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ABSTRACT. We study an electrical conduction problem in biological tissues in the
radiofrequency range, which is governed by an elliptic equation with memory. We
prove the time exponential asymptotic stability of the solution, providing in this
way a theoretical justification to the complex elliptic problem currently used in
electrical impedance tomography.

Our approach relies on the fact that the elliptic equation is the homogenization
limit of a sequence of problems for which we are able to prove suitable uniform
estimates.
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1. INTRODUCTION

We study the electrical conduction in biological tissues in the radiofrequency range.
In this context, a model has been obtained by our group via homogenization theory
in |2, 1, 3]. This model is governed by an elliptic equation with memory for the
electric potential ug (equation (1.1) below).

In this paper we are interested in the behavior of the solution ug for large times. In
this regard, we prove an asymptotic stability result (Theorem 1.5), which, roughly
speaking, states that ug exponentially approaches a time-periodic steady state u#
as time increases, provided that a time-periodic Dirichlet boundary condition is as-
signed.

We think that this work is relevant from the point of view of applications, since
we give here a theoretical justification to the complex elliptic Problem (1.31)—(1.32)
currently used in electrical impedance tomography [6, 8|. Indeed, experimental mea-
surements are performed by assigning time-harmonic boundary data and assuming
that the resulting electric potential is time-harmonic, too. In this paper we prove
that this assumption is substantially correct for sufficiently large times and that the
steady-state electric potential does satisfy the well-known equation (1.31). Moreover,
we show how the complex admittivity A“* appearing in equation (1.31) depends on
the frequency wy (equation (1.33) below). Finally, we derive Problem (1.38)-(1.39)
which uniquely determines the asymptotic limit uo#, under time periodic (not nec-
essarily time-harmonic) boundary data. Accordingly, Problem (1.38)—(1.39) can be
regarded as a generalization of the standard complex elliptic problem to periodic
boundary data. Analogously, the problem for uq generalizes the same elliptic prob-
lem to nonperiodic (e.g., impulsive) boundary data [2]|, though here we deal only
with the periodic case. We suggest that future inverse-problem research about these
problems could bring significant improvements in electrical impedance tomography.
From a mathematical point of view, the asymptotic behavior of evolutive equations
with memory is a classical problem [13, 21, 10, 17|, currently drawing much interest
in the literature [14, 16, 15, 19, 5|. In our context the results of [12] (see also [11, 9])
appear more relevant. There, an elliptic equation with memory, similar to (1.1), is
proved to admit a unique solution in a suitable function space. This is done under
some assumptions of integrability and coercivity of the integral kernel (see i)-iii) in
[12]), which state its compatibility with Thermodynamics. These conditions are far
from being obviously satisfied: in fact, the exponential decay of the kernel alone, in
general, does not imply the existence of bounded solutions 13, 10].

The results quoted above show the necessity of a detailed study of the structure of the
coefficients in (1.1). We recall also that equation (1.1) follows from an homogenization
procedure applied to Problem (1.5)—(1.9) below. Hence, we find convenient to obtain
the required informations on the structure of the coefficients in (1.1) exploiting this

approximation procedure. This approach forces us to obtain estimates for the time
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asymptotic convergence rate for Problem (1.5)—(1.9) which are uniform with respect
to the homogenization parameter ¢.

We note that the coercivity assumptions on the integral kernel, cited above, are a
byproduct of this approach (see Proposition 2.2, Remark 4.4 and Remark 5.1).
Moreover, our uniform estimates of the convergence rate could be a useful tool to
refine standard error estimates arising in the homogenization procedure.

The paper is organized as follows: in Subsection 1.1 we state our results. In Section 2
we recall the homogenization setting and prove some related decay estimates. Section
3 is devoted to the proof of Theorem 1.1. Section 4, respectively Section 5, contains
the proof of Theorem 1.2 in the case k # 0, respectively in the case k = 0. Finally,
Theorem 1.3 is proved in Section 6, and Theorem 1.5 is proved in Section 7.

1.1. Detailed exposition of the results. It was proved in [2]| that the electric
potential ug(z,t) satisfies the equation:
t
~div <AVu0 + /B(t — P)Vaug(z, 7) dr — ]—“) =0, in02x(0,+00), (L1)
0
where (2 is an open connected bounded subset of RY, N > 1, and the matrices A,
B(t), and the vector F(x,t) are given in equations (2.5) below.
Equation (1.1) is complemented here with a time-periodic Dirichlet boundary condi-
tion:
up(z,t) = W(z)®(t), on I2 x (0,400). (1.2)
We assume that
®(t) € HL(R). (1.3)
Here and in the following a subscript # denotes a space of T-periodic functions, for

some fixed T' > 0. Moreover, we assume that W is the trace on 0f?2 of a function, still
denoted by W, such that

U(r)e HY(RY), AV =0in (. (1.4)

Problem (1.1)—(1.2) is the homogenization limit as € \, 0 of the problem for u.(x,t)

[2]:

—div(cVu.) =0, in (27 U25) x (0,400); (1.5)
oVu.-v] =0, on I x (0, 400); (1.6)
%%[ua] = (o6Vu, - v) on I'° x (0,400); (1.7)
ue(z,t) = V(z)P(t), on 012 x (0, +oo); (1.8)
[ue](z,0) = Sc(z), on [*. (1.9)

The operators div and V act with respect to the space variable x; 2 = 2; U 25 U™,
where (27 and (25 are two disjoint open subsets of (2, and I'* = 002{ N 2 = 025N (2,
with v as normal unit vector pointing into (25; the typical geometry we have in mind
is depicted in Figure 1. We refer to Section 2 for a precise definition of the structure
of (27, (25, I'®.
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FIGURE 1. On the left: an example of admissible periodic unit cell Y =
EiUFE,UTI in R?. Here E; is the shaded region and I is its boundary. The
remaining part of Y (the white region) is F5. On the right: the corresponding
domain {2 = 27 U 25 U I'*. Here (2] is the shaded region and I'¢ is its
boundary. The remaining part of {2 (the white region) is §25.

Moreover, we assume that:
o=o01>0 1in (2], og=09>0 in (2; a>0, (1.10)

where o1, 09 and « are constant. From a physical point of view, I'® represents the
cell membranes, having capacitance «//e per unit area, whereas (25 (resp., 25) is the
intracellular (resp., extracellular) space, whose conductivity is oy (resp., o).

Since u, is not in general continuous across /™ we have set

u®" .= trace of Ugjgs on I, ugmt) = trace of ugp: on I°,

&€
and  [ug] = ulo" —

A similar convention is employed for the current flux density across the membrane
oVu, - V.

It is known [2] that for every T > 0, up to a subsequence, u. weakly converges in
L*(2 x (0,T)) and strongly converges in L _(0,T; L'(£2)) as ¢ — 0, provided that

the initial datum S.(z) € L?(I°) satisfies:

1
[ $wao <o, (L.11)
€
Fe?

for a constant v independent of e. If, moreover, S;(z) satisfies (2.3) and (2.4) below,
then any limit ug(z,t) belongs to L*(0,T; H}(£2)) and satisfies Problem (1.1)-(1.2).
Therefore, by the uniqueness theorem in [1], the limit is uniquely determined, thus
implying the convergence of all the sequence {u.}.

In this paper we are interested in studying the asymptotic behavior of wug(z,t) for
large times: to this end, we extensively resort to the above approximation procedure

of uy as homogenization limit of the sequence {u.}.
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In Section 3 we establish the following exponential time-decay for ug when homoge-
neous Dirichlet boundary data prevail on 92 x (0, 400):

Theorem 1.1. Let 27,25, I'° be as before. Assume that (1.10) holds and the initial
datum S. satisfies (1.11). Let u. be the solution of (1.5)—(1.9), with homogeneous
Dirichlet boundary data on 082 x (0,+00), i.e. W =0. Then

ue(, )2 < Cle+ e ™) ace. in (1,+00), (1.12)
0,

where C and A are independent of €. If, moreover, u. — ug weakly in L322 % (0,T))
for every T' > 0, then

Juo(-, )| r2() < Ce™™ a.e. in (1,+00). (1.13)
In order to deal with the nonhomogeneous Dirichlet boudary data (1.2), we construct

a function v (x, ), as the homogenization limit as ¢ — 0 of the sequence {u#(z,t)}
of the solutions to the following problem:

—div(eVu#) =0, in (25U 6%) x R; (1.14)
[cVu? -v] =0, on I'* x R; (1.15)
%%[ #] = (oVul - v)ut) | on I'° x R; (1.16)
u(2,t) = U(x)d(t), on 02 X R, (1.17)
u?(x,-) is T periodic, Ve e (2; (1.18)
[u?(-,t)] — S-(-) has null average over each connected component of I'*, (1.19)

which is derived from Problem (1.5)—(1.9), replacing equation (1.9) with (1.18). Equa-
tion (1.19) has been added in order to guarantee uniqueness of the solution, and is
suggested by the observation that [u.(-,t)]—S:(-) has null average over each connected
component of I, as a consequence of (1.5)—(1.7), (1.9).

To solve the above problem, we express the function ® by means of its Fourier series,
ie.,

+oo
O(t)= > cpeH! (1.20)
k=—00
where wy, = 2km/T is the k-th circular frequency, and represent the solutions u? (x, t)

as follows:
“+o00

uf (x,t) = Z Vep (1) ™! (1.21)
k=—o00
where the complex-valued functions ve,(z) € L*(f2) are such that vey|o: € H'(§2),
1 =1,2, and for k # 0 satisfy the problem:

—div(oVug) =0, in 27 U (25; (1.22)
[oVue -v] =0, on ['%; (1.23)
B o] = (0Voe - )@ | on I (1.24)

Ve, = £V, on 042, (1.25)



whereas for k£ = 0 they satisfy the problem:

—div(eVug) =0, in 27 U £25; (1.26)
oV -v] =0, on I'%; (1.27)
(6Vueg - )W =0, on I'%; (1.28)
Vo = ¥, on 92 (1.29)

)

[Veo] — Se(+) has null average over each connected component of I'*.  (1.30

Note that any solution v, of Problem (1.22)—(1.25) is such that [v.] has null average
over each connected component of I*.

We study the above problems in Sections 4 and 5, and prove the following homoge-
nization result:

Theorem 1.2. Let (25,025, 1° be as before and assume that (1.4) and (1.10) hold.
Then, for k € Z\ {0}, if v is the solution of problem (1.22)—(1.25), then vy — vog,
weakly in L*(£2), and strongly in L'(2), as € — 0. The limit vop € H' () is the
unique solution of the problem

—div(A“* Vog) =0, in §2; (1.31)
vor, = .V, on 0f2; (1.32)
where
+o0
A% = Ay / B(t) e dt (1.33)

0

with A and B(t) defined in (2.5). An alternative expression for A“* is given in
equation (4.31).

For k =0, under the further assumption (1.11), the solution vy of problem (1.26)-
(1.30) strongly converges in L*(2) to a function vog € H'(§2) which is the unique
solution of the problem

— div(A° Vo) = 0, in §2, (1.34)
Voo = oV, on 012, (1.35)
where A° is defined in equation (5.3). Moreover, it turns out that:
“+o0o
A=A+ / B(t)dt, (1.36)

0

which formally coincides with (1.33) after setting wy = 0 (see also Remark 5.1).

Please note that in Section 4, dealing with the case k # 0, the subscript k is dropped
throughout, for the sake of simplicity.
In Section 6 we deal with Problem (1.14)—(1.19), and establish:

Theorem 1.3. Let (25,825, % be as before and assume that (1.3), (1.4), (1.10) and

(1.11) hold. Then,
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i) The series at the right-hand side of equation (1.21) strongly converges, uniformly
with respect to €, in Hy(R; L*(12)) and in Hy(R; H'(£2)), i = 1,2, to the
unique solution u? (x,t) of Problem (1.14)—(1.19).

ii) The sequence {u¥ (x,t)} strongly converges in L (R; LY(2)) and weakly con-
verges in L3, (R; L*(£2)) as ¢ — 0 to a function ul (z,t), T-periodic in time,
which can be represented by means of the following Fourier series:

+oo

wl (z,t) = Z vor () ™kt (1.37)
k=—00
strongly converging in Hy(R; H'(12)).
iii) The function u#(m, t) is the unique solution T-periodic in time of the problem:
+oo
—div (sz‘f + / B(r)Vul (z,t — 7) dT) —0, in0Q2xR; (1.38)
0
ul = U(z)d(t), on 002 X R. (1.39)

Remark 1.4. We note that, with a change of variables, equation (1.38) can be recast
as follows:

t
—div <AVquE + / B(t — 7)Vul (z,7) dT) =0, in 2 x R, (1.40)
which closely resembles equation (1.1). In fact, equation (1.1) involves a time inte-
gration over (0,t¢) and contains an exponentially time-decaying source F accounting
for the initial data of the original Problem (1.5)—(1.9) (see Proposition 2.2 below),

whereas equation (1.40) involves a time integration over (—oo,t) and is relevant to
periodic functions, i.e., to situations where any transient phenomenon is elapsed. [

Finally, in Section 7 we apply Theorem 1.1 to the function

_ #
we—us_ugu

which satisfies a homogeneous boundary condition on 92 x (0, +00), and obtain our
main result:

Theorem 1.5. Let §25,025,1° be as before. Assume that (1.3), (1.4), (1.10) and
(1.11) hold. Let {u.} be the sequence of the solutions of Problem (1.5)~(1.9) and ul
be defined in Theorem 1.8. If u. — uy weakly in L*(£2 x (0,T)), for every T > 0,
then the following estimate holds:

||luo(+,t) — u#(',t)HLQ(Q) <Ce ™ ae in (1, +00), (1.41)

where C' and X are positive constants.



2. NOTATION AND PRELIMINARY RESULTS

Following [2|, we introduce a periodic open subset E of RY, so that E + z = F for
all z € ZV. For all € > 0 we define 2 = QNeE, 25 =N\cE, I'* = 2N0(eE). We
assume that (2, E have regular boundary, say of class C'"*™ for the sake of simplicity.
We also employ the notation Y = (0,1)Y, and By = ENY, B, =Y\ E, ' =0ENY.
We stipulate that FE; is a connected smooth subset of Y such that dist(E;,dY) > 0.
Some generalizations may be possible, but we do not dwell on this point here. Finally,
we assume that dist(1'%,0f2) > ~e for some constant v > 0 independent of ¢, by
dropping the inclusions contained in the cells (Y + z), z € Z" which intersect 942
(see Figure 1). For later usage, we introduce the set:

ZN ={2cZV: (Y +2) C 02}. (2.1)
In [3] we prove existence and uniqueness of a weak solution to (1.5)—(1.9), in the class
ugos € L*(0,T; H' (%)), i=1,2, T>0. (2.2)

in particular, equation (1.8) is satisfied in the sense of traces.

As it was recalled in the Introduction, if the initial datum S.(z) satisfies (1.11),
then for every T > 0, up to a subsequence, as ¢ — 0, u. weakly converges in
L%(2 x (0,T)) and strongly converges in LL (0,T; L'(£2)). Under the following more
stringent assumption on S.:

Se(z) = 5 (=, E) +eR.(x), (2.3)
€
where S; : 2 x OF — R, and
1511 Lo (2xom) < 00, | Rel[Loo(2) — 0, as e — 0;
Si(z,y) is continuous in x, uniformly over y € OF, (2.4)

and periodic in y, for each x € 2,

then all the sequence {u.} converges, and the limit u(, ) belongs to L2(0, T; H} (£2))
and satisfies Problem (1.1)—(1.2) [2]. The two matrices A, B and the vector F
appearing there are defined by (see [2], equations (3.31), (4.16) and (4.18)):

A= UOI+/[0]V®XO(y) do,

v ® [ox'](y,t)do,

S—

B(t) = —a / ' (0,0) @ [')(y, £) do

Flx,t) = —a/Sl(:v,y)[xl](y,t) do = [[oT(Si(z,-)l(y,t)vda, (2.5)

where

0'0:/0' dJZ:O'1|E1|+O'2|E2|, (26)

Y
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and two cell functions x°(y) and x'(y ) and a transform 7 appear. They are defined
as follows. The components X9, h = .., N,of \°: Y — R" satisfy

—o A, X0 =0, in By, Es; (2.7)
[U(Vyxg —e,) v =0, on I;
[Xg] =0, on I

Moreover, X% is a periodic function with vanishing integral average over Y. The
definition of ' : Y x (0,T) — R" involves the transform 7", defined by

T(s)(y,t) =v(y,t), yeY t>0, (2.10)

where s : I' — R, and v is a periodic null-average function in Y, solving the problem

—O'AyUZO, in (E1UE2) X (0,+OO),
[oV,v-v] =0, on I x (0,+00);
0

aa[v] = (oV,v-v)  on I" x (0, +00);

[W](y,0) = s(y) on I.

Finally, x; is defined by

axy = T((J(Vyxg —ep) - V)(Out)) ) (2.11)

Lemma 2.1. For s € L*(I') such that [, sdo =0, the function T (s)(y,t) defined in
equation (2.10) satisfies the following estimate, for some constants C, A > 0:

T ()] 0|2y < Ce ™. (2.12)

Proof. The argument is very similar to the one used in Section 3 below, so it is only
sketched here. It relies on the application of abstract parabolic theory (e.g., [20],
chapter 7) and leads to the explicit solution:

Z ey ( /swi do . (2.13)

r

Here {(\i, w;) }ien are the eigenvalues and eigenvectors of the spectral problem:

find f € HY2(I'): a(f,g) :)\/afgda, Vg € HY*(I), (2.14)
r

and the bilinear form a is defined as follows:

a(f,g) = /aVz(f) VDdz, fge HVI), (2.15)

Y
9



where 2(*) is the unique Y-periodic solution with vanishing integral average over Y
of the problem:

—div(eV2®) =0,  in E U E; (2.16)
oV v =0, on I; (2.17)
)] =5, on [ (2.18)

It is easy to show that a is symmetric and continuous, satisfying the coercivity esti-
mate, for every 3 > 0:

alf,f)+8 / af*do > y(B) 2N sy + 1215 m) = YO ey -
r

Hence, {\;} is an increasing diverging sequence of nonnegative eigenvalues and {w¢ }
constitutes a Hilbert orthonormal basis of L?(I"). In particular, it is easy to show that
A1 = 0 and the corresponding eigenspace is generated by the constant function w;
on I', so that the first term of the sum in (2.13) disappears, since s has null average
over I'. Moreover, Ay > 0 and the assert follows from (2.13), with C' := ||s||12(r) and
A= Ao O

Proposition 2.2. The constant matriz A is positive definite and symmetric. The
function x' satisfies the estimate:

DGOl 2y < Ce ™, h=1...N; (2.19)
the matriz B(t) belongs to L>(0,+00), is symmetric and satisfies the estimate:
|Byj(t)| < Ce ™, h,j=1...N; (2.20)

the vector F(z,t), under the further assumption (2.4), belongs to L>(£2 x (0,400))
and satisfies the estimate:

| Fn(, )| o) <Ce ™™, h=1...N. (2.21)
In equations (2.19)=(2.21) C' and X are positive constants.

Proof. The positive definiteness of A is proved in Proposition 4.1 of [2]. Equation
(2.19) follows from (2.11), Lemma 2.1 and Lemma 7.3 of [2]. Equations (2.20) and
(2.21) follows from (2.19) and (2.5), using the Cauchy-Schwarz inequality and, in the
proof of (2.21), also the regularity stipulated in (2.4). O

3. PROOF OF THEOREM 1.1

We introduce the space ﬁl/z(f’e) C H'Y2(I®) of the functions which have null average
over each connected component of I, i.e. on £(I" + z), for each z belonging to the
set ZY defined in (2.1).

We decompose the initial datum S.(z) in (1.9) as S.(z) = S.(z) + S-(z), where

S.(z) = ][ Sedo =: C., on each e(I'+ z2), z € ZY;
e(I' =) (31)

S.(z) € HV*(I*).
10



Accordingly, the solution u. of problem (1.5)-(1.9) with ¥ = 0 is decomposed as
Ue + .
Clearly,
0 for (z,t) € £25 x (0,+00),
U(x,t) = (3.2)
—C., for (z,t) € (e(Ey + 2)) x (0, +00), z € ZY.

Using the previous equation, we compute:

2
/|ua|2dx = Z / [u.|> dx = eV | B, | Z ][ S.do
zEZSE E1+z ZEZ (F—l—z)

On the other hand, by Hoélder’s inequality, we estimate:
2

3 f $2do.
Hence, as a consequence of (1.11), it follows that
(-, 1) |20y < Ce, (3.3)

where C' is a constant independent of ¢.

An estimate for u., follows from an application of abstract parabolic theory, as
summarized for example in [20], chapter 7. We consider the two Hilbert spaces
H'Y2(I¢) C L*(I'*) and the bilinear form on HY2(I*):

a(f.q) = / oV VO dr, g€ HYX(I?), (3.4)
(P4

where 2% is the unique solution of the problem:

—div(eV2z®) =0, in 027 U (25; (3.5)
[oV2® v =0, onTI® (3.6)
(2] = s, on I'%; (3.7)
=0, on 0f2. (3.8)

It is easy to show (e.g., [3, Th. 6]) that a. is a symmetric and continuous bilinear
form. Moreover, we have the coercivity estimate, for every g > 0:

«
al£.0)+ 8 [ 2820 2 1B oy + 12 o) 2 218N Py

where we have used the Poincaré’s inequality in [2, Lemma 7.1], and classical trace
inequalities.
11



Then we consider the spectral problem:

find f € HY2(I*): a.(f,g) = )f/%fgda, Vg € HY*(I*), (3.9)

Ie

and the associate evolution problem, for an arbitrary T > 0:
given fo € L*(I'®), find F € L*(0,T; HY*(I'*)) n C([0,T); L*(I™®)):

FO)= fo, &

G [SF09ds +a g =0, Vo BT, (310)

Is

Problem (3.9) admits an increasing diverging sequence {} of nonnegative eigenval-
ues and there exists a Hilbert orthonormal basis of L?(I") composed by eigenvectors
w$ such that [20, Th. 6.2-1]:

a.(wg, g) = )\8/ wigdo, Vge HY*(I¥), ic N.

Ie

Moreover, for every fo € L*(1°), Problem (3.10) admits a unique solution |20, Th. 7.2-
1], which can be represented as follows [20, Lemma 7.2-1]:

+oo
F(z,t) = Z e Nt wf(az)/fowf do. (3.11)
i=1 .

Since problem (3.10) is a weak formulation of Problem (1.5)—(1.9) with homogeneous
Dirichlet boundary conditions, i.e. ¥ = 0, and initial data f, we conclude that:

[t (z,1)] Z e /S w; do . (3.12)

Ie

Let N. be the number of connected components of 1. It is easy to show that

X=0, ie{l,...,N.J},

)

and the corresponding eigenspace is generated by the characteristic functions of e(I"+
2), z € ZY: indeed, by (3.4)-(3.8), a.(f,g) = 0 for all g € HY?(I'*) when f is
piecewise constant on . However we can neglect those eigenvalues, since gg €
HY2(I") and hence they disappear from equation (3.12).

Our aim is to prove that the next eigenvalue, i.e. Ay ., here denoted by Xe, is
bounded below by a positive constant independent of €. To this purpose, we introduce
the space

H'(Q):={ve L}2) : vo € H'(2), i =1,2, [v] € H/*(I)}, (3.13)
12



and, using Lemma 3.1 and Remark 3.2 below, we estimate, for any v € H'(£2):

/U‘VU’le'z Z / o|Vol*dz

e} zEZéVE(y+Z)

where \ is defined in (3.18). Hence (cfr. [20], eq. (6.2-20)),

/U|VZ£S)|2dI

A= min >\, (3.15)
sel2(rooy & / 2 do
£
FS
for A > 0 and independent of e.
Estimate (3.15), together with (3.12), gives
[G=(, )| 2 < Ce ™2 ae. in (1, 400). (3.16)

In order to prove (3.16), we reason as follows. For every ¢t > 0 fixed, using the
Poincaré’s inequality [2, Lemma 7.1|, Lemma 3.3 and equation (3.29) below, equations
(3.12) and (3.15), the Parseval identity and equation (1.11), we have

t+h t+h t+h

//\ﬂ5\2dxd7' <C //\VUEIdedT—i- //u8 |“dodr
t 0 t rIe
Cf(h.t) /~ 24y < CH) S oxceso /
< 2 < =~ 17 i
<= [ie (2, t/2) dor < = Zl e Scw do
Ie =
< 27 Cf(hvt) —)\tHS ”L2 rey < Cf h t —/\t’ (317)

£
where f(h,t) =log(1 + h/t) + h. Dividing by h and letting h — 0, equation (3.16)
follows. This equation together with (3.3) gives (1.12), with A = A\/2.
In order to derive equation (1.13), we use the L?*weak convergence of u. to ug in
(2 x (t,t + h), for every fixed t > 1 and h > 0, and estimate (1.12) as follows:

t+h t+h

//uodxd7<hm1nf//u dzdr < h(Ce )2,

Dividing by h and letting h — 0, equation (1.13) follows.

Lemma 3.1. Set H\(Y) := {v € L2(Y) : vy € H'(E), i =1,2, [v] € HY>(I')},

where HY2(I') is comprised by the functions of HY(I") with null integral average.
13



Then, it results that

/U|Vv|2dy

A= min Y*—>0. (3.18)
veH(Y), [v]#0 a/[U]Q do

r

Proof. We introduce the bilinear form:

a(f,g) = /aVz(f) VD dx, fge HYXI), (3.19)

Y

where 2(*) is the unique solution with vanishing integral average over Y of the problem:

—div(eV2"®) =0, in By U Ey; (3.20)
(0Vz®) v =0, on T} (3.21)
)] = s, on I'; (3.22)

0,V2® .n=0; on 9Y. (3.23)

where n is the outward unit normal to 9Y'.
Reasoning as before, it can be shown that the spectral problem:

find f € HY*(I'): a(f,g) = )\/afgda, Vg € HY*(I), (3.24)
r

admits an increasing diverging sequence of nonnegative eigenvalues {\;}. It is easy
to show that the first one is zero and the corresponding eigenspace is composed by
the constant functions on I". The space orthogonal to the first eigenspace is H/ 2(I)
and hence the second eigenvalue, denoted by ), satisfies (cfr. [20], eq. (6.2-20)):

/U\Vz(s)\zdy

A=  min X : (3.25)
seH1/2(IM\{0} a/32 do

r

thus we have that A > 0, since otherwise the corresponding eigenvector would be
constant, and hence zero.

Clearly, the infimum at the right-hand side of (3.18) is less than or equal to ), since
for s € HY2(I')\ {0}, it results that z() € H(Y), and [2()] = s.

On the other hand, for every v € H'(Y) \ {0}, the function z(") € H'(Y) is such
that:

/0|VU|2 dy = /U|Vz([”]) + V(v —2N)2dy > /0’|VZ(M)|2 dy, (3.26)

Y Y Y
14



since by (3.20)—(3.23) we have:

/O’VZ(M) V(v —zydy = /(U — 2Dy div (o VD) dy

Y Y
/[U — 2D (g V2D . pyew) g 4 /(v — 2D (g, 2D ) do = 0.
r oY

As a consequence of (3.26), we conclude that the infimum at the right-hand side of
(3.18) is attained and is equal to A.

U
Remark 3.2. The change of variables y = x /e applied to equation (3.18) yields:
/ o|Vol*dz
i Y 30 (3.27)
veH (Y), [v]20 & /Mz do
£
el

where H'(eY) == {v € L*(eY) : v.p € H'(¢E), i = 1,2, [v] € HY/?(eI')}, and
H'Y?(eI') is comprised by the functions of H 12(cI') with null integral average. In
particular, we emphasize that \ is a positive constant independent of ¢. ([l

Lemma 3.3. Under the assumptions of Theorem 1.1, there exists a constant v > 0
independent of €, such that the following estimate holds for t > 0:

sup/0|Vua(x,7')|2da: < %/[ug(x,t/Z)]Qda. (3.28)
T>t
) re

Proof. For 0 < t; < t9, we multiply equation (1.5) by wu., integrate by parts over
(£27U825) % (t1,t2), use equations (1.6), (1.7) and the homogeneous Dirichlet boundary
data on 0f2, and obtain:

to
//J|Vu€]2 dzdr + %/[ue(a:,b)]Qda = %/[ua(x,tl)F do. (3.29)
t1 2 Ie

FE
Then we fix ¢ > 0 and choose a cutoff function ((7) € C'(0, +00) such that

0 2:
c<7>={1’ :i/ 0<( <

~ 1=

(3.30)

We multiply equation (1.5) by u.(, and integrate by parts over (2§ U (25) x (t/2,t).
These computations can be made rigorous using a Steklov averaging procedure. Using
equations (1.6), (1.7), (3.30) and the homogeneous Dirichlet boundary data on 912,
we obtain:

/ Vue(z,t)[*dz + — //Cugt dadT—//—|Vu€\ ¢('dzdr,

t/2 I t/2 Q



Hence,

+o0o
sup/a|Vu€(:c,7')]2 dz < //a\VuEPC’dxdT, (3.31)
= 2 t/2 2

and the assert follows from equations (3.29), with t; = ¢/2 and ¢y = ¢, and (3.30). O

4. HOMOGENIZATION LIMIT OF TIME-HARMONIC SOLUTIONS: CASE k # 0

In this Section we prove Theorem 1.2 in the case k& # 0. For the sake of simplicity,
we omit here the subscript k£ and set

P(x) = cpV(x). (4.1)
4.1. Energy estimate. We establish the following energy estimate:
/J|VU€|2da: + g /|[v5]]2d0 < 7/0|V¢\2dx, (4.2)
Q re Q

where 7 is independent of € and w. This estimate, together with Poincaré’s inequality
[2, Lemma 7.1] imply the following L? estimate:

/vf dr < y(14+w™) /O|V@/J|2dm. (4.3)
Q Q
In order to carry out the proof, we set:
Ze = Ve — . (4.4)
The complex-valued function z.(z,t) satisfies the equations:
—div(cVz) =0, in 27 U £25; (4.5)
[oVz. - v] = =[0]|VY - v, on I'%; (4.6)
%[zg] = (0V2z - ) £ 5,V - v, on I'%; (4.7)
2.=0, on 0f2. (4.8)

We multiply (4.5) by Z., integrate over 2§ U (25, use the Gauss-Green identity and
equation (4.8), and arrive to:

/J|Vz5]2da: + /[EE oVz. -vjdo =0. (4.9)
7 re

Using equations (4.6)—(4.7), and then the Gauss-Green identity and equations (1.4)
and (4.8), we obtain

/J|Vza\2dx + w/\[zg]\zda - /[za oV - v]do = —/avzg VY dz. (4.10)
5
2 re re 7

Taking the real and imaginary parts of equation (4.10) and adding them, we get

/J|Vz€|2dx + /|[z5]|2da _ —/0(%Vz€ SOV -V dr.  (411)
FE

n 9]
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Then, we estimate, using Young’s inequality:

1
/J|Vz5|2 dz + %/|[zg]|2da < §/U|Vzg|2 dz + 2/U|V¢|2 dz, (4.12)
£
2 re 2 7
whence equation (4.2) follows.

4.2. Existence. We prove existence of solution of Problem (4.5)—(4.8), for the un-
known z. defined in equation (4.4), in the class

H=A{2 € L*(2); zjgo € H'(1%), i=1,2; zjo0 =0}, (4.13)

which is identified with the Hilbert space H'(£25) x H3(§25). The weak formulation
of Problem (4.5)—(4.8) is

a(ze, ) ::/JVZE-VdeerTw [2.][9] daz/[aaw-y] do, YoeH. (4.14)
2 Ie Ie
Existence of z. € H satisfying (4.14) follows from the Lax-Milgram Theorem [22,
Chp. 6, Th. 1.4]: indeed, the continuity of the bilinear form a(-,-) and of the linear
functional at the right-hand side of (4.14) follows from standard trace inequalities,
and the coercivity estimate |a(¢,¢)| > m| @], for some m > 0, follows from the
Poincaré’s inequality in |2, Lemma 7.1].

4.3. Formal homogenization asymptotics. In this Section we aim at identifying
the homogenized equation of Problem (1.22)-(1.25), via the two-scale method. The
argument is standard, so we only sketch it.

Introduce the microscopic variables y € Y, y = x/¢, assuming

Ve = ?}g(fﬁ,y) = Uo(fﬁ,y) + €U1($,y) + 82U2(17,y) +.. (415)

Note that vy, vy, vy are periodic in y, and vy, vy are assumed to have zero integral
average over Y.
Applying (4.15) to (1.22)—(1.24) we find, at the leading-order term:

—0 Ay Vg = 0, in El, EQ, (416)
oV v -] =0, on I'; (4.17)
iwalv) = (Vo - v)© | on I (4.18)

Multiplying (4.16) by ¥y, integrating by parts over E; U Fy and taking into account
(4.17)—(4.18), it easily follows that:

vo = V() - (4.19)

Proceeding as above, but taking into consideration the next-order terms in the e—
expansion, we obtain

—oAyv; =0, in Ey, Ey; (4.20)

oV - v] = —[oV, v - 1], on I'; (4.21)

iwalvy] = (oV, v - 1) + 0y V,00 - v, on I (4.22)

In (4.20) and in (4.22) we have made use of (4.19), and of its consequence [vy] = 0.
17



We represent vy in the form

v (2, y) = =x“(y) - Vavo(z), (4.23)

where the cell function x* : Y — C" | is such that its components %, h =1, ..., N,
satisfy

—0 Ay Xy =0, in Fy, Es; (4.24)

o(Vyxy, —en)-v] =0, on I'; (4.25)

iwaxy] = (o(Vyx5 —ep) - v)© on I (4.26)

and are periodic functions with vanishing integral average over Y. Existence and
uniqueness of the solution of Problem (4.24)—(4.26) is proved in Lemma 4.1 below.
Finally, the next-order terms in the e—expansion give:

2
—0 Ay Vo = O'A;B Vo + anijg;j s in El,EQ (427)
oV yvg - V] = —[oV, v - V], on I; (4.28)
iwalvy) = (Vv - 1) 4 (0 0y - 1)) on I'. (4.29)

Integrating by parts equation (4.27) both in F; and in Es, using equation (4.28) and
adding the two contributions, we get

—00 A\, vg = —2 /[avxvl -v|do + /[avxvl -v|do = — /[avxvl -v]do,
T

r r

where oy is defined in equation (2.6).
Then, we use the representation (4.23) and infer from the equality above the PDE
for vy as

—div(A“ Vuy) =0, in (2, (4.30)
where the matrix A“ is given by (here the superscript ¢ denotes transposition)
AY = ool + /1/® lox“]do = ool — /ovtx“’ dy. (4.31)
r Y

Lemma 4.1. Under the assumptions on Ey, Es, I" reported in Section 2, Problem
(4.24)—(4.26) admits a unique solution in the class
HY(Y) :={f € L*(R"): flg, € H'(E,), i =1,2, [ is Y -periodic
with vanishing integral average over Y} . (4.32)

Proof. First, we prove the uniqueness result. Assuming, by contradiction, that two
different solutions xy, and xj, to Problem (4.24)-(4.26) exist, the function zj :=
Xi2 — X1 satisfies:

—0 Ay Z}U; = 0, in Ela EQ, (433)
oVyzy -v] =0, on [ (4.34)
iwalzy] = (V2 - v)e) on I (4.35)

18



Multiplying (4.33) by Z¥, integrating by parts and using (4.34) and (4.35), we obtain:

/a\Vz,‘f]Qdy + iwa/][z;j]]Q do=0. (4.36)
Y r
This estimate, recalling that 2 € H'(Y), implies that z¥ = 0.

As far as existence is concerned, we refer to equation (4.56) below, where a solution
to Problem (4.24)—(4.26) is explicitly exhibited. Alternatively, one could appeal to

the Lax-Milgram theorem as in Subsection 4.2. U
4.4. Homogenization limit. Introduce for i =1, ..., N, the functions
q; (z,t) = z; — exf(g) , (4.37)
so that explicit calculations reveal
—0Aqg =0, in 27, (25; (4.38)
oVg; -v] =0, on I'%; (4.39)
w?a[qﬂ = (oV¢ - )| on I*. (4.40)

Let ¢ € Cy°(£2), and select ¢f¢ as a testing function in the weak formulation of
(1.22)—(1.25) and use equations (1.23)—(1.24). We obtain

/chv6 Vg pdr + /O’V?}€ Vg dr + % /[ve] [¢5]pdo =0. (4.41)
o 2 re

Next select v.¢ as a testing function in the weak formulation of (4.38)—(4.40). We
get

/0'qu -V, pdr + /quZ-6 -Veouv.dr + % /[qf] [ve]pdo =0. (4.42)
2 2 Ie
Subtract (4.42) from (4.41) and find,

/O’VUE Vg de = /quf -Vypuv.dr. (4.43)
0 2

The energy inequality (4.2) and the L? estimate (4.3) imply that, extracting subse-
quences if needed, we may assume

—oVuv. =&Y, v. =, weakly in L*(2), (4.44)
v: — g, strongly in L*(2), (4.45)
for some & € L%(2)N, vy € L%(£2). On the other hand, recalling (4.37) and (4.31),
it is easy to show, that:
@G — x;, strongly in L*(£2), (4.46)
oVq — A%e;, weakly in L*(2). (4.47)
19



Thus, using |2, Lemma 7.5|, it follows

— /5“’ -Vpx;de = /A‘”ei -Vpuvyde. (4.48)
Q Q

As usual, next we take pz; as a testing function in the weak formulation of (1.22)-
(1.25). On letting £ — 0, we get

—/§W~Vgox¢dx—/§“-eigodx20. (4.49)
17 0

We substitute (4.49) in (4.48), and, recalling that A“ is symmetric (see Subsection

4.6), we obtain
/vkoVgoda: = /fwgodx.
2

0
By the arbitrariness of ¢ € C5°(£2), recalling also equation (4.49) above, it follows
that

&Y = —AVuyy and divE” =0 in the sense of distributions,

and hence equation (1.31) is in force.
For future usage, we note that equations (4.3) and (4.44) imply:

/vg dr < (1 +w 1) /a|w|2dx. (4.50)
2 9]

4.5. Dirichlet boundary condition for vy. In this section we prove equation (1.32)
using an argument similar to [2], § 5.1. We define:

~ Ju(z) in £,
Vele) = {w in RV\ 72,

Since the jump of V. across 02 is zero, we infer that for each bounded open set
G C RY, the variation |DV.|(G) is given by

VG = [Ivvidar+ [ [Vllde < 2(GI + G nGlu)) . (451)
G r<nG
where we have made use of Holder’s inequality and of equations (1.4), (4.1), (4.2).

As a first consequence of this estimate, we may invoke classical compactness and
semicontinuity results to show that (extracting subsequences if needed)

V.- Vy, inLYRY), |DV|(G) < lim inf | DVZ|(G), (4.52)
for every set G C R" as above. On the other hand, according to [4, Th. 3.77],
IDY(02) = [V =V ldo = [1vi" = vldo, (4.53
00 o0

where the symbol V" (respectively, V™) denotes the trace on 912 of Vy|q (respectively,

of Voipmp = ).
20



Define for 0 < h < 1 the open set
Gn = {z € R" | dist(z,00) < h}.
Combining (4.51)—(4.53), we obtain, as 02 C G}, for all h,

/yvo+ — ¢ < [DVo(Gy)| < yliminf (|Gy["? + (|17 N Galy-1)""?) < Ah'/2.
00
Indeed, it is readily seen that |G| < «h, and that | N Gp|n-1 < vyh/e for all

sufficiently small h. Therefore, letting h — 0 above we obtain that V" = ¢ a.e. on
02. As a consequence, vy = 1) a.e. on 0f2.

Remark 4.2. Due to Proposition 4.3 below and the Lax-Milgram Theorem, the prob-
lem

—div(A“ Vv) =0, in (2; (4.54)
v="1, on 02, (4.55)

admits a unique solution v € H'(£2). As a consequence, the function vy = lim, ¢ v,
which was proved to satisfy the problem above, coincides with v. Hence, vy € H(2).
In passing, we note that the uniqueness of vy also implies that actually the whole
sequence {v.} converges to vy. O

4.6. Structure of the limit equation. First, we show that equations (1.33) and
(4.31) yield the same matrix A“. To this end, we set

+0o0
0“ ="+ / X'(ot) et (4.56)
0

Recalling (2.7)—(2.8) and (2.11), it follows that 6“ satisfies equations (4.24)—(4.25).
Indeed, it satisfies also equation (4.26):

+oo
(o(Vy05 = en) - 1)) = (a(Vyx5, — en) - ) + / (0 (Vyx' (1)) - )" et

0
+oo

= ol (- 0)] + / oo XA 1] €At = iwald), (4.57)

0
where we used (2.11), (2.9), and Proposition 2.2. Thus 6% = x¥, since both of them

satisfy Problem (4.24)—(4.26), which admits a unique solution in the class H'(Y)
(see Lemma 4.1 above). In turn, recalling (2.5), this implies the equivalence between
equations (1.33) and (4.31).

Then we prove the following result, which, in particular, implies the well-posedness
of Problem (4.54)—(4.55), used in Remark 4.2.

Proposition 4.3. A% is symmetric; its real part and its imaginary part are positive

definite; ]Aﬁj], h,j =1,...,N, is uniformly bounded with respect to w. Moreover,
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R(AC, C) > v|C|?, for all ¢ € CV, where (-,-) is the scalar product in CY and v is
a positive constant.

Proof. The symmetry of A follows from equation (1.33) and the fact that the ma-
trices A and B(t) therein are symmetric (see Proposition 2.2). The uniform upper
bound on ||A“|| follows from equation (1.33) and Proposition 2.2.

In order to prove the strict positivity of #(A*¥) and I(A*), we compute:

[o(vx = e (v - endy = - [ (Vi — ) - 0) ] do
Y r
_ / (VX — &) - endy = —iwa / NI do + A2, (4.58)
Y r

where we used the Gauss-Green theorem, equations (4.24)—(4.26) and (4.31), and the
fact that y“ is Y-periodic. As a consequence,

R(AY) = S+ W*, and S(A%) =T+ 2%, (4.59)
where, setting o = R(x*) and 3 = 3(x*),

Shj = /U(VO@J —€;)- (Vo —ey) dy+/0Vﬁ§’-VﬁZ’d’y,

Y Y

Wi, = —wa [ (la3)l=53) + 157)los]) do.

r

7, = wa [ (1o51fa) + (371063) do,  and

Znj = / oV ;- (Vaj —en) dy — / o(Va? —e;)- VB2 dy. (4.60)
Y Y

Clearly, the matrices S and T“ are symmetric, whereas the matrices W< and 2%
are skew-symmetric: hence, W* = Z* = 0, due to the symmetry of A“. Exploiting
the Y-periodicity of o, we have for all n € RY

(R(A“)n,m) = >, 1,S5mnymn =
Tm /IVZj(Oéfnj —yn)|? dy + om /IVZJ»(B;”%)I2 dy > yln*, (4.61)
Y Y

where 0, = min(oy,09) and 7 is a positive constant. In order to prove the last
inequality, first we fix 1 such that |n| = 1, and observe that

Om /|sz(&?77j —ym;)>dy =0
Y
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implies that > (a¥n; — y;n;) is constant in Ep, which is a contradiction, since the
functions o are Y-periodic, while y; are not. Then, the result follows by compactness
and homogeneity with respect to 7.

Analogously, we compute for all € RY

2 2
Q) = 5y Tim = wa [ [(Sylesn)) + (S,3m1) | do =
T

Indeed, reasoning as above, if n € RY, |n| = 1 exists such that >ilxgml =0,
by (4.24)-(4.26) it results that > .(x% — y;)n; is constant, and this contradicts the
Y -periodicity of x“.

Finally, for ¢ € CY we set n = R(¢), v = ¥(¢) and compute, by exploiting (4.61)
and the symmetry of J(A%):

R(A“C,¢) = (R(A“)n,m) + (R(A“)v,v) = 7[¢]*.
O

Remark 4.4. We emphasize that the condition of strict positivity of (A*) implies
assumption iii) in [12]. This assumption was stipulated there as a consequence of the
Second Law of Thermodynamics. In this paper, the same condition is proved to be a
direct consequence of the homogenization of equations (1.5)—(1.9), which are derived
from Maxwell equations. O

5. HOMOGENIZATION LIMIT OF TIME-HARMONIC SOLUTIONS: CASE k =0

In this Section we prove Theorem 1.2 in the case £ = 0, so that we study problem
(1.26)—(1.30). It amounts to solving independent Neumann problems on 25 and on
each connected component e(E) +2), z € ZY, of 25. The first one was considered in
[7, Chp. 1] in the context of homogenization in perforated media, where the authors
obtained that there exists a positive constant 7, independent of ¢ such that

/|VU€0|2 dz <. (5.1)
25
Moreover, they proved that:
P.v.g — v weakly in H'(£2), as e — 0, (5.2)

where we use the following notation. Setting V. = {v € H*(£25): v = ¢yV¥ on 012},
P, is any extension operator from L?(£25) to L*({2) and from V. to H'(2) such that,
for any v € VL, || Pvl[r2(0) < Cllvllz2es) and [|[V Pl 2oy < Cf|V|lp2ios)~ for a
constant C' independent of €. Moreover, vy is the solution of (1.34)—(1.35) and

A = 0y | B |T + /021/ @ x"(y)do. (5.3)
T
The components x%°, h =1, ..., N, of x*° : B, — R" satisfy
—oa Ay Xy =0,  in Ey; (5.4)

oo(V, Xy —epn) - v=0, on I
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In addition, 9 is a Y-periodic function with vanishing integral average over Fs.
For every z € Z, N the Neumann problem in £(E} + z) can be explicitly solved, giving

veolz) = f 0" 4 — 7[ S.(z)do = v'9(z) +v0(z), zce(B+2). (5.6)

e(I'+=) e(I'+z)
By (5.2), it follows that v.g — wvgo strongly in L?({2), since
lve0 — vooll £2(2) < [|veo — Peveoll 20y + || Peveo — vool|L2(02) » (5.7)

and the first term at the right-hand side of the previous inequality is estimated as
follows:

o — Poveo|2agoy < % /[vgo] do + 7€ / VooPde<qe®  (5.8)
Ie 2

where we used [18, Lemma 6|, the fact that P.ug = v, on (25, estimate (5.1) and
the estimate:

/[UEO] do < 2/( (out) _ pl92 45 + 2/<v§g>)2da =L +1. (5.9)
re re re

Here I; is estimated as follows:

]1 §7€/|VU50|2d$,
$25

obtained reasoning as in (3.14), and using Lemma 3.1 and Remark 3.2 above applied

to the function
& for z € (5
wfa) = oo
Uy (z) for x e 25,
whose jump across ¢, [w.] = végut) ég), has null average over each connected
components of I'® by (5.6). On the other hand, using (1.11), we compute:

2

L<2e" ) Y ][S Jdo| <2 /52

N N
2€Z7 L(I+2) 2€Z (I +2)

[t remains to prove equation (1.36). To this end, we set:
+oo
0° =" + /x1(~,t)dt. (5.10)
0

We remark that 6° coincides with 6% defined in (4.56) after setting w = 0. Using

equations (2.7), (2.8), (2.11), and Proposition 2.2, we note that the components 69,
24



h=1,...,N,of 8°:Y — R" satisfy

—oA,0) =0, in E), Ey; (5.11)
[o0(V,0) —en)-v] =0, on I'; (5.12)
(02(V, 09 —ep) -v)Y =0, on . (5.13)

In addition, 09 is a Y-periodic function with vanishing integral average over Y. The
above problem is comprised by two independent Neumann problems in E; and Fj.
Comparing with Problem (5.4)—(5.5), we obtain that

60 (y) = yp + dy for y € £y,
h Xh()+d2 fOI'yEEQ,

for some constants dy, dy. Hence, recalling (2.5) and (2.6), we get:
+00

A+ / B(t)dt = JOI—|—/V® [06°)(y) do = ool — 01|E1|I—|—/V®02X00(y) do = A°
0 T T

Remark 5.1. In passing, we note that our hypotheses on the geometry of 25 imply
that A is a positive definite real symmetric matrix [7, Chp. 1. O

6. TIME-PERIODIC SOLUTIONS: PROOF OF THEOREM 1.3

6.1. Fourier representation of the time-periodic solution {u*}. Here we prove
Theorem 1.3, Part i). In order to show the convergence in Hj (R; L*(12)) of the series
at the right-hand side of equation (1.21), we use the Parseval identity and equations
(4.3), (4.1), (1.3), and we get:

T —+00 2 ~+00
// Z iwVer (1) e™F dxdt:T/ Z Wi|ver(z)]? dz
0 0 k=—o00 0 k=—o00
+oo
<7 Z wi|ex* < +oo.
k=—o00

The convergence in Hy(R; H'(£2)), i = 1,2 can be shown analogously.
It remains to show that the function u# (z,t) defined in (1.21) solves Problem (1.14)—
(1.19). Weak solutions to this problem are defined to be in the class

uc(x,-) is T-periodic in time;  wueoe € L (R H'(1%)), i=1,2, (6.1)

and u.po = VP in the sense of traces. The weak formulation is

//gvug Vzﬁdxdt——//us Dldodt =0, (6.2)

0 I*

for each ¢ € L% (R; L*(£2)) such that 1 is in the class (6.1), [¢)] € Hy(R; L*(I*)),

and 1 vanishes on 92 x (0, 7).
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The left-hand side in equation (6.2), after substituting u. from the series at the
right-hand side of (1.21), becomes:

T
“+oco .
> / / oV Vi d 4 / vl [0] dor | e dt,
g
k=-c0p |0 Ie

which vanishes, since v, satisfies Problem (1.22)-(1.24) for £ # 0 and Problem
(1.26)—(1.28) for k = 0. The series over k can be exchanged with the integrals, since
using Holder’s inequality and equations (4.2), (4.1), (5.1), (1.3) we obtain:

T

+oo “+o0o
> [ | [1o9va: Volde+ “E [jpal@ldo| dt <a(e) Yl < +oo.
k:fooo ) Ie k=—0oc0

On the other hand, the boundary condition (1.8) is satisfied, as it is easily verified by
exchanging the trace operator on 02 with the series and recalling equations (1.25),
(1.29) and (1.20), taking into account the linearity and continuity of the trace operator
and Theorem 1.3, Part i).

Uniqueness of T-periodic solutions to Problem (1.14)—(1.19) is easily proved. Indeed,
by linearity, the difference w# (x,t) of two such solutions satisfies

T
//U|wa|2dx:0,
0 0

hence it is piece-wise constant. This relation follows integrating (1.14) over £2x (0,7,
using the Gauss-Green identity, the homogeneous Dirichlet boundary data for w#,
and equations (1.15), (1.16), (1.18). By equation (1.19), it follows that w# has null
average over each connected component of I'*, hence it is constant over {2 x R, and
so it vanishes, due to the homogeneous Dirichlet boundary data.

6.2. Convergence of {u#} to uf as ¢ — 0. Here we prove Theorem 1.3, Part ii).
We estimate, using the monotone convergence theorem, for kg € N fixed:

+oo ‘
/\uf(x,t) — (2,0 de :/ S (o) — () 41| s
Q Q lk=—00
< / D fven(x) = vor(x) | dz = Y /mk(x) — voi(2)| dz
= |ver () — vor(z)| do + |ver () — vor(2)|do =: [ + I
Ikléog/ |/€|§OQ/

Using Holder’s inequality and equations (4.3), (4.50), (4.1), we compute:
1/2

Ly 3 | [loal@)f + @l | <4 Y ol

kI>ko \ 7 [k|>ko
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By hypothesis (1.3), the right-hand term of the above inequality can be made ar-
bitrarily small by choosing kq sufficiently large. For such ky fixed, I; can be made
arbitrarily small letting ¢ — 0, by virtue of the strong L' convergence of v, to voy
as ¢ — 0. We conclude that u#(z,t) — ul (z,t) in LF(R; L'(£2)) as € — 0.

In order to prove that u#(z,t) — uf (v,t) weakly in L%(R;L*(R2)) as ¢ — 0, we
represent test functions ¢ € L7, (R; L*(£2)) by means of their Fourier series, as follows:

= > orlx) e (6.3)

k=—o0
We compute, for kg € IN fixed:
T Too
/ / ()3 t) dudt = T / S (0a() — v0k(2)) By () s
0 2 0 k=—o00
=7 [ 3 (0ale) (o)) do 7 / S (one()—von(2)) B (2) da = T+
0 |k|<ko |k|>ko

Using the monotone convergence theorem and Holder’s inequality, we compute:

Li<T Y / ver () — v ()] [B ()] de
|k|>k0_(2
1/2

1/2
<y 3| Jlw@P 4wt as | | [P

|k|>ko \ ()

By equations (1.3), (4.1), (4.3), (4.50) and (6.3), the right-hand term of the above
inequality can be made arbitrarily small by choosing kj sufficiently large. For such
fixed kg, I; can be made arbitrarily small letting ¢ — 0, by virtue of the weak L?
convergence of v, to v as € — 0, and the assert follows.
It remains to prove that the series (1.37) strongly converges in H(R; H'(£2)). To
this end, we set:

20k — Vok — Ck\If s (64)

and compute, for k # 0, from equations (1.31)—(1.32):

/Aw’“ Vzor - VZop do = —/ckA“’“ VU .- VZzy do .
2 2

Taking the real part of the previous equation, using Proposition 4.3, Young’s inequal-
ity and assumption (1.4), we obtain:

/ Vz0r2 dz < Aol (6.5)
(93

for a constant v independent of k. Recalling that zp, vanishes on 02, the assert

follows from Parseval’s identity and assumption (1.3).
27



6.3. Equation for the time-periodic asymptotic solution. Here we prove The-
orem 1.3, Part iii). Equation (1.39) follows from equations (1.32), (1.35), (1.20) and
the H (R; H'(12))-convergence of the series (1.37). In order to prove equation (1.38),
we consider its weak formulation:

+o00

T T
//qu-AVu#dxdth//ng-/B(T)Vu#(x,t—T)dexdtzo,
0 0 0 0

0
Vo € Li(R; H(£2)). (6.6)
A direct computation shows that any partial sum of the series (1.37), i.e.,

N
i (z,t) = Y voe(z) e, NeN, (6.7)

k=—N

satisfies equation (6.6), by virtue of equations (1.31), (1.33), (1.34), (1.36). Then
we let N — +o00: to this regard, as far as the second integral in equation (6.6) is
concerned, we proceed as follows. We exchange the integration order, use Hélder’s
inequality, Parseval identity, Beppo-Levi theorem, Proposition 2.2, and equations
(6.4) and (6.5), thus obtaining the following estimate:

+oo
/ B( o IWkT dT//ng Z V’Uo et dor dt < fYH(b”Li(R,HI(Q)) Z |Ck|27
J k|>N [k|>N

(6.8)
which tends to zero by (1.3) and (1.20).

Remark 6.1. Theorem 1.3, Part iii) is related to the results in [12|, where, however,
the setting is slightly different. 0

7. STABILITY RESULT: PROOF OF THEOREM 1.5
In this Section we prove Theorem 1.5. Let u. and u¥ be the solutions of Problem
(1.5)—(1.9) and Problem (1.14)—(1.19), respectively. We set:
w, = u, —ut . (7.1)

Since w, satisfies Problem (1.5)—(1.9) with homogeneous Dirichlet boundary data on
082 x (0,+00), i.e. ¥ =0, and with S, replaced by S. — u¥(-,0), the assert follows
from Theorem 1.1, after proving that u?(-,0) satisfies (1.11).

To this end, we first observe that a classical trace inequality implies that

1/[ (z,0))*do < -+ // 1+ [ Et]|>dadt. (7.2)
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Then we use equation (1.21), the Parseval identity, (4.2), (4.1), (5.9) and following,
(5.1), and estimate:

// AP+ |[u Et]|>dadt ! Z/mak (1+wp) do

“+oo

<y ) lal+E). (7.3)

k=—o00

The assert follows since the right-hand term of (7.3) is estimated by a constant
independent of €, by (1.20) and (1.3).
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