DIRAC SPECTRA AND THE TOPOLOGY OF SPACES OF METRICS
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ABSTRACT. Let M be a closed connected spin manifold of dimension n > 3. We prescribe arbitrary
admissible finite Dirac spectra in bounded open symmetric intervals, including multiplicities and
nullity. Kernel dimensions are unbounded on each M. Nonzero eigenvalues generically have the least
multiplicity allowed by the spinor structures, also at fixed density.

Compatible multiplication perturbations of Dirac operators are approximated in norm resolvent
by metric Dirac operators, including first parameter derivatives for compact smooth families. The
metrics are arbitrarily C’-close, preserve density, and agree with the original metric outside a prescribed
neighborhood of the support. In dimensions four and five, such changes in any nonempty open set
realize the first admissible nullity above the index minimum.

If invertible metrics exist, ordinary real index difference identifies their components at fixed density
with KO,4;; for n > 5, each contains a positive-scalar-curvature metric whenever one exists. With
density and the metric outside any nonempty open set fixed, the Dirac-minimal space has weak
homotopy type Sp / Sp(a) for n = 4 (mod 8), and Q Sp for n =5 (mod 8), where a = |indy D*| and Sp
is the stable compact symplectic group. On compact connected spin n-manifolds, invertible boundary
metrics admit invertible cylindrical extensions exactly when the relative real index vanishes.
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1. INTRODUCTION

Let D be the Dirac operator of a spin manifold with metric g. Charge conjugation and chirality
restrict its spectral symmetries and multiplicities; the real index gives a lower bound for its kernel.
Relative indices obstruct paths through invertible operators and invertible extensions of boundary
metrics. The corresponding existence and classification questions concern the sufficiency of these
restrictions for metric Dirac operators [36, 37, 38].

Theorem R realizes every compatible multiplication perturbation Dg, + V), by metric Dirac operators
in norm resolvent. The approximation includes first parameter derivatives, preserves volume density
and a prescribed exterior, and permits arbitrarily small C° changes of metric. It is relative to parameter
sets near which Vj, vanishes. Contour integration gives the associated spectral projections and
compressed operators. A full potential section then yields a full metric section by the finite-dimensional
inverse function theorem. Relative realization also removes multiplication potentials from families of
invertible operators and from quaternionic chiral families with index-minimal kernel.

These constructions give the spectral and component theorems below. In dimensions congruent
to 4 or 5 modulo 8, a relative boundary construction determines the weak homotopy type of the
minimal metric space on the fixed manifold (Theorem T). It retains both the prescribed exterior and
the volume density. When the chiral index is nonzero, the comparison retains the finite-dimensional
cokernel and the nullhomotopy of its stable class. At index zero the comparison is ordinary real index
difference.

All manifolds are smooth, oriented, and spin, with their spin structures fixed. Connected manifolds
are nonempty. Clifford multiplication satisfies

co(Oe(m) + c(pe(®) = =287 (&ML (&) = —c()). (1.1)

A metric on a compact manifold with boundary is product near the boundary. When the boundary
Dirac operator is invertible, the metric extends over fixed half-infinite product cylinders. Invertibility
then refers to the completed operator Dy : H' — L?. Spaces of smooth metrics and multiplication
potentials carry the C* topology. All indices below have ordinary real coefficients; no condition of
simultaneous invertibility for flat group-algebra twists is imposed.

1.1. Norm-resolvent approximation. Let X be closed, or let X = W,, be obtained from a compact
spin manifold by attaching product half-cylinders to its boundary. In the latter case the boundary Dirac
operator is invertible, and all changes of metric have compact support. Positive frame comparisons,
with their density corrections, identify the operators on

9 = H'(EX) ¢ A = L*(ZX). (1.2)

A complex-linear endomorphism is compatible if it is self-adjoint and satisfies the charge-conjugation
and, in even dimension, chirality identities of the Dirac operator. These identities are given in
Section 2.

Theorem R (Norm-resolvent realization). Let n = dim X > 3. Let B be a compact smooth parameter
manifold, possibly with boundary, and let By C B be closed. Suppose

Ly, =ng +V,

is a smooth family with fixed cylindrical ends, and V), is a compatible multiplication endomorphism
supported in one compact subset of an interior open set U. Assume V}, = 0 on a neighborhood of By.
For every compact set

K c{(b,z) e BxC : z € p(Ly)}

and every ¢ > 0, there is a smooth metric family g, such that

g =g onX\U, dvg, = dvy,, (13)

Y
g = gp for b near By, “§_ g”cl(B;CO) < e
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In the direct positive spinor comparison, K belongs to the parameter-resolvent set of D, = D, , and

Dy -7 - -2 (L4)

<é€
CyUsL(A)
The parameter derivatives in (1.4) are taken on neighborhoods of K in finitely many parameter
charts. No derivative in z is included in this notation. A kernel may lie inside a spectral contour;
only the contour must belong to the resolvent set. The metric norm in (1.3) is taken relative to any
fixed smooth reference metric and a finite parameter atlas. On cylindrical ends the metrics agree with
that reference outside a compact set. The estimate is invariant under replacing these fixed norms by
equivalent norms. No spatial C! approximation or curvature bound is imposed.

1.2. Generic nonzero eigenvalues. Let M" be closed and connected, with its spin structure fixed,
and write R(M) for the space of smooth metrics. Put

{2, n=234 (modS8),

dy = (15)

1, otherwise.
A nonzero eigenvalue is called simple if its complex multiplicity is d,, [56, Definition 6.2.4].
Theorem G (Generic nonzero spectrum). Let n > 3. The set
S(M) ={g € R(M) : dim¢ ker(Dy — A) = d, for every A € Spec(Dg) \ {0}}

is residual and dense in the C* topology. The same conclusion holds in R ,(M) = {g : dvg = p} for every
positive smooth density p.

More precisely, for each integer a > 2, set

K, =[-a,—a lula},qa], Ga = {g : every eigenvalue of Dy in K, is simple}. (1.6)

Each G, is C*-open and C*-dense, as is its restriction to R ,(M), and S(M) = (5, Ca-

The pathwise uniform approximation in Theorem R, relative to the initial parameter, suffices
for G. At zero, the generic minimum-kernel theorem [3, 4] gives the simultaneous assertion in

Corollary 7.6. Constant scaling and isotopy impose the prescribed density while preserving the
nonzero multiplicities.

1.3. Path components. Let M" be closed and connected, and let y be a positive smooth density. Set
RL“V(M) ={g : dvg = p, ker Dg = O}.
For an invertible base metric g, let §5, denote ordinary real index difference, with the normalization
of Section 8.1.
Theorem C (Path components). Let n > 3 and g € RL“V(M). Then
8g. + MRy (M) — KOpiy
is a bijection of pointed sets.
The component counts for n =0, 1,...,7 (mod 8) are
2, 2, 1, R, 1, 1, 1, X

The hypothesis of nonemptiness is equivalent to a(M) = 0 by [4] and conformal covariance. No
exterior is prescribed in Theorem C. Its potential paths may vary on all of M.

Corollary 1.1. Ifn > 5 and M admits a metric of positive scalar curvature, each component ofRip“V(M)
contains such a metric.

The corollary follows from Theorem C and the integral index-range results of [24, Theorems C, D
and 5.3.1]. The density is imposed by constant rescaling and an isotopy, not by a conformal deformation
of the positive-scalar-curvature metric. For simply connected spin manifolds of dimension at least five,
Corollary 1.1 answers Dahl’s question whether every invertible component contains a positive-scalar-
curvature metric [37, p. 453]. The homotopy-equivalence question and the formulation involving all
flat group-algebra coefficients in [37] are distinct statements.
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1.4. Boundary metrics and the real index. Let (W, h) be a compact spin manifold with a prescribed
invertible boundary metric. Its relative real Dirac index is denoted by

a(W,h) € KOp, n=dimW.
It is the index of the operator on the cylindrical completion. Its normalization is fixed in Section 2.

Theorem I (Invertible extensions). Suppose n > 3 and W is connected. An invertible product extension
of h exists if and only if (W, h) = 0.

More precisely, if a(W, h) = 0, then for every product extension g and every nonempty open U €
int W there is an invertible extension g satisfying

g=gonW\U, dvg = dvg. (1.7)

There is also a trace-free, g-self-adjoint endomorphism H, compactly supported in U, such that Dg(,u.
is invertible for all sufficiently small t > 0.

For the groups of Dahl-Grofle, this gives
0, : R™ KO,  n>0. (1.8)

The low degrees are treated in Appendix A. The previously established surjectivity and the definition
of RI™ are those of [38, Section 5].

1.5. Finite spectra. For a closed spin manifold M", a finite multiset = of nonzero real numbers is
admissible if it is symmetric under A — —A unless n = 3,7 (mod 8), and every multiplicity is even
when n = 2,3,4 (mod 8). The admissible kernel dimensions are

nmod8 | h=dimckerD (r € Zs)
[A(M)| + 2r
a(M) + 2r
2a(M) + 4r
2r (1.9)
JA(M)| + 4r
2r
2r
r.

NNk N = O

Here a(M) € {0, 1} in residues one and two; A\(M) is the complex chiral index in residues zero and
four.

Theorem P (Finite spectral prescription). Let M" be closed, connected, and spin, with n > 3. Let A > 0,
let = C (—A, A) \ {0} be a finite admissible multiset, and let h satisfy (1.9). There is a smooth metric g
for which

Spec(Dg) N ((—A, A)\{0}) =, dime ker D, = h. (1.10)

The equalities in (1.10) include multiplicities. There is no volume, curvature, or conformal-class
normalization in Theorem P. In particular, for every such M,

sup dimc ker Dg = o0
ZER(M)

(Corollary 19.2). This proves the unbounded-kernel conjecture of Bar [16, Section 8], also stated by
Ammann-Ginoux [5, Conjecture 2.2].
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1.6. Localized harmonic spinors. For a closed spin four-manifold, put a = | indy D*| = %|A\(M )|, and
denote by Ay the chiral operator of quaternionic index —a. A metric is Dirac-minimal precisely when
Ay is injective. Its full complex kernel then has dimension 2a. In dimension five Dirac-minimality
means invertibility.

Theorem L (Localized harmonic spinors). Let M be closed, connected, and spin of dimension four or
five. For every metric g, every nonempty open set U C M, and every € > 0, there is a smooth metric h
such that

h=gonM\U, dvy, = dvg, |h — g||cg <e. (1.11)

In dimension four it satisfies
dimp ker Ay = 1, dimp ker A} = a+ 1, dim¢ ker Dy, = 2a + 4. (1.12)

In dimension five it satisfies
dime ker Dy, = 2. (1.13)
The metric belongs to a smooth finite-dimensional family hg, with hy = h, retaining the exterior and

density, for which the derivative of the complete normal matrix at q¢ = 0 is an isomorphism. The normal
space is Homy (H, H*') in dimension four and sp(1) for the matrix of iD in dimension five.

After restriction of its parameter domain, every metric h, satisfies (1.11). The nullities in (1.12)
and (1.13) hold at g = 0. If A, is injective in dimension four, a C'-small, density-preserving change
makes the metric flat on a ball. When ker A, # 0, and in dimension five, the potential is constructed
on the original metric.

1.7. Weak homotopy type of the minimal locus. Fix a metric g, on a closed connected spin manifold
M, put y = dvg,, and let U C M be nonempty and open. Write
Ry (U)={g:dvg=p, g=g.onM\U}L
Its Dirac-minimal and invertible subspaces are denoted by Rmin,(U) and Riny ,(U). For n = 4
(mod 8) put a = |indyg D*|; thus |A\(M)| = 2a. Let Sp = colim,, Sp(m) and U = colim,, U(m).
Theorem T (Weak homotopy type of the minimal locus). The indicated spaces are nonempty. For every
base metric in the corresponding space there are weak homotopy equivalences
Ka * Ruminu(U) — Sp / Sp(a), n=4 (mod 8), (1.14)
K5 ¢ Rinvu(U) — QSp = Sp /Uy, n=5 (mod 8). (1.15)
The map «k, is the cokernel comparison to the homotopy fibre of B Sp(a) — B Sp. Its stable nullhomotopy
is given by the ambient affine contraction of compatible pairs. If a = 0, it is ordinary real index difference.
The map x5 is ordinary real index difference in the quaternionic skew-adjoint model.
For nonempty open sets Uy C Uy, with the same prescribed metric and density, the inclusion of the
corresponding minimal spaces is a weak homotopy equivalence.
The quotient in (1.14) is colim, Sp(r + a)/ Sp(a). In particular, Ryn ,(U) is (4a + 2)-connected
and
T1a+3(Rminu(U), &) =Z  (n=4 (mod 8)).
In residue five the invertible space is simply connected and

”2(Rinv,,u(U), gb) =Z.
For n = 4 (mod 8) with a = 0, and for n = 5 (mod 8), ordinary real index difference induces
isomorphisms

T (Riney(U), 8) — KOpirs1, k> 1. (1.16)

In dimensions four and five the integer generators are signed counts of kernel lines in transverse
fillings. Theorem L places a representing sphere in every prescribed C° neighborhood of any metric
in R, (U); its initial basepoint is a point of that sphere. At nonzero index the cokernel in (1.14) has
rank a and is retained throughout the comparison.
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1.8. Relation to earlier results. The spinor comparison and metric variation formulas are due to
Bourguignon-Gauduchon [25, Propositions 1 and 5; Theorems 20-21]; the hypersurface formula
is given in [20]. Hermann [56] gives the unitary comparison, unique continuation, and analytic
perturbation statements in the conventions needed below. A rotating symmetric coframe with
a quadratic scalar Dirac term appears in [39, Section 8]. Agricola—Friedrich consider the metric
connection with skew-symmetric torsion, whose spin Dirac operator is D, + %cg(T) [1, Section 2].
Khrabustovskyi-Lotoreichik prove norm-resolvent homogenization for a two-dimensional Dirac
operator with position-dependent mass [63]. In Theorem R the approximating operators are Levi-
Civita Dirac operators. The approximation preserves support, volume density, and relative parameter
conditions, and includes the first parameter derivatives.

Bandara-McIntosh—-Rosén prove Riesz-continuity estimates under uniform geometric bounds on
the reference metric and a bound on |[V&h| for the compared metric [15, Theorem 3.1 and Remark 3.2].
The elementary oscillatory metrics of Section 4 satisfy gy — g = O(N~'/2) in C°, whereas their first
spatial derivatives can have order N'/2. The cited estimate requires a uniform bound on these
derivatives.

In dimension three, Dahl proves generic simplicity and generic simplicity of the nonzero spectrum
within each conformal class [35, Theorem 1.2 and Remark 1.3]. The July 2013 correction in the second
arXiv version adds the condition ker Dy = 0 in Proposition 3.2. Theorem G proves the nonzero-
spectrum assertion of the higher-dimensional conjecture following [35, Theorem 1.2]. Its proof is on
fixed spectral windows separated from zero.

Canzani proves conformal genericity under a hypothesis excluding rigid eigenspaces [29, Defini-
tion 2.2 and Theorem 2.3]; the nonzero-window argument is [29, Proposition 7.4]. Chatzakou-Helffer
give a nonscalar-compression criterion for bounded real-potential perturbations of semibounded
self-adjoint operators with compact resolvent and discuss finite windows [31]. Brito—Marrocos study
generic simplicity for connection Laplacians and G-simplicity on principal bundles [27]. These opera-
tor families differ from the untwisted metric Dirac family. The splitting lemma in Section 7 concerns
compatible potentials at every pair Dy + W; a conformal direction is added in dimension 2 (mod 8).
Its metric consequence follows from R and an analytic path argument. No higher-dimensional
conformal-class assertion is made.

For the scalar Laplacian on a closed connected manifold of dimension at least three, Colin de
Verdiére realizes any prescribed finite list of initial Laplace eigenvalues, counted with multiplicity, with
zero simple and all remaining entries positive [32, Theorem 1.2]. He compares interaction matrices
over parameter families and obtains the prescribed multiplicities by transversality [32, p. 600]. Here
the additional analytic result is the supported relative realization of compatible Dirac perturbations in
Theorem R, with prescribed density. The spectral construction also respects the real spinor structures
and retains the index-forced zero module through surgery.

Local sections through a prescribed reference for scalar Schrédinger operators and positive Laplace
clusters are constructed in [71, Theorems A and 5.3]; at a singular reference they may have only
one-half Holder regularity. Proposition 6.3 transfers a smooth potential section to a smooth metric
section by Theorem R; the reference metric may change.

Dahl’s finite-prescription theorem concerns simple nonzero eigenvalues [36, Theorem 3]. Conjec-
ture 9 asks for arbitrary finite spectral data, including the multiplicity of zero, subject to the spinorial
symmetries and the index restrictions. Compact-parameter spectral surgery is [36, Theorem 6].
Nowaczyk obtains an eigenvalue of complex multiplicity at least two in dimensions 0,6,7 (mod 8),
with a prescribed exterior [72, Main Theorem 1]. Theorem P proves Conjecture 9 in dimensions at least
three: it prescribes an arbitrary admissible finite multiset and the kernel dimension simultaneously.
The Berger eigenvalues are due to Hitchin [60]; his prime-isolation argument is explicitly attributed
there to Chowla.

Maier proves generic index-minimality in dimensions two, three, and four [66, Theorems 1.1, 1.2(i),
and 1.3(i), p. 409]. Ammann-Dahl-Humbert give a surgery proof in every dimension at least two
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[3, Theorem 1.1] and then allow the metric to change in any prescribed nonempty open set [4,
Theorem 1.1].

Conjecture A of Bar-Dahl [19] asks whether every closed spin manifold of dimension at least
three admits a metric with a nonzero harmonic spinor. In dimensions 3 (mod 4), Bar constructs such
a metric for every fixed spin structure [16, Theorem A]; the change may be confined to an arbitrarily
small neighborhood of a point [16, Section 4]. Under the same dimensional restriction, fixed twisting
bundles and connections are treated in [17, Theorem 4.1]. Crowley-Schick-Steimle prove existence of
harmonic spinors in every dimension at least six [33, Theorem 1.4]. Farinelli states the corresponding
existence assertion in every dimension at least four [44, Theorem 1.1, p. 3]. The later account [65,
Section 1, p. 2] treats general existence in dimensions four and five as open. Theorem L gives an
independent localized construction with prescribed density, arbitrarily small C° change, the smallest
kernel dimension above the index minimum, and an invertible normal derivative.

Dahl-Grof3e define the groups RI" and prove surjectivity of 8, : R™ — KO, [38, Section 5].
Their Conjecture 5.12 asks for injectivity. Theorem I, Corollary 15.1, and Appendix A prove this
conjecture in every degree n > 0. The case RI™ = 0 also follows from earlier results: connectedness
of the invertible locus on S* [2], isotopy-to-concordance [37, Corollary 2.4], and [38, Proposition 5.8].
Together with [38, Theorem 5.3(1)], this also gives existence of an invertible extension for every
prescribed invertible boundary metric in dimension five. Theorem I adds a density-preserving
modification in any prescribed interior open set and an analytic ray supported there.

Dabhl detects distinct invertible components by index difference [37]; Waterstraat proves that there
are infinitely many components in dimensions 3 (mod 4) [80]. Theorem C concerns the converse:
equal ordinary index differences determine the same component on the fixed manifold. Invertibility
of a cylindrical concordance does not imply invertibility of every intrinsic slice operator. A spin-
bordism comparison for spaces of invertible metrics is stated in [52, Theorem 1, p. 3]. The later
account [65, Remark 1.4] treats this equivalence as an open problem. Combined with [65, Theorem B],
the equivalence stated in [52] would imply existence of a metric with a nonzero harmonic spinor
on every closed connected spin four-manifold with A=0 [65, Remark 1.4]. Surgery maps for
spaces of Dirac-minimal metrics are discussed in [2, Remark 1.2(3)], with reference to [74, 52]; the
existence of homotopy inverses is stated there as an expectation. The proof of C proceeds directly
through compatible multiplication potentials. In the real skew-adjoint case, the zero-current fibre in
dimensions at least seventeen is an OT-FKM focal manifold. Its description by a symmetric Clifford
system is due to Ferus—Karcher-Miinzner [45, Section 4.2(ii), p. 485]; the sphere-bundle description is
recorded in [75, Section 1]. Lemma 13.5 applies that description to relative spinor sections.

On a closed Riemannian manifold, fix a compatible Dirac symbol on a finite real Clifford bundle
with ample L? space, and an invertible pseudo-Dirac operator B. The bounded transform induces a
weak homotopy equivalence from the space of smooth pseudo-Dirac paths starting at B and ending
at an invertible operator to the corresponding real Fredholm loop-space model [41, Definition 4.2
and Proposition 4.3]. The perturbations in this space are arbitrary compatible pseudodifferential
operators of order zero, with fixed principal symbol. Hertl constructs a cubical model of invertible
block Dirac operators and factors index difference through positive-scalar-curvature concordances
[57, Theorems B and C, p. 8]. Here Sections 8-14 concern multiplication potentials and varying metric
symbols. The supported relative fillings of Section 22 give the comparison in T; Theorem R gives its
metric form.

The real index conventions are those of [10, 12, 14]. The comparison between path and cylindrical
index difference is [41]. The real skew-adjoint case is treated in [26, Theorem 8.1], with the two-plane
model also described in [30]. The positive-scalar-curvature corollary requires the integral range
statements of [24, Theorems C, D and 5.3.1]; rational surjectivity alone would not suffice. A simply
connected closed spin manifold of dimension at least five admits a positive-scalar-curvature metric if
and only if @(M) = 0 [78, Theorem A]. No scalar-curvature bound is imposed on the approximating
metrics.
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For L, the four-dimensional point sources first satisfy the cokernel-orthogonality equation. In
dimension five, the Green spinor has a nonzero collar current with zero flux. The current identities
are related to [21, Section 4]. The nonvanishing exact-form construction is [43, Theorem 18.4.1, p. 171;
Corollary 20.3.2, pp. 181-182]; its relative spinor lift is included in Section 21. The three-dimensional
eigenspinor construction of divergence-free framings is [64].

Ammann-Dahl prove connectedness of the Dirac-minimal metric space on closed connected
spin manifolds of dimensions two and four [2, Theorem 1.1]. Their codimension estimates concern
the nonminimal strata [2, Theorem 1.3]. After Theorem 1.4 they state the bound 2(k + 1) when
|A\(M)| = 2k, with details deferred. For n = 4 and a = 0, Theorem T with U = M and Lemma 8.1
prove the two-connectedness conjecture of Ammann-Dahl recorded in [65, Remark 1.6]. Theorem T
determines the weak homotopy types in every dimension 4 or 5 (mod 8), with fixed exterior and
density. The Fredholm interpretation of real K-theory and the equivalence Q Sp = Sp /Uy are given
in [13, 23]. Section 22 identifies the relative rectangular model with Sp / Sp(a) and constructs the
comparison from supported multiplication potentials. For a > 0 the model retains the rank-a cokernel
together with a nullhomotopy of its stable class. At index zero it identifies all homotopy groups with
ordinary real K-theory, and the inclusions associated to Uy C U; induce these same identifications.

For M = S! x S'! and either spin structure on the circle, Theorem T gives 74R™(M) = Z/2.
For the projection M — BZ = S!, the rational higher index target in degree 17 is Q; the theorem
of [42, Theorem C, p. 1553] therefore detects an infinite-order class in 7, R*(M). Twice this class
therefore lifts to an infinite-order element in the fourth homotopy group of the homotopy fibre of
R (M) = R™(M) (Proposition 22.26). This consequence concerns the inclusion of the two spaces;
the classification in T concerns the space of Dirac-minimal metrics.

1.9. Proof of the principal results. Theorem R. By Lemma 2.2, a compatible potential is a sum of
Clifford forms of degrees congruent to three modulo four. Proposition 5.1 replaces a term of degree
¢ > 7 by terms of degrees 3 and £— 4 through a positive congruence. For each replacement, Lemma 3.2
gives

_ -1
(Tnew_z) ! :F(T01d+E—ZF2) F.

Here F is a positive multiplier with F¥'H' = H', F—I — 0in C} £(L?),and E — 0 in C; L(H", L?) as
the frequency tends to infinity. Descending induction leaves only three-form terms, which Propo-
sition 4.2 removes by changes of metric. All these operations preserve the prescribed support and
parameter equalities; the metric changes preserve the density. There are finitely many steps. Choose
their frequencies successively so that the jth resolvent error, after conjugation by the preceding
comparisons, is less than 2776, and the jth metric increment is less than 27/5. Equation (5.8) bounds
the total resolvent error by 6, and (5.9) gives the direct positive spinor comparison. Taking 6 and n
sufficiently small proves (1.3) and (1.4).

Spectral sections. Contour integration gives the spectral projections and first spectral moments
in C!. Lemma 6.1 then gives C! convergence of the complete compressed matrices in compatible
orthonormal frames. For a full potential section with matrix A, the resulting metric matrix F(A)
satisfies |F —id |1 — 0. Proposition 6.3 applies the inverse function theorem to F and gives a full
metric section with the same density and exterior.

Theorem G. Fix a metric g and a window K, as in (1.6). Lemma 7.1 gives a nonscalar compression on
every multiple nonzero eigenspace; in residue two, a conformal variation is also allowed. Lemma 7.3
gives a path of compatible pairs, constant near its initial point (g, 0), with simple terminal spectrum in
contours enclosing K, and separated from zero. Relative realization and Lemma 7.4 give a real-analytic
metric path g; with gy = g, the same contours, and simple terminal spectrum. Divide the traces of the
spectral moments by d,, and apply Newton’s identities. The resulting monic cluster polynomials have
the eigenvalues as roots, with their complex multiplicities divided by d,. The product A(t) of their
discriminants is real analytic and satisfies A(1) # 0. Write A(t) = t"d(¢t), where m > 0 and 6(0) # 0.
Thus A(t) # 0 for all sufficiently small ¢ > 0. Since g; — g in C*, this proves finite-window density
(Proposition 7.5). Spectral continuity gives C! openness; Baire’s theorem gives G. Constant scaling
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and Moser’s isotopy impose the prescribed density while preserving multiplicities [69, Theorem 2,
Section 4, pp. 292-293].

Theorem C. Let PL“V(M) be the space of compatible pairs (g, V) with dv, = pand Dg + V invertible.
Proposition 8.2, with U = M, identifies its components with those of RL‘“’(M ) and preserves ordinary
index difference. The pair classification is Theorem 11.6 in residues 3,7, Theorem 11.11 in residues
2.4,5,6, and Theorems 12.1 and 13.1 in residues 0 and 1. Thus

. = . Og,
TR (M) —> moPi (M) —— KOy

is a bijection. For Corollary 1.1, the integral index-range results of [24, Theorems C, D and 5.3.1]
give a positive-scalar-curvature representative of every ordinary index-difference class when n > 6;
for n = 5 the target is KOs = 0. Theorem C identifies the invertible components, and Lemma 14.1
imposes the prescribed density. The even- and odd-dimensional index maps are given explicitly in
Section 14.

Theorem I. Choose a nonempty open set Uy € U. If a(W, h) = 0, Proposition 9.1 gives a compatible
V supported in Uy with Dy + V invertible. Corollary 5.2 gives an invertible metric § with the same
density and equal to g outside Uy. Thus H = log(g™'%) satisfies supp H C Uy € U and tr H = 0. The
compared operators L, : H' — L2 of g, = g(e'!,-) extend holomorphically near [0, 1] as Fredholm
operators. Since L, is invertible, L,L;! is a holomorphic Fredholm family on L?, equal to I at z = 1.
The analytic Fredholm theorem [79, Theorem 1.1, p. 2] makes the noninvertible parameters discrete.
In particular, Dy, is invertible for all sufficiently small ¢ > 0. The converse follows from the vanishing
of the index of an invertible operator. Corollary 15.1 and Appendix A give (1.8).

Theorem P. Theorem 16.3 and Corollary 16.4 give full metric sections on sufficiently large balanced
modules. The index-minimal kernel on M is supplied by [4, Theorem 1.1]. Lemma 19.1 gives the
prescribed nonzero blocks; Proposition 17.3 gives the remaining zero-module equations over a disk
bundle. Proposition 18.1, based on [72, Theorem 4.24], transports the complete matrices through
spin surgeries of codimension at least three with an arbitrarily small uniform error. Eliminating the
invertible complement of the zero block by a Schur complement, and applying the polar comparisons
to the nonzero blocks, gives a continuous section close to (A, X,0). Lemma 17.1 gives a common zero
of its equations. At that parameter the nullity is 4 and the prescribed blocks equal A;I. The unused
blocks remain outside (—A, A), and preservation of the full band rank excludes further eigenvalues
there. This proves (1.10); continuity in the surgery parameter suffices for the intersection argument.

Theorem L. In dimension four, start with zero potential if ker Ag # 0. Otherwise apply Lemmas 20.1
and 20.2. Proposition 20.3 then gives a supported full potential section with chiral matrix q €
Homp(H, H**!). In dimension five, Propositions 21.2 and 21.3 give a section with matrix q for
i(Dg+V(q)), where q € sp(1). Proposition 6.3, with arbitrarily small C° error, gives the corresponding
metric sections. At g = 0 the entire zero cluster is the kernel, of the dimensions in (1.12) and (1.13);
the normal derivative is the identity. The support and density equalities persist.

Theorem T. The pair comparisons of Proposition 22.24, composed with the inclusions of Proposi-
tion 8.2, give

Rminu(U) — Puinu(U) — Sp / Sp(a), n=4 (mod 8),

Rinv,y(U) I inv,y(U) i QSP: n=>5 (mOd 8)-

Both arrows in each composition are weak homotopy equivalences. For the second arrows, the
inhomogeneous cylinder reduction (Proposition 22.17) gives the finite matching map. Lemma 22.15
realizes its deformations while retaining the exact boundary family. Rectangular completion retains
the cokernel and its stable nullhomotopy; Proposition 22.23 identifies the full relative Cayley class
in residue five. The ranks in (22.45) are chosen after the homotopy degree. The relative fillings in
Proposition 22.24 give injectivity and surjectivity on every homotopy group, with density and exterior
fixed. Corollary 22.25 gives the assertion for Uy C U;. Finally, Propositions 22.4 and 22.5 give the
local integer generators and their index normalization.
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2. SPINOR STRUCTURES AND FIXED DOMAINS

2.1. Charge conjugation. Let s, = 2"/?l be the complex rank of the full spinor bundle. There is a
parallel antiunitary map J; in even dimension there is also the chirality operator I'. Our conventions
are

nmod 8| J* Je(&) =enc(§)] JT =1,IJ]
0 +1 +1 +1
1 +1 ~1 —
2 -1 +1 -1
3 -1 +1 — (2.1)
4 -1 +1 +1
5 -1 -1 —
6 +1 +1 -1
7 +1 +1 ——.

The last two sign columns are €, and 7,. Since J is parallel, /D = €,D]. In even dimension I'" =T,
I? =], and TD = —DT. The real and quaternionic structures are also recorded in [56, Theorem 2.2.2];
the following model fixes our signs.
On (C?)®™ set
C2j—1 = iO'?i@(j_l) ®oc1® I®(m_j), (22)
CsziG?(jil)(ng@I@(m_j), 1<j<m.

Here o1 = (94), 02 = (93'), and o3 = diag(1,—1). The odd-indexed c; are imaginary and the
even-indexed c; are real. If m is odd take Q = cyc4 -+ com; if m is even take Q = c¢yc3 -+ czp—1. Then
J = Q - conjugation commutes with every c;, and

JE= (02 T =My gy, JT = (=1)"TJ.

For dimension 2m + 1, add czpm+1 = iI. Retain J if m is odd and replace it by I'J if m is even. These
formulas give (2.1). Commutation with the spin action makes them parallel bundle maps.

Definition 2.1. The real vector bundle .27, C End¢(ZX) consists of the endomorphisms V satisfying
Vi =1V, JV =¢€,V], I'V=-VI (neven). (2.3)

For a finite-dimensional Hermitian space E carrying an antiunitary J and, in even dimension, a
self-adjoint grading T with the prescribed values of J? and JT = 7,I'J in (2.1), let A ,(E) be the space
defined by (2.3). We call such a structured space a zero module.

A zero module is balanced if it admits an invertible element of A ,(E). For a balanced module, the
independent matrix and total complex dimension are as follows, with r > 0:

n mod 8 | independent matrix | dim¢ E
0 Mat,(R) 2r
1 iso(2r) 2r
2 Skew,,(C) 4r
3 Herm,(IH) 2r (2.4)
4 Mat,(H) 4r
5 isp(r) 2r
6 Sym,(C) 2r
7 Sym,(R) r.

In even ambient dimension, the independent matrix Z represents

D) = (g z()) . (2.5)
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In residue five isp(r) is taken in the complex 2r-dimensional representation. It is not multiplication
of quaternionic entries by a chosen quaternionic unit.

In residues zero and four, J preserves the two chiral spaces. The independent block is respectively
real or quaternionic; it is invertible precisely when it is square and invertible over that field. In
residues two and six, choose chiral coordinates in which

Jx,y)=(e3,%), e=J*e{-1,1}

Then JD(Z) = D(Z)] is equivalent to ZT = ¢Z. This gives the skew-complex and symmetric-complex
rows. In residue one, a real frame for J gives V = iA with A real skew-symmetric. In residues three
and seven, V is respectively quaternionic Hermitian or real symmetric. In residue five, A = —iV
commutes with J and satisfies A* = —A, so A € sp(r). Real and complex skew-symmetric matrices
admit invertible elements exactly in even size. The other displayed matrix spaces admit invertible
elements at every size. These facts prove the table, including its balance conditions.

Lemma 2.2. Clifford multiplication induces a real vector-bundle isomorphism

P ATX S a7, (2.6)
3<tn
=3 (4)
Proof. For n = 0, the grading is scalar and both sides of (2.6) vanish. Suppose n > 1. For an increasing
multi-index I of length ¢, set ¢; = c(e) -+ c(e'?). Reversal of the factors gives

C; — (—1)f([+1)/261.

Thus an odd monomial is self-adjoint precisely when ¢ = 3 (mod 4). For real covectors, (2.1) gives
Jer = e,’;cj J = ency]; in even dimension I'c; = —¢jI'. Every summand on the left of (2.6) therefore
belongs to 47,.

If I # I’ have odd cardinality, ¢} cy is, up to sign, cx for a nonempty even multi-index K. For
a€ek,

c(eexe(e?) ™! = —ck.

Invariance of trace under conjugation gives tr cx = 0. Since tr(cjc;) = sp, the indicated monomials
are linearly independent.
The root-of-unity filter gives

For d = s,, the real dimensions of 27, in residue order 0, ..., 7, are

d? did-1) d(d—2) did-1) d? d(d+1) d(d+2) d(d+1)
4 2 4 2 4 2 4 2

These are the dimensions of the matrix spaces derived above. In even positive dimension, multipli-
cation by a unit covector interchanges the chiral fibres, so each has complex dimension d/2. The
skew-matrix dimension formulas hold in odd as well as even matrix size; balance is not needed here.
Substitution of d = 21"/2] agrees with (2.7) in each residue. The fibre map is therefore bijective. Its
coefficients and those of its inverse are smooth in every orthonormal frame, proving the bundle
assertion. U

5 5 5 5 5 5

2.2. Domains and local compactness. Let X be closed or have the fixed product ends of Theorem R.
In a parameter family, all metrics coincide with the reference metric outside one compact subset,
and the potentials have a common compact support. Fix a reference metric go. If h = go(S-,-), the
positive map S~'/2 identifies orthonormal frames. Its spin lift is denoted by ﬁgo. It is determined by
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continuation from the identity along St_l/ ? where S, = exp(tlog S) and 0 < t < 1. This lift depends
smoothly on the positive metric matrices and equals the identity at A = g. The same convention
holds for every successive comparison. With p = dvy,/dvy, set

U= p 2B+ L2(Sg) — LA(Sh). (2.8)

It is unitary and intertwines J and T'; see [56, Lemmas 2.3.3-2.3.5]. On a compact set of smooth metrics
with these fixed ends, U, and U; ! have uniform H' bounds, and

U, 'DpUy, = H'(Zg,) — L*(Z,)

depends smoothly on every finite smooth parameter. Indeed, in local frames its first-order coefficients
depend smoothly on h, and its zeroth-order coefficients depend smoothly on h and its first spatial
derivatives; see [56, Theorem 2.3.6]. Compactness of the varying region gives the asserted operator-
norm dependence.

Every metric in question is complete and smooth, with a compact core and fixed product ends.
It has positive injectivity radius and bounded Ricci tensor and first covariant derivative. Thus the
hypotheses of [15, Theorem 3.1] hold with both compared metrics equal to h: their distance is zero,
the comparison is the identity, and V"h = 0. Propositions 3.4 and 3.6 of that paper give essential
self-adjointness on C°, domain H'(Z}) for the closure, and equivalence of its graph norm with the
H! norm. For bounded self-adjoint V, the operator Dy, + V is self-adjoint on the same domain, by [62,
Chapter V, Theorem 4.3]; the relative bound of V is zero. In the identification (2.8),

lulg: < C(IDy + Vulpe + ul2). (2.9)

For a fixed compact smooth parameter family, the lower bound on injectivity radius, the relevant
geometric bounds, |V|.., and the H! comparison bounds are uniform. Hence C is uniform on that
family. The constant may depend on the finite spatial derivative bounds of the family.

A bounded compactly supported multiplication operator is compact from H! to L?: multiply
first by a smooth cutoff equal to one on its support and apply the Rellich—-Kondrachov theorem
[40, Theorem 15.8] in finitely many bundle charts. It is therefore relatively compact with respect
to Dy, by the graph-norm equivalence. Hence it preserves the essential spectrum [62, Chapter IV,
Theorem 5.35]. If the boundary operator has gap (—Ao, 4¢), its cylindrical extension has no essential
spectrum in that interval [38, Proposition 2.1]. The same holds for D; + V. Consequently every
compact subinterval contains only finitely many isolated eigenvalues, each of finite multiplicity.

Lemma 2.3. Let E, F be smooth vector bundles of equal rank on a manifold of positive dimension, and let
A : C*(E) — C*(F) be a first-order differential operator with smooth coefficients. Suppose its principal
symbol at xy is invertible at every nonzero real covector. If a distribution T with values in E is supported
at xy and

AT = 6,0, v € Fy,,
then T = 0 andv = 0.

Proof. Choose coordinates centered at x, and local bundle frames. The point-support theorem for
distributions, applied to each component, gives [40, Theorem 4.19]

T= ) t,8°. (2.10)
la|l<m
Suppose T # 0, and let g be the largest order for which some ¢, # 0. Write A = 3}, a/(x)d; + a"(x)
and set

pa(®) = D tef”  al0,6)= ) a0
lal=q J

The polynomial representing the derivatives of order q + 1 in AT is a(0, £)py(£). Derivatives of the

coefficients contribute only orders at most g. Since AT has order zero, a(0, £)p,(¢) = 0. Invertibility

for real £ # 0 gives py(&) = 0 there. A polynomial vanishing on this open set is zero, contrary to the

definition of q. Hence T = 0; the displayed equation then gives v = 0. ]
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Lemma 2.4. Letn > 3,0 < m < n, and let bp(x, v, &) be a smooth matrix-valued amplitude on a

coordinate ball, with p in a compact smooth parameter manifold. Suppose that, in parameter charts,
1050503026y (x, 7, O < Capys +EDT P, ol < 1.
The distribution defined by the oscillatory integral

K(ry) = @m)" [ Dby, )

is smooth in the spatial variables off the diagonal, is of class C' in p there, and satisfies
|05 Kp(x, )l < Clx — y[™ ™", 0<|x—yl<1, o<1, (2.11)

on every smaller coordinate ball. The constant depends on finitely many uniform symbol seminorms.
Addition of a smooth kernel with uniform C,, Cg,y norm preserves this conclusion.

Proof. Apply the inverse-Fourier estimate of [49, Proposition 2.2, p. 55] entrywise to 95 by, la| < 1, at
the Fourier variable x — y, with (p, x, y) fixed as auxiliary parameters. In that proposition take the
symbol order r = —m and an integer N > n — m. Its constants depend only on the listed £-seminorms,
which are uniform here. Since —m > —n, its power bound is precisely (2.11).

For the regularity assertion, use

P A S P S Py
ibe -y
On a compact set off the diagonal, integration by parts with L makes the integral absolutely con-
vergent after any prescribed number of spatial derivatives and at most one parameter derivative.
The symbol bounds give a common integrable majorant. Differentiation under the integral proves
spatial smoothness and C! parameter dependence. This is the amplitude version of the off-diagonal
regularity in [61, Theorem 18.1.16]. A smooth remainder is absorbed because |x — y|"™" > 1 for
0<|x—yl <1 O

2.3. The real index. Write « = a(M) when M is closed, and « = a(W,h) for the cylindrical
completion of a compact spin manifold W with fixed invertible boundary metric h. All kernels in the
latter case are L? kernels of the completed operator. In residues zero and four, respectively,

a =indg DT, a = indy DT,

Here the first index is taken on the real fixed spaces of J; in the second, J gives the chiral spaces their
quaternionic structures. On a closed manifold,

a(M), n=0 (mod3),

indc D™ = AM) = {20(([\/[), n=4 (mod 8).

The complex index formula is [12, Theorem 5.3]. The coefficient groups are given by [10, Table 2 and
Theorem 11.5]; their complexification factors are computed in Section 6 of that paper, immediately
before and in formula (6.11).

In residues one and two, respectively,

a = dimg(ker DN FixJ) (mod 2), a = dimgcker DT (mod 2).

In residue one, iD preserves the real Hilbert space Fix J and is skew-adjoint there, with domain
H' nFixJ. Its complexification is iD on the complex spinor Hilbert space. In residue two, J exchanges
the chiral kernels, so the formula counts one chiral kernel. These identifications are [14, Theorems 3.1
and 3.3]. The groups KO, vanish in the other four residues.

For cylindrical completions we use the index convention of [38, Section 5.4]. In either case,
D+ 1tV : H' - L% 0 <t < 1, is a continuous Fredholm path for every compactly supported
compatible potential V. Fredholmness follows from ellipticity in the closed case [40, Theorem 15.13
and Remark 15.2], and from the essential spectral gap in the cylindrical case. The identities (2.3)
hold along this path. Homotopy invariance of the real Fredholm index therefore shows that these
perturbations preserve «.
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3. RESOLVENTS UNDER POSITIVE CONGRUENCE

Let Z C J be a dense, continuously included complex Hilbert subspace. All unbounded operators
in this section have domain &. The parameter b lies in a compact smooth manifold B, possibly with
boundary. The C! norms include the zeroth-order norm and the first parameter derivatives in a fixed
finite atlas, with the usual local extensions at boundary points. For a compact set K C B x C, the
notation C} (K) includes no derivative in z.

Lemma 3.1. Let b — T, be C' with values in £L(Z, #), and let K C B x C be compact. Suppose Ty — z
is bijective for every (b, z) € K. Then
R(2)=(Ty—2)" : H — I

is defined on an open neighborhood of K in Bx C, is C' in b, and has a uniform C}L(5#, %) bound on
K. Moreover,

9pRy = —Rp(9p Tp)Ry. (3.1)
Proof. The bounded inverse theorem and smooth inversion on Banach spaces [46, Remark 11.6 and
Theorems 11.7, 11.17] apply to T, — z : & — . The inverse and its parameter derivatives are

continuous, hence bounded on K. Differentiating (T, — z)R, = I gives (3.1) in L(JZ, Z); compare
[62, Chapter I, §4.5, formula (4.28)]. O

Lemma 3.2. Let T}, and T, be self-adjoint on 2, with b + T, of class C' in L(D, H’). Let F;j, € L(H)
be positive and invertible, and suppose F]ig preserve & and restrict to bounded operators there for each
(j, b). Assume
F,T;Fj = T + E; (3.2)
as operators 9 — J, where
|E;

_)0’

— 0. (3.3)

—1I chawf» ”Ef "CI(B;E(@,%))

For every compact set

K c{(b,z) e BxC : z € p(Tp)},

one has z € p(Tj) on K for all sufficiently large j, and the resolvents of T; converge to those of T in
CL(K; L(I)).

Proof. The domain invariance gives
Tj—z=F(T+Ej—zF)F]' : 9 — . (3.4)
Set R=(T —2)"', K; = E; — z(F; = I), and B; = K;R. Put

n;j = |E; “Cl(B;ﬁ(_@,.%”)) +|F -1 ”cl(B;ﬁ(,%ﬂ)) .

Lemma 3.1 and the continuous inclusion ¥ — J¢ give, for all sufficiently large j,

|B; ||c;,(1c;c(,yf)) < Cnj.

Indeed K; and its parameter derivatives map < to .7, whereas R and its parameter derivatives map

J to 9.1 Cnj < 1/2, then

Si=U+B)" sil<2 1S —Ilauecor < Cm

where 9, S; = —S;(9pB;)S;. Since T + E; — zF]2 = (I + Bj)(T — z), inversion of (3.4) gives
(Tj - 2)71 = FjRSij. (35)

This inverse maps % into 2 for each (j, b). All factors in (3.5), regarded as operators on ¢, are C'
in b. The identity

FjRSij —R= (FJ — I)RSJFJ + R(S] — I)FJ + R(FJ )
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and the product rule give

I(Tj =27 = (T = D7 ey < Cs (3.6)

The constant depends on K, T, and the inclusion ¥ — 7. The restrictions Fjil ¢ are isomorphisms
for each (j, b); their norms do not enter this constant. Il

Remark 3.3. The correction z(F ]2 —I) is necessary. A positive congruence preserves invertibility at
zero but need not preserve a nonzero eigenvalue. For example,

diag(2, 1) diag(1, —1) diag(2, 1) = diag(4, —1).
Matrix norms in the next two lemmas are operator norms, and ady(A) = [H, A].

Lemma 3.4. Let H, A be smooth matrix fields and Y a smooth derivation, possibly depending on b. For
eachr >0,on|H| <r,

e Y(e")= YH - }[H,YH] + £_(H, YH), (3.7)
Y(e"e™ = YH + }[H,YH] + £,(H, YH),
where |E| < C, |H|? | YH]|. A first parameter derivative satisfies
l0y&xl < G (IHIop HIIY HI + |HI? [0, (YE)) - (3.8)
There is also an expansion
e Hae = A—[H, Al + C(H, A),
where C satisfies the same bounds with YH replaced by A and 9,(YH) by 9, A.

Proof. The differential formula for the matrix exponential [54, Theorem 5.4, formulas (5.10)—(5.11),
p- 115] gives

1 > _1)\ .
e Hy(et) = /0 e tH(Y H)etH dt:; (5, :1])! adl,(YH),

The remainder consists of the terms with j > 2. Since | ady | < 2|H], it is bounded by |H|?|Y H| times
the convergent series )’ -, 2/r77% /(j + 1)!. A parameter derivative replaces one of the j factors H, or
the factor YH, in each term. The differentiated series has a summable majorant and gives (3.8). The
right logarithmic derivative has the same series with positive signs. Finally, e H Aefl = 21 A [54,
Proposition 3.35, p. 64]; its remainder is estimated in the same way, with j! in place of (j + 1)!. [

Lemma 3.5. Let Py, Qp be smooth matrix fields on a neighborhood of a compact parameter-coordinate
set, and let s be a spatial coordinate independent of b. For N > 1, put

ZyN = N~Y%(P, cos Ns + Qp sin Ns).

Fix k > 0 and smooth vector fields Y p, ..., Yy p, independent of N, satisfying Y, ps = 0. Write Y =
Yip - Yep, with Yy =1 when k = 0. For || < 1, uniformly on the compact set,

|05 (Vs Zb \)|., < CkNT2, (3.9)
and
|05(V05Zp.0)|. < CkN'2, (3.10)
Ha’é’(yb([Zb,N, 9sZp N1 — [Py, Qb]))um < CGNTL

The same estimates hold with 95 replaced by a smooth family vy, independent of N, satisfying vy s = 1.
Each of
E(ZpNnvbZbN), C(ZbN,VbZbN)

from Lemma 3.4 is O(N~'/2) after 97 Yyp. The constants depend on finitely many jets of the fixed
amplitudes and vector fields, but not on N.
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Proof. Put € = N™'/? and § = N's. Tangency gives
YoZyn = €(VpPp)cos &+ (VpQp)sind).

Parameter differentiation leaves ¢ unchanged and preserves tangency: (9 Y, »)s = 0. This proves
(3.9), including derivatives of the vector fields. For v, as in the statement,

vpZy N = EN(=Pp sin & + Qp cos 3) + € (v Pp) cos 3 + (v, Qp) sin J) .
Tangential derivatives and one parameter derivative give the O(eN) bound. Moreover,
[Zp N, v Zp N] = [Po, Q]
+ €2 [Py cos § + Qp sin 9, (vpPp) cos I + (v Qp) sin I].

The prescribed derivatives of the last term are O(e?). Taking v, = 9, proves (3.10). Also [Y, ,vp]s =0
and (dpvp)s = 0; commuting the single normal derivative with a tangential or parameter derivative
therefore adds a tangential derivative.

Set Ay = vpZp Ny and D = 93 Y. Every subword of D applied to Z y is O(€), and every such

subword applied to Ay is O(eN). The expression ad]ébN(AN) is a sum of 2/ products, each with j
factors Z, y and one factor Ay. The product rule gives

For N > 1, the sum of these bounds with coefficients 1/(j + 1)!, j > 2, is at most

< Ce.
G+ D! g
Uniform convergence of the differentiated series justifies termwise differentiation and bounds both

&_ and &;. Replacing (j + 1)! by j! gives the bound for C. 0

N (2C) (G + 1)k
N YUY
Jj=2

4. REALIZATION OF THREE-FORM PERTURBATIONS

We construct trace-free tangential logarithmic metric variations of C° size O(N~/2), with first
normal derivatives O(N'/2). Their quadratic commutator produces the prescribed three-form term in
the Dirac operator in the limit.

4.1. Alocal connection formula. Let s be a smooth function without critical points. Put

VEs v
k= |dslg, v=—, v=—.
K K
Locally, the flow of v gives coordinates in which
g =a*ds®* + g a=x". (4.1)

Choose a tangential orthonormal frame e = (ey, ..., e,-1) and define L by [v, e,] = Y, e4Laq- These
brackets are tangential because vs = 1 and e,s = 0. In flow coordinates, L = E~'9,E, where the
columns of E are the components of e. Use the column convention

(Q0)da = g(vv €a, ed)s Sed = g(VeaV, ed)

The torsion-free identity gives Qy = kL + S. Since Q is skew-symmetric and S is symmetric,
S= —g(L +17), Q= g(L Y (4.2)

For a real symmetric tangential matrix H, put b = e /2 and define
gu = a?ds® + q,(e-,"). (4.3)

Here H denotes the endomorphism represented in e by that matrix and extended by zero on Rv.
Thus the definition is independent of the flow coordinates. The fields v,v and the function « are
unchanged, and (v, eb) is a gg-orthonormal frame.
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Lemma 4.1. The tangential normal connection in the frame eb is
Qy = g(b‘lb’ bbb Y+ g(b_lLb LT, b = u(b). (4.4)
Proof. The bracket matrix of eb is
Ly=b"'Lb+ b0,

since [v, eb] = e(Lb + b”). Applying (4.2) to gy gives Qy = 5(Ly —LL). Both b and b’ are symmetric,

which proves (4.4). O
Put ey = v and C = ¢(v). The local spin connection formula [20, equation (4)] gives
1
D =) cledeit > (Ve exbe(enclep)eer). (4.5)
i ijk

In particular, the contribution of the tangential normal connection matrix Q is
1
—C D Quacea)c(ea). (4.6)
a,d
The minus sign comes from Q.4 = (V, e4, €,). Define
1
D" =) cled)es + " D (Vieq er)eleq)c(ea)c(ep).
a ad,f
The spinorial Gauss formula [20, equations (10)—(11)], with its Weingarten matrix equal to —S, and
the normal connection terms give
1 1 1
D=Cv+D'+-tr(S)C-=-C Z Quacleg)c(eg) — =c(V,v). (4.7)
2 4 -~ 2

The last term is the Clifford contraction of the normal-tangential part of V,,. In the coordinates (4.1),

Vyv = —grad, (log a), (4.8)

as follows from I'%, = —a qgfafa and v = a '9;.
4.2. Parameter-dependent estimates.

Proposition 4.2. Let g,, b € B, be a smooth compact parameter family. Let T, = dsA By be a smooth real
three-form family supported in a compact subset of a product coordinate neighborhood in B x X, where
s is one of the spatial coordinates and is independent of b. There are smooth metrics gy, n, unchanged
outside that neighborhood, such that

dvg,y = dvg,, len — gleis.coy < CN™'2, (4.9)
Ub,N = ng + Cgb(Tb) + Eb,N,

1/2.

U, nD

8b.N
|EnlciBiecm 12y £ CN™

Here Uy, i is the direct positive spinor comparison, and C is independent of N > 1. The metrics may be
chosen identical to g, on any fixed parameter neighborhood whose closure is disjoint from the parameter
projection of supp T .

Proof. For n < 2, take gy v = gp. Assume n > 3 and put v, = V& s/|ds|§b. Replace S}, by 1, Tp,. This
preserves ds A f, = Tp, makes 5, tangential, and gives supp f = supp 7. Orthonormalizing the

coordinate fields tangent to s gives a smooth family e p, ..., e,_1 5 in the fixed spatial coordinates.
Write

Bo =1 Paaves Nef.  Kaap = 16Badp.
a,d
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Choose a constant diagonal trace-free real matrix A with distinct entries and set

Kad,p
Aga — Aad
Then B} = By, tr B, = 0, and [A, By] = K.

Choose a smooth cutoff y equal to one near supp 7, compactly supported in the product neigh-
borhood, and vanishing on the prescribed parameter neighborhood. With e = N~'/2, put

Baap = (a=d), Baap = 0. (4.10)

Hpn = €(yAcosNs+ By sinNs). (4.11)

Extend the corresponding tangential endomorphism by zero on the normal line and outside the
product neighborhood, and define g, y by (4.3). Its relative determinant is e 7»N = 1. Thus its density
agrees with that of g;, and the density factor in (2.8) is one. In local spin frames lifting the paired
orthonormal frames (vp, e;) and (vy, e, e 7»/2), the comparison Uy n identifies the Clifford matrices.
In particular, it fixes the normal principal term Cpvy.

All estimates below are uniform in b and include one parameter derivative in the fixed spatial
coordinates. The fixed amplitudes and background fields have bounded finite jets on the support.
Since s is independent of b,

(9pvp)s =0, (9peqp)s = 0.

Lemma 3.5 applies to these fields. It bounds Hy and each fixed number of tangential derivatives by
O(e), and Hy; = v; Hy, with the same derivatives, by O(eN). The bound for Hy and smoothness of the
exponential give the metric estimate in (4.9). Suppressing the parameter subscripts, the commutator
estimate is

[Hy,Hf;] = [yAcosNs+ BsinNs,—yAsinNs+ Bcos Ns| + O(N ')

_ K+ ONY), (4.12)

because yB = B. The error contains only derivatives of the fixed amplitudes.
Apply Lemmas 3.4 and 3.5 to —Hy /2. In (4.4), the logarithmic-derivative remainder is O(e’N) =
O(e), whereas

by'Lby — byLTby' —(L—LT) = 0(e), by = e ™N/2,

These bounds include the first parameter derivatives and any fixed number of tangential derivatives.
Therefore

Qpy — Qo = —%[HN,HI’\]] + O(N"1/2) = —%K + O(N"/?), (4.13)
Equation (4.6) now gives
K K
2 KaqCcley)c(eq) = 5 Z PaaCcleg)c(eq) = c(ds A B). (4.14)
a,d a,d

We compare the other terms in (4.7) in the same paired frames. The tangential principal coefficients
change by O(e). For the intrinsic connection, write b = by, f, = ),; eibiq, and [e;, e;] = Y, cfjeg. Then
[fa: fd] = zr Eder’ where

Coq = (b_l)rt’<biabjdcifj + biaei(bea) — bigei(bea)),

with repeated indices summed. Since b — I and ¢;(b) are O(e), we have ¢ — ¢ = O(¢€). The Koszul
formula gives

s, _ ~d
2<v7‘aNfd’fr>gN - EZd - Egr + Crg

Thus the intrinsic spin connection changes by O(¢€), including one parameter derivative. For the trace
term, the bracket matrix in the proof of Lemma 4.1 gives the exact identity

tr Sy —tr S = —x tr(by' bi) = —kv(log det by) = gv(trHN) =0.
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Finally, (4.8) gives
g N5 v, (epbn)a) = —(ep bn)o(log ap).
Thus its Clifford contraction changes by O(€) as well. These are all the terms in (4.7).
Consequently, in each fixed spatial chart and background spin frame, write Ey y = . @j5.n0; +
aop.N- All its coefficients have C, LY norm at most Ce. The background comparison with the fixed

reference spinor bundle in Section 2 is independent of N. In a reference frame it acts by a smooth
matrix Qp, so

Q' EynQs = D, Qy'ajsn 000 + Qp a0 s n Qs + D Oyt ajpn(9;00).
J J

The required jets of Q; and Q" are uniformly bounded; hence the same coefficient estimates hold in
the fixed reference spaces. On the compact support,

s < © (Z Jesolu+ ||ao,b,Nnm) il
J

Apply this also to the parameter derivative and use a fixed finite trivializing cover of the compact

support to obtain the last estimate in (4.9). The cutoff construction gives the asserted spatial and

parameter equalities. g

Remark 4.3. The three-torus family in [39, Section 8] exhibits the same quadratic connection contri-
bution for an explicit metric depending on one coordinate.

5. REALIZATION OF COMPATIBLE POTENTIALS

5.1. Elementary forms. A smooth family of real differential forms on X, with compact support in
B x X, admits a finite decomposition subordinate to product coordinate neighborhoods. Expanding
each summand in the spatial coordinate coframe gives terms ds A yj, where s is a spatial coordinate
independent of b. Put v, = V& s/|ds|§,b. Replacing y;, by 1,,(ds A yp) preserves the term and makes
its remaining factor tangential to the level sets of s.

For a term of degree ¢ > 7, choose a smooth tangential orthonormal coframe on the product
neighborhood and expand this remaining factor in its wedge basis. Each summand has the form

T =fdshnaAnp, (5.1)

where «a is a wedge of three tangential orthonormal covectors and ff a wedge of ¢ — 4 distinct further
covectors. The real coefficient f is smooth and compactly supported in the product neighborhood.
All cutoffs below have compact support there and equal one near the support of the coefficient they
accompany.

Proposition 5.1. Let £ > 7, £ =3 (mod 4), and let T be as in (5.1). For a fixed compatible potential Vy,
there are positive multipliers Fy and compatible potentials V; n, sums of Clifford forms of degrees 3 and
f — 4, such that

Fn(Dg + Vo + ViN)Fn = Dg + Vo + o(T) + En. (5.2)

For each fixed compact smooth family (gy, Vo, Tp), there is a constant C independent of N > 1 such
that

IFy = eye < CNTY2 Exlerpgnpn < CN7V2 (53)

The multipliers equal I and the new potentials vanish outside a common compact interior set. They also
satisfy Fy = I and V1 x = 0 on every parameter neighborhood where the cutoffs vanish.

Proof. Write x = |ds|g, v = V8s/k, C = ¢(v), A = c¢(a), and B = ¢(f). The degrees of A and B
are 3 (mod 4), so both are odd self-adjoint Clifford elements. Their covector factors are mutually
orthogonal and tangential. Consequently

AC=-CA,  BC=-CB, AB=(-1“YBA=—_BA.
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Set S = CA and T = CB. These are even self-adjoint endomorphisms, anticommute with C, and
commute with J and, when present, T'. Since C?> = —I, we have ST = AB and TS = BA, hence

[S, T] = 2AB. (5.4)
For a real cutoff y equal to one near supp f, define
Hy = Nﬁl/z()(Scost+fTsinNs), Fy = efiv, (5.5)
Vin = kYN(=yAsin Ns + fBcos Ns).

Thus Fy is positive and commutes with the spinor structures; V; y is compatible by Lemma 2.2. The
anticommutation of Hy and C gives

FNyCFy = C. (5.6)
Let Hy denote the part of V, Hy obtained by differentiating the trigonometric factors. Then
Hy = kYN(—xSsinNs + fT cos Ns), Vin = —CHy.
The remaining derivative is
Gy :=V,Hy —Hy = N_I/Z(VV()(S) cosNs+V,(fT) sinNs).

All estimates in this proof include one parameter derivative in the fixed spatial coordinates. Lemma 3.5,
applied to v = v/x and to tangential fields, gives

Hy=O(NY%),  Gy=0(N%,  Hy=0NY?.

The connection coefficients and k belong to the fixed smooth family. Their derivatives introduce only
fixed factors in these bounds. Since y f = f, direct expansion gives the exact identity

[Hn. Hn] = «f[S. T].
By Lemma 3.4,
eV, (™) — e ™Hye™ = Gy + i[Hy, Hy] — [Hv, Gn]
+ &_(Hn,V,Hy) — C(Hn, Hy).

The last two remainders and their first parameter derivatives are O(N~'/2) by (3.8); the factor in each
bound is O(N~1)O(N'/2). Thus the normal zeroth-order terms satisfy

FNCV, Fy + FyVinFy = C(Fy'V, Fy — Fy'HyFy) (5.7)
= 1C[Hy, Hy] + OIN"'/%)
= 5fC[S, T]+ O(N"'/%)
=c(fdsnanp)+ON2).

Complete v to an orthonormal frame v, ey, ..., e,—; with e;s = 0. Lemmas 3.4 and 3.5 give
V., Fxy = O(N~'/2). Moreover,

Fyc(ea)Fy — c(eg) = ONT2),  FyVoFy — Vo = ON™/?),

with constants depending on the fixed C; LY norm of V; on the common support. Expanding FyDyFy
by the Leibniz rule, its normal principal term is CV, by (5.6). Its remaining first-order error is

3 (Enclea)Fy — ¢(ea)) Ve,

its remaining zeroth-order error is the remainder in (5.7), together with ), Fyc(e,)V,, Fy and
FnVoFn — V. In fixed background frames all these coefficients have C},L? norm at most CN~1/2,



DIRAC SPECTRA AND SPACES OF METRICS 21

The background comparisons are independent of N, so their spatial and parameter derivatives only
change C. On a finite cover of the support,

Z ajoju+ aou
J

< (Y |ajl + laole) el -
12 J
Applying this estimate also to each parameter derivative proves the second bound in (5.3). Smoothness
of the exponential and the bound for Hy prove the first.

For every finite N, F5' are smooth multipliers equal to I outside a fixed compact set. The Leibniz
rule shows that they are bounded isomorphisms on H?, as well as on L?. Their spatial derivative
bounds may depend on N; Lemma 3.2 requires their domain bounds only for each fixed N. The
support and parameter equalities follow from supp f C {y = 1}. g

Proof of Theorem R. Choose a fixed neighborhood of By whose closure is disjoint from the parameter
projection of supp V. Cover supp V by finitely many relatively compact product coordinate neighbor-
hoods with closures in B x U and disjoint from this neighborhood. All subsequent decompositions
and cutoffs may be taken in these product neighborhoods.

By Lemma 2.2, write V}, as a finite sum of real Clifford forms. Decompose the forms of largest
degree into terms (5.1). For one such term, take V; to be the sum of all other terms and apply
Proposition 5.1. Both operators are self-adjoint on H! by Section 2: the new multiplication potential
is bounded for every finite frequency. Lemma 3.2 therefore replaces the chosen term by degrees 3
and ¢ — 4, with arbitrarily small C} resolvent error on K. At each degree only finitely many terms
occur, and no replacement creates a term of that degree or a larger one. Descending induction on the
degree leaves only three-forms after finitely many steps. At each step all preceding frequencies, the
current smooth family, its finite spatial jets, and the preceding spinor comparisons are fixed. Only the
frequency of that step is increased.

Decompose the remaining three-form into finitely many terms ds A 8 in the fixed spatial coordi-
nates. Proposition 4.2 removes one term by changing the metric. Retain the other terms as literal
differential forms. For each retained form wy,

Uy Negn(@)Upn — eg,(@3) = Ocy e (N7V2),

Indeed, under the positive comparison Clifford multiplication depends smoothly and algebraically
on the metric and the form; both the form and the current metric are fixed while this frequency is
chosen. Write 7, = ds A S, for the removed term and wyen p for the sum of the retained forms. Put

Lyn = Ub—ll\f (ng,N + cgb,N(wrem,b)) Up.N-

Proposition 4.2 and the multiplication estimate give
Lb,N - (ng + Cgb(Tb + wrem,h)) = OCéﬁ(Hl,Lz)(N_l/z)

For each finite N, Up, y is unitary on L? and identifies the H! domains. Lemma 3.2, with Fy = I, gives
the required resolvent approximation. Repeating this step removes all the three-form terms.

There are finitely many support enlargements, all inside the chosen product neighborhoods. The
resulting metric equals g, on X \ U and near By. Each metric step preserves the volume density by
Proposition 4.2; the other steps leave the metric unchanged.

We choose the frequencies to control both the composed comparison and the metric increments.
Parameter derivatives are taken in the fixed reference norms of Section 2. For the successive metric
families g(o) =g,..., g(m), let U; : J#_1 — £, be the successive positive comparisons; put U; = I
when the metric is unchanged. Write RY) for the successive resolvent families and set

Cj—l = Uj—l Ul, Co = I, A]’ = Uj_lR(J)Uj — R(j_l).
Then
m
Co'R™Cyy — RO = 3" €74 A;C). (5.8)
Jj=1
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Fix positive tolerances 6 and 7, to be chosen below. Let M; bound conjugation by C;_; in C} L(5¢).
This is a finite constant fixed before the jth frequency is chosen. At that step choose, simultaneously,
2770

UAJ'”c;,(zc;ﬁ(;fj,l)) < M 5 = Hg(j) - gU™ <277n.

cree

For a higher-degree replacement §; = 0. For a metric step the two choices follow from Proposition 4.2
and Lemma 3.2. At every step that lemma also keeps K in the resolvent set. Summation gives
composed resolvent error less than § and S :=}; §; <.

For the direct comparison (2.8), let V; compare g with gY@, with V; = I, and put, in the original
spinor bundle,
-1
W=V, UV, W =W, W

The definitions give Cp, = V,,, W. The pointwise matrix for W; is a smooth function of g, gl=v, g
and is I when its last two arguments agree. Choose sy > 0 so that S < s keeps all metric values and
their first parameter jets in a fixed compact set, with the metric values positive. The mean-value
formula, applied also after one parameter derivative, gives

”Wi - I”c;L;s < C9j.

The constant depends on this compact set and the original family, not on the frequencies or the
number of factors. Hence
MV—IMH?SCk“S. (5.9)

Indeed, the product norm is bounded by [[;(1 + C4;) < e“S; the telescoping expansion of W — I and
the differentiated product each have one factor bounded by C§; in every summand.

Writing R=R™, set
Reomp = C'RCry Raix = V'RV,
Then Rgir = WRcomp W1, For any C! family R of bounded operators,
WRW'—R=(W -DRW '+ R(W™-].
The product rule and d(W™!) = —W~1(d W)W ! therefore give, for S < s,
[WRW™ = Rles py < CIW =Ty IRl ey eory -

Let Ry = RQ and M =1 + ||Rtar||ci(,cgﬁ((yf)), which is finite by Lemma 3.1. Choose 0 < n < min{sy, ¢}

so that (5.9) makes the last conjugation error less than /2 whenever S < 5 and |Rlc1(e.cny) < M.

Choose also 0 < 6 < min{1, ¢/2}. The preceding frequency choices then give ”Rcompncl(lcﬁ(%”)) <M.
1eL(

Its approximation error and the final conjugation error sum to less than ¢, proving (1.4). Finally,
“g(m) - g"cl oo < S < e proves the metric estimate in (1.3). (]
b x

Corollary 5.2. In the setting of Theorem R, if Dy + V is invertible and V is compatible and compactly
supported in U, there is a metric § with Dy invertible, § = g outside U, and dvg = dvg.

Proof. Take a one-point parameter space and apply Theorem R to K = {0} C p(D, + V). O

6. SPECTRAL SUBSPACES AND LOCAL SECTIONS

Let B be a compact smooth parameter manifold, possibly with boundary, and let L, : & — ¢ be
a smooth family of self-adjoint operators with common domain, endowed with a fixed graph norm.
Let y be an oriented finite union of smooth closed curves contained in p(L;) for every b. Its winding
number is one at each eigenvalue of a selected cluster of finite total multiplicity and zero at every
other point of Spec(Ly). Define

1 1
Pp=— [(z—Ly) dz, Op = P /z(z —Ly) ldz. (6.1)
Y L Jy

27i
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The spectral theorem identifies P, with the orthogonal projection onto the cluster. The resolvent
takes values in L(J#, 9), and Ly(z — L)™' = z(z — Ly) ™! — I gives Qp = Ly Py. In particular, Q, is
bounded; see also [62, Chapter III, Theorem 6.17 and equation (6.24)]. For realizations furnished by
Theorem R on B x y, contour integration gives

M@ + sup z|) sup H(z -Dp) " - (z- Lb)fl)

P-r
2 z€y z€y

c;,+H§_Q

<
Cl

ciey’

Thus both moments converge in C,lj[i(z%” ). Once Hﬁb P, H < 1, the restriction of P}, to im 1/517 is

injective, so 13\;, has finite rank.

Lemma 6.1. Let Py, }/)\j,b be C! families of finite-rank orthogonal projections and let Qy, Q\j’b be bounded
spectral moments satisfying

Pp—pP, 0, —Q inCiL(x).

For HIA’] - Po < 1, the polar part ofI/J\jP :imP — imﬁj is an isometry onto im 13\] It intertwines every
unitary or antiunitary spinor structure commuting with both projections. Omitting j, its expression in a
local C! isometric frame U, : E — im Py is

Uy = P, Uy (U; P, U,) V2, (6.2)
The corresponding complete matrices satisfy, on compact subsets of the frame domain,
ﬁ; Qb ﬁb - U, QpUp — 0 in Cll, End(E). (6.3)

Proof. Put q = Hﬁ - PH < 1and G = U*PU. The close-projection theorem [62, Chapter I, Theo-

rem 6.32], applied on im P + im P, gives equal ranks. For v € E,
L 21012
(Go,v) = [PUD| = (1 - g ol

Hence (6.2) is the polar isometry onto im P. Since G — I in C', holomorphic matrix functional
calculus [62, Chapter I, Section 5.6], on a fixed contour in the domain of z7'/2, gives G™'/2 — I in C'.
Indeed, the derivative of its resolvent is (z — G)"}(dG)(z — G)"!. Thus U—> Uin CL(E, s?), and
the product rule gives (6.3).

Intrinsically the map is f’\P(Pf’\th p) 12, Every preserved structure commutes with its factors:
the inverse square root is a uniform limit of polynomials with real coefficients on a positive spectral
interval. The formula is equivariant under U +— UR for unitary R, so the local maps define a
structure-preserving bundle isometry. U

Definition 6.2. Let E be a zero module. A full potential section at zero is a smooth family of compatible
multiplication endomorphisms V(A), for A near zero in A,(E), such that Dy + V(A) has an isolated
finite cluster continuing its entire zero eigenspace at A = 0. Its complete matrix is required to equal
A in a smooth isometric frame intertwining J and, when present, I'. A full metric section is defined by
replacing Dy + V(A) by D).

Proposition 6.3. Assumen > 3, and let X, g, U satisfy the geometric hypotheses of Theorem R. Every
full potential section whose potentials are supported in one compact subset of U yields a full metric
section. The metric section equals g outside U and has volume density dvg. Its reference metric at zero
need not equal g.

Proof. Equip the real vector space A,(E) with a Euclidean norm. After shrinking the section domain,
take a closed radius-r ball on which one circle centered at zero separates the full zero cluster from the
remaining spectrum. A structure commuting with the operator preserves each eigenspace; a structure
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anticommuting with it exchanges the eigenspaces at A and —A. The cluster projections therefore
commute with J and T, both for the potential family and for its metric realizations.

Apply Theorem R with B equal to this ball and K = B x y. Lemma 6.1 gives, for a sufficiently
accurate realization, a complete metric matrix F(A) € A,(E) satisfying

sup |F(A) — A| < r/4, sup [DF(A) —1I| < 1/2. (6.4)

lAl<r lAl<r
The matrix F is smooth: the realization and the original frame are smooth, and resolvent inversion
and the positive inverse square root in (6.2) preserve smoothness. For |Y| < r/4, the map ®y(A) =
Y + A— F(A) sends the closed radius-r/2 ball into its interior, since |[®y(A)| < |Y]+]|A — F(A)| < r/2.
Its derivative has norm less than 1/2. The contraction theorem [46, Theorem 10.38] gives a unique
fixed point A(Y) in that ball, with F(A(Y)) = Y. The derivative DF is invertible there. The inverse
function theorem [46, Theorem 11.22 and Corollary 11.35] and uniqueness give smooth dependence
on Y and

DA(Y) =DF(A(Y))™, IDAV)I<2,  JAY)-AZ)|<z2]Y-Z].

The last estimate also follows by comparing the two fixed-point equations. Composing the metric
family and its structural frame with Y — A(Y) gives the required section. The equalities in (1.3) are
preserved; its reference metric is ga(o)- O

Lemma 6.4. Let T, : 9 — 3 be a C' family in L(2, ) of self-adjoint operators with common
domain 9 = H', whose graph norms are locally uniformly equivalent. Suppose A € R is an isolated
eigenvalue of finite multiplicity of Ty, and put E = ker(Ty — A). In the polar frame based on the inclusion
of E, the derivative of the complete cluster matrix at zero is PgTy|g. In particular, for T, = Dy + tV at a
zero eigenspace it is PEV|g.

Proof. On a fixed contour around A, the resolvent identity gives a C! family (z — T;)™! : J# — & for
small t, with

d 1 _ (o pN-lqr, 731
E(Z_Tt) =(z-T) T(z— Ty .

Its contour integral and the polar frame U, : E — & are therefore C!, and Uj is the inclusion.
Differentiating gives

d . , .

a U:TtUt:U;TOU0+UJTOUO+U;TOUO.
=0

Since TyUy = AUy and Ty is self-adjoint, the first and last terms sum to

. . d
MUy U+ Uy Up) =4 —|  (U/Uy) = 0.
dt|i—
The remaining term represents Pg T0| E. O

Lemma 6.5. Let S, T be Euclidean, Hermitian, or quaternionic Hermitian bundles over X, with a fixed
smooth positive density dv. Let F C C®(S) n L?(S) and E ¢ C*(T) n L%(T) be finite-dimensional
subspaces over the same field F, with their L* inner products. Let ¥ be a smooth real subbundle of
Homg(S, T). For a nonempty open set U, define

W)= [ et Vet ), Ve CEU )
X
where eg, e are evaluation. Then

im C = spang{ep(x)*Qer(x) : x € U, Q € ¥4} (6.5)
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Proof. The space on the right of (6.5) is a linear subspace of the finite-dimensional real vector space
Homgp(F, E), hence closed. Integration puts C(V) in that space. Conversely, extend Q € 74 to a
smooth section Qy, on a coordinate ball in U. Choose ys > 0 supported in that ball with [ ys dv =1
and support tending to x. Then

IC(xsQ) — ex(x)*Qer()l < sup  |ex(y)"Qyer(y) — er(x)"Qer(x)| — o.
Vesupp x5

The real-linear image of C is finite-dimensional and therefore closed. Every generator on the right
belongs to that image, proving the equality over each of the three fields. g

Lemma 6.6. Let Ty = diag(A,C) : E; ® E; —» F; @ F, be bounded between fixed orthogonal Hilbert
decompositions. An unbounded-operator domain is equipped with a fixed graph norm. Assume C : E, —
F, is bijective and ||C*1"F2_>E2 < ¢!, wherec>0.Let T = Ty + E, with |Elg, 08, —F or, < 8 < c¢/2. Then
the complementary block is invertible and the Schur complement S satisfies

IS — Al < &+ 26%/c. (6.6)
The kernel of T is isomorphic to the kernel of S, and
(FF®F)/imT = F;/im$S.

One range is closed if and only if the other is closed. In that case these quotients identify with the
corresponding Hilbert cokernels.

Suppose linear or antilinear structural maps Jg, Jr preserve the summands and satisfy JrT = €T ],
where € € {1,—1}. Then J5,S = €SJg,. In the unbounded case the maps must preserve the operator
domain. For an operator on an ambient Hilbert space 7 = F; @ F,, suppose both orthogonal projections
preserve its domain & and E; = 9 N F;. IfTT = €T, then ST = €S on E,. Here % is the ambient adjoint,
or transpose with respect to a fixed conjugation preserving the splitting and the domain. The adjoint and
transpose are taken with respect to the ambient pairings.

Proof. Write T = (Agﬁ“ CElEzzz ) and C” = C + E,,. Bounded inverse stability [62, Chapter IV, Theo-

rem 1.16] gives |}(C’)_1||F2HE2 <(c—68)1<2/c Set

S=A+E; —E(C) Ey.

The block bounds give (6.6). The exact factorization is

I —Epp(C)? I 0y (S o
(0 ) (Lermn 1)=00 &) )

The bounded invertible triangular factors give the kernel and quotient isomorphisms. The left factor
sends im T onto im S @ F,, proving the assertion about closed ranges.
The structural identity on the complementary block gives

Je,(C) ' = e(C) ' J,.

Moving J through the three factors of E;5(C") "' E,; contributes €* = €. Together with the upper-left
block identity, this gives Jr, S = €SJg,, including charge and grading.

For either ambient adjoint or transpose, write + and assume TT = eT. Put K = E;,(C’)"". The
ambient pairings and bijectivity of C’ give

@M =e), Kl =(C)"Ea.

In the unbounded case the first identity follows by pairing C’u and C’v, with u,v € E,; the second
follows by pairing u € E; with (C’)"'y, y € F,. The map K : F, — F; is bounded in the ambient
norms. Thus (6.7) is LTLT = diag(S, C’), where L = (é =X ) is bounded and invertible on the ambient
space. Its transpose or adjoint LT, and its inverse, preserve the domain. Taking 1 gives ST = €S with
that domain. g
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7. GENERIC NONZERO EIGENVALUES

Throughout this section M" is closed and connected, n > 3, and its spin structure is fixed.
Multiplicities are counted according to (1.5). The spaces of compatible pointwise endomorphisms are
given in Section 2. On a nonzero eigenspace the scalar field is

H, n=234 (mod3),
F,=4C, n=1,5 (mod 38), (7.1)
R, n=0,6,7 (mod 8).

In a real case the eigenspace means the real fixed space of charge conjugation; its real dimension
equals the complex dimension of the ordinary eigenspace. In a quaternionic case the ordinary complex
dimension is twice its quaternionic dimension. For n = 1,5 (mod 8), charge conjugation exchanges
the two nonzero eigenspaces of opposite sign and imposes no additional multiplicity on either of
them.

7.1. Splitting a nonzero eigenspace.

Lemma 7.1. Let L = Dg + W, where W is a smooth compatible multiplication endomorphism. Suppose
A # 0 and E = ker(L — 1) has F,-dimension at least two. For every nonempty open set U C M there are
f € CZ(U;R) and a smooth compatible multiplication endomorphism V supported in U such that

P: Vg — APgMylg ¢ RIg. (7.2)
Ifn # 2 (mod 8), one may take f = 0.

Proof. Elliptic regularity makes every eigenspinor smooth. The square of Dy + W — A has connection-
Laplacian principal part and smooth terms of order at most one. The unique-continuation theorem
[56, Theorem 6.2.8] therefore applies. A nonzero eigenspinor is nonzero on an open dense set.

Suppose first that every compatible compression supported in U is scalar. For any local compatible
matrix field Q and any real test function y supported in its trivialization within U, Pg(y Q)| is scalar.
Its off-diagonal entries vanish and its diagonal entries agree. Testing all y gives the corresponding
pointwise identities on U. Quaternionic entries are tested in each of their four real components.

The cases n = 3,7 (mod 8). Choose an orthonormal pair i/, ¢ € E over F,. At a point x € U where
u = (x) # 0, the allowed fibre map Q = uu” has compression to this two-frame of rank at most one.
Its first diagonal entry is |u|* > 0. A scalar two-by-two matrix with that entry has rank two, which is
a contradiction.

The case n = 1 (mod 8). Here J> = I and Jc(¢) = —c(£)]. In a local J-real frame, compatible
potentials have the form iQ, with Q real skew-adjoint. For complex orthonormal ¢/, ¥/, € E, the
localized identities are

Y1 Ay =0, YiAY1 = Y2 A Yo (7.3)

The wedge is complex bilinear. Choose a connected ball in U on which ¢; # 0. The first equation
gives ¥, = by, there, with b smooth and complex-valued. Substitution into the second gives

A +[6P)Y1 Ay =0.

Thus ¢/ is pointwise a complex multiple of a nonzero real spinor, and ¢, = a/; for a smooth complex
function a. The product rule gives c¢(da)y; = 0. At a point write ¥; = zw, z # 0, Jw = w, and
a = a; +iay. Then

c(dap))w +ic(day)w = 0.
The two terms belong respectively to iXg and ¥g. They vanish separately, and the real Clifford identity

implies da; = da, = 0. The function a is constant on the ball. Unique continuation for i/, — aiy/;
contradicts orthonormality.
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The case n = 5 (mod 8). Here J> = —I, JL = —L], and compatible potentials have the form
V = —iQ, where Q is quaternionic-linear and skew-adjoint. For a nonzero fibre vector u,

{Qu: Q" =-0, Q] = JO} = u™®, {Vu : V compatible} = (iu)™*. (7.4)

In a quaternionic orthonormal basis with u = |ule;, write w/|u| = (a,v) for w € u'®. Then

Rea =0, Q=<a _U>, Q" =-0, Qu=w.
v 0
This proves the first equality; multiplication by —i gives the second.

Choose complex orthonormal ¢/, ¢ € E. For every compatible V, scalarity gives (¢(x), Vi/(x))¢c = 0.
Where /(x) # 0, its real and imaginary parts and (7.4) imply

$(x), ig(x) € Riy(x).

A real line contains no nonzero complex line. Therefore ¢ = 0 on a nonempty open set, contradicting
unique continuation.

The casesn = 0,4 (mod 8). Put F = R or H, respectively. The operator L is chiral. For ¢y = (u,v) €
ker(L — A), vanishing of either chiral component on an open set implies vanishing of the other there,
since A # 0. Both components of a nonzero eigenspinor are therefore nonzero on open dense sets.

Choose F-orthonormal ¥/; = (u;,v;), i = 1,2. For A € Homp(2*,37), the off-diagonal fibre pairing
for the block (2.5) is

blg(A) = UTA*UZ + UTAMZ.
For every q € F one has
Re(q blz(A)) =Re tr(A*(vlqu’g + 129 u’f)) .

The real trace pairing is nondegenerate. The vanishing off-diagonal entries and the equality of the
diagonal entries therefore give

v1U] = Vauy, viqus +v2qu; =0 (qeF). (7.5)

Choose a point of U where uy,v; # 0. The first equation is equality of two nonzero rank-one maps.
Hence

Uy = U4, v, =v1(@)"!  for some a € F\ {0}

Substituting ¢ = a into the second equation gives (|al* + 1)v;u} = 0, a contradiction. This calculation
also applies when n = 4, with both chiral fibres isomorphic to H.

The case n = 6 (mod 8). Choose charge coordinates J(u,v) = (v, u). A real orthonormal pair has
the form ¢ = (u,%) and ¢ = (a, @). Compatible blocks satisfy AT = A. Their off-diagonal pairing is

(Y, Vad)r = 2 Re(uTAa).

Both A and iA are allowed. Thus u © a = 0 as a complex symmetric tensor. If u; # 0, the diagonal
coefficient gives a; = 0, and the ij coefficient gives a; = 0 for every j. It follows that ¢ = 0 where
¥ # 0, a contradiction.

The case n = 2 (mod 8). Suppose every expression in (7.2) is scalar. Set V' = 0. Since A # 0, testing
all real f gives

ecex = p(x)Ig  (x € U), ex  E— 3, (7.6)
Here p is smooth and nonnegative. Unique continuation shows that it is positive somewhere. The

adjoint is quaternionic; (7.6) also holds in the ordinary complex realization.
Choose quaternionic orthonormal ¢ = (u,v) and ¢ = (a, b). In charge coordinates

J(wv) = (-5, 3), vA:@ f(‘)) AT —a
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Setting f = 0 gives the vanishing pairings with (i, ¢) and (J¢/, ¢). In particular,
(¢, Vag)e = v* Aa + b*Au. (7.7)
The equations for A and iA separate the two terms. Repeating with Ji/ gives
TAa=0, bAu=0, una=0, VA b =0. (7.8)

At a point where p > 0, if 4,7 are independent, these equations imply a = b = 0. Otherwise write
u=az v =Pz with z # 0 and (@, ) # (0,0). The same equations imply a € Cz and b € Cz, also
when one coefficient vanishes. The vectors

Y =(az,Bz), Jy=(-Pzaz)

span this complex plane: their coefficient determinant is |a|?> + |f]* > 0. Thus ¢(x) belongs to the
quaternionic line of /(x). Each alternative contradicts (7.6), which makes their values nonzero and
quaternionically orthogonal. This proves (7.2). (]

Lemma 7.2. The endomorphism in (7.2) is the derivative of the complete A-cluster matrix along an
analytic path of compatible pairs based at (g, W) and equal to (g, W) outside U.

Proof. Set g, = €**f g, and let f; be the conformal spin isometry. Define
Wi = Bee S (W + sV)B;Y, U, = Boe /2, (7.9)
The map U, : L*(Z4) — L*(,,) is unitary. Conformal covariance [35, Section 2] gives
U Dy, + W)Uy = e S/7%(L + sV)es//2, (7.10)

This is an analytic family on the common domain H', with derivative V — (ML + LMy)/2 at zero.
Since LPg = APg,

1
Pg <V - 2(MfL+LMf)> ‘E = PEV|E - APEMf|E.

Lemma 6.4 identifies this compression with the derivative of the complete cluster matrix. The
comparisons and real scalar factors preserve the charge and chirality identities. The factors are the
identity outside U, except for the unchanged term W. (]

Lemma 7.3. LetTy,...,I's be pairwise disjoint positively oriented spectral contours for Dgy. Suppose their
interiors meet R in pairwise disjoint bounded intervals whose closures avoid zero. In every sufficiently
small smooth neighborhood of (g,0) there is a smooth path (g;,V;), 0 < t < 1, contained in that
neighborhood and equal to (g,0) near t = 0, such that every I'; remains in the resolvent and every
enclosed eigenvalue at t = 1 is simple. The variations may be supported in any prescribed nonempty
open set.

Proof. In the fixed spinor comparison (2.8), the operator D, + W : H' — L? depends continuously
on h in spatial C! and on W in C°. The resolvent identity therefore gives a neighborhood on which
all contours remain in the resolvent and their ranks are constant. Write

S
m= Z rankc Pr;/d,.
j=1

This bounds the number of distinct enclosed eigenvalues. At a multiple enclosed eigenvalue, Lem-
mas 7.1 and 7.2 give a complete cluster matrix

A(s) = AT + sB + O(s?), B*=B, B¢RI.

Choose disjoint intervals around two distinct eigenvalues of B. The matrix (A(s) — AI)/s converges
to B; its spectral projections on those intervals have positive ranks for small s > 0. Hence the original
cluster separates into at least two distinct groups. Choose s small enough to retain every separation
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already obtained, all original contours, and the given neighborhood. If m = 0, the constant path
satisfies the conclusion. For m > 0, let ry be the initial number of distinct enclosed eigenvalues.
After g splittings that number is at least ry + q and at most m. If it is smaller than m, one cluster has
structural multiplicity greater than one and admits the preceding deformation. Hence at most m — ry
deformations make every enclosed eigenvalue simple. Each step applies at its current compatible
potential W. Smooth changes of the parameter, constant near the endpoints of each subinterval,
concatenate the finitely many paths. Their spatial supports have a common compact union in the
prescribed open set. g

7.2. Analytic metric paths.

Lemma 7.4. Let g;, 0 < t < 1, be a smooth path of metrics, with gy = g. Suppose finitely many contours
T; belong to p(Dy,) for every t. There is a path hy, real analytic in t with smooth spatial coefficients, such
that

ho = g, hy = g1,

and every contour remains in p(Dp,) with the same rank. Moreover hy — g in C* ast — 0.

Proof. Put H(t) = log(g~'%,). Its Bernstein polynomials and the corresponding metrics are

N

By()=Y (JJV ) - OVIHGNY, B = g(@PO. ), (7.11)

Jj=0

Let M; = sup, |[H(#)|: and let w; be the modulus of continuity of H : [0,1] > C'. For0 < § < 1,
splitting the Bernstein sum at |j/N — t| = § and using the binomial variance t(1 — t)/N < 1/(4N)
gives

M,
2N &2

sup |Bn(t) — H(H)| 1 € w1(5) + (7.12)
t
Thus h(tN) — g uniformly in spatial C!, with both endpoints exact. Identify both Dirac families with
operators on Lz(Zg) by (2.8), and write T, = Dg, and Ay, = D, — T; in this identification. The
common domain is H', and the coefficient formula gives sup, |[An ¢l ;1,2 = 0.
If at least one contour is present, put C; = SUP; zeur, ”(Tt - 2')_1HL2_)L2 and Zr = maxgeyr, |2|-
Lemma 3.1 and (2.9) give
sup |(To = 2) Yo < Car(14 A+ Zp)C) =: Cp < 0. (7.13)

t,ZGUij

Choose N with sup, |An ;1,2 < (2Cr)™!. Then
_ 1
|sAN (T, — 272, pe < 5 (Oss<izel;l).

Stability of bounded invertibility [62, Chapter IV, Theorem 1.16] keeps every contour in the resolvent
of T; + sAn ;. The Riesz projections depend continuously on (t, s) and retain their finite ranks. With
no contours, there is no resolvent restriction on N.

For this fixed finite N, By(?) is polynomial with smooth spatial coefficients. For real ¢ it is g-
self-adjoint, so h(tN) is a metric for all real ¢. Its coefficients are analytic in every spatial C" norm.
The direct spinor comparison therefore gives a locally holomorphic Dirac family on the common
domain H'! [56, Lemma A.0.16, pp. 88-90]. Take h; = th). Since By(0) = 0, h; — g in every smooth
seminorm as t — 0. g

Proposition 7.5. For g and the contours of Lemma 7.3, there is an analytic metric path h;, 0 < t < 1,
with hy = g, such that the contours remain in the resolvent and every enclosed eigenvalue is simple for
all sufficiently small t > 0.
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Proof. If every contour has rank zero, take h; = g. Otherwise fix a nonempty open set U C M and
apply Lemma 7.3. Around each distinct terminal eigenvalue choose a small subcontour y;,, of rank dj,,
inside its original contour. Their ranks sum to the original rank. Apply Theorem R with B = [0, 1],
By = {0}, and

K= ([0.11xU;T;) v ({13 xU;,vse).

which is a compact subset of the parameter-resolvent set. The potential vanishes near By, and its
spatial supports lie in one compact subset of U, by Lemma 7.3. The realized metric equals g near
t = 0. For a contour of length #(y), the projections satisfy
1P, - 2] < W sup(e - By - e - 17| (719
z€y

Choose the realization error to make every bound less than 1/2. The projections are orthogonal,
and their ranks agree by [62, Chapter I, Theorem 6.32]. Each terminal subcontour has rank d, and
encloses a real interval disjoint from zero. It therefore encloses exactly one simple eigenvalue of the
realized metric operator. No additional eigenvalue occurs in an original contour, since the subcontour
ranks exhaust its rank.

Denote the realized smooth path by g;. Lemma 7.4 gives an analytic metric path with the same
endpoints and original contour ranks. After slightly extending the real parameter interval, the
contours remain in the resolvent. In the fixed comparison with g, put

1 1
II(t) = /(z - Dh[)_1 dz, Qi(t) = — / z(z — Dh,)_1 dz. (7.15)
2mi T; 2mi r;
These finite-rank operators are locally analytic, and Q;(t) = DpII;(¢) = II;(t)Q;(t). Set m; =
ranke I1;/d, and
pik(t) = & tre(Qi()F), 1<k<m;

Local analytic frames of im IT;(#) show that these traces are analytic. The traces agree on overlapping
parameter neighborhoods, since they are independent of the frame. Define

r m;
eo=1  re,= (D e pin g2 = (D e (DT (7.16)
k=1 r=0

For real ¢, this monic polynomial has the enclosed eigenvalues as roots, each repeated according to
its F,-multiplicity. Indeed, the complex trace repeats every such root d, times.
Let

A(t) = H disc, q;(t, 2). (7.17)
J

Polynomials of degree zero or one contribute the factor one. The function A is real analytic on a
connected neighborhood of [0, 1] and A(1) # 0. It is therefore not identically zero near 0. Let v > 0
be its vanishing order at 0. There are a nonzero real number a and a real analytic function r near 0
such that

A(t) =t"(a+tr(t)). (7.18)
Choose ¢ > 0 so that |tr(t)| < |a|/2 for |t] < e. Then |A(2)| > |a|t’"/2 > 0for 0 < t < e. Each
polynomial g;(¢, ) has distinct roots, so every enclosed eigenvalue has complex multiplicity d,. O
7.3. Genericity and prescribed volume density.

Proof of Theorem G. Fix an integer a > 2. For g € G,, choose disjoint small real intervals around its
eigenvalues in K, all avoiding zero. Choose a slightly larger neighborhood of K, which contains
no additional eigenvalue of D,. Discreteness gives these choices also when an endpoint of K, is an
eigenvalue. Surround each small interval by a contour of rank d,. Cover the remaining compact
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real subset of K, by finitely many zero-rank contours with closures avoiding the spectrum. All these
ranks persist under small spatial C! changes of metric by the resolvent identity. Thus G, is C'-open.

For any metric g, enclose the two components of K, in larger bounded intervals whose closures
avoid zero and whose endpoints avoid Spec(D,). Proposition 7.5 gives metrics in G, tending to g
in C*®. The space of smooth metrics is an open subset of the Fréchet space of smooth symmetric
two-tensors, hence a Baire space. Since the sets K, exhaust R \ {0},

S(M) = ﬂ Ca
a>2
is residual and dense. This proves the assertion on R(M). Under its hypothesis excluding rigid
eigenspaces on a dense set of metrics, [29, Section 7.1, Proposition 7.4] gives the corresponding
conclusion for fixed windows separated from zero.
Now let g € R, (M). Choose h; € S(M) with h; — g in C*, and put

/ 1/n
- MH ) B
= <Vol(Mh])> . Kyj=cih, vi=duy, (7.19)

Thenc; — 1, v; — p,and fM(V j — p1) = 0. With the fixed orientation, regard these densities as top
forms. Fix a reference Hodge Laplacian on top forms and its Green operator G,. Set

(Xj:d*Gn(Vj—/l), dajzv]-—y.

The last equality follows from the Hodge decomposition and the zero integral. Elliptic continuity
gives aj — 0in C*. For 0 < s < 1, define X ; by

IX; (,u + s(vj— ,u)) = —aj. (7.20)

Moser’s theorem applies to the positive volume forms i+ s(v; — p1), whose total volume is independent
of s. With the primitive a; and vector field (7.20), it gives an isotopy ¢; s with ¢;o =Id and ¢7,v; = p
[69, Theorem 2, Section 4, pp. 292-293]. Since a; — 0 and the forms in (7.20) remain uniformly
positive, X ; — 0 in C* uniformly in s. Smooth dependence of flows on a compact manifold gives
¢j,1 — Idin C*™.

Constant rescaling multiplies every Dirac eigenvalue by c;!; it preserves multiplicity. The isotopy
¢j.s lifts to the fixed spin structure, so pullback also preserves multiplicity. Therefore ¢} h’ €
S(M) nR,(M) and converges smoothly to g. Each restricted set G, N R (M) is open and dense. For
h = g(ef!.,-) with H g-self-adjoint, dv, = € H/2), Logarithmic coordinates therefore identify R (M)
with the Fréchet space of trace-free g-self-adjoint endomorphism fields. This space is Baire. The
countable intersection of the restricted sets proves the assertion. g

Corollary 7.6. A residual dense set of smooth metrics has index-minimal kernel and simple nonzero
spectrum. The same holds among metrics with any prescribed positive smooth density.

Proof. The Dirac-minimal locus is C!-open and dense in every C” topology, for integers r > 1, by
[4, Theorem 1.1 and Corollary 1.2]. A smooth neighborhood contains a neighborhood determined
by finitely many seminorms, so that locus is also C*-dense. Intersect it with the open dense sets
G, and apply the Baire property. For a prescribed density, apply (7.19)—(7.20) to a sequence in
this intersection. Scaling and spin pullback preserve the kernel dimension as well as the nonzero
multiplicities. Openness and the Baire property on the density slice give the conclusion. g

8. INVERTIBLE PAIRS AND THE REAL INDEX

All manifolds are smooth. Fix a closed connected spin manifold M", n > 3, with its orientation
and spin structure, and a positive smooth density . The topology on spaces of metrics and sections
is the C* topology. Set

Ru(M) ={g : dvg = p}, R,M(M) = {g € Ry(M) : ker Dy = 0}.
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The Dirac operator is the ordinary untwisted spin operator. Its Clifford multiplication satisfies
(B)e(n) + c(me(E) = —2g7 (¢, n) and e(&)" = —c(£).

A multiplication endomorphism is compatible if it is self-adjoint and has the same charge-
conjugation and chirality identities as Dg. The independent matrix models are recorded in (2.4).
In chiral rows the opposite block is the adjoint of the displayed one. Thus the independent potential
is unconstrained apart from the indicated real, complex, quaternionic, transpose, or adjoint condition.
These models are the algebraic conventions proved in Section 2. The Clifford-module and real-index
conventions agree with [10, 26].

The four nonzero component invariants have local representatives

n mod 8 ‘ local crossing ‘ KOy1

0 t:R—->R 7/2
1 t(93Y) z/2 (8.1)
3 tlyg Z
7 tlr Z.

In the other four residues KO, ; = 0.

Positive spinor comparison, including the density correction when necessary, identifies the Hilbert
spaces and their smooth Sobolev domains. Fixing a reference metric also trivializes the bundle of
compatible potentials. Write

Pu=1g V) : g € Ry(M), V smooth and compatible},
plilnv ={(gV)eP,: Dg+V invertible}.

The full pair space is contractible. Indeed, relative to a reference g, of density y, every metric has
the unique form go(e”,-) with H self-adjoint and trace-free. In these coordinates the pair space is a
product of two real Fréchet vector spaces. Multiplication perturbations do not change ellipticity or
the ordinary spin index.

For a reference metric g. with dvg, = p1 and an open set U C M, put

R(U)={geR, (M) : g=g.on M\ U},

PU)={(g. V)€ P, : g€ R (U). V =0onM\ U} (82)

Both spaces are contractible in the logarithmic and linear coordinates above. A superscript inv denotes
the invertible locus; we also write Riny,,(U) = RL“"(U) and Py, (U) = PL“V(U). In dimension n = 4
(mod 8), choose the chiral block A, with quaternionic index —a, where a = |indy Dg|. Ata =0,
retain the chiral grading of Section 8.1. A subscript min denotes the locus where the corresponding
block of D, + V is injective. Its adjoint kernel then has quaternionic dimension a. We write these loci
as Rmin,p(U) and pmin,p(U)~

Theorem R applies with X = M and the chosen open set U. In Theorem C, U = M. All homotopies
below retain the density p.

8.1. The geometric real index. Write C,, 4 for the real graded Clifford algebra with p generators of
square +1 and g generators of square —1. This is the convention of [26, §2.1]; the same algebra is
denoted C1%7 in [41, Definition 2.1]. Thus Cl,, = Cy . The real graded spin bundle is

jﬂfr = PSpil’l(M) XSpin(n) Cln

Spin transition functions act on the left. The right Clifford action commutes with them and with the
Dirac operator. This is the ordinary real spin family of [60, §4.2, Proposition 4.2].

Let n = 8k + r, 0 < r <7, and choose a primitive orthogonal projection e in the even subalgebra
of Cl,. For r = 0,4, choose its simple factor so that

wne = (=1)"%e, W = €1 Cp.

The induced grading then agrees with T' = i"/?w,. The graded corner C, = eCl,e and the reduced
bundle .#eq = -#4:€ are given below. The quaternion algebra in this table is purely even. The notation
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Eﬁ denotes the chiral spinor bundles with their indicated scalar structure, and Wr denotes the odd
spinor bundle with that structure. A subscript R outside parentheses denotes the underlying real

bundle.

r C, Fred independent block | (KO, KOy,+1)

0 R Ef @ Eg AR (z2,72/2)

1 Coa Wr & WR K]E = —KR (Z/Z, Z/Z)

2| GCop |(EE@®EQR Al =-Ac (Z/2,0)

3|HQCipo | W@ Wi Ti = Tu 0,72) (8.3)
4 H Ef; ® Eg Al (z,0)

5| H Co1 | Wa @ Wi Ky = —Ku (0,0)

6| Cpo | (Ef®ER Al = Ac (0,0)

7 Cip Wr & WR Tﬁ = TR 0,2).

Here Wg = ¥/ in residues one and seven, and J defines the quaternionic structure on Wy in residues
three and five. The formal transpose in residues two and six is defined by the charge-conjugate duality
between the chiral bundles and the L? pairing. On a finite spectral subspace it is the matrix transpose
in (2.4). The full reduced operator is D(A) in the even rows and

F_(K):<Ig ‘f) (r=1.5), F+(T):(g g) (r = 3.7).

For the Dirac operator, K = iD and T = D on the indicated real or quaternionic space. The grading
on the doubled bundles is diag(I, —I).

The corners follow from the Clifford algebra table and the ungraded identification Cl = CI,_;
[10, Table 1 and Proposition 5.4]. Their actions can also be read directly from (2.1). Write I¢ for
multiplication by i. In residues two and six, the odd generators are J and I¢J: they anticommute and
have squares —I in residue two and +I in residue six. In residue four, I¢ and J generate the even
quaternionic action. In residues three and five this action is diagonal on the doubled bundle; the
remaining odd generator is, respectively,

0 —I
we(0 )

0 I
U+:(I O)J

By the model in Section 2, Clifford multiplication by w, on the odd complex spinor bundle is respec-
tively il, I, —il, —I in residues 1,3, 5, 7. On its real doubled model, Clifford multiplication is F_(ic(£))
in residues 1,5 and F; (c(&)) in residues 3, 7. Since w,, is central, its left and right actions on .4, agree.
Hence
nmod8| 1 3 5 7
R,, |-U. U, U -U,.

Commutation with these actions, oddness, and self-adjointness give exactly the independent blocks
in (8.3).

The projection e is full in Cl,,. Since a(se) = (as)e for every spin transition function a, .%eq is a
global graded subbundle. The inverse Morita construction is

<Eﬂred ®C, eCln I <5ﬂfra x® q+— xq.

For homogeneous matrix units with Ey; = e and El*J = Ej;, its inverse is s — Y i SEj1 ® Eyj. Thus
a reduced compatible potential lifts by x ® ¢ = Vx ® g. The construction preserves grading and
adjoints and commutes with spin transition functions and positive spinor comparison. It requires
no framing of TM. In particular the doubled bundles in the odd rows retain their residual Clifford
action; their two summands are not counted as two independent index modules.

The right Clifford L?-module is ample: over a coordinate ball, the fibre is the regular graded Clifford
module and each irreducible summand occurs with infinite multiplicity in its space of sections. Let i
be the grading, E; = Re;, 0 = 1Ey -+ Ep, and let F be the bounded transform of the full Clifford-linear
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operator. Put f(t) = t(1 + t?)"'/2. In residues three and seven, respectively, the primitive reduction
of wF1is

—diag(f(T), f(T)).  +diag(f(T), f(T)).

Indeed, E; --E, = —R,,, and wF1 = (E; - E,)F in these residues. After complexification, choose
nonzero compactly supported local spinors a.. on a coordinate patch with ds # 0 such that ic(ds)a, =
+|ds|las. The two symbol eigenspaces are interchanged by Clifford multiplication by a nonzero
covector orthogonal to ds. For T=D + V,

(T(@™ay), Noay) = £N / ds|las P dvg + O(1).
M

Thus T has spectrum unbounded in both directions. Since M is closed, its resolvent is compact, and
f(T) has essential spectral values +1 and —1. The full Morita reconstruction repeats these blocks.
Hence wF! is neither essentially positive nor essentially negative, as in [41, Definition 2.6].

These are ample C1™°-Fredholm families in the notation of [41, Definition 2.6]. Their degree is
KO™". The representing theorem and the contractibility of the invertible subspace [41, Theorem 2.7,
Lemma 2.8, and Theorem 2.21] assign to each path with invertible endpoints a class in

KO™(I,0I) = KO~ D(pt) = KOpy1.

The coefficient groups in (8.3) have the normalization of [10, Table 2 and Theorem 11.5]. The four
minimal crossings are those in (8.1): a real chiral line and a real skew two-plane contribute one
modulo two; a quaternionic line and a real line crossing from negative to positive contribute +1 in
residues three and seven. In these two rows the product orientation places the R-factor first, and the
chiral operator is 9; + T;. Thus complex spectral flow is twice the integer invariant in residue three
and equals it in residue seven.

After smooth reparametrization, a coefficient path with invertible endpoints is constant on its
endpoint collars and extends constantly to R. Its full Clifford operator is odd, symmetric, and of
Dirac type on the closed manifold M, with common domain H'. Proposition 3.7 of [41] gives norm-
continuity of the bounded transforms, hence a relative family class. For a continuous family of
such paths in the smooth coefficient topology, parametrized by a compact CW pair (B, B), suppose
the paths are constant on Bj. Choose a Clifford-linear metric connection constant in the cylinder
direction on the endpoint collars and over By. These data satisfy Assumptions 3.11 and 3.13 of [41];
Theorem 3.18 identifies the family and suspension classes. The finite Clifford normalizations are
those of [26, Sections 2.3-2.5].

For an invertible base metric g., ordinary real index difference is denoted by

5g*(ga V) € KOn+1a 5g*(g) = 5g*(ga 0)

It is the relative real family index of a path from (g, 0) to (g, V). Such a path is a smooth common-
domain family of elliptic Fredholm operators with invertible endpoints. In the global coordinates above,
affine interpolation between two such paths is a homotopy relative to their endpoints. Their relative
family classes therefore agree. The index is additive under concatenation, with the normalizations in
(8.1) [26, Sections 2.4, 6.2 and Theorem 8.1].

Lemma 8.1. The fixed-density inclusion RL“V(M) — R™(M) is a homotopy equivalence. The same
assertion holds for compatible pairs, for the chiral minimal loci, and with a prescribed exterior whose
density is u. These equivalences preserve ordinary index difference wherever it is defined.

Proof. For g € R(M) put f = n"'log(u/dv,), g = €*'/ g, and let ; : 3, — =, be the pointwise
conformal spinor isometry. Define

Vt = e_tfﬁtVﬁt_l.
Conformal covariance [35, Section 2] gives

(Dg, + Vi) (e VU2B,4) = e (D28, (D, + V).
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The multiplication factors are isomorphisms and preserve chirality and charge conjugation. They
identify the kernels, including each chiral kernel. Moreover dv,, = u, and the path is stationary when
dvg = p. On a prescribed exterior of density y one has f = 0. Thus these paths are strong deformation
retractions of the indicated spaces. Homotopy invariance gives the index assertion. g

8.2. Removal of multiplication potentials.

Proposition 8.2. The inclusions

Rinv,y(U) — inv,y(U): Rmin,y(U) — min,,u(U): g (g’ 0);

are weak homotopy equivalences; the second inclusion concerns the chiral block of index —a in dimension
n =4 (mod 8). For a compact smooth parameter manifold B and a closed subset By C B, every smooth
family in either pair space whose potential vanishes near By is homotopic to a family of pure metrics,
relative to a neighborhood of By. In the invertible locus the homotopy preserves ordinary index difference.
The assertions include U = M.

Proof. Let B be the parameter manifold. In the direct comparison with gj, regard all operators below
as operators on L?(2g,) with domain H'(S,,). The estimates are uniform in b, using one fixed
reference metric. First suppose that the potentials have support in one compact subset of U. Write
Ly = Dy, + V},. Choose a smooth function s : [0,1] — [0, 1] equal to zero and one on the respective
endpoint collars, and put

Apt = Dg, + s(t)Vy, Cpt = (1= s(t)Vp.

Thus Ap ¢+ Cp ¢ = Lp. Choose 7 > 2 sup,, | Ve, With 7 > 0. Apply Theorem R to the potential s(t)V,
the reference metric gp, and K = B x [0, 1] x{iz}. The operator A ; is self-adjoint, so this compact set
lies in its resolvent set. The potential has one compact spatial support and vanishes near B x {0} and
By x [0, 1]. The theorem gives metrics g, ; and compared pure Dirac operators T ; satisfying

[(Tye = i0)™ = (Apr —in) | <.

The metrics retain the exterior and density, and equal g, on the initial collar and near By x [0, 1].
If B has boundary, extend the smooth coefficient data to a neighborhood of B, extend s constantly
across the endpoint collars, and apply the theorem on a smooth compact neighborhood of B x [0, 1]
with rounded corners. The extension retains the compact spatial support and the vanishing near the
prescribed parameter subset. Restriction gives the stated family.

For bounded C and R set Fc(R) = R(I + CR)™! when this is defined. The resolvent formula and its
difference identity give

Fe((A-inyH=A+C—-in)},
Fo(S) —Fe(R)=(I+SC) Y (S—R)I + CR)™.
Here |Cp | < sup, [Vple < 7/2. Self-adjointness gives [(Tp; — it) |, |(Ap — it)"!| < 771 The
Neumann series therefore bounds both inverse factors by two. Consequently
"(Tb,t +Cpp—it) = (Ly — ir)_1|| < 4n. (8.4)

If L, is invertible, then I +ir(L, —ir)™! has inverse I — i ’Z'L;l. Compactness of B and the common-
domain inverse theorem give Cy = sup,, | —itrL;"| < co. For 477C, < 1, the Neumann lemma and
(8.4) give invertibility of I + it(Ty; + Cp, — it)"'. The identity

Tb,t + Cb,t = [I + l.T(Tb’t + Cb,t - if)_l](Tb,t + Cb,t - lT)

then gives invertibility on the common domain H'.

In the chiral minimal case, the full operator Lj, has quaternionic kernel dimension a. There is p > 0
such that Spec(Ly) N [—2p, 2p] C {0} for every b. To see this, choose at each parameter a small circle
enclosing only zero. Its quaternionic spectral rank is a and remains a nearby. Every neighboring
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kernel also has dimension q, so the entire nearby spectral subspace is the kernel. A finite cover of B
then gives the stated p. Let y ={z : |z| = p}. Forz € y,

(Ly = 27 = (L —i0) [T + Gz — 2)(Ty —i0) ']

The last inverses are uniformly bounded. Equation (8.4), the Neumann lemma, and the same identity
for T, s+ Cp ; give uniform resolvent convergence on y as n — 0. The contour projections are therefore
within norm less than one. They are finite-rank orthogonal projections commuting with J and have
the same complex rank, hence the same quaternionic rank a. The chiral index of T ; + Cp; is still —a.
Its total kernel has dimension at least a and is contained in this rank-a projection. Consequently the
chosen chiral block is injective throughout the homotopy.

Transport Cp; to the realized spinor bundle by the direct unitary comparison. Compatibility and
the pointwise norm are preserved. The homotopy begins at (gp, V) and ends with zero potential. Its
density and exterior are fixed, and it is stationary where the potential was zero near the prescribed
parameter set.

For the support condition in (8.2), choose y € C°(U), 0 < y < 1, for which

sup (1= Vil < &

Such a cutoff exists: the continuous function x +— sup,, |V;(x)| vanishes on M \ U, so its superlevel
set at any positive value is compact in U. The interpolation V}, — (1 — t + ty)V}, has the prescribed
parameter identities. In the invertible case, choose ¢ sup, [L;'| < 1. In the chiral case, write A; for
the injective block. With a fixed Hilbert norm on H', let A} : L* — H' be its bounded adjoint. The
closed range and injectivity give the left inverse

Gy = (A Ay A} - L2 — H'.

It depends continuously on b, so its norm is uniformly bounded. Choose ¢ sup, |Gp 2,12 < 1. If
(Ap + E)u = 0, then u = —GyEu, whence |ul, < |Gplr2-12|Elelulz. Thus u = 0. Hence the cutoff
interpolation remains in the required locus. It is a continuous homotopy in the smooth topology
because y is fixed. The preceding construction applies to its endpoint.

It remains to pass to continuous maps from spheres and disks. In logarithmic metric and fixed
potential coordinates, either locus is an open subset O of a real Fréchet space: the operator map is
continuous into £(H!,L?), and an invertible operator, or an injective Fredholm block, remains so
under a sufficiently small perturbation. For a continuous map h : B — O from a compact smooth

parameter manifold, choose a continuous seminorm p and € > 0 such that
h(B) +{v : p(v) < e} CO.

Choose a finite cover (U;), points b; € U;, and a smooth partition of unity (¢;) with p(h(b)—h(b;)) < €
on U;. Then b’ =Y ; ¢;h(b;) is smooth and p(h’ — h) < €. If h is smooth near a closed set K, choose
6 = 1 near K with support in that neighborhood and replace h’ by 0h + (1 — 8)h’. This preserves h
near K. The affine homotopy from h to A’ remains in @. All these operations preserve the prescribed
exterior.

For a based sphere, precompose with a map homotopic to the identity, fixing the basepoint and
constant near it. Smooth approximation relative to that neighborhood, followed by the removal above,
gives a based pure metric representative. For a pair filling of a metric sphere, first approximate the
boundary within the metric locus. Attach its short metric homotopy as an annulus and make the new
boundary data constant in the normal collar coordinate. Smooth the resulting pair disk relative to
that collar and remove its potential relative to the collar. Attaching the reverse metric annulus gives a
pure metric filling of the original sphere. The argument for points and intervals gives the bijection on
components, and these relative sphere and disk arguments give the isomorphisms on all homotopy
groups. Each deformation is a pair homotopy; homotopy invariance therefore preserves the ordinary
relative real family index. O
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9. SUPPORTED COMPATIBLE POTENTIALS

9.1. Supported multiplication endomorphisms. Weak unique continuation holds for Dy + V with V
smooth. Indeed,

(Dg + V) =V*V +P; + Py,

where P; and P, have orders at most one and zero. Theorem 6.2.8 of [56], due to Aronszajn [7],
therefore applies. A solution vanishing on a nonempty open subset of a connected manifold vanishes
identically.

oW =@, X = W, is allowed. Suppose a(W,h) = 0, interpreted as (W) = 0 when the boundary is
empty. For every nonempty open U € int W there is V € C°(U; o7,) such that Dy + V is invertible.

Proposition 9.1. Let X = W, be connected, n > 3, with fixed invertible cylindrical ends; the case

Proof. Choose a closed coordinate ball K € U with nonempty interior, and put
Yk ={V € C*(X; ) : suppV C K}.

The operators D, + V, V € Yk, are self-adjoint Fredholm operators on H', by Section 2. Their
finite nullities form a nonempty subset of Z>. Choose V; € ¥k attaining its minimum m, and set
L=Dg+ Vy, F=kerL.

A sufficiently small circle about zero encloses no other spectral value of L. For V € Y% sufficiently
close to V; in L™, its Riesz projection has rank m and contains ker(D, + V). Minimality gives the
reverse dimension inequality. Thus the cluster consists entirely of zero modes and the nullity is
constant on this neighborhood in ¥%. Its complete matrix is zero. Lemma 6.4 gives, with P the
orthogonal projection onto F,

PBP=0  (Be C(intK; ). (9.1)

By Lemma 6.5,
e;Qex =0 (xeintK, Q€ %),

where e, : F — X, X is evaluation. Both identities hold at every potential in the same neighborhood.
The real index remains a(W, h) along Dy + tV,.

Suppose n = 0 or 4 (mod 8). The chiral kernels have equal dimension over R or H, respectively.
If this dimension is positive, choose nonzero kernel spinors ¢* and ¢~ of opposite chirality, with
J¢* = ¢* in residue zero. Their nonzero loci are open and dense by unique continuation. At a
common nonzero point x € int K, put u = ¢*(x), v = ¢~(x) and Z = vu*/|ul*>. The compatible chiral
matrix D(Z) then satisfies

(v, Zu) = pl* >0,

contrary to the pointwise compression identity.

If n =3 or7 (mod 8), Q = I is compatible. Hence efe, = 0 on int K, and unique continuation
gives F = 0.

Ifn=5 (mod 8), J2=-Iand JL = —L]. For 0 # u € %, X, the endomorphism

Q=uu - (Ju)(Jw'

is self-adjoint and satisfies JQ = —QJ. Antiunitarity and J? = —I give (u, Ju) = 0, so {Qu, u) = |u[* >
0. Taking u = @(x) for a nonzero ¢ € F contradicts the pointwise compression identity at a point
where @(x) # 0.

If n = 6 (mod 8), charge conjugation exchanges the chiral kernels. For ¢ € ker L* and u = ¢(x),
pairing ¢ with J¢ in charge coordinates gives

u'Zu=0 z' =2).

If uj # 0, the choice Z = Ej; contradicts this identity. Unique continuation and charge conjugation
therefore give F = 0.
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If n =1 (mod 8), put Fgr = FnFixJ. Testing with i times every real skew-symmetric matrix shows
that the real evaluation image of Fg has dimension at most one at each point of int K. If ¢, ¢/ € Fr are
independent, choose a ball in int K on which ¢ # 0. There {y = f¢ for a smooth real function f, and

0=L(f¢) =~ fLp = c(df)¢.

Since c(n)? = —|n|*I for real n, one has d f = 0. Unique continuation extends the resulting constant
proportionality to X, a contradiction. Thus dimg Fr < 1. Its parity is the vanishing mod-two index,
soF=0.

For n = 2 (mod 8), the dimension restriction gives n > 10. The local constancy established above
is the hypothesis of Lemma 9.2; hence dime ker L* < 1. This dimension is even because its mod-two
index vanishes. Charge conjugation gives F = 0.

In every case L is self-adjoint Fredholm with zero kernel, and therefore has a bounded inverse. [

Lemma 9.2. Let X,K, ¥k be as above and let n = 2 (mod 8), n > 10. Suppose Vo € Yk and put
L = Dg+ Vy. If dime ker(Dg + V) is constant for V in a neighborhood of V in ¥k, then dime ker LT <1.

Proof. Set F = ker L and F* = ker L*. Local constancy and Lemma 6.4 give (9.1), also after every
sufficiently small change of V; in #%. In charge coordinates the independent compatible matrices are
complex skew-symmetric. Pairing a positive zero mode with the charge conjugate of another and
applying Lemma 6.5 gives

UT(Eij - Eﬁ)u =ViUj —vu; = 0.
Consequently

AN Y(x) =0 (4, ¥ € F", x € intK). (9.2)

The identity holds for the positive zero modes of every such nearby operator.

Suppose ¢, € F' are independent. On a ball O € intK where ¢ # 0, write = f¢, with f
smooth and complex-valued. If df = 0 on O, unique continuation gives constant proportionality
on X. Thus df # 0 somewhere on O. Choose O’ € O containing such a point and extend f to a
compactly supported smooth function on X, unchanged near 0’.

For B € C2(0’; 4,), let P, be the zero projection of L + ¢B, and let U; : F — im P, be its polar
frame based on the inclusion of F. These maps preserve chirality. The identity PPP = 0 gives PU, = 0.
With ¢, = Uy, ¥, = Up ¢, and

R=(Llp) (I-P): I — H,
one has 'R = —RT. Differentiation in the common domain yields

$ = —RB¢, i = —RBY. (9.3)

These derivatives also hold in C.. Indeed, the interior elliptic estimates [61, Theorems 18.1.24
and 18.1.29], applied to L¢p; = —tB¢;, bound ¢, in every local Sobolev norm. The identity L(¢; — ¢p) =
—tB¢, and convergence in L? then give ¢; — ¢ in Cio.. For ¢; = (¢, — ¢)/t — ¢ one has

Lg; = —B(¢; — ¢), g — 0 in L2,

The same estimates give ¢; — 0 in (.. The argument for ¢, is identical.
Differentiating (9.2) on O’ gives {y — f¢ € Cé. Since By = fB¢ on X, the quotient map II, :
3t - 31 /Co(x) satisfies

X

[R, f1(B#) =0 on O’. (9.4)

Write u = ¢(x) in the charge coordinates and set Hy = {y € =~ : u’y = 0} on O’. For

y € CZ(0'; Hy), put
_ ¢ — T T
W—W, Zy=yw —wy'.
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Then ZyT = —Zyand Zyu = y(w'u) — w(yTu) = y. Thus B = (Zoy ZO;) is smooth, compatible,
supported in O’, and satisfies B¢ = y. Equation (9.4) therefore holds for every compactly supported
smooth section of .

The operator R is locally pseudodifferential of order —1. Choose nested interior coordinate balls
and a properly supported two-sided elliptic parametrix Q on the larger ball [61, Theorem 18.1.24 and
pp- 91-93]. On the product of the smaller balls let S be the difference of the kernels of R and Q. The
identities LR = RL = I — P show that L, S and L;S are smooth there; L; acts on the dual bundle in

the second variable. The finite-rank kernel of P is smooth by elliptic regularity. The operator
LiLy + (L)L,

has principal symbol (|[* + |5|*)I on this product. Elliptic regularity gives S € C*.
The principal symbol of the component R : X~ — =% is ic(£)/|£]?. The composition formula [61,
Theorem 18.1.8, p. 71] gives

odf) (& df)e(@)
£ E

The pairing here is the complex-bilinear extension of g~'. Composition with the inclusion of H
and the quotient IT multiplies the principal symbol by the corresponding pointwise maps. Since (9.4)
vanishes on every test section,

0-—2([R’ f]) =

(9.5)

- (c(df) (& df>c(§)> ‘H “o (9.6)
4

I{E I{n

At a point where df # 0, choose a nonzero real covector ¢ perpendicular to both Re d f and
Imdf. Put r = 2"/27' = dim¢ 3%, If g7'(1, ) # 0, the Clifford relation makes both chiral maps
c(n) invertible. If n # 0 is null, choose a maximal isotropic subspace containing 5. In the exterior
model [47, Lemma 20.9 and equation (20.11), pp. 304-305], c¢(n) is a nonzero multiple of exterior
multiplication by its first generator. On each parity its image has dimension 2"/272 = r/2. Thus every
nonzero complex covector satisfies rank c¢(n) > r/2 on either chiral space.

Restriction to a hyperplane and quotient by a line each lower the rank of a linear map by at most
one. Taking = df and the chosen ¢ in (9.6) therefore gives

0 = rank(ITe(df)l,) > r/2—2>8-2>0,
a contradiction. O

10. PARAMETER FAMILIES AND KERNEL INCIDENCE

Throughout this section, M is closed and connected. The spin structure and the positive compar-
isons of Section 2 are fixed. All Sobolev spaces are taken on the resulting fixed bundles.

Lemma 10.1. Let Q be the space of smooth compatible potential fields on I x M, where I = [0,1],
vanishing on fixed endpoint collars, or its subspace defined by Q;y/; = 0 for a fixed smooth spinor family
;. The same assertions hold without the variable t. There is a continuous linear map

q:[2—>Q

with dense range, where £ = £*(N;R). For every k, this map is bounded with values in C; multiplication
by q(p) depends smoothly on p at each fixed Sobolev order.

Let Z be a second-countable Sobolev Banach manifold, and let F be a smooth Banach bundle section
over {* x Z. At every zero, suppose that D,F is Fredholm of index d and that the composition of D,F
with the quotient onto coker D,F is surjective. Then F~1(0) is a smooth Banach submanifold, and its
projection to £ is Fredholm of index d.
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Proof. The support and pointwise conditions define a closed subspace of the separable Fréchet space of
smooth fields. Choose a dense sequence (Q;) and increasing C* seminorms, including time derivatives
when present. Choose 0 < a; < 27/(1 +|Qj| ;)" and set

a(p) =Y, a;p;Q;. (10.1)

Jj>1

For each k, Cauchy-Schwarz gives

1/2
la(p)lcx < (Z a; |}Qj||?;k> Iple < Crlple -

izl

Thus the series converges in every smooth seminorm and preserves the constraints. Its range
contains the span of the Qj, hence is dense. The same estimates hold after time differentiation.
The multiplication map C¥ x H® — H* is bounded for sufficiently large k, which gives the asserted
smooth dependence. In particular, the image of a sufficiently small ¢ ball lies in any prescribed C®
neighborhood of zero.

At a zero, put L = D,F, C = D,F, and let [C] : £ — coker L be the induced map. A complement
of ker L, together with finitely many parameter directions mapped onto coker L, gives a bounded
right inverse for (C, L). The Banach implicit function theorem [46, Theorem 13.20] gives the zero
submanifold. Its tangent projection satisfies

ker Dt = ker L, im Drr = ker[C], coker Drr = coker L.

Its Fredholm index is therefore ind L = d. The zero manifold is second countable. The regular-value
conclusions of [77, Theorem 1.3 and Corollary 1.5] apply, since its projection is smooth. O

Lemma 10.2. Let p; be a smooth coefficient path in logarithmic metric and linear potential coordinates,
constant on fixed endpoint collars. Fix finitely many smooth potential directions. The path admits
arbitrarily close approximations in any finite collection of spatial and parameter seminorms by smooth
curves in finite-dimensional coefficient families analytic in their coefficient vectors. These families contain
the fixed directions, and the approximations equal p; on the prescribed collars.

Suppose, moreover, that the associated first-order elliptic family L, is real skew-adjoint. Let /; be a
smooth L*-unit family with L, ; = 0. If the incidence differential in the fixed potential directions and
the spinor directions is surjective, the approximations may be chosen as incidence curves, arbitrarily close
to (ps, Y1) in the prescribed seminorms and equal to it on the collars.

Proof. Choose a smooth scalar function o, equal to zero and one on the two collars, and put b; =
(1 — o(t))po + o(t)p1. The smooth remainder p; — b, vanishes on the collars, with all jets zero at
their inner boundaries. Cutting it off inside the complement of the collars changes any prescribed
finite collection of seminorms by arbitrarily small amounts. A finite partition of unity in ¢ and local
Taylor polynomials then give a finite sum }’; fi(t)e;, with every f; supported off the collars, which
approximates this remainder in those seminorms. Adjoin py, p; and the fixed potential directions to
the span of the e;.

The resulting family z — L(z) : H® — H*! is analytic. Indeed its coefficients are obtained from
matrix exponentials, inverses, positive square roots, their first spatial derivatives, and affine potentials.
These operations are analytic on the open sets in question, at each sufficiently high finite C* order.

Write Q(h) = qu':l h;Q; in a basis of the fixed potential span, and let : : R? — RN be its coefficient
inclusion; thus L(z + th) = L(z) + Q(h). Fix an integer s > 1 and put

E=R'®(Y;*"nHY), F,=¢yFnH"', P= P .
These are smooth real Hilbert bundles over I. Their fibre maps

Ty(h,u) = PL(Q(R)Y: + Lp,u) : & —> Fi



DIRAC SPECTRA AND SPACES OF METRICS 41

are surjective. For s > 1, an H' solution with target v € F; satisfies L, u = v — Q(h)y/; + c; elliptic
regularity [40, Theorem 15.1 and Remark 15.2] gives u € H®. A surjective bounded map between
Hilbert spaces has a bounded right inverse. In local trivializations of both bundles, J;,(T;J;,) " is a
smooth right inverse near t;. A finite partition of unity gives a smooth family J; with T;J; = I. Put
Mj = sup, [Ji] < eo.

Let zo(t) be a coefficient approximation, equal to p; on the collars. For (h, u) = J;w, define

¥i(w) = P(Ly, + QW)Y + w), ®;(w) = PiL(z(t) + th)(Y; + u).
The identities Ly, ; = 0 and T;J; = I give
¥i(w)=w+ P,O(h)u, O, (w) — ¥ (w) = ALY + ), Ay = L(zo(1)) — Lp,. (10.2)
Set

Cp = sup|Pilgs1pgs1, My =sup ¢y, Co= |s1‘1p 10N gs s> 6 = sup 1Adlgsps -
t t hi<1 t

For |w| < r, differentiation yields

sup |Dy®(w) —I| < 2CpCoMjr + CpSM;, sup [@,(0)] < CpSMy. (10.3)
tlwl<r t

Choose r > 0 with ZCPCQMJZr < 1/4, and then choose the approximation with CpdM; < 1/4 and

CpdMy < r/2. The map w > w — ®;(w) takes the closed radius-r ball into itself and has Lipschitz

constant less than 1/2. The contraction theorem [46, Theorem 10.38] gives its unique fixed point w;.

The implicit function theorem [46, Theorem 13.20] gives smooth dependence on ¢, and

Iwel <2[@:01,  IChe, udl < 2|7l 12:(0)]. (10.4)

The correction is small in every prescribed finite collection of parameter seminorms. To see this,
make A — 0 in C*(I, L(H®, H*™")). In the preceding local trivializations, ®(t, w) = w + N(t, w) +
E(t, w), where N is quadratic in w and E(t, w) = P;A({; + pr, Jyw). The fibre inverses of D,,® have
norm at most 2. Differentiating ®(¢, w;) = 0 and proceeding by induction on j < k gives

||W||ck(1,r) — 0, I(h, H)“ck(I,Ing;HS) — 0.

Indeed, after the term D,,® 8{w is isolated, every remaining term contains either a derivative of A
or a derivative @‘w with £ < j. Choose s large enough for the prescribed spatial seminorms and
apply Sobolev embedding [40, Theorem 12.16]. Since Q(h) lies in a fixed finite span, its coefficient
seminorms tend to zero as well.
The projected equation reads L(zy + th)({; + u) = cy/;, with ¢ € R. Skew-adjointness and u Lg ¥;
give
0 = Re(L(zo + th)(Ys + u), ¥y + u) = cRe( Wy, ¥y + u) = c.

Hence the full equation holds. The spinor ¥; + u is nonzero; normalize it in L?, preserving the
preceding approximations. On the collars, A; = 0, so uniqueness gives w; = 0. For the corrected
spinor ¢; and operator L;,

- VAN .

Lofpr = - Z ( .)(G{Lt)af]%-

=N

Elliptic regularity and the uniform estimates for this compact family give smoothness into every
Sobolev space, hence joint spatial and parameter smoothness. g

Lemma 10.3. ForO+xueH", r > 1,
{Qu: Q" =-Q}=u.

For y € u™®, a preimage depends smoothly on (u, y).
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Proof. If Q* = —Q, then Re(u*Qu) = 0. Conversely, put s = |u> and b = u*y € ImH. The matrix

*

yu' —uy* ubu

Qu,y) = (10.5)

s 52

is skew-adjoint. Since y*u = —b, Q(u,y)u = y + ub/s — ub/s = y. The formula is smooth for
u 0. (]

Fix a nonempty open set U C M. In dimension n = 4 (mod 8), choose the chiral operator of
quaternionic index —a, a > 0. In dimension n = 5 (mod 8), put K = i(D + V), a quaternionic
skew-adjoint operator.

Lemma 10.4. Let P be a compact smooth d-manifold with corners and finitely many embedded boundary
faces. Here and below, the faces include P and all nonempty intersections of boundary faces. Let (g, V)
be a smooth family, Dirac-minimal near a closed subset Py C P. For n = 4,5 (mod 8), an arbitrarily
small smooth compatible potential perturbation, supported in a common compact subset of U and zero
near Py, makes the incidence of parameters and quaternionic kernel lines a compact smooth manifold
with corners of dimension

d—r, r=4(a+1)ifn=4(8), r=3ifn=5(8). (10.6)

The kernel is the minority chiral kernel in residue four and ker K, in residue five. The boundary lies
exactly over dP; the incidence over each face F has dimension dim F — r. An incidence with negative
indicated dimension is empty.

The perturbation may be zero on any prescribed closed collar contained in an open region where
the incidence equation is transverse to zero on every face, including all face intersections. In particular,
transverse endpoint families and their face restrictions admit unchanged collars.

Proof. On the L?-unit sphere in H', the equation is equivariant for the free right action of Sp(1). A
projective chart at [/] has tangent

I#LH ﬂHl :{u € H1 : <¢, u>L2)]H = 0}

Normalization in L? is smooth on nonzero H' vectors. The target transforms by right multiplication
when the unit representative changes; the equation therefore defines a smooth section of an associated
Hilbert bundle.

In residue four put L, = A, + B, Its vertical derivative at a zero is

L, : ™ nH' — L¥(T).

The unrestricted operator has quaternionic index —a. Removing the kernel line /H from its domain
leaves its range unchanged and subtracts one from its index. The vertical real index is therefore
—4(a + 1).

Fix a closed ball K ¢ U with nonempty interior. Suppose 7 annihilates the vertical image and
every By with B supported in K. The annihilator of the projective tangent is represented by ¢/IH;
hence Ly,n = ¢ qo distributionally, for some g € H. For every g € H,

Re(yq. L,mrz = Re(Ly(¥q). )2 = 0.

Taking q = qo gives qo = 0. Elliptic regularity makes n smooth. Unique continuation ensures that ¢/
is nonzero on some subball of the interior of K. On that subball the values By fill the target fibre.
Thus 1 vanishes there, and unique continuation gives 1 = 0 on M.

In residue five the equation takes values in /', since K, is skew-adjoint. Write it locally as
I, K, , where I1; is the real orthogonal projection. At a zero the derivative of IT;, contributes zero.
The vertical operator is

K, : y""nH — y'*nL?
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Its real index is —3: restriction of the domain subtracts four, and restriction of the target adds one to
the index zero of K,. If n € ** annihilates the vertical image, then K,n = /g, distributionally. For
q € H,

Re(yq, Kpmrz = —Re(Kp(¥q), m)12 = 0.
Thus gy = 0, and 7 is smooth. If 1 also annihilates all Qi with Q € sp(EM) supported in K, Lemma 10.3

gives n = fi wherever ¥ # 0 in the interior of K, with f smooth and real. On a connected subball
where ¢ # 0,

0 = Ky(f ) = icg, (d)¥.

Since c(£)? = —|&|*I for real covectors, df = 0 there. Unique continuation gives = ¢y on M. Its
real L? orthogonality to i gives ¢ = 0. The elliptic regularity and unique continuation statements
here apply to the chiral operators, their adjoints, and K, as in Section 9.

For a compact smooth coefficient family, the elliptic estimate [40, Theorem 15.7 and Remark 15.2]
gives

19l < Cs(|Lp ] + 101), §>0, (10.7)

with K, in residue five. The constants may be chosen uniformly in p: freeze the coefficients at one
parameter, absorb a small L(H**!, H®) difference, and take a finite cover of the parameter space.
Normalized kernel spinors consequently have uniform bounds at every Sobolev order. Given a
sequence (p;, ;) of such spinors, pass to p; — p. The uniform H? bound and the compact embedding
H? < H! [40, Theorem 15.10] give a subsequence converging in H' to . Continuity in £(H®, L?)
gives

Lol < LG = ¥, + 1Ly = Lp)Yil, — 00 MYl =1
The same argument applies to K,. Thus the normalized incidence and its quotient by Sp(1) are
compact.

At every zero, the preceding cokernel arguments imply that finitely many smooth potentials
supported in K make the vertical differential surjective. A finite cover of the compact incidence
provides a finite collection for the whole family. Multiply them by smooth parameter cutoffs equal
to one on the respective neighborhoods and zero near Py. This is possible because the incidence is
disjoint from a neighborhood of Py. The combined differential remains surjective near the original
incidence. The same holds on every face of P: only spinor and potential directions are required for
surjectivity.

Let y € RN be the coefficients of these potentials. For all sufficiently small y, every new zero lies in
the preceding neighborhood. Otherwise a sequence y; — 0 of zeros outside it would, by (10.7) for the
compact family with |y| < §, have a subsequence converging to an original zero. This is impossible.
The implicit function theorem now gives a smooth universal zero manifold with corners of dimension
d + N — r, with the induced faces. Apply Sard’s theorem [77, Theorem 1.2] to its projection to RN
and to the restrictions on the interiors of all its faces. There are finitely many face types and each
has a countable atlas; the union of the critical-value sets has measure zero. A common regular value,
arbitrarily close to zero, gives the stated incidence and face dimensions. Compactness follows from
(10.7). If a dimension is negative, the corresponding regular fibre is empty.

Finally, let C be a prescribed closed collar contained in an open region O of transversality on all
faces. Choose open sets

Cc0,c0,CcO,CcO,CcO

and a smooth function 0 equal to zero on O; and one outside O,. Multiply the preceding parameter
cutoffs by 6. Over O,, the differential in the original parameter and spinor variables is surjective,
on every face. Compactness of the normalized incidence over this closed set and openness of
surjectivity give the same property for all sufficiently small y. Outside O,, the potential directions
give surjectivity. The common regular-value argument therefore applies with the family unchanged
on C. Transversality of an endpoint family and all its face restrictions persists on a collar by the same
compactness argument. g
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Lemma 10.5. Let X be path connected and locally path connected, and let S C X be nonempty, closed,
and path connected. Suppose that every point of S has a product neighborhood

(N.Nn$) = (Vx(=1,1), V x{0}),
where V is path connected. Then X \ S has at most two path components.

Proof. The factors V are locally path connected, since the projection V x (-1,1) — V is open.
Restricting the factors and the interval therefore gives a basis of product neighborhoods at S with
path-connected factors.

Fix sy € S and such a neighborhood N, with sides N; and N; . For x € X \ S, choose a path
y : [0,1] > X from x to sy, and put

to = min{t : y(t) € S}.

Since S is closed, t) > 0 and y([0, %)) C X \'S. For a product neighborhood N of y(t,), continuity
gives n > 0 with y([ty — 17, t]) € N. The normal coordinate has constant nonzero sign on [ty — 7, t).
Thus x lies in the path component containing one side of N.

Join y(ty) to sy by a path in S. A finite subdivision places its successive subpaths in product
neighborhoods. At each subdivision point take a smaller product neighborhood inside the overlap of
the two consecutive ones. Each of its connected sides lies in one side of either larger neighborhood.
They lie in different sides: the smaller neighborhood is open and meets both sides of either larger one.
These side correspondences propagate through the finite chain. Since every side is path connected, the
initial side and one of N, N lie in the same path component of X\ S. Every point of the complement
belongs to one of these at most two components. ]

11. INTEGER AND VANISHING INDEX DIFFERENCES

Let M" be a closed connected spin manifold, n > 3, with fixed spin structure and positive smooth
density p. The operators are untwisted. The fixed-domain comparisons and the spaces R (M) and
P, are those of Section 8, with their C* topologies. The potentials range over all smooth sections
of the compatible endomorphism bundle. By Proposition 8.2, with U = M, the inclusion g — (g, 0)
induces a bijection on invertible path components and preserves ordinary index difference.

11.1. The two self-adjoint cases. Suppose n = 3,7 (mod 8), and put

Fo H, n=3 (mod3),

IR, n=7 (mod 8).
In residue three the spinor bundle is a right quaternionic bundle; in residue seven we take the real
fixed bundle of charge conjugation. The Dirac operator is self-adjoint and F-linear. The compatible po-

tentials are the fibrewise self-adjoint F-linear endomorphisms. In particular, real scalar multiplication
is compatible.

Lemma 11.1. Let L = Dy + V, let A € R, and let E C ker(L — 1) have F-dimension two. If Pg is the
orthogonal projection onto E, then

dimg{PrQlg : Q is a smooth compatible potential} > 3.

Proof. Denote the displayed real vector space by W. It contains Ir. If dimg W < 2, it is spanned by Ig
and at most one self-adjoint matrix. The real or quaternionic spectral theorem gives an orthonormal
basis ¥/, ¢ of E in which every member of W is diagonal. Hence

/ (V,0P)ppu=0 for every smooth compatible Q. (11.1)
M

The square of L — A has the form V*V + A; + A, with smooth terms of orders at most one and zero.
Unique continuation [56, Theorem 6.2.8] implies that the nonzero sets of / and ¢ are open and dense.
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Choose a point where both spinors are nonzero. The union of their two proper orthogonal
subspaces is a proper subset of the fibre. There is therefore a vector v such that (i, v)F and (v, ¢)r are
nonzero. The self-adjoint rank-one map vv* satisfies

(Y, 0" P)r = (Y, v)p(v, P)F * 0.

Extend v smoothly to a ball. Substitution of Q = fvv” in (11.1), for every real test function f supported
in that ball, forces this continuous integrand to vanish there. In the quaternionic case apply the
argument to its four real components. This is a contradiction. g

Real analyticity of an operator family means analyticity with values in £(Z, 5¢), where the
common domain is 2 = H'.

Lemma 11.2. Let (g;, V), 0 < t < 1, be a real-analytic path in P, and suppose that Lj = Dg, + V{
and L} = Dg, + V{ are invertible. There is a smooth compatible potential Wy, arbitrarily small in
C'([0,1]; L*) and zero on endpoint collars, such that L; = Dg, + V + W, has the following properties.
The two consecutive ordered eigenvalue labels which bound zero on the initial collar remain in a fixed
bounded spectral interval. Every F-eigenvalue in this interval is simple on a compact middle interval; L;
is invertible on the remaining parameter intervals.

Proof. Choose invertible endpoint collars for L? and a compact interval J € (0, 1) whose complement
lies in those collars. Let y be smooth, zero on smaller endpoint collars and one near J, with transition
regions inside the invertible collars.

Consider first every smooth compatible perturbation satisfying

IWle o=y < 1, W = 0 on the smaller endpoint collars. (11.2)

The uniform elliptic estimate for L? gives, for an L?-unit eigenvector of L? + W, with eigenvalue A,

191 < Co(IL Y1z + [¥]2) < Ci(1 +1AD.

The derivatives L? : H' — L? are uniformly bounded. Reduction to a finite spectral subspace and the
perturbation formulas for Hermitian matrices [62, Chapter II, Theorem 6.8 and equation (6.11)] give
locally Lipschitz ordered eigenvalues. At almost every parameter their derivatives are eigenvalues
of the compression of L? + W, to the corresponding eigenspace. For a suitable unit eigenvector v,
therefore,

A < 1LYl + Wil < Co(1 + A(D)). (11.3)

The same formulas apply to real symmetric matrices and to the complex representation of quaternionic
self-adjoint matrices. The constants depend only on the reference path and the bound (11.2).

At t = 0, number the eigenvalues, with multiplicity over F, so that 1o(0) < 0 < A;(0) are
consecutive. Gronwall’s inequality gives

1+ 40l < A +14,(0De?,  jez.

Thus no label can escape to infinity at a finite parameter. The same estimate backwards in t excludes
entry from infinity; local ordered continuation gives a Z-labeling on [0, 1]. Choose A strictly larger
than the bounds for j = 0, 1. It is independent of the potential directions chosen below.

The set of tuples (t, A, ¥/, ¢) such that ¢ € J, |[A| < A+ 1, and (¢, ¢) is an orthonormal F-two-frame
in ker(L? — 1) is compact in J x [-A — 1, A + 1] x L? x L. Indeed, the elliptic estimate bounds the
spinors in H!. Rellich compactness gives strong L? and weak H! convergence along a subsequence.
Continuity of L? : H! — L? gives the limiting eigen-equation, and strong L? convergence preserves
orthonormality.

If this frame set is empty, take W = 0. Otherwise, at each frame Lemma 11.1 gives three compatible
potentials with linearly independent compressions. Independence is open because their matrix entries
are continuous in the L? topology. A finite subcover gives potentials Qy, ..., Oy whose compressions
span a space of real dimension at least three on every reference two-plane in this window. Let U; be
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the fixed positive comparison from the reference spinor bundle to X ¢, M, and represent each selected
direction by Q; on the reference bundle. Put Q;(t) = U;Q;U; . These fields are analytic in t and have
constant representatives in the common bundle.

For all sufficiently small p € RN, these directions still have compression rank at least three on
every two-plane in an eigenspace with |A| < A of

N
Lip =LY+ x() Y, piQi(),  te]. (11.4)
j=1
Otherwise a sequence p, — 0 and corresponding two-frames would have a subsequence converging
to a reference two-frame. Every three-by-three minor of the compressed directions would vanish at
the limit, contradicting their selection. The uniform H! bound needed here follows from (11.2).

Shrink the coefficient ball so that (11.2) holds, the perturbation is as small as prescribed, and the
endpoint collars remain invertible. Since y = 1 near J, L;, is real analytic in (¢, p) there.

On a compact box in (t, p, 1), finitely many analytic Fredholm reductions of L; , — A suffice. At each
base point split off its kernel; the complementary block is invertible nearby. Its Schur complement
is an analytic self-adjoint F-matrix with the same nullity as L; , — A. In the complex representation,
quaternionic nullity at least two is complex nullity at least four. Thus the repeated-eigenvalue locus
is a real-analytic determinantal set in each chart.

By semianalytic stratification [22, Proposition 2.10 and Corollary 2.11], the portions in finitely
many compact semianalytic boxes have finite stratifications by real-analytic submanifolds, compatible
with all kernel-rank loci. On a stratum S the reduced matrix has constant rank; its kernels and their
lifts to H' form smooth vector bundles. At a point of S, put F = ker(L;, — A). Differentiating the
kernel equation along S and projecting onto F gives

Prd(Lip — V]| =0, EeTS. (11.5)

The ambient real-linear map on the left has rank at least three, as follows by compressing its potential
directions to any two-plane in F. Hence

dimg S<(N+2)-3=N-—-1.

Sard’s theorem [77, Theorem 1.2] implies that the projection of each stratum to RN has measure zero.
There are finitely many such strata. Choose p, arbitrarily close to zero, outside their projected union
and put W; = y(t) 3; p;Q;(t). All eigenvalues in the chosen window are simple for ¢ € J, and the
two distinguished labels remain there by (11.3). O

Remark 11.3. For a fixed metric and any bounded spectral window, an arbitrarily small compatible
potential makes every eigenvalue in that window simple over F. In the preceding argument omit ¢;
then (11.5) gives dimg S < (N + 1) —3 = N — 2, so the projected exceptional set again has measure
zero.

Count spectral flow positively at a passage from negative to positive, with multiplicity over F.
For invertible pairs g, q;, denote it by sfr(qo, q1); for pure metric endpoints write sfg(gp, g1). It is
independent of the pair path, by contractibility of 7, and homotopy invariance of spectral flow [26,
Remark 5.2 and Section 6.2].

Lemma 11.4. If gy, q1 € PL“V and sfr(qo, q1) = 0, there is a smooth invertible pair path from qq to q;.
For pure metric endpoints its potential may vanish on endpoint collars.

Proof. Write q; = (gj, V;) and g1 = g(S-, ), with S positive and self-adjoint. Equality of the densities
gives det S = 1. Put

H =logs$, &= go(etH‘, ) Vto =1-)Vy+tW;

in the common spinor bundle. Since tr H = 0, this is an analytic path in 7,. Apply Lemma 11.2 and
write Ly = Dy, + V + W;. Let Ag, A1 be its consecutive ordered labels which initially bound zero. They
are strictly separated on the middle interval.
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Let v(t) be the greatest ordered label with eigenvalue below zero. On an interval [#;_1, ;] of a
spectral-flow partition, choose a; > 0 outside the spectrum throughout that interval. The greatest
label k; below a; is constant there, and

dimp ran 1jg 4, (Ls) = ki — v(1).

The spectral-projection formula [80, Section 3, equation (1)], with multiplicities over I as in Section 8.1,
gives
ste(Le) = Y (v(ti) = v(#)) = v(0) — v(1).
1
The homotopy LY + s W, fixes both endpoints, so this integer is zero. Therefore v(1) = v(0) = 0. Zero
lies in the same numbered gap on the final collar, and the two labels are strictly separated throughout
[0, 1].

The intervals (4o(t), A1(t)) admit a continuous selection equal to zero on smaller endpoint collars:
combine zero on the collars with the midpoint in the interior by a partition of unity. Compactness
gives a positive uniform distance from the endpoints of these intervals. Smooth approximation
relative to the smaller collars gives a smooth real function ¢ such that

Ao(2) < (1) < A1(2), ¢(t) = 0 on the smaller endpoint collars.

Then L, —c(t)I is invertible. Its potential is V) + W, — ¢(¢)I, which is compatible and has the prescribed
endpoint values. If V; = V; = 0, this potential vanishes on the smaller collars. g

Lemma 11.5. Fix g, € RL“V(M). For every m € Z there is g, € RL“V(M) such that sfp(g., gn) = m.

Proof. Take gy = g.. For m # 0, choose a bounded spectral interval I whose boundary is disjoint
from Spec Dg, and which contains at least [m| + 1 eigenvalues of each sign, counted over F. Such a
window exists by the two-sided unboundedness proved in Section 8.1. Remark 11.3 gives a compatible
potential Q for which these eigenvalues of Dg, + Q are simple. Choose Q so that

10l < % min{ dist(0, Spec Dy, ), dist(dZ, Spec Dg, ) }

Along Dg, + 50, 0 < s < 1, no eigenvalue crosses zero or d1. Hence this path is invertible and the
numbers of eigenvalues of each sign in 7 are unchanged.

If m > 0, choose ¢ > 0 strictly between the mth and (m + 1)st positive numbers —A, where A
ranges over the negative eigenvalues of Dy, + Q, in increasing order of —A. The path D, + Q + scl
has exactly m positive crossings. If m < 0, choose ¢ < 0 so that —c lies strictly between the |m|th and
(Im|+1)st positive eigenvalues; it has exactly |m| negative crossings. After stationary reparametrization,
concatenate the two paths. In both cases the endpoint g,, = (g, Q + cI) is invertible and

str((gx,0), gn) = m.

By Proposition 8.2, with U = M, a one-point parameter space and empty relative subset, g, is joined
through invertible pairs to (g, 0) for some g, € RL“V(M). Additivity and path independence of
spectral flow give sfp(g., gn) = m. O

Theorem 11.6. Ifn = 3,7 (mod 8) and g € RL“"(M), then
Py — Z, [q] — sfr((g« 0), @),

and
ﬂoRan(M) — Z, [g] — sfr(g &),

are bijections of pointed sets. With the ordinary real index normalization, both maps are &g, .
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Proof. Spectral flow vanishes on an invertible path. By additivity, two pairs have equal invariants
precisely when their relative spectral flow is zero. Lemma 11.4 then gives an invertible path between
them. The pair map is injective. The pair construction in the proof of Lemma 11.5 gives its surjectivity.
Proposition 8.2 gives the metric bijection. The normalization in Section 8.1, (8.1) and (8.3), gives

2sfy, n=3 (mod 8),

Oy, = sff, fc =
g = 5F se {sz, n=7 (mod 8).

O

Remark 11.7. The scalar correction in Lemma 11.4 is spatially constant. Theorem 11.6 concerns the
full density slice R ,(M).

11.2. The two complex chiral cases. Suppose n = 2,6 (mod 8). Charge conjugation exchanges the
chiral bundles. In charge coordinates,

* —1, = d )
fon = vw=(3 7). efnTE o

Compatibility is equivalent to ZT = £Z. These independent chiral blocks form a complex vector
bundle: they are alternating in residue two and symmetric in residue six. The opposite block is always
the adjoint.

Lemma 11.8. In residues two and six, every nonempty fibre ofPIij“’ — R, (M) is smoothly path connected.
The paths may be stationary near their endpoints. If both endpoint potentials are supported in a compact
set K, the connecting path may be supported in K.

Proof. Fix g and invertible endpoint potentials with independent blocks Zy, Z;. Put
A(2) = D + Zy + 2(Zy - Z,) + H'(EY) — L*(30).
The inverse A(0)™! : L?2(27) - H'(Z") is bounded. Therefore
A()AW0) ' =1+ 2T, T = (Zy — Zy)A(0) ™,

is an entire Fredholm family on L%(3"), with T compact by the embedding H' < L2, It is invertible
at z = 0. The analytic Fredholm theorem [79, Theorem 1.1, p. 2], in one complex variable, implies
that its noninvertibility set is discrete. It contains neither zero nor one. Choose a smooth curve from
zero to one in its complement, stationary near its endpoints.

Along this curve the operator
0 Az
A(z) 0

is self-adjoint and invertible. It is compatible because the transpose condition on the independent
potential block is complex linear. The potential blocks are linear combinations of Z;, Z; and their
adjoints, so they remain supported in K. (]

Proposition 11.9. Suppose n = 2,6 (mod 8) and a(M) = 0. Then P‘if“’ and RL“V(M) are nonempty and
smoothly path connected.

Proof. By Proposition 9.1, the invertible potential fibre over every metric is nonempty. Let
(20> Vo), (g1, V1) be invertible pairs. Join their metrics by a smooth path g, in the density slice,
stationary on endpoint collars, and identify the potential bundles by positive spinor comparison.
For each s, choose V() such that Dy, + V() is invertible. Openness of invertibility in £L(H 112) [62,
Chapter IV, Section 1.4, Theorem 1.16] implies that the corresponding operator remains invertible on
an interval about s. Near the endpoints take the prescribed Vj, V;. A finite subcover and a Lebesgue
subdivision 0 = sy < -+ < s; = 1 give one such potential on each closed interval [s;_1, s;], with V; and
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V1 on the first and last intervals. At each subdivision point, connect the two adjacent potentials in
the same invertible fibre by Lemma 11.8.

Concatenate these fibre paths with the metric segments. Reparametrize each of the finitely many
pieces to be constant on endpoint collars; the resulting pair path is smooth and has the prescribed
endpoints. For pure metric endpoints its potential vanishes on these collars. Apply Proposition 8.2
with U = M: first to a point, then to this interval with B = [0, 1] and B, = {0, 1}. It gives nonemptiness
and smooth path connectedness of the metric space. |

11.3. The two quaternionic incidence cases. In residue four, charge conjugation preserves chirality,
and the independent chiral operator is quaternionic linear. Its potential block is an arbitrary quater-
nionic homomorphism between the chiral bundles. In residue five, charge conjugation anticommutes
with Dg, and

K =iD,

is quaternionic linear and skew-adjoint. The correspondence V + iV identifies compatible potentials
with quaternionic skew-adjoint multiplication endomorphisms. Here i is the complex scalar on the
spin representation.

If n = 4 and a(M) = 0, the space RL“V(M) is connected by [2, Theorem 1.1] and Lemma 8.1.

Proposition 11.10. Suppose n = 4,5 (mod 8) and a(M) = 0. Then PL‘“’ and RL“V(M) are nonempty
and smoothly path connected.

Proof. Apply Lemma 10.4 to a one-point parameter space. The incidence dimension is —4 in residue
four, where the quaternionic chiral index is zero, and —3 in residue five. Thus the incidence is empty.
In residue four the chiral block is injective of index zero and hence bijective; in residue five the full
kernel is zero. This gives an invertible compatible potential over every metric.

Join two invertible pairs by a smooth path in the contractible space P, stationary on endpoint
collars. Apply Lemma 10.4 with d = 1, relative to those collars. The incidence dimension is —3
in residue four and —2 in residue five, so it is empty. The resulting path is invertible and has the
prescribed endpoints. For pure metric endpoints its potential vanishes on the collars. Proposition 8.2,
with U = M, applied first to a point and then to this interval with B = [0, 1] and By = {0, 1}, gives the
metric conclusions. O

Theorem 11.11. Suppose n = 2,4,5,6 (mod 8) and a(M) = 0. Then 73;}“’ and RL‘“’(M) each have one
path component. Their pointed component sets are classified by ordinary index difference, with values in
KOrH.l =0.

Proof. Apply Propositions 11.9 and 11.10 and the coefficient table (8.3). g
12. REAL CHIRAL OPERATORS

Let M be a closed connected spin manifold of dimension n = 0 (mod 8), with n > 8 and a(M) = 0,
and fix a smooth positive density p on M. In this section all spinors, bundles, homomorphisms, and
dimensions are real. The real half-spin bundles X5 have rank

r= 2n/2—1

A compatible potential has, in the chiral decomposition, the form

0 B* o (r. + oy
VB=<B O)’ BeC (M,HomJR(zg’zg))‘

Put Agp = D; + B. Multiplication by B is compact from H® to H*"!. Hence the real Fredholm index
of Ag p is the real chiral spin index a(M) = 0. The full operator Dy + Vj is invertible if and only if
Ag p is an isomorphism. For a fixed metric g write

Py = C*(M;Homg(3},3;)),  Pp¥ ={B€ Py : Agpis invertible}.
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We identify the total space of these chiral potentials, over metrics with density y, with the compatible
pair space P,. Positive spin comparison from Section 2 preserves the real structures, the grading, and
the L? inner products defined by p.

All coefficient spaces have the C™ topology. Potentials may vary globally on M; relative conditions
below refer to parameter collars.

Theorem 12.1. For every metric g with density yu, the space Pé“" has exactly two path components.

The space P/if“’ also has exactly two path components. After the choice of an invertible basepoint, the
component invariant is determinant parity. It agrees with the ordinary real index difference in

KOn+1 = KO, = Z/Z
Thus the index difference induces a bijection of pointed sets from either component set to Z./2.

12.1. Incidence and smooth Banach parameters. Fix an integer s > n/2 + 1. After spin comparison,
a smooth compact family of metrics and potentials gives a smooth family of real Fredholm operators

A, s HEY — HI(®) (12.1)

of index zero between fixed Sobolev spaces. Kernels and adjoint kernels consist of smooth sections.
We identify the cokernel with the L? adjoint kernel; this identification also represents every linear
functional on the finite-dimensional cokernel.

The weak unique continuation statement in Section 9, applied to the full spinors (i, 0) and (0, 1)
for Dy + VB, gives weak unique continuation for A = Dg + B and A*, respectively. Thus the nonzero
locus of every nonzero solution is open and dense. For every integer j > 0, the elliptic estimate is

lulgsr < Cj(IAruly + lulp2), (12.2)

with constants uniform over a fixed smooth compact family; see [40, Theorem 15.7 and Remark 15.2]
and the compact-family argument following (10.7).

Lemma 12.2. Suppose Ay = 0 and |{/|;. = 1. The differential of the equation (Dy + B)Y = 0, with the
metric fixed and the spinor constrained to the L? unit sphere in H®, is surjective when arbitrary smooth
potential variations are allowed. Its restriction to the spinor variable is Fredholm of index —1.

Proof. The differential is
(Q,u) — Au+ Qv (u, )12 = 0. (12.3)

Removing the kernel vector i from the domain reduces the index by one and leaves the range
unchanged. Suppose that n € ker A* annihilates every Q. If n # 0, unique continuation gives a ball
U on which both i and 7 are nonzero. For a nonnegative nonzero smooth function y compactly
supported in U, set
¢7\‘
Q=xn® B

on U and extend it by zero. Then

(0, QY2 = /M)(Inl2 >0,

a contradiction. Thus the potential directions map onto the finite-dimensional cokernel, and finitely
many such directions already suffice. The derivative has a bounded right inverse, obtained from these
finite-dimensional directions on the cokernel and the inverse of A from a complement of its kernel
onto its range. ]

For parameter intervals, Lemma 10.1 gives smooth potential directions in a separable Banach
parameter space.
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12.2. Evaluation at a spinor zero.

Lemma 12.3. Let Ay =0, |¢/];. = 1, and Y (x) = 0. The map
(Q.u) — u(x)

from the smooth solutions of

Au+Qy =0, (u, ¥)2 =0

onto XY is surjective.
Proof. Let K = ker A and C = ker A”, and let G be the generalized inverse with
AG=1-Pg, GA=1-PFg.

Elliptic regularity makes G and G* continuous on smooth sections [40, Theorems 15.1, 15.7, and 15.13;
Remark 15.2]; by duality they extend to distributions. Choose an open ball U with closure disjoint
from x on which ¢ is nonzero. For any q € CZ°(U; 27) orthogonal to C, the choices

¢*

u = Ggq, Q=—q®

Y[
on the support of ¢, extended smoothly by zero, are incidence tangent directions. Indeed, Au = g,
Qv = —q, and u is orthogonal to K. Every u € K n ¢+ is another incidence tangent direction, with

Q=0.
Suppose a covector ¢ € (27)* annihilates all these evaluation directions. The kernel variations,
together with /(x) = 0, imply

PK(éxéV) =0.

Here 5, ( is the point distribution acting on a spinor u by {(u(x)); the fibre metric identifies dual
bundles when needed. Define the distribution n = G*(8x{). Then

A = 8L (12.4)

For every test section q supported in U and orthogonal to C, we have (7, g) = {((Gg)(x)) = 0. The
annihilator of this test-section subspace is the span of the restrictions to U of the finitely many
elements of C. Explicitly, choose a basis ¢, ..., ¢, of C and factor the functional g — (7, q) through
g~ (¢, @)1, It follows that |y = ¢|y for some ¢ € C.

Elliptic regularity makes 7 smooth on M \ {x}. This punctured manifold is connected because
n > 2. The section 5 — ¢ satisfies the homogeneous adjoint equation there and vanishes on U. Unique
continuation gives n = ¢ on M \ {x}. Thus T = n — ¢ is supported at x and

AT = 5,0

The principal symbol of A is invertible at nonzero real covectors. Lemma 2.3 gives T = 0 and { = 0.
The annihilator of the evaluation image is therefore zero, and evaluation is surjective. g

Lemma 12.4. A normalized harmonic spinor with a one-dimensional chiral kernel can be joined, by an
arbitrarily short smooth path in the one-dimensional-kernel locus with the metric fixed, to a normalized
harmonic spinor transverse to zero. The path can be stationary on its parameter collars. For n > 16 the
final spinor is nowhere zero; for n = 8 its zeros are finite.

Proof. At each zero of the original spinor choose finitely many smooth incidence tangent directions
giving the surjectivity of Lemma 12.3. Their surjectivity persists for nearby evaluation points.
Compactness of the zero set reduces this to finitely many choices. Add finitely many potential
directions which fill the incidence cokernel in Lemma 12.2. In this finite-dimensional potential family,
the normalized incidence is, near the original datum, a finite-dimensional smooth manifold: the
spinor derivative is Fredholm of index —1, and the full derivative is split surjective. Its evaluation
map, crossed with M, is transverse to zero near the original zero set. After shrinking the incidence
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chart, all zeros remain in this neighborhood, because evaluation is continuous in H® and the original
spinor is bounded away from zero on the complementary compact set.

Write a for the coordinates in this incidence chart. For every nonzero multi-index f, differentiation
of Ay, = 0 gives

A== ) (ﬁ ) (5 AT .
0<y<p Y

The coefficients and all their parameter derivatives are smooth. Applying the uniform elliptic estimates
to these equations and their difference quotients gives, by induction, smooth dependence on a with
values in every Sobolev space. Sobolev embedding then gives joint smoothness in parameters and
space. Parametric transversality [59, Chapter 3, §2, Theorem 2.7], applied to this evaluation map on
the incidence chart crossed with the closed manifold M, gives arbitrarily near incidence points whose
spinors are transverse to zero. A small connected coordinate chart gives a smooth incidence path to
one of them.

The kernel dimension is at most one in a sufficiently small coefficient neighborhood. For example,
restrict the original operator to the complement of its kernel and cokernel and retain the resulting
invertible block under perturbation; the remaining block has a one-dimensional domain. The selected
normalized spinor keeps the kernel dimension at least one. The whole small path therefore has kernel
dimension exactly one. Reparametrization makes it stationary near its ends. Finally, r > n for n > 16,
whereas r = n = 8 in dimension eight. Transversality gives the asserted zero sets. O

12.3. Compatible first derivatives in dimension eight. Let V be an oriented Euclidean space of
dimension eight, and let E* be its real half-spin modules. Put

c()c(w) + c(w)c(v) = —2(v, w), c(v)” = —c(v).
For T € Homg(V, E") define Clifford contraction by

8

C(T) =) c(e)T(er), (12.5)

i=1
where (¢;) is an orthonormal basis. At a zero of a spinor, the connection term and every multiplication

potential vanish. Consequently D¢ = 0 at that point is precisely C(dy) = 0.
Choose a unit ¢ € E”. The map

f:V—E,  f)=c)¢

is an isometry. Indeed, the symmetric part of the Clifford relation gives (f(v), f(w)) = (v, w); the
remaining bivector is skew-adjoint on a real inner product space. Since the ranks agree, f is onto.
Write T = fB, with B = S + K its symmetric and skew decomposition. A direct computation gives

C(fB) = ~(tr B)p + 3 (Bji = Byy)e(e)c(e))d (12.6)
i<j
— —(tr B)p + 4p(K)§,
where
1
pK) =2 3 Kiic(er)e(e).
i<j

The last two terms in (12.6) are orthogonal. Thus the compatible matrix space is

L = f'(ker C) = Symy(V) & sy, s, ={K € 50(V) : p(K)¢ = 0}. (12.7)
Here 54 is the infinitesimal stabilizer of ¢.

Lemma 12.5. Let m > 3, and let E C sl,,(R) be a real linear subspace containing Symy(R™). Every
invertible A € E can be joined by a straight segment in E N GL,,(R) to an invertible symmetric trace-free
matrix.
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Proof. By the real Schur theorem [50, Theorem 7.4.1], choose orthogonal coordinates putting A in
real Schur form. Its diagonal blocks consist of nonzero real eigenvalues A; and two-by-two real blocks
with nonreal eigenvalues a; + if;, where ff; # 0. In these coordinates choose a symmetric block
diagonal matrix B which is b; on each real block and r,I, on each nonreal block, subject to

signb; =signd;,  r#0, . bj+2) r=0. (12.8)
j ¢

If there are no nonreal blocks, take b; = A;; tracelessness forces both signs. If there is exactly one
nonreal block, m > 3 ensures a real block is present. Choose the b; with the indicated signs and with
nonzero sum, and set r; = —% >, j b;. If there are at least two nonreal blocks, fix all but two of the r,,
and choose the remaining two to satisfy the trace equation, avoiding their finitely many forbidden
zero values. This proves (12.8).

For 0 < t < 1, the matrix (1 — t)A + ¢B is still block upper triangular. Its real diagonal blocks
cannot vanish, since their endpoint signs agree. The eigenvalues on a nonreal diagonal block are

(1 - t)(a[ + lﬂ[) + try.

They are nonreal for t < 1 and nonzero at t = 1. The segment is therefore invertible throughout. In
the original coordinates B is symmetric and trace-free, hence belongs to E; linearity puts the segment
in E. U

Proposition 12.6. Both sets
L"={Be€L:detB>0}, L ={BeL :detB<0}

are nonempty and path connected. For either sign and every basepoint in that set, inclusion induces a
surjection

m(L*) — 1 (GLE(R)) = Z /2.
The paths and loops can be chosen smooth and stationary at any prescribed concatenation points.

Proof. Choose orthonormal e, e;, e3, and define e4 by

C(€4)¢ = 0(63)0(6’1)0(62)915-

The isometry f gives |es] = 1. Its pairing with each of c(e;)¢, j = 1,2,3, reduces, by the Clifford
relation, to the expectation of a skew bivector against ¢ and is zero. Thus ey, ey, €3, e4 are orthonormal,
and

c(es)c(es) = —cler)c(ex).
Define K by

Kel = eZa Kez = _ela Ke3 = e49 K€4 = _63, 1(|<81,€2,€3,(,’4>L = O

Then p(K)¢ = %(c(el)c(ez)+c(e3)c(e4))¢ = 0. In an orthonormal extension of this basis, K = J@&J®0,,

where
0 -1
For each 1 < k < 7, the invertible symmetric trace-free matrices with k positive eigenvalues
are path connected. Diagonalize by an element of SO(8), changing the sign of one eigenvector if
necessary to obtain determinant one, and join this diagonalizing matrix to the identity. The diagonal
eigenvalues with prescribed strict signs and sum zero form a convex set. Conjugation followed by
interpolation of these eigenvalues gives the asserted paths.

For 1 < k <5, choose ds, ..., dg € {1, —1} with k — 1 positive entries and 5 — k negative entries, and
set

8
co = Z dj =2k—6, a(t)=—cos(rt), b(t)=sin(xt), h(t)=—a(t)—co/2.

J=5
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Define
B(t) = diag(a(t), a(t), 5 + h(t), =5 + h(t), ds, ds, d7, ds ) + b(D)K. (12.9)
Its trace is zero, so B(t) € L. The determinants of the two nontrivial two-by-two blocks are respectively
a(t)®> + b(t)* =1, h(t)? — 25 + b(t)* <0,

since |h(t)| < 3 and |b(t)| < 1. The four other diagonal entries never vanish. Thus (12.9) is invertible.
At both endpoints it is symmetric. At t = 0 its first pair is negative and its second pair has one sign of
each kind, giving k positive eigenvalues; at ¢ = 1 the first pair is positive, giving k + 2.

These paths join the signatures in the chains

l1«—> 3«57, 2« 4 «— 6.

The determinant sign of an eight-dimensional symmetric matrix with k positive eigenvalues is (—1).
Lemma 12.5, applied to L, joins every invertible element of L to the symmetric locus. Hence L* and
L™ are path connected. The diagonal matrices

S, = diag(1,1,1,1,-1,-1,-1,-1), S_ = diag(7,-1,-1,-1,-1,-1,-1,-1)

show that both sets are nonempty.
For the fundamental group, choose one positive and one negative coordinate of S, and let R(¢)
rotate their plane through angle xt. The path

S(t) = R(t)S.R(t)™*

is a loop in L* because R(1) commutes with S;. It consists of symmetric trace-free orthogonal
matrices. Right multiplication by S, identifies its target component with GL{ (R) and takes it to a full
plane rotation through 2xt. This rotation generates 71 SO(8) = Z /2 [54, Proposition 13.10 and the
following paragraph]. Polar deformation gives the same generator in 7; GL{ (R) [54, Theorem 2.17
and Proposition 2.19(1)].

Apply the same conjugation construction to S_, rotating its positive coordinate and one negative
coordinate. Polar retraction takes the resulting loop to R(t)P_R(t)"!, where P_ = diag(1,—1,..., —1).
Right multiplication by P_ again gives a full plane rotation. Thus the loop generates the fundamental
group of the negative component as well. Paths in L* transport these loops to any chosen basepoint.
Reparametrizing finitely many path pieces with constant collars makes all concatenations smooth. [J

12.4. Paths with a selected harmonic spinor.

Proposition 12.7. Suppose (go, By) and (g1, B1) have one-dimensional chiral kernels, and choose normal-
ized real spinors /; spanning those kernels. There is a smooth path (g, B, ), stationary on endpoint
collars, with the prescribed endpoints, such that

(Dg, + By = 0, el =1

for every t. The density is u throughout. If the two metrics coincide, the metric may be held fixed along
the path.

Proof. By Lemma 12.4, join the endpoint pairs by short paths in normalized incidence to pairs whose
spinors are transverse to zero. These short paths have one-dimensional kernels and fix their metrics.
We construct a path between the perturbed endpoints and then concatenate with these short paths
and their reversals. In what follows the endpoints already have transverse zeros. Choose a smooth
metric path with density y, stationary on endpoint collars, and identify its spinor bundles by positive
spin comparison. A path of metrics with this density exists in the coordinates of Section 8; take the
constant path in the fixed-metric case.

A smooth section homotopy fixed on the endpoint collars is transverse there. Choose finitely
many smooth sections supported off smaller collars which span the fibres over the complement of
the original collars. The evaluation map of the resulting finite-dimensional family is transverse to
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zero for small parameters. Applying [59, Chapter 3, §2, Theorem 2.7] on M x (0, 1) gives a transverse
section homotopy relative to the smaller collars.

The case n > 16. Here r > n+ 1. The endpoint spinors are nowhere zero. Choose such a transverse
section homotopy on M x I. Since its rank exceeds dim(M x I) = n + 1, it has no zeros. Denote this
family by ¢,. Define

B =D, ® |j:|z (12.10)
Then (Dy, + Bf*")/; = 0. On an endpoint collar, the difference B; — B{*" annihilates the fixed spinor
V. Add these differences with smooth cutoffs supported in the respective collars and equal to one on
smaller collars. The equation is preserved and the endpoint potentials become exactly B;. Division by
the smooth positive function |/,[;. normalizes the spinors and leaves the equation unchanged.

The case n = 8: the zero curve. The real bundle has rank eight. Choose a transverse section ¥ of
the half-spin bundle over W = M x I, agreeing with the endpoint spinors on stationary collars. Then

Z=v7Y0)

is a compact one-dimensional submanifold, with boundary on M x dI. On the endpoint collars it is
the product of the finite endpoint zero set with the collar. By the density of Morse functions [59,
Chapter 6, §1, Theorem 1.2], choose a small smooth function h on Z, zero on the collars, for which
t|z + h is Morse. The relative condition follows by cutting off a sufficiently small perturbation in
collars where dt|z # 0. For sufficiently small C! norm, the maps

(x(s5), 1(s)) — (x(s), 1(s) + uh(s)),  0<u<l,

are embeddings and form an isotopy, fixed on the collars. Double W and Z across their product
collars, extending this isotopy by the identity on the second copy. The isotopy extension theorem
[59, Chapter 8, §1, Theorem 1.3] applies to the doubled closed submanifold. Its vector field can be
multiplied by a cutoff equal to one on the support of the prescribed velocity and supported in the
interior of the first copy. The resulting extension restricts to an isotopy of W fixed near 9 W. Lift it to
the vector bundle by parallel transport. Transporting ¥ preserves transversality and produces the
stated zero curve. We retain the notation ¥, Z for the result.

The total derivative of ¥ induces a normal isomorphism

Fy : NZ — 37,. (12.11)

At a point z(s) = (x(s), t(s)) of Z, write

A(s) = dy ¥ @ Ty yM — EZ(S), b(s)=0;¥ € Z;r(s).
Derivatives of a section at its zeros are independent of the chosen connection. Since ¥ vanishes along
Z,

A(s)x’(s) + b(s)t'(s) = 0. (12.12)
The required normal isomorphism F; must be homotopic to F relative to the collars and must satisfy
C(A(s)) =0 (12.13)

along Z. Here Clifford contraction is defined by the actual metric g5 at x(s).

Orient NZ by F, and the orientation of the real half-spin bundle. The induced orientation on Z
is consistent with the orientation of W. All oriented bundles under consideration are trivial along
each interval or circle component of Z. Moreover, a spin frame along such a component exists: a
principal Spin(8) bundle over a one-manifold is trivial because the structure group is connected. On
intervals the frame can agree with prescribed frames on the endpoint collars. Consequently, along an
arc, smooth spin frames identify the compatible vertical jet spaces with the single matrix space L of
(12.7).
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Regular arcs and folds. Where t'(s) # 0, the map T,(yM — Ny, Z induced by inclusion in T,;) W
is an isomorphism. A normal frame is then specified by an invertible vertical derivative A(s), with

b(s) = —A(s)x"(s)/t'(s).

The compatible choices are exactly L N GLg(R) in the chosen spin frames. Up to a fixed orientation
convention, the vertical determinant sign is the normal orientation sign times sign t’(s).

At a critical point of t|z, the Morse lemma [59, Chapter 6, §1, Theorem 1.1] gives a local parameter
with t(s) = ty + s% or t(s) = ty — s%. The vector x’(s) is nonzero on a small interval. Set

x'(s)

|x/(3)|g,(s)

ei(s) =

and extend to a smooth orthonormal vertical frame. Choose a smooth unit spinor ¢ (s) and set
fs(v) = cg,, ()¢~ (s). Take seven nonzero real constants A, ..., g whose sum is zero, and put
t'(s)
a(s) = ——~—> b(s) = —fs(e:(s)),
%" ()l gy
A(s)e(s) = a(s)fs(ei(s)), A(s)ex(s) = (A2 — als)) fs(e2(s)).
A(s)ej(s) = A fs(ej(s)) (3<j<L9).

The matrix f; ' A(s) is symmetric and trace-free, so (12.13) holds. Formula (12.12) holds as well. After
shrinking the interval, the last seven coefficients of A(s) are nonzero. At the critical point A(s) has
rank seven, and b(s) spans the missing image direction. At a regular point A(s) is invertible. Thus
(A(s), b(s)) is surjective throughout the interval and its kernel is exactly T, Z. It therefore defines a
normal isomorphism across the fold.

This isomorphism can have either normal orientation. At the critical point its orientation sign is a
fixed sign times H?:z A;. The choices

(12.14)

(6,-1,-1,-1,-1,-1,-1), (5/2,5/2,-1,-1,-1,-1,-1)

have zero sum and opposite product signs. Choose the orientation which agrees with Fy. The vertical
determinant then has the required opposite signs on the two regular branches, because a(s) changes
sign. The formula contains the actual #'(s) and therefore applies to both maxima and minima. It
prescribes the jets along the curved zero set in orthonormal metric frames.

The relative framing class. Keep Fy on the endpoint collars; it is already compatible there because
the endpoint spinors are harmonic. Choose the fold frames above with its orientation on disjoint small
neighborhoods of the finitely many critical points. The remaining pieces of Z are regular arcs. On each,
the two prescribed endpoint jets have the same vertical determinant sign: their normal orientation
agrees, and ¢’ has constant sign on that arc. Proposition 12.6 joins them through compatible invertible
jets. Smooth reparametrizations preserve the prescribed jets on smaller endpoint neighborhoods.
This yields a compatible normal isomorphism F; of the same orientation as Fy everywhere.

In trivializations, F, ' F; takes values in GL (R) and equals the identity on the endpoint collars.
On an interval, its relative homotopy class is an element of 7;GL{(R) = Z/2. On a circle, its free
homotopy class is determined by the same group, since this fundamental group is abelian and GL{ (R)
is connected. Every component of Z contains a regular arc, since ¢ is Morse and is a submersion on
the boundary collars. On one such arc insert a based loop of compatible invertible vertical jets. The
surjectivity assertion in Proposition 12.6, for the determinant sign on that arc, allows this loop to
change the relative normal-frame class by either element of Z /2. The common changes of frame on
the arc induce translations and conjugation on the resulting loop in GLg(R); these induce the identity
on its fundamental group Z /2. Choose the loop which cancels the class of F; ! F;. Do this separately
on each component of Z.

It follows that Fy and the resulting F; are homotopic through normal isomorphisms relative to the
collars. There are no higher obstructions because Z is one-dimensional. By smoothing in the open
bundle of isomorphisms, choose a smooth homotopy F,, 0 < u < 1, fixed on those collars.
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Replacement without additional zeros. Take a tubular neighborhood of Z that is a product tube on
the endpoint collars, and identify the target bundle with its pullback from Z. In normal coordinates
write

¥(z,y) = Fo(2)y +R(z,y),  |R(z,y)I < Clyl,

with C uniform along the compact curve. The family F,(z) has a positive minimum singular value §
on the compact set Z x [0, 1]. Shrink the tube so that |R(z, y)| < §]y|/2. Choose a smooth function
x : [0,00) — [0, 1] such that y(|y|?) is one near the zero section and zero near the tube boundary.
Replace V¥ in this tube by

¥(z,y) = Fy»(2)y + R(z, ¥). (12.15)

This is the original section near the tube boundary and on the endpoint collars. For y # 0 it satisfies
[¥'(z, )| 2 8lyl - [R(z, )| = 36yl > 0. (12.16)

Consequently its zero set is exactly Z, its normal derivative is Fy, and it is transverse to zero. Compat-
ibility gives
Dg¥;=0 onZ. (12.17)

Joint division and endpoint values. Put G = —Dgt‘I/;, a smooth section of X~ over W. It vanishes
on Z by (12.17). In bundle trivializations near a point of Z, total transversality makes the eight
components zy, ..., zg of ¥/, together with one coordinate o, a coordinate system on W. On a smaller
coordinate neighborhood, Hadamard’s formula reads

8 1
2G;
Gi(o,2) = Z zj/ a—(a, rz)dr. (12.18)
j=1 0 zj

The smooth coefficients in this formula define a homomorphism B with B¥’ = G. Away from Z, take
G ® ¥'*/|¥’[2. On the endpoint collars retain the prescribed By, By, which solve the same equation
there. A smooth partition of unity patches these local solutions, since the equation is linear in B.
Choose the partition so that only the prescribed endpoint solution occurs on each smaller endpoint
collar. We obtain a jointly smooth potential B; with the exact endpoint values and

(D}, + B)Y; = 0.

The division in (12.18) is on M x I. It remains valid at the folds, where the spatial derivative alone has
rank seven.

No slice ¥} is the zero section. If a slice were identically zero, its spatial derivative would van-
ish everywhere, so its total derivative would have rank at most one along that slice, contrary to
transversality to a bundle of rank eight. Thus N(¢) = |[¥}|,. is a smooth positive function. Replacing
¥/ by N(t)"'¥/ preserves the equation, because N depends only on ¢, and preserves the normalized
endpoint spinors. The short initial and final incidence paths now restore the original endpoints. All
concatenations can be made smooth and stationary on their collars. g

12.5. Removing the additional kernel.

Lemma 12.8. Let ¢ and & be real-linearly independent solutions of Al = 0 on M. Their values are
linearly independent on an open dense subset of M.

Proof. Pointwise independence is open. Suppose its complement contains a nonempty open set.
Unique continuation for i gives a ball U in that set on which ¢y # 0. There is a smooth real function

(& ¥

F="p

on U with & = fi/. The Leibniz rule gives
0=A(fy) - fAY = c(df)y.
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Clifford multiplication by a nonzero real covector is invertible, so d f = 0 on U. On a smaller connected
ball f is constant. Unique continuation for £ — f1/ then makes the two solutions globally dependent,
a contradiction. O

Proposition 12.9. Let (g;, B;, /1) be a smooth family, stationary on endpoint collars, with
Ay =0, el = 1, Ay = D, + By,

and with one-dimensional kernels on those collars. There are arbitrarily small jointly smooth potential
perturbations Q;, zero on the collars and satisfying Q;; = 0 pointwise, for which

ker(At + Qt) = lRlpt (0 <t<L 1)

For one fixed operator with a selected nonzero harmonic spinor, the same conclusion holds without a time
variable or endpoint conditions.

Proof. Apply Lemma 10.1 to the closed space of smooth potential directions with Q;¢; = 0 and the
prescribed vanishing on collars. Write Q(p) = q(p) for its £ parameterization. The hyperplanes
i+ C H5(Z") form a smooth Hilbert bundle over I: their defining L* functionals depend smoothly on
t and have smooth normalized representatives. The bundle can be trivialized over the interval. On its
sphere bundle

S = {(t, &) (&Y =0, €l = 1}

consider
F(p. t,8) = (A + Qu(p))§. (12.19)

Atazero, {; and & are two independent kernel vectors. The derivative in the fibre variable is A;+Q;(p)
on the codimension-two subspace

{ueH : (u, ¥i)r2 = (u, £)r2 = 0}

Both removed directions lie in its kernel. The restricted operator therefore has the same range and
has Fredholm index —2.

The derivative in the potential parameters maps onto its cokernel at every zero. Let  # 0 be a
smooth adjoint-kernel spinor of A; + Q;(p). Lemma 12.8 and unique continuation give a ball U on
which ¢, £ are pointwise independent and 7 is nonzero. On this ball put

()
%G

Then v # 0 and v L ¢/; pointwise. Choose a nonnegative nonzero y € C;’(U) and define at this time

=¢ 23

v*

Q°=xn® .
o]

It satisfies Q°1/; = 0 and Q°& = yn. For nearby times, 1,» remains nonzero on the compact support
of y. Extend Q° smoothly in the fixed spin comparison, compose it on the right with

Yy ® Yy
[ypl?

and multiply by a time cutoff equal to one at ¢. The resulting smooth field is an admissible potential
variation, supported in the chosen spatial ball and time interval, and

0 _ 2
mQﬂm—A%Mp>u

Thus no nonzero cokernel functional annihilates the image of the potential derivative. The dense linear
image of the weighted potential directions has the same, surjective image in this finite-dimensional
cokernel.

Py=1-
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Equation (12.19) is consequently a submersion at all its zeros. There are no zeros on the endpoint
collars, since the potential directions vanish there and the kernels are already the selected lines. We
may therefore work over the open interior parameter interval. Adding the time variable raises the
vertical Fredholm index from —2 to —1. Lemma 10.1 makes the zero set a separable Banach manifold
whose projection to # is Fredholm of index —1. By [77, Theorem 1.3 and Corollary 1.5], regular
parameters are dense and their fibres are empty. For such a parameter no normalized kernel vector
orthogonal to ¥; exists at any time. The selected spinor remains harmonic because every potential
variation annihilates it pointwise.

With no time variable the same construction has Fredholm index —2 and again has empty fibres at
regular parameters. This proves the fixed-operator assertion as well. The estimates in Lemma 10.1
give arbitrary prescribed C* smallness of the perturbation. g

12.6. The simple-kernel hypersurface and transverse paths. In the rest of the proof, P denotes
either P for a fixed metric or the total space P,. In either case define

X={peP :dimkerA, <1}, S={peP :dimkerA, = 1}.
Thus X \ S = P, The equality follows from the index-zero assumption.

Proposition 12.10. The set S is nonempty and path connected, both with the metric fixed and in the
total density slice.

Proof. First fix a metric. Parametric transversality [59, Chapter 3, §2, Theorem 2.7], applied to fibrewise
perturbations, gives a smooth section of X* transverse to zero. If n > 16, this section is nowhere
zero because r > n. Formula (12.10), with this fixed metric, gives a potential for which the section is
harmonic.

If n = 8, its zero set is finite. At a zero x, its derivative Ty : T,M — 3} is an isomorphism.
By Proposition 12.6, choose an invertible compatible jet T; with the same determinant sign as Tj.
These two isomorphisms belong to the same component of GLg(R) by polar decomposition and
connectedness of SO(8) [54, §1.3.2, Theorem 2.17, and Proposition 2.19(1)]. Join them by a smooth
path in that component. In disjoint small coordinate balls around the zeros, apply the replacement
(12.15) to this path of derivatives, with the zero-dimensional zero set in place of the curve. The same
lower bound (12.16) shows that the section has exactly its original zeros and has derivative T; at each.
Its Dirac derivative therefore vanishes at every zero. Hadamard division, now in the eight spatial
coordinates, gives a smooth potential B for which the section is harmonic. Away from its zeros the
rank-one formula gives the local solution, and a partition of unity patches the solutions.

In both dimensions the selected section is not identically zero. Normalize it in L? and apply the
fixed-operator version of Proposition 12.9. The resulting operator has kernel exactly that real line.
Since its index is zero, its cokernel is also a real line. This constructs a point of S over every fixed
metric.

Given any two points of S, choose normalized real generators of their kernels. Proposition 12.7
joins them by a family with a selected normalized harmonic spinor and exact endpoint operators.
Proposition 12.9 removes all other kernel vectors relative to the endpoint collars. The resulting path
lies in S. Both propositions permit the metric to remain fixed when the endpoint metrics coincide. [

Lemma 12.11. The set X is open in P, and S is closed in X. Near every point of S there is a local product
chart in which S is the zero set of one real scalar coordinate and its two local sides consist of invertible
operators. A smooth potential direction can be chosen transverse to the wall.

Proof. At a point Ag of S, put K = ker Ay and C = ker Aj. With L? orthogonal complements in the
Sobolev spaces, write

HCY) =K ®E,, H () =CeF,.
The map dy = Aolg, : Eo = F is an isomorphism. For a sufficiently close operator write

a b
AZ(C d), d:E0—>F0.
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The block d remains invertible. Elimination of the off-diagonal blocks reduces invertibility to that of
s(A)=a—-bd'c: K— C. (12.20)

In particular dim ker A < 1 in this neighborhood. Invertibility is open at the remaining points of X,
so X is open. The complement of S in X is the open invertible locus, so S is relatively closed.
At Ay, both b and ¢ vanish, and the derivative of (12.20) in a potential direction is

DsAo(Q) = PCQ|K

For nonzero ¢ € K and n € C, Lemma 12.2 provides a smooth Q with (1, Q¢/);2 # 0. Since K and C
are real lines, this is a nonzero derivative of the scalar Schur map.

In a C* coefficient completion with k > s + 1, the Schur map is smooth and its derivative in the
chosen smooth direction Q is nonzero. The Banach implicit function theorem [46, Theorem 13.20] gives
a product chart by solving for the scalar coefficient of Q. This chart restricts to smooth coefficients,
since its scalar correction multiplies the fixed smooth field Q. Choose the complementary-coordinate
neighborhood convex; its intersection with the smooth coefficients is path connected. The two signs of
s(A) are its invertible sides. A sufficiently short segment A + ¢Q therefore meets Sonly ate = 0. [

Proposition 12.12. Any two points of P™ can be joined by a smooth coefficient path which is stationary
on endpoint collars, has a one-dimensional kernel at finitely many interior times, and is invertible at
every other time. Each singular time is a transverse simple crossing. A prescribed smooth metric path,
stationary on endpoint collars, may be retained. Consequently X is path connected.

Proof. Join the endpoints by a smooth path in the full coefficient space, constant on endpoint collars.
With the metric fixed this is an affine path in the potentials, followed by a reparametrization. In the
total space take a smooth metric path and the spin comparison to interpolate the potentials. Take the
unrestricted relative potential directions of Lemma 10.1 and consider

F(p,t,¥) = (Ar + Q:(p))Y, 1l =1. (12.21)

The unit sphere is a smooth Banach submanifold of H® because the derivative of its squared L? norm
is nonzero there. Lemma 12.2 proves surjectivity at every zero of (12.21); a spatial potential variation
can be extended near the chosen interior time and multiplied by a time cutoff. The vertical spinor
derivative has index —1, and adding time gives index zero. The zero set is therefore a separable Banach
manifold whose projection to ¢* is Fredholm of index zero. It is empty on the endpoint collars, where
the operators remain the given invertible ones.

Choose an arbitrarily small regular parameter by [77, Theorem 1.3]. The fixed-parameter normal-
ized incidence is a zero-dimensional manifold. If a kernel had dimension k > 2, its full sphere S*! of
normalized real vectors would lie in this incidence at the same time, contradicting discreteness. Thus
every kernel encountered is a real line.

For the chosen smooth compact path, the uniform estimate (12.2) gives a uniform H**! bound on
every normalized kernel spinor. Given a sequence of solutions, pass to a convergent sequence of times
and then, by the compact inclusion H**! < H?, to a convergent sequence of spinors in H*. The limit
is normalized and solves the limiting equation, by operator-norm continuity in (12.1). The normalized
incidence is therefore compact. A compact zero-dimensional manifold is finite. Its elements occur in
pairs ¥, —y, so the number of singular times is finite as well.

At a singular time t;, regularity of the parameter means that the fixed-parameter derivative in
(t, ¢) is onto. Its spinor part has the range of A;, + Q;,(p) and has a one-dimensional cokernel.
Consequently the time derivative maps nontrivially to this cokernel. For nonzero kernel and adjoint-
kernel generators this is the condition

d
<’7’ dat

By (12.20), it is precisely transversality to the simple wall.

A+ QDY) =0 (12.22)

t
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The asserted paths show that any two invertible points can be joined in X. If an endpoint belongs to
S, Lemma 12.11 first joins it to an invertible point by a short normal segment lying in X. Concatenating
these segments with an invertible-endpoint path proves that any two points of X can be joined in
X. O

12.7. The two components and the real index. The ambient coefficient space P is contractible and

metrizable: P, is affine, and P, is identified with a product of Fréchet vector spaces in Section 8.
The determinant line of the real index-zero family is

*

Aa=APkerA® (AtOP coker A) (12.23)

The operators A, : H*(2*) - H*"(27) form a continuous family of bounded Fredholm maps be-
tween fixed real Hilbert spaces, as in (12.1). Pullback of the real determinant bundle gives a continuous
line bundle with fibres (12.23), including at larger kernels [82, Proposition 5.3 and Corollary 5.4]. Since
the base is contractible and metrizable, choose an orientation of this line bundle. At an invertible
operator there is the canonical element 1 ® 1*. Let ¢(A) € {1, —1} be its sign in the chosen orientation.
This sign is locally constant on the invertible locus.

Lemma 12.13. The chosen determinant orientation consistently labels the two local sides of S by opposite
signs of €. In particular it coorients S, and ¢ changes sign at every transverse simple crossing.

Proof. The normal line in the Schur chart (12.20) is
Homp (K, C) = (det K ® (det C)*)".

The chosen determinant orientation therefore orients this line. A short transverse segment has
invertible endpoints, exactly one singular point, real kernel and cokernel of dimension one, and a
Schur scalar which changes sign. Proposition 5.9 of [82, 2022 update, Section 5.3] makes the canonical
determinant orientations on its two sides opposite. The global determinant orientation makes these
signs consistent on overlaps. g

Proposition 12.14. The invertible locus P'™ has exactly two path components, distinguished by ¢ €
{1,-1}.

Proof. The space X is open in the ambient Fréchet space and is therefore locally path connected.
Propositions 12.10 and 12.12 and Lemma 12.11 give the hypotheses of Lemma 10.5 for (X, S). Hence the
complement has at most two components. The two sides at any point of S have opposite determinant
signs by Lemma 12.13. Local constancy of that sign on invertibles prevents a path between them.
Both components are therefore nonempty and the count is exactly two. |

Proposition 12.15. For invertible endpoints py, p1, the ordinary real index difference in KOpq = Z./2 is
zero if e(Ap,) = €(Ap,) and is the nonzero element otherwise.

Proof. Choose a path p; as in Proposition 12.12, and let N be its number of singular parameters. By
Section 8.1 and (8.3), its relative real chiral Fredholm class is the ordinary index difference in KO,1.
In each Schur chart the complementary block is invertible, and the remaining real-line map changes
sign at the crossing. Each crossing therefore represents the nonzero element of KO, 1 = Z /2 by (8.1).
By additivity the ordinary index difference equals N (mod 2). Lemma 12.13 gives

f(Apl) = (—1)N5(Apo),
which proves the assertion. O

Proof of Theorem 12.1. Proposition 12.14 applies to the fixed-metric potential space and to the total
density slice. Choose an invertible basepoint and orient the determinant line so that its canonical
element is positive there. The resulting determinant parity takes the values zero and one on the two
components, respectively. Proposition 12.15 identifies it with the ordinary real index difference in
KOyp11 = Z/2. This proves the asserted bijections of pointed sets. 0
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Remark 12.16. Proposition 8.2, with U = M, gives a nonempty space RL‘“’(M ) and a bijection
ﬂoRan(M) — ﬂOPLnV
which preserves ordinary index difference. Thus, for any invertible base metric g. with density p,
inddiffy, : moRIM(M) — KOpyy = Z/2
is a bijection of pointed sets.

13. REAL SKEW-ADJOINT OPERATORS
Throughout this section, M is closed and connected,
n=1 (mod 8), n>9, a(M) = 0.

All spin structures are fixed. The density is the prescribed density p. The charge conjugation C
satisfies C2 = 1 and CD, = —D,C. Its fixed bundle Zﬂg has real rank

r=20V2=2¢ =202

The operators and their principal Clifford matrices are
Ky = iDy, Q =iV, Leo=Kg+ 0, ag(&) =icy(&). (13.1)

We identify tangent and cotangent vectors by g in Clifford expressions. Thus K and Q preserve R,
and

ag()" = ag(d), ag(&)ag(n) + ag(mag(é) = 2871 (&, n)I. (13.2)

The compatibility identities say exactly that Q is an arbitrary smooth real skew-adjoint endomorphism
of ZE. Indeed, C(iV) = iVC and (iV)* = —iV; conversely, V = —iQ satisfies the original compatibility
identities. Put

Q, = C™(M;s0(2})), Q" ={Q : K, + Q is invertible}.
Multiplication by i identifies this notation with the metric—potential notation P,,.

Theorem 13.1. The spaces Qg“’, for every fixed smooth metric g, and Plif“’ are nonempty and have
exactly two path components. For either coefficient space P, an invertible base point p, gives a bijection

mo(P™) — KOy = Z/2,  [p] > sta(L,., L), (13.3)

where the real mod-two spectral flow is computed along any smooth path in P. On P™, with a pure
metric base point g, this invariant is 54,(g, V) € KOpy1 = KO,.

13.1. Fixed domains and the universal incidence. Positive spinor comparison identifies the real
spinor bundles and their L? spaces. In these identifications every operator in a smooth finite parameter
family has domain H!. Its coefficients depend smoothly on the metric and its first derivatives; see [56,
§2.3] and Section 2. Each L = Ly o is a real skew-adjoint elliptic operator with compact resolvent. Its
kernel consists of smooth sections, and

dimgp kerL = a(M) =0 (mod 2).

For Q = 0, this is [14, Theorem 3.1]. The real skew index is kernel parity and is constant under
Fredholm homotopies [13, Proposition 5.1, pp. 22-23]. Apply this to the bounded transforms of
K, + tQ, which are continuous by Section 8.1.

The logarithmic metric and linear potential coordinates of Section 8 identify P, with a Fréchet
vector space. Both P, and Q, are therefore contractible. In what follows, 7 denotes either space. All
potential directions are smooth multiplication endomorphisms.

For the local analytic arguments fix an integer s > n/2 + 1, and complete the coefficients in C™,
where m > s+ 1. The spinor equation is then a smooth Banach-space equation H* — H*"!. The value
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of m can be increased to handle any prescribed basic neighborhood in the smooth topology. We always
choose finite parameter families with smooth spatial coefficients. Every family of kernel spinors
which is smooth in the parameters with values in H* is jointly smooth in the spatial and parameter
variables, by the parameter-dependent elliptic argument at the end of the proof of Lemma 10.2. Unique
continuation for L = i(Dg + V) is the one established in Section 9, from [56, Theorem 6.2.8].

Define the real projective incidence

I(P) ={(p.[y]) : 0= ¢ €kerL,}. (13.4)

Locally choose an L?-unit representative 1. The spinor tangent and the equation target are respectively
Hnyt, H ' nyt

The target is the orthogonal complement of the tautological line: skew-adjointness gives (L, ¥, /)2 =
0. At a zero the differential in potential and spinor directions is

Ty(R,u) = Lu+ Ry. (13.5)

Lemma 13.2. The map (13.5) is surjective. It remains surjective if the potential directions are required to
have support in any fixed nonempty open set. Finitely many smooth potential directions suffice locally. If
F is any subspace of ker L and

Wr ={PpR|r : R € Qg} C s0(F),

then
Wi =v"nF (0 #v € F). (13.6)

Proof. Let 1 annihilate the image of (13.5). The spinor variations imply, in the distributional sense,
Ly = by for a real constant b. Pairing with ¢ gives b = 0. Elliptic regularity makes n smooth.

Unique continuation gives a ball Uy € U on which ¢ is nowhere zero, where U is the prescribed
spatial open set. At a point of this ball the vectors Ry, as R varies through skew endomorphisms,
fill ¥*. Localization of the potential directions therefore gives n = fi on the ball, with f real and
smooth. Hence

0= L(f§) = ag(df)y.

The Clifford identity makes a,(d f) invertible wherever d f # 0, so f is constant. Unique continuation
gives n = ¢y on M; this represents the zero functional on the target /.

The vertical operator L : ¥+ — ¢+ is Fredholm. Its range is closed and its cokernel is finite
dimensional. The preceding annihilator argument therefore permits a finite selection of smooth
potential directions filling that cokernel. The resulting surjective operator has a bounded right inverse.

For (13.6), an element n € F n v’ annihilating Wro satisfies (7, Rv);2 = 0 for every potential
variation. Both v and 75 lie in ker L, so the same localized argument gives n = cv, and orthogonality
gives 1 = 0. Thus (13.6) holds for every F C ker L. O

If k = dimg ker L, the kernel and cokernel of the vertical projective operator both have dimension
k — 1. Thus, in a finite parameter family of dimension N for which (13.5) is surjective, the resolved
incidence is a manifold of dimension N. Above a constant-k-kernel stratum its fibre is RP*~!.

Lemma 13.3. In local unit representatives, incidence evaluation is transverse to the zero section and to
every smooth fibrewise radial submanifold of the real spinor bundle. For an antipodally invariant radial
target and a compact family of incidence spinors, these transversality statements can be obtained in
finitely many smooth potential directions. Consequently such a radial target of codimension greater than
n+ d can be avoided by a generic perturbation of an incidence family over a compact smooth d-manifold,
possibly with boundary, relative to a closed parameter subset on a neighborhood of which the prescribed
family already avoids it.
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Proof. 1t suffices to consider a fixed point x, since surjectivity onto the vertical normal directions
implies transversality of evaluation on the product with M. Let w be a conormal at /(x). Radiality
gives

(w, ¥(x)) = 0. (13.7)

At the zero spinor this identity holds for every w. Suppose that u — (w, u(x)) vanishes on the tangent
space of incidence. By the bounded right inverse in Lemma 13.2, this functional factors through (13.5).
There are consequently a distribution 1 and b € R such that

Lp=346w+ by, (n,RY) =0 for all smooth skew R. (13.8)

Pairing the first equation with ¢, together with (13.7) gives b = 0.

Away from x, the distribution 7 is smooth. On a nonzero ball for ¢ in M \ {x}, the second equation
in (13.8) gives n = f¢. The Clifford identity again gives d f = 0. Since M \ {x} is connected, unique
continuation gives 7 = ¢y on that punctured manifold. The distribution T = 5 — ¢y is therefore
supported at x and satisfies LT = §,w.

The symbol ag(x, £) is invertible for every nonzero real £. Lemma 2.3 gives T = 0 and w = 0. Thus
the conormal annihilator of the evaluation derivative is zero. Applying this to every w L /(x) gives

{u(x) : (R,u) € ker Ty} + Ry(x) = ng. (13.9)

Smooth tangent pairs suffice for this identity. To see this, choose a right inverse J of T, whose
coefficient component lies in the span of finitely many smooth potential directions, as in Lemma 13.2.
It sends a smooth target to a smooth pair: its coefficient component is smooth, and the equation for its
spinor component is elliptic with smooth right-hand side. Approximate an arbitrary tangent pair v by
smooth ambient pairs v;. Then v; — J Ty v; are smooth tangent pairs converging to v. Their evaluations
are dense in the finite-dimensional image, so finitely many smooth tangent pairs realize (13.9).

Let B be the compact parameter manifold of an incidence map and write the given map as
(py, [¥p]). At each (b, x), select both potential directions filling the equation cokernel and the
coefficient components of smooth incidence tangent pairs needed for (13.9). A finite cover of B x M
selects finitely many smooth reference-bundle potential directions Ry, ..., Ry. Consider, near the
original section, the finite-dimensional incidence

N
J = [(b,z, [y : (Lp,, Y z,-R;) y= o}, o(b) = (b,0,[¢ ).
j=1

The derivative in (z,[/]) is surjective and Fredholm of index N. The Banach implicit function
theorem therefore makes .J a smooth manifold of dimension N + d near o(B). The projection
ng + J — Bis a submersion. Indeed, for any prescribed base tangent b, the term (9,L)(b) in the
differentiated equation can be cancelled by solving T (R, u) = —(9pL)(b)y with the selected potential
directions. Its fibres have dimension N. Equation (13.9), now with tangent pairs in ker dxp, persists
in a neighborhood of o(B) x M.

Choose finitely many smooth sections vy, ..., v, spanning ¢ ker dzp, and a fibrewise local addition
0Oy from a neighborhood of zero in that bundle into the fibre of J at b. Such sections are obtained
from finite local frames and a partition of unity; a vertical Riemannian exponential gives the local
addition. Let y vanish on a neighborhood of the prescribed closed subset and be positive elsewhere,
with its zero set contained in the region on which the original family already avoids the target. For
small ¢ € R?, define actual sections of 7 by

oe(b) = ©, (x(b) D e,-vj(b>>.
j=1

Where y > 0, parameter derivatives span the fibre tangent space, and (13.9) gives transversality to
every radial target. Where y = 0, the section is unchanged and already avoids the prescribed target.
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Parametric transversality [59, Chapter 3, §2, Theorem 2.7], applied separately on the interior and the
boundary of B, gives a perturbed evaluation map transverse to that target on both. The inverse image
has dimension at most n + d minus its codimension, and is empty under the stated inequality. The
construction is expressed in local unit representatives; antipodal invariance makes these assertions
agree on their overlaps.

The perturbed operators have their original smooth metric coefficients and potentials Qp +
2.; zj(b, €)R;. Parameter differentiation and elliptic regularity make the local unit spinor representa-
tives jointly smooth in the spatial and parameter variables. For the cone { # 0 : [j()| = [/|*}, first
remove spinor zeros; the resulting compact image lies in an annulus on which that cone is closed.
This also permits all perturbations to be taken within a fixed compact neighborhood of the relevant
evaluations. O

13.2. Currents and connectedness of the full incidence. For a real spinor ¢, define its current and
squared length by

gUW). X) =(ag(X)Y, ¥y, p(y) =yl (13.10)

In an orthonormal frame, the vectors g;|/ are mutually orthogonal and have length |/|: for i # j, a;a;
is skew-symmetric. Bessel’s inequality gives

JWII< p(¥),  divg j() = 2{Kg ¥, ). (13.11)

Indeed, in a normal orthonormal frame at the point in question, compatibility of the spin connection
with ag gives

divg j(y) =2 Z_<ag(ei)vei ¥, ) = 2K, ¥).

Thus an incidence spinor has divergence-free current. Conversely, if i is nowhere zero and its current
is divergence free, put y = —Kg¢/. Then y L ¢ pointwise, and the formula
T T
Yy — vy

Q(Y) = TR (13.12)

defines a smooth skew potential satisfying (Kg + Q(¥))¢ = 0.

Lemma 13.4. Suppose n > 17. For every incidence point and every neighborhood of it, there is an

incidence path in that neighborhood from the given point to one whose spinor is nowhere zero and satisfies

Wl < Iy

at every point. Such a spinor can be deformed through nowhere-zero spinors with divergence-free current
to a zero-current spinor.

Proof. Let ¢ # 0 satisfy | j(/)| = |¢/|?. Equality in that Bessel inequality is equivalent to

_ @)
" R

Conversely, this eigenvector equation implies (j(¢/), v) = |¢/|?, and hence equality and the displayed
formula for v. The positive and negative eigenspaces of ag(v) have the same dimension ¢, since Clifford
multiplication by a unit covector perpendicular to v interchanges them. The cone {y # 0 : [j(¢)| =
|/} is therefore the image of the nonzero positive eigenbundle over S"!. This parametrization is an
embedding: its inverse is ¥ — (j()/|y[?, ¢); its differential is injective because ay(v)y = 0 forces
v = 0. Its codimension in the real spinor fibre is

ag(V)¥ = ¢, lvl=1.

20— (t+n—-1)=f—n+1>n+1 (13.13)

The real rank 2¢ also exceeds n + 1. Lemma 13.3, first for zeros and then for this cone in a compact
annulus, gives the required nearby incidence point. A path in a sufficiently small incidence chart
joins it to the original point.
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For a nowhere-zero spinor /o with strict inequality, fix jo = j(1/y) and solve the pointwise ordinary
differential equation

oys _ _agp)ys
s 212 7

The Clifford anticommutator gives

Vs=0 = Yo. (13.14)

d
a(ai‘ﬁs; ¥s) =—Codss JiWs) =1 = s)jo.
Writing ps = |i/5|*, we obtain

dp (1 - 9)ljol )
- = pr=p (25— sD)|jl
s Ds

On the compact manifold, the strict current inequality gives

Pl > min(pf — ") >0 (0<s<1).

The solution therefore extends smoothly through s = 1, with smooth spatial dependence. The currents
remain divergence free, and j(i/;) = 0. Formula (13.12) gives incidence potentials throughout the
deformation. 0

Lemma 13.5. For n > 17, the unit zero-current fibre
Z={y eR¥ : |y[=1, j(y) =0}

is (¢ — n — 1)-connected, and hence is n-connected. The associated zero-current spinor bundle admits a
smooth section over M. Any two prescribed unit zero-current sections extend to a smooth section over
M x I, also when the metric varies along a prescribed smooth path stationary on endpoint collars.

Proof. Choose one Clifford generator in the form

(T 0 (0 E ,
a0—<0 —I)’ a,--(EiT 0) (1<i<n-1).

Each E; is orthogonal, and the vectors Ejv, ..., E,—1v are orthogonal for v # 0. For ¢ = (u,v), the unit
zero-current equations are

lul = | = (Ev)=0 (1<i<n-1).

1
\/55
These equations define the OT-FKM focal manifold M, form = n—1and m; = £—n > 0 [45,
Section 4.2]. The sphere-bundle description [75, Section 1] is

stn — 7 — st (u,v) — 2. (13.15)

The homotopy exact sequence [55, Theorem 4.41] gives my(Z) = 0 for ¢ < £—n—1. Here n = 1
(mod 8),n > 17,and ¢ = 2(n=3)/2 55 p — n — 1 > n. The intrinsic current equations make this smooth
compact fibre Spin(n)-invariant, so it defines an associated bundle.

For M and (M x I, M x 9I), the section-extension obstructions have coefficients 7,_1(Z) with
q < n+ 1. These groups vanish. Relative obstruction theory [55, §4.3, pp. 416-419] therefore gives a
section in the first case and an extension of the two prescribed sections in the second, also for the
bundle along a varying metric. Extend the endpoint sections constantly on their stationary collars.
Relative smooth approximation [81, Theorem 11] gives smooth sections with the same collar values.
Positive amplitudes can be joined independently. (]
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Dimension nine requires a different deformation. Choose the nine Clifford generators in the same
block form, now with ¢ = 8. The eight vectors E;v fill R® for v # 0. Therefore

8
(uf* = p*)* +4 Y (u, Ew)* = (uf* + pl*)*.
i=1

Thus [j(/)| = |¢/|* for every spinor. On unit spinors, the current is the Spin(9)-equivariant Hopf map
§7T— S — s8. (13.16)

The fibre over v € S® is the unit sphere in the eight-dimensional positive eigenspace of ag(v). This is
the smooth Spin(9)-equivariant octonionic Hopf fibration [73, Section 4].

Lemma 13.6. Let n = 9. Given two nowhere-zero incidence spinors, and a smooth metric path between
their metrics, stationary on endpoint collars, there is a smooth nowhere-zero spinor path with divergence-
free current and the prescribed endpoint spinors. The path can be stationary on endpoint collars. For each
fixed metric there also exists a nowhere-zero spinor with divergence-free current.

Proof. The unit-spinor fibre S'° is 14-connected, and dim(M x I) = 10. Relative obstruction theory
(55, §4.3, pp. 416—419] and relative smooth approximation [81, Theorem 11] give a smooth unit-spinor
path along the metric path, equal to the prescribed unit spinors on the endpoint collars. Join their
positive lengths as well, and denote the resulting nowhere-zero spinor path by /9. Write

a) = Li(yt) dUg,-

These eight-forms are nonzero; their endpoint values are closed by (13.11). Choose a smooth function
x : I —[0,1], equal to zero and one on the two collars, and put

ye = (1= y()ag + x(Hal.

Every y; is closed in the spatial variables, and y; = @? on the collars.
Extend these data constantly to ¢ < 0 and ¢ > 1. On the base M x R, consider the bundle A7 T*M
pulled back from M. Its first-jet relation is

i+ def #0. (13.17)

Here d, differentiates only in the spatial variables. Ampleness follows on every principal affine slice
of the full first-jet bundle over M x R. If a principal covector is & = (&, &), a rank-one derivative
change ¢ ® n changes dy 8 by & A n. For &, # 0, this linear map has rank (3) = 8. The forbidden set in
the slice is thus empty or an affine subspace of codimension eight. Its complement is connected and
has the whole slice as convex hull: after quotienting by the affine subspace this is the corresponding
assertion for R® \ {0}. For &, = 0, the relation is constant on the slice; a slice through an admissible
jet is entirely admissible. Thus (13.17) is open and ample, including pure-time principal covectors.
Spatial alternation

T*M QAN T*M — A8T*M

has a smooth right inverse; for example, in an orthonormal frame one may take w +— é Y. € Q0.
Take the underlying section f = 0, give its formal spatial derivative this right inverse applied to
a? — y;, and give it formal time derivative zero. This is a formal solution of (13.17); it is the holonomic
zero jet on the collars. Choose ¢ > 0 so that the formal solution is holonomic on a neighborhood of
Mx((—o0, e]u[1—¢, 0)). The relative open-ample h-principle [43, Theorem 18.4.1 and Remark 1, p. 171],
in the formulation [67, Theorem 3.5], gives a homotopy through the relation to a holonomic solution,
fixed on that closed subset. Restricting to M x I gives a homotopy through nonzero eight-forms from
a? to

ay = Yt + dxﬂt-
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Each final form is spatially closed. After a stationary reparametrization in the homotopy variable,
relative smooth approximation [81, Theorem 11], in the open bundle of nonzero eight-forms, makes
this homotopy smooth in all variables, with its initial and final forms and its time collars fixed.
Contraction with dv,, identifies this form homotopy with a homotopy of nonzero vectors. Normal-
ize those vectors and lift their directions through (13.16), starting at 1?/[¢/?|. A smooth connection on
this compact-fibre bundle gives a smooth horizontal lift. On the endpoint collars the base homotopy
is constant, so the lift is constant there. Finally multiply the lifted unit spinor by the positive square
root of the length of the prescribed current vector. The resulting spinors have current corresponding
to a;, hence have divergence-free current, and their endpoint values are exactly the prescribed ones.
For existence at a fixed metric, first choose a nowhere-zero spinor; the same obstruction argument
on the nine-dimensional base gives one. By [43, Corollary 20.3.2, pp. 181-182], with n = 9 and p = 8,
its current eight-form is homotopic through nonzero eight-forms to a nonzero exact eight-form. The
Hopf lift and the length rescaling give the required spinor. ]

Proposition 13.7. For P = Q, and for P = Py, the full projective incidence I(P) is nonempty and path
connected. The connecting paths may be chosen smooth and stationary on endpoint collars.

Proof. For n > 17, Lemma 13.5 gives a global smooth unit zero-current spinor at any fixed metric. For
n =9, apply the existence assertion in Lemma 13.6. In both cases (13.12) produces an incidence point.
Its kernel has even dimension, and therefore has dimension at least two.

To join two arbitrary incidence points, first apply Lemma 13.3 to reach nowhere-zero spinors by
incidence paths. For the resulting endpoint metrics g, g1, put H = log(g; ' g1) and choose a smooth
x : I — [0,1] which is zero near 0 and one near 1. The path

g = go(ex(t)H.’ )

is stationary on these collars. If dvg, = dvg,, then tr H = 0, so dvg, = dvy,. For a fixed-metric family
take H = 0. When n > 17, apply Lemma 13.4 to make both spinors satisfy the strict current inequality,
and then contract their currents to zero at their respective metrics. Join the resulting zero-current
spinors along this metric path by Lemma 13.5. In dimension nine apply Lemma 13.6 to the same path.
All scalar parameter changes can be made constant on endpoint collars, so the constructed paths
concatenate smoothly.

It remains to retain the prescribed potentials. On a collar where g; = gp and /; = 1, the difference

By = Qo — Q(¥)
annihilates 1/o. Add 6¢(t)By, where 6 = 1 near the endpoint and is supported in this stationary collar.
This preserves the equation and restores Qy exactly. Do the same at the other endpoint and at each
concatenation where necessary. Thus the construction gives a path in the required incidence space.
For the fixed-metric assertion all metric paths in the construction are constant. O

13.3. Compression on arbitrary kernel subspaces. We identify A?F with so(F) by

unv <« w’ —oul, (A,B) = —% tr(AB).
For a subspace F C ker L, let
ex : F— 3%, U, = im(el) C F

be evaluation and its adjoint image.
Lemma 13.8. For every subspace F C ker L,
Wr = span_y; A*U,. (13.18)
In particular Wr is spanned by decomposable skew matrices. For every even-dimensional such F, with
k = dimg F,
1, k=2,
dim Wr > { 4, k = a4, (13.19)
k+1, k>e.
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Proof. Lemma 6.5 gives
WE = span, ¢y, e;EU(ZJgR)x)ex = span, ¢ A*Uy.

The pointwise identity follows by writing a skew matrix as a sum of rank-two matrices. This proves
(13.18).

When k > 2, evaluation cannot have rank at most one on any nonempty open ball. Otherwise
choose a nonzero € F and a smaller ball on which it is nowhere zero. Every ¢ € F there has the
form fi with f real and smooth. The common equation gives ay(df)y = 0, so f is constant, and
unique continuation makes ¢ a constant multiple of i/ globally. This contradicts k > 2. In particular
Wr contains a nonzero decomposable matrix.

Equation (13.6) gives dim W > k — 1. If k = 2, this is the assertion. If k = 4 and dim Wy = 3, the
map

WF—>UJ'ﬂF, Ar— Av

would be an isomorphism for every v # 0. Every nonzero A € Wr would then have zero kernel. This
contradicts the nonzero decomposable matrix, whose rank is two. Hence dim Wy > 4.

For even k > 6, the decomposable span and dim Wy > k — 1 give two independent decomposable
matrices A, B € Wg. Their common kernel has dimension at least k — 4 > 0; choose 0 = v in it. The
surjective map Wy — v’ n F then has a kernel containing the independent matrices A, B. Therefore

dmWr>(k—1)+2=k+1.
O

13.4. Compression on a four-dimensional real kernel. In the prepared finite analytic families of
Lemma 13.12, the first-order estimate gives ambient codimension at least four for smooth strata with
four-dimensional real kernel. Their projective lifts have fibre RP?, leaving only the lower bound one
for their codimension in the resolved incidence. The additional directions and second-order argument
of Lemma 13.13 improve the ambient and lifted bounds to five and two, respectively.

Lemma 13.9. Suppose F = kerL, dimg F = 4, and dim Wy = 4. Put A = Wz C A%F. There are
symplectic forms a, B € A and a complex structure ] = a~ ' on F such that

anp=0, ana=BAB=0,  JP=-L

On a dense open subset of M, Uy is a J-complex line. There are arbitrarily close distinct points x, y in
that subset for which the real pairing a|y,xu, is nondegenerate.

Proof. The plane A has no nonzero decomposable member. Indeed, if v A w € A, after taking w L v the
orthogonality condition would say (w, Bv) = 0 for every B € Wr. Equation (13.6) would force w = 0.
On A’R*, the wedge quadratic form has signature (3, 3), and its null cone is the set of decomposable
forms. Its restriction to the two-plane A has no nonzero null vector and is therefore definite. Choose
an orthogonal basis for this restriction, and rescale its members to have equal nonzero square. Denote
the resulting forms by «, S.
In a Darboux basis for a, write

a=e?+e" B =b(e? — )+ ce® + de' + ee” + fe*.

The condition on the wedge squares gives —b® — cf + de = 1. Regarding the two forms as skew
matrices, multiplication gives

(@ 'B)? = (b* + cf —de)l = —I.

Moreover JTa = aJ = B. It follows that Q = « — i3 is a nondegenerate complex bilinear alternating
form for this complex structure.

By (13.18), each Uy is isotropic for both « and . It has dimension at most two, since « is symplectic.
If dim U, = 2, then U, = Uy, and B(Uy, Uy) = a(JUy, Uy) = 0 gives JUy, = Uy. The rank-two locus
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is open. It is dense because a ball on which evaluation had rank at most one would contradict the
argument in Lemma 13.8.

The complex line U, cannot be constant on an open patch: a nonzero vector of F orthogonal to
that fixed real plane would define a harmonic spinor vanishing on the patch. Unique continuation
would make it zero. There are consequently arbitrarily close x, y in a rank-two patch with distinct
complex lines Uy, Uy. In complex dimension two, a nondegenerate complex alternating form pairs
distinct complex lines nontrivially. If its value in complex bases is a + ib # 0, the matrix of its real
part on the corresponding real planes is

(_ab _b> , det = —(a® + b)) = 0.

—a
Since Re Q = «, this is the required pairing. (]

Lemma 13.10. Under the hypotheses of Lemma 13.9, let P be the orthogonal projection onto F, and let G
be the inverse of L on F*, extended by zero on F. For the Schur map at L, there are smooth skew potentials
R, S, supported in disjoint small balls, such that

d®(R) = dO(S) = 0, (a, d*®(R, S)) # 0. (13.20)

Proof. Take the fixed decomposition F&F*, with H! as the domain on the second summand. Lemma 6.6
gives a real skew Schur matrix ® on F, with the same kernel dimension as the full operator, on a
coefficient neighborhood of L. Its derivatives are

d®(R) = PRP, d*®(R, S) = —P(RGS + SGR)P. (13.21)

Indeed, both off-diagonal factors in that Schur formula vanish at T = 0; differentiating their product
gives the two quadratic terms in (13.21).

The identities LG = GL = I — P, with P having a smooth kernel, imply G € ¥~!, by the parametrix
argument in the proof of Lemma 9.2. Its principal inverse symbol is, up to the Fourier factor, az(¢)/|& |§
In geodesic normal coordinates centred at the source point y, the Fourier transform of the frozen
homogeneous symbol is the Euclidean Dirac kernel. Hence

G(x,y) = cpd(x, y)lfnag(vx,y) Tyx + O(d(x, y)zfn), cp = 0. (13.22)

Here vy, is the terminal unit covector of the short geodesic from y to x, and 7, , is spin parallel
transport along it. The sign convention is absorbed into c¢,. The symbol after subtraction of its
principal homogeneous part has order at most —2. Lemma 2.4, with m = 2, bounds its kernel by
Cd(x, y)*™". Freezing the principal coefficients at y changes the order-—1 symbol by O(d(x, y)); the
same lemma, with m = 1, gives the same kernel bound for this difference. The normal coordinates,
parallel transport and coefficients depend smoothly on y in a smaller relatively compact patch,
so these bounds are uniform there. The leading matrix in (13.22) is invertible, with inverse norm
lcn|"1d(x, y)" 1. The relative error is O(d(x, y)). A Neumann series therefore shows that G(x, y) is
invertible for all sufficiently close distinct x, y in this patch.

Choose such x, y as in Lemma 13.9. Put E, = im(e,) C 2?2 for z = x, y. These images have rank
two on small disjoint neighborhoods of the selected points. Since G(x, y) is invertible, the map

Ey — E;, g+ (I -Pg)G(x y)q

has rank at least r — 4 > 0: the domain Ei has codimension two, the matrix G(x, y) is invertible, and
projection onto E; has kernel of dimension two. Choose p € Ey, q € EJL, with

c=plG(x,y)g #0.
The nondegenerate pairing of Uy, U, gives a € Ey, b € E,, for which

ro = eya, So = e;b, rOTaso # 0.
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Extend a, p smoothly as sections of E,, Ej on the first neighborhood, and b, g on the second. The
pointwise endomorphisms

Rg = Pzaz - aZPzT’ Sg = ‘hbg - bquT

map the respective evaluation images into their orthogonal complements. Multiply them by nonnega-
tive normalized smooth bumps p,, o, shrinking to x, y, with integrals one, and extend by zero. For
the resulting potentials R,, S,

e;R.(2)e, = €,;S.(z)e, =0 for every z.

Hence PR.P = PSP = 0 exactly.
The two supports are disjoint. Put K(z, w) = e;R2G(z, w)S’,e,, on their product. For the unit-mass
nonnegative cutoffs,

H // P20 (WK (2, w) du(2) du(w) — K, ”H < sp KW - Kyl

(z,w)€supp pexsupp o

The right side tends to zero by continuity off the diagonal. Thus
PR,GS,.P — e:R2G(x, y)S;),ey = —crsl. (13.23)
The sign follows from e;R% = —rpT and Sg ey = qs{ . The transpose of the first mixed term is
(PR.GS.P)T = —PS.GR,P,
because all three operators are skew-adjoint. Consequently (13.21) and (13.23) give
<a, d*d(R,, Sg)> —c rOTaso # 0.
Choose sufficiently small positive ¢, and fix R = R, S = S,. This proves (13.20). g

13.5. Finite analytic families and avoidance. All finite coefficient families below are analytic in their
coeflicient vector. Their parameter curves are smooth and constant on endpoint collars.

Lemma 13.11. Let p;, 0 < t < 1, be a smooth coefficient path in P, stationary on endpoint collars.
There are finitely many smooth potential directions and a neighborhood of its image with the following
properties. The selected potential directions give line-incidence surjectivity at every kernel line in this
neighborhood. On every even-dimensional subspace F of every kernel there, their compression has rank
at least four if dim F = 4, and at least dim F + 1 ifdim F > 6.

The path can be approximated, with its endpoint collars fixed, by a smooth curve in a finite-dimensional
family analytic in its coefficient vector, containing all selected potential directions. If (p;, [{]) is an
incidence path, its approximation can be corrected to an incidence path in that finite family, with the

exact prescribed endpoints.

Proof. Uniform elliptic estimates along the compact path give

[l < Clyle (¥ ekerLy).

They also give uniform estimates in every higher Sobolev norm. Kernel dimensions on a neighborhood
of the path have a finite upper bound K: around each parameter choose a spectral contour enclosing
zero and finitely many eigenvalues, preserve its finite rank on a neighborhood, and take a finite cover.

For k < K, consider all L?-orthonormal k-frames in kernels over the path. This set, with the
parameter ¢ included, is compact in the product L? topology. Indeed, after taking a subsequence
t; — t, the uniform H' estimates and Rellich compactness give strong L? convergence of every frame
vector and weak H! convergence. The equation passes to the limit in distributions, and the limit
vectors remain orthonormal. They therefore form a frame in ker L,.

For each orthonormal pair v, w in a kernel, there is a potential R with (w, Rv);2 # 0, by (13.6).
A finite cover of the compact set of such pairs selects finitely many potential directions detecting
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every pair. Their compression satisfies (13.6) at every kernel line: otherwise a unit vector in the
orthogonal complement of its image would give an undetected orthonormal pair. For every even k,
apply Lemma 13.8 to the subspace spanned by each k-frame. At that frame select a nonzero minor
of the required size in the compression matrix of finitely many potential directions. Another finite
cover selects potential directions for all such frames, and there are only finitely many k < K.

These choices persist near the compact coefficient path. If persistence failed in every neighborhood,
there would be coefficients converging to the path and normalized failing kernel frames. Uniform
H'! estimates give a convergent subsequence as before. The limiting frame belongs to a subspace of
a reference kernel, possibly a larger kernel. Its compressed entries are limits of the corresponding
entries, since the spinors converge strongly in L? and the selected multiplication potential directions
are bounded. Failure would contradict one of the chosen nonzero minors, or one of the chosen
pairings.

For an incidence path, its tautological real line bundle over I is trivial. Choose a smooth L?-unit lift
Y. This lift is stationary on every collar where the projective incidence path is stationary. Lemma 10.2,
with the selected potential directions, now gives the approximation and, in the incidence case, its
relative correction in the same finite analytic family. The surjectivity required there is the one proved
above. All selected compression inequalities persist on the chosen coefficient neighborhood. (]

Fix 2z and put Fy = ker L(z). In the decomposition .7 = F, @ F;-, the complementary block is an
isomorphism H'! n F}- — L? n F;" and remains so near z. Its inverse and its skew Schur matrix ®(z)
are real analytic, and ker L(z) is the graph of ker ®(z). Kernel dimensions are therefore specified by
the finitely many analytic minors of ®. By [22, Proposition 2.10 and Corollary 2.11], these rank loci
admit a locally finite compatible real analytic stratification. Each constant-rank stratum has a smooth
kernel bundle, whose projectivization is a smooth submanifold of the resolved incidence. A countable
collection of these charts covers the second countable coefficient neighborhood. For each coefficient
stratum and each lifted stratum, transversality is residual by [59, Chapter 3, §2, Theorem 2.1]. The
countable intersection is residual as well. For interval paths whose endpoint collars avoid these strata,
perturbations are supported off the collars.

Lemma 13.12. Let z = L(2), z € U C RV, be a finite analytic family prepared as in Lemma 13.11. A
smooth constant-k-kernel stratum has codimension at least four for k = 4, and at least k + 1 for even
k > 6. In the N-dimensional resolved incidence, its projective lift has codimension at least two when
k>e6.

Proof. At a point of the stratum, differentiate a smooth local basis ¢y, ..., ¥ of its kernel along a
tangent vector v. Pairing

Ly + L)y =0
with ¢/; gives
(VL)Y =0 (1<ij<k).

Thus the stratum tangent is contained in the kernel of the compressed derivative. Its rank is at least
the rank of the selected potential compressions, which has the bounds in Lemma 13.11. This gives the
ambient codimension assertions. The projective lift has fibre RP*~!; its dimension is therefore at most

N-(k+1D)+(k-1)=N-2.
The ambient resolved incidence has dimension N, by Lemma 13.2. |

Lemma 13.13. At a four-dimensional kernel there are a C™-open coefficient neighborhood and finitely
many smooth potential directions such that, in every finite analytic family containing those directions,
each smooth constant-four-kernel stratum in that neighborhood has ambient codimension at least five.

Proof. If the full potential compression has rank at least five, retain five independent compression
directions. Their independence persists, and the tangent argument of Lemma 13.12 proves the
assertion.
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Suppose that the full potential compression has rank four. Retain four potential directions By, ..., By
whose first compressions are independent, and also the potential directions R, S from Lemma 13.10.
Take a fixed rank-four Schur chart on a C™-open coefficient neighborhood of this operator, before
restriction to any finite family. At its center the Schur target is s0(F), and « annihilates the potential
derivative image. For a nearby coefficient z, put

Ci(z) = d®,(B;), E(z) = span{C;(2), ..., C4(2)}.

The four Cj(z) remain independent. Let G;;(z) = (Ci(z), Cj(2)). This Gram matrix is invertible. For
V =R,S, put
d} (2) = (Cj(2), d®.(V)), b"(2) = G(2)'d" (2).

Subtract these components:

4
R(z)=R- ). bf(2)B,, Y b (2)Cil2) = Py(zyd®.(R),
i=1 i
4
S(z)=S- ) bi(2)B,, Y b5(2)Ci(2) = Ppy d®(S).
i=1 i

Identify the Schur targets in this chart with the fixed target at its center, and put @(z) = Pg(,). .
The inverse Gram matrix and these orthogonal projections depend smoothly on z. At the center,
bR = b5 = 0 and @ = a. After shrinking the neighborhood,

<a(z), &0, (R(2), §(z))> 0. (13.24)

When taking the derivative in this formula, the two displayed potential vectors are held fixed at the
chosen z.

Now restrict to the selected finite analytic family, including all of its existing metric directions. At
a four-kernel point its derivative d®, has rank at least four. If the rank is at least five, the first-order
codimension estimate applies. If the rank is four, its image is exactly E(z). Only in this case do the
adjusted vectors satisfy

d®,(R) = do,(S) = 0, @ 1 imd®,.

The annihilator here includes the derivatives in all metric directions of the selected family.

Assume a smooth constant-four-kernel stratum had codimension four at this point. In this rank-
four chart the stratum lies in ®~1(0). Its tangent is contained in ker d®,; equality of dimensions
makes the two spaces equal. Both adjusted potential vectors are tangent to the stratum. For a
local parametrization f of the stratum, choose tangent vectors u,v with df(u) = R d f) = S
Differentiating ® - f = 0 twice gives

d*®,(R, 8) + do, (df(u,v)) = 0.

Pairing with @ annihilates the second term and contradicts (13.24). The codimension is therefore at
least five.

O
Proposition 13.14. The simple incidence
I,(P) = {(p.[¢]) € I(P) : dimgkerL, = 2}

is nonempty and path connected. A connecting path between prescribed simple incidence points can be
chosen smooth and stationary on endpoint collars.

Proof. First let two simple incidence points be given. Proposition 13.7 gives a smooth incidence path
between them. Apply Lemma 13.11, with exact endpoint collars, to put a nearby corrected incidence
path into a finite analytic family with all the first-order potential directions.
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In each finite spectral chart, partition the coefficient domain by the rank of the real-analytic
reduced matrix. Choose a locally finite smooth stratification compatible with these rank loci, as
in Lemma 13.12. For each stratum with even kernel dimension k > 6, Lemma 13.12 bounds the
dimension of its projective lift by N — 2. A smooth map of an interval that is transverse to each of
these lifted strata misses all of them. Relative finite-dimensional transversality gives an arbitrarily
close such path, fixed on the simple endpoint collars. Thus the path can first be arranged to have
kernel dimension at most four everywhere.

Let C4 be the subset of its coefficient image where the kernel has dimension four. Upper semicon-
tinuity of kernel dimension, and the absence of larger kernels, make C, closed in the compact path
image. It is compact.

At every point of Cy4, apply Lemma 13.13. A finite subcover selects finitely many additional
potential directions. Enlarge the existing finite coefficient span by these directions. The previously
constructed path is still a curve in this enlarged analytic family, with the new coefficients zero. By
upper semicontinuity, the entire compact path has an open ambient neighborhood O in which every
kernel has dimension at most four. Let O, be the union of the finitely many neighborhoods on which
the selected four-kernel estimates hold. Replace O by the open set

on ({p : dimg ker L, < 4} u 04).

It still contains the whole path, and each of its four-kernel points lies in O,. Restrict the enlarged
coeflicient family to this neighborhood. Line-incidence surjectivity is preserved by adding potential
directions.

Every four-kernel stratum now has codimension at least five, by Lemma 13.13. Its projective fibre
has dimension three, so its lift has codimension at least two in the new resolved incidence manifold.
A second relative perturbation of the interval misses all these lifted strata. The resulting incidence
path has kernel dimension exactly two.

For nonemptiness, start with any incidence point from Proposition 13.7. In a finite transverse
incidence chart, prepared with the first-order potential directions on all relevant kernel subspaces,
the projective lifts of the strata with k > 6 have codimension at least two. They cannot fill an
open neighborhood. Choose a nearby incidence point with kernel at most four. A two-dimensional
kernel gives the required incidence point. If it has dimension four, add the potential directions of
Lemma 13.13 and take a small neighborhood with no larger kernel. The lifted four-kernel strata again
have codimension at least two and cannot fill that incidence neighborhood. A point outside them has
a two-dimensional kernel. O

13.6. The simple-kernel hypersurface and the ordinary real index. Write
Zy={p € P : dimgker L, > 4}, X =P\ Zy, S={peX : dimgkerL, = 2}.

Lemma 13.15. The space X is path connected. The subset S is a nonempty path-connected embedded
hypersurface, closed in X. The complement X \ S = P™ has at most two path components.

Proof. The set X is open in the Fréchet coefficient space, by upper semicontinuity of kernel dimension.
It is therefore locally path connected. Join two points of X by a smooth coefficient path by the
global linear coordinates of P. Make the path stationary on endpoint collars. Lemma 13.11 puts
a nearby path, with these collars fixed, in a finite analytic family with the first-order compression
bounds. Every stratum with kernel dimension at least four has ambient codimension at least four, by
Lemma 13.12. Relative transversality of the coeflicient path itself therefore avoids Z,. This proves
path connectedness of X.
At p € S, the Schur target on F = ker L, = R? is one-dimensional:

ORNOV Y (i )

Equation (13.6) gives a smooth potential direction R with df,(R) # 0. The scalar Banach implicit-
function construction in Lemma 12.11, applied to f, gives a product chart on the smooth coefficient
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space. Its wall is f = 0 and its invertible sides are f > 0 and f < 0, since the complementary block
remains invertible. Both sides are locally path connected.
The set S is closed in X because noninvertibility is closed and X has no larger kernels. It is
nonempty and path connected by Proposition 13.14: the projection from Z,(P) onto S is surjective.
The local wall factor in Lemma 12.11 is convex. Lemma 10.5 therefore applies to (X, S) and gives
at most two path components of X \ S. g

For a smooth common-domain path of real skew Fredholm operators with invertible endpoints, let
sfo(L) € KO, = Z/2

be the unbounded real spectral flow. Its construction in [26, §6.2] is defined for gap-continuous
paths and satisfies homotopy invariance, concatenation, and vanishing on invertible paths. It agrees
with the Z /2-valued spectral flow of [30]; see [26, Theorem 5.5(2)]. The normalization in [26, §2.4.4,
equation (2.20)] is

[(R?, Jo)] — dimc(R?, J;) (mod 2) =1 € KO,. (13.25)

Thus a transverse real skew two-plane crossing has value one.

In the fixed comparisons, these paths and homotopies are continuous in £(H®, L?), and their graph
norms are uniformly equivalent to the H! norm on compact parameter sets, by Section 2. They are
therefore gap continuous [26, §6.1, equation (6.1)].

Proof of Theorem 13.1. Choose a point of the nonempty simple wall S. In the scalar Schur chart of
Lemma 13.15, a small transverse potential curve has two invertible endpoints on the opposite local
sides. Equivalently, take the rank-two spectral projection near this point and a smooth orthogonal
identification of its real range. The cluster matrix is b(t)Jp, where b(0) = 0 and b’(0) # 0; the
complementary operator remains invertible. Its spectral flow is therefore the two-plane value (13.25),
namely one.

If an invertible path joined these two endpoints, its concatenation with the transverse curve
would be a loop with mod-two spectral flow one. The loop contracts in the global linear coefficient
coordinates of P, with its invertible base point fixed. Homotopy invariance gives spectral flow zero, a
contradiction. Thus the two local sides belong to different path components. Lemma 13.15 gives the
opposite bound. There are exactly two components, and both are nonempty.

For an invertible base point p.., two coefficient paths from p., to p differ by a loop in the contractible
coefficient space. Their spectral flows are equal. This defines (13.3). The invariant is constant on
every invertible path, and the preceding local crossing shows that both values occur. Since there are
exactly two components, the map is a bijection.

For n =1 (mod 8), the real skew family in (8.3) is precisely L = i(Dg + V). Section 8.1 identifies
its real spectral flow with the ordinary relative family index in KO,; = KO,, with the two-plane
normalization (8.1). For a path from (g, 0) to (g, V), its value is therefore &g, (g, V), as asserted. [

By Theorem R and Proposition 8.2, with U = M, the inclusion identifies the components of Plilnv
with those of RL“V(M ) and preserves this ordinary index difference. Theorem 13.1 therefore proves
the n =1 (mod 8) case of Theorem C, with two components.

14. COMPONENTS AND POSITIVE SCALAR CURVATURE

Proof of Theorem C. Since Dy, is invertible, (M) = 0. For n = 3,7 (mod 8), Theorem 11.6 gives the
bijection for invertible pairs. For n = 2,4,5,6 (mod 8) it is Theorem 11.11; for n = 0,1 (mod 8) it
is given by Theorems 12.1 and 13.1, respectively. These cases exhaust (2.4). Proposition 8.2, with
U = M, identifies the pair components with the metric components of the same density and preserves
index difference. The component counts follow from KO, 1. O

Lemma 14.1. Let M be closed, connected, and oriented, and let i1 be a positive smooth density. Every
positive-scalar-curvature metric h can be joined through positive-scalar-curvature metrics to a metric h,,
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with dvy, = p. If M is spin with its spin structure fixed, this path preserves its ordinary invertible-Dirac

component.
2/n
/Mﬂ
=\ 5= , h = ah.
¢ (Volh(M) ¢

Positive constant scaling joins h to h’ through metrics of positive scalar curvature. The positive top
forms dvy, and p have equal integrals. Apply Moser’s theorem [69, Theorem 2, Section 4, pp. 292-293]
to (1 — t)u + t dvy. It gives an isotopy ¢, starting at the identity, with ¢;dvy = p. The path ¢ b’
retains positive scalar curvature and ends at the required h,. In the spin case the isotopy has the
spin lift continued from the identity; Dirac naturality and constant scaling preserve invertibility
throughout both paths. ]

Proof. Set

Proof of Corollary 1.1. Choose g, € R*(M). For even n > 6, [24, Theorem D], in homotopy degree
zero, gives the surjectivity of

8, + MRT(M) — KOpy1.
For n = 2m + 1 > 7, [24, Theorem C] gives a map
M TSpin(2m) — myR (M)

whose composite with &g, is the Thom homomorphism to K Ozpy2. By [24, Theorem 5.3.1], with
d =2mand k = 2 < 2m + 1, this homomorphism is onto kospiy = KOyyq. For n = 5 the target is
KO(, = 0.

Given g € R (M), choose h € R*(M) with

bg.(h) = 64.(8)

The ordinary index differences in the two spaces agree. Theorem C and Lemma 8.1 identify the
invertible components, so g and & lie in the same one. If g has density p, apply Lemma 14.1 to h. It
yields a positive-scalar-curvature metric h, of density y in that same invertible component. Apply
the deformation retraction of Lemma 8.1 to a connecting path from g to h,,. It fixes both endpoints
and produces a path in RL“V(M ), which proves the fixed-density assertion.

If M is simply connected and n > 5, then a(M) = 0 implies R*(M) # @ by [78, Theorem A]. If
a(M) # 0, both R:(M) and RL“V(M) are empty.

15. INVERTIBLE BOUNDARY EXTENSIONS

15.1. Metric cancellation and the relative group.

Proof of Theorem I. An invertible Dirac operator has zero real index. Conversely, suppose that
a(W,h) = 0, and choose a nonempty open set Uy € U. Proposition 9.1 gives a compatible po-
tential V' supported in Uy for which Dy + V' is invertible. Corollary 5.2, with the same open set, gives
an invertible metric g with dvy = dvg and g = g on W\ 0.

Put H = log(g™'g). Then H is smooth and g-self-adjoint, and

suppH c U, € U, tr H = log det(g~'g) = 0.
Thus g; = g(e'™-,-) has density dvg and agrees with g outside Uy. With reference metric g in (2.8),
put
L =U,'Dg Uy : H — L%

The frame map is e *"/2. The local comparison formula [56, Theorem 2.3.6], whose coefficients

depend on this map, its inverse and their first spatial derivatives, gives a holomorphic extension
L, : H' — L? near [0,1]. Here holomorphy is in operator norm, since the varying coefficients
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have compact support. Each L; is Fredholm by ellipticity and the fixed invertible ends. Openness of
Fredholmness gives a connected complex neighborhood Q of [0, 1] on which every L, is Fredholm.
The operator L, is invertible and L;! : L? — H' is bounded. Hence

A(z) = L,L]' € £(L%), AD) =1,

is a holomorphic Fredholm family on Q. By the analytic Fredholm theorem [79, Theorem 1.1, p. 2], its
noninvertible parameters form a discrete subset of Q. Since 0 € Q, there is an £ > 0 such that Dy, is
invertible for 0 < ¢ < e. Moreover, gy — g in C*. g

Corollary 15.1. Forn >3, 0, : R™ — KO, is an isomorphism.

Proof. Let [M, h] € ker 0,. The empty representative is zero. Otherwise, attach spin one-handles to
M x [0, 1] along interior discs in distinct components of M x {1}, with framings for which the spin
structure extends. The upper boundary is connected after finitely many attachments; denote it by N.
The side boundary remains dM x [0, 1], with metric h + dt?. If 9M # @, its cylindrical completion has
Dirac square, on product spinors,

3%+ Dj, > A5 > 0, Ap = dist(0, spec Dp).

If oM = @, the side boundary is empty. The handle trace and this side boundary therefore give
[M, h] = [N, h] by the defining relation [38, Section 5.2]. By [38, Section 5.4], (N, h) = 0,([N, h]) = 0.
Theorem I gives an invertible product extension over N, so [N, h] = 0 by [38, Corollary 5.6]. Thus 0,
is injective. Its surjectivity is proved in [38, Section 5.4]. O

16. SPECTRAL MATRICES ON BERGER PRODUCTS

16.1. One middle-weight projector. Let k > 1 be an integer, and put j = k — % Let V; be the
irreducible unitary SU(2)-module of complex dimension 2k, with action p. Its orthonormal weight
basis is denoted by v,,, —j < m < j. Let P,, be orthogonal projection onto Cuy,.

Lemma 16.1. For k > 1 and every nonempty open O C SU(2),

span[R{p(x)Pl/2,0(x)_1 : x € O} = Herme(V)). (16.1)
The same equality holds with P_y /.
Proof. The Clebsch-Gordan decomposition [47, Exercise 11.11, p. 151] is

2k—1
Ende(V)) = P Ve
=0

Each summand occurs once and has a one-dimensional weight-zero subspace. Conjugate transpose
preserves each summand, so that subspace contains a nonzero Hermitian vector T. Write Tv,, = ¢,
with g, € R. In V, = Sym? C?, the weight-zero monomial is z‘w’. The Weyl transformation
(z, w) — (w, —2) gives

Gm = (=1)"gm. (16.2)
Let Ji, >, J3 be the angular-momentum matrices, normalized by [J;, J>] = iJ5 and cyclic permutations,

with J30,, = muvy,. The Casimir identity on V; [8, Section 2.1, equations (2.4)—(2.5)] is Y. ,[Ja, [Ja» T]] =
#(¢+ 1)T. Its diagonal entries are

(e +1)gm = (j —m)(j + m+ 1)(gm = Gm+1) (16.3)

+(+m)(j-—m+ 1)(%1 - Qm—l)-
Terms with indices outside [~j, j] are omitted. If tr(P; , T) = 0, then ¢/, = g_1/, = 0 by (16.2). For
j > 1/2, substitute successively m = 1/2,3/2,..., j — 1 in (16.3). The forward coefficient is positive,

and every positive entry vanishes. Reflection gives every negative entry. For j = 1/2 the first two
entries are all the entries. Either case contradicts T # 0.
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Thus P/, has nonzero projection onto every irreducible summand. Since the decomposition is
multiplicity free, [34, Section 3, equation (13)] implies that its orbit has complex span Endc (V). Every
orbit element is Hermitian, so its real span is Herme(V;). If a Hermitian endomorphism annihilates the
orbit for x € O, its pairing with that orbit is a real-analytic function on connected SU(2) vanishing on
O. It therefore vanishes everywhere, and the endomorphism is zero. The Weyl element w exchanges
P, /; and P_j /,; applying the preceding equality to Ow gives the assertion for P_ . O

16.2. The Berger kernel and its evaluation. Choose left-invariant fields Xj, X, X3 with [ X3, Xp] =
2X3 and cyclic permutations. Let w; be the dual coframe. For t > 0, put

g = ot + 0} + ol (16.4)

In the left-invariant spin frame take ¢; = ios, ¢; = ioq, and ¢3 = io, so that cicac5 = 1. Hitchin’s
formulas [60, Propositions 3.1-3.2], in these conventions, give

D, = t_101X1 + 6 Xo + 3 X35 + (t/2 + t_l)I, (165)

and, besides the positive eigenvalues t/2 + p/t with p > 1,

— )2
é + {4pq + % p,q=1 (16.6)

In the Peter-Weyl summand V; ® V; ® C?, the first factor is the multiplicity space. Take dp(X;) =
—2i)5, dp(Xy) = —2iJ;, and dp(X3) = —2iJ,. On the pair

1 0
vm®<0>, vm+1®<1>, —j<m<j,

2m/t 2JG-m(@+m+1)
2JG-m)(j+m+1) —2(m+1)/t '

This block correspondsto p = j+ m+1and g = j — m in (16.6).

the operator matrix is

(16.7)

(t/2+t7 DI + <

Lemma 16.2. Ifk is prime, k = 3 (mod 4), and t = 4k, then
ker D, = VI:—1/2’ dimc ker D; = 2k.

In the fixed spin frame, evaluation followed by projection onto either spinor component has adjoint square
equal to a positive constant times the orbit of Py, in the contragredient representation.

Proof. For t = 4k with k prime and k = 3 (mod 4), the only zero in (16.6) has p = g = k; this is the
observation of Chowla recorded in [60, p. 32, Remarks (1)(a)].

Thus j = k—1/2 and m = —1/2. The block (16.7) is ( t2/k2 tz/k2 ), whose zero eigenvector at t = 4k

is (1,—1)/+2. For t € V" the corresponding spinor is

B k {p(x)v_1/2)
¥l =\ [Veltg) (—f<p(x)v1/z)>' (168)

For Haar measure dx of total mass one, Schur orthogonality [34, Section 3, equation (9)] gives
1

(x)Ppp(x) dx = —.
/SU(z) P P 2k

Since dvg, = Vol(g;) dx,

Vol(g:) , .2
|6p(x)om)|* dvg, = €.
/su(z) P § 2k
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Thus (16.8) is an L? isometry on V. Its first-row adjoint square is

k
5(x)P_1 15 0(x)* 16.9
VOl(gt) p(X) I/ZP(X) ( )
in dual coordinates. The second row has P; /,. The contragredient representation is unitarily equivalent
to V;, and Lemma 16.1 applies to both. 0

16.3. Flat factors and compatible compression. In the rest of this section, k is prime and k = 3
(mod 4). Let n > 3, and put d = n — 3. Give T¢ = R?/(22Z)? its flat metric and its spin structure
with constant spinors, and set

Xpk =S x T" . (16.10)

Hitchin gives the product formula for harmonic spinors [60, p. 12, Remark (4)]. In the product spinor
identification, with an extra factor C? when d is odd,

2 2 2
D%, =Dy ®I+1®Di,, (16.11)
where identity on the extra factor is understood. The torus kernel consists of parallel spinors. Set

B ker D, d even,
" | ker Dy ® €%, dodd.

For d = 0, take T° = {pt}, Vol(T°) = 1, D10 = 0, and W; = C. The product formula and Lemma 16.2
give
Enk =kerDx, = Vi, ,® W,  dimc W, =2"/?", (16.12)

Evaluation identifies the parallel torus spinors with the full torus spinor fibre. If the parallel sections
have their L? norm, multiplication of evaluation by Vol(T¢)!/? makes this identification unitary. Thus
in the product spin frame the spinor fibre is C> ® W,,. If Q is projection onto the first coordinate
line in C?, then Q ® T is a Hermitian fibre endomorphism for every T € Hermc(W,,). The product
conventions are also given in [36, Section 3].

Theorem 16.3. For every nonempty open U C X, , the map
Co (U n) — An(Enp), Vi— PgVg (16.13)

is onto. It has a finite-dimensional linear right inverse, and it yields a full potential section supported in
U.

Proof. Put E = E, . and j = k — 1/2. For unrestricted complex Hermitian multiplication endomor-
phisms, Lemma 6.5 identifies the compression image with the real span of e(x, y)*Q’e(x, y), where
e is evaluation and Q’ ranges over the Hermitian fibre endomorphisms. Choose a nonempty prod-
uct box Us x Ur € U. Equation (16.9) and the torus normalization give, for x € Us, y € Ur, and
T € Herm¢(W),),

e(x, y)(Q ® De(x, y) = pOP_1/2p(x)" ® T.

k
Vol(ger) Vol(T)
By Lemma 16.1, these matrices span

Hermc(V;) ®r Herme(W,) = Hermc(E).

Thus unrestricted compression is onto.
On Hermitian endomorphisms put J(A) = JAJ ™! and, in even dimension, G(A) = T'AT. They are
commuting real-linear involutions: J> = +I,T? = I, and JT = +I'J. The projection onto (2.3) is

_I+enJ _I+6n.]I—Q
h 2 2

In

(n odd), IT

(n even).
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Since Pp commutes with J and, in even dimension, with I', compression intertwines these projections
on the bundle and on E. For A € A,(E), an unrestricted preimage V therefore gives a compatible
preimage IV with the same support.

Choose compatible preimages V1, ..., Vy of a real basis of A ,(E). Their supports lie in one compact
subset of U, and they define a linear right inverse s of compression. Choose a circle centered at zero
isolating E. For A near zero, the enclosed spectral projection of Dy, + s(A) commutes with J and,
in even dimension, with I'. The polar frame of Lemma 6.1 therefore preserves these structures. Let
F(A) € A,(E) be the complete cluster matrix in that frame. Then F(0) = 0 and dFy, = I by Lemma 6.4.
The inverse function theorem [46, Theorem 11.22 and Corollary 11.35] gives the full potential section
A+ s(F71(A)) near zero. After shrinking its domain, the complementary spectrum remains separated
from zero. (]

Corollary 16.4. In every dimension n > 3, the manifold S*x T"~3 admits full metric sections of arbitrarily
large balanced zero-module size. The metric variations may have fixed pointwise density and support in
any prescribed nonempty open set, relative to the resulting zero-centered metric. Every smaller balanced
module occurs after fixing an invertible complementary block.

Proof. Apply Proposition 6.3 to Theorem 16.3. There are arbitrarily large primes 3 (mod 4) [6,
Theorem 7.1, p. 147]. The module sizes in (16.12) therefore tend to infinity.

For even n, the grading on the extra C? factor gives equal chiral ranks. In residues one and two,
the skew sizes are respectively

koln/2l  goln/2l-,

both are even, since the least dimensions in these residues are nine and ten. The other cases of (2.4)
impose no further restriction. Hence E,  is balanced.

For a smaller balanced module choose a structural orthogonal decomposition E, = E @ E”. Its
complement is balanced: in the chiral cases subtract equal ranks, and in the skew cases subtract even
sizes. Fix a sufficiently small invertible B € A,(E”) and restrict the full metric section to matrices
A @ B, with A € A,(E’). Its value at 0 @ B has zero module E’. Choose a spectral radius smaller than
dist(0, spec B) and the original exterior gap, and restrict to |A| below that radius. The central cluster
is then exactly the retained block. The density and the metric outside U remain fixed relative to this
new central metric. U

17. KERNEL DIMENSIONS AND THE REAL INDEX

The parameter manifolds below are compact. Vector bundles carry fixed smooth Euclidean,
Hermitian, or quaternionic Hermitian metrics. Matrix bundles have the associated Hilbert-Schmidt
inner products, and direct sums have the product inner product. Write | - g, for these fibre norms.
The disk bundle D,(N) = {(b, A) : |Alip < 1}, with 1 > 0, is a smooth manifold with boundary. The
norm of a section is its supremum fibre norm.

Operator norms between orthogonal summands are denoted by | - [op. For each residual matrix T,
with components (T, ..., Ty), finite rank gives a constant Cgp, > 1, uniform over the base, such that

|(T1; ) Ts)|fib < Cfib”THOp-

For an individual matrix, the Hilbert-Schmidt norm dominates the operator norm.

Lemma 17.1. Let B be a compact smooth manifold without boundary, and let n > 0. Let N,.E — B
be real vector bundles such that rank E = dim B. Suppose E admits a smooth section with exactly one
transverse zero. On Dy(N) let

so(b, A) = (A,0)

be the section of the pullback of N @ E. Every continuous section s satisfying |s — so| < n/2 has a zero
in the interior of the disk bundle.
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Proof. For m : N — B, let £ = 7*(N @ E) over the full total space N. Its rank equals dim D,(N). If &
is the section in the hypothesis, then

se(b,A) = (A, eo(b)), £>0,

has exactly one transverse zero. Its derivative normal to the zero section is diag(l, edo).
Suppose that s has no zero. Compactness permits a smooth approximation s’ with no zero and
with |s” — so| < n/2. In the homotopy

H; =1 —1t)s, +ts,

the N-component on D, (N) has norm at least n—|s” — so| > 1/2. Round the corners of D,(N)x[0,1]
in a collar on which H has no zero. The boundary map into the full total space of € is transverse
to its closed zero section and meets it exactly once. Its mod-two intersection number is zero by the
Boundary Theorem [53, Chapter II, Section 4, p. 80], a contradiction. Finally, |s| > n — |s — so| > /2
on the boundary. U

17.1. Integer indices. Let F = R or H, of real dimension dp. Suppose the fixed index-minimal module
has chiral parts F* and 0, with a > 0, in domain and range order. If the nonzero minimal chiral part
lies in the range, take adjoints throughout. Fix ¢ > 0 and 0 < < ¢/4. To add r > 1 zero modes in
both chiralities, set

B = Gr(F**), L— B (17.1)

with its tautological bundle. The auxiliary domain and range are both the fixed space F**". For
A € Endp(L) define

Zpa=cPp + APy, |Ale < 1 < /4. (17.2)

Adjoin the fixed domain summand F?. The complementary block maps L* isomorphically to L*. Its
elimination leaves a section of

Homg(L & F4, L) = Endg(L) @ Homg(F?, L) (17.3)
close to (A, 0).

Proposition 17.2. Every sufficiently small continuous family of F-linear perturbations of (17.2), with
the fixed domain summand adjoined, has a parameter at which the full chiral kernel and cokernel have
dimensions r + a and r over IF.

Proof. Put Ly = (im By)*, where B, : F? — F*'" is injective. The bundle E = Homp(F?, L) has real
rank dpar = dimg B. Its section s(L) = P;.By vanishes exactly at Ly, because P By = 0 is equivalent to
L C (im By)*, and both spaces have dimension r.

Write L = graph(X), with X : Ly — im By, and let jx = ()I() (I + X*X)~V/2, This is an isometric
frame of L. In this frame,

J%Bo = (I + X*X) /2 X"*B,.

Its derivative at zero is X — X*By. Since By : F* — im By is an isomorphism, this is a real-linear
isomorphism onto Homg(F?, Ly). Thus s has one transverse zero.

Let 6 bound the full matrix perturbation in operator norm. Choose

262
d<c/2, Ceiinp [ 6+ — ) < n/2.
C

Lemma 6.6 then gives a section of (17.3) whose distance from (A, 0) is less than 1/2 in the chosen
smooth fibre norm. Lemma 17.1, with N = Endg(L) and the bundle E above, gives a zero of this
section. At that point its domain has dimension r + a and its range dimension r. The complementary
map is invertible, so these are exactly the chiral kernel and cokernel dimensions. This includes a = 0:
then B is a point and E = 0. 0

In residue zero a = |X(M)|, and the resulting complex nullity is |X(M)| + 2r. In residue four
a = |A(M)|/2, and it is |A(M)| + 4r.



82 ANASS NIFA

17.2. The nonzero index in residue one. Fix r > 1, ¢ > 0, and 0 < 1 < ¢/4. The fixed index-minimal
module is R. Let B = CP” parameterize the complex hyperplanes L C C"*!. Regard C"*! as a real
space of dimension 2r + 2. On the real two-plane L* place cJ, where J is multiplication by i; on Lg
place A € so(Lg) with |Algp < 1 < ¢/4. After adjoining this real line, the skew Schur complement
belongs to

50(Lg ® R) = so(LR) @ Lg. (17.4)

The last bundle has rank 2r = dimg CP". For a fixed nonzero v € C™*!, the section L — P;v has
the single transverse zero L = vt. For Ly = v* and X € Hom¢(Ly, Cv), the graph formula gives the
derivative X — X*v. Its inverse sends w € Ly to X,,(u) = v{w, u)/[v|?, with the Hermitian product
linear in u. It is therefore a real-linear isomorphism.

The complementary block has inverse norm 1/c. For a structural perturbation satisfying the
bounds in the proof of Proposition 17.2, Lemmas 6.6 and 17.1, with N = so(Lg) and E = Lg, give a
parameter where the residual section vanishes. At this parameter the residual real skew matrix is
zero on a space of dimension 2r + 1. Multiplication by i returns the self-adjoint form. The complex
nullity is exactly 2r + 1.

17.3. The nonzero index in residue two. Fix r > 1, ¢ > 0, and 0 < 5 < ¢/4. The fixed index-minimal
module has chiral parts C and C, exchanged by charge conjugation. Let B = HP" parameterize
quaternionic hyperplanes L C H™*!. As a complex space L has dimension 2r. Let K be the standard
antiunitary of the ambient space H'*!, so that K? = —I. On the complementary quaternionic line
take cw, where

w(u,v) = (Ku,v)c.

Since K is antiunitary and K? = —I, this form is complex bilinear, skew, and has singular values one.
Its restriction to L* is therefore invertible with inverse norm 1/c after multiplication by ¢. On L place
a complex skew form A with |Algp < 5 < ¢/4.

After adjoining the fixed complex line and eliminating the complementary complex two-plane,
the residual bundle is

A(L®C) =AL @ L". (17.5)

Its last summand has real rank 4r = dimg HP". Fix a nonzero complex linear functional {(w) = (v, w)¢
on H"*!. The section L + £|; vanishes exactly at

Lo = spane{v, Ko}

Indeed quaternionic invariance of L makes orthogonality to v equivalent to orthogonality to both v
and Kv. In graph coordinates its derivative is

X toX, X € Homy(Ly, Hv).

If £o X = 0, then for every w € Ly both #(Xw) and (KX w) = #(XKw) vanish. In the complex basis
(v, Kv) of Ho, these two equalities make both components of X w zero. Thus X = 0. Both spaces have
real dimension 4r, so this derivative is an isomorphism.

For a structural perturbation satisfying the bounds in the proof of Proposition 17.2, Lemma 6.6
gives a residual section within 1/2 of (A,0). Lemma 17.1, with N = A‘%L* and E = L*, gives a zero
Schur complement of complex size 2r + 1. Both chiral kernels have dimension 2r + 1, and the total
complex nullity is 4r + 2.

17.4. Minimal kernel dimensions. If the fixed index-minimal module is zero, let E; be a balanced
zero module of the prescribed dimension in (2.4). On the ball in .A,(E,) take the reference matrix
A. Lemma 17.1, with B a point, N = A,(E,), and E = 0, gives a zero after every sufficiently small
perturbation. A fixed invertible complement may be eliminated by Lemma 6.6.

If the prescribed nullity is the index minimum, no auxiliary zero block is needed. After elimination
of the invertible complement, the residual matrix space is respectively Homp(F¢, 0) or its adjoint,
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50(1), Skew;(C), or the zero space. Each is {0}. The kernel therefore has exactly the prescribed
dimension. This includes dimension zero.

Proposition 17.3. For each admissible nullity in (1.9), an auxiliary balanced matrix family can be chosen
on a compact disk bundle so that, after adjoining a fixed index-minimal module, every sufficiently small
structural perturbation has a parameter with exactly that nullity. Finitely many additional independent
matrix equations can be imposed simultaneously if their reference map is the identity on additional
trivial disk factors.

Proof. The preceding constructions give every nullity in (1.9). For additional equations, replace N in
Lemma 17.1 by N @ V, where V is the finite-dimensional real space in which these equations take
values. On the disk bundle for the product fibre metric, the reference section is (A, X, 0). Lemma 17.1
gives a common zero after every sufficiently small perturbation. The complementary inverse bounds
and the fibre norm comparison constant are fixed before the perturbation size is chosen. g

18. SPECTRAL SUBSPACES UNDER SURGERY

Compact-family spectral surgery is given in [72, Theorem 4.24], extending [19] and [36, Theorem 6,
third arXiv version]. Let b — g, be a compact C2-continuous family of smooth metrics on a closed
spin manifold, and fix a finite spectral band whose endpoints avoid every spectrum. A fixed spin
surgery of codimension at least three admits a C?-continuous family of smooth metrics for which the
eigenvalues in that band, counted with multiplicity, are uniformly arbitrarily close to the original
ones. The band ranks are equal, and the metrics agree outside any prescribed neighborhood of the
surgery sphere. The smooth compact-parameter connected-sum construction in odd dimensions is
also given in [16, Section 7, Remark 4].

An eigenbundle isomorphism under surgery is proved in [72, Theorem 4.26 and Remark 4.27].

Proposition 18.1. Let B be compact, let b — g}, be a C*-continuous family of smooth metrics on a closed
spin manifold N, and fix a spin surgery of codimension q > 3. Write D, = Dy,. Let a, : B — R be
continuous, with a < By and ap, By € Spec(Dy). Suppose that

Ep = 1(g, p,)(Dp)L*(Zg,)

has fixed rank. For every n > 0 and every neighborhood V of the surgery sphere, there is a C*-
continuous family g, of smooth metrics on the surgered manifold, equal to g, outside V, for which
E, = 1(a,,,ﬁ,,)(Db)L2(2§,,) has the same rank as Ey,. There is a continuous bundle isometry W : E — E
such that

sup H W,fﬁ;, Wy, — D,
beB

<n.

If E is invariant under the spinor structures, W intertwines their restrictions. If a, > 0 and a spinor
structure exchanges the bands (ay, f) and (—fp, —ap ), the isometry on their direct sum may also preserve
the two summands.

Proof. For rank zero, the spectral surgery theorem gives the assertion. Suppose the rank is positive.
Locally index the eigenvalues in the selected interval. The spectral bundles are continuous by [72,
Theorems 3.3-3.4]. Norm-resolvent continuity and compactness give

d:= ibnlfB dist({ab,ﬂb}, Spec(Db)) > 0.
€
All constants below are independent of b and of the surgery radius.

The old cluster has a uniform L2-to-L™ bound. For D¢/ = Ay in the band, the square formula and
Kato’s inequality give, for u = (|¢/|* + £2)'/2,

Apu < Cou.
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The constant Cj is uniform because |A| and the scalar curvatures of the compact C?-family are bounded.
With the nonnegative Laplacian convention, this is

ai(a'gaju) +dpu >0, al})j = |/det gp glij, dp = Co+Jdet gp.

On a fixed finite atlas these coefficients have common ellipticity and boundedness constants. The
local boundedness estimate [48, Theorem 8.17, p. 194], with p = 2 and zero right-hand side, applies on
nested coordinate balls. Uniform equivalence of the coordinate and metric measures and ¢ — 0 give

19l < C1 1Y, (18.1)

Expansion in an orthonormal eigenbasis gives the same inequality on Ej, with the additional factor
vrank E.

Fix tubular neighborhoods T, of the surgery sphere with respect to a background metric. Choose
0 < y, < 1 equal to zero on T, and to one outside Ty,, with |dx,|s, < C/p. Take p small enough
that T, C V. Theorem 4.24 of [72], with any sufficiently small spectral error ¢ < d/3, gives a
C%-continuous family g equal to g, outside T/, and with the same band ranks. On the common
exterior, identify the spinor bundles by the spin structure of the surgery. Set

Ap = Dy, Cop : By — L*CSg),  Con¥ = XV,

extending by zero across the modified region. This map is continuous in b, has norm at most one,
and takes values in D(D;,). The volume of Ty, is O(p?) uniformly. Hence

C5yCpp =1+ 0(p?),

~ 18.2
Ry :=DpCpp — CopAp =dyp- |E, » IRyl < Cpq/%l- (182

Let P, be the new band projection. Every eigenvalue of Dy, onim(I — P,) lies outside (;, By), at
distance at least d from the spectrum of A;. For an orthonormal eigenbasis e; of A;, with eigenvalues
Aj, the spectral theorem gives

| = Py)Cppej| < d 0(5b =AU = Pp)Cpyp ej“ <d 7 |Ryey]-
Consequently |(I — P,)Cp| < Vrank E d™" |Ry|. Put
Gy =C5yPyCop, Wy = PyCpyGy 2
Since

Gy = CyCpp — (I = Py)Cpp) (= Pp)Cpp).

we have |G, — I| < C(p? + p972). For small p, ;I < G, < I. Thus W; W, = I, and equality of ranks
makes W), onto Ej. Continuity of the factors gives continuity of W. The identity

w;Dywy, = 64,6, + G,V C; Py Ry G, (18.3)
gives
Wiy Wy - 4] < C(IGy — 11+ IRy ) < Cp?/27"
Since q > 3, decreasing p gives the prescribed 7.
Suppose a spinor structure preserves Ej. If it reverses the sign of Dy, each eigenvalue A of Aj has

—A in the same band; both have distance at least d from its endpoints. The spectral error is less than
d, so the new band is likewise invariant. The common exterior spin identification and the real cutoff

intertwine the structures. The projections therefore intertwine them, and so do G;l/ > and W, by the
real functional calculus argument in Lemma 6.1.
For the two nonzero bands, apply the preceding construction to Ej, ;. and write

Cou=Xplrsr  Gbw=CpPoiCorr  Wii=PpsCp.G, Y (18.4)
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Let Sy : Ep+ — Ep _ be a unitary or antiunitary sign-reversing structure, with new counterpart Sp.
Set

Wp_ = §b Wb,+51:1. (18.5)

For Ap. = Dplg,. and Ay = Dplg,

W;’_EbJ_ Wp-—Ap- =-S5 (W;’+Zb,+ Wp 4 — Ab,+)5b_1~

Thus the two errors have the same norm. The positive construction intertwines every sign-preserving
structure. If T}, preserves sign, apply this identity to S;l TpSp on Ep 5 it gives Wy, _ T, = Tb Wy — on
Eyp _. For a sign-reversing T; = J, or I'p, the product S;l T, preserves sign; hence W;, _T}, = "Th Wh o+
on Ej ;. The corresponding identity on E; _ follows from T,f = Tlf = 4]. Therefore W, . & W, _
preserves both summands and intertwines the spinor structures. g

18.1. Spin bordisms. The model X, = $* x T"~3 bounds D* x T"3 as a spin manifold. For n > 5, the
spin-bordism surgery theorem [51, proof of Theorem B, pp. 431-432], applied to the simply connected
target S", gives a finite sequence of spin surgeries of codimension at least three from X, to S”; see also
[36, proof of Proposition 7, p. 7, third arXiv version]. Disconnected intermediate levels are permitted
in the compact-parameter spectral theorem.

For n = 4, surgery on the circle in S x S gives S*. Indeed the complement of S! x int D? is S' x D,
and the surgery union is

(S' x D*) u (D? x §%) = 9(D? x D®).
Rounding corners identifies the right side with S*. The two framings differ by the generator of
11SO(3). The framing change is induced by a rotation of D* depending on the circle coordinate;
this map extends over S x D3, so both framings give this smooth manifold. The nontrivial loop in
SO(3) lifts to a path in Spin(3) with opposite endpoints. Thus the two framings induce the two spin
structures on the circle. The bounding one extends over the attached handle [19, Section 1]. This is
the four-dimensional spin surgery in [36, Section 3].

For n = 3, the auxiliary manifold is S®>. Connected-sum surgery with the prescribed manifold
has codimension n > 3 and gives M#S" = M with its original spin structure. The attachments are
independent of the parameters. For a sequence of m surgeries, let A; be the successive compressed
operators and W; the isometries of Proposition 18.1. If W = W,, --- W;, then

m
[W*AnW — Aol < Y IW; A;W; = Al
j=1

Since m is finite, the total error can be made arbitrarily small.

19. FINITE SPECTRAL PRESCRIPTION

19.1. Nonzero matrix blocks. By (2.1), the multiplicity field for a nonzero eigenvalue is

H, n=234 (mod3),
F,=4C, n=1,5 (mod38), (19.1)
R, n=0,6,7 (mod 8).

Let H = AI + X, where A # 0 and X € Herm,,(F,). In the symmetric spectral classes, take A > 0 and
H positive definite. In residues three and seven either sign is allowed.

Lemma 19.1. Every such matrix occurs as a block in a balanced zero module. The inclusion of the
selected subspace can be chosen independently of H and compatibly with its multiplicity field. If charge
conjugation or chirality changes the spectral sign, its image subspace carries the block determined by
that identity.
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Proof. For n = 3,7 (mod 8), take H itself. For n = 0,4 (mod 8), put Z = H. The F,-linear isometries
fi(u) = (u, +u)/ /2 satisfy
The same formula applies in residue six, since a real symmetric H is complex symmetric. Here

J(x,y) = (3, %) induces conjugation on the positive subspace: J fi(u) = fi(@).
In residue two, represent the quaternionic Hermitian matrix H on C*™ and put

0 I
Jo:<_1 0>, Z = Hjp.

The identities H* = H and HJ, = JoH give ZT = —JyH = ~HJy = —Z. For f.(u) = (=Jou, u)/ 2 and
f-(w) = Gou, w)/ V2,
D(2)f(w) = (~hHu, Hu)/N2 = f.(Hu),

D(Z)f-(u) = (~hHu,—Hu)/N2 = - f (Hu).

The charge conjugation J(x, y) = (—7, %) satisfies J fi(u) = fi(—Jo@). Thus the positive subspace has
its quaternionic structure, commuting with H.
In residue five, take T = diag(H, —H) and J(u,v) = (=0, @). Then T* = T, J> = —I, and

JT(u,v) = (Ho,Hu) = —TJ(u,v).

The two coordinate inclusions give H and —H.
In residue one write H = A + iB, with AT = A, BT = —B, and set

= (5 ) w=(03)

Then R(H)T = R(H) and R(H)J, = JoR(H), so JyR(H) is real skew. On the complexification, the
isometries fy(u) = (u, —iu)/~2 and f_(u) = (u,iu)/ /2 satisfy

—i)R(H)f. = fyH,  —ipRGD)f- = —f H.

Every displayed inclusion is independent of H. The underlying modules satisfy the balance conditions
of (2.4). O

19.2. Separation of spectral intervals.

Proof of Theorem P. Let A; be the distinct prescribed nonzero values, and let m; be their multiplicities
over F,,. In the symmetric classes list only the positive values. Put

V=P Herm,, (F,), H=4I+X;, X=(X)€V. (19.2)
j

Choose disjoint closed intervals about these values and a symmetric closed interval about zero, all
contained in (—A, A). Include the opposite intervals in the symmetric classes. For each interval take
the positively oriented circle having it as a diameter; write y; and y, for the corresponding contours.
Fix My > A + 3. By [4, Theorem 1.1], the prescribed spin manifold admits a metric gy, whose
complex nullity is
A, n=0,4 (mod8),
a(M), n=1 (mod3),
a(M) = (M) ( ) (19.3)
20(M), n=2 (mod 8),
0, n=3,56,7 (modS8).
Constant scaling multiplies the Dirac operator by the inverse length factor. Rescale gy so that its
nonzero eigenvalues have absolute value greater than 3M,, and put Ky, = ker D

Smin *
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For h > a(M), take the zero family of Proposition 17.3, with ¢ = M,. Write B for its base, N for its
normal bundle, and E for the remaining residual bundle. If a(M) = 0, then B is a point and E = 0. For
h = a(M), take B to be a point and N = E = 0. In residues zero and four, when the nonzero minimal
chiral summand lies in the range, take the adjoint chiral matrices throughout, as in Section 17. This
interchanges kernel and cokernel and preserves their sum.

On the disk bundle
Y=D,N&V)

combine the auxiliary zero family with the nonzero blocks of Lemma 19.1. Each summand is balanced.
Choose a strictly larger balanced module from Corollary 16.4 containing their structural orthogonal
direct sum. Its complement is balanced by (2.4); on that complement fix an allowed matrix whose
singular values are My. Choose n > 0 sufficiently small that every variable spectral block lies in the
interior of its chosen interval and n < M, /4. The resulting auxiliary matrices B, depend smoothly on
y € Y and satisfy B, | < M.

Let A — g(A) be the full metric section on this module given by Corollary 16.4. On a sufficiently
small closed matrix ball its complementary spectrum has distance at least d,ux > 0 from zero. Choose
a fixed € > 0 such that eB,, lies in that ball for every y and dqux/€ > 3M,. Set

gy = €’ g(eB,). (19.4)

Under the constant spinor comparison, D2, = € ' D,. Thus the selected matrix of (19.4) is B, and
every eigenvalue outside this cluster has absolute value greater than 3M,. On the disjoint union with
(M, gmin), the complete matrix in (—2M,, 2M,) is

T, = B, @ Ok, IT,| < Mo.

in?

The projection inside y, has complex rank h: its range is the residual module of Section 17, including
Kmin- For h = a(M) it is precisely Kyi,. This includes h = 0.
For all the chosen contours, including the negative contours in the symmetric classes, set

. . |yel
d, = y€}1/1:1£€ﬂ dist(z, Spec(T;)) > 0, Ke = Td(g
The spectra lie in the interiors of the selected intervals or at £M,; compactness of Y gives the strict
lower bounds.

Apply the finite spin-surgery sequence of Section 18 to the auxiliary manifold, and then form its
connected sum with (M, gmin). The parameter space Y is compact, the initial metric family is smooth,
and the endpoints +2M, avoid its spectrum. Proposition 18.1 and the finite composition estimate
identify the entire resulting band with the reference module. For any sufficiently small § > 0, the
resulting matrix Ty satisfies

sup [T, — Ty| < 4.

yeyY
These matrices are continuous and retain all the spinor identities. The metrics are smooth and depend
continuously on y in C2,

The reference residual module and its orthogonal complement form smooth bundles over B. The
complementary block has singular values bounded below by a constant u > 0: its variable nonzero
blocks lie in intervals avoiding zero, and its remaining singular values equal M,. Take the chiral Schur
complement in even dimensions, and the Hermitian Schur complement in residues three and seven.
In residues one and five, take the real or quaternionic skew-adjoint Schur complement of —iTy. In
these two residues the normal variable and the residual matrix are both expressed in skew-adjoint
coordinates by T +— —iT.

The resulting section S takes values in N@E. For nonzero index the identifications are (17.3), (17.4),
and (17.5), with the adjoint in the opposite integer-index case. At zero index, let E; be the selected
residual zero module; the target is A,(Ey) in the indicated matrix coordinates. For h = a(M) the
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residual space is zero, by the minimal-kernel construction of Section 17. In every case the reference
section is Syt = (A, 0), with absent summands omitted. Lemma 6.6 applies to these orthogonal
splittings; for § < /2, it preserves the structural identities and gives

252
"SO - Sref"op <6+ 7 < 26.

Let Py, P, be the Riesz projections of T, Ty for y,. For 6 < d;/2, the resolvent identity gives

=\ _ 20
Iz-T) " -G-T) <S5 zen
¢
Integration yields
qe 1= |Pr — Pyl < k8.

Put Spolar = min/(2x,)"!. For § < Opolar the projections have the same ranks by [62, Chapter I,
Theorem 6.32].

For an independent nonzero block, let U; be its fixed isometric inclusion from Lemma 19.1. The
polar formula (6.2) gives

G =UPU, U =DbUG,"

These expressions are continuous in y. Since |G; — I| < g; < 1/2 and G; < I, the spectral theorem
gives

I < 2, 16 -1<2q, 10— Ul < 4g;.
Thus H ;= [NJ'J’-k Ty [NIJ satisfies
|H; — Hil <6 +2Mo|U; - Uj| < C;8,  Cj =1+ 8Mk;. (19.5)

The polar isometry intertwines the sign-preserving spinor structures, as in the proof of Lemma 6.1.
Consequently H; € Herm, (F,); the sign-reversing structures determine the negative partners.
Fix a constant Cgp, > 1 comparing the product fibre norm on N @ V @ E with

1/2
<||S||§p+2||yjn§p> . SEN®E, YeHerm,,(F,).
J

It is uniform because these bundles have finite rank over the compact base. Put Ko = (4 + 3; Cjz-)l/ 2,
After the reference family and these constants have been fixed, choose the total surgery error so that

0<5<min{ﬂ, 1mindg, T , MO_A, 5polar}-

22 ¢ 2Cei Ko 2

The continuous section with components Sy and (FI i — AjI)j, ordered in N & V & E, differs from
(A, X,0) by less than CsipKod < n/2. The constructions of Section 17 give a compact smooth base B
without boundary, rank E = dim B, and a section of E with one transverse zero. Lemma 17.1, applied
with N @ V, therefore gives a parameter with Sy = 0 and

PNIJ- = A1 for every j. (19.6)

For h = a(M) this is the same lemma with B a point and N = E = 0. If also V = 0, the parameter
space is a point.

At this parameter, Lemma 6.6 identifies the kernel and cokernel with those of the vanishing
residual matrix. Their dimensions are those of Section 17, and the full complex kernel has dimension
h. Every kernel vector belongs to the band and to the projection inside yp. That projection has rank A,
so its range is exactly the kernel.
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Each nonzero projection retains its reference rank. Equation (19.6) makes its compressed operator
the prescribed scalar matrix. A block of size m; contributes complex multiplicity 2m; over H and m;
over R or C. In the symmetric classes the negative partners have the same multiplicities. Thus these
subspaces give exactly =.

The remaining reference eigenvalues equal M, or —M,. For the full finite self-adjoint matrices,
the ordered-eigenvalue inequality [62, Chapter II, Theorem 6.10, p. 126] gives |V — vi| < . Hence
every entry corresponding to an unused reference block has absolute value greater than My, — § > A.
The number of these entries, together with the ranks of the zero projection and all the prescribed
nonzero projections, equals the rank of T;. Proposition 18.1 preserves that entire band rank, so these
eigenvalues exhaust the spectrum in (—2M,, 2M,). There is no further eigenvalue in (—A, A). The
final spin manifold is M#S™ = M with its prescribed spin structure. This proves (1.10). O

Corollary 19.2. For every closed connected spin manifold of dimension at least three,

sup dime ker Dy = oo.
g

Proof. Each row of (1.9) contains arbitrarily large integers. Apply Theorem P with an empty nonzero
multiset. O

20. LOCAL HARMONIC SPINORS IN DIMENSION FOUR

Let M* be closed, connected, and spin, and fix a nonempty open set U C M. Interchange the
chiralities, if necessary, so that

Ag : H'(S) — LX(T), indy A, = —a, a>0.
Both S and T have quaternionic rank one. By Lemma 2.2 and (2.5), the real-linear bundle map
A*T*M — Homy(S, T), T co(7)ls (20.1)
is an isomorphism. A section B of the target corresponds to the compatible self-adjoint potential
(55).
20.1. A flat ball with prescribed density.

Lemma 20.1. For every p € U, the metric g can be approximated in C' by smooth metrics g, which
are flat on a neighborhood of p, equal g outside U, and satisfy dvg, = dvg. If A, is injective, g, can be
chosen so that Ay, is injective.

Proof. Take normal coordinates x at p, with dvy = J(x) dx. Here ] = 1+ O(|x|*) and dJ = O(|x|). On
a smaller coordinate box define
X1
= / J(t, %2, x3, x4) dt, yi=x (i>1).
0
The Jacobian determinant is J, and
y=x=0(xP),  Dy-I=0(x"),  D*y=0(x]).

Thus dvg = dy, and the matrix G(y) of g satisfies

detG =1, G—1=0(yP), dG = O(|y)).

Choose y, equal to zero on |y| < r/3 and to one on |y| > 2r/3, with |dy,| < C/r. Replace G on this
box by
G, = exp(yr log G).

It equals G near the boundary of the box and I near p. Since trlog G = logdet G = 0, its determinant
is one. Differentiation of the exponential integral formula in Lemma 3.4 gives

|G, = Gl < Cr%, |G, = Gler < Cr.
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These tensors extend by g to all of M.

Viewed as a complex elliptic operator on the closed manifold M, A; : H 1(S) — L*(T) has closed
range and finite-dimensional kernel by [61, Theorem 19.5.1, pp. 225-226]; the fixed density identifies
sections with half-density-valued sections. Under the positive spinor comparisons (2.8),

|Ag, — Aglerorz < C'llgr — gler — 0.

If Ag is injective, the perturbation theorem [61, Theorem 19.1.5, pp. 182-183] implies that A, is
injective for all sufficiently small r. (]

20.2. Cokernel-orthogonal point sources.

Lemma 20.2. Suppose A, is injective and g is flat on a ball contained in U. There is a smooth
B € C(U;Hompy(S, T)) such that ker(Ag, + B) # 0.

Proof. Write A = A, and E = ker A”, of quaternionic dimension a. Select m > a distinct points p; in
the flat ball. The quaternionic-linear map

m
B —b o T
i=1 i

has a nonzero kernel. Choose a nonzero vector there and discard its zero entries. The distribution
1 = i Op,V; is nonzero and annihilates E.
Since A is injective, A* A is an invertible elliptic operator. Set

R=(A*A)1A*.

The elliptic calculus [61, Theorems 18.1.8 and 18.1.24, pp. 71 and 87; bundle calculus, pp. 91-93] gives
R of order —1. The identity AR = I — Py extends to distributions, since Pr has a smooth kernel. Hence

¥ = Rn, Ay =n. (20.2)

After a constant quaternionic unitary change of the target frame if necessary, A has one of the
following expressions in flat chiral frames:

D = 9y + 101 +jo, + kos, D = 9y — 101 — jO; — k0.
Suppose first that A = Z in these frames. The fundamental solution of Ags = Z:}:o a§ is ®p(x) =
—1/(47%|x|?) [48, Section 2.4, equation (2.12), p. 17]. Since 29 = Ags,

Eo(X) = @‘Do()() = QEO = 5().

22| x|4’

Elliptic regularity gives ¢ = Eo(x — p;)v; + h;, where h; is smooth and Zh; = 0. Choose disjoint balls
about the p;, contained in the flat ball, such that

il
h; < — * D).
| l(x)| 47T2|x _ pi|3 (x pl)
Put
u(x) = xo + x11 + x2§ — x3K, PQu=1-1—-1+1=0. (20.3)

For 6 € $® and s € [0, 1], define
Q4(0) = 0y + (cos(rs)B; — sin(rs)0,)i
+ (sin(rs)6; + cos(rs)0y)j — 65k.

Then |Q4(0)| = 1, Qp(8) = u(#), and Q;(6) = 0. In one of the chosen balls write x — p; = p0 and take
0 < r; < r; < ry smaller than its radius. Choose smooth y, { : [0,00) — [0, 1] with

x=0(p<n), x=1(p=r), (=0(p<r), (=1(p=>r).
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For p > 0, set
x(p)

2]T2p3’

b(p) =1 — x(p)p + ¢i(pi + p0) = b(p)Qy(p)(Dvi + {(P)hi(pi + pO).

For p < rq this is u(x — p;)v;, so it extends smoothly across p;. For p > r3 it equals . If { = 0, then
|pil = b(p)lvi| > 0. If { # 0, then y = 1 and

il > |Eo(x — pivil — [hi(x)| > 3|Eo(x — piui| > 0.

For A = 9, the fundamental solution is x /(272|x|*). Replace Q,(8) by Q,(8); the inner map is u(x)
and Z(u(%))=1-1-1+1=0.

Set ¢ = ¢; in these balls and ¢ = 1/ outside them. This defines a smooth section. It satisfies A¢ = 0
near the centers, near the ball boundaries, and outside the balls. On each punctured ball define

(Ag)g*
B=- . (20.4)
|¢l?
Here ¢*(w) = (¢, w)i. Thus B is quaternionic-linear and Bp = —A¢. It vanishes near the centers
and ball boundaries, so extension by zero gives B € C;°(U; Homy(S, T)) and (A + B)¢ = 0. Since ¢;
is nonzero on a punctured ball, ¢ # 0. g

20.3. A chiral kernel of quaternionic dimension one.

Proposition 20.3. Let L = Ay + By have nonzero kernel, and let By be smooth and supported in U. There
is a smooth supported perturbation By such that

dimp ker(Ag + By) = 1, dimy ker(Ag + By)* = a+ 1.

At this operator, finitely many supported multiplication variations induce an isomorphism onto the
normal space Homy(H, H%*!) of its zero chiral matrix.

Proof. The multiplication operator By : H'(S) — L?(T) is compact, so indyy L = —a [61, Corol-
lary 19.1.8, p. 183]. Write F = ker L, E = ker L*, and dimy F = k; then dimpy E = k + a. Unique
continuation for L and L* follows from [7, Remark 3, p. 248], applied to L*L and LL*: their principal
symbols are |€ |§,I , and their coefficients are smooth. Compression defines a real-linear map

C : C(U;Homy(S, T)) — Homy(F, E), C(B) = PgB|f. (20.5)

By Lemma 6.5, for every x € U and every q € H its image contains uquv*, where v* : F — S,
and u* : E — T, are evaluation in local quaternionic unit frames. If k = 1, retain B; = By; the
normal-surjectivity argument below, with £ = F and C = E, gives the required potential directions.
Assume henceforth k > 2. Choose k — 1 points for which the vectors v; and u; are independent in
their respective spaces. For the inductive choice, fix the previous spans V ¢ F and W C E. The
set of points at which the source evaluation line is not contained in V is open and dense in U. If
its complement contained a nonempty open set, every element of V* \ {0} would vanish there, in
contradiction to unique continuation. The target condition is open and dense because a cokernel
spinor vanishing on an open set vanishes identically by unique continuation for L*. Their intersection
contains a point distinct from the preceding ones.
The matrix

k—1
My = Z ujv; (20.6)
=1

belongs to im C and has rank k — 1. Indeed the two column maps are injective, and the adjoint of the
source column map is surjective. Put £ = ker My and C = (im M,)*; their quaternionic dimensions
are 1 and a + 1.

The real-linear map

B+ PcC(B)|; into Homy(¢, C) (20.7)
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is onto. To prove this, choose a unit generator ¢ of £. A real annihilator is represented by e € C and
would satisfy

/ Re(e(x), B(x)y/(x)) dvy = 0 for every supported B.
M

On a ball in U on which ¢ # 0, multiplication by an arbitrary quaternionic-linear map sends /(x) to
every vector of Ty. Consequently e vanishes on that ball. Since e € ker L*, unique continuation gives
e=0.

Choose B, with C(B,) = M, and potential directions V7, ..., V; whose images under (20.7) form
a real basis, where d = 4(a + 1). Set B(q) = B« + . ¢, V,. Give H'(S) the graph inner product of
L. Since LF = 0, F and F* n H!(S) are orthogonal for this inner product, where F* denotes the L
orthogonal complement. The restriction

Le = Llpiamesy : FEnH'Y(S) — E* ¢ L(T)

is bijective with bounded inverse. Write B(q) = (B;;(q)) in these domain and range decompositions.
For small (¢, ), Lemma 6.6 gives the finite Schur matrix

S(t, ) = tC(B(q)) — t*B12(q)(Lc + tB22(q)) ™' Ba1(q). (20.8)
The complementary inverse is smooth, so S(¢, q)/t extends smoothly across ¢ = 0.
Split F = £& ¢- and E = C @ im M,. At (t, q) = (0,0) the lower-right block of S/t is invertible.
Eliminate it by Lemma 6.6. The remaining column s(t, q) € Homg(#, C) satisfies

s(0,00=0,  dys(0,0)[q] = PCC<Z @ VV)|f.

This derivative is an isomorphism. The implicit function theorem [46, Theorem 13.20, p. 71] gives a
smooth g(t), with g(0) = 0 and s(t, g(¢)) = 0. Fix a sufficiently small ¢ # 0. Both eliminated operators
remain invertible. The kernel and cokernel of L + tB(q(t)) therefore have exactly the dimensions of ¢
and C. This gives B; = By + tB(q(t)).
At the resulting operator the argument for (20.7) applies to its actual kernel and cokernel. Apply
Lemma 6.4 to the self-adjoint family
0 (Ag + B)*)

D<Ag+B):<A +B 0
8

Its full zero space at B = B; is the sum of the actual kernel and cokernel. A symmetric spectral circle
and the polar frame of Lemma 6.1 preserve their chiral quaternionic structures. The derivative of
the chiral block is B Prer(ag+ Bl)*B|ker( Ag+By)- Restrict to d directions on which this derivative is an
isomorphism. The inverse function theorem [46, Theorem 11.22 and Corollary 11.35, pp. 61-63] then
gives a full potential section with exact column g — g near zero in H%*!, (]

Proof of the four-dimensional assertion of Theorem L. If ker A, # 0, put g’ = g and apply Proposi-
tion 20.3 with By = 0. Otherwise, Lemma 20.1 gives a metric g’ with
lg" — gler <e/2,  dvy =dv,, g =gonM\U,
to which Lemma 20.2 and Proposition 20.3 apply.
In either case there is a full potential section with exact column g — g, of chiral quaternionic
ranks 1 and a + 1. Restrict its parameter domain to a small closed ball on which one symmetric circle
separates the full zero cluster from the remaining spectrum. The finitely many potential directions

have one common compact support in U. Apply Proposition 6.3; in its application of Theorem R
require also

suplh — 'l < /2.
q
The resulting metric section has exact column g — q and satisfies dvp, = dvg and hg = gon M\ U.
The triangle inequality gives |hq — g”cg < e. At g = 0, the whole kernel is the selected cluster, so
dimg ker Ap, =1, dimp ker Aj = a+1, dim¢ ker Dy, = 2a + 4.

The derivative of its normal column is the identity. This proves (1.11) and (1.12). ([l



DIRAC SPECTRA AND SPACES OF METRICS 93

21. LOCAL HARMONIC SPINORS IN DIMENSION FIVE

Fix a closed connected spin five-manifold (M, g). Its spinor bundle is a right quaternionic bundle
of rank two. By (2.1), its charge conjugation satisfies J* = —I and JDg = —D,J. Put

K =iDy, y(X) = icg(X).
Then K is quaternionic-linear and skew-adjoint; y(X) is quaternionic Hermitian, with y(X)? = | X[?I.
21.1. The spinor current.

Lemma 21.1. For a smooth spinor field ¢, define the real vector field j; by

8Ug, X) = Re(, y(X) ). (21.1)
It satisfies
gl =g, divjs = 2Re(¢,iDy ). (21.2)

At a point x with ¢(x) # 0, the equation (DgP)(x) + cg(7x)P(x) = 0 has a real three-form solution
Ty € A*T;M if and only if div jg(x) = 0. On an open set where ¢ is nowhere zero and the divergence
vanishes, T can be chosen smoothly.

Proof. The matrices y(e;) span the traceless quaternionic Hermitian endomorphisms of H? and satisfy

y(e)y(er) + y(er)y(ey) = 283l

For the inner product (S, T) = 3 Re tri(ST) they are orthonormal. In a spin frame the map in (21.1)
is, up to a fixed orthogonal identification,

(u,v) — uo, |u* —p>) e HOR.

Its squared norm is 4|u/*[v]? + (Jul®> — [v]*)? = (|ul* + |[v*)?. At a point choose a normal orthonormal
frame. Since Vy = 0 and the y(e;) are Hermitian, differentiation gives

div jy =2 ) Re($, y(e/)Ve,9) = 2Re(§,iD, ).
J

For a unit spinor 7, let a; be the one-form of [21, Definition 4.8 and Lemma 4.11]. With j; = —i, its
normalization is j, = —ay.

By Lemma 2.2 and (2.4), 7 + icy(r) identifies A3T*M with sp(2M). By Lemma 10.3, a nonzero
u € H? admits a skew-adjoint solution of Qu = y precisely when Re(u*y) = 0; the displayed solution
in that lemma is smooth in (%, y) and vanishes when y = 0. Apply it with u = ¢ and y = —iDy¢. The
compatibility condition is the second equality in (21.2). O

21.2. A nonzero spinor with divergence-free current.
Proposition 21.2. For every nonempty open U C M, there is T € CX(U; A*T*M) such that ker(Dg +
cg(1)) % 0.

Proof. If D¢ has a kernel, take 7 = 0. Otherwise choose p € U and 0 # v € %, M. The distribution
Y= Dgl((Spv) is smooth and harmonic away from p. In normal coordinates centered at p and the
Bourguignon—Gauduchon trivialization, Hermann’s expansion [56, Corollary 5.3.4 and Theorem 5.3.10,
pp- 55 and 58-60], with n = 5 and A = 0, gives

1 cp(x)
|x?

Y(x) = + O0(|x|™), w4 = vol(Sh). (21.3)

Since |c,(x)v| = |x| [v], there is ry > 0 such that

ol
PEI> ™ >0 (< xl <o)
4
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Choose a closed coordinate ball B € U about p, with a boundary collar on which ¢ # 0. On the
compact exterior M \ int B the current is divergence-free. Stokes’ theorem gives

/ 1j, dvg = 0. (21.4)
oB

Trivialize the quaternionic spinor bundle on B. Since 74(S”) = 0 [55, Corollary 4.9, p. 349], the
normalized collar spinor extends continuously to B, with its prescribed values on a smaller collar.
Relative smooth approximation [81, Theorem 11, p. 99] gives a smooth such extension. Extend log ||
smoothly from that collar to B and exponentiate. The resulting smooth nowhere-zero spinor ¢, equals
Y near 9B. Put

Qo = Ljy, dl)g (S Q4(B)

This form is nowhere zero and is closed near dB. On a collar C = §* x [0, 1) its de Rham class is
determined by the integral over dB. This integral vanishes by (21.4). Hence oy = df; on C for a
smooth three-form B,. Extend a cutoff multiple of 8, by zero to obtain 8y € Q*(B) with dfy = @ on
a smaller collar.

The Levi-Civita connection identifies a first jet of a three-form with its value and covariant
derivative. For L € T*B ® A>T"B set

5
AL =Y e nLle),  S(a)(X)=lixa.

j=1
Then A(Vp) = df and AS = I. Thus the value f, and formal derivative
L(] = Vﬂo + S((ZO - dﬁo) (215)

define a section of J!(A3T*B) with A(Ly) = ag # 0. It equals j!f8y on the fixed collar.

The first-order relation .A(L) # 0 is open and ample. Indeed, in a principal affine subspace with
covector ¢ # 0, the derivative varies by £ ® n and its alternating part by &£ A 5. The latter map has rank
(;) = 4. The excluded set is therefore empty or an affine subspace of codimension four. Its complement
is connected and its convex hull is the whole principal subspace; see also [43, Theorem 20.3.1 and
Corollary 20.3.2, pp. 181-182].

Apply the relative form of the open-ample theorem [43, Theorem 18.4.1 and Remark 1, p. 171]
on int B, fixing an outer annulus that is relatively closed in int B and has a neighborhood on which
(21.5) is holonomic. It gives a continuous homotopy of formal solutions from (f, L) to j'b;, where
b, € CY(B; A3T*B), fixed on that annulus. Its alternating parts form a continuous homotopy through
nonzero four-forms from a to db;. Relative C! approximation [59, Chapter 2, Theorem 2.5, p. 48], in
the coordinate trivialization over int B and extended by the fixed boundary values, gives a smooth
three-form f;, equal to b; on a smaller collar, such that

ldB1 — dbilcosy < %mgn|db1|.

Consequently (1 — s)db; + sdf; # 0 for 0 < s < 1. Append this segment and reparameterize the
resulting homotopy to be constant near its endpoints. Apply relative smooth approximation [81,
Theorem 11, p. 99] to the bundle of nonzero four-forms over B x [0, 1], relative to smaller closed
endpoint collars and a smaller closed spatial collar. The section is smooth on neighborhoods of these
fixed sets. The resulting smooth homotopy is fixed on the spatial collar and satisfies

ar # 0, Ap=0 = Qo, a=1 = dpf;. (21.6)

Write a; = ty,dvg. The normalized currents Y;/|Y;| define a homotopy in the unit tangent sphere
bundle. On B the map ¢ + js on unit spheres is the quaternionic Hopf bundle §7 — $* [55,
Example 4.46, p. 378]. Lift the homotopy, starting at ¢,/|¢o|, by horizontal lifting for a smooth

bundle connection. Its time derivative is zero on the fixed collar, so the lift stays fixed there. If g/b\l
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is the terminal unit lift, put ¢ = m ggl. Since jig = 12 jg for t > 0, jy = Yi. On the fixed collar,
Y1l = [jyl = |¢/|? and g?)\l = ¢/|¢|. Thus ¢ is nowhere zero on B, equals ¢ on the collar, and satisfies
d(lj¢dvg) = dzﬁl =0.

Extend ¢ by ¢ outside B. Lemma 21.1, with y = —iD, ¢, gives Q = icy(7) on Band (iDg + Q)¢ = 0.
On the boundary collar Dy¢ = 0, so the solution in Lemma 10.3 gives Q = 0. Extension by zero
yields 7 € CZ(U; A*T*M) and (Dg + ¢4(7))¢ = 0 on M. Since ¢ is nowhere zero on B, it is a nonzero
element of this kernel. O

21.3. Exact quaternionic nullity.

Proposition 21.3. The potential in Proposition 21.2 can be chosen so that dim¢ ker(Dg + c4(7)) = 2.
At this potential three supported variations, after a smooth change of parameters, give the complete
zero-cluster matrix q = q € sp(1) fori(Dg + cg(7)).

Proof. Put Ly = Dg + ¢4(70), K = iLg, and F = ker K, with dimy F = k > 1. These operators have

domain H', and K* = —K. Their kernels consist of smooth sections. Unique continuation holds for
every Dg + cg(7) with 7 smooth: its square has scalar principal symbol [¢ |§I , s0 [7, Remark 3, p. 248]
applies.

For

C : CZ(Ussp(EM)) — sp(F), Q +— PrQlF,
Lemma 6.5 gives
vqu* € imC, v=Gyu, xeU, ue3M, qelmH,

where Gy : F — X,M is evaluation. Indeed, uqu” is skew-adjoint. The vectors Gju span F: an
element orthogonal to all of them vanishes on U, hence on M.

Ifk=1,put£=F.If k > 2, choose k — 1 quaternionically independent vectors of this form and
put

k—1
M, = Z vjiv}, ¢ = ker M,. (21.7)
=1

If W : H*"! - F has columns v}, then My = W diag(i, ..., i) W*. The map W is injective and W* is
surjective. Thus M, has rank k — 1, dimp £ = 1, and M|, : £+ — £ is invertible.

In either case let / be an L?-unit generator of £. Unique continuation gives a ball O € U on which
¥ # 0. Choose a real p € C°(O) with fM pdvg = 1. For g € ImH, set

Y)qy(x)”
Yol

These are smooth skew-adjoint multipliers, and

(¥, Qe = /M pq dvg = q.

Hence P;C(Qq)|¢ = q in the frame ¢.
Suppose k > 2. Choose Q° € C°(U; sp(EM)) with C(Q°) = My, and put Q(q) = Q° + Q4. Equip
H'! with the graph norm

Qq(x) = p(x) (x € 0), Q;=0 onM\O. (21.8)

lul = luls + IKul.

By (2.9) this norm is equivalent to the H! norm, and H' = F®&(F-nH") is an orthogonal decomposition
for it. The complementary operator

K. : FtnH' — Ft

is bijective and has a bounded inverse. Write Q;;(q) for the blocks of Q(g) relative to F & F*. For
small (¢, ), Lemma 6.6, with these fixed graph domains, gives the skew-adjoint Schur matrix

S(t, q) = tC(Q(q)) — t*Qua(q)(Ke + tQ22(@)) ™ Qa1(g).
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The complementary inverse is smooth. Thus S(¢, q)/t extends smoothly to ¢ = 0, with value C(Q(q)),
and takes values in sp(F).

At (t, q) = (0,0) this matrix is My. Apply Lemma 6.6 in the orthogonal decomposition F = £ & £*.
Its residual matrix s(t, q) € sp(¢) satisfies

s(0,0)=0,  Dgs(0,0)g = P,C(Qyle = .

The derivative of the Schur product is zero at (0, 0), since both off-diagonal blocks of M, vanish.
The implicit function theorem [46, Theorem 13.20, p. 71] gives a smooth ¢(t) with q(0) = 0 and
s(t, q(t)) = 0. For a sufficiently small fixed t # 0, both complementary operators remain invertible.
The two kernel isomorphisms of Lemma 6.6 give

ker(K + tQ(q(1))) = ¢.

By Lemma 2.2, this operator is K; = i(Dg + cg(71)) for a smooth three-form 7, compactly supported
in U. If k = 1, take 77 = 79 and K; = K. In both cases E = ker K; is a quaternionic line.
Repeat (21.8) with an L?-unit generator of E, and denote the resulting multipliers by R,, n € ImH.
Consider the self-adjoint family
Tq = —i(K1 + R’7) = Dg + Cg(Tl) — lR’?

on the common domain H!. A small symmetric spectral circle separates the entire zero eigenspace E
of Ty from the remaining spectrum. It remains in the resolvent for small 5. Since JT, = —T,], the
cluster projection commutes with J. Lemma 6.1 gives a smooth quaternionic isometric frame U,
based on E. Put

f(n) = iU, T, Uy € sp(E).
Lemma 6.4, applied to T, gives
f0)=o, Df(0)7) = iPe(—=iRy)|g = PeRyle = 1.

The inverse function theorem [46, Theorem 11.22 and Corollary 11.35, pp. 61-63] gives a smooth
change of parameters for which the complete matrix of i(Dg + cg(7(q))) is q. The corresponding
self-adjoint matrix is —iq € As(E). O

Proof of the five-dimensional assertion of Theorem L. Propositions 21.2 and 21.3 give a full potential
section on the fixed metric g, with self-adjoint matrix —iq, where g € sp(1). Restrict its parameter
domain to a small closed ball on which one symmetric circle separates the full zero cluster from the
remaining spectrum. The finitely many potential directions have one common compact support in U.

Apply Proposition 6.3, with the self-adjoint coordinate A = —iq. In its application of Theorem R
require also

sup [hg — gley < e
q
The resulting smooth metric family satisfies
hg=gon M\ U, dvop, = dug,

and its complete matrix for iDp_ is q. At g = 0 the whole kernel is the selected quaternionic line, so
dime ker Dy, = 2. The derivative of its normal matrix is the identity. ]

22. SPACES OF DIRAC-MINIMAL METRICS

Let M, g., y, and the nonempty open set U be as in (8.2). All spaces carry the smooth topology. In
the first three subsections put

| Ruinu(U),4a+4), n=4,
(Z, ) B {(Rinv,,u(U), 3); n=>5.

In dimension four the chosen chiral block has quaternionic index —a.
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22.1. Relative incidence families.

Lemma 22.1. The space Z is nonempty. Every smooth map S’ — Z,0 < j < r — 2, extends to a smooth
disk in Z.

Proof. Logarithmic metric coordinates extend the sphere to a smooth family in R,,(U) over D/*!,
constant in the normal coordinate near its boundary. Since j + 1 < r, Lemma 10.4 gives supported
potentials, zero on that collar, for which every operator is minimal. Proposition 8.2, relative to
the collar, gives the required metric disk. The same argument with a one-point parameter space
proves nonemptiness. For continuous sphere maps, smooth approximation in the open minimal locus
and the resulting short metric homotopy give continuous fillings with the original boundary, as in
Proposition 8.2. g

22.2. Oriented incidence.

Lemma 22.2. Let the family in Lemma 10.4 be transverse, with oriented parameter manifold of dimension
r or r + 1. Every incident kernel is a quaternionic line, and the incidence manifold has a canonical
orientation compatible with its boundary.

Proof. If a kernel had quaternionic dimension at least two, its projective space would contain HP!.
This is a smooth four-dimensional submanifold in the incidence fibre over that parameter. A transverse
incidence manifold has dimension at most one, which is impossible.

In dimension four, at a simple kernel the minority line ¢ and its cokernel C have quaternionic
ranks 1 and a + 1. Block elimination gives the normal space

Homg(¢, C).

Choose orthonormal quaternionic frames. They identify it with the oriented real space H%*!. Frame
changes belong to Sp(1) x Sp(a + 1), a connected group, and consequently preserve this orientation.
No choice of a global right-quaternionic structure on this Hom bundle is required. The derivative in
the parameters is onto the normal space, since the incidence is transverse. Its kernel, the tangent of
the incidence manifold, is oriented by the parameter orientation and this normal orientation.

This is also the orientation of the real determinant line of the quaternionic vertical operator on a
projective slice; changing its unit representative through Sp(1) preserves it.

In dimension five the normal space is sp(£). Quaternionic unit frames identify it with Im H. Their
changes act by the adjoint representation of Sp(1), with image in SO(3), so this real three-space is
canonically oriented. Let 7 denote the incidence manifold in the oriented parameter manifold P, and
let N be its canonically oriented normal bundle. We orient 7 by the convention

or(TP) = or(TT) ® or(N).

On a product boundary collar the outward normal to dP is also the outward normal to 07 within 7.
With outward-normal-first boundary orientations, cancellation of this common first factor gives

or(TaP) = or(ToI) ® or(N).

There is no change of order past N, so the same convention applies to its even rank 4a+4 in dimension
four and odd rank 3 in dimension five. This proves compatibility with boundary restriction. g

22.3. Local integer classes.

Proposition 22.3. For every basepoint g, in the indicated space there are homomorphisms

Ayt 7T4a+3(Rmin,p(U)a gb) — Z,
/15 : ”2(Rinv,,u(U)a gb) — Z. (22.1)

They are defined by the signed number of kernel lines in a generic potential-perturbed disk filling.
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Proof. For a smooth based map f : "' — Z, choose a smooth filling g,, p € D", in R,(U), equal to
the boundary family on a collar. Lemma 10.4 gives a generic supported potential perturbation zero
there. Its incidence is a compact oriented zero-manifold. Define A(f) to be its signed cardinality.

For two fillings write gl(,i) = g*(eHl(:)‘, -), i = 0, 1. On the common boundary collar their logarithms
agree. The formula

Hy: = (1-HHY + tHS"

retains self-adjointness, zero trace, and spatial support. Interpolate the potentials in the fixed positive
spinor identifications. Compatibility is real-linear, so this gives a homotopy relative to the boundary
collar. Reparameterize it to be constant near its ends. Orient D"x[0, 1] by dtAor(D"). Apply the relative
part of Lemma 10.4, retaining the two transverse endpoint families and the side collar. The resulting
incidence is a compact oriented one-manifold. Its boundary consists of the final zero-manifold and
the negative of the initial one. Their signed counts agree.

For a homotopy of the boundary sphere in the minimal locus, extend the given side family across
D" xI in logarithmic metric coordinates. Keep it fixed on a side collar, where there is no minority kernel.
Relative transversality produces a compact oriented one-dimensional incidence whose boundary is
the difference of the two endpoint incidences. Their signed cardinalities are equal.

For addition in 7,_;, take two disk fillings whose boundary maps are constant near their basepoints.
Join the disks by a parameter one-handle on which the family is constantly g;,. There are no incidences
on this handle. Smoothing the corners gives a disk whose boundary represents the sum of the two
sphere maps. Its signed count is the sum of the two counts. Thus A is a homomorphism. Smooth
approximation as in Lemma 22.1 extends the definition to continuous representatives. (]

Proposition 22.4. The homomorphisms in (22.1) are split-surjective. Every C° neighborhood of every
metric in R ,(U) contains a sphere with signed count one, based at one of its own points.

Proof. Theorem L gives a transverse metric disk arbitrarily C°-close to the prescribed metric, with the
same density and exterior. In dimension four its entire small chiral matrix has quaternionic ranks 1
and a + 1 and is an exact normal column, after local reparameterization. On the boundary this column
is nonzero, so the minority kernel vanishes. In dimension five its iD matrix is an exact element of
sp(1) and is nonzero on the boundary. The complementary spectral gaps exclude all other zero modes.
Orient the disk by its normal coordinates. Its single incidence has sign +1.

The signed count of this disk computes the homomorphism of Proposition 22.3. Indeed a sufficiently
small generic supported perturbation preserves its cluster ranks and exterior gap. Its incidence is
the zero set of the resulting column or sp(1) matrix. The sum of its signs is the Brouwer degree,
unchanged from that of the identity because its boundary stays away from zero. Thus the boundary
sphere has A = 1.

Choose a boundary metric as basepoint. Lemma 22.1 gives a path to any prescribed basepoint;
basepoint transport preserves the signed count, although this path may leave the chosen neighborhood.
If x is the transported class, then A(x) = 1, and m — mx splits A; here r — 1 > 2. (]

Proposition 22.5. At index zero, the normal disks of Theorem L in dimensions four and five represent
primitive ordinary real index-difference classes.

Proof. For index zero, the normal disk classes have parameter dimensions r = 4 whenn = 4and r = 3
when n = 5. Hence
xp € KOT(D', 51 = KO~ (pt) = KO3 (pt).
The complexifications of the quaternionic chiral and skew-adjoint models in (8.3) retain the Morita
reduction:
H ®g C = My(C), M,(C)e = C?, e = diag(1,0).

For a quaternionic multiplicity space V, the primitive corner (Vg ®g C)e is its complex space of
dimension 2 dimyy V. Thus each quaternionic block gives one defining complex block.
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In dimension four the normal chiral map is A(q) = Ly : H — H, for g € D*. On $° its complex
clutching map is the defining representation Sp(1) = SU(2) — U(2). The associated complex
rank-two Hopf bundle has second Chern number £1. Its reduced complex class is therefore primitive.

In dimension five put K(v) = L, = iD(v) for v = ai + bj + ck € ImH. Here D(v) = —ip(v), where
p is the defining complex representation. In the right-complex basis (1, j),

a —c+ib

D(v) = (—c _ib 4 ) , D()? = |v|I.

Its positive eigenline on S? is a Hopf line. To fix the Bott normalization, let S be an irreducible
real Clifford module for four generators cy, ..., ¢4 of square —1, and put y = c;cpc3¢4. In the Morita
presentation with grading 1 = diag(y, —y), write

(0 -K (0 -y
ek ) e=(9)

Here y acts on the Clifford factor and K on the quaternionic multiplicity factor. Thus e = —I; es
anticommutes with the first four generators and with i, and commutes with Fx. Ebert’s Bott map [41,

formula (2.23)] becomes
0 s - K
FK+s(eSt)—(SI+K 0 >

Its chiral map is sI + K(v) = L4, exactly the four-dimensional clutching family. The two local classes
thus have primitive complex images in total degree eight.

Let 8 € K~2(pt) be the complex Bott generator and A € KO8(pt) the real Bott generator. The
complexification formula is ¢c(1) = g [10, (6.11) and Theorem 11.5]. Thus ¢ : KO~ ¥(pt) — K~ ¥(pt)
is an isomorphism, and both x4 and x5 are primitive generators up to sign. The factor two in
complexification of the degree-four coefficient generator does not occur in this total degree. These
are the relative operator classes defining ordinary index difference. For the cylinder definition, use
[41, Assumption 3.11 and Theorem 3.18]: the manifold is closed, the parameter pair is finite CW, and
the metric paths give odd Clifford-linear pseudo-Dirac families, constant and invertible on the end
collars. Based representatives are constant at the basepoint, so the relative hypothesis also holds. [

22.4. The comparison maps. Consider the supported pair spaces of (8.2). Throughout this subsection
n=4or5 (mod 8). The support condition means equality with the prescribed data on M \ U. All
additional potentials have support in one compact subset of U, chosen for the compact parameter
family. In residue four choose the chiral source so that indyy A = —a < 0, and put Y,(U) = Prin u(U).
In residue five put Ys(U) = Piny,,(U). Fix a base pair b in the relevant locus. Nonemptiness will also
follow from Proposition 22.24.

Here and below Sp = colim,, Sp(m) and Uy = colim,, U(m). The quotient Sp / Sp(a) means
colim, Sp(r + a)/ Sp(a). All comparisons with these direct limits are comparisons of weak homotopy
types.

Identify the spinor bundles by the positive comparison based at gj, including its density correction.
Write a pair as (H, V), where g = g, (e!’-,-) and tr H = 0. The contraction from b to (H, V) is

c(H,V)=(tH,(1 —t)Vy + tV), 0<t<1. (22.2)

It fixes b and preserves the exterior condition. With no density condition the same formula applies
without tr H = 0.

For residue four let .%_, be the norm-topological space of bounded quaternionic Fredholm maps
between the fixed, infinite dimensional Hilbert spaces H!(=*) and L2(X"7), of index —a. Let .#, be
its injective locus. The operator A,y : H' — L? depends continuously on the pair. The Fredholm
models give

4, = BSp(a), F_q = BSp, hofib(.#, — #_,) = Sp / Sp(a). (22.3)
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Take negative reduced index for the middle identification. Thus the restriction to .#, sends a cokernel
C to [C] — a and is the usual stabilization BSp(a) — BSp. With ordinary reduced index its value
would be a — [C].

Polar decomposition retracts .#, onto isometric embeddings with an a-dimensional orthogonal
complement. The map to this complement has contractible Hilbert-isometry fibres, and hence gives the
first identification. The quaternionic Fredholm model and contractibility of these Hilbert groups are the
real Clifford Fredholm model of [13, Theorem A(k), §4, and §5, pp. 22-23]; the proof of Proposition 4.1
there explicitly includes Hilbert spaces over H. Finally the fibration Sp / Sp(a) — BSp(a) - BSp
gives the last identification. Consequently

Ka  Y(U) — Sp /Sp(a) (22.4)

is represented by Agy € ., together with the reverse of the ambient path t > A, v) from A,
to Agy. It records both the cokernel and this nullhomotopy of its stable class. For a = 0 this is
ordinary quaternionic index difference, with its original sign. Indeed ordinary index difference is
represented by the ambient path from the basepoint to the endpoint. Reversing that path in the
homotopy-fibre convention negates the suspended relative class; passing from reduced index to
negative reduced index negates it once more. The two changes cancel. Explicitly, the quaternionic
scalar disk A(q) = L, : H — H, g € D* has boundary image q — L, in Sp(1). This is the defining
clutching map of Proposition 22.5, rather than its inverse. Orient the local Bott disk so that this
ordinary relative class is the chosen positive generator; this fixes the same sign for the comparison.
For a > 0 no cokernel framing is chosen: the map retains the cokernel and its stable nullhomotopy.
In residue five put A = i(Dg + V) in the quaternionic skew-adjoint model of Section 2, and put

wWA) =(A+DA-1)"=D; +V-i)(Dg + V+i)". (22.5)

This is a quaternionic unitary which differs from I by a compact operator. It is norm-continuous by
the fixed-domain resolvent identity. Let Sp, be the group of all such unitaries, and let V C Sp_ be
the open subset avoiding —1. The inclusion Sp — Sp, is a weak equivalence by [70, Theorem II.14(i),
pp- 109-110], applied over H with p = co. Here the compact operators carry the operator norm and
the finite matrix groups the direct limit topology. The polar deformation retractions of the finite
matrix groups and of the invertible compact perturbations of I commute with the inclusions.

The principal logarithm identifies V with {Z : Z* = —Z, Z compact, |Z| < n}. For y € Ys(U)
concatenate the ambient path u(A.,(,)) with

s> exp((l — s)log u(A,) + slog u(Ab)).
This is a loop based at u(Ap), constant when y = b. It defines
ks : Y5(U) — QSp. = QSp = Sp /Ug. (22.6)

The last equivalence is Bott periodicity [23, Theorems I-1I, (1.3) and (1.6)]. The Fredholm interpretation
is ordinary real index difference, in degree KO, +1 on mx; the Cayley convention is also the one in
Proposition 22.23. In particular it fixes its sign.

Lemma 22.6. Let a continuous pair family over a disk be minimal on its boundary. Suppose domain
and target isomorphisms, defined over the disk, reduce its chiral operator to F : H" — H"** and an
invertible block. Its boundary class under (22.4) is represented by F(F*F)™1/2 ¢ Sp(r + a)/ Sp(a), with
its cokernel bundle and stable trivialization.

Proof. The cokernel of the reduced map is identified with that of the original map. On the boundary
its stable trivialization is

H" @ coker F — H™?, (v, w) — F(F*F)™%0 + w.

This is the Stiefel model of the homotopy fibre in (22.3). The pair disk and the ambient contraction
supply homotopic nullhomotopies, since the ambient pair space is contractible. All finite coordinate
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changes extend over the disk and transform its ambient nullhomotopy. The infinite invertible block
gives no additional class: its Hilbert trivializations are homotopic through invertible trivializations by
the contractibility used in (22.3). Thus the reduction is a reduction of the pair (#_,, .#;) and retains
the displayed trivialization. g

22.5. Boundary domains and supported perturbations. All Sobolev spaces in the boundary construc-
tions are quaternionic. In dimension n = 4 (mod 8) the operator is A = D* + Q, with Q : 3" — 3~
quaternionic linear. In dimension n = 5 (mod 8) it is A = i(D + V); thus A and its multiplication
term are quaternionic skew-adjoint. Metrics and coefficients are fixed on every boundary collar under
consideration. Positive spinor comparison therefore gives fixed Sobolev domains.

On a compact connected manifold W with a product boundary collar, write K = ker B for the
kernel of the tangential operator. The low APS domain allows the strictly negative spectral subspace of
B, and the full APS domain additionally allows K. Changing the normal-Clifford identification reverses
both displayed spectral signs. These domains are elliptic, their adjoints are the domains prescribed by
Green’s formula, and allowing K increases the quaternionic index by dimy K [18, Theorems 4.6 and
4.9, Example 4.21, Corollary 6.2]. Their realizations and self-adjoint doubles have smooth kernels and
satisfy the elliptic Sobolev estimates.

In the skew-adjoint case write

A= 0(8; + B), c*=0, o’=1, oB=-Bo. (22.7)

Suppose that ok has signature (N, N) over H. The Green annihilator of the negative spectral subspace
is that subspace plus K. Consequently

Alpy = —Agull, indyg Ajow = —N, indy Afun = N. (22.8)

Indeed the two indices are opposite and differ by 2N.

Fix a compact smooth parameter manifold P of dimension d, possibly with boundary, and a
nonempty open set O € int W. Consider smooth coefficient families with the fixed collar and APS
domain above. Perturbations in the next lemma have common compact support in O.

Lemma 22.7. Arbitrarily small compatible perturbations give the following conclusions, relative to any
closed parameter set near which the conclusion holds. For a quaternionic chiral family with a fixed elliptic
APS domain and index —r, r > 0, injectivity can be attained if d < 4(r + 1). For index r, surjectivity can
be attained under the same inequality. Thus, if dimy K = m and the low index is —r, low injectivity and
full surjectivity can be attained simultaneously when

d<4(r+1), d<4m—r+1), 0<r<m (22.9)

For the skew family (22.7), low injectivity can be attained if d < 4N + 3; full surjectivity then follows.
The same assertions apply to closed families: the bounds are d < 4(r + 1) for chiral index —r and
d < 3 for quaternionic skew-adjoint operators.

Proof. Consider unit L? kernel vectors modulo the free right action of Sp(1). A local slice at  has
tangent "% n dom A. In the chiral case the vertical derivative is the restriction of A to this slice, of
real Fredholm index —4(r + 1). If a real cokernel vector ¢ annihilates it and every supported variation
Qy, then ¢ € dom A* and A*¢ = ¥ q for some g € H. Pairing with 1/ q gives q = 0. Elliptic boundary
regularity makes ¢ smooth. Where ¢ # 0, the vectors Q(x)y/(x) fill the target fibre. Hence ¢ vanishes
on a nonempty open subset of O and is zero by unique continuation. Unique continuation here applies
to A*A and AA*, whose principal part is a connection Laplacian and whose remaining terms have
order at most one; see [56, Theorem 6.2.8].

In the skew case the equation takes values in the real hyperplane y*®, since its boundary trace
is null for the Green form. The vertical real index is therefore 4indy Ajow — 4+ 1 = —4N — 3. An
annihilator ¢ € y'* again satisfies A ¢ = /¢, and pairing with all ¢’ gives q = 0. For a nonzero
vector v € H®, the vectors Qu with Q* = —Q form v'®: they are the tangent vectors to the transitive
Sp(s)-action on the unit sphere. Thus ¢ = fi/ on the nonzero locus of  in O, with f real. On a
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connected subball there, the two equations give ic(df) = 0, whence df = 0. Unique continuation
gives ¢ = cyy on W, real orthogonality gives ¢ = 0.

The fixed-domain boundary estimates give a uniform H? bound for normalized kernel vectors.
Rellich compactness in H! therefore allows the finite-control construction of Lemma 10.4. The
universal derivative is surjective by the calculations above. Its incidence projection to the control
space has index d —4(r + 1) or d — 4N — 3. A common regular value for all boundary faces has empty
fibre when this number is negative.

For the relative assertion, take nested neighborhoods of the closed parameter set on which the
required property holds. Choose the parameter cutoff zero on the smaller neighborhood and one
outside the larger one. Small perturbations preserve the property on the transition region. The same
finite-control argument applies elsewhere. Apply the chiral argument to the adjoint for surjectivity,
and use the sum of the two control spaces for the simultaneous assertion. On a closed manifold the
skew vertical index is —3. O

22.6. Auxiliary spin domains with large boundary kernel.

Lemma 22.8. In every dimension n = 4 or5 (mod 8) there are separating hypersurfaces 3. C S", product
metrics near %, and compatible pairs on the two complementary domains Wy, Wy with the following
properties.

Ifn = 4 (mod 8), then dimyy ker B = 2r, where r is arbitrarily large; both low APS operators are
injective of index —r, and both full APS operators are surjective of index r. If n = 5 (mod 8), then ker B
has o-signature (N, N), with N arbitrarily large; both low APS operators are injective of index —N, and
both full APS operators are surjective of index N. In either case B has a positive spectral gap off its kernel.
A designated interior ball in Wi can be Euclidean with zero potential.

Proof. Put m = n—3. The torus T™ embeds as an oriented hypersurface in R™*!. To see this inductively,
take the boundary of a rank-two tubular neighborhood of T"~! ¢ R™ c R™"1, Its inclusion in R™*?
has a framed rank-three normal bundle. A tubular neighborhood in a ball of S” is therefore T™ x D3.

The induced torus spin structure can be made periodic on every circle. Reframing by a : T™ —
SO(3) changes it by the obstruction to lifting a to Spin(3). Rotations in a fixed two-plane with angle
Y. ¢0), ¢ €{0,1}, give every class in H'(T™; Z,/2). The chosen framing gives a product identification
of the tube.

Choose an integer b > 1, put g = 4b — 1, and embed a genus-g handlebody H, in int D*. Set

Wy = T" x Hg, Y = T™ x 0Hj, Wy = S" \int W,

Both domains are connected. The surface spin structure induced from Hj is bounding. To prescribe
its metric, take a hyperelliptic double cover 7 : C — P! of genus g, put H = 7*O(1), and take
x = H?*~1, The double-cover identities

Kc :Hgil, T:Oc¢ :(9@(9(—8’—1)

give k? = K¢ and h°(C, k) = 2b. This spin structure is bounding by [9, Proposition 4.1]. The mapping
class group is transitive on the even surface spin structures [28, Lemma 2.15]; hence it can be identified
with the already specified spin structure on dH,. Pull back a metric in this conformal class. Serre
duality and k? = K¢ give complex dimension 2b for both chiral Dirac kernels. This boundary metric
extends over H, and can be product near its boundary; the identifying surface diffeomorphism need
not extend over Hy.

Give T™ its flat periodic metric and W, the product metric. If m is odd, the boundary product
operator has symmetric spectrum: on a nonzero surface eigenpair its eigenvalues are +./u? + A2, and
on the surface kernel the two chiralities give y and —p with equal multiplicities. Thus n(B) = 0 and

dimy; ker B = 2b 20"9/2 = 2r. (22.10)
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All positive-degree Pontryagin forms of Wj vanish, since its curvature comes from the three-
dimensional factor. The APS formula [11, Theorem 4.2] therefore gives

~ B) + dim¢ ker B
ind¢ DJ;VO low :/ A— n(B) + dimc ker — o
s Wo 2

The quaternionic index is —r. Extending the product collar metric over Wy, the integral of Aon W is

also zero, because its sum with the integral on W, is A(S") = 0. The opposite tangential operator is
—B, so the same calculation applies to W;. Allowing K gives index r.

If m is even, each torus chiral kernel has complex dimension 2/2~!. The even product formula
gives

dimy; ker B* = dimg ker B~ = 2"/271(2b) = N. (22.11)

Here the boundary has dimension 4 (mod 8), so each chiral kernel is quaternionic. Its chirality is o
up to an overall sign; (22.8) gives indices —N and N.

Make the metric Euclidean on a ball in the interior of W;. Lemma 22.7, with parameter dimension
zero and controls disjoint from that ball and the boundary, imposes all the injectivity and surjectivity
conditions. The fixed elliptic operator B has discrete spectrum, so its nonzero spectrum is separated
from zero. H

22.7. Connected sums with a fixed APS boundary condition. For an elliptic realization Ap put

Yp = (AOD I%D> , dom Zp = dom Ap & dom A}, (22.12)
It is self-adjoint with compact resolvent. Every cutoff constant near the old boundary preserves this
domain.

Let Dy p, D3, be a compact continuous family of smooth first-order self-adjoint elliptic boundary
problems in dimension n > 3, with fixed boundary domains and collars. On common Euclidean
interior balls of radius R, assume that both operators have one fixed model: a spin Dirac operator of
finite multiplicity, or a fixed sum of positive and negative Dirac copies. The connected-sum realization
D, retains the old boundary domains. Write E;(D) for the spectral subspace of D over I.

Proposition 22.9. Fix A, € > 0. Suppose that Dy, ® D, , has at most k complex eigenvalues in (—A, A),
counted with multiplicity, for every p. There is py > 0, independent of p, such that for 0 < p < p, and
A < A= 2e,

dime Egjy(D1p @ Dyp) < dime Efj—e 11](Dp,p), (22.13)
dimc Epj— 14](Dp,p) < dime Efy_se 142¢](D1p ® D2 p). (22.14)

The realization is continuous in (p, p) for p > 0, and smooth for smooth coefficient families. If the
operators and cutoffs are quaternionic-linear, the inequalities also hold in quaternionic dimension.

Proof. Take the rotationally symmetric neck of [17, proof of Theorem 2.1]. Its four radii are
ty = p, t = p*/2, ty=1t/2, t,=2"p".

The metric is unchanged outside the two balls of radius ¢_,. The neck profile f equals |¢t| away from
its middle, has absolute derivative at most one, and is positive. Choose 0 < y; < 1 equal to zero for
r < t_; and one for r > t;, with |dy;| < 4/t,. It is one near every old boundary.

The estimates used in [17, proof of Theorem 2.1, pp. 9-12] are local. Its Proposition 3.2 and two
corollaries apply on the Euclidean annuli; Proposition 3.3 applies on the warped neck. For sufficiently
small p, depending only on A, they give, for every original A-eigenvector u,

laul? > lul’, Dy, xlul® < 2" plul®. (22.15)
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For a sum u of at most k + 1 orthogonal connected-sum eigenvectors with eigenvalues in (—A, A),
they give

lulge<ey < pUk + Dlul, I[D;, xilul < 222k + D]ul. (22.16)

These estimates concern only the Euclidean annuli and the round neck. Their hypotheses hold because
n > 3, the absolute spherical Dirac eigenvalues are at least one, and Ap + 1] f’|e < 1. They apply
separately to the positive and negative Dirac copies. The estimates are supported in the interior
gluing region.

Cutoff transplantation of the original A-eigenspace gives orthogonal images from the two pieces,
with squared residual quotient at most 2'2p. For 2'2p < €, projection onto the glued spectral interval
of radius € is injective. This proves (22.13).

For (22.14), let [ < k be the original spectral rank in [A — 2¢€, A + 2€]. On any span V of [ + 1 glued
eigenvectors in [A — €, A + €], the cutoff map Ju = (y1u, you) satisfies, for small p,

Vul? > 3lul?,  1(D: @ D2) = D) ull < Selul.

Indeed (22.16) applies since [ + 1 < k + 1. The squared residual quotient is at most 25¢2/8 < 4€>.
Projection of JV onto the original spectral subspace of radius 2¢ would be injective, contrary to its
dimension [.

Both projection arguments use the form u — (D — A)u|? on dom D. The cutoffs are one near the
old boundary and hence preserve every imposed boundary condition. This is the only change from
the closed case in [17]. One may take 0 < py < R sufficiently smaller than

min{2™%, (100A%)"1, (2A) L, (2(k + 1)) 1, 27172 /(k + 1)

It depends on no exterior coefficient. Fixed neck formulas give the parameter assertion. Quaternionic
cutoffs and spectral projections allow the same dimension argument over H. ]

Let X have a fixed collar, a Euclidean zero-potential interior ball, and an injective low APS operator
of quaternionic index —r. Let A, be a compact closed chiral family of index —a, with ker A, = 0 and
common Euclidean zero-potential gluing balls. In the skew case take a closed invertible family with
the same local gluing data, and put a = 0.

Corollary 22.10. For all sufficiently small common radii p > 0, the low APS operator on X # M, is
injective of index —(r + a). Its double has a uniform positive gap off its kernel, independent of p and p.

Proof. The disconnected double has r + a quaternionic zero modes. Choose é > 0 so that it has no
other spectrum in [—48, 48], uniformly in p; compactness of the injective family supplies this choice.
The upper inequality of Proposition 22.9 bounds the glued spectral rank in [, §] by r + a. The APS
boundary correction is unchanged. The connected-sum spin bordism is relative to this boundary; the
APS formula and bordism invariance therefore give indy A X#M,low = indy Ax low+indy A, = —(r+a).
If x, y are its kernel and cokernel dimensions, then x + y < r+ aand x — y = —(r + a). Hence x = 0,
y = r + a, and the entire indicated spectral interval consists of these forced zero modes. In the skew
case the low index remains —r by (22.8). Its double is locally unitarily equivalent to D @ (—D), so the
same spectral estimate applies. O

22.8. Low APS coordinates and their uniform bounds. Fix X = H'/2(X), with its equivalent spectral
norm, and write X = X,jiow ® K ® Xtorb- Boundary trace is denoted by y, and P is the projection onto
K. Assume that Ay, is injective. Put C = ker A[ , and let G : L? — dom Ajoy be its generalized
inverse: GAjow = I and Aj,wG = I — Pc.

Lemma 22.11. There are bounded maps

w: K& Xgorp, = HI(W)’ ﬁ : K- C, n: Xeorb = C,

H : K& Xtorh — Xallows J: L’ > Xallow
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such that Au = f, Pyu =k, and Qtorpyu = b if and only if
u=Gf+wlkb), Bk +nb = Pcf. (22.17)
Its allowed trace is ] f + H(k, b). The unconstrained domain coordinates are
HY W) — C' @ K @ Xiopb, u+— ((I — Pc)Au, Pyu, Qsorb Y ), (22.18)

a bounded isomorphism with inverse (h, k,b) — Gh + w(k, b). In these coordinates A is (h,k,b) —
(h, Bk + nb).

All maps vary continuously over compact fixed-domain families, and smoothly in smooth parameters.
For a family with the same collar coefficients and a common positive nonzero spectral gap & for the low
double, the maps B, n, H, ] are uniformly bounded in the stated boundary norms.

Proof. Choose abounded trace lift £ : K& Xto, — H'(W) supported in the fixed collar and satisfying
P)/E(k, b) =k, Qforb)/[:(ks b) =b.
Set

w(k,b) = L(k,b) — GAL(k, D), fk = PcAL(k,0),
Ub = PcA[,(O, b): H(ka b) = Qallow)’w(k: b): J = Qallowy G.

Then Aw = Sk + nb, and w has the prescribed traces. Subtracting L(k, b) from an arbitrary section
puts it in the low domain. The identity GAj,y = I proves (22.18) and (22.17). It also proves uniqueness.
The constant index and injectivity make C a vector bundle; orthogonal projection and inversion on
its complement give the parameter assertions.

For the last assertion, |G|;2_,;2 < !, while AL has a uniform norm because it is supported in the
unchanged collar. This bounds § and 7. If v = Gf, multiply v by a fixed cutoff { supported in that
collar and equal to one near X. Regard (v as a section on the original fixed cap. It has its low APS
boundary condition, and

A(Qv) = {UT = Po)f + [A, {]v.

The fixed-cap elliptic estimate and trace theorem give

Iy G £l < CUSle +1Gflr2) < €A+ 8 DI fle. (22.19)
Applying this also to f = AL(k, b) bounds H and J. The constant depends only on the fixed collar
and 6. O

The domain extension gives the exact sequence

P
0 — ker Ara Ik i C —> coker Apyp — 0. (22.20)

Indeed the full domain in (22.18) has b = 0. If Agy is surjective, put E = ker f and e = —f75. The
harmonic trace condition is then

Pri(k—eb) =0, Yallow = H(k, b). (22.21)

For skew operators E is a maximal null subspace of (K, 0): Green’s identity makes it null and (22.8)
gives its dimension N.

Lemma 22.12. In Corollary 22.10, let Cx = ker Ay, and C, , = ker A’;(#MPJOW. There are continuous
isometric embeddings j,, : Cx — C,, such that, uniformly in p as p — 0,

j;,pﬁP,P - ,BX> j;,pﬂp,p — nx (2222)

in the indicated operator norms. Their boundary traces converge in H'/? to those of the original cap
modes.
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Proof. Transplant ¢ € Cx by the cutoff of Proposition 22.9 and set
Jg,p¢ = XP¢ - G;,pA;,p(XP¢)'
The L? adjoint G* maps into dom A} and satisfies A}, G* = I, by GAjpw = I. Hence ][?’ 29 € Cpp.

low
The finite-dimensional smooth space Cx has a bounded pointwise evaluation norm near the gluing

point. Thus
1A Qoo Pl < CE™2 g2 = o(Dlgl2.

The uniform inverse bound makes the correction o(1) in L2. It is harmonic on the fixed boundary
collar; the adjoint version of (22.19) makes its boundary trace o(1) in H 1/2_ The cutoff also loses 0(1)
of the norm of ¢. Therefore (J°)*J° = I + o(1), and j = J°((J°)*J°)"!/? is isometric and has the same
boundary-trace convergence. On the fixed collar C, |j¢ — @l 2y = 0(1)|4l 2 uniformly for ¢ € Cx,
since y, = 1 there and the polar factor is I + o(1). The section AL is supported on this collar, so

(Jo. Bpok) = (i, AL(k, 0)) = (¢, AxL(k, 0)) + o(D)]| ][ k]
The same argument with £(0, b) proves the second convergence, uniformly for bounded b € Xgo,. U

22.9. Boundary evolution operators. The boundary is connected. Fix a nonempty open subset O;
every multiplier below has compact spatial support in O. A matrix on a subspace is extended by zero
on its orthogonal complement.

Lemma 22.13. (i) Let E be a quaternionic subspace of a finite spectral sum of a self-adjoint quaternionic
Dirac-type operator B on a connected closed manifold. Then

Lie]R{PE VPp : Ve Cf(O,EndH 2)} = End]H(E)

(ii) Let K = ker B. Suppose a quaternionic self-adjoint involution o on K and a smooth field of quaternionic
self-adjoint involutions o on the spinor fibres satisfy exc = oxex, where ey is evaluation. Then

Lier{PxVPx : Vioy+0,V=0}=g, :={X €EndgK : X"0 + cX = 0}.
For signature (N, N) this is sp(N, N).

Proof. For a zero-dimensional controlled space both Lie algebras are zero; assume henceforth that its
dimension is positive. A section in a finite spectral sum cannot vanish on an open set unless it is zero.
Indeed, [ ],,..;(B — p) isolates its A-component. The operator (B — A)? has scalar Laplace principal part
and smooth terms of order at most one. The system version of unique continuation in [7, pp. 235-236
and Remark 3, p. 248] therefore applies to each component. In particular, the nonzero locus of every
nonzero section under consideration is dense and open.

Put R, = im e}. Normalized multiplier bumps concentrating at x € O give e} Ve, as a limit of
compressions. The space of compressions is a linear subspace of a finite-dimensional real vector space
and is closed. These pointwise matrices therefore belong to it. In (i) they give all of Endy(Ry).

Let g be the generated algebra. It is closed under adjoints. If a quaternionic subspace W is invariant,
so is W', and f v*Vu = 0for u € W,v € Wt and every allowed V. For nonzero u,v, choose a
nonnegative bump y in their common nonzero locus in O and set V = yvu”. Then

/U*Vu = /)(|u|2|v|2 > 0.

Thus the action is quaternionically irreducible.
Choose W of maximal dimension with Endg(W) C g; some nonzero R, supplies one. If W # E,
irreducibility gives By € g with X = (I — Py )ByPw # 0. Since Py € g,

X = %(adﬁw BO - ade Bo) c€g.
Choose v € W with w = Xv # 0. For u € W of norm one and q € H,

[X,vqu*] = wqu®, [wqu*, uw*] = wgw* — |wluqu*.
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Together with adjoints, these matrices give Endp(W @ wlH), contradicting maximality. This proves
(i).

For (ii), Ry is o-invariant, and G, = ejex|g, is positive invertible and commutes with o. For
T € go(Ry), the matrix e,G;! TG, 'e} on im e,, extended by zero, is o,-skew and compresses to T.
Such fibre matrices extend locally to allowed smooth multipliers, by applying V = (V — 05 V*0,)/2
to any extension. The bump argument thus puts a nonzero full o-skew block in g. This algebra is
closed under ordinary adjoints and conjugation by o.

It is again quaternionically irreducible. Otherwise nonzero u € W, v € W+ satisfy v*Vu = 0

pointwise for every allowed fibre matrix. Write V = 0,Q, Q* = —Q. For a unit vector u, the vectors
Qu fill its real tangent hyperplane: if Re(u*w) = 0, then
0 =wu" —uw" — u(u*w)u", 0"=-0, Qu=w.

Hence (o,v)H lies in the real line Ru and v = 0 where u # 0. This contradicts the common dense
nonzero loci.

Choose a maximal o-invariant W with g,(W) C g. If it is proper, choose B, € g with a nonzero
block W — W+ and subtract its W block. Choose a unit o-eigenvector e € W on which that block is
nonzero; write oe = ce and J,(p) = epe* for imaginary p. Since J.(i)> = —P, and J.(i)ByJ.(i) = 0,

C = =[Je(®, [Je(@), Boll = PeBoy + BoPe € g.
For some 7 € {1, —1}, the matrix (C + eno Co)/2 is nonzero on e. Dividing by the norm of its value
there gives
B(1) = ze" — enez”, lz|=1, oz=nz, zl1W.
Put B(q) = zqe® — eneqz”. Direct multiplication gives, for imaginary p, s,
[Je(p). B(9)] = B(=qp).
[B(s). BD] = 2en(Ju(s) — J:(5)).

The first identity gives every B(q); the second gives sp(1) on zH. For a o-eigenunit f € W n e*, with
sign ¢ fs

B, eqf* — ee; fge’] = zqf" — nef32".

These are the remaining cross blocks of g,(W @ zH), again a contradiction. g

For compact continuous smooth-coefficient families of these data with fixed band ranks, finitely
many continuous families of allowed supported multipliers and Lie words suffice. Choose spanning
words locally, extend their multipliers using parameter cutoffs, and take a finite cover. Their spanning
map L, has the continuous right inverse L;(LPL;)_I. This is a bundle formula and requires no global
eigenframe. In the applications below B is fixed. The independent normal-Clifford block of a chiral
potential is an arbitrary quaternionic multiplier, with adjoint opposite block; in the skew model it is
o-skew. Thus these are allowed controls.

For the endpoint statements, write K for the controlled space and m = dimy K. Fix a time interval
compactly contained in (0, 1).

Lemma 22.14. For G = GL,,(H) in case (i), or G = Sp(N, N) in case (ii), the endpoint map of v’ =
—Pg V(t)Pxu has a local section at 1. Its values are smooth controls with the fixed spatial and time
supports; it is continuous in C* and sends I to zero.

Proof. Choose Lie monomials Y; of lengths ¢; in finitely many compressed generators —Pk V Pk,
spanning the real Lie algebra. Recursive group commutators give analytic exponential words

Wi(s) =T+ s"Y; + O(s"™).

Use W;j(z"/%) for z > 0 and W;((=z)/%)7! for z < 0. The result is C' at zero, with expansion and
derivative

[+ zY; + O(|2|**/4), Y; + 0(|z]"/%).



108 ANASS NIFA

Realize the two words on two fixed lists of disjoint time slots, using amplitudes (max(z, 0))"/% and
(max(—z,0))"/%. A smooth bump of integral one realizes each exponential exactly. Reversing the
slots and signs realizes the inverse word. Every amplitude vanishes at zero.

The concatenated endpoint has derivative L : (z;) = }; z;Y; at zero. Composing with a linear
right inverse of L and a chart at I gives derivative I. The C! inverse function theorem [46, The-
orem 11.22, p. 61] gives the section. Its controls are finite sums of fixed bumps with continuous
amplitudes. If £ = max; ¢;, every fixed C* seminorm is bounded by C|T — I |'/¢ near I. For compact
families the preceding bundle right inverses and the parameter version of the same inverse function
theorem give one uniform section neighborhood. ]

Lemma 22.15. Let P be compact, A C P closed, and V;,) a continuous C* family of controls with endpoint
H,, zero on a reserved final interval. If a continuous G-homotopy from H, to T, is fixed on A, there are
continuous C* controls with endpoints T, which equal Vg for every p € A.

Proof. For the given homotopy T, s put Qp s = Tp sH, !. Then Q, = I and Q, s = I on A. Compactness
gives a subdivision 0 = sy < - < s; = 1 such that

_ -1
APJ - QP’SJ' QP,Sj—l

lies in the neighborhood of Lemma 22.14 for every p, j. Place the section controls for these increments
in successive fixed subintervals of the reserved interval. Their endpoint product is A, ;- Ap1 = Qp 1,
so the full endpoint is Q, 1H, = T,. On A every increment is I and every added control is zero. Thus
equality there holds for the controls themselves. ]

Both groups G are connected. Applying the lemma to a path from I therefore realizes every
endpoint by a finite smooth control. For a compact control family with spiy(F,) > & > 0, where
F, = (Po, p1T,), Proposition 22.17 gives, for all sufficiently large L,

IMLp = Epl < 6/2, MLkl > (6/2)[K].

A final interval can be reserved by time reparametrization. Choose a smooth nondecreasing
¢ : [0,1] — [0, 1] with ¢(0) = 0 and ¢ = 1 on the desired final interval, and put ¢(¢) = (1—s)t+sP(t).
Replacing V() by ¢(£)V(¢s(#)) preserves its endpoint. For controls zero near the original endpoints
this is a compact continuous family of smooth controls, with a reserved interval at s = 1. If F,, is
injective, the preceding estimate keeps this annulus injective for one sufficiently long cylinder. Its
final boundary control is then held fixed.

22.10. The inhomogeneous problem on a long cylinder. Let B be the fixed self-adjoint quaternionic
tangential operator. Put K = ker B, P = 1;4(B), Q = [-P, Q1 = 1g,(B), X = H/%(Z),and X, = Q. X,
using the equivalent spectral norm on X. Assume |B| > y; > 0 on K*. Let V,(¢,x) be a compact
continuous C* family of quaternionic multipliers and define

U, +PV,PU, =0, U,(0) = I, T, = U,(1), e=L"1

For smooth gluing require V, = 0 near t = 0, 1. The cylinder operator in normal-Clifford coordinates
is then 95 + B+ L™1V,(s/L, x) on [0, L] x Z. Pulling back by increasing diffeomorphisms which are
translations in fixed end collars places all lengths on one fixed manifold. The pulled-back coefficients
vary smoothly with L > 1 and join the unchanged exterior coeflicients. In the skew case impose
Vie+oV,=0.

Parameter derivatives below keep € fixed and are taken in smooth finite-dimensional control
parameters. For each prescribed finite order assume uniform bounds on the corresponding coefficient
derivatives.

Lemma 22.16. For sufficiently small e > 0, the map
Cez : H'([0,1]x3) — L¥([0,1] x2) @ K & X, © X_,

B (22.23)
w > ((at +€ B+ VZ)WsPW(O)s Q+W(O)3 Q—W(l))
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is a bounded isomorphism. For data (f,k, a, d) its remaining traces k' = Pw(1), b = Q_w(0), ¢ =
Q+w(1) satisfy

k" = T,k + Ec.(k,a,d) + F. . f, (22.24)
(b,c) = Beo(k,a,d) + Je . f (22.25)
with
[Ecol+ Bzl < Ce,  IFol<C el < CeV2
For f =0, put u = Pw,v = Qw. Then
lu = Uzklcox < Ce(lk] + lalx + Id]x), (22.26)
[olcox < Cllalx + ldlx + elkl), lolix < Celkl + lalx + [dlx). (22.27)

The constants are uniform. The homogeneous estimates hold after the specified control derivatives.

Endpoint vanishing is unnecessary for this analytic lemma. After affine reparametrization it
applies on every fixed subinterval of positive length, with that interval’s fundamental matrix.

Proof. For V = 0 the incoming high solution and the zero-incoming Green operator are

vin(t) = e Br/€q 4 ¢ (DB Ve g,

(Geh)(t) = A t e =9B+/€0 h(s)ds — / 1 e IIB-l/en_h(s)ds.

t

The incoming term has C?X norm at most |a|x + |d|x, L} X norm at most ey, !(alx + |d|x), and
outgoing norm at most e /(|a|x + |d|x). The exponential kernels give

|Gelcox—cox + 1Gelpix—rix < Ce, |Gelzremr2i2 < €/ 10 (22.28)

For a positive eigenvalue A and v(0) = 0,

1 1
/ W+ Av/ef = / (1012 + Aol /€?) + Ao(D)I /e
0 0

For A < 0, v(1) = 0 gives the nonnegative boundary term |A||v(0)? /€. Cauchy-Schwarz in either
integral also gives |Al[v(t)* < (e/2)|h;]7.. Summing over the eigenmodes proves

[0:Gehlyz + € ' [BGehly2 < Clhlz, |Gehlcox < CeV/?|hle. (22.29)

Spectral truncation gives the stated C° representative; the elliptic graph norm of B gives the spatial
H! norm. The same mode calculation shows that the incoming semigroups belong to H! exactly for
data in X,.

Let R, : LIK — CYK solve v’ + PV,Pu = g, u(0) = 0. The coupled equations are

u=Uk+R,(Pf—PV), U =0in+ GQf — GeQV,(u +v).
Eliminating u gives
I+ Ke)v=vin+ G Of — G.QV,(U,k + R,Pf), Ke,=GQV,(I-R,PV,).

Multiplication by V, is uniformly bounded on X and L?; K is finite dimensional. Thus |K. .| < Ce on
CYX, L1 X, and LZL%. Its Neumann inverse gives the homogeneous solution in the first space and the
source solution in the last, with uniqueness in LZL?.

For f = 0, the L} X equation and the low equation give

vl < Ce(lalx + ldlx + [ulcox).  luleox < Cll + Clolzx-

Absorption and then the C?X equation prove (22.26)—(22.27). At the outgoing endpoints the high
integrals are bounded by Celu + v|ox, in addition to the incoming exponential remainder. This
proves the bound for B, ,; evaluating —R,PV,v at 1 proves the bound for E, ,.
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For source data alone the L? inverse gives [v];: < Ce|f|;2 and ||“||c? x < Clflz. Apply (22.29)

to Q(f — V,(u + v)). This gives v € H' and the outgoing Ce!/?| f| ;2 bound; the low equation gives
u € H' and the bound for F, .. The homogeneous solution is also in H, since its incoming term is in
H! and its remaining high source is in L?. These formulas give a bounded inverse into H' for each
fixed € > 0.

At fixed e, differentiate the finite fundamental matrices and (I + K¢ .)~'. Every derivative of K¢,
retains the factor G; the inverse derivative identity 8S™! = —S71(95)S™! and induction preserve
the homogeneous O(¢e) bounds. All remaining factors have the specified uniform derivative bounds.
For an interval of length h > 0, affine rescaling replaces € by ¢/h and V by hV, proving the final
observation. (]

Join compact pieces Wy, W; by this cylinder. In the common boundary identification their low APS
domains allow X, and X_, respectively. Assume these realizations are injective. Let C;, §;, n;, H;, J;
denote the maps and spaces of Lemma 22.11, with uniformly bounded boundary maps over the
parameter family.

Proposition 22.17. For all sufficiently large finite L, the glued quaternionic operator H' — L? has an
exact bounded reduction to identity operators and a finite map

Mpy, : K — Cop @ Cip, My = (Bop, PrpTo) + OLTH). (22.30)

The error is uniform, including the thin families of Corollary 22.10, and has the same control derivatives.
The index is dimy K — dimy Cy — dimpy C;.

This is a reduction of the Fredholm pair with its injective locus, and identifies the actual cokernel
bundles there. On any compact subset where the limiting finite map is injective, the straight homotopy to
that map remains injective for sufficiently large L. In the skew case the assertion concerns the quaternionic
Fredholm pair; Proposition 22.23 computes the skew class.

Proof. In the skew case multiply the cylinder equation by o, a bounded target isomorphism. On the
direct sum of the three H! spaces include the transmission equations:

A(ug, w, ur) = (Aoug, Acw, Aruy, yug — w(0), yu; — w(l)).

The trace-difference map onto X @ X has a bounded right inverse supported in fixed collars. Splitting
by it, and subtracting its contribution to the first three target coordinates, identifies A with the closed
operator plus Ixgx.

Apply (22.18) and (22.23). The change from s to ¢t = s/L is a bounded domain and source isomor-
phism for each finite L. The domain coordinates are

(ho, ko, 0), (f.k,a,d), (hy,ky,c), h; € C}-.

The source target coordinates are (hy, f, h1). Subtracting their contributions leaves these identity
blocks and the homogeneous transmission block

ko—k=0, b—-B_,(k,a,d) =0, ¢— Bl (k,a,d) =0,
a— Hy(ko,b) =0, d — Hy(ky,¢) =0, ki — T,k —E .(k,a,d) =0,

with finite residuals foko + nob and 1k + n1c. The right sides of these equations may be arbitrary
target vectors; the elimination is on the full operator.
Suppress the parameters, put & = (a, d), and write

Be(k, h) = Bxk + Bgh, Ee(k, h) = Exk + Egh,
where all four maps are O(e). After eliminating ko, b, ¢, write the allowed-trace equations as

h= HK(k, kl) + HB(BK]C + BHh)
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Both Hg and Hp are uniformly bounded. Consequently

h = Dok + D1k, (Do, D1) = (I — HpBy) ™" (Hx + HpBk pr;)
has uniformly bounded coefficients. The last low equation gives

ki=Sck,  Se=(I—EyD)) (T, + Ex + EgDy) = T, + O(e).

Thus h = (Dy + D1S¢)k and (b, ¢) = Bxk + By(Dy + D1S:)k = O(e)k. Substitution into the two
residuals defines M; and proves (22.30).

Each elimination is a bounded invertible row or column operation, retaining an identity block
for every eliminated variable. The reduction is therefore exact, including its cokernel, and varies
continuously in the parameters. Triangular factors contract through invertible factors; the small blocks
contract linearly to I. The remaining Hilbert coordinate changes contribute no class by quaternionic
Kuiper contractibility [13, §4, proof of Proposition 4.1], as in Lemma 22.6.

If the limit has least singular value § > 0 on the indicated compact subset, choose |M; — F| < §/2
there. Every point of the straight homotopy then has least singular value at least § /2. Differentiating
the displayed Schur complements at fixed L proves the control derivative assertion. Exterior-parameter
derivatives obey the same bounds whenever the corresponding boundary maps and their derivatives
are uniformly bounded. U

22.11. Insertion inside a prescribed ball. Fix a nonempty open subset U of a closed connected spin
manifold M, and a compact continuous smooth-coefficient family a, of compatible pairs. In dimension
4 (mod 8), assume its chiral operator is injective of index —a. In dimension 5 (mod 8), assume its
skew operator is invertible. Choose the caps of Lemma 22.8 and a smooth cylinder control V., whose
endpoint satisfies

F.=(fo, /1 T.) : K— Co® C; is an isomorphism. (22.31)

Such an endpoint exists: in the chiral case send ker f; to a complement of ker f;; in the skew case
send the maximal null plane E, to a null complement of E;. The preceding control lemmas realize
these endpoints.

Proposition 22.18. There are Ly < o and p > 0 for which a, is homotopic, in the same injective or
invertible locus and with support in a ball in U, to the family

Wo U ([0, Lol x 2, Vi) U (W #, Mp).

The collars and B are common. The latter exterior has injective low APS operator of index —(r + a)
in the chiral case and —N in the skew case. For this same p, every L > L, remains in the required
locus. Injectivity, and invertibility in the skew case, persist uniformly for L > Ly under sufficiently small
perturbations of the exterior coefficients and rescaled controls, with the collars fixed. If the perturbations
also fix the data outside the chosen ball, the homotopy retains that support.

Proof. For the compact injective family there is C with |u|g1 < C|A,ul;2. In normal coordinates,
gij = 6i; + O(|x[*) and 9g;; = O(|x|), uniformly in p. A cutoff on a ball of radius s therefore changes
the Dirac operator by O(s) : H' — L?, throughout its interpolation to the Euclidean metric. Since
n>3,

118, Qulrz < Csl|Qleolul -

Removing the potential there has the same small norm. If the total change has norm below 1/(2C), the
modified operator is bounded below by 1/(2C). This preserves chiral injectivity, and skew invertibility
follows from index zero.

The Euclidean charts can be made common. In a reference chart at the fixed center xo, let G, be
the metric matrix and use the normal embedding ¢,(x) = expy’ (G;l/ %x). Its linear part is positive
definite. On a sufficiently small common ball, ¢, ;(x) = (1 —t)x + t¢$,(x) is an isotopy of embeddings:
its derivative is a convex combination of uniformly positive matrices plus a uniformly O(|x|) term.
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The supported isotopy extension theorem [59, Chapter 8, §1, Theorem 1.4] extends it on a smaller
ball. Parameter continuity follows by using the velocity field

Yy 1(9p.1(x)) = x(x)0:hp.+(x)

with one cutoff y equal to one on that smaller ball and extending it by zero. Its flows are supported in
a fixed ball in U and depend continuously on p. Pullback, with the spin lift determined by the isotopy,
preserves kernels and makes the Euclidean zero-potential gluing ball common.

By Corollary 22.10, the low inverse gap and the boundary-coordinate bounds on W, #, M,, are
uniform for 0 < p < p;. Lemma 22.12 gives isometries j, , : C; = Cy,, with

(I @ j;,p)(ﬁ()’ ﬁl,p,pT‘k) B F*

uniformly in p. Put 8 = smin(F:) > 0. Since |[I & j, ,| = 1, the unprojected rectangular map has least
singular value at least §/2 after decreasing p;. Its target rank is dimy K + a in the chiral case. The
uniform C/L error in Proposition 22.17 gives one Ly with C/Ly < §/4, valid for every 0 < p < p;
and L > L. The glued operator is injective; in the skew case its index is zero and it is invertible. The
strict inequalities persist for small perturbations of the stated data. At L, interpolation in coefficient
coordinates joins such a perturbation to the displayed endpoint within this neighborhood. It fixes the
exterior of the chosen ball when the perturbation does.

The two original caps joined by the length-L, cylinder similarly give an invertible pair b on S".
Its designated gluing ball is Euclidean with zero potential. Choose a rotationally symmetric, zero-
potential pair b;4 conformal to the round sphere and Euclidean on that ball. Conformal covariance
makes it invertible. Interpolate the two pairs relative to the ball. The closed case of Lemma 22.7, with
parameter dimension one and controls in its complement, gives an invertible path b, fixed near its
endpoints and on a smaller gluing ball.

Apply Proposition 22.9 to the compact family (a,, b;). In the chiral case the disconnected doubles
have exactly a quaternionic zero modes and a common nonzero gap. The upper spectral bound and
the index —a imply injectivity after gluing. In the skew case the same bound excludes zero. Choose
one positive p below this pathwise threshold and p;. This produces a homotopy from a, #, b4 to
a, #p b. The already chosen Ly works at this radius for every subsequent L > L.

The round attachment is joined to the original family by conformal covariance. Its replacement
disk is radial, ds? + f(s)?gs-1, Euclidean near the outer boundary, with f > 0 away from the center
and smooth odd expansion f(s) = s + O(s®) there. Solve

ﬂ = ﬁ r = f(s) on the outer Euclidean collar, u =log &
ro f(s) r(s)
Then r is a radial diffeomorphism and the disk metric is e**(dr? + r®gg:.-1). The odd expansion makes
u smooth at the center; u = 0 on the outer collar. This identifies M#S™ with M relative to the exterior.
The potential vanishes on the replacement disk, so interpolating u to zero preserves kernels and fixes
the exterior pair. Combining this interpolation, the sphere path, and the initial preparation proves
the proposition. All radii used are positive. O

For relative constructions retain the preparation homotopy as a parameter annulus, whose outer
boundary is the original family. For a prescribed density apply the supported conformal normalization
of Lemma 8.1, including its rescaling of the potential.

22.12. Rectangular completion and cancellation. Quaternionic stabilization [70, Theorem I.12 and
its proof, pp. 108-109] gives

7; Sp(q) — m;Sp  an isomorphism for i < 4q + 1, onto fori = 4q + 2. (22.32)

Comparing the fibrations with common fibre Sp(a) shows that Sp(r + a)/Sp(a) — Sp /Sp(a) is
(4(r + a) + 2)-connected.
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Leta>0,r >max(1,a),0 < k<4r+1,andd = k+ 1. Let Ep, E; C D? x H?" have ranks r, r — a.
Choose separate source and target trivializations over the disk, carrying E, and E; to fixed coordinate
subspaces. In these coordinates put

G = GL,,(H), U, ={T € G : qT]|g, is injective},

where g is quotient by E;. The trivializations extend over the disk and therefore preserve the relative
extension problem.

Lemma 22.19. (a) Let Ty : S* — U, have a specified extension H : D? — G. If the stabilized Stiefel
class of qTy|g, vanishes, there is an extension T : D¢ — U, which is G-homotopic to H relative to S*.

(b) Every based class in m(Sp / Sp(a)), k > 1, is represented, for sufficiently large r, by the first
quotient columns of a based map to U, that is based nullhomotopic in G.

Proof. For (a), polar normalization retracts the injective quotient columns onto the Stiefel space. The
stated connectivity extends the boundary columns to a continuous family F, : H" — H™*% p € DY,
with ker F,, = 0. Extend their E; components X over the disk and set L = iF + X, where i includes Ej".
The columns of L are independent. Their orthogonal complement has rank r and is trivial over the
disk; choose a frame W. Every completion is uniquely

I C
0 Q

This frame is chosen only over the disk, after extending F.

On Sk, the given Ty determines C, Q. Both T and [L, W] extend to G. Their quotient is the
triangular matrix in (22.33), so contracting C shows that [Q] maps to zero in 7;G. For k > 1, base
these maps by constant translations. The stable range makes 7;GL,(IH) — 714G injective; hence Q
extends. The matrix C extends radially. This gives an extension T in U,.

Its difference from H is the boundary-identity map TH™!, representing a class in 7;G. Right
multiplication by diag(I,,v), where v : (D%, S*) — (GL,(H), ), preserves L. The block inclusion is
onto on 74 since d < 4r + 2. Choose v to cancel [TH!]. Indeed the new difference is

(T diag(L,,v)T")(TH™).

[L,LC + WQ] = [L, W] < ) ,  CeMat,(H), OeGL.(H). (22.33)

Contracting the disk in the conjugating factor T reduces its action to constant conjugation, whilev = I
on the boundary. Constant conjugation acts trivially on homotopy groups because G is connected.
The new difference is nullhomotopic relative to the boundary, giving the required homotopy. For
k = 0, the injection and completion spaces are connected and ;G = 0; the same construction gives
the required path and relative homotopy.

For (b), represent the stable class by a based F : $¥ — V,(H™*%) = Sp(r + a)/ Sp(a) in a stage large
enough for the preceding stable ranges. Use H* = H'** @ H""% E; = 0 ® H" %, and set L = (F,0).
The rank-r complement of im L is stably trivial. It is trivial since 7;B Sp(r) — 7B Sp is injective
for k < 4r + 2, by (22.32). Choose its frame W with the prescribed basepoint value and complete to
R =[L, W], based at I. Surjectivity of 7xGL,(H) — 4G supplies a based v for which R diag(I,,v) is
nullhomotopic. Its quotient columns remain F.

For a different reference T, € Uy, use R = TT.! and the transverse planes T.Ey, E;. Choose a
basis of T.Ey ® C, ® E;, with C, an a-dimensional complement. The construction based at R = I then
gives the assertion based at T = T,. O

22.13. Quaternionic isotropic subspaces. Let K = HY @ H" have form o = diag(I, —I), and let
Ey, E1 be maximal null planes. Put

Lemma 22.20. The inclusion Uy — Gy is equivalent up to homotopy to the diagonal Sp(N) — Sp(N)?.
Consequently

hofib(Uy — Gn) = QSp(N), 73(GN, UN) = g Sp(N) (d > 2).
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The absolute class (a2, f) maps to  — «; stabilization is an isomorphism for d < 4N + 1.

Let Ty : S* — Uy extend to H : D' — Gy. If[H] vanishes stably as a relative class and
k+1 < 4N + 1, there is an extension T : D**' — U which is Gn-homotopic to H relative to the
boundary.

Proof. A maximal null plane is the graph of a quaternionic unitary from the positive to the negative
summand: its positive projection is injective, hence an isomorphism, and nullity says L*L = I. Thus
the null Grassmannian is Sp(N). Writing E; = graph R, its transverse chart consists of L with R"!L—1
invertible. The mutually inverse maps

C=R'L+DR'L-D7, RlL=(C-DY(C+1D

identify it with the vector space C* = —C.
Choose T. € Uy and replace T by TT.!; the source plane is then Ey = T.E,, transverse to E;.
Choose dual null bases for Ey, E;. The stabilizer of E, consists of

<A AZ

0 ( A*)_1> ., AeGLyM), z'=-Z

Contract Z to zero and use the polar retraction of A. Its compact subgroup is the diagonal Sp(N) in
the corresponding positive and negative coordinates. The orbit map to the null Grassmannian is a
principal stabilizer bundle. Over the contractible transverse chart its fibre inclusion is a homotopy
equivalence; this identifies Uy — Gy with the stabilizer inclusion.

For the polar decomposition T = uP in Gy, 0Pc = P! and u commutes with o. The path uP!~*
retracts Gy onto Sp(N)? and fixes the compact stabilizer. The quotient of these compact groups is

(a,b) —> ba* € Sp(N).

Its fibre is the diagonal, so its fibre sequence gives the stated homotopy fibre and relative groups.
Multiplication and inversion give (a, ) — f — a on these groups. The stabilization range is (22.32).

For k > 1, the diagonal map on 7y is injective. Since T extends to Gy, it therefore extends to
T, : DM — Uy, Write [TyH '] = (a, B) in 741 Sp(N)?. Its relative image is zero stably; the stated
range gives @ = f already at this finite stage. Right-multiply T; by a boundary-identity map in the
stabilizer of E, representing the negative diagonal class. This preserves T Ey and cancels [T, H™!], by
the conjugation argument in Lemma 22.19. It gives the required relative homotopy. For k = 0, both
spaces are connected and Gy is simply connected, which gives the assertion directly. For N = 0, both
Gy and Uy are a point. O

22.14. Quaternionic skew operators and finite boundary relations. In dimension n =5 (mod 8),
put A = i(D + V). The charge conjugation identities make A quaternionic-linear and skew-adjoint.
All Hilbert spaces, adjoints, and dimensions in this subsection are quaternionic. Put

Cay(A) = (A+D(A-D.

Thus Cay(i(D + V)) = (D+ V —i)(D + V +i)"'. Let Sp, denote the norm-topological group of
quaternionic unitaries I+ compact, and put

Sp. =V ={U € Sp, : U +1 is invertible}.

The map U — (U — I)(U + I)7! identifies this open set with the real vector space of compact
quaternionic skew-adjoint operators. For a compact CW pair (P, Py), a norm-resolvent-continuous
family of compact-resolvent skew-adjoint operators, invertible on Py, therefore represents

KSp~'(P,Py) = KO(P,P;) by amap to (Sp,,Sp.). (22.34)

This is the quaternionic form of the real Fredholm model [13, Theorem A(k) and Sections 2, 4-5].
More explicitly, Clp4 = Maty(IH) has volume involution w; on its simple module tensored with a
quaternionic multiplicity space, w ® A is skew-adjoint and anticommutes with the four Clifford
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generators. Conversely every such operator has this form. The degree-five real Morita identification
therefore has a single quaternionic multiplicity factor. The displayed Cayley convention fixes its
sign. One can compare it directly with the exponential representative of the bounded transform F =
A(1 — A?)7'/2_ On the imaginary spectral parameter ix, the two representatives are — exp(2i arctan x)
and —exp(rix/v1+ x2). For 0 < t < 1 put

Pi(x) = (1 — t)2arctan x + trx(1 + x?)71/2,

This odd function lies in (-, ), has the sign of x, and tends to + at the two ends, uniformly in ¢. Thus
—e'%() _ 1 belongs to Cy(R) and varies continuously there in the uniform norm. Functional calculus
gives a norm-continuous homotopy of I+ compact quaternionic unitaries whose —1 eigenspace is
ker A. It preserves the relative invertible locus.

Let S be a closed densely defined injective skew-symmetric operator with closed range and finite-
dimensional C = ker(—S*). Suppose that S has an invertible skew-adjoint extension A, with compact
inverse R. Write K : C — JZ for the isometric inclusion and Sy,x = —S*. For a maximal-null
subspace B C C @ C for the form

h((x, ), (", ") = (. x") +(x,¥'),
define the extension Ap by
u=Rf+Kx, f = Smax, (x,K*f) € B.

Regard B as a linear relation, with ker B = {x : (x,0) € B} and Cayley transform (y — x) - y + x.
This convention includes vertical relations.

Lemma 22.21. The operator Ap is skew-adjoint with compact resolvent. Its Cayley transform is homotopic
to Cay(/3) ® Ic. through Sp., with constant —1 eigenspace K ker B. The homotopy is continuous in
K, R, B and hence preserves invertibility on every relative parameter set.

Proof. Every u € dom S,y has the stated unique decomposition, since Syax(u — Rf) = 0. Set Tou = x
and I'yu = K” f. Skewness of R gives

(Smax, 0) + (U, Smaxv) = (T'1u, Tov) +(Tow, T'1v). (22.35)

The boundary map is onto, since © = RKy + Kx has boundary values (x, y). Its kernel is dom S, since
the radical of the left side is that domain, by S ., = —S. The annihilator of a maximal-null B is 3
itself. Formula (22.35) thus proves equality of the extension and minus its adjoint, including their
domains. For a graph-bounded sequence u = Rf + Kx, both f and x = K*(u — Rf) are bounded.
Compactness of R and finite dimension of C give a convergent subsequence in .7#. Thus the maximal
domain embeds compactly, which proves compactness of the extension resolvent.

The defining domain formula gives the equality of relations

Az =R+ KB K" (22.36)
The domain on the right is {f : K* f € ran B3}, and its multivalued part is K ker /3. Put
Qo = KB 'K*, Q; = tR + Qy, Er=(-0)7%, V, =2E;, —1I.
For a maximal skew relation on a finite-dimensional space,
lu¥ ql* = lul* +1gl”  ((u.9) € Q).

The maps (u, q) = u F q are therefore injective; equality of dimensions makes them isomorphisms.
Applied on C, this shows that Ey depends continuously on B. On C* it is I, so Ey — I has finite rank.
For gy € Qouput y = u — qo and x = y — tRu. Then u = Eyy and x = (I — tRE,)y, so

E; = Eo(I — tREy) ™! (22.37)
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once the last inverse exists. If y = tREyy and u = Eyy, then y € u— Qyu and hence u € Q;u. Skewness
gives u = 0, then y = 0. The Fredholm alternative applies to I — tRE, and proves its invertibility. The
same argument for I + Q; shows that V; is onto. The identity |u + q| = |u — ¢| shows it is unitary.
Formula (22.37) proves norm continuity and V; — I compact.

The kernel of E; is the multivalued part of Q;, namely K ker B, so this is exactly ker(V; + I) for
every t. Finally (22.36) gives

V1 = Cay(Ap), Vo = Cay(B) & I..

All formulas are invariant under unitary changes of frame of C; they therefore apply to finite kernel
bundles as well. 0

22.15. A fixed midpoint restriction. Let P be a compact CW complex, and join two compact caps by
a product cylinder of length L. Assume the coefficients are continuous in the smooth topology, the
tangential operator B and its product collar are fixed, and the low APS realizations on both caps are
injective. In the present symmetry class their full APS realizations are surjective by (22.8). On the
cylinder write

Arp=0(ds+B+L7"Vy(s/L)), o'=0, o’=1 B*=B, Bo=-0B, V,o+0V,=0.
(22.38)

The controls form one compact smooth family, supported away from the outer ends. Put K, = ker B,

let Pk be its orthogonal projection, and assume that ok, has signature (N, N). Let Ey, E; C K; be

the cap low Cauchy spaces. They are maximal-null N-planes. Let T_ and T; be the transfers of

u' + PgV,Pgu = 0on[0,1/2] and [1/2,1], and put T = T, T_. Since Pxo = oPx, their generators

satisfy Z*o + 0Z = 0; hence T 0T, = 0.

At the midpoint define

dom Sy, ={u € HY M) : Pxyr/u = 0}, Sppu = Appu. (22.39)
Write y;, y, for the traces from the two sides of the cut and put
Q=Ko @Koy, hog=0&(-0), A={(xx):xekK}

Proposition 22.22. For all sufficiently large L, uniformly on P, the restriction Sy, is injective and Fredholm
of quaternionic index —2N. Its maximal domain consists of the piecewise H' sections whose high traces
agree at the cut; its boundary quotient is (Q, hg), and the closed extension corresponds to A.

The kernels Cr,, = ker(—S;y. p) form a continuous rank-2N bundle. Their low traces are maximal-null
planes Ar, and satisfy

Arp = (T-Eop) ® (T 'Erp) + O(LTH), (22.40)
where the error is in the norm of orthogonal projections.

Proof. The empty-boundary case of [18, Theorems 4.9 and 4.11], applied to the formally self-adjoint
Dirac-type operator —iA, gives the closed domain H! and equivalence of its graph and H! norms.
Rellich’s theorem gives compact resolvent. The APS domains on the compact caps are elliptic domains
in that source. The fixed collar and low injectivity give the H'/? trace maps of Lemma 22.11. The
compact control family satisfies the coefficient bounds of Lemma 22.16 on the full cylinder and each
half. The half-interval estimates use only the coefficient bounds and the length of the interval; they
do not require the control to vanish at the midpoint.

The trace in (22.39) is onto Ky, by a smooth collar lift. Its kernel is dense in L2, since it contains
smooth sections supported away from the cut. It is graph-closed of codimension 2N in the closed
domain. Hence Sp;, is Fredholm of index —2N. To prove injectivity, let u be a closed zero mode, and
let k be its left low value. The two cap high-trace equations and Lemma 22.16 give

lalge + 1l g2 < ClE, Pxu(L/2) = T_k + O(L™H)k.
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Indeed, the cap equations and the cylinder traces give
C
lale + 1l < Clkl + —(lalgre + 1dlpr2)-

Absorb the last term and apply the low estimate at s = L/2. Put Cy = max(1, sup pep IT=Y]). A zero
midpoint trace implies |k| < C7CL™!|k|. Thus k = 0 for large L, then a = d = 0. Cylinder uniqueness
and low injectivity on both caps give u = 0.

Suppress L, p, and write 7 = Pxy;,/, on the closed H' domain. If u € dom(—5*) and f = —S*u, the
continuous functional

v — (f,v) +(u, Av), ve H(M;),

vanishes on ker 7 and therefore factors through Kj. Choose w € K, representing it as (w, rv). There
is a smooth piecewise section j with only a low jump, y;j — y,j = ow, supported near the cut. Green’s
formula gives

(Apw ), v) + (j, Av) = (w, 1v).

Subtracting this identity shows that u — j € dom A* = H!. Thus u is piecewise H'! and its high traces
agree. Conversely, Green’s formula for any such section has only the low jump term, which vanishes
on ker 7; hence it belongs to dom(—S*). This also proves —S*u = Apyu.

Independent low lifts show that the two low traces map this maximal domain onto Q, with kernel
dom S. Green’s formula is exactly hg. Since S is injective with closed range, —S* is onto and has
kernel dimension 2N. The maximal domain is a fixed piecewise H! Banach space; its graph norm
is equivalent to that norm by the closed graph theorem. On this domain the surjective maps Spyax,p
are continuous. For a right inverse R, at p,, the formula R, = R.(SmaxpR:) " gives local continuous
right inverses. The projections I — R, Smax,p therefore define a continuous kernel bundle in piecewise
H!. Its low trace is injective: a zero low trace would give a vector in ker S. Green’s formula makes its
image null; its dimension 2N = % dim Q makes it maximal null. This also proves continuity of A;.

For (22.40), retain independent midpoint low values. Write k for the left end value and ¢ for the
value on the right side of the midpoint. Write (ao, d—, a4, d) for the four incoming high data of the
two half-cylinders. Their outgoing data satisfy

(bO’ Cm) = O(Lil)(k’ ap, d—)’ (bm: Cl) = O(Lil)([’ ay, dl);
and the right final low value is k; = Ty £+ O(L™)(¢, a,, d;). The four high equations are
ap = Ho(k, by), d-=bpm, ay=cmn, di=Hykicy).

Here H; are the cap maps of Lemma 22.11. After substituting the cylinder formulas, this is an equation
h = G(k, ¢) + £h, with |€| < C/L. It has a unique bounded solution, continuous in the parameters.
The remaining cap equations are therefore

Fi(k,0) =0, Fp = (Pgyk, Pp Tot) + O(L™")(k, ). (22.41)

Indeed the exact cap constraints are PEOL(k —egby) = 0 and PElL(kl —epcy) =0.

The leading map F. has the uniformly bounded right inverse (u,v) — (u, T;'v). Thus Fj, is onto,
with right inverse Ry = Ro(FLRw)!. The map (I — RLF)lkerr, is I + O(L™!) and identifies ker F.,
with ker F;. The two midpoint traces of the reconstructed section are

(T_k+ 0L ")(k, 0), ).

Thus the map from ker F., = Ey & T;'E; to Ay differs from (k, £) — (T_k, £) by O(L™') and has a
uniform lower bound. For an injective map Z, the projection onto its image is Z(Z*Z)™'Z*. Applying
this formula proves (22.40). O
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22.16. The relative Cayley class. Fix a positive—negative polarization of Q and write maximal-null
planes as graphs of unitaries. For a domain plane A and a Cauchy plane A put

C(A,A) = —Uy'Uy. (22.42)
This is a unitary, and C + I is invertible precisely when An A = 0.

Proposition 22.23. Under the midpoint hypotheses, let Py C P be a closed subcomplex on which
TEy n E; = 0. For sufficiently large L, Ay is invertible on Py, and its class in (22.34) is represented by
(22.42) for the pair

(A(TE) ® E1) in (Ko ® Ko, 0 ® (—0)). (22.43)

For fixed Ey, E;, the induced map from the transmission pair (Gy, U) has coefficient one: on Sp(N)? it
is [b] — [a]. It induces an isomorphism on n4, with target KOs, 4, for1 < d < 4N + 1.

Proof. For the invertible reference extension in Lemma 22.21, fix a positive-negative polarization of
Q and write A = graph U. The plane graph(—U) is maximal null and transverse to A;. Its extension
Ay is skew-adjoint, by the exact boundary quotient, and has zero kernel. The piecewise H' domain
embeds compactly into L?, so this extension is Fredholm with compact resolvent; skew-adjointness
makes it onto. Its inverse R is compact. These inverses are continuous. Let ] be a fixed right inverse
of the finite trace map y and let P, be the orthogonal projection onto the reference extension plane.
Near p.., the map

is invertible on the maximal domain and carries the domain at p, onto the domain at p: its trace on
the former plane is P,. The maps Ag, W), are continuous bounded bijections from the fixed domain,
with its piecewise H' norm, to L?. Thus R, = W,(Ao,W,)" is continuous, also as a map to the
maximal domain. Compactness of P gives uniform inverse bounds. The low trace followed by positive
projection is an isomorphism Cr, — Q.. If Z, is its inverse, then K, = ZP(Z;ZP)_I/ ? is a continuous
isometric embedding of the fixed space Q. onto Cr ;. Thus Lemma 22.21 applies globally, also when
the closed nullity jumps. Let V}; € Sp(Q) be its finite Cayley representative transported from C, by
K. To place it in a fixed summand, stabilize once and use

Ky = (cos 0K, sin 1) : Q, — 7 & Q, I+Kpo(Vy—DKyg 0<0< /2.

This is a unitary homotopy from the representative on Cr , to the same matrix on the fixed second
summand. Its spectrum away from 1 is unchanged, so it preserves the relative condition.

In that lemma’s coordinates put p = (x+y)/+/2, ¢ = (x—y)/ 2. The Green form is {p, p)’ —{(q, q)’,
and the Cauchy plane y = 0 has graph I. A relation /3 has graph unitary

Us=(I-B){I+B)7, Cay(B) = -Uz'.

These formulas mean the maps x + y = x — y on the relation, so also hold for vertical relations.
The Green isometry diag(I, Uy ') changes the two graph unitaries to Uy ' U and I. The graph-pair
matrix in these coordinates is therefore —(Uy'Up)™! = —Uy Uy, as in (22.42). Its —1 eigenspace is
isomorphic to A N A.

The relative class is independent of the boundary coordinates. A simultaneous Green isometry g
preserves intersections. With J = diag(I, —I), its polar decomposition is g = kH, where kJ = Jk and
JHJ] = H™!. Thus kH' is a path of Green isometries from k to g. Apply it simultaneously to both
planes; their transversality is unchanged. For k = diag(a, d) the representative changes to aCa™'.

This is stably homotopic to C through conjugations: if Ry is the ordinary real block rotation, then
diag(a, IRy diag(I,a ")Ry", 0<6< /2,

runs from diag(a, a ') to I. Conjugating C @ I along this path preserves the entire spectrum. This
proves invariance of the full relative class, including for parameter-dependent Green coordinates.
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The two coordinate systems above consequently give the same relative class, so (22.42) represents the
class of V;.
Proposition 22.22 compares actual maximal-null planes. If Up, U are their graph unitaries, then

Us = U exp(slog(U;lUL)), 0<s<1,

is defined by the principal logarithm for large L and remains O(L™!) from U,. Compactness of P, gives
a positive least singular value for Uy — U there. Increasing L makes the whole path transverse to A on
Py. Lemma 22.21 and (22.42) identify the actual family class with this limiting pair. Applying T to both
boundary factors fixes A and sends the limiting Cauchy plane to (TE,)@® E;. The coordinate-invariance
argument just given proves (22.43).

This also covers independent end gauges. If Ei(p) = gi(p)E;, then the simultaneous Green isometry
diag(g!, gr'!) fixes A and sends (22.43) to

(A(TE)®E;), T=g'Tg.

Thus the complete relative class is unchanged when the end planes and the transmission map are
transformed together.

For the normalization, choose T, € Uy. Replacing T by TT; ! and E, by T..E, makes I the basepoint.
A fixed block-unitary change then makes Ey = graph I. Choose K, = HY @ HN with ¢ = diag(I, -I),
and write TE, = graph L and E; = graph R. Give the doubled boundary space positive coordinates
(x]", x;) and negative coordinates (x;", x;"). Direct substitution gives

0 I

Uy = diag(L,R™Y), Ur=J = (I 0

) , C = —Jydiag(L, R ). (22.44)
The condition C + I invertible is exactly L — R invertible. For T = diag(a, b) one has L = ba™!, so the
stable absolute homotopy map of (22.44) is [b] — [a]; R and —J, are constant. Stable multiplication
and block sum give the same operation, as follows from the same block rotation used above.

This absolute calculation determines the relative map without removing —J; by a boundary-
changing homotopy. Indeed, the exact graph-pair map sends Uy into Sp;. By Lemma 22.20, the map
4-1(Un) — m4-1(Gn) is the injective diagonal map. For d > 2 the long exact sequence therefore
identifies 74(Gyn, Uy ) with the quotient of 74(Gy) by the diagonal image. Since Sp;, is contractible, the
corresponding target relative group is 74(Sp,.). Naturality gives exactly the quotient homomorphism
[b]—[a]. For d = 1 both groups vanish. The stabilization range in Lemma 22.20 gives the isomorphism
in this range. Finally (22.34) on (D%, $¢1) gives KOs, 4; for d = k + 1 this is KOp 1. O

22.17. Homotopy groups of compatible pairs.

Proposition 22.24. Let M be closed, connected and spin, and let U C M be nonempty and open. The
supported spaces Y,(U) in residue four and Ys(U) in residue five are nonempty. The maps (22.4) and
(22.6) are weak homotopy equivalences.

Proof. Work first without a density constraint. Lemma 8.1 normalizes families relative to their already
normalized parameters. The closed case of Lemma 22.7, with perturbations in one ball in U, proves
nonemptiness. Applied to a coefficient path relative to its endpoints, it proves path connectedness:
the relevant codimensions are 4(a + 1) > 1 and 3 > 1. The targets are connected. It remains to prove
bijectivity on my for k > 1.

Families with a product cylinder. Put d = k + 1. Given f : S¥ — Y, make it constant near
its basepoint and approximate it smoothly in logarithmic metric and linear multiplier coordinates,
relative to that neighborhood. The compact family of injective operators H! — L? has a common
positive lower bound. A sufficiently close approximation and its interpolation therefore stay in Y.
Retain that interpolation as an outer annulus, so that the eventual filling has exactly the original
continuous boundary.
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Choose two disjoint balls compactly contained in U. Use the first for the insertion and the second,
in the connected exterior, for supported genericity. By the unbounded ranks of Lemma 22.8, choose

(22.45)

r>max(l,a), d<4(r—a+1), k<4r+1, n=4 (mod38),
d<4N +3, d<4N +1, n=5 (mod 8).

Proposition 22.18 gives a homotopy in Y to a family containing a product cylinder. Retain it as a
second annulus. Its tangential operator, product collars, and cylinder control are fixed, its neck radius
is positive, and its limiting matching map is uniformly injective. The control has a final interval on
which it is zero. Every subsequent lengthening remains in Y.

In residue four the fixed cap has low and full indices —r, r; the exterior has indices —r —a, r — a and
is low-injective. Make its full boundary family surjective by a sufficiently small relative perturbation
from Lemma 22.7. The low gap and the limiting injection remain positive throughout its interpolation.
First choose a cylinder length valid for this compact interpolation and reach it by lengthening; then
perform the perturbation at that length. Retain the resulting annuli. In residue five low injectivity
already implies full surjectivity by (22.8).

Extend the exterior coefficients over DY, constant on a boundary parameter collar and fixed on the
spatial collar and M \ U. Indeed, in one spinor comparison, convex interpolation of positive metric
tensors and affine interpolation of multipliers, with a radial cutoff, give an extension constant near
the centre. Smooth it relative to the boundary collar. Apply Lemma 22.7 inside the second ball, with
perturbations zero near S¥. In residue four its indices are —r — a for the low problem and —(r — a) for
the adjoint full problem; the first line of (22.45) gives both avoidance inequalities. In residue five use
its second line. The resulting disk is low-injective and full-surjective, so its cokernel and low Cauchy
bundles extend over the disk.

Injectivity in residue four. Write K = H?". The exact sequence (22.20) gives surjections f; : K — C;,
with

dimy Cy = r, dimyg C; =r+ a, E; = ker f3;, dimgEy=r, dimgE;=r-—a.

Choose independent gauges g; : D¢ — GLy(K) with giE; = E;(p) and choose quotient frames over the
disk. Such choices exist because the subspace and quotient bundles are trivial on the contractible disk.
Put T = g ' Tg. Elimination of the first surjective block in (S, f1 T) leaves F = qﬂEO : HY — H™9,
where q is the quotient by E; in the chosen frame.

Extend the actual boundary control over the disk in its linear control space, retaining the final
zero interval, and call its endpoint H; put H = g7 'Hgy. The resulting coefficient disk computes the
comparison of its boundary: any two coefficient fillings are homotopic relative to their common
boundary in the contractible ambient coefficient space. Proposition 22.17 and Lemma 22.6 identify
that comparison with the stable Stiefel class of F, including the cokernel and its stable trivialization.
The retained annuli identify it with x,[ f], with the induced basepoint transport.

If k[ ] = 0, Lemma 22.19(a) gives a transverse T, equal to H on S¥ and G-homotopic to it relative
to SK. Set T = g Tgo_ ! and transform the homotopy by the same formula. It joins H to T relative to
S¥. Lemma 22.15 realizes T while retaining the exact boundary control.

Injectivity in residue five. Now K has signature (N, N) and E,, E; are maximal-null N-plane bundles.
Choose independent gauges g : D¢ — Sp(N, N) with gE; = Ei(p). They exist because the orbit
maps to the null Grassmannian are locally trivial and their pullbacks to a disk have sections. Extend
the actual boundary control over the disk, retaining its final zero interval, and denote its endpoint
and boundary endpoint by H and Ty. Put

H=g'Hg,  To=g 'Tog.

The simultaneous Green isometry diag(g; !, g;!) fixes A and changes the limiting Cauchy plane to
(HEy) & E;. Thus Proposition 22.23, applied to this ambient disk, identifies xs[ f] with the stable
relative class of

(H,T) : (D%, ") — (Gn, Un),
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with coefficient § — . If this class is zero, Lemma 22.20 gives a transverse extension T homotopic
to H relative to the exact boundary. Set T = g; Tgo_ ! and undo the homotopy by the same formula.
Then T = T, on S, and Lemma 22.15 retains the original boundary control.

In either residue the entire constructed disk of limiting matching maps has a minimum singular
value § > 0. Choose its final finite length so that

sup ||ML,p - (ﬁo,p>ﬁ1,p Tp)” <d/2.
peDd

Proposition 22.17 gives a disk in Y. Its boundary is the boundary family with its prescribed control at
this length. Attach the lengthening, exterior-perturbation, insertion, and approximation annuli. The
outer boundary is the original f, with its actual coefficients. This proves injectivity.

Surjectivity in residue four. Fix a base pair containing this cylinder and ¢ € 7x(Sp / Sp(a)), choosing
the rank sufficiently large first. Lemma 22.19(b) gives a transverse endpoint T = RT, with quotient
columns representing &, and a based homotopy R; : S¥ — G from I to R. Apply Lemma 22.15 to the
reference control, with parameter space S* x [0, 1] and endpoint homotopy

Tixs)t = Rot(x) T, 0<t<1.

One subdivision works for this compact family. On s = 0 and the basepoint line every added control
is zero. The coefficient family therefore descends to the cone D**! and is based on its boundary. A
common sufficiently long cylinder gives a minimal boundary sphere. Its ambient disk, the Fredholm
reduction, and Lemma 22.6 show that its comparison is .

Surjectivity in residue five. Choose N in the stable range and a representative

g+ (DM, 8F) —s (Sp(N), 1)

of the prescribed class in 7.1 Sp. By homotopy extension, make g = I on a radial segment from the
centre to the boundary basepoint: this segment contracts to its boundary endpoint relative to that
endpoint. Put

H(p) = diag(I, g(p)T.,  Qps = H(sp)T .

The paths Q, s start at I and are constant on the chosen segment. Lift their increments by the local
section of Lemma 22.14, using one uniform subdivision and placing the added controls after the
reference control. They vanish on that segment. On S* their endpoints are I, while the controls
themselves may vary as loops. A common sufficiently long cylinder therefore gives an invertible
boundary sphere based at the reference pair. Proposition 22.23 identifies its disk class with [g],
since the varying compact block is (I, g). These spheres may be based at a longer reference cylinder.
Transport along its lengthening and insertion paths gives surjectivity at the original base pair; path
connectedness gives it at every basepoint. All constructed controls are continuous in the smooth
spatial topology: their amplitudes are continuous and their spatial and time functions belong to
a fixed finite span. Finally normalize every disk and annulus by Lemma 8.1. It fixes the original
normalized boundary. The contraction (22.2) on the unrestricted coefficient space restricts to the same
contraction on the density slice, so its comparison maps restrict as well. The normalized homotopies
and fillings consequently prove the required isomorphisms with density fixed. g

22.18. Naturality of localization.

Corollary 22.25. Let Uy C U; be nonempty open subsets, with the same density and prescribed exterior
metric. The inclusion of the supported minimal pair spaces in residue four, or the supported invertible
pair spaces in residue five, is a weak homotopy equivalence. The same holds for the corresponding metric
spaces, by Proposition 8.2.

Proof. Choose the base pair in the smaller space. Take its positive spinor comparison on both spaces
and the single contraction (22.2) on the larger coefficient space. Its restriction is the contraction for
the smaller space. The operator, cokernel, ambient path, and, in residue five, the logarithmic return
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path therefore agree under inclusion. The two comparison maps commute with inclusion, before
passing to their stable models. Proposition 22.24 and two-out-of-three give the pair assertion. Choose
a minimal metric basepoint in the smaller space and apply the supported relative equivalences of
Proposition 8.2 in the same square to obtain the metric assertion. (]

22.19. Homotopy groups of metric spaces.

Proof of Theorem T. Compose the pair comparisons of Proposition 22.24 with the inclusions of Proposi-
tion 8.2. Their homotopy fibres and Cayley conventions are those of (22.4) and (22.6). Both inclusions
are weak homotopy equivalences, with density and exterior fixed. This proves (1.14) and (1.15).
Corollary 22.25 proves the assertion about U, C Uj.

The fibration Sp(a) — Sp(a + 1) — $%*3 and (22.32) show that

$*** = Sp(a+1)/Sp(a) — Sp / Sp(a)

induces isomorphisms on homotopy groups through degree 4a + 5. Thus the target is (4a + 2)-
connected and its next homotopy group is Z. Similarly Sp(1) = $* — Sp induces isomorphisms
through degree five. Hence Q Sp is simply connected with 7, = Z. The Fredholm identifications
(22.3) and (22.34) identify the comparison homomorphisms at index zero with KO, 1, giving (1.16).

In dimensions four and five, the homomorphisms of Proposition 22.3 are therefore surjections
between infinite cyclic groups, by Proposition 22.4. They are isomorphisms. That proposition also
gives the stated C° localization of their generators, while Proposition 22.5 fixes their integral index
normalization at index zero. O

22.20. Positive scalar curvature and the ordinary Dirac operator. For a positive-scalar-curvature
metric gy on a closed spin manifold, let

F (M) = hofib,, (R*(M) — R™(M)).

The inclusion is defined by the Lichnerowicz formula. Both spaces have the smooth topology; no
density or exterior is prescribed here.

Proposition 22.26. Let M = S' x S, with either spin structure on the circle, and let gy € R*(M). Then
74(Fg,(M)) contains an element of infinite order.

Proof. Projection M — S! = BZ induces an isomorphism on fundamental groups, hence a split
surjection. The discrete group Z is second countable, torsion-free, and has rational homological
dimension one. Its proper isometric translation action on R gives the Haagerup property. Thus [58,
Theorem 1.1], with scalar complex coefficients, and [76, Corollary 2.13] give the real Baum-Connes
isomorphism. Thus

KOy7(Cy, Z) = KOy3(S*) = KOy (pt) @ KOs6(pt) = Z/2 ® Z.

The middle equality is the suspension splitting of S!. Theorem C of [42] applies with 2n = 12 > 6,
r =4, and q = 1: the fundamental-group map is split surjective, gy has positive scalar curvature, and
4 >1—12 — 1. Its index-difference image spans the rational target, which is one-dimensional. Hence
there is an element

x € my(R*(M), £0)
whose higher real index difference has nonzero projection to the infinite cyclic summand. Thus x
and 2x have infinite order.

The manifold admits a product metric of positive scalar curvature, so its ordinary spin index
vanishes. Theorem T and Lemma 8.1 give

T(R™ (M), go) = m4(Sp) = KOy7(pt) = Z/2.

Hence the image of 2x under the inclusion is zero. The homotopy exact sequence of its fibre gives an
element y € m4(F 4 (M)) mapping to 2x. If a positive integer killed y, it would kill 2x. Therefore y
has infinite order. (]
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APPENDIX A. THE OBSTRUCTION GROUPS IN DEGREES AT MOST TWO
Let 0 < n < 2. The homomorphism
. . OSpin inv
gn 2 P — RV, [X]— [X,-],

satisfies 0,,j, = an, where a, is the real spin index [38, Sections 5.2 and 5.4]. The low-dimensional
spin bordism and index computations give

ap s Q" =5 K0,,  KOy=7, KO;=KO,=27/2

see [68, p. 201], [14, Theorem 3.1, p. 147], and [9, Section 4, pp. 57-58].

Every degree-zero representative is closed. In degree one the boundary Dirac operator is zero, so
an invertible boundary is empty. Thus j, and j; are surjective.

Let [W,h] € R™. Each boundary circle has zero real index and therefore has bounding spin
structure. Let gior be the metric on R? in [52, Appendix A, p. 29]. Its Dirac operator is invertible, and its
cylindrical cross-section has length 2. For a boundary circle of length L, truncate (R?, (L/27)? gior)
in its product end. The resulting spin disk has invertible cylindrical completion. An arclength spin
isometry identifies its boundary with the oppositely oriented boundary circle of W.

Let C be the disjoint union of these disks, with 0C = —9W, and put W=w Ugw C.If oW = @,
take C = @. Since C = W\ int W, [38, Lemma 5.5, p. 31], applied with M = W and N = W, gives

[W,h] = [W, -] = L,((W]).

Hence j, is surjective. Since 0, j, = @, is an isomorphism and j, is surjective, 8, is an isomorphism
foro<n<a.
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