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ABSTRACT. We introduce a notion of quasiconvexity for integrands defined on the bundle of linear
maps between the tangent spaces of two smooth, connected and complete Riemannian manifolds
(M, g) and (N, h), naturally extending the classical Euclidean notion. For continuous integrands,
we prove that this Riemannian quasiconvexity is equivalent to the sequential lower semicontinuity
of the associated functional

P = [ fdwdu

with respect to the weak* convergence in W1:°°(§, N), in the intrinsic sense adopted in the paper,
for every bounded open subset 2 C M. We then establish the Riemannian analogues of the Acerbi-
Fusco theorems for Carathéodory integrands satisfying the corresponding growth conditions, for
every 1 < p < +oo, with respect to the weak and weak* notions of convergence considered here.

1. INTRODUCTION

A fundamental result in the calculus of variations concerning the search for minimizers of
variational functionals is the characterization of the sequential lower semicontinuity of integral
functionals defined on Sobolev spaces W' (02, R™), where Q2 C R™ is open and bounded. Specifi-
cally, for 1 < p < 400, lower semicontinuity with respect to the weak convergence (or weak* con-
vergence if p = +00) is equivalent to quasiconvexity of the integrand, provided certain growth
conditions are satisfied.

Historically, this equivalence was established through several steps: in the pioneering pa-
per [29], Tonelli showed that for a twice continuously differentiable function

fia, 0] x R xR — [0, +00)
and for u € Wh1(a,b), the functional

b
F(u) = / flz,u(x), v (v)) do

is lower semicontinuous with respect to the uniform convergence of curves if and only if the
function f is convex in the third variable. This semicontinuity result was later extended to in-
tegral functionals on bounded open subsets of R" by various authors; Serrin proved in [28] that
the differentiability assumptions are not actually required. Subsequent improvements of Serrin’s
theorem were given by De Giorgi [9], Olech [24] and loffe [16].

The sufficiency of convexity extends easily to the vectorial case. However, while for m = 1 the
semicontinuity theorem stated above is optimal, in the sense that the convexity of f(x, s, &) with
respect to ¢ is necessary for the lower semicontinuity of F, in the vectorial case for n, m > 1, there
are functionals (of considerable interest in the theory of nonlinear elasticity, for instance) that are
lower semicontinuous without f being convex with respect to the matrix £ = (£f ).

In the case of m > 1, the condition on f that turned out to be necessary and, with additional
assumptions, also sufficient for the lower semicontinuity of integral functionals is quasiconvexity,
introduced by Morrey [23] in 1952.
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Definition 1.1. A continuous function f : R™*" — R is quasiconvex if for every £ € R™*" and for
every bounded open subset €2 of R”, there holds

£6) < f F(6 + Do(z) 2™ (),

for every function ¢ € C°(Q,R™).

Areal function f : R” xR™ x R™*" — Ris quasiconvex in § € R"™*™ if there exists a subset Z of R"
with " (Z) = 0, such that for every z € R" \ Z and for every s € R™ the function & — f(z, s, §)
is quasiconvex.

More precisely, Morrey showed that, under some strong regularity assumptions on f, its qua-
siconvexity is equivalent to the sequential weak* lower semicontinuity in W*>°(Q,R™) of the
functional

W Flu,Q) = /Q F(@,u(z), Du(z)) d.L (x).

Meyers then extended Morrey’s result to the setting of W*?(Q, R™) spaces in [22].

Acerbi and Fusco in [1] obtained a significant improvement of this result: they established such
an equivalence for Carathéodory integrands with appropriate growth conditions in W?(Q, R™),
for 1 < p < 4o00. We also mention that Marcellini in [21] presented an alternative proof of this
fact. We list below the theorems proved by Acerbi and Fusco.

Theorem 1.2 (Acerbi-Fusco). Let f : R™ x R™ x R™*"™ — R be a Carathéodory function satisfying
0< f(z,5,8) < alz) +b(s, ),

for almost every x € R™ and every s € R™, £ € R™*", where a : R™ — R is nonnegative and locally
integrable and b : R™ x R™*"™ — R is nonnegative and locally bounded.

Then, f is quasiconvex in & if and only if for every bounded open set ) in R™ the functional v — F'(u, §2)
is sequentially weak* lower semicontinuous on W1->°(Q, R™).

Theorem 1.3 (Acerbi-Fusco). Let 1 < p < 4ooand f : R" x R™ x R™*™ — R be a Carathéodory
function satisfying

0< f(z,5,6) <alz)+C(|s]” +[¢7),
for almost every & € R™ and every s € R™, £ € R™*", where a : R™ — R is nonnegative and locally
integrable and C' is a nonnegative constant.
Then, f is quasiconvex in & if and only if for every bounded open set Q in R™ the functional u — F(u, )
is sequentially weakly lower semicontinuous on WP (Q,R™).

Remark 1.4. Historically, for p = 1, the sufficiency of quasiconvexity for the sequential weak
lower semicontinuity in W' goes back to Fusco [13, Theorem 3], for Carathéodory integrands
satisfying a uniform linear growth bound.

The purpose of this paper is to extend this theory to the Riemannian setting, namely to integral
functionals defined on Sobolev maps between two Riemannian manifolds. Such an extension is
natural, since vectorial variational problems in which the maps are constrained to take values
in a manifold and the domain is itself curved arise in several contexts: in the elasticity of shells
and membranes, where the reference configuration is a curved surface; in the theory of liquid
crystals and micromagnetics, where the order parameter is a director field or a magnetization
taking values in a sphere, possibly on a curved sample; and in nonlinear sigma models of mathe-
matical physics. The model case is the Dirichlet energy, whose critical points are harmonic maps
between (M, g) and (N, h), while the functionals considered here provide a natural framework
for anisotropic and non—quadratic energies arising in these settings.

We consider two smooth, connected and complete Riemannian manifolds (M, g) and (N, h)
and integrands f defined on

Z(TM,TN),
the bundle over M x N whose fiber at (z,y) is the space of linear maps from T, M to T, N. For
continuous integrands, after introducing a Riemannian notion of quasiconvexity extending the
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classical Euclidean one, we prove that f is quasiconvex in this sense if and only if, for every
bounded open subset 2 C M, the functional

we P ®) = [ f(au)d,

is sequentially lower semicontinuous with respect to the weak* convergence in W (Q, N)
adopted below, where p, is the Riemannian volume measure of (M, g).

The simultaneous presence of a curved domain and a curved target is the main geometric
feature of the problem. The cases in which one of the two manifolds is Euclidean have pre-
viously been considered in the literature. A Riemannian domain and a Euclidean target were
treated in our previous work [6]. The complementary case of manifold—valued maps defined
on a bounded open subset of R™ was studied intrinsically by Focardi and Spadaro [11]. An
extrinsic approach, based on relaxation and tangential quasiconvexification, was developed by
Dacorogna, Fonseca, Maly and Trivisa [8]. Maps between two manifolds were also considered
by Bernard and Bessi [4], who used Young measures to prove the existence of minimizers for
polyconvex integrands in a suitable class of “Cartesian maps”. A different notion of Riemannian
quasiconvexity, in a framework involving differential forms on fiber bundles, was introduced
in [19]. We discuss the relation between these works and the present one in Section 2.

The paper is organized as follows. In Section 2 we introduce the concept of R-quasiconvexity,
prove equivalent formulations and compare it with the usual hierarchy of convexity notions. In
Section 3 we define the intrinsic weak and weak™* convergence notions used for manifold-valued
Sobolev maps and prove the characterization of sequential lower semicontinuity for continuous
integrands in W1°°. Finally, in Section 4 we establish the Riemannian analogues of the Acerbi-
Fusco theorems for Carathéodory integrands satisfying the corresponding growth conditions, for
every 1 < p < 4o0. For 1 < p < +o0, the notion of convergence we will consider coincides with
the one of Focardi and Spadaro [11] (extended to our setting), namely strong L” convergence of
the maps together with uniform boundedness of their differentials in L”. For p = 1, our notion
of convergence also requires equiintegrability of the differentials (a property which is implied by
the usual weak convergence in W'!(Q, R™)). In Remark 4.9, we will show by a counterexample
that this condition cannot in general be dropped for Carathéodory integrands.

We conclude the paper with some directions for further developments of the theory.
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2. QUASICONVEXITY IN THE RIEMANNIAN CONTEXT

In this section we introduce the notion of R-quasiconvexity, which extends the classical Eu-
clidean notion of quasiconvexity to the Riemannian setting. In the next section we show that this
condition is equivalent to weak* sequential lower semicontinuity in W1,

Let (M, g) and (N, h) be a pair of smooth, connected and complete Riemannian manifolds
of dimensions n and m, respectively. We define .Z(T'M,TN) as the space of the linear maps
between a tangent space of M and a tangent space of IV, that is,

ZL(TM,TN) ={a:T,M - TyN | x € M,y € N and « linear}.
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This space has a natural vector bundle structure over M x N via the local parametrizations of M
and N, with fibers given by the vector spaces

LT, M, T,yN) = {a¥ : T,M — T,N | oY linear}.
The space .Z(T'M,TN) is clearly locally diffeomorphic to R™ x R™ x R™*". Indeed, choosing a
local orthonormal frame Ei, ..., E, in a neighborhood U C M (diffeomorphic to R™) of a point

zo € M and another one Fi, ..., F,, in a neighborhood V' C N (diffeomorphic to R™) of yo € N,
in order to locally “trivialize” the vector bundle, we define the map I : £ (TU,TV) — R"™*" as

a Ia= (o(B)) = (h(a(Ey), Fy)) € R™™, (2.1)
for every a € Z(TU, TV ), hence the map sending any o¥ : T, M — Ty N to
(z,y,1aY) = (z,y,h(a(E;), F})) € U x V x R™*™ ~ R" x R™ x R™*"

is a diffeomorphism.
Then, we have a distance 6 on .Z(TU, TV) defined as follows:

5o B) = d (@, +dN (. ) +lTa— 18] = d™ (@, ')+ dN (g, )+ | S0 3 [0 (B) — BI(E,)
i=1 j=1
(2.2)

for every o, 8 € Z(TU,TV) such that a € £(T.M,T,N) and 8 € £ (Tw M, T, N), where d™
and d” are respectively the Riemannian distances on M and N.
It is then easy to see that such a distance, restricted to every fiber (T, M,T,N), coincides with
the one associated with the “quadratic” norm (equivalent to the operator norm) induced by the
metric tensors g, and h, of M and N.

Clearly, if we have a differentiable function u : M — N, its differential du[z] : T, M — T, ;)N
belongs to (T, M, T, ) N) € ZL(TM,TN), for every x € M.

We choose to adopt the notation dulx] for the differential of a map w : M — N at a point x € M, for the
sake of clarity in the computations that follow. Moreover, again for notational clarity, we decided to deal
throughout the paper with the differentials of the functions instead of their “gradients”. The two points of
view are clearly equivalent.

In the notation above, for every + € M and y € N, the vector spaces T, M and TyN are
respectively isometric to R" and R™, via the orthonormal bases ey, ..., e, and fi,..., f,, given
by the local orthonormal frames E, ..., E, and Fi, ..., F,, at x and y (in a local “trivialization”
of the bundle .Z(TM,TN) around (z,y)).

With this identification, for r > 0, we define the open cube

~ 1 1\"
Q;ZT(—2,2> CT,M~R"

and we will always assume that r is small enough that @; is contained in a ball of T), M centered
at the origin and with radius smaller than the injectivity radius of M at x. This clearly implies
that the exponential map

exp, : IpyM — M

gives a diffeomorphism between @, and its image

Q; = exp, (Q) € M.
In an entirely analogous way, for every y € N, we define the open cube

Ds 1 1\" m

P :5(_2,2> CT,N ~R

and its image P} = exp, (P;) C N via the exponential map exp, : T,N — N. We underline,
in particular, that the exponential maps exp, and exp, have inverses defined on Q) and P,
respectively.
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Proposition 2.1. Let (M, g) and (N, h) be a pair of smooth, connected and complete Riemannian man-
ifolds of dimensions n and m, respectively, and let p, be the Riemannian volume measure of (M, g). Let
f:Z(TM, TN) — R be a real function and let zo € M, yo € N be such that the “restricted” map

v = fle@,mr,ny L (ToeM,TyyN) = R
is continuous. Then, for every s > 0 small enough that exp, is a diffeomorphism on ]550, the following

three conditions are equivalent:

o forevery o}’ € L(Ty,M,T,,N), everyr > 0 small enough and every ¢ € C°°(
is equal to yo outside a compact subset of Q' , there holds

P;.) which

0

flags) < f@  flof + dexpy, ()] o dola] o dexpy, [expg, (@)]) dpig(z) +o(1),  (23)
0
where o(1) is a function which goes to zero as r — 0 and depends, in a monotonically nondecreas-
ing way, only on the L> norm of dyp with respect to local orthonormal frames on Q3 and P, ,
for fixed xo, yo, s small enough and 9.
o forevery a0 € £L(Ty,M,T,,N), everyr > 0 small enough and every ¢ € C°(
is equal to yo outside a compact subset of Q, , there holds

P;) which

T

flak) < o [ (it + dexpyp(a)) o dle] o dexp, [expz (o)) T (0) dit o),
Q

%o
where J, -1 (x) denotes the Jacobian of the map exp,, at the point x € Q7 .
L)

o the “restricted” map f3° is quasiconvex in the usual sense: for every a9 € £ (T, M, T,,N),
every r > 0 and every i € C°(QL,, Ty, N), there holds

fat) < f - rlay + dul) 42" (o).
Q%

Proof. The second condition implies the first one, since p,(Q7 )/ — 1 asr — 0 and the Jaco-

bian Jexp;()l (x) of the inverse exponential map converges uniformly to 1 (the differential of the

exponential map is the identity at the origin of T,, M), as x € @, and r — 0. Moreover, if the L>

norm of dy is bounded, the integrand f(a¥ + dexp, '{o(z)] o dp[z] o dexp,, [exp ! (x)]) is also

bounded.

The third condition implies the second one, by setting ¢ = exp, ! op o exp,, and changing vari-

ables z = exp, ! (x). Hence, we only need to show that the first condition implies the third one.

Assume the first condition holds; then, by what we said above about Jexp;Ol , we also have

flag) < - /Q oy + dexpy ! [p(2)] 0 dplz] o dexpy, lexpy,) ()]) Jo1 (2) dpg () + 0(1),

—1
rn =5

%0
hence,

flat) < f - flaty + dul) 427 () + o), 4

Qr,

where ¢ = equ;ol o po exp,, . Thus, this inequality holds for every ¢ € C° ( ~;0, ﬁ;o ) ,r > 0small
enough, where o(1) is as in the statement, that is, it goes to zero as » — 0 and depends only on
the L norm of di). N
Let us fix ro > 0 and ¢ € C°(Q7, Ty, N). For any p > 0, we define the rescaled function v, on
Qf° as
Up(2) = P9 (2/p),

which clearly satisfies

dipo[2] = dip[z/pl, hence,  [[dy[|L> = [|d¢) L~
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For p > 0 small enough, the image of ), is contained in 15;0 ; then, by formula (2.4) applied on the

cube Q270 and performing the change of variables w = z/p (so that d.Z"(2) = p"d£"(w)), we
have

k) < £ floty+ du ) a2 @) o) = flol + avle/o) a2 (:) +ol)
_ ! /~ Fa¥ + dpfw]) p"dL" (w) + o(1) = ]{ £ (0% + dpfw]) 2™ (w) + o(1).
Qud Q)

- .n
rop"

z0
Hence, sending p — 0, as the L*° norms of all di,, are uniformly bounded, the “error term” o(1)
disappears and we conclude

Slott) < £ St +dvfu]) 42" (),

that is, the third condition is satisfied and we are done. O
Then, we are ready to give a definition of quasiconvexity in the Riemannian setting.

Definition 2.2. Let (M, g) and (N, k) be a pair of smooth, connected and complete Riemannian
manifolds of dimensions n and m, respectively, and let y, be the Riemannian volume measure
of (M,g). We call a real function f : Z(TM,TN) — R Riemannian—quasiconvex or simply R—
quasiconvex if for pg,—almost every zo € M and every yo € N, the “restricted” map f¥° is continu-
ous and f satisfies one of the equivalent conditions in the previous proposition.

The main obstacle in generalizing to the Riemannian context the usual definition of quasicon-
vexity in the Euclidean setting is due to the fact that we cannot identify all the tangent spaces of
a manifold as we can clearly do in R", hence two differentials at two different points cannot be
added together. Thus, in the definition above (referring to the first condition in Proposition 2.1)
we needed to morally “carry” the differential of the “perturbation” ¢ at every point x € Q7 back
to the fiber £ (T, M, T,,N), via the differentials of the exponential maps at zp € M and yo € N
(exponential maps whose differentials in the Euclidean case are simply the identity, under the
usual identification of R™ with all its tangent spaces — see also the discussion below). This forces
the introduction of an “error term” in the “quasiconvexity inequality” (2.3) that one reasonably
expects to go to zero as we get closer and closer to the point x¢, since the Riemannian volume is
only asymptotically Euclidean or, equivalently, because the Jacobian Joxpzy I the second formu-

lation tends to one.

Remark 2.3. We underline that the presence of the “error term” o(1) in formula (2.3) is only due
to the use of the exponential map in dealing with the non—flatness of the domain (M, g), not of
the target space (N, h), as shown below by the Focardi-Spadaro case, where the domain is flat.
Indeed, by looking at the second equivalent condition of R-quasiconvexity in Proposition 2.1, if
the Jacobian Jexpzl (x) of the inverse exponential map is identically one, as in the Euclidean case,

then the “error term” o(1) is not necessary.

Remark 2.4. It might appear that the conditions in Proposition 2.1 (hence Definition 2.2) depend
on the choice of the orthonormal bases that we use to identify the tangent spaces with R and
R™, in order to define the cubes Q;  and P, since changing such bases clearly modifies such
cubes. However, by the third equivalent condition in Proposition 2.1 and the usual domain-
independence of quasiconvexity, this dependence is only apparent. The same argument shows
that, instead of cubes, we can work with balls in the tangent spaces and their images via the
exponential maps (hence, geodesic/metric balls of the manifolds). We opted for cubes since this

choice simplifies the proofs of the theorems of the next section.

We briefly comment on the three equivalent definitions of R-quasiconvexity given by Propo-
sition 2.1. The first definition, which is the most similar to the “classical” one, being given in
terms of an integration on the domain of the functions, can be seen as a sort of “asymptotic qua-
siconvexity”. Moreover, the presence of the “error term” o(1) in inequality (2.3) is useful in the
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approximation arguments employed in the proof of the characterization of lower semicontinu-
ous functionals in the next section.

The third one, which deals with an integration on the tangent space of M, is useful for comparing
R—-quasiconvexity with other notions of convexity, as discussed below. Since Proposition 2.1 is
stated at a fixed pair (o, o), Definition 2.2 can then be rephrased as follows: for 11,—almost every
ro € M and every yo € N, the map f¥° is quasiconvex in the usual sense.

Finally, the second equivalent condition in Proposition 2.1 provides a bridge connecting the first
formulation (focused on the manifold) and the third one (privileging the tangent space).

If (M, g) is R™ with its standard metric, for every point 2 € R™ we have a standard identifica-
tion T)R" ~ T, R" ~ R™ and similarly for (N, h) = R™. Hence, a function f : Z(TR",TR™) - R
can be put in one-to—one correspondence with a function f : R™ x R™ x R™*" — R as follows:
ifA=(A]) e R™*" forie{l,...,n}and j € {1,...,m}, then,

F(xo,u0, 4) = f(ay), (25)
where a¥0 : T, R" — T,,R™ is given by setting o (v) equal to the vector of T;,,R™ ~ R™ with
components

aly(v) =) _ Al
i=1
for every vector v = (v',...,0") € T,,,R" ~ R" and viceversa: if a2 is operating as in this
formula, then f is defined by equality (2.5).

Then, with this one-to—one correspondence, our “Riemannian” definition of quasiconvexity in
the case of the Euclidean space (the first condition in Proposition 2.1) is equivalent to

Flavwo A) < £ Flam A+ dolel) 27 @) + o(1), 6)
z0
for Z"-almost every zo € R", every yop € R™, A € R™*" and ¢ € C°(Q7,,R™), since, under the
identification T, R" ~ T,R"™ ~ R", the differentials of all the exponential maps are the identity.
Moreover, inequality (2.6) is clearly satisfied by a quasiconvex function iR xXR™xR™*" 4 R,
actually without the “error term” o(1), according to the usual Definition 1.1 of quasiconvexity.
Hence, a “classical” quasiconvex function f in the Euclidean setting is also R-quasiconvex in the
sense of Definition 2.2 (with the above identification of fwith f). Conversely, we can directly
resort to the equivalent definition of R-quasiconvexity given by the third condition in Proposi-
tion 2.1. Indeed, with the identifications T, R" ~ T,,R" ~ R" and T, R™~T,R™~R™, this
condition becomes precisely Definition 1.1.
Thus, our definition is an extension to Riemannian manifolds of the usual definition of quasicon-
vexity in the standard Euclidean context.

In our previous work [6], we addressed the simpler case when (N, h) is R™ with its standard
metric, while only the domain of the functions is a Riemannian manifold, obtaining the charac-
terization proved in the next section, in the case of continuous integrands and W!° maps. Then,
in the definition of R-quasiconvexity, one does not need the composition with d exp; [ (x)] ap-
pearing in formula (2.3), since it is possible to identify all the tangent spaces of R™ with R™ itself.
On the other hand, Focardi and Spadaro in [11] gave a definition of quasiconvexity in the “com-
plementary” case of Sobolev maps v :  — N, with 2 a bounded open subset of R” and (N, k) a
Riemannian manifold, which is actually the third condition in Proposition 2.1 (hence, no “error
term” is present in their definition) and, in the W'> case, proved the analogous equivalence
with the weak* lower semicontinuity of the functionals, with respect to the intrinsic notion of
convergence adopted there.

The same constrained problem had been considered before, from an “extrinsic” point of view,
by Dacorogna, Fonseca, Maly and Trivisa in [8]: embedding the target manifold N into a Eu-
clidean space R?, they obtained an integral representation for the relaxation of the energy, whose
density is the “tangential quasiconvexification” of the integrand, that is, the quasiconvexification
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obtained by using only perturbations with values in the tangent space of N. The case of maps be-
tween two manifolds was instead considered by Bernard and Bessi in [4], who proved, by means
of Young measures, the existence of a minimizer for polyconvex integrands in a suitable class of
“Cartesian maps”.

Finally, we mention that another notion of Riemannian quasiconvexity, in a different frame-
work involving differential forms on fiber bundles, was introduced in [19].

Remark 2.5. We observe, as Focardi and Spadaro do in [11], that the third equivalent definition
of R—quasiconvexity in Proposition 2.1 is related only to the tangent spaces of the two manifolds
M and N. Hence, it could possibly be extended to the setting of maps between metric spaces,
provided the latter possess a suitable notion of tangent spaces (and possibly of an analogue of
the exponential map).

In the Euclidean setting, it is well known that for a function f : R™*" — R, the following
“hierarchy” holds (see [7, Theorem 5.3]):

Convex = Polyconvex = Quasiconvex =  Rank-one convex

Then, we can ask ourselves if these implications are still valid in our Riemannian context, after
giving “natural” generalizations of these notions of “convexity”. The following definitions are an
adaptation to the Riemannian setting of the corresponding Euclidean definitions, which can be
found in [7, Chapter 5]. It is easy to check that they all coincide with the usual ones when (1, g)
and (N, h) are respectively R” and R™ with their canonical metrics.

Definition 2.6. Let (M, g) and (N, h) be a pair of smooth, connected and complete Riemannian
manifolds of dimensions n and m, respectively, and let 1, be the Riemannian volume measure of
(M, g). We call a function f : Z(TM,TN) — R R—convex, R—polyconvex or R-rank—-one convex if
for 1g—almost every xy € M and every yo € N, the “restricted” map

Yo — .
0= fle@ Ny L (TeeM, Ty,N) = R
is respectively convex, polyconvex or rank—one convex in the usual sense.

Then, recalling from the discussion above the fact that the third condition in Proposition 2.1 is
equivalent to the usual quasiconvexity for the “restricted” map £, we can immediately conclude
that for a function f : Z(TM,TN) — R there holds:

R-—convex ==  R-—polyconvex == R-quasiconvex =  R-rank-one convex

Corollary 2.7. If f : Z(TM,TN) — R is R—quasiconvex, then, for j1,—almost every xo € M and every
Yo € N, the “restricted” map fY° is locally Lipschitz.

Proof. The claim holds for any R-rank—one convex function, hence, by the previous discussion,
also for an R-quasiconvex function. Indeed, rank—one convexity implies separate convexity;
therefore, by [7, Theorem 2.31], the map f#° is locally Lipschitz. O

Remark 2.8. We also observe that if f is R-quasiconvex, then, for p,—almost every g € M and
every yo € N such that f%° is of class C?, the map f° satisfies the Legendre-Hadamard condition
(relevant for the regulanty of the minimizers, see for instance [15] and [14]): for every a¥° €
L (TeoM,Ty,N), n € T; M and X € T, N, expressing everything in terms of coordinates given
by some orthonormal bases of T,,, M and T, N, there holds

m 2f:g(? L Z
Z Z 85’“8{4 O‘y0>77”71’\ A

1,j=1k, (=1

3. R-QUASICONVEXITY AND WEAK* SEMICONTINUITY IN W 1>

In this section we first consider the case of W1*° maps and continuous integrands, in order to
focus on the geometric aspects related to the Riemannian structure of both the domain and the
target, without introducing at the same time the additional technical difficulties arising from the
WP setting and from a merely measurable dependence of the integrand on the point z € M.
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This “continuous case” will also be used directly in Section 4: after a Scorza Dragoni localization
and freezing the dependence on the base point, the sufficiency proof for Carathéodory integrands
in W1 reduces locally to Theorem 3.3. The more general case of W'? maps and Carathéodory
integrands is treated in the next section. We prove, in our Riemannian setting, the analogues of
some special cases of Theorem 1.2 of Acerbi and Fusco, following the line of [3] (we mention that
the main argument in the next Theorem 3.3 is due to Fonseca—Miiller [12]).

Notice that, since the base of the bundle £ (T'M,TN) is M x N, the integrand f(du|z]), with
dulz] € ZL(T:M,T,)N), depends on z, on u(x) and on du[z], hence in the Euclidean case it
corresponds to a continuous integrand f(x, u, Du).

We recall the Sobolev spaces of maps with values in a Riemannian manifold and we introduce
the notions of weak and weak* convergence used throughout the paper.

Following [11], for every bounded open set 2 C M and 1 < p < 400, we define W?(Q, N)
intrinsically as follows. A measurable map u : Q — N belongs to W?(Q, N) if there exists a
function H € LP(Q2) such that, for every yo € N, the function

z — dV (u(z),y0)
belongs to W!?(Q) and
d(d™ (u),y0)) lal], < Hia)
for pg—almost every = € ). The role of the function H is to require a bound on the differentials of
the functions d™ (u(-), yo) which is uniform with respect to yo € N: each of them only “sees” the
component of the differential of u in the direction of the geodesic from y to u(z), hence asking

that all of them belong to W1?(2), with no common bound, would give no control on the map u
itself. As shown in [11], the optimal choice of H is the function

z v sup |d(d™ (u(-), yi)) [z]
€N

gz’

for any countable dense subset {y; }ien of N. As in [11], every u € WP (Q, N) is approximately
differentiable for ;1;—almost every = € (2 and its approximate differential defines a linear map

dulz] € L(Tu M, Tyy)N).

We denote by |du[z]| the norm of du[z] induced by g, and h,,(,). The proof of the almost every-
where existence of the approximate differential is local and the argument of [11] applies in local
coordinates on M. Moreover, again as in [11], the norm |du| is bounded by H, up to a constant
depending only on n and m; in particular, |[du| € LP(12). As recalled in [11], the definition above
follows the approach of [2] and [25]; several other definitions of Sobolev spaces of maps with
values in a metric space are available, starting from [18]: their equivalence with the one adopted
here was established, partially, in [26] and [17] and, in full generality, in [5]. For 1 < p < +o00, we
denote by LP(€2, N) the set of the measurable maps u : Q — N such that d" (u(-),y0) € LP(Q) for
every yo € N and we endow it with the intrinsic distance

dre(u,v) = (/Q av (u(x),v(x))pdug(x)) 1/1”.

Since W1P(Q, N) is not a vector space when the target N is nonlinear, there is no canonical
Banach-space weak topology on it. We therefore adopt the following intrinsic notions of con-
vergence.
Following [11], for 1 < p < 400 we say that a sequence u; € W1P({), N) converges weakly to
u € WHP(Q,N) if
drr(uj,u) =0 and sug l|dugl Lp (o) < +oo.
j€

For p = 1, we say that a sequence u; € W!(Q, N) converges weakly to u € W(Q, N) if
dpi(uj,u) — 0

and the family |du;| is equiintegrable in L'(Q). Thus, at p = 1 our definition is stronger than the
one used in [11], where only uniform boundedness of the differentials in L' is required. When
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N = R"™, equiintegrability of the differentials already follows from the usual weak convergence
in W11(Q,R™) by the Dunford-Pettis theorem. The equivalence with that convergence at p = 1
is explained below.

Finally, we say that a sequence u; € W (Q, N) converges weakly* to u € W1>°(Q, N) if

||dN(uj, U)HLOQ(Q) — 0 and SIEIIN) Hde”Loo(Q) < +o0.
J

This is again exactly the notion used by Focardi and Spadaro in [11].

Remark 3.1. The terminology just introduced involves a slight abuse. Since W?(Q, N) is non-
linear, the expressions “weak convergence” and “weak* convergence” do not, in general, refer
to the weak or weak™ topology of a Banach space. Throughout the paper, however, for simplic-
ity and unless explicitly stated otherwise, these expressions, as well as the symbols u; — « and
uj = u, will always refer to the notions of convergence defined above.

A standard alternative is the extrinsic approach: one chooses an isometric embedding of N into
a Euclidean space and uses the ordinary weak or weak* convergence of the embedded maps. We
prefer the intrinsic formulation above, in the same spirit as Focardi and Spadaro [11], because
it does not introduce an ambient Euclidean space and is closer to the theories of Sobolev maps
with values in metric spaces recalled above. In particular, the definition of W1?(£2, N) and the
convergence notions themselves are largely metric in nature and are therefore better suited to
possible extensions to metric targets. On the other hand, the R—quasiconvexity developed in this
paper still uses the linear tangent spaces of M and N and the exponential maps; extending the
whole theory to general metric spaces would consequently require an appropriate replacement
for this tangent structure.

When N = R™, the notions of convergence defined above imply the usual weak and weak*
convergences in the corresponding Sobolev spaces, and they are equivalent to them whenever
the embedding W17 (Q,R™) < LP(Q2,R™) is compact, for instance when the bounded open set
2 has a Lipschitz boundary. For p = 1, this equivalence holds on every bounded open set: usual
weak convergence gives equiintegrability also of the maps, so local compactness yields strong L'
convergence on ). For 1 < p < +o00, on an arbitrary bounded open set the converse implication
holds locally, on every relatively compact smooth subdomain. Consequently, for the nonnegative
integrands considered below, requiring lower semicontinuity on every bounded open set with
respect to the convergence we adopted is equivalent, in the Euclidean case, to requiring lower
semicontinuity with respect to the usual weak (or weak™) convergence. Indeed, if u; converges to
u in the usual weak sense in W1?(Q, R™) (or in the usual weak* sense when p = +00), choosing
an increasing exhaustion 2, C 2 by smooth relatively compact open subsets, we have that on
each ), the sequence u; converges in the sense above, hence

() diay < timint [ (dus) duy < timinf | 7(du;) .
QL j=eo Ja, j—oo Jq
Letting £ — oo, the desired inequality on (2 follows by the monotone convergence theorem. In
particular, in the Euclidean case the lower semicontinuity statements below recover exactly the
classical Acerbi—-Fusco formulation also for p = 1.

Remark 3.2. When 1 < p < +o0, our notion of convergence coincides exactly with that of Focardi
and Spadaro [11], adapted to our setting where both the domain and the target are Riemannian
manifolds. The difference concerns only the case p = 1, where we also require equiintegrability
of the differentials, whereas they require only strong L' convergence of the maps and uniform
boundedness of their differentials in L'. Under this weaker convergence, Theorem 0.6 in [11]
states sequential lower semicontinuity of the integral functional for continuous quasiconvex in-
tegrands satisfying their growth assumptions, while in Section 4, we allow Carathéodory inte-
grands. The role of equiintegrability is clarified in Remark 4.9, after the proof of Theorem 4.4:
we will give a counterexample showing that this assumption cannot in general be dropped for
Carathéodory integrands.

As for the necessity of the R—quasiconvexity of the integrand, our stronger convergence at p = 1



QUASICONVEXITY AND LOWER SEMICONTINUITY IN THE RIEMANNIAN SETTING 11

makes the assumption of sequential lower semicontinuity of the associated functional weaker,
since it is tested along a smaller class of sequences. In both settings, however, weak* conver-
gence in W1 implies the corresponding convergence in W7 for every 1 < p < +oco. Hence,
lower semicontinuity in W*'? implies lower semicontinuity in W and the argument proving
necessity in W also gives the R—quasiconvexity of the integrand for finite p.

Theorem 3.3. Let (M, g) and (N, h) be a pair of smooth, connected and complete Riemannian manifolds
and let 114 be the Riemannian volume measure of (M, g). Let f : Z(TM,TN) — R be continuous and
R—quasiconvex in the sense of Definition 2.2. Then, for every bounded open subset Q@ C M, the functional

ur F(u,Q) = / f(du) dpg
Q
is sequentially lower semicontinuous with respect to the weak* convergence in W (0, N), that is,
F(u,Q) = / f(du) dpgy < lim inf/ f(du;) dpg = liminf F(u;, ),
for every sequence u; = uin WH>°(Q, N).

Proof. Letn € Nbe the dimension of M. Let zy € 2 be a point where u is differentiable and where
the R—quasiconvexity inequality (2.3) holds (that is, ;1,—almost every point of ), set yo = u(xo)
and let us assume that » > 0 is small enough for Q7 to be contained in a neighborhood U C
of 29 and for u(Q7,) to be contained in a neighborhood V' = P, C N of y, such that the vector
bundle £ (TU,TV) can be “trivialized” as we discussed in Section 2, by choosing orthonormal
frames E,...,E, in U and F1, ..., F,, in V, with an associated map I and distance § as in for-
mulas (2.1) and (2.2). Since u; = u in W (2, N), the functions u; converge uniformly to u
on Q7. ; hence, by disregarding a finite number of indices, we can assume that u;(Q7, ) € V for
every j € N. Moreover, since the maps u; converge uniformly to u, whose image is bounded (as
dN (u(-),yo) € L>(Q) for every yo € N), hence relatively compact in the complete manifold N by
the Hopf-Rinow theorem, the images u;(£2) are contained in a compact subset of NV independent
of j € Nand the norms ||du;||« are uniformly bounded, all the arguments of the continuous func-
tion f appearing below lie in a compact subset of .2 (T'M,TN), hence f is bounded on it and, by
possibly adding a constant to f, which changes neither the hypotheses nor the conclusion, we can
also assume that f is positive on it. Furthermore, on the compact subset K of .Z(TU,TV) con-
taining the arguments of f appearing in the computations on @, , the function f has a uniform
modulus of continuity w (with respect to the distance ), which we can assume to be continuous,
bounded and concave, hence subadditive. We set

V= eXp;)1 ou, v = expljo1 ouy,
and
Alz] = dv[z] = dexp;)1 [u(z)] o dulx], Ajlz] = dvjlz] = dexp;)l [uj(x)] o dujx].
We consider a smooth function ¢ : Q, ~— [0, 1] with compact support and we set, for every
JEN,
©; = exp,, (¥(v; —v)).
By disregarding again a finite number of indices if necessary, p; € Wh>(Q7, |
outside a compact subset of )’ , hence

dexpy,'[p;(z)]odip;[z] = ¢ d(v; —v)[a]+dy[2] @ (v; —v) = Y (A4;[a] - Ala]) +dipla] @ (v; —v). (3.1)
To simplify the notation in the computations below, we define

P;O) and p; = yo

L,=d €XPg, [eXp;ol ((E)],

for every x € @), and we start by applying the hypothesis of R-quasiconvexity for f, observing
that inequality (2.3) also holds for maps in W' >*(Q7, , P; ) which are equal to yo outside a com-
pact subset of Q' , by a standard approximation argument in normal coordinates in the target
(mollifying exp, ' op and composing back with exp,, ). Indeed, the function o(1) depends, by

hypothesis, in a monotonically nondecreasing way, on the L> norm of the differential of such
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maps and this approximation can be chosen in such a way as to control the L> norms of the
differentials of the approximating maps with the L> norm of the differential of the target map.
Hence, setting o = du[z,] in inequality (2.3), for every j € N, we have

Fanlzo]) < £ $ulro] + dexpyles @) o doyfe) o L) dit() +.0,(1)

— | Fldulsn] + w(e; ~ o)) oL + dule] @ (15 —v) oLy dity(w) + 05(1)

= ][ f(du[a:o] —pA[z] oLy + ¢ Aj[z] oLy + dip[z] @ (vj — v) OLI) dpg(x) + 0, (1),
Q%o

where the function 0;(1) depends monotonically on ||dy; ||, as in Definition 2.2.

Then, by the properties of the modulus of continuity w of f, there holds

f(du[xo]— pA[z) oLy + ¢ Aj[x] oLy + dip[z] @ (vj — v) oLgC) — f(Aj [x] oLw)

<w(|dulwo] — A[z] oLy + (¢ — 1)Aj[x] oLy + dip[z] @ (vj — v) oL, gwg,hyo)
<w(|dulwo] = vAlz] oLy ) +w([( = 1)Ajla]oLal )

+ w(|dy[z] @ (v; — v) oL |g£0 o)
gw(|du[x0] PA[x) oL, | - )+w(C|1/J—1|)+w(|dw[x] (vj —v) oL, |g,0 0),

where we took into account that the dlstance d on .Z(TU,TV), restricted to the fibers, coincides
with the one induced by the metrics g and h. Thus, we obtain

Plindrol) < £ Sl oL) dug(@) 4 olfdntoo] vl oLal,, ) diy(2)

zq ED)
o
Q

We then deal with the term

][ f(Aj [x] oLx) dpg(x) < ][ f(duj [1:]) dpg(z) + ][ w(é(Aj [z] oLy, du; [;1:])) dpg(x),
Qr Qr

r
x

w(Cly —1]) dpg () +]£2‘ w(|diplz] ® (v; —v) oL,

T
zQ

) dig(2) + 05(1).

(3.2)

ERE

”
zo

zo z0
showing that the last integral is bounded by a function o(1) independent of j € N, after disre-

garding a finite number of indices.
Indeed, recalling formula (2.2), we have

w(é(Aj[w]OLz,duj[x])) :w(dM(xmx)—i-dN(yo,uj(:v))—|— HI(Aj[ Iduj H)
<w(dM(zg, 7)) —|—w(dN(yo,uj(x))) —|—w(||I ; — Idu,[x H
Sw(vnr/2) +w(d (yo, u;(2))) +W(HI(AJ[ Id“ﬂ z]|))-

Let B(z) be the matrix of L, : T, M — T,M with respect to the bases given by the frame
Ey,..., E, atz; and z, and let A(y) be the matrix of dexp,'[y] : T, N — T, N with respect to the
bases given by the frame F1, ..., F,, at y and yo. Then

I(Aj[z] oLy) = A(u;(@)) I du;[2] B(),
and hence
[1(Aj[2] o Ly) — Tduj[a]|| < [|Alu; (@) Idu; 2] (B(x) = 1)|| + || (A(u; () — 1d) Tduy[]|
< Cl|duj oo (I|B(z) = 1d|| + d™ (yo, u;(x))) = o(1),

where the last o(1) is independent of j, after disregarding a finite number of indices (depending
on r, which is harmless, since below we let j — oo for every fixed r): indeed, the norms ||du;||«
are uniformly bounded, B(z) — Id uniformly as r — 0 and d” (yo,u;(z)) < d (u(zo), u(z)) +
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dN (u(z),uj(z)) < Cy/nr/2+ ||dN (u, ;)| L=(qs, ), as w is Lipschitz and u; — u uniformly.
Hence, inequality (3.2) becomes

Fleol) < f - S(ule]) dpg(o) + . ol(aufeo) = vAla] oL

) dpig () + 05(1)

4
(3.3)

where the function o(1) is independent of j € N, while the functions 0;(1) equal 7(r, ||dy;||~) for
some function 1 going to zero as r — 0 and monotone nondecreasing (and we can also clearly
assume continuous from the right) in its second argument.

Observing now that, by equation (3.1) and the smoothness of exp,, , there holds

ldpillse < C([1WlloollAj = Alloo + lldrlloo|v; = vlloc)

) dig(2) + 0(1)

9107

9z slyg

w(C|w—1)dug(x)+]é w(|dile] ® (v; — v) oLs

r r
ro 0o

we have
0;(1) = n(r, ldgjllsc) < n(r,CllYllocll4; = Alloe + Clld¥loclv; — vlloc)
<n(r, C + Clldy]lsolv; = vlioo),
for a possibly larger constant C, as the norms ||A; — Al are uniformly bounded. It follows that
limsup o;(1) < limsupn(T,C’ + Clldv || [lvj — vloo) = n(r, C) = o(1),
j—ro0 j—ro0
with a function o(1) independent of j € N, by the properties of the function 7 and the fact that

llvj — v[oc = 0, as u; — u uniformly. Then, passing to the liminf as j — oo in formula (3.3), we
obtain
f(du[zo]) < lim inf][ f(dujla]) dug(z) —|—][ w(|dulzo] — Y Alz] oL, ’ ) dpg ()
2o Qs

j—o0 r
zQ

(= 11) diya) + o),

Q%

as the last integral in formula (3.3) goes to zero, by the dominated convergence theorem. Now
letting ¢ go to the characteristic function of @, , the last integral in this formula vanishes (again
by the dominated convergence theorem), hence

f(dulzo]) < 113n_1>}>r01f ]{2 f (duj[z]) dpg(z) +][ w(|dulzo] — Alz] oL,

h ) dpig(z) + o(1).

Gz yg

r
0o

Finally, we show that the second integral on the right is bounded by a function o(1). By arguing
as above, when we dealt with A;, we have

w(|dulzo] — Alz] oL, | O) <w(0(dulzo], dulz]) + §(dulz], Alz] oL,))

|
<w(d(dulzo], dufz])) + w(6(dufz], Alz] oLy,))
<w(d™ (20, 2)) + w(d™ (yo, u(z))) + w(|[Tdulzo] — Idu[z]||) + o(1)
Sw(”]du xo] — Idulx H +o(1),
hence,
][ w(|dulzo] — Alz] 0L, gmovhyo) dpg(z) < ][ w(|[Tdulzo] — Idu[z]||) dug(x) + o(1).
Qr, Qr,

If now z is a Lebesgue point for the function I/du, the integral on the right goes to zero as r — 0,
by Jensen’s inequality, since the function w is concave and continuous with w(0) = 0. Thus, we
conclude that at pg—almost every point z of €, there holds

f(du[zo]) < lim inf][ f(duy) dpg + o(1). (3.4)
J—ro0 Qr

z0o
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As Q isbounded and the functions f(du;) are uniformly bounded, the following quantity is finite,
liminf/ f(du;) dpg = £ < +o0
Jj—o0 Q
and we can define the finite positive Radon measures v; on €, for every j € N, given by
dv; = f(du;) dpg,
satisfying the uniform bound ||v;| = [, f(du;) duy, < C. Hence, up to a subsequence, we may
assume that [, f(du;)dpg, — £ and, by the Banach-Alaoglu-Bourbaki theorem, that v; weakly*

converges to some limit Radon measure v.
For every open subset G of €2, by the properties of the weak* convergence, we have

v(G) < liminfv;(G) = lim inf/ f(duj) dug < Cug(G),
j—o0 j—oo Ja

where C'is an upper bound for the functions f(du;), hence, by the outer regularity of the measure
ttg, there holds v(B) < Cpugy(B) for every Borel set B C (), in particular v < pg. Thus, we may
apply the Radon-Nikodym theorem, obtaining a function 6 : 2 — [0, 4+-00) such that dv = 0 dp,
and, by the differentiation theorem for Radon measures (in normal coordinates around z, the

closed cubes @, form a “regular” family),

for pg—almost every = € 0.
Then, at the points z¢ € 2 where inequality (3.4) is satisfied and the above limit holds, we have

f(du[zo]) < liminf (hm inf][
Q

r—0 j—o0

f(duy) dpg + 0(1)> = lim inf lim inf M

n =0 j—oo g (QQO)
T

= liminf lim inf M < liminf V(fo;’) = 0(z0),

r—0 j—o0 Ig (QLO) r—0 Ig (ng)
as limsup,_, . v;(Q.,) < v(QL,), since the sets Q. are compact. Hence, f(du[z]) < 0(z) pg—
almost everywhere in (2, thus
F(u,Q) = / f(du) dug < / 0dpg, = r(Q) < liminf v;(Q)
Q Q

J—00

= lim inf/ f(duj) dpg = liminf F(u;, Q)
Q j—00

J—00

and the proof is complete. O
The following theorem is the converse of the previous one.

Theorem 3.4. Let (M, g) and (N, h) be a pair of smooth, connected and complete Riemannian manifolds
and let i, be the Riemannian volume measure of (M, g). Let f : £ (TM,TN) — R be a continuous
function. If for every bounded open subset 2 C M, the functional

F(u,Q) = /Qf(du) dpig

is sequentially lower semicontinuous with respect to the weak* convergence in W'>°(Q, N), then the
function f is R—quasiconvex in the sense of Definition 2.2.

Proof. Let n € N be the dimension of M. We adopt the same setting and notation as in the proof
of Theorem 3.3. In particular, having fixed zo € M, yo € N and ol € £ (T,,M,T,,N), we work
in neighborhoods U C M of xg and V = P, C N of yo such that the vector bundle £ (TU,TV')
can be “trivialized” and Q}, ) C U.

We consider a smooth function u : U — N such that u(zg) = yo and du[z] = a¥° (which clearly

exists, after possibly reducing U), with u(U) C Py/?, and set v = exp,,! ou. Let o € C>(Q} , Py)

o’
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be equal to yo outside a compact subset of Q7 and set ¢ = exp,, 01 op. Then the function ¢ o exp,,

is defined on the open cube @;O = r(-1/2,1/2)" C T,,M, smooth and with compact support.
We define the extension by periodicity ¢ : T,,, M — Ty, N of ¢ o exp,, to the whole of T;,; M and
we set

() = ok expy) (2)

for every x € Q7 and k € N. Then, clearly ¢, — 0 uniformly and the differentials dy;, are
uniformly bounded, since

dor[z] = dy [k exp, ! (z)] o dexpy,'[x].
Hence, for k € N large enough, we can define

ug(z) = exp,, (v(x) + g@k(x)),
and up = win Whe(Qr

%> V), since ux — u uniformly and the differentials duy are uniformly
bounded. Thus, by the hypothesis of lower semicontinuity of the functional F, there holds

/ f(du[z]) dug(z) < likm inf/ f(duk [JSD dpg(x). (3.5)
sz, =0 JQr,

For z € Q7 , set z = exp, ! (). Since

dug[z] = dexp,, [v(z) + pr(x)] (dv[x] + dip[kz] o dexpy ! [m]>7

arguing as in the proof of Theorem 3.3 and using the smoothness of u, of the exponential maps

and of the local orthonormal frames, we have, uniformly for z € Q7 ,

o (duafi], o2+ dwlkz]) < Or(1 + [dll) + Sl (14 ). 36

for » > 0 small enough and k£ € N large enough. Indeed, representing the linear maps in
the chosen local orthonormal frames, dv[z] = o + O(r), dexp;![z] = Idr, ar + O(r) and
dexp,, [v(x) + pr(x)] = ldr, ~ + O(r 4+ k7 |¥|| o0 ), while d™ (z, z¢) = O(r) and d™ (ug(x), yo) =
O(r + k7 Y|1)]| o). Therefore, considering a suitable continuous, bounded and concave modulus
of continuity w of f, formula (3.6) gives

() = (o + dulkesz @) < (0ra+ lavll) +oo( ol + a0l
<o(1)(1+ 6 ) + o (D), )

asr — 0 and k — oo, where 0, (1) — 0 as k — oo for fixed r. Hence, from (3.5),

/ f(dulz]) dpg(z) < likm inf/ f(a2 + dy[kexp, ! (2)]) dug(x) + o(1) g (QL,)- (3.8)
Qz, o JQs,

Changing variables as z = exp,!(z), so z € r(—1/2,1/2)" C T,,M and denoting by dz the
Lebesgue measure on T, M relative to the metric tensor g,,,, we have

/Q F(ald + dip [k expy, (2)]) dpg(x) = / fal + dylkz]) Jexp, (2) dz

r(=1/2,1/2)"

< / f(a¥0 + dylkz]) dz + crtl, (3.9)
r(—1/2,1/2)n

for some constant C' independent of k € N, since the Jacobian of the exponential map exp,,  at the
point z € T, M, namely

Jospay (2) = | det (guxy., (o (dexpy, [4(B0), B))

)

satisfies
—1
chpw0 (Z) = Jexp;Ol ( expmo (Z))
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The function Jexp, is smooth and goes uniformly to 1 as » — 0, because |z| < rv/n/2 (we recall

that dexp, [0] is the identity of T, M) and f(a¥ + di[kz]) is bounded. Then, changing the
variables again as w = kz in the last integral, we get

1
/ f(a2 + di[kexpy ! (2)]) dpg(z) < —"/ f(a2 + dip[w]) dw + Cr™ .
%o km kr(—1/2,1/2)"
Now, by the periodicity of ¢, there holds

1
— f (a0 + dyw]) dw = / f (a2 + d@lexp,, (w)] o dexp,, [w]) dw
E™ Jir(=1/2,1/2) r(—1/2,1/2)"

and if we change (back) variables as x = exp, (w), we obtain

/ f(a + dgp[expzo( w)] o dexp,, [w]) dw
(=1/2,1/2)"
= [ 1+ desp, (@) o dola] o dexy,fexp (0)]) oy (0) ity o)

< [ ram + dexp, Mota)) o dole] o dexpy, fexp ! o)) dug ) + Criny(@5,),
Q

arguing as above. Hence, by this inequality, whose right-hand side does not depend on k£ € N,
and by formulas (3.8) and (3.9), we conclude

[ flaulal) dugta) < [ gl + despy o) 0 dele] o desp,, lexp (o)) dis (o)
Qr, Qr,

+o(D)py(Q,),

as pg(Qy,) ~ 1"
Since, by the continuity of du, there holds

[ ram)dug(e) < [ r(dule)) dueyo) + ol (@5,
Q Qr,
and du[zo] = a9, we finally have

Fa2) < —os [ flals + dexpy p(e)] o el o dexp, exp (0)]) sy &) + o(1)

r
&)

Hg( 20)

forevery xg € M, yo € N and o0 € £ (T, M, T,,N), with o(1) going to zero as 7 — 0, depending
only on the L> norm of dy. Moreover, ||dy|o < C||dy|loo, with a constant depending only on
the fixed local charts, and by tracing back how we obtained such a function o(1), it is clear that it
can be chosen in a way that such a dependence is monotonically nondecreasing (see in particular
estimate (3.7)). Hence, the function f is R-quasiconvex according to Definition 2.2. O

Putting together the two theorems, we have the following one, which generalizes (in our case
of f continuous) the results of Acerbi and Fusco for p = +o0.

Theorem 3.5. Let (M, g) and (N, h) be a pair of smooth, connected and complete Riemannian manifolds
and let pig be the Riemannian volume measure of (M, g). Let f : Z(TM,TN) — R be continuous. Then,
f is R—quasiconvex in the sense of Definition 2.2 if and only if for every bounded open subset Q@ C M, the
functional

ur— F(u,Q) = / f(du) dpg
Q
is sequentially lower semicontinuous with respect to the weak* convergence in W (2, N).

Remark 3.6. We notice that, if f is continuous and R—quasiconvex, the quasiconvexity condition of
Definition 2.2 actually holds for every z¢ € M, not only for p,—almost every zy € M, as indeed
the proof of Theorem 3.4 shows. This can also be seen directly: the set of the points g € M
such that f2° is quasiconvex for every yo € N is closed, since the quasiconvexity inequality (the
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third condition in Proposition 2.1, written in a local “trivialization” of the bundle) passes to the
limit as z varies, by the uniform continuity of f on the compact subsets of Z(T'M,TN); having
full measure, it is also dense, hence it coincides with M. The distinction between “every” and
“almost every” xy becomes relevant only for Carathéodory integrands, which are treated in the
next section.

4. THE RIEMANNIAN ANALOGUES OF THE ACERBI-FUSCO THEOREMS

We now extend the results of the previous section in the two directions appearing in the the-
orems of Acerbi and Fusco recalled in the Introduction: first, we allow a merely measurable
dependence of the integrand on the point # € M and, second, we consider the spaces W1 (2, N)
for 1 < p < +o0. The natural class of integrands is the Riemannian analogue of the Carathéodory
functions in Theorems 1.2 and 1.3. We first make this notion precise.

Let U € M and V C N be open sets endowed with local orthonormal frames as in Section 2,
and let

(I)UJ/ X(TU, TV) —UXxV x Ran’ (I)U}\/(Oég) = ((E,y7IOég,)

be the corresponding local “trivialization” of the bundle .Z(T'M,TN). Moreover, we denote
by |a¥| the norm of ¥ € Z(T,M,T,N) induced by the metrics g, and h,, that is, the norm
associated with the distance ¢ restricted to the fibers.

Definition 4.1. We say that a function f : Z(TM,TN) — R is a Carathéodory integrand if, for
every pair of opensets U C M, V C N as above, the function

fov(z,y, A) = f(5} (2,9, A))

is measurable with respect to « € U, for every (y, A) € V x R™*", and continuous with respect
to (y, A) € V. x R"™*", for us—almost every z € U.

This definition is independent of the choice of the local orthonormal frames, since the tran-
sition maps between two local “trivializations” are smooth. In particular, covering M and N
with countably many such open sets U and V, for a Carathéodory integrand the restricted maps
[0 are continuous for p,—almost every xo € M and every yo € N, hence Definition 2.2 applies
without any modification.

We use the intrinsic definition of the Sobolev spaces W1P(Q2, N) introduced in the previous
section and, according to the convention in Remark 3.1, the terms weak and weak* convergence
always refer to the notions fixed there. For 1 < p < 400 and for p = 4oc they coincide with the
notions of Focardi and Spadaro, whereas for p = 1 we require in addition the equiintegrability of
the differentials.

Our first result is the full analogue of Theorem 1.2 in the case p = +occ.

Theorem 4.2 (Riemannian Acerbi-Fusco — Case p = +00). Let (M, g) and (N, h) be a pair of smooth,
connected and complete Riemannian manifolds and let pg be the Riemannian volume measure of (M, g).
Let f : L(TM,TN) — R be a Carathéodory integrand in the sense of Definition 4.1, satisfying the
following growth condition: there exists a nonnegative function a € Li. (M) such that, for every compact

subset K C N and every R > 0, there exists a constant Ci r > 0 for which
0 < f(af) < a(z) + Ck g, (4.1)

for pg—almost every x € M, every y € K and every o € (T, M,T,N) with |o¥] < R.
Then, f is R—quasiconvex in the sense of Definition 2.2 if and only if for every bounded open subset
Q C M, the functional

ur F(u,Q) = /g;f(du) dig

is sequentially lower semicontinuous with respect to the weak* convergence in W (Q, N) (in the sense
of Section 3).
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The growth assumption above is simply the intrinsic version of the condition

0< f(2,5,8) < alx) +b(s,8)
in Theorem 1.2, with b locally bounded. Notice that Theorem 3.5 already gives the same equiva-
lence for arbitrary continuous integrands, without any growth or sign assumption. Thus, in the
case p = +00, the genuinely new point is the merely measurable dependence on = and the growth
condition above provides the required locally integrable upper bound in the Carathéodory set-
ting. It is then natural to combine the geometric argument of the previous section with the ap-
proximation arguments used by Acerbi and Fusco [1] (see also Marcellini [21]).

Remark 4.3. The growth condition in Theorem 4.2 is automatically satisfied by every nonnegative
continuous integrand. Indeed, let M; C M and K; C N be increasing exhaustions by compact
subsets, chosen so that A; C int M;;, and K; C int K, and set
Tj(z) =max {f(a) | y € K; and [0¥] < j} and C; = max Tj(z).
€M,

For every j € N and every € M, the set over which the maximum defining T} () is taken is
compact, hence Tj(z) < +o00. Moreover, T; is continuous by the maximum theorem applied in
local “trivializations” of £ (T'M,TN). Since M; x K is compact, the corresponding subset with
|a| < j is compact in the bundle, and therefore Cj = maxgen, Tj(x) < +oo. Then, the function
a = sup;en(T; — C )t s nonnegatwe, lower semicontinuous and bounded on every M;, since

< Cj on M; for every j > i, while T; < T; < C; on M; for every j < i. Hence a € L}, (M) and

flag) < alz) + C;

foreveryz € M,y € K; and |a¥| < j, which is the growth condition, since every compact subset
K C N is contained in K and every R > 0 satisfies R < j, for j large enough. Therefore, as far
as nonnegative integrands are concerned, Theorem 3.5 is a special case of Theorem 4.2 and the
extra generality of the former lies only in the absence of any sign condition on f. By contrast, the
growth condition in Theorem 4.4 is a genuine restriction also for continuous integrands, exactly
as in Theorem 1.3.

We next consider the case 1 < p < +o0. Fixing a point y, € N, the intrinsic counterpart of the
term |s|P appearing in Theorem 1.3 is d (y, y.)?.

Theorem 4.4 (Riemannian Acerbi-Fusco — Case 1 < p < +00). Let (M, g) and (N, h) be a pair of
smooth, connected and complete Riemannian manifolds and let (14 be the Riemannian volume measure of
(M,g). Let 1 < p < 400, fixy, € Nandlet f : L(TM,TN) — R be a Carathéodory integrand in the
sense of Definition 4.1, satisfying

0< f(ad) <alz) + C(dV (y,y.)P + |o|P) 4.2)

for pg—almost every x € M, every y € N and every oY € L (T,M,T,N), where a € L{ (M) is
nonnegative and C' > 0 is a constant.

Then, f is R—quasiconvex in the sense of Definition 2.2 if and only if for every bounded open subset
O C M, the functional

we P ®) = [ f(au)dg

is sequentially lower semicontinuous with respect to the weak convergence in W' (Q, N) (in the sense of
Section 3).

The growth assumption in the theorem above is the intrinsic counterpart of

0< f(z,5.8) <al@)+C(sl” +1¢")
in Theorem 1.3. The choice of the reference point y, is immaterial, since, by the triangle inequality,
changing it only amounts to changing the constant C' and adding a constant term, which can be
absorbed into the locally integrable function a. In particular, no compactness assumption on
the target manifold N is needed. We stress that the intrinsic definition of W!?(Q, N) and the
notion of convergence considered on this space are two separate issues. For p = 1, the weak
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convergence appearing in the theorem is the one defined in Section 3: it requires equiintegrability
of the differentials and is stronger than the convergence used by Focardi and Spadaro. When
N = R™, it coincides with the usual weak convergence in W!1(£, R™) on every bounded open
set, as explained in Section 3.

When both the domain and the target are Euclidean and y. = 0, Theorems 4.2 and 4.4 reduce,
at the level of the lower semicontinuity statements, to Theorems 1.2 and 1.3, respectively, taking
into account the discussion on the notions of convergence in Section 3. We stress that no gen-
erality is lost in this reduction: as shown there, requiring lower semicontinuity with respect to
the notions of convergence adopted here for every bounded open subset is equivalent, in the Eu-
clidean case, to requiring it with respect to the usual weak and weak* convergences. On the other
hand, if only the target is Euclidean, these statements extend the results obtained in [6], while in
the complementary case of a Euclidean domain and a manifold target the sufficiency of the cor-
responding notion of quasiconvexity for the lower semicontinuity in W', for 1 < p < +o0, with
respect to the convergence considered there, is stated in Theorem 0.6 of Focardi and Spadaro [11]
for continuous integrands. For p = 1, their result does not require equiintegrability of the dif-
ferentials, whereas Theorem 4.4 requires this condition but allows Carathéodory integrands (see
Remark 3.2).

We prove below the necessity direction in the case p = 400, by extending to Carathéodory
integrands the localized oscillation argument used in Theorem 3.4, by means of the classical
Scorza Dragoni theorem [27]. The necessity for 1 < p < +o0 is then an immediate consequence
of the case p = 4-o0c. The main new point is the sufficiency for Carathéodory integrands and, for
finite p, the control of the p-growth terms. The proof combines the geometric localization devel-
oped in Theorem 3.3 with the measure—theoretic and approximation arguments of the classical
Acerbi-Fusco theory [1] and its later variants [21]. This separates the analytic issues as much as
possible from the genuinely Riemannian ones treated in Section 3.

Proof of the necessity — The case p = +oc.

We only need to modify the proof of Theorem 3.4 in order to deal with the merely measurable
dependence of f on the point z € M. We use the classical Scorza Dragoni argument [27], as in
the Euclidean case of Acerbi and Fusco [1].

Consider a local “trivialization” of £ (T'M,TN) as in Section 2 and write fy y(z,y, A) for the
corresponding expression of f. By the Scorza Dragoni theorem, using a countable atlas of M
and N, countable exhaustions by compact subsets of the variables (y, A) and compact subsets of
the coordinate neighborhoods whose complements have arbitrarily small measure, and then by
the Lebesgue density theorem, there exists a set My C M of full ;,—measure with the following
property: for every xo € MyNU and every compact subset K C V' x R™*" there exists a compact
set £ C U containing xo, of which z is a density point, such that fyy is continuous on £ x K.
We can also assume that every xy € M is a Lebesgue point of the function a appearing in the
growth assumption, that the growth condition holds at z¢ and that fi,v (o, -, -) is continuous.
We fix zo € Mo, yo € N and o2 € £ (T,,M,T,,N), and we follow exactly the proof of Theo-

rem 3.4. In particular, we choose u, v, 1, ¢ and uy as there, so that uy = w in Whoo( o V)
and
/ f(dulz]) dpg(z) < lim inf/ f(dug[x]) dpg(z). 4.3)
Q;O k—oo ng
Moreover, setting z = exp,! (), estimate (3.6) gives
C
8 (dug[z], o + dy[k2]) < Or(1+ [|dlo) + EH’(/}Hoo(l + [l o) (4.4)

All the arguments of f appearing in this estimate belong, for r small enough and k large enough,
to a fixed compact subset K of V' x R™*", in the corresponding local “trivialization”. Let E be a
compact set as above, associated with such a set K, and set

B, =Q: \E.
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Since fy,y is uniformly continuous on £ x K, from inequality (4.4) we obtain, for z € Q} N E,

17 (defa]) — (02 + ol expr @) <wr(Or(L+ o)) + we (Tl (1+ d0]0)).

where wg is a modulus of continuity depending on the compact set £ x K. On the other hand,
by the growth assumption, for some constant C' independent of r and &,

/B |f(duk[x]) - f(aZ‘; + dylk expgol(x)])‘ dpg(z) < / a(@) dpg(z) + (a(xg) + C)IU’Q(BT‘)‘

r

Since xz is a density point of E and a Lebesgue point of g, there holds

Ug(BT)
(@) 0

and

1 B,
[ aw)dingo) < lale) — aoo) dig (o) + alen) LEZL 0
/’Lg( a:o) B Q% Mg( I[))

as r — 0. Hence, letting first & — oo for every fixed r in inequality (4.3), we obtain exactly the
analogue of formula (3.8),

/ f(dulz]) dpg(z) < likm inf/ f(a22 + dylkexp, ! (2)]) dpg(x) + o(1)pg(Q%,)- 4.5)
Qz, o JQs,

The same argument, without the oscillating term, gives

]é F(dulal) diuy (@) = f(al) + o(1), (46)
since u(zo) = yo and du[zo] = 9.

Starting from estimate (4.5), we can now repeat verbatim the argument from formula (3.8) to the
end of the proof of Theorem 3.4: all the arguments of f appearing there belong to the fixed fiber
Z(TyyM, Ty, N) and the function f¥ is continuous. Using also equation (4.6), we finally obtain

flag) < ﬁ /Q f (ks + dexpy,'[p(x)] o dplz] o dexp,, [exp, (2)]) dpug () + o(1),
g\ ¥ zo zo
for every yo € N, every oo € £ (T, M, Ty,N) and every admissible y. The compact subsets
in the argument above can be chosen increasing with respect to ||dy||o. and the constants and
moduli of continuity can be enlarged accordingly; hence the function o(1) can be chosen with
a monotonically nondecreasing dependence on ||dy|«. Therefore, f is R—quasiconvex at every
xo € My, hence ji,—almost everywhere in M. O

The necessity in the case 1 < p < +oo then follows easily.

Proof of the necessity — The case 1 < p < +o00.
Assume that, for every bounded open subset €2 of M, the functional F'(-, ) is sequentially lower
semicontinuous with respect to the weak convergence in W'?(Q, N). If

U = in WLOO(Q? N)a then Uj —u in WLP(Q’ N)

Here, as throughout the paper, — has the meaning fixed in Section 3. Indeed, 1,(£2) < +0o0, as 2
is bounded and M is complete; hence, if 1 < p < 400, the uniform convergence of u; to v implies
dr»(uj,u) — 0, while the uniform boundedness of the differentials gives

sup ||du| Lr () < +o00.

jEN
If p = 1, the same uniform convergence implies dy:(uj,u) — 0 and the uniform L> bound
on |du;| implies the equiintegrability of the family |du;|. Hence, F(-,) is sequentially lower
semicontinuous also with respect to the weak* convergence in W!>°(Q, N). Moreover, if K C N
is compact and R > 0, setting

Dy = maxd” ),
K = max (Y, ys)
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the growth assumption gives
0 < f(a¥) <a(z) + C(Di + R)

for p,—almost every € M, every y € K and every o with |a| < R. Therefore, all the hypothe-
ses needed in the necessity part of Theorem 4.2 are satisfied and f is R-quasiconvex. O

We now turn our attention to the sufficiency in Theorems 4.2 and 4.4.

Proof of the sufficiency — The case p = +o0.
Let 2 be a bounded open subset of M, and let us consider a sequence u; in W (2, N) and a
map u € WH>°(Q, N) such that u; = uin W>°(Q, N). We aim to prove that

F(u,Q) < liminf F(uj, Q),
Jj—o0

so we can assume that the right-hand side is finite, since otherwise there is nothing to prove.
Since u; = uin WH*(Q, N), by the definition of weak* convergence given in Section 3, the
sequence u; converges uniformly to u and the norms |du;| are uniformly bounded in L>(£2).
Thus, we may choose R > 0 such that

|[dulz]| < R and |du;[z]| < R,

for 1,—almost every « € Q and every sufficiently large j € N. Since the image of u is bounded
and N is complete, the Hopf-Rinow theorem and the uniform convergence of u; to u then imply
that there exists a compact subset K C N containing the images of u and of all u; for sufficiently
large j € N.
By the growth assumption (4.1), we have a € L'(f2) and there exists a constant Cx r > 0 such
that
0 < f(dulz]) < a(z) + Ck.r and 0 < f(duj[z]) < a(z) + Ck r.
Let My C M be the set of full p,—measure given by the Scorza Dragoni argument in the proof
of the necessity for p = +oc0: in every local “trivialization” .Z(TU,TV), for every xg € Mo NU
and every compact subset . %~ C V' x R™*" there exists a compact set £ C U containing z, of
which zg is a density point, such that fi;y is continuous on E x .%; moreover, every zo € My is
a Lebesgue point of a, the growth condition holds at z¢ and fy,v (o, -, -) is continuous. Since f is
R-quasiconvex, by possibly reducing My by a set of measure zero, we can also assume that the
R-quasiconvexity condition holds at every o € M.
We fix a point zy € My N Q which is also a Lebesgue point of the function = — f(du[z]) and we
set yo = u(xo). Moreover, we choose neighborhoods U C 2 of o and V' C N of yo, endowed
with local orthonormal frames as in Section 2. Since u € W1°°(Q), N), we can choose 9 > 0 and
a compact set K’ C V such that
Q.. CU and u(Q,) C int K.
Then, the uniform convergence of u; to u implies that u; (@, ) C int K’ for all sufficiently large
j € N. We set
H =K' x {AeR™™||A| < R},
and we let E C U be a compact set associated with J#” by the Scorza Dragoni construction above,
such that ¢ € F is a density point of F and fy,1 is continuous on £ x .
We now “freeze” the dependence of the integrand on the base point and consider on the local
bundle £ (TU,TV) the function

guo(af) = fuv (w0, y,I0f),
which is continuous and R-quasiconvex: indeed, in the chosen local “trivialization”, for every
z € U and y € V, its restriction to the fiber .2 (T, M,T,N) is represented by the quasiconvex
function
A fuy(zo,y, A),
hence, the claim follows by the characterization of R—quasiconvexity in Proposition 2.1. Notice
that only the restriction of the integrand to this local bundle is involved in the argument below.
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Thus, the local argument in the proof of Theorem 3.3 applies without any modification to g,, on
%, for every 0 < r < ro and we have

/ 9o (dulz]) dppg(z) < li/m inf
Q J

— 00

/ G (dusj1]) d (). 47)
Q

r r
£ zq

Let now w be a modulus of continuity for fy on the compact set £ x % . Since the matrices

representing du and du; have norms bounded by R, for every x € EN Q7 and every sufficiently
large j € N, there holds

|f(dulz]) = gao (dulz])] + | £ (du;[a]) — gay (dug[a])| < 20(Cr),

where C' is independent of r and j. On the complementary set Q, \ E, we use instead the growth
assumption, both at z and at the frozen point x(, obtaining

0 < f(du[z]) < a(z) + Ck/r and 0 < gy, (dujlz]) < alzo) + CrrR.

Combining these estimates with the lower semicontinuity inequality (4.7) for g,, and using the
nonnegativity of f and g,,, we get

|l diy ) < ind | fldugla]) g ) + 2O (@5,

+ / la(z) + Cgr,r| dug(z) + [a(zo) + Crrr) g (QL, \ E).
QL \E

Dividing both sides by 11,(Q7, ), the last two terms on the right tend to zero as » — 0, because
x¢ is a density point of E and a Lebesgue point of a. Since also w(Cr) — 0 and x( is a Lebesgue
point of f(du), it follows that

f(dulzo]) < th_l}(l)rolf o f(du;[z]) dug(x) + o(1),

asr — 0. Hence, we have obtained precisely the analogue of inequality (3.4) for our Carathéodory
integrand.

We can now conclude by repeating the measure-theoretic argument in the proof of Theorem 3.3,
starting from this inequality; the only difference is that the uniform upper bound used there is
replaced by the integrable bound

0 < f(du;) < a+ Ck R,
indeed, after choosing a subsequence, not relabeled, such that
Jlggo F(u;,Q) = lijrgioréfF(uj, Q)
and defining the finite positive Radon measures dv; = f(du;) dug4, the preceding estimate gives a

uniform bound on them. Up to a further subsequence, they converge weakly* to a finite positive
Radon measure v. For every open set G C (2, we have

v(G) < liminf v;(G) < /G (a(z) + Ck,r) dpg(z).

J]—00

Hence, by the outer regularity of the finite Radon measure (a+Cx r)g, we have v < i . Writing
dv = 0 dy, the differentiation argument used in the proof of Theorem 3.3 gives

f(dulz]) < 6(z),
for ig—almost every x € Q2. Therefore,

F(u,Q) < v(Q) < liminf v;(Q) = liminf F(u;, ),
j—o0

Jj—oo

which proves the claim. O
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Before proving the sufficiency for p < +o0o, we record some preliminary results. We fix an
open set Q' C M contained in a compact subset of M. On this compact region, the injectivity
radius is bounded from below by a positive constant and, for sufficiently small radii, all the
normal coordinate maps and their inverses have Lipschitz constants at most 2; moreover, in these
coordinates, the Riemannian volume measure has a density with respect to the Lebesgue measure
bounded between 27" and 2". Writing inj,,(z) for the injectivity radius of M at x, we choose
ro > 0 small enough for these uniform estimates to hold for every 0 < r < g and so that

@ro < inf inj,,(x).
2 ze®
The following lemmas are respectively the Riemannian counterparts needed here of Lem-
mas .7, 1.9 and .11 in [1].

Lemma 4.5 (Biting lemma). Let oy, be a bounded sequence of nonnegative functions in L*(SY'). Then, for
every € > 0 there exists a triple (A., 0, S), where A, is measurable and 4(A.) < e, 6 > 0and S is an
infinite subset of N, such that for every k € S, there holds

| ovta) duy(a) <=
whenever B C Q' \ A, is measurable and p4(B) < 6.
Lemma 4.6. Let w € WP (Y, N) and let y. € N be the fixed reference point in Theorem 4.4. We define
B = &Y (u, ) + |dul
and
Mgh,(xz) = sup B dptg,
0<r<rg Qr
QL C
where 1o > 0 is the one fixed above.
Then, the following local estimates hold: if p > 1, we have

[Mghull ey < Cp, ) lhulle )
and, for every 1 < p < +ooandall X > 0,

, o
o € 2 | Myha(e) > 2}) < T 13,

Moreover,
hu(2) < Mgh(z)
for pg—almost every x € (V.
Lemma4.7. Let uw € WHP(Q,N), A > 0 and set
H ={z € | Myhyu(z) < A}.
Then, there exist constants c,, > 1 and Cy > 0, depending only on n, such that for every cube Q = Q7
with 0 < r < ro/c, and Q. C €, we have
dN (u(x),u(z)) < CLAd™ (z, 2),
for every x, z € H* N Q outside a fixed j1,—null set depending only on u.
The proof of Lemma 4.5 is exactly the same as that of Lemma 1.7 of [1], with the Riemannian
volume measure in place of the Lebesgue measure.
About Lemma 4.6, since by the choice of ¢ in the normal coordinates on the cubes @7, with
z € Q and 0 < r < ry, we have uniform bounds on the Lipschitz constants of the coordi-
nate maps and of their inverses and on the volume densities, as we said above, we can apply

the Euclidean maximal-function estimates recalled in [1], obtaining the stated inequalities with
constants depending only on €)' and its geometry.
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Regarding Lemma 4.7, letting D C N be a countable dense subset, for every ¢ € D we consider
the real-valued function
Uq(x) = dN(u(x), Q) - dN(y*a Q)'
Then, by the definition of W1P({)’, N) in Section 3 and since d"(-,q) is 1-Lipschitz and u is
approximately differentiable almost everywhere, v, € WP (') and there holds

vl < d¥(u,y.)  and  |dvg| < |dul
pg—almost everywhere in €'. We now work in normal coordinates centered at x(, in which Q =

&, and Qg are the concentric Euclidean cubes of side r and ¢,,r, and we regard v, as a function

on the latter. The local WP version of Lemma I.11 of [1] (see [20]) on on states that
[vg(%) = vq(2)] < e(n)Alz - 2|
whenever z, z € () are Lebesgue points of v, at which the maximal function of |v,| + | Dv,/|, taken
over the Euclidean balls centered at the point with radius at most 2y/n r, is smaller than A; for ¢,
large enough, depending only on n, these balls are contained in Q5»". We claim that this maximal
function is bounded by C(n)Mg4h, at every point z € Q. Indeed, |v4| + |Dvy| < 2h,, by the
two inequalities above on v, and dv,; and since the normal coordinate maps are 2-Lipschitz, as
fixed before Lemma 4.5; moreover, by the same Lipschitz bounds, every Euclidean ball centered
at = with radius p' < 2y/nr is contained in the cube Q®', which is contained in Qi C Q for
¢, large enough and satisfies 8p’ < ry, since r < 7¢/c,; finally, the Lebesgue measure of such
a ball and 11, (Q%"") are comparable, with constants depending only on n. Hence, the Euclidean
averages of |vy| + |Dvy| over these balls are bounded by C(n) times the averages of h,, over the
cubes Q%', which are among the cubes in the definition of M,h,(z). Applying the local version
of Lemma 1.11 of [1] stated above with A = C(n)\ and using once more the Lipschitz bounds on
the coordinates, we obtain
[vg(2) — vg(2)] < CLAIM (2, 2) 4.8)

forevery g € D and every z,z € H*NQ outside a fixed ;1,—null set Z,; moreover, C; = 2¢(n)C(n)
depends only on n, in particular it is independent of ¢ and Q.
As D is countable, the union Z = J,cp Z, is a pug—null set which depends only on u, while
inequality (4.8) holds for every ¢ € D whenever z, 2 € (H* N Q) \ Z. Then, since

dN(ylva) = sup ’dN(ylaQ) - dN(y27q)|a
qeD

taking the supremum over g € D, we conclude
dN (u(x),u(z)) < C1AdM (z, 2)
for every z,z € H* N Q outside Z and this gives Lemma 4.7.
Finally, before starting the proof of the sufficiency in Theorem 4.4, we need one last preliminary

result.

Lemma4.8. Let K C N bea compact set. There exist 0 < pr < 1and a constant Cy > 1, depending only
on m and independent of K, with the following property. Let Q = Q7 C ' be a cube with 0 < r < ry,
ACQ,L>0andv:A— K satisfy
dN (v(a), 0(2)) < Ld (s, 2)
forall x,z € A. Then, if L diam Q) < pg, there exists an extension v € Wb (Q, N) such that
v=v onA and |dv|| o (@) < CaL.
Moreover, if A # O, then v(Q) is contained in the closed ball of radius py centered at a point of v(A).

Proof. If A = @, we choose any constant map on ) and we are done. Otherwise, fix ay € A
and set yo = v(ag) € K. By the compactness of K, after decreasing px < 1 if necessary, we
may assume that, for every y € K, the Lipschitz constants of exp, on the ball of radius px
centered at the origin of 7}, N, where exp, is injective and of its inverse are at most 2 and notice
that only the radius px depends on K. If Ldiam @ < pg, then v(A) is contained in the closed
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ball B, (y0), hence exp, ! ov is Lipschitz on A, with respect to d*, with Lipschitz constant at
most 2L. Extending each of its components, in an orthonormal basis of T, N, by the McShane
extension theorem (see Lemma 1.12 in [1], which holds in every metric space), we obtain a map
w : Q — T, N with Lipschitz constant at most 2/m L. Let 7 : T, N — T, N be the radial
projection onto the closed ball of radius px centered at the origin. Since 7 fixes exp,,' (v(A4)) and
does not increase the distances, the map

v=exp, omow:Q =N

extends v from A to @ and, since exp,, is 2-Lipschitz on the ball of radius px, we have [dv| <
2ldw| < 4y/m L pg—almost everywhere on @, using the 2L-Lipschitz bound on each of the m
components of w, hence there holds

|dv]| Loe (@) < C2L,
with Cy = 4,/m. Finally, 2(Q) C exp,, (B, (0)) € B, (o), with g € v(A). O

Proof of the sufficiency — The case 1 < p < +o0.
Let ' be a bounded open subset of (M, g) and uy € WP(QY', N) be a sequence weakly converg-

ing to u € WHP(Q/, N). Since (M, g) is complete, by the Hopf-Rinow theorem, Q' is compact,
hence the preceding lemmas apply. Possibly passing to a subsequence, we can assume that

lim F(ug, Q) = liminf F(ug, Q') < +c0
k— o0 k— o0

and that u;, converges pi,—almost everywhere to u. By the absolute continuity of the integral of
the function a, fixed € > 0, we can choose § > 0 such that

/ adpg <e, (4.9)
B

whenever p,(B) < §. With the notation introduced in Lemma 4.6, we set
hk = huk = dN(uka y*) + |duk|7
then by the same lemma, for every A > 0, we have

cy
ug({x € QI | Mghk(l’) = )\}) < ()\ Hhk”Ll(Q/).

~—

We want a uniform control on || ||z1 (o, for every k& € N: by means of the Holder, Minkowski
and triangle inequalities, we get

Ilery = [ (@ (evun(a)) + o) dig ()

< g ()7 [l dN (g, wn) || o) + [l duig ]| Lo ()]
_1
< g () 2 [1dN (g, )| Loy + 1A (uy u) || oy + 1t ]| o],
hence, there holds

_1 —
ooy < sup {1g ()2 (1A (g, )| o0y + 1A (w, wr) | 2o () + lduk | po(e)]} = C < 400

for every k € N.
Now, for every A > 0, we set

Hpy ={z e | Mghy(z) < A}.

Our aim is to choose a measurable set A, C € with p4(A.) < € and anumber A > 1, independent
of k, such that

pg(Y\Hp)<e and  Npug(\ (HpUA)) <e, (4.10)
forevery k € N.
If p > 1, the sequence (M hy,)? is bounded in L' (€Y'), by Lemma 4.6; then, applying Lemma 4.5
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to this sequence, possibly passing to a further subsequence, we can suppose that there exist a
measurable set A. C Q' with p14(A.) < € and a number ¢’ > 0 such that

/ (Mghi)? dpg < e, (4.11)
B

for every k € N and every measurable set B C Q'\ A, with p14(B) < ¢'. Replacing § by min{4, ¢'},
inequalities (4.9) and (4.11) hold whenever B C Q' \ A, is measurable and p,(B) < 4.
Moreover, the L? bound on M h;, also gives, by the Chebyshev inequality,

1
sup g (' \ Hpy) < N sup/ (Mghy)P dpg — 0,
keN keN Jar

as A — +oo. Thus, for every sufficiently large A > 0, we have
g (Q'\ HY) < min{e, 5}

for every k € N and we can therefore apply inequality (4.11) to the measurable set '\ (H} U A.),
whose measure is smaller than §. Since Mgh, > Aon Q' \ H, ,;\, we obtain

Npg (' \ (HY UAL)) < / (Mghi)P dpy < €.
Q\(H}UA,)
Together with the bound 1,(Q' \ HY) < &, we have both inequalities (4.10) for p € (1, +00).
The case p = 1 requires a different treatment, since the maximal operator is not bounded from
LY(Y) to itself, hence, we cannot deduce the L' boundedness of M hj, needed in order to apply
Lemma 4.5.
We set A, = (J and we notice that the sequence hy, is equiintegrable, indeed,

iy < dN (g, w) + dN (u, ys) + [dugl,

where the sequence d(uj,u) converges to zero in L!(f)'), the function d" (u,y.) belongs to
LY(©) and the sequence |duy| is equiintegrable by our notion of weak convergence.
We then apply the argument leading to formula (3.10) in [10]. For every k € Nand A > 0, we set

hix = heXin,>a/2)
and we define its maximal function by
Mghipa(z) = sup ][ P,y dpig
Q

0<r<ry
QL CeY

T
@

for every x € ). Since hy, is a nonnegative function in L' ('), we have, as in Lemma 4.6,

20(Y 2C(Y
(o € 2 | Myhioa(e) > 3/2)) < 2 >/ o dy = 2 )/ o
o (hi>2/2)

and the bound ||h || 1 (o) < C implies
1y ({he > A/2}) < 20/

Hence, by the equiintegrability of the sequence hy, the last integrals on the right in the above
formula tend to zero uniformly in &, as A — +o0.
Since 0 < hy, — hg,x < A/2, we have

A
Mghk < 5 +Mghk,)\,

hence,
{z e | Myhi(z) 2 A} C{z € Q| Mghpa(z) > \/2},
we then conclude that
iug)\,ug ({z € Q' | Mghi(z) = A}) =0, (4.12)
€



QUASICONVEXITY AND LOWER SEMICONTINUITY IN THE RIEMANNIAN SETTING 27

as A — +oo.
By limit (4.12), we can choose X > 1, independently of k, such that

Aty (@ \ HY) < min{e, 8},

for every k € N and since A, = O, this gives the second inequality (4.10) forp =1. As A > 1, we
have

g (' \ HY) < g (Y \ H}) < mine, 8},
hence, the first inequality (4.10) holds as well.
Thus, in both cases, that is, for every 1 < p < 400, we have a measurable set A. and a constant
A > 1 so that inequalities (4.10) hold and 1,(Q' \ H}) < § also, for every k € N. Consequently,

inequality (4.9) gives
/ adpg <&, (4.13)
Q\(HjUA:)
forevery k € N.

Let Zj, be the union of the y,—null sets given by Lemmas 4.6 and 4.7 applied to u;. The union
Z = Upen Zk is a pg—null set and we replace each H;) by H;\ Z, keeping the same notation; then,

AN (ye, u(2)) < hi(2) < Mghp(a) <A,
for every k € Nand every z € Hy, hence,
uk(Hli\) - F)\(y*)v

where B} (y.) is the closed ball in N with center y, and radius A (which is compact by the Hopf-
Rinow theorem).

Let 0 < p) < 1 be the radius given by Lemma 4.8 for the compact set B (y.); the constant Cs
in the extension estimate is independent of A\. To apply Lemma 4.7 and then Lemma 4.8 with
L = C1 A\, we consider the family

—<CnT

V={Q=QL |z, 0<r <ro/cy, Q," €, CiAdiamQ < px}

which is clearly a Vitali covering of ', hence, by the Vitali covering theorem, we can choose a
countable family of pairwise disjoint cubes @); € V such that

Mg<9' U Qi> = 0.

i€N
For every i € N, by Lemma 4.7, for every z, 2 € H)» N Q;, we have
dN(uk(x)7 Uk(Z)) < Cl)‘d]w($7 Z)7

then, if H ,;\ NQ; = I, we simply set wy ; = y. on @;, otherwise, applying Lemma 4.8 on the cube
Q; to
A=H})NQ;, L=C1)\ and K = B(y),

we obtain an extension wy ; € W*°(Q;, N) such that
Wk = U ON H]? M Qi,

for pg—almost every point and
||dwk’i||Loo(Qi) < Clcg)\. (414)

If H ,ﬁ‘ N Q; # I, by Lemma 4.8, the set wy ;(Q;) is contained in the closed ball of radius py < 1
centered at a point of Ba(y.), while if H ,i‘ NQ; = Jwehave wy; = y.. Since A > 1, in either case,
there holds

AN (Y, wpi) K A H+1< 20 (4.15)
on Q;.
The sequences wy, ;, for every fixed ¢ € N, have uniformly bounded differentials on @; and their
images are contained in the compact set B2y (y.), hence, for every i € N, the maps wy,; extend
continuously to @, with Lipschitz constants bounded independently of k and values in the com-
pact set Bay(ys), so the Ascoli-Arzela theorem gives a subsequence converging uniformly to a
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Lipschitz map v; € W1e°(Q;, N). Then, by a diagonal argument, we obtain a subsequence, not
relabeled, such that wy; converges uniformly to maps v; € W>(Q;, N) on Q;, as k — oo, for
every i € N. Moreover, since the differentials dwy, ; are uniformly bounded, we can also assume
that wy; = v; in WH*°(Q;, N).

Now, since wy ; = uy pointwise pg,—almost everywhere on H, ,;\ N Qi, we have that p,—almost ev-
erywhere on the same set, dwy, ; = duy, hence, for every i € N, there holds

Flug, Qi) = F(wii, (Qi \ Ac) N HY) = F(wy i, Qi \ Ae) — Fwyi, Qi \ (Hjy U AL)). (4.16)

For every i,k € Nand ¢ € N, we set
¢
B, =Q;\ (H)UA,) and  Bj =] B
i=1

Since the cubes Q; are pairwise disjoint, the sets By ; are pairwise disjoint as well and Bf C
'\ (H} U A.). By the growth condition on f (inequality (4.2)) and estimates (4.14) and (4.15), we
have

fldwgi[z]) < a(z) + C(dN(y*7wk7i(w))p + |dwk7i[x]|p) < a(z) + C3A\P (4.17)

for pig—almost every = € Q; and every i,k € N, where C5 = C(2P + CVCY) is independent of k, i
and ¢. Integrating this bound over B} and using inequalities (4.13) and (4.10), we obtain

1

ZF(’wa, Bkﬂ') < / ad,ug -+ Cg)\pug (Q/ \ (H]? U As)) < (]. -+ Cg)E, (418)
i=1 Q,\(HI?UAE)

for every £,k € N.
Moreover, for fixed ¢, by estimate (4.17) and the inner regularity of the finite Radon measure
(a + C3AP) 4, we can choose a compact set K; . C Q; N A, such that

/ (a+ C3\P)du, < e27".
(QiNA)\K; e

Setting Q7 = Q; \ K; . (notice that the sets )} are open), we have Q; \ A. C Q} C Q;, hence, for
every k € N,
0 < Fwpi, Q) = Fwp,, Qi \ Ae) = Flwp, (Qi N A) \ K; o) <27 (4.19)

Applying Theorem 4.2 (whose growth assumption follows from the present one as in the proof
of the necessity) to the sequence wy; = v; in W1>°(Q/, N), we have

likm inf F(wy;, QY) = F(vi,QY), (4.20)
e de el

for every i € N. Then, by inequalities (4.16), (4.18) and (4.19), we obtain

14

4 £
Flug, @)=Y Flug, Qi) 2 Flwe, Q) —e» 27" = > F(wy, Byi)
=1 =1 =1 =1
l

> ZF(wk,u Q7)) — 2+ Cs)e.

i=1

Passing to the lim inf as ¥ — oo and using estimate (4.20), we deduce

liminf F(ug, ) > > F(vi, Qf) = (2+ Ca)e. (4.21)

k—o0 .
i=1
For every i € N, we now define the two sets

P ={z€Q; | vi(x) #u(x)} and P, =P, n{zeQ;|urlz) = u®)},
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which have the same measure, as u;, converges j1,—almost everywhere to u. Moreover, since wy, ;
converges uniformly to v; on Q; and wy; = uy, ju,—almost everywhere on H N Q;, we have, up
to a fixed pg—null set,

P; C liminf(Q; \ H}),
k—o0
hence, N
pg(P) = pg(P;) < hkfgiofolf/ig(Qi \ Hl?)

G= U P)ia
ieN
by Fatou’s lemma, the disjointness of the cubes @); and the first inequality in (4.10), there holds

G) =D pg(P) <liminfd " pug(Qi\ H) <e

ieN €N

Then, setting

thus, p4(A: U G) < 2¢ and the absolute continuity of the integral of f(du) gives a function o(¢),
with o(¢) — 0 as ¢ — 0, such that

F(u,A. UG) < o(e). (4.22)

Now, since v; = u pointwise on @Q; \ P;, we have that pg—almost everywhere on the same set,
dv; = du. As @Q; \ Q7 C Q; N A, we have

Qi\(Q/\P)=(Q:\Q))U(Q/NP)C(QiNA)UP
therefore,
F(vi,Qf) = F(vi, Q) \ P;) = F(u,Q \ P;) > F(u,Q;) — F(u, (Q: N A:) UF;).

Since the sets (Q; N A.) U P; C Q; are pairwise disjoint and contained in A. U G, summing this
inequality over i = 1, ..., ¢ and using estimate (4.22), we get

4 L
> F(ui,Q Z u,Qi) — F(u,A: UG) 2 Y Fl(u, o(e). (4.23)
=1 1=1

~

Combining inequalities (4.21) and (4.23), for every £ € N we obtain

¢
liminf F(uy, 2 ZFU Q) —o(e) — (2+ Cs)e.
i=1

k—o0

Letting ¢ — oo and using the fact that
Mg(Q,\ UQz) =0
ieN
together with the absolute continuity of F'(u, -) with respect to i4, we have
likminf Flug, ) > F(u,Q) —o(e) — (2+ C3)e
—00
and finally sending ¢ — 0, we conclude
lim inf F(ug, Q') > F(u, ),

k—o0

which proves the weak sequential lower semicontinuity of F in W7 (Q/, N). O

Remark 4.9. For 1 < p < 400, the notion of convergence considered by Focardi and Spadaro [11]
for maps uy,u € WHP(Q, N) is given by

@™ (uk, u)||ze(0) — 0 and sup ldu| Lr () < +oo. (4.24)
As discussed in Remark 3.2, for 1 < p < +o0o this convergence coincides with ours, defined in

Section 3. At p = 1, instead, the convergence defined by conditions (4.24) is weaker than ours,
since it does not require equiintegrability of the differentials.
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This assumption cannot be dropped from the statement in Theorem 4.4 for Carathéodory inte-
grands. Indeed, if M = N = R and Q = (0, 1), letting K C (0, 1) be a compact set with empty
interior and positive Lebesgue measure and setting A = (0,1) \ K, we consider the integrand

f(f,&f) = (1 +XK(x))|£|»

which is a Carathéodory function (clearly not continuous), is convex in £ and satisfies

§1 < flz,5,8) < 2¢],

with the associated functional

ur F(u,(0,1)) = / (14 xk)|u|dL!
(0,1)

defined for every u € W11(0,1).
Then, for every positive integer k and j =0, ...,k — 1, we define

In; = (j/k,(j +1)/k) and b =LY (ANI;) >0

(the inequality holds because A is open and dense) and we set

XAﬂIk 1
v = - and ug(z) = / v dL,
Z k&ﬁ] (0,z)

for every z € (0,1). Thus, we have u, € WH>(0,1) and u}, = v > 0 almost everywhere.
Identifying each u;, with its continuous extension to [0, 1], we also have

/vkdglzyk and  up(j/k) = j/k,

forevery j =0,...,k — 1, with ug(1) = 1.
Hence, letting u(x) = z, it is easy to check that by construction (in particular, by the monotonicity
of u k) ’

luk — ull Loy <1/k and luilleron) =1,

that is, conditions (4.24) hold for p = 1; moreover, notice that every u;, has the same boundary
values as u, namely zero at 0 and one at 1. Since v, = 0 almost everywhere on K, we conclude

F(ukv(ovl)):/ (1+XK)de$1: de.,gl:l
(0,1) (0,1)

while

F(u,(0,1)) = /(0 5 (1+Xk)dL' =1+ 2YK) > 1,

thus, the functional F is not sequentially lower semicontinuous with respect to the convergence
defined by conditions (4.24) for p = 1.

We remark that the sequence vy, is not equiintegrable. Indeed, v, — X 4 almost everywhere: on K
all the vy, vanish, while for almost every 2 € A the interval I, ; containing « is contained in A for
k large enough, hence vy (x) = 1. By Vitali’s theorem, equiintegrability would imply convergence
in L'(0,1); therefore one would get

1= lim v d L = LHA) =1- LHK) < 1,
k— o0 (0,1)

which is a contradiction.
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5. CONCLUSION AND FUTURE DIRECTIONS

We have introduced an intrinsic notion of R-quasiconvexity for integrands on .£(T'M,TN)
and shown that it provides the natural Riemannian counterpart of Morrey’s quasiconvexity for
maps between smooth Riemannian manifolds. For continuous integrands, R—quasiconvexity
characterizes sequential weak* lower semicontinuity in W*>°(€2, N). Under the corresponding
Riemannian growth assumptions, this characterization extends to Carathéodory integrands and
to the full range 1 < p < +0o0, yielding Riemannian analogues of the classical Acerbi—-Fusco theo-
rems. For p = 1, the convergence considered in Theorem 4.4 requires the equiintegrability of the
differentials, a condition which cannot in general be dropped for Carathéodory integrands, as
shown in Remark 4.9. The formulation also clarifies how the intrinsic convergence of manifold-
valued Sobolev maps interacts with the local linear structure supplied by tangent spaces and
exponential coordinates.

These results suggest several directions for further investigation. A first direction is to un-
derstand how much of the theory survives for nonsmooth or metric targets. The Sobolev and
convergence notions used here are already largely metric in nature, in the spirit of the theories
developed in [5,18,25], but R-quasiconvexity itself relies essentially on tangent spaces and expo-
nential maps. An extension to metric targets would therefore require an appropriate replacement
for this infinitesimal linear structure, possibly through metric differentials or other notions of tan-
gent object.

A second direction concerns the relation between the intrinsic formulation developed here and
extrinsic approaches based on isometric embeddings, tangential quasiconvexity and relaxation,
as in [8]. A more systematic comparison could lead to representation and relaxation results for
manifold-constrained energies and may clarify which parts of the theory are genuinely intrinsic
and which are invariant reformulations of Euclidean constrained problems.

It would also be natural to investigate higher-order functionals and weaker regularity classes,
in particular Riemannian analogues of the classical higher—order theory [22] and of relaxation in
BV —type spaces for manifold—-valued maps, in connection with the metric theories of [2,5] and
the constrained frameworks recalled above.

The lower semicontinuity results proved here provide one of the main ingredients of the direct
method. Combined with suitable coercivity and compactness assumptions, they suggest further
questions concerning existence, relaxation and regularity of minimizers for anisotropic and non-
quadratic variational problems on curved domains with curved targets; in this direction, the
polyconvex existence theory for Cartesian maps developed in [4] provides a natural point of
comparison.
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