction of concentration and free discontinuities

The Mumford—Shah functional is a particular free-discontinuity functional. General (spa-
tially homogeneous one-dimensional) free-discontinuity functionals take the form

F(u) = (W)dt+ D D(u(tt) —ut)). (38)

(a;b) teS(u)

If 9 > ¢ > 0and f(2)/|z]| = +o0 as |z] = +oo, then F' is well defined (and coercive)
on piecewise-W ! functions. In order to remove the first of these two conditions, we
have to enlarge the domain of F' to one-dimensional special functions of bounded variation
SBV (a,b); that is, u € L'(a,b) whose distributional derivative can be written as

Du=d/dC" + Y (u(th) —u(t™))d,
teS(u)

where t* denote the approximate limits at ¢, and S(u) = {t : u(t™) # u(t7)} is the set
of discontinuity points of u. Then necessary and sufficient conditions for F' to be lower-
semicontinuous on SBV (a,b) with respect to the L' convergence, and coercive on sets of
functions bounded in L*(a,b), are that

. . . . z
e f is lower semicontinuous and convex, and lim f‘iﬁ = +4-00;
Z—00
. . . " . d(z
e 1} is lower semicontinuous and subadditive, and hH(l) |(Z‘) = +o00.
z—r

The subadditivity condition on 1, that is,
ﬁ(wl + wg) < 19(w1) + ﬁ(wg),

guarantees that it is not convenient to split jumps. The superlinearity of ¥ at 0 implies
that it is not possible to approximate gradients by jumps, just as the superlinearity of f
at oo implies that the converse is not possible.

An approximation by singular perturbation. Following [36], we consider a contin-
uum version of the functional depending on a truncated quadratic potential as in (37), with
a singular perturbation of second order

Fa(u):/ min{]u’\z,l}dt—i—e?’/ " 2t (39)
() e ()
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defined on H?(a,b). The reason for the scaling ® will be clear in the following, as we
explain how these functionals approximate a free-discontinuity functional. Let u € H? and
let [a/,0'] C (a,b) be a maximal interval where |v/| > 1/4/e. Then u/(a’) = «/(V'). For
our arguments it is not restrictive to suppose that u'(a’) = 1/4/e. We then consider the

function v(t) = u(a’ +t) — u(d’) — %t defined on [0, 7] with T'=b" — a’. We have

1 T r
/ min{|u/|2, f}dt + 53/ Ju"|?dt = = + 63/ [v" |2 dt.
(a’,0/) ¢ (a’,0/) € 0

If we set z = v(T'), and change variables by setting s = t/e\/z, v(t) = 2w(t/ey/z), S =
T/e\/z, we have

T T S
il +€3/ |U”’2dt — ﬁ(5+/ |w”|2d8>.
€ 0 0

Noting that w(0) =0, w(S) = 1 and w'(0) = w'(S) = 0, setting

S
Cy = égfo min {S —l—/ lw”|2ds : w(0) = 0,w(S) = 1,w'(0) = w'(S) = 0}, (40)
0

we have

1 b —ad
min < |u’ 2, —odt + 83/ o 2dE > Ch ‘u V) —ula') —
[, mn (e aet [ ) = ufal) ~ =

If we define the function @ as equal to u outside [a’, V'] and as

(t) = u(a") +u'(a’)(t — a’) on [d, V),

N

then w(d'™") —u('~) = u(V) — u(a') — b/%/gl. Hence, if we repeat this construction on all

such intervals [@/, ], then we construct a function u such that

Fg(u)zf( ) @ Pdt+Cy Y VIa(Et) —a(t)]:

’ teS(u)

In this construction, if also [a,d] is a maximal interval where |u/| > 1//¢ then we simply
set w(t) = u(b') +u/(b')(t — b') on this interval, and analogously on intervals [a’, b].

If u. — u in L'(a,b) then also the corresponding 7. constructed as above converge to
u, so that u € SBV (a,b), and

liminf F,(u.) > /

e—0

) W Pdt+ Co YV Jultt) —ult)] =: Fy(w).

teS(u)

)
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The construction of a recovery sequence describes the scaling properties of this approx-
imation. It suffices to consider the case of (a,b) = (—1,1) and S(u) = {0}. It is not restric-
tive to suppose that u € H2((—1,1) \ {0}), that «/(0¥) = 0, and z := u(0") — u(0~) > 0.
Let S,w be a minimizing pair for the definition of Cs (see Fig. 23(a)). Then we set

u(t) ift <0
ue(t) = { u(07) + zw(gk) if0<t<eyz8 (41)
u(t — e/29) if t >e\/z5,

and note that for € small enough

S
) < [ P+ B 0T =0 (5+ [ fuPas).

)

which shows the upper bound with F5(u). The construction in (41) shows the concentration
on discontinuities at scale ¢ with factor /z.

(@) (b)

Us

S > t

Figure 23: The recovery sequence in (41). (a) The profile w in the definition of Cs:
w(0) = 0, w(S) =1 and w'(0) = w'(S) = 0 (extended by 0 and 1 outside [0,5]). (b) A
function u with u/(0%) = 0 and a jump of size z at 0 (gray, dashed), and the corresponding
ug: it coincides with u for ¢ < 0, follows the graph of w, rescaled by z in height and by
£y/z in length, on [0,e4/25], and is a translation of u afterwards. The width £4/zS of the
transition is not to scale.

Perturbations of higher order. The same analysis can be carried out for singular
perturbations of order k > 2,

F.(u) = / min{]u’]Q, 1}dt+52k_1/ [u®) 2at,
(a,b) < (a,b)
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defined on H”(a,b), where the power 2k — 1 is chosen so that a transition giving a jump
of size z has an energy of order one. Repeating the scaling argument above with v(t) =
zw(t/A) and A = |z|'/*, the energy of such a transition on an interval of length \S equals
2|k (S + fOS lw®)|2ds). The jump energy density is then my|z|'/*, with

myj, = ming-q min {S + fOS lw®)|2ds : w(0) =0, w(S) =1,

w®(0) =w®(8) =0, £=1,....k— 1},

so that mo = C5 and the power % is replaced by %; the concentration occurs at scale e|z|'/¥.
For k = 2 the only boundary condition needed for the profile is on the first derivative, which
is given by the definition of the interval where |u/| > 1/y/e. For k > 2, instead, nothing
is known a priori on the derivatives u® of intermediate order ¢ = 2,...,k — 1 at the
endpoints of such an interval, and the homogeneous conditions w(®(0) = w®(S) = 0 in
the definition of my can only be obtained by changing the boundary data of u. on slightly
larger intervals at a negligible cost. This requires refined interpolation estimates, developed
by Solci [39], who also treats the higher-dimensional case by a slicing argument and obtains
the Mumford—Shah functional as a limit of these approximations as k — +o00; see also [45]
for the analogous result for Perona—Malik-type energies.

5.3 Interaction of relaxation and phase-field discontinuities

We now examine the jump energies due to an interaction between a phase-field approach
as in the Ambrosio—Tortorelli functionals and the scale-free relaxation due to a bulk energy
of linear growth [38]. We consider the functionals

<(1;€U>2 + 5]1}’]2) dt,

F.(u,v) = w(v)\u’]dt—i-/

(a,b) (a,b)

where ¢ : [0,1] — [0,1] is an increasing lower-semicontinuous function with ¢ (0) = 0,
¥(1) = 1 and 9 > 0 on (0, 1]; in particular, we can consider 1)(v) = v? as in the Ambrosio—
Tortorelli case. The main difference here is the linear dependence on «’ in the first variable,
so that it allows for gradients concentrating to a jump discontinuity of size z. If we take
v = x constant on the sets where the gradient tends to a jump, we have a jump energy of
¥ (z)|z]. On the other hand, if the variable v has a transition from 1 to x on an interval
[t1,t2], the second term in F; gives an optimal contribution

to 1
/ |1 —v|[o/|dt = = (1 —z)2
‘ 2

1

We can then optimize this process for v by concatenating a transition layer between 1 and
x, then a transition giving a jump maintaining v = x constant on an interval of length §
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(see Fig. 24), and then a symmetric transition layer between x and 1. The resulting value
is then

V@l + (1 -2 + (1~ 2)

Ve

Figure 24: The phase-field variable v. optimizing the jump energy: it is equal to the
constant x on an interval of length ., where the gradient of u. concentrates, and connects
x to 1 on both sides by two boundary layers at scale €. The scales are not respected.

By the arbitrariness of § and optimizing in x we obtain the jump energy
9(z) = min{¢(z)|2| + (1 — z)?}.

The optimal form of the phase-field variable v highlights a concentration at scale ¢ opti-
mized on the well depth.

In this model, we have the freedom to choose v, which influences the resulting function
9. For example, -

. _ 2 I

e if Y(z) = x°, then J(z) = uEl

e if ) = 1 — xyqy, then ¥(z) = min{]z|, 1}.

The two corresponding functions ¥ are pictured in Fig. 25. Note that in both cases
¥(z) ~ |z] as z — 0: the functionals F. have linear growth in «/, and their I'-limit is
defined on the space of functions of bounded variation (more generally, of generalized
functions of bounded variation, in order to allow for unbounded jumps) and is given by
[ |W|dt + |Du| + >~ 9(jut — u|), where |Dul is the total variation of the Cantor part of

65



the derivative of u, with the same coefficient 1 as the absolutely continuous part [38]. The
jump energy 9 is concave, bounded, and with slope 1 at 0; this is not in contradiction with
the superlinear behaviour at 0 required in the previous section, since concave densities with
infinite slope at 0 are recovered from these by a further limit procedure, see the Appendix
to this chapter.

(a) (b)

I(z) = 9(z) =min {|2], 1}

Figure 25: The jump energy density ¥ in the two examples: (a) ¢(x) = 22, for which
¥(z) = %“Z'; (b) ¥ = 1 = xqoy, for which J(z) = min{|z|,1}. In both cases ¥ has slope 1
at 0 and is bounded by 1.

5.4 Appendix: relevant tools of Chapter 5

References. The Mumford—Shah functional was introduced in image segmentation by
Mumford and Shah [24]; its weak formulation in the space SBV of special functions of
bounded variation, and the proof of existence of minimizers for it, are due to De Giorgi
and Ambrosio [25] (after the compactness and lower semicontinuity results of Ambrosio
[26]); a complete treatment of SBV and of free-discontinuity problems is given in the book
by Ambrosio, Fusco and Pallara [10]. The approximation by the phase-field functionals of
Section 5.1 is due to Ambrosio and Tortorelli [27, 28]; the discrete approximation is based on
the weak membrane model of Blake and Zisserman [29] and was studied by Chambolle [30];
the finite-difference approximation was conjectured by De Giorgi and proved by Gobbino
[31], and the non-local one is due to Braides and Dal Maso [32]. A systematic account of
these and other approximations is given in the monograph [33]. The lower-semicontinuity
and compactness theory for the functionals (38) is due to Ambrosio [26] and to Bouchitté,
Buttazzo and the author [34], see also [35]. The approximation of such functionals by
singular perturbations of the type of Section 5.2 is due to Alicandro, Braides and Gelli [36],
and its d-dimensional version to Alicandro and Gelli [37]; the extension to perturbations of
order k > 2 is due to Solci [39]. The interaction of relaxation and phase-field discontinuities
of Section 5.3 is studied by Alicandro, Braides and Shah [38].
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Special functions of bounded variation in dimension one. Let (a,b) be a bounded
interval. A function u € BV (a,b) belongs to SBV (a,b) if its derivative is the sum of an
absolutely continuous part and of a jump part,

Du=u'dt+ Y (uh(t)—u (1),
teS(u)

that is, if there is no Cantor part; here u’ € L!(a,b) is the pointwise derivative and S(u) is
the (at most countable) set of jump points of u. If #S(u) < +oo and v’ € L?, then u is a
function which is H' on each of the finitely many intervals into which S(u) divides (a,b);
the one-dimensional Mumford-Shah functional is

FMS(4) = / W 2dt + B 45 (),

(a,b)
and is +o0o outside this class. We prove its compactness and lower semicontinuity.

Proposition 5.1. Let u; € SBV (a,b) be such that |u;||p~ < M and FM(u;) < C. Then,
up to subsequences, u;j converges in L'(a,b) to some u with FMS(y) < lim inf; FMS(uj).

Proof. Up to passing to a subsequence we may assume that lim inf; F’ MS (uj) is a limit, that
#S(u;) = m for all j (with m < C/f), and that the ordered jump points t} < e <A
converge to points t! < --- < " in [a,b]. Denote by T the set of the distinct points
t' € (a,b), so that #T < m. Let I be a compact interval contained in (a, b) \ T}; for j large
I does not contain any t;, so that u; € HY(I) with ||uj||z~ < M and ||u;||%2(1) < C/a.
Hence {u;} is bounded in H'(I), and is therefore precompact in the uniform topology of
I, with weak limits in H'(I). By a diagonal argument on an exhaustion of (a,b) \ T by
compact intervals we obtain a subsequence converging locally uniformly in (a,b) \ T to a
function u with u € HL_((a,b)\T), |u| < M. By dominated convergence u; — u in L'(a,b)
(the set T is negligible). By the weak lower semicontinuity of the Dirichlet integral, for
every such [
/ /| ?dt < lim.inf/ \u;\th < liminf |u;-]2dt,
I J I J (a,b)\S(uj)

and taking the supremum over I we get [, (v 2dt < liminf; f(a,b)\ S(u) |uf;|*dt. Finally,
u can only be discontinuous at points of 7" (it is continuous elsewhere), so that S(u) C T
and #S(u) < #T < m = #5(u;). Summing the two inequalities gives the claim. O

The L*° bound cannot be dropped: the functions uj = jx(4,a+1/;) have bounded L'
norm and F™9(u;) = B, but converge to a Dirac delta. In the general case of functionals
(38) the same strategy applies, but the lower semicontinuity of the bulk and surface part
requires, besides the convexity of f and the subadditivity of ), an argument of slicing/blow-
up type which we do not reproduce here, see [26, 34, 35]. Note that the assumption
¥(z)/]z| = +00 as z — 0 guarantees that the Cantor part of the derivative is not created
in the limit, which is the reason why the natural space is SBV.
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The constant C3. We compute the constant Cy in (40). Fix S > 0; the minimum
problem

min{/os lw”2dt : w(0) =0, w(S) =1, w'(0) =w'(S) = 0}

"

is strictly convex, and its Euler-Lagrange equation is w"” = 0, so that the minimizer is the

cubic polynomial , ,
u®)=3(5) -2(g)"
6

Since w”(t) = gz (1 — %), we have

S
vo 36 o 12
/0 wPdt =g (1 5=

We are left with the minimization of S + 12572 over S > 0: the derivative vanishes if and
only if S* = 36, that is S = /6, and

ngx/6+1—=x/6+@ 4\—f~327

Scaling for perturbations of order k. Let Ff be the functional with the perturbation
e2=1 [|u® |2, Consider a transition v(t) = zw(t/A) on an interval of length AS, with
w(0) = 0, w(S) = 1. On this interval the term min{|v'|?,1/e} equals 1/e (if [v/|? > 1/e),
which gives the contribution A\S/e, while the singular perturbation contributes

AS S
52k—1/ |U(k)|2dt _ EQk—1Z2)\1—2k/ |w(k)|2ds
0 0

The two contributions are of the same order if A\/e = g2k=1,2X1=2k that is A2k = g2k 22,
i.e. A =¢|z|"*. For this choice both of them are multiplied by |z|'/* and the total energy

1S g
||/ (5 + / \w(k)lzds),

1/k

which is the expression defining my|z|'/* in Section 5.2. For k = 2 we recover the scale

£4/|z| and the density Ca+/|z|.

The jump energy density of Section 5.3. The density ¢ is obtained by minimizing,
for a jump of size z, the cost of the possible values of the phase variable on the jump layer,

¥(z) = m[én1 {¢(z)|2] + (1 — z)?}.

68



For (z) = #? the minimum of z +— 22|z| + (1 — z)?

that is at = 1/(1 + |z|), and

is attained when 2z|z| = 2(1 — x),

2l + 12 _ 2

V&) = e T

For 1) = 1 — Xy} the value x = 0 gives 1, while for z € (0,1] we get |2| + (1 — r)? whose
minimum is |z|, attained at x = 1; hence ¥(z) = min{|z|,1}. In general, if ¢) > 0 is lower
semicontinuous with (1) = 1:

e ¥ is the infimum of the family of functions |z| — v (z)|z| + (1 — x)?, which are affine
and nondecreasing; hence 9 is concave and nondecreasing in |z|, and J(0) = 0 (take
z=1);

e choosing = 1 we have 9¥(z) < |z|. If 2, is a minimizer, then (1 — z.)? < 9(2) < |2
so that 2, — 1 as z — 0; by lower semicontinuity liminf(z,) > ¢(1) = 1 and thus
Iz)/|z| = 1 as z — 0;

e concavity and ¥(0) = 0 give 9(Ar) > \J(r) for A € [0, 1], hence ¥(r)/r is nonincreas-
ing, and for r,s > 0

d(r+s) =

d(r+s) +
r+s r+s

Ir +s) < I(r) +9(s),

that is, ¢ is subadditive.

In particular the slope of ¥ at 0 is 1, so that J(z)/|z| /4 400 as z — 0: the superlinearity
condition required in Section 5.2 is not satisfied, and the energies of Section 5.3 must be
considered on the larger space BV (or GBV'), where a Cantor part of the derivative is
allowed.

Let now ¢ : [0,1] — [0, 1] be increasing and lower semicontinuous, with (0) = 0,
(1) = 1and ¢ > 0on (0, 1] (which is the situation of Section 5.3, and implies the properties
above). The theorem of Alicandro, Braides and Shah [38] states that the functionals

Fo(u,v) = /( ) (o] + éW(v) et

with W continuous, W > 0 and W(z) = 0 only for z = 1, defined on H' functions with
0 < v < 1, I'-converge with respect to the L' x L' convergence to the functional

F(u,v):/ |o[dt + [Dul(a,b) + > I(u(t™) —u(t)])
(a.0)

teS(u)

if u € GBV (a,b) and v = 1 almost everywhere, and +oo otherwise. Here GBYV is the space
of functions whose truncations are in BV, |D | is the supremum over the truncations of
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the total variation of the Cantor part, and

9(z) = min {¢(z)z + 2(cw — ew(2)) }, cw(x) = 2/03: VvV W(s)ds,

For W(s) = 1(1 — s)?, as in Section 5.3, we have cy (z) = 2 — 322 and ey = e (1) = 3,
so that 2(cy — ew(x)) = (1 — x)?, which gives the formula for 9 used there: the term
ew — ew(z) = %(1 — x)? is the cost of one transition layer from 1 to z, computed by
the Modica—Mortola inequality 2W (v) + e[v/|> > 24/W (v)[v|. The properties of ¥ listed
above are those of [38]: 1 is increasing, subadditive, Lipschitz with constant 1, 9(z) < z,
¥(2)/z = 1 as z — 0 and J(z) — 2cw as z — 400, where ey = ey (1) = 2f01 VW(s)ds
is the constant of the previous chapters.

The same paper shows how to obtain, by a double limit, the free-discontinuity func-
tionals of Section 5.2. If the energy v (v)|u'| is replaced by 1 (v)f(Ju/]), with f convex,
increasing and with f(¢)/t — 1 as ¢ — +o0, the limit is the same with [ f(|u/|)d¢ in place
of [ |u|dt. Moreover, every concave ¢ which is the minimum of a finite number of affine
functions a;z + b; can be obtained by choosing v piecewise constant (and multiplying the
phase-field terms by a constant). Taking finer and finer piecewise-affine approximations of
a concave ¥ with ¥(z)/z — +00 as z — 0, and of a convex superlinear ¢, one obtains a
family of functionals GZ with

lim (r_nmag)(u,v):/( el S (u(t) — u(t))

j— 00 e—0
/ teS(u)

on GSBV(a,b), v = 1, so that every functional of the form (38) is a double limit of
phase-field functionals of the type of Section 5.3.

6 Periodicity by concentration

In this section we explore some examples in which lower-order terms may interact with
concentrating variables or free discontinuities, generating periodic patterns. The oscil-
lations and the concentration effect will occur at different scales showing a multi-scale
behaviour.

6.1 A perturbation of the Bolza example

We consider a double-well potential W with wells at —1 and 1, and study the minimization
of the functional

1
/ (W () + |ul* + 2u"|)dt.
0

In the case ¢ = 0 this is Bolza’s example, in which no minimizer exists and minimizing
sequences oscillate at no precise scale. The introduction of £ > 0 makes the problem
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coercive (and lower semicontinuous) in H?, and minimizers do exist. We will now argue
that they also have a precise scale of oscillations (this problem has been studied in detail
by Miiller [40] and by Alberti and Miiller [41]).

A

\

AN
"

1

Figure 26: A test function for the perturbed Bolza problem

In order to simplify the problem, we write the term [ (W (u/)+€2|u”[*)dt ase-L [(W (u/)+
e2|u”|?)dt and substitute the second factor with its limit cy#(S(u’)) as ¢ — 0, given
by the Modica-Mortola theory applied to u’ (see the Appendix to this chapter), with
cwy = 2 fil VW (s)ds. This is not justified analytically a priori, but gives us a more
tractable family of functionals

1
/ lu|?dt + ecyy#(S(u')) with |[o/| = 1 almost everywhere.
0

A test function for this functional is pictured in Fig. 26. The picture highlights that if we
have oscillations at two different periods §; and do, then moving the two neighbouring angles
lowers the energy. We can then limit ourselves to functions with 2J-periodic oscillations,
and, taking into account that the number of discontinuities of u’ is approximately 1/4, for
such a function the energy is (up to small errors due to boundary approximations) equal
to

52 £

ﬁ + CWS’
which is minimized for % = 6¢yye; that is, the period is approximately

26 = (48cyre)'/3.
This simple approximate analysis suggests a periodic scale triggered by concentra-
tion, and that minimizers of the perturbed Bolza example show a concentration effect
on a scale ¢ modulated periodically on a scale £1/3. Note that even in this simplified
case this superposition of effects is not easily described in terms of a I'-limit.

6.2 Staircasing

We want to describe the scaling properties of the solutions of the minimum problem

1
min { / (min{|u'|*, 1} + |u — at|* + E4|u"]2)dt}. (42)
0
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In order to present a simplified approximate version of this problem, we examine the
asymptotic behaviour of

1 M 1
= / min{|u’|2,1}dt—i—53/ [u”|?dt.
€ Jo 0

Since F. > F2 for every a > 0 and ¢ < 1/a, by comparison with the functionals

1 1
1
Fga(u):/ min{a\u’]Q,}dt—i—sg/ lu”|2dt,
0 € 0

we obtain a lower bound with

FYu) = / |u'|?dt + Cy Z Vu(tt) —u(t u e SBV(0,1),

teS(u)

with Co independent of « and in particular obtained by formula (40) with « = 1. By
taking the supremum over all a > 0 we argue that the I'-limit is given by

u) = Cy Z V]utt) —u(t=)] we SBV(0,1) and u' = 0 almost everywhere,

teS(u)

recovery sequences for piecewise-constant target u being constructed exactly as in the case
a=1.
We can then provide a simplification of the problem in (42) as

mm{gcz Y |u(t+)u(t)|+/01 |u—at|2dt}

teS(u)

- a2min{ea_3/202 3 |u(t+)—u(t)|+/01 |u—t\2dt}. (43)

teS(u)

Assuming that u(0) ~ 0 and u(1) ~ 1 (neglecting boundary effects), noting that u is
increasing, the minimum is determined by its jumps of size {w; : i € {1,..., N}}, each of
which gives a term due to the integral part equal to wf’ /12. The corresponding energy is
then given by

22( 3/2\ﬁ+ 12)

with ), w; = 1. The function f(z) = Kv/z + f—;, with K = eCoa™3/2, defined for z > 0,
is concave close to 0 and then becomes convex, the inflection point depending on e. If
e is small, the optimal w; are all equal to a value § and N = 1/4: the optimal periodic
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\J

Figure 27: A test function of ‘staircase’ type

distribution of jump points is obtained by minimizing the energy per unit length f(4)/9,
that is

K 4

VAT
obtaining 3eCaa=3/2 = §5/2 (geometrically, ¢ is the point of tangency of the graph of f
with the line through the origin); that is,

§ = (3Cy)%/5a3/5:2/5,

(If instead e is so large that § > 1, no jump is convenient and the minimizer is the
constant w = a/2; this is outside the regime ¢ — 0 we are interested in.) Recalling
that a jump of size z is a concentration at scale £4/z, and that here the jumps of u have
size ad ~ €2/5, we conclude that this analysis suggests, for the shape of minimizers of
problem (42), concentration on jump points at scale /5, periodically distributed with a
period at scale £2/°. With respect to the previous example, this one shows a dependence
of the period on the variable a: the period is proportional to a=3/®: jump points are
denser (the concentration occurs at a higher rate) for large values of a. A rigorous
quantitative analysis of the staircasing phenomenon for minimizers of this type of second-
order regularizations of the Perona—Malik functional is due to Gobbino and Picenni [42, 43];
see also [44] for the I'-limit of related functionals, and [45] for perturbations of higher order.

6.3 Periodic micro-fracture selected by the strain

In this last example the periodic pattern is generated by the interaction of an elastic variable
u with a second variable v having free discontinuities; the jumps of v are the concentration
phenomenon, and their spacing is selected through a cell problem which depends on the
macroscopic strain, rather than being given by a power of €. The functionals are in the
spirit of the Mumford—Shah functionals of the previous chapter, but with a small coefficient
of the jump part.
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The functional we consider is defined on pairs u,v: (0,1) — R with u € H*(0,1) and
v € SBV(0,1). More precisely, v is a piecewise-H' function, and the energy is

(u,v) /|u'\2dt+/ |v|2dt 4 e#(S /|u—v[2dt

From a standpoint similar to that of thin films, this can be considered as the energy of
a thin object with only two layers, one with a quadratic dependence on the variable u
(a linearly elastic medium) and the second one a Mumford—Shah functional depending on
the variable v with a small coefficient of the jump part. The two layers interact through a
quadratic term in the ‘vertical’ difference quotient M, which can be seen as a gradient
term. The choice of the scaling of the coefficient of the discontinuity part is such that the
discontinuity part is of the same order as the interaction part on optimizing sequences.

The coerciveness properties of the functional F; derive from its dependence on u. In-
deed, sequences u. such that F.(uc,v.) is equibounded for some v, have equi-bounded
gradients in L?(0,1) so that they are precompact, up to addition of constants. If u. — u
then the last term ensures that also v. — u in L?(0,1), even though for v. we do not
directly have sufficient information on their gradients.

Since the domain is H'(0, 1) and compactness is only determined by the behaviour with
respect to u, we may minimize out the dependence on v and consider equivalently

/\u!%lt%—mln /U\th—i-a# /|u—v| dt}.

For fixed w, the inner minimum over v is itself a scalar Mumford—Shah-type problem
with an elastic forcing term é\u —v|?, penalizing jumps at a rate ¢ per jump. The optimal
strategy is to place the jumps of v periodically: if u is close to affine with slope z over
a window of unit order, it does not pay to space the jumps irregularly, and the optimal
period, rescaled by e, converges to some S = S(z) > 0 (possibly +o00, meaning no jumps
at all). Scaling the cell [0,eS] back to unit size, the cost per unit length of one period of
this periodic pattern is, to leading order,

1 S

(S, 2) = Emin {/ (W) + ')+ (u—v)?) dt : u,v € H(0,8), u(0) =0, u(S) = Sz}
0

(no boundary condition is imposed on v, which is free to relax at the ends of the cell), plus

a fracture cost 1/S for the one jump of v per period. Optimizing over the period itself we

get

1
1
— / — 1 —
F.(u,v) T-converges to Fp(u) —/0 g(u')dt, g(z) = él;fo {1/}(5’, z) + S}'

This is a particular case of a general homogenization phenomenon for energies coupling an
elastic variable to a brittle one through a vanishing-scale interaction, studied by Braides,
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Causin and Solci [46]: elastic micro-oscillation and micro-fracture compete through
a single auxiliary length scale S, optimized at each macroscopic strain z.

Note that, by the quadratic dependence on u of the cell problem, (S, z) = x(S)z?
for a function k of S only (given explicitly below), so that g is the lower envelope of the
family of parabolas z — x(S)z? + %, S > 0, and of the limit parabola 222 for S — +o0;
see Fig. 28.

g(z) = infs {(8, 2) + L}

Figure 28: The function g as the lower envelope of the functions z — (S, z) + % for some
values of S (the thin lines) and for S — +o0o (the parabola 222). The dots mark the points
of tangency, where S = S(z) is the optimal period. For |z| < z. the envelope coincides
with 222; for larger |z| the optimal period decreases with |z|.

Here the cell problem can be solved explicitly (see the Appendix to this chapter). The
Euler-Lagrange system for ¢(S5,z) is u” = v — v, v = v — u (together with the natural
condition v'(0) = v/(S) = 0), so that u + v is affine while w = u — v solves w" = 2w;
imposing the boundary and natural conditions, and observing that at a solution the energy
reduces (after an integration by parts using the equations themselves) to the boundary term
Szu/(S), gives the explicit formula

2522
S+ V2 tanh (Y2 5)

¢(Sv Z) =
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One can then check that g is even and strictly convex, and that:

o for |z| < z := 273/ the infimum defining ¢(z) is approached only as S — oo: it
never pays to fracture, and g(z) = 222 is simply the energy of the two layers elastically
glued together;

e for |z| > z., the infimum is attained at a finite, unique optimal period S(z), strictly
decreasing in |z|; as z — oo,

3
S~ VB, gle) s s

Below the critical strain z., then, the coupled two-layer system behaves macroscopically as
a single ordinary elastic medium; above it, the brittle layer spontaneously fragments into
finer and finer periodic micro-cracks as |z| — oo, with the crack density 1/5(z) growing
like |2|?/3 and the resulting excess energy only like |z|?/? rather than |z|2. In this example
a genuine geometric period adjusts itself to the imposed macroscopic strain. Compared
with the two previous examples, the period is not given by a power of € with an unknown
constant, but is exactly £S(z), with S determined by the cell problem and depending on
the macroscopic strain z; the decrease S(z) ~ |z|72/3 of the period for large strains is
analogous to the dependence of the period on the variable a in the staircasing problem.

6.4 Appendix: relevant tools of Chapter 6

References. The perturbation of the Bolza example by a second-order term, and the
selection of periodic minimizers at scale £1/3, are due to Miiller [40], who proves that
minimizers are periodic at this scale in a suitable sense; the Young-measure description of
the limit micro-patterns, which captures the sawtooth structure and its period, is due to
Alberti and Miiller [41]. The one-dimensional Modica—Mortola estimate used below is from
[14], and the original example of Bolza can be found in [13, 12]. The staircasing phenomenon
for second-order regularizations of the Perona-Malik functional [log(1 + |u'|?), of which
(42) is a model case with a truncated quadratic energy, has been analyzed in detail by
Gobbino and Picenni [42], who describe the minimizers at the scale of the steps, and by
the same authors at finer scales in [43]; see also Bellettini and Fusco [44] for the I'-limit
of the corresponding functionals and Braides and Fonseca [45] for perturbations of order
k > 2. The homogenization of the elastic-brittle model of the last example is due to
Braides, Causin and Solci [46].

The transition cost of the derivative. Let W : R — [0,400) be continuous with
W(s) =0 if and only if s = £1, and set cyy = 2 fil VW (s)ds.
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Lemma 6.1. Let ¢ > 0 and let v € H'(a, ). Then

B v(B)
/ (W (v) + [/ |?)dt > 25‘/ VW(s) ds‘.
o v(a)

In particular, if v(a) < —1+mn and v(B) > 1 —n, then the left-hand side is not less than
ecy — 2¢ f[_l - YW, which is ecy + o(e) as n — 0.

Proof. By Young’s inequality a?+b? > 2ab applied with a = /W (v) and b = ¢[v’| we have
W (v) +e2|v'|? > 2e4/W (v)|v'|, and by the change of variables s = v(t) (valid for absolutely

continuous v) ff VW (0)|v| dt > ‘fvv((aﬁ)) VW (s)ds|. O

Equality is (approximately) achieved by the heteroclinic profile solving ev’ = /W (v),
as in the one-dimensional Modica—Mortola theorem of Chapter 3. Applying this to v =
u’ on each interval where v goes from —1 to 1 or conversely, we get that the energy
J(W (W) + €2|u”|?)dt is at least ecyy times the number of such transitions (up to o(e)),
and that L [(W (u') +€2|u”|?)dt I-converges to cy#S(u') on the functions with v’ € {£1}
almost everywhere. This justifies the reduction made in the text.

An optimal-partition lemma. Both examples rely on the same elementary argument.

Lemma 6.2. Let g : (0,400) — [0,+00) be a function, and set hy, = infs~0g(d)/d. Then
for every finite family 61,...,0n > 0 with Y, 6; = 1 we have ), g(6;) > hy, and equality
holds (when 1/, is an integer) for N = 1/0. and d; = 6x, if 0« is a minimizer of g(5)/d.

Proof. Since g(d;) > h0; for every 4, summing we get >, g(6;) > hy Y, 6; = hy. If 64 is a
minimizer and N = 1/d, then >, g(6:) = Ng(d«) = g(d+)/0x = hs. O

Geometrically, h, is the slope of the line through the origin which is tangent from below
to the graph of g.

The period of the perturbed Bolza example. Let u be such that |u/| = 1 almost
everywhere, with N — 1 corners (points of S(u')), at which the derivative changes sign,
dividing (0, 1) into N intervals of lengths d1,...,0n (>, 6; = 1). On the i-th interval u is
affine with slope +1, so that u(t) = ¢; = (¢t — t;), with ¢; the midpoint, and

2 %i/2 2 0, 0 _ &}
udt—/ ¢ +s)°ds = 0jcf + —~ > -+,
/zi 51_/2( ) 12 = 12

with equality if and only if ¢; = 0, that is, u vanishes at the midpoint of the interval. Hence

/1u2dt+5c #S(u')>§:(5§+5c )—50 >min(52+gcw)—50
0 W “ i\ W=%s0\12 " 5 W

1=
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by Lemma 6.2 applied to g(d) = 2 S tecw. The function 2 o . =W is minimized for % = =,

that is 02 = 6ecyy, and the minimum is —2 + S5 = %. ThlS bound is attained, up to
boundary terms, by the zigzag function with all corners at distance d, and with zeros at all
midpoints of the intervals (which is a 2J.-periodic sawtooth function, as in Fig. 26). The
corresponding period is 20, = (48cyye)!/?, and the minimal energy is i(ﬁcwa)z/3 +o0(2/3),

of order £2/3.

The I'-limit of F.

Proposition 6.3. The functionals F( %fol min{|u'|?, 1}dt + &3 fol |u"|2dt, defined on
H?(0,1), T'-converge, with respect to the Ll(O, 1) convergence, to

=Cy Y V]ult) —u(i7))

teS(u)

if w € SBV(0,1) with u' = 0 almost everywhere, and +oo otherwise, where Cs is the
constant in (40).

Proof. Lower bound. Let a > 0 and ¢ < 1/a. Then = mm{|§]2 1} = mm{‘6 ,% >
min{al[¢|?, 1} for every ¢, so that F. > F®. The functionals F& differ from those of
Section 5.2 only by the factor « in front of the quadratic part. This factor modifies
the threshold |u/| > 1/y/ae defining the intervals on which the gradient is large; on the
endpoints of such an interval the derivative is of order e /2, which is negligible with respect
to the order e~1/2 of the derivative of a transition giving a jump of size z (at scale £1/2).
Hence the argument of Section 5.2 (see [36]) applies without changes and gives the lower
bound I-liminf._,o F¢ > F, with F*(u) = o [ |v/|?dt + Cs 2otes) VIu(tt) —u(t™)| and
the same constant Cy. Taking the supremum over a > 0 gives F liminf F, > F, with
F =400 if v’ £ 0.

Upper bound. Let u be piecewise constant with finitely many jumps. We use the
recovery sequence (41) in the neighbourhood of each jump ¢;, with u. = u elsewhere. In the
transition layer of ¢;, which has length /25, we have 2 min{|u/|?,1} < 1, while this term
vanishes outside the layers, and the energy of the layer is at most /(S + fOS lw”|?ds) =
Cyy/z; for the optimal pair (S,w). If u has infinitely many jumps, we conclude by the
lower semicontinuity of the I'-limsup and by the density of piecewise constant functions
with finitely many jumps in the energy, since ), \/z; < 400. O

The staircase. Let K > 0 and f(z) = K\/z + %, so that the energy of the staircase
problem (43) is, after the rescaling u = au,

N
@Y fw), K =eCa™? Y wi=1,
i=1 i
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neglecting boundary effects. The minimum of f(z)/z = Kz~ /2 + ‘f—; is attained at the only
point d, at which —%5;3/2 + %* = 0, that is 53:’/2 = 3K, and equals h, = \/% + % = 1—5263
By Lemma 6.2 the minimal energy is a?h, = %a2(3K)4/5 = %(302@5)4/5, and it is attained
by a staircase with equal steps of length §, = (3(]2)2/5@_3/562/5. In particular the minimal
energy is of order (as)4/5 and depends on a and ¢ only through the product ae. If §, > 1

the infimum is attained by the constant u = a/2, with energy a?/12. The transition layers
have size ev/ady, which scales as 5/5.

Plateaus with a positive slope. In the simplified model we have supposed that u is
constant between jumps. This is justified to leading order. Consider a step of & of length
¢ with slope o instead of constant: the best affine function on it gives the energy

oo ((1—0)% 2
a“d ( D +o ),
where the first term is the tracking error and the second one is the gradient energy (here
|u'| = ac < 1, so that the truncation plays no role). Minimizing in o with m = §2/12 we
get 0 = m/(1+m) and the value a2§ T4 Which differs from the value a’dm for o = 0 by
a relative factor 14+ O(62) = 1 + O(*/5). The slope is therefore of order 62 ~ %5, and
neglecting it does not affect the scaling laws above.

The cell problem of the elastic-brittle model. We first check the scaling of the cell
energy. If w is close to an affine function of slope z, with the jumps of v at distance €5, we
write on one period u(t) = eu(t/e) and v(t) = 0(t/e), with @, defined on (0,S). Then

1
/\u’det_g/\a’des, /]v’]th—s/f/\st, (C:Q/]u—UIth—es/]ﬁ—ﬁ\st,

so that the energy of one period is a(fos(\ﬁ’P + 0> + |& — ©|*)ds + 1), where the last
term accounts for the jump of v at the end of the period. Dividing by the length €S of the
period gives the energy per unit length ¥ (S, z) + %, with v as in the text (the boundary
condition @(S) — @(0) = Sz expresses that u has slope z).

Computation of ¢/(S, z). The Euler-Lagrange equations of the minimum problem defin-
ing ¥(S, z) are v’ = u—v, v = v—u, with u(0) = 0, u(S) = Sz and the natural conditions
v'(0) = v'(S) = 0. The sum p = u+w is affine, p(t) = po+ct, and w = u—v solves w” = 2w.
Since v’ = %(p/ — w'), the natural conditions give w'(0) = w'(S) = c. Setting k = v/2 we
obtain
c/ . kS
w(t) = % ( sinh kt — tanh o cosh k:t), w(0) + w(S) =0.
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The boundary conditions on u = 3 (p+w) then read py+w(0) = 0 and po+cS+w(S) = 29z,
which give ¢S + % tanh % = 2S5z, that is

257
c= .
S + v/2tanh (@S)

Multiplying the equations by u and v, respectively, integrating by parts and adding, we
obtain that the minimal value of fos(\u’lz + [v'|2 + (u — v)?)dt equals the boundary term
u(S)u'(S) = Szu/(S), and W/ (S) = 3(c+ w'(S)) = c. Hence ¢(9,2) = zc, which is the
formula in the text.

The critical strain and the large-strain asymptotics. Set 7 = tanh (?S) € (0,1).
A direct computation gives

O(S,2) + = — 222 = S+ V2T = 2V27S

S S(S+V27)

If 21/2 22 < 1, that is |2| < 2z, = 2*3/4, the numerator is not less than S + 27 — 75 > 0,
so that the quantity is positive for every S, while it tends to 0 as S — 4o00: the infimum
g(2) = 22% is not attained. If |z| > 2, the numerator is negative for S large, since 7 — 1
and 1 —2v/222 < 0, so that g(z) < 222 and the infimum is attained at a finite S(z). For
|z| large the optimal S is small, and since tanhx = x — %5 + o(x3),

0(5.2 - (145 4 o(s?)

z) = =z —+o .

’ 1— 52/12 + o(S2) 12

We then minimize 2% + ZEQ + +: the derivative vanishes for 5% = 6/z%, that is S(z) ~
{/6]2|=%/%, and at this value Zng = 5%, so that

3
g(2) ~ 2+ oo = 2+ =[PP =22

25(z) 2v/6
(The convexity of g, and the uniqueness of S(z) and its monotonicity in |z|, which we have

stated in the text, can be checked numerically from the formula for v, but are not proved
here.)

3/
ﬁ|z|2/3_
4

7 Continuum Homogenization

Solutions of minimum problems depending on a small parameter € may develop increasingly
fast oscillations as € goes to 0. The effect of such oscillations tends to be homogeneously
distributed, in a sense at the opposite end to concentration, which can be seen as a localized
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effect. In the simplest case, oscillations can be forced by spatial inhomogeneity of the energy
densities at scale €, which in particular can be modeled by scaling a periodic integrand. A
basic example, already presented in the Introduction, is that of functionals of the form

Fo(u) = /Ola(z)|u’\2dt (44)

defined for u € H'(0, 1), where a is a 1-periodic function such that 0 < a < a(t) < 8. In
terms of ['-convergence, the limit is then given by

1 1 1 1
FO(U) = a/ ’U,|2 dt, where - = / —— ds.
0 a 0 CL(S)

This limit is homogeneous in the sense that the integrand is translation invariant with
respect to the spatial variable ¢, and the appearance of the coefficient a is a consequence
of the optimization of oscillations at scale €. The asymptotic analysis of energies with
increasing spatial inhomogeneity as € tends to 0 is commonly called homogenization (see
the Appendix to this chapter for references). Usually, the integrands of the limit energies
are characterized through suitable homogenization formulas, entailing oscillations at scale
¢ of the minimizers.

7.1 Convexity effects: scales reduce to periods

In one dimension, the analysis of energies F. as in (44) is equivalent to dealing with energies

F.(u)= /Dlac_)uz dt

with respect to the weak L2-convergence. The treatment of energies on LP modeled on this
example allows us to highlight the asymptotic effect of periodic oscillations in a sufficiently
general setting, without having to cope with other effects, such as those given by the
structure of gradients in higher dimensions.

Homogenization formula in L. Let then p > 1, and let f: R x R™ — [0,4+00) be a
Borel function such that

(i) for all z, the map = +— f(z,z) is 1-periodic;
(ii) f(z,2) > c|z[P — L for some ¢ > 0.
Let 2 be a bounded domain in R?. For every e > 0 we define the functional F.: LP(Q;R™) —
[0, +00] given by
R = [ 1(Z0)de (5)
Q &

Up to the relaxation argument recalled in Section 2.3, we can suppose that the map z —
f(x, z) is convex for almost all .
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alt/e)

slope a/f3 where a= 8

slope a/a where a = o

Figure 29: The one-dimensional example (44): the coefficient a(t/¢) (top) and the optimal
ue for the target u(t) = t (bottom). The slope u. = a/a(t/e) is larger where a is smaller, and
ue coincides with u at the end-points of the periodicity cells, so that F.(u.) — a fo ' |2dt.

A lower bound for the asymptotic behaviour of F. can be given by a coarse graining
at the level of the period. This is done by comparing the energy of a weakly converging
sequence {u.} with another energy obtained by integrating out oscillations at scale ¢,
depending only on the averages of u. on periodicity cubes. More precisely, let u. weakly
converge to u € LP(Q;R™). For all k € Z4, let Q7. be the scaled (periodicity) cube defined
by Q5 = ek +¢[0,1]? and I¢ = {k € Z?: Q C Q}. Then

c(ue) Z/g dm—z /01 (y, ue(ek + €y)) dy.

kels kele

If we define
fon() =min{ [ ey [ ey =z} (16)

then we obtain the inequality

F(ue) > Y e from(sf), where 2§ = — / we () da, (47)

kele k
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which we can rewrite as

zp frxe@i, kel

0 ifzxeQ\ U QF-
(48)

Noting that fhom is convex, that the measure of Q\(J;,c;- QF tends to 0, and that . weakly

converge to the same limit u as u., it follows that

0 2 [ fuom () da= Frm(O)[ 2 U 5]

kels

where u.(z) = {

liminf F;(u:) > liminf / Jhom (Ue) dz > / Thom (u
e—0

e—0

Figure 30: Coarse graining at the level of the period: a function u. oscillating below
the scale € (thin, grey) and the piecewise-constant function @. of its averages zf on the
periodicity cubes @7, (thick). Both converge weakly to the same limit v (dashed).

To check that this bound is sharp, we first treat the case of a constant u equal to z.
To that end, let v be a minimizer of the problem in (46), and set u.(x) = v(%). By the
Riemann-Lebesgue Lemma, u. weakly converge to u, and F.(u.) tend to |Q|fhom(z). If u
is piecewise constant, this argument can be repeated on each set where u is constant (there
is no constraint of continuity between different sets, since the functions are only in LP).
For a general u with Fyon (u) < 400 we take the piecewise-constant functions u obtained
by averaging u on the cubes of a grid of side 27%: then u; — w strongly in LP, and by
Jensen’s inequality for the convex function fyom, we have fQ from (ug) dx < fQ from (u) dz,
so that the lower semicontinuity of the I'-limsup gives I'-lim sup,_, Fz(u) < fQ Jhom(u) dzx.
Note that no upper bound on f is needed here: fiom may take the Value 400, and in this
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case so does the I'-limit. This shows that
Fhom(u) - / fhom(u) dz (49)
Q

is the homogenized functional of the family {F.}. The form of the recovery sequence shows
that the scale of the oscillations is ¢; that is, we have oscillations at the scale of the
period, as expected. Moreover, the recovery sequences are characterized by the single
cell-problem formula (46), reducing the analysis to periodic test functions with the same
period as that of the spatial oscillation of the corresponding energy density.

As an example, if f(x,z) = a(x)|z|? we can show that
1 -1
from(2) = az?, where a= / ——dy) .
) ( [0,1]d a(y) )

Up to reasoning componentwise, it is sufficient to deal with the case m = 1. For all test
functions v in (46),

2= ( /[0 N L Valyiely) dy) < /[071} gy /[O W)

a(y) a a(y)

which gives fuom(2) > az?. The converse inequality is obtained by choosing v(y) =

za(a(y))~! as test function.

Two-scale convergence in LP. The possibility of characterizing the limit behaviour
of functionals by only minimizing over (locally) periodic functions allows one to use argu-
ments which are specifically designed to treat periodic problems, such as formal asymptotic
expansions. In this case, recovery sequences are supposed to take the form

x x
ue(z) = u(zx) + euq (z, g) + e%ug(z, g) +...,

with the functions ui,us,... 1-periodic in the second variable. This approach has been
formalized by introducing two-scale convergence defined as the convergence of a sequence
{u.} € LP(Q) to a function u € LP(Q x [0, 1]¢) requiring that

[ e () do — u(@, 9)6 (2, ) dady
Q € Qx[0,1]4

for all admissible test functions ¢ € LP'(€;Cy([0,1]%)), where Cx([0,1]?) denotes the
continuous 1-periodic functions [54, 55]. This convergence can be interpreted (see the
Appendix to this chapter and [56]) as a weak convergence in LP(£2 x [0, 1]%) of the functions
U:(ue), where, using the notation introduced in (47),

Us(ue)(x,y) = Gkt uly) freQp kel vi(y) = ue(ek + ey) — 2.
AT 0 if 2 € O\ Upese Q5 F © b
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The operator Uz : LP(Q) — LP(2x [0, 1]%) is called the unfolding operator. It formalizes the
coarse-graining operation introduced in (48), retaining the information about oscillations
of period ¢ as a dependence on y. Note that the unfolding operator is tailored to deal with
functions exactly of period e (as opposed to scale ). Indeed, if uc(x) = v(%) then the
two-scale limit is v(y) if it is 1-periodic, but is the average of v if its period is irrational.

With respect to this convergence, the I'-limit of the functionals F. in (45) reduces to
an e-independent functional given by

25, (u) = / Py, u(z, y)) dady.
Qx[0,1]4

The use of two-scale convergence and F2° allows one to obtain information about micro-

hom

scopical oscillations of minimizing sequences directly from the dependence on the variable
y of minimizers u.

This functional can be compared with the functional Fiop in (49); that is, the I'-limit

with respect to the weak convergence in L?. Indeed, let ug € LP(Q), and u € LP(2x [0, 1]9)

be any function such that f[o 1) u(z,y) dy = up(x). Then we take {u:} to be a recovery

sequence for F25 (u). By testing over ¢ depending only on z, it follows that u. weakly
converge in LP(€2) to ug, so that by the lower estimate for Fj,om(uo), we obtain that

2 (u) = i%F&‘(u&‘) > Fhom(u())7

hom

and the inequality

inf {Fggm(v) cug(z) = /

’U(l’, y) dy} > Fhom(u(J)-
[0,1]¢

For the converse inequality, let {u.} be a recovery sequence for Fyom(up). Up to sub-
sequences, we can suppose that u. also two-scale converge to some w € LP(Q x [0,1]%)
satisfying the integral condition. Hence,

From(u0) = lim . (ue) > Fs,(w) > inf { Fs,(0) < uo(x) = /

v(z,y) dy}~
[0,1]4

This shows that the functional Fion, in (49) can be recovered by integrating out the variable
: 25
y in Fj

hom*

7.2 Effects at scale ¢ over all frequencies

We now turn to homogenization in a space where functions satisfy more structure con-
straints than LP-functions. As a result, even considering functionals with an e-periodic
dependence in the space variable, the limit will not be characterized by only using e-
periodic test functions. This is in a sense a nonlocal effect felt at scale € and not limited
to the period .
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Homogenization formula in W', Let p > 1 and let f: R? x R™*¢ — [0, +00) be a
Borel function such that

(i) for all £, the map = — f(z,£) is 1-periodic;

(i) f(z, &) = c[¢[P — 1 for some ¢ > 0;

(iil) f(z,&) < d(|€P + 1) for some ¢ > 0.
Let © be a bounded domain in RY. For every e > 0, let F.: WIP(Q;R™) — [0, +00) be
given by

Fo(u) = /Q 7(2,vu) dr. (50)

Note that the gradient is an m x d matrix. As a consequence of the structure of WP,
convexity is not a necessary condition for the lower semicontinuity of F; if m > 1 and
d > 1, and hence, contrary to the LP case, it cannot be assumed without loss of generality.

In order to obtain a lower bound producing a homogenization formula, we use the blow-
up technique. Let then u. weakly converge to u € W1? with sup,q F-(u:) = M < +o0. In
the following, extraction of subsequences will be understood, even if retaining the subscript
£. We consider the sequence of bounded measures

pe = £ (. Vue) e

which we may suppose weakly* converge to . We now estimate the absolutely continuous
part of p with respect to the Lebesgue measure. For almost all zg € €2, there exists the
approximate gradient Vu(xg), and the density of u with respect to L% at the point zg is

du Qo) | pe(@a0)
aga\ ™) = oy = i i

given by

where we neglect a countable set of p. We then choose p = p. — 0 with p. >> ¢ such that

du i )y L ] ' o
dﬁd ($0) Elj)r(l) pg Elﬁn,(l) pg Qpe (z0) f(€7 u€($)> dx

We may assume that the functions v.(y) = %, where a. is the average of wu.
on Q. (xg), strongly converge to the affine function v(y) = Vu(xo)y in LP(Q1;R™). This
convergence and both growth conditions on f ensure that we may indeed assume that u.(x)
equals the value Vu(zo)z at the boundary of @, (xo) up to a fixed translation. Hence,

1/ T
= fl—=,Vus(z) ) dx
P2 J Q. (a0) <5 o)

> plginf { /st(xo) f(g, Vu(zo) + Vw(x)) dr :w € Wol’p(QpE (xo);Rm)}.
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After the change of variable y = £, setting 7. = £ we have that

e’

Y

dp
aci™)

e—0

3 3 1 3 . 11p @ . m
hmme—Ed inf { /QTE(’”O) [y, Vu(zo) + Vw(y)) dy : w € Wy (Qr.( . )R )}

v

e—0

1
lim inf - inf {/ f(y, Vu(zo) + Vw(y))dy : w € W&:P(ng(kg);Rm)}
S Qs (ke)

where k. € Z% is such that |22 — k.| < 2 and S, = 7. +1, so that QT.(%) C Qs.(k:) (the
cubes are centered at the indicated points). In the last inequality we have extended w by
0 on Qg, (k:) \ Q7. (%), which by the upper bound (iii) on f adds an error of order T
negligible after division by 7. Note that in the last formula we can substitute k. € Z?
with 0 by the 1-periodicity of f.

Qr.(zo/e), T.=p./e =0

pe =0, p:>e¢ w:OPndQ
periodicity cell of f(y, -)

Figure 31: The blow-up argument: at a point xy we zoom in on a cube Q,. (zo) with
£ K p: < 1, on which u, is close to the affine function Vu(xo)(x — o). After the change
of variable y = x/¢ we obtain a cube of side T, = p./e — 0o, made of many periodicity
cells of f(y,-), with affine boundary conditions: this gives the asymptotic homogenization
formula.

For fixed £ € R™*%, we set
1. m
o(5) = ot {/Q Fn €+ Vu(y)) dy : w € WP (Qs: ™) ).
S

By a subadditivity argument, we then have g(S) < g(T') +r(S,T) for all S > T, where

lim limsupr(S,T) =0,
T—+400 S5 400
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which guarantees the existence of the limit (see the Appendix to this chapter) in the
asymptotic homogenization formula, due to Marcellini, Braides and Miiller [48, 49, 50],

from(©) = Jim gzt { [ .64 Vul) dy v € WP(QsiR)

We then have the inequality dc%(:vo) > fhom(Vu(zg)) for almost all z¢ € Q, which can be
integrated and gives the lower bound

d
liminf F. (ue) > p(Q) > / I (20) dz > / From (Vu(z)) da.
e—0 Q dcd Q

This formula suggests a construction for approximate recovery sequences in analogy
with the LP case. For a target linear function u(z) = £z, with fixed n > 0 we can choose
SeNand we Wol’p(Qs;Rm) such that

<1 | T &+ Vu(y)dy < fuom(§) +n-

S Qs

We then extend w S-periodically and define the sequence u(x) = {x + 610(%) converging
to u. By the Riemann-Lebesgue Lemma we then have lim._o Fz(u:) < |Q|(fhom(E) + 1).
Since we can modify the construction of u. in such a way that u. = u on 91, and the
functionals are invariant by addition of constants, the construction can be repeated for
piecewise-affine u, and then extended to arbitrary u by density, obtaining that the I'-limit
is

Fhom(u) = /thom(Vu(:U))dx

A “periodic version” of the homogenization formula. We can give an alternate formula for
fhom as

foom(€) = lim —

Glim = inf {/Q fy, &+ Vw(y))dy :w € VVé’f(Rd;Rm),w S—periodic},
S

where we can even restrict to S € N. Indeed, optimizing over S-periodic functions provides
a lower bound for the asymptotic homogenization formula, while, on the other hand, the
formula provides an upper bound, as the construction of recovery sequences can be carried
out using minimizing S-periodic functions. It is interesting to note that this formula (in
this version, or in the one with zero boundary conditions) can be used also in the case when
f = f(&) is a non-(quasi)convex function, giving a characterization of the (quasi)convex
envelope Q f of f as an optimization process over all scales of periodic oscillations.
This observation is helpful in that it suggests that integrands of I'-limits can sometimes be
characterized by an asymptotic formula over periodic functions even though not deriving
from a periodic setting.
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The asymptotic homogenization formula shows that the effect of the periodicity is
at scale ¢ but not necessarily confined to the period . A counterexample by
Stefan Miiller [50] shows that the analysis indeed cannot be reduced to considering only
g-periodic functions. This can be explained by recalling that a class of integrands giving
lower-semicontinuous functionals are polyconver functions; that is, convex functions of
the minors. Hence, in particular if m = d = 2 we have convex functions of det Vu =
DyuiDous — DiusDouy, and we may have functions u whose determinant is 1-periodic
such that Vu is periodic with a larger period.

Cell-problem formula in the convex case. In order to deduce some properties in the
case of a convex function, we consider, for a general f, the simpler cell-problem formula
on 1-periodic functions given by

f#<f) = inf{ 0 fly, &+ Vo(y))dy :v € Wi’f(Rd;Rm),v l—periodic}.

If v is a 1-periodic test function, and ¢g(z) =dist(x,0Qs) A 1, we can use ¢gv as a test
function for g(S) and deduce that g(S) < f#(€) +o(1) as S — +oo. Hence,

from (&) < 7 (8).

If the function f is convex in £, then we can prove the equality. Indeed, if S € N and w
is a test function for g(S) extended by S-periodicity, we can use as test function for f# ()
the 1-periodic function

v(x) = % Z w(z + k),

ked{1,...,5}4

obtained as a convex combination of all integer translations of w. Using convexity and the
1-periodicity of v, and the S-periodicity of both v and w, by the convexity of f we have

fly, &+ Vo)dy = ;d/Q fy, &+ Vo)dy

—gi ) frg X €Tl

ke{lv""s}d

<gigt X[ Swervub b= g [ e voe)
ked1,...,S}4

Q1

which shows that f#(¢) < g(S) and then f# (&) = fuom(&). Hence, also in the Sobolev case,
in a sense convexity trivializes the oscillations to those of e-periodic functions, so that the
scale ¢ reduces to the period ¢. On the other hand, having a single problem instead
of an asymptotic formula makes it more handy for computations and stability issues.
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Non-one dimensional dependence on the microstructure. The dependence of f
on the spatial variable is often referred to as its microstructure. In the one-dimensional
case d = 1 and f(t,2) = a(t)z?, we have seen that the limit coefficient is the harmonic
mean of a, so that the effect of the microstructure only depends on this average quantity.
In the LP case, we have noted that this extends to higher dimension. In the Sobolev case,
this is not true anymore, and in particular the scale is not one-dimensional; that is,
we cannot recover fhom(€) by looking at one-dimensional sections in the direction of &.
This can be seen through an example, for which we can use the equivalent cell-problem
formula giving f#(£). We fix a one-dimensional coefficient a and consider the function
f(z1,22,€) = a(z1)[£]? for d = 2 and m = 1. The formula for the homogenized function is

7€) = inf { / a(y)|€ + Vo(y) | dy : v € Wf}’f(Rz),v 1—periodic}.
1

This formula defines a quadratic form, so that there exists a 2 x 2 matrix Ao, such
that f7(£) = (Apomé, €). By the independence of the coefficient from x5, we deduce that
f7#(&, —&) = f#(£1,&), which implies that Aoy, is diagonal. In order to determine the
coefficients A1; and Ago on the diagonal we note that minimizers for f#(el) and f#(GQ)
are both one-dimensional. In the first case the minimizer is v(z1,x2) = vi(x1), where v;
is the minimizer of the one dimensional case related to a(z)|£1]?. Hence Aj; = a. In the
second case the minimizer is v(x1, z2) = 0 since sections of the coefficients in the direction
9 are constant for all fixed x1 and A9y = fol a(y) dy.

Now, we analyze the functionals corresponding to one-dimensional sections of a in each
fixed direction &. If & # 0, for every & with (£,£') = 0 we consider the 1-dimensional
homogenization problem related to

FE (u) = /01 Q(L +§£’61>)|u’\2dt.

Since the map t — a((¢ +t£, e1)) equals a up to an affine change of variables, its harmonic
mean equals a. Hence all homogenized functionals Ffom equal the functional F' given by

1
Flw)=a [ 1P,
0

which only gives the trivial lower estimate f#(£) > a|¢|?, which is not sharp if & # 0, as
we have shown.

Another classical example, from which we can deduce an even more strictly non-one
dimensional behaviour of the homogenized functional in the Sobolev case, is that of the two-
dimensional periodic checkerboard, with the values of the function a alternating between
a and B (both strictly positive) on the black and white squares, respectively. If f(z,&) =
a(z)|€|?, it can be shown (see the Appendix to this chapter) that f# (&) = v/aB|€|?, while
the analysis on one-dimensional sections still gives the coefficient a = % < Vap.
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checkerboard: f#(¢) =+/ap |¢?
E=e;:

=
[
e

|

E=ey:

1

A22 = / a
0

a = a(x1): harmonic / arithmetic mean

a |8

while 1D sections give a =222 < /a3

Figure 32: Non-one-dimensional microstructure. Left: for a laminate a = a(z1) the homog-
enized matrix is diagonal, with the harmonic mean a for £ = e; (oscillations in the direction
of &) and the arithmetic mean for £ = ey (no oscillations). Right: the checkerboard, whose
homogenized coefficient \/a/3 is larger than the harmonic mean given by one-dimensional
sections.

7.3 Other continuum homogenization processes

The general principle of homogenization can be applied to a broad class of energies, with
an oscillating dependence on some variable, whose effect can be integrated out in the limit,
obtaining a “simpler” homogeneous energy describing, in a sense, a macroscopic behaviour.
The main characteristic required to make a homogenization approach work is that the
functionals have to be defined on spaces allowing oscillations, endowed with a structure
that may capture average behaviours. From our standpoint, we choose to highlight the
general procedure of recovering a characteristic scale by the analysis of the limit energy
density. In this perspective, we now examine the behaviour of families of energies defined
on different spaces, where the effect of weak convergences must be suitably understood.

Homogenization of perimeter functionals. We consider oscillating energies defined
on sets of finite perimeter inside a fixed domain Q C R¢, given by

F.(E) = /Qﬂa*Ecp(i,V) dHI, (51)

with ¢: R? x S9=1 — [a, 8] a Borel function, even in the second variable, and a, 3 > 0
[57]. Note that, if  is constant, then F. is a multiple of the perimeter, so that we can refer
to this family of energies as oscillating perimeters. In order to envisage the form of a
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homogenization formula, we can use the structure of sets of finite perimeter. To that end,
we let E. (with equibounded perimeters) converge to F and focus on points xg € 9*E.
Using the blow-up technique, we let

He = @(ga Vs) HIL L 0*E.,

where 1, is the inner normal to F., and suppose, without loss of generality, that u. weakly*
converge to a bounded measure p. For #% !-almost all zg € 0*F,

dp . 1 x d—1
dHA-1 8*E(x0) N ggr(l) F /QZe(xO)ma*EE 30(27 VE) dH
where v = v(zg) is the inner normal to 0*F at xp and Q%.(y) is any cube with side length
T, centered at y and with one face orthogonal to v. The infinitesimal parameter p. is
chosen, after a diagonal argument, such that p. >> ¢ and also p%(EE — x) converge to the
half space HY = {z : (z,v) > 0}.

As usual, the second step in the application of the blow-up method is the variation of
boundary data, which in this case implies that we can assume that E. = ¢ + H” in a
neighbourhood of the boundary of the cube @} _(z¢). By minimizing over all sets satisfying
this boundary condition, by a change of variable we get the lower inequality

dp
T o B
> lim inf 0

1
inf / oy, va)dHI A==
e—0 Tg_l { Q%E(I?O)I"Ia*A ( ) 5

where T, = pe—f. As in the Sobolev case, by the periodicity it can be shown that we may
suppose without loss of generality that g = 0. In order to give a lower bound independent
of subsequences, we note that for all v we can define the asymptotic homogenization surface
formula

+ HY on GQ%E(%)},

1
o) =t pint{ [ g ant A= B on 005}, (52
T—+o0 Td 1 Q%HG*A

where Q7 = Q%(0). The existence of the limit is again proved by a subadditive argument,
which we outline below. The validity of this formula allows us to give a lower bound
independent of subsequences

. dp d-1 / d-1
1 fF.(E.) > n(Q) > _ > m .
= 2(Ee) 2 u(@) 2 /Qma*E dHA=t L a*EdH -~ JanoE Phom{1(2))dH

In order to show the upper bound, it is sufficient to treat in detail the case E = HY N{Q.
This construction also describes the subadditive argument leading to the proof of the
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existence of the limit in (52). We fix 7" > 0 and consider a(n almost) minimizer Ar of
the problem in (52). Let Z¢~! be a lattice congruent to Z¢~! in the plane II”. For each
n € 74! we choose k,, € Z% at distance not larger than %\/& from (T +1)Z4~! and define
the set B as equal to Ar + k,, inside Q1 + k,, and equal to H” otherwise. The sequence
ET = ¢E7 converges to H” and

1
limsup F.(ET) < d_l/ o(y,vap) dH +0(T),
e—0 T Q4No*Ar

where the remainder term r(7') is due to the extra contribution on the boundary of the
cubes Q1+ ky, where we have a mismatch with the boundary condition in a neighbourhood
of II” of size at most v/d, and to the contribution outside the union of the cubes, where
the interface coincides with II”. In both cases we obtain r(T) = O(%), so that, by the
arbitrariness of T' we have

I-limsup Fr(E) < @pom(v) HE IV N Q) = / Ohom (V(x))dHI L.
e—0 QNo*E
This construction highlights that recovery sequences develop oscillations at scale ¢ in
the direction orthogonal to v, confined to a neighbourhood of the boundary of scale
€. Moreover, in general such oscillations are not periodic but in a sense almost periodic,
unless v is a rational direction; that is, there exists ¢t # 0 such that tv € Z?. The upper
bound can be extended to polyhedral sets by using the construction above close to each
face of the polyhedron, and then to all sets of finite perimeter by density, thus showing
that
I-limsup F.(F) = / Ohom (V())dHIL.
QNo*E

e—0
As an example we can take the simple energies in the plane (d = 2)

F.(E) = /ma*E a(%)d%l,

with isotropic (that is, not depending on ) energy densities, in the particular case when
a is the one-periodic function

( ) o fxy€Zoraxzyel
a(xy,x0) =
b B8 otherwise,

and B > v2a. In this case the optimal sequences E. are such that a(z1,22) = o on 0*E,
and the homogenized energy density is @pom(v) = a(|v1]+ |v2|), which is homogeneous but
not isotropic (for the study of the minimizers of such oscillating perimeters, see [58, 59]).
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(a, @)

.
7
.
. v
,

» T
Wulff shape [—a, a]? of wpom(¥) = al|v1| + |12])

a=a on the grid lines (grey), a = 8 elsewhere

interface along the lines (thick) vs.\ straight (dashed)

Figure 33: Oscillating perimeters. Left: the density is a on the lines of the grid and
B > /2« elsewhere; a straight interface at 45° (dashed) pays 3 almost everywhere, while
an interface running along the lines (thick, a staircase at the scale €) pays only « times its
length, which gives ppom(v) = a(|v1] + |v2]). Right: the corresponding Wulff shape, the
square [—a, al?.

Homogenization of free-discontinuity problems. We now consider an interesting
class of energies that mix bulk and surface parts; namely, functionals of the form

Felw = /Qf<:/ Vi) do ¢ /mS(u) @<§’ v JaH

defined on functions in SBV (), where €’,¢” — 0 independently. For simplicity, we con-
sider the scalar case, and surface energy densities not depending on the traces of u on either
side of S(u), and symmetric in v. The functions f and ¢ satisfy the same hypotheses as
for the bulk and perimeter homogenizations just considered.

The main issue in the treatment of such energies is an independence of scale effect;
that is, that in a sense the bulk and surface parts can be considered independently. We
briefly explain this phenomenon leaving out the technical details.

It is interesting to note that the blow-up technique may be applied also in this case, since
its ingredients are differentiation of measures and characterization of pointwise quantities
by scaling, which is the case also for SBV-functions. We then take a sequence u® of
equibounded energy. Upon truncation we can suppose that u° is uniformly bounded and
converges to a function u € SBV () in LY(Q), and ¢/ = £/(¢), &” = ”(¢). We define the

measures
T

pe = F( 5. Vu ) £+ o v )R LS (),
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which we may assume weakly* converge to some finite measure p, whose absolutely contin-
uous part with respect to the target measure A = £% +H%~! L S(u) we want to represent.
Note that A is the sum of two mutually singular measures.

We concentrate on the bulk part first, and note that for almost all zg € 2 we may

suppose that the functions v,(y) = w converge in Li _(RY) to (Vu(zg),y). We

can then extract a sequence p = p. >> ¢ such that still w.(y) = w converge
in L _(RY) to (Vu(zp),y) and
du du o1 T T d_1
——(x0) = == (z0) = lim — / fl—=,Vue ) dx +/ ol =, vy, JdH
dA dLe &0 Pd( Qp(0) (5’ ) Qp(w0)NS(ue) (5” ) )

e—0

> Iiminf/ f(iﬂo _'; pyﬂwa(y)) dy.
Q1 €

Since the (d — 1)-Hausdorff measure is homogeneous of degree d — 1 by homothety, and
by the inequality ¢ > a > 0, we note that H4~1(Q1 N S(w:)) < Cp by the finiteness of
Z—’/\L(mo). This implies that we may find a sequence w. € W1P(Q1) converging to (Vu(zo),y),

and such that

/Qlf(ﬂfozpy’vaa(y» dyg/(a2 f<$0:,py’vwa(y)> dy + of1)

1

as € — 0. We do not prove this construction, which expresses the fact that we may
substitute a sequence in SBV with vanishing jump set with a sequence with no jump set
at all, and hence in WP, Arguing as in the proof of the homogenization theorem in WP
we can suppose that g = 0 by the periodicity of f, and then obtain that

) 2 it [ (V) dy 2 from(Tule)

by the bulk homogenization theorem applied with the small parameter &’/p in place of €'.

The surface part again uses the different scaling properties of the Lebesgue and Haus-
dorff parts. Now, for almost all zg € Q N S(u) we may suppose that the functions
v,(y) = u(zo + py) — u(wo) converge in LL (R?) to u” defined by

() = ut(zo) if (y,v) >0
Y u” (zg) otherwise,

where v = v, (x9). We can then extract a sequence p = p. >> € such that still w.(y) =
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us (20 + py) — ue(z0) converge in Li (R?) to u” and

du du
ax (o) THTT L 5wy 0

= ;%P;l</qg;(xo)f(:/’vua> dx—i—/q)z(xo)ms(ug)go(:”,yus)d?{d1)

o + PwaE) dHA1.

8,/

v

lim inf 4,0(
e—0 QVNS(we)

Thanks to the d-homogeneity of the Lebesgue measure and the inequality f > c¢|z|P — %
with ¢ > 0, we note that fQT |Vwe|Pdx < CpP~! by the finiteness of %(%)' This implies
that we may find a sequence w. € SBV (1) converging to u”, such that Vw. = 0 almost
everywhere, and

HH(QF N S(we)) \ S(w:)) < Cp.

as € = 0. We do not prove this construction, which is an application of the coarea formula,
which expresses the fact that we may substitute a sequence in SBV with vanishing gradient
with a sequence with no gradient at all, that is, a piecewise-constant function. If we set

B = {z € Q: |w(z) — u" (z0)| < |@e(x) — u” (w0)[}

then this is a sequence of sets of finite perimeter converging to H” and

xr —|— _ € _|_ B
/ sO( 0 ”py’VEE> d7 1§/ 90( 0 ”pyijs> Ry
QYNIE: € QYNS(we) &

From this convergence and the homogenization theorem for perimeters we deduce

d . g + _
ﬁ@o) > hmlnf/Q . gp( 0 py,I/Es) dHT > hom (V).
1

e—0 gl

Summing up this inequality and the one for the bulk part, we then have the lower
bound

hmlan (ue) /’ud)\>/fhom(Vu) dx—i—/ @hom(yu)defl.
0 QNS(u)

The separation of scales is reflected in the construction of recovery sequences, which
we only hint at: it is sufficient to consider the case when S(u) is a (d — 1)-dimensional
polytope. This can be considered as a subset of some I1¥, and hence as a boundary, for
which an almost-periodic almost-optimal construction can be performed as in the case
of perimeters. After this modification a recovery sequence as in the case of a Sobolev
function can be constructed in the complement of this small deformation of S(u). We do
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not include the details. The conclusion is that, as ¢’,” — 0, the functionals F. I'-converge
(with respect to the L' convergence) to

Fhom(u) = / fhom(vu) dx + / QOhom(Vu) d,Hdilu
Q QNS(u)

where fiom and hem are given by the homogenization formulas for the bulk and surface
terms separately, independently of the relative speed of ¢’ and £” [60].

7.4 Appendix: relevant tools of Chapter 7

References. The homogenization of integral functionals by I'-convergence starts from the
quadratic case, treated by De Giorgi and Spagnolo [47] in the framework of G-convergence
of elliptic operators; the convex periodic case is due to Marcellini [48], and the non-convex
one, with the asymptotic homogenization formula, to Braides [49] and Miiller [50], the
latter also proving that the cell problem cannot be restricted to functions with period
1. Complete accounts are given in the books by Bensoussan, Lions and Papanicolaou
[51], Jikov, Kozlov and Oleinik [52], and Braides and Defranceschi [53], the last one being
specifically devoted to integral functionals and following the point of view of these notes.
Two-scale convergence is due to Nguetseng [54] and Allaire [55], and the unfolding operator,
which gives a convenient reformulation, to Cioranescu, Damlamian and Griso [56]. The
homogenization of oscillating perimeters is due to Ambrosio and Braides [57]; for the
structure of minimizers of such energies see Caffarelli and de la Llave [58] and Chambolle
and Thouroude [59]. The independence of scales for free-discontinuity energies is studied
in [60]. The formula for the checkerboard is classical and is due to Keller [61] and Dykhne
[62]; see also [63].

Oscillating functions. The following lemma is used in all the constructions of recovery
sequences.

Lemma 7.1 (Riemann-Lebesgue). Let g € LL (R%) be 1-periodic and set {g) = f[O,l}d gdy.
Then:

(a) [49(x/e)dx — |A|(g) for every bounded set A with |DA| = 0;

(b) if g€ LY . with1 < p < +o0, then g(-/e) — (g) weakly in LY. . (weakly* if p = +o0).
Proof. (a) First let A = [],(as,b;) be a box. The number of cubes Qf contained in A is
|Ale=@ 4+ O(e'~%), each of them contributes £%(g) to the integral, and the remaining cubes,
which meet A and are O(e!~%) in number, contribute at most % f[O,l]d lg| dy each. Hence
J49(x/e)dz =|A|(g)+ O(e). For a general A with |[9A| = 0 we approximate A from inside
and from outside by finite unions of boxes, using |g| to control the difference.

(b) By (a) applied to |g|P the sequence g(-/¢) is bounded in LP(K) for every compact
K. By (a) again [ g(z/e)y dx — (g) [ dz for all ¢ which are finite linear combinations
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of characteristic functions of boxes; these are dense in L (K) if p > 1 (in L' if p = +00),
which, together with the boundedness, gives the claim. O

In particular, if v is 1-periodic and f(y,v(y)) € Li,, then [, f(z/e,v(z/e))ds —

(9] f[o,l}d f(y,v(y))dy, which is the computation used for the energy of the recovery se-
quences of Section 7.1.

The subadditive argument. Let f satisfy (i)-(iii) of Section 7.2, fix £ € R™*¢ and set,
for § > 0 and Qg = (0, 9),

18)=inf{ [ fly.6+Vwydy: weWgPQsR™ ), g(S) =5

Qs

Proposition 7.2. The limit limg_, 1~ g(S) exists.

Proof. Let S,T € N with S > T, let ¢ = |S/T|, and let n > 0 and wr be a test function
with fQT fy, &+ Vwr)dy < I(T) +n. We define w on Qg as wr(y — Tk) on each cube
Tk+ Qr, k€ {0,...,q—1}% and as 0 on the remaining part of Qg. Since 7T is an integer
and f is 1-periodic in the first variable, each of the ¢ cubes gives the same contribution
fQT f(y, € + Vwr)dy, while on the remaining set, of measure S% — ¢¢T, we use the upper
bound (iii), obtaining

I1(S) < ¢*(I(T) +n) + C(|EP + 1)(5* - ¢*T7),

and, dividing by S? and using ¢7' > S — T,

9(9) < () ) +nr = + e+ (1- (1-5)°).

Letting n — 0 and then S — +oo with T fixed we get limsupg ., g(5) < g(T) for all
T € N (here S ranges in the integers). Taking the liminf in 7' we obtain that limgey g(S)
exists (it is finite, since 0 < g(S) < C(]¢|P + 1) by (iii) with w = 0). If S is real,
then, extending by 0 test functions on Qg C Qs C Qg], we get [I(S) — I([S])] <
Cl€P +1)([S1¢ — |S]?) = O(S%1) and the same for [S], so that g(S) — g(|.S]) — 0 and
the limit exists along the reals. O

The same argument shows that the limit does not change if the cubes Qg are replaced
by cubes with centre in Z¢ (or by any family of cubes with O(1) distance from them, as in
Section 7.2): by periodicity such cubes can be translated to the origin up to a translation
of the integer vertices, and the two corresponding quantities differ by O(S9~!) by the same
extension argument. The proof for the perimeter formula (52) is the same, with cubes Q%
translated by the lattice points close to the hyperplane II¥, as in the construction of the
upper bound.
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Changing the boundary data for sets of finite perimeter. For Sobolev functions
with growth of order p the lemma on the change of boundary data was proved in the
Appendix to Chapter 4 (Lemma 4.1). We prove here the analogous statement for sets,
used in the lower bound for perimeters.

Lemma 7.3. Let Q be an open cube of side 1 and centre 0, let H be a half space with
0 € 0H, let ¢: RY x S41 — [a, B] be a Borel function, and let E; C Q be sets of finite
perimeter with E; — HNQ in LY(Q) and sup; Per(Ej;, Q) < +o0c. Then for every é € (0,1)
there exist sets E; of finite perimeter, with E; = H in a neighbourhood of 0Q), such that

lim sup/ o(x, vg) dH! < lim inf/ o(r,vE;) dHt + OB,
QNo*E} J QNO*E;

j—+oco j—r+o0

with C depending only on d.

Proof. Let @ be the concentric cube of side ¢, ¢ € (1 —6,1), and let ¢(z) = ||z||oc. By the
coarea formula applied to the function v, whose gradient has modulus 1 almost everywhere,

1
HIH(0Q N (E;AH)) dt < |E;AH| — 0.
1-6

Hence, for fixed d, we can choose t; € (1 —4,1) (not belonging to the exceptional set of ¢
for which the slice is not well defined) with H4"1(0Qy, N (E;AH)) < |E;AH|/6 — 0. Set
E; = (E; N Q) U (H\ Q). Its boundary in @ consists of the part of 9*Ej; inside Qy;, of
the part of 9*H in Q \ Q,, whose H41 measure is at most C§, and of the part of 0Q¢,
where E; and H differ, whose measure tends to 0. Using ¢ < 3 on the last two parts we
get the claim. O

By a diagonal argument on § — 0 the energy of the modified sets is not larger than
that of the original ones up to an infinitesimal error. Applying this to the rescaled sets

p%(EE — ) gives the change of boundary data used in the lower bound for perimeters.

Two-scale convergence and unfolding. Let Q. = ;- QF, Y = [0, 14, and let U.-
be the unfolding operator of Section 7.1, U.(u)(x,y) = u(ek + ey) for x € Q3, y € Y.

Proposition 7.4. Let 1 < p < +oo and let (uz) be bounded in LP(). Then, up to
subsequences, Uz (ue) converges weakly in LP(Q xY') to some u, and u. two-scale converges

to u. Conversely, if u. two-scale converges to w € LP(Q x Y') then Uz(u:) — u weakly in
LP(AxY).
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Proof. By the change of variables © = ¢k + ey in each cube we have

| twordedy =3 < [ juteh+eo)pdy = [ Jucas,
QEXY Y Qa

kels

so that U (u.) is bounded in LP(Q2 x Y) and has weakly convergent subsequences. Let now
¢ € Cc(; C4(Y)) (continuous in = with compact support, periodic in y). Since z/e = k+y
at the point x = ¢k 4+ ey and ¢ is periodic in vy,

/Que(mw(m, g)dx = /styblg(ug)(x, y) ¢(eky + ey, y) de dy + o(1),

where k, is the index of the cube containing z, and the o(1) takes into account the
contribution of Q \ Q., whose measure tends to 0 (and ¢ has compact support). Since
|eky + ey — x| < eV/d the uniform continuity of ¢ in 2 and the boundedness of U (u.) allow
us to replace ¢(ek, + €y, y) by ¢(z,y) with an error that tends to 0. Hence

/gzua(a:)gb(a:,:;)da::/Qxyua(ug)qf)da:dy—ko(l)

for all such ¢. If U.(ue) — u the right-hand side converges to [;, .y u¢, which is the
two-scale convergence for these test functions, and by density and boundedness for all
admissible test functions in L (Q;Cx(Y)). Conversely, two-scale convergence gives the
convergence of the integrals of U (uc)¢ for a class of ¢ which is dense in Lp'(Q x Y'); since
U:(ue) is bounded, this gives the weak convergence to u. O

If ue(z) = v(x/e) with v 1-periodic, then U (us)(z,y) = v(y) for all ¢ and the two-
scale limit is v. If instead v(z) = €2™% with w € R\ Q (d = 1), then U.(u.)(z,y) =

e2miwyeriwlz/e] - and for every interval (a,b) the sum 3, Je<k<b/e e?™wk is bounded by

2/|1 — e?™¥| 5o that ff e?mwlr/eldz — 0 and the two-scale limit is 0, the mean value of v.

The checkerboard. Let a(y) = a if [2y1] + |2y2] is even and a(y) = [ otherwise
(y € R?), where o, 3 > 0; this is a I-periodic checkerboard of squares of side % Let
7€) = min{le al¢é + Vol?dy : v 1-periodic}, which is a quadratic form (A, ¢) with A
symmetric.

Proposition 7.5. A =+/af 1.

Proof. Step 1: A is a multiple of the identity. The function a is invariant (up to negligible
sets) under the maps y — (y2,y1) and y — (% — y1,y2). If M is the orthogonal matrix of
one of these maps, then composing the test functions with the map shows that f#(M¢) =
f7(€), that is MTAM = A. The reflection gives A1 = 0, and the exchange of the variables
gives Aj; = Age. Hence A = Ao, B)1.
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Step 2: scaling and exchange. Clearly A(ta,t8) = tA(a, ) for ¢ > 0. Moreover, the
translation y — y+ (%, 0) exchanges the roles of a and 3, and the cell formula is translation
invariant, so that A(«, 8) = A\(5, ).

Step 3: duality. Let a be a general periodic coefficient with 0 < ¢ < a < C and let 4,
be the corresponding homogenized matrix. For & € R? let v be the periodic minimizer in
the cell problem, and set £ = & + Vv, J = aFE. Then divJ = 0 and the mean of J is A,¢.
Let R(x1,x2) = (—x2,21). Since div J = curl(RJ) the periodic field R.J is curl-free, hence
RJ = RA,£ + Vw with w periodic. On the other hand RF is divergence-free, with mean
R¢, and RE = RJ/a. Setting b = 1/a we then have div(b (RA.{ + Vw)) = 0, which means
that w is the minimizer of the cell problem for b with datum RA,§, and that the mean of
b(RALE + Vw), which is R, equals AyRA,§. Hence A,RA, = R and Ay, = RATIR™L.

Step 4. Applying Step 3 to a (with values a, ) we have 1/a with values 1/a, 1/
and \(1/a,1/8) = 1/X(a, B). By Step 2, A\(1/a,1/8) = a—lﬁ)\(ﬁ,a) = a—lﬁ)\(a,ﬁ), so that
Ma, B)? = aB. O

The coefficient v/af is the geometric mean, which is larger than the harmonic mean
% given by the one-dimensional sections (as it must be), and smaller than the arithmetic

mean QTJFB (the energy of the constant test function v = 0).

8 Concentration and homogenization of domains

We now examine two instances where the small parameter € describes some “extreme”
geometric features of the domain of the functionals. In the first case we treat thin films;
that is, domains with one small dimension ¢, while in the second one we treat periodic
perforated domains (with Neumann boundary conditions); that is, energies whose integrand
is 0 on a set obtained by scaling by ¢ a given periodic Lipschitz domain in R?.

8.1 Thin objects and dimension reduction

A subset of R? of the form
Q. =w x (0,¢),

where w C R4 ! is a Lipschitz bounded open set, is called a thin film. Similarly one
can consider other thin objects of the form wy_j X €wy, where wy and wy_j are Lipschitz
bounded open sets in R¥ and R%* respectively.

Functionals defined on 2. can be seen as approximations of corresponding functionals
defined on w as € — 0. In order to make this dimension-reduction process rigorous, we
have to introduce a notion of dimension-reduction convergence of functions defined on 2.
to functions defined on w, which makes the functionals we are interested in equi-coercive.
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(b) after rescaling =4~ z4/c
(a) thin film w

wCcRI!
1J

Q. =wx(0,¢)
Q=wx(0,1), v(z',zq) =u(z', exq)

Figure 34: (a) A thin film Q. = w x (0,¢), with w € R?"! a bounded Lipschitz open set.
(b) The same set after the rescaling x4 — x4/¢ of the thin direction, which transforms
functions u on Q. into functions v(z’, z4) = u(2’,ex4) on the fixed domain = w x (0,1).

To that end we consider the simple case of the Dirichlet integral

/ |Vu|*dz,
Qe

defined on H'(.), and, in order to work on a single set, scale the domain to Q = wx (0, 1).
We now introduce the notation 2’ = (x1,...,24-1) and write x = (2/,24). Similarly,
quantities or operations with a prime will refer to their d — 1-dimensional version; e.g. V'
or dz’. We can then write

/ \Vu]Qdac—&?/\V’v\ de + = /’
Q. 3wd

where v(z) = u(a’,ex4). This shows that, if we consider the scaled energies

1
R = [ [VuPds,

and F.(u:) < S < 400, then, upon defining v.(z) = u.(2',ex4) as above, we obtain

/\Vvel dx—i—/ ’8%

from which we first obtain that [, [Vv.|?dz < S < 400 for € < 1, so that, up to addition
of constants and extraction of subsequences, the sequence v. converges weakly to some

v e HY(Q), and
/‘((md - .a—;o /‘avf
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dr < 8 < +o0,

dz < liminfe?S = 0,
e—0



so that there exists u € H'(w) such that v(z) = u(z’). This function u is the dimensionally
reduced limit of u.. More precisely, we say that u. converges to u in the sense of dimension
reduction if v. — u in LP(Q), where u is seen as a function on €2 independent of z; (here
p = 2; the same argument works for every p > 1). Note that the I'-limit of F. with respect
to this convergence is the “dimensionally reduced Dirichlet integral” [ |V'u|?da’.

Q. =wx(0,¢)
| | 1<
1xdl—>md/€
e—0 w
Q=wx(0,1) 1 > -
ve(x', 2q) = uc(x', exy) u(@’)

Figure 35: A thin film Q. = w x (0,¢) is rescaled in the thin direction to Q = w x (0, 1),
where v (2, x4) = uc(2',ex4); as € — 0 the functions v, converge to a function u(x’) on w
(dimension-reduction convergence).

We now examine the effect of this dimension-reduction process on more general energies

of the form .
Fe(u)=—- [ f(Vu)dz
Qe
where f is a continuous function of p- growth with p > 1; that is, ¢[¢|P — 1 <
C(1+ |£|P) for some 0 < ¢ < C, so that the functionals are deﬁned on WhHP(Q; R™

compactness argument above applies verbatim, with p in place of 2.

f) <

). The
The convex (or scalar) case. We first analyze the case when f is convex. For ease of
notation, we consider the scalar case m = 1, when the functionals are defined on WP (Q,.).
We note that the convexity assumption is not necessary if m = 1, or in the vector case if
d = 2 (when w is an interval and the limit object is a curve), up to a relaxation argument:
it suffices to replace the function f defined below by its convex envelope.

Using the function v as above we rewrite

ov ov 1 0v 1 ov
F, = — dx = V', d
E(u) /Qf(axl aIEd 1 €8xd) v /Qf( 68 d) .
§ince we have no control on the last component, we simply minimize it out, and define
f: Rt 5 R by _
f(&) =min{f(¢, &) : €a € R}
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(the minimum is attained by coercivity). The function f is convex on R4~! and satisfies a
p-growth condition, so that the corresponding integral functional is lower semicontinuous
and, if u. — wu in the sense of dimension reduction and setting v.(z) = u(2/,ex4) as above,
we have

Hm%lst( >hm1nf/f ", dx>/fV' d:U—/fV'
e—

e—0

To prove the converse inequality, it is enough to consider the case of a linear target function
u(z') = (¢, 2'). Correspondingly there exists a minimizer &; such that f(&') = f(¢,&4), or
equivalently, such that, setting & = (¢',&;) we have (&) = f(¢'). The recovery sequence is
simply given by
UE(:‘C) = <£/7:LJ> + &qrg = <£7x>

Note that correspondingly, we have v.(x) = (£, 2) +e€4x 4, so that the dimension-reduction
convergence to u is easily checked. For a general (smooth) target v the same construction
is applied pointwise, ue(z) = u(z’) + x4 &4(2") with £4(z') a minimizer for f(V'u(z’)), after
a mollification of the (measurable) function £;; the proof is completed by an approxima-
tion argument (see the Appendix). The construction of the recovery sequence shows an
optimization of the derivative in the small direction at scale ¢.

The vector (quasiconvez) case. In the vector case of functions in W1P(Q.; R™), with m > 1,
we may assume that f: M™*¢ — R is quasiconvex. We can still minimize out the derivative
in the z4-direction and in the same way as above define f: M"*(@=1) _ R, Unfortunately,
f may turn out not to be quasiconvex (easy examples may be constructed for f polyconvex,
with d = m = 2, such that f is not convex; see the Appendix). Hence, a further relaxation
is necessary. If we denote by Qf the (m x (d — 1))-quasiconvex envelope of f, then, in the
notation already used in the convex case, we have

1i§E§fF€( )>hm1nf/Qf "ve dm>/Qf (V'v) daz—/Qf (V'u)

Here the second inequality follows from the lower semicontinuity of the functional v —
fQ Qf(V'v)dz, which holds since Qf is also quasiconvex as a function of & € M™*? inde-
pendent of the last column (it suffices to apply the definition of quasiconvexity on each
slice {z4 = t} and integrate in t). To check the optimality of the lower bound we have to
construct recovery sequences. It suffices to do this for an affine target function u(x’) = ¢’z
To that end we use the formula

7 _ ; d—1.mpm S T
Qf(¢) = Sgr}rl Sd T 1nf / FE+ V) dy :we T/Vl PR R™),w S—perlodlc},
where Qs = (0 1 and for every 3/ we let £4(y') € R™ be such that f(&'+V'w(y'),a(y)) =

,8)4
FE +Y'uwy)). Fmally, for given § = d., we set

/ /

ue(r) = &2’ + 5w<%) + md§d<%);
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that is,

/ /

ve(r) = &'z’ + (5w<%) + axd§d<%>.

Up to an approximation argument (we may take w smooth and mollify the measurable
function £4), we may suppose that y' +— &;(y) is a C'-function, so that

/ / /

SRR RE R CO N ORI Co|
and this gives a recovery sequence if € << §, because this condition ensures that the last
term in the sum expressing V'v.(z) is asymptotically negligible. The construction of the
recovery sequence shows an optimization of the derivative in the small direction at
scale ¢ periodically modulated at a scale § >> . This characterization can also be
expressed through a homogenization-type formula in which oscillations in the 2’-direction
and optimization in the z4-direction compete, showing that

Q&) = tim gt { [ F(€.0) + Vuly) dy
Qs x(0,1)

S5 Yoo Sd-1

C

Tw € I/Vlz’p(]Rd_l x (0,1); R™),w S-periodic in the x’—directions}
for & e Mm*(d=1),

8.2 Perforated domains and double porosity

Perforated Domains. A different type of varying domain, of oscillating type, is given by
periodically perforated domains. These are obtained by taking a periodic connected open
set F of R? with Lipschitz boundary, and considering energies on functions defined on the
domains Q. = QN eF, with Q an open set of R%. For simplicity we consider the case of
Q) = R?, in order to remove the technical issue of a lack of regularity of 2. at points in 5.
As a model case we consider functionals of the form

FE(u) = / IVl + / lufPda, (53)
el el

with p > 1, with domain WP(¢E). As for thin films, it is convenient to interpret these
energies as defined on a common space. To that end, we suppose that there exists a linear
extension operator T: WYP(E) — WP(R?) such that

(i) (extension) Tu(x) = u(z) if v € E

(ii) (bound on the norm of the gradient) there exists a constant C' such that

/ \VTu|pd:L'§C’/ |Vu|Pdz
R E
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u-(z) =€'z" + 6uw(%) + 24 &%) (image of Q.)

Figure 36: Recovery sequence in the vector case. The film 2. (top, thickness ) is divided
into periodicity cells of size 6 > ¢ in the 2'-direction. The image of Q. under u. (bottom)
is a thin band, whose midline oscillates at scale 6 around the affine map £z’ through
dw(x'/§), and whose thickness vector € {g(z’/d) is optimized (the arrows) pointwise at the
same scale 9.

(iii) (bound on the norm of the function) there exists a constant C' such that

/ |Tu]pdw§C/ |ulPdx.
Rd E

Note that the linear operator T.: WP (eE) — W1P(R?), defined by setting T-u(z) as the
value at z/e of the function obtained by applying 7" to y — u(ey), satisfies the properties
above, with the same constant C, with eE in place of E. We say that u. € W'P(¢E)
converges to u € WIP(R?) if T.ue converges weakly to u in WP (R%). With these extension
operators we obtain some equi-coerciveness properties. Indeed, if FEE(uE) < S < 400 then
T.u. is a sequence bounded in WP (Rd), from which we can extract a sequence weakly
converging to some u € WIP(R?) (and strongly in LP (R?)). It must be noted that this
function u does not depend on the particular choice of the extension operator. Indeed if
T is another extension operator, and T u. — u' then we deduce that v’ = u, letting e — 0
in the equality T.u.Xp = T ucX:E, using the strong convergence in L{, . of Tru. and T/u.,
and the weak® convergence in L of x.p to the strictly positive constant § = |E N Q1],
where Q1 = (0,1)%.

With this improved coerciveness, the I'-limit can be computed as for the homogenization
of usual (pointwise) coercive integrals, obtaining

Fﬁm(u):/ f}im(Vu)dx—i-@/ |u|Pdz,
R4 Rd
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where

fE (&) :=inf {/Q . 1€+ Vu(y)|Pdy : v € I/Vli)’f(E),v l—periodic}.
1

The second integral in Fi  comes directly from the continuous convergence of the second

hom
term in (53).

eF (white), holes ¢(k + K) (grey)

cell Qi: Tu(z) =u+n(z) (u(R(z)) —u) in K

Figure 37: Left: a periodically perforated domain €FE, obtained by removing the sets
e(k + K) (in grey). Right: a cell @1 with the perforation K and the neighbourhood N
of 0K in F used in the reflection construction of the extension operator: inside K, Tu is
obtained from the values of u at the reflected point R(z) € N, cut off to the constant u
away from 0K.

High-contrast media. The argument above suggests that the usual homogenization process
for integral functionals can be carried out also in the case when the energy densities are
coercive on an infinite Lipschitz domain. We now show that this fact must be interpreted
with care. We will consider a small variation of the energy above, taking

Fe(u)—/ ]Vu\pdm+ap/ |Vu]pdx+/ |ulPdz,
eE Ri\eE R4

now defined on W1P(R?). Note that, if we omit the second integral and replace the third
term with the integral [, [u[Pdz, we obtain (53).

To understand why the contribution of the second term in F; is not asymptotically
negligible, we will consider the simplest case of disjoint bounded perforations; that is,

E=R%\ (2% + K),
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where d > 2 and K C (0,1)? is the closure of a bounded open set of class C2 with connected
boundary (so that the sets k+ K, k € Z%, are pairwise disjoint and F is connected). In this
case, the existence of an extension operator 7" is obtained by a textbook “periodic reflection
argument” in a neighbourhood of K (see the Appendix), and § = 1 — |K|. Hence, if we
take u. such that T, (u:) — u we can write

F.(ue) = Ff(ug) + Z / (e?|Vue|P + |uc|P)da.
kezd e(k+K)

In order to estimate the sum, we note that, up to a slight variation of boundary values

(made precise in the Appendix), we can suppose that u. = uj, on Jd(ek + ¢K), where
77€

u; = e—dp—1 fe(kJr(Ql\K)) ue dx. We then have
/ (z—:p|VuE|p+|us|p)dm2min{/ (e?|VulP 4+ |vP)dx : v = Tj, on 6(5k+sK)}
e(k+K) e(k+K)
= = min { / (Vul? + [wf)dz - w =T, on 0K } = Cree i
K

where Cx = min { [ ([Vw[P + |w[P)dz : w =1 on OK }. By plugging these terms into the
estimate of F.(u.), we deduce that

liminf Fi(ue) > FE (u) + CK/ |ulPdx.
e—0 Rd

This inequality is actually sharp. This can be proved by choosing u. as a recovery sequence
for FE (u) in €F, and using optimal w(z/e) inside the sets e(k + K). Hence the I'-limit
of F, is

/ f}im(Vu)d:z: +(1—|K|+ CK)/ |u|Pdz.
Rd Rd

Hence, the introduction of a critical coefficient P in the perforation produces a non-
trivial interaction between the gradient and the lower-order term. The nature of this
interaction is clearer if we slightly modify F. as

Fj@)—/ \vu|de+ap/ ]Vu\pda:—l—/ |u]pdx+)\/ lulPdz,
eE Ri\eE eE Ri\eE

in which case, by the same argument, the I'-limit is

[ B Fu)do+ (1= K|+ CV) [ JuPda,
Rd Rd
where the coefficient of the extra term is

Cx()\) = min {/ (|Vw]? + A|w[P)dz : w =1 on aK}.
K
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In particular, for p = 2 we can write
B . 1 2 2\ g
Ck(\) = \f)\mln{/K (\&Ww] +VA|wl )dx cw=1on 8K}.

In terms of w this is a singular-perturbation problem with a single well at 0, and the
boundary condition w = 1 on JK; hence, as A — +o00o, the minimum produces a boundary
layer of thickness 1/ VA, with energy tending to a constant times the 79! measure of K
namely, Cx(\) = VA (HTHOK) + o(1)) (see the Appendix). Summarizing, this double
porosity limit exhibits a periodic behaviour at scale ¢ with a concentration effect
(at scale ¢/v/\) within the perforation.

>

layer of width ¢/ VX

0K: w=1

_ o _ . 7cosh(\/§x)
d=1, K=[-a,a], p=2: w——wsh(ﬁa)

Figure 38: High-contrast media with the term A [ |u|? in the perforations. Left: the optimal
w for Cx(\) equals 1 on OK and is concentrated in a boundary layer of width 1/v/A (width
£/v/X in the original variables). Right: the explicit profile w(x) = cosh(v/Az)/ cosh(v/Aa)
for d=1, K = [—a,a], p = 2, for increasing values of A.

8.3 Appendix: relevant tools of Chapter 8

References. The derivation of lower-dimensional models by I'-convergence starts with
the elastic string of Acerbi, Buttazzo and Percivale [64], and with the nonlinear membrane
model of Le Dret and Raoult [65], in which the density is obtained by minimizing out
the normal derivative and then taking the quasiconvex envelope, as in the vector case of
Section 8.1. A general treatment, including asymptotic developments, is in Anzellotti,
Baldo and Percivale [66], and the case of inhomogeneous films, where oscillations of the
energy density compete with the thickness, is in Braides, Fonseca and Francfort [67]; see
also the chapter on dimension-reduction problems of [90]. Homogenization in perforated
domains is due to Cioranescu and Saint Jean Paulin [68]; the extension operators in general
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periodic domains are in Acerbi, Chiado Piat, Dal Maso and Percivale [69], and a complete
treatment of connected media (Chapter 19 and Appendix B) is in [53]; see also the chapter
on Dirichlet problems in perforated domains of [90]. The critical size of the perforations,
giving rise to an extra zero-order term, is the “strange term” of Cioranescu and Murat [18].
The high-contrast scaling eP and the double-porosity models are discussed by Arbogast,
Douglas and Hornung [70], Zhikov [71], and Bouchitté and Felbacq [72], who also consider
the resonant regime.

Dimension reduction: the convex case. We prove the upper bound of Section 8.1
in the scalar case with f convex; the lower bound is proved in the text. We assume
cJélP —1 < f(€) < O(1+ |€[P). Since f is convex and finite it is continuous, f is convex
(partial minimization of a convex function) and ¢|¢'|P — 1 < f(¢&') < C(1 + |€'|P).

Proposition 8.1. Let F; be as in Section 8.1 with f convex. Then the I'-limit of F. with
respect to the dimension-reduction convergence is F(u) = [ f(V'u)dz’ if u € WP (w),
and 400 otherwise.

Proof. The compactness and the lower bound were proved in the text, together with the
fact that the limit belongs to WP (w) if the energies are bounded. As for the upper bound,
since the I-limsup F” is lower semicontinuous and u ~ [ f(V'u)da’ is continuous with
respect to the strong convergence in WP (w), and since w is Lipschitz, it suffices to prove
F'(u) < [ f(V'u)daz' for u € C®(w). Let g: w — R be a Borel function such that
f(V'u(x'), g(x')) = f(V'u(a")) for every 2’ (take, e.g., the minimizer of smallest modulus,
which is a Borel function of & since the set of minimizers is a compact interval depending
in an upper semicontinuous way on &'). By coercivity g is bounded, as V'u is bounded.
Let g, = g * p, be mollifications (extending g by 0 outside w), so that g, are smooth,
lgnlloo < l|9]loo and g, — g a.e. as n — 0. For fixed 1 we set

ue(z) = u(z') + x4 gn(2), ve(z) = u(2’) + exq gy (2').

Then v, — v uniformly, and

Fs(us):/Qf(V'quede’gn, gn)dm — /Qf(V'u,gn)dx:/f(V'u,gn)dm’

as € — 0, since the integrand is uniformly continuous on a bounded set. Hence F"(u) <

L, f(V'u, gy)da’ for every n. As n — 0, f(V'u,g,) = f(V'u,g) = f(V'u) a.e., with the
uniform bound C(1+||V'ul%+||g|[%), so by dominated convergence F”(u) < [ f(V'u)da’.
O

If f is not convex, but m =1 or d = 2, the same holds with f replaced by its convex
envelope Cf (which coincides with Qf in these cases, since quasiconvexity reduces to
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convexity on M'*(4=1 and on M™*1). The lower bound is the same as above, since
f>f>Cf and Cf is convex, while the upper bound is obtained with the oscillating
recovery sequences described below for the vector case.

Dimension reduction: the vector case.

Lemma 8.2. Let g: M™*@=1) R be quasiconvex with p-growth and set §(€',&4) = g(€')
for (¢/,&4) € M™*9. Then § is quasiconvez, so that v — Jo 9(V'v)dx is sequentially lower
semicontinuous for the weak convergence in W1P(Q; R™).

Proof. Let ¢ € Wy ™(Q1;R™), Q1 = (0,1)%, and € = (¢/,&;). For ae. t € (0,1) the
function ¢(-,t) belongs to Wol’oo(((), 1)¥1;R™) and its gradient is V’y(-,t). By Fubini’s
theorem and the quasiconvexity of g on each slice,

1
/ i€ + Vo)da = / / g€+ Vo, 0)dy/dt > g(€').
Q1 0 J(0,1)d-1

The lower semicontinuity is then the classical theorem of Morrey and Acerbi—Fusco for
quasiconvex integrands with p-growth. O

The upper bound. Let u(z') = §’a:7’, let v > 0, and let w be a smooth S-periodic function
with §1—¢ fQ's f(E€+V'w)dy <Qf(&)+v (smooth functions are dense for the formula, by

the p-growth of f). As in ‘the scalar case, let g be a bounded Borel selection of minimizers,
F& +Vwy),9)) = f(§ +V'w(y)), and let g, be an S-periodic mollification of g.
With 6 = 6, €/0 — 0, we put

1'/ /

ve(x) = &2’ + (5w< 5) +exq gy (%)

Then v, — u uniformly and
Fe(ue) = /Qf(€’+V’w(f{)+fsde’gn(a§), g0 (%) )do — 0] $' /Q, FE + V', g5) dy .
s

by the uniform continuity of f on bounded sets and the Riemann—Lebesgue lemma applied
to the periodic function y' — f(§ + V'w(y'), 9,(v')). Letting n — 0 by dominated con-
vergence, and then v — 0 we get F”(u) < Q] Qf(¢). The passage from affine to general
u € WIP(w; R™) follows the usual localization argument of I'-convergence (the I'-limsup
is the restriction to open sets of a measure, so that it can be computed on piecewise-affine
functions, see [53]), and is not repeated here.
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An example where f is not convex. Letd=m =2, p =4 and f(£) = [¢|* + (det £ —
1)2, where || is the Euclidean norm of the matrix. Then f is polyconvex, being a convex
function of (¢, det ), and has 4-growth in the above sense. Write { = (a|b) with a = & and
b=¢& € R2 Then f(0) = ming(|b|*+1) =1. If a # 0, s = |a|, and b = ta' /s with t > 0,
then det & = st, |£]? = 5% + ¢? and

flab) = (s> +12)2 + (st — 1)? = 1 — 25t + s°t% + (5% + t3)°.

For t = s'/3 this equals 1 — s*/3 + 3s8/3 4 s, which is strictly less than 1 for s small and
positive. Hence f(a) < f(0) for small a # 0. On the other hand f is even: f(—a| —b) =
f(alb) gives f(—a) = f(a). A convex even function satisfies f(0) < 1(f(a)+f(—a)) = f(a),
so f cannot be convex.

The extension operator for disjoint perforations. Let d > 2 and let K C (0,1)¢ be
the closure of a bounded open set of class C? with connected boundary, E = R?\ (Z¢ + K),

Q1 = (0,1)4.

Lemma 8.3. There exists a linear extension operator T: WIP(E) — WIP(R?) satisfying
(i)—(iii) of Section 8.2, which is local on cells: Tu on k + K depends only on u in a fized
neighbourhood k + N of k + 0K in E. More precisely, there exist a connected open set
N C Q1 \ K with 0K C N and C > 0 such that, with @ = ﬁfNudx,

/ ]VTu|pdw§C/ |VulPdz, / \Tu—upd:z:SC/ |u—u\pdac§C/ |VulPdz.
K N K N N

Proof. Since 0K is of class C? and compact, there is dy > 0 such that the signed distance
is C! in the tubular neighbourhood {dist(x, 0K) < dy}, which is contained in (0,1)%, and
every point there can be written uniquely as 7 — sy () with 7 € 0K, v the outer normal,
s € (—dp,dp) (s > 0in K). Let R(m — sv) = m + sv be the reflection; it is a bi-Lipschitz
map exchanging Ky, = {x € K : s <dp} and N = {z ¢ K : dist(z, K) < dp}, the identity
on OK. The set N is homeomorphic to 0K x (0,dp), hence connected. Let ( € C*(R)
with ( =1 on (—o00,dp/4] and ¢ = 0 on [dy/2,+00), and set n(x) = ((s(z)) on Kg4,. We
define Tu = v on E, and on K

Tu(z) =1+ n(z)(uw(R(z)) —u) if z € Ky, Tu(zx) =u otherwise.

Then T'u is linear in w, is the identity on E, and has the same trace as u on 9K since n = 1
and R = id there; moreover Tu = u near 0Ky, inside K, so that Tu € WLP(Qq). Since
VTu =n(VuoR)VR+ (uo R—u)® Vn, a change of variables and the Poincaré-Wirtinger
inequality in the connected Lipschitz set N give

/ |VTupdx§C’/ |Vupdx+0/ |u—u|pda:§C'/ |VulPdz,
K N N N
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and similarly for [ |[Tu—a[P. Finally [, [TulPdz < C[afP +C [y |u—alPdz < C [y |ulPdz
by Jensen’s inequality. Repeating the construction in each cell k£ + Q1 (where T'u = u near
the boundary of the cell since K C (0,1)9) gives (i)-(iii). O

For T, the estimates are scaled: if N = e(k+ N), K = e(k+ K) and 1y, is the average
of u on Ni, then

5”/
K

The high-contrast limit. For g in the trace space of W1P(K) (the interior of K is of
class C?) we set

VT ulPdz + /

|Teu — ug[Pde < Csp/ |Vu|Pdz. (8.1)
K

€ € €
k k Nk

d(g) = min{/K(|Vw|p + Jw[P)dz : w € WHP(K), w =g on 8K},

so that Cx = ®(1). The function ®'/? is the norm of the quotient of WP (K) by Wol’p(K):
it is p-homogeneous, ®(tg) = |t|PP(g), and satisfies the triangle inequality, since if wy, wo
are optimal for g1, go then wy 4+ wy is a competitor for g; + go and Minkowski’s inequality
applies. Moreover ®(tr W)!/? < W llwe(x) for every W € WHP(K). Hence
1
|@(9)'/7 — CilP ||| < B(g — )7 < W = cllwraxy (8.2)
for every constant ¢ and every W with trace g.

Proposition 8.4. Under the assumptions of Section 8.2 on K, the functionals F. T'-
converge, with respect to the convergence Tru. — u in Wl’p(Rd), to

Flu) = [ fn(Vu)do+ (1= K|+ Cx) [ jupds

Proof. We use the I'-convergence of FEE to Fﬁ%m, stated in the text, as known. Let u. €
WhP(RY), U. = Tou. (where T. is applied to uc|.g), and let @, be the average of u. on N;.
Note that U, and u. have the same trace on 0K, since they coincide in e/, so that, setting
Wi(y) = Us(ek+ey) and wi(y) = u:(ck +¢cy) for y € K, we have ®(trwy) = ®(tr W) and

Jo

Set ay, = @ (trwy,) /7, by = C/[ux] and pi = |Wi = Gxllwrn()- By (8:2), lax — brl < i
and by (8.1) and a change of variables,

epl :sp/ |VUE|de+/
K¢ K

(VP + [uc|P)dz = & / (Vwnl? + [wpP)dy > e (tr wy).
K

3
k

|Ue — ug|Pdx < Csp/ |Vue|Pdz.
i i
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Since the sets N are pairwise disjoint and contained in e E, we get Y, e%p} < Ce? [ |Vu.|Pdz =
CePG., where G = [_,; |[Vu.[Pdz. By Minkowski’s inequality in 7 with weights ¢,

()~ ()| < o= 83)
k k

Let @® be the piecewise-constant function equal to @y on e(k+ @1). Since Ny is a subset of
fixed proportion of the cell e(k + Q1) and Uel|.(41¢,) is controlled by u. in e(k + Q1) Nek

through (ii), the Poincaré inequality on the cells gives [[u* — Uel|ppgay < CeGLP , and
S e, = Crc|[7 |

Lower bound. We may assume F_(u:) < S along the sequence, so that U, — u weakly
in W'? and strongly in LI . Then u® — u in L? and by (8.3), restricting the sums to
the cells contained in a bounded set A,

liminf / (VP + [u|)dz > Cxe / lufPda.
e—0 K A

Letting A T RY, and using liminf F.¥(u.) > FE _(u), we get liminf F.(u.) > FE_(u) +
Ck [ |ulP.

Upper bound. Let u € WIP(R?) and let v. € WP(cE) be a recovery sequence for
FE (u); then [ . |ve|Pdx — 0 [ |u[Pdz and [ , |Vve|[Pde — [ f£ (Vu)dz since, the sum
converging and each of the two terms having the corresponding liminf inequality, each term
converges. We define u. = v, in eE and, in each Kj, u.(ek + ey) = wy(y) where wy, is the
minimizer for ®(tr W), W}, being built as above from T.v.; then u. € WHP(R?) since the
traces on OK§ coincide, and the sum over k in the definition of F.(u.) is exactly 23", af.
By (8.3) and the estimate on @* — T.v. (note that now %y, is the average of v. on N}), we
have

1/p
lim sup < Z 5da£) < Cil(/p lim sup ||| o (ra)-
e—0 & e—=0

Finally, by the Poincaré inequality on the sets (k+Q1)\ K}, (connected Lipschitz sets of size
e) we have |(/_p lueP)HP — (03, 6d|ﬂk|p)1/p’ < CEG;/Z), from which [|w®|}, — [ga lulPdx
(the factor 6 cancels, since [ . |ve|P — 6 [ |u[f and 6>, eu|P = 6||u[]},). Therefore
limsup F.(us) < FE(u) + Ck [ |uPdz. O

hom

The same proof applies to F2, with ® replaced by ®5(g) = min{ [;-(|Vw[F + Aw|?) :
w = tr lg} and Cx by Cx()\) = ®,(1).

The coefficient Cx(\). Let p=2 and d = 1, with K = [—a, a] (this is only a cell com-
putation, since F is not connected if d = 1). The Euler-Lagrange equation of the problem
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defining C () is w” = Aw with w(+a) = 1, so that w(z) = cosh(v/Az)/ cosh(v/Aa), and
integrating by parts

Ck(N) = / (W?+ w?)dz = [ww'] (ia = 2V A tanh(VAa) ~ 2VA = VAHO(OK) (A — +00).

—a

The profile w is concentrated in a layer of thickness 1/v/A around +a, which, in the variable
z of the functional F, has width £/v/\.
In general, for p > 1 and K as in Section 8.2, one has

lim LK()\)

Artoo AL/P =% Hd_l(aK)7 op=P- 1)_1/]3” P =

p
p—17

where ¢, is the value of the one-dimensional problem min{ [°(|w'[P + |w|P)ds : w(0) = 1}

attained at w(s) = e~/ (1)1 (indeed, the first integral of the Euler-Lagrange equation
o

is (p— 1)|w'[P = |w|P, and then the energy is £ [ [w|Pds = (p — 1)~1/?"). Moreover
Cr(\) < AK]| (take w = 1), so Cx(A) — 0 as A — 0. We sketch the proof of the
limit. Let s denote the distance from K in K. Upper bound: take w = ((s)e " with
k= (\(p—1))"? and a cut-off ¢ equal to 1 for s < dy/2; for s < dy/2 one has |w'|P +
Mw|P = pp%)‘le"’“s, and the volume element is (1 + O(s)) dH% 'ds, so that the energy is
AP e, HIHOK) (1 + O(k7 1Y) 4+ O(e ™). Lower bound: for every m € 0K, along the
normal segment s € (0,dy) the one-dimensional problem on (0, dy) with w(0) = 1 and free
end has minimum at least c,A\1/?' (1 — O(e~#%)), and integrating in  with the Jacobian
> 1 — Cdy we get liminfy Cr(MA™YP > ¢,(1 — Cdo)H? 1 (OK) for every small dy. For
p = 2 this reads Cx (A) = VA (H9"1(0K)+0(1)) and the optimal w decays as e~V which

gives the concentration scale £/v/\.

9 Non-local energies

In this section we consider functionals defined by double integrals, first remarking that
lower-semicontinuity and convergence conditions may lead to “non-representability”. This
fact is made precise in the first section by a counterexample.

9.1 Non-locality brings non-representability

Relaxation. We first note that a sufficient condition for functionals of the form

Fu) = e (u(x) — u(y)) dedy (54)

to be weakly lower semicontinuous with respect to the convergence in L'(Q) is that f is
(lower semicontinuous and) convex. This follows from the remark that if u; — u then the
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functions U;(z,y) = u;(x) — u;j(y) converge weakly in L1(Q2 x Q) to U(z,y) = u(x) — u(y),
and using the known weak lower semicontinuity theorem for convex energies. Under some
mild assumptions, convexity turns out also to be necessary. Conversely, if f is not convex
then the lower-semicontinuous and convex envelope of f is far from giving the integrand
of the lower-semicontinuous envelope F of F. Indeed, F may not even be representable as
a double integral.

To make a simple example, we consider an “extreme” f given by

0  ifzre{-1,1}
flz)=<1 ifz=0
+oo ifz ¢ {-1,0,1}.

Note that if f is the increasing limit of a sequence f,, of continuous functions, then by
monotone convergence the functionals with integrand f, I'-converge to F (the lower-
semicontinuous envelope of F' computed below), so that the counterexample holds also
for f,, with n large (see the Appendix).

Let u, — u in L}(Q) and F(u,) < S < +00. Then there exist ¢, such that u,(r) €
{en — %, cn+ %} almost everywhere. This implies that the oscillation of u is at most 1, and
we can write

F(un) = {un(z) = cn — 5} + Hua(2) = cu + 3}

Note that such a quantity is minimal if [{u,(z) = ¢, — 1} = [{un(z) = ¢n + 3}/, so that
it is always at least 3|2,

We examine two cases, which are the only ones needed in the following (the intermediate
values % < oscu < 1 will not be used): first that of shallow oscillation; that is, oscu < 1/2.
Up to considering u — |Q|~* fQudy in place of u, we can suppose that fQudy = 0 and

11

—% <u< % If u, — u with u,(x) € {—35, 5} then from

U {un(@) = 3} — Y{un(z) = —3}| = /undy 5 /udy —0,

we deduce that F(u,) — [Q?, which implies that F(u) < |Q?. Since the converse
inequality is always valid, we deduce that F(u) = $|Q|2.

Second, we examine the case of maximal oscillation, oscu = 1. Up to a translation
it is sufficient to examine the case ess-infu = 0 and ess-supu = 1. In this case, any
approximating sequence u,, is such that the corresponding ¢, tend to 1/2, and we have
{un = cn + 3} = Joudy, {un =cn — 3} = Q] — [, udy, so that

lim Flup) = lim (|{un = cat 32+ {un = en1}%) = (/Qudy)2+<lﬂ|—/gudy>2.

n——+oo n——+oo

Since this value is independent of the sequence u,,, it equals F'(u).
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(a) F(u) is the minimum on an interval (b) no g can match F

‘Q|2 T 1.0
0%+ (1| - 0)° Flxa)/190
119* 1
oscu=1 [Ormin » Omax ], 0scuw <4 054----- O ———-
© — Jo(u(z) — u(y)), g(0)=g(1) =1
0 %\Q| 19] 0.00 0.25 0.50 1.00
9 t=|A/]9

Figure 39: Non-representability. (a) For || fixed, F(u) is the minimum of 2 + (|| — 6)?2
over [fmin, Omax): when oscu < % the interval contains 5|2 and F(u) = £|Q?, while for
oscu = 1 it reduces to a point and the value is read on the parabola. (b) The values
F(xa,)/|Q)? =t2+ (1 —1)? (solid) and the only double integral compatible with the values
at u =0 and u = XAy 25 which is constant equal to % (dashed): they differ at t = i, where

5 41
87 2
We now suppose that there exists g such that

Flu) = /Q a(ul@) — u(y)) dedy,

where we may suppose that g is even, since the double integral is invariant under the
exchange of z and y. The function u = 0 is of the first type considered, so that F'(0) = ||
would give g(0) = 3. For ¢t € [0,1] we consider 4, C Q with |4;| = ¢|Q| and u; = x4,, so
that [, usdy = t|Q|. This is a function with maximal oscillation so that we would obtain

QP + (1= 1)%) = F(u) = QP (g(0)(t + (1 = 1)) + g(1)(2t - 2t%)).
Recalling that ¢(0) = %, we deduce that

2 4+ (1 —t)?

g(1) = At — 12)

This is a contradiction since the right-hand side is not a constant.

The constructions in this counterexample show the non-locality of recovery sequences.
Indeed for u constant, the recovery sequences oscillate between u — % and u + %, while if
u is a non-constant characteristic function, then the only recovery sequence is essentially

the function u itself.
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9.2 Fractional problems and their singular limits

Fractional Sobolev spaces may be defined in several ways. A variational definition is
through the so-called Gagliardo seminorms

(] ey,
axQ ’m—y’d“p v)o

defined for s € (0,1) and p > 1. The space of functions u € LP(Q2) such that [u],,(€2) < 400
is denoted by W*P(Q2). Hence, a “natural” class of functionals on W*P(Q2) consists of double
integrals dominated by the corresponding Gagliardo seminorm.

If © is a bounded Lipschitz open set, the space W*P(Q2) is compactly embedded in
LP(Q2). As a consequence the limits of some classes of integrals are easily described. For
example, if ap = ap(z,y) is a family of coefficients with 0 < o < ap, < 8 < 400 for all h
and weakly* converging to ao = aoo(2,y), then we have

| ) gy [[ a0
F_hETOO//QxQ o —yldre Tyt dy_//ﬂxﬂ (®9) |z — y|dtep drdy. (55)

This holds in particular for oscillating coefficients ap(z,y) = a(hx, hy) with a 1-periodic,
for which a., is the average

a= // a(z,y)dzdy; (56)
(0,1)4x(0,1)@

that is, oscillations are averaged out. This is easily seen by fixing § > 0 and, given uy,
converging to u, estimating

.. ’Uh ) up(y)[P

gt oo P

. up () — un(y)[P
> hmlnf// ah(:c,y)’ dxdy
htoo JJ(@nB, 5)2n{6<e—y|<1/5) |z — yl|dtsp

u(z) — u(y)|P
_ PR,
(QNB, /)20 {5<]z—y|<1/6} lz -y

by weak/strong convergence. Then the lower bound is achieved by letting 6 — 0. The
upper bound is trivial; that is, we can take u; = u.

The limit as s — 1 of the (s, p)-Gagliardo seminorm is singular, and its behaviour has
been highlighted in a seminal paper by Bourgain, Brezis and Mironescu and is driven by
concentration on the diagonal. We briefly explain this limit process by examining the
pointwise behaviour for a function in C2°(€2) and for p > 1. The first remark is that,
thanks to the decay of the kernel in the integral, and simply estimating |u(z) — u(y)[P <
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2P~ L (|u(z) [P+ |u(y)[P), we can restrict the interactions to |z —y| < r for any r > 0 (actually,
even r = rgy — 0, as long as r§ > 1 — s and (1 — s)|logrs| — 0). Then, using the Taylor
expansion, the symmetry of the kernel, and integrating in polar coordinates, we have

(] e e (] ey,
:/Q!Vu(x)!p / |<|;1;+Spd§ /yvu ypdx/ ) ,<617V>‘pd7_[d—1/;pp_sp_1dp

1
~ Cd,p/ Vu(z)[Pdz, Cap= / [(e1, v)|PdH
l—s Q p Jgd-1

as s — 1, so that we have the Bourgain—Brezis—Mironescu formula [73, 75]

)P /
lim (1 // ————= dxdy = C Vu(x)|Pdx
i axQ |33—?/|d+3p d’p Q’ (@)

The effect of the limit as s — 0 has been studied by Maz’ya and Shaposhnikova,
highlighting concentration at infinity. To that end it is convenient to consider Q = R¢,
and scale by s. Then, for p > 1 and v € C° (R%) one notes that the double integral is
asymptotically negligible on every bounded set. Since u = 0 outside any ball Br for R

large, we have
// )’pdajdy ~ 25/ ]u(x)pdx/ ;dg
R2d \1‘ - \d+$p Rd R\ By, [€]4T5P

+0o0
= 254§ / |u(z)[Pda / p~ P dp ~ Y, / |u(z)[Pdz,
Rd R R4

with ¢’ = %Hd_l(Sd_l), the factor 2 coming from the equality of the integrals on R? x
(R%\ Bg) and on (RY\ Bg) x R%. The limit

: )’p _ / p
81_1>1(1;1+s//]1§2d \x—y[dJrsP —— = dx dy—Cdm/Rd |u(x)|Pdz

is called the Maz’ya—Shaposhnikova formula [74].

Both formulas hold as I'-limits in the appropriate topologies, so that variational prob-
lems with Gagliardo seminorms can be approximated by usual local problems. In both
extreme regimes we have concentration to a local functional. Note however that in the
second case, the limit exists also for bounded €2, but in this case we simply have

P p
lim// ule) = wlw)? ;4 // lute) = w4,
s=0t J Jaxo fﬂf—y’ P QxQ \x—y\

The right-hand double integral is finite for example on Lipschitz functions.
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9.3 Scale interactions for double integrals: homogenization

We now examine the homogenization of Gagliardo seminorms when an oscillating coefficient
is coupled with the singular limits s — 0 and s — 1 already examined in the previous
section. Let a: R? x R — R be 1-periodic in both variables, with 0 < o < a < 8, and
consider the oscillating Gagliardo energies

with Q either R? or a bounded Lipschitz subset of R?. Two parameters are now present:
the period ¢ of the oscillation and the exponent s = s(¢) governing the singular limit. We
only treat the quadratic case p = 2.

The case of s fixed. If s € (0,1) is kept fixed as € — 0, or s = s, € (0,1), the I'-limit
with respect to the strong L2-topology is simply given by (55) and (56), with no genuine
homogenization effect: the contribution of pairs close to the diagonal is negligible for the
strong topology, and away from the diagonal the oscillating coefficient is simply replaced
by its average @ through a Riemann—Lebesgue argument, exactly as in Section 7. The
interesting regime, where oscillations and the singular limits s — 0,1 genuinely interact,
appears only when s = s(g) tends to an endpoint simultaneously with & — 0.

Three scales of interaction. As for the homogeneous case of Section 9.2, write u(z +
¢) —u(x) for the relevant difference quotients and distinguish three ranges for || = |z — y|:

1) microscopic interactions, where [¢| < ¢;
2) mesoscopic interactions, where ¢ < |£] < 1
3) macroscopic interactions, where [£]| > 1.

The relative weight of these three contributions, and hence the nature of the limit, is gov-
erned by a single scalar parameter comparing € with s (or 1—s), exactly as the comparison
between € and § governed the periodic arrays of Section 4.1.1.

The parameter as s — 0. The mass of the (homogeneous) kernel beyond scale ¢ is

1
s/ dé¢ = ﬂaﬁs, (58)
R 2

a\p, [€]4+2s

where wg = H?1(S971), so the relevant parameter is

A =lime € [1,+o0].
e—0

More precisely, in units of %! the kernel has mass 1 on the macroscopic range [£| > 1 and

mass €72* — 1 — X\ — 1 on the mesoscopic range ¢ < |¢| < 1, while the microscopic range

120



|€] < € gives a vanishing contribution. Hence, when A < 400, mesoscopic and macroscopic
interactions both contribute at the same order; for A = 1 (that is, s < |loge|™!) the
mesoscopic interactions are negligible, while for A = +oo (that is, s > |loge|™!) they
dominate over the macroscopic ones and force the oscillations to average out.

The parameter as s — 1. Symmetrically, approximating u(x + &) — u(z) ~ (Vu(z),§) for
|¢| small, the microscopic kernel mass is

\V4 2
R S (59)

so that the relevant parameter is now

A = lim 279 € [0, 1],
e—0
where, in units of $2|Vu(x)[?, the microscopic range |£| < € has mass A and the mesoscopic
range £ < |£| < 1 has mass 1—\, while the macroscopic range gives a vanishing contribution.
Hence A = 0 corresponds to 1 —s > |loge|~! (microscopic interactions are negligible), and
A=1to1—s< |loge|~! (they are the only ones that matter).

(a) s —0: weight 1, s|loge| =1 (b) s — 1: weight |¢|%, (1 — s)[loge| =1

mesoscopic
mass e % —1

micro;

loge 0 loge 0
log|¢] log|¢|
Figure 40: The mass of the kernel |¢|~972% distributed over the scales log|£|, for ¢ = e™30
and s|loge| = 3, resp. (1 — s)|loge| = 5. (a) s — 0: the weight is 1; the macroscopic
range (dark) has mass 1, the mesoscopic one (light) e72% — 1, and the microscopic one is
negligible. (b) s — 1: with the weight |¢|? the microscopic range (dark) has mass £2(1=%),
the mesoscopic one 1 — £2(1=%) and the macroscopic one is negligible. Masses are in units

of ¢, resp. £4|Vul?.

121



Three coefficients associated to a. To state the limits we need, besides the average
a, two further quantities built from a (here Q = (0,1)%):

e the contracted average a“(z) = [,(a 0 a(x,y) + a(y, x)) dy, which describes the aver-
aged interaction of the point x Wlth ‘points at infinity” at the macroscopic level, and its
harmonic mean a, defined by ¢! = fQ a®(x)~'dz and characterized, as in Section 7.1,

by
I'- lim ac(§> lu|?dx = a/ |u|?dx (weak L?(Q)-convergence);
Q Q

e—0

e the diagonal value a(z,z) (for which we assume a continuous), governing micro-
scopic interactions, together with the homogenized matrix Ay, obtained, as in Sec-
tion 7.2, from the coefficient a(z, x):

I'- lim a<£, E) \Vu|*dx = / (Anom Vu, Vu) dz.
Q € Q

e—0 £

A Maz’ya—Shaposhnikova-type homogenization formula. As s — 0 with e72* —
A € [1, 400, define, for A < +o0,

= in a(x z)|*dx — a(x ) — 2dx
aA—d)ELQf(Q){/Q (@)1 + ¢(2)["dz + (A 1)//@@ (2. 9)l6(x) — 6(y)Pdedy}, (60)

Jo ¢=0
and a0 = fQ x) dx = 2a, with @ as in (56). Then
: 55 y u(x) — u(y)? W
I-1 T — W91 _ Wd 1
al—rf(l)s//l‘WXRd g’ 5 |CL‘ _y|d+23 drdy = 2 ax HUHLQ(Rd (6 )

with respect to the weak L?(R%)-convergence; this homogenized Maz’ya-Shaposhnikova
formula is proved in [82]. The optimal ¢ in (60) is a corrector: if A C R is a bounded Lip-
schitz open set and we extend the optimal ¢ periodically, the functions u.(x) = x 4(x) (1 +
¢(£)) realize the limit on x 4. The formula shows that oscillations are felt both at the meso-
scopic and the macroscopic level, while the microscopic ones are negligible; the term (A—1)
n (60), consistent with (58), tunes the relative weight of the mesoscopic optimization. For
a =1 we recover ay = 2 and the classical Maz’ya—Shaposhnikova formula wq||ul|3,.

The map A — a) is non-decreasing, continuous and concave on [1, +0o0]. Its two extreme
values correspond to a separation of scales: for A = 1 (that is, |loge| < s~!) mesoscopic
optimization is negligible and a; = @, the harmonic mean of a®, so that the limit is obtained
by first averaging the macroscopic interactions and only then homogenizing with respect
to the weak L?-topology; for A = +o0o (that is, |loge| > s71) one may instead first let
e — 0 at s > 0 fixed, replacing a by @ as in the case of fixed s above, and only then apply
the (homogeneous) Maz’ya—Shaposhnikova formula of Section 9.2, giving 2a.
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A Bourgain—Brezis—Mironescu-type homogenization formula. As s — 1 with
e2(1=5) 5 X € [0,1], define the matrix

Ay = (1 - A)@ld + A Apon. (62)

Then, for 2 Lipschitz and a continuous,

B xy Ju(z) — u(y)?
I lim(1 S//gxg 55 o g dody 2d (VY Vuyde, (63)

equivalently with respect to the weak or the strong L?(§)-convergence. In sharp contrast
with the previous case, here the effect of the oscillations is felt only at the microscopic
level: formula (62) is an exact convex combination of the “averaged” energy of Section 9.2
(coefficient @, corresponding to no homogenization at all) and the classical homogenized
energy with coefficient a(z, x), since mesoscopic interactions see u through its gradient alone
and are indifferent to the fine structure of the corrector, by the same Riemann—Lebesgue
mechanism of (55). The correctors are precisely those of the classical homogenization
problem for Aypom: if ¢¢ is 1-periodic and minimizes fQ a(y,y)|€ + Vo|?dy, then u.(z) =
(&) + € pe(Z) realizes the limit on the affine function ué(z) = (£, z). For a = 1, (63)
reduces to the classical Bourgain—Brezis—Mironescu formula.

As before, the extreme values of A correspond to separation of scales: A =0 (|loge| >
(1 — s)71) gives Ag = ald, obtainable by first letting ¢ — 0 at fixed s (replacing a
by @) and then applying the homogeneous Bourgain—Brezis—Mironescu formula; A =
(|loge| < (1—s)71) gives A; = Apom, obtainable by first applying the (homogeneous-in-¢)
Bourgain—Brezis—Mironescu formula at fixed €, which concentrates on the diagonal and
produces the coefficient a(%, £), and only then homogenizing the resulting local functional
as in Section 7.2.

A unified picture. The formulas above describe different sides of a single phenomenon,
and can be organized into a joint asymptotic description valid for € — 0 and s — so € [0, 1]
simultaneously, in the spirit of an ezpansion by I'-convergence: the functionals s(1 — s)F s
(with F. ¢ as in (57) and = RY) admit, for every joint regime of ¢ — 0 and s — s¢, a
I'-limit coinciding with one of

2
i=na ff, S a0 < s <),
X

CLE—QS% lu|?dz (s — 0) d

— A o 1
o , 5 Rd< 20-sVu, Vuyds (s — 1),

the three regimes matching continuously at the boundary values A € {1,400} and A €

{0, 1} respectively, where a) and Ay are given by (60) and (62). In this sense the scale at
which oscillations are felt migrates continuously, as s moves from 0 to 1, from the
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(a) s — 0: the constant a, (b) s — 1: the coefficient A,

Ap=a
T
00 05 10 15 20 25 3.0 00 05 10 15 20 25 3.0
s|log€| (/\:5—2.9:62s\log5\) (17$)|log€\ (/\:52(1—5):6—2(1—.9)\10gs\)
Figure 41: A numerical example in dimension d = 1 with a(z,y) = 1 + 0.4cos27x +

0.4cos2my (so that @ = 1, a(z) = 2(1 + 0.4cos27z), a ~ 1.83 and Apom = 0.6 from
a(z,r) = 1+ 0.8cos2mx). (a) The constant ay as a function of s|loge| (A = £72%),
computed by solving the minimum problem (60) on a grid: it is increasing and concave in
A, with a; = a and ay — 2a. (b) The coefficient Ay = (1 — \)@ + AApom as a function of
(1 —s)|loge| (A= 2(0-9)).

macroscopic and mesoscopic range (Maz’ya—Shaposhnikova regime) to the purely micro-
scopic one (Bourgain—Brezis—Mironescu regime), with the mesoscopic range always present
as a transitional mechanism except in the two separated-scales limits.

9.4 Scale interactions for double integrals: dimension reduction

We close this chapter by examining the interaction between the non-local scale s and a
genuinely geometric scale, that of dimension reduction already considered in Section 8.1
for local (Sobolev) energies. We follow here the analysis of Braides, Pinamonti and Solci
[85].

Let w € R%! be a bounded Lipschitz open set, and for € > 0 consider the thin film
Q. = w x (0,¢) already introduced in Section 8.1. For fixed s € (0,1) we consider the
squared Gagliardo seminorm on 2.

—uy)?
// o |x— o gz W

and ask for its asymptotic behaviour, suitably scaled, as ¢ — 0. As in Section 8.1, we rescale
the thin direction by setting v.(2', z4) = ues(2’,exq) for x = (', 24) € @ = w x (0,1), so
that u. is identified with a function on the fixed domain 2. Unlike the local case, however,
no Fubini-type decomposition of F; , into a horizontal and a vertical part is available, since
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the Gagliardo seminorm couples points at all mutual distances, including those connecting
different values of z4: this is the reason why the analysis of the non-local case is considerably
more delicate, and why the scale s interacts non-trivially with the thin-film scale e.

Compactness and the scaling of the energy. In terms of v. the energy reads

2
Ve(T) — Ve
F575(u5) 282 // | ( ) (y)| s d$dy
08 (|o/ [ + (aa—y)?)

A function depending on x4 only pays, for each pair of values x4 # ¥4, a kernel integrated
over the planar variable 2/ — 3’ equal to a constant times (g|zg — yq|) 71725, so that its
energy is of order £!72% (the factor €2 is compensated by e~ 172). Since 1 — 2s is smaller
than both 2 and 3 — 2s, such oscillations in the thin direction are much more expensive
than the scalings €2, £2|loge|, €372 found below, which are those of functions depending
on 2’ only. This is the mechanism that makes the dimension-reduction scaling coercive:
in each of the three regimes below, if v. is bounded in L?(Q2) and the scaled energies are
bounded, then, up to subsequences, v. converges strongly in L?(£2) to a function v = v(z’)
independent of x4, which is the dimension-reduction convergence of Section 8.1 (in its L?
version). The scalings, the form of the limit and the domain of the limit functional depend
qualitatively on whether s is smaller, equal to, or larger than %

The subcritical case s < %: gain of differentiability. For s < % the relevant inter-
actions occur at planar distance of order one: for |2’ — y'| > e the integral of the kernel
over the thickness is 2|z’ — /| ~@~2% up to lower-order terms, while pairs with |2/ —¢/| < e
give a contribution which is o(¢?) on functions in H s+%(w), since the Gagliardo energy
of such functions is concentrated at no particular small scale. In this regime the correct
dimension-reduction scaling is £2: if we set

1
FE(u) = 5 Fes(w),
then F? is equi-coercive with respect to dimension-reduction convergence, and if v. = v =
v(2') in L*(Q2), then

N /Y2
I lim F(u.) = @) = oW gy = o),
e—0 wxw |2/ — y/|(d—1)+2(s+5)

with domain H 5+%(w). The striking feature of this formula is that the exponent in the
kernel can be rewritten as (d — 1) + 2(s + 3), since d + 2s = (d — 1) + 2(s + 3): hence F*

is the squared Gagliardo seminorm defining H S“‘%(w). In other words, the dimension-
reduction process produces a gain of % in the differentiability exponent: a thin

film of H*-functions converges, after rescaling, to the fractional space H S+%(w) on the
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limit cross-section. This is the non-local counterpart of the classical fact that dimension
reduction of H!(Q.) produces H'(w) with no change of exponent; here, instead, the vertical
fractional oscillations are converted into extra planar regularity.

As s — %7 the limit functionals F'® themselves undergo a singular-limit transition,
since s + % — 17 and F* is a Gagliardo seminorm of order s + % on w C R¥1: by the
Bourgain—Brezis—Mironescu formula in dimension d — 1, after a further scaling by (% —5)
we have
lim (3 —s) F*(v) = 2(2‘1:21)/&} V0|2 da,

S—>§

where o, = H*(S¥), with domain H'(w): the gain in differentiability saturates exactly
at the classical exponent 1 as s — %, anticipating the local behaviour that dominates the
critical and supercritical regimes.

The critical case s = %: a logarithmic scale. At s = % the dimension-reduction
scaling itself acquires a logarithmic correction. Setting

1

12/ _
FM(u) = 2[loge| F,1/0(u),

we have dimension-reduction compactness in L?(£2), with limit directly in H'(w) (no in-
termediate fractional space appears), and

0d

. -2
F—il_r)r(l)F;/Q(ug): 1L[V’02dx’.

d—

The heuristic explanation of the logarithmic correction is geometric: the interactions that
drive the limit are now mesoscopic, that is, at every scale r between ¢ and 1, and con-
tribute to the energy in comparable amounts at each dyadic scale; integrating over all
such scales — for instance by decomposing the relevant interactions on cylinders of the
form (B \ B.) x (0,¢), on which the kernel can be treated as if it only depended on the
planar variable 2’ — produces the factor |loge|. This is the same mechanism, read in the
non-local setting, that produces logarithmic scales in Section 4.1 for perforated domains
with p = d (compare formula (30)): there too, scale-invariance of the relevant interactions
is responsible for the logarithmic correction.

The supercritical case % < s < 1: competition of microscopic and mesoscopic
interactions. For s > I, a function of 2’ in H'(w) has a finite energy at the thin-film
scale, and the interactions between points at planar distance of order ¢ (which we call
microscopic, as they take place within a few multiples of the film’s own thickness) are no
longer negligible with respect to the mesoscopic ones. Indeed, after Taylor expansion of v
the energy is governed by the integral of |h/|? against the kernel obtained by integrating
|z — y|~%72% over the thickness. This kernel is of order £2|h’|=92% for |W/| > ¢, and of
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order |h/|~(@=1=25 for |h/| < e: both the microscopic range and the mesoscopic range —

whose contribution, since the resulting integral in |h/| is fgl r=%dr ~ e1729/(25 — 1), is

concentrated at distances comparable with e — give contributions of order £372%, which

is therefore the correct dimension-reduction scale in this regime. The precise result is the
1

following: for 5 < s < 1 the functionals 8_(3_28)Fg’5 are equi-coercive with respect to

dimension-reduction convergence in L?(f2), and their I-limit has domain H'(w), on which

. 1 12 5
F—il_rg% @Fa,s(ua) = ’ﬁs,d/w’v | dr’,
where

Js 1 , = I(s+3)
I JS - d d - .
25— 1)(3—29)(1 —5) /Rd_1 e T T TEr )

Rs.d =

The constant kg 4 reflects a kernel in which both the microscopic and the mesoscopic range
of interactions contribute, each weighted according to s. It correctly interpolates between
the two limiting cases already discussed: at the lower end,

04—2
d—1’

lim (25 —1)ksq =

1
sy

matching the critical formula above, while at the upper end,

. Wd
lim (1 —8)Kksqg = —
Jim (1= ) Fod = 5
matching the Bourgain-Brezis-Mironescu constant on  C R? (Section 9.2) composed with
the classical (p = 2) dimension reduction of Section 8.1. In this regime the two scales —
the non-local scale s — 1 and the geometric scale € — 0 — merge into a single local limit
in H'(w), mediated by a kernel that remembers both.

The joint limit ¢ — 0, s — 1, and separation of scales. The results above concern
€ — 0 at s fixed. It is natural to ask what happens if s - 1 and ¢ — 0 simultaneously, so
as to connect directly with the Bourgain—Brezis—-Mironescu formula of Section 9.2. Letting
s — 1 in the supercritical scaling, the correct combined scaling is (1—s)e2*73: the function-
als (1 — 5)8_(3_28)F875 are equi-coercive with respect to dimension-reduction convergence
in L2(Q), with T-limit of domain H'(w) given by

. Fs,s(us) W4 102 3.0
F-g%(l—s)ﬂ—ﬁ w|v1}| d.ﬁU,

independently of the relative speed at which s — 1 and € — 0. The limit functional
coincides with the one obtained by first letting s — 1 (recovering, by Bourgain—Brezis—
Mironescu, the Dirichlet integral %4 an |Vu|?dz, divided by (1 — s)) and then performing
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(a) scaling of F. ; (b) gain of { for s <1
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Figure 42: Dimension reduction of Gagliardo seminorms on thin films. (a) The exponent
v of the scaling €7 of F, ;: v =2 for s < %, e2|logel| at s = %, v=3—2sfor s > %; the
dashed line is the order £'72% of the energy of functions oscillating in the thin direction,
which is always larger. (b) Differentiability of the limit space on w: H 5+%(w) for s < 3 (a
gain of %), HY(w) for s > %; the dashed line is the original exponent s.

the classical (local) dimension reduction of Section 8.1 on the resulting Dirichlet integral,
with the usual membrane scaling %: the two singular limits “commute”, in the sense that
the joint limit has the same form as the iterated one. The scalings, however, are not the
same: since

1 — S 6_2(1_5) 1 — S

e3—2s - e

the membrane scaling (1 — s)/e differs from the joint one by the factor e20=%) and so it
gives the same limit only in the regime 1 — s < “ng, where €2(1=%) — 1. In the critical
regime 1 — s ~ \loilgal’ with e20-%) 5 X\ e (0,1), the membrane-scaled energies converge to
A times the same limit, and if 1 —s > \loilgﬂ they are of lower order than the energy of the
joint limit and tend to 0 on functions of ’ only. This is a form of separation of scales,
already encountered for finite-perimeter concentration in Chapter 3 and for the competing
effects of Section 3.3: the two mechanisms — concentration of non-local interactions as
s — 1, and geometric collapse of the thin direction as € — 0 — do not interact at leading
order, provided the joint scaling correctly accounts for both, and the parameter £2(1—5)
measures how far the iterated scaling is from it.

Summarizing, the analysis of Gagliardo seminorms on thin films exhibits a genuinely
three-scale phenomenology: finite-distance interactions govern the subcritical regime
5§ < % and produce a gain in differentiability; mesoscopic interactions, spread logarith-
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mically over all scales between € and 1, govern the critical case s = %; and microscopic

interactions, at the scale ¢ itself, come into play for s > % (at the same order £372% as the
mesoscopic ones) and dominate only in the joint limit s — 1, ¢ — 0, always producing in
the end a local, classical Dirichlet-type limit on the reduced domain w.

9.5 Appendix: relevant tools of Chapter 9

References. The lower semicontinuity and relaxation of double integrals, and the fact
that the relaxation of a double integral may fail to be a double integral, are studied by
Mora-Corral and Tellini [78] and by Kreisbeck and Zappale [77], using Young measures; the
simple example of Section 9.1 is taken from [79]. A comprehensive reference on fractional
Sobolev spaces and Gagliardo seminorms is [76]. The limit as s — 1 is due to Bourgain,
Brezis and Mironescu [73] (see also Ponce [75] for its formulation as a I'-limit), and the
limit as s — 0 to Maz’ya and Shaposhnikova [74]. The interaction of these limits with
oscillating coefficients is studied in [80, 81] for s — 1, where the formula for A, is proved
in the regime £27%) — X\, and in [82] for s — 0, where the formula for ay is proved. The
dimension reduction of Gagliardo seminorms on thin films is treated in [85].

Relaxation of double integrals.

Proposition 9.1. Let f: R — [0, 400] be convexr and lower semicontinuous. Then F(u) =
[Jawa fu(x) —u(y)) dedy is lower semicontinuous with respect to the weak convergence in
LY().

Proof. Let uj — u in L'(Q) and Uj(z,y) = u;j(z) — u;(y). For every p € L>®(Q x Q) we
have

//ijdxdyz/ng‘(ﬂf)(/ﬂ@(way)dy>dx—/gug‘(y)(/ﬂ@(ﬂfvy)d@dy — //Usoda:dy,

since the two marginals of ¢ belong to L°°(Q2). Hence U; — U in L}(Q x Q). Since U
[[ f(U)dzdy is convex and lower semicontinuous with respect to the strong convergence in
L', it is lower semicontinuous with respect to the weak convergence (Mazur’s lemma). [

We now compute the relaxation F in the example of Section 9.1, where f = 0 on
{=1,1}, f(0) =1 and f = +oo elsewhere, in full generality.

Proposition 9.2. Let u € LY(Q) and let Omin = [o(u — essinf u)dz, Omax = Q] + [o(u —
esssupu)dx. Then F(u) = 400 if oscu > 1, while otherwise Opyin < Omax and

F(u)=min {6% + (| — 0)*: 0 € [Oumin, Omax] }-

In particular F(u) = 3|Q|? if oscu < &, and F(u) = 62

27 min

+ (19| = Omin)? if oscu = 1.
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Proof. If F(u,) < 400 then u,, takes only two values cni% almost everywhere, and, setting
On = [{un = cn+ 3}, Fun) = 02+ (| —0,)% and [ up, = (cn—3)|Q| +60p. If u, — u then
(cn) is bounded; up to subsequences ¢, — ¢ and, since the weak limit of functions with
values in [¢, — %, cn+%] takes values in [c— %, C—I—%], we have ess supu—% < c < ess infu+%,
which is possible only if oscu < 1. Moreover 6, — 0 = [, u— (c— 3)|Q|, and when c varies
in the interval above, # varies in [@uin, @max]. Hence liminf F'(u,) > min{#%+(|Q|—0)%: 0
[Omin, Omax]}. Conversely, given c in the interval, we write u = ¢— 5 + X with A € [0, 1], and
consider u, = ¢ — 3 + xp,, where xg, — A (e.g. by oscillating sets); then |E,| — [A =0
and F(u,) — 0%+ (| — 0)2. The last claims follow since §% + (|2] — #)? is minimal for
0= %]Q|, and Opin < %|Q| < Opax if 0scu < 1 while Onin = Omax if 0scu = 1. O

The proof that F' is not a double integral given in Section 9.1 uses only the values of F at
u = 0 and at the characteristic functions u; = x4,, which are given by this proposition:
F(0 ) = 1|Q\2 and F(u;) = |Q(#* + (1 — t)?). Note that the representation F(u) =
[ g(u(z) —u(y)) can always be assumed with g even, by symmetrization, so that F(u;) =
QL (g(0)(E2 + (1 — 1)) + 26(1 — )g(1)).

Proposition 9.3. Let fn be contmuous (or just Borel) functions with f, 1 f, with f as
above, and let F,(u) = [[ fn(u (y))dxdy. Then there exists ny such that, for n > ny,
the lower—semzcontmuous envelope Fn is not a double integral [[ gn(u(z) — u(y)).

Proof. Since F,, 1 F, by the monotone convergence of I-limits we have F,, 1 F (this is the
property used in Section 9.1 to transfer the counterexample). Suppose by contradiction
that Fy, = [[ gn(u(z) — u(y)) for infinitely many n, with g, even, and consider only these
n. Setting a,, = g,(0) and b,, = g,(1), evaluation at u = 0 gives |Q2|?a,, = F,(0) — F(0) =
%|Q|2, SO ay — % Evaluation at u;/, gives %(an +by) — %, so b, — % Finally, at u;,, we
get

E(U1/4) 5 1 F(U1/4) 5
—ap, b hil = -,
o gty Whe Q7 8
a contradiction with Fy,(uy/4) = F(uq/4). O

Kernel masses at different scales. For 0 < r; <7y and s € (0, 1), integrating in polar
coordinates, with wg = HI~1(S471),

d§ Wd (25 9 / (e, )| Wy 2(1—s) 2(1—s)
= —(r; “°—r;°%), d¢ = r —r
/7“1<|£|<r2 ‘£|d+28 28 ( ! 2 ) T1<‘§|<T2 |€’d+2s d(]‘ - 8) ( 2 ! )

for every unit vector e (we have used [¢4, v2dHY = wy/d). These are the identities
behind the three ranges of interactions of Section 9.3. As s — 0, with the scaling s, the
masses of the macroscopic range || > 1, of the mesoscopic range ¢ < || < 1 and of the
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microscopic range |£| < ¢ (where we use the weight |£]?/£? coming from the regularity of
u at scale €) are, in units of wy/2,

1, SRR S S O(se72%) = 0.

As s — 1, with the scaling 1 — s and weight (Vu, £)?, the masses of the microscopic range,
of the mesoscopic range and of the macroscopic range |£| > 1 are, in units of wy|Vu|?/(2d),

2(1=s) _ A, 1 - 2= 1 _ A, O(1—-s)—0.

This explains why in the first case the oscillations of the coefficient are felt at the mesoscopic
and macroscopic level, and in the second one only at the microscopic level, and the role
of the quantity s|loge| (resp. (1 — s)|loge|) in distinguishing the regimes: 72 — 1 if
s|loge| — 0, and — 400 if s|loge| — +o0; €205 — 1if (1 — s)|loge| — 0, and — 0 if
(1 —s)|loge| — +o0.

Formal derivation of the homogenization formulas. Let A be a bounded Lipschitz
set and u.(x) = xa(z)(1+¢(x/e)), with ¢ 1-periodic with zero mean. In the limit s — 0, the
double integral s [[ a(%, ¥)|uc(z) —u-(y)|*|z—y|~¢~?*dady is the sum of the contribution of
the pairs with x € A and y ¢ A (and symmetrically = ¢ A, y € A), which are macroscopic
interactions, and that of the pairs with both z and y in A. The first one, since the mass
of the kernel is concentrated at infinity and the coefficient there is equidistributed in y/¢,
gives (in the units above)

Wd

” A(f(j)’l—kgb(j)rdl‘ — °’2‘1|A1/Qa0(x)|1+¢(x)y2dx,

where we have used that the weight of z € Ais [(a(2,%)+a(¥, £))dy averaged over y, that
is a“(z/e). The second one, using the mesoscopic range ¢ < |z — y| < 1 where (z/e,y/¢)
is equidistributed in @ x @, gives 4t (A — 1)|A] [ [, o a(z,y)|(z) — #(y)|>dxdy. Summing
the two terms and optimizing in ¢ we get %tay|A|, with ay as in (60). The formula for
A, is obtained in the same way: in the limit s — 1 for u.(x) = (£, z) + e¢p(x/e), the
microscopic interactions |z —y| < ¢, of mass A, see a(%, ) and the gradient & + Vo (z/e),
giving A(Apomé&, §) after optimization in ¢, while the mesoscopic interactions, of mass 1 — A,
see only the average @ of the coefficient and the gradient £ of the macroscopic part of u.,
giving (1 — \)al¢|?.

Proposition 9.4. The function A — a) is non-decreasing and concave on [1,+00), a1 = a
and limy 5400 @) = fQ a® = 2a.

Proof. For each ¢ the function inside the infimum in (60) is affine and non-decreasing in
A, S0 a) is concave and non-decreasing. For A = 1, setting v = 1 + ¢, we have to minimize
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fQ a“v? under the constraint fQ v = 1. By the Cauchy-Schwarz inequality 1 = ( fQ v)? <
fQ a‘v? fQ(aC)*l, so that a; > a, with equality for v = a/a® (which has fQ v =1). Finally,
ay < fQ a® for all \ (take ¢ = 0) and, if ¢, is a competitor with energy at most fQ a®+1,
since a > « and since [[,,,  [6(z) — (y)|? dedy = 2||¢||%2(Q) for ¢ of zero mean, we get
20(A = 1)[|gall72 < C, s0 ¢y — 0 in L*(Q) and liminf ay > Joa©. O

The dimension reduction of Gagliardo seminorms: formal computation. Let
v € C%(w) and u(x) = v(2'). Then, integrating in the thin direction,

w) = o) — (W 2k (2 — ) da’ d o) — °[e da db
Eu)= [[ @ —vwPke s k= [

If |2/| > e then k.(2') ~ €%|2/|7%7%% and the pairs with |2/| > € give, for s < 3,

e [[ .. lv@) —v(y)|*|z’ — ¢/|~%72%, since the contribution of the pairs with |2/| < e,

which is of order £372% by the computation below, is of lower order. This gives the scale
e? and the limit F*(v) in Section 9.4, whose kernel exponent is d+2s = (d— 1) +2(s + 1).
For the pairs with |2/| < & we use |v(z’) — v(¥)]? ~ (V/v(a'),2')? and integrate first in
2/ € R71 at a fixed value of h = |a — b|, with the change of variable 2’ = h(:

/ 1\ 2 1,,12 2
/ <V v,z >d+25 dZ/ — ’V U‘ h1728 Is; IS — / ‘C| . dC;
Rd-1 (’Z’|2 + h?)T d—1 Rd-1 (1 + ’C’2)§+S

where I, < +oo if and only if s > . Since [; [5 la — b['"**dadb = 3725 /((1 — 5)(3 — 2s)),
we obtain the scale 2725 and the limit

Fss(u) IS /.12 /
’ da.
32 m—1xy—@@—2gluvm v

This coincides with the constant kg4 of Section 9.4. Indeed, set b = % + s and J; =

—b . . 2—b _ 1 2\—(b—1)
Jrar(1+ [CI?)°dC. Integrating by parts, using ¢(1 + (/%) = —575 V(1 + [C])
(the boundary terms vanish since s > %) we get

d—1 dc d—1
=41 - Jo+ 1),
cuas—zéd41+mawl i3 25 3t

since (1+[¢[2)~C=Y = (14[¢[2) 7"+ [¢|2(1 +¢|?)~°. Solving for I, gives I, = AL J,, and,
by the standard formula [, (1 +[¢[?)~%d¢ = 7%/2T'(b — 2)/T(b),



Hence

Js
Fed = (25— 1)(3—25)(1 —5)
and
/2 Wy W% 0d—2
lim (1 —-8)ksgyg=J1 = ——+ = —, lim (258 — 1)kgq=J1 = = .
s—>l_< s ! 21“(14—%) 2d 8_>%+( )¥is.d 3 r(dTl) d—1

At the critical exponent the integral in 2’ diverges logarithmically: the same computa-

. / . ' 2| | —d—1 2 (V"2 5 030
tion, for ¢ < |2'| < 1 and with k.(2") ~ e°|7/| , gives e? [ f€<|z,|<1 Wdz dz' =
0d—2

e?loge| =2 [ |V'v[2da’, which is the critical scale £2|loge| of Section 9.4. Finally, for

§ < % and 0 = s+ % — 17, the Bourgain—Brezis—Mironescu formula in dimension d — 1
applied to F* (with the exponent (d — 1) + 20 and 1 — 0 = % — s) gives the limit
2((73:21) [, IV'v|?da’ stated there.

We note that the optimal recovery sequence is u(x) = v(a’) without a corrector in the
thin direction. Indeed, for the quadratic form obtained by adding to (V'v(2'),y' — ) a
perturbation w(y) — w(z) with w defined on R4~! x (0, ¢), the Euler-Lagrange equation at

w =0 1is

dy

! / / /

—_ 720
/(‘7 ’U((]}),y $>|x_y|d+25 5

which is satisfied since the kernel is even in 3’ — 2’; by the convexity of the quadratic form,
w = 0 is the minimizer. The compactness of sequences with bounded scaled energy in the
sense of dimension reduction and the lower bound are proved in [85].

The joint limit s — 1, ¢ — 0 and the membrane scaling. By the formal computation
above, for smooth v, the energies (1—s)e~ 3729 F_ ;(u) converge to (1—s)k 4 [, IV'v|?, and
(1 —5s)ksq — wq/(2d) as s — 1: the limit does not depend on the relative speed of s — 1
and € — 0 because the integral I is uniformly bounded as s — 1 and the contribution of
the pairs at distance of order 1 is of order e? < 3725/(1 — 5). The rigorous proof of this
statement, including the lower bound, is in [85]. The membrane scaling (1 —s)/e, obtained
by first sending s — 1 at fixed ¢ (so that (1 —s)F. s — 39 fQE |Vu|?) and then ¢ — 0 in

the local dimension reduction of Section 8.1, differs from the joint scaling by the factor
E3—25/E — 82(1_5)3

1-s _sy (1—s
( g )FEVS(U) = 62(1 ) ’ (83_28) Fg,s(u).

Hence the two scalings give the same limit if (1 — s)|loge| — 0 (the factor tends to 1); if
e2(1=5) 5 X\ € (0,1), that is, if 1 — s ~ |loge|~!, the membrane-scaled energies converge
to A times the limit of the joint scaling, and, if (1 — s)|loge| — +o0, to 0. This is the
critical regime, in which the mesoscopic interactions between the scales € and 1, which are
not seen when s — 1 first, become relevant.
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10 Discrete-to-continuum homogenization

We now consider functionals whose domain consists of functions defined on lattices de-
pending on a small scaling parameter, as for instance functions defined on ¢Z?. In this
sense, we can say that the scale is a priori given by a geometrical constraint. The analysis
as € goes to 0 of these energies is a particular kind of homogenization, giving a suitable
continuum energy which is referred to as the discrete-to-continuum limit.

The first problem to face is that of giving a meaning to the convergence of discrete
functions to a continuous limit. This can be done by identifying discrete functions with
particular interpolations, depending on the structure and the scaling of the energies.

10.1 Bulk scaling

Since our focus is on scaling effects, and not on the structure of the limit energies depending
on the structure of the original lattice, we only consider functions u defined on the lattice
eZ¢. The discrete analog of integral functionals in the simplest case and in dimension 1 is
then an energy of the form

Fw=e 3 f(H), (64)

i€l ()

where f: R — [0,400) is continuous with |z|P < f(z) < ¢(1 + |z|P) for some p > 1 and
c > 0, © is an open subset of R, and u: Q@ NeZ — R. The sum is taken over the set
I.(Q) ={i€Z:cie(i—1) € Q}, and the notation u; denotes the value u(e7). This can be
viewed as a finite-difference counterpart of the functional [, f(u’) dt. Indeed, the scalings
(of the variable and of the energy) in (64) are designed in such a way that, identifying u
with its piecewise-affine interpolation, we have

/Qf(u’)dt: 3 sf(%)ﬂu):ps(u)ﬂu)

i€l ()

as € goes to 0. The error term can also be set to 0 by suitably extending the interpolation
at the endpoints of the intervals of 2. Note however that, even though we identify lattice
functions with a subset of L*(Q), for each € > 0 the functional F. is defined on a finite-
dimensional space, and hence it is a continuous functional if f is continuous, regardless of
any convexity condition.

The lattice size € introduces a constraint on the scale of oscillations that is over-
come only in the limit as € tends to 0. This is clear if we remark that

D™ lim £ (u) = /Q £ ) dt

for u € WHP(Q) (and +oo otherwise), with respect to the convergence in L(Q) of the
piecewise-affine interpolations; that is, convexification appears only as a limit process.
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The proof of this fact is easily obtained by observing that F.(u) > fﬂ f*(u')dt for all
e and u (by Jensen’s inequality, since f > f** and the 1nterp01at10n of u has derlvatlve
421 on each interval). Since f(z) > |2|P, a sequence with bounded energy is bounded
in WP(Q), and u fQ f**(u')dt is lower semicontinuous along such sequences, as f**
is convex; hence the inequality holds also for the I'- liminf Conversely, if u € C*(Q)
then lim._,0 Fr(u) = [q f( dt so that I'- hm sup, o Fr(u) < [q f(u/)dt, from which
the inequality I'- hm sup, _>0F < Jo (W) dt follows by the relaxatlon argument of
Section 2.3 (and the growth condltlon on f). As a consequence, we have an asymptotic
formula for the convex envelope of a continuous f as

() = lim mln{Zf i — Ui-1) UOZO,UN:NZ}

N—+oo N
1 1 &
= Nl_ig_loonin{z;f(zi) : NZ;Zi = z},
i= =

where the limit exists, and is equal to the infimum over N, by the subadditivity of N —
mm{zZ L f(z) e Zl 1 % = Nz}. In general it cannot be replaced by a minimum problem
with a fixed number of variables: the convex envelope is obtained by convex combinations
> j Ajf(w;) of at most two values, and these can be realized by averages of N values only
in the limit when the weights \; are irrational. For instance, for f(z) = (2% — 1)? and 2
irrational in (—1,1) we have f**(z) = 0, but the minimum is strictly positive for every N,
since the average of N values in {—1, 1} is rational.

The discrete setting allows one to consider functionals that have a structure more
general than simple discretizations of continuum functionals, by taking into account long-
range interactions; that is, in the notation introduced, taking into account terms depending
on differences u; — u; also when |i — j| > 1. Again, in the one-dimensional setting we can

consider
=3 X en(F)

k>14elk(Q)

with each fj continuous and non-negative, and fi(z) > ¢|z|P—C for somep > 1,¢>0,C >
0, where now I¥(Q) = {i € Z : ci,e(i — k) € Q}. Formally, this looks like a discretization
of [o > ) fu(ku')dt. Indeed, this is the pointwise limit of F., after identifying a function
u € WHP(Q) with the function u: Q NeZ — R given by the continuous representative of
u, but in general the corresponding relaxation, with integrand the convex envelope of the
function fo(2) := >, fr(kz), is only an upper bound.

If we suppose that ), k fi(kz) < ¢(1 + |z|P) for all z (the factor k takes into account
that k pairs (7,7 — k) interact across any given point; this condition controls the effect of
the boundary, and of the interactions at long range), we can repeat the arguments of the

135



(@) f(z)=(z*-1)? and f** (b) lattice functions w; with energy close to f** (2)

slopes +1 on intervals of length 6,

f proportion 3, % (here 2=0.3); e << 1

Figure 43: Convexification at the lattice level. (a) A double-well potential f(2) = (22 —1)?
and its convex envelope f**, which vanishes on [—1,1]. (b) A lattice function w; (dots)

whose increments are +¢, that is, with slopes £1 at the lattice scale ¢, in proportion % and
7

5o on intervals of length §, with e < 0 < 1: it converges to the affine function u(z) = 2z
with z = 0.3, which is not a well of f, and its energy tends to f**(z) =0 < f(z).

homogenization of Chapter 7 (see [86, 87]), and deduce that, for u € WHP(Q),

where

‘ T N N
from(z) = lim Nmm { Zka(ul —uj—k) tug = 0,uy = Nz}.

N—+o0

For this function we have the inequalities
o
DL (R2) < from(2) < f57(2),
k=1

with fo giving the pointwise limit, while the first inequality is obtained by separately
optimizing oscillations for each fy.

We now show that indeed we cannot reduce to a single cell-problem formula in a simple

but meaningful example, where f; = 0 except for k =1 and £k = M > 1, generalizing the
case when only f1 = f # 0. We take Q = [0, 1]; this is not an open set, but the only change
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is that we also consider i = 0 and possibly @ = 1/¢ if it is an integer, so that our functionals
are

Ne . Ne ..
Fw) =Y ch(“—1) + Y efu ("), where N = [2).
=1 i=

In this case we optimize nearest-neighbour interactions at fixed M-neighbour interactions.
To check a lower bound we start by writing

M <fM (Uk+Mj - :HM(JA))

k+Mj

L ()

i=k+M(j—1)+1

that is, we subdivide the M-neighbour interactions into M nonintersecting sublattices
ek + eMZ with k € {1,..., M}, and consider each nearest-neighbour interaction as an
intermediate interaction between two points in one of these sublattices. Since in this way
each nearest-neighbour interaction is accounted for M times, we have to divide it by M.
In order to avoid the boundary, the sum is taken slightly inside [0,1]. At this point we
define the effective M -neighbour potential

1 M M
ferr(2) = fu (M=) + Y { ;fl(zi) : 2 z = MZ},
and we have the estimate
LM 15 )-1 Wty — Ut
S J MG
Fs(u)_ M; le 5Mfeff< Me )

The right-hand side of this inequality is a sum of nearest-neighbour energies on disjoint
lattices. Now, if we have a sequence u. with bounded energy converging to « we note that
the interpolations u]; on each sublattice ek +eM7Z also converge to the same u (indeed, by
Hlder’s inequality and f(2) > c|z|P — C, ||u¥f — u.||zr < CMe||ul||zr < C'e). By the result

on nearest-neighbour energies, we then have

M

1
liminf F.(u.) > — / frr@d)dt = / S (u)dt
e=0 M; (n1-m) (n,1—n)

for all n > 0, and we can eventually let 7 — 0 to obtain the lower bound. The lower
bound looks optimistic, since it relies on separate estimates for each £ that might need
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incompatible constructions for the recovery sequence, but this is not the case, as minimizers
for feg(z) can be regarded as periodic functions.

To check the upper bound it suffices to check that I'-limsup,_,o Fz(u) < [, 0.1) ferr(u)dt;
we do it for the case u(x) = zzx, which exemplifies the construction at the discrete level.
With fixed z let (z1,...,2)) be a minimizer for fes(2), and consider its M-periodic ex-
tension to Z. Then we consider the functions @.: Z — R defined by %.(0) = 0 and
Ue (i) = us(e(t — 1)) + €2z;. We have u. — u and

limsup Fe (W) = fe(2) = et (W) dt,
e—0 (0,1)
as desired. The convexification is obtained in the same way: if fii(z) = 0feg(2’) + (1 —
0) fer(2"), for u(x) = zx we alternate on mesoscopic intervals the periodic constructions
with slopes 2z’ and z” in proportions 6 and 1 — 6, and a general u is treated by density of
piecewise-affine functions. In conclusion

. _ k% /
I lim £ (u) = /( |,

The form of the integrand highlights the superposition of two phenomena: optimization
of lattice interactions on the period M at scale ¢ (microscopic scale), summarized
in the formula for fe.g, and optimization of oscillations at scale much larger than ¢
(mesoscopic scale), producing the convexification.

An explicit example. We take M = 2, fi(2) = (|z| — 1)? and fa(2) = |2]2. The
nearest-neighbour energy has two wells at £1, and

fet(2) = 422 + %min{fl(a) + f1(b) a4+ b=2z}.

Let z > 0. If a,b > 0 the minimum is attained at @ = b = z by the convexity of f; on
[0, +-00), with value 2(1 — 2)?; if @ < 0 < b the best choice for z < 1is (a,b) = (2 — 1,z +1),
where both increments are as close as possible to the wells, with value 222. For |z| < % the
second “dimerized” pattern is better and for |z| > % the first, “uniform”, one is, so that

522 if 2] <1
ferr(2) = 2 . ?
52 —2lz|+1 if [2| > 3.
This function is not convex, since the microscopic pattern changes abruptly at |z| = %,

producing a concave corner. Its convex envelope is obtained by replacing feg in the interval
[%, %] by the common tangent at the two points % and %,

522 if [2] < 2
[ (2) = 42| - 5 if2 <z <2
522 —2|z|+1 if 2| > 2,
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see Fig. 44: for z € (%, %) the optimal sequences oscillate, at a mesoscopic scale, between
the macroscopic slopes % and %, and at the microscopic scale each of these slopes is realized
by the optimal 2-periodic pattern. The functions f;*(z)+ f5*(2z) and (fi+f2(2-))** bound

f25 from below and above, and both inequalities are strict (for instance at z = %, where
Kk

_ 6 5
of = = is between 1 and 7).

(@) M=2, fi(z) = (2] = )% fal2) = |

far and £ (see (b))

=1

-1 1
4
(b) minus the affine /(z) =4z — % (c) optimal increments (z;, 22)
0.20 q
0.15 A
0.10 ~
fnff
0.05 A E
0.00 +
S o a T ;
z z

Figure 44: The example with M = 2, f1(2) = (|z| — 1)?, f2(2) = |z|>. (a) The effective
potential feg and its convex envelope f¥. (b) The same functions after subtraction of the
affine function 4z — %. (c) The optimal increments (z1, z2) of the microscopic pattern as
functions of z.

In Fig. 44(a) we picture the effective potential fog and its convex envelope f;, which are
hardly distinguishable at this scale, together with the lower bound f{*(z) + f3*(22) = 42*
(dotted, for |z| < 1) and the upper bound (f + f2(2+))** (dashed), which is flat on [—%, ].
In Fig. 44(b), the same functions after subtraction of the affine function 4z — 3 tangent
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to feﬁ‘ at g and %: fert has two wells, at % and 2, separated by a bump of height % at %
and fX (thick) vanishes on the whole interval [5, 5] In Fig. 44(c) we picture the optimal
1ncrements (21, 22) of the microscopic pattern as functions of z: for z < % they alternate
between z — 1 and z + 1, for z > % they are both equal to z; the shaded interval is the
range of macroscopic slopes where mesoscopic oscillations between the two patterns are
energetically favourable.

In the d-dimensional case, the bulk scaling is ¢, and the energies take the form

= > X ()

kezd\{0} ielk(Q)

where u: QN eZ — R and I¥(Q) = {i € Z% : ci,e(i — k) € Q} (the interaction between i
and ¢ — k is counted both for k£ and for —k, which can be accounted for by a redefinition
of fr). Under suitable growth conditions, analogous to those above, the continuum limit
is of the form fQ Jrhom(Vu)dx, where fyom is characterized by the d-dimensional analog of
the asymptotic formula in the 1-dimensional case,

from(z) = lim min { Z Z fe(ui —ui—g) + u; = (z,4) for i € 8QN},

N——+4o00 Nd
1,i—k€EQ N

where Qy = {0,..., N} and dQy is the set of its points with some coordinate equal to 0
or N.

10.2 Spin systems: surface scaling and the geometry of Wulff shapes

All the functionals considered so far in this section are defined on lattice functions with
values in R (or R™), for which the natural scaling of the energy is the bulk scaling
e> ;(--+), designed precisely so that nontrivial limits are integrals over Q. A genuinely
different kind of discrete system is obtained by constraining the lattice function to take only
two values, say u; € {—1,1}: these are spin systems, the prototype being the Ising model
of ferromagnetism. A {—1,1}-valued function carries no information beyond the location
of the interface between the two phases, so the bulk scaling above is now the wrong one:
with that scaling, configurations of finite energy would be forced to be eventually constant,
and any genuine interface would cost an infinite amount as € — 0: a jump between —1 and
1 at neighbouring sites contributes at least e f(2/¢) > 2Pe! =P — +o00. The correct scaling
is instead a surface scaling.

Ising systems and their I-limit. Let ap > 0, k € Z?\ {0}, be a ferromagnetic

interaction (favouring equal neighbouring spins, a_; = o) satisfying the decay condition
>k akllk|l < +oo and a coercivity condition, which holds for instance if ae; > 0 for
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j=1,...,d (for the sharp condition, a connectedness property of the set of k with oy > 0,
see [91]), and for u: eZ¢ — {—1,1} consider

EE(U) = Z €d_1 ai,j(ui — Uj)2.
1,jELS

Identifying u with the piecewise-constant function equal to u; on the cell i + [0,)¢ and
writing u = 2y 4 — 1, a family u® of equibounded energy converges, up to subsequences, to
(the characteristic function of) a set of finite perimeter A, and

- lim E.(uf) = F(A) = / ) dHTY, o) =4 ok |k, V).
e—0 QNo* A pezd

The formula for ¢ (and the correct power d — 1 of ¢) is due to Braides and Chambolle
[91] and has a simple heuristic justification (made rigorous in the Appendix): along every
lattice line in direction k crossing a macroscopic interface with normal v, a spin configu-
ration with finite energy must flip at least once, at a cost 4ay; the number of such lines
crossing a unit (d — 1)-area of interface is proportional to |(k,v)|, and summing over k
gives p(v) (both k and —k are counted, since the sum is over ordered pairs). In short,
a purely discrete, possibly long-range, two-valued system homogenizes into a
genuinely anisotropic continuum perimeter: a surface-tension counterpart to the
bulk homogenization formulas of Chapter 7.

Wulff shapes. Being even, convex and positively 1-homogeneous, ¢ is itself the support
function of a convex body W, C R?, the Wulff shape: the (unique, up to translation and
dilation to fix the volume) minimizer of F at fixed volume, i.e. the equilibrium shape of a
macroscopic droplet of the ferromagnetic phase. For nearest-neighbour interactions alone
(ar = a3 > 0if ||k|| = 1, 0 otherwise) one finds ¢(v) = 8aq(|v1|+- -+ |v4|) = 8aa||v||1 (the
factor 8 is 4, coming from (u;—u;)? = 4, times 2, since both k = e; and k = —e; contribute),
whose Wulff shape is the axis-aligned cube [—8a1,81]%: the classical fact that the zero-
temperature nearest-neighbour Ising droplet is a cube, not a ball — the lattice anisotropy
survives, undiluted, in the continuum limit. Switching on further, weaker, interactions
along more directions k adds facets to W, and lets it approximate a ball ever more closely;
but, as we are about to see, no finite or even countable combination of discrete directions
can ever round off every corner exactly.

The zonotope/zonoid classification. The formula for ¢ has a transparent geometric
meaning: writing v = k/||k||,

o) =4 2 el 1. 2] = L e aldu),
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(a) a spin configuration and a macroscopic interface with normal »

Y

\
e O o o o o .\—O o o o o o o o o o
u; = +1
e O o o o o o O O O O O
e O o o o o o O O O O O
e O o o o o O O O O O O
e e o o o o o O O O O O
e O o o o o o O O O O O
U; = -1
e e o o o o o O O O O O
(b) nearest neighbours (c) with diagonals (d) more directions
k=xtei, e +(1,1),(1, — 1) and opposites  +(1, £2),(2, £1) and opposites

Figure 45: Ising systems. (a) A spin configuration on €Z? (+1 full dots, —1 empty dots)
and a macroscopic interface with normal v; the thick segments are the broken nearest-
neighbour bonds, in the directions e; and es. Their number per unit length of interface
is proportional to |v1| and |v2|, and for a general interaction direction k to |(k,v)|, which
gives o(v) =43, ax|(k,v)|. (b)—(d) The corresponding Wulff shapes, Minkowski sums of
the segments [—8ayk, 8axk] over the directions k with ay # 0 (one for each pair £k): the
square for nearest-neighbour interactions, the octagon if interactions along the diagonals
are added, and polygons with more sides if further rational directions are added; all sides
are parallel to the interaction directions.
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with u =45, agl||k|| 6., , which is exactly the support function of the Minkowski sum of the
segments [—4ayg| k|| vg, 4okl k|| vi]. Following [91], a rational zonotope is a Minkowski
sum of finitely many segments in rational directions, that is, a convex body whose support
function is [ga—1 [(v, 2)| dp with = 377" Xi(6y,+0-0,), Ai > 0 and v; = w;/||w|| with w; €
74\ {0} (rational directions), while a rational zonoid is the same with = 322, \;(6,, +
d_y,), with >, A < +00. Then the Wulff shapes of finite-range homogeneous Ising systems
are the rational zonotopes, and those of general homogeneous systems are the rational
zonoids (with a connectedness condition on the support of u if coercivity is required). The
generating measures are atomic and concentrated on rational directions; general zonoids,
with arbitrary generating measure on the sphere, are Hausdorff limits of rational zonotopes.
Hence every zonoid is approximated arbitrarily well by Wulff shapes of finite-range Ising
systems, but only the rational ones are exactly attained: for instance, in dimension d > 2
the ball, whose generating measure is uniform on the sphere, is not the Wulff shape of any
homogeneous Ising system. In dimension 2 every centered convex symmetric set is a zonoid,
so that homogeneous Ising systems can approximate any planar anisotropy; in dimension
d > 3, however, zonotopes are characterized among polytopes by the property that all their
2-dimensional faces are centrally symmetric (in particular, all their faces are themselves
zonotopes), and a polytope that is a zonoid is a zonotope. This excludes elementary shapes
such as the regular octahedron, whose faces are triangles: mo homogeneous Ising system,
however many interaction ranges it uses, can produce an octahedral Wulff shape.

(a) cube (b) rhombic dodecahedron (c) octahedron

Figure 46: Wulff shapes in dimension 3. The cube (a zonotope generated by the three
nearest-neighbour directions) and the rhombic dodecahedron (a zonotope generated by the
four directions (+1,=£1,1), all faces being rhombi) can be Wulff shapes of homogeneous
Ising systems. The regular octahedron cannot: its faces are triangles (one is shaded), which
are not centrally symmetric, so that it is not a zonotope.

Recovering all shapes: periodicity. This obstruction is removed exactly by the mech-
anism of Chapter 7: replacing a homogeneous system «;_; by a periodic one a;; of period N
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and homogenizing, the Wulff shape of the I'-limit is, for finite-range interactions, a polytope
[91], which we call a zonotope of order N; for N = 1 these are the rational zonotopes,
but for N > 1 they are no longer constrained to have zonotopic faces. Letting N — oo,
zonotopes of order N approximate all bounded centered convex bodies: every macroscopic
crystalline anisotropy, octahedron included, is the limit, in the Hausdorff sense, of Wulff
shapes of periodic spin systems of sufficiently large period, even though it is unreachable
from any homogeneous one.

10.3 Appendix: relevant tools of Chapter 10

References. The I'-limit of discrete energies with long-range interactions is treated by
Braides and Gelli [86], and the integral representation of continuum limits of discrete
energies with superlinear growth by Alicandro and Cicalese [87]; a textbook presentation
of the convexification effect for lattice energies is in [90]. Discrete systems with values
in {—1,1} and their surface scaling are studied in [?, 89], and the identification of the
Wulff shapes of Ising systems with zonoids, the notion of rational zonotope and zonoid,
and the zonotopes of order N for periodic systems are due to Braides and Chambolle [91].
For the theory of zonotopes and zonoids (in particular the characterization of zonotopes
by the central symmetry of their 2-dimensional faces) see Bolker [92] and Schneider [93,
Section 3.5].

The asymptotic formula for the convex envelope.

Proposition 10.1. Let f: R — [0,+00) be continuous with f(z) > |z|P, p > 1, and let
my(z) = min{3 N | f(z): N | zi = Nz}. Then
my(z)

Kk . . mN(Z)
O A

Proof. By Jensen’s inequality, >, f(z) > >, f*(z:)) > Nf*™*(z) when ),z = Nz, so
mn(z) > N f**(z). Moreover mn4a(z) < my(2)+ma(2) (concatenate two competitors),
so that by Fekete’s lemma mpy(z)/N converges to infy mpy(z)/N > f**(z). Conversely,
since f is continuous and coercive, f**(2) = Af(w1)+ (1 =) f(w2) with z = Adw; 4+ (1 =) w2
and A € [0,1] (Carathodory’s theorem in dimension 1). Given N, let n = |[AN| and take
zi = wy for i < n, z; = wy forn <i < N and zy = Nz —nw; — (N —n — wy =
(AN — n)(wy; — wg) + we, so that |zy| < C = |wy — wa| + |we|. Then my(z) < nf(wy) +
(N —n —1)f(wa) + maxjy<c f < Nf*(2) + ', with C" independent of N, and the
conclusion follows by dividing by N. O

If z is such that the weights A,1 — X\ above are irrational (as for the double-well potential
f(z) = (22 = 1)? and z irrational in (—1,1), where w; 5 = £1), the minimum my(z) is
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strictly larger than N f**(z) for every N, since the sets of values taken by the minimizers
cannot be reduced to {wy,wa}: this is why the limit cannot be replaced by a minimum on
a bounded number of variables.

The example with M = 2.

Proposition 10.2. Let fi(2) = (|z]=1)2, fa(2) = |2]? and fog(2) = f2(2z)+%min{fl(a)+
f1(b) :a+b=2z}. Then

522 if l2] < 2
furz) = 1% SR S P §‘2|<_r5\<3
q(z) = . z) = zl — 2 if £ <z <2
¢ 522 —2[z|+1 if |z| > 3, of 9 > L P
5z =2|z|+1 if|z| >3

and, with fo(z) = fi(z) + f2(22),
17(2) + f57(22) < feg(2) < fo"(2)  for all z,
where fi*(2) = ((]2| = D)2, f5* = fo and f§*(2) = 5 if |2| < 5, f57(2) = fol2) =

522 — 2|z| + 1 otherwise; the inequalities are strict, for instance, at z = L, where the three
terms are 1, g and %.

27

Proof. All functions are even, so let z > 0 and set h(a) = fi(a)+ f1(22—a). Ifa,b =22—a
are both non-negative, then h(a) > 2f1(z) = 2(1 — 2)? by the convexity of f; on [0, +00),
with equality for a = b = z. Both negative is impossible, as a +b =22z > 0. If a = —c <
0<b=2z+c, then h = (c—1)?+ (22 + ¢ — 1)?, which for z < 1 is minimized on ¢ > 0 at
¢ =1— z with value 222 (while for z > 1 the minimum on ¢ > 0 is at ¢ = 0 and falls in the
previous case). Hence minh = 2min{z,1 — 2}? for z < 1 and minh = 2(z — 1)? for z > 1,
and the formula for f.g follows from fog = 422+ % min h. The affine function ¢(z) = 4z — %
satisfies for — ¢ =5(z — 2)2>0on [0, 3] and for — ¢ =5(z — 2)?> > 0 on [}, +00), so that
¢ < fog with equality exactly at % and % Hence the function g defined by the three-line
formula is convex (it is of class C! with non-decreasing derivative: 10z up to %, then 4,
then 10z — 2 > 4 for z > %, and even), g < feg and g = feg outside (%, %) and at the
endpoints; therefore g = fii: indeed g < fif since g is a convex function below feg, while

ot < femr = g outside (%, %), and in (%, %) we have fif < ¢ = g, since / is the chord between
the values of for at Z and §. For the inequalities, for > f2(22)+3-2f1*(2) = f2(22)+ f1*(2)
(since 2 min{fi(a) + f1(b) : a+b = 2z} > fi*(z) by convexity of fi*) and fer < fo (take
a = b = z); taking convex envelopes gives the two inequalities, and the expressions of

1%, f&* are computed in the same way as that of f3 (fo(z) = 522 —2|z| + 1 has a concave

corner at 0, and its tangent line from the minimum point |z| = £ is horizontal). O
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The I'-limit of Ising systems.

Proposition 10.3. Let E. and ¢ be as in Section 10.2, o, > 0 with )", ou||k|| < +oo,
and let u®: eZ% — {—1,1} converge in L (R?) to u=2xa — 1. Then liminf. o E.(u®) >
Jon W) dHYL If A has Lipschitz boundary and u® = ulza, then lim._o E.(uf) =
faA o(v) dH L,

Proof. Write E. = 3", aG¥, with G¥(u) = 3, 91 (u; — u;—)?. Since |u; —u;—x| € {0,2}
we have (u; — u;_1)? = 2|u; — u;_g|, so that, for the piecewise-constant interpolation w.,

GFwf) = /]ue —us(z —ek)|dx > 2/1/1 tg(z—ek) dx
= /uE(ﬂL‘) Plz) = vlw + ek) dx

£

for every ¢ € C1(R?) with || < 1. Ase — 0 the right-hand side tends to —2 [ u (V4), k)dz
and taking the supremum in ¢ we get

lim inf G¥ (u) > 2|(Du, k)|(RY) = 4 / (e, )| MO
15 * A
Since all terms are non-negative, the liminf of the sum is not less than the sum of the
liminf, and the lower bound follows. For the upper bound, e '#{i : w; # wu;_x} —
Jou l(k,v)| dH*! for a set with Lipschitz boundary (count the lattice segments of direction
k crossing 0A) and this quantity is bounded by C||k|| uniformly in &; by the summability

of aglk|| and the dominated convergence theorem we may exchange the limit and the sum
over k. =

The compactness of sequences with bounded energy, which requires the coercivity (con-
nectedness) of the system, and the optimality of the lower bound for general sets of finite
perimeter are proved in [91].

The faces of a zonotope. Let Z = > " [—s;,si] be a zonotope, with s; € R%\ {0}.
Its support function is hz(v) = >, |(si,v)|, and the face of Z with outer normal v is
the Minkowski sum of the faces of the segments [—s;,s;] with the same normal: this
is the whole segment if (s;,v) = 0, and one of its endpoints otherwise. Hence every
face of Z is, up to translation, the sum of the segments [—s;, s;] parallel to it, that is,
it is itself a zonotope; in particular every 2-dimensional face is a centrally symmetric
polygon. The regular octahedron has triangular faces and is therefore not a zonotope; by
the characterization of zonotopes among polytopes through the central symmetry of 2-faces
[93], and the fact that a polytope which is a zonoid is a zonotope, it is not a zonoid either,
and then (Section 10.2) not the Wulff shape of any homogeneous Ising system.
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