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ABSTRACT. We introduce a notion of quasiconvexity for integrands defined on the bundle of linear
maps between the tangent spaces of two smooth, connected and complete Riemannian manifolds
(M, g) and (N,h), naturally extending the classical Euclidean notion. For continuous integrands,
we prove that this Riemannian quasiconvexity is equivalent to the sequential lower semicontinuity
of the associated functional

F (u,Ω) =

ˆ
Ω
f(du) dµg

with respect to the weak∗ convergence in W 1,∞(Ω, N), in the intrinsic sense adopted in the paper,
for every bounded open subset Ω ⊆ M . We then establish the Riemannian analogues of the Acerbi–
Fusco theorems for Carathéodory integrands satisfying the corresponding growth conditions, for
every 1 ⩽ p ⩽ +∞, with respect to the weak and weak∗ notions of convergence considered here.

1. INTRODUCTION

A fundamental result in the calculus of variations concerning the search for minimizers of
variational functionals is the characterization of the sequential lower semicontinuity of integral
functionals defined on Sobolev spacesW 1,p(Ω,Rm), where Ω ⊆ Rn is open and bounded. Specifi-
cally, for 1 ⩽ p ⩽ +∞, lower semicontinuity with respect to the weak convergence (or weak∗ con-
vergence if p = +∞) is equivalent to quasiconvexity of the integrand, provided certain growth
conditions are satisfied.

Historically, this equivalence was established through several steps: in the pioneering pa-
per [29], Tonelli showed that for a twice continuously differentiable function

f : [a, b]× R× R → [0,+∞)

and for u ∈W 1,1(a, b), the functional

F (u) =

ˆ b

a

f(x, u(x), u′(x)) dx

is lower semicontinuous with respect to the uniform convergence of curves if and only if the
function f is convex in the third variable. This semicontinuity result was later extended to in-
tegral functionals on bounded open subsets of Rn by various authors; Serrin proved in [28] that
the differentiability assumptions are not actually required. Subsequent improvements of Serrin’s
theorem were given by De Giorgi [9], Olech [24] and Ioffe [16].

The sufficiency of convexity extends easily to the vectorial case. However, while for m = 1 the
semicontinuity theorem stated above is optimal, in the sense that the convexity of f(x, s, ξ) with
respect to ξ is necessary for the lower semicontinuity of F , in the vectorial case for n,m > 1, there
are functionals (of considerable interest in the theory of nonlinear elasticity, for instance) that are
lower semicontinuous without f being convex with respect to the matrix ξ = (ξji ).

In the case of m > 1, the condition on f that turned out to be necessary and, with additional
assumptions, also sufficient for the lower semicontinuity of integral functionals is quasiconvexity,
introduced by Morrey [23] in 1952.
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Definition 1.1. A continuous function f : Rm×n → R is quasiconvex if for every ξ ∈ Rm×n and for
every bounded open subset Ω of Rn, there holds

f(ξ) ⩽
 
Ω

f(ξ +Dφ(x)) dL n(x),

for every function φ ∈ C∞
c (Ω,Rm).

A real function f : Rn×Rm×Rm×n → R is quasiconvex in ξ ∈ Rm×n if there exists a subset Z of Rn

with L n(Z) = 0, such that for every x ∈ Rn \ Z and for every s ∈ Rm the function ξ 7→ f(x, s, ξ)
is quasiconvex.

More precisely, Morrey showed that, under some strong regularity assumptions on f , its qua-
siconvexity is equivalent to the sequential weak∗ lower semicontinuity in W 1,∞(Ω,Rm) of the
functional

u 7→ F (u,Ω) =

ˆ
Ω

f(x, u(x), Du(x)) dL n(x).

Meyers then extended Morrey’s result to the setting of W k,p(Ω,Rm) spaces in [22].
Acerbi and Fusco in [1] obtained a significant improvement of this result: they established such

an equivalence for Carathéodory integrands with appropriate growth conditions inW 1,p(Ω,Rm),
for 1 ⩽ p ⩽ +∞. We also mention that Marcellini in [21] presented an alternative proof of this
fact. We list below the theorems proved by Acerbi and Fusco.

Theorem 1.2 (Acerbi–Fusco). Let f : Rn × Rm × Rm×n → R be a Carathéodory function satisfying

0 ⩽ f(x, s, ξ) ⩽ a(x) + b(s, ξ),

for almost every x ∈ Rn and every s ∈ Rm, ξ ∈ Rm×n, where a : Rn → R is nonnegative and locally
integrable and b : Rm × Rm×n → R is nonnegative and locally bounded.
Then, f is quasiconvex in ξ if and only if for every bounded open set Ω in Rn the functional u 7→ F (u,Ω)
is sequentially weak∗ lower semicontinuous on W 1,∞(Ω,Rm).

Theorem 1.3 (Acerbi–Fusco). Let 1 ⩽ p < +∞ and f : Rn × Rm × Rm×n → R be a Carathéodory
function satisfying

0 ⩽ f(x, s, ξ) ⩽ a(x) + C
(
|s|p + |ξ|p

)
,

for almost every x ∈ Rn and every s ∈ Rm, ξ ∈ Rm×n, where a : Rn → R is nonnegative and locally
integrable and C is a nonnegative constant.
Then, f is quasiconvex in ξ if and only if for every bounded open set Ω in Rn the functional u 7→ F (u,Ω)
is sequentially weakly lower semicontinuous on W 1,p(Ω,Rm).

Remark 1.4. Historically, for p = 1, the sufficiency of quasiconvexity for the sequential weak
lower semicontinuity in W 1,1 goes back to Fusco [13, Theorem 3], for Carathéodory integrands
satisfying a uniform linear growth bound.

The purpose of this paper is to extend this theory to the Riemannian setting, namely to integral
functionals defined on Sobolev maps between two Riemannian manifolds. Such an extension is
natural, since vectorial variational problems in which the maps are constrained to take values
in a manifold and the domain is itself curved arise in several contexts: in the elasticity of shells
and membranes, where the reference configuration is a curved surface; in the theory of liquid
crystals and micromagnetics, where the order parameter is a director field or a magnetization
taking values in a sphere, possibly on a curved sample; and in nonlinear sigma models of mathe-
matical physics. The model case is the Dirichlet energy, whose critical points are harmonic maps
between (M, g) and (N,h), while the functionals considered here provide a natural framework
for anisotropic and non–quadratic energies arising in these settings.

We consider two smooth, connected and complete Riemannian manifolds (M, g) and (N,h)
and integrands f defined on

L (TM, TN),

the bundle over M × N whose fiber at (x, y) is the space of linear maps from TxM to TyN . For
continuous integrands, after introducing a Riemannian notion of quasiconvexity extending the
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classical Euclidean one, we prove that f is quasiconvex in this sense if and only if, for every
bounded open subset Ω ⊆M , the functional

u 7→ F (u,Ω) =

ˆ
Ω

f(du) dµg

is sequentially lower semicontinuous with respect to the weak∗ convergence in W 1,∞(Ω, N)
adopted below, where µg is the Riemannian volume measure of (M, g).

The simultaneous presence of a curved domain and a curved target is the main geometric
feature of the problem. The cases in which one of the two manifolds is Euclidean have pre-
viously been considered in the literature. A Riemannian domain and a Euclidean target were
treated in our previous work [6]. The complementary case of manifold–valued maps defined
on a bounded open subset of Rn was studied intrinsically by Focardi and Spadaro [11]. An
extrinsic approach, based on relaxation and tangential quasiconvexification, was developed by
Dacorogna, Fonseca, Malý and Trivisa [8]. Maps between two manifolds were also considered
by Bernard and Bessi [4], who used Young measures to prove the existence of minimizers for
polyconvex integrands in a suitable class of “Cartesian maps”. A different notion of Riemannian
quasiconvexity, in a framework involving differential forms on fiber bundles, was introduced
in [19]. We discuss the relation between these works and the present one in Section 2.

The paper is organized as follows. In Section 2 we introduce the concept of R–quasiconvexity,
prove equivalent formulations and compare it with the usual hierarchy of convexity notions. In
Section 3 we define the intrinsic weak and weak∗ convergence notions used for manifold–valued
Sobolev maps and prove the characterization of sequential lower semicontinuity for continuous
integrands in W 1,∞. Finally, in Section 4 we establish the Riemannian analogues of the Acerbi–
Fusco theorems for Carathéodory integrands satisfying the corresponding growth conditions, for
every 1 ⩽ p ⩽ +∞. For 1 < p ⩽ +∞, the notion of convergence we will consider coincides with
the one of Focardi and Spadaro [11] (extended to our setting), namely strong Lp convergence of
the maps together with uniform boundedness of their differentials in Lp. For p = 1, our notion
of convergence also requires equiintegrability of the differentials (a property which is implied by
the usual weak convergence in W 1,1(Ω,Rm)). In Remark 4.9, we will show by a counterexample
that this condition cannot in general be dropped for Carathéodory integrands.

We conclude the paper with some directions for further developments of the theory.
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2. QUASICONVEXITY IN THE RIEMANNIAN CONTEXT

In this section we introduce the notion of R–quasiconvexity, which extends the classical Eu-
clidean notion of quasiconvexity to the Riemannian setting. In the next section we show that this
condition is equivalent to weak∗ sequential lower semicontinuity in W 1,∞.

Let (M, g) and (N,h) be a pair of smooth, connected and complete Riemannian manifolds
of dimensions n and m, respectively. We define L (TM,TN) as the space of the linear maps
between a tangent space of M and a tangent space of N , that is,

L (TM, TN) =
{
α : TxM → TyN

∣∣ x ∈M , y ∈ N and α linear
}
.
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This space has a natural vector bundle structure over M ×N via the local parametrizations of M
and N , with fibers given by the vector spaces

L (TxM,TyN) =
{
αy
x : TxM → TyN

∣∣ αy
x linear

}
.

The space L (TM,TN) is clearly locally diffeomorphic to Rn × Rm × Rm×n. Indeed, choosing a
local orthonormal frame E1, . . . , En in a neighborhood U ⊆ M (diffeomorphic to Rn) of a point
x0 ∈ M and another one F1, . . . , Fm in a neighborhood V ⊆ N (diffeomorphic to Rm) of y0 ∈ N ,
in order to locally “trivialize” the vector bundle, we define the map I : L (TU, TV ) → Rm×n as

α 7→ Iα =
(
αj(Ei)

)
=

(
h(α(Ei), Fj)

)
∈ Rm×n, (2.1)

for every α ∈ L (TU, TV ), hence the map sending any αy
x : TxM → TyN to

(x, y, Iαy
x) =

(
x, y, h(αy

x(Ei), Fj)
)
∈ U × V × Rm×n ≈ Rn × Rm × Rm×n

is a diffeomorphism.
Then, we have a distance δ on L (TU, TV ) defined as follows:

δ(α, β) = dM (x, x′)+dN (y, y′)+∥Iα−Iβ∥ = dM (x, x′)+dN (y, y′)+

√√√√ n∑
i=1

m∑
j=1

∣∣αj(Ei)− βj(Ei)
∣∣2

(2.2)
for every α, β ∈ L (TU, TV ) such that α ∈ L (TxM,TyN) and β ∈ L (Tx′M,Ty′N), where dM

and dN are respectively the Riemannian distances on M and N .
It is then easy to see that such a distance, restricted to every fiber L (TxM,TyN), coincides with
the one associated with the “quadratic” norm (equivalent to the operator norm) induced by the
metric tensors gx and hy of M and N .

Clearly, if we have a differentiable function u : M → N , its differential du[x] : TxM → Tu(x)N
belongs to L (TxM,Tu(x)N) ⊆ L (TM,TN), for every x ∈M .

We choose to adopt the notation du[x] for the differential of a map u :M → N at a point x ∈M , for the
sake of clarity in the computations that follow. Moreover, again for notational clarity, we decided to deal
throughout the paper with the differentials of the functions instead of their “gradients”. The two points of
view are clearly equivalent.

In the notation above, for every x ∈ M and y ∈ N , the vector spaces TxM and TyN are
respectively isometric to Rn and Rm, via the orthonormal bases e1, . . . , en and f1, . . . , fm given
by the local orthonormal frames E1, . . . , En and F1, . . . , Fm at x and y (in a local “trivialization”
of the bundle L (TM, TN) around (x, y)).
With this identification, for r > 0, we define the open cube

Q̃r
x = r

(
− 1

2
,
1

2

)n

⊆ TxM ≈ Rn

and we will always assume that r is small enough that Q̃r
x is contained in a ball of TxM centered

at the origin and with radius smaller than the injectivity radius of M at x. This clearly implies
that the exponential map

expx : TxM →M

gives a diffeomorphism between Q̃r
x and its image

Qr
x = expx

(
Q̃r

x

)
⊆M.

In an entirely analogous way, for every y ∈ N , we define the open cube

P̃ s
y = s

(
− 1

2
,
1

2

)m

⊆ TyN ≈ Rm

and its image P s
y = expy

(
P̃ s
y

)
⊆ N via the exponential map expy : TyN → N . We underline,

in particular, that the exponential maps expx and expy have inverses defined on Qr
x and P s

y ,
respectively.
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Proposition 2.1. Let (M, g) and (N,h) be a pair of smooth, connected and complete Riemannian man-
ifolds of dimensions n and m, respectively, and let µg be the Riemannian volume measure of (M, g). Let
f : L (TM, TN) → R be a real function and let x0 ∈M , y0 ∈ N be such that the “restricted” map

fy0
x0

= f |L (Tx0M,Ty0N) : L (Tx0
M,Ty0

N) → R

is continuous. Then, for every s > 0 small enough that expy0
is a diffeomorphism on P̃ s

y0
, the following

three conditions are equivalent:
• for every αy0

x0
∈ L (Tx0

M,Ty0
N), every r > 0 small enough and every φ ∈ C∞(Qr

x0
, P s

y0
) which

is equal to y0 outside a compact subset of Qr
x0

, there holds

f(αy0
x0
) ⩽

 
Qr

x0

f
(
αy0
x0

+ d exp−1
y0

[φ(x)] ◦ dφ[x] ◦ d expx0
[exp−1

x0
(x)]

)
dµg(x) + o(1), (2.3)

where o(1) is a function which goes to zero as r → 0 and depends, in a monotonically nondecreas-
ing way, only on the L∞ norm of dφ with respect to local orthonormal frames on Qr

x0
and P s

y0
,

for fixed x0, y0, s small enough and αy0
x0

.
• for every αy0

x0
∈ L (Tx0M,Ty0N), every r > 0 small enough and every φ ∈ C∞(Qr

x0
, P s

y0
) which

is equal to y0 outside a compact subset of Qr
x0

, there holds

f(αy0
x0
) ⩽

1

rn

ˆ
Qr

x0

f
(
αy0
x0

+ d exp−1
y0

[φ(x)] ◦ dφ[x] ◦ d expx0
[exp−1

x0
(x)]

)
Jexp−1

x0
(x) dµg(x),

where Jexp−1
x0
(x) denotes the Jacobian of the map exp−1

x0
at the point x ∈ Qr

x0
.

• the “restricted” map fy0
x0

is quasiconvex in the usual sense: for every αy0
x0

∈ L (Tx0M,Ty0N),
every r > 0 and every ψ ∈ C∞

c

(
Q̃r

x0
, Ty0N

)
, there holds

f(αy0
x0
) ⩽

 
Q̃r

x0

f
(
αy0
x0

+ dψ[z]
)
dL n(z).

Proof. The second condition implies the first one, since µg(Q
r
x0
)/rn → 1 as r → 0 and the Jaco-

bian Jexp−1
x0
(x) of the inverse exponential map converges uniformly to 1 (the differential of the

exponential map is the identity at the origin of Tx0
M ), as x ∈ Qr

x0
and r → 0. Moreover, if the L∞

norm of dφ is bounded, the integrand f
(
αy0
x0

+ d exp−1
y0

[φ(x)] ◦ dφ[x] ◦ d expx0
[exp−1

x0
(x)]

)
is also

bounded.
The third condition implies the second one, by setting ψ = exp−1

y0
◦φ ◦ expx0

and changing vari-
ables z = exp−1

x0
(x). Hence, we only need to show that the first condition implies the third one.

Assume the first condition holds; then, by what we said above about Jexp−1
x0

, we also have

f(αy0
x0
) ⩽

1

rn

ˆ
Qr

x0

f
(
αy0
x0

+ d exp−1
y0

[φ(x)] ◦ dφ[x] ◦ d expx0
[exp−1

x0
(x)]

)
Jexp−1

x0
(x) dµg(x) + o(1),

hence,

f(αy0
x0
) ⩽

 
Q̃r

x0

f
(
αy0
x0

+ dψ[z]
)
dL n(z) + o(1), (2.4)

where ψ = exp−1
y0

◦φ◦ expx0
. Thus, this inequality holds for every ψ ∈ C∞

c

(
Q̃r

x0
, P̃ s

y0

)
, r > 0 small

enough, where o(1) is as in the statement, that is, it goes to zero as r → 0 and depends only on
the L∞ norm of dψ.
Let us fix r0 > 0 and ψ ∈ C∞

c

(
Q̃r0

x0
, Ty0

N
)
. For any ρ > 0, we define the rescaled function ψρ on

Q̃ρr0
x0

as
ψρ(z) = ρψ (z/ρ) ,

which clearly satisfies

dψρ[z] = dψ[z/ρ], hence, ∥dψρ∥L∞ = ∥dψ∥L∞ .
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For ρ > 0 small enough, the image of ψρ is contained in P̃ s
y0

; then, by formula (2.4) applied on the
cube Q̃ρr0

x0
and performing the change of variables w = z/ρ (so that dL n(z) = ρndL n(w)), we

have

f(αy0
x0
) ⩽

 
Q̃

ρr0
x0

f
(
αy0
x0

+ dψρ[z]
)
dL n(z) + o(1) =

 
Q̃

ρr0
x0

f
(
αy0
x0

+ dψ[z/ρ]
)
dL n(z) + o(1)

=
1

rn0 ρ
n

ˆ
Q̃

r0
x0

f
(
αy0
x0

+ dψ[w]
)
ρndL n(w) + o(1) =

 
Q̃

r0
x0

f
(
αy0
x0

+ dψ[w]
)
dL n(w) + o(1).

Hence, sending ρ → 0, as the L∞ norms of all dψρ are uniformly bounded, the “error term” o(1)
disappears and we conclude

f(αy0
x0
) ⩽

 
Q̃

r0
x0

f
(
αy0
x0

+ dψ[w]
)
dL n(w),

that is, the third condition is satisfied and we are done. □

Then, we are ready to give a definition of quasiconvexity in the Riemannian setting.

Definition 2.2. Let (M, g) and (N,h) be a pair of smooth, connected and complete Riemannian
manifolds of dimensions n and m, respectively, and let µg be the Riemannian volume measure
of (M, g). We call a real function f : L (TM, TN) → R Riemannian–quasiconvex or simply R–
quasiconvex if for µg–almost every x0 ∈M and every y0 ∈ N , the “restricted” map fy0

x0
is continu-

ous and f satisfies one of the equivalent conditions in the previous proposition.

The main obstacle in generalizing to the Riemannian context the usual definition of quasicon-
vexity in the Euclidean setting is due to the fact that we cannot identify all the tangent spaces of
a manifold as we can clearly do in Rn, hence two differentials at two different points cannot be
added together. Thus, in the definition above (referring to the first condition in Proposition 2.1)
we needed to morally “carry” the differential of the “perturbation” φ at every point x ∈ Qr

x0
back

to the fiber L (Tx0
M,Ty0

N), via the differentials of the exponential maps at x0 ∈ M and y0 ∈ N
(exponential maps whose differentials in the Euclidean case are simply the identity, under the
usual identification of Rn with all its tangent spaces – see also the discussion below). This forces
the introduction of an “error term” in the “quasiconvexity inequality” (2.3) that one reasonably
expects to go to zero as we get closer and closer to the point x0, since the Riemannian volume is
only asymptotically Euclidean or, equivalently, because the Jacobian Jexp−1

x0
in the second formu-

lation tends to one.

Remark 2.3. We underline that the presence of the “error term” o(1) in formula (2.3) is only due
to the use of the exponential map in dealing with the non–flatness of the domain (M, g), not of
the target space (N,h), as shown below by the Focardi–Spadaro case, where the domain is flat.
Indeed, by looking at the second equivalent condition of R–quasiconvexity in Proposition 2.1, if
the Jacobian Jexp−1

x0
(x) of the inverse exponential map is identically one, as in the Euclidean case,

then the “error term” o(1) is not necessary.

Remark 2.4. It might appear that the conditions in Proposition 2.1 (hence Definition 2.2) depend
on the choice of the orthonormal bases that we use to identify the tangent spaces with Rn and
Rm, in order to define the cubes Qr

x0
and P s

y0
, since changing such bases clearly modifies such

cubes. However, by the third equivalent condition in Proposition 2.1 and the usual domain–
independence of quasiconvexity, this dependence is only apparent. The same argument shows
that, instead of cubes, we can work with balls in the tangent spaces and their images via the
exponential maps (hence, geodesic/metric balls of the manifolds). We opted for cubes since this
choice simplifies the proofs of the theorems of the next section.

We briefly comment on the three equivalent definitions of R–quasiconvexity given by Propo-
sition 2.1. The first definition, which is the most similar to the “classical” one, being given in
terms of an integration on the domain of the functions, can be seen as a sort of “asymptotic qua-
siconvexity”. Moreover, the presence of the “error term” o(1) in inequality (2.3) is useful in the
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approximation arguments employed in the proof of the characterization of lower semicontinu-
ous functionals in the next section.
The third one, which deals with an integration on the tangent space ofM , is useful for comparing
R–quasiconvexity with other notions of convexity, as discussed below. Since Proposition 2.1 is
stated at a fixed pair (x0, y0), Definition 2.2 can then be rephrased as follows: for µg–almost every
x0 ∈M and every y0 ∈ N , the map fy0

x0
is quasiconvex in the usual sense.

Finally, the second equivalent condition in Proposition 2.1 provides a bridge connecting the first
formulation (focused on the manifold) and the third one (privileging the tangent space).

If (M, g) is Rn with its standard metric, for every point x ∈ Rn we have a standard identifica-
tion T ∗

xRn ≈ TxRn ≈ Rn and similarly for (N,h) = Rm. Hence, a function f : L (TRn, TRm) → R
can be put in one–to–one correspondence with a function f̃ : Rn × Rm × Rm×n → R as follows:
if A = (Aj

i ) ∈ Rm×n, for i ∈ {1, . . . , n} and j ∈ {1, . . . ,m}, then,

f̃(x0, y0, A) = f(αy0
x0
), (2.5)

where αy0
x0

: Tx0
Rn → Ty0

Rm is given by setting αy0
x0
(v) equal to the vector of Ty0

Rm ≈ Rm with
components

αy0
x0
(v)j =

n∑
i=1

Aj
iv

i,

for every vector v = (v1, . . . , vn) ∈ Tx0Rn ≈ Rn and viceversa: if αy0
x0

is operating as in this
formula, then f is defined by equality (2.5).
Then, with this one–to–one correspondence, our “Riemannian” definition of quasiconvexity in
the case of the Euclidean space (the first condition in Proposition 2.1) is equivalent to

f̃
(
x0, y0, A

)
⩽
 
Qr

x0

f̃
(
x0, y0, A+ dφ[x]

)
dL n(x) + o(1), (2.6)

for L n–almost every x0 ∈ Rn, every y0 ∈ Rm, A ∈ Rm×n and φ ∈ C∞
c (Qr

x0
,Rm), since, under the

identification T ∗
xRn ≈ TxRn ≈ Rn, the differentials of all the exponential maps are the identity.

Moreover, inequality (2.6) is clearly satisfied by a quasiconvex function f̃ : Rn×Rm×Rm×n → R,
actually without the “error term” o(1), according to the usual Definition 1.1 of quasiconvexity.
Hence, a “classical” quasiconvex function f̃ in the Euclidean setting is also R–quasiconvex in the
sense of Definition 2.2 (with the above identification of f̃ with f ). Conversely, we can directly
resort to the equivalent definition of R–quasiconvexity given by the third condition in Proposi-
tion 2.1. Indeed, with the identifications T ∗

x0
Rn ≈ Tx0

Rn ≈ Rn and T ∗
y0
Rm ≈ Ty0

Rm ≈ Rm, this
condition becomes precisely Definition 1.1.
Thus, our definition is an extension to Riemannian manifolds of the usual definition of quasicon-
vexity in the standard Euclidean context.

In our previous work [6], we addressed the simpler case when (N,h) is Rm with its standard
metric, while only the domain of the functions is a Riemannian manifold, obtaining the charac-
terization proved in the next section, in the case of continuous integrands andW 1,∞ maps. Then,
in the definition of R–quasiconvexity, one does not need the composition with d exp−1

y0
[φ(x)] ap-

pearing in formula (2.3), since it is possible to identify all the tangent spaces of Rm with Rm itself.
On the other hand, Focardi and Spadaro in [11] gave a definition of quasiconvexity in the “com-
plementary” case of Sobolev maps u : Ω → N , with Ω a bounded open subset of Rn and (N,h) a
Riemannian manifold, which is actually the third condition in Proposition 2.1 (hence, no “error
term” is present in their definition) and, in the W 1,∞ case, proved the analogous equivalence
with the weak∗ lower semicontinuity of the functionals, with respect to the intrinsic notion of
convergence adopted there.

The same constrained problem had been considered before, from an “extrinsic” point of view,
by Dacorogna, Fonseca, Malý and Trivisa in [8]: embedding the target manifold N into a Eu-
clidean space Rd, they obtained an integral representation for the relaxation of the energy, whose
density is the “tangential quasiconvexification” of the integrand, that is, the quasiconvexification
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obtained by using only perturbations with values in the tangent space ofN . The case of maps be-
tween two manifolds was instead considered by Bernard and Bessi in [4], who proved, by means
of Young measures, the existence of a minimizer for polyconvex integrands in a suitable class of
“Cartesian maps”.

Finally, we mention that another notion of Riemannian quasiconvexity, in a different frame-
work involving differential forms on fiber bundles, was introduced in [19].

Remark 2.5. We observe, as Focardi and Spadaro do in [11], that the third equivalent definition
of R–quasiconvexity in Proposition 2.1 is related only to the tangent spaces of the two manifolds
M and N . Hence, it could possibly be extended to the setting of maps between metric spaces,
provided the latter possess a suitable notion of tangent spaces (and possibly of an analogue of
the exponential map).

In the Euclidean setting, it is well known that for a function f : Rm×n → R, the following
“hierarchy” holds (see [7, Theorem 5.3]):

Convex =⇒ Polyconvex =⇒ Quasiconvex =⇒ Rank–one convex

Then, we can ask ourselves if these implications are still valid in our Riemannian context, after
giving “natural” generalizations of these notions of “convexity”. The following definitions are an
adaptation to the Riemannian setting of the corresponding Euclidean definitions, which can be
found in [7, Chapter 5]. It is easy to check that they all coincide with the usual ones when (M, g)
and (N,h) are respectively Rn and Rm with their canonical metrics.

Definition 2.6. Let (M, g) and (N,h) be a pair of smooth, connected and complete Riemannian
manifolds of dimensions n and m, respectively, and let µg be the Riemannian volume measure of
(M, g). We call a function f : L (TM, TN) → R R–convex, R–polyconvex or R–rank–one convex if
for µg–almost every x0 ∈M and every y0 ∈ N , the “restricted” map

fy0
x0

= f |L (Tx0
M,Ty0

N) : L (Tx0
M,Ty0

N) → R

is respectively convex, polyconvex or rank–one convex in the usual sense.

Then, recalling from the discussion above the fact that the third condition in Proposition 2.1 is
equivalent to the usual quasiconvexity for the “restricted” map fy0

x0
, we can immediately conclude

that for a function f : L (TM, TN) → R there holds:

R–convex =⇒ R–polyconvex =⇒ R–quasiconvex =⇒ R–rank–one convex

Corollary 2.7. If f : L (TM,TN) → R is R–quasiconvex, then, for µg–almost every x0 ∈M and every
y0 ∈ N , the “restricted” map fy0

x0
is locally Lipschitz.

Proof. The claim holds for any R–rank–one convex function, hence, by the previous discussion,
also for an R–quasiconvex function. Indeed, rank–one convexity implies separate convexity;
therefore, by [7, Theorem 2.31], the map fy0

x0
is locally Lipschitz. □

Remark 2.8. We also observe that if f is R–quasiconvex, then, for µg–almost every x0 ∈ M and
every y0 ∈ N such that fy0

x0
is of classC2, the map fy0

x0
satisfies the Legendre–Hadamard condition

(relevant for the regularity of the minimizers, see for instance [15] and [14]): for every αy0
x0

∈
L (Tx0

M,Ty0
N), η ∈ T ∗

x0
M and λ ∈ Ty0

N , expressing everything in terms of coordinates given
by some orthonormal bases of Tx0

M and Ty0
N , there holds

n∑
i,j=1

m∑
k,ℓ=1

∂2fy0
x0

∂ξki ∂ξ
ℓ
j

(
αy0
x0

)
ηiηjλ

kλℓ ⩾ 0.

3. R–QUASICONVEXITY AND WEAK∗ SEMICONTINUITY IN W 1,∞

In this section we first consider the case of W 1,∞ maps and continuous integrands, in order to
focus on the geometric aspects related to the Riemannian structure of both the domain and the
target, without introducing at the same time the additional technical difficulties arising from the
W 1,p setting and from a merely measurable dependence of the integrand on the point x ∈ M .
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This “continuous case” will also be used directly in Section 4: after a Scorza Dragoni localization
and freezing the dependence on the base point, the sufficiency proof for Carathéodory integrands
in W 1,∞ reduces locally to Theorem 3.3. The more general case of W 1,p maps and Carathéodory
integrands is treated in the next section. We prove, in our Riemannian setting, the analogues of
some special cases of Theorem 1.2 of Acerbi and Fusco, following the line of [3] (we mention that
the main argument in the next Theorem 3.3 is due to Fonseca–Müller [12]).

Notice that, since the base of the bundle L (TM, TN) is M × N , the integrand f(du[x]), with
du[x] ∈ L (TxM,Tu(x)N), depends on x, on u(x) and on du[x], hence in the Euclidean case it
corresponds to a continuous integrand f(x, u,Du).

We recall the Sobolev spaces of maps with values in a Riemannian manifold and we introduce
the notions of weak and weak∗ convergence used throughout the paper.

Following [11], for every bounded open set Ω ⊆ M and 1 ⩽ p ⩽ +∞, we define W 1,p(Ω, N)
intrinsically as follows. A measurable map u : Ω → N belongs to W 1,p(Ω, N) if there exists a
function H ∈ Lp(Ω) such that, for every y0 ∈ N , the function

x 7→ dN
(
u(x), y0

)
belongs to W 1,p(Ω) and ∣∣d(dN (u(·), y0)

)
[x]

∣∣
gx

⩽ H(x)

for µg–almost every x ∈ Ω. The role of the function H is to require a bound on the differentials of
the functions dN (u(·), y0) which is uniform with respect to y0 ∈ N : each of them only “sees” the
component of the differential of u in the direction of the geodesic from y0 to u(x), hence asking
that all of them belong to W 1,p(Ω), with no common bound, would give no control on the map u
itself. As shown in [11], the optimal choice of H is the function

x 7→ sup
i∈N

∣∣d(dN (u(·), yi)
)
[x]

∣∣
gx
,

for any countable dense subset {yi}i∈N of N . As in [11], every u ∈ W 1,p(Ω, N) is approximately
differentiable for µg–almost every x ∈ Ω and its approximate differential defines a linear map

du[x] ∈ L (TxM,Tu(x)N).

We denote by |du[x]| the norm of du[x] induced by gx and hu(x). The proof of the almost every-
where existence of the approximate differential is local and the argument of [11] applies in local
coordinates on M . Moreover, again as in [11], the norm |du| is bounded by H , up to a constant
depending only on n and m; in particular, |du| ∈ Lp(Ω). As recalled in [11], the definition above
follows the approach of [2] and [25]; several other definitions of Sobolev spaces of maps with
values in a metric space are available, starting from [18]: their equivalence with the one adopted
here was established, partially, in [26] and [17] and, in full generality, in [5]. For 1 ⩽ p < +∞, we
denote by Lp(Ω, N) the set of the measurable maps u : Ω → N such that dN (u(·), y0) ∈ Lp(Ω) for
every y0 ∈ N and we endow it with the intrinsic distance

dLp(u, v) =

(ˆ
Ω

dN
(
u(x), v(x)

)p
dµg(x)

)1/p

.

Since W 1,p(Ω, N) is not a vector space when the target N is nonlinear, there is no canonical
Banach–space weak topology on it. We therefore adopt the following intrinsic notions of con-
vergence.

Following [11], for 1 < p < +∞ we say that a sequence uj ∈ W 1,p(Ω, N) converges weakly to
u ∈W 1,p(Ω, N) if

dLp(uj , u) → 0 and sup
j∈N

∥duj∥Lp(Ω) < +∞.

For p = 1, we say that a sequence uj ∈W 1,1(Ω, N) converges weakly to u ∈W 1,1(Ω, N) if

dL1(uj , u) → 0

and the family |duj | is equiintegrable in L1(Ω). Thus, at p = 1 our definition is stronger than the
one used in [11], where only uniform boundedness of the differentials in L1 is required. When
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N = Rm, equiintegrability of the differentials already follows from the usual weak convergence
in W 1,1(Ω,Rm) by the Dunford–Pettis theorem. The equivalence with that convergence at p = 1
is explained below.

Finally, we say that a sequence uj ∈W 1,∞(Ω, N) converges weakly∗ to u ∈W 1,∞(Ω, N) if

∥dN (uj , u)∥L∞(Ω) → 0 and sup
j∈N

∥duj∥L∞(Ω) < +∞.

This is again exactly the notion used by Focardi and Spadaro in [11].

Remark 3.1. The terminology just introduced involves a slight abuse. Since W 1,p(Ω, N) is non-
linear, the expressions “weak convergence” and “weak∗ convergence” do not, in general, refer
to the weak or weak∗ topology of a Banach space. Throughout the paper, however, for simplic-
ity and unless explicitly stated otherwise, these expressions, as well as the symbols uj ⇀ u and
uj −⇀⋆ u, will always refer to the notions of convergence defined above.

A standard alternative is the extrinsic approach: one chooses an isometric embedding ofN into
a Euclidean space and uses the ordinary weak or weak∗ convergence of the embedded maps. We
prefer the intrinsic formulation above, in the same spirit as Focardi and Spadaro [11], because
it does not introduce an ambient Euclidean space and is closer to the theories of Sobolev maps
with values in metric spaces recalled above. In particular, the definition of W 1,p(Ω, N) and the
convergence notions themselves are largely metric in nature and are therefore better suited to
possible extensions to metric targets. On the other hand, the R–quasiconvexity developed in this
paper still uses the linear tangent spaces of M and N and the exponential maps; extending the
whole theory to general metric spaces would consequently require an appropriate replacement
for this tangent structure.

When N = Rm, the notions of convergence defined above imply the usual weak and weak∗

convergences in the corresponding Sobolev spaces, and they are equivalent to them whenever
the embedding W 1,p(Ω,Rm) ↪→ Lp(Ω,Rm) is compact, for instance when the bounded open set
Ω has a Lipschitz boundary. For p = 1, this equivalence holds on every bounded open set: usual
weak convergence gives equiintegrability also of the maps, so local compactness yields strong L1

convergence on Ω. For 1 < p ⩽ +∞, on an arbitrary bounded open set the converse implication
holds locally, on every relatively compact smooth subdomain. Consequently, for the nonnegative
integrands considered below, requiring lower semicontinuity on every bounded open set with
respect to the convergence we adopted is equivalent, in the Euclidean case, to requiring lower
semicontinuity with respect to the usual weak (or weak∗) convergence. Indeed, if uj converges to
u in the usual weak sense in W 1,p(Ω,Rm) (or in the usual weak∗ sense when p = +∞), choosing
an increasing exhaustion Ωk ⊆ Ω by smooth relatively compact open subsets, we have that on
each Ωk, the sequence uj converges in the sense above, henceˆ

Ωk

f(du) dµg ⩽ lim inf
j→∞

ˆ
Ωk

f(duj) dµg ⩽ lim inf
j→∞

ˆ
Ω

f(duj) dµg.

Letting k → ∞, the desired inequality on Ω follows by the monotone convergence theorem. In
particular, in the Euclidean case the lower semicontinuity statements below recover exactly the
classical Acerbi–Fusco formulation also for p = 1.

Remark 3.2. When 1 < p ⩽ +∞, our notion of convergence coincides exactly with that of Focardi
and Spadaro [11], adapted to our setting where both the domain and the target are Riemannian
manifolds. The difference concerns only the case p = 1, where we also require equiintegrability
of the differentials, whereas they require only strong L1 convergence of the maps and uniform
boundedness of their differentials in L1. Under this weaker convergence, Theorem 0.6 in [11]
states sequential lower semicontinuity of the integral functional for continuous quasiconvex in-
tegrands satisfying their growth assumptions, while in Section 4, we allow Carathéodory inte-
grands. The role of equiintegrability is clarified in Remark 4.9, after the proof of Theorem 4.4:
we will give a counterexample showing that this assumption cannot in general be dropped for
Carathéodory integrands.
As for the necessity of the R–quasiconvexity of the integrand, our stronger convergence at p = 1
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makes the assumption of sequential lower semicontinuity of the associated functional weaker,
since it is tested along a smaller class of sequences. In both settings, however, weak∗ conver-
gence in W 1,∞ implies the corresponding convergence in W 1,p for every 1 ⩽ p < +∞. Hence,
lower semicontinuity in W 1,p implies lower semicontinuity in W 1,∞ and the argument proving
necessity in W 1,∞ also gives the R–quasiconvexity of the integrand for finite p.

Theorem 3.3. Let (M, g) and (N,h) be a pair of smooth, connected and complete Riemannian manifolds
and let µg be the Riemannian volume measure of (M, g). Let f : L (TM,TN) → R be continuous and
R–quasiconvex in the sense of Definition 2.2. Then, for every bounded open subset Ω ⊆M , the functional

u 7→ F (u,Ω) =

ˆ
Ω

f(du) dµg

is sequentially lower semicontinuous with respect to the weak∗ convergence in W 1,∞(Ω, N), that is,

F (u,Ω) =

ˆ
Ω

f
(
du

)
dµg ⩽ lim inf

j→∞

ˆ
Ω

f
(
duj

)
dµg = lim inf

j→∞
F (uj ,Ω),

for every sequence uj −⇀⋆ u in W 1,∞(Ω, N).

Proof. Let n ∈ N be the dimension ofM . Let x0 ∈ Ω be a point where u is differentiable and where
the R–quasiconvexity inequality (2.3) holds (that is, µg–almost every point of Ω), set y0 = u(x0)
and let us assume that r > 0 is small enough for Qr

x0
to be contained in a neighborhood U ⊆ Ω

of x0 and for u(Qr
x0
) to be contained in a neighborhood V = P s

y0
⊆ N of y0 such that the vector

bundle L (TU, TV ) can be “trivialized” as we discussed in Section 2, by choosing orthonormal
frames E1, . . . , En in U and F1, . . . , Fm in V , with an associated map I and distance δ as in for-
mulas (2.1) and (2.2). Since uj −⇀⋆ u in W 1,∞(Ω, N), the functions uj converge uniformly to u
on Qr

x0
; hence, by disregarding a finite number of indices, we can assume that uj(Qr

x0
) ⊆ V for

every j ∈ N. Moreover, since the maps uj converge uniformly to u, whose image is bounded (as
dN (u(·), y0) ∈ L∞(Ω) for every y0 ∈ N ), hence relatively compact in the complete manifold N by
the Hopf–Rinow theorem, the images uj(Ω) are contained in a compact subset of N independent
of j ∈ N and the norms ∥duj∥∞ are uniformly bounded, all the arguments of the continuous func-
tion f appearing below lie in a compact subset of L (TM, TN), hence f is bounded on it and, by
possibly adding a constant to f , which changes neither the hypotheses nor the conclusion, we can
also assume that f is positive on it. Furthermore, on the compact subset K of L (TU, TV ) con-
taining the arguments of f appearing in the computations on Qr

x0
, the function f has a uniform

modulus of continuity ω (with respect to the distance δ), which we can assume to be continuous,
bounded and concave, hence subadditive. We set

v = exp−1
y0

◦u, vj = exp−1
y0

◦uj ,
and

A[x] = dv[x] = d exp−1
y0

[u(x)] ◦ du[x], Aj [x] = dvj [x] = d exp−1
y0

[uj(x)] ◦ duj [x].
We consider a smooth function ψ : Qr

x0
→ [0, 1] with compact support and we set, for every

j ∈ N,
φj = expy0

(
ψ(vj − v)

)
.

By disregarding again a finite number of indices if necessary, φj ∈ W 1,∞(Qr
x0
, P s

y0
) and φj = y0

outside a compact subset of Qr
x0

, hence

d exp−1
y0

[φj(x)]◦dφj [x] = ψ d(vj−v)[x]+dψ[x]⊗(vj−v) = ψ(Aj [x]−A[x])+dψ[x]⊗(vj−v). (3.1)

To simplify the notation in the computations below, we define

Lx = d expx0
[exp−1

x0
(x)],

for every x ∈ Qr
x0

and we start by applying the hypothesis of R–quasiconvexity for f , observing
that inequality (2.3) also holds for maps in W 1,∞(Qr

x0
, P s

y0
) which are equal to y0 outside a com-

pact subset of Qr
x0

, by a standard approximation argument in normal coordinates in the target
(mollifying exp−1

y0
◦φ and composing back with expy0

). Indeed, the function o(1) depends, by
hypothesis, in a monotonically nondecreasing way, on the L∞ norm of the differential of such
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maps and this approximation can be chosen in such a way as to control the L∞ norms of the
differentials of the approximating maps with the L∞ norm of the differential of the target map.
Hence, setting αy0

x0
= du[x0] in inequality (2.3), for every j ∈ N, we have

f
(
du[x0]

)
⩽

 
Qr

x0

f
(
du[x0] + d exp−1

y0
[φj(x)] ◦ dφj [x] ◦Lx

)
dµg(x) + oj(1)

=

 
Qr

x0

f
(
du[x0] + ψ d(vj − v)[x] ◦Lx + dψ[x]⊗ (vj − v) ◦Lx

)
dµg(x) + oj(1)

=

 
Qr

x0

f
(
du[x0]− ψA[x] ◦Lx + ψAj [x] ◦Lx + dψ[x]⊗ (vj − v) ◦Lx

)
dµg(x) + oj(1),

where the function oj(1) depends monotonically on ∥dφj∥∞, as in Definition 2.2.
Then, by the properties of the modulus of continuity ω of f , there holds

f
(
du[x0]−ψA[x] ◦Lx + ψAj [x] ◦Lx + dψ[x]⊗ (vj − v) ◦Lx

)
− f

(
Aj [x] ◦Lx

)
⩽ω

(∣∣du[x0]− ψA[x] ◦Lx + (ψ − 1)Aj [x] ◦Lx + dψ[x]⊗ (vj − v) ◦Lx

∣∣
gx0 ,hy0

)
⩽ω

(∣∣du[x0]− ψA[x] ◦Lx

∣∣
gx0

,hy0

)
+ ω

(∣∣(ψ − 1)Aj [x] ◦Lx

∣∣
gx0

,hy0

)
+ ω

(∣∣dψ[x]⊗ (vj − v) ◦Lx

∣∣
gx0

,hy0

)
⩽ω

(∣∣du[x0]− ψA[x] ◦Lx

∣∣
gx0

,hy0

)
+ ω

(
C|ψ − 1|

)
+ ω

(∣∣dψ[x]⊗ (vj − v) ◦Lx

∣∣
gx0

,hy0

)
,

where we took into account that the distance δ on L (TU, TV ), restricted to the fibers, coincides
with the one induced by the metrics g and h. Thus, we obtain

f
(
du[x0]

)
⩽

 
Qr

x0

f
(
Aj [x] ◦Lx

)
dµg(x) +

 
Qr

x0

ω
(∣∣du[x0]− ψA[x] ◦Lx

∣∣
gx0

,hy0

)
dµg(x)

+

 
Qr

x0

ω
(
C|ψ − 1|

)
dµg(x) +

 
Qr

x0

ω
(∣∣dψ[x]⊗ (vj − v) ◦Lx

∣∣
gx0 ,hy0

)
dµg(x) + oj(1).

(3.2)

We then deal with the term 
Qr

x0

f
(
Aj [x] ◦Lx

)
dµg(x) ⩽

 
Qr

x0

f
(
duj [x]

)
dµg(x) +

 
Qr

x0

ω
(
δ
(
Aj [x] ◦Lx, duj [x]

))
dµg(x),

showing that the last integral is bounded by a function o(1) independent of j ∈ N, after disre-
garding a finite number of indices.
Indeed, recalling formula (2.2), we have

ω
(
δ
(
Aj [x] ◦Lx, duj [x]

))
=ω

(
dM (x0, x) + dN (y0, uj(x)) +

∥∥I(Aj [x] ◦Lx)− Iduj [x]
∥∥)

⩽ω
(
dM (x0, x)

)
+ ω

(
dN (y0, uj(x))

)
+ ω

(∥∥I(Aj [x] ◦Lx)− Iduj [x]
∥∥)

⩽ω(
√
n r/2) + ω

(
dN (y0, uj(x))

)
+ ω

(∥∥I(Aj [x] ◦Lx)− Iduj [x]
∥∥).

Let B(x) be the matrix of Lx : Tx0
M → TxM with respect to the bases given by the frame

E1, . . . , En at x0 and x, and let Λ(y) be the matrix of d exp−1
y0

[y] : TyN → Ty0N with respect to the
bases given by the frame F1, . . . , Fm at y and y0. Then

I(Aj [x] ◦Lx) = Λ(uj(x))Iduj [x]B(x),

and hence∥∥I(Aj [x] ◦Lx)− Iduj [x]
∥∥ ⩽

∥∥Λ(uj(x))Iduj [x](B(x)− Id)
∥∥+

∥∥(Λ(uj(x))− Id)Iduj [x]
∥∥

⩽C∥duj∥∞
(
∥B(x)− Id∥+ dN (y0, uj(x))

)
= o(1),

where the last o(1) is independent of j, after disregarding a finite number of indices (depending
on r, which is harmless, since below we let j → ∞ for every fixed r): indeed, the norms ∥duj∥∞
are uniformly bounded, B(x) → Id uniformly as r → 0 and dN (y0, uj(x)) ⩽ dN (u(x0), u(x)) +
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dN (u(x), uj(x)) ⩽ C
√
n r/2 + ∥dN (u, uj)∥L∞(Qr

x0
), as u is Lipschitz and uj → u uniformly.

Hence, inequality (3.2) becomes

f
(
du[x0]

)
⩽
 
Qr

x0

f
(
duj [x]

)
dµg(x) +

 
Qr

x0

ω
(∣∣du[x0]− ψA[x] ◦Lx

∣∣
gx0

,hy0

)
dµg(x) + o(1)

+

 
Qr

x0

ω
(
C|ψ − 1|

)
dµg(x) +

 
Qr

x0

ω
(∣∣dψ[x]⊗ (vj − v) ◦Lx

∣∣
gx0 ,hy0

)
dµg(x) + oj(1)

(3.3)

where the function o(1) is independent of j ∈ N, while the functions oj(1) equal η(r, ∥dφj∥∞) for
some function η going to zero as r → 0 and monotone nondecreasing (and we can also clearly
assume continuous from the right) in its second argument.
Observing now that, by equation (3.1) and the smoothness of expy0

, there holds

∥dφj∥∞ ⩽ C
(
∥ψ∥∞∥Aj −A∥∞ + ∥dψ∥∞∥vj − v∥∞

)
,

we have

oj(1) = η(r, ∥dφj∥∞) ⩽ η
(
r, C∥ψ∥∞∥Aj −A∥∞ + C∥dψ∥∞∥vj − v∥∞

)
⩽ η

(
r, C + C∥dψ∥∞∥vj − v∥∞

)
,

for a possibly larger constant C, as the norms ∥Aj −A∥∞ are uniformly bounded. It follows that

lim sup
j→∞

oj(1) ⩽ lim sup
j→∞

η
(
r, C + C∥dψ∥∞∥vj − v∥∞

)
= η(r, C) = o(1),

with a function o(1) independent of j ∈ N, by the properties of the function η and the fact that
∥vj − v∥∞ → 0, as uj → u uniformly. Then, passing to the liminf as j → ∞ in formula (3.3), we
obtain

f
(
du[x0]

)
⩽ lim inf

j→∞

 
Qr

x0

f
(
duj [x]

)
dµg(x) +

 
Qr

x0

ω
(∣∣du[x0]− ψA[x] ◦Lx

∣∣
gx0

,hy0

)
dµg(x)

+

 
Qr

x0

ω
(
C|ψ − 1|

)
dµg(x) + o(1),

as the last integral in formula (3.3) goes to zero, by the dominated convergence theorem. Now
letting ψ go to the characteristic function of Qr

x0
, the last integral in this formula vanishes (again

by the dominated convergence theorem), hence

f
(
du[x0]

)
⩽ lim inf

j→∞

 
Qr

x0

f
(
duj [x]

)
dµg(x) +

 
Qr

x0

ω
(∣∣du[x0]−A[x] ◦Lx

∣∣
gx0

,hy0

)
dµg(x) + o(1).

Finally, we show that the second integral on the right is bounded by a function o(1). By arguing
as above, when we dealt with Aj , we have

ω
(∣∣du[x0]−A[x] ◦Lx

∣∣
gx0 ,hy0

)
⩽ω

(
δ
(
du[x0], du[x]

)
+ δ

(
du[x], A[x] ◦Lx

))
⩽ω

(
δ
(
du[x0], du[x]

))
+ ω

(
δ
(
du[x], A[x] ◦Lx

))
⩽ω

(
dM (x0, x)

)
+ ω

(
dN (y0, u(x))

)
+ ω

(∥∥Idu[x0]− Idu[x]
∥∥)+ o(1)

⩽ω
(∥∥Idu[x0]− Idu[x]

∥∥)+ o(1),

hence, 
Qr

x0

ω
(∣∣du[x0]−A[x] ◦Lx

∣∣
gx0

,hy0

)
dµg(x) ⩽

 
Qr

x0

ω
(∥∥Idu[x0]− Idu[x]

∥∥) dµg(x) + o(1).

If now x0 is a Lebesgue point for the function Idu, the integral on the right goes to zero as r → 0,
by Jensen’s inequality, since the function ω is concave and continuous with ω(0) = 0. Thus, we
conclude that at µg–almost every point x0 of Ω, there holds

f
(
du[x0]

)
⩽ lim inf

j→∞

 
Qr

x0

f
(
duj

)
dµg + o(1). (3.4)
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As Ω is bounded and the functions f(duj) are uniformly bounded, the following quantity is finite,

lim inf
j→∞

ˆ
Ω

f
(
duj

)
dµg = ℓ < +∞

and we can define the finite positive Radon measures νj on Ω, for every j ∈ N, given by

dνj = f
(
duj

)
dµg,

satisfying the uniform bound ∥νj∥ =
´
Ω
f
(
duj

)
dµg ⩽ C. Hence, up to a subsequence, we may

assume that
´
Ω
f(duj) dµg → ℓ and, by the Banach–Alaoglu–Bourbaki theorem, that νj weakly∗

converges to some limit Radon measure ν.
For every open subset G of Ω, by the properties of the weak∗ convergence, we have

ν(G) ⩽ lim inf
j→∞

νj(G) = lim inf
j→∞

ˆ
G

f
(
duj

)
dµg ⩽ Cµg(G),

whereC is an upper bound for the functions f(duj), hence, by the outer regularity of the measure
µg , there holds ν(B) ⩽ Cµg(B) for every Borel set B ⊆ Ω, in particular ν ≪ µg . Thus, we may
apply the Radon–Nikodym theorem, obtaining a function θ : Ω → [0,+∞) such that dν = θ dµg

and, by the differentiation theorem for Radon measures (in normal coordinates around x, the
closed cubes Q

r

x form a “regular” family),

θ(x) = lim
r→0

ν
(
Q

r

x

)
µg

(
Q

r

x

) ,
for µg–almost every x ∈ Ω.
Then, at the points x0 ∈ Ω where inequality (3.4) is satisfied and the above limit holds, we have

f
(
du[x0]

)
⩽ lim inf

r→0

(
lim inf
j→∞

 
Qr

x0

f
(
duj

)
dµg + o(1)

)
= lim inf

r→0
lim inf
j→∞

νj
(
Qr

x0

)
µg

(
Qr

x0

)
= lim inf

r→0
lim inf
j→∞

νj
(
Q

r

x0

)
µg

(
Q

r

x0

) ⩽ lim inf
r→0

ν
(
Q

r

x0

)
µg

(
Q

r

x0

) = θ(x0),

as lim supj→∞ νj
(
Q

r

x0

)
⩽ ν

(
Q

r

x0

)
, since the sets Q

r

x0
are compact. Hence, f

(
du[x]

)
⩽ θ(x) µg–

almost everywhere in Ω, thus

F (u,Ω) =

ˆ
Ω

f
(
du

)
dµg ⩽

ˆ
Ω

θ dµg = ν(Ω) ⩽ lim inf
j→∞

νj(Ω)

= lim inf
j→∞

ˆ
Ω

f
(
duj

)
dµg = lim inf

j→∞
F (uj ,Ω)

and the proof is complete. □

The following theorem is the converse of the previous one.

Theorem 3.4. Let (M, g) and (N,h) be a pair of smooth, connected and complete Riemannian manifolds
and let µg be the Riemannian volume measure of (M, g). Let f : L (TM, TN) → R be a continuous
function. If for every bounded open subset Ω ⊆M , the functional

F (u,Ω) =

ˆ
Ω

f
(
du

)
dµg

is sequentially lower semicontinuous with respect to the weak∗ convergence in W 1,∞(Ω, N), then the
function f is R–quasiconvex in the sense of Definition 2.2.

Proof. Let n ∈ N be the dimension of M . We adopt the same setting and notation as in the proof
of Theorem 3.3. In particular, having fixed x0 ∈ M , y0 ∈ N and αy0

x0
∈ L (Tx0

M,Ty0
N), we work

in neighborhoods U ⊆ M of x0 and V = P s
y0

⊆ N of y0 such that the vector bundle L (TU, TV )
can be “trivialized” and Qr

x0
⊆ U .

We consider a smooth function u : U → N such that u(x0) = y0 and du[x0] = αy0
x0

(which clearly
exists, after possibly reducing U ), with u(U) ⊆ P

s/2
y0 , and set v = exp−1

y0
◦u. Let φ ∈ C∞(Qr

x0
, P s

y0
)
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be equal to y0 outside a compact subset of Qr
x0

and set φ̃ = exp−1
y0

◦φ. Then the function φ̃ ◦ expx0

is defined on the open cube Q̃r
x0

= r(−1/2, 1/2)n ⊆ Tx0
M , smooth and with compact support.

We define the extension by periodicity ψ : Tx0
M → Ty0

N of φ̃ ◦ expx0
to the whole of Tx0

M and
we set

φk(x) =
1

k
ψ(k exp−1

x0
(x))

for every x ∈ Qr
x0

and k ∈ N. Then, clearly φk → 0 uniformly and the differentials dφk are
uniformly bounded, since

dφk[x] = dψ
[
k exp−1

x0
(x)

]
◦ d exp−1

x0
[x].

Hence, for k ∈ N large enough, we can define

uk(x) = expy0

(
v(x) + φk(x)

)
,

and uk −⇀⋆ u in W 1,∞(Qr
x0
, N), since uk → u uniformly and the differentials duk are uniformly

bounded. Thus, by the hypothesis of lower semicontinuity of the functional F , there holdsˆ
Qr

x0

f
(
du[x]

)
dµg(x) ⩽ lim inf

k→∞

ˆ
Qr

x0

f
(
duk[x]

)
dµg(x). (3.5)

For x ∈ Qr
x0

, set z = exp−1
x0

(x). Since

duk[x] = d expy0

[
v(x) + φk(x)

]
◦
(
dv[x] + dψ[kz] ◦ d exp−1

x0
[x]

)
,

arguing as in the proof of Theorem 3.3 and using the smoothness of u, of the exponential maps
and of the local orthonormal frames, we have, uniformly for x ∈ Qr

x0
,

δ
(
duk[x], α

y0
x0

+ dψ[kz]
)
⩽ Cr

(
1 + ∥dψ∥∞

)
+
C

k
∥ψ∥∞

(
1 + ∥dψ∥∞

)
, (3.6)

for r > 0 small enough and k ∈ N large enough. Indeed, representing the linear maps in
the chosen local orthonormal frames, dv[x] = αy0

x0
+ O(r), d exp−1

x0
[x] = IdTx0M

+ O(r) and
d expy0

[v(x) + φk(x)] = IdTy0N
+ O(r + k−1∥ψ∥∞), while dM (x, x0) = O(r) and dN (uk(x), y0) =

O(r + k−1∥ψ∥∞). Therefore, considering a suitable continuous, bounded and concave modulus
of continuity ω of f , formula (3.6) gives∣∣f(duk[x])− f

(
αy0
x0

+ dψ[k exp−1
x0

(x)]
)∣∣ ⩽ω

(
Cr(1 + ∥dψ∥∞)

)
+ ω

(
C

k
∥ψ∥∞(1 + ∥dψ∥∞)

)
⩽ o(1)(1 + ∥dψ∥∞) + ok(1), (3.7)

as r → 0 and k → ∞, where ok(1) → 0 as k → ∞ for fixed r. Hence, from (3.5),ˆ
Qr

x0

f
(
du[x]

)
dµg(x) ⩽ lim inf

k→∞

ˆ
Qr

x0

f
(
αy0
x0

+ dψ
[
k exp−1

x0
(x)

])
dµg(x) + o(1)µg(Q

r
x0
). (3.8)

Changing variables as z = exp−1
x0

(x), so z ∈ r(−1/2, 1/2)n ⊆ Tx0
M and denoting by dz the

Lebesgue measure on Tx0M relative to the metric tensor gx0 , we haveˆ
Qr

x0

f
(
αy0
x0

+ dψ
[
k exp−1

x0
(x)

])
dµg(x) =

ˆ
r(−1/2,1/2)n

f
(
αy0
x0

+ dψ[kz]
)
Jexpx0

(z) dz

⩽
ˆ
r(−1/2,1/2)n

f
(
αy0
x0

+ dψ[kz]
)
dz + Crn+1, (3.9)

for some constant C independent of k ∈ N, since the Jacobian of the exponential map expx0
at the

point z ∈ Tx0M , namely

Jexpx0
(z) =

∣∣∣det
ij

(
gexpx0

(z)(d expx0
[z](Ei), Ej)

)∣∣∣,
satisfies

Jexpx0
(z) = Jexp−1

x0

(
expx0

(z)
)−1

.
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The function Jexpx0
is smooth and goes uniformly to 1 as r → 0, because |z| ⩽ r

√
n/2 (we recall

that d expx0
[0] is the identity of Tx0

M ) and f
(
αy0
x0

+ dψ[kz]
)

is bounded. Then, changing the
variables again as w = kz in the last integral, we getˆ

Qr
x0

f
(
αy0
x0

+ dψ
[
k exp−1

x0
(x)

])
dµg(x) ⩽

1

kn

ˆ
kr(−1/2,1/2)n

f
(
αy0
x0

+ dψ[w]
)
dw + Crn+1.

Now, by the periodicity of ψ, there holds
1

kn

ˆ
kr(−1/2,1/2)n

f
(
αy0
x0

+ dψ[w]
)
dw =

ˆ
r(−1/2,1/2)n

f
(
αy0
x0

+ dφ̃[expx0
(w)] ◦ d expx0

[w]
)
dw

and if we change (back) variables as x = expx0
(w), we obtainˆ

r(−1/2,1/2)n
f
(
αy0
x0

+ dφ̃[expx0
(w)] ◦ d expx0

[w]
)
dw

=

ˆ
Qr

x0

f
(
αy0
x0

+ d exp−1
y0

[φ(x)] ◦ dφ[x] ◦ d expx0
[exp−1

x0
(x)]

)
Jexp−1

x0
(x) dµg(x)

⩽
ˆ
Qr

x0

f
(
αy0
x0

+ d exp−1
y0

[φ(x)] ◦ dφ[x] ◦ d expx0
[exp−1

x0
(x)]

)
dµg(x) + Crµg(Q

r
x0
),

arguing as above. Hence, by this inequality, whose right–hand side does not depend on k ∈ N,
and by formulas (3.8) and (3.9), we concludeˆ

Qr
x0

f
(
du[x]

)
dµg(x) ⩽

ˆ
Qr

x0

f
(
αy0
x0

+ d exp−1
y0

[φ(x)] ◦ dφ[x] ◦ d expx0
[exp−1

x0
(x)]

)
dµg(x)

+ o(1)µg(Q
r
x0
),

as µg(Q
r
x0
) ≈ rn.

Since, by the continuity of du, there holdsˆ
Qr

x0

f
(
αy0
x0

)
dµg(x) ⩽

ˆ
Qr

x0

f
(
du[x]

)
dµg(x) + o(1)µg(Q

r
x0
)

and du[x0] = αy0
x0

, we finally have

f(αy0
x0
) ⩽

1

µg(Qr
x0
)

ˆ
Qr

x0

f
(
αy0
x0

+ d exp−1
y0

[φ(x)] ◦ dφ[x] ◦ d expx0
[exp−1

x0
(x)]

)
dµg(x) + o(1)

for every x0 ∈M , y0 ∈ N and αy0
x0

∈ L (Tx0M,Ty0N), with o(1) going to zero as r → 0, depending
only on the L∞ norm of dφ. Moreover, ∥dψ∥∞ ⩽ C∥dφ∥∞, with a constant depending only on
the fixed local charts, and by tracing back how we obtained such a function o(1), it is clear that it
can be chosen in a way that such a dependence is monotonically nondecreasing (see in particular
estimate (3.7)). Hence, the function f is R–quasiconvex according to Definition 2.2. □

Putting together the two theorems, we have the following one, which generalizes (in our case
of f continuous) the results of Acerbi and Fusco for p = +∞.

Theorem 3.5. Let (M, g) and (N,h) be a pair of smooth, connected and complete Riemannian manifolds
and let µg be the Riemannian volume measure of (M, g). Let f : L (TM,TN) → R be continuous. Then,
f is R–quasiconvex in the sense of Definition 2.2 if and only if for every bounded open subset Ω ⊆M , the
functional

u 7→ F (u,Ω) =

ˆ
Ω

f(du) dµg

is sequentially lower semicontinuous with respect to the weak∗ convergence in W 1,∞(Ω, N).

Remark 3.6. We notice that, if f is continuous and R–quasiconvex, the quasiconvexity condition of
Definition 2.2 actually holds for every x0 ∈ M , not only for µg–almost every x0 ∈ M , as indeed
the proof of Theorem 3.4 shows. This can also be seen directly: the set of the points x0 ∈ M
such that fy0

x0
is quasiconvex for every y0 ∈ N is closed, since the quasiconvexity inequality (the
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third condition in Proposition 2.1, written in a local “trivialization” of the bundle) passes to the
limit as x0 varies, by the uniform continuity of f on the compact subsets of L (TM, TN); having
full measure, it is also dense, hence it coincides with M . The distinction between “every” and
“almost every” x0 becomes relevant only for Carathéodory integrands, which are treated in the
next section.

4. THE RIEMANNIAN ANALOGUES OF THE ACERBI–FUSCO THEOREMS

We now extend the results of the previous section in the two directions appearing in the the-
orems of Acerbi and Fusco recalled in the Introduction: first, we allow a merely measurable
dependence of the integrand on the point x ∈M and, second, we consider the spacesW 1,p(Ω, N)
for 1 ⩽ p < +∞. The natural class of integrands is the Riemannian analogue of the Carathéodory
functions in Theorems 1.2 and 1.3. We first make this notion precise.

Let U ⊆ M and V ⊆ N be open sets endowed with local orthonormal frames as in Section 2,
and let

ΦU,V : L (TU, TV ) → U × V × Rm×n, ΦU,V (α
y
x) = (x, y, Iαy

x)

be the corresponding local “trivialization” of the bundle L (TM, TN). Moreover, we denote
by |αy

x| the norm of αy
x ∈ L (TxM,TyN) induced by the metrics gx and hy , that is, the norm

associated with the distance δ restricted to the fibers.

Definition 4.1. We say that a function f : L (TM, TN) → R is a Carathéodory integrand if, for
every pair of open sets U ⊆M , V ⊆ N as above, the function

fU,V (x, y,A) = f
(
Φ−1

U,V (x, y,A)
)

is measurable with respect to x ∈ U , for every (y,A) ∈ V × Rm×n, and continuous with respect
to (y,A) ∈ V × Rm×n, for µg–almost every x ∈ U .

This definition is independent of the choice of the local orthonormal frames, since the tran-
sition maps between two local “trivializations” are smooth. In particular, covering M and N
with countably many such open sets U and V , for a Carathéodory integrand the restricted maps
fy0
x0

are continuous for µg–almost every x0 ∈ M and every y0 ∈ N , hence Definition 2.2 applies
without any modification.

We use the intrinsic definition of the Sobolev spaces W 1,p(Ω, N) introduced in the previous
section and, according to the convention in Remark 3.1, the terms weak and weak∗ convergence
always refer to the notions fixed there. For 1 < p < +∞ and for p = +∞ they coincide with the
notions of Focardi and Spadaro, whereas for p = 1 we require in addition the equiintegrability of
the differentials.

Our first result is the full analogue of Theorem 1.2 in the case p = +∞.

Theorem 4.2 (Riemannian Acerbi–Fusco – Case p = +∞). Let (M, g) and (N,h) be a pair of smooth,
connected and complete Riemannian manifolds and let µg be the Riemannian volume measure of (M, g).
Let f : L (TM,TN) → R be a Carathéodory integrand in the sense of Definition 4.1, satisfying the
following growth condition: there exists a nonnegative function a ∈ L1

loc(M) such that, for every compact
subset K ⊆ N and every R > 0, there exists a constant CK,R ⩾ 0 for which

0 ⩽ f(αy
x) ⩽ a(x) + CK,R, (4.1)

for µg–almost every x ∈M , every y ∈ K and every αy
x ∈ L (TxM,TyN) with |αy

x| ⩽ R.
Then, f is R–quasiconvex in the sense of Definition 2.2 if and only if for every bounded open subset
Ω ⊆M , the functional

u 7→ F (u,Ω) =

ˆ
Ω

f(du) dµg

is sequentially lower semicontinuous with respect to the weak∗ convergence in W 1,∞(Ω, N) (in the sense
of Section 3).
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The growth assumption above is simply the intrinsic version of the condition

0 ⩽ f(x, s, ξ) ⩽ a(x) + b(s, ξ)

in Theorem 1.2, with b locally bounded. Notice that Theorem 3.5 already gives the same equiva-
lence for arbitrary continuous integrands, without any growth or sign assumption. Thus, in the
case p = +∞, the genuinely new point is the merely measurable dependence on x and the growth
condition above provides the required locally integrable upper bound in the Carathéodory set-
ting. It is then natural to combine the geometric argument of the previous section with the ap-
proximation arguments used by Acerbi and Fusco [1] (see also Marcellini [21]).

Remark 4.3. The growth condition in Theorem 4.2 is automatically satisfied by every nonnegative
continuous integrand. Indeed, let Mj ⊆ M and Kj ⊆ N be increasing exhaustions by compact
subsets, chosen so that Mj ⊆ intMj+1 and Kj ⊆ intKj+1, and set

Tj(x) = max
{
f(αy

x) | y ∈ Kj and |αy
x| ⩽ j

}
and Cj = max

x∈Mj

Tj(x).

For every j ∈ N and every x ∈ M , the set over which the maximum defining Tj(x) is taken is
compact, hence Tj(x) < +∞. Moreover, Tj is continuous by the maximum theorem applied in
local “trivializations” of L (TM,TN). Since Mj ×Kj is compact, the corresponding subset with
|α| ⩽ j is compact in the bundle, and therefore Cj = maxx∈Mj Tj(x) < +∞. Then, the function
a = supj∈N(Tj − Cj)

+ is nonnegative, lower semicontinuous and bounded on every Mi, since
Tj ⩽ Cj on Mi for every j ⩾ i, while Tj ⩽ Ti ⩽ Ci on Mi for every j < i. Hence a ∈ L1

loc(M) and

f(αy
x) ⩽ a(x) + Cj

for every x ∈M , y ∈ Kj and |αy
x| ⩽ j, which is the growth condition, since every compact subset

K ⊆ N is contained in Kj and every R > 0 satisfies R ⩽ j, for j large enough. Therefore, as far
as nonnegative integrands are concerned, Theorem 3.5 is a special case of Theorem 4.2 and the
extra generality of the former lies only in the absence of any sign condition on f . By contrast, the
growth condition in Theorem 4.4 is a genuine restriction also for continuous integrands, exactly
as in Theorem 1.3.

We next consider the case 1 ⩽ p < +∞. Fixing a point y∗ ∈ N , the intrinsic counterpart of the
term |s|p appearing in Theorem 1.3 is dN (y, y∗)

p.

Theorem 4.4 (Riemannian Acerbi–Fusco – Case 1 ⩽ p < +∞). Let (M, g) and (N,h) be a pair of
smooth, connected and complete Riemannian manifolds and let µg be the Riemannian volume measure of
(M, g). Let 1 ⩽ p < +∞, fix y∗ ∈ N and let f : L (TM, TN) → R be a Carathéodory integrand in the
sense of Definition 4.1, satisfying

0 ⩽ f(αy
x) ⩽ a(x) + C

(
dN (y, y∗)

p + |αy
x|p

)
(4.2)

for µg–almost every x ∈ M , every y ∈ N and every αy
x ∈ L (TxM,TyN), where a ∈ L1

loc(M) is
nonnegative and C ⩾ 0 is a constant.
Then, f is R–quasiconvex in the sense of Definition 2.2 if and only if for every bounded open subset
Ω ⊆M , the functional

u 7→ F (u,Ω) =

ˆ
Ω

f(du) dµg

is sequentially lower semicontinuous with respect to the weak convergence in W 1,p(Ω, N) (in the sense of
Section 3).

The growth assumption in the theorem above is the intrinsic counterpart of

0 ⩽ f(x, s, ξ) ⩽ a(x) + C
(
|s|p + |ξ|p

)
in Theorem 1.3. The choice of the reference point y∗ is immaterial, since, by the triangle inequality,
changing it only amounts to changing the constant C and adding a constant term, which can be
absorbed into the locally integrable function a. In particular, no compactness assumption on
the target manifold N is needed. We stress that the intrinsic definition of W 1,p(Ω, N) and the
notion of convergence considered on this space are two separate issues. For p = 1, the weak
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convergence appearing in the theorem is the one defined in Section 3: it requires equiintegrability
of the differentials and is stronger than the convergence used by Focardi and Spadaro. When
N = Rm, it coincides with the usual weak convergence in W 1,1(Ω,Rm) on every bounded open
set, as explained in Section 3.

When both the domain and the target are Euclidean and y∗ = 0, Theorems 4.2 and 4.4 reduce,
at the level of the lower semicontinuity statements, to Theorems 1.2 and 1.3, respectively, taking
into account the discussion on the notions of convergence in Section 3. We stress that no gen-
erality is lost in this reduction: as shown there, requiring lower semicontinuity with respect to
the notions of convergence adopted here for every bounded open subset is equivalent, in the Eu-
clidean case, to requiring it with respect to the usual weak and weak∗ convergences. On the other
hand, if only the target is Euclidean, these statements extend the results obtained in [6], while in
the complementary case of a Euclidean domain and a manifold target the sufficiency of the cor-
responding notion of quasiconvexity for the lower semicontinuity in W 1,p, for 1 ⩽ p ⩽ +∞, with
respect to the convergence considered there, is stated in Theorem 0.6 of Focardi and Spadaro [11]
for continuous integrands. For p = 1, their result does not require equiintegrability of the dif-
ferentials, whereas Theorem 4.4 requires this condition but allows Carathéodory integrands (see
Remark 3.2).

We prove below the necessity direction in the case p = +∞, by extending to Carathéodory
integrands the localized oscillation argument used in Theorem 3.4, by means of the classical
Scorza Dragoni theorem [27]. The necessity for 1 ⩽ p < +∞ is then an immediate consequence
of the case p = +∞. The main new point is the sufficiency for Carathéodory integrands and, for
finite p, the control of the p–growth terms. The proof combines the geometric localization devel-
oped in Theorem 3.3 with the measure–theoretic and approximation arguments of the classical
Acerbi–Fusco theory [1] and its later variants [21]. This separates the analytic issues as much as
possible from the genuinely Riemannian ones treated in Section 3.

Proof of the necessity – The case p = +∞.
We only need to modify the proof of Theorem 3.4 in order to deal with the merely measurable
dependence of f on the point x ∈ M . We use the classical Scorza Dragoni argument [27], as in
the Euclidean case of Acerbi and Fusco [1].
Consider a local “trivialization” of L (TM, TN) as in Section 2 and write fU,V (x, y,A) for the
corresponding expression of f . By the Scorza Dragoni theorem, using a countable atlas of M
and N , countable exhaustions by compact subsets of the variables (y,A) and compact subsets of
the coordinate neighborhoods whose complements have arbitrarily small measure, and then by
the Lebesgue density theorem, there exists a set M0 ⊆ M of full µg–measure with the following
property: for every x0 ∈M0∩U and every compact subset K ⊆ V ×Rm×n there exists a compact
set E ⊆ U containing x0, of which x0 is a density point, such that fU,V is continuous on E ×K.
We can also assume that every x0 ∈ M0 is a Lebesgue point of the function a appearing in the
growth assumption, that the growth condition holds at x0 and that fU,V (x0, ·, ·) is continuous.
We fix x0 ∈ M0, y0 ∈ N and αy0

x0
∈ L (Tx0M,Ty0N), and we follow exactly the proof of Theo-

rem 3.4. In particular, we choose u, v, ψ, φk and uk as there, so that uk −⇀⋆ u in W 1,∞(Qr
x0
, N)

and ˆ
Qr

x0

f
(
du[x]

)
dµg(x) ⩽ lim inf

k→∞

ˆ
Qr

x0

f
(
duk[x]

)
dµg(x). (4.3)

Moreover, setting z = exp−1
x0

(x), estimate (3.6) gives

δ
(
duk[x], α

y0
x0

+ dψ[kz]
)
⩽ Cr

(
1 + ∥dψ∥∞

)
+
C

k
∥ψ∥∞

(
1 + ∥dψ∥∞

)
. (4.4)

All the arguments of f appearing in this estimate belong, for r small enough and k large enough,
to a fixed compact subset K of V × Rm×n, in the corresponding local “trivialization”. Let E be a
compact set as above, associated with such a set K, and set

Br = Qr
x0

\ E.
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Since fU,V is uniformly continuous on E ×K, from inequality (4.4) we obtain, for x ∈ Qr
x0

∩ E,∣∣f(duk[x])− f
(
αy0
x0

+ dψ[k exp−1
x0

(x)]
)∣∣ ⩽ωE

(
Cr(1 + ∥dψ∥∞)

)
+ ωE

(C
k
∥ψ∥∞(1 + ∥dψ∥∞)

)
,

where ωE is a modulus of continuity depending on the compact set E ×K. On the other hand,
by the growth assumption, for some constant C independent of r and k,ˆ

Br

∣∣f(duk[x])− f
(
αy0
x0

+ dψ[k exp−1
x0

(x)]
)∣∣ dµg(x) ⩽

ˆ
Br

a(x) dµg(x) +
(
a(x0) + C

)
µg(Br).

Since x0 is a density point of E and a Lebesgue point of a, there holds

µg(Br)

µg(Qr
x0
)
→ 0

and
1

µg(Qr
x0
)

ˆ
Br

a(x) dµg(x) ⩽
 
Qr

x0

|a(x)− a(x0)| dµg(x) + a(x0)
µg(Br)

µg(Qr
x0
)
→ 0

as r → 0. Hence, letting first k → ∞ for every fixed r in inequality (4.3), we obtain exactly the
analogue of formula (3.8),ˆ

Qr
x0

f
(
du[x]

)
dµg(x) ⩽ lim inf

k→∞

ˆ
Qr

x0

f
(
αy0
x0

+ dψ[k exp−1
x0

(x)]
)
dµg(x) + o(1)µg(Q

r
x0
). (4.5)

The same argument, without the oscillating term, gives 
Qr

x0

f
(
du[x]

)
dµg(x) = f

(
αy0
x0

)
+ o(1), (4.6)

since u(x0) = y0 and du[x0] = αy0
x0

.
Starting from estimate (4.5), we can now repeat verbatim the argument from formula (3.8) to the
end of the proof of Theorem 3.4: all the arguments of f appearing there belong to the fixed fiber
L (Tx0M,Ty0N) and the function fy0

x0
is continuous. Using also equation (4.6), we finally obtain

f(αy0
x0
) ⩽

1

µg(Qr
x0
)

ˆ
Qr

x0

f
(
αy0
x0

+ d exp−1
y0

[φ(x)] ◦ dφ[x] ◦ d expx0
[exp−1

x0
(x)]

)
dµg(x) + o(1),

for every y0 ∈ N , every αy0
x0

∈ L (Tx0M,Ty0N) and every admissible φ. The compact subsets
in the argument above can be chosen increasing with respect to ∥dφ∥∞ and the constants and
moduli of continuity can be enlarged accordingly; hence the function o(1) can be chosen with
a monotonically nondecreasing dependence on ∥dφ∥∞. Therefore, f is R–quasiconvex at every
x0 ∈M0, hence µg–almost everywhere in M . □

The necessity in the case 1 ⩽ p < +∞ then follows easily.

Proof of the necessity – The case 1 ⩽ p < +∞.
Assume that, for every bounded open subset Ω of M , the functional F (·,Ω) is sequentially lower
semicontinuous with respect to the weak convergence in W 1,p(Ω, N). If

uj −⇀⋆ u in W 1,∞(Ω, N), then uj ⇀ u in W 1,p(Ω, N).

Here, as throughout the paper, ⇀ has the meaning fixed in Section 3. Indeed, µg(Ω) < +∞, as Ω
is bounded and M is complete; hence, if 1 < p < +∞, the uniform convergence of uj to u implies
dLp(uj , u) → 0, while the uniform boundedness of the differentials gives

sup
j∈N

∥duj∥Lp(Ω) < +∞.

If p = 1, the same uniform convergence implies dL1(uj , u) → 0 and the uniform L∞ bound
on |duj | implies the equiintegrability of the family |duj |. Hence, F (·,Ω) is sequentially lower
semicontinuous also with respect to the weak∗ convergence in W 1,∞(Ω, N). Moreover, if K ⊆ N
is compact and R > 0, setting

DK = max
y∈K

dN (y, y∗),
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the growth assumption gives

0 ⩽ f(αy
x) ⩽ a(x) + C

(
Dp

K +Rp
)

for µg–almost every x ∈M , every y ∈ K and every αy
x with |αy

x| ⩽ R. Therefore, all the hypothe-
ses needed in the necessity part of Theorem 4.2 are satisfied and f is R–quasiconvex. □

We now turn our attention to the sufficiency in Theorems 4.2 and 4.4.

Proof of the sufficiency – The case p = +∞.
Let Ω be a bounded open subset of M , and let us consider a sequence uj in W 1,∞(Ω, N) and a
map u ∈W 1,∞(Ω, N) such that uj −⇀⋆ u in W 1,∞(Ω, N). We aim to prove that

F (u,Ω) ⩽ lim inf
j→∞

F (uj ,Ω),

so we can assume that the right–hand side is finite, since otherwise there is nothing to prove.
Since uj −⇀⋆ u in W 1,∞(Ω, N), by the definition of weak∗ convergence given in Section 3, the
sequence uj converges uniformly to u and the norms |duj | are uniformly bounded in L∞(Ω).
Thus, we may choose R > 0 such that

|du[x]| ⩽ R and |duj [x]| ⩽ R,

for µg–almost every x ∈ Ω and every sufficiently large j ∈ N. Since the image of u is bounded
and N is complete, the Hopf–Rinow theorem and the uniform convergence of uj to u then imply
that there exists a compact subset K ⊆ N containing the images of u and of all uj for sufficiently
large j ∈ N.
By the growth assumption (4.1), we have a ∈ L1(Ω) and there exists a constant CK,R ⩾ 0 such
that

0 ⩽ f(du[x]) ⩽ a(x) + CK,R and 0 ⩽ f(duj [x]) ⩽ a(x) + CK,R.

Let M0 ⊆ M be the set of full µg–measure given by the Scorza Dragoni argument in the proof
of the necessity for p = +∞: in every local “trivialization” L (TU, TV ), for every x0 ∈ M0 ∩ U
and every compact subset K ⊆ V × Rm×n there exists a compact set E ⊆ U containing x0, of
which x0 is a density point, such that fU,V is continuous on E × K ; moreover, every x0 ∈ M0 is
a Lebesgue point of a, the growth condition holds at x0 and fU,V (x0, ·, ·) is continuous. Since f is
R–quasiconvex, by possibly reducing M0 by a set of measure zero, we can also assume that the
R–quasiconvexity condition holds at every x0 ∈M0.
We fix a point x0 ∈ M0 ∩ Ω which is also a Lebesgue point of the function x 7→ f(du[x]) and we
set y0 = u(x0). Moreover, we choose neighborhoods U ⊆ Ω of x0 and V ⊆ N of y0, endowed
with local orthonormal frames as in Section 2. Since u ∈ W 1,∞(Ω, N), we can choose r0 > 0 and
a compact set K ′ ⊆ V such that

Q
r0
x0

⊆ U and u
(
Q

r0
x0

)
⊆ intK ′.

Then, the uniform convergence of uj to u implies that uj
(
Q

r0
x0

)
⊆ intK ′ for all sufficiently large

j ∈ N. We set
K = K ′ ×

{
A ∈ Rm×n

∣∣ |A| ⩽ R
}
,

and we let E ⊆ U be a compact set associated with K by the Scorza Dragoni construction above,
such that x0 ∈ E is a density point of E and fU,V is continuous on E × K .
We now “freeze” the dependence of the integrand on the base point and consider on the local
bundle L (TU, TV ) the function

gx0(α
y
x) = fU,V

(
x0, y, Iα

y
x

)
,

which is continuous and R–quasiconvex: indeed, in the chosen local “trivialization”, for every
x ∈ U and y ∈ V , its restriction to the fiber L (TxM,TyN) is represented by the quasiconvex
function

A 7→ fU,V (x0, y, A),

hence, the claim follows by the characterization of R–quasiconvexity in Proposition 2.1. Notice
that only the restriction of the integrand to this local bundle is involved in the argument below.
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Thus, the local argument in the proof of Theorem 3.3 applies without any modification to gx0
on

Qr
x0

, for every 0 < r ⩽ r0 and we haveˆ
Qr

x0

gx0(du[x]) dµg(x) ⩽ lim inf
j→∞

ˆ
Qr

x0

gx0(duj [x]) dµg(x). (4.7)

Let now ω be a modulus of continuity for fU,V on the compact set E × K . Since the matrices
representing du and duj have norms bounded by R, for every x ∈ E ∩Qr

x0
and every sufficiently

large j ∈ N, there holds∣∣f(du[x])− gx0
(du[x])

∣∣+ ∣∣f(duj [x])− gx0
(duj [x])

∣∣ ⩽ 2ω(Cr),

where C is independent of r and j. On the complementary setQr
x0
\E, we use instead the growth

assumption, both at x and at the frozen point x0, obtaining

0 ⩽ f(du[x]) ⩽ a(x) + CK′,R and 0 ⩽ gx0
(duj [x]) ⩽ a(x0) + CK′,R.

Combining these estimates with the lower semicontinuity inequality (4.7) for gx0 and using the
nonnegativity of f and gx0

, we getˆ
Qr

x0

f(du[x]) dµg(x) ⩽ lim inf
j→∞

ˆ
Qr

x0

f(duj [x]) dµg(x) + 2ω(Cr)µg(Q
r
x0
)

+

ˆ
Qr

x0
\E

[
a(x) + CK′,R

]
dµg(x) +

[
a(x0) + CK′,R

]
µg(Q

r
x0

\ E).

Dividing both sides by µg(Q
r
x0
), the last two terms on the right tend to zero as r → 0, because

x0 is a density point of E and a Lebesgue point of a. Since also ω(Cr) → 0 and x0 is a Lebesgue
point of f(du), it follows that

f(du[x0]) ⩽ lim inf
j→∞

 
Qr

x0

f(duj [x]) dµg(x) + o(1),

as r → 0. Hence, we have obtained precisely the analogue of inequality (3.4) for our Carathéodory
integrand.
We can now conclude by repeating the measure–theoretic argument in the proof of Theorem 3.3,
starting from this inequality; the only difference is that the uniform upper bound used there is
replaced by the integrable bound

0 ⩽ f(duj) ⩽ a+ CK,R,

indeed, after choosing a subsequence, not relabeled, such that

lim
j→∞

F (uj ,Ω) = lim inf
j→∞

F (uj ,Ω)

and defining the finite positive Radon measures dνj = f(duj) dµg , the preceding estimate gives a
uniform bound on them. Up to a further subsequence, they converge weakly∗ to a finite positive
Radon measure ν. For every open set G ⊆ Ω, we have

ν(G) ⩽ lim inf
j→∞

νj(G) ⩽
ˆ
G

(
a(x) + CK,R

)
dµg(x).

Hence, by the outer regularity of the finite Radon measure (a+CK,R)µg , we have ν ≪ µg . Writing
dν = θ dµg , the differentiation argument used in the proof of Theorem 3.3 gives

f(du[x]) ⩽ θ(x),

for µg–almost every x ∈ Ω. Therefore,

F (u,Ω) ⩽ ν(Ω) ⩽ lim inf
j→∞

νj(Ω) = lim inf
j→∞

F (uj ,Ω),

which proves the claim. □



QUASICONVEXITY AND LOWER SEMICONTINUITY IN THE RIEMANNIAN SETTING 23

Before proving the sufficiency for p < +∞, we record some preliminary results. We fix an
open set Ω′ ⊆ M contained in a compact subset of M . On this compact region, the injectivity
radius is bounded from below by a positive constant and, for sufficiently small radii, all the
normal coordinate maps and their inverses have Lipschitz constants at most 2; moreover, in these
coordinates, the Riemannian volume measure has a density with respect to the Lebesgue measure
bounded between 2−n and 2n. Writing injM (x) for the injectivity radius of M at x, we choose
r0 > 0 small enough for these uniform estimates to hold for every 0 < r < r0 and so that

√
n

2
r0 < inf

x∈Ω
′
injM (x).

The following lemmas are respectively the Riemannian counterparts needed here of Lem-
mas I.7, I.9 and I.11 in [1].

Lemma 4.5 (Biting lemma). Let φk be a bounded sequence of nonnegative functions in L1(Ω′). Then, for
every ε > 0 there exists a triple (Aε, δ, S), where Aε is measurable and µg(Aε) < ε, δ > 0 and S is an
infinite subset of N, such that for every k ∈ S, there holdsˆ

B

φk(x) dµg(x) < ε,

whenever B ⊆ Ω′ \Aε is measurable and µg(B) < δ.

Lemma 4.6. Let u ∈W 1,p(Ω′, N) and let y∗ ∈ N be the fixed reference point in Theorem 4.4. We define

hu = dN (u, y∗) + |du|

and

Mghu(x) = sup
0<r<r0
Qr

x⊆Ω′

 
Qr

x

hu dµg,

where r0 > 0 is the one fixed above.
Then, the following local estimates hold: if p > 1, we have

∥Mghu∥Lp(Ω′) ⩽ C(p,Ω′)∥hu∥Lp(Ω′)

and, for every 1 ⩽ p < +∞ and all λ > 0,

µg

({
x ∈ Ω′ ∣∣ Mghu(x) ⩾ λ

})
⩽
C(Ω′)

λ
∥hu∥L1(Ω′).

Moreover,
hu(x) ⩽ Mghu(x)

for µg–almost every x ∈ Ω′.

Lemma 4.7. Let u ∈W 1,p(Ω′, N), λ > 0 and set

Hλ =
{
x ∈ Ω′ | Mghu(x) < λ

}
.

Then, there exist constants cn > 1 and C1 > 0, depending only on n, such that for every cube Q = Qr
x0

with 0 < r < r0/cn and Q
cnr

x0
⊆ Ω′, we have

dN (u(x), u(z)) ⩽ C1λd
M (x, z),

for every x, z ∈ Hλ ∩Q outside a fixed µg–null set depending only on u.

The proof of Lemma 4.5 is exactly the same as that of Lemma I.7 of [1], with the Riemannian
volume measure in place of the Lebesgue measure.

About Lemma 4.6, since by the choice of r0 in the normal coordinates on the cubes Qr
x, with

x ∈ Ω′ and 0 < r < r0, we have uniform bounds on the Lipschitz constants of the coordi-
nate maps and of their inverses and on the volume densities, as we said above, we can apply
the Euclidean maximal–function estimates recalled in [1], obtaining the stated inequalities with
constants depending only on Ω′ and its geometry.
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Regarding Lemma 4.7, lettingD ⊆ N be a countable dense subset, for every q ∈ D we consider
the real–valued function

vq(x) = dN (u(x), q)− dN (y∗, q).

Then, by the definition of W 1,p(Ω′, N) in Section 3 and since dN (·, q) is 1–Lipschitz and u is
approximately differentiable almost everywhere, vq ∈W 1,p(Ω′) and there holds

|vq| ⩽ dN (u, y∗) and |dvq| ⩽ |du|
µg–almost everywhere in Ω′. We now work in normal coordinates centered at x0, in which Q =
Qr

x0
andQcnr

x0
are the concentric Euclidean cubes of side r and cnr, and we regard vq as a function

on the latter. The local W 1,p version of Lemma I.11 of [1] (see [20]) on Qcnr
x0

states that

|vq(x)− vq(z)| ⩽ c(n)Λ|x− z|
whenever x, z ∈ Q are Lebesgue points of vq at which the maximal function of |vq|+ |Dvq|, taken
over the Euclidean balls centered at the point with radius at most 2

√
n r, is smaller than Λ; for cn

large enough, depending only on n, these balls are contained inQcnr
x0

. We claim that this maximal
function is bounded by C(n)Mghu at every point x ∈ Q. Indeed, |vq| + |Dvq| ⩽ 2hu, by the
two inequalities above on vq and dvq and since the normal coordinate maps are 2–Lipschitz, as
fixed before Lemma 4.5; moreover, by the same Lipschitz bounds, every Euclidean ball centered
at x with radius ρ′ ⩽ 2

√
n r is contained in the cube Q8ρ′

x , which is contained in Qcnr
x0

⊆ Ω′ for
cn large enough and satisfies 8ρ′ < r0, since r < r0/cn; finally, the Lebesgue measure of such
a ball and µg(Q

8ρ′

x ) are comparable, with constants depending only on n. Hence, the Euclidean
averages of |vq| + |Dvq| over these balls are bounded by C(n) times the averages of hu over the
cubes Q8ρ′

x , which are among the cubes in the definition of Mghu(x). Applying the local version
of Lemma I.11 of [1] stated above with Λ = C(n)λ and using once more the Lipschitz bounds on
the coordinates, we obtain

|vq(x)− vq(z)| ⩽ C1λd
M (x, z) (4.8)

for every q ∈ D and every x, z ∈ Hλ∩Q outside a fixed µg–null set Zq ; moreover, C1 = 2c(n)C(n)
depends only on n, in particular it is independent of q and Q.
As D is countable, the union Z =

⋃
q∈D Zq is a µg–null set which depends only on u, while

inequality (4.8) holds for every q ∈ D whenever x, z ∈ (Hλ ∩Q) \ Z. Then, since

dN (y1, y2) = sup
q∈D

∣∣dN (y1, q)− dN (y2, q)
∣∣,

taking the supremum over q ∈ D, we conclude

dN (u(x), u(z)) ⩽ C1λd
M (x, z)

for every x, z ∈ Hλ ∩Q outside Z and this gives Lemma 4.7.
Finally, before starting the proof of the sufficiency in Theorem 4.4, we need one last preliminary

result.

Lemma 4.8. LetK ⊆ N be a compact set. There exist 0 < ρK ⩽ 1 and a constantC2 ⩾ 1, depending only
on m and independent of K, with the following property. Let Q = Qr

x0
⊆ Ω′ be a cube with 0 < r < r0,

A ⊆ Q, L ⩾ 0 and v : A→ K satisfy

dN (v(x), v(z)) ⩽ LdM (x, z)

for all x, z ∈ A. Then, if L diamQ ⩽ ρK , there exists an extension ṽ ∈W 1,∞(Q,N) such that

ṽ = v on A and ∥dṽ∥L∞(Q) ⩽ C2L.

Moreover, if A ̸= Ø, then ṽ(Q) is contained in the closed ball of radius ρK centered at a point of v(A).

Proof. If A = Ø, we choose any constant map on Q and we are done. Otherwise, fix a0 ∈ A
and set y0 = v(a0) ∈ K. By the compactness of K, after decreasing ρK ⩽ 1 if necessary, we
may assume that, for every y ∈ K, the Lipschitz constants of expy on the ball of radius ρK
centered at the origin of TyN , where expy is injective and of its inverse are at most 2 and notice
that only the radius ρK depends on K. If L diamQ ⩽ ρK , then v(A) is contained in the closed
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ball BρK
(y0), hence exp−1

y0
◦v is Lipschitz on A, with respect to dM , with Lipschitz constant at

most 2L. Extending each of its components, in an orthonormal basis of Ty0
N , by the McShane

extension theorem (see Lemma I.12 in [1], which holds in every metric space), we obtain a map
w : Q → Ty0N with Lipschitz constant at most 2

√
mL. Let π : Ty0N → Ty0N be the radial

projection onto the closed ball of radius ρK centered at the origin. Since π fixes exp−1
y0

(v(A)) and
does not increase the distances, the map

ṽ = expy0
◦π ◦ w : Q→ N

extends v from A to Q and, since expy0
is 2–Lipschitz on the ball of radius ρK , we have |dṽ| ⩽

2|dw| ⩽ 4
√
mL µg–almost everywhere on Q, using the 2L–Lipschitz bound on each of the m

components of w, hence there holds

∥dṽ∥L∞(Q) ⩽ C2L,

with C2 = 4
√
m. Finally, ṽ(Q) ⊆ expy0

(
BρK

(0)
)
⊆ BρK

(y0), with y0 ∈ v(A). □

Proof of the sufficiency – The case 1 ⩽ p < +∞.
Let Ω′ be a bounded open subset of (M, g) and uk ∈ W 1,p(Ω′, N) be a sequence weakly converg-
ing to u ∈ W 1,p(Ω′, N). Since (M, g) is complete, by the Hopf–Rinow theorem, Ω

′
is compact,

hence the preceding lemmas apply. Possibly passing to a subsequence, we can assume that

lim
k→∞

F (uk,Ω
′) = lim inf

k→∞
F (uk,Ω

′) < +∞

and that uk converges µg–almost everywhere to u. By the absolute continuity of the integral of
the function a, fixed ε > 0, we can choose δ > 0 such thatˆ

B

a dµg < ε, (4.9)

whenever µg(B) < δ. With the notation introduced in Lemma 4.6, we set

hk = huk
= dN (uk, y∗) + |duk|,

then by the same lemma, for every λ > 0, we have

µg

({
x ∈ Ω′ ∣∣ Mghk(x) ⩾ λ

})
⩽
C(Ω′)

λ
∥hk∥L1(Ω′).

We want a uniform control on ∥hk∥L1(Ω′), for every k ∈ N: by means of the Hölder, Minkowski
and triangle inequalities, we get

∥hk∥L1(Ω′) =

ˆ
Ω′

(
dN (y∗, uk(x)) + |duk[x]|

)
dµg(x)

⩽µg(Ω
′)1−

1
p [∥dN (y∗, uk)∥Lp(Ω′) + ∥duk∥Lp(Ω′)]

⩽µg(Ω
′)1−

1
p [∥dN (y∗, u)∥Lp(Ω′) + ∥dN (u, uk)∥Lp(Ω′) + ∥duk∥Lp(Ω′)],

hence, there holds

∥hk∥L1(Ω′) ⩽ sup
k∈N

{
µg(Ω

′)1−
1
p [∥dN (y∗, u)∥Lp(Ω′) + ∥dN (u, uk)∥Lp(Ω′) + ∥duk∥Lp(Ω′)]

}
= C < +∞

for every k ∈ N.
Now, for every λ > 0, we set

Hλ
k =

{
x ∈ Ω′ | Mghk(x) < λ

}
.

Our aim is to choose a measurable setAε ⊆ Ω′ with µg(Aε) < ε and a number λ ⩾ 1, independent
of k, such that

µg(Ω
′ \Hλ

k ) < ε and λpµg

(
Ω′ \ (Hλ

k ∪Aε)
)
< ε, (4.10)

for every k ∈ N.
If p > 1, the sequence (Mghk)

p is bounded in L1(Ω′), by Lemma 4.6; then, applying Lemma 4.5
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to this sequence, possibly passing to a further subsequence, we can suppose that there exist a
measurable set Aε ⊆ Ω′ with µg(Aε) < ε and a number δ′ > 0 such thatˆ

B

(Mghk)
p dµg < ε, (4.11)

for every k ∈ N and every measurable set B ⊆ Ω′ \Aε with µg(B) < δ′. Replacing δ by min{δ, δ′},
inequalities (4.9) and (4.11) hold whenever B ⊆ Ω′ \Aε is measurable and µg(B) < δ.
Moreover, the Lp bound on Mghk also gives, by the Chebyshev inequality,

sup
k∈N

µg(Ω
′ \Hλ

k ) ⩽
1

λp
sup
k∈N

ˆ
Ω′
(Mghk)

p dµg → 0,

as λ→ +∞. Thus, for every sufficiently large λ > 0, we have

µg(Ω
′ \Hλ

k ) < min{ε, δ}

for every k ∈ N and we can therefore apply inequality (4.11) to the measurable set Ω′ \ (Hλ
k ∪Aε),

whose measure is smaller than δ. Since Mghk ⩾ λ on Ω′ \Hλ
k , we obtain

λpµg

(
Ω′ \ (Hλ

k ∪Aε)
)
⩽
ˆ
Ω′\(Hλ

k∪Aε)

(Mghk)
p dµg < ε.

Together with the bound µg(Ω
′ \Hλ

k ) < ε, we have both inequalities (4.10) for p ∈ (1,+∞).
The case p = 1 requires a different treatment, since the maximal operator is not bounded from
L1(Ω′) to itself, hence, we cannot deduce the L1 boundedness of Mghk needed in order to apply
Lemma 4.5.
We set Aε = Ø and we notice that the sequence hk is equiintegrable, indeed,

hk ⩽ dN (uk, u) + dN (u, y∗) + |duk|,

where the sequence dN (uk, u) converges to zero in L1(Ω′), the function dN (u, y∗) belongs to
L1(Ω′) and the sequence |duk| is equiintegrable by our notion of weak convergence.
We then apply the argument leading to formula (3.10) in [10]. For every k ∈ N and λ > 0, we set

hk,λ = hkχ{hk>λ/2}

and we define its maximal function by

Mghk,λ(x) = sup
0<r<r0
Qr

x⊆Ω′

 
Qr

x

hk,λ dµg

for every x ∈ Ω′. Since hk,λ is a nonnegative function in L1(Ω′), we have, as in Lemma 4.6,

µg

(
{x ∈ Ω′ | Mghk,λ(x) ⩾ λ/2}

)
⩽

2C(Ω′)

λ

ˆ
Ω′
hk,λ dµg =

2C(Ω′)

λ

ˆ
{hk>λ/2}

hk dµg

and the bound ∥hk∥L1(Ω′) ⩽ C implies

µg({hk > λ/2}) ⩽ 2C/λ.

Hence, by the equiintegrability of the sequence hk, the last integrals on the right in the above
formula tend to zero uniformly in k, as λ→ +∞.
Since 0 ⩽ hk − hk,λ ⩽ λ/2, we have

Mghk ⩽
λ

2
+Mghk,λ,

hence,
{x ∈ Ω′ | Mghk(x) ⩾ λ} ⊆ {x ∈ Ω′ | Mghk,λ(x) ⩾ λ/2},

we then conclude that
sup
k∈N

λµg

(
{x ∈ Ω′ | Mghk(x) ⩾ λ}

)
→ 0, (4.12)



QUASICONVEXITY AND LOWER SEMICONTINUITY IN THE RIEMANNIAN SETTING 27

as λ→ +∞.
By limit (4.12), we can choose λ ⩾ 1, independently of k, such that

λµg(Ω
′ \Hλ

k ) < min{ε, δ},
for every k ∈ N and since Aε = Ø, this gives the second inequality (4.10) for p = 1. As λ ⩾ 1, we
have

µg(Ω
′ \Hλ

k ) ⩽ λµg(Ω
′ \Hλ

k ) < min{ε, δ},
hence, the first inequality (4.10) holds as well.
Thus, in both cases, that is, for every 1 ⩽ p < +∞, we have a measurable set Aε and a constant
λ ⩾ 1 so that inequalities (4.10) hold and µg(Ω

′ \ Hλ
k ) < δ also, for every k ∈ N. Consequently,

inequality (4.9) gives ˆ
Ω′\(Hλ

k∪Aε)

a dµg < ε, (4.13)

for every k ∈ N.
Let Zk be the union of the µg–null sets given by Lemmas 4.6 and 4.7 applied to uk. The union
Z =

⋃
k∈N Zk is a µg–null set and we replace eachHλ

k byHλ
k \Z, keeping the same notation; then,

dN (y∗, uk(x)) ⩽ hk(x) ⩽ Mghk(x) < λ,

for every k ∈ N and every x ∈ Hλ
k , hence,

uk(H
λ
k ) ⊆ Bλ(y∗),

where Bλ(y∗) is the closed ball in N with center y∗ and radius λ (which is compact by the Hopf–
Rinow theorem).
Let 0 < ρλ ⩽ 1 be the radius given by Lemma 4.8 for the compact set Bλ(y∗); the constant C2

in the extension estimate is independent of λ. To apply Lemma 4.7 and then Lemma 4.8 with
L = C1λ, we consider the family

V =
{
Q = Qr

x

∣∣ x ∈ Ω′, 0 < r < r0/cn, Q
cnr

x ⊆ Ω′, C1λ diamQ ⩽ ρλ
}

which is clearly a Vitali covering of Ω′, hence, by the Vitali covering theorem, we can choose a
countable family of pairwise disjoint cubes Qi ∈ V such that

µg

(
Ω′ \

⋃
i∈N

Qi

)
= 0.

For every i ∈ N, by Lemma 4.7, for every x, z ∈ Hλ
k ∩Qi, we have

dN (uk(x), uk(z)) ⩽ C1λd
M (x, z),

then, if Hλ
k ∩Qi = Ø, we simply set wk,i = y∗ on Qi, otherwise, applying Lemma 4.8 on the cube

Qi to
A = Hλ

k ∩Qi, L = C1λ and K = Bλ(y∗),

we obtain an extension wk,i ∈W 1,∞(Qi, N) such that

wk,i = uk on Hλ
k ∩Qi,

for µg–almost every point and
∥dwk,i∥L∞(Qi) ⩽ C1C2λ. (4.14)

If Hλ
k ∩ Qi ̸= Ø, by Lemma 4.8, the set wk,i(Qi) is contained in the closed ball of radius ρλ ⩽ 1

centered at a point of Bλ(y∗), while if Hλ
k ∩Qi = Ø we have wk,i = y∗. Since λ ⩾ 1, in either case,

there holds
dN (y∗, wk,i) ⩽ λ+ 1 ⩽ 2λ (4.15)

on Qi.
The sequences wk,i, for every fixed i ∈ N, have uniformly bounded differentials on Qi and their
images are contained in the compact set B2λ(y∗), hence, for every i ∈ N, the maps wk,i extend
continuously to Qi with Lipschitz constants bounded independently of k and values in the com-
pact set B2λ(y∗), so the Ascoli–Arzelà theorem gives a subsequence converging uniformly to a
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Lipschitz map vi ∈ W 1,∞(Qi, N). Then, by a diagonal argument, we obtain a subsequence, not
relabeled, such that wk,i converges uniformly to maps vi ∈ W 1,∞(Qi, N) on Qi, as k → ∞, for
every i ∈ N. Moreover, since the differentials dwk,i are uniformly bounded, we can also assume
that wk,i −⇀⋆ vi in W 1,∞(Qi, N).
Now, since wk,i = uk pointwise µg–almost everywhere on Hλ

k ∩ Qi, we have that µg–almost ev-
erywhere on the same set, dwk,i = duk, hence, for every i ∈ N, there holds

F (uk, Qi) ⩾ F (wk,i, (Qi \Aε) ∩Hλ
k ) = F (wk,i, Qi \Aε)− F (wk,i, Qi \ (Hλ

k ∪Aε)). (4.16)

For every i, k ∈ N and ℓ ∈ N, we set

Bk,i = Qi \ (Hλ
k ∪Aε) and Bℓ

k =

ℓ⋃
i=1

Bk,i.

Since the cubes Qi are pairwise disjoint, the sets Bk,i are pairwise disjoint as well and Bℓ
k ⊆

Ω′ \ (Hλ
k ∪Aε). By the growth condition on f (inequality (4.2)) and estimates (4.14) and (4.15), we

have
f(dwk,i[x]) ⩽ a(x) + C

(
dN (y∗, wk,i(x))

p + |dwk,i[x]|p
)
⩽ a(x) + C3λ

p (4.17)

for µg–almost every x ∈ Qi and every i, k ∈ N, where C3 = C(2p + Cp
1C

p
2 ) is independent of k, i

and ε. Integrating this bound over Bℓ
k and using inequalities (4.13) and (4.10), we obtain

ℓ∑
i=1

F (wk,i, Bk,i) ⩽
ˆ
Ω′\(Hλ

k∪Aε)

a dµg + C3λ
pµg

(
Ω′ \ (Hλ

k ∪Aε)
)
⩽ (1 + C3)ε, (4.18)

for every ℓ, k ∈ N.
Moreover, for fixed ε, by estimate (4.17) and the inner regularity of the finite Radon measure
(a+ C3λ

p)µg , we can choose a compact set Ki,ε ⊆ Qi ∩Aε such thatˆ
(Qi∩Aε)\Ki,ε

(a+ C3λ
p) dµg < ε2−i.

Setting Q′′
i = Qi \Ki,ε (notice that the sets Q′′

i are open), we have Qi \ Aε ⊆ Q′′
i ⊆ Qi, hence, for

every k ∈ N,

0 ⩽ F (wk,i, Q
′′
i )− F (wk,i, Qi \Aε) = F (wk,i, (Qi ∩Aε) \Ki,ε) < ε2−i. (4.19)

Applying Theorem 4.2 (whose growth assumption follows from the present one as in the proof
of the necessity) to the sequence wk,i −⇀⋆ vi in W 1,∞(Q′′

i , N), we have

lim inf
k→∞

F (wk,i, Q
′′
i ) ⩾ F (vi, Q

′′
i ), (4.20)

for every i ∈ N. Then, by inequalities (4.16), (4.18) and (4.19), we obtain

F (uk,Ω
′) ⩾

ℓ∑
i=1

F (uk, Qi) ⩾
ℓ∑

i=1

F (wk,i, Q
′′
i )− ε

ℓ∑
i=1

2−i −
ℓ∑

i=1

F (wk,i, Bk,i)

⩾
ℓ∑

i=1

F (wk,i, Q
′′
i )− (2 + C3)ε.

Passing to the lim inf as k → ∞ and using estimate (4.20), we deduce

lim inf
k→∞

F (uk,Ω
′) ⩾

ℓ∑
i=1

F (vi, Q
′′
i )− (2 + C3)ε. (4.21)

For every i ∈ N, we now define the two sets

Pi = {x ∈ Qi | vi(x) ̸= u(x)} and P̃i = Pi ∩ {x ∈ Qi | uk(x) → u(x)},
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which have the same measure, as uk converges µg–almost everywhere to u. Moreover, since wk,i

converges uniformly to vi on Qi and wk,i = uk µg–almost everywhere on Hλ
k ∩ Qi, we have, up

to a fixed µg–null set,
P̃i ⊆ lim inf

k→∞
(Qi \Hλ

k ),

hence,
µg(Pi) = µg(P̃i) ⩽ lim inf

k→∞
µg(Qi \Hλ

k ).

Then, setting
G =

⋃
i∈N

Pi,

by Fatou’s lemma, the disjointness of the cubes Qi and the first inequality in (4.10), there holds

µg(G) =
∑
i∈N

µg(Pi) ⩽ lim inf
k→∞

∑
i∈N

µg(Qi \Hλ
k ) ⩽ ε,

thus, µg(Aε ∪ G) ⩽ 2ε and the absolute continuity of the integral of f(du) gives a function σ(ε),
with σ(ε) → 0 as ε→ 0, such that

F (u,Aε ∪G) ⩽ σ(ε). (4.22)

Now, since vi = u pointwise on Qi \ Pi, we have that µg–almost everywhere on the same set,
dvi = du. As Qi \Q′′

i ⊆ Qi ∩Aε, we have

Qi \ (Q′′
i \ Pi) = (Qi \Q′′

i ) ∪ (Q′′
i ∩ Pi) ⊆ (Qi ∩Aε) ∪ Pi,

therefore,

F (vi, Q
′′
i ) ⩾ F (vi, Q

′′
i \ Pi) = F (u,Q′′

i \ Pi) ⩾ F (u,Qi)− F
(
u, (Qi ∩Aε) ∪ Pi

)
.

Since the sets (Qi ∩ Aε) ∪ Pi ⊆ Qi are pairwise disjoint and contained in Aε ∪ G, summing this
inequality over i = 1, . . . , ℓ and using estimate (4.22), we get

ℓ∑
i=1

F (vi, Q
′′
i ) ⩾

ℓ∑
i=1

F (u,Qi)− F (u,Aε ∪G) ⩾
ℓ∑

i=1

F (u,Qi)− σ(ε). (4.23)

Combining inequalities (4.21) and (4.23), for every ℓ ∈ N we obtain

lim inf
k→∞

F (uk,Ω
′) ⩾

ℓ∑
i=1

F (u,Qi)− σ(ε)− (2 + C3)ε.

Letting ℓ→ ∞ and using the fact that

µg

(
Ω′ \

⋃
i∈N

Qi

)
= 0,

together with the absolute continuity of F (u, ·) with respect to µg , we have

lim inf
k→∞

F (uk,Ω
′) ⩾ F (u,Ω′)− σ(ε)− (2 + C3)ε

and finally sending ε→ 0, we conclude

lim inf
k→∞

F (uk,Ω
′) ⩾ F (u,Ω′),

which proves the weak sequential lower semicontinuity of F in W 1,p(Ω′, N). □

Remark 4.9. For 1 ⩽ p ⩽ +∞, the notion of convergence considered by Focardi and Spadaro [11]
for maps uk, u ∈W 1,p(Ω, N) is given by

∥dN (uk, u)∥Lp(Ω) → 0 and sup
k∈N

∥duk∥Lp(Ω) < +∞. (4.24)

As discussed in Remark 3.2, for 1 < p ⩽ +∞ this convergence coincides with ours, defined in
Section 3. At p = 1, instead, the convergence defined by conditions (4.24) is weaker than ours,
since it does not require equiintegrability of the differentials.
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This assumption cannot be dropped from the statement in Theorem 4.4 for Carathéodory inte-
grands. Indeed, if M = N = R and Ω = (0, 1), letting K ⊆ (0, 1) be a compact set with empty
interior and positive Lebesgue measure and setting A = (0, 1) \K, we consider the integrand

f(x, s, ξ) =
(
1 + χK(x)

)
|ξ|,

which is a Carathéodory function (clearly not continuous), is convex in ξ and satisfies

|ξ| ⩽ f(x, s, ξ) ⩽ 2|ξ|,

with the associated functional

u 7→ F (u, (0, 1)) =

ˆ
(0,1)

(
1 + χK

)
|u′| dL 1

defined for every u ∈W 1,1(0, 1).
Then, for every positive integer k and j = 0, . . . , k − 1, we define

Ik,j =
(
j/k, (j + 1)/k

)
and ℓk,j = L 1(A ∩ Ik,j) > 0

(the inequality holds because A is open and dense) and we set

vk =

k−1∑
j=0

χA∩Ik,j

kℓk,j
and uk(x) =

ˆ
(0,x)

vk dL
1,

for every x ∈ (0, 1). Thus, we have uk ∈ W 1,∞(0, 1) and u′k = vk ⩾ 0 almost everywhere.
Identifying each uk with its continuous extension to [0, 1], we also have

ˆ
Ik,j

vk dL
1 = 1/k and uk(j/k) = j/k,

for every j = 0, . . . , k − 1, with uk(1) = 1.
Hence, letting u(x) = x, it is easy to check that by construction (in particular, by the monotonicity
of uk),

∥uk − u∥L∞(0,1) ⩽ 1/k and ∥u′k∥L1(0,1) = 1,

that is, conditions (4.24) hold for p = 1; moreover, notice that every uk has the same boundary
values as u, namely zero at 0 and one at 1. Since vk = 0 almost everywhere on K, we conclude

F (uk, (0, 1)) =

ˆ
(0,1)

(
1 + χK

)
vk dL

1 =

ˆ
(0,1)

vk dL
1 = 1

while

F (u, (0, 1)) =

ˆ
(0,1)

(
1 + χK

)
dL 1 = 1 + L 1(K) > 1,

thus, the functional F is not sequentially lower semicontinuous with respect to the convergence
defined by conditions (4.24) for p = 1.
We remark that the sequence vk is not equiintegrable. Indeed, vk → χA almost everywhere: onK
all the vk vanish, while for almost every x ∈ A the interval Ik,j containing x is contained in A for
k large enough, hence vk(x) = 1. By Vitali’s theorem, equiintegrability would imply convergence
in L1(0, 1); therefore one would get

1 = lim
k→∞

ˆ
(0,1)

vk dL
1 = L 1(A) = 1− L 1(K) < 1,

which is a contradiction.
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5. CONCLUSION AND FUTURE DIRECTIONS

We have introduced an intrinsic notion of R–quasiconvexity for integrands on L (TM,TN)
and shown that it provides the natural Riemannian counterpart of Morrey’s quasiconvexity for
maps between smooth Riemannian manifolds. For continuous integrands, R–quasiconvexity
characterizes sequential weak∗ lower semicontinuity in W 1,∞(Ω, N). Under the corresponding
Riemannian growth assumptions, this characterization extends to Carathéodory integrands and
to the full range 1 ⩽ p ⩽ +∞, yielding Riemannian analogues of the classical Acerbi–Fusco theo-
rems. For p = 1, the convergence considered in Theorem 4.4 requires the equiintegrability of the
differentials, a condition which cannot in general be dropped for Carathéodory integrands, as
shown in Remark 4.9. The formulation also clarifies how the intrinsic convergence of manifold–
valued Sobolev maps interacts with the local linear structure supplied by tangent spaces and
exponential coordinates.

These results suggest several directions for further investigation. A first direction is to un-
derstand how much of the theory survives for nonsmooth or metric targets. The Sobolev and
convergence notions used here are already largely metric in nature, in the spirit of the theories
developed in [5,18,25], but R–quasiconvexity itself relies essentially on tangent spaces and expo-
nential maps. An extension to metric targets would therefore require an appropriate replacement
for this infinitesimal linear structure, possibly through metric differentials or other notions of tan-
gent object.

A second direction concerns the relation between the intrinsic formulation developed here and
extrinsic approaches based on isometric embeddings, tangential quasiconvexity and relaxation,
as in [8]. A more systematic comparison could lead to representation and relaxation results for
manifold–constrained energies and may clarify which parts of the theory are genuinely intrinsic
and which are invariant reformulations of Euclidean constrained problems.

It would also be natural to investigate higher–order functionals and weaker regularity classes,
in particular Riemannian analogues of the classical higher–order theory [22] and of relaxation in
BV –type spaces for manifold–valued maps, in connection with the metric theories of [2,5] and
the constrained frameworks recalled above.

The lower semicontinuity results proved here provide one of the main ingredients of the direct
method. Combined with suitable coercivity and compactness assumptions, they suggest further
questions concerning existence, relaxation and regularity of minimizers for anisotropic and non–
quadratic variational problems on curved domains with curved targets; in this direction, the
polyconvex existence theory for Cartesian maps developed in [4] provides a natural point of
comparison.
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NAPOLI FEDERICO II, ITALY

Email address: carlo.mantegazza@unina.it


	1. Introduction
	AI usage statement
	2. Quasiconvexity in the Riemannian context
	3. R–quasiconvexity and weak* semicontinuity in W1,
	4. The Riemannian analogues of the Acerbi–Fusco theorems
	5. Conclusion and future directions
	References

