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ABSTRACT. We study the arrival time equation of the mean-convex horizontal mean curvature flow
in the Heisenberg group. We prove existence of viscosity solutions when the initial set is horizontally
mean-convex and either non-characteristic, or axisymmetric and with horizontal mean curvature
extending continuously across the characteristic set. A key ingredient is an approximation scheme
by sets with prescribed Riemannian mean curvature, which preserves the mean-curvature bounds up
to an arbitrarily small error. We further show that, when the evolving level sets form a generalized
C?-foliation, the horizontal mean curvature blows up around characteristic points. This provides an
obstruction to self-similar evolution in the axisymmetric class considered above and, in particular,
shows that the Pansu sphere cannot evolve self-similarly.

1. INTRODUCTION

Let H be the Heisenberg group, identified with R® with coordinates p = (z,y, z) and equipped
with the horizontal distribution

D = span{X, Y}, X:ax—%az, yzay+gaz, (1.1)

and the sub-Riemannian structure defined as the one making {X, Y} an orthonormal frame for D.

In particular, a horizontal vector £ = {xX + &yY € D has norm [£] = /&% + &2

In this paper, we study mean curvature flow evolutions of surfaces in H, governed by the hor-
izontal geometry induced throughout the evolution. A key feature of the induced geometry of a
surface is its set of characteristic points: if  C R3 is a bounded open set with C? boundary, we
call characteristic points of 02 those at which the surface is tangent to the distribution, and we set

C(0Q) = {p € 09 : D, C T,0N}.

At non-characteristic points, the Euclidean outer unit normal admits a non-trivial horizontal pro-
jection. After normalization, this projection defines the horizontal outer unit normal v, a unit
vector field in D. The horizontal mean curvature of 0§2 is then defined as the divergence of this
vector field,

H =divv on 002\ C(09).

In the Euclidean setting, the mean curvature flow evolves a smooth hypersurface in its normal
direction with normal velocity equal to its mean curvature. A formal horizontal analogue of the
classical mean curvature flow is obtained by prescribing that a family of hypersurfaces {3Qt}te[0,T)
with T > 0, parametrized on a reference surface I' by

F:Tx[0,T) —R3 0Q;=F(,t),
evolves according to
O F(q,t) = —H(F(q,t))v(F(q,1)), (1.2)

with initial datum 0y = 9. This evolution law is not defined at characteristic points, where the

horizontal normal is not well defined. For this reason, weak notions of horizontal mean curvature
1
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flow have been developed, for instance via viscosity solutions in [9, 20 17, [16], in analogy with
the classical level-set formulation developed in [I8] [13] or via variational techniques in the recent
preprint [11], in analogy with the classical minimizing movements scheme developed in [3], 27].

A major difficulty in weak formulations is that fine geometric information along the flow is hard to
retain. In this paper, we impose some structure on the initial sets, aiming to obtain more geometric
information along the flow. More precisely, we assume that the horizontal mean curvature of the
initial set ) is positive and bounded away from zero on the non-characteristic set 92\ C(9€2). We
refer to sets satisfying this condition as (strictly) horizontally mean convez.

The appropriate formulation in this context is given in terms of the arrival time function, intro-
duced in [I8]. Suppose formally that there exists a function u € C?(R®) such that ; = {p € R3:
u(p) > t} for t > 0. Thus, u(p) represents the time at which the evolving boundary reaches the
point p. At a regular point of a level set 9€); the horizontal outer unit normal is

Vu

[Vl
where Vu denotes the horizontal gradient, see ([2.4]). Differentiating the identity u(F'(q,t)) =t and
using (|1.2), we formally obtain

1=0ru(F(q,t)) = Vu- (=H(F(q, 1)) v(F(q, 1)) = H(F(q,1)) [Vu(F(g,1))], (1.3)

UV =

so that, using the explicit expression (2.6)) for H in terms of u, the arrival time function formally

satisfies
VVu(Vu, Vu)

[Vul?
Here A and VV denote, respectively, the horizontal sub-Laplacian and the horizontal Hessian
recalled in Section We are therefore led to the boundary value problem
VVu(Vu,V
VVu(Vu, Vu) = YW1 o,
|Vul (MCF)
u=0 on 0L,

—Au+ =1 (1.4)

—Au+

which is referred to as the level-set formulation of the horizontal mean curvature flow with initial
datum §2, understood in the viscosity sense at points where the horizontal gradient vanishes.

Identity also explains the role of horizontal mean convexity: wherever the arrival time is
smooth and non-characteristic, H = |Vu|™' > 0. Thus, solving provides a natural weak
notion of mean-convex horizontal mean curvature flow.

Our first result establishes the existence of a mean-convex horizontal mean curvature flow under
two alternative geometric assumptions: either the boundary is non-characteristic and has strictly
positive horizontal mean curvature, or the domain is axisymmetric with sphere-like boundary and
its horizontal mean curvature admits a strictly positive continuous extension across characteristic
points; see Section

The existence statement below involves the right-invariant distance d, introduced in Section
which is the sub-Riemannian distance associated with the right-invariant distribution

D = span X, Y, X:aﬁgaz, f/:ay—g,az. (1.5)

Theorem 1.1. Let Q C R3 be a bounded open set with C? boundary. Assume that Q satisfies one
of the following geometric conditions:

(A) Q is azisymmetric, O is homeomorphic to a sphere, and the horizontal mean curvature of
09 extends continuously to 02 and is strictly positive there.
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(B) 082 is non-characteristic and has strictly positive horizontal mean curvature.

Then Q admits a mean-convex horizontal mean curvature flow, i.e., there exists a viscosity solution
u € CY%Q) to (MCF), which is right-Lipschitz, i.e., Lipschitz with respect to the right-invariant

distance d.

We note that in case (A), right-Lipschitz continuity is equivalent to left-Lipschitz continuity,
namely Lipschitz continuity with respect to the sub-Riemannian distance d; see Remark [2.7]

The two assumptions in Theorem are independent. The Pansu sphere, described below,
satisfies assumption (A) and has two characteristic points. Conversely, assumption (B) allows for
different topologies and does not require axisymmetry. To illustrate this, consider axisymmetic
tori, which always have empty characteristic sets but need not to be horizontally mean convex. For
instance, the tori T' = {(z,y,2) : (r(z,y) — r0)> + 22 = a®}, 0 < a < ry are horizontally mean
convex if the ratio a/rq is sufficiently small. Moreover, sufficiently small C? perturbations of such
tori still satisfy assumption (B), providing a rich family of non-axisymmetric tori to which the
theorem applies.

Besides establishing existence for this variety of initial sets, Theorem yields an evolution that
is non-fattening, in the sense that int{u =t} = () for every ¢t > 0. Indeed, is manifestly incom-
patible with u being constant on an open set, and in fact, testing the supersolution condition
esasily shows it.

Our proof of existence for relies on an approximation procedure. A key technical step,
which may be of independent interest, consists in approximating 2 by C? sets whose mean-curvature
bounds are preserved, up to an arbitrarily small error, in a family of approximating Riemannian
manifolds. These sets will serve as initial data for Riemannian strictly mean-convex mean curvature
flows approximating the sub-Riemannian evolution, see Section |2.7.1

For € > 0, let g. be the Riemannian metric making

X.=X, Y.=Y, Z.=¢0, (1.6)

an orthonormal frame, and set H. = (R3 g.). As ¢ — 0%, the g.-mean curvature H. of 9Q
converges to the horizontal mean curvature H away from the characteristic set C(9€2). Thus, under
assumption (B), H. is already close to H for sufficiently small .

In case (A), instead, horizontal mean convexity does not in general imply strict mean convexity
in H.. This obstruction already appears for the most natural model surface: the model constant
mean curvature sphere H, known as the Pansu sphere [31]. For R > 0, the Pansu sphere of radius
R bounds the set

Pr={p=(z,y,2) € R’ : |z| < fr(r(p)), r(p) < R}, (1.7)

fr(r) = % <R2 arccos (%) + r@) )

Its boundary has two characteristic points, corresponding to » = 0, and a direct computation gives

where

H= % on 9Px \ C(OPp).
Nevertheless, its g.-mean curvature is
H. - 2r (6R%e? + r?(R? — 4¢?)) -
(4R%e% 4+ r2(R? — 452))3/2

In particular, although dPgr has constant positive horizontal mean curvature away from its char-

acteristic points, its g.-mean curvature vanishes at those points for every ¢ > 0.
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We therefore construct a suitable perturbation ). by prescribing its g.-mean curvature in terms
of the horizontal mean curvature of 0€). We refer to this procedure as approzrimation by prescribed
mean curvature.

Theorem 1.2. Let Q be a bounded open C?-azisymmetric set, homeomorphic to a sphere, such
that H(OQ) extends continuously to C(0Q). Let c1,¢co € R be such that the continuous horizontal
mean curvature H of 0 satisfies c1 < H < ¢co on 02. Then, for any € > 0, there exists a bounded
open axisymmetric set Q. C R3 with C%-boundary such that 0. — 0 in Hausdorff distance as
€ — 0. Moreover, for any n > 0 there exists £ > 0 such that the g--mean curvature of 0S). satisfies
c1—N< H.<co+n fore<Ee.

Theorem covers assumption (A) of Theorem Axisymmetry of € is used here to reduce
the prescribed g.-mean curvature equation to an ODE. Solving this equation yields the generating
profiles of the approximating sets. This construction is carried out in Section

We are finally interested in understanding whether, in the distinguished setting given by assump-
tion (A) of Theorem the horizontal mean curvature flow admits self-similar solutions. Here
self-similarity is naturally understood with respect to the anisotropic dilations {0y}~ defined as

Sn(z,y,2) = Az, Ay, \22),  (2,9,2) €R®, A >0. (1.8)

Definition 1.3 (Self-similar solution). Let 2 C R3 be a bounded open set with C? boundary, and
let u € C(Q) be a viscosity solution to (MCEF)) with initial datum Q. Let T* = maxg u > 0 denote
its extinction time. We say that u is a self-similar solution if there exists a continuous function

A[0,T) — (0,1,  A0)=1, A{t) ——0
t—T*
such that for any ¢ € [0,7™), the level set
Ly={peQ:ulp) =t}

satisfies
Iy = 5/\(15) (09). (1.9)

In the Euclidean setting, the round sphere is simultaneously an isoperimetric set and a self-
similarly shrinking solution to mean curvature flow. More generally, mean curvature flow is well
known to have strong connections with the isoperimetry problem; see, for instance [33] for an
account, and [25] 26|, [T] for other applications of such connection. It is then natural to ask whether
a similar picture holds in the Heisenberg group. The Pansu sphere is the natural candidate for
such a role due to its isoperimetric properties [32], 29, 12]. In fact, characteristic points obstruct
self-similar evolution through any right-Lipschitz solution.

Theorem 1.4. Let Q C R? be a bounded open set with C? boundary satisfying assumption (A) of
Theorem |1.1. Then Q cannot evolve self-similarly through a right-Lipschitz (or equivalently left-
Lipschitz) solution of the mean-convex horizontal mean curvature flow. In particular, the Pansu
sphere does not evolve self-similarly.

The failure of the Pansu sphere in fulfilling natural isoperimetric-related properties was recently
observed also in [21].

At the core of Theorem lies the following key observation: if u € C?(Q) is a solution to
whose level sets I'y are regular enough, then near every characteristic point belonging to a positive-
time level, the horizontal mean curvature becomes unbounded along a sequence of regular points.
We call this phenomenon instantaneous curvature blow-up and make it rigorous in Theorem
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This blow-up can also be explicitly observed along the evolution of the Koranyi sphere. This is
the boundary of the set Kr = {p € R? : kr(p) < 0}, R > 0 where

kr(z,y,2) = (a? +y*)? + 162> — R".

In terms of the radial distance r, its horizontal mean curvature is given by

3r

R

away from the characteristic set, which consists of the two poles. Although Hpg, > 0 at every
non-characteristic point, Theorem does not apply to Q = Kg, since the curvature tends to zero

Hpg,, =

when approaching the characteristic points.
Nevertheless, in [20], the authors show that the unique axisymmetric solution to

VVw(Vwé Vw) n R? x (0, +00),
|Vw]| (1.10)
w(-,0) = kg in R

ow = Aw —

understood in the viscosity sense at points where Vw = 0, is given by

w(p, t) = (22 + y?)? + 12t(2® + ) + 1622 + 12t> — R%. (1.11)
The horizontal mean curvature of the corresponding evolved level sets ¥; = {w(-,t) = 0} for
0 < t<Thand Ty = L5 is given by
Orw 12(2? + y?) + 24t
HEt = =
’V’U)t’ ‘th‘

As a point of ¥; approaches one of the characteristic poles, its horizontal gradient vanishes, making
H,; blow up for any t > 0, unlike the case t = 0. Thus, although the horizontal mean curvature of the
initial Kordnyi sphere vanishes at its characteristic points, the evolved hypersurfaces immediately
develop curvature blow-up near the corresponding characteristic poles. We point out that
is the general parabolic formulation of the horizontal mean curvature flow [9] 20], when the initial
set is the Koranyi sphere.

The explicit formula reveals another interesting geometric aspect of this blow up. Indeed,
setting Ay = v R* — 12t2, one obtains

1
T R2V/12

locally in Hausdorff distance. Thus, under this anisotropic rescaling, the asymptotic profile of the

01/, (%) — Cylg = {P € R?: r(p)? } ast — Th

Koranyi evolution is a vertical cylinder.

The instantaneous curvature blow-up, together with the cylindrical asymptotics of the Koranyi
evolution and the non-existence of compact right-Lipschitz self-similar solutions established above,
leads us to conjecture that horizontal mean curvature flows starting from a suitable class of compact
horizontally mean-convex hypersurfaces and becoming extinct at a single point do not approach
a compact self-similar profile. Instead, their asymptotic geometry should be cylindrical. In this
sense, vertical cylinders, which are shown to be self-similar for the general evolution in [9], would
provide the natural asymptotic models for compact mean-convex horizontal mean curvature flow
evolutions in H.
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1.1. Structure of the paper. Section [2| introduces the geometric analysis of the Heisenberg
group needed in the paper: the horizontal notation for vectors, the right- and left-invariant sub-
Riemannian distances, the horizontal gradient and the Laplacian of a function, and the curvature
of hypersurfaces, together with some of their properties. It also collects the definitions of the
Riemannian approximants and of viscosity solutions.

Section [3] contains the proof of Theorem [I.2] Its main building block is Proposition [3.10} which
drives the approximation by prescribed mean curvature; this is then combined with a polynomial
approximation, carried out in Section

The proof of Theorem is given in Section [ It is based on the Riemannian approximation
discussed above, at least in the axisymmetric case (Theorem , and relies on two further in-
gredients: stable gradient estimates for the solutions of the approximating Riemannian problems
(Propositions and , and the extraction of a limit viscosity solution (Proposition .

Section [5|shows that, whenever a horizontal mean curvature flow forms a foliation that is (slightly
less than) C?, the horizontal mean curvature of the evolving sets blows up at characteristic points
(Theorem . This result leads to the proof of Theorem |1.4
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authors are supported by the INAAM-GNAMPA projects “ANGELS” (CUP code E53C25002010001)
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project “DEFORM?” of the University of Padova (CUP code C93C25004860003). The third au-
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2. THE HEISENBERG GROUP

2.1. Horizontal distribution. The horizontal distribution D defined in is bracket-generating
of step 2, i.e., the whole R® is generated by commutators of D of length one and two, as the
commutation relation [X,Y] = Z holds, where Z = 0,. Moreover, this is the only non-trivial
commutation relation.

Remark 2.1 (Properties of the horizontal distribution). Horizontal vector fields are

i. left-translations invariant with respect to the Lie group operation
1
(e 2)+ @l = (a4 2 4 e = ). (2.)

That is, V(f(p*q)) = (Vf)(pxq) for any V € D and p,q € R3. We call vertical translation
any map ¢ € R? — (0,0, 2) x q for z € R.

ii. 1-homogeneous with respect to the family of anisotropic dilations defined in formula
That is, V(u o dy) = AM(Vu) o 8y for any u € C1(R?).
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We explicit how horizontal vector fields change under rotations. For § € S! let
Ro(x,y,2) = (xcos —ysinb, zsinf + y cos b, z) (2.2)
denote the rotation about the z-axis of angle . Given any u € C*(R3) and 6 € S*, we have
X(uoRy)=cos (Xu)oRy+sinf (Yu)o Ry,
Y(uoRp) =—sinf (Xu) oRp+ cosf (Yu) oRy.
Moreover, the vertical field Z = 9, satisfies Z(u o Ryg) = (Zu) o Ry (i.e., it is rotation invariant).

2.2. Sub-Riemannian distance. A curve v : [0,1] — R? is said to be horizontal if it is absolutely
continuous and §(t) € D, for a.e. t € [0,1]. Since being horizontal is preserved under monotone
reparametrization, this normalization to [0, 1] entails no loss of generality. The sub-Riemannian
distance from p € R3 to ¢ € R? is defined as

1
d(p,q) = inf {/0 |5(t)| dt ‘ 7 :[0,1] — R3 is horizontal, 4(0) = p, (1) = q} . (2.3)

Since D is bracket generating, the Chow-Rashevskii theorem implies that d : R? x R? — [0, +00]
is finite and induces the Euclidean topology on R? (see, e.g., [2, Theorem 3.31]). By Remark
the distance d is

i. left-translations invariant with respect to the group operation , ie, dlgxp,qgxp) =
d(p,p') for all p,p’ € R3;

ii. 1-homogeneous with respect to the family of anisotropic dilations {) } x>0, i-e., d(dxp, 0xp’) =
Ad(p,p’) for all A > 0, p,p’ € R3.

Remark 2.2. The sub-Riemannian distance is not equivalent to the Euclidean one. The following
estimates hold: for every compact set K C R? there exists a constant Cx > 0 such that

1
Cillp — gqlps < d(p,q) < Cxlp—al2s, Vp.q € K,
see, e.g., [6, Proposition 5.15.1].

2.3. Horizontal gradient, Horizontal Hessian and Heisenberg sub-Laplacian. Let u €
CY(R3). We call horizontal gradient of u the vector field

Vu= (Xu)X + (Yu)Y € D. (2.4)

If u € C?, the horizontal Hessian of u is the quadratic form on D x D represented, with respect to
the basis {X,Y} by the matrix

YXu YYu

The Heisenberg sub-Laplacian of u is defined as the trace of the horizontal Hessian

v (XXu XYu) '

Au = tr(VVu) = X2u + Y?u,

and it is related to the horizontal gradient via the identity Au = div(Vu), where the divergence is
computed with respect to the Lebesgue measure.

Remark 2.3. By Remark the horizontal gradient, the horizontal Hessian, and the Heisenberg
sub-Laplacian are left-invariant with respect to the group law and also invariant under rota-
tions about the z-axis. Moreover, the vertical vector field Z = 9, is also left-invariant and invariant
under rotations about the z-axis.



8 G. BOMBARDIERI, M. FOGAGNOLO, AND V. FRANCESCHI

2.4. Right-invariant structure. In this paper, right-invariant structure will also come into play.
The Lie algebra of right-invariant vector fields with respect to the group law is generated by
X and Y defined in and by Z = 0,, with the only nontrivial commutation relation given by
[X,Y] = —Z. Observe that left-invariant and right-invariant vector fields commute. In particular,

(X, X]=[X,Y]=[V,X]=[Y,Y] =0. (2.5)

We define the right-invariant distance d, by substituting horizontal curves in with curves
that are a.e. tangent to D. We similarly put a ~ on any other quantity associated to the right
invariant distribution, in full analogy with the previous subsections.

For a regular function u, we introduce the notation

Vu=XuX+YuY.

2.5. Hypersurfaces in the Heisenberg group and mean curvature. The set of characteristic
points of a Cl-regular surface S is C(S) = {p € S : D, C T,S}. If S is given as the zero level set
of ue CFR3), k> 1,ie,S = {pecR:u(p) =0} with Vgu # 0, (here the gradient is computed
with respect to the Euclidean structure), then we have

C(S) = {p €S| Xu(p) = Yu(p) = 0}.

Remark 2.4. Since the horizontal distribution D is bracket generating, the characteristic locus C(X)
of any C?-hypersurface ¥ has empty interior in 3, so that non-characteristic points are dense in 3;
see [5l p. 65]. The same holds for the right-invariant distribution D, which is also bracket generating.

Let Q = {p € R? | u(p) > 0} with u € CF*(R?), k > 1 and Vgu(p) # 0 for any p € 9Q. In this
case we say that  is given as the (regular) zero super-level set of u and we define the horizontal
outer unit normal v to () as

_Vu
[Vl
One can check that this definition does not depend on the choice of u, as one can infer e.g. from [4,
Theorem 1.1]).
If Q is the zero super-level set of u € C2(R3), we define the horizontal mean curvature of 9§ at

noncharacteristic points p € 9Q \ C(0f2) as

1 ~ VVu(Vu, Vu)
|Vul |Vul|?

on 902\ C(89Q).

UV =

H =div(v) = > at p € 00\ C(0N). (2.6)
Definition 2.5 (Horizontal mean convexity and continuity of H). Let Q be a bounded open set
with C? boundary, and let H be defined as in at noncharacteristic point. We say that 0f) has
strictly positive horizontal mean curvature if H > ¢ > 0 at any p € 9\ C(9€2). In this case we say
that 0 is horizontally mean convex.

Moreover, we say that H € C°(99) if H extends to a continuous function on the whole 0. If
09 happens to be noncharacteristic, then H € C%(9).

2.6. Riemannian approximation. For ¢ > 0, consider the Riemannian manifold H. = (R?, g.),
where g. is the unique Riemannian metric that makes the vector fields (1.6) orthonormal. We
denote by d. distance induced by g.. We record the following well-known observation.

Proposition 2.6. Let e > 0, and p,q € R®. Then d.(p,q) < d(p,q). Similarly, cza(p, q) < d(p, q).
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Proof. Recall that an absolutely continuous curve v = (v, 7y, 72) on [0, 1] is horizontal if and only
if 4, = %(’)/x"yy — Yy¥z) a.e. on [0, 1]. If 7 is horizontal, then

[¥le = 1Ghs s O) s = (Vs Yy [r2 = 7],
and the conclusion follows from the definition of the sub-Riemannian distance ([2.3)). O

We use the subscript € to denote the Riemannian quantities norms and tensors induced by ge.
In particular, V. denotes the gradient, V.V, the Hessian and A, the Laplace-Beltrami operator.
When considering the norm of a g. gradient vector field, we agree to denote |V f|? = g-(V-f, V.f),
that is explicitly given by (X f)? + (Y f)? + e2(Zf)%. Accordingly, the g.-mean curvature of 952,
with Q given as the zero super-level set of u € C? with |V.u| # 0 on 0 is given by

Vu ) _ 1 (A ~ VeVeu (Veu, Veou)
|Veule |Veule : |V5u|g

One can finally check that, if f- — f in C?, then V.f. — Vf and V.V.f-(V.f.,V.-f-) —
VVf(Vf,Vf) uniformly. In particular, one deduces that

(NN (Y
dv <|sts|> - <|Vf|>

locally uniformly in {|Vf| # 0}. As a consequence, given a bounded domain © with C? boundary,
we have that the mean curvatures satisfy

Hg_—dw< ) at p € 9Q.

H. — H as ¢ — 0 locally uniformly in 992\ C(9). (2.7)

This last observation is also recorded in [10, Corollary 4.21]. We are repeatedly using these simple
observations without explicitly mentioning it. In full analogy one can consider Riemannian ap-
proximations for the sub-Riemannian structure given by the right-invariant distribution described
above. Namely, one can define §. as the unique Riemannian metric on R? such that the vector
fields X,Y and £Z are orthonormal. We define accordingly V. f the g.-gradient of a function f and
agree to denote |V.f|2 = §o(V.f,V.f). The following basic observation will crucially allow us to
handle axisymmetric sets in the a priori estimates below, thereby allowing us to establish Theorem
[I.1] under these assumptions.

Remark 2.7. Let u € C'(R3) be invariant under rotations, i.e., u o Ry = u for all @ € S', where Ry
is defined in (2.2). Then, we have

V| = [Vul,
and consequently, one also gets
Veu| = [Veul. (2.8)

2.7. Viscosity solutions to (1.4) and (MCE]). The formal derivation described in the intro-
duction leads us to the level-set formulation of the horizontal mean-convex mean curvature flow

equation (|1.4). To include characteristic initial data in the study of horizontal mean curvature flow
evolutions we will study viscosity solutions to (MCF)).

Definition 2.8. A function u € C%(Q) is a wiscosity subsolution of (1.4) in Q@ C R3 if, for any
p € Q and any ® € C?(2) such that u — ® attains a local maximum at p, then
{1 S _AD 4 YVEVEVE) »

Ve (2.9)
if V®(p) #0
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and

(2.10)
for some n € D with |n| <1, if V®(p) = 0.

A function v € CY(Q) is a wviscosity supersolution of (1.4) in Q C R? if, for any py € Q and any
function ® € C?(2) such that u — ® attains a local minimum at p then

{1§_M>+W<I><v<w¢> at p

{1 > —AD +VVO(n,n) atp

Vo2
if V&(p)#0
and

{1 < —AQ+VVO(n,n) atp (2.11)

for some n € D with |n| < 1, if V&(p) = 0.

A function u € C%(Q) is a wviscosity solution to equation (1.4)) if it is both a viscosity supersolution
and a viscosity subsolution. A function u € C%(Q) is a viscosity solution to (MCF)) if it is a viscosity
solution of (1.4) in 2, and it satisfies the boundary condition continuously:

limu(x) =0 Vp € 00N.

T—p

2.7.1. Approzimating solutions. Our strategy to prove the existence of solutions to (see
Theorem is based on an approximation procedure. We first apply Theorem to approximate
Q) by a family of sets {€ }e>0, each of which has strictly mean-convex boundary in H.. The sets 2.
are then used as initial domains for a family of Riemannian mean curvature flows with mean-convex
boundary, which approximate . More precisely, the prescribed mean curvature equation
is approximated by the corresponding equation in H:

veveus(vsusa Vsus)

|Veue|?

The resulting approximating problems correspond to the level set formulation for the mean curva-

—Asue + =1.

ture flow on . whose solutions in a viscosity sense are denoted by u. € C%(Q.):
vsvaue(veua; vsue) -1 in QE?

’veus| (MCFE)

u: =0 on 0.
Viscosity solutions to (MCF.)) are obtained as in [34] as the limit as § — 0" of the unique solution
u of the following elliptic regularized problem:
AW+ V-Veul(Veul, Veul)
°E |Veuld|? + 62

—Acue +

=1 in (),
(MCF?)

ug =0 on 0.

To construct a solution of (MCE]), we first obtain a family of solutions {ul}. 50 to the elliptic
problems , and then pass to the limits as § — 0 and ¢ — 0. To this end, we establish
suitable gradient bounds for ug, which ensure the uniform boundedness and equicontinuity of the
family in C°(Q).

This is the main technical step in which our assumptions are used. First, a Bochner-type identity
based on [23, Proposition 3.4] allows to obtain right-invariant gradient estimates for ud. Such
identity is based on the commutation relations between the left-invariant distribution D and the
right-invariant distribution D: a similar behavior is not expected to hold for the left-invariant
gradient V and explains the role of d.
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Axisymmetry in the characteristic case is crucial for converting the right-invariant gradient
estimate into a left-invariant one by Remark allowing to exploit the boundary information
H:|V.u:| = 1 on 99, coupled with the g.-mean convexity of 9. to get a gradient bound on Q.
that is uniform in €.

In the non-characteristic case we obtain an upper bound on the norm of right-invariant gradient,
arguing similarly to the Euclidean case treated in [I8]. Indeed, comparing ug with an explicit
barrier built from the Euclidean distance dg to 0€)., via the comparison principle for the regularized
operator acting on it from [19, Proposition 4.3], one obtains a bound on ||V.ul| Loe(90.) uniform in
¢ and 6. Here the left-invariant conversion step is unnecessary: it is the right-invariant distance d,
rather than d, that governs the compactness argument in this case.

Remark 2.9. By Proposition [3.3] regular axisymmetric sets are topologically either spheres or tori.
Theorem [I.2] deals only with the spherical case, since axisymmetric tori are non-characteristic by
Corollary

Consequently, by , 0 is ge-strictly mean convex for € > 0 sufficiently small, and thus serves
as admissible initial data for the mean-convex mean curvature flow (cf. [34]).

3. APPROXIMATION BY PRESCRIBED MEAN CURVATURE AND PROOF OF THEOREM m
In this section we collect some facts on axisymmetric sets and prove Theorem

3.1. C%-regular connected axisymmetric sets. Axisymmetric connected sets are those gener-
ated by rotation of a C*-curve around the z-axis.

Definition 3.1. Let v = (71,72) € C*([0,1],R2), k € N be a regular, simple curve. Recalling the
rotation Ry defined in (2.2)) for 6 € S!, we define the rotation map ®. : [0,1] x St — R? as

(I)’Y(T’ 0) = RH(’yl(T)?OarY?(T))v (31)

We say that v is a generating profile for a bounded, open, connected set Q C R? with C*-regular
boundary, k > 1 if 9Q = ®,([0,1] x S!). In this case,  is called C*-reqular azisymmetric.

Remark 3.2. Every C*-regular axisymmetric set admits a C* generating profile, obtained by in-
tersecting its boundary with the half-plane {y = 0, = > 0}. While the profile of the curve can be
re-parametrized, its regularity class is an intrinsic property.

In the following proposition we discuss the topology of C*-regular axisymmetric sets.

Proposition 3.3. Let Q C R3 be a C'-regular open connected and bounded set which is axisymmet-
ric. Then, if OX) intersects the z-axis, it is homeomorphic to a sphere, otherwise it is homeomorphic
to a torus.

Remark 3.4. If 982 is not of class C, different topologies may appear. This is the case of a pinched
torus, which is given by the rotation around the z-axis of a circle touching the origin. This is the
boundary of a compact axisymmetric set, but it has a singularity on the rotation axis and fails to
be homeomorphic to a sphere or to a torus.

Proof. Let v € C1(]0,1]) be a generating profile for Q. If v does not meet the z-axis, then ~ is a
closed simple curve. Hence it is homeomorphic to S' so that d€ is homeomorphic to S! x S.

If v meets the z-axis, regularity of 02 implies that the profile meets the axis only at its two
endpoints. Therefore 99 is obtained from [0, 1] x S! by collapsing each boundary circle {0} x S!
and {1} x S! to a point. This quotient is therefore homeomorphic to S2.

O
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Corollary 3.5. Let Q C R? be an open, C'-regular, azisymmetric set. Then

i. if OQ is homeomorphic to a sphere, then C(0S) consists of exactly two points where the
surface meets the z-axis;
i. if O is homeomorphic to a torus, then C(O2) = 0.

Proof. By Proposition [3.3], the statement follows once we prove that
C(OQ) =o0N{(z,y,2) €ER® |z =0,y = 0}.

In fact, if p = (z,y,2) € 0Q satisfies D C T,012, locally around p, the boundary 02 can be
represented as the graph of a function z = f(z,y). Moreover, being () axisymmetric, f only
depends on 7 = r(z,y). Characteristic points are therefore those at which |V(z — f(r(z,y)))|*> =

fl(r)? + % = 0. This occurs if and only if r = 0 and f/(0) = 0. O

Remark 3.6 (Curvatures of axisymmetric z-graphs). Let f € C%(I,R), with I C [0,00) an open
interval. If 082 is the zero level-set of the function

u=z—forecC*R3),

then a direct computation shows that the horizontal mean curvature and the g.-mean curvature of
0N are respectively given by H = g or, and H. = . or, where

olr)=-20, ) , (3.2)
’ 2+
pe(r) = —20 rf(r) (3.3)

YA EE
Here 0 = 1if Q@ = {u < 0} and 0 = —1 if Q@ = {u > 0}. While ¢ is not defined at »r = 0 by
Corollary in the definition of ¢. the value at » = 0 is intended in the limit as 7 — 0F.

3.2. Approximation by prescribed mean curvature. Throughout this section, let @ C R3
be a C?-axisymmetric set, homeomorphic to a sphere, such that H(9)) extends continuously to
C(092). By Proposition and Corollary there exists a continuous function ¢ on (0, R] such
that H = por on 02\ C(012). The continuity of H across C(952) allows us to extend ¢ continuously
to [0, R], with the same notation. Henceforth, we write

H = poron . (3.4)

The arguments of this section do not require any mean convexity assumption of €.

3.2.1. The case of a finite vertical set of the generating profile. We first carry out the construction
under the assumption that the generating profile has finitely many vertical points.

Definition 3.7. Given a C! curve v = (y1,72) : [0,1] — Ra_, we define the V-set as

V() = {7 €[0,1] [ y(r) = 0}.

Accordingly, the wvertical part of the boundary of the C'-regular axisymmetric set Q generated by
v is defined as

V(0Q) = {(I)W(T, 0)| TeV(y), 0¢e Sl},
where @, is the parametrization given in (i3.1)).
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v(ap) ¢

ao

(as)

FIGURE 1. Decomposition of the generating profile into the graphical pieces ;.

Remark 3.8. The vertical part V(0f2) is independent of the parametrization of the generating
profile, since regular reparametrizations multiply +; by a non-zero factor. Geometrically, V(992) is
the set of points where the tangent plane to 02 is parallel to the vertical axis.

The construction of {Q:}.>0 begins by decomposing 002 at the vertical points of its generating
profile, as illustrated in Figure [l Each resulting portion is a radial graph, whose horizontal mean
curvature is given by , with prescribed curvature ¢ as in and a sign determined by the local
graphical parametrization. These pieces will serve as local building blocks for the approximating
boundaries, obtained by solving the corresponding prescribed g.-mean curvature equation ([3.3)
with ¢ = . The following lemma makes this decomposition precise.

Lemma 3.9 (Radial decomposition of the boundary). Let Q be a bounded, open, C?, axisym-
metric set, homeomorphic to a sphere, such that H(0Q) extends continuously to C(0S). Let
v € C*([0,1],R%) be a generating profile for OQ, with #V(v) < co, and assume that

71(0)=7(1)=0,  n(r)>0 foreveryr € (0,1),  72(0) > 2(1). (3.5)
Let 0 =ap < ag < --- < ay =1 be the elements of V() U{0,1}, and set
fj:(aj_l,aj), aj:’yl(aj), jZO,...,N.
Then the following properties hold.
(i) Height functions. For every j =1,..., N, the restriction

iy — 1
is a C?-diffeomorphism onto
I; = 71(]}) = (min{aj,l,aj},max{aj,l,aj}).
Letting 7; = (71|I~j)_1, the functions

fi(r) =v(r(r),  rel; (3.6)
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are C%(1;), and the sets
%j = (I xS = {(2,y,2) € R : r(z,9) € I, z = fi(r(z,y))}

are pairwise disjoint radial graphs satisfying
N

o0 =Jz%;
j=1

Moreover, consecutive pieces meet along the corresponding vertical circle:
EijﬂZjH:(I)V({aj}xSl), jzl,...,N—l.
Poles and junctions. At the poles,

fl € CQ([()?al))? fN € 02([076”\7—1))7
and
lim fi(r) = lim fy(r) =0.

r—0t r—0t

Forj=1,...,N, set
oj = sgn(’yﬂfj) e {-1,1}.

At every junction point aj, j =1,...,N — 1, we have
lim [fi(r)] = lim [fj1(r)] = +o0,
r—a; 73 r—>aj]+1

where r — a® denotes the one-sided limit at a from the side specified by o.

(3.7)

For every nonzero endpoint a € 01, there exist p > 0 and §;(a) € {—1,1} such that

dj(a)fi(r) >0 for every r € I; N (a— p,a+ p).
At a common endpoint a; of two consecutive pieces, these signs satisfy
ajéj(aj):0j+15j+1(aj), jZl,...,N—l.

Equators. Let

R p—
Zax (")

and choose Tr € (0,1) such that vi(tr) = R. Then T € V(7). Denote by jr € {1,...

1} the index such that TR = oj,. Then

ajp = R, ojp = 1, Ojp+1 = —1,
and
lim f! (r)=— lim f! r) = —o0.
R f]R( ) s R f]R-‘rl( )

Curvatures. For j=1,..., N, define
@j(r)=H(r,0, fj(r)), relj

Then ¢; extends continuously to 1;, and

H(p) = ¢j(r(p)), peX;

(3.8)

(3.9)

(3.10)

On I, the function ¢; satisfies equation (3.2)) with o = ;. Moreover, the continuity of H

at each junction gives

lin_la_cpj(r): lim 1<pj+1(7‘), j=1,...,N -1
r—a; J T’—>(ljj+

(3.11)
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Proof. Most of the assertions follow directly from the construction. We provide details only where
needed. Up to reparametrization, condition (3.5 follows from the fact that 02 is homeomorphic
to a sphere.

(i) For every j = 1,..., N, the derivative 4] has constant sign on fj. Hence ’71\jj is a C2-
diffeomorphism onto I;. The remaining assertions follow from the definitions and the reg-
ularity of 0.

(ii) The assertions at the poles follow from the C2-regularity and axisymmetry of 9Q. Notice
that ag = ay = 0.

By , for every j=1,..., N,

: (75(r))

fi(r) = A () relj. (3.12)

Since 7] = 0 on V(v), the regularity of ~ implies that 4 # 0 there. Formula follows.

In particular, fJ’ does not vanish in a sufficiently small one-sided neighborhood of each
nonzero endpoint of I;. Therefore, fj’ has constant sign in such a neighborhood, prov-
ing . Finally, at the junction point corresponding to o, we observe that

030;(a;) = sen(va(0y)) = 0j1041(aj),
which proves (3.9).
(77i) Since 71(0) = 71(1) = 0 < R, we have 7 € (0,1). As 7g is a maximum point of ~1, it
belongs to V(). By maximality and the chosen orientation,

Ojr = 1, Ojp+1 = —1L.

Moreover, regularity gives v5(aj,) # 0, while the chosen orientation gives v4(a;,) < 0.
Since 7, (r) = a;, asr — R~ formula (3.12)) yields

lim f]/»R(T) = lim 775(7']-1%(7“)) = —00.

r—R~ N r—R~ ’71 (TJR (7“))
Arguing in the same way for f;,1, we obtain the second limit in , and the conclusion
follows.

(iv) The representation of H on each X; and the formula for ¢; follow from (3.2). Its continuous
extension to Tj, as well as , follows from the assumed continuous extension of H to
C(09).

O

The next proposition contains the solution to the prescribed g.-mean curvature equation that is
needed to build the sets €)..

Proposition 3.10 (Prescribing g.-mean curvature). Let  be a bounded open C?-axisymmetric set,
homeomorphic to a sphere, such that H(9SQ) extends continuously to C(9Q). Let v € C*([0,1],R%)
be a generating profile for OQ with #V(v) < oo, and let ¥4,...,X N be the surfaces defined in
Lemma . Then there exists g > 0 such that, for every e € (0,e0), there exists a C*-reqular
azisymmetric set Q. C R3, whose boundary decomposes correspondingly into pieces X5, . . O
such that its g--mean curvature satisfies for each j =1,..., N

H.(p)=H(p') for peXi\{r=0}, p' eXj\{r=0} suchthat r(p)=r@). (3.13)

In particular, H. € C°(09.).
Moreover, as € — 0, the sets 0. converge to 02 with respect to the Hausdorff distance dy.
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We first prove a few auxiliary lemmas containing information on f satisfying (3.2]) for a continuous
function ¢, that will be used to integrate the prescribed mean curvature equation (3.13)).

Lemma 3.11. Let 0 € {—1,1}. For 0 <a <b, let p € C([a,b]) and f € C([a,b]) be such that
a) feC%([0,b) ifa=0, and f € C%((a,b)) if a > 0;
b) forr € (a,b) we have

od rf'(r
FrR
c) there exist 64,05 € {—1,1} such that
lim f'(r) =0, if a =0,
=07 lim yf'(r) = +o0.
lim &,f (1) = +o0, ifa >0, r—b—
r—at
Then the function v : [a,b] — R defined by
vir)= [ e a<r<b (3.15)

satisfies the following:
i. Y € C'((a,0)) N C([a, b));
ii. 72— (Y(r) — ade0)? >0 in [a,b] and

2 — (Y(r) — ad,0)? =0 <= r € {a,b}; (3.16)
iii. Let W : (a,b) — R be the function defined by
_ I(r) —adao| 5
Y e —aar
Then W € L'([a,b]) and for v € (a,b) it satisfies
f(r) =8(r)¥(r). (3.18)
where § : [a,b] — R is the function defined by
sy = (RO 76 £ 0
0, if f/(r)=0

Proof. Since ¢ is continuous, then ¢ € C'((a,b)) N C°([a,b]). This proves i).
We prove ii). Integrating (3.14) on (a,r) for r € (a,b), we obtain

(3.17)

(
3.19
( (3.19)

/
W(r) = —a% +0Cy, a<r<hb,
P
where C, = lim,._, .+ %. If a = 0, assumptions a) and c) imply that
" " 2 2
O 1 () e} D (1)t ey i) NN

YO o) T (002 4+ o)
If a > 0, assumption ¢) implies that

)
Co= lim ——2%  — g5,
r—at 1+ r2

4f'(r)?
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We therefore obtain

Y(r) = —aﬂ + 0ads, 7€ (a,b),
f?+
that can be rewritten as
f’2(r) [r2 — ((r) — aéaU)Q] = (¢(r) — a5a0)27j, r € (a,b). (3.20)

Since the right-hand side is nonnegative we have that
r? — (P(r) —ade0)> 20 for every r € (a,b).

We show that equality holds at the endpoints. At r = a, this follows directly from the definition
of . At r — b, using assumption c) in (3.20)), we get

lim [,,2 — (1b(r) — aéaa)Q] ~ im ((r) — adgo)?r? o

r—b= r—b— 4172(r)
because (1(r) — ad,o)?r? is continuous, and hence bounded, on [a, b].
On the other hand, if r € (a, b) satisfies

r? = ((r) — ady0)? (3.21)

equation (3.20) yields %(1#(1") — ad,0)? = 0. Plugging (3.21) in the latter we thus obtain r = 0
which is absurd. This proves ii).

We conclude by proving iii). Observe that ¥ is well defined on the whole (a,b) by . By
and ii) we therefore deduce that |f'(r)| = ¥(r), yielding (3.18). We deduce that for any
c,d € (a,b), c < d, we have ¥ € L1([c,d]) being f' € C%e,d)).

If a = 0, assumption c¢) guarantees that f' € C°([0,b)), so that ¥ € L([0,d]) for any d € (0, b).

If a > 0, by assumption c¢) there exists 1, > a such that for r € (a,r,), we have |f'(r)| = oo f'(r).
Therefore, for any r € (a,r,) we can compute

,
li )| d li dof'(s) ds = lim ¢ - +n)) €R,
S [ ol ds = tim / £(s) ds = lim 6.(7(r) = fla+n)
thus proving ¥ € L!([a,r]).
The same argument proves integrability of |¥| on [r,b]. This concludes the proof. O

Remark 3.12. An explicit formula for f satisfying the assumptions of Lemma [3.11] in terms of 1
can be deduced by integrating equation (3.18). For r € [a, b] this yields

b r
—/ S () dt—f(a)—i—/ S(H)U(t) dt

Lemma 3.13. Let o € {—1,1}. For b > 0, let p € C([0,b]) and f € C([0,b]) N C?([0,b)) be such
that (3.14) is satisfied on (0,b) and

li "(ry=0

i, /)

Then as r — 07 we have

— 0
f(r) = Uf()r2 + o(r?). (3.22)
Proof of Lemma[3.13. Since f € C%([0,b)) we have that
/ 2 ¢l
lim L = lim r/0) =0.

e e e
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Using also ([3.14)), this implies that for » — 0% we have

tf( )

\/Lﬂ /dt f/

where in the last equality we used the continuity of ¢ at 0. Computing the integral and dividing
by r — 07 therefore yields:

dt = /OT(—O'QD(O)t +o(t)) dt,

! r r
T o) 4ol
fr(r?+7
©(0) # 0 this implies that 6(r) = sgn(—o¢(0)), so that we can rewrite the above as
Z(—op(0)L + o(r r?
piry = 27O )™ o),
V1= (00(0)5 +o(r))
The computation directly extends to the case ¢(0) = 0 thus proving the statement. ]

In the next proposition, we solve the local boundary value problems for the prescribed g.-mean
curvature equation on intervals [a, b] C [0, R], with ¢. = ¢. In view of the global construction
outlined above, the boundary conditions are chosen to match the behavior of 02 at the endpoints
a and b and the proof makes use of the properties in Lemma

Proposition 3.14. Let 0 € {—1,1}. For 0 <a <b, let ¢ € C([a,b]) and f € C([a,b]) be such that
a) f€C?([0,b) if a=0, and f € C*((a,b)) if a > 0;
b) forr € (a,b) we have

od rf'(r
o4 LGN (3.23)
Fp
c) there exist 64,05 € {—1,1} such that

l1m+f() if a =0,
r—=0 lim &, f'(r) = +o0. (3.24)
hm Saf'(r) = 400, ifa>0, r—b=
r—at

Let zq, zp € R. For any € > 0 consider the prescribed g.-mean curvature equation on (a,b) given
by

_g a rfe(r) =, (3.25)
\/f8 2412 4 g2

together with one of the following boundary conditions

O =0, lm )= too, fB)=z with a=0  (BCy)
r—0"

lim 0,f.(r) = 400, lim &fL(r) = 400, fo(a) =2z, with a>0; (BC,)
r—at r—b~

lim 8 fL(r) = +oo, lim &fi(r) = +oo, f.(b) =2, with a>0. (BCy)
r—at r—b—

Then the corresponding boundary value problem admits a unique solution f- € C%((a,b))NC°([a,b])
if a >0 and f. € C*([0,b)) N C°([0,b]) if a =0, given by the formula

b
fe(r) =z —/ f(t )\/Hngdt (3.26)
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in cases and -, and by
", 42
fe(r) =z + ; 1+ o dt (3.27)

in case (BCy)).
Moreover, if a = 0 the following Taylor expansion as r — 0 holds true

ﬂ@q::—“¢gngr+o@y (3.28)

Finally, as € — 0%, f. converges uniformly on [a,b] to the function f, = f — f(a) + z4 in case
(BCq)), and to the function f, = f — f(b) + 2z in case (BCq|) and (BCy).

Proof. Step I: Existence of a solution. Let ¢ : [a,b] — R, and ¥ : (a,b) — R be the functions
defined in (3.15]), and (3.17)), respectively. For ¢ > 0, set

2\111_( ) Z+€ re (a,b).

U (r) =

We first prove that
. € L'([a,b]). (3.29)

2
——1—2<7 ——i—ez for r € [e, 1],

and since ¥ € L!([a, b]) by Lemma 3 11 statement iii), we have U, € L([c, b]).

It remains to consider the behavior near a. If @ > 0, the same estimate applies on [a, c|, and
therefore ¥, € L!([a, c]). Assume instead that @ = 0. Then
i)y . 17

lim = lim — tp(t)dt =0,
r—=0t T r—=0t 1 Jo (,0()

Fix ¢ € (a,b). Since

because ¢ is continuous at 0. Hence

1mﬁﬂﬁzh%—¥&ﬂ7 )
r—0 r r—0 ré — 1/}(7’) r—0 r - <M>2

= 0. (3.30)

Thus W, extends continuously to r» = 0 by setting ¥.(0) = 0, and in particular ¥. € L(]0, c]).

This proves ([3.29).
Let § : [a,b] — {—1,0,1} be the function defined in (3.19)). For ¢ > 0, the candidate solution

fe : [a,b] = R given by formula (3.26)) or (3.27) reads

r):zy—/ﬁdﬂwstdt
m:%+/%@%@ﬁ

in case (BC,). By (3.29) f. is well defined and continuous on [a,b]. Moreover, by (3.18]) and
assumption a), 6¥ € C((a, b)), hence also §¥. € C'((a,b)). Therefore f- € C%((a,b)) and we can
differentiate its defining formula, obtaining

fLr) =6(r)V(r), r € (a,b). (3.31)

in cases and ( -, and by
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If a = 0, we show that f. is C? at 0. In fact, the comparison of (3.18) and (3.31]) yields

42
£ = e 2
By (3.22)), we therefore obtain (3.28]), that implies that
fir) _ op(0)e

lim fi(r)=0, f."(0)= lim =— , (3.32)

r—0+ r—0t T 2

hence yielding C?-regularity at 0. Moreover, rewriting (3.25)) as
1 1"2 3/2 / r 3 / r
£(r) = {w(r) <fé(7“)2++52> L) 2 ) ,

n % + 2 4 T T
and using (3.32)), we obtain

1m¢wm——1mew—“”mg)—iw””—ﬂm»

r—0t g2

Therefore f. € C2([0,b)).
We show that f. solves (3.25]). By the definition of W, a direct computation gives

2 P2 (2 4 g2
()2 + o+ - r e (a,b)
r — = , ,b).
O T S ) — abae?
In this computation, the case §(r) = 0 is covered by formula (3.18)), which gives v (r) — ad o = 0.
Hence
rfi(r)
VIR 4+ e
By (3.18]), the right-hand side agrees with the corresponding quantity for the limiting profile, namely
()
Fr? 4
Hence, using (3.23)), we get

=4(r) |¢(r) — adqo|, r € (a,b).

=4(r) [(r) — adqo|, r € (a,b).

d ! d !
_%5 Tfe(’r)2 :_%E % :(p(r)7 :re (a’b).
VI + 5+ PR+
Thus f; satisfies (3.25)).

We finally check the boundary conditions. All derivatives are taken in the open interval (a,b),
and the conditions involving f! are understood as one-sided limits. In case , the condition
at a = 0 follows from (3.32). At b, condition gives §(r) = 0 for r sufficiently close to b.
Moreover, by Lemma 1 is continuous at b and holds. Hence

() ’

lim & fL(r) = lim TZ + €2 = +o0.

i R BT (O

The prescribed value f.(b) = z, follows directly from the definition of f..
The same argument gives the boundary condition at b in case (BCyl), with ¢ (r) replaced by
Y(r) —adgo. Similarly, (3.24) gives d(r) = d, for r sufficiently close to a, and the same computation
yields the boundary condition at a in cases (BC,|) and (BCp). The prescribed values f.(a) = z, in

case (BC,)) and f-(b) = zp in case (BCy)) follow from the definition of f..
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Step II: Uniqueness of the solution. We prove uniqueness. Let h be any solution of the boundary
value problem under consideration. Set

rh/(r)
\/ W (r)?+ 5+ €2
Then the ODE ({3.25)) rewrites as W} () = —ore(r). Hence, for every r € (a,b), we have

Wh(r) =Cq — O'/T to(t) dt,

€ (a,b).

where
rh/(r)

C, = lim = adg.
r—>a+ \/h/ + % + 52
Here, the computation of ', is independent of h and only depends on the boundary conditions
under consideration. Consequently,

Wh(r) =Wy (r) for any r € (a,b).

It remains to observe that, for each fixed r € (a,b), the map
rp

P2+ T4 e?

is strictly increasing from R onto (—r, ). Therefore h'(r) = f.(r) for any r € (a,b), and thus h and
f- may differ only by an additive constant. The normalization condition h(a) = z, or h(b) = z
respectively, fixes this constant. This proves uniqueness.

p =

Step III: Uniform convergence as ¢ — 07. We prove the uniform convergence in the case of

(BCy)) and (BCy)); the proof for (BC,) is analogous.

We first claim that
b
alir&/a ()] <§\/i+€2—1> dt = 0. (3.33)
fe=f—=f(b)+ 2z uniformly on [a, b],
b
sup 11:(0) = £0)+ 50) =2l = s | [ a0 - w(0)an
r€la,b] refa,b]

/w ( \/?Q n

It remains to prove (3.33). For every fixed ¢ € (a, ], one has

2 [ N
E Z+€2—1—>0 ase — 07,

Thus, ([3.33)) follows by dominated convergence once we find an L!-dominating function independent
of ¢, for ¢ sufficiently small.
If @ > 0, then for 0 < ¢ <1 and every ¢ € [a, ],

2 b2
E\/—Jr 2—1<ﬂ/—+1—1

Indeed, this implies

since
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Therefore the integrand is bounded by a constant multiple of |¥|. Since ¥ € L'([a, b]) by Lemma
statement iii), the conclusion follows by dominated convergence.
Let now a = 0. By (3.30)), the map ¢ — W(¢)/t extends continuously at ¢ = 0. In particular,

W ¢ Lo, n). (3.34)

2 t2+ t
t 4 2]

For 0 < e <1, we have

2 12 2 [ /2 t
<y =4e2-1== — 42— )<
O_t 4—|—5 t( 4+€ 2>_

“ \/’52+1+2

o) (2 P e 1) < 2"1’?)‘

Moreover,

Hence

tV 4
Therefore by (3.34]), dominated convergence gives (3.33|) with a = 0 and the proof is concluded. [

Proof of Proposition[3.10, Step I: Construction of the approximants 35. For e > 0, we construct
the surfaces X5,...,3% by rotation around the z-axis of the graphs {z = f7}, where each f; €
C%(I1;) N CO(1;) solves on I; with o =0y, for j=1,...,N.

We start from an equator of 2, namely from j = jr. We define f; € C%((ajp—1,R)) N
C%([aj,—1, R]) as the unique solution to with 0 = 0}
according to whether a;j,_1 =0 or aj,—1 > 0.

If jr = 1, so that a;,—1 = 0, we impose the boundary conditions with 2z, = fj,(R) and
op = —

If jr # 1, so that aj,—1 > 0, we consider boundary conditions , choosing the boundary
data so that the behavior of f5 at r =a;,—1 and r = R matches that of f;,. Namely,

» = 1, with boundary conditions chosen

a=ajp—1, b= Ajp = R, z = ij(R)a 0 = jR(ajR*1)> oy = —

as follows from (3.10)). Proposition then yields the explicit formula (3.26]) fo rthe solution fin

We proceed recursively for j = jr—1,...,2. Having constructed f7 ,, we define f; as the unique
solution of ( - on I;, with o = oy, satlsfylng the matching condition with ff,; at the common
endpoint a;, and Whose derivative has the same blow-up signs at both endpomts as fj’ Namely, if
oj =1, then I; = (a;j_1,a;), and we impose the boundary conditions (BCy|) with

a=aj1, b=aj 2= fj1(a;), da=7dj(aj1), & =dj(a;).
If instead o; = —1, then I; = (a;,aj—1), and we impose the boundary conditions (BC,f) with
a = aj, b= aj_l, Za — f;+1(aj), 5& = (5j(aj), (5[, = 5j(aj_1).
Proceeding recursively, we eventually reach I; = (0,a;). There we solve (3.25)) with ¢ = o1, and
impose the boundary conditions (BCy|) with b = a1 and &, = sgn(v4(a)).
Arguing in the same way on the remaining intervals I, j = jr+1,..., N, we define f5 for every
j =1,...,N. The boundary data are chosen recursively so that adjacent profiles agree at each
common endpoint a;. Thus the adjacent profiles glue continuously at every junction radii. For
j=1,..., N we then set

35 ={z = fj(r(z,y)), r(z,y) € I;}.
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Step II: Uniform convergence and absence of self intersections among the ¥5. We first claim that
for any j = 1,..., N the function ff converges to the function f; uniformly on I; as ¢ — 0F. If
j = jgr this is proved in Proposition as the boundary condition at b = R is 2, = fjz(a;,). We
proceed by (finite) induction on j running backwards from jz — 1 to 1. The same reasoning applies
to j running forwards from jr 4+ 1 to V.

Assume that 5 converges to f; uniformly on fj as € — 07. We now consider fj_l. Ifoj1=1,
we have I;_1 = [aj—2,aj—1] and by (3.26) and (3.18), we obtain

sup [y — fi1 = sup

aj—1 / 4e2
i—1 7‘61;1 f;(ajil) - fj(ajil) +[ f‘;_l(t) <1 - 1 + ;> dt
aj—1 4e2
<|fj(aj-1) = filaj—1)| + sup / [j1(2)] (\/ 1+ t% - 1) dt  (3.35)
relj_1Jr
17810 <\/1 + 4;2 - 1) dt,

where ¥;_q € Ll(Ij_l) is the function defined in with @ = aj_2, b = a;_1 and 0 = 0;_1.
Hence the right-hand side of tends to (0): the first term vanishes by the induction hypothesis,
while the integral term tends to (0) by Lemma iii., and the dominated convergence theorem.

If 0;_1 = —1, the same reasoning applies using formula instead of and the claim is
proved.

<150 — filasn)| + [

Ij,1

We now show that, for ¢ > 0 small enough, distinct pieces intersect only at the prescribed
junctions. Let j # h. If I; N I, = 0, X5 N X5 = 0. We therefore assume

[jﬂIh7é®.

We first treat adjacent profiles near the junction radii, namely h = j + 1. By formulas (3.27))
and (3.26) we have that sgn(f5’) = sgn(f;’) does not depend on ¢ > 0. By (3.8), we thus have that
there exists p = min; p; > 0 such that for every ¢ > 0

0j(a;)f;" >0 on IjN(aj—p.a;+p), (3.36)
ir1(aj)fa" >0 on  ILiiN(aj—p,aj+p). .

Moreover, since I; N Ij11 # 0, a; is a common endpoint of the two intervals, which lie on the same
side of a;. Since I; and I;; lie on the same side of a;, we have 0.1 = —0;. Hence (3.9) gives

dj(a;)dj1(a;) = —1.

Therefore, calling 25 = f5(a;) = f7,1(a;), we have that

(ff = 2))(fin —25) <0 in (aj —p,a;+p) N 1N Iy,

so that f5(r) # fj,1(r) for all v € (aj — p,a; + p) N I; N Ij11 and for every j =1,...,N — 1.
It remains to exclude intersections outside the neighborhoods U; = (a; — p, a; + p) and between
non-consecutive profiles. For j # h, we introduce compact sets K C I ;N I;, by setting

Kj»h: Emfh\Uha h:j_la
0 I, j—hl>1.

~i
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The limit profiles f; and fj, have disjoint graphs on K ;: indeed, intersections between consecutive
pieces can occur only at the junction radii, which have been removed, while non-consecutive pieces
are disjoint by the simplicity of 7. By compactness and since the number of pairs is finite, there
exists 7 > 0 such that

[f5(r) = fu(r)] = n
for every j # h and every r € K. By the uniform convergence of f5 to f; on I;, and using again
the finiteness of IV, for ¢ > 0 sufficiently small we have

sgp]f;—fj|<g for every j =1,...,N.

Therefore, for every j # h and every r € Kj, using the inequality |A + B — C| > |A| — |B| — |C]|
with A = f;(r) — fn(r), B = f]“:(r) — fj(r) and C = f;(r) — fn(r), we obtain
1f5(r) = fam) = 1f5(r) = fa(r)| = 15 (r) = f3(r)] = | fr(r) — fu(r)]

>77—Q—Q>0.

- 3 3
Thus no intersections occur outside the prescribed junctions.

Step III: Gluing and reqularity of the approximating boundary. Set

N
S = J %
j=1

By construction, the closures of two consecutive pieces meet along the corresponding junction circle:

s, j=1,...,N-1,

L

YiNXS, =
where
3.2 2 2
Cjz{(m,y,zj)eR crt 4y :aj}, zjsz(aj):ffﬂ(aj).
The closures of the first and last pieces contain the two poles on the rotation axis. By Step II,

no other intersections occur. Hence X, is an embedded topological sphere. After establishing
C2-regularity below, we define €. as the bounded connected component of R3\ .. In particular,

00, =3X..
In the interior of each interval I;, Proposition gives f5 € C?(1;). Hence the associated surfaces

of revolution are C? away from the junction circles. We now discuss the regularity at the endpoints
of the intervals I;, distinguishing between the axis r = 0 and the junction radii aj, j = 1,..., N —1.

For j =1, N, the interval I; has one endpoint on the axis r = 0. We show that X5 is C? there.
Let ¢ = (q1, ¢2) € R?, with r(q) € I;. For i, € {1,2} and r(q) > 0, the chain rule gives

00 (f5(r(q))) = = (ff"(?’(q)) - W) 45, 1@)

r(q)? 7(q) (q)

Using the expansion of f;' at 0, see (3.28)), and since r(g) — 0 as r~(I;) 3 ¢ — 0, we obtain

;i_I}[l) 90 (f5(r(q))) = _Uj(g(())g Oi-

Thus the second derivatives extend continuously at the axis, and X% is C? at r = 0.

It remains to prove regularity at the junction circles C5, j = 1,..., N — 1. Since f;' and f7 +1’
blow up at aj, see , the boundary of 2. near C’; must be described as the rotation of the graph
of a function of the variable z, and regularity has to be analyzed in this parametrization.
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By (83.36)), there exists p > 0 such that f; and f;,; are strictly monotone, hence invertible, on
U; = (aj — p,a; + p). Moreover, (3.9) implies that

[ nU;) N fiq (L 0 Uj) = {1,

where 25 = f7(a;). Therefore, letting H; = f5(I;NU;)Uf7,4
defined by

(Ij+1NUj), the function hs Fjﬁ SRt

m@:{wr%@ if z € 5 NT)

! ( ;-5-1)71(2) if z € _;:+1(Ij+1 N Uj)

is well defined and C?-regular on H 5. It therefore remains to prove that h$ is C? at z5. For this
purpose, observe that implies that h;'(z:]"T ) = 0 ensuring C'-regularity at z;. We compute the
second derivative of hj at z # z;. To this purpose, observe that a straightforward computation
rewrites the prescribed g.-mean curvature equation as

i B 1 o 7.2 % ff?/(r)?) 82
0= ot (370 ) T (1 2 )

so that, letting 7, = h5(z) for z € f(I; N U;) we have

f;”(Tz)

h;ll(z) — _m

Nl

1
= m UJQD(TZ) Sgn(f;:/(rz)) 1 +
4

r2 2 2
4 te€ 1
4 1+ €

ff/(rz) : +E f;,(TZ) i
)

Since h5(z) — a; and |f5'(h5(2))| — 400 as z — 25, it follows that

. 1 1
i 1) = - (daela) + o).
z—>zj 7]_’_52 CL]
ZEf;(IjﬂUj) 4
li he! = 1 0 : . i
1m i(2) = > oj+10+1(aj)e(a;) + — | .
z—>zj 7]+52 CLJ
2€f5 11 (Ij+1NUj) 4

By (3.9) we therefore deduce that

lim h5"(z) = lim h5"(2),
z%zj z~>z]5.
hence implying C2-regularity of h5. This implies that 9 is also C%-regular around Cj, since it
can locally be described as the zero level set of the function F(z,y,z) = 22 + 3? — (h?(z))2, which
is C? with non-vanishing gradient around C; equals to (2z, 2y, —2h5(2)h5'(2)) # 0.
This proves that 3. = 99, is an embedded C?-regular surface. Finally, the uniform convergence
of f; to fj on I, for every j =1,..., N, implies that

dq{(an,aQ) —0 ase — 0T,

This concludes the proof. ]
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3.3. Proof of Theorem We are now in a position to prove Theorem We include here
the proof of a very well-known polynomial approximation result. We are going to employ it below
in order to approximate 7; through polynomials, this way obtaining axysimmetric sets satisfying
the assumptions of Proposition In the following, given k € N, f(*) denotes the k-th order
derivative of a C* function f.

Lemma 3.15 (Approximation with fixed boundary data). Let a < b and let h € C?*([a,b]). Then
there exists a sequence of polynomials {P,,}n>1 such that

P®(a) =h® (@),  P®®)=nP(b) fork=0,1,2, (3.37)
and
. o . 2
nll}al_loo P,=h 1in C*(|a,b]). (3.38)

Proof. By a generalization of Stone- Weierstrass Theorem (see, for instance, [30, Theorem 1.6.2]),
if h € C?([a, b]) then there exist polynomials @Q,, such that

Qn — h in the C?([a, b]).

However, these polynomials @,, do not necessarily match the boundary data of h. We define the
boundary deviations for derivatives of order £ = 0,1,2 as:

O =h"M(a) =QP(a), 6, =h"(b) - QP ().

n

Since Q,, — h in C?, it follows that 5,”;71 — 0 and 6,27” — 0asn— .
We now construct a correction polynomial R, (z) to be added to @, in order to match .
To this end, explicitly carrying out the standard construction of Hermite interpolation as pre-
sented in [35, Theorem 2.1.5.2] and in the sequel, we introduce polynomials in [0, 1], denoted by
1o, M1, 72 such that

n§k) =0j; (Kronecker delta), for j,k € {0,1,2} (3.39)

at t = 0 while vanishing along with their first two derivatives at t = 1. One can check that

no(t) =1 — 103 4 15t — 615,

m(t) =t —6t> + 8t* — 317,

m(t) = 3¢ — 3% + 30 — 14
satisfy the requirements. Consider also the polynomials

7;(t) = (=1)7n;(1 — 1)

that by symmetry satisfy the conditions (3.39)) at ¢ = 1, while vanishing along with their first two
derivatives at t = 0.

We can thus define, for L = b — a,
2

Ru(e) = 3 (88, L ny (252) + 0, Iy (572) )
§=0
Observe that Rglk)(a) = 0 n» and Rﬁf) (b) = (527” Finally, we define P, = Q, + R,, that thus
satisfies (3.37). Since 5;:’2 — 0, we have R, — 0 in C?([a,b]) as n — +oo, implying (3.38)) and
concluding the proof. O

We finally conclude the proof of Theorem that from this point becomes fairly standard.
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Proof of Theorem[I.3. Let v € C?([0,1],R2) be a generating profile for Q2. By regularity at the
characteristic poles, there exist 0 < a < b < 1 such that 4] # 0 on [0,a] U [b, 1].
Let P, be the polynomial approximations of +; given by Lemma [3.15] and set

(1), t€[0,a]U[b,1],
Yn(t) =
(Pa(t),72(t)), t€[a,b].
For n sufficiently large, v, generates an axisymmetric set " satisfying the assumptions of Propo-
sition Moreover, after passing to a subsequence,
1

1 1
Ay (00", 00) < =, -~ < H" <o+ —.
n n n

where H" is the horizontal mean curvature of 9Q™. For every n, Proposition provides sets (27
such that
dy (092, 09") — 0 ase — 0T,

and whose g.-mean curvature is H". Choose a decreasing sequence €, — 0 such that

1
dy (0927, 00") < — for 0 <e <ey,

n
and define Q. = QF if € € (e541,€5). It follows that

2 1 1
d’]—[(aQ€7aQ)<77 61_7§H8§02+7
n n n
whenever € € (£,4+1,,]. This proves the statement. O

Remark 3.16. If Q = Ppg is the Pansu sphere of radius R > 0 defined in (1.7)), then the family
{Qc}e>0 obtained via the construction described above recovers the family of Tomter spheres [30,
22]. For the surface OPg, the auxiliary function 1 is given by

2

r o2 r
P(r) :/0 sp(s)ds :/0 sﬁds =7
Applying our construction with the prescribed curvature ¢ = 2/R, we derive the profile
52 + 42
o ®
corresponding to the generating profile of the Tomter spheres of radius R in H. (see [36]).

r € [0, R)].

4. THE MAIN EXISTENCE RESULTS

The proof of our main existence theorem boils down to obtaining gradient bounds for ug, solutions
to (MCF?)), that are stable in both § and e. This will allow for a standard compactness argument
that will easily lead to viscosity solutions to ([1.4)).

4.1. Right invariant maximum principle. The first step we carry out consists in a maximum
principle for |@5ug| In fact, |@Eug|2 turns out to be subsolution to an elliptic equation, due to V
and V commuting, see formula (2.5). We do not expect a similar phenomenon to hold for Veud]?.
The main ingredient is a right invariant Bochner identity due to Garofalo [23, Proposition 3.4],
that we extend here to include Riemannian Heisenberg metrics.

Proposition 4.1 (Right Bochner-type identity). Let e > 0, then for any function f € C3(R3), the
following identity holds:

A(VefI?) =2 [I@e(Xf)!2 + V(Y )P+ XV Z )P +2(Vef, V(AL ). (4.1)
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Proof. By a direct computation
A(Vef?) = XX (Ve fI?) + YY (Vo fP) + 22 Z(IVfP) =
= XX(ﬁaf : @ef) + Yy(ﬁaf : 6af) + 5222(65]0 : 6af) =
- X(2@€f ' X(@sf)) + Y(Qﬁaf ' Y(@ef» + 822(2@€f : Z(
=2 [‘X(@sfﬂz + @Ef : XX(@af) + ’Y(ﬁef)P + 66]0 ’ YY(

vef)) =
Vef)+
+2|Z(Vef)2 + €2V - ZZ(Ve )]

As observed in (2.5)), the left-invariant vector fields {X,Y, Z} commute with the right-invariant
gradient V.. Consequently:

X(@sf) :@s(Xf% Y(@ef) :@E(Yf)a Z(@sf) :@s(zf)-

It follows that A, commutes with @5 as well. Substituting these commutation relations into the
expression above yields:

A(Vef) = 2| V(X )P + V(Y NP+ EIV(ZS)P| +2(Vef, Ve(ALS)).
O

Proposition 4.2. Let D C R? be a bounded, smooth open set. Let ul € C>®(D) be a solution to
(MCE?) in D, then

IVl || oo (py < Vel oo om)- (4.2)
Proof. Applying (1)) to u? we get, plugging in (MCF?),
2B
Ap=24— — = 4,
0 =2 G g (4:3)

V Vel (Voud, Veud)
(|Veul|? + 62)2

V. Veo(Veud, Veud)  2V.Vould(Voud, Vep)
|V ud|? + 62 |V ud|? + 62 ’

-2 <V5Ug, ve‘P) +

where we let ¢ = |V.ul|?,
A= [Vo(Xud)P +|Ve(Yud)]? + % Ve(Zul)?

and
B = <V€ugv @E(XUE»Q + <V€ug, ﬁz—:(YUS»Q + €2<V€ug, ?E(Z’u’g)>2‘

We now verify that the positive term 2.4 dominates the negative term involving 5. Applying the
Cauchy-Schwarz inequality (v, w)? < |v|?|w|? to each summand in B, we have:

<V5ug,@s(VUg))2 < |V€u§|2 |@5(Vug)|2,
for any vector field V € {X,Y,eZ}. Summing these contributions yields:
B < |V.ul)? A

Consequently we obtain the estimate:

2 - 2|V ul|?

<2 4.4
|Veud]2 +62 — \Vau‘g|2+(52A_ A, (4.4)
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that, coupled with (4.3 and (4.4)), results in
vsvsso(vsuga vsug) vsveug(veuga vSug)

'CSO = AaQO - |v€ug|2 + 52 (|V5Ug|2 + 52)2 <V8uga v8¢>
B 2V .V.ul(Veoul, Vep) >0
|Veuld|? + 62 -
The operator £ being linear and elliptic yields by the maximum principle. (Il

With the above result in mind, the following subsections will be devoted to finding uniform upper
bounds for Vu? on the boundary.

4.2. Letting § — 0: the Riemannian Heisenberg mean curvature flow. In the following
statement, we gather various properties of solutions u‘g to and of its limit u.. They are
well known, yet we include an argument for the smooth convergence in the regular set, that is item
(v). In fact, we were not able to find an explicit such statement for the arrival time formulation
we are interested in. The function u. will turn out to be a viscosity solution to . This has
the very same meaning as in the horizontal case described in Definition [2.8], where the Hessian, the
Laplacian and the gradients are those induced by g. and 7 is allowed to be any vector in TpR3 with
In| < 1.

Theorem 4.3. Let D C R? be a bounded open set with smooth boundary. Fiz e > 0. Assume that
H.(p) >0 for any p € 0D. Then, the following hold.

(i) for any 6 > 0 there exists a unique smooth solution ul € C>°(D) to (MCF?).
i) There exists a function u. € C°(D) such ud — u. in CO(K) as 6 — 0 for any compact
3
K cD.
(iii) ue is the unique viscosity solution to (MCFy)).

(iv) |Voul| — |V.ue| locally uniformly in K C Reg(uc), where
Reg(u:) = {p € D |u. is smooth in p and|V.u:|(p) # 0}

(v) There exists a tubular neighborhood U, = {p € D |d-(p,dD) < r} such that u. € C*(U,).
In particular, U, C Reg(ue).

Proof. The Euclidean version of items (i), (ii), (iii) and (v) are all worked out in the fundamental
paper by Evans-Spruck [18, Section 7.3]. The claimed Riemannian version of (i), (ii) and (iii) follow
with minor modifications of [I8, Theorem 7.4] once suitable C (D) estimates, independent of §, are
proved for u?.
3.3], that in fact deal with more general flows. Property (v) follows from the consistency with the
classical mean curvature flow, namely, there exists ¢ > 0 such that {u. =t} = X, for 0 <t < ¢,
where the {¥;},c(y7) is the mean curvature flow of 0D, see [34, Lemma 4.2] for a precise statement.

Such estimates can be found combining [34, Lemma 3.1, Lemma 3.2 and Lemma

We focus now on the local smooth convergence on an arbitrary compact set K C Reg(u.). We
detail an argument that one can find outlined, e.g., along the proof of [38, Theorem 3|. Consider
the product manifold D x R equipped with the product metric g. + ds?, where ds? is the Euclidean
metric on R. We introduce the auxiliary functions U, Us : D x R - R

Us(p, s) = ul(p) = 8s,  U(p,s) = ue(p)-
As observed first in [I8, Section 7.1], the level sets Y = {Us = t} of Us smoothly evolve by mean
curvature flow (D x R, g. + ds?), that is Us satisfies

VVU;s(VUs, VUy)
IV U; 2

—AU; + =1, (4.5)
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where the quantities are computed in terms of the Levi Civita connection of g. + ds?. By [34,
Section 5] (see [28, Proposition 2.5] for a precise statement in the setting of flat R™) the sequence
of flows {I'¢}4>0 converges to {T';};>0 where I'; = {u. = t} x R in the so called weak Brakke flow
sense. Let now p € Reg(u:). Then, (p,s,t) is a smooth point for the hypersurface I'y x R x R
sitting inside D x R x Rt for any s € R. By Brakke’s regularity theorem, in particular by [37,
Theorem 7.3|, we deduce that there exists a neighborhood Vipt) of (p,t) such that, at a fixed 3,
Fi — I'; smoothly in any compact subset of V{; ). Observe now that the mean curvature of the
hypersurface F‘ST induced by the product metric of D x R is given, through , by

s 1

H o=
VIVeuld|? + 62
Similarly, the mean curvature of the level set I on regular points is computed through (MCF.|) by

B 1
‘Vsu€|'

H.

We deduce, that, given p € Reg(u.), there exists a neighborhood V}, of p such that |V.ul| — |Vu.|
in any compact subset of V},. With a covering we deduce the stated locally uniform convergence in
Reg(ue). O

Remark 4.4. Tt has been proved by Colding-Minicozzi [14, Corollary 2.2] that the arrival time
function u of the mean curvature flow of a strictly mean-convex bounded smooth domain D is C!!,
and that in fact

Reg(u) = {p € D[Vu(p) # 0}.
We do not need this sharper description in our work.

4.3. Stable gradient estimates. We derive here suitable gradient bounds for u‘g that are stable
both for € and §, in the axisymmetric or non-characteristic case.

We are now ready to establish the uniform gradient estimate for the limit solution u.. The
following is the main technical result leading to the existence of the mean-convex mean curvature
flow in the axisymmetric case.

Proposition 4.5 (Global gradient estimate-axisymmetric case). Let D C R? be a bounded, smooth,
axisymmetric open set. Assume that D is strictly mean convex with respect to the Riemannian
metric ge, i.e., H.(0D) > ¢. > 0.

Let u. be unique continuous viscosity solution to giwen by Theorem . Then,

lue(p) — ue(q)] < (s(;g) \V5u5]> d(p,q) for all p,q € D. (4.6)

Furthermore, if c. > co > 0 with ¢y independent of €, then there exists a uniform constant C' > 0,
independent of €, such that:

ue(p) — us(g)] < Clodm q) forallp,qeD. (4.7)

Proof. By Theorem (v), equation (MCF.)) holds classically in a neighborhood of 9D and up to

0D, and thus
L1

sup ‘vaua| =
oD mingp He Ce

By the continuity of V.u. in such neighborhood, there exists 7 > 0 such that the compact set
Fn:{peD’UeO?):n}
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is disjoint from the critical set for each n < 7, i.e., [Voue| # 0 in I'y,.

We consider now the approximators ug: for every n < 1, applying Theorem in the set
{ue > n}, coupled with (2.8)), we get

sup |Voul| < sup|V.u
{ue>n} Ty
The above inequality implies, letting § — 0 and using (i), (iv) and(v) in Theorem [4.3] that, for any
two points p, q in {u: > n},

é
el

lue(p) — ue(q)] < sup |Veuelde(p, q) < Sup |Veueld(p, q).

n n
We also used Proposition in the second inequality. Letting  — 0 and using again (v) in

Theorem yields (4.6). Using that on OD |Vu.| = H-! (4.7) follows.
O

In the noncharacteristic case, we can a priori obtain an upper bound on the right hand side
of (4.2)), arguing similarly to the Euclidean case treated in [I8]. In particular, we shall prove the
following result.

Proposition 4.6. Let D C R3 be a bounded, smooth non-characteristic open set. Assume that
D s strictly horizontally mean convex, i.e., H(OD) > ¢ > 0. Let u. be the viscosity solution to
with initial datum D. Then, there exists a uniform constant C > 0, independent of € and
6 such that

IVetd|| oo (py < C. (4.8)

Once estimate (4.8) is established, it implies that the family {u.} is uniformly Lipschitz continu-
ous with respect to the right-invariant distance d.. We can then invoke the Ascoli-Arzeld Theorem
to conclude the existence of a uniformly convergent subsequence.

Now we can prove the uniform right-invariant Lipschitz estimates of the viscosity solutions {u.}
to problem (MCF.|) in the non-characteristic case.

Proof of Proposition[{.6. By Theorem the maximum of the gradient is attained on the bound-
ary. Thus, to conclude the proof, we only need to establish a uniform bound for H@EugH L (D)
independent of € and §.

We consider the regularized operator

V Veu(Vev, Vev)
| Veul2 + 62
By definition, Msul = —1. Let dg be the Euclidean distance function from 9D defined as

Msv = Agv

dp(p) = min |p — q|,
e(p) qg%%!p ql

and let
w = Ag(dp).
We are going to choose A > 0, so > 0 and g = g(s) € C%([0, s0)) later in the proof, to ensure that
w acts as a barrier for ud close to dD.
A direct computation gives:
e V.w = \¢g'Vd;
e V.Vw =A[¢'V.Ved + ¢"Vod @ Vod);
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o A.w = \g'Acd+ ¢"|V.d|)?];
o V.V.w(Vew, Vew) = X3 [¢3V.Vod(Ved, Ved) + g"g?|Ved|*],
that yield

_39°VeVed(Ved, Ved) + "¢ Ved]*
A2¢”2|Vd]? + 62

VeVed(Ved, Ved) 262" |V .d|?
)\29/2|V€d‘2 + 62 )\2912|V€d|2 + 62
Let us analyze first the term inside the brackets, defining it as Fj:

)\29/2
N gV odg]? + 2
Observe that Fy(dg)(p) = —|V:dg|(p)H:(p), where H.(p) is the g--mean curvature of {dg = dg(p)}
computed at p. Let Us = {p € D|dg(p) < s} be such that dg is C? in Uy (see e.g. [24, Lemma
14.16]). From 0D being noncharacteristic, up to taking a smaller s, we can assume that |H;| < C

and C~! < |V.dg|. < C for C > 1 that does not depend on € < 1.
Choosing ¢ in the definition of w such that

Msw = Mg Acd + ¢"|V.d|*]
(4.9)
= \g |Acd — N?g"?

Fs5(dp) = Addp —

V.V.dg(Vedg, Vedp).

gd(s)>a>0 for 0<s< s, (4.10)
we observe that
IVeVedp(Vedp, Vedp)| 62 2
Fs(dg) — Fo(dg)| = <Cé
| 6( E) 0( E)’ WsdE@ )\zg/(dE)2|V€dE\2+52 —

on Uy, for some C' > 0 that does not depend on € nor on A > 1.
This bound on C' is genuinely uniform in € < 1: in the gc.-orthonormal frame {X,Y,cZ}, the
only entries of V.V .dg carrying a factor 1/¢ are

1 1
VEVEdE(X, é‘Z) = 8X(ZdE) + £YdE, VEVEdE(Y,EZ) = €Y(ZdE) — %XdE
Contracted twice with V.dg, these contribute
1
Z [(Xdp)(Zdg)(Ydp) — (Ydp)(Zdg)(XdEg)] =0,

which cancels exactly. The remaining terms involve only Euclidean second derivatives of dg,
bounded on Uy, times factors ¢ < 1; hence V.V.dg(V.dg,V.dg), and so C above, is bounded
uniformly in e < 1.

Using again the request , we deduce that the first summand in the rightmost hand side of

(4.9) can be bounded by
VV.dg(Vedp,V.dg)
M (dp) | Acdp — N2 (¢ (dE))? 5t s f
o) [t )
Observe that, by the strict mean convexity of 0D, we can assume up to taking a smaller sg that
H.(p) > 2¢ > 0 for any p in U, . Let then dp > 0 be small enough such that the term in round
brackets is smaller than —c¢ < 0 for any 0 < § < §p and any p € Us,. Then, for any such ¢, (4.11])
yields

] < Mg/ (dp)(~Ho|Vodg| + C8). (4.11)

V.V.dg(Vedg,Vedg
/\g/(dE) I:AedE — )\2(gl(dE)>2)\2(€g/(ilE)§2|8v dE‘ZE‘i‘ 2’2
€

for any A > 1, and some new constant C' > 0 that does not depend on ¢ nor on .

] < —CA (4.12)
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The second term in (4.9) can be bounded assuming g” > 0 by
)\529”‘V5d|2 )\529”|V5d|2 529//
< = .
N2g2V d2 + 02 = N2g2|V.d]2 g2
So, choosing g as a solution to the ODE

(4.13)

9" = (97 (4.14)
we obtain, by plugging (4.12)) and (4.13)) into (4.9))

1

for any 0 < § < g < 1, A > 1 with a constant C' that is independent of § and . Taking now A big
enough guarantees that

Msw < —1 = Msu® in {0 <d< s} (4.15)
Finally, we request
g=0 on 9D, lim g(s)— +oo. (4.16)
s—8g

Thus, by (4.15) and (4.16) we can apply the comparison principle for Ms (see e.g. [19, Proposition
4.3]) in Us for any s close to sp, and deduce that

ug <w in U,.

An explicit function g fulfilling the requests made in (4.10)), , and (4.16]) is g : [0,s0) = R

defined by
50
=1 .
ols) =1og ()

To evaluate the normal derivative at the boundary, consider an inward Euclidean normal curve
~(t) starting at p € D such that dg(y(t)) = t. Since u’(p) = w(p) = 0, we have

u2(v(H) —u2(1(0) _ w(y(t)) —w(x(0)) _ 9(t) = 9(0)

<
t - t t
Taking the limit as ¢t — 0% gives 9,,ul(p) < A\g’(0) = \/sp; since moreover ul > 0 in D (Theo-
rem and ul(7(0)) = 0, the same quotient is also > 0 as t — 0%, so
A

6VEug(p)’ < ;0

Because ud is constant on D, its tangential derivatives vanish, so V.ul(p) = (Dypul (p))@gd e(p).

Since D is compact and X,Y, Z are smooth, |@EdE| 5. < Cp on 9D for some Cpy > 0 independent
of ¢ < 1. Consequently,

~ A
IVeul|| e (apy < - Co =: C,
completing the proof. O
Proposition (ii) in Theorem and Proposition immediately imply the following.

Corollary 4.7 (Right-invariant Lipschitz bound for the viscosity solution). Let u. be the viscosity
solution to (MCFE.|) in the non-characteristic smooth domain D. Then u. satisfies the global right-
mvariant Lipschitz estimate:

lue(p) — ue(q)| < Cd(p,q) Vp,q € D,

where C' is the same uniform constant from Proposition [{.6, independent of e.
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4.4. Letting ¢ — 0: the sub-Riemannian mean-convex mean curvature flow. Having
established the uniform gradient estimates in both the axisymmetric and the non-characteristic
scenarios, we are now in the position to prove the global convergence of the Riemannian solutions
to suitable sub-Riemannian limit solutions.

The following result holds in general for converging solutions to the Riemannian Heisenberg
mean-convex mean curvature flow, and substantially follows [I8] and [9].

Proposition 4.8. Let D C R? be an open bounded set with C?-boundary. Let, for e > 0, u. be a

viscosity solution to

vavsua(vaua’ vaua)
Veue|?

in D, and assume u. — u as € — 07 locally to u € C°(D), possibly along a subsequence. Then, u

18 a viscosity solution to in the viscosity sense given by Definition .

_A5u€ + = 1

Proof. We assume for notational simplicity that the whole sequence u. — u. We show that wu is
a subsolution. Verifying that is also a supersolution will be completely analogous. Consider then
a test function ® € C?(D) such that u — ® has a local maximum point at p € D. Assume, for
the time being, that such maximum point is strict. Since u; — u locally uniformly, there exists a
sequence of points {p.} C D such that u. — ® has a local maximum at p., and p. — p as € — 0"
(see [15, Lemma 6.1]). Assume first that V®(p) # 0. Then, for ¢ small enough V.®(p.) # 0 and
so the u. being a viscosity solution yields

VV.O(V. P, V.D)

1>-A. 0+ NEIE at pe, (4.17)
1>
that passed to the limit as ¢ — 07, gives
VVO(VP, VP

On the other hand, assume V®(p) = 0. We have to show that there exists a horizontal vector n such
that (2.10) is satisfied. Up taking a further subsequence, we can suppose that either V. ®(p.) =0
for each € > 0 or V.®(p:) # 0 for each £ > 0. Moreover, one can compute

X% XY®—120 eXZd+ LY
V.V = | YXP+ 32 V20 eYZP — 5 X
eZXP+ 5 YP eZYD— X VAL

with respect to the orthonormal frame X, Y, eZ.
Case 1. V.®(pe) = 0 for each € > 0. Then the definition of viscosity solution for u. guarantees
the existence of some 7. with |n.| <1 such that

1> —-A P+ vvs(p(nsyns) at pe,

Observe that |v|; < |vl|c for any v € TpR3 and p € R3. Thus, by compactness, up to a subsequence,
n. — 7 for some vector 77 with |77]; < 1. Let n be the gj-orthogonal projection of 7 onto the
horizontal distribution D. Clearly, n € D and its norm satisfies || < |n[1 < 1. It thus suffices to
plug X®(p.) = Y®(p:) = ZP(p:) = 0 to easily check that

;15% Vava@(Pa)(%ma) = Vvq’(p)(ﬂ,ﬁ)’ (4'18)

and this implies that (2.10) is satisfied for such 7.
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Case 2. V.®(p;) # 0 for each € > 0. Then holds again. Let 7. := V.®/|V.®| computed
at p.. As before, let n be the gj-orthogonal projection of the limit 7} of some subsequence of the
ne’s. Letting for notational simplicity T¢ = V. V.® computed at p., and accordingly T'= VV®,
we claim that T°(n.,n.) converges to T'(n,n) for any 4,7 = 1,2. On the other hand, the following
identity holds, by direct computation.

X260 XY® eXZP
T°(ne,me) = | YXOP Y20 Y ZD (MeyMe)-
eZX® £ZYD 2720

This implies that (4.18) again holds for this choice of 7., and in turn that (2.10)) is satisfied.

This concludes the proof in the case where p is a strict maximum point. In the general case
where p is a not necessarily strict maximum point of u — ®, we define the perturbed test function:
® = & + 1, where »(q) is given by ¥(q) = [p~'¢|*. Hence, p is a strict maximum point for u — P.
Moreover, since 1 has a minimum at p, we have

Vi(p) =0 and VVY(p) =0, (4.19)

Moreover, it also holds that
Ay(p) = 0. (4.20)
Using that ([2.9) or (2.10) is satisfied for ®, and plugging in (£.19) and (£.20) shows (2.9) or (2.10)

is respectively satisfied for ®. This concludes the proof of u being a viscosity subsolution.

The function u being a viscosity supersolution is shown in full analogy. O
We are finally in a position to prove our main Theorem

Proof of Theorem[I.1. Let € be given by Theorem with Q. axisymmetric if assumption (A)
is in force and Q. = Q if assumption (B) holds.

We further regularize 2. through a family of smooth {Q%}; such that QL — €. in C? as i — +o0.
Moreover, we let Q! be axisymmetric in the (A) assumptions: this is straightforward, for example
by standard mollification of the distance function from 9§2.. We have in particular H: > ¢ > 0 for
¢ that does not depend on ¢,7. In the assumption (B) this follows from the uniform convergence
in . Let K C Q be compact. Then, for any £ > 0 small enough and i big enough, K C ¢, as
a consequence of the Hausdorff convergence 92 — 9. Let u’ be the Riemannian mean curvature
flow of Q2 given by Theorem The estimates given by Propositions and Corollary do not
depend on i, g, and they thus provide as i — +00 a family of functions u. that is equibounded and
equicontinuous with respect to €, on K. By the arbitrariness of K, u. converges up to subsequences
to u in C’S)C(Q). By Proposition u is a viscosity solution to . Choosing now p € ) and
g € 02, the propositions yield |uc(p)| < Cd*(p,qe), where d* denotes d or d according to the
validity of (A) or (B). Using u. — u pointwise in © and once again 99, — 02 in Hausdorff
distance, we obtain |u(p)| < Cd*(p,q) for any p € Q and ¢ € 9. This implies that u achieves
continuously the Dirichlet datum 0 at 0f2, completing the proof. O

5. MEAN CUVATURE BLOW-UP AT CHARACTERISTIC POINTS

In this section we will prove results in turn leading to Theorem [I.4] In fact, we are showing that
any time a horizontal mean curvature flow forms a foliation that is, roughly speaking, C?, then the
horizontal mean curvature of the evolving sets blows up at characteristic points, see Theorem
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Since u is in general only a continuous viscosity solution, H cannot be evaluated pointwise: the
blow-up is instead obtained via sup- and inf-convolutions, building C? test functions that touch u
from one side.

This blow-up is the key obstruction to self-similarity: a self-similar solution reproduces rescaled
copies of 02, whose curvature is uniformly bounded, away from its characteristic set, so no such
solution can exist.

5.1. Generalized C?-foliation. The following generalized notion of C?-foliation was not consid-
ered before in literare, as far as we know.

Definition 5.1 (Generalized C2—foliation). Let F' = Ey \E C R?, where E; and E5 are open
bounded subsets with C? boundary such that E; C Ey. A family {3, },ca of subsets of F is called
a generalized C?-foliation of F if there exists a continuous function

R:F —[0,00)
such that:

(1) A = [Amins Amax] for some 0 < Apin < Amax, and 0F; = Xy . ,0FEs = Xy . ;
(ii) for every p € F there exists a unique A\ € A such that p€ X\ = {p € F : R(p) = \};
(iii) there exists an open, dense set A C F such that R € C?(A), Vel R # 0 on A, and

ANXy#0 for every A € A with X C F;
(iv) setting F\ = {p € F : R(p) < A}, one has
DI :a(ElLJF)\)

Observe that a classical C?-foliation would consist in A = F.
We find convenient to isolate the following geometrically meaningful quantities.

Definition 5.2 (Dilation generator and transversal set). Let D(z,y,z) = (x,y,2z) denote the
infinitesimal generator of the anisotropic dilations dy, i.e. D(p) = % | y—19(p). For a bounded open

set Q C R? with C! boundary, and veuq the continuous Euclidean outward unit normal to 92, we
define

G ={ped| (D(p),vewa(p)) £ 0 }.

The motivation behind the introduction of the above weakened version lies in the following
observation.

Lemma 5.3. Let Q C R3 be a bounded open set with C? boundary 9. For X € (0,1] set
¥\ = 0,(092), Fy =60(Q),
and assume
KCFAQ for every 0 < A < Ag < 1.
Then, for any 0 < X < 1, {Ex}aep ) @ a generalized C2-foliation of Q\ Fy, with
A= ] &) (5.1)
Ae(N1)

Proof. The assumed nesting, condition (iv) is satisfied.
Step 1 Here we show properties (i) and (ii) of Definition Observe first that

U ¥y = Q\ Fy.
AEN]
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By the strict nesting F), C F), for \; < A2, the boundaries ¥y = dF) are pairwise disjoint. Hence
every p € Q\ Fy lies on exactly one leaf ), and we may unambiguously define

R:Q\ F; —[0,1], R(p) =X < peXx,.

For 0 < a < B <1, we have
R ((@,8)) = Fp \ Fa,
which is an open set (the difference between the open set Fz = d5(Q2) and the closed set Fy,).
Therefore, R is continuous. In particular, X1 = 0Q = {R = 1}, and F = {R < A} by construction;
the same identification applied at A = A gives X5 = 0F; = {R = \}.
Setting F' = Q\ F} we have F} = F UOF; = {R<AJU{R =)} ={R< A}, s0

F={R<1}\{R<A}={A<R<1}, F={A<R<1}=0Q\F;,

and consequently
OF =F\F={R=)MU{R=1}=XU%;.
This is exactly property (i) of Definition (With Amin = A, Amax = 1); property (ii) is precisely
the unique-leaf assignment constructed above.
Step 2 (the transversal set is dense on 0)). Let vy be the continuous Euclidean unit normal
to the C2-boundary 9. The relatively open set

G={pecd| (D®),vewas(p)) £ 0}

is dense in 9Q = X; in particular, G # (). Indeed, if G were not dense in X1, there would exist
an open set B C ¥; such that (D(p), Veuel(p)) = 0 for all p € B. This would imply that for A
sufficiently close to 1, d,(p) would stay in 0f2, contradicting the strict nesting property ¥, CC Q.

Step 3. Here, we show that the union of the dilated copies of the set G defined in the previous
step form the regular set A. Let g : R? — R be a C? defining function for €, such that 9Q = {p :
g(p) =0}, g < 0in Q, and Veyag # 0 on 0. Define the map F : (H\ {0}) x (0,1] — R by

F(p,A) = g(d1/x(p))-

By definition, ¥y = 6,(0€2) = {p € H\ {0} | F(p,A) = 0}. Since R(p) is the unique parameter such
that p € Xg(p), it identically satisfies

F(p,R(p)) =0 for all p e Q\ F;. (5.2)

To prove that R is C? via the implicit function theorem, we compute 9\F. Fix p € ¥, and set
q = 01/x(p) € 9. Recalling that ¢ = (z/A, y/A, 2/ A?) =t (z4,Yq, 24), the chain rule yields:

nF ) = Bua(a) (~5) + uat) (1) + 0.00) (35 )

= —% (24029(q) + yq0y9(q) + 2240.9(q))

1
= _X<D(Q)a Veule(Q»-
Now, assume that ¢ € G. By the definition of G, the generator D(q) is not tangent to 92, meaning
(D(q), Veuag(q)) # 0. Consequently, O\F(p, A) # 0.
By the implicit function theorem applied to (5.2)), the function R(p) is C? in a neighborhood of

p. Furthermore, differentiating the identity F(p, R(p)) = 0 with respect to the coordinates p gives:

veud]:(p7 )\)

VeuCIR(p) = - 8)\]:(]7, )\)
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By the chain rule, VeuaF(p, A) = <8x§(q), 81’?\@, 82/‘32(‘1)). Since Veuag(q) # 0 (as g is a defining
function), we have VeuaF(p, A) # 0, which implies Veua R(p) # 0.

Let now A be defined by .

By the results of Step 3, R € C?(A) and VR # 0 on A. Since G is open in 99 and (A, 1) is an
open interval, G x (A, 1) is open in 92 x (0, 1]; as (g, A) = 6x(q) is a diffeomorphism onto its image,
A is open, and by construction A C Q\ F; =: F, as required by property (iii). Moreover, G x (A1)
is dense in 9Q x [X, 1], so A is dense in O\ Fy. Finally, by construction, AN Xy = 65(G) # 0 for
every A € (), 1), i.e. for every leaf interior to F. This fulfills property (iii). Property (iv) follows
from the very construction of R, and concludes the proof. O

Lemma 5.4. Let Q C R? be an open, bounded set and let u € C°(Q) be a solution to (MCF).
Assume that the level sets of u, {I't = {u = t}}iep, 1y, form a generalized C?-foliation of the
compact region Q1,0 = {p € Q | u(p) € [t1,t2]}, where the foliation is parameterized by \ €
I\, Aol

Then, there exists a continuous function R € CO(Q[tl’tQ]; [A1, A2]), fulfilling the conditions of
Definition[5.1, and a strictly monotonic continuous function f : [A, A2] — [t1,t2] such that:

u = f (¢} R m Q[tl,tQ]'

Proof. By Definition the assumption that {I';}scp, +,) i a generalized C?-foliation of Qe 1]
provides a continuous function R : Qp, 4,1 — [A1, A2] whose level sets ¥\ = {R = A} coincide, as a
family of subsets of Qp, 4,1, with the family {T' };cp¢, ¢,]: that is, for every A € [A1, A2] there exists
t € [t1,1t2] such that 3y =T.

Since the sets I'; are pairwise disjoint and nonempty (being level sets of the single-valued function
won Qp, 1) = u”([t1,t2])), this ¢ is uniquely determined by X: if ¥\ = Ty = T'y with ¢ # ¢/, then
'y NTy # 0, contradicting disjointness. We may therefore define, unambiguously,

foDx] = ftt],  fA) =t <= E\=T4

By construction, for every p € Q, 4,), letting A = R(p) we have p € X\ = T'y(y, i.e. u(p) =

f(A\) = f(R(p)). Hence
u = f oR in Q[t1,t2]'

We now prove that f is a bijection. To prove the injectivity suppose that f(A,) = f(X\y) = ¢,
then ¥, =I'y = X,,; since the sets ¥ are pairwise disjoint and nonempty (each point of Qty 2]
lies on exactly one leaf, by definition of foliation), this forces A, = Ap.

Moreover, for every t € [t1,t2], the level set I'; is nonempty and, by hypothesis, coincides with
some Yy; hence t = f(\) for that A, so f is surjective. We show that f is also continuous. Suppose
not: then there exist A, A; € [A1, Ao] with A\j — X as j — +oo but f(};) A f(X), i.e. thereis n >0
such that [f(A\;) — f(A)| = n for every j. Let p; € {R = A\;}. By compactness of Q, ), a further
subsequence pj, converges to some p € Qy, 4,1. By continuity of R, R(p) = limy R(pj, ) = limy \;, =
A. By continuity of w,

f()\jk) = u(pjk) — u(p) = f(N),
contradicting |f(A;.) — f(A)| > n for all k. This proves that f is continuous.

It is a standard fact in real analysis that a continuous injective function on an interval is strictly
monotonic. Hence f is strictly monotonic on [A1, Aa].

This completes the proof: R € CO(Q[tm}; [A1,A2]) and A are as given by Definition fe
C°([A1, A2; [t1,t2]) is strictly monotonic, and u = f o R. O



MEAN-CONVEX HORIZONTAL MEAN CURVATURE FLOW IN THE HEISENBERG GROUP 39

5.2. A viscosity approach to the curvature blow-up. Let u € C°(Q) be a viscosity solution
to (MCF)) and let Ty = {p € Q : u(p) = t}. Moreover, we let T* = maxq u be the extinction time,
representing the maximum time for which the mean curvature flow I'; evolution is well-defined.
The main result of the section is the following.

Theorem 5.5. Let Q C R3 be an open, bounded set with C*-boundary and u € C°(Q) be a solution
to (MCF)) which is locally Lipschitz with respect to the right-invariant sub-Riemannian distance
d. Assume that the level sets {Ti}epty 1) Jorm a generalized C?-foliation in [t1,t2] C (0,T7),
with reqular set A as in Definition (z'z'z'). Then, for any penar € AN Uyep, 1, C(I'e) there exists
{Pn}n C Qi 1) such that py, — pehar and

H,(pn) = o0 asn — oo,

where H, is the horizontal mean curvature of the level Iy, , with T, € [t1,t2] such that p, € T';,.

The proof of Theorem proceeds by constructing a sequence of non-characteristic points ap-
proaching pchar along which a quantitative lower bound forces the horizontal mean curvature to
blow up. This requires pointwise evaluation of the horizontal mean curvature operator; however,
the arrival time w is only continuous in general, so in the end, we will perform such evaluations on
suitable C? test functions that touch u from one side.

Let g : U — R be a bounded function on a set U C R3, and let s > 0. We define the sup-
convolution g° and the inf-convolution gs as follows:

s =sudgla) = S} and 0.0) = inf{at0) + Lo~ o} (53)
qclU s P S
see e.g. [8 Chapter 3.5]. Since the mapping p — ¢°(p) + %|p[2 is convex by construction, the
regularized function ¢® is semi-convex (and analogously, gs is semi-concave), then by Alexandroff’s
Theorem g; and g° are twice differentiable almost everywhere.

Moreover, a standard fact is that assuming the domain to be compact implies that the minimizer
in the inf-convolution converges to the evaluated point uniformly as s — 0. In fact, letting g, € U
realize the minimum in the definition of gs(p) (which exists, by continuity of g and compactness of
the domain), we have the quantitative estimate

Ip—gqs| < V2Ms, M =suplg| < o0,
U

uniformly in p. Indeed, testing the infimum at ¢ = p gives gs(p) < g(p) < M; on the other hand,
since g(gs) > —M,
1 1
gs(p) = g(Qs) + ;’p - QS|2 > —M + g|p - QSP'
|2 < 2Ms, and the claim follows by letting s — 0.
The following 1-dimensional C?-touching lemma ensures that, at any point of twice differentia-

Combining the two inequalities yields |p — gs

bility of the profile function, one can construct a valid global C? test function. It follows as a direct
consequence of the general consistency result [7, Corollary 12.14], specialized to the one-dimensional
case.

Lemma 5.6. Let f : [a,b] — R be twice differentiable at o € (a,b). Then, there exists a function
¢ € C*([a,b]) such that:

p(ro) = f(ro), #'(ro) = f'(ro), ¢"(ro) = f"(ro),

and the difference f — ¢ has a strict global minimum at rq.
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Lemma 5.7. Let f : [a,b] — R be a strictly monotone continuous function, and let r € (a,b).
Assume f is Lipschitz continuous on a neighborhood of r, with Lipschitz constant L > 0. Then
there exist a sequence (1 )nen C (a,b), with 1, — r asn — oo, and a sequence (Vn)nen C C2([a, b])
such that, for every n, f — 1, has a local minimum at r, and

0 < [ (rp)| <L, Vn.

In the proof of this Lemma we need a technical result about inf-convolutions of strictly decreasing
functions, which is the following.

Lemma 5.8. Let f : [a,b] — R be a continuous, strictly monotone function, and let s > 0. The
inf-convolution fs cannot be constant on any open interval I C [a,b].

Proof. Assume by contradiction that there exists an open interval I C (a,b) and a constant C' € R
such that fs(1) = C for all [ € I.
For any [ € I, let m; € [a,b] be a point achieving the minimum, so that

C = fo(l) = f(my) + é(m, — )% (5.4)

For any other point I’ € I, since fs(’) is the global minimum for the parameter !’, evaluating the
functional at m; yields the inequality:

£l < fGom) -~ (my — 1)

Using the assumption that f(I') = C, we have:
C < f(my) + %(ml — 1%
Plugging into the inequality above, we obtain:
C <O (P + (i~ ).
Simplifying C' and multiplying by s > 0 yields:
(my = 1)* < (my = 1),

Expanding the squares, and factorizing we get:

(=01 +1) <2m(l=1).

This inequality must hold for any choice of [,I’ € I. Taking the limit I’ — [~ we obtain m; > [,
while taking the right limit we obtain the reverse inequality, concluding that m; = [ for all [ € I.
Finally, substituting m; = [ back into (5.4}, we find:

€ = flm) + (my — 1) = ) + (= 1)? = £(0).

This implies that f(I) = C for all | € I, which contradicts the assumption that f is strictly
monotone on [a, b]. Therefore, the initial assumption must be false, and fs; cannot be constant on
any open interval. ]

Now we give the proof of Lemma
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Proof of Lemmal[5.7. For s > 0, consider the inf-convolution fs : [a,b] — R defined in (5.3), which
is Lipschitz continuous and twice differentiable almost everywhere.

Let p € (a,b) be a point of twice differentiability of fs. Owing to the continuity of f and the
compactness of the domain, the infimum defining fs(p) is always attained, so that we let m € [a, b]
satisfying

1
fs(p) = F(m) + —(p = m)*, (5.5)
By Lemma there exists ¢ € C2([a,b]) such that f, — ¢ attains a global minimum at p. Thus,
for I € (a,b), ¢ € [a,b],

1
Fs(p) =lp) < fs(1) = o(l) < f(e) + (1= 0)* = (D).
Plugging (5.5) into the latter and choosing ¢ € [a, b] such that [ = ¢+ p —m € (a,b), the quadratic

terms cancel:

f(m) —o(p) < flc) —plc+p—m). (5.6)
Since p is an interior point, define a neighborhood U, of m small enough that p + ¢ —m € (a,b)
for every ¢ € Uy, and set (c) = p(c+ p —m) for ¢ € Up,; then ¢ € C%(U,y,) extends to a function

in C%([a,b]). Since ¥(m) = ¢(p), gives
f(m) =(m) < fle) =4le) Ve €U,

so m is a local minimum of f — v, with ¥'(m) = ¢'(p) = fL(p).
For every fixed s > 0, the set

Es={p € (a,b) : fs is twice differentiable at p, fi(p) # 0}

is dense in (a,b). Indeed, let I C (a,b) be an arbitrary open interval. Since f, is Lipschitz on

[a,b], it is absolutely continuous on I, so for &,& € I, fs(&) — fs(&) = fgo fi@)de. If fl =0 ae.

on I, then fs is constant on I, contradicting Lemma (using strict monotonicity of f). Hence

{t € I: fl(t) # 0} has positive measure; intersecting with the full-measure set of points of twice

differentiability (Alexandroff’s theorem) shows Es NI # (). As I was arbitrary, Es is dense in (a, b).
Set 0, = 1/n. By density of E,, , we may choose

pnGEgnﬂ(’r—%,T—i-%),

so that p, — 7. Then, the construction above provides r,, € [a,b] and C? functions 1, such that
f — %, has a local minimum at r,, with

@bé(rn) = @;L(pn) = fz/fn (pn) 7& 0.
Recall that such r;, realizes the minimum in the definition of fy,, (p,), and consequently r, — r
(see the discussion preceding Lemma . Since f is L-Lipschitz on a neighborhood V of r, and
PnsTn — 1, for n large enough p,,r, € V. Fix such n, and let [,I" € V; taking ¢ = ¢* + (I = U') as
a competitor in the definition of f, (), where ¢* realizes the minimum for f, ('), the quadratic
terms cancel as in , yielding

fon (D) = fo, (1) < f(e"+ (1 =1") = f(c") < LIL=T.

Then, f,, is L-Lipschitz near r, with constant independent of n. Hence |f] (p,)| < L for n large
enough, so

W, ()] = ’lejn(pn)’ <L, vn.
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We now give the proof of Theorem [5.5] The first step is to show that f is Lipschitz: moving along
a curve transverse to the leaves and using the local right-Lipschitz continuity of u, this regularity
transfers to f. A one-dimensional touching argument then produces test functions ¢, touching f
at levels arbitrarily close to the characteristic one pehar, with uniformly controlled slope; testing
1, o R on a suitable sequence of nearby noncharacteristic points p, — Pchar, shows that along p,,,
the horizontal mean curvature of the leaf p, belongs to blows up while approaching pchar-

Proof of Theorem[5.8 Let u = f o R where f € C°([R1, Ral; [t1,12]),
R € C°(y, 1,); [R1, Ro]) and A the open dense set as in Lemma For r € [R1, Ry|, we let

Y =Ly

Suppose m € (Ry, Re) and 9 € C?([Ry, Rs]) are such that f —1 has a local minimum at m, with
YP'(m) #0. Let p € ¥, N A (i.e. R(p) = m) be such that VR(p) # 0. Set ¥ = o R € C? in an
neighborhood of p € A.

Since f — 1 has a local minimum at m, there is a neighborhood U,, C (R1, R2) of m such that

f(m) =¢(m) < f(e) =4(c)  Ve&ln.

By continuity of R, there is a neighborhood V; of p such that R(p) € U, for all p € V5. Evaluating
the previous inequality at ¢ = R(p) and using u = fo R, UV =1 o R, and R(p) =

u(p) —¥(p) = f(m) —¢(m) < f(R(p)) —¢(R(p)) =ulp) —¥(p) VpeV,

i.e. u — ¥ has a local minimum at p.

By the chain rule, V¥ = ¢)/(m) VR; since 1'(m) # 0 and VR(p) # 0, we get VU(p) # 0. Since
u 18 a viscosity supersolution of and ¥ € C? touches u from below at p with V¥(p) # 0,
the definition of viscosity supersolution and the identity give

L= -vee)ldv (g ) o)

=l vRE)] v () 0 (5.7

— vy (T ) 0

FixX pehar € Q4] With R(pehar) = 10 € (1, R2) such that pepar € C(Xy,); by hypothesis,
Dchar € A.
Step 1 (f is locally Lipschitz near rog) We show that f is locally Lipschitz near rg. Since the
right-invariant distribution D satisfies the same Hormander (bracket-generating) condition as its
left-invariant counterpart, the Frobenius Theorem guarantees that the right-characteristic locus of
any C?-hypersurface has relatively empty interior. We may therefore select a strictly regular point
q* on ¥,, N A, where VR(q*) # 0, since ¥, M A is not empty by assumption and, since A is open,

¥ is a C? hypersurface by the implicit function theorem. In a compact neighborhood U C A of
q*, we define the C'-smooth vector field

i
VR[]
In particular, there exists K > 0 such that |W|=1/|VR| < 1/K on U.

For 71,7y near rg, ﬂovvlng along W connects a point q¢1 € ¥, NU to @2 € X, NU along a curve
~ which is tangent to D at every point and the support of v is contained in A. Since VR-W =1,
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the flow time required is

T ~ T / e
T = /0 VR(v(t)) - W(y(t)) dt = /0 (Ro7)'(t) dt = |r1 —ral.
Hence, we have

|r1 — 72

/OT |5 (t)| dt = /OT W (y())] dt < (Sgp yW\) T <

By (12.3]) for the right invariant structure, this implies: cz(ql, q2) < C|ry —ra], with C = 1/K. Using
the local Lipschitz continuity of u with respect to d, and calling L the Lipschitz constant on U we
therefore obtain that

[f(r1) = f(r2)] = Jular) = u(g2)| < Ld(a1,q2) < LC |ry =1,

i.e., f is Lipschitz near ry with constant M = LC.
Step 2 (touching sequence). By Step 1, f is Lipschitz near ry with constant M. Lemma applied
to f with this Lipschitz constant M and r = rg, gives a sequence r,, — o and ¥, € C?([Ry, Ra])
such that f — 1, has a local minimum at r,,, with

0< [, (rp)| <M n.

Step 8 (non-characteristic points). Having produced, in Step 2, a sequence r, — 19 of contact
levels, we now need to exhibit, for each n, an actual point p,, close to pchar, on the leaf 3, | which is
non-characteristic. Since pehar € A already, the strategy is direct: flow from pgpa, itself for a short
time to land exactly on ¥, , then perturb slightly within 3, N A to reach a non-characteristic
point.

Since pehar € A and A is open, there exists p > 0 such that the closed Euclidean ball E(pchar, p) C
A. Since R € C?(A) with Ve R # 0 on A, the vector field

Veucl}%
Weued = =5
e ‘VeuclR’]%ga
is well defined and of class C' on B(pepar, p), hence bounded there; set
My = __sup ’Weucl|R3 < Q.
B(pcharvp)

Let 7 : (—70,70) — R? be the (Euclidean) integral curve of Weyq with v(0) = pepar, defined for as
long as it remains in B(pehar, p)- Since Veuel R - Weua = 1,

% R(Y(7)) = Veuad R(Y(7)) - Wona(v(7)) =1, SO R(y(r))=ro+m, (5.8)

and, as long as v(7) € B(Pchar; ),

I7|
[7(7) = Pehar |z < /0 [¥(0)|gs do < Mw |7]. (5.9)

In particular, for |7| < p/My the trajectory has not left B(pehar, p) C A.
Since r,, — 79, there is 7 such that |r, — ro| < p/Myw for every n > n; for such n, set

gn = ’7(7471 - TO) S B(pcharap) C A.

By (5.8), R(gn) = 70, i-e.
Gn €3y, NA#0D,

and by (5.9),

‘Qn _pchar’]R3 S MW ‘rn - 7’0’ — 0.
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Since X,, N A is a non-empty C2-hypersurface (implicit function theorem, using R € C2%(A),
VeuwdR # 0 on A), the Frobenius-type argument shows that the set of points where VR # 0
(horizontal, left-invariant gradient) is dense in ¥,, N A. We may therefore choose

1
€ (5, NA)\C(Er,), [Pn — gnlrs < e
By the triangle inequality,

‘pn _pchar‘]R3 < |pn - Qn‘]Ri‘ + |Qn _pchaur‘l[{3 — 0,

SO Pn — Pehar, With p, € A non-characteristic for every n, i.e. VR(p,) # 0; moreover R € C? in a
neighborhood of p,, (since p, € A open), so ¥,, = 1, o R is an admissible C? test function near p,,.
Since 9!, (rn) # 0 and VR(p,) # 0, inequality ﬂ ) holds at py:

VR VR
< - i :
Since 0 < |, (rn)| < M (Step 2), this yields the quantitative lower bound

(VR ! !
‘dlv(*) (Pn) 10! (1) [VR(pp)| = M |V R(pn)|

Step 4 (conclusion). Since penar € A and A is open, R € C? in a full neighborhood of pepar; as
Pn — Pehar, continuity of VR on this neighborhood gives VR(p,) — VR(pehar). Since R € C? near
Dehar With VeuaR # 0 there, R is itself an admissible defining function for X,, near pchar; as the
characteristic set does not depend on the choice of defining function and pcpar € C(Xy,), this gives

V R(pehar) = 0. Hence |VR(py,)| — 0, and ((5.10)) gives directly

‘dw(wm)( Pn) 1

(5.10)

— +o00.

> -

(pn)|

Setting 7, := f(ry) € [t1, 2] (so that p, € ¥, =T, ) this gives
VR

Hnl ‘dlv<|VR|>( Pn)

which is the conclusion of Theorem (.5 O

— 00 asn — oo,

5.3. Self-similar solutions. We first observe that self similar solutions immediately yield a gen-
eralized foliation.

Lemma 5.9. Let u be a self-similar solution to (MCF|), with X : [0,T*) — (0,1] satisfying (1.9).
SetTy = {p € Q| u(p) =t}. Then. for everyt € (0,T*), the level sets {Tt}iecpg form a generalized
C?-foliation of 0\ Fy@

Proof. By definition of self-similar solution, I'y = 0;)(9§2) = Xy for every t € [0,T™), with A
continuous, so the family {T't},c[o 7 coincides, as a family of sets, with {3 }xe[x@),1)- The hyper-
surfaces ¥\ = 0, (09) satisfy the strict nesting Fy, C F), for \; < )2, since distinct time-slices of
a solution to are disjoint and nested, being level sets of u. The claim then follows directly
from Lemma applied with A = A(f). O

We are then interested in understanding whether the characteristic points of a self-similar gen-
eralized foliation are in fact regular. We start with the following simple observation.

Lemma 5.10. Let Q C R3 be a bounded open set with C? boundary, and let g : R® — R be a
C? defining function for Q as in Lemma i.e. 00 = {g = 0} and Vewag # 0 on 0Q. If
p=(z,y,2) € C(0Q), then p belongs to the set G of Definition[5.9 if and only if z # 0.



MEAN-CONVEX HORIZONTAL MEAN CURVATURE FLOW IN THE HEISENBERG GROUP 45

Proof. Since p € C(09), Xg(p) =Yg(p) =0, i.e.

so that
veuclg(p) = gz(p) (%’ _%7 1) :

As 0Q is C%regular, Veuag(p) # 0; since the third component of (%,—%, 1) equals 1 # 0, this
forces g,(p) # 0. Consequently,

(D(p), Veuarg(p)) = 9=(p) ((x,9,22), (%, —%,1)) = g:(p) (3 — 5 +22) = 229.(p).

Since g,(p) # 0, this vanishes if and only if z = 0. By definition of G, this proves the claim. O
We can finally give the proof of Theorem

Proof of Theorem[1.J). Let u € C°(Q) be a right-Lipschitz solution of with initial datum €.
Assume by contradiction that u is self-similar in the sense of Definition[1.3]and let A : [0,7*) — (0, 1]
be the continuous function satisfying .

Fix t € (0,7%) and 1 > 0 such that £ + 7 < T*.

By Lemma the level sets {I't}c(o,+n form a generalized C?-foliation of Q \ F \(i4n)s With
regular set A = U c(x(@n).1) OA(G) (Lemma applied with A = \(f +7)).

Moreover, by Corollary the characteristic set C(0€2) consists of two points p;,ps on z-axis.
Both p; and py are distinct from the origin: if 0 € 992, since §,(0) = 0 for every A > 0, the origin
would belong to I'y = d;)(952) for every ¢ € [0,7), contradicting the disjointness of distinct level
sets of u. In particular, p; and py are contained in the set GG of Definition and thus by Lemma
5.3| the characteristic points of Iy, given by dy)(p1) and y)(p2) are contained in the regular set
A.

By Theorem applied t0 pehar € AN C(I), there exists a sequence {py }n C Qo g4y such that

Pn — Dchar, Hn(pn) — 00 asn — oo,

where H,,(p,) denotes the horizontal mean curvature of the leaf I';, through p,, for some 7, €
[0,¢47).

Since 'z, = dx(r,,)(09), write p, = dy,(¢gs) for a unique g, € 95, where A\, = A(7,). The
anisotropic dilation scales the horizontal mean curvature as

H(Fm)(pn) = )‘7;1 H(aQ)(Qn)

Since the initial datum has bounded curvature, H(992) < ¢ on 992 \ C(0N2), we obtain

Ho(pn) = |H(Tx,)(pn)| < 7

Since 7, € [0, 4+ 1] and X is continuous and strictly positive on the compact interval [0, + n] C
[0,T%), we have \,, > mingg 74y A =: Amin > 0 for every n, hence

H, (pn) < < 00 for every n,

)\min

uniformly in n. This contradicts Hy,(p,) — oo. O
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