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KLEIN-GORDON-BORN-INFELD EQUATIONS DRIVEN
BY MIXED LOCAL-NONLOCAL OPERATORS

NICOLO CANGIOTTI, MAICOL CAPONI, ALBERTO MAIONE, AND ENZO VITILLARO

ABSTRACT. In this paper we study a class of Klein-Gordon-Born-Infeld systems in which
the classical Laplacian appearing in the matter equation is replaced by a mixed local-nonlocal
operator, whose nonlocal part is allowed to be nonpositive definite according to a real parameter.
Both the approximate and the exact Born—Infeld field equations are considered in parallel.
After making the functional framework explicit, we identify a range of real parameters for
which infinitely many radially symmetric standing waves exist, obtained as Mountain Pass
critical points of the associated reduced energy functionals. The mixed local-nonlocal operator
reduces to the classical Laplacian as the nonlocal weight vanishes, and is motivated, in the
spirit of effective field theories, by nonlocal corrections to the matter dispersion relation.

1. INTRODUCTION AND MAIN RESULT

1.1. The physical models. Classical electromagnetism, as formulated by Maxwell [28], is
a linear theory and, as such, it assigns an infinite energy to the field generated by a point
charge: the electrostatic energy density of a Coulomb field behaves like |z|~* near the source
and therefore is not integrable. Indeed, for a point charge e placed at the origin, Maxwell’s
electrostatics yields the Coulomb potential ¢(x) = e/|z| and the field
e
B(#) = ~Vo(r) = 17 [

whose energy, obtained by integrating the density pgp = %|E|2, is

e2 dzx ez [ dr
W = _ = oo. 1.1
St /R ot~ 2 / 2o (L)

This divergence (1.1) lies at the heart of the classical models of the electron. In the classical
models going back to Lorentz [25], the field energy contributes to the inertial mass,

Mtot = Mmech T 0727

so that W = oo would force the absurd conclusion m, = oo. Introducing a cutoff radius a,
that is, truncating the energy integral (1.1) at r = a, already makes it finite, W (a) = €2/(2a);
the particular value rg is then fixed by identifying the field energy with the electron rest energy,
W(rg) = mec?, which gives rg = €2/(2mec?) ~ 1.4 x 107%m, half the standard classical
electron radius, whose SI expression is r, = e2/(4megmec?) ~ 2.8 x 1071°m [36], a purely
phenomenological cutoff foreign to the underlying field theory.

This picture is, moreover, in tension with experiment: to present knowledge the electron is
an elementary, point-like particle, with no substructure observed down to scales far below rg, in
accordance with the collider compositeness searches collected by the Particle Data Group [31].
The agreement between its anomalous magnetic moment, measured in a one-electron quantum
cyclotron, and quantum electrodynamics bounds any internal structure of the electron [21],
while in deep-inelastic scattering at HERA the electron is treated as a point-like probe, there
bounding the effective charge radius of the quarks [16].

An analogous ultraviolet pathology, now only logarithmic, resurfaces in quantum electrody-
namics, where the electron self-energy is ultraviolet divergent [37] and is handled only through
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renormalization, which absorbs the divergences into a redefinition of the physical parameters;
this program runs from the covariant formulation of quantum electrodynamics [22] to the renor-
malizability of gauge theories [34].

The above-described long-standing inconsistency of the linear theory was the original moti-
vation of Born and Infeld [12], who in 1934 proposed a nonlinear electrodynamics in which the
field strength is bounded a priori by a parameter b > 0.

In the purely electrostatic regime, with E = —V ¢, their Lagrangian density reads

b2 / ’E’Q

and the resulting theory enjoys two remarkable features: the electric field saturates at the value
b, and the self-energy of a point charge becomes finite. We refer to Gibbons and Rasheed [24]
for a more detailed account of this model. The density (1.2) is real only for |E| < b; expanding
the square root for |E| < b,

2 E|2
—o=1-2_% L ou?), o= BL (1.3)
2 8 b?
gives Lpr = &= |E[>+ 327lrb2 |E[*+0(b~*), whose leading term is exactly the Maxwell Lagrangian.

This theory is a genuine nonlinear extension of electromagnetism, departing from it only
in the regime of strong fields. Two structural consequences follow. First, the energy density
associated with (1.2),

b2 1
PE=— | ——m—= -1,
im \ VI-[ER/E2

together with the nonlinear Gauss law

E
v (W) = 47p, (1.4)

forces the saturation |E| < b: the energy density diverges as the field strength approaches b.
Second, for a point charge the radial field obtained from (1.4) satisfies

E(T)N% (r—o0), |EF)|—=b (r—0h),

so that the Coulomb behaviour is recovered at infinity while the field magnitude saturates at
the value b at the source. The corresponding self-energy is finite,

I'(1/4)2
Wgr = I/4)” b'/% |e]3? < .

6y/m

For further details see [9, 24]. Thus, the Born-Infeld parameter b regularizes the theory intrin-
sically, without any ad hoc cutoff.

In the electrostatic case E = —V¢, the Euler-Lagrange equation of (1.2) with a charge
density p is the exact Born—Infeld equation

—div <W> = 4mp. (1.5)
N
Retaining only the first correction in (1.3) produces the approximate electrostatic Lagrangian
1
02
whose Euler—Lagrange equation is an elliptic perturbation of the Poisson equation

— A — B¢ = 4mp, (1.6)

1 8
L8] = S IVol? + 1 IVol', 8=

where

Ay = div(|Ve|* V). (1.7)
Equation (1.6) keeps the leading nonlinear effect of the theory in moderately strong fields
while remaining within reach of classical variational methods. Equation (1.5) retains the full
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geometric content (and the field saturation) at the price of a singular, non-uniformly elliptic
operator. Both regimes are physically meaningful, and we shall treat them in parallel.

1.2. The mathematical problems and literature overview. Coupling the electrostatic
potential ¢ with a nonlinear Klein—-Gordon field ¢ through the minimal coupling rule and
looking for standing waves leads to the Klein—-Gordon-Born-Infeld system, in which a nonlinear
Klein—Gordon equation for u is complemented by the field equation (1.6), or (1.5), with charge
density p = —e(w + eg)u®. Here, u is real valued, w > 0 is the frequency, m > 0 is the mass of
the field, and e = +1 is the charge.

In this paper we couple the Born—Infeld electrostatic field with matter fields depending on
mized local-nonlocal operators. More precisely, for s € (0,1) we consider the family of operators

Lo =-A+a(-A)°, aeR, (1.8)

where (—A)® denotes the fractional Laplacian. In accordance with the recent literature on
mixed operators, we omit the dependence on s in the notation L,.
Looking for standing waves

D@, t) = u(z)e™
of a nonlinear Klein—Gordon field minimally coupled with the electrostatic potential ¢, choosing

e = 1, and normalizing the physical constants, we are led to study, for p € (2,6) (with 6 = 2*
being the critical Sobolev exponent in dimension three), the two systems

e Approximate Klein—-Gordon—Born—Infeld

Lou+m?u— (w+ ¢)?u = |[ulP~2u  in R3,
(KGBIx)
A¢ + BALp = 4m(w + ¢)u? in R3,
¢ Exact Klein—-Gordon—Born—Infeld
Lou+m?u— (w+ ¢)%u = |[ulP2u  in R3,
(KGBI)

div <\/1|VV¢W> =dn(w+ ¢)u? in R3,
where > 0, b > 0, and Ay¢ is defined in (1.7).

Over the last two decades, the variational study of Born—Infeld electrostatics and of its
coupling with a matter field has been developed along two complementary lines, according to
the two problems above.

In the first one, the field equation is an elliptic perturbation of the Poisson equation; its
solution is the minimizer of a smooth, strictly convex and coercive functional on a suitable
reflexive Banach space. The functional groundwork for the electrostatic problem was laid by
Fortunato, Orsina and Pisani [23], who introduced the natural function space for the potential
and proved existence and uniqueness of the field generated by a given charge density. Building
on it, d’Avenia and Pisani [19] coupled the approximate Born-Infeld equation with a nonlin-
ear Klein—Gordon field. They obtained, through an equivariant version of the Mountain Pass
Theorem, infinitely many radially symmetric standing waves in equilibrium with their own
electromagnetic field. Shortly afterwards, Mugnai [29] established the same multiplicity result
under general assumptions, by means of a Zs—Mountain Pass scheme and L a priori estimates.

The second line addresses the exact model, governed by the genuinely nonlinear, singular
operator appearing in (1.5) and (KGBI). The analysis is considerably more delicate. Indeed,
the exact equation (1.5) is governed by an operator that becomes singular as |V¢| — b, and its
natural variational formulation is a constrained minimization over the convex set {|V¢| < b}.
Producing a minimizer is comparatively easy; the difficulty lies in proving that it is a weak
solution of (1.5): one must show that the contact set {|V¢| = b} is Lebesgue-negligible, handle
the constraint when computing variations, and upgrade the resulting variational inequality into
an equation tested against the whole working space, a step that requires explicit justification.
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The coupling with a nonlinear Klein-Gordon field was first treated by Yu [39], who obtained
existence of least-action solitary waves of the exact system in R? and on bounded domains and
analyzed their profiles. The critical Sobolev exponent case was later addressed by Teng and
Zhang [35], and, more recently, Shen and Zhang [32] obtained a solution of the exact system as
a limit of mollified problems.

On the electrostatic side, Bonheure, d’Avenia and Pomponio [9] carried out the rigorous
variational study of the equation driven by an extended charge density. Working with a relaxed
formulation, they proved existence, uniqueness and finiteness of the energy of the potential. The
passage from minimizer to weak solution was established in the quoted paper only for radially
distributed or locally bounded charge densities (the solution being classical when the charge is
smooth). Bonheure, Colasuonno and Fdldes [8] considered a superposition of finitely many point
charges, giving quantitative conditions on the charges that guarantee that the energy minimizer
solves the Euler-Lagrange equation, and describing the singularities of the potential at the
charges according to their sign. Bonheure, d’Avenia, Pomponio and Reichel [10] developed the
corresponding potential theory, proving existence of equilibrium measures for charges supported
on the boundary of a domain, the uniqueness of the (interior-constant) equilibrium potential,
and a characterization of balls among smooth domains. The regularity of the minimizer under
suitable integrability assumptions on the charge density was then studied by Bonheure and
Tacopetti [11], who proved its Wf)f regularity and, for sufficiently small data, that it is a Cllo’z
weak solution.

In the coupled system the difficulty is compounded by the fact that the charge density
—(w + ¢)u? is itself part of the unknown. Accordingly, the available existence results work
within a radial setting, both for the least-action solitary waves of Yu [39] and for the solutions
obtained as limits of mollified problems of Shen and Zhang [32].

To the best of our knowledge, a general existence theory for the exact coupled Klein—Gordon—
Born-Infeld system in R3, without symmetry assumptions, is still missing. We do not settle this
general question here: as in [39], we work throughout in the radially symmetric setting, which
both yields the exact field as a genuine weak solution and restores the compactness needed for
the multiplicity argument.

The Born—Infeld coupling has been explored in the local setting in several further directions,
such as nonhomogeneous problems (Chen and Li [17]), the two-dimensional case with critical
exponential growth (Albuquerque, Chen and Li [1]), and the Schrédinger—Born—Infeld system
(Azzollini, Pomponio and Siciliano [5]), none of which allows for a nonlocal kinetic term, the
specific feature of the present study.

The subject remains under active investigation: very recently, De Filippis and Mingione [20]
have studied the electrostatic equation for rough (unbounded) charges by means of nonlinear
potential theory, extending the anti-peeling theory of Bartnik and Simon (a rigidity principle
for the lightlike singular set of the potential) to its sharp integrability threshold and yielding
endpoint regularity of the potential and of its gradient.

In a different direction, a robust line of research has recently been devoted to mixed local-
nonlocal operators of the form (1.8), in which the classical second-order term coexists with a
fractional one. Beyond their intrinsic analytical interest, mixed local-nonlocal operators arise
naturally, in the spirit of effective field theories, as a way to encode soft nonlocal corrections to
the dispersion relation of a matter field. Their analytical theory has been developed in several
directions, including regularity, maximum principles, and variational methods in the possibly
nonpositive definite setting; we refer the interested reader to [2, 7, 27] and also [26] for a general
overview.

Motivated by this perspective, the authors of the present paper have recently extended the
classical Benci-Fortunato theory of charged solitary waves [6] to the mixed local-nonlocal set-
ting. More precisely, they studied both the Klein-Gordon-Maxwell [14] and the Schrédinger—
Maxwell [15] systems, allowing in both cases the nonlocal part of (1.8) to be nonpositive definite.
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The main novelty of the present work is that the local kinetic operator —A of the matter
equation is replaced by the mixed operator £, defined in (1.8).1

Up to the standard sign reductions one obtains the reduced systems (KGBI.) and (KGBI)
stated above. The replacement of —A by L, is suggested by the same effective-theory heuris-
tics that underlie the Born—Infeld construction: a local field equation may be viewed as the
low-energy limit of a more fundamental theory whose ultraviolet completion is unknown, and
integrating out the unresolved microscopic degrees of freedom (the short-distance fluctuations
of the matter field, or a microscopic granularity of spacetime) can dress the kinetic term with
nonlocal corrections. The freedom to let o have either sign is itself physically meaningful (in-
deed, it distinguishes corrections that enhance from those that soften the nonlocal contribution
to the dispersion) and the delicate regime v < 0, in which £, ceases to be positive definite, is
also mathematically interesting, as we shall underline in the next section.

The two ingredients are, moreover, complementary: they act on two different equations of the
system and modify two distinct objects. The Born—Infeld nonlinearity lives in the field equation
(the nonlinear Gauss law (1.4)), capping the field strength at |E| < b and rendering the self-
energy of the charge finite, whereas the mixed operator L, lives in the matter (Klein—-Gordon)
equation, reshaping the dispersion relation of the matter field. Neither can be recovered from
the other, and switching off either mechanism (b — oo or @ — 0) leaves the other fully in force.

1.3. Main result. We treat the approximate and the exact models in parallel, within a single

variational scheme, and keep the energy space and the solution space of the potential carefully

distinct (see Remark 2.3), a distinction that makes the reduction rigorous in the exact case.
To state our result, we introduce the function ag: (0,1) x (0,00) — (0, 00),

ao(s,t) =551 —s)* 15, (s,t) € (0,1) x (0, 0), (1.9)

which already governed the admissible range of the nonlocal weight in [14, 15], and we set

2
A= max{ 1}, p € (2,6).

p—2
We also introduce some basic notation, starting from the homogeneous spaces
DR = Cr®) " " D®Y)=Cr®y) T T, (1.10)
the former being a Hilbert space with the norm ||ul|pi2 = ||Vull2, the latter a Banach space
with the norm ||ul|p == [|[Vul|2 + [[Vul|4. We finally set
D, (R3) :== DV3(R3) n Wh>(R3). (1.11)

Our main result reads as follows.

Theorem 1.1 (Existence of infinitely many standing waves). Let p € (2,6), s € (0,1),
a€R, m>0, and w > 0. Assume that

m? > Aw? and o > —ap(s,m? — Aw?).
Then the following results hold.
(i) (Approximate Klein—Gordon—Born—Infeld) For every 5 > 0, system (KGBI.)
admits infinitely many radially symmetric weak solutions (U, dpn)n C H'(R3) x D(R3).

(ii) (Exact Klein—-Gordon—Born—Infeld) For every b > 0, system (KGBI) admits infin-
itely many radially symmetric weak solutions (uy, dn)n C H'(R?) x Dy (R3), with

Vol
Ji=TwerE <L

1We borrow the term kinetic from field theory for the part of the operator that involves derivatives of the field
and governs its propagation, as opposed to a potential term depending on the field alone. In Fourier variables (see
Section 2), —A and (—A)* act on plane waves as multiplication by |¢|? and |£]**, so £, modifies the dispersion
relation of the matter field, |£|? — || + «|€|®*; in this sense it is a kinetic, not a potential, modification, despite
the nonlocality of (—A)® in position space. The time derivative, absent from L, is carried by the frequency w
through the standing-wave ansatz 1) = ue*?.

IVonlloo <b and
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The two conclusions of Theorem 1.1 share the same hypotheses on (p, s, a, m,w) and differ
only in the field equation and in the space of the potential ¢. When o = 0, both parts of
Theorem 1.1 reduce to the classical local setting, and it is therefore natural to compare them
with the existing literature. Our threshold reads

2
m? > w? for p € [4,6), m? > 72(,‘)2 for p € (2,4).

In the approximate case, part (i) recovers the multiplicity results of d’Avenia—Pisani [19] (es-
tablished for p € (4,6) under w? < m?) and of Mugnai [29] (who covered the whole range
p € (2,6)). Our condition m? > Aw? coincides exactly with the one assumed by Mugnai, and
with the threshold under which D’Aprile-Mugnai [18] obtained infinitely many radially sym-
metric solitary waves of the Klein-Gordon-Maxwell system. For the Klein—-Gordon—-Maxwell
system, Azzollini, Pisani and Pomponio [4] also established the existence of a single nontrivial
solitary wave in the limiting case w = m, under different assumptions on the nonlinearity.
In the exact case, part (i7) improves the multiplicity result of Yu [39] by enlarging its admis-
sible frequency range. Indeed, Yu required (§ — 1)m? > ng, that is
2 p 2
m > P w?,

2
m> >max{,1}w2.
p—2
Since -2 > max{-2

) T 1} for every p € (2,6), our condition is strictly weaker throughout the
range. In particular, the exact Born—Infeld coupling is here shown to enjoy the very same
threshold already available for the approximate coupling and for the Klein—-Gordon—-Maxwell
system.2

The systems (KGBI+) and (KGBI) combine several genuinely distinct difficulties. For av > 0,
the mixed operator L, is positive definite, and the bilinear form B, (see Section 2), after adding
a positive mass term, induces a norm equivalent to the H' norm, so that the existence theory
follows the classical variational pattern. Ground states and least-energy solutions for related
Maxwell- and Born—Infeld-coupled problems have also been obtained by Nehari-type methods,
see [3, 38].

The interesting and substantially harder regime is o < 0, in which the nonlocal part is in
competition: L, is no longer positive definite, B, no longer induces a norm, the spectrum of
L., has a negative part, and even maximum principles may fail (see [7, 27]). The threshold «yg
of (1.9) quantifies how negative o may be taken before coercivity of L, +t1d, with ¢ > 0, is lost;
it arises by optimizing the interpolation estimate (2.7). For fixed ¢ > 0, one has aq(s,t) — ¢ as
s — 0% and ag(s,t) — 1 as s — 17, recovering the coercivity conditions o > —t and o > —1
for the respective formal limits of £, + ¢tId, namely —A + (o +¢)Id and —(1 4+ o)A +¢1d, as
explained in [14].

Symmetry plays a key role in the proof of Theorem 1.1. Restricting to radially symmetric
functions restores compactness, the embedding H}(R?) < LP(R3) being compact for p € (2,6),
unlike on all of H'(R?), which, together with the a priori estimates, yields the Palais-Smale
condition. The Principle of Symmetric Criticality then transfers the radial critical points to the
whole space.

whereas we only need

p

In the rest of the paper we fix the functional framework in Section 2, paying particular
attention to the space in which the potential is sought. We then deal with the Born-Infeld
equation in Section 3, treating the two models in parallel. Finally, Section 4 is devoted to
setting up the variational scheme used to prove Theorem 1.1.

2This improvement concerns the existence of infinitely many solutions. For a single radially symmetric solitary
wave, wider frequency ranges for p € (2,4) are known for the exact Klein-Gordon-Born-Infeld system; see Shen
and Zhang [32]. To the best of our knowledge, no such refinement is available at the level of multiplicity, which
is the regime we address here.
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2. PRELIMINARIES

2.1. Notation and functional setting. This subsection collects the notation and functional
framework needed for our analysis. Throughout, || - ||, denotes the norm in L9(R?), while B,
denotes the ball of radius r centered at the origin. For the readers’ convenience, we recall the
definition of the spaces DV2(R3) and D(R3) given in (1.10), i.e.

D2(R?) :WHV'\M, D(R?) :WHV'HTFHV'HAL,
the former being a Hilbert space with the norm ||ul|pi2 = ||Vull2, the latter a Banach space
with the norm ||u||p = [|[Vull2 + || Vul|4. We also recall that

HY(R?) := {u € L*(R?) : Vu € L*(R*R?)},
which is a Hilbert space with the norm ||ul| 1 == (||ul|? 4 ||Vu3)/2. We notice that
H(RY) G D'¥(RY),  D(RY) G DM(RY),

so that all three spaces DY?(R?), D(R3), H'(R?) continuously embed in L°(R3) by Sobolev’s
inequality. The next proposition records the two embeddings that will be used throughout.

Proposition 2.1. For all p € [2,6] there exists a constant Cp, > 0 such that

lully < Cyllulln for all u e HI(R?), (2.1)
Moreover, for all g € [6,00] there exists a constant Dy > 0 such that
|ully < Dyllullp  for all u € D(R?). (2.2)
Proof. By Sobolev’s inequality there exists S > 0 with
lulle < S|lul|pre  for all u € DV2(R3), (2.3)
which implies (2.1). Moreover, by [23, Proposition 8|, there exists M > 0 with
|ulloo < M|jullp for all u € D(R?). (2.4)
Combining (2.3) and (2.4), we get (2.2). O

The spaces DV2(R?) and D(R?) are defined by completion. However, for the study of the
field equation, it is convenient to characterize them as suitable function spaces defined by
integrability conditions. This is the content of the next lemma.

Lemma 2.2. We have
DYA(R3) = {u € LS(R3) : Vu € L*(R3;R?)},
D(R3) = {u € L5(R?) : Vu € L*(R3;R3) N L*(R3; R3)}.

Proof. Denote by 15172(]1%3) and ]_~?(R3), respectively, the two sets on the right-hand sides. By
Proposition 2.1 and (2.3), we have DY2(R3) C DY2?(R?) and D(R3) € D(R?). Let us prove
the reverse inclusions. We fix a family of standard mollifiers (p.). and a function n € C°(R3)
satisfying suppn C By, 0 < < 1, n = 1 on By and |Vn| < 2. For all R > 0, we set
nr(z) = n(x/R) for x € H§3. N
Let us first show that D2(R3) C DY2(R?). Let u € D'2(R3) be fixed. Then
ux p. € C®(R%) N DY2(R?)
and
|V (ux*p:) — Vulls = [[Vu* p. — Vu|s -0 ase — 0.

Therefore, we may assume u € C®(R3) N DY2(R3). Since ung € C°(R3), the claim follows
once we show that
|IVu — V(ung)|l2 =0 as R — oo.

We note that V(ungr) = nrVu + uVngr and, by dominated convergence, ||Vu(l —ng)|2 — 0.
Then, it suffices to prove that

|luVnrll2 -0 as R — oc. (2.5)
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By Holder’s inequality,

1/3 23
/ |u]2|VnR|2da; = / |u]2|VnR|2da: < (/ \u|6dx> (/ |VnR|3da:>
R3 Bar\Br R3\Br Bsygr

i3 1/3
< / b de | | Bogf*® = 16]B, 3 / wfde) =0,
R3\Br R R3\Bp

where we used that u € LS(R?) and |Vng| < 2/R.

Let us finally show that D(R3) C D(R3). Let u € D(R?) be fixed. As before, it holds that
w pe € C®(R*) N D(R?)
and
IV(uxpe) = Vulz + [[V(uxpe) = Vulls = 0 ase =0,

so we may assume u € C*°(R?) N D(R?). Then, ung € C>°(R3) and the conclusion follows once
we show that

|Vu—V(ung)llz2 =0 and |[Vu—V(ung)|ls =0 as R — oo.

As before, V(ungr) = ngVu + uVng and, by dominated convergence, ||[Vu(l —ng)|l2 — 0 and
IVu(1 —ng)|l4+ — 0. Hence, to conclude, it suffices to prove that

|luVnrllz2 =0 and ||[uVng|s -0 as R— oo.

The first limit is the one just established in (2.5). For the second, by Hoélder’s inequality,

2/3 13
[t = [ |ur4|VnR|4dxg< / |u|6da:> ( / |VnR|12dm)
R3 Bar\Br R3\Bg Bar

2/3

16 32| By [V/3|ul|4
< 64 | Byplt/3 < 2226
- (/Rﬁ\BR‘u| x) R4| 2 R? ’

since u € LS(R?). This concludes the proof. O

We now turn to the potential of the exact model. Here the field equation carries the pointwise
constraint |V¢| < b, which must be incorporated into the admissible set. This requires a
uniform, rather than merely integrable, control of the gradient. We hence recall the space
D, (R?) introduced in (1.11), i.e.

D, (R?) := DV(R?) n Wh>o(R?).
In view of Proposition 2.1 and Lemma 2.2, D,(R3) can be characterized as
D, (R?) = {u € L°(R?) : Vu € L*(R* R?) N L™(R?; R?)}.

It is a Banach space with the norm ||u||p, = [|[Vul|2 + || Vu||c. For all b > 0 we introduce the
sets

My(R?) = {u € Du(R?) : [|Vullos < b},

2
Ky(R3) == {u € My(R3) : B AT € Ll(R3)} .
V1= |Vul?/b?

Here M;(R3) is the closed convex set on which the exact Born-Infeld energy is minimized,
implicitly appearing in part ii) of our main result, while K,(R?) incorporates the additional

integrability condition satisfied by the reduced potential.
Having fixed the spaces for the potential, we now describe the matter sector, that is the
fractional Sobolev scale and the mixed operator L, acting on it. It is here that the parameters
s and « enter, and that the coercivity estimate governing the admissible range of « is derived.
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We denote by F the Fourier transform, defined for p € S(R3;C) (the Schwartz space) by

Fo() = (m) 2 [ (o) da

and extended by duality to tempered distributions. For s € (0,1) the fractional Sobolev space
is

H*(R?) = {u € L*(R3): / (14 €%%)|Fu(€)? d¢ < oo} :
R3
It is a Hilbert space with the norm [jul|gs = (fgs(1 + [£]**)[Fu(£)|?d€)1/2, and in addition
H'(R3) — H*(R3). The fractional Laplacian is defined for ¢ € S(R?) by
(—A)%p = FH(E*Fp),
and by Plancherel’s theorem
ICa)iul = [ €PIFu@P e torue HR).
In particular, for all ¢ > 0 and u € H'(R3),
I(=2)2ull < (1= s)e™ 7= Jull3 + se|| Vull3. (2.6)
Hence, the s-fractional Laplacian can be extended to a bounded linear operator
(—A)": H*(R?) — H™*(R°) = (H*(R?))’
by setting
(=AY, V) sy s = / (=A)2u(=A)2vdz  for u,v € H*(R?).

R3
For all a € R, the mixed local-nonlocal operator

Lo=-A+a(-A): H(R®) » H ' (R®?) = (H'(R?))
is defined by

(Lo, V) -1 1 = Vu-Vodr + a/ (=A)2u(=A)2vdz  for u,v € H'(R?).
R3 R3

In particular, it is associated with the bounded bilinear form

Ba(u,v) == Vu-Vodr + a/ (=A)2u(—A)2vde  for u,v € H'(R?).
R3 R3
By (2.6), writing a~ = max{—a, 0}, for all ¢ > 0 and u € H'(R?), we have
Ba(u,u) 2 (1 a”se)|[Vull3 — a™ (1 = s)e™ 7 |ulf3. (2.7)

The point of (2.7) is that, once a mass term t ||u||3 with ¢ > 0 is added, the two requirements
l—a"se >0and t —a (1 — s)e_ﬁ > 0 admit a common solution ¢ > 0 if and only if
a > —ap(s,t), with ag(s,t) == s75(1 — s)*"1t!7% as in (1.9). Such a mass term is produced
by the coupling of the Klein—-Gordon and Born-Infeld fields, and the corresponding admissible
range of a will be studied in detail in Section 4.

Remark 2.3. The matter field u always lives in H'(R?), or in its radial subspace H,(R3?).
The delicate choice is the space for the potential ¢, and it differs in the two models. In
the approximate case the natural energy controls both [|[V¢|2 and ||[Vél|4, so ¢ is sought in
D(R3). The well-posedness of the reduction rests on the concrete characterization of D(R3)
given in Lemma 2.2 and on the embedding D(R?) < L*(R3) of (2.2). In the exact case the
constraint |V¢| < b forces a uniform gradient bound, and the ambient space is D, (R?), with
the convex sets M (R?) and Kj(R?). Here one minimizes over My (R?), but the minimizer solves
the field equation only after the contact set {|V¢| = b} has been shown to be negligible and
the constrained variational inequality has been turned into an equation tested against all of
D, (R3). We therefore keep the energy space and the solution space distinct, and we verify that
the reduced potential is a weak solution, in the sense made precise in Section 2.2.
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2.2. Weak solutions. In the rest of the paper s € (0,1), « € R, m >0, w > 0, and p € (2,6)
are fixed, and we study the reduced systems (KGBI.) and (KGBI). We conclude this section
by specifying the notion of weak solution in the two cases, which differ only in the field equation
and in the space of the potential.

Definition 2.4. Let 8 > 0. A pair (u,$) € H'(R3) x D(R?) is a weak solution of (KGBI.) if
for all v € HY(R?) and for all 1 € D(R?) we have

Bo(u,v) +m? [ wvdx — / (w+ ¢)?uvdr = / |ulP~?uw de, (2.8)
R3 R3 R3
and
—/ V- Vi de — 6/ Vo2V - Vip di = 477/ (w + ¢)pu? da. (2.9)
R3 R3 R3

Let b > 0. A pair (u,¢) € H'(R?) x K,(R?) is a weak solution of (KGBI) if (2.8) holds for all
v € HY(R?) and for all 1 € D,(R?) one has

Vo -Vy
— ———dz
RS /1 —[Vo[?/b?
Remark 2.5. All the integrals above are well defined, as we are going to explain in the sequel.
Since H(R3) < LP(R3) for p € [2,6] and D(R3) < L*°(R3), the terms in (2.8)—(2.9) make sense
for u,v € H(R?) and ¢,9 € D(R3). In the exact case, if € Kj(R3) then 47 (w+¢)u? € LT(R3),
the set {|V¢| = b} is Lebesgue-negligible by the definition of K;,(R?), and for every 1 € D, (R3),
splitting R3 into the sets {|V| < b/2} and {|Ve| > b/2},
[Vy[? Vg|?
R3 /1 — |Vo|?/b? r3 /1 — |Vo|?/b?

so that, by Holder’s inequality, the left-hand side of (2.10) is finite.

= 47r/ (w + ¢)pu? da. (2.10)
R3

2 4
do < Z= Vol + 55 1Vells

Both systems (KGBI.) and (KGBI) are solved by the same three steps. First, for every
u € L*(R?), a unique potential ®(u) is obtained by minimizing a Born-Infeld energy, with
suitable bounds and continuity properties. It solves the field equation in the approximate
case and, for radial u, in the exact case (Section 3). This is the step where the two models
genuinely differ, and where the exact case requires the contact-set analysis of Remark 2.3.
Second, inserting ¢ = ®(u) reduces the coupled system to the search for critical points of a
single functional J on H'(R?) (Subsection 4.1). Third, restricting J to the radial subspace, we
verify the geometric and compactness assumptions of an equivariant Mountain Pass Theorem
and conclude (Subsection 4.2). The second and third steps are common to the two models, and
we carry them out once.

3. THE BORN-INFELD EQUATION

This is the only step in which the approximate and the exact models require genuinely
different arguments, and we treat them in turn.

3.1. The approximate equation. For 3 > 0 and u € L?(R?) we define the energy functional
E,: D(R?) — R by

1 8 1
Eu(¢) = — 24 1+ - 2% du. 1
u8) = g VOB + J Vol + 5 [ (o 0utda (3.1)
The following result shows some relevant properties of solutions of the approximate equation.

Lemma 3.1. Let 3 > 0. For all u € L*(R3) there exists a unique ®(u) € D(R3) solving (2.9),
namely the unique minimizer of E,. Moreover, we have

—w < P(u) <0 ae in R3, (3.2)
Finally, the map ®: L?(R?) — D(R3) is continuous.



KLEIN-GORDON-BORN-INFELD EQUATIONS 11

Proof. Let u € L?(R?) be fixed. The functional E, is of class C' on D(R3) and convex, so that

Eu(¢2) > Eu(¢1) + EL(¢1)(¢2 — ¢1)  for all ¢1, 2 € D(R?).

Hence, ¢ minimizes E, if and only if E! (¢)[t)] = 0 for all 1» € D(R3), that is if and only if (2.9)
holds. Since one has

1 2 5 4 3
> A
Fu(@) 2 o IVoI3 + L IVoll§ for all 6 € D(R?),

the functional E, is strictly convex and coercive on D(R3). Then, by the direct method, E,
has a unique minimizer ®(u), which is the unique solution of (2.9).
Let us show the validity of (3.2). We first show that

®(u) := min{max{®(u), —w},0} € D(R?). (3.3)
By definition, ®(u) < 0 a.e. in R3, and

®(u) a.e.on {—w < ®(u) <0},
O(u) =10 a.e. on {®(u) > 0}, (3.4)
—w ae on {P(u) < —w}.

Moreover, by the Sobolev chain rule for truncations, it holds that

~ . JV®(u) ae on{-w < ®(u) <0},
Ve = {O a.e. on {®(u) > 0} U{P(u) < —w}. (8:5)
In particular, by (3.4) and (3.5),
|D(u)| < |®(u)| and |[VO(u)| < |VO(u)| a.e. in R (3.6)

By the characterization of D(R?) given in Lemma 2.2, the estimates (3.6) imply (3.3). Further-
more, by (3.4)
w+ ®(u) ae. on{—w < P(u) <0},

w+du) = w a.e. on {®(u) > 0},
0 a.e. on {®(u) < —w}.
Note that w4+ ®(u) > 0 a.e. in R3. In particular,
w4 ®(u)] = w+ B(u) < |w+ P(u)| ae. in R (3.7)

Combining (3.6) and (3.7), we obtain
Eu(®()) < Eu(®(u)).
Since ®(u) is the unique minimizer of E,, we conclude that
d(u) = d(u) ae. in R,

and, by (3.4), (3.2) holds.

Finally, we are going to prove that ®: L?(R3) — D(R3) is continuous. Let u,, — u in L?(R3)
as n — oo. Consequently, C1 = sup,, ||[un|l2 < co. Testing (2.9) first for ®(u,) and then for
®(u), in both cases with ¢ = ®(u,) — ®(u), we obtain

- Vo (uy) - (VO(up) — VO(u))dr + ﬁ/R3 (VO (1) PV ®(uy) - (VO(uy) — VO(u)) de

= —A471w Uy ) — uu2x—ﬂ' U Upn ) — uu2x
_ 4 /RS@( ) — ()l d 4/R<1>< (@ () — B(u))u? da,

3
and

- Vo(u) - (VO(u,) — VO(u))dz + B/RS VO (w)|?°V®(u) - (VO(uy) — V®(u)) dz

= —aTTwW u — UU2 Xr — am u u — ’LL’LL2 xZ.
= —tmo [ (@)~ D) dr —dr [ D(w)(@(w,) ~ ()t d

3
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Subtracting the second identity from the first and using the monotonicity inequality
1
(€176 — 1&?6) - (G — &) > 1|§1 — &It forall &5,& € R?,
together with (3.2) (so that 0 < w + ®(u) < w and |P(uy,) — P(u)| < w), we get

IV @ (un) = VO(w)l3 + %!V@(un) — Ve (u)|;
< 47rw/ (®(un) — ®(u))(u? — u2)dx + 471'/ (®(u)u? — ®(up)u)(®(u,) — ®(u)) dz
R3 R3
= 47r/ (w4 ®(u))(P(uy) — ®(u))(u? —u2)dz — 471'/ (®(uy) — ®(u))*u? dz
R3 R3

< 47r/ (@ + B())(D(un) — () (U2 — 12) dz
R3
< 47rw2Hu + upl2||u — upll2 < 87rw201Hu — Up||2.

Since u, — u in L*(R3), we conclude that ®(u,) — ®(u) in D(R3), so proving the announced
continuity. O

3.2. The exact equation. For b > 0 and u € L?(R3), we define the Born-Infeld energy
Fu: My(R3) = [0, 00) by

b2 2
Fu(¢) = yy /RS (1 —4/1- |vb(§| ) dz + ;/Rg(w + ¢)%u’ dz. (3.8)

We are going to use the elementary inequality

t
531—\/1—t§t for all ¢ € [0, 1],

which follows froml—éz 1-t& % >0and 1 -t < V1—-t<tt—1) <0. By it we get
Fu(9) < oc for all ¢ € My(R?) and Fy () > & V6.
By following [39], we are now going to establish the variational properties of F,.

Lemma 3.2. Let b > 0. The set My(R>) is a closed convex subset of DV2(R3), hence it is also
weakly closed.

Proof. Convexity is clear. If (1), C My(R3) and v, — 9 in D?(R3) as n — oo, then V), —
V1) a.e. along a subsequence. Since |Vib,| < b a.e., also V)| < b a.e., so ¢ € My(R3). O

Lemma 3.3. Let b > 0, (¢,)n C Mp(R3), and ¢ € My(R3) with ¢, — ¢ in DV2(R3) asn — oo.
Then ¢y, — ¢ in LY. (R3) as n — oo.

Proof. The sequence (¢, ), is bounded in D, (R?), hence in D(R?). Therefore, by Proposition 2.1,
it is bounded in W1 (IR3) as well. Hence it is locally uniformly equicontinuous and bounded.
By the Arzela—Ascoli theorem we thus get ¢, — ¢ in L (R3). O

loc

Lemma 3.4. Let b > 0 and u € L*>(R3). The functional F, is coercive and sequentially weakly
lower semicontinuous in DV2(R3).

Proof. The coercivity follows from the estimate F,(¢) > &[|V¢|3. Let ¢, — ¢ in DV?(R3) as
n — 00, with (¢n)n, d € Mp(R3). Since & — 1 — /1 — |£]2/b? is convex on {|¢| < b}, we have

’C¢‘2 sk ’C¢n’2
— — < — —
/3 (1 1 b2 dz h;n inf , 1 1 B2 dz,

while by Lemma 3.3 and dominated convergence we get [ps(w + bn)?u? doe — Jgs(w+ #)%*u? dz.
Hence F), is sequentially weakly lower semicontinuous. O

Proposition 3.5. Let b > 0 and u € L2(R3). There exists a unique minimizer ®(u) € M,(R3)
of Fy.
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Proof. Existence follows from Lemmas 3.2 and 3.4 by the direct method, and uniqueness from
the strict convexity of £ — 1 — /1 — |£]2/b2. O

The next proposition is the crucial step discussed in Remark 2.3: it shows that the con-
tact set is negligible and turns minimality into a variational inequality. Its proof follows [9,
Proposition 2.7].

Proposition 3.6. Let b > 0 and u € L?>(R3). Let ®(u) € My(R3) be the minimizer of F,.
Then, the set A = {x € R? : |[V®(u)(x)| = b} has zero Lebesque measure and we have

Ve (u)®
RS /1 — [VO(u)[2/b?
In particular, ®(u) € Ky(R?). Moreover, ¢ € Ky(R3) minimizes F,, if and only if

Ve [ VoW o
/. o 1—rv¢\2/b2dw§4”43(w+¢>(w Putds - (310)

for all ¢ € My(R?).

Proof. Since 0 € M,(R3), we have (1 — t)®(u) € My(R?) for all ¢ € [0,1], and by minimality
Fu(®(w) < Fu((1— )(u), ic.

1—1)2|V®P(u)|? Vo (u)|?
62/11@(\/1_( UIve() _\/1_| b(2)|>d$

< ot / (2w + 20 () — £0(u))D(u)u2 dz. (3.11)
R3

dr < —4r /R3 (w+ ®(u)®(u)u? dz. (3.9)

By splitting the first integral over R3 \ A and A, since both resulting terms are non-negative,
we get

V2lA|V2t — 12 < —27rt/ (2w + 2®(u) — t®(u))®(u)u?dz  for t € (0,1],
R3
that is

V’|A| < —2m 2tt/ (2w + 2®(u) — t®(u))®(u)u® dz  for all ¢ € (0,1].
Vo=t [

Then, by letting t — 0T, we get that |A| = 0. Moreover, by dividing inequality (3.11) by ¢, we
have
(2 —1)|VP(u)?

Je (VI= = 02Va@P/ + \/T— [Vo(u) /)

dx

< —2m /RS(Qw + 20 (1) — t®(u))®(u)u? dz.

By Fatou’s lemma, the former inequality yields (3.9) as t — 0%, In particular, ®(u) € K,(R?).
Let now ®(u) be the minimizer of F, and fix ¢ € M,(R3). Since ®(u)+t(1) — ®(u)) € My(R3)
for t € [0, 1], minimality gives, for ¢ € (0, 1],
(2 —1)|VO(u)|> - 2(1 — t)V®(u) - Vi — t|V|?
R /1~ [V®(u) + (V) — VO (u))|2/02 + /1 — [VP(u)[2/b2

<27 /RS(Qw + 28 (u) + t(p — ®(w))) (¢ — ®(u))u? dz.

The integrand on the left is dominated by 3 (|V®(u)|? + [V¢[?) /1/1 — [V®(u)[2/b? € L1(R?),
since ®(u) € K3(R?) and ¢ € My(R3). By dominated convergence as t — 01 we obtain (3.10).
Conversely, if ¢ € K,(IR?) satisfies (3.10), the convexity of £ — 1 — /1 — [£]2/b? gives, for all
¢ € Mb(R3)a

Fu(¥) > Fu(¢) +

1 [ Vo (VY- Vg)
Am Jps /1 — [N [2/b2

do /Rs(“’ +6)(6 — )t dz > Fu(9).
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Thus, ¢ is the unique minimizer of F,. O
Lemma 3.7. Let b > 0 and u € L*(R3). Let ®(u) € Ku(R3) be the minimizer of F,,. We have

—w<®(u) <0 ae inR3 (3.12)
Moreover, the map ®: L*(R3) — L2 (R3) is continuous.

Proof. To prove (3.12), we argue as in the proof of Lemma 3.1. Indeed, the truncation
®(u) := min{max{®(u), —w},0}
belongs to My(R3) and satisfies
VO (u)| < |VO(u)| and |w+ ®(u)| < |w+ ®(u)| a.e. in R>.

Consequently, N
Fu(®(u) < Fu(®(u).

Since ®(u) is the unique minimizer of F,, we conclude that ®(u) = ®(u) a.e. in R3, which
implies (3.12).
By (3.9), for all u € L?(R3) we have

(I) 2
Ve (u ||2/ [Ve(u) da
V1= |V®(u)/b?

—47Tw/ ®(u)u? dx—47r/ ®(u)?u? dx

R3 R3

< —47Tw/ ®(u)u? dz < 4nw?||ull3. (3.13)
R3

IN

Let now u,, — u in L?(R3) as n — oco. By (3.13) the sequence (®(uy)), is bounded in D12(R3),
so up to a subsequence ®(u,) — ¢ in D2(R3) as n — co. By Lemma 3.2 we get ¢ € M;(R3),
and by Lemma 3.3 we obtain ®(u,) — ¢ in LS (R3). It remains to show ¢ = ®(u). For
every ¥ € My(R3) we have F,, (®(u,)) < F,, (¥). By dominated convergence F,, () — F, (1),
while arguing as in Lemma 3.4 gives F,(¢) < liminf, F,, (®(u,)). Hence F,(¢) < F,(¢) for all

O

1 € My(R3), and by uniqueness of the minimizer we get ¢ = ®(u).
For R € O(3) and v: R3 — R we write
vgp(z) = v(Rz) for z € R3, (3.14)

and we recall that v is radially symmetric if and only if vg = v for all R € O(3). The following
result, whose proof follows [9, Theorem 1.4], is where radial symmetry is used to turn the
minimizer into a weak solution.

Proposition 3.8. Let b > 0 and let u € L*(R3) be radially symmetric. Let ®(u) € Ky(R3) be
the minimizer of F,,. Then ®(u) is radially symmetric and is a weak solution of (2.10).

Proof. Since u is radial, for every R € O(3) the function (®(u))g is the minimizer of F,, = F,,
so by uniqueness (®(u))r = ®(u), namely ®(u) is radially symmetric. In particular, there exists
¢u: [0,00) = R such that

®(u)(z) = ¢pu(|z]) for z € R3.
Therefore, we get
IV®(u)(x)] = |¢),(Jz|)| for a.e. z € R3.
For n € N we set A, := {r € (0,00) : |¢},(r)] > b— L}. Since A := {r: |¢},(r)| = b} has zero
measure by Proposition 3.6 and [, A, = A, we have x4, — 0 a.e. asn — co. Let ¥ € C®(R3)
be radial, that is ¥(x) = ¢(]z|), and define

=— /OO ' (s)[1 = xa,(s)]ds forr € [0,00), U, () = ¢y (z]) for z € R3.
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By construction, ¥,, € WH*°(R?) has compact support. Thus ¥, € D,(R3). Moreover, we
claim that, if |¢| is sufficiently small, then

D (u) + ¥, € My(R?).
Indeed, since
(bu +tn)" = ¢, + 1Y'[1 — xa,],
then, we have
[(bu + t000) ()| = |¢l(r)| < b forall r € A,.
Otherwise, taking

<L
S Al

we obtain

1
[(Pu + 1) ()] < 1Su ()] + E1 19l < b= — + [ [# |0 < b,

so proving our claim.
Arguing as in Proposition 3.6, since ®(u) minimizes F,, we get, for every n,

o0 ¢/ w/
0 /1 |¢/ 2/b2

By dominated convergence the first integral tends to
o0 d), wl 2
0o VIR

while ¥,, — ¥ in L>=(R?) gives

—xa,]rdr + /3(w + ®(u))¥,u? dz = 0. (3.15)
R

dr asn — oo,

/ (w4 ®w)¥pulde — [ (w+®(w)Pu?ds asn — oco.
R3 R3

Passing to the limit in (3.15) we get
Vo (u)- - VU
(u) da
RS /1 — [V®(u)[2/b?
for all radial ¥ € C>°(R?). By approximation with radial functions in C°(R?), converging in

DY2(R3) and uniformly, with uniformly bounded gradients, and arguing as in the proof of [9,
Lemma 2.10], equation (3.16) holds for every radial ¥ € M;(R3). Choosing ¥ = ®(u) gives

Ve (u)? / 2
x = —47 w~+ ®(u))®(uv)u” dz. 3.17
b VT VoW R3( (u))®(u) (3.17)
Combining (3.17) with (3.10), for every ¥ € M (R?) we obtain
B Vo(u) - VI < 47‘r/ (w4 ®(u))Tu? dz.
ke /1= V() /5 .

Applying this to ¥ and to —¥ yields equality. Finally, given 1 € D,(R3), the choice ¥ =
b/ ||V |loo € My(R3) shows that ®(u) is a weak solution of (2.10). O

= —aT w u ’U,2.’E .
=4 /R3( + & (u)) W da, (3.16)

4. THE VARIATIONAL SCHEME AND PROOF OF THE MAIN RESULT

4.1. The reduced functional. From now on the two models are treated together. We write
G, for the Born-Infeld energy of the model under consideration, that is G, = E,, as in (3.1) in
the approximate case and G, = Fy, as in (3.8) in the exact case. In both cases ®(u) denotes its
unique minimizer and

Gu(0) = 7”“”2 (4.1)
We define the reduced functional J: H'(R3) — R, as

J(u) = B( u) +

m?
2

ull3 — EHUH” Gu(P(u)). (4.2)



16 N. CANGIOTTI, M. CAPONI, A. MAIONE, AND E. VITILLARO

We set
HR3) = {uc H'(R?) : ugr = u for all R € O(3)},
where up is defined in (3.14).

Lemma 4.1. Let 8 > 0 (resp. b > 0). Then J € C*(H'(R?)) and for all u,v € H*(R?) we
have

J'(u)[v] = Bo(u,v) +m? /]R3 wodr — - |ulP~2uv dz — /Rg(w + ®(u))*uv dz. (4.3)

Moreover, the functional J is even and J(0) = 0. Finally,
i) in the approzimate case, a pair (u,¢) € H'(R3) x D(R3) is a weak solution of the system
if and only if ¢ = ®(u) and w is a critical point of J;
ii) in the exact case, a pair (u,d) € HN(R3) x K;(R3) is a weak solution of the system if
and only if ¢ = ®(u) and u is a critical point of J.
Proof. Write J = Jy — G (,)(®(-)), where Jy(u) = §Ba(u,u)+ mTQHuH% — %Hqu is of class C'! with
the expected derivative. It thus suffices to show that, for all u,v € H*(R?),

lim Guttn(Pu + ) = Gu(®(u)) = / (w+ ®(u))?uv dz. (4.4)
R3

t—0 t

On the one hand, since ®(u + tv) minimizes Gy,

Guito(P(u+ tv)) — Gyu(P(u)) — t/ (w + ®(u))*uv da
R3
2
< Gt (P(u)) — Gu(P(u)) — t/ (w+ ®(uw))?uvdz = % (w+ ®(u))*v? dz = o(t),
R3 R3
as t — 0, where we used that Gy4,(®(u)) — Gu(®(u)) = 1 [(w+ ®(u))?[(u+tv)? — u?] dz, the
gradient terms cancelling. On the other hand, since ®(u) minimizes G,, we get

Gutto(P(u+tv)) — Gyu(P(u)) — t/RS(w + ®(u))?uv dz

> Gutto(P(u+tv)) — Gu(P(u + tv)) — t/R3 (w4 ®(u))*uv dz

2
=3 (w+ ®(u +tv))?v? dz + t/ (P(u+ tv) — P(u)) (2w + P(u + tv) + ®(u))uv de.
R3 R3
We claim that both terms on the right-hand side are o(t) as t — 0. Indeed, by Lemma 3.1 in
the approximate case, and by Lemma 3.7 in the exact case, we have
lw~+ @(u+tv)]|eo <w forallteR.
Hence

t2 2,,2

t
— | (w+d(u+tv)*?dr < d

|v||3 =o(t) ast— 0.
2 Jgrs

Next, we show that
/ (P(u+tv) — @(u)) (2w + (u + tv) + P(u))uvdr - 0 ast — 0.
R3

In both cases, the continuity properties of ® give ®(u + tv) — ®(u) locally uniformly as
t — 0. Since —w < P(u + tv),®(u) < 0, the integrand is bounded in absolute value by
2w?|luv| € L'(R3), so dominated convergence applies. Therefore both terms are o(t), which
proves (4.4) and (4.3). The continuity of this derivative follows from the continuity properties
of ®, the bound —w < ®(u) < 0, and dominated convergence. Hence J € C*(H'(R3)).

Finally, if (u,¢) is a weak solution then ¢ solves the field equation, hence ¢ = ®(u) by
Lemma 3.1 (approximate case) or Proposition 3.6 (exact case), and (2.8) together with (4.3)
says exactly that u is a critical point of J. Conversely, if u is a critical point of J, then (u, ®(u))
solves the field equation, by Lemma 3.1 in the approximate case, and by Proposition 3.8 in the
exact case provided wu is radial, and (4.3) gives (2.8). O
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To find critical points of J we restrict it to the radial subspace H!(R?) defined above.

Lemma 4.2. Let 3 >0 (resp. b > 0). Then u € H}(R®) is a critical point of J|g1ws) if and
only if it is a critical point of J.

Proof. Every critical point of J in H}(R3) is clearly a critical point of .J| 1 (r3)- For the converse,
by the Principle of Symmetric Criticality [30], it suffices to show that J is invariant under O(3).
For R € O(3) we have ®(ur) = (®(u))r, since (®(u))r minimizes G,,,. Hence Gy, (P(ur)) =
Gup((®(u)r) = Gu(®(u)). As [[Vurll2 = [[Vullz, [(=A)2urll2 = [[(=A)2ull2 and [ur], =
||ul|4 for every ¢, each term of (4.2) is O(3)-invariant, so J(ug) = J(u). Indeed, for all R € O(3)
we have

[N

1 5 5  m? 5 1 »
J(ugr) = §||VUR||2 + §\|(—A) ugl|3 + 7HUR||2 - ];HURHp — Gup(®(ur))

1 o s m? 1
= §HWH§ + §H(—A)2u\|§ + 7%!\% - I;HUH? — Gup((2(u))R)

1 « s m? 1
= 5 IVul3+ GI-2)5ul + 5wl —  Jul — Gu(@(w) = J(w)

which allows us to apply the Principle of Symmetric Criticality and concludes the proof. O

On the whole space the embedding H'(R3) — LP(R3) is continuous but, for p € (2,6),
not compact, the standard obstruction to the Palais-Smale condition on R*. Compactness is
recovered on the radial subspace, by the following classical result [13, Theorem A.I'], which will
be used to verify the Palais-Smale condition (Proposition 4.7).

Proposition 4.3. The space H!(R3) is compactly embedded in LP(R3) for all p € (2,6).

4.2. Proof of the main result. By Lemmas 4.1 and 4.2, it suffices to find infinitely many
critical points of J| g1 (gsy. To reach this goal, since J € C! is even and J(0) = 0, we shall use
the well-known equivariant Mountain Pass Theorem. We now briefly recall it.

Definition 4.4. A functional I € C'(X) on a Banach space X satisfies the Palais-Smale (P.S)
condition if every sequence (uy), C X with (I(uy)), bounded and I'(u,) — 0 in X’ as n — oo
admits a convergent subsequence.

Theorem 4.5 ([33, Theorem 9.12]). Let I be an even C' functional on an infinite dimensional
Banach space X, with 1(0) = 0. Assume X = X1 & X9 with dim X; < oo, and that:
(i) there exist 6,0 > 0 such that I(u) > § for all u € Xy with ||u||x = o;
(ii) for every finite dimensional subspace Y C X there is R = R(Y') > 0 such that I(u) <0
for all uw € Y with ||ul|x > R;
(131) I satisfies the (PS) condition.

Then I has an unbounded sequence of positive critical values.
We first check the geometric assumptions, which are common to the two models.

Proposition 4.6. Let >0 (resp. b > 0). Assume

m? > w? and o> —ap(s,m? — w?).

Then
(i) there exist 6,0 > 0 such that J(u) > 6 for all u € H}(R3) with ||u||gr = o;

(ii) for every finite dimensional subspace Y C H(R3) there is R = R(Y) > 0 such that
J(u) <0 forueY with |ul|gn > R.

Proof. Since ®(u) minimizes G, by (4.1) we have

OJ2

Gu(®()) < Gu(0) = - ul},
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so by (2.7), for all ¢ > 0 and v € H}(R3),

m2—w2

J(w) 5

AV

1 1
o Balu, u) + lull3 — ];HUII£

Vv

21— a2 Vulf+ 5 (m® —? —a~(1= 55 Jul — _ulf.
The system

1—a"se>0, m27w2fa_(175)5_ﬁ>0
is trivially satisfied if = = 0. Otherwise it holds for some € > 0 as soon as

(L=s)F(a)F

(m? — w?) =
2

namely a~ < ag(s, m? — w?), which is our hypothesis. Hence there is g9 > 0 with

1

_
a S

s

1 =1—a sg >0, cpi=m? —w? —a (1-s)g, " >0. (4.5)
By (2.1), for [Jullpr = e,

1 Cp 1 %
J(u) > imin{cl,CQ}QQ - ?pgp = o’ (2 min{er, 2} = prP—2> -0

provided

1

min{cy, ¢ p=2
o< (? {; 2} 7

which proves (7). For (ii), since G, (®(u)) > 0, by (2.6) with € = 1,

1 1
J(u) < 51+ |als)[[Vull3 + 5 (m* + [al (1 = 9))llull3 - pllelly = —oc

N

as ||ul| 1 — oo on the finite dimensional space Y, since p > 2 and all norms on Y are equivalent.
(]

It remains to verify the Palais—Smale condition.

Proposition 4.7. Let § > 0 (resp. b > 0). Recall that

2
A:max{,l},
p—2

m? > Aw® and o> —ag(s,m* — Aw?).
Then J| g1 (rs) satisfies the (PS) condition.

and assume that

Proof. Let (up), C H(R3?) be a (PS) sequence. We first prove that, in both models, the
following inequality holds:

pJ (up) = J'(un) [un]
p 2 _ 2 21 _ (P _ 2
> (2 1) [Ba(tn, wn) + (m2 — w?)[[un|2] (2 2) /Rg w (up )2 dz. (4.6)
Approximate case. By (4.2) and (4.3) we have

pJ (un) = I () [un) = (5 = 1) [Ba(unyun) +m? 3] = 2=V () 3

- BV~ (5 1) [ (o @u)Pid d,

Testing (2.9) with ¢ = ®(u,,) gives

_ b o P8 4_ P 2
SW\\V‘I’(Un)Hz 87THVCI’(Un)”4 =3 /Rb‘(w + @(un)) @ (un)uy, d,
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and so

pI ) = (i) in] = (= 1) (Bl ) + 2 un) + L [ V(o)

2
3 [ @ ot dr— (5 1) [ (o)l .

By dropping the nonnegative terms %HV@(un)HZ1 and [gs ®(un)?u? dz, the last one arising
from the algebraic identity

g(w—i—@)@—(g—l) (w+q>)2:q>2—(2—2)@—(%—1)&,

we obtain (4.6).
Exact case. By (4.2) and (4.3), we have

2 o
pJ (un) = 7' () [un] = (5 = 1) [Battn, un) +m?Jun 3] - P /R (1 e W) o

2 a7
_ (2 — 1) / (w4 ®(uy))?u? da.
2 R3
Using
b2t |V®(uy)|?
P(1-vV1-t)= ————, ith t = —— "1
( ) Trvito b?
we get
_@ 1 J1— VO (uy)|? dr — _p/ V@ (uy)|?
A7 Jps b? A Jgs 14 /1 — |[V®(uy,)|?/b?

Now, since

9 2
€] _ €] for every & with |£| < 1,

- >
L+ VI-[EP — 2y1-[¢)?

we obtain

P V@ (un)[?
8 Jra /1= [V (un) /02

P an) = ') un] > (5 = 1) [Bins ) 0% un 5] —

— (E - 1) / (w + ®(up))*u? dz.
2 s
Testing (2.10) with ¢ = ®(u,) gives

p [V ()2
87 Jrs /T — [V (un)2/1

*]3 W U (% U2 i
o= 8 [ ot D))l do.
whence
pJ () = J' ()] > (

—& w u U2 x w u 2U2 i
Lo+ [ o)

g — 1) (Ba(un, Up) + mQHUnH%)

2

> (g — 1) (Ba(ttn, up) + (m? — w2)HunH%) - (g - 2) / w®(uy,)u? d,

]Rd

which is nothing but (4.6).
We now exploit (4.6), distinguishing two cases.



20 N. CANGIOTTI, M. CAPONI, A. MAIONE, AND E. VITILLARO

Case (a): p € [4,6). Here A = 1, so m* > w?. Since £ —2 > 0 and ®(u,) < 0, the last term
in (4.6) is nonnegative, hence

5 = 1) [Balun, un) + (m* ) [[ua 3]

P () = ' (un)un] > (
By (2.7), choosing &g as in (4.5) (admissible since a > —ag(s, m? — w?)), we get

pJ(un) = J'(un)un] = (5 = 1) minfer, o} unl 3. (4.7)

Case (b): p € (2,4). Here A = ]%, S0)

Now £ —2 < 0 and ®(u,) > —w, so

— (122 — 2) /]R3 w®(uy, )u? do > w? <§ — 2) llunl3,
and by (2.7),
pJ () = J'(uw)lua) = (5~ 1) (1 = a”s2) Va3

F(221) (m? - 0m (1= 927 fualld - Pl (@)

The system

1—a"se>0, (g—l) (mZ—a_(l—s)e_l%S) > w?

has a solution for some € = ¢ > 0 exactly when

9 2
a <o <s,m2— hd ),
p—2

which holds by hypothesis. By setting

dy = (g - 1) (1 —a " se1) >0, dy = (g - 1) <m2 —a (1- 8)6;ﬁ> —w? >0,

from (4.8) we obtain
pJ (un) — J'(up)up] > min{d, d2}||un‘|%{l (4.9)

Since (J(un))n is bounded and J'|f1(u,) — 0, there are Ky, Ky > 0 with J(u,) < K and
[T (un)[un]| < Kol|lun||gi- By (4.7) and (4.9), pKy + Kal||up|| g > C3H“n”§{1 for a suitable

c3 > 0, 50 (up)y, is bounded in H}(R?). Up to a subsequence, not relabeled, there is a function
u € HY(R3) such that, as n — oo

u, —u in H'(R3),
u, —u in LP(R3) for all p € (2,6),

Up —> U a.e. in R3.
We are going to show that u, — u in H*(R?) as n — co. We first show that
®(up) — ®(u) in L (R3) as n — oo, (4.10)

by distinguishing between the approximate case and the exact case.



KLEIN-GORDON-BORN-INFELD EQUATIONS 21
Approximate case. Testing (2.9) with ¢ = ®(u,,) and using —w < ®(u,) < 0, we get

IV () 2 + Bl V() [ = — o /

®(uy)u? dz — 47r/ ®(uy)?u? dz
R3

R3
2 2 2
< —47rw/ O (up)u;, de < drw||uy, |3,
R3

5o (®(un))n is bounded in D(R?). Arguing as in the continuity part of Lemma 3.1, with uy,, u
in place of the approximating sequence, one finds

V() — V()3 + 19 0(un) — V()

< 477/ (@ + () (®(un) — B(u))(u? — u2) da
R3
< Arw||®(un) — @(u)l6llu + unll2llu — unlls < Cllu — unls,
for a constant C' > 0 independent of n. Since u,, — u in L3(R?) as n — oo, we deduce
®(u,) — ®(u) in D(R?) as n — oo,

which yields (4.10), in view of Proposition 2.1.
Exact case. From (3.13) there exists a constant C' > 0 such that

IV (un)l[3 < dmw?||un 3,

which implies that (®(u,)), is bounded in D'2(R3). Hence, there exists ¢ € D?(R3) and a
not relabeled subsequence such that

®(u,) — ¢ in DV*(R?) as n — oo.
By Lemma 3.2 we get ¢ € M,(R?). By Lemma 3.3 we derive
®(up) — ¢ in LS. (R?) as n — oo.
Let us show that ¢ = ®(u). For all n € N and v € M(R?) we have that
Fy, (®(un)) < Fu, (),

which yields, simplifying the term %2 fR3 u? dz,

b? VO (un)[? 2 1 2,2
— 1—4/1——F5—]d D (up)uy de + = [ P(up)“u;, d
gy ]R3< 2 a:—l—/RSw (un)u;, x+2/RB (up)“us dz

b? 2 1
< — 1—4/1- Vol dz —|—/ wipu? dz + / Y2 dx.
4 R3 b2 R3 2 R3

Since u2 — u? in LY/°(R3) as n — oo and v, ¢? € LO(R3), Holder’s inequality gives

b? 2 1
lim / 1—4/1- Vol dw+/ wwuidx—l—/ Yl dx
n—oo | 41 R3 b2 R3 2 R3

v? 2 1
= (1— 1-— |V1é)| ) da:—i—/ wipu? de + = P2’ de,
b R3 2 R3

while weak lower semicontinuity of the gradient term, as in Lemma 3.4, yields the following
inequality

2 2 1
L 1—14/1-— Vol dm—l—/ qubqux—l—/ $*u? dx
47T R3 b2 R3 2 R3

b? P (up)|? 1
< lim inf / 1—14/1— [V (un)[* dzx —I—/ w®(uy, )u? dz + / ®(up) 2l dz| .
n—r00 47 R3 b2 R3 2 R3




22 N. CANGIOTTI, M. CAPONI, A. MAIONE, AND E. VITILLARO

Here the potential terms converge by u2 — u? in L/5(R3) as n — oo, the uniform L% bound on
®(uy,), local uniform convergence, and —w < ®(u,) < 0. Thus, by adding the term %2 Jgs v? dz,
we conclude

Fu(9) < Fu(¥) for all & € My ().

By the uniqueness of the minimizer, we conclude that ¢ = ®(u), which gives (4.10).
As a consequence of (4.10), we derive that for all v € H!(R3)

J (up)[v] = J'(u)[v] as n — oo.

Since (un)n is a Palais—Smale sequence for the radial restriction, u is a critical point of J| g1 (gs).
By Lemma 4.2, u is a critical point of J. Thus

J(u) = Lou+ (m? —wh)u — 20d(u)u — ®(u)?u — [ulP?u =0 in H }(R?). (4.11)
We now show that u, — u in H'(R3) as n — oco. By (4.3), for all n € N we have
J () = Lattn + (M? — wHuy — 20 (up )ty — ®(un)?un — |un|P2u, in HH(R?).  (4.12)
Since
a > —ag (s,m2 — max {1)32’ 1} w2> > —ag(s,m? — w?),
the operator M, : H'(R?) — H~Y(R3), defined for u € H'(R?) as
Mot == Lou+ (m? —w?)u  in HH(R?),
is coercive, since
(Mo, u) g1y > min{er, ea}||ull3n  for all uw € HY(R?),
where c;, ca > 0 are the constants defined in (4.5). Moreover, as n — oo,
up [P~ 2w — [ulP 2w in LP (R®).
By Sobolev’s inequality (2.3), Holder’s inequality ||uv||s < ||ullg||v]|s, and the Dominated
Convergence Theorem, using (4.10), we obtain as n — oo
()t — Bz < SIVS(un)llalin — wlls + () — B(u)uls — 0,
19 (1n) 1t — @ (u)?ullz < SwIIV(un)l2llun — ulls + 2w[|(S(un) — D(w))ull2 — 0.
Subtracting (4.11) from (4.12) and testing with w,, — u, we derive as n — oo
min{er, ea}lfun — ullfpn < [ (un)[un — u]| + 20| D (un)un — @(w)ull2||un — ull2
+ 1@ (un) *un — () ?ull2]lun — ull2
+ | un P22 — [P~ ully || — ull, = 0.
Indeed, (u, — u), is bounded and radial, so the first term tends to zero by the Palais—Smale

assumption on H!(R3). The remaining terms tend to zero by the convergences just proved.
Hence u,, — u in H'(R?) as n — oo, which proves the (PS) condition. O

Having verified the geometric conditions (Proposition 4.6) and the Palais—Smale condition
(Proposition 4.7), we are now ready to apply Theorem 4.5 and prove our main results.

Proof of Theorem 1.1. Under the stated hypotheses, J| HI(R3) IS an even C! functional with
J(0) = 0, and by Propositions 4.6 and 4.7 it satisfies conditions (7)—(¢i7) of Theorem 4.5 (with
X = HY(R?), X; = {0} and X5 = X). Hence J|m1 (r3) possesses an unbounded sequence of
critical values, and therefore infinitely many critical points (uy), C H;}(R3). By Lemma 4.2
each u, is a critical point of J, and by Lemma 4.1 the pairs (u,, ®(u,)) are radially symmetric
weak solutions of (KGBI.) in H'(R3) x D(R3) (approximate case, part (i)) and of (KGBI) in
H'(R?) x Kj(R3) (exact case, part (ii)), respectively. O
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