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Abstract. Let 𝑀 be a closed connected spin manifold of dimension 𝑛 ≥ 3. We prescribe arbitrary

admissible finite Dirac spectra in bounded open symmetric intervals, including multiplicities and

nullity. Kernel dimensions are unbounded on each 𝑀 . Nonzero eigenvalues generically have the least

multiplicity allowed by the spinor structures, also at fixed density.

Compatible multiplication perturbations of Dirac operators are approximated in norm resolvent

by metric Dirac operators, including first parameter derivatives for compact smooth families. The

metrics are arbitrarily 𝐶0
-close, preserve density, and agree with the original metric outside a prescribed

neighborhood of the support. In dimensions four and five, such changes in any nonempty open set

realize the first admissible nullity above the index minimum.

If invertible metrics exist, ordinary real index difference identifies their components at fixed density

with 𝐾𝑂𝑛+1; for 𝑛 ≥ 5, each contains a positive-scalar-curvature metric whenever one exists. With

density and the metric outside any nonempty open set fixed, the Dirac-minimal space has weak

homotopy type Sp / Sp(𝑎) for 𝑛 ≡ 4 (mod 8), and ΩSp for 𝑛 ≡ 5 (mod 8), where 𝑎 = | indℍ 𝐷+| and Sp
is the stable compact symplectic group. On compact connected spin 𝑛-manifolds, invertible boundary

metrics admit invertible cylindrical extensions exactly when the relative real index vanishes.
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1. Introduction

Let 𝐷𝑔 be the Dirac operator of a spin manifold with metric 𝑔 . Charge conjugation and chirality

restrict its spectral symmetries and multiplicities; the real index gives a lower bound for its kernel.

Relative indices obstruct paths through invertible operators and invertible extensions of boundary

metrics. The corresponding existence and classification questions concern the sufficiency of these

restrictions for metric Dirac operators [36, 37, 38].

Theorem R realizes every compatible multiplication perturbation𝐷𝑔𝑏+𝑉𝑏 by metric Dirac operators

in norm resolvent. The approximation includes first parameter derivatives, preserves volume density

and a prescribed exterior, and permits arbitrarily small 𝐶0
changes of metric. It is relative to parameter

sets near which 𝑉𝑏 vanishes. Contour integration gives the associated spectral projections and

compressed operators. A full potential section then yields a full metric section by the finite-dimensional

inverse function theorem. Relative realization also removes multiplication potentials from families of

invertible operators and from quaternionic chiral families with index-minimal kernel.

These constructions give the spectral and component theorems below. In dimensions congruent

to 4 or 5 modulo 8, a relative boundary construction determines the weak homotopy type of the

minimal metric space on the fixed manifold (Theorem T). It retains both the prescribed exterior and

the volume density. When the chiral index is nonzero, the comparison retains the finite-dimensional

cokernel and the nullhomotopy of its stable class. At index zero the comparison is ordinary real index

difference.

All manifolds are smooth, oriented, and spin, with their spin structures fixed. Connected manifolds

are nonempty. Clifford multiplication satisfies

𝑐(𝜉)𝑐(𝜂) + 𝑐(𝜂)𝑐(𝜉) = −2𝑔−1(𝜉 , 𝜂)𝐼 , 𝑐(𝜉)∗ = −𝑐(𝜉). (1.1)

A metric on a compact manifold with boundary is product near the boundary. When the boundary

Dirac operator is invertible, the metric extends over fixed half-infinite product cylinders. Invertibility

then refers to the completed operator 𝐷𝑔 ∶ 𝐻 1 → 𝐿2. Spaces of smooth metrics and multiplication

potentials carry the 𝐶∞
topology. All indices below have ordinary real coefficients; no condition of

simultaneous invertibility for flat group-algebra twists is imposed.

1.1. Norm-resolvent approximation. Let 𝑋 be closed, or let 𝑋 = 𝑊∞ be obtained from a compact

spin manifold by attaching product half-cylinders to its boundary. In the latter case the boundary Dirac

operator is invertible, and all changes of metric have compact support. Positive frame comparisons,

with their density corrections, identify the operators on

D = 𝐻 1(Σ𝑋) ⊂ H = 𝐿2(Σ𝑋). (1.2)

A complex-linear endomorphism is compatible if it is self-adjoint and satisfies the charge-conjugation

and, in even dimension, chirality identities of the Dirac operator. These identities are given in

Section 2.

Theorem R (Norm-resolvent realization). Let 𝑛 = dim𝑋 ≥ 3. Let 𝐵 be a compact smooth parameter
manifold, possibly with boundary, and let 𝐵0 ⊂ 𝐵 be closed. Suppose

𝐿𝑏 = 𝐷𝑔𝑏 + 𝑉𝑏

is a smooth family with fixed cylindrical ends, and 𝑉𝑏 is a compatible multiplication endomorphism
supported in one compact subset of an interior open set 𝑈 . Assume 𝑉𝑏 = 0 on a neighborhood of 𝐵0.

For every compact set

 ⊂ {(𝑏, 𝑧) ∈ 𝐵 × ℂ ∶ 𝑧 ∈ 𝜌(𝐿𝑏)}

and every 𝜀 > 0, there is a smooth metric family 𝑔𝑏 such that

𝑔𝑏 = 𝑔𝑏 on 𝑋 ⧵ 𝑈, 𝑑𝑣𝑔𝑏 = 𝑑𝑣𝑔𝑏 , (1.3)

𝑔𝑏 = 𝑔𝑏 for 𝑏 near 𝐵0, ‖‖𝑔 − 𝑔‖‖𝐶1(𝐵;𝐶0) < 𝜀.
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In the direct positive spinor comparison,  belongs to the parameter-resolvent set of 𝐷̂𝑏 = 𝐷𝑔𝑏 , and
‖‖‖(𝐷̂𝑏 − 𝑧)

−1 − (𝐿𝑏 − 𝑧)−1
‖‖‖𝐶1

𝑏 (;(H ))
< 𝜀. (1.4)

The parameter derivatives in (1.4) are taken on neighborhoods of  in finitely many parameter

charts. No derivative in 𝑧 is included in this notation. A kernel may lie inside a spectral contour;

only the contour must belong to the resolvent set. The metric norm in (1.3) is taken relative to any

fixed smooth reference metric and a finite parameter atlas. On cylindrical ends the metrics agree with

that reference outside a compact set. The estimate is invariant under replacing these fixed norms by

equivalent norms. No spatial 𝐶1
approximation or curvature bound is imposed.

1.2. Generic nonzero eigenvalues. Let 𝑀𝑛
be closed and connected, with its spin structure fixed,

and write (𝑀) for the space of smooth metrics. Put

𝑑𝑛 =

{
2, 𝑛 ≡ 2, 3, 4 (mod 8),
1, otherwise.

(1.5)

A nonzero eigenvalue is called simple if its complex multiplicity is 𝑑𝑛 [56, Definition 6.2.4].

Theorem G (Generic nonzero spectrum). Let 𝑛 ≥ 3. The set

(𝑀) = {𝑔 ∈ (𝑀) ∶ dimℂ ker(𝐷𝑔 − 𝜆) = 𝑑𝑛 for every 𝜆 ∈ Spec(𝐷𝑔) ⧵ {0}}

is residual and dense in the 𝐶∞ topology. The same conclusion holds in 𝜇(𝑀) = {𝑔 ∶ 𝑑𝑣𝑔 = 𝜇} for every
positive smooth density 𝜇.

More precisely, for each integer 𝑎 ≥ 2, set

𝐾𝑎 = [−𝑎, −𝑎−1] ∪ [𝑎−1, 𝑎], 𝑎 = {𝑔 ∶ every eigenvalue of 𝐷𝑔 in 𝐾𝑎 is simple}. (1.6)

Each 𝑎 is 𝐶1-open and 𝐶∞-dense, as is its restriction to 𝜇(𝑀), and (𝑀) = ⋂𝑎≥2 𝑎.
The pathwise uniform approximation in Theorem R, relative to the initial parameter, suffices

for G. At zero, the generic minimum-kernel theorem [3, 4] gives the simultaneous assertion in

Corollary 7.6. Constant scaling and isotopy impose the prescribed density while preserving the

nonzero multiplicities.

1.3. Path components. Let 𝑀𝑛
be closed and connected, and let 𝜇 be a positive smooth density. Set

inv
𝜇 (𝑀) = {𝑔 ∶ 𝑑𝑣𝑔 = 𝜇, ker𝐷𝑔 = 0}.

For an invertible base metric 𝑔∗, let 𝛿𝑔∗ denote ordinary real index difference, with the normalization

of Section 8.1.

Theorem C (Path components). Let 𝑛 ≥ 3 and 𝑔∗ ∈ inv
𝜇 (𝑀). Then

𝛿𝑔∗ ∶ 𝜋0inv
𝜇 (𝑀) ⟶ 𝐾𝑂𝑛+1

is a bijection of pointed sets.

The component counts for 𝑛 ≡ 0, 1, … , 7 (mod 8) are

2, 2, 1, ℵ0, 1, 1, 1, ℵ0.

The hypothesis of nonemptiness is equivalent to 𝛼(𝑀) = 0 by [4] and conformal covariance. No

exterior is prescribed in Theorem C. Its potential paths may vary on all of 𝑀 .

Corollary 1.1. If 𝑛 ≥ 5 and 𝑀 admits a metric of positive scalar curvature, each component of inv
𝜇 (𝑀)

contains such a metric.

The corollary follows from Theorem C and the integral index-range results of [24, Theorems C, D

and 5.3.1]. The density is imposed by constant rescaling and an isotopy, not by a conformal deformation

of the positive-scalar-curvature metric. For simply connected spin manifolds of dimension at least five,

Corollary 1.1 answers Dahl’s question whether every invertible component contains a positive-scalar-

curvature metric [37, p. 453]. The homotopy-equivalence question and the formulation involving all

flat group-algebra coefficients in [37] are distinct statements.
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1.4. Boundary metrics and the real index. Let (𝑊 , ℎ) be a compact spin manifold with a prescribed

invertible boundary metric. Its relative real Dirac index is denoted by

𝛼(𝑊 , ℎ) ∈ 𝐾𝑂𝑛, 𝑛 = dim𝑊 .

It is the index of the operator on the cylindrical completion. Its normalization is fixed in Section 2.

Theorem I (Invertible extensions). Suppose 𝑛 ≥ 3 and 𝑊 is connected. An invertible product extension
of ℎ exists if and only if 𝛼(𝑊 , ℎ) = 0.

More precisely, if 𝛼(𝑊 , ℎ) = 0, then for every product extension 𝑔 and every nonempty open 𝑈 ⋐
int𝑊 there is an invertible extension 𝑔 satisfying

𝑔 = 𝑔 on 𝑊 ⧵ 𝑈, 𝑑𝑣𝑔 = 𝑑𝑣𝑔 . (1.7)

There is also a trace-free, 𝑔-self-adjoint endomorphism 𝐻 , compactly supported in 𝑈 , such that 𝐷𝑔(𝑒𝑡𝐻 ⋅,⋅)
is invertible for all sufficiently small 𝑡 > 0.

For the groups of Dahl–Große, this gives

𝜃𝑛 ∶ 𝑅inv𝑛
≅⟶𝐾𝑂𝑛, 𝑛 ≥ 0. (1.8)

The low degrees are treated in Appendix A. The previously established surjectivity and the definition

of 𝑅inv𝑛 are those of [38, Section 5].

1.5. Finite spectra. For a closed spin manifold 𝑀𝑛
, a finite multiset Ξ of nonzero real numbers is

admissible if it is symmetric under 𝜆 ↦ −𝜆 unless 𝑛 ≡ 3, 7 (mod 8), and every multiplicity is even

when 𝑛 ≡ 2, 3, 4 (mod 8). The admissible kernel dimensions are

𝑛 mod 8 ℎ = dimℂ ker𝐷 (𝑟 ∈ ℤ≥0)
0 |𝐴(𝑀)| + 2𝑟
1 𝛼(𝑀) + 2𝑟
2 2𝛼(𝑀) + 4𝑟
3 2𝑟
4 |𝐴(𝑀)| + 4𝑟
5 2𝑟
6 2𝑟
7 𝑟.

(1.9)

Here 𝛼(𝑀) ∈ {0, 1} in residues one and two; 𝐴(𝑀) is the complex chiral index in residues zero and

four.

Theorem P (Finite spectral prescription). Let 𝑀𝑛 be closed, connected, and spin, with 𝑛 ≥ 3. Let Λ > 0,
let Ξ ⊂ (−Λ, Λ) ⧵ {0} be a finite admissible multiset, and let ℎ satisfy (1.9). There is a smooth metric 𝑔
for which

Spec(𝐷𝑔) ∩ ((−Λ, Λ) ⧵ {0}) = Ξ, dimℂ ker𝐷𝑔 = ℎ. (1.10)

The equalities in (1.10) include multiplicities. There is no volume, curvature, or conformal-class

normalization in Theorem P. In particular, for every such 𝑀 ,

sup
𝑔∈(𝑀)

dimℂ ker𝐷𝑔 = ∞

(Corollary 19.2). This proves the unbounded-kernel conjecture of Bär [16, Section 8], also stated by

Ammann–Ginoux [5, Conjecture 2.2].
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1.6. Localized harmonic spinors. For a closed spin four-manifold, put 𝑎 = | indℍ𝐷+| = 1
2 |𝐴(𝑀)|, and

denote by 𝐴𝑔 the chiral operator of quaternionic index −𝑎. A metric is Dirac-minimal precisely when

𝐴𝑔 is injective. Its full complex kernel then has dimension 2𝑎. In dimension five Dirac-minimality

means invertibility.

Theorem L (Localized harmonic spinors). Let 𝑀 be closed, connected, and spin of dimension four or
five. For every metric 𝑔 , every nonempty open set 𝑈 ⊂ 𝑀 , and every 𝜀 > 0, there is a smooth metric ℎ
such that

ℎ = 𝑔 on 𝑀 ⧵ 𝑈, 𝑑𝑣ℎ = 𝑑𝑣𝑔 , ‖ℎ − 𝑔‖𝐶0
𝑔
< 𝜀. (1.11)

In dimension four it satisfies

dimℍ ker 𝐴ℎ = 1, dimℍ ker 𝐴∗
ℎ = 𝑎 + 1, dimℂ ker𝐷ℎ = 2𝑎 + 4. (1.12)

In dimension five it satisfies
dimℂ ker𝐷ℎ = 2. (1.13)

The metric belongs to a smooth finite-dimensional family ℎ𝑞 , with ℎ0 = ℎ, retaining the exterior and
density, for which the derivative of the complete normal matrix at 𝑞 = 0 is an isomorphism. The normal
space is Homℍ(ℍ,ℍ𝑎+1) in dimension four and sp(1) for the matrix of 𝑖𝐷 in dimension five.

After restriction of its parameter domain, every metric ℎ𝑞 satisfies (1.11). The nullities in (1.12)

and (1.13) hold at 𝑞 = 0. If 𝐴𝑔 is injective in dimension four, a 𝐶1
-small, density-preserving change

makes the metric flat on a ball. When ker 𝐴𝑔 ≠ 0, and in dimension five, the potential is constructed

on the original metric.

1.7. Weak homotopy type of the minimal locus. Fix a metric 𝑔∗ on a closed connected spin manifold

𝑀 , put 𝜇 = 𝑑𝑣𝑔∗ , and let 𝑈 ⊂ 𝑀 be nonempty and open. Write

𝜇(𝑈) = {𝑔 ∶ 𝑑𝑣𝑔 = 𝜇, 𝑔 = 𝑔∗ on 𝑀 ⧵ 𝑈}.

Its Dirac-minimal and invertible subspaces are denoted by min,𝜇(𝑈) and inv,𝜇(𝑈). For 𝑛 ≡ 4
(mod 8) put 𝑎 = | indℍ𝐷+|; thus |𝐴(𝑀)| = 2𝑎. Let Sp = colim𝑚 Sp(𝑚) and Ust = colim𝑚 U(𝑚).
Theorem T (Weak homotopy type of the minimal locus). The indicated spaces are nonempty. For every
base metric in the corresponding space there are weak homotopy equivalences

𝜅𝑎 ∶ min,𝜇(𝑈) ⟶ Sp/Sp(𝑎), 𝑛 ≡ 4 (mod 8), (1.14)

𝜅5 ∶ inv,𝜇(𝑈) ⟶ ΩSp ≃ Sp /Ust, 𝑛 ≡ 5 (mod 8). (1.15)

The map 𝜅𝑎 is the cokernel comparison to the homotopy fibre of 𝐵 Sp(𝑎) → 𝐵 Sp. Its stable nullhomotopy
is given by the ambient affine contraction of compatible pairs. If 𝑎 = 0, it is ordinary real index difference.
The map 𝜅5 is ordinary real index difference in the quaternionic skew-adjoint model.

For nonempty open sets 𝑈0 ⊂ 𝑈1, with the same prescribed metric and density, the inclusion of the
corresponding minimal spaces is a weak homotopy equivalence.

The quotient in (1.14) is colim𝑟 Sp(𝑟 + 𝑎)/ Sp(𝑎). In particular, min,𝜇(𝑈) is (4𝑎 + 2)-connected

and

𝜋4𝑎+3(min,𝜇(𝑈), 𝑔𝑏) ≅ ℤ (𝑛 ≡ 4 (mod 8)).
In residue five the invertible space is simply connected and

𝜋2(inv,𝜇(𝑈), 𝑔𝑏) ≅ ℤ.

For 𝑛 ≡ 4 (mod 8) with 𝑎 = 0, and for 𝑛 ≡ 5 (mod 8), ordinary real index difference induces

isomorphisms

𝜋𝑘(inv,𝜇(𝑈), 𝑔𝑏)
≅−−→ 𝐾𝑂𝑛+𝑘+1, 𝑘 ≥ 1. (1.16)

In dimensions four and five the integer generators are signed counts of kernel lines in transverse

fillings. Theorem L places a representing sphere in every prescribed 𝐶0
neighborhood of any metric

in 𝜇(𝑈); its initial basepoint is a point of that sphere. At nonzero index the cokernel in (1.14) has

rank 𝑎 and is retained throughout the comparison.
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1.8. Relation to earlier results. The spinor comparison and metric variation formulas are due to

Bourguignon–Gauduchon [25, Propositions 1 and 5; Theorems 20–21]; the hypersurface formula

is given in [20]. Hermann [56] gives the unitary comparison, unique continuation, and analytic

perturbation statements in the conventions needed below. A rotating symmetric coframe with

a quadratic scalar Dirac term appears in [39, Section 8]. Agricola–Friedrich consider the metric

connection with skew-symmetric torsion, whose spin Dirac operator is 𝐷𝑔 + 3
4𝑐𝑔(𝑇 ) [1, Section 2].

Khrabustovskyi–Lotoreichik prove norm-resolvent homogenization for a two-dimensional Dirac

operator with position-dependent mass [63]. In Theorem R the approximating operators are Levi-

Civita Dirac operators. The approximation preserves support, volume density, and relative parameter

conditions, and includes the first parameter derivatives.

Bandara–McIntosh–Rosén prove Riesz-continuity estimates under uniform geometric bounds on

the reference metric and a bound on ‖∇𝑔ℎ‖∞ for the compared metric [15, Theorem 3.1 and Remark 3.2].

The elementary oscillatory metrics of Section 4 satisfy 𝑔𝑁 − 𝑔 = 𝑂(𝑁−1/2) in 𝐶0
, whereas their first

spatial derivatives can have order 𝑁 1/2
. The cited estimate requires a uniform bound on these

derivatives.

In dimension three, Dahl proves generic simplicity and generic simplicity of the nonzero spectrum

within each conformal class [35, Theorem 1.2 and Remark 1.3]. The July 2013 correction in the second

arXiv version adds the condition ker𝐷𝑔 = 0 in Proposition 3.2. Theorem G proves the nonzero-

spectrum assertion of the higher-dimensional conjecture following [35, Theorem 1.2]. Its proof is on

fixed spectral windows separated from zero.

Canzani proves conformal genericity under a hypothesis excluding rigid eigenspaces [29, Defini-

tion 2.2 and Theorem 2.3]; the nonzero-window argument is [29, Proposition 7.4]. Chatzakou–Helffer

give a nonscalar-compression criterion for bounded real-potential perturbations of semibounded

self-adjoint operators with compact resolvent and discuss finite windows [31]. Brito–Marrocos study

generic simplicity for connection Laplacians and 𝐺-simplicity on principal bundles [27]. These opera-

tor families differ from the untwisted metric Dirac family. The splitting lemma in Section 7 concerns

compatible potentials at every pair 𝐷𝑔 +𝑊 ; a conformal direction is added in dimension 2 (mod 8).
Its metric consequence follows from R and an analytic path argument. No higher-dimensional

conformal-class assertion is made.

For the scalar Laplacian on a closed connected manifold of dimension at least three, Colin de

Verdière realizes any prescribed finite list of initial Laplace eigenvalues, counted with multiplicity, with

zero simple and all remaining entries positive [32, Theorem 1.2]. He compares interaction matrices

over parameter families and obtains the prescribed multiplicities by transversality [32, p. 600]. Here

the additional analytic result is the supported relative realization of compatible Dirac perturbations in

Theorem R, with prescribed density. The spectral construction also respects the real spinor structures

and retains the index-forced zero module through surgery.

Local sections through a prescribed reference for scalar Schrödinger operators and positive Laplace

clusters are constructed in [71, Theorems A and 5.3]; at a singular reference they may have only

one-half Hölder regularity. Proposition 6.3 transfers a smooth potential section to a smooth metric

section by Theorem R; the reference metric may change.

Dahl’s finite-prescription theorem concerns simple nonzero eigenvalues [36, Theorem 3]. Conjec-

ture 9 asks for arbitrary finite spectral data, including the multiplicity of zero, subject to the spinorial

symmetries and the index restrictions. Compact-parameter spectral surgery is [36, Theorem 6].

Nowaczyk obtains an eigenvalue of complex multiplicity at least two in dimensions 0, 6, 7 (mod 8),
with a prescribed exterior [72, Main Theorem 1]. Theorem P proves Conjecture 9 in dimensions at least

three: it prescribes an arbitrary admissible finite multiset and the kernel dimension simultaneously.

The Berger eigenvalues are due to Hitchin [60]; his prime-isolation argument is explicitly attributed

there to Chowla.

Maier proves generic index-minimality in dimensions two, three, and four [66, Theorems 1.1, 1.2(i),

and 1.3(i), p. 409]. Ammann–Dahl–Humbert give a surgery proof in every dimension at least two
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[3, Theorem 1.1] and then allow the metric to change in any prescribed nonempty open set [4,

Theorem 1.1].

Conjecture A of Bär–Dahl [19] asks whether every closed spin manifold of dimension at least

three admits a metric with a nonzero harmonic spinor. In dimensions 3 (mod 4), Bär constructs such

a metric for every fixed spin structure [16, Theorem A]; the change may be confined to an arbitrarily

small neighborhood of a point [16, Section 4]. Under the same dimensional restriction, fixed twisting

bundles and connections are treated in [17, Theorem 4.1]. Crowley–Schick–Steimle prove existence of

harmonic spinors in every dimension at least six [33, Theorem 1.4]. Farinelli states the corresponding

existence assertion in every dimension at least four [44, Theorem 1.1, p. 3]. The later account [65,

Section 1, p. 2] treats general existence in dimensions four and five as open. Theorem L gives an

independent localized construction with prescribed density, arbitrarily small 𝐶0
change, the smallest

kernel dimension above the index minimum, and an invertible normal derivative.

Dahl–Große define the groups 𝑅inv𝑛 and prove surjectivity of 𝜃𝑛 ∶ 𝑅inv𝑛 → 𝐾𝑂𝑛 [38, Section 5].

Their Conjecture 5.12 asks for injectivity. Theorem I, Corollary 15.1, and Appendix A prove this

conjecture in every degree 𝑛 ≥ 0. The case 𝑅inv5 = 0 also follows from earlier results: connectedness

of the invertible locus on 𝑆4 [2], isotopy-to-concordance [37, Corollary 2.4], and [38, Proposition 5.8].

Together with [38, Theorem 5.3(1)], this also gives existence of an invertible extension for every

prescribed invertible boundary metric in dimension five. Theorem I adds a density-preserving

modification in any prescribed interior open set and an analytic ray supported there.

Dahl detects distinct invertible components by index difference [37]; Waterstraat proves that there

are infinitely many components in dimensions 3 (mod 4) [80]. Theorem C concerns the converse:

equal ordinary index differences determine the same component on the fixed manifold. Invertibility

of a cylindrical concordance does not imply invertibility of every intrinsic slice operator. A spin-

bordism comparison for spaces of invertible metrics is stated in [52, Theorem 1, p. 3]. The later

account [65, Remark 1.4] treats this equivalence as an open problem. Combined with [65, Theorem B],

the equivalence stated in [52] would imply existence of a metric with a nonzero harmonic spinor

on every closed connected spin four-manifold with 𝐴 = 0 [65, Remark 1.4]. Surgery maps for

spaces of Dirac-minimal metrics are discussed in [2, Remark 1.2(3)], with reference to [74, 52]; the

existence of homotopy inverses is stated there as an expectation. The proof of C proceeds directly

through compatible multiplication potentials. In the real skew-adjoint case, the zero-current fibre in

dimensions at least seventeen is an OT–FKM focal manifold. Its description by a symmetric Clifford

system is due to Ferus–Karcher–Münzner [45, Section 4.2(ii), p. 485]; the sphere-bundle description is

recorded in [75, Section 1]. Lemma 13.5 applies that description to relative spinor sections.

On a closed Riemannian manifold, fix a compatible Dirac symbol on a finite real Clifford bundle

with ample 𝐿2 space, and an invertible pseudo-Dirac operator 𝐵. The bounded transform induces a

weak homotopy equivalence from the space of smooth pseudo-Dirac paths starting at 𝐵 and ending

at an invertible operator to the corresponding real Fredholm loop-space model [41, Definition 4.2

and Proposition 4.3]. The perturbations in this space are arbitrary compatible pseudodifferential

operators of order zero, with fixed principal symbol. Hertl constructs a cubical model of invertible

block Dirac operators and factors index difference through positive-scalar-curvature concordances

[57, Theorems B and C, p. 8]. Here Sections 8–14 concern multiplication potentials and varying metric

symbols. The supported relative fillings of Section 22 give the comparison in T; Theorem R gives its

metric form.

The real index conventions are those of [10, 12, 14]. The comparison between path and cylindrical

index difference is [41]. The real skew-adjoint case is treated in [26, Theorem 8.1], with the two-plane

model also described in [30]. The positive-scalar-curvature corollary requires the integral range

statements of [24, Theorems C, D and 5.3.1]; rational surjectivity alone would not suffice. A simply

connected closed spin manifold of dimension at least five admits a positive-scalar-curvature metric if

and only if 𝛼(𝑀) = 0 [78, Theorem A]. No scalar-curvature bound is imposed on the approximating

metrics.
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For L, the four-dimensional point sources first satisfy the cokernel-orthogonality equation. In

dimension five, the Green spinor has a nonzero collar current with zero flux. The current identities

are related to [21, Section 4]. The nonvanishing exact-form construction is [43, Theorem 18.4.1, p. 171;

Corollary 20.3.2, pp. 181–182]; its relative spinor lift is included in Section 21. The three-dimensional

eigenspinor construction of divergence-free framings is [64].

Ammann–Dahl prove connectedness of the Dirac-minimal metric space on closed connected

spin manifolds of dimensions two and four [2, Theorem 1.1]. Their codimension estimates concern

the nonminimal strata [2, Theorem 1.3]. After Theorem 1.4 they state the bound 2(𝑘 + 1) when

|𝐴(𝑀)| = 2𝑘, with details deferred. For 𝑛 = 4 and 𝑎 = 0, Theorem T with 𝑈 = 𝑀 and Lemma 8.1

prove the two-connectedness conjecture of Ammann–Dahl recorded in [65, Remark 1.6]. Theorem T

determines the weak homotopy types in every dimension 4 or 5 (mod 8), with fixed exterior and

density. The Fredholm interpretation of real 𝐾 -theory and the equivalence ΩSp ≃ Sp /Ust are given

in [13, 23]. Section 22 identifies the relative rectangular model with Sp / Sp(𝑎) and constructs the

comparison from supported multiplication potentials. For 𝑎 > 0 the model retains the rank-𝑎 cokernel

together with a nullhomotopy of its stable class. At index zero it identifies all homotopy groups with

ordinary real 𝐾 -theory, and the inclusions associated to 𝑈0 ⊂ 𝑈1 induce these same identifications.

For 𝑀 = 𝑆1 × 𝑆11 and either spin structure on the circle, Theorem T gives 𝜋4inv(𝑀) ≅ ℤ/2.

For the projection 𝑀 → 𝐵ℤ = 𝑆1, the rational higher index target in degree 17 is ℚ; the theorem

of [42, Theorem C, p. 1553] therefore detects an infinite-order class in 𝜋4+(𝑀). Twice this class

therefore lifts to an infinite-order element in the fourth homotopy group of the homotopy fibre of

+(𝑀) ↪ inv(𝑀) (Proposition 22.26). This consequence concerns the inclusion of the two spaces;

the classification in T concerns the space of Dirac-minimal metrics.

1.9. Proof of the principal results. Theorem R. By Lemma 2.2, a compatible potential is a sum of

Clifford forms of degrees congruent to three modulo four. Proposition 5.1 replaces a term of degree

𝓁 ≥ 7 by terms of degrees 3 and 𝓁− 4 through a positive congruence. For each replacement, Lemma 3.2

gives

(𝑇new − 𝑧)−1 = 𝐹(𝑇old + 𝐸 − 𝑧𝐹 2)
−1𝐹 .

Here 𝐹 is a positive multiplier with 𝐹±1𝐻 1 = 𝐻 1
, 𝐹 − 𝐼 → 0 in 𝐶1

𝑏(𝐿2), and 𝐸 → 0 in 𝐶1
𝑏(𝐻 1, 𝐿2) as

the frequency tends to infinity. Descending induction leaves only three-form terms, which Propo-

sition 4.2 removes by changes of metric. All these operations preserve the prescribed support and

parameter equalities; the metric changes preserve the density. There are finitely many steps. Choose

their frequencies successively so that the 𝑗th resolvent error, after conjugation by the preceding

comparisons, is less than 2−𝑗𝜃, and the 𝑗th metric increment is less than 2−𝑗𝜂. Equation (5.8) bounds

the total resolvent error by 𝜃, and (5.9) gives the direct positive spinor comparison. Taking 𝜃 and 𝜂
sufficiently small proves (1.3) and (1.4).

Spectral sections. Contour integration gives the spectral projections and first spectral moments

in 𝐶1
. Lemma 6.1 then gives 𝐶1

convergence of the complete compressed matrices in compatible

orthonormal frames. For a full potential section with matrix 𝐴, the resulting metric matrix 𝐹(𝐴)
satisfies ‖𝐹 − id ‖𝐶1 → 0. Proposition 6.3 applies the inverse function theorem to 𝐹 and gives a full

metric section with the same density and exterior.

Theorem G. Fix a metric 𝑔 and a window 𝐾𝑎 as in (1.6). Lemma 7.1 gives a nonscalar compression on

every multiple nonzero eigenspace; in residue two, a conformal variation is also allowed. Lemma 7.3

gives a path of compatible pairs, constant near its initial point (𝑔, 0), with simple terminal spectrum in

contours enclosing 𝐾𝑎 and separated from zero. Relative realization and Lemma 7.4 give a real-analytic

metric path 𝑔𝑡 with 𝑔0 = 𝑔 , the same contours, and simple terminal spectrum. Divide the traces of the

spectral moments by 𝑑𝑛 and apply Newton’s identities. The resulting monic cluster polynomials have

the eigenvalues as roots, with their complex multiplicities divided by 𝑑𝑛. The product Δ(𝑡) of their

discriminants is real analytic and satisfies Δ(1) ≠ 0. Write Δ(𝑡) = 𝑡𝑚𝛿(𝑡), where 𝑚 ≥ 0 and 𝛿(0) ≠ 0.

Thus Δ(𝑡) ≠ 0 for all sufficiently small 𝑡 > 0. Since 𝑔𝑡 → 𝑔 in 𝐶∞
, this proves finite-window density

(Proposition 7.5). Spectral continuity gives 𝐶1
openness; Baire’s theorem gives G. Constant scaling
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and Moser’s isotopy impose the prescribed density while preserving multiplicities [69, Theorem 2,

Section 4, pp. 292–293].

Theorem C. Let  inv
𝜇 (𝑀) be the space of compatible pairs (𝑔, 𝑉 ) with 𝑑𝑣𝑔 = 𝜇 and𝐷𝑔 +𝑉 invertible.

Proposition 8.2, with 𝑈 = 𝑀 , identifies its components with those of inv
𝜇 (𝑀) and preserves ordinary

index difference. The pair classification is Theorem 11.6 in residues 3, 7, Theorem 11.11 in residues

2, 4, 5, 6, and Theorems 12.1 and 13.1 in residues 0 and 1. Thus

𝜋0inv
𝜇 (𝑀) ≅−−→ 𝜋0 inv

𝜇 (𝑀)
𝛿𝑔∗−−−→ 𝐾𝑂𝑛+1

is a bijection. For Corollary 1.1, the integral index-range results of [24, Theorems C, D and 5.3.1]

give a positive-scalar-curvature representative of every ordinary index-difference class when 𝑛 ≥ 6;

for 𝑛 = 5 the target is 𝐾𝑂6 = 0. Theorem C identifies the invertible components, and Lemma 14.1

imposes the prescribed density. The even- and odd-dimensional index maps are given explicitly in

Section 14.

Theorem I. Choose a nonempty open set 𝑈0 ⋐ 𝑈 . If 𝛼(𝑊 , ℎ) = 0, Proposition 9.1 gives a compatible

𝑉 supported in 𝑈0 with 𝐷𝑔 + 𝑉 invertible. Corollary 5.2 gives an invertible metric 𝑔 with the same

density and equal to 𝑔 outside 𝑈0. Thus 𝐻 = log(𝑔−1𝑔) satisfies supp𝐻 ⊂ 𝑈0 ⋐ 𝑈 and tr 𝐻 = 0. The

compared operators 𝐿𝑡 ∶ 𝐻 1 → 𝐿2 of 𝑔𝑡 = 𝑔(𝑒𝑡𝐻 ⋅, ⋅) extend holomorphically near [0, 1] as Fredholm

operators. Since 𝐿1 is invertible, 𝐿𝑧𝐿−11 is a holomorphic Fredholm family on 𝐿2, equal to 𝐼 at 𝑧 = 1.

The analytic Fredholm theorem [79, Theorem 1.1, p. 2] makes the noninvertible parameters discrete.

In particular, 𝐷𝑔𝑡 is invertible for all sufficiently small 𝑡 > 0. The converse follows from the vanishing

of the index of an invertible operator. Corollary 15.1 and Appendix A give (1.8).

Theorem P. Theorem 16.3 and Corollary 16.4 give full metric sections on sufficiently large balanced

modules. The index-minimal kernel on 𝑀 is supplied by [4, Theorem 1.1]. Lemma 19.1 gives the

prescribed nonzero blocks; Proposition 17.3 gives the remaining zero-module equations over a disk

bundle. Proposition 18.1, based on [72, Theorem 4.24], transports the complete matrices through

spin surgeries of codimension at least three with an arbitrarily small uniform error. Eliminating the

invertible complement of the zero block by a Schur complement, and applying the polar comparisons

to the nonzero blocks, gives a continuous section close to (𝐴, 𝑋, 0). Lemma 17.1 gives a common zero

of its equations. At that parameter the nullity is ℎ and the prescribed blocks equal 𝜆𝑗 𝐼 . The unused

blocks remain outside (−Λ, Λ), and preservation of the full band rank excludes further eigenvalues

there. This proves (1.10); continuity in the surgery parameter suffices for the intersection argument.

Theorem L. In dimension four, start with zero potential if ker 𝐴𝑔 ≠ 0. Otherwise apply Lemmas 20.1

and 20.2. Proposition 20.3 then gives a supported full potential section with chiral matrix 𝑞 ∈
Homℍ(ℍ,ℍ𝑎+1). In dimension five, Propositions 21.2 and 21.3 give a section with matrix 𝑞 for

𝑖(𝐷𝑔 +𝑉 (𝑞)), where 𝑞 ∈ sp(1). Proposition 6.3, with arbitrarily small 𝐶0
error, gives the corresponding

metric sections. At 𝑞 = 0 the entire zero cluster is the kernel, of the dimensions in (1.12) and (1.13);

the normal derivative is the identity. The support and density equalities persist.

Theorem T. The pair comparisons of Proposition 22.24, composed with the inclusions of Proposi-

tion 8.2, give

min,𝜇(𝑈) ⟶ min,𝜇(𝑈) ⟶ Sp/Sp(𝑎), 𝑛 ≡ 4 (mod 8),

inv,𝜇(𝑈) ⟶ inv,𝜇(𝑈) ⟶ ΩSp, 𝑛 ≡ 5 (mod 8).

Both arrows in each composition are weak homotopy equivalences. For the second arrows, the

inhomogeneous cylinder reduction (Proposition 22.17) gives the finite matching map. Lemma 22.15

realizes its deformations while retaining the exact boundary family. Rectangular completion retains

the cokernel and its stable nullhomotopy; Proposition 22.23 identifies the full relative Cayley class

in residue five. The ranks in (22.45) are chosen after the homotopy degree. The relative fillings in

Proposition 22.24 give injectivity and surjectivity on every homotopy group, with density and exterior

fixed. Corollary 22.25 gives the assertion for 𝑈0 ⊂ 𝑈1. Finally, Propositions 22.4 and 22.5 give the

local integer generators and their index normalization.
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2. Spinor structures and fixed domains

2.1. Charge conjugation. Let 𝑠𝑛 = 2⌊𝑛/2⌋ be the complex rank of the full spinor bundle. There is a

parallel antiunitary map 𝐽 ; in even dimension there is also the chirality operator Γ. Our conventions

are

𝑛 mod 8 𝐽 2 𝐽 𝑐(𝜉) = 𝜖𝑛𝑐(𝜉)𝐽 𝐽 Γ = 𝜏𝑛Γ𝐽
0 +1 +1 +1
1 +1 −1 −−
2 −1 +1 −1
3 −1 +1 −−
4 −1 +1 +1
5 −1 −1 −−
6 +1 +1 −1
7 +1 +1 − − .

(2.1)

The last two sign columns are 𝜖𝑛 and 𝜏𝑛. Since 𝐽 is parallel, 𝐽𝐷 = 𝜖𝑛𝐷𝐽 . In even dimension Γ∗ = Γ,

Γ2 = 𝐼 , and Γ𝐷 = −𝐷Γ. The real and quaternionic structures are also recorded in [56, Theorem 2.2.2];

the following model fixes our signs.

On (ℂ2)⊗𝑚 set

𝑐2𝑗−1 = 𝑖𝜎⊗(𝑗−1)3 ⊗ 𝜎1 ⊗ 𝐼⊗(𝑚−𝑗), (2.2)

𝑐2𝑗 = 𝑖𝜎⊗(𝑗−1)3 ⊗ 𝜎2 ⊗ 𝐼⊗(𝑚−𝑗), 1 ≤ 𝑗 ≤ 𝑚.

Here 𝜎1 = ( 0 1
1 0 ), 𝜎2 = ( 0 −𝑖

𝑖 0 ), and 𝜎3 = diag(1, −1). The odd-indexed 𝑐𝑗 are imaginary and the

even-indexed 𝑐𝑗 are real. If 𝑚 is odd take 𝑄 = 𝑐2𝑐4⋯𝑐2𝑚; if 𝑚 is even take 𝑄 = 𝑐1𝑐3⋯𝑐2𝑚−1. Then

𝐽 = 𝑄 ◦ conjugation commutes with every 𝑐𝑗 , and

𝐽 2 = (−1)𝑚(𝑚+1)/2, Γ = 𝑖𝑚𝑐1⋯𝑐2𝑚, 𝐽 Γ = (−1)𝑚Γ𝐽 .

For dimension 2𝑚 + 1, add 𝑐2𝑚+1 = 𝑖Γ. Retain 𝐽 if 𝑚 is odd and replace it by Γ𝐽 if 𝑚 is even. These

formulas give (2.1). Commutation with the spin action makes them parallel bundle maps.

Definition 2.1. The real vector bundle A𝑛 ⊂ Endℂ(Σ𝑋) consists of the endomorphisms 𝑉 satisfying

𝑉 ∗ = 𝑉 , 𝐽𝑉 = 𝜖𝑛𝑉 𝐽 , Γ𝑉 = −𝑉Γ (𝑛 even). (2.3)

For a finite-dimensional Hermitian space 𝐸 carrying an antiunitary 𝐽 and, in even dimension, a

self-adjoint grading Γ with the prescribed values of 𝐽 2 and 𝐽 Γ = 𝜏𝑛Γ𝐽 in (2.1), let 𝑛(𝐸) be the space

defined by (2.3). We call such a structured space a zero module.

A zero module is balanced if it admits an invertible element of 𝑛(𝐸). For a balanced module, the

independent matrix and total complex dimension are as follows, with 𝑟 ≥ 0:

𝑛 mod 8 independent matrix dimℂ 𝐸
0 Mat𝑟(ℝ) 2𝑟
1 𝑖so(2𝑟) 2𝑟
2 Skew2𝑟(ℂ) 4𝑟
3 Herm𝑟(ℍ) 2𝑟
4 Mat𝑟(ℍ) 4𝑟
5 𝑖sp(𝑟) 2𝑟
6 Sym𝑟(ℂ) 2𝑟
7 Sym𝑟(ℝ) 𝑟.

(2.4)

In even ambient dimension, the independent matrix 𝑍 represents

(𝑍) = (
0 𝑍∗

𝑍 0 ) . (2.5)
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In residue five 𝑖sp(𝑟) is taken in the complex 2𝑟-dimensional representation. It is not multiplication

of quaternionic entries by a chosen quaternionic unit.

In residues zero and four, 𝐽 preserves the two chiral spaces. The independent block is respectively

real or quaternionic; it is invertible precisely when it is square and invertible over that field. In

residues two and six, choose chiral coordinates in which

𝐽 (𝑥, 𝑦) = (𝜀𝑦̄, 𝑥̄), 𝜀 = 𝐽 2 ∈ {−1, 1}.

Then 𝐽(𝑍) = (𝑍)𝐽 is equivalent to 𝑍𝑇 = 𝜀𝑍 . This gives the skew-complex and symmetric-complex

rows. In residue one, a real frame for 𝐽 gives 𝑉 = 𝑖𝐴 with 𝐴 real skew-symmetric. In residues three

and seven, 𝑉 is respectively quaternionic Hermitian or real symmetric. In residue five, 𝐴 = −𝑖𝑉
commutes with 𝐽 and satisfies 𝐴∗ = −𝐴, so 𝐴 ∈ sp(𝑟). Real and complex skew-symmetric matrices

admit invertible elements exactly in even size. The other displayed matrix spaces admit invertible

elements at every size. These facts prove the table, including its balance conditions.

Lemma 2.2. Clifford multiplication induces a real vector-bundle isomorphism

⨁
3≤𝓁≤𝑛
𝓁≡3 (4)

Λ𝓁𝑇 ∗𝑋 𝑐⟶ A𝑛. (2.6)

Proof. For 𝑛 = 0, the grading is scalar and both sides of (2.6) vanish. Suppose 𝑛 ≥ 1. For an increasing

multi-index 𝐼 of length 𝓁, set 𝑐𝐼 = 𝑐(𝑒𝑖1)⋯ 𝑐(𝑒𝑖𝓁). Reversal of the factors gives

𝑐∗𝐼 = (−1)𝓁(𝓁+1)/2𝑐𝐼 .

Thus an odd monomial is self-adjoint precisely when 𝓁 ≡ 3 (mod 4). For real covectors, (2.1) gives

𝐽 𝑐𝐼 = 𝜖𝓁𝑛𝑐𝐼 𝐽 = 𝜖𝑛𝑐𝐼 𝐽 ; in even dimension Γ𝑐𝐼 = −𝑐𝐼Γ. Every summand on the left of (2.6) therefore

belongs to A𝑛.

If 𝐼 ≠ 𝐼 ′ have odd cardinality, 𝑐∗𝐼 𝑐𝐼 ′ is, up to sign, 𝑐𝐾 for a nonempty even multi-index 𝐾 . For

𝑎 ∈ 𝐾 ,

𝑐(𝑒𝑎)𝑐𝐾𝑐(𝑒𝑎)−1 = −𝑐𝐾 .

Invariance of trace under conjugation gives tr 𝑐𝐾 = 0. Since tr(𝑐∗𝐼 𝑐𝐼 ) = 𝑠𝑛, the indicated monomials

are linearly independent.

The root-of-unity filter gives

∑
𝓁≡3(4)

(
𝑛
𝓁)

=
1
4

3
∑
𝑗=0
𝑖−3𝑗 (1 + 𝑖𝑗 )𝑛 (2.7)

= 2𝑛−2 − 2𝑛/2−1 sin(𝑛𝜋/4).

For 𝑑 = 𝑠𝑛, the real dimensions of A𝑛, in residue order 0, … , 7, are

𝑑2

4
,

𝑑(𝑑 − 1)
2

,
𝑑(𝑑 − 2)

4
,

𝑑(𝑑 − 1)
2

,
𝑑2

4
,

𝑑(𝑑 + 1)
2

,
𝑑(𝑑 + 2)

4
,

𝑑(𝑑 + 1)
2

.

These are the dimensions of the matrix spaces derived above. In even positive dimension, multipli-

cation by a unit covector interchanges the chiral fibres, so each has complex dimension 𝑑/2. The

skew-matrix dimension formulas hold in odd as well as even matrix size; balance is not needed here.

Substitution of 𝑑 = 2⌊𝑛/2⌋ agrees with (2.7) in each residue. The fibre map is therefore bijective. Its

coefficients and those of its inverse are smooth in every orthonormal frame, proving the bundle

assertion. □

2.2. Domains and local compactness. Let 𝑋 be closed or have the fixed product ends of Theorem R.

In a parameter family, all metrics coincide with the reference metric outside one compact subset,

and the potentials have a common compact support. Fix a reference metric 𝑔0. If ℎ = 𝑔0(𝑆⋅, ⋅), the

positive map 𝑆−1/2 identifies orthonormal frames. Its spin lift is denoted by 𝛽ℎ𝑔0 . It is determined by
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continuation from the identity along 𝑆−1/2𝑡 , where 𝑆𝑡 = exp(𝑡 log 𝑆) and 0 ≤ 𝑡 ≤ 1. This lift depends

smoothly on the positive metric matrices and equals the identity at ℎ = 𝑔0. The same convention

holds for every successive comparison. With 𝜌 = 𝑑𝑣ℎ/𝑑𝑣𝑔0 , set

𝑈ℎ = 𝜌−1/2𝛽ℎ𝑔0 ∶ 𝐿
2(Σ𝑔0) ⟶ 𝐿2(Σℎ). (2.8)

It is unitary and intertwines 𝐽 and Γ; see [56, Lemmas 2.3.3–2.3.5]. On a compact set of smooth metrics

with these fixed ends, 𝑈ℎ and 𝑈−1
ℎ have uniform 𝐻 1

bounds, and

𝑈−1
ℎ 𝐷ℎ𝑈ℎ ∶ 𝐻

1(Σ𝑔0) ⟶ 𝐿2(Σ𝑔0)

depends smoothly on every finite smooth parameter. Indeed, in local frames its first-order coefficients

depend smoothly on ℎ, and its zeroth-order coefficients depend smoothly on ℎ and its first spatial

derivatives; see [56, Theorem 2.3.6]. Compactness of the varying region gives the asserted operator-

norm dependence.

Every metric in question is complete and smooth, with a compact core and fixed product ends.

It has positive injectivity radius and bounded Ricci tensor and first covariant derivative. Thus the

hypotheses of [15, Theorem 3.1] hold with both compared metrics equal to ℎ: their distance is zero,

the comparison is the identity, and ∇ℎℎ = 0. Propositions 3.4 and 3.6 of that paper give essential

self-adjointness on 𝐶∞
𝑐 , domain 𝐻 1(Σℎ) for the closure, and equivalence of its graph norm with the

𝐻 1
norm. For bounded self-adjoint 𝑉 , the operator 𝐷ℎ + 𝑉 is self-adjoint on the same domain, by [62,

Chapter V, Theorem 4.3]; the relative bound of 𝑉 is zero. In the identification (2.8),

‖𝑢‖𝐻 1 ≤ 𝐶(‖(𝐷ℎ + 𝑉 )𝑢‖𝐿2 + ‖𝑢‖𝐿2). (2.9)

For a fixed compact smooth parameter family, the lower bound on injectivity radius, the relevant

geometric bounds, ‖𝑉 ‖∞, and the 𝐻 1
comparison bounds are uniform. Hence 𝐶 is uniform on that

family. The constant may depend on the finite spatial derivative bounds of the family.

A bounded compactly supported multiplication operator is compact from 𝐻 1
to 𝐿2: multiply

first by a smooth cutoff equal to one on its support and apply the Rellich–Kondrachov theorem

[40, Theorem 15.8] in finitely many bundle charts. It is therefore relatively compact with respect

to 𝐷ℎ, by the graph-norm equivalence. Hence it preserves the essential spectrum [62, Chapter IV,

Theorem 5.35]. If the boundary operator has gap (−𝜆0, 𝜆0), its cylindrical extension has no essential

spectrum in that interval [38, Proposition 2.1]. The same holds for 𝐷ℎ + 𝑉 . Consequently every

compact subinterval contains only finitely many isolated eigenvalues, each of finite multiplicity.

Lemma 2.3. Let 𝐸, 𝐹 be smooth vector bundles of equal rank on a manifold of positive dimension, and let
𝐴 ∶ 𝐶∞(𝐸) → 𝐶∞(𝐹) be a first-order differential operator with smooth coefficients. Suppose its principal
symbol at 𝑥0 is invertible at every nonzero real covector. If a distribution 𝑇 with values in 𝐸 is supported
at 𝑥0 and

𝐴𝑇 = 𝛿𝑥0𝑣, 𝑣 ∈ 𝐹𝑥0 ,
then 𝑇 = 0 and 𝑣 = 0.

Proof. Choose coordinates centered at 𝑥0 and local bundle frames. The point-support theorem for

distributions, applied to each component, gives [40, Theorem 4.19]

𝑇 = ∑
|𝛼|≤𝑚

𝑡𝛼𝜕𝛼𝛿0. (2.10)

Suppose 𝑇 ≠ 0, and let 𝑞 be the largest order for which some 𝑡𝛼 ≠ 0. Write 𝐴 = ∑𝑗 𝑎𝑗 (𝑥)𝜕𝑗 + 𝑎0(𝑥)
and set

𝑝𝑞(𝜉) = ∑
|𝛼|=𝑞

𝑡𝛼𝜉𝛼 , 𝑎(0, 𝜉) = ∑
𝑗
𝑎𝑗 (0)𝜉𝑗 .

The polynomial representing the derivatives of order 𝑞 + 1 in 𝐴𝑇 is 𝑎(0, 𝜉)𝑝𝑞(𝜉). Derivatives of the

coefficients contribute only orders at most 𝑞. Since 𝐴𝑇 has order zero, 𝑎(0, 𝜉)𝑝𝑞(𝜉) = 0. Invertibility

for real 𝜉 ≠ 0 gives 𝑝𝑞(𝜉) = 0 there. A polynomial vanishing on this open set is zero, contrary to the

definition of 𝑞. Hence 𝑇 = 0; the displayed equation then gives 𝑣 = 0. □
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Lemma 2.4. Let 𝑛 ≥ 3, 0 < 𝑚 < 𝑛, and let 𝑏𝑝(𝑥, 𝑦, 𝜉) be a smooth matrix-valued amplitude on a
coordinate ball, with 𝑝 in a compact smooth parameter manifold. Suppose that, in parameter charts,

|𝜕𝛼𝑝𝜕
𝛽
𝑥𝜕
𝛾
𝑦𝜕
𝛿
𝜉𝑏𝑝(𝑥, 𝑦, 𝜉)| ≤ 𝐶𝛼𝛽𝛾𝛿(1 + |𝜉 |)−𝑚−|𝛿|, |𝛼| ≤ 1.

The distribution defined by the oscillatory integral

𝐾𝑝(𝑥, 𝑦) = (2𝜋)−𝑛 ∫
ℝ𝑛
𝑒𝑖⟨𝑥−𝑦,𝜉⟩𝑏𝑝(𝑥, 𝑦, 𝜉) 𝑑𝜉

is smooth in the spatial variables off the diagonal, is of class 𝐶1 in 𝑝 there, and satisfies

|𝜕𝛼𝑝𝐾𝑝(𝑥, 𝑦)| ≤ 𝐶|𝑥 − 𝑦|
𝑚−𝑛, 0 < |𝑥 − 𝑦| < 1, |𝛼| ≤ 1, (2.11)

on every smaller coordinate ball. The constant depends on finitely many uniform symbol seminorms.
Addition of a smooth kernel with uniform 𝐶1

𝑝𝐶0
𝑥,𝑦 norm preserves this conclusion.

Proof. Apply the inverse-Fourier estimate of [49, Proposition 2.2, p. 55] entrywise to 𝜕𝛼𝑝𝑏𝑝 , |𝛼| ≤ 1, at

the Fourier variable 𝑥 − 𝑦, with (𝑝, 𝑥, 𝑦) fixed as auxiliary parameters. In that proposition take the

symbol order 𝑟 = −𝑚 and an integer 𝑁 > 𝑛−𝑚. Its constants depend only on the listed 𝜉-seminorms,

which are uniform here. Since −𝑚 > −𝑛, its power bound is precisely (2.11).

For the regularity assertion, use

𝐿 =
(𝑥 − 𝑦) ⋅ 𝜕𝜉
𝑖|𝑥 − 𝑦|2

, 𝐿𝑒𝑖⟨𝑥−𝑦,𝜉⟩ = 𝑒𝑖⟨𝑥−𝑦,𝜉⟩.

On a compact set off the diagonal, integration by parts with 𝐿 makes the integral absolutely con-

vergent after any prescribed number of spatial derivatives and at most one parameter derivative.

The symbol bounds give a common integrable majorant. Differentiation under the integral proves

spatial smoothness and 𝐶1
parameter dependence. This is the amplitude version of the off-diagonal

regularity in [61, Theorem 18.1.16]. A smooth remainder is absorbed because |𝑥 − 𝑦|𝑚−𝑛 ≥ 1 for

0 < |𝑥 − 𝑦| < 1. □

2.3. The real index. Write 𝛼 = 𝛼(𝑀) when 𝑀 is closed, and 𝛼 = 𝛼(𝑊 , ℎ) for the cylindrical

completion of a compact spin manifold 𝑊 with fixed invertible boundary metric ℎ. All kernels in the

latter case are 𝐿2 kernels of the completed operator. In residues zero and four, respectively,

𝛼 = indℝ𝐷+, 𝛼 = indℍ𝐷+.

Here the first index is taken on the real fixed spaces of 𝐽 ; in the second, 𝐽 gives the chiral spaces their

quaternionic structures. On a closed manifold,

indℂ𝐷+ = 𝐴(𝑀) =

{
𝛼(𝑀), 𝑛 ≡ 0 (mod 8),
2𝛼(𝑀), 𝑛 ≡ 4 (mod 8).

The complex index formula is [12, Theorem 5.3]. The coefficient groups are given by [10, Table 2 and

Theorem 11.5]; their complexification factors are computed in Section 6 of that paper, immediately

before and in formula (6.11).

In residues one and two, respectively,

𝛼 = dimℝ(ker𝐷 ∩ Fix 𝐽 ) (mod 2), 𝛼 = dimℂ ker𝐷+ (mod 2).

In residue one, 𝑖𝐷 preserves the real Hilbert space Fix 𝐽 and is skew-adjoint there, with domain

𝐻 1 ∩ Fix 𝐽 . Its complexification is 𝑖𝐷 on the complex spinor Hilbert space. In residue two, 𝐽 exchanges

the chiral kernels, so the formula counts one chiral kernel. These identifications are [14, Theorems 3.1

and 3.3]. The groups 𝐾𝑂𝑛 vanish in the other four residues.

For cylindrical completions we use the index convention of [38, Section 5.4]. In either case,

𝐷 + 𝑡𝑉 ∶ 𝐻 1 → 𝐿2, 0 ≤ 𝑡 ≤ 1, is a continuous Fredholm path for every compactly supported

compatible potential 𝑉 . Fredholmness follows from ellipticity in the closed case [40, Theorem 15.13

and Remark 15.2], and from the essential spectral gap in the cylindrical case. The identities (2.3)

hold along this path. Homotopy invariance of the real Fredholm index therefore shows that these

perturbations preserve 𝛼.
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3. Resolvents under positive congruence

Let D ⊂ H be a dense, continuously included complex Hilbert subspace. All unbounded operators

in this section have domain D . The parameter 𝑏 lies in a compact smooth manifold 𝐵, possibly with

boundary. The 𝐶1
norms include the zeroth-order norm and the first parameter derivatives in a fixed

finite atlas, with the usual local extensions at boundary points. For a compact set  ⊂ 𝐵 × ℂ, the

notation 𝐶1
𝑏() includes no derivative in 𝑧.

Lemma 3.1. Let 𝑏 ↦ 𝑇𝑏 be 𝐶1 with values in (D ,H ), and let  ⊂ 𝐵 × ℂ be compact. Suppose 𝑇𝑏 − 𝑧
is bijective for every (𝑏, 𝑧) ∈ . Then

𝑅𝑏(𝑧) = (𝑇𝑏 − 𝑧)−1 ∶ H ⟶ D

is defined on an open neighborhood of  in 𝐵 × ℂ, is 𝐶1 in 𝑏 , and has a uniform 𝐶1
𝑏(H ,D) bound on

. Moreover,
𝜕𝑏𝑅𝑏 = −𝑅𝑏(𝜕𝑏𝑇𝑏)𝑅𝑏 . (3.1)

Proof. The bounded inverse theorem and smooth inversion on Banach spaces [46, Remark 11.6 and

Theorems 11.7, 11.17] apply to 𝑇𝑏 − 𝑧 ∶ D → H . The inverse and its parameter derivatives are

continuous, hence bounded on . Differentiating (𝑇𝑏 − 𝑧)𝑅𝑏 = 𝐼 gives (3.1) in (H ,D); compare

[62, Chapter I, §4.5, formula (4.28)]. □

Lemma 3.2. Let 𝑇𝑏 and 𝑇𝑗 ,𝑏 be self-adjoint on D , with 𝑏 ↦ 𝑇𝑏 of class 𝐶1 in (D ,H ). Let 𝐹𝑗 ,𝑏 ∈ (H )
be positive and invertible, and suppose 𝐹±1𝑗,𝑏 preserve D and restrict to bounded operators there for each
(𝑗 , 𝑏). Assume

𝐹𝑗𝑇𝑗𝐹𝑗 = 𝑇 + 𝐸𝑗 (3.2)

as operators D → H , where

‖‖𝐹𝑗 − 𝐼‖‖𝐶1(𝐵;(H )) ⟶ 0, ‖‖𝐸𝑗 ‖‖𝐶1(𝐵;(D ,H )) ⟶ 0. (3.3)

For every compact set
 ⊂ {(𝑏, 𝑧) ∈ 𝐵 × ℂ ∶ 𝑧 ∈ 𝜌(𝑇𝑏)},

one has 𝑧 ∈ 𝜌(𝑇𝑗 ,𝑏) on  for all sufficiently large 𝑗 , and the resolvents of 𝑇𝑗 converge to those of 𝑇 in
𝐶1
𝑏(;(H )).

Proof. The domain invariance gives

𝑇𝑗 − 𝑧 = 𝐹−1𝑗 (𝑇 + 𝐸𝑗 − 𝑧𝐹 2𝑗 )𝐹
−1
𝑗 ∶ D ⟶ H . (3.4)

Set 𝑅 = (𝑇 − 𝑧)−1, 𝐾𝑗 = 𝐸𝑗 − 𝑧(𝐹 2𝑗 − 𝐼), and 𝐵𝑗 = 𝐾𝑗𝑅. Put

𝜂𝑗 = ‖‖𝐸𝑗 ‖‖𝐶1(𝐵;(D ,H )) + ‖‖𝐹𝑗 − 𝐼‖‖𝐶1(𝐵;(H )) .

Lemma 3.1 and the continuous inclusion D ↪ H give, for all sufficiently large 𝑗 ,
‖‖𝐵𝑗 ‖‖𝐶1

𝑏 (;(H )) ≤ 𝐶𝜂𝑗 .

Indeed 𝐾𝑗 and its parameter derivatives map D to H , whereas 𝑅 and its parameter derivatives map

H to D . If 𝐶𝜂𝑗 < 1/2, then

𝑆𝑗 = (𝐼 + 𝐵𝑗 )−1, ‖‖𝑆𝑗 ‖‖ ≤ 2, ‖‖𝑆𝑗 − 𝐼‖‖𝐶1
𝑏 (;(H )) ≤ 𝐶

′𝜂𝑗 ,

where 𝜕𝑏𝑆𝑗 = −𝑆𝑗 (𝜕𝑏𝐵𝑗 )𝑆𝑗 . Since 𝑇 + 𝐸𝑗 − 𝑧𝐹 2𝑗 = (𝐼 + 𝐵𝑗 )(𝑇 − 𝑧), inversion of (3.4) gives

(𝑇𝑗 − 𝑧)−1 = 𝐹𝑗𝑅𝑆𝑗𝐹𝑗 . (3.5)

This inverse maps H into D for each (𝑗 , 𝑏). All factors in (3.5), regarded as operators on H , are 𝐶1

in 𝑏 . The identity

𝐹𝑗𝑅𝑆𝑗𝐹𝑗 − 𝑅 = (𝐹𝑗 − 𝐼)𝑅𝑆𝑗𝐹𝑗 + 𝑅(𝑆𝑗 − 𝐼)𝐹𝑗 + 𝑅(𝐹𝑗 − 𝐼)
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and the product rule give

‖‖(𝑇𝑗 − 𝑧)
−1 − (𝑇 − 𝑧)−1‖‖𝐶1

𝑏 (;(H )) ≤ 𝐶𝜂𝑗 . (3.6)

The constant depends on , 𝑇 , and the inclusion D ↪ H . The restrictions 𝐹±1𝑗 |D are isomorphisms

for each (𝑗 , 𝑏); their norms do not enter this constant. □

Remark 3.3. The correction 𝑧(𝐹 2𝑗 − 𝐼) is necessary. A positive congruence preserves invertibility at

zero but need not preserve a nonzero eigenvalue. For example,

diag(2, 1) diag(1, −1) diag(2, 1) = diag(4, −1).

Matrix norms in the next two lemmas are operator norms, and ad𝐻 (𝐴) = [𝐻, 𝐴].

Lemma 3.4. Let 𝐻,𝐴 be smooth matrix fields and 𝑌 a smooth derivation, possibly depending on 𝑏 . For
each 𝑟 > 0, on ‖𝐻‖ ≤ 𝑟 ,

𝑒−𝐻𝑌 (𝑒𝐻 ) = 𝑌𝐻 − 1
2 [𝐻, 𝑌𝐻] + −(𝐻, 𝑌𝐻), (3.7)

𝑌 (𝑒𝐻 )𝑒−𝐻 = 𝑌𝐻 + 1
2 [𝐻, 𝑌𝐻] + +(𝐻, 𝑌𝐻),

where ‖±‖ ≤ 𝐶𝑟 ‖𝐻‖2 ‖𝑌𝐻‖. A first parameter derivative satisfies

‖𝜕𝑏±‖ ≤ 𝐶𝑟 (‖𝐻‖ ‖𝜕𝑏𝐻‖ ‖𝑌𝐻‖ + ‖𝐻‖2 ‖𝜕𝑏(𝑌𝐻)‖) . (3.8)

There is also an expansion
𝑒−𝐻𝐴𝑒𝐻 = 𝐴 − [𝐻, 𝐴] + (𝐻, 𝐴),

where  satisfies the same bounds with 𝑌𝐻 replaced by 𝐴 and 𝜕𝑏(𝑌𝐻) by 𝜕𝑏𝐴.

Proof. The differential formula for the matrix exponential [54, Theorem 5.4, formulas (5.10)–(5.11),

p. 115] gives

𝑒−𝐻𝑌 (𝑒𝐻 ) = ∫
1

0
𝑒−𝑡𝐻 (𝑌𝐻)𝑒𝑡𝐻 𝑑𝑡 =

∞
∑
𝑗=0

(−1)𝑗

(𝑗 + 1)!
ad𝑗𝐻 (𝑌𝐻).

The remainder consists of the terms with 𝑗 ≥ 2. Since ‖ ad𝐻 ‖ ≤ 2‖𝐻‖, it is bounded by ‖𝐻‖2‖𝑌𝐻‖ times

the convergent series ∑𝑗≥2 2𝑗𝑟 𝑗−2/(𝑗 + 1)!. A parameter derivative replaces one of the 𝑗 factors 𝐻 , or

the factor 𝑌𝐻 , in each term. The differentiated series has a summable majorant and gives (3.8). The

right logarithmic derivative has the same series with positive signs. Finally, 𝑒−𝐻𝐴𝑒𝐻 = 𝑒− ad𝐻𝐴 [54,

Proposition 3.35, p. 64]; its remainder is estimated in the same way, with 𝑗! in place of (𝑗 + 1)!. □

Lemma 3.5. Let 𝑃𝑏 , 𝑄𝑏 be smooth matrix fields on a neighborhood of a compact parameter-coordinate
set, and let 𝑠 be a spatial coordinate independent of 𝑏 . For 𝑁 ≥ 1, put

𝑍𝑏,𝑁 = 𝑁−1/2(𝑃𝑏 cos 𝑁𝑠 + 𝑄𝑏 sin𝑁𝑠).

Fix 𝑘 ≥ 0 and smooth vector fields 𝑌1,𝑏 , … , 𝑌𝑘,𝑏 , independent of 𝑁 , satisfying 𝑌𝜈,𝑏𝑠 = 0. Write 𝑏 =
𝑌1,𝑏 ⋯𝑌𝑘,𝑏 , with 𝑏 = 𝐼 when 𝑘 = 0. For |𝛼| ≤ 1, uniformly on the compact set,

‖‖𝜕
𝛼
𝑏 (𝑏𝑍𝑏,𝑁 )‖‖∞ ≤ 𝐶𝑘𝑁−1/2, (3.9)

and
‖‖𝜕
𝛼
𝑏 (𝑏𝜕𝑠𝑍𝑏,𝑁 )‖‖∞ ≤ 𝐶𝑘𝑁 1/2, (3.10)

‖‖‖𝜕
𝛼
𝑏(𝑏([𝑍𝑏,𝑁 , 𝜕𝑠𝑍𝑏,𝑁 ] − [𝑃𝑏 , 𝑄𝑏]))

‖‖‖∞ ≤ 𝐶𝑘𝑁−1.

The same estimates hold with 𝜕𝑠 replaced by a smooth family 𝑣𝑏 , independent of 𝑁 , satisfying 𝑣𝑏𝑠 = 1.
Each of

±(𝑍𝑏,𝑁 , 𝑣𝑏𝑍𝑏,𝑁 ), (𝑍𝑏,𝑁 , 𝑣𝑏𝑍𝑏,𝑁 )
from Lemma 3.4 is 𝑂(𝑁−1/2) after 𝜕𝛼𝑏𝑏 . The constants depend on finitely many jets of the fixed
amplitudes and vector fields, but not on 𝑁 .
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Proof. Put 𝜖 = 𝑁−1/2
and 𝜗 = 𝑁𝑠. Tangency gives

𝑏𝑍𝑏,𝑁 = 𝜖 ((𝑏𝑃𝑏) cos 𝜗 + (𝑏𝑄𝑏) sin 𝜗) .

Parameter differentiation leaves 𝜗 unchanged and preserves tangency: (𝜕𝑏𝑌𝜈,𝑏)𝑠 = 0. This proves

(3.9), including derivatives of the vector fields. For 𝑣𝑏 as in the statement,

𝑣𝑏𝑍𝑏,𝑁 = 𝜖𝑁(−𝑃𝑏 sin 𝜗 + 𝑄𝑏 cos 𝜗) + 𝜖 ((𝑣𝑏𝑃𝑏) cos 𝜗 + (𝑣𝑏𝑄𝑏) sin 𝜗) .

Tangential derivatives and one parameter derivative give the 𝑂(𝜖𝑁) bound. Moreover,

[𝑍𝑏,𝑁 , 𝑣𝑏𝑍𝑏,𝑁 ] = [𝑃𝑏 , 𝑄𝑏]

+ 𝜖2 [𝑃𝑏 cos 𝜗 + 𝑄𝑏 sin 𝜗, (𝑣𝑏𝑃𝑏) cos 𝜗 + (𝑣𝑏𝑄𝑏) sin 𝜗] .

The prescribed derivatives of the last term are𝑂(𝜖2). Taking 𝑣𝑏 = 𝜕𝑠 proves (3.10). Also [𝑌𝜈,𝑏 , 𝑣𝑏]𝑠 = 0
and (𝜕𝑏𝑣𝑏)𝑠 = 0; commuting the single normal derivative with a tangential or parameter derivative

therefore adds a tangential derivative.

Set 𝐴𝑁 = 𝑣𝑏𝑍𝑏,𝑁 and 𝐷 = 𝜕𝛼𝑏𝑏 . Every subword of 𝐷 applied to 𝑍𝑏,𝑁 is 𝑂(𝜖), and every such

subword applied to 𝐴𝑁 is 𝑂(𝜖𝑁). The expression ad𝑗𝑍𝑏,𝑁 (𝐴𝑁 ) is a sum of 2𝑗 products, each with 𝑗
factors 𝑍𝑏,𝑁 and one factor 𝐴𝑁 . The product rule gives

‖‖‖𝐷 ad𝑗𝑍𝑏,𝑁 (𝐴𝑁 )
‖‖‖∞ ≤ 2𝑗 (𝑗 + 1)𝑘+1𝐶𝑗+1𝑘 𝜖𝑗+1𝑁 .

For 𝑁 ≥ 1, the sum of these bounds with coefficients 1/(𝑗 + 1)!, 𝑗 ≥ 2, is at most

𝐶𝑘𝜖3𝑁
∞
∑
𝑗=2

(2𝐶𝑘)𝑗 (𝑗 + 1)𝑘+1

(𝑗 + 1)!
≤ 𝐶′

𝑘𝜖.

Uniform convergence of the differentiated series justifies termwise differentiation and bounds both

− and +. Replacing (𝑗 + 1)! by 𝑗! gives the bound for . □

4. Realization of three-form perturbations

We construct trace-free tangential logarithmic metric variations of 𝐶0
size 𝑂(𝑁−1/2), with first

normal derivatives 𝑂(𝑁 1/2). Their quadratic commutator produces the prescribed three-form term in

the Dirac operator in the limit.

4.1. A local connection formula. Let 𝑠 be a smooth function without critical points. Put

𝜅 = |𝑑𝑠|𝑔 , 𝜈 =
∇𝑔𝑠
𝜅
, 𝑣 =

𝜈
𝜅
.

Locally, the flow of 𝑣 gives coordinates in which

𝑔 = 𝑎2𝑑𝑠2 + 𝑞𝑠 , 𝑎 = 𝜅−1. (4.1)

Choose a tangential orthonormal frame 𝑒 = (𝑒1, … , 𝑒𝑛−1) and define 𝐿 by [𝑣, 𝑒𝑎] = ∑𝑑 𝑒𝑑𝐿𝑑𝑎. These

brackets are tangential because 𝑣𝑠 = 1 and 𝑒𝑎𝑠 = 0. In flow coordinates, 𝐿 = 𝐸−1𝜕𝑠𝐸, where the

columns of 𝐸 are the components of 𝑒. Use the column convention

(Ω0)𝑑𝑎 = 𝑔(∇𝜈𝑒𝑎, 𝑒𝑑), 𝑆𝑎𝑑 = 𝑔(∇𝑒𝑎𝜈, 𝑒𝑑).

The torsion-free identity gives Ω0 = 𝜅𝐿 + 𝑆. Since Ω0 is skew-symmetric and 𝑆 is symmetric,

𝑆 = −
𝜅
2
(𝐿 + 𝐿𝑇 ), Ω0 =

𝜅
2
(𝐿 − 𝐿𝑇 ). (4.2)

For a real symmetric tangential matrix 𝐻 , put 𝑏 = 𝑒−𝐻/2
and define

𝑔𝐻 = 𝑎2𝑑𝑠2 + 𝑞𝑠(𝑒𝐻 ⋅, ⋅). (4.3)

Here 𝐻 denotes the endomorphism represented in 𝑒 by that matrix and extended by zero on ℝ𝜈 .

Thus the definition is independent of the flow coordinates. The fields 𝜈, 𝑣 and the function 𝜅 are

unchanged, and (𝜈, 𝑒𝑏) is a 𝑔𝐻 -orthonormal frame.
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Lemma 4.1. The tangential normal connection in the frame 𝑒𝑏 is

Ω𝐻 =
𝜅
2
(𝑏−1𝑏′ − 𝑏′𝑏−1) +

𝜅
2
(𝑏−1𝐿𝑏 − 𝑏𝐿𝑇𝑏−1), 𝑏′ = 𝑣(𝑏). (4.4)

Proof. The bracket matrix of 𝑒𝑏 is

𝐿𝐻 = 𝑏−1𝐿𝑏 + 𝑏−1𝑏′,

since [𝑣, 𝑒𝑏] = 𝑒(𝐿𝑏 +𝑏′). Applying (4.2) to 𝑔𝐻 gives Ω𝐻 = 𝜅
2 (𝐿𝐻 −𝐿𝑇𝐻 ). Both 𝑏 and 𝑏′ are symmetric,

which proves (4.4). □

Put 𝑒0 = 𝜈 and 𝐶 = 𝑐(𝜈). The local spin connection formula [20, equation (4)] gives

𝐷 = ∑
𝑖
𝑐(𝑒𝑖)𝑒𝑖 +

1
4
∑
𝑖,𝑗 ,𝑘

⟨∇𝑒𝑖𝑒𝑗 , 𝑒𝑘⟩𝑐(𝑒𝑖)𝑐(𝑒𝑗 )𝑐(𝑒𝑘). (4.5)

In particular, the contribution of the tangential normal connection matrix Ω is

−
1
4
𝐶∑
𝑎,𝑑

Ω𝑎𝑑𝑐(𝑒𝑎)𝑐(𝑒𝑑). (4.6)

The minus sign comes from Ω𝑎𝑑 = ⟨∇𝜈𝑒𝑑 , 𝑒𝑎⟩. Define

𝐷⊤ = ∑
𝑎
𝑐(𝑒𝑎)𝑒𝑎 +

1
4
∑
𝑎,𝑑,𝑓

⟨∇𝑞𝑠𝑒𝑎𝑒𝑑 , 𝑒𝑓 ⟩𝑐(𝑒𝑎)𝑐(𝑒𝑑)𝑐(𝑒𝑓 ).

The spinorial Gauss formula [20, equations (10)–(11)], with its Weingarten matrix equal to −𝑆, and

the normal connection terms give

𝐷 = 𝐶𝜈 + 𝐷⊤ +
1
2
tr(𝑆)𝐶 −

1
4
𝐶∑
𝑎,𝑑

Ω𝑎𝑑𝑐(𝑒𝑎)𝑐(𝑒𝑑) −
1
2
𝑐(∇𝜈𝜈). (4.7)

The last term is the Clifford contraction of the normal-tangential part of ∇𝜈 . In the coordinates (4.1),

∇𝜈𝜈 = −grad𝑞𝑠 (log 𝑎), (4.8)

as follows from Γ𝑑𝑠𝑠 = −𝑎 𝑞𝑑𝑓𝑠 𝜕𝑓 𝑎 and 𝜈 = 𝑎−1𝜕𝑠 .

4.2. Parameter-dependent estimates.

Proposition 4.2. Let 𝑔𝑏 , 𝑏 ∈ 𝐵, be a smooth compact parameter family. Let 𝑏 = 𝑑𝑠∧𝛽𝑏 be a smooth real
three-form family supported in a compact subset of a product coordinate neighborhood in 𝐵 × 𝑋 , where
𝑠 is one of the spatial coordinates and is independent of 𝑏 . There are smooth metrics 𝑔𝑏,𝑁 , unchanged
outside that neighborhood, such that

𝑑𝑣𝑔𝑏,𝑁 = 𝑑𝑣𝑔𝑏 , ‖𝑔𝑁 − 𝑔‖𝐶1(𝐵;𝐶0) ≤ 𝐶𝑁
−1/2, (4.9)

𝑈−1
𝑏,𝑁𝐷𝑔𝑏,𝑁𝑈𝑏,𝑁 = 𝐷𝑔𝑏 + 𝑐𝑔𝑏 (𝑏) + 𝐸𝑏,𝑁 ,

‖𝐸𝑁 ‖𝐶1(𝐵;(𝐻 1,𝐿2)) ≤ 𝐶𝑁
−1/2.

Here 𝑈𝑏,𝑁 is the direct positive spinor comparison, and 𝐶 is independent of 𝑁 ≥ 1. The metrics may be
chosen identical to 𝑔𝑏 on any fixed parameter neighborhood whose closure is disjoint from the parameter
projection of supp  .

Proof. For 𝑛 ≤ 2, take 𝑔𝑏,𝑁 = 𝑔𝑏 . Assume 𝑛 ≥ 3 and put 𝑣𝑏 = ∇𝑔𝑏 𝑠/|𝑑𝑠|2𝑔𝑏 . Replace 𝛽𝑏 by 𝜄𝑣𝑏𝑏 . This

preserves 𝑑𝑠 ∧ 𝛽𝑏 = 𝑏 , makes 𝛽𝑏 tangential, and gives supp 𝛽 = supp  . Orthonormalizing the

coordinate fields tangent to 𝑠 gives a smooth family 𝑒1,𝑏 , … , 𝑒𝑛−1,𝑏 in the fixed spatial coordinates.

Write

𝛽𝑏 = 1
2 ∑
𝑎,𝑑
𝛽𝑎𝑑,𝑏𝑒𝑎𝑏 ∧ 𝑒

𝑑
𝑏 , 𝐾𝑎𝑑,𝑏 = 16𝛽𝑎𝑑,𝑏 .
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Choose a constant diagonal trace-free real matrix 𝐴 with distinct entries and set

𝐵𝑎𝑑,𝑏 =
𝐾𝑎𝑑,𝑏

𝐴𝑎𝑎 − 𝐴𝑑𝑑
(𝑎 ≠ 𝑑), 𝐵𝑎𝑎,𝑏 = 0. (4.10)

Then 𝐵𝑇𝑏 = 𝐵𝑏 , tr 𝐵𝑏 = 0, and [𝐴, 𝐵𝑏] = 𝐾𝑏 .

Choose a smooth cutoff 𝜒 equal to one near supp  , compactly supported in the product neigh-

borhood, and vanishing on the prescribed parameter neighborhood. With 𝜖 = 𝑁−1/2
, put

𝐻𝑏,𝑁 = 𝜖(𝜒𝐴 cos𝑁𝑠 + 𝐵𝑏 sin𝑁𝑠). (4.11)

Extend the corresponding tangential endomorphism by zero on the normal line and outside the

product neighborhood, and define 𝑔𝑏,𝑁 by (4.3). Its relative determinant is 𝑒tr 𝐻𝑏,𝑁 = 1. Thus its density

agrees with that of 𝑔𝑏 , and the density factor in (2.8) is one. In local spin frames lifting the paired

orthonormal frames (𝜈𝑏 , 𝑒𝑏) and (𝜈𝑏 , 𝑒𝑏𝑒−𝐻𝑏,𝑁 /2), the comparison 𝑈𝑏,𝑁 identifies the Clifford matrices.

In particular, it fixes the normal principal term 𝐶𝑏𝜈𝑏 .

All estimates below are uniform in 𝑏 and include one parameter derivative in the fixed spatial

coordinates. The fixed amplitudes and background fields have bounded finite jets on the support.

Since 𝑠 is independent of 𝑏 ,

(𝜕𝑏𝑣𝑏)𝑠 = 0, (𝜕𝑏𝑒𝑎,𝑏)𝑠 = 0.

Lemma 3.5 applies to these fields. It bounds 𝐻𝑁 and each fixed number of tangential derivatives by

𝑂(𝜖), and𝐻 ′
𝑁 = 𝑣𝑏𝐻𝑁 , with the same derivatives, by𝑂(𝜖𝑁). The bound for𝐻𝑁 and smoothness of the

exponential give the metric estimate in (4.9). Suppressing the parameter subscripts, the commutator

estimate is

[𝐻𝑁 , 𝐻 ′
𝑁 ] = [𝜒𝐴 cos𝑁𝑠 + 𝐵 sin𝑁𝑠, −𝜒𝐴 sin𝑁𝑠 + 𝐵 cos𝑁𝑠] + 𝑂(𝑁−1)

= 𝐾 + 𝑂(𝑁−1),
(4.12)

because 𝜒𝐵 = 𝐵. The error contains only derivatives of the fixed amplitudes.

Apply Lemmas 3.4 and 3.5 to −𝐻𝑁/2. In (4.4), the logarithmic-derivative remainder is 𝑂(𝜖3𝑁) =
𝑂(𝜖), whereas

𝑏−1𝑁 𝐿𝑏𝑁 − 𝑏𝑁𝐿𝑇𝑏−1𝑁 − (𝐿 − 𝐿𝑇 ) = 𝑂(𝜖), 𝑏𝑁 = 𝑒−𝐻𝑁 /2.

These bounds include the first parameter derivatives and any fixed number of tangential derivatives.

Therefore

Ω𝐻𝑁 − Ω0 = −
𝜅
8
[𝐻𝑁 , 𝐻 ′

𝑁 ] + 𝑂(𝑁
−1/2) = −

𝜅
8
𝐾 + 𝑂(𝑁−1/2). (4.13)

Equation (4.6) now gives

𝜅
32

∑
𝑎,𝑑
𝐾𝑎𝑑𝐶𝑐(𝑒𝑎)𝑐(𝑒𝑑) =

𝜅
2
∑
𝑎,𝑑
𝛽𝑎𝑑𝐶𝑐(𝑒𝑎)𝑐(𝑒𝑑) = 𝑐(𝑑𝑠 ∧ 𝛽). (4.14)

We compare the other terms in (4.7) in the same paired frames. The tangential principal coefficients

change by 𝑂(𝜖). For the intrinsic connection, write 𝑏 = 𝑏𝑁 , 𝑓𝑎 = ∑𝑖 𝑒𝑖𝑏𝑖𝑎, and [𝑒𝑖, 𝑒𝑗 ] = ∑𝓁 𝑐𝓁𝑖𝑗𝑒𝓁. Then

[𝑓𝑎, 𝑓𝑑] = ∑𝑟 𝑐̃𝑟𝑎𝑑𝑓𝑟 , where

𝑐̃𝑟𝑎𝑑 = (𝑏−1)𝑟𝓁(𝑏𝑖𝑎𝑏𝑗𝑑𝑐𝓁𝑖𝑗 + 𝑏𝑖𝑎𝑒𝑖(𝑏𝓁𝑑) − 𝑏𝑖𝑑𝑒𝑖(𝑏𝓁𝑎)),

with repeated indices summed. Since 𝑏 − 𝐼 and 𝑒𝑖(𝑏) are 𝑂(𝜖), we have 𝑐̃ − 𝑐 = 𝑂(𝜖). The Koszul

formula gives

2⟨∇𝑞𝑠,𝑁𝑓𝑎 𝑓𝑑 , 𝑓𝑟⟩𝑔𝑁 = 𝑐̃𝑟𝑎𝑑 − 𝑐̃
𝑎
𝑑𝑟 + 𝑐̃

𝑑
𝑟𝑎.

Thus the intrinsic spin connection changes by 𝑂(𝜖), including one parameter derivative. For the trace

term, the bracket matrix in the proof of Lemma 4.1 gives the exact identity

tr 𝑆𝑁 − tr 𝑆 = −𝜅 tr(𝑏−1𝑁 𝑏
′
𝑁 ) = −𝜅𝑣(log det 𝑏𝑁 ) =

𝜅
2
𝑣(tr 𝐻𝑁 ) = 0.
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Finally, (4.8) gives

𝑔𝑏,𝑁 (∇
𝑔𝑏,𝑁
𝜈𝑏 𝜈𝑏 , (𝑒𝑏𝑏𝑁 )𝑎) = −(𝑒𝑏𝑏𝑁 )𝑎(log 𝑎𝑏).

Thus its Clifford contraction changes by 𝑂(𝜖) as well. These are all the terms in (4.7).

Consequently, in each fixed spatial chart and background spin frame, write 𝐸𝑏,𝑁 = ∑𝑗 𝑎𝑗 ,𝑏,𝑁𝜕𝑗 +
𝑎0,𝑏,𝑁 . All its coefficients have 𝐶1

𝑏𝐿
∞
𝑥 norm at most 𝐶𝜖. The background comparison with the fixed

reference spinor bundle in Section 2 is independent of 𝑁 . In a reference frame it acts by a smooth

matrix 𝑄𝑏 , so

𝑄−1
𝑏 𝐸𝑏,𝑁𝑄𝑏 = ∑

𝑗
𝑄−1
𝑏 𝑎𝑗 ,𝑏,𝑁𝑄𝑏𝜕𝑗 + 𝑄

−1
𝑏 𝑎0,𝑏,𝑁𝑄𝑏 +∑

𝑗
𝑄−1
𝑏 𝑎𝑗 ,𝑏,𝑁 (𝜕𝑗𝑄𝑏).

The required jets of 𝑄𝑏 and 𝑄−1
𝑏 are uniformly bounded; hence the same coefficient estimates hold in

the fixed reference spaces. On the compact support,

‖‖𝐸𝑏,𝑁𝑢‖‖𝐿2 ≤ 𝐶(
∑
𝑗

‖‖𝑎𝑗 ,𝑏,𝑁 ‖‖∞ + ‖‖𝑎0,𝑏,𝑁 ‖‖∞)
‖𝑢‖𝐻 1 .

Apply this also to the parameter derivative and use a fixed finite trivializing cover of the compact

support to obtain the last estimate in (4.9). The cutoff construction gives the asserted spatial and

parameter equalities. □

Remark 4.3. The three-torus family in [39, Section 8] exhibits the same quadratic connection contri-

bution for an explicit metric depending on one coordinate.

5. Realization of compatible potentials

5.1. Elementary forms. A smooth family of real differential forms on 𝑋 , with compact support in

𝐵 × 𝑋 , admits a finite decomposition subordinate to product coordinate neighborhoods. Expanding

each summand in the spatial coordinate coframe gives terms 𝑑𝑠 ∧ 𝛾𝑏 , where 𝑠 is a spatial coordinate

independent of 𝑏 . Put 𝑣𝑏 = ∇𝑔𝑏 𝑠/|𝑑𝑠|2𝑔𝑏 . Replacing 𝛾𝑏 by 𝜄𝑣𝑏 (𝑑𝑠 ∧ 𝛾𝑏) preserves the term and makes

its remaining factor tangential to the level sets of 𝑠.
For a term of degree 𝓁 ≥ 7, choose a smooth tangential orthonormal coframe on the product

neighborhood and expand this remaining factor in its wedge basis. Each summand has the form

 = 𝑓 𝑑𝑠 ∧ 𝛼 ∧ 𝛽, (5.1)

where 𝛼 is a wedge of three tangential orthonormal covectors and 𝛽 a wedge of 𝓁 − 4 distinct further

covectors. The real coefficient 𝑓 is smooth and compactly supported in the product neighborhood.

All cutoffs below have compact support there and equal one near the support of the coefficient they

accompany.

Proposition 5.1. Let 𝓁 ≥ 7, 𝓁 ≡ 3 (mod 4), and let  be as in (5.1). For a fixed compatible potential 𝑉0,
there are positive multipliers 𝐹𝑁 and compatible potentials 𝑉1,𝑁 , sums of Clifford forms of degrees 3 and
𝓁 − 4, such that

𝐹𝑁 (𝐷𝑔 + 𝑉0 + 𝑉1,𝑁 )𝐹𝑁 = 𝐷𝑔 + 𝑉0 + 𝑐( ) + 𝐸𝑁 . (5.2)

For each fixed compact smooth family (𝑔𝑏 , 𝑉0,𝑏 , 𝑏), there is a constant 𝐶 independent of 𝑁 ≥ 1 such
that

‖𝐹𝑁 − 𝐼‖𝐶1
𝑏𝐿∞𝑥

≤ 𝐶𝑁−1/2, ‖𝐸𝑁 ‖𝐶1
𝑏(𝐻 1,𝐿2) ≤ 𝐶𝑁

−1/2. (5.3)

The multipliers equal 𝐼 and the new potentials vanish outside a common compact interior set. They also
satisfy 𝐹𝑁 = 𝐼 and 𝑉1,𝑁 = 0 on every parameter neighborhood where the cutoffs vanish.

Proof. Write 𝜅 = |𝑑𝑠|𝑔 , 𝜈 = ∇𝑔𝑠/𝜅, 𝐶 = 𝑐(𝜈), 𝐴 = 𝑐(𝛼), and 𝐵 = 𝑐(𝛽). The degrees of 𝐴 and 𝐵
are 3 (mod 4), so both are odd self-adjoint Clifford elements. Their covector factors are mutually

orthogonal and tangential. Consequently

𝐴𝐶 = −𝐶𝐴, 𝐵𝐶 = −𝐶𝐵, 𝐴𝐵 = (−1)3(𝓁−4)𝐵𝐴 = −𝐵𝐴.
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Set 𝑆 = 𝐶𝐴 and 𝑇 = 𝐶𝐵. These are even self-adjoint endomorphisms, anticommute with 𝐶, and

commute with 𝐽 and, when present, Γ. Since 𝐶2 = −𝐼 , we have 𝑆𝑇 = 𝐴𝐵 and 𝑇𝑆 = 𝐵𝐴, hence

[𝑆, 𝑇 ] = 2𝐴𝐵. (5.4)

For a real cutoff 𝜒 equal to one near supp 𝑓 , define

𝐻𝑁 = 𝑁−1/2(𝜒𝑆 cos 𝑁𝑠 + 𝑓 𝑇 sin𝑁𝑠), 𝐹𝑁 = 𝑒𝐻𝑁 , (5.5)

𝑉1,𝑁 = 𝜅
√
𝑁(−𝜒𝐴 sin𝑁𝑠 + 𝑓 𝐵 cos𝑁𝑠).

Thus 𝐹𝑁 is positive and commutes with the spinor structures; 𝑉1,𝑁 is compatible by Lemma 2.2. The

anticommutation of 𝐻𝑁 and 𝐶 gives

𝐹𝑁𝐶𝐹𝑁 = 𝐶. (5.6)

Let 𝐻̇𝑁 denote the part of ∇𝜈𝐻𝑁 obtained by differentiating the trigonometric factors. Then

𝐻̇𝑁 = 𝜅
√
𝑁(−𝜒𝑆 sin𝑁𝑠 + 𝑓 𝑇 cos𝑁𝑠), 𝑉1,𝑁 = −𝐶𝐻̇𝑁 .

The remaining derivative is

𝐺𝑁 ∶= ∇𝜈𝐻𝑁 − 𝐻̇𝑁 = 𝑁−1/2(∇𝜈 (𝜒𝑆) cos 𝑁𝑠 + ∇𝜈 (𝑓 𝑇 ) sin𝑁𝑠).

All estimates in this proof include one parameter derivative in the fixed spatial coordinates. Lemma 3.5,

applied to 𝑣 = 𝜈/𝜅 and to tangential fields, gives

𝐻𝑁 = 𝑂(𝑁−1/2), 𝐺𝑁 = 𝑂(𝑁−1/2), 𝐻̇𝑁 = 𝑂(𝑁 1/2).

The connection coefficients and 𝜅 belong to the fixed smooth family. Their derivatives introduce only

fixed factors in these bounds. Since 𝜒𝑓 = 𝑓 , direct expansion gives the exact identity

[𝐻𝑁 , 𝐻̇𝑁 ] = 𝜅𝑓 [𝑆, 𝑇 ].

By Lemma 3.4,

𝑒−𝐻𝑁∇𝜈 (𝑒𝐻𝑁 ) − 𝑒−𝐻𝑁 𝐻̇𝑁 𝑒𝐻𝑁 = 𝐺𝑁 + 1
2 [𝐻𝑁 , 𝐻̇𝑁 ] −

1
2 [𝐻𝑁 , 𝐺𝑁 ]

+ −(𝐻𝑁 , ∇𝜈𝐻𝑁 ) − (𝐻𝑁 , 𝐻̇𝑁 ).

The last two remainders and their first parameter derivatives are 𝑂(𝑁−1/2) by (3.8); the factor in each

bound is 𝑂(𝑁−1)𝑂(𝑁 1/2). Thus the normal zeroth-order terms satisfy

𝐹𝑁𝐶∇𝜈𝐹𝑁 + 𝐹𝑁𝑉1,𝑁 𝐹𝑁 = 𝐶(𝐹−1𝑁 ∇𝜈𝐹𝑁 − 𝐹−1𝑁 𝐻̇𝑁 𝐹𝑁 ) (5.7)

= 1
2𝐶[𝐻𝑁 , 𝐻̇𝑁 ] + 𝑂(𝑁

−1/2)

= 𝜅
2 𝑓 𝐶[𝑆, 𝑇 ] + 𝑂(𝑁

−1/2)

= 𝑐(𝑓 𝑑𝑠 ∧ 𝛼 ∧ 𝛽) + 𝑂(𝑁−1/2).

Complete 𝜈 to an orthonormal frame 𝜈, 𝑒1, … , 𝑒𝑛−1 with 𝑒𝑎𝑠 = 0. Lemmas 3.4 and 3.5 give

∇𝑒𝑎𝐹𝑁 = 𝑂(𝑁−1/2). Moreover,

𝐹𝑁 𝑐(𝑒𝑎)𝐹𝑁 − 𝑐(𝑒𝑎) = 𝑂(𝑁−1/2), 𝐹𝑁𝑉0𝐹𝑁 − 𝑉0 = 𝑂(𝑁−1/2),

with constants depending on the fixed 𝐶1
𝑏𝐿

∞
𝑥 norm of 𝑉0 on the common support. Expanding 𝐹𝑁𝐷𝑔𝐹𝑁

by the Leibniz rule, its normal principal term is 𝐶∇𝜈 by (5.6). Its remaining first-order error is

∑
𝑎
(𝐹𝑁 𝑐(𝑒𝑎)𝐹𝑁 − 𝑐(𝑒𝑎))∇𝑒𝑎 ;

its remaining zeroth-order error is the remainder in (5.7), together with ∑𝑎 𝐹𝑁 𝑐(𝑒𝑎)∇𝑒𝑎𝐹𝑁 and

𝐹𝑁𝑉0𝐹𝑁 − 𝑉0. In fixed background frames all these coefficients have 𝐶1
𝑏𝐿

∞
𝑥 norm at most 𝐶𝑁−1/2

.
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The background comparisons are independent of 𝑁 , so their spatial and parameter derivatives only

change 𝐶. On a finite cover of the support,

‖‖‖‖‖
∑
𝑗
𝑎𝑗𝜕𝑗𝑢 + 𝑎0𝑢

‖‖‖‖‖𝐿2
≤ 𝐶(∑

𝑗

‖‖𝑎𝑗 ‖‖∞ + ‖𝑎0‖∞) ‖𝑢‖𝐻 1 .

Applying this estimate also to each parameter derivative proves the second bound in (5.3). Smoothness

of the exponential and the bound for 𝐻𝑁 prove the first.

For every finite 𝑁 , 𝐹±1𝑁 are smooth multipliers equal to 𝐼 outside a fixed compact set. The Leibniz

rule shows that they are bounded isomorphisms on 𝐻 1
, as well as on 𝐿2. Their spatial derivative

bounds may depend on 𝑁 ; Lemma 3.2 requires their domain bounds only for each fixed 𝑁 . The

support and parameter equalities follow from supp 𝑓 ⊂ {𝜒 = 1}. □

Proof of Theorem R. Choose a fixed neighborhood of 𝐵0 whose closure is disjoint from the parameter

projection of supp𝑉 . Cover supp𝑉 by finitely many relatively compact product coordinate neighbor-

hoods with closures in 𝐵 × 𝑈 and disjoint from this neighborhood. All subsequent decompositions

and cutoffs may be taken in these product neighborhoods.

By Lemma 2.2, write 𝑉𝑏 as a finite sum of real Clifford forms. Decompose the forms of largest

degree into terms (5.1). For one such term, take 𝑉0 to be the sum of all other terms and apply

Proposition 5.1. Both operators are self-adjoint on 𝐻 1
by Section 2: the new multiplication potential

is bounded for every finite frequency. Lemma 3.2 therefore replaces the chosen term by degrees 3
and 𝓁 − 4, with arbitrarily small 𝐶1

𝑏 resolvent error on . At each degree only finitely many terms

occur, and no replacement creates a term of that degree or a larger one. Descending induction on the

degree leaves only three-forms after finitely many steps. At each step all preceding frequencies, the

current smooth family, its finite spatial jets, and the preceding spinor comparisons are fixed. Only the

frequency of that step is increased.

Decompose the remaining three-form into finitely many terms 𝑑𝑠 ∧ 𝛽𝑏 in the fixed spatial coordi-

nates. Proposition 4.2 removes one term by changing the metric. Retain the other terms as literal

differential forms. For each retained form 𝜔𝑏 ,

𝑈−1
𝑏,𝑁 𝑐𝑔𝑏,𝑁 (𝜔𝑏)𝑈𝑏,𝑁 − 𝑐𝑔𝑏 (𝜔𝑏) = 𝑂𝐶1

𝑏𝐿∞𝑥
(𝑁−1/2).

Indeed, under the positive comparison Clifford multiplication depends smoothly and algebraically

on the metric and the form; both the form and the current metric are fixed while this frequency is

chosen. Write 𝑏 = 𝑑𝑠 ∧ 𝛽𝑏 for the removed term and 𝜔rem,𝑏 for the sum of the retained forms. Put

𝐿𝑏,𝑁 = 𝑈−1
𝑏,𝑁 (𝐷𝑔𝑏,𝑁 + 𝑐𝑔𝑏,𝑁 (𝜔rem,𝑏))𝑈𝑏,𝑁 .

Proposition 4.2 and the multiplication estimate give

𝐿𝑏,𝑁 − (𝐷𝑔𝑏 + 𝑐𝑔𝑏 (𝑏 + 𝜔rem,𝑏)) = 𝑂𝐶1
𝑏(𝐻 1,𝐿2)(𝑁

−1/2).

For each finite 𝑁 , 𝑈𝑏,𝑁 is unitary on 𝐿2 and identifies the 𝐻 1
domains. Lemma 3.2, with 𝐹𝑁 = 𝐼 , gives

the required resolvent approximation. Repeating this step removes all the three-form terms.

There are finitely many support enlargements, all inside the chosen product neighborhoods. The

resulting metric equals 𝑔𝑏 on 𝑋 ⧵ 𝑈 and near 𝐵0. Each metric step preserves the volume density by

Proposition 4.2; the other steps leave the metric unchanged.

We choose the frequencies to control both the composed comparison and the metric increments.

Parameter derivatives are taken in the fixed reference norms of Section 2. For the successive metric

families 𝑔(0) = 𝑔,… , 𝑔(𝑚), let 𝑈𝑗 ∶ H𝑗−1 → H𝑗 be the successive positive comparisons; put 𝑈𝑗 = 𝐼
when the metric is unchanged. Write 𝑅(𝑗) for the successive resolvent families and set

𝐶𝑗−1 = 𝑈𝑗−1⋯𝑈1, 𝐶0 = 𝐼 , Δ𝑗 = 𝑈−1
𝑗 𝑅

(𝑗)𝑈𝑗 − 𝑅(𝑗−1).

Then

𝐶−1
𝑚 𝑅

(𝑚)𝐶𝑚 − 𝑅(0) =
𝑚
∑
𝑗=1
𝐶−1
𝑗−1Δ𝑗𝐶𝑗−1. (5.8)
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Fix positive tolerances 𝜃 and 𝜂, to be chosen below. Let 𝑀𝑗 bound conjugation by 𝐶𝑗−1 in 𝐶1
𝑏(H ).

This is a finite constant fixed before the 𝑗th frequency is chosen. At that step choose, simultaneously,

‖‖Δ𝑗 ‖‖𝐶1
𝑏 (;(H𝑗−1)) <

2−𝑗𝜃
1 + 𝑀𝑗

, 𝛿𝑗 ∶=
‖‖‖𝑔

(𝑗) − 𝑔(𝑗−1)‖‖‖𝐶1
𝑏𝐶0

𝑥
< 2−𝑗𝜂.

For a higher-degree replacement 𝛿𝑗 = 0. For a metric step the two choices follow from Proposition 4.2

and Lemma 3.2. At every step that lemma also keeps  in the resolvent set. Summation gives

composed resolvent error less than 𝜃 and 𝑆 ∶= ∑𝑗 𝛿𝑗 < 𝜂.

For the direct comparison (2.8), let 𝑉𝑗 compare 𝑔 with 𝑔(𝑗), with 𝑉0 = 𝐼 , and put, in the original

spinor bundle,

𝑊𝑗 = 𝑉 −1
𝑗 𝑈𝑗𝑉𝑗−1, 𝑊 = 𝑊𝑚⋯𝑊1.

The definitions give 𝐶𝑚 = 𝑉𝑚𝑊 . The pointwise matrix for 𝑊𝑗 is a smooth function of 𝑔, 𝑔(𝑗−1), 𝑔(𝑗)
and is 𝐼 when its last two arguments agree. Choose 𝑠0 > 0 so that 𝑆 ≤ 𝑠0 keeps all metric values and

their first parameter jets in a fixed compact set, with the metric values positive. The mean-value

formula, applied also after one parameter derivative, gives

‖‖𝑊𝑗 − 𝐼‖‖𝐶1
𝑏𝐿∞𝑥

≤ 𝐶𝛿𝑗 .

The constant depends on this compact set and the original family, not on the frequencies or the

number of factors. Hence

‖𝑊 − 𝐼‖𝐶1
𝑏𝐿∞𝑥

≤ 𝐶𝑒𝐶𝑆𝑆. (5.9)

Indeed, the product norm is bounded by ∏𝑗 (1 + 𝐶𝛿𝑗 ) ≤ 𝑒𝐶𝑆 ; the telescoping expansion of 𝑊 − 𝐼 and

the differentiated product each have one factor bounded by 𝐶𝛿𝑗 in every summand.

Writing 𝑅 = 𝑅(𝑚), set

𝑅comp = 𝐶−1
𝑚 𝑅𝐶𝑚, 𝑅dir = 𝑉 −1

𝑚 𝑅𝑉𝑚.

Then 𝑅dir = 𝑊𝑅comp𝑊 −1
. For any 𝐶1

family 𝑅 of bounded operators,

𝑊𝑅𝑊 −1 − 𝑅 = (𝑊 − 𝐼)𝑅𝑊 −1 + 𝑅(𝑊 −1 − 𝐼).

The product rule and 𝑑(𝑊 −1) = −𝑊 −1(𝑑𝑊)𝑊 −1
therefore give, for 𝑆 ≤ 𝑠0,

‖‖𝑊𝑅𝑊 −1 − 𝑅‖‖𝐶1
𝑏(H ) ≤ 𝐶 ‖𝑊 − 𝐼‖𝐶1

𝑏𝐿∞𝑥
‖𝑅‖𝐶1

𝑏(H ) .

Let 𝑅tar = 𝑅(0) and 𝑀 = 1 + ‖𝑅tar‖𝐶1
𝑏 (;(H )), which is finite by Lemma 3.1. Choose 0 < 𝜂 < min{𝑠0, 𝜀}

so that (5.9) makes the last conjugation error less than 𝜀/2 whenever 𝑆 < 𝜂 and ‖𝑅‖𝐶1
𝑏 (;(H )) ≤ 𝑀 .

Choose also 0 < 𝜃 < min{1, 𝜀/2}. The preceding frequency choices then give
‖‖𝑅comp‖‖𝐶1

𝑏 (;(H )) < 𝑀 .

Its approximation error and the final conjugation error sum to less than 𝜀, proving (1.4). Finally,

‖‖𝑔
(𝑚) − 𝑔‖‖𝐶1

𝑏𝐶0
𝑥
≤ 𝑆 < 𝜀 proves the metric estimate in (1.3). □

Corollary 5.2. In the setting of Theorem R, if 𝐷𝑔 + 𝑉 is invertible and 𝑉 is compatible and compactly
supported in 𝑈 , there is a metric 𝑔 with 𝐷𝑔 invertible, 𝑔 = 𝑔 outside 𝑈 , and 𝑑𝑣𝑔 = 𝑑𝑣𝑔 .

Proof. Take a one-point parameter space and apply Theorem R to  = {0} ⊂ 𝜌(𝐷𝑔 + 𝑉 ). □

6. Spectral subspaces and local sections

Let 𝐵 be a compact smooth parameter manifold, possibly with boundary, and let 𝐿𝑏 ∶ D → H be

a smooth family of self-adjoint operators with common domain, endowed with a fixed graph norm.

Let 𝛾 be an oriented finite union of smooth closed curves contained in 𝜌(𝐿𝑏) for every 𝑏 . Its winding

number is one at each eigenvalue of a selected cluster of finite total multiplicity and zero at every

other point of Spec(𝐿𝑏). Define

𝑃𝑏 =
1
2𝜋𝑖 ∫𝛾

(𝑧 − 𝐿𝑏)−1 𝑑𝑧, 𝑄𝑏 =
1
2𝜋𝑖 ∫𝛾

𝑧(𝑧 − 𝐿𝑏)−1 𝑑𝑧. (6.1)
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The spectral theorem identifies 𝑃𝑏 with the orthogonal projection onto the cluster. The resolvent

takes values in (H ,D), and 𝐿𝑏(𝑧 − 𝐿𝑏)−1 = 𝑧(𝑧 − 𝐿𝑏)−1 − 𝐼 gives 𝑄𝑏 = 𝐿𝑏𝑃𝑏 . In particular, 𝑄𝑏 is

bounded; see also [62, Chapter III, Theorem 6.17 and equation (6.24)]. For realizations furnished by

Theorem R on 𝐵 × 𝛾 , contour integration gives

‖‖‖𝑃 − 𝑃‖‖‖𝐶1
𝑏

+ ‖‖‖𝑄 − 𝑄‖‖‖𝐶1
𝑏

≤
length(𝛾)

2𝜋 (1 + sup
𝑧∈𝛾

|𝑧|) sup
𝑧∈𝛾

‖‖‖(𝑧 − 𝐷̂𝑏)
−1 − (𝑧 − 𝐿𝑏)−1

‖‖‖𝐶1
𝑏(H )

.

Thus both moments converge in 𝐶1
𝑏(H ). Once

‖‖‖𝑃𝑏 − 𝑃𝑏
‖‖‖ < 1, the restriction of 𝑃𝑏 to im 𝑃𝑏 is

injective, so 𝑃𝑏 has finite rank.

Lemma 6.1. Let 𝑃𝑏 , 𝑃𝑗 ,𝑏 be 𝐶1 families of finite-rank orthogonal projections and let 𝑄𝑏 , 𝑄𝑗 ,𝑏 be bounded
spectral moments satisfying

𝑃𝑗 ⟶𝑃, 𝑄𝑗 ⟶𝑄 in 𝐶1
𝑏(H ).

For ‖‖‖𝑃𝑗 − 𝑃
‖‖‖ < 1, the polar part of 𝑃𝑗𝑃 ∶ im 𝑃 → im𝑃𝑗 is an isometry onto im 𝑃𝑗 . It intertwines every

unitary or antiunitary spinor structure commuting with both projections. Omitting 𝑗 , its expression in a
local 𝐶1 isometric frame 𝑈𝑏 ∶ 𝐸 → im𝑃𝑏 is

𝑈𝑏 = 𝑃𝑏𝑈𝑏(𝑈 ∗
𝑏𝑃𝑏𝑈𝑏)

−1/2. (6.2)

The corresponding complete matrices satisfy, on compact subsets of the frame domain,

𝑈 ∗
𝑏𝑄𝑏𝑈𝑏 − 𝑈

∗
𝑏𝑄𝑏𝑈𝑏 ⟶ 0 in 𝐶1

𝑏 End(𝐸). (6.3)

Proof. Put 𝑞 = ‖‖‖𝑃 − 𝑃‖‖‖ < 1 and 𝐺 = 𝑈 ∗𝑃𝑈 . The close-projection theorem [62, Chapter I, Theo-

rem 6.32], applied on im 𝑃 + im𝑃 , gives equal ranks. For 𝑣 ∈ 𝐸,

⟨𝐺𝑣, 𝑣⟩ = ‖‖‖𝑃𝑈𝑣
‖‖‖
2
≥ (1 − 𝑞)2 ‖𝑣‖2 .

Hence (6.2) is the polar isometry onto im 𝑃 . Since 𝐺 → 𝐼 in 𝐶1
, holomorphic matrix functional

calculus [62, Chapter I, Section 5.6], on a fixed contour in the domain of 𝑧−1/2, gives 𝐺−1/2 → 𝐼 in 𝐶1
.

Indeed, the derivative of its resolvent is (𝑧 − 𝐺)−1(𝑑𝐺)(𝑧 − 𝐺)−1. Thus 𝑈 → 𝑈 in 𝐶1(𝐸,H ), and

the product rule gives (6.3).

Intrinsically the map is 𝑃𝑃(𝑃𝑃𝑃|im 𝑃 )−1/2. Every preserved structure commutes with its factors:

the inverse square root is a uniform limit of polynomials with real coefficients on a positive spectral

interval. The formula is equivariant under 𝑈 ↦ 𝑈𝑅 for unitary 𝑅, so the local maps define a

structure-preserving bundle isometry. □

Definition 6.2. Let 𝐸 be a zero module. A full potential section at zero is a smooth family of compatible

multiplication endomorphisms 𝑉 (𝐴), for 𝐴 near zero in 𝑛(𝐸), such that 𝐷𝑔 + 𝑉 (𝐴) has an isolated

finite cluster continuing its entire zero eigenspace at 𝐴 = 0. Its complete matrix is required to equal

𝐴 in a smooth isometric frame intertwining 𝐽 and, when present, Γ. A full metric section is defined by

replacing 𝐷𝑔 + 𝑉 (𝐴) by 𝐷𝑔(𝐴).

Proposition 6.3. Assume 𝑛 ≥ 3, and let 𝑋, 𝑔, 𝑈 satisfy the geometric hypotheses of Theorem R. Every
full potential section whose potentials are supported in one compact subset of 𝑈 yields a full metric
section. The metric section equals 𝑔 outside 𝑈 and has volume density 𝑑𝑣𝑔 . Its reference metric at zero
need not equal 𝑔 .

Proof. Equip the real vector space 𝑛(𝐸) with a Euclidean norm. After shrinking the section domain,

take a closed radius-𝑟 ball on which one circle centered at zero separates the full zero cluster from the

remaining spectrum. A structure commuting with the operator preserves each eigenspace; a structure
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anticommuting with it exchanges the eigenspaces at 𝜆 and −𝜆. The cluster projections therefore

commute with 𝐽 and Γ, both for the potential family and for its metric realizations.

Apply Theorem R with 𝐵 equal to this ball and  = 𝐵 × 𝛾 . Lemma 6.1 gives, for a sufficiently

accurate realization, a complete metric matrix 𝐹(𝐴) ∈ 𝑛(𝐸) satisfying

sup
‖𝐴‖≤𝑟

‖𝐹(𝐴) − 𝐴‖ < 𝑟/4, sup
‖𝐴‖≤𝑟

‖𝐷𝐹(𝐴) − 𝐼 ‖ < 1/2. (6.4)

The matrix 𝐹 is smooth: the realization and the original frame are smooth, and resolvent inversion

and the positive inverse square root in (6.2) preserve smoothness. For ‖𝑌 ‖ < 𝑟/4, the map Φ𝑌 (𝐴) =
𝑌 +𝐴−𝐹(𝐴) sends the closed radius-𝑟/2 ball into its interior, since ‖Φ𝑌 (𝐴)‖ ≤ ‖𝑌 ‖+ ‖𝐴 − 𝐹(𝐴)‖ < 𝑟/2.

Its derivative has norm less than 1/2. The contraction theorem [46, Theorem 10.38] gives a unique

fixed point 𝐴(𝑌 ) in that ball, with 𝐹(𝐴(𝑌 )) = 𝑌 . The derivative 𝐷𝐹 is invertible there. The inverse

function theorem [46, Theorem 11.22 and Corollary 11.35] and uniqueness give smooth dependence

on 𝑌 and

𝐷𝐴(𝑌 ) = 𝐷𝐹(𝐴(𝑌 ))−1, ‖𝐷𝐴(𝑌 )‖ ≤ 2, ‖𝐴(𝑌 ) − 𝐴(𝑍)‖ ≤ 2 ‖𝑌 − 𝑍‖ .

The last estimate also follows by comparing the two fixed-point equations. Composing the metric

family and its structural frame with 𝑌 ↦ 𝐴(𝑌 ) gives the required section. The equalities in (1.3) are

preserved; its reference metric is 𝑔𝐴(0). □

Lemma 6.4. Let 𝑇𝑡 ∶ D → H be a 𝐶1 family in (D ,H ) of self-adjoint operators with common
domain D = 𝐻 1, whose graph norms are locally uniformly equivalent. Suppose 𝜆 ∈ ℝ is an isolated
eigenvalue of finite multiplicity of 𝑇0, and put 𝐸 = ker(𝑇0 − 𝜆). In the polar frame based on the inclusion
of 𝐸, the derivative of the complete cluster matrix at zero is 𝑃𝐸𝑇̇0|𝐸 . In particular, for 𝑇𝑡 = 𝐷𝑔 + 𝑡𝑉 at a
zero eigenspace it is 𝑃𝐸𝑉 |𝐸 .

Proof. On a fixed contour around 𝜆, the resolvent identity gives a 𝐶1
family (𝑧 − 𝑇𝑡)−1 ∶ H → D for

small 𝑡, with

𝑑
𝑑𝑡

(𝑧 − 𝑇𝑡)−1 = (𝑧 − 𝑇𝑡)−1𝑇̇𝑡(𝑧 − 𝑇𝑡)−1.

Its contour integral and the polar frame 𝑈𝑡 ∶ 𝐸 → D are therefore 𝐶1
, and 𝑈0 is the inclusion.

Differentiating gives

𝑑
𝑑𝑡

||||𝑡=0
𝑈 ∗
𝑡 𝑇𝑡𝑈𝑡 = 𝑈̇

∗
0 𝑇0𝑈0 + 𝑈 ∗

0 𝑇̇0𝑈0 + 𝑈 ∗
0 𝑇0𝑈̇0.

Since 𝑇0𝑈0 = 𝜆𝑈0 and 𝑇0 is self-adjoint, the first and last terms sum to

𝜆(𝑈̇ ∗
0𝑈0 + 𝑈 ∗

0 𝑈̇0) = 𝜆
𝑑
𝑑𝑡

||||𝑡=0
(𝑈 ∗
𝑡 𝑈𝑡) = 0.

The remaining term represents 𝑃𝐸𝑇̇0|𝐸 . □

Lemma 6.5. Let 𝑆, 𝑇 be Euclidean, Hermitian, or quaternionic Hermitian bundles over 𝑋 , with a fixed
smooth positive density 𝑑𝑣. Let 𝐹 ⊂ 𝐶∞(𝑆) ∩ 𝐿2(𝑆) and 𝐸 ⊂ 𝐶∞(𝑇 ) ∩ 𝐿2(𝑇 ) be finite-dimensional
subspaces over the same field 𝔽, with their 𝐿2 inner products. Let V be a smooth real subbundle of
Hom𝔽(𝑆, 𝑇 ). For a nonempty open set 𝑈 , define

(𝑉 ) = ∫
𝑋
𝑒𝐸(𝑥)∗𝑉 (𝑥)𝑒𝐹 (𝑥) 𝑑𝑣(𝑥), 𝑉 ∈ 𝐶∞

𝑐 (𝑈 ;V ),

where 𝑒𝐸 , 𝑒𝐹 are evaluation. Then

im = spanℝ{𝑒𝐸(𝑥)
∗𝑄𝑒𝐹 (𝑥) ∶ 𝑥 ∈ 𝑈 , 𝑄 ∈ V𝑥}. (6.5)
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Proof. The space on the right of (6.5) is a linear subspace of the finite-dimensional real vector space

Hom𝔽(𝐹 , 𝐸), hence closed. Integration puts (𝑉 ) in that space. Conversely, extend 𝑄 ∈ V𝑥 to a

smooth section 𝑄𝑦 on a coordinate ball in 𝑈 . Choose 𝜒𝛿 ≥ 0 supported in that ball with ∫ 𝜒𝛿 𝑑𝑣 = 1
and support tending to 𝑥 . Then

‖(𝜒𝛿𝑄) − 𝑒𝐸(𝑥)∗𝑄𝑒𝐹 (𝑥)‖ ≤ sup
𝑦∈supp 𝜒𝛿

‖‖𝑒𝐸(𝑦)
∗𝑄𝑦𝑒𝐹 (𝑦) − 𝑒𝐸(𝑥)∗𝑄𝑒𝐹 (𝑥)‖‖ ⟶ 0.

The real-linear image of  is finite-dimensional and therefore closed. Every generator on the right

belongs to that image, proving the equality over each of the three fields. □

Lemma 6.6. Let 𝑇0 = diag(𝐴, 𝐶) ∶ 𝐸1 ⊕ 𝐸2 → 𝐹1 ⊕ 𝐹2 be bounded between fixed orthogonal Hilbert
decompositions. An unbounded-operator domain is equipped with a fixed graph norm. Assume 𝐶 ∶ 𝐸2 →
𝐹2 is bijective and ‖‖𝐶

−1‖‖𝐹2→𝐸2 ≤ 𝑐
−1, where 𝑐 > 0. Let 𝑇 = 𝑇0 + 𝐸, with ‖𝐸‖𝐸1⊕𝐸2→𝐹1⊕𝐹2 ≤ 𝛿 < 𝑐/2. Then

the complementary block is invertible and the Schur complement 𝑆 satisfies

‖𝑆 − 𝐴‖ ≤ 𝛿 + 2𝛿2/𝑐. (6.6)

The kernel of 𝑇 is isomorphic to the kernel of 𝑆, and

(𝐹1 ⊕ 𝐹2)/ im𝑇 ≃ 𝐹1/ im 𝑆.

One range is closed if and only if the other is closed. In that case these quotients identify with the
corresponding Hilbert cokernels.

Suppose linear or antilinear structural maps 𝐽𝐸 , 𝐽𝐹 preserve the summands and satisfy 𝐽𝐹𝑇 = 𝜖𝑇 𝐽𝐸,
where 𝜖 ∈ {1, −1}. Then 𝐽𝐹1𝑆 = 𝜖𝑆𝐽𝐸1 . In the unbounded case the maps must preserve the operator
domain. For an operator on an ambient Hilbert space H = 𝐹1 ⊕ 𝐹2, suppose both orthogonal projections
preserve its domain D and 𝐸𝑖 = D ∩ 𝐹𝑖. If 𝑇 † = 𝜖𝑇 , then 𝑆† = 𝜖𝑆 on 𝐸1. Here † is the ambient adjoint,
or transpose with respect to a fixed conjugation preserving the splitting and the domain. The adjoint and
transpose are taken with respect to the ambient pairings.

Proof. Write 𝑇 = ( 𝐴+𝐸11 𝐸12
𝐸21 𝐶+𝐸22 ) and 𝐶′ = 𝐶 + 𝐸22. Bounded inverse stability [62, Chapter IV, Theo-

rem 1.16] gives
‖‖(𝐶

′)−1‖‖𝐹2→𝐸2 ≤ (𝑐 − 𝛿)−1 ≤ 2/𝑐. Set

𝑆 = 𝐴 + 𝐸11 − 𝐸12(𝐶′)−1𝐸21.

The block bounds give (6.6). The exact factorization is

(
𝐼 −𝐸12(𝐶′)−1
0 𝐼 ) 𝑇 (

𝐼 0
−(𝐶′)−1𝐸21 𝐼) = (

𝑆 0
0 𝐶′) . (6.7)

The bounded invertible triangular factors give the kernel and quotient isomorphisms. The left factor

sends im 𝑇 onto im 𝑆 ⊕ 𝐹2, proving the assertion about closed ranges.

The structural identity on the complementary block gives

𝐽𝐸2(𝐶
′)−1 = 𝜖(𝐶′)−1𝐽𝐹2 .

Moving 𝐽 through the three factors of 𝐸12(𝐶′)−1𝐸21 contributes 𝜖3 = 𝜖. Together with the upper-left

block identity, this gives 𝐽𝐹1𝑆 = 𝜖𝑆𝐽𝐸1 , including charge and grading.

For either ambient adjoint or transpose, write † and assume 𝑇 † = 𝜖𝑇 . Put 𝐾 = 𝐸12(𝐶′)−1. The

ambient pairings and bijectivity of 𝐶′
give

((𝐶′)−1)† = 𝜖(𝐶′)−1, 𝐾†|𝐸1 = (𝐶′)−1𝐸21.

In the unbounded case the first identity follows by pairing 𝐶′𝑢 and 𝐶′𝑣, with 𝑢, 𝑣 ∈ 𝐸2; the second

follows by pairing 𝑢 ∈ 𝐸1 with (𝐶′)−1𝑦, 𝑦 ∈ 𝐹2. The map 𝐾 ∶ 𝐹2 → 𝐹1 is bounded in the ambient

norms. Thus (6.7) is 𝐿𝑇𝐿† = diag(𝑆, 𝐶′), where 𝐿 = ( 𝐼 −𝐾
0 𝐼 ) is bounded and invertible on the ambient

space. Its transpose or adjoint 𝐿†, and its inverse, preserve the domain. Taking † gives 𝑆† = 𝜖𝑆 with

that domain. □
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7. Generic nonzero eigenvalues

Throughout this section 𝑀𝑛
is closed and connected, 𝑛 ≥ 3, and its spin structure is fixed.

Multiplicities are counted according to (1.5). The spaces of compatible pointwise endomorphisms are

given in Section 2. On a nonzero eigenspace the scalar field is

𝔽𝑛 =

⎧⎪⎪⎪
⎨⎪⎪⎪⎩

ℍ, 𝑛 ≡ 2, 3, 4 (mod 8),
ℂ, 𝑛 ≡ 1, 5 (mod 8),
ℝ, 𝑛 ≡ 0, 6, 7 (mod 8).

(7.1)

In a real case the eigenspace means the real fixed space of charge conjugation; its real dimension

equals the complex dimension of the ordinary eigenspace. In a quaternionic case the ordinary complex

dimension is twice its quaternionic dimension. For 𝑛 ≡ 1, 5 (mod 8), charge conjugation exchanges

the two nonzero eigenspaces of opposite sign and imposes no additional multiplicity on either of

them.

7.1. Splitting a nonzero eigenspace.

Lemma 7.1. Let 𝐿 = 𝐷𝑔 +𝑊 , where 𝑊 is a smooth compatible multiplication endomorphism. Suppose
𝜆 ≠ 0 and 𝐸 = ker(𝐿 − 𝜆) has 𝔽𝑛-dimension at least two. For every nonempty open set 𝑈 ⊂ 𝑀 there are
𝑓 ∈ 𝐶∞

𝑐 (𝑈 ; ℝ) and a smooth compatible multiplication endomorphism 𝑉 supported in 𝑈 such that

𝑃𝐸𝑉 |𝐸 − 𝜆𝑃𝐸𝑀𝑓 |𝐸 ∉ ℝ𝐼𝐸 . (7.2)

If 𝑛 ≢ 2 (mod 8), one may take 𝑓 = 0.

Proof. Elliptic regularity makes every eigenspinor smooth. The square of 𝐷𝑔 +𝑊 −𝜆 has connection-

Laplacian principal part and smooth terms of order at most one. The unique-continuation theorem

[56, Theorem 6.2.8] therefore applies. A nonzero eigenspinor is nonzero on an open dense set.

Suppose first that every compatible compression supported in 𝑈 is scalar. For any local compatible

matrix field 𝑄 and any real test function 𝜒 supported in its trivialization within 𝑈 , 𝑃𝐸(𝜒𝑄)|𝐸 is scalar.

Its off-diagonal entries vanish and its diagonal entries agree. Testing all 𝜒 gives the corresponding

pointwise identities on 𝑈 . Quaternionic entries are tested in each of their four real components.

The cases 𝑛 ≡ 3, 7 (mod 8). Choose an orthonormal pair 𝜓, 𝜙 ∈ 𝐸 over 𝔽𝑛. At a point 𝑥 ∈ 𝑈 where

𝑢 = 𝜓(𝑥) ≠ 0, the allowed fibre map 𝑄 = 𝑢𝑢∗ has compression to this two-frame of rank at most one.

Its first diagonal entry is |𝑢|4 > 0. A scalar two-by-two matrix with that entry has rank two, which is

a contradiction.

The case 𝑛 ≡ 1 (mod 8). Here 𝐽 2 = 𝐼 and 𝐽 𝑐(𝜉) = −𝑐(𝜉)𝐽 . In a local 𝐽 -real frame, compatible

potentials have the form 𝑖𝑄, with 𝑄 real skew-adjoint. For complex orthonormal 𝜓1, 𝜓2 ∈ 𝐸, the

localized identities are

𝜓1 ∧ 𝜓2 = 0, 𝜓1 ∧ 𝜓1 = 𝜓2 ∧ 𝜓2. (7.3)

The wedge is complex bilinear. Choose a connected ball in 𝑈 on which 𝜓1 ≠ 0. The first equation

gives 𝜓2 = 𝑏𝜓1 there, with 𝑏 smooth and complex-valued. Substitution into the second gives

(1 + |𝑏|2)𝜓1 ∧ 𝜓1 = 0.

Thus 𝜓1 is pointwise a complex multiple of a nonzero real spinor, and 𝜓2 = 𝑎𝜓1 for a smooth complex

function 𝑎. The product rule gives 𝑐(𝑑𝑎)𝜓1 = 0. At a point write 𝜓1 = 𝑧𝑤, 𝑧 ≠ 0, 𝐽𝑤 = 𝑤, and

𝑎 = 𝑎1 + 𝑖𝑎2. Then

𝑐(𝑑𝑎1)𝑤 + 𝑖 𝑐(𝑑𝑎2)𝑤 = 0.

The two terms belong respectively to 𝑖Σℝ and Σℝ. They vanish separately, and the real Clifford identity

implies 𝑑𝑎1 = 𝑑𝑎2 = 0. The function 𝑎 is constant on the ball. Unique continuation for 𝜓2 − 𝑎𝜓1
contradicts orthonormality.
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The case 𝑛 ≡ 5 (mod 8). Here 𝐽 2 = −𝐼 , 𝐽 𝐿 = −𝐿𝐽 , and compatible potentials have the form

𝑉 = −𝑖𝑄, where 𝑄 is quaternionic-linear and skew-adjoint. For a nonzero fibre vector 𝑢,

{𝑄𝑢 ∶ 𝑄∗ = −𝑄, 𝑄𝐽 = 𝐽𝑄} = 𝑢⟂ℝ , {𝑉𝑢 ∶ 𝑉 compatible} = (𝑖𝑢)⟂ℝ . (7.4)

In a quaternionic orthonormal basis with 𝑢 = |𝑢|𝑒1, write 𝑤/|𝑢| = (𝑎, 𝑣) for 𝑤 ∈ 𝑢⟂ℝ
. Then

Re 𝑎 = 0, 𝑄 = (
𝑎 −𝑣∗
𝑣 0 ) , 𝑄∗ = −𝑄, 𝑄𝑢 = 𝑤.

This proves the first equality; multiplication by −𝑖 gives the second.

Choose complex orthonormal𝜓, 𝜙 ∈ 𝐸. For every compatible𝑉 , scalarity gives ⟨𝜙(𝑥), 𝑉𝜓(𝑥)⟩ℂ = 0.

Where 𝜓(𝑥) ≠ 0, its real and imaginary parts and (7.4) imply

𝜙(𝑥), 𝑖𝜙(𝑥) ∈ ℝ 𝑖𝜓(𝑥).

A real line contains no nonzero complex line. Therefore 𝜙 = 0 on a nonempty open set, contradicting

unique continuation.

The cases 𝑛 ≡ 0, 4 (mod 8). Put 𝔽 = ℝ or ℍ, respectively. The operator 𝐿 is chiral. For 𝜓 = (𝑢, 𝑣) ∈
ker(𝐿 − 𝜆), vanishing of either chiral component on an open set implies vanishing of the other there,

since 𝜆 ≠ 0. Both components of a nonzero eigenspinor are therefore nonzero on open dense sets.

Choose 𝔽-orthonormal 𝜓𝑖 = (𝑢𝑖, 𝑣𝑖), 𝑖 = 1, 2. For 𝐴 ∈ Hom𝔽(Σ+, Σ−), the off-diagonal fibre pairing

for the block (2.5) is

𝑏12(𝐴) = 𝑢∗1𝐴
∗𝑣2 + 𝑣∗1𝐴𝑢2.

For every 𝑞 ∈ 𝔽 one has

Re(𝑞 𝑏12(𝐴)) = Re tr(𝐴∗(𝑣1𝑞𝑢∗2 + 𝑣2𝑞 𝑢
∗
1)) .

The real trace pairing is nondegenerate. The vanishing off-diagonal entries and the equality of the

diagonal entries therefore give

𝑣1𝑢∗1 = 𝑣2𝑢
∗
2 , 𝑣1𝑞𝑢∗2 + 𝑣2𝑞 𝑢

∗
1 = 0 (𝑞 ∈ 𝔽). (7.5)

Choose a point of 𝑈 where 𝑢1, 𝑣1 ≠ 0. The first equation is equality of two nonzero rank-one maps.

Hence

𝑢2 = 𝑢1𝑎, 𝑣2 = 𝑣1(𝑎)−1 for some 𝑎 ∈ 𝔽 ⧵ {0}.

Substituting 𝑞 = 𝑎 into the second equation gives (|𝑎|2 + 1)𝑣1𝑢∗1 = 0, a contradiction. This calculation

also applies when 𝑛 = 4, with both chiral fibres isomorphic to ℍ.

The case 𝑛 ≡ 6 (mod 8). Choose charge coordinates 𝐽 (𝑢, 𝑣) = (𝑣, 𝑢). A real orthonormal pair has

the form 𝜓 = (𝑢, 𝑢) and 𝜙 = (𝑎, 𝑎). Compatible blocks satisfy 𝐴𝑇 = 𝐴. Their off-diagonal pairing is

⟨𝜓, 𝑉𝐴𝜙⟩ℝ = 2Re(𝑢𝑇𝐴𝑎).

Both 𝐴 and 𝑖𝐴 are allowed. Thus 𝑢 ⊙ 𝑎 = 0 as a complex symmetric tensor. If 𝑢𝑖 ≠ 0, the diagonal

coefficient gives 𝑎𝑖 = 0, and the 𝑖𝑗 coefficient gives 𝑎𝑗 = 0 for every 𝑗 . It follows that 𝜙 = 0 where

𝜓 ≠ 0, a contradiction.

The case 𝑛 ≡ 2 (mod 8). Suppose every expression in (7.2) is scalar. Set 𝑉 = 0. Since 𝜆 ≠ 0, testing

all real 𝑓 gives

𝑒∗𝑥𝑒𝑥 = 𝜌(𝑥)𝐼𝐸 (𝑥 ∈ 𝑈), 𝑒𝑥 ∶ 𝐸 ⟶ Σ𝑥 . (7.6)

Here 𝜌 is smooth and nonnegative. Unique continuation shows that it is positive somewhere. The

adjoint is quaternionic; (7.6) also holds in the ordinary complex realization.

Choose quaternionic orthonormal 𝜓 = (𝑢, 𝑣) and 𝜙 = (𝑎, 𝑏). In charge coordinates

𝐽 (𝑢, 𝑣) = (−𝑣, 𝑢), 𝑉𝐴 = (
0 𝐴∗

𝐴 0 ) , 𝐴𝑇 = −𝐴.
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Setting 𝑓 = 0 gives the vanishing pairings with (𝜓, 𝜙) and (𝐽𝜓, 𝜙). In particular,

⟨𝜓, 𝑉𝐴𝜙⟩ℂ = 𝑣∗𝐴𝑎 + 𝑏∗𝐴𝑢. (7.7)

The equations for 𝐴 and 𝑖𝐴 separate the two terms. Repeating with 𝐽𝜓 gives

𝑣 ∧ 𝑎 = 0, 𝑏 ∧ 𝑢 = 0, 𝑢 ∧ 𝑎 = 0, 𝑣 ∧ 𝑏 = 0. (7.8)

At a point where 𝜌 > 0, if 𝑢, 𝑣 are independent, these equations imply 𝑎 = 𝑏 = 0. Otherwise write

𝑢 = 𝛼𝑧, 𝑣 = 𝛽𝑧, with 𝑧 ≠ 0 and (𝛼, 𝛽) ≠ (0, 0). The same equations imply 𝑎 ∈ ℂ𝑧 and 𝑏 ∈ ℂ𝑧, also

when one coefficient vanishes. The vectors

𝜓 = (𝛼𝑧, 𝛽 𝑧), 𝐽𝜓 = (−𝛽𝑧, 𝛼 𝑧)

span this complex plane: their coefficient determinant is |𝛼|2 + |𝛽|2 > 0. Thus 𝜙(𝑥) belongs to the

quaternionic line of 𝜓(𝑥). Each alternative contradicts (7.6), which makes their values nonzero and

quaternionically orthogonal. This proves (7.2). □

Lemma 7.2. The endomorphism in (7.2) is the derivative of the complete 𝜆-cluster matrix along an
analytic path of compatible pairs based at (𝑔,𝑊 ) and equal to (𝑔,𝑊 ) outside 𝑈 .

Proof. Set 𝑔𝑠 = 𝑒2𝑠𝑓 𝑔 , and let 𝛽𝑠 be the conformal spin isometry. Define

𝑊𝑠 = 𝛽𝑠𝑒−𝑠𝑓 (𝑊 + 𝑠𝑉 )𝛽−1𝑠 , 𝑈𝑠 = 𝛽𝑠𝑒−𝑛𝑠𝑓 /2. (7.9)

The map 𝑈𝑠 ∶ 𝐿2(Σ𝑔) → 𝐿2(Σ𝑔𝑠 ) is unitary. Conformal covariance [35, Section 2] gives

𝑈−1
𝑠 (𝐷𝑔𝑠 +𝑊𝑠)𝑈𝑠 = 𝑒−𝑠𝑓 /2(𝐿 + 𝑠𝑉 )𝑒−𝑠𝑓 /2. (7.10)

This is an analytic family on the common domain 𝐻 1
, with derivative 𝑉 − (𝑀𝑓 𝐿 + 𝐿𝑀𝑓 )/2 at zero.

Since 𝐿𝑃𝐸 = 𝜆𝑃𝐸 ,

𝑃𝐸 (𝑉 −
1
2
(𝑀𝑓 𝐿 + 𝐿𝑀𝑓 ))

||𝐸 = 𝑃𝐸𝑉 |𝐸 − 𝜆𝑃𝐸𝑀𝑓 |𝐸 .

Lemma 6.4 identifies this compression with the derivative of the complete cluster matrix. The

comparisons and real scalar factors preserve the charge and chirality identities. The factors are the

identity outside 𝑈 , except for the unchanged term 𝑊 . □

Lemma 7.3. Let Γ1, … , Γ𝑠 be pairwise disjoint positively oriented spectral contours for 𝐷𝑔 . Suppose their
interiors meet ℝ in pairwise disjoint bounded intervals whose closures avoid zero. In every sufficiently
small smooth neighborhood of (𝑔, 0) there is a smooth path (𝑔𝑡 , 𝑉𝑡), 0 ≤ 𝑡 ≤ 1, contained in that
neighborhood and equal to (𝑔, 0) near 𝑡 = 0, such that every Γ𝑗 remains in the resolvent and every
enclosed eigenvalue at 𝑡 = 1 is simple. The variations may be supported in any prescribed nonempty
open set.

Proof. In the fixed spinor comparison (2.8), the operator 𝐷ℎ +𝑊 ∶ 𝐻 1 → 𝐿2 depends continuously

on ℎ in spatial 𝐶1
and on 𝑊 in 𝐶0

. The resolvent identity therefore gives a neighborhood on which

all contours remain in the resolvent and their ranks are constant. Write

𝑚 =
𝑠
∑
𝑗=1

rankℂ 𝑃Γ𝑗/𝑑𝑛.

This bounds the number of distinct enclosed eigenvalues. At a multiple enclosed eigenvalue, Lem-

mas 7.1 and 7.2 give a complete cluster matrix

𝐴(𝑠) = 𝜆𝐼 + 𝑠𝐵 + 𝑂(𝑠2), 𝐵∗ = 𝐵, 𝐵 ∉ ℝ𝐼 .

Choose disjoint intervals around two distinct eigenvalues of 𝐵. The matrix (𝐴(𝑠) − 𝜆𝐼)/𝑠 converges

to 𝐵; its spectral projections on those intervals have positive ranks for small 𝑠 > 0. Hence the original

cluster separates into at least two distinct groups. Choose 𝑠 small enough to retain every separation
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already obtained, all original contours, and the given neighborhood. If 𝑚 = 0, the constant path

satisfies the conclusion. For 𝑚 > 0, let 𝑟0 be the initial number of distinct enclosed eigenvalues.

After 𝑞 splittings that number is at least 𝑟0 + 𝑞 and at most 𝑚. If it is smaller than 𝑚, one cluster has

structural multiplicity greater than one and admits the preceding deformation. Hence at most 𝑚 − 𝑟0
deformations make every enclosed eigenvalue simple. Each step applies at its current compatible

potential 𝑊 . Smooth changes of the parameter, constant near the endpoints of each subinterval,

concatenate the finitely many paths. Their spatial supports have a common compact union in the

prescribed open set. □

7.2. Analytic metric paths.

Lemma 7.4. Let 𝑔𝑡 , 0 ≤ 𝑡 ≤ 1, be a smooth path of metrics, with 𝑔0 = 𝑔 . Suppose finitely many contours
Γ𝑗 belong to 𝜌(𝐷𝑔𝑡 ) for every 𝑡. There is a path ℎ𝑡 , real analytic in 𝑡 with smooth spatial coefficients, such
that

ℎ0 = 𝑔, ℎ1 = 𝑔1,

and every contour remains in 𝜌(𝐷ℎ𝑡 ) with the same rank. Moreover ℎ𝑡 → 𝑔 in 𝐶∞ as 𝑡 → 0.

Proof. Put 𝐻(𝑡) = log(𝑔−1𝑔𝑡). Its Bernstein polynomials and the corresponding metrics are

𝐵𝑁 (𝑡) =
𝑁
∑
𝑗=0 (

𝑁
𝑗 )
𝑡𝑗 (1 − 𝑡)𝑁−𝑗𝐻(𝑗/𝑁), ℎ(𝑁 )

𝑡 = 𝑔(𝑒𝐵𝑁 (𝑡)⋅, ⋅). (7.11)

Let 𝑀1 = sup𝑡 ‖𝐻(𝑡)‖𝐶1 and let 𝜔1 be the modulus of continuity of 𝐻 ∶ [0, 1] → 𝐶1
. For 0 < 𝛿 ≤ 1,

splitting the Bernstein sum at |𝑗/𝑁 − 𝑡| = 𝛿 and using the binomial variance 𝑡(1 − 𝑡)/𝑁 ≤ 1/(4𝑁)
gives

sup
𝑡

‖𝐵𝑁 (𝑡) − 𝐻(𝑡)‖𝐶1 ≤ 𝜔1(𝛿) +
𝑀1

2𝑁𝛿2
. (7.12)

Thus ℎ(𝑁 )
𝑡 → 𝑔𝑡 uniformly in spatial 𝐶1

, with both endpoints exact. Identify both Dirac families with

operators on 𝐿2(Σ𝑔) by (2.8), and write 𝑇𝑡 = 𝐷𝑔𝑡 and Δ𝑁 ,𝑡 = 𝐷ℎ(𝑁 )
𝑡

− 𝑇𝑡 in this identification. The

common domain is 𝐻 1
, and the coefficient formula gives sup𝑡 ‖Δ𝑁 ,𝑡‖𝐻 1→𝐿2 → 0.

If at least one contour is present, put 𝐶2 = sup𝑡,𝑧∈∪𝑗Γ𝑗 ‖‖(𝑇𝑡 − 𝑧)
−1‖‖𝐿2→𝐿2 and 𝑍Γ = max𝑧∈∪𝑗Γ𝑗 |𝑧|.

Lemma 3.1 and (2.9) give

sup
𝑡,𝑧∈∪𝑗Γ𝑗

‖‖(𝑇𝑡 − 𝑧)
−1‖‖𝐿2→𝐻 1 ≤ 𝐶gr(1 + (1 + 𝑍Γ)𝐶2) =∶ 𝐶Γ < ∞. (7.13)

Choose 𝑁 with sup𝑡 ‖Δ𝑁 ,𝑡‖𝐻 1→𝐿2 < (2𝐶Γ)−1. Then

‖‖𝑠Δ𝑁 ,𝑡(𝑇𝑡 − 𝑧)
−1‖‖𝐿2→𝐿2 <

1
2

(0 ≤ 𝑠 ≤ 1, 𝑧 ∈ ⋃𝑗 Γ𝑗 ).

Stability of bounded invertibility [62, Chapter IV, Theorem 1.16] keeps every contour in the resolvent

of 𝑇𝑡 + 𝑠Δ𝑁 ,𝑡 . The Riesz projections depend continuously on (𝑡, 𝑠) and retain their finite ranks. With

no contours, there is no resolvent restriction on 𝑁 .

For this fixed finite 𝑁 , 𝐵𝑁 (𝑡) is polynomial with smooth spatial coefficients. For real 𝑡 it is 𝑔-

self-adjoint, so ℎ(𝑁 )
𝑡 is a metric for all real 𝑡. Its coefficients are analytic in every spatial 𝐶𝑟 norm.

The direct spinor comparison therefore gives a locally holomorphic Dirac family on the common

domain 𝐻 1
[56, Lemma A.0.16, pp. 88–90]. Take ℎ𝑡 = ℎ(𝑁 )

𝑡 . Since 𝐵𝑁 (0) = 0, ℎ𝑡 → 𝑔 in every smooth

seminorm as 𝑡 → 0. □

Proposition 7.5. For 𝑔 and the contours of Lemma 7.3, there is an analytic metric path ℎ𝑡 , 0 ≤ 𝑡 ≤ 1,
with ℎ0 = 𝑔 , such that the contours remain in the resolvent and every enclosed eigenvalue is simple for
all sufficiently small 𝑡 > 0.
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Proof. If every contour has rank zero, take ℎ𝑡 = 𝑔 . Otherwise fix a nonempty open set 𝑈 ⊂ 𝑀 and

apply Lemma 7.3. Around each distinct terminal eigenvalue choose a small subcontour 𝛾𝑗𝓁, of rank 𝑑𝑛,

inside its original contour. Their ranks sum to the original rank. Apply Theorem R with 𝐵 = [0, 1],
𝐵0 = {0}, and

 = ([0, 1] × ⋃𝑗 Γ𝑗) ∪ ({1} × ⋃𝑗 ,𝓁 𝛾𝑗𝓁),

which is a compact subset of the parameter-resolvent set. The potential vanishes near 𝐵0, and its

spatial supports lie in one compact subset of 𝑈 , by Lemma 7.3. The realized metric equals 𝑔 near

𝑡 = 0. For a contour of length 𝓁(𝛾 ), the projections satisfy

‖‖‖𝑃𝛾 − 𝑃𝛾
‖‖‖ ≤

𝓁(𝛾 )
2𝜋

sup
𝑧∈𝛾

‖‖‖(𝑧 − 𝐷̂)
−1 − (𝑧 − 𝐿)−1‖‖‖ . (7.14)

Choose the realization error to make every bound less than 1/2. The projections are orthogonal,

and their ranks agree by [62, Chapter I, Theorem 6.32]. Each terminal subcontour has rank 𝑑𝑛 and

encloses a real interval disjoint from zero. It therefore encloses exactly one simple eigenvalue of the

realized metric operator. No additional eigenvalue occurs in an original contour, since the subcontour

ranks exhaust its rank.

Denote the realized smooth path by 𝑔𝑡 . Lemma 7.4 gives an analytic metric path with the same

endpoints and original contour ranks. After slightly extending the real parameter interval, the

contours remain in the resolvent. In the fixed comparison with 𝑔 , put

Π𝑗 (𝑡) =
1
2𝜋𝑖 ∫Γ𝑗

(𝑧 − 𝐷ℎ𝑡 )
−1 𝑑𝑧, 𝑄𝑗 (𝑡) =

1
2𝜋𝑖 ∫Γ𝑗

𝑧(𝑧 − 𝐷ℎ𝑡 )
−1 𝑑𝑧. (7.15)

These finite-rank operators are locally analytic, and 𝑄𝑗 (𝑡) = 𝐷ℎ𝑡Π𝑗 (𝑡) = Π𝑗 (𝑡)𝑄𝑗 (𝑡). Set 𝑚𝑗 =
rankℂ Π𝑗/𝑑𝑛 and

𝑝𝑗 ,𝑘(𝑡) = 𝑑−1𝑛 trℂ(𝑄𝑗 (𝑡)𝑘), 1 ≤ 𝑘 ≤ 𝑚𝑗 .

Local analytic frames of imΠ𝑗 (𝑡) show that these traces are analytic. The traces agree on overlapping

parameter neighborhoods, since they are independent of the frame. Define

𝑒𝑗 ,0 = 1, 𝑟𝑒𝑗 ,𝑟 =
𝑟
∑
𝑘=1

(−1)𝑘−1𝑒𝑗 ,𝑟−𝑘𝑝𝑗 ,𝑘 , 𝑞𝑗 (𝑡, 𝑧) =
𝑚𝑗
∑
𝑟=0

(−1)𝑟𝑒𝑗 ,𝑟(𝑡)𝑧𝑚𝑗−𝑟 . (7.16)

For real 𝑡, this monic polynomial has the enclosed eigenvalues as roots, each repeated according to

its 𝔽𝑛-multiplicity. Indeed, the complex trace repeats every such root 𝑑𝑛 times.

Let

Δ(𝑡) = ∏
𝑗

disc𝑧 𝑞𝑗 (𝑡, 𝑧). (7.17)

Polynomials of degree zero or one contribute the factor one. The function Δ is real analytic on a

connected neighborhood of [0, 1] and Δ(1) ≠ 0. It is therefore not identically zero near 0. Let 𝜈 ≥ 0
be its vanishing order at 0. There are a nonzero real number 𝑎 and a real analytic function 𝑟 near 0
such that

Δ(𝑡) = 𝑡𝜈(𝑎 + 𝑡𝑟(𝑡)). (7.18)

Choose 𝜀 > 0 so that |𝑡𝑟(𝑡)| ≤ |𝑎|/2 for |𝑡| < 𝜀. Then |Δ(𝑡)| ≥ |𝑎|𝑡𝜈/2 > 0 for 0 < 𝑡 < 𝜀. Each

polynomial 𝑞𝑗 (𝑡, ⋅) has distinct roots, so every enclosed eigenvalue has complex multiplicity 𝑑𝑛. □

7.3. Genericity and prescribed volume density.

Proof of Theorem G. Fix an integer 𝑎 ≥ 2. For 𝑔 ∈ 𝑎, choose disjoint small real intervals around its

eigenvalues in 𝐾𝑎, all avoiding zero. Choose a slightly larger neighborhood of 𝐾𝑎 which contains

no additional eigenvalue of 𝐷𝑔 . Discreteness gives these choices also when an endpoint of 𝐾𝑎 is an

eigenvalue. Surround each small interval by a contour of rank 𝑑𝑛. Cover the remaining compact
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real subset of 𝐾𝑎 by finitely many zero-rank contours with closures avoiding the spectrum. All these

ranks persist under small spatial 𝐶1
changes of metric by the resolvent identity. Thus 𝑎 is 𝐶1

-open.

For any metric 𝑔 , enclose the two components of 𝐾𝑎 in larger bounded intervals whose closures

avoid zero and whose endpoints avoid Spec(𝐷𝑔). Proposition 7.5 gives metrics in 𝑎 tending to 𝑔
in 𝐶∞

. The space of smooth metrics is an open subset of the Fréchet space of smooth symmetric

two-tensors, hence a Baire space. Since the sets 𝐾𝑎 exhaust ℝ ⧵ {0},

(𝑀) = ⋂
𝑎≥2

𝑎

is residual and dense. This proves the assertion on (𝑀). Under its hypothesis excluding rigid

eigenspaces on a dense set of metrics, [29, Section 7.1, Proposition 7.4] gives the corresponding

conclusion for fixed windows separated from zero.

Now let 𝑔 ∈ 𝜇(𝑀). Choose ℎ𝑗 ∈ (𝑀) with ℎ𝑗 → 𝑔 in 𝐶∞
, and put

𝑐𝑗 = (
∫𝑀 𝜇

Vol(𝑀, ℎ𝑗 ))

1/𝑛

, ℎ′𝑗 = 𝑐
2
𝑗 ℎ𝑗 , 𝜈𝑗 = 𝑑𝑣ℎ′𝑗 . (7.19)

Then 𝑐𝑗 → 1, 𝜈𝑗 → 𝜇, and ∫𝑀(𝜈𝑗 − 𝜇) = 0. With the fixed orientation, regard these densities as top

forms. Fix a reference Hodge Laplacian on top forms and its Green operator 𝐺𝑛. Set

𝛼𝑗 = 𝑑∗𝐺𝑛(𝜈𝑗 − 𝜇), 𝑑𝛼𝑗 = 𝜈𝑗 − 𝜇.

The last equality follows from the Hodge decomposition and the zero integral. Elliptic continuity

gives 𝛼𝑗 → 0 in 𝐶∞
. For 0 ≤ 𝑠 ≤ 1, define 𝑋𝑗 ,𝑠 by

𝜄𝑋𝑗 ,𝑠(𝜇 + 𝑠(𝜈𝑗 − 𝜇)) = −𝛼𝑗 . (7.20)

Moser’s theorem applies to the positive volume forms 𝜇+𝑠(𝜈𝑗 −𝜇), whose total volume is independent

of 𝑠. With the primitive 𝛼𝑗 and vector field (7.20), it gives an isotopy 𝜙𝑗 ,𝑠 with 𝜙𝑗 ,0 = Id and 𝜙∗𝑗,1𝜈𝑗 = 𝜇
[69, Theorem 2, Section 4, pp. 292–293]. Since 𝛼𝑗 → 0 and the forms in (7.20) remain uniformly

positive, 𝑋𝑗 ,𝑠 → 0 in 𝐶∞
uniformly in 𝑠. Smooth dependence of flows on a compact manifold gives

𝜙𝑗 ,1 → Id in 𝐶∞
.

Constant rescaling multiplies every Dirac eigenvalue by 𝑐−1𝑗 ; it preserves multiplicity. The isotopy

𝜙𝑗 ,𝑠 lifts to the fixed spin structure, so pullback also preserves multiplicity. Therefore 𝜙∗𝑗,1ℎ′𝑗 ∈
(𝑀) ∩𝜇(𝑀) and converges smoothly to 𝑔 . Each restricted set 𝑎 ∩𝜇(𝑀) is open and dense. For

ℎ = 𝑔(𝑒𝐻 ⋅, ⋅) with 𝐻 𝑔-self-adjoint, 𝑑𝑣ℎ = 𝑒tr 𝐻/2𝜇. Logarithmic coordinates therefore identify 𝜇(𝑀)
with the Fréchet space of trace-free 𝑔-self-adjoint endomorphism fields. This space is Baire. The

countable intersection of the restricted sets proves the assertion. □

Corollary 7.6. A residual dense set of smooth metrics has index-minimal kernel and simple nonzero
spectrum. The same holds among metrics with any prescribed positive smooth density.

Proof. The Dirac-minimal locus is 𝐶1
-open and dense in every 𝐶𝑟 topology, for integers 𝑟 ≥ 1, by

[4, Theorem 1.1 and Corollary 1.2]. A smooth neighborhood contains a neighborhood determined

by finitely many seminorms, so that locus is also 𝐶∞
-dense. Intersect it with the open dense sets

𝑎 and apply the Baire property. For a prescribed density, apply (7.19)–(7.20) to a sequence in

this intersection. Scaling and spin pullback preserve the kernel dimension as well as the nonzero

multiplicities. Openness and the Baire property on the density slice give the conclusion. □

8. Invertible pairs and the real index

All manifolds are smooth. Fix a closed connected spin manifold 𝑀𝑛
, 𝑛 ≥ 3, with its orientation

and spin structure, and a positive smooth density 𝜇. The topology on spaces of metrics and sections

is the 𝐶∞
topology. Set

𝜇(𝑀) = {𝑔 ∶ 𝑑𝑣𝑔 = 𝜇}, inv
𝜇 (𝑀) = {𝑔 ∈ 𝜇(𝑀) ∶ ker𝐷𝑔 = 0}.
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The Dirac operator is the ordinary untwisted spin operator. Its Clifford multiplication satisfies

𝑐(𝜉)𝑐(𝜂) + 𝑐(𝜂)𝑐(𝜉) = −2𝑔−1(𝜉 , 𝜂) and 𝑐(𝜉)∗ = −𝑐(𝜉).
A multiplication endomorphism is compatible if it is self-adjoint and has the same charge-

conjugation and chirality identities as 𝐷𝑔 . The independent matrix models are recorded in (2.4).

In chiral rows the opposite block is the adjoint of the displayed one. Thus the independent potential

is unconstrained apart from the indicated real, complex, quaternionic, transpose, or adjoint condition.

These models are the algebraic conventions proved in Section 2. The Clifford-module and real-index

conventions agree with [10, 26].

The four nonzero component invariants have local representatives

𝑛 mod 8 local crossing 𝐾𝑂𝑛+1
0 𝑡 ∶ ℝ → ℝ ℤ/2
1 𝑡 ( 0 −1

1 0 ) ℤ/2
3 𝑡𝐼ℍ ℤ
7 𝑡𝐼ℝ ℤ.

(8.1)

In the other four residues 𝐾𝑂𝑛+1 = 0.

Positive spinor comparison, including the density correction when necessary, identifies the Hilbert

spaces and their smooth Sobolev domains. Fixing a reference metric also trivializes the bundle of

compatible potentials. Write

𝜇 = {(𝑔, 𝑉 ) ∶ 𝑔 ∈ 𝜇(𝑀), 𝑉 smooth and compatible},

 inv
𝜇 = {(𝑔, 𝑉 ) ∈ 𝜇 ∶ 𝐷𝑔 + 𝑉 invertible}.

The full pair space is contractible. Indeed, relative to a reference 𝑔0 of density 𝜇, every metric has

the unique form 𝑔0(𝑒𝐻 ⋅, ⋅) with 𝐻 self-adjoint and trace-free. In these coordinates the pair space is a

product of two real Fréchet vector spaces. Multiplication perturbations do not change ellipticity or

the ordinary spin index.

For a reference metric 𝑔∗ with 𝑑𝑣𝑔∗ = 𝜇 and an open set 𝑈 ⊂ 𝑀 , put

𝜇(𝑈) = {𝑔 ∈ 𝜇(𝑀) ∶ 𝑔 = 𝑔∗ on 𝑀 ⧵ 𝑈},
𝜇(𝑈) = {(𝑔, 𝑉 ) ∈ 𝜇 ∶ 𝑔 ∈ 𝜇(𝑈), 𝑉 = 0 on 𝑀 ⧵ 𝑈}.

(8.2)

Both spaces are contractible in the logarithmic and linear coordinates above. A superscript inv denotes

the invertible locus; we also write inv,𝜇(𝑈) = inv
𝜇 (𝑈) and inv,𝜇(𝑈) =  inv

𝜇 (𝑈). In dimension 𝑛 ≡ 4
(mod 8), choose the chiral block 𝐴𝑔 with quaternionic index −𝑎, where 𝑎 = | indℍ𝐷+

𝑔 |. At 𝑎 = 0,

retain the chiral grading of Section 8.1. A subscript min denotes the locus where the corresponding

block of 𝐷𝑔 + 𝑉 is injective. Its adjoint kernel then has quaternionic dimension 𝑎. We write these loci

as min,𝜇(𝑈) and min,𝜇(𝑈).
Theorem R applies with 𝑋 = 𝑀 and the chosen open set 𝑈 . In Theorem C, 𝑈 = 𝑀 . All homotopies

below retain the density 𝜇.

8.1. The geometric real index. Write 𝐶𝑝,𝑞 for the real graded Clifford algebra with 𝑝 generators of

square +1 and 𝑞 generators of square −1. This is the convention of [26, §2.1]; the same algebra is

denoted Cl𝑞,𝑝 in [41, Definition 2.1]. Thus Cl𝑛 = 𝐶0,𝑛. The real graded spin bundle is

Sfr = 𝑃Spin(𝑀) ×Spin(𝑛) Cl𝑛.

Spin transition functions act on the left. The right Clifford action commutes with them and with the

Dirac operator. This is the ordinary real spin family of [60, §4.2, Proposition 4.2].

Let 𝑛 = 8𝑘 + 𝑟 , 0 ≤ 𝑟 ≤ 7, and choose a primitive orthogonal projection 𝑒 in the even subalgebra

of Cl𝑛. For 𝑟 = 0, 4, choose its simple factor so that

𝜔𝑛𝑒 = (−1)𝑛/4𝑒, 𝜔𝑛 = 𝑐1⋯𝑐𝑛.

The induced grading then agrees with Γ = 𝑖𝑛/2𝜔𝑛. The graded corner C𝑟 = 𝑒Cl𝑛𝑒 and the reduced

bundle Sred = Sfr𝑒 are given below. The quaternion algebra in this table is purely even. The notation
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𝐸±𝔽 denotes the chiral spinor bundles with their indicated scalar structure, and 𝑊𝔽 denotes the odd

spinor bundle with that structure. A subscript ℝ outside parentheses denotes the underlying real

bundle.

𝑟 C𝑟 Sred independent block (𝐾𝑂𝑛, 𝐾𝑂𝑛+1)
0 ℝ 𝐸+ℝ ⊕ 𝐸

−
ℝ 𝐴ℝ (ℤ,ℤ/2)

1 𝐶0,1 𝑊ℝ ⊕𝑊ℝ 𝐾∗
ℝ = −𝐾ℝ (ℤ/2, ℤ/2)

2 𝐶0,2 (𝐸+ℂ ⊕ 𝐸
−
ℂ)ℝ 𝐴𝑇ℂ = −𝐴ℂ (ℤ/2, 0)

3 ℍ ⊗ 𝐶1,0 𝑊ℍ ⊕𝑊ℍ 𝑇 ∗
ℍ = 𝑇ℍ (0, ℤ)

4 ℍ 𝐸+ℍ ⊕ 𝐸−ℍ 𝐴ℍ (ℤ, 0)
5 ℍ ⊗ 𝐶0,1 𝑊ℍ ⊕𝑊ℍ 𝐾∗

ℍ = −𝐾ℍ (0, 0)
6 𝐶2,0 (𝐸+ℂ ⊕ 𝐸

−
ℂ)ℝ 𝐴𝑇ℂ = 𝐴ℂ (0, 0)

7 𝐶1,0 𝑊ℝ ⊕𝑊ℝ 𝑇 ∗
ℝ = 𝑇ℝ (0, ℤ).

(8.3)

Here 𝑊ℝ = Σ𝐽 in residues one and seven, and 𝐽 defines the quaternionic structure on 𝑊ℍ in residues

three and five. The formal transpose in residues two and six is defined by the charge-conjugate duality

between the chiral bundles and the 𝐿2 pairing. On a finite spectral subspace it is the matrix transpose

in (2.4). The full reduced operator is (𝐴) in the even rows and

𝐹−(𝐾) = (
0 −𝐾
𝐾 0 ) (𝑟 = 1, 5), 𝐹+(𝑇 ) = (

0 𝑇
𝑇 0) (𝑟 = 3, 7).

For the Dirac operator, 𝐾 = 𝑖𝐷 and 𝑇 = 𝐷 on the indicated real or quaternionic space. The grading

on the doubled bundles is diag(𝐼 , −𝐼).
The corners follow from the Clifford algebra table and the ungraded identification Cl0𝑛 ≅ Cl𝑛−1

[10, Table 1 and Proposition 5.4]. Their actions can also be read directly from (2.1). Write 𝐼ℂ for

multiplication by 𝑖. In residues two and six, the odd generators are 𝐽 and 𝐼ℂ𝐽 : they anticommute and

have squares −𝐼 in residue two and +𝐼 in residue six. In residue four, 𝐼ℂ and 𝐽 generate the even

quaternionic action. In residues three and five this action is diagonal on the doubled bundle; the

remaining odd generator is, respectively,

𝑈+ = (
0 𝐼
𝐼 0) , 𝑈− = (

0 −𝐼
𝐼 0 ) .

By the model in Section 2, Clifford multiplication by 𝜔𝑛 on the odd complex spinor bundle is respec-

tively 𝑖𝐼 , 𝐼 , −𝑖𝐼 , −𝐼 in residues 1, 3, 5, 7. On its real doubled model, Clifford multiplication is 𝐹−(𝑖𝑐(𝜉))
in residues 1, 5 and 𝐹+(𝑐(𝜉)) in residues 3, 7. Since 𝜔𝑛 is central, its left and right actions on Sfr agree.

Hence

𝑛 mod 8 1 3 5 7
𝑅𝜔𝑛 −𝑈− 𝑈+ 𝑈− −𝑈+.

Commutation with these actions, oddness, and self-adjointness give exactly the independent blocks

in (8.3).

The projection 𝑒 is full in Cl𝑛. Since 𝑎(𝑠𝑒) = (𝑎𝑠)𝑒 for every spin transition function 𝑎, Sred is a

global graded subbundle. The inverse Morita construction is

Sred ⊗C𝑟 𝑒Cl𝑛 ⟶ Sfr, 𝑥 ⊗ 𝑞 ⟼ 𝑥𝑞.

For homogeneous matrix units with 𝐸11 = 𝑒 and 𝐸∗𝑖𝑗 = 𝐸𝑗𝑖, its inverse is 𝑠 ↦ ∑𝑗 𝑠𝐸𝑗1 ⊗ 𝐸1𝑗 . Thus

a reduced compatible potential lifts by 𝑥 ⊗ 𝑞 ↦ 𝑉𝑥 ⊗ 𝑞. The construction preserves grading and

adjoints and commutes with spin transition functions and positive spinor comparison. It requires

no framing of 𝑇𝑀 . In particular the doubled bundles in the odd rows retain their residual Clifford

action; their two summands are not counted as two independent index modules.

The right Clifford 𝐿2-module is ample: over a coordinate ball, the fibre is the regular graded Clifford

module and each irreducible summand occurs with infinite multiplicity in its space of sections. Let 𝜄
be the grading, 𝐸𝑗 = 𝑅𝑐𝑗 , 𝜔 = 𝜄𝐸1⋯𝐸𝑛, and let 𝐹 be the bounded transform of the full Clifford-linear
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operator. Put 𝑓 (𝑡) = 𝑡(1 + 𝑡2)−1/2. In residues three and seven, respectively, the primitive reduction

of 𝜔𝐹𝜄 is

−diag(𝑓 (𝑇 ), 𝑓 (𝑇 )), + diag(𝑓 (𝑇 ), 𝑓 (𝑇 )).

Indeed, 𝐸1⋯𝐸𝑛 = −𝑅𝜔𝑛 and 𝜔𝐹𝜄 = (𝐸1⋯𝐸𝑛)𝐹 in these residues. After complexification, choose

nonzero compactly supported local spinors 𝑎± on a coordinate patch with 𝑑𝑠 ≠ 0 such that 𝑖𝑐(𝑑𝑠)𝑎± =
±|𝑑𝑠|𝑎±. The two symbol eigenspaces are interchanged by Clifford multiplication by a nonzero

covector orthogonal to 𝑑𝑠. For 𝑇 = 𝐷 + 𝑉 ,

⟨𝑇 (𝑒𝑖𝑁 𝑠𝑎±), 𝑒𝑖𝑁 𝑠𝑎±⟩𝐿2 = ±𝑁 ∫
𝑀
|𝑑𝑠| |𝑎±|2 𝑑𝑣𝑔 + 𝑂(1).

Thus 𝑇 has spectrum unbounded in both directions. Since 𝑀 is closed, its resolvent is compact, and

𝑓 (𝑇 ) has essential spectral values +1 and −1. The full Morita reconstruction repeats these blocks.

Hence 𝜔𝐹𝜄 is neither essentially positive nor essentially negative, as in [41, Definition 2.6].

These are ample Cl𝑛,0-Fredholm families in the notation of [41, Definition 2.6]. Their degree is

𝐾𝑂−𝑛
. The representing theorem and the contractibility of the invertible subspace [41, Theorem 2.7,

Lemma 2.8, and Theorem 2.21] assign to each path with invertible endpoints a class in

𝐾𝑂−𝑛(𝐼 , 𝜕𝐼 ) = 𝐾𝑂−(𝑛+1)(pt) = 𝐾𝑂𝑛+1.

The coefficient groups in (8.3) have the normalization of [10, Table 2 and Theorem 11.5]. The four

minimal crossings are those in (8.1): a real chiral line and a real skew two-plane contribute one

modulo two; a quaternionic line and a real line crossing from negative to positive contribute +1 in

residues three and seven. In these two rows the product orientation places the ℝ-factor first, and the

chiral operator is 𝜕𝑡 + 𝑇𝑡 . Thus complex spectral flow is twice the integer invariant in residue three

and equals it in residue seven.

After smooth reparametrization, a coefficient path with invertible endpoints is constant on its

endpoint collars and extends constantly to ℝ. Its full Clifford operator is odd, symmetric, and of

Dirac type on the closed manifold 𝑀 , with common domain 𝐻 1
. Proposition 3.7 of [41] gives norm-

continuity of the bounded transforms, hence a relative family class. For a continuous family of

such paths in the smooth coefficient topology, parametrized by a compact CW pair (𝐵, 𝐵0), suppose

the paths are constant on 𝐵0. Choose a Clifford-linear metric connection constant in the cylinder

direction on the endpoint collars and over 𝐵0. These data satisfy Assumptions 3.11 and 3.13 of [41];

Theorem 3.18 identifies the family and suspension classes. The finite Clifford normalizations are

those of [26, Sections 2.3–2.5].

For an invertible base metric 𝑔∗, ordinary real index difference is denoted by

𝛿𝑔∗(𝑔, 𝑉 ) ∈ 𝐾𝑂𝑛+1, 𝛿𝑔∗(𝑔) = 𝛿𝑔∗(𝑔, 0).

It is the relative real family index of a path from (𝑔∗, 0) to (𝑔, 𝑉 ). Such a path is a smooth common-

domain family of elliptic Fredholm operators with invertible endpoints. In the global coordinates above,

affine interpolation between two such paths is a homotopy relative to their endpoints. Their relative

family classes therefore agree. The index is additive under concatenation, with the normalizations in

(8.1) [26, Sections 2.4, 6.2 and Theorem 8.1].

Lemma 8.1. The fixed-density inclusion inv
𝜇 (𝑀) → inv(𝑀) is a homotopy equivalence. The same

assertion holds for compatible pairs, for the chiral minimal loci, and with a prescribed exterior whose
density is 𝜇. These equivalences preserve ordinary index difference wherever it is defined.

Proof. For 𝑔 ∈ (𝑀) put 𝑓 = 𝑛−1 log(𝜇/𝑑𝑣𝑔), 𝑔𝑡 = 𝑒2𝑡𝑓 𝑔 , and let 𝛽𝑡 ∶ Σ𝑔 → Σ𝑔𝑡 be the pointwise

conformal spinor isometry. Define

𝑉𝑡 = 𝑒−𝑡𝑓 𝛽𝑡𝑉𝛽−1𝑡 .

Conformal covariance [35, Section 2] gives

(𝐷𝑔𝑡 + 𝑉𝑡)(𝑒
−(𝑛−1)𝑡𝑓 /2𝛽𝑡𝜓) = 𝑒−(𝑛+1)𝑡𝑓 /2𝛽𝑡(𝐷𝑔 + 𝑉 )𝜓.



DIRAC SPECTRA AND SPACES OF METRICS 35

The multiplication factors are isomorphisms and preserve chirality and charge conjugation. They

identify the kernels, including each chiral kernel. Moreover 𝑑𝑣𝑔1 = 𝜇, and the path is stationary when

𝑑𝑣𝑔 = 𝜇. On a prescribed exterior of density 𝜇 one has 𝑓 = 0. Thus these paths are strong deformation

retractions of the indicated spaces. Homotopy invariance gives the index assertion. □

8.2. Removal of multiplication potentials.

Proposition 8.2. The inclusions

inv,𝜇(𝑈) ⟶ inv,𝜇(𝑈), min,𝜇(𝑈) ⟶ min,𝜇(𝑈), 𝑔 ⟼ (𝑔, 0),

are weak homotopy equivalences; the second inclusion concerns the chiral block of index −𝑎 in dimension
𝑛 ≡ 4 (mod 8). For a compact smooth parameter manifold 𝐵 and a closed subset 𝐵0 ⊂ 𝐵, every smooth
family in either pair space whose potential vanishes near 𝐵0 is homotopic to a family of pure metrics,
relative to a neighborhood of 𝐵0. In the invertible locus the homotopy preserves ordinary index difference.
The assertions include 𝑈 = 𝑀 .

Proof. Let 𝐵 be the parameter manifold. In the direct comparison with 𝑔𝑏 , regard all operators below

as operators on 𝐿2(Σ𝑔𝑏 ) with domain 𝐻 1(Σ𝑔𝑏 ). The estimates are uniform in 𝑏 , using one fixed

reference metric. First suppose that the potentials have support in one compact subset of 𝑈 . Write

𝐿𝑏 = 𝐷𝑔𝑏 + 𝑉𝑏 . Choose a smooth function 𝑠 ∶ [0, 1] → [0, 1] equal to zero and one on the respective

endpoint collars, and put

𝐴𝑏,𝑡 = 𝐷𝑔𝑏 + 𝑠(𝑡)𝑉𝑏 , 𝐶𝑏,𝑡 = (1 − 𝑠(𝑡))𝑉𝑏 .

Thus 𝐴𝑏,𝑡 +𝐶𝑏,𝑡 = 𝐿𝑏 . Choose 𝜏 > 2 sup𝑏 ‖𝑉𝑏 ‖∞, with 𝜏 > 0. Apply Theorem R to the potential 𝑠(𝑡)𝑉𝑏 ,

the reference metric 𝑔𝑏 , and  = 𝐵 × [0, 1] × {𝑖𝜏}. The operator 𝐴𝑏,𝑡 is self-adjoint, so this compact set

lies in its resolvent set. The potential has one compact spatial support and vanishes near 𝐵 × {0} and

𝐵0 × [0, 1]. The theorem gives metrics 𝑔𝑏,𝑡 and compared pure Dirac operators 𝑇𝑏,𝑡 satisfying

‖‖(𝑇𝑏,𝑡 − 𝑖𝜏)
−1 − (𝐴𝑏,𝑡 − 𝑖𝜏)−1‖‖ < 𝜂.

The metrics retain the exterior and density, and equal 𝑔𝑏 on the initial collar and near 𝐵0 × [0, 1].
If 𝐵 has boundary, extend the smooth coefficient data to a neighborhood of 𝐵, extend 𝑠 constantly

across the endpoint collars, and apply the theorem on a smooth compact neighborhood of 𝐵 × [0, 1]
with rounded corners. The extension retains the compact spatial support and the vanishing near the

prescribed parameter subset. Restriction gives the stated family.

For bounded 𝐶 and 𝑅 set 𝐹𝐶(𝑅) = 𝑅(𝐼 + 𝐶𝑅)−1 when this is defined. The resolvent formula and its

difference identity give

𝐹𝐶((𝐴 − 𝑖𝜏)−1) = (𝐴 + 𝐶 − 𝑖𝜏)−1,

𝐹𝐶(𝑆) − 𝐹𝐶(𝑅) = (𝐼 + 𝑆𝐶)−1(𝑆 − 𝑅)(𝐼 + 𝐶𝑅)−1.

Here ‖𝐶𝑏,𝑡‖ ≤ sup𝑏 ‖𝑉𝑏 ‖∞ < 𝜏/2. Self-adjointness gives ‖(𝑇𝑏,𝑡 − 𝑖𝜏)−1‖, ‖(𝐴𝑏,𝑡 − 𝑖𝜏)−1‖ ≤ 𝜏−1. The

Neumann series therefore bounds both inverse factors by two. Consequently

‖‖(𝑇𝑏,𝑡 + 𝐶𝑏,𝑡 − 𝑖𝜏)
−1 − (𝐿𝑏 − 𝑖𝜏)−1‖‖ < 4𝜂. (8.4)

If 𝐿𝑏 is invertible, then 𝐼 + 𝑖𝜏(𝐿𝑏 − 𝑖𝜏)−1 has inverse 𝐼 − 𝑖𝜏𝐿−1𝑏 . Compactness of 𝐵 and the common-

domain inverse theorem give 𝐶0 = sup𝑏 ‖𝐼 − 𝑖𝜏𝐿−1𝑏 ‖ < ∞. For 4𝜏𝜂𝐶0 < 1, the Neumann lemma and

(8.4) give invertibility of 𝐼 + 𝑖𝜏(𝑇𝑏,𝑡 + 𝐶𝑏,𝑡 − 𝑖𝜏)−1. The identity

𝑇𝑏,𝑡 + 𝐶𝑏,𝑡 = [𝐼 + 𝑖𝜏(𝑇𝑏,𝑡 + 𝐶𝑏,𝑡 − 𝑖𝜏)−1](𝑇𝑏,𝑡 + 𝐶𝑏,𝑡 − 𝑖𝜏)

then gives invertibility on the common domain 𝐻 1
.

In the chiral minimal case, the full operator 𝐿𝑏 has quaternionic kernel dimension 𝑎. There is 𝜌 > 0
such that Spec(𝐿𝑏) ∩ [−2𝜌, 2𝜌] ⊂ {0} for every 𝑏 . To see this, choose at each parameter a small circle

enclosing only zero. Its quaternionic spectral rank is 𝑎 and remains 𝑎 nearby. Every neighboring
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kernel also has dimension 𝑎, so the entire nearby spectral subspace is the kernel. A finite cover of 𝐵
then gives the stated 𝜌. Let 𝛾 = {𝑧 ∶ |𝑧| = 𝜌}. For 𝑧 ∈ 𝛾 ,

(𝐿𝑏 − 𝑧)−1 = (𝐿𝑏 − 𝑖𝜏)−1[𝐼 + (𝑖𝜏 − 𝑧)(𝐿𝑏 − 𝑖𝜏)−1]
−1.

The last inverses are uniformly bounded. Equation (8.4), the Neumann lemma, and the same identity

for 𝑇𝑏,𝑡+𝐶𝑏,𝑡 give uniform resolvent convergence on 𝛾 as 𝜂 → 0. The contour projections are therefore

within norm less than one. They are finite-rank orthogonal projections commuting with 𝐽 and have

the same complex rank, hence the same quaternionic rank 𝑎. The chiral index of 𝑇𝑏,𝑡 + 𝐶𝑏,𝑡 is still −𝑎.

Its total kernel has dimension at least 𝑎 and is contained in this rank-𝑎 projection. Consequently the

chosen chiral block is injective throughout the homotopy.

Transport 𝐶𝑏,𝑡 to the realized spinor bundle by the direct unitary comparison. Compatibility and

the pointwise norm are preserved. The homotopy begins at (𝑔𝑏 , 𝑉𝑏) and ends with zero potential. Its

density and exterior are fixed, and it is stationary where the potential was zero near the prescribed

parameter set.

For the support condition in (8.2), choose 𝜒 ∈ 𝐶∞
𝑐 (𝑈), 0 ≤ 𝜒 ≤ 1, for which

sup
𝑏

‖(1 − 𝜒)𝑉𝑏 ‖∞ < 𝜀.

Such a cutoff exists: the continuous function 𝑥 ↦ sup𝑏 |𝑉𝑏(𝑥)| vanishes on 𝑀 ⧵ 𝑈 , so its superlevel

set at any positive value is compact in 𝑈 . The interpolation 𝑉𝑏 ↦ (1 − 𝑡 + 𝑡𝜒)𝑉𝑏 has the prescribed

parameter identities. In the invertible case, choose 𝜀 sup𝑏 ‖𝐿−1𝑏 ‖ < 1. In the chiral case, write 𝐴𝑏 for

the injective block. With a fixed Hilbert norm on 𝐻 1
, let 𝐴♯𝑏 ∶ 𝐿2 → 𝐻 1

be its bounded adjoint. The

closed range and injectivity give the left inverse

𝐺𝑏 = (𝐴♯𝑏𝐴𝑏)
−1𝐴♯𝑏 ∶ 𝐿2 ⟶𝐻 1.

It depends continuously on 𝑏 , so its norm is uniformly bounded. Choose 𝜀 sup𝑏 ‖𝐺𝑏 ‖𝐿2→𝐿2 < 1. If

(𝐴𝑏 + 𝐸)𝑢 = 0, then 𝑢 = −𝐺𝑏𝐸𝑢, whence ‖𝑢‖2 ≤ ‖𝐺𝑏 ‖𝐿2→𝐿2‖𝐸‖∞‖𝑢‖2. Thus 𝑢 = 0. Hence the cutoff

interpolation remains in the required locus. It is a continuous homotopy in the smooth topology

because 𝜒 is fixed. The preceding construction applies to its endpoint.

It remains to pass to continuous maps from spheres and disks. In logarithmic metric and fixed

potential coordinates, either locus is an open subset  of a real Fréchet space: the operator map is

continuous into (𝐻 1, 𝐿2), and an invertible operator, or an injective Fredholm block, remains so

under a sufficiently small perturbation. For a continuous map ℎ ∶ 𝐵 →  from a compact smooth

parameter manifold, choose a continuous seminorm 𝑝 and 𝜖 > 0 such that

ℎ(𝐵) + {𝑣 ∶ 𝑝(𝑣) < 𝜖} ⊂ .

Choose a finite cover (𝑈𝑖), points 𝑏𝑖 ∈ 𝑈𝑖, and a smooth partition of unity (𝜑𝑖) with 𝑝(ℎ(𝑏)−ℎ(𝑏𝑖)) < 𝜖
on 𝑈𝑖. Then ℎ′ = ∑𝑖 𝜑𝑖ℎ(𝑏𝑖) is smooth and 𝑝(ℎ′ − ℎ) < 𝜖. If ℎ is smooth near a closed set 𝐾 , choose

𝜃 = 1 near 𝐾 with support in that neighborhood and replace ℎ′ by 𝜃ℎ + (1 − 𝜃)ℎ′. This preserves ℎ
near 𝐾 . The affine homotopy from ℎ to ℎ′ remains in . All these operations preserve the prescribed

exterior.

For a based sphere, precompose with a map homotopic to the identity, fixing the basepoint and

constant near it. Smooth approximation relative to that neighborhood, followed by the removal above,

gives a based pure metric representative. For a pair filling of a metric sphere, first approximate the

boundary within the metric locus. Attach its short metric homotopy as an annulus and make the new

boundary data constant in the normal collar coordinate. Smooth the resulting pair disk relative to

that collar and remove its potential relative to the collar. Attaching the reverse metric annulus gives a

pure metric filling of the original sphere. The argument for points and intervals gives the bijection on

components, and these relative sphere and disk arguments give the isomorphisms on all homotopy

groups. Each deformation is a pair homotopy; homotopy invariance therefore preserves the ordinary

relative real family index. □
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9. Supported compatible potentials

9.1. Supported multiplication endomorphisms. Weak unique continuation holds for 𝐷𝑔 + 𝑉 with 𝑉
smooth. Indeed,

(𝐷𝑔 + 𝑉 )2 = ∇∗∇ + 𝑃1 + 𝑃0,

where 𝑃1 and 𝑃0 have orders at most one and zero. Theorem 6.2.8 of [56], due to Aronszajn [7],

therefore applies. A solution vanishing on a nonempty open subset of a connected manifold vanishes

identically.

Proposition 9.1. Let 𝑋 = 𝑊∞ be connected, 𝑛 ≥ 3, with fixed invertible cylindrical ends; the case
𝜕𝑊 = ∅, 𝑋 = 𝑊 , is allowed. Suppose 𝛼(𝑊 , ℎ) = 0, interpreted as 𝛼(𝑊) = 0 when the boundary is
empty. For every nonempty open 𝑈 ⋐ int𝑊 there is 𝑉 ∈ 𝐶∞

𝑐 (𝑈 ;A𝑛) such that 𝐷𝑔 + 𝑉 is invertible.

Proof. Choose a closed coordinate ball 𝐾 ⋐ 𝑈 with nonempty interior, and put

V𝐾 = {𝑉 ∈ 𝐶∞(𝑋;A𝑛) ∶ supp𝑉 ⊂ 𝐾}.

The operators 𝐷𝑔 + 𝑉 , 𝑉 ∈ V𝐾 , are self-adjoint Fredholm operators on 𝐻 1
, by Section 2. Their

finite nullities form a nonempty subset of ℤ≥0. Choose 𝑉0 ∈ V𝐾 attaining its minimum 𝑚, and set

𝐿 = 𝐷𝑔 + 𝑉0, 𝐹 = ker 𝐿.

A sufficiently small circle about zero encloses no other spectral value of 𝐿. For 𝑉 ∈ V𝐾 sufficiently

close to 𝑉0 in 𝐿∞, its Riesz projection has rank 𝑚 and contains ker(𝐷𝑔 + 𝑉 ). Minimality gives the

reverse dimension inequality. Thus the cluster consists entirely of zero modes and the nullity is

constant on this neighborhood in V𝐾 . Its complete matrix is zero. Lemma 6.4 gives, with 𝑃 the

orthogonal projection onto 𝐹 ,

𝑃𝐵𝑃 = 0 (𝐵 ∈ 𝐶∞
𝑐 (int 𝐾;A𝑛)). (9.1)

By Lemma 6.5,

𝑒∗𝑥𝑄𝑒𝑥 = 0 (𝑥 ∈ int 𝐾, 𝑄 ∈ A𝑛,𝑥),

where 𝑒𝑥 ∶ 𝐹 → Σ𝑥𝑋 is evaluation. Both identities hold at every potential in the same neighborhood.

The real index remains 𝛼(𝑊 , ℎ) along 𝐷𝑔 + 𝑡𝑉0.
Suppose 𝑛 ≡ 0 or 4 (mod 8). The chiral kernels have equal dimension over ℝ or ℍ, respectively.

If this dimension is positive, choose nonzero kernel spinors 𝜙+ and 𝜙− of opposite chirality, with

𝐽𝜙± = 𝜙± in residue zero. Their nonzero loci are open and dense by unique continuation. At a

common nonzero point 𝑥 ∈ int 𝐾 , put 𝑢 = 𝜙+(𝑥), 𝑣 = 𝜙−(𝑥) and 𝑍 = 𝑣𝑢∗/|𝑢|2. The compatible chiral

matrix (𝑍) then satisfies

⟨𝑣, 𝑍𝑢⟩ = |𝑣|2 > 0,

contrary to the pointwise compression identity.

If 𝑛 ≡ 3 or 7 (mod 8), 𝑄 = 𝐼 is compatible. Hence 𝑒∗𝑥𝑒𝑥 = 0 on int 𝐾 , and unique continuation

gives 𝐹 = 0.

If 𝑛 ≡ 5 (mod 8), 𝐽 2 = −𝐼 and 𝐽 𝐿 = −𝐿𝐽 . For 0 ≠ 𝑢 ∈ Σ𝑥𝑋 , the endomorphism

𝑄 = 𝑢𝑢∗ − (𝐽𝑢)(𝐽𝑢)∗

is self-adjoint and satisfies 𝐽𝑄 = −𝑄𝐽 . Antiunitarity and 𝐽 2 = −𝐼 give ⟨𝑢, 𝐽𝑢⟩ = 0, so ⟨𝑄𝑢, 𝑢⟩ = |𝑢|4 >
0. Taking 𝑢 = 𝜙(𝑥) for a nonzero 𝜙 ∈ 𝐹 contradicts the pointwise compression identity at a point

where 𝜙(𝑥) ≠ 0.

If 𝑛 ≡ 6 (mod 8), charge conjugation exchanges the chiral kernels. For 𝜙 ∈ ker 𝐿+ and 𝑢 = 𝜙(𝑥),
pairing 𝜙 with 𝐽𝜙 in charge coordinates gives

𝑢𝑇𝑍𝑢 = 0 (𝑍𝑇 = 𝑍).

If 𝑢𝑗 ≠ 0, the choice 𝑍 = 𝐸𝑗𝑗 contradicts this identity. Unique continuation and charge conjugation

therefore give 𝐹 = 0.
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If 𝑛 ≡ 1 (mod 8), put 𝐹ℝ = 𝐹 ∩Fix 𝐽 . Testing with 𝑖 times every real skew-symmetric matrix shows

that the real evaluation image of 𝐹ℝ has dimension at most one at each point of int 𝐾 . If 𝜙, 𝜓 ∈ 𝐹ℝ are

independent, choose a ball in int 𝐾 on which 𝜙 ≠ 0. There 𝜓 = 𝑓 𝜙 for a smooth real function 𝑓 , and

0 = 𝐿(𝑓 𝜙) − 𝑓 𝐿𝜙 = 𝑐(𝑑𝑓 )𝜙.

Since 𝑐(𝜂)2 = −|𝜂|2𝐼 for real 𝜂, one has 𝑑𝑓 = 0. Unique continuation extends the resulting constant

proportionality to 𝑋 , a contradiction. Thus dimℝ 𝐹ℝ ≤ 1. Its parity is the vanishing mod-two index,

so 𝐹 = 0.

For 𝑛 ≡ 2 (mod 8), the dimension restriction gives 𝑛 ≥ 10. The local constancy established above

is the hypothesis of Lemma 9.2; hence dimℂ ker 𝐿+ ≤ 1. This dimension is even because its mod-two

index vanishes. Charge conjugation gives 𝐹 = 0.

In every case 𝐿 is self-adjoint Fredholm with zero kernel, and therefore has a bounded inverse. □

Lemma 9.2. Let 𝑋, 𝐾,V𝐾 be as above and let 𝑛 ≡ 2 (mod 8), 𝑛 ≥ 10. Suppose 𝑉0 ∈ V𝐾 and put
𝐿 = 𝐷𝑔 +𝑉0. If dimℂ ker(𝐷𝑔 +𝑉 ) is constant for 𝑉 in a neighborhood of 𝑉0 in V𝐾 , then dimℂ ker 𝐿+ ≤ 1.

Proof. Set 𝐹 = ker 𝐿 and 𝐹+ = ker 𝐿+. Local constancy and Lemma 6.4 give (9.1), also after every

sufficiently small change of 𝑉0 in V𝐾 . In charge coordinates the independent compatible matrices are

complex skew-symmetric. Pairing a positive zero mode with the charge conjugate of another and

applying Lemma 6.5 gives

𝑣𝑇 (𝐸𝑖𝑗 − 𝐸𝑗𝑖)𝑢 = 𝑣𝑖𝑢𝑗 − 𝑣𝑗𝑢𝑖 = 0.

Consequently

𝜙(𝑥) ∧ 𝜓(𝑥) = 0 (𝜙, 𝜓 ∈ 𝐹+, 𝑥 ∈ int 𝐾). (9.2)

The identity holds for the positive zero modes of every such nearby operator.

Suppose 𝜙, 𝜓 ∈ 𝐹+ are independent. On a ball 𝑂 ⋐ int 𝐾 where 𝜙 ≠ 0, write 𝜓 = 𝑓 𝜙, with 𝑓
smooth and complex-valued. If 𝑑𝑓 = 0 on 𝑂 , unique continuation gives constant proportionality

on 𝑋 . Thus 𝑑𝑓 ≠ 0 somewhere on 𝑂 . Choose 𝑂′ ⋐ 𝑂 containing such a point and extend 𝑓 to a

compactly supported smooth function on 𝑋 , unchanged near 𝑂′
.

For 𝐵 ∈ 𝐶∞
𝑐 (𝑂′;A𝑛), let 𝑃𝑡 be the zero projection of 𝐿 + 𝑡𝐵, and let 𝑈𝑡 ∶ 𝐹 → im𝑃𝑡 be its polar

frame based on the inclusion of 𝐹 . These maps preserve chirality. The identity 𝑃𝑃̇𝑃 = 0 gives 𝑃𝑈̇0 = 0.

With 𝜙𝑡 = 𝑈𝑡𝜙, 𝜓𝑡 = 𝑈𝑡𝜓, and

𝑅 = (𝐿|𝐹⟂)
−1(𝐼 − 𝑃) ∶ 𝐿2 ⟶𝐻 1,

one has Γ𝑅 = −𝑅Γ. Differentiation in the common domain yields

𝜙̇ = −𝑅𝐵𝜙, 𝜓̇ = −𝑅𝐵𝜓. (9.3)

These derivatives also hold in 𝐶∞
loc. Indeed, the interior elliptic estimates [61, Theorems 18.1.24

and 18.1.29], applied to 𝐿𝜙𝑡 = −𝑡𝐵𝜙𝑡 , bound 𝜙𝑡 in every local Sobolev norm. The identity 𝐿(𝜙𝑡 −𝜙) =
−𝑡𝐵𝜙𝑡 and convergence in 𝐿2 then give 𝜙𝑡 → 𝜙 in 𝐶∞

loc. For 𝑞𝑡 = (𝜙𝑡 − 𝜙)/𝑡 − 𝜙̇ one has

𝐿𝑞𝑡 = −𝐵(𝜙𝑡 − 𝜙), 𝑞𝑡 ⟶ 0 in 𝐿2.

The same estimates give 𝑞𝑡 → 0 in 𝐶∞
loc. The argument for 𝜓𝑡 is identical.

Differentiating (9.2) on 𝑂′
gives 𝜓̇ − 𝑓 𝜙̇ ∈ ℂ𝜙. Since 𝐵𝜓 = 𝑓 𝐵𝜙 on 𝑋 , the quotient map Π𝑥 ∶

Σ+𝑥 → Σ+𝑥/ℂ𝜙(𝑥) satisfies

Π[𝑅, 𝑓 ](𝐵𝜙) = 0 on 𝑂′. (9.4)

Write 𝑢 = 𝜙(𝑥) in the charge coordinates and set 𝜙 = {𝑦 ∈ Σ− ∶ 𝑢𝑇𝑦 = 0} on 𝑂′
. For

𝑦 ∈ 𝐶∞
𝑐 (𝑂′;𝜙), put

𝑤 =
𝑢̄
|𝑢|2

, 𝑍𝑦 = 𝑦𝑤𝑇 − 𝑤𝑦𝑇 .
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Then 𝑍𝑇𝑦 = −𝑍𝑦 and 𝑍𝑦𝑢 = 𝑦(𝑤𝑇𝑢) − 𝑤(𝑦𝑇𝑢) = 𝑦. Thus 𝐵 = (
0 𝑍∗

𝑦
𝑍𝑦 0 ) is smooth, compatible,

supported in 𝑂′
, and satisfies 𝐵𝜙 = 𝑦. Equation (9.4) therefore holds for every compactly supported

smooth section of 𝜙.

The operator 𝑅 is locally pseudodifferential of order −1. Choose nested interior coordinate balls

and a properly supported two-sided elliptic parametrix 𝑄 on the larger ball [61, Theorem 18.1.24 and

pp. 91–93]. On the product of the smaller balls let 𝑆 be the difference of the kernels of 𝑅 and 𝑄. The

identities 𝐿𝑅 = 𝑅𝐿 = 𝐼 − 𝑃 show that 𝐿𝑥𝑆 and 𝐿𝑡𝑦𝑆 are smooth there; 𝐿𝑡𝑦 acts on the dual bundle in

the second variable. The finite-rank kernel of 𝑃 is smooth by elliptic regularity. The operator

𝐿∗𝑥𝐿𝑥 + (𝐿𝑡𝑦)
∗𝐿𝑡𝑦

has principal symbol (|𝜉 |2 + |𝜂|2)𝐼 on this product. Elliptic regularity gives 𝑆 ∈ 𝐶∞
.

The principal symbol of the component 𝑅 ∶ Σ− → Σ+ is 𝑖𝑐(𝜉)/|𝜉 |2. The composition formula [61,

Theorem 18.1.8, p. 71] gives

𝜎−2([𝑅, 𝑓 ]) =
𝑐(𝑑𝑓 )
|𝜉 |2

− 2
⟨𝜉, 𝑑𝑓 ⟩𝑐(𝜉)

|𝜉 |4
. (9.5)

The pairing here is the complex-bilinear extension of 𝑔−1. Composition with the inclusion of 𝜙
and the quotient Π multiplies the principal symbol by the corresponding pointwise maps. Since (9.4)

vanishes on every test section,

Π(
𝑐(𝑑𝑓 )
|𝜉 |2

− 2
⟨𝜉, 𝑑𝑓 ⟩𝑐(𝜉)

|𝜉 |4 )
|||𝜙

= 0. (9.6)

At a point where 𝑑𝑓 ≠ 0, choose a nonzero real covector 𝜉 perpendicular to both Re 𝑑𝑓 and

Im 𝑑𝑓 . Put 𝑟 = 2𝑛/2−1 = dimℂ Σ±𝑥 . If 𝑔−1(𝜂, 𝜂) ≠ 0, the Clifford relation makes both chiral maps

𝑐(𝜂) invertible. If 𝜂 ≠ 0 is null, choose a maximal isotropic subspace containing 𝜂. In the exterior

model [47, Lemma 20.9 and equation (20.11), pp. 304–305], 𝑐(𝜂) is a nonzero multiple of exterior

multiplication by its first generator. On each parity its image has dimension 2𝑛/2−2 = 𝑟/2. Thus every

nonzero complex covector satisfies rank 𝑐(𝜂) ≥ 𝑟/2 on either chiral space.

Restriction to a hyperplane and quotient by a line each lower the rank of a linear map by at most

one. Taking 𝜂 = 𝑑𝑓 and the chosen 𝜉 in (9.6) therefore gives

0 = rank(Π𝑐(𝑑𝑓 )|𝜙) ≥ 𝑟/2 − 2 ≥ 8 − 2 > 0,

a contradiction. □

10. Parameter families and kernel incidence

Throughout this section, 𝑀 is closed and connected. The spin structure and the positive compar-

isons of Section 2 are fixed. All Sobolev spaces are taken on the resulting fixed bundles.

Lemma 10.1. Let  be the space of smooth compatible potential fields on 𝐼 × 𝑀 , where 𝐼 = [0, 1],
vanishing on fixed endpoint collars, or its subspace defined by 𝑄𝑡𝜓𝑡 = 0 for a fixed smooth spinor family
𝜓𝑡 . The same assertions hold without the variable 𝑡. There is a continuous linear map

𝑞 ∶ 𝓁2 ⟶ 

with dense range, where 𝓁2 = 𝓁2(ℕ; ℝ). For every 𝑘, this map is bounded with values in 𝐶𝑘 ; multiplication
by 𝑞(𝑝) depends smoothly on 𝑝 at each fixed Sobolev order.

Let  be a second-countable Sobolev Banach manifold, and let 𝐹 be a smooth Banach bundle section
over 𝓁2 × . At every zero, suppose that 𝐷𝑧𝐹 is Fredholm of index 𝑑 and that the composition of 𝐷𝑝𝐹
with the quotient onto coker𝐷𝑧𝐹 is surjective. Then 𝐹−1(0) is a smooth Banach submanifold, and its
projection to 𝓁2 is Fredholm of index 𝑑.
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Proof. The support and pointwise conditions define a closed subspace of the separable Fréchet space of

smooth fields. Choose a dense sequence (𝑄𝑗 ) and increasing 𝐶𝑘 seminorms, including time derivatives

when present. Choose 0 < 𝑎𝑗 ≤ 2−𝑗 (1 + ‖‖𝑄𝑗 ‖‖𝐶𝑗 )
−1

and set

𝑞(𝑝) = ∑
𝑗≥1
𝑎𝑗𝑝𝑗𝑄𝑗 . (10.1)

For each 𝑘, Cauchy–Schwarz gives

‖𝑞(𝑝)‖𝐶𝑘 ≤ (
∑
𝑗≥1
𝑎2𝑗 ‖‖𝑄𝑗 ‖‖

2
𝐶𝑘)

1/2

‖𝑝‖𝓁2 ≤ 𝐶𝑘 ‖𝑝‖𝓁2 .

Thus the series converges in every smooth seminorm and preserves the constraints. Its range

contains the span of the 𝑄𝑗 , hence is dense. The same estimates hold after time differentiation.

The multiplication map 𝐶𝑘 × 𝐻 𝑠 → 𝐻 𝑠 is bounded for sufficiently large 𝑘, which gives the asserted

smooth dependence. In particular, the image of a sufficiently small 𝓁2 ball lies in any prescribed 𝐶∞

neighborhood of zero.

At a zero, put 𝐿 = 𝐷𝑧𝐹 , 𝐶 = 𝐷𝑝𝐹 , and let [𝐶] ∶ 𝓁2 → coker 𝐿 be the induced map. A complement

of ker 𝐿, together with finitely many parameter directions mapped onto coker 𝐿, gives a bounded

right inverse for (𝐶, 𝐿). The Banach implicit function theorem [46, Theorem 13.20] gives the zero

submanifold. Its tangent projection satisfies

ker𝐷𝜋 ≅ ker 𝐿, im𝐷𝜋 = ker[𝐶], coker𝐷𝜋 ≅ coker 𝐿.

Its Fredholm index is therefore ind 𝐿 = 𝑑. The zero manifold is second countable. The regular-value

conclusions of [77, Theorem 1.3 and Corollary 1.5] apply, since its projection is smooth. □

Lemma 10.2. Let 𝑝𝑡 be a smooth coefficient path in logarithmic metric and linear potential coordinates,
constant on fixed endpoint collars. Fix finitely many smooth potential directions. The path admits
arbitrarily close approximations in any finite collection of spatial and parameter seminorms by smooth
curves in finite-dimensional coefficient families analytic in their coefficient vectors. These families contain
the fixed directions, and the approximations equal 𝑝𝑡 on the prescribed collars.

Suppose, moreover, that the associated first-order elliptic family 𝐿𝑝 is real skew-adjoint. Let 𝜓𝑡 be a
smooth 𝐿2-unit family with 𝐿𝑝𝑡𝜓𝑡 = 0. If the incidence differential in the fixed potential directions and
the spinor directions is surjective, the approximations may be chosen as incidence curves, arbitrarily close
to (𝑝𝑡 , 𝜓𝑡) in the prescribed seminorms and equal to it on the collars.

Proof. Choose a smooth scalar function 𝜎, equal to zero and one on the two collars, and put 𝑏𝑡 =
(1 − 𝜎(𝑡))𝑝0 + 𝜎(𝑡)𝑝1. The smooth remainder 𝑝𝑡 − 𝑏𝑡 vanishes on the collars, with all jets zero at

their inner boundaries. Cutting it off inside the complement of the collars changes any prescribed

finite collection of seminorms by arbitrarily small amounts. A finite partition of unity in 𝑡 and local

Taylor polynomials then give a finite sum ∑𝑗 𝑓𝑗 (𝑡)𝑒𝑗 , with every 𝑓𝑗 supported off the collars, which

approximates this remainder in those seminorms. Adjoin 𝑝0, 𝑝1 and the fixed potential directions to

the span of the 𝑒𝑗 .
The resulting family 𝑧 ↦ 𝐿(𝑧) ∶ 𝐻 𝑠 → 𝐻 𝑠−1 is analytic. Indeed its coefficients are obtained from

matrix exponentials, inverses, positive square roots, their first spatial derivatives, and affine potentials.

These operations are analytic on the open sets in question, at each sufficiently high finite 𝐶𝑘 order.

Write𝑄(ℎ) = ∑𝑞
𝑗=1 ℎ𝑗𝑄𝑗 in a basis of the fixed potential span, and let 𝜄 ∶ ℝ𝑞 → ℝ𝑁 be its coefficient

inclusion; thus 𝐿(𝑧 + 𝜄ℎ) = 𝐿(𝑧) + 𝑄(ℎ). Fix an integer 𝑠 ≥ 1 and put

𝑡 = ℝ𝑞 ⊕ (𝜓⟂ℝ
𝑡 ∩ 𝐻 𝑠), 𝑡 = 𝜓⟂ℝ

𝑡 ∩ 𝐻 𝑠−1, 𝑃𝑡 = 𝑃𝜓⟂ℝ
𝑡
.

These are smooth real Hilbert bundles over 𝐼 . Their fibre maps

𝑇𝑡(ℎ, 𝑢) = 𝑃𝑡(𝑄(ℎ)𝜓𝑡 + 𝐿𝑝𝑡𝑢) ∶ 𝑡 ⟶ 𝑡
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are surjective. For 𝑠 > 1, an 𝐻 1
solution with target 𝑣 ∈ 𝑡 satisfies 𝐿𝑝𝑡𝑢 = 𝑣 − 𝑄(ℎ)𝜓𝑡 + 𝑐𝜓𝑡 ; elliptic

regularity [40, Theorem 15.1 and Remark 15.2] gives 𝑢 ∈ 𝐻 𝑠 . A surjective bounded map between

Hilbert spaces has a bounded right inverse. In local trivializations of both bundles, 𝐽𝑡0(𝑇𝑡𝐽𝑡0)−1 is a

smooth right inverse near 𝑡0. A finite partition of unity gives a smooth family 𝐽𝑡 with 𝑇𝑡𝐽𝑡 = 𝐼 . Put

𝑀𝐽 = sup𝑡 ‖𝐽𝑡‖ < ∞.

Let 𝑧0(𝑡) be a coefficient approximation, equal to 𝑝𝑡 on the collars. For (ℎ, 𝑢) = 𝐽𝑡𝑤, define

Ψ𝑡(𝑤) = 𝑃𝑡(𝐿𝑝𝑡 + 𝑄(ℎ))(𝜓𝑡 + 𝑢), Φ𝑡(𝑤) = 𝑃𝑡𝐿(𝑧0(𝑡) + 𝜄ℎ)(𝜓𝑡 + 𝑢).

The identities 𝐿𝑝𝑡𝜓𝑡 = 0 and 𝑇𝑡𝐽𝑡 = 𝐼 give

Ψ𝑡(𝑤) = 𝑤 + 𝑃𝑡𝑄(ℎ)𝑢, Φ𝑡(𝑤) − Ψ𝑡(𝑤) = 𝑃𝑡Δ𝑡(𝜓𝑡 + 𝑢), Δ𝑡 = 𝐿(𝑧0(𝑡)) − 𝐿𝑝𝑡 . (10.2)

Set

𝐶𝑃 = sup
𝑡

‖𝑃𝑡‖𝐻 𝑠−1→𝐻 𝑠−1 , 𝑀𝜓 = sup
𝑡

‖𝜓𝑡‖𝐻 𝑠 , 𝐶𝑄 = sup
|ℎ|≤1

‖𝑄(ℎ)‖𝐻 𝑠→𝐻 𝑠−1 , 𝛿 = sup
𝑡

‖Δ𝑡‖𝐻 𝑠→𝐻 𝑠−1 .

For ‖𝑤‖ ≤ 𝑟 , differentiation yields

sup
𝑡,‖𝑤‖≤𝑟

‖𝐷𝑤Φ𝑡(𝑤) − 𝐼 ‖ ≤ 2𝐶𝑃𝐶𝑄𝑀2
𝐽 𝑟 + 𝐶𝑃𝛿𝑀𝐽 , sup

𝑡
‖Φ𝑡(0)‖ ≤ 𝐶𝑃𝛿𝑀𝜓 . (10.3)

Choose 𝑟 > 0 with 2𝐶𝑃𝐶𝑄𝑀2
𝐽 𝑟 < 1/4, and then choose the approximation with 𝐶𝑃𝛿𝑀𝐽 < 1/4 and

𝐶𝑃𝛿𝑀𝜓 < 𝑟/2. The map 𝑤 ↦ 𝑤 − Φ𝑡(𝑤) takes the closed radius-𝑟 ball into itself and has Lipschitz

constant less than 1/2. The contraction theorem [46, Theorem 10.38] gives its unique fixed point 𝑤𝑡 .
The implicit function theorem [46, Theorem 13.20] gives smooth dependence on 𝑡, and

‖𝑤𝑡‖ ≤ 2 ‖Φ𝑡(0)‖ , ‖(ℎ𝑡 , 𝑢𝑡)‖ ≤ 2 ‖𝐽𝑡‖ ‖Φ𝑡(0)‖ . (10.4)

The correction is small in every prescribed finite collection of parameter seminorms. To see this,

make Δ → 0 in 𝐶𝑘(𝐼 ,(𝐻 𝑠 , 𝐻 𝑠−1)). In the preceding local trivializations, Φ(𝑡, 𝑤) = 𝑤 + 𝑁(𝑡, 𝑤) +
𝐸(𝑡, 𝑤), where 𝑁 is quadratic in 𝑤 and 𝐸(𝑡, 𝑤) = 𝑃𝑡Δ𝑡(𝜓𝑡 + pr2 𝐽𝑡𝑤). The fibre inverses of 𝐷𝑤Φ have

norm at most 2. Differentiating Φ(𝑡, 𝑤𝑡) = 0 and proceeding by induction on 𝑗 ≤ 𝑘 gives

‖𝑤‖𝐶𝑘(𝐼 ,) ⟶ 0, ‖(ℎ, 𝑢)‖𝐶𝑘(𝐼 ,ℝ𝑞⊕𝐻 𝑠) ⟶ 0.

Indeed, after the term 𝐷𝑤Φ𝜕𝑗𝑡𝑤 is isolated, every remaining term contains either a derivative of Δ
or a derivative 𝜕𝓁𝑡𝑤 with 𝓁 < 𝑗 . Choose 𝑠 large enough for the prescribed spatial seminorms and

apply Sobolev embedding [40, Theorem 12.16]. Since 𝑄(ℎ) lies in a fixed finite span, its coefficient

seminorms tend to zero as well.

The projected equation reads 𝐿(𝑧0 + 𝜄ℎ)(𝜓𝑡 +𝑢) = 𝑐𝜓𝑡 , with 𝑐 ∈ ℝ. Skew-adjointness and 𝑢 ⟂ℝ 𝜓𝑡
give

0 = Re⟨𝐿(𝑧0 + 𝜄ℎ)(𝜓𝑡 + 𝑢), 𝜓𝑡 + 𝑢⟩ = 𝑐 Re⟨𝜓𝑡 , 𝜓𝑡 + 𝑢⟩ = 𝑐.

Hence the full equation holds. The spinor 𝜓𝑡 + 𝑢 is nonzero; normalize it in 𝐿2, preserving the

preceding approximations. On the collars, Δ𝑡 = 0, so uniqueness gives 𝑤𝑡 = 0. For the corrected

spinor 𝜑𝑡 and operator 𝐿𝑡 ,

𝐿𝑡𝜕𝑘𝑡 𝜑𝑡 = −
𝑘
∑
𝑗=1 (

𝑘
𝑗)

(𝜕𝑗𝑡𝐿𝑡)𝜕
𝑘−𝑗
𝑡 𝜑𝑡 .

Elliptic regularity and the uniform estimates for this compact family give smoothness into every

Sobolev space, hence joint spatial and parameter smoothness. □

Lemma 10.3. For 0 ≠ 𝑢 ∈ ℍ𝑟 , 𝑟 ≥ 1,

{𝑄𝑢 ∶ 𝑄∗ = −𝑄} = 𝑢⟂ℝ .

For 𝑦 ∈ 𝑢⟂ℝ , a preimage depends smoothly on (𝑢, 𝑦).
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Proof. If 𝑄∗ = −𝑄, then Re(𝑢∗𝑄𝑢) = 0. Conversely, put 𝑠 = |𝑢|2 and 𝑏 = 𝑢∗𝑦 ∈ Imℍ. The matrix

𝑄(𝑢, 𝑦) =
𝑦𝑢∗ − 𝑢𝑦∗

𝑠
−
𝑢𝑏𝑢∗

𝑠2
(10.5)

is skew-adjoint. Since 𝑦∗𝑢 = −𝑏 , 𝑄(𝑢, 𝑦)𝑢 = 𝑦 + 𝑢𝑏/𝑠 − 𝑢𝑏/𝑠 = 𝑦. The formula is smooth for

𝑢 ≠ 0. □

Fix a nonempty open set 𝑈 ⊂ 𝑀 . In dimension 𝑛 ≡ 4 (mod 8), choose the chiral operator of

quaternionic index −𝑎, 𝑎 ≥ 0. In dimension 𝑛 ≡ 5 (mod 8), put 𝐾 = 𝑖(𝐷 + 𝑉 ), a quaternionic

skew-adjoint operator.

Lemma 10.4. Let 𝑃 be a compact smooth 𝑑-manifold with corners and finitely many embedded boundary
faces. Here and below, the faces include 𝑃 and all nonempty intersections of boundary faces. Let (𝑔𝑝 , 𝑉𝑝)
be a smooth family, Dirac-minimal near a closed subset 𝑃0 ⊂ 𝑃 . For 𝑛 ≡ 4, 5 (mod 8), an arbitrarily
small smooth compatible potential perturbation, supported in a common compact subset of 𝑈 and zero
near 𝑃0, makes the incidence of parameters and quaternionic kernel lines a compact smooth manifold
with corners of dimension

𝑑 − 𝑟, 𝑟 = 4(𝑎 + 1) if 𝑛 ≡ 4 (8), 𝑟 = 3 if 𝑛 ≡ 5 (8). (10.6)

The kernel is the minority chiral kernel in residue four and ker 𝐾𝑝 in residue five. The boundary lies
exactly over 𝜕𝑃 ; the incidence over each face 𝐹 has dimension dim 𝐹 − 𝑟 . An incidence with negative
indicated dimension is empty.

The perturbation may be zero on any prescribed closed collar contained in an open region where
the incidence equation is transverse to zero on every face, including all face intersections. In particular,
transverse endpoint families and their face restrictions admit unchanged collars.

Proof. On the 𝐿2-unit sphere in 𝐻 1
, the equation is equivariant for the free right action of Sp(1). A

projective chart at [𝜓] has tangent

𝜓⟂ℍ ∩ 𝐻 1 = {𝑢 ∈ 𝐻 1 ∶ ⟨𝜓, 𝑢⟩𝐿2,ℍ = 0}.

Normalization in 𝐿2 is smooth on nonzero 𝐻 1
vectors. The target transforms by right multiplication

when the unit representative changes; the equation therefore defines a smooth section of an associated

Hilbert bundle.

In residue four put 𝐿𝑝 = 𝐴𝑔𝑝 + 𝐵𝑝 . Its vertical derivative at a zero is

𝐿𝑝 ∶ 𝜓⟂ℍ ∩ 𝐻 1 ⟶𝐿2(𝑇 ).

The unrestricted operator has quaternionic index −𝑎. Removing the kernel line 𝜓ℍ from its domain

leaves its range unchanged and subtracts one from its index. The vertical real index is therefore

−4(𝑎 + 1).
Fix a closed ball 𝐾 ⊂ 𝑈 with nonempty interior. Suppose 𝜂 annihilates the vertical image and

every 𝐵𝜓 with 𝐵 supported in 𝐾 . The annihilator of the projective tangent is represented by 𝜓ℍ;

hence 𝐿∗𝑝𝜂 = 𝜓𝑞0 distributionally, for some 𝑞0 ∈ ℍ. For every 𝑞 ∈ ℍ,

Re⟨𝜓𝑞, 𝐿∗𝑝𝜂⟩𝐿2 = Re⟨𝐿𝑝(𝜓𝑞), 𝜂⟩𝐿2 = 0.

Taking 𝑞 = 𝑞0 gives 𝑞0 = 0. Elliptic regularity makes 𝜂 smooth. Unique continuation ensures that 𝜓
is nonzero on some subball of the interior of 𝐾 . On that subball the values 𝐵𝜓 fill the target fibre.

Thus 𝜂 vanishes there, and unique continuation gives 𝜂 = 0 on 𝑀 .

In residue five the equation takes values in 𝜓⟂ℝ
, since 𝐾𝑝 is skew-adjoint. Write it locally as

Π𝜓𝐾𝑝𝜓, where Π𝜓 is the real orthogonal projection. At a zero the derivative of Π𝜓 contributes zero.

The vertical operator is

𝐾𝑝 ∶ 𝜓⟂ℍ ∩ 𝐻 1 ⟶𝜓⟂ℝ ∩ 𝐿2.
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Its real index is −3: restriction of the domain subtracts four, and restriction of the target adds one to

the index zero of 𝐾𝑝. If 𝜂 ∈ 𝜓⟂ℝ
annihilates the vertical image, then 𝐾𝑝𝜂 = 𝜓𝑞0 distributionally. For

𝑞 ∈ ℍ,

Re⟨𝜓𝑞, 𝐾𝑝𝜂⟩𝐿2 = −Re⟨𝐾𝑝(𝜓𝑞), 𝜂⟩𝐿2 = 0.

Thus 𝑞0 = 0, and 𝜂 is smooth. If 𝜂 also annihilates all𝑄𝜓with𝑄 ∈ sp(Σ𝑀) supported in𝐾 , Lemma 10.3

gives 𝜂 = 𝑓 𝜓 wherever 𝜓 ≠ 0 in the interior of 𝐾 , with 𝑓 smooth and real. On a connected subball

where 𝜓 ≠ 0,

0 = 𝐾𝑝(𝑓 𝜓) = 𝑖𝑐𝑔𝑝(𝑑𝑓 )𝜓.

Since 𝑐(𝜉)2 = −|𝜉|2𝐼 for real covectors, 𝑑𝑓 = 0 there. Unique continuation gives 𝜂 = 𝑐𝜓 on 𝑀 . Its

real 𝐿2 orthogonality to 𝜓 gives 𝑐 = 0. The elliptic regularity and unique continuation statements

here apply to the chiral operators, their adjoints, and 𝐾𝑝 as in Section 9.

For a compact smooth coefficient family, the elliptic estimate [40, Theorem 15.7 and Remark 15.2]

gives

‖𝜓‖𝐻 𝑠+1 ≤ 𝐶𝑠(‖‖𝐿𝑝𝜓‖‖𝐻 𝑠 + ‖𝜓‖2), 𝑠 ≥ 0, (10.7)

with 𝐾𝑝 in residue five. The constants may be chosen uniformly in 𝑝: freeze the coefficients at one

parameter, absorb a small (𝐻 𝑠+1, 𝐻 𝑠) difference, and take a finite cover of the parameter space.

Normalized kernel spinors consequently have uniform bounds at every Sobolev order. Given a

sequence (𝑝𝑗 , 𝜓𝑗 ) of such spinors, pass to 𝑝𝑗 → 𝑝. The uniform 𝐻 2
bound and the compact embedding

𝐻 2 ↪ 𝐻 1
[40, Theorem 15.10] give a subsequence converging in 𝐻 1

to 𝜓. Continuity in (𝐻 1, 𝐿2)
gives

‖‖𝐿𝑝𝜓‖‖2 ≤ ‖‖𝐿𝑝(𝜓 − 𝜓𝑗 )‖‖2 + ‖‖(𝐿𝑝 − 𝐿𝑝𝑗 )𝜓𝑗 ‖‖2 ⟶ 0, ‖𝜓‖2 = 1.

The same argument applies to 𝐾𝑝. Thus the normalized incidence and its quotient by Sp(1) are

compact.

At every zero, the preceding cokernel arguments imply that finitely many smooth potentials

supported in 𝐾 make the vertical differential surjective. A finite cover of the compact incidence

provides a finite collection for the whole family. Multiply them by smooth parameter cutoffs equal

to one on the respective neighborhoods and zero near 𝑃0. This is possible because the incidence is

disjoint from a neighborhood of 𝑃0. The combined differential remains surjective near the original

incidence. The same holds on every face of 𝑃 : only spinor and potential directions are required for

surjectivity.

Let 𝑦 ∈ ℝ𝑁 be the coefficients of these potentials. For all sufficiently small 𝑦, every new zero lies in

the preceding neighborhood. Otherwise a sequence 𝑦𝑗 → 0 of zeros outside it would, by (10.7) for the

compact family with |𝑦| ≤ 𝛿, have a subsequence converging to an original zero. This is impossible.

The implicit function theorem now gives a smooth universal zero manifold with corners of dimension

𝑑 + 𝑁 − 𝑟 , with the induced faces. Apply Sard’s theorem [77, Theorem 1.2] to its projection to ℝ𝑁
and to the restrictions on the interiors of all its faces. There are finitely many face types and each

has a countable atlas; the union of the critical-value sets has measure zero. A common regular value,

arbitrarily close to zero, gives the stated incidence and face dimensions. Compactness follows from

(10.7). If a dimension is negative, the corresponding regular fibre is empty.

Finally, let 𝐶 be a prescribed closed collar contained in an open region 𝑂 of transversality on all

faces. Choose open sets

𝐶 ⊂ 𝑂1 ⊂ 𝑂1 ⊂ 𝑂2 ⊂ 𝑂2 ⊂ 𝑂

and a smooth function 𝜃 equal to zero on 𝑂1 and one outside 𝑂2. Multiply the preceding parameter

cutoffs by 𝜃. Over 𝑂2, the differential in the original parameter and spinor variables is surjective,

on every face. Compactness of the normalized incidence over this closed set and openness of

surjectivity give the same property for all sufficiently small 𝑦. Outside 𝑂2, the potential directions

give surjectivity. The common regular-value argument therefore applies with the family unchanged

on 𝐶. Transversality of an endpoint family and all its face restrictions persists on a collar by the same

compactness argument. □
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Lemma 10.5. Let 𝑋 be path connected and locally path connected, and let 𝑆 ⊂ 𝑋 be nonempty, closed,
and path connected. Suppose that every point of 𝑆 has a product neighborhood

(𝑁 , 𝑁 ∩ 𝑆) ≅ (𝑉 × (−1, 1), 𝑉 × {0}),

where 𝑉 is path connected. Then 𝑋 ⧵ 𝑆 has at most two path components.

Proof. The factors 𝑉 are locally path connected, since the projection 𝑉 × (−1, 1) → 𝑉 is open.

Restricting the factors and the interval therefore gives a basis of product neighborhoods at 𝑆 with

path-connected factors.

Fix 𝑠0 ∈ 𝑆 and such a neighborhood 𝑁0, with sides 𝑁+
0 and 𝑁−

0 . For 𝑥 ∈ 𝑋 ⧵ 𝑆, choose a path

𝛾 ∶ [0, 1] → 𝑋 from 𝑥 to 𝑠0, and put

𝑡0 = min{𝑡 ∶ 𝛾(𝑡) ∈ 𝑆}.

Since 𝑆 is closed, 𝑡0 > 0 and 𝛾([0, 𝑡0)) ⊂ 𝑋 ⧵ 𝑆. For a product neighborhood 𝑁 of 𝛾(𝑡0), continuity

gives 𝜂 > 0 with 𝛾([𝑡0 − 𝜂, 𝑡0]) ⊂ 𝑁 . The normal coordinate has constant nonzero sign on [𝑡0 − 𝜂, 𝑡0).
Thus 𝑥 lies in the path component containing one side of 𝑁 .

Join 𝛾(𝑡0) to 𝑠0 by a path in 𝑆. A finite subdivision places its successive subpaths in product

neighborhoods. At each subdivision point take a smaller product neighborhood inside the overlap of

the two consecutive ones. Each of its connected sides lies in one side of either larger neighborhood.

They lie in different sides: the smaller neighborhood is open and meets both sides of either larger one.

These side correspondences propagate through the finite chain. Since every side is path connected, the

initial side and one of 𝑁+
0 , 𝑁−

0 lie in the same path component of 𝑋 ⧵𝑆. Every point of the complement

belongs to one of these at most two components. □

11. Integer and vanishing index differences

Let 𝑀𝑛
be a closed connected spin manifold, 𝑛 ≥ 3, with fixed spin structure and positive smooth

density 𝜇. The operators are untwisted. The fixed-domain comparisons and the spaces 𝜇(𝑀) and

𝜇 are those of Section 8, with their 𝐶∞
topologies. The potentials range over all smooth sections

of the compatible endomorphism bundle. By Proposition 8.2, with 𝑈 = 𝑀 , the inclusion 𝑔 ↦ (𝑔, 0)
induces a bijection on invertible path components and preserves ordinary index difference.

11.1. The two self-adjoint cases. Suppose 𝑛 ≡ 3, 7 (mod 8), and put

𝔽 =

{
ℍ, 𝑛 ≡ 3 (mod 8),
ℝ, 𝑛 ≡ 7 (mod 8).

In residue three the spinor bundle is a right quaternionic bundle; in residue seven we take the real

fixed bundle of charge conjugation. The Dirac operator is self-adjoint and 𝔽-linear. The compatible po-

tentials are the fibrewise self-adjoint 𝔽-linear endomorphisms. In particular, real scalar multiplication

is compatible.

Lemma 11.1. Let 𝐿 = 𝐷𝑔 + 𝑉 , let 𝜆 ∈ ℝ, and let 𝐸 ⊂ ker(𝐿 − 𝜆) have 𝔽-dimension two. If 𝑃𝐸 is the
orthogonal projection onto 𝐸, then

dimℝ{𝑃𝐸𝑄|𝐸 ∶ 𝑄 is a smooth compatible potential} ≥ 3.

Proof. Denote the displayed real vector space by 𝑊 . It contains 𝐼𝐸 . If dimℝ𝑊 ≤ 2, it is spanned by 𝐼𝐸
and at most one self-adjoint matrix. The real or quaternionic spectral theorem gives an orthonormal

basis 𝜓, 𝜙 of 𝐸 in which every member of 𝑊 is diagonal. Hence

∫
𝑀
⟨𝜓, 𝑄𝜙⟩𝔽 𝜇 = 0 for every smooth compatible 𝑄. (11.1)

The square of 𝐿 − 𝜆 has the form ∇∗∇ + 𝐴1 + 𝐴0, with smooth terms of orders at most one and zero.

Unique continuation [56, Theorem 6.2.8] implies that the nonzero sets of 𝜓 and 𝜙 are open and dense.
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Choose a point where both spinors are nonzero. The union of their two proper orthogonal

subspaces is a proper subset of the fibre. There is therefore a vector 𝑣 such that ⟨𝜓, 𝑣⟩𝔽 and ⟨𝑣, 𝜙⟩𝔽 are

nonzero. The self-adjoint rank-one map 𝑣𝑣∗ satisfies

⟨𝜓, 𝑣𝑣∗𝜙⟩𝔽 = ⟨𝜓, 𝑣⟩𝔽⟨𝑣, 𝜙⟩𝔽 ≠ 0.

Extend 𝑣 smoothly to a ball. Substitution of𝑄 = 𝑓 𝑣𝑣∗ in (11.1), for every real test function 𝑓 supported

in that ball, forces this continuous integrand to vanish there. In the quaternionic case apply the

argument to its four real components. This is a contradiction. □

Real analyticity of an operator family means analyticity with values in (D ,H ), where the

common domain is D = 𝐻 1
.

Lemma 11.2. Let (𝑔𝑡 , 𝑉 0
𝑡 ), 0 ≤ 𝑡 ≤ 1, be a real-analytic path in 𝜇, and suppose that 𝐿00 = 𝐷𝑔0 + 𝑉 0

0
and 𝐿01 = 𝐷𝑔1 + 𝑉 0

1 are invertible. There is a smooth compatible potential 𝑊𝑡 , arbitrarily small in
𝐶1([0, 1]; 𝐿∞) and zero on endpoint collars, such that 𝐿𝑡 = 𝐷𝑔𝑡 + 𝑉 0

𝑡 +𝑊𝑡 has the following properties.
The two consecutive ordered eigenvalue labels which bound zero on the initial collar remain in a fixed
bounded spectral interval. Every 𝔽-eigenvalue in this interval is simple on a compact middle interval; 𝐿𝑡
is invertible on the remaining parameter intervals.

Proof. Choose invertible endpoint collars for 𝐿0𝑡 and a compact interval 𝐽 ⋐ (0, 1) whose complement

lies in those collars. Let 𝜒 be smooth, zero on smaller endpoint collars and one near 𝐽 , with transition

regions inside the invertible collars.

Consider first every smooth compatible perturbation satisfying

‖𝑊 ‖𝐶1([0,1];𝐿∞) ≤ 1, 𝑊 = 0 on the smaller endpoint collars. (11.2)

The uniform elliptic estimate for 𝐿0𝑡 gives, for an 𝐿2-unit eigenvector of 𝐿0𝑡 +𝑊𝑡 with eigenvalue 𝜆,

‖𝜓‖𝐻 1 ≤ 𝐶0(‖𝐿0𝑡𝜓‖2 + ‖𝜓‖2) ≤ 𝐶1(1 + |𝜆|).

The derivatives 𝐿̇0𝑡 ∶ 𝐻 1 → 𝐿2 are uniformly bounded. Reduction to a finite spectral subspace and the

perturbation formulas for Hermitian matrices [62, Chapter II, Theorem 6.8 and equation (6.11)] give

locally Lipschitz ordered eigenvalues. At almost every parameter their derivatives are eigenvalues

of the compression of 𝐿̇0𝑡 + 𝑊̇𝑡 to the corresponding eigenspace. For a suitable unit eigenvector 𝜓,

therefore,

|𝜆̇(𝑡)| ≤ ‖𝐿̇0𝑡𝜓‖2 + ‖𝑊̇𝑡‖∞ ≤ 𝐶2(1 + |𝜆(𝑡)|). (11.3)

The same formulas apply to real symmetric matrices and to the complex representation of quaternionic

self-adjoint matrices. The constants depend only on the reference path and the bound (11.2).

At 𝑡 = 0, number the eigenvalues, with multiplicity over 𝔽, so that 𝜆0(0) < 0 < 𝜆1(0) are

consecutive. Gronwall’s inequality gives

1 + |𝜆𝑗 (𝑡)| ≤ (1 + |𝜆𝑗 (0)|)𝑒𝐶2 , 𝑗 ∈ ℤ.

Thus no label can escape to infinity at a finite parameter. The same estimate backwards in 𝑡 excludes

entry from infinity; local ordered continuation gives a ℤ-labeling on [0, 1]. Choose Λ strictly larger

than the bounds for 𝑗 = 0, 1. It is independent of the potential directions chosen below.

The set of tuples (𝑡, 𝜆, 𝜓, 𝜙) such that 𝑡 ∈ 𝐽 , |𝜆| ≤ Λ + 1, and (𝜓, 𝜙) is an orthonormal 𝔽-two-frame

in ker(𝐿0𝑡 − 𝜆) is compact in 𝐽 × [−Λ − 1, Λ + 1] × 𝐿2 × 𝐿2. Indeed, the elliptic estimate bounds the

spinors in 𝐻 1
. Rellich compactness gives strong 𝐿2 and weak 𝐻 1

convergence along a subsequence.

Continuity of 𝐿0𝑡 ∶ 𝐻 1 → 𝐿2 gives the limiting eigen-equation, and strong 𝐿2 convergence preserves

orthonormality.

If this frame set is empty, take𝑊 = 0. Otherwise, at each frame Lemma 11.1 gives three compatible

potentials with linearly independent compressions. Independence is open because their matrix entries

are continuous in the 𝐿2 topology. A finite subcover gives potentials 𝑄1, … , 𝑄𝑁 whose compressions

span a space of real dimension at least three on every reference two-plane in this window. Let 𝑈𝑡 be
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the fixed positive comparison from the reference spinor bundle to Σ𝑔𝑡𝑀 , and represent each selected

direction by 𝑄𝑗 on the reference bundle. Put 𝑄𝑗 (𝑡) = 𝑈𝑡𝑄𝑗𝑈−1
𝑡 . These fields are analytic in 𝑡 and have

constant representatives in the common bundle.

For all sufficiently small 𝑝 ∈ ℝ𝑁 , these directions still have compression rank at least three on

every two-plane in an eigenspace with |𝜆| ≤ Λ of

𝐿𝑡,𝑝 = 𝐿0𝑡 + 𝜒(𝑡)
𝑁
∑
𝑗=1
𝑝𝑗𝑄𝑗 (𝑡), 𝑡 ∈ 𝐽 . (11.4)

Otherwise a sequence 𝑝𝜈 → 0 and corresponding two-frames would have a subsequence converging

to a reference two-frame. Every three-by-three minor of the compressed directions would vanish at

the limit, contradicting their selection. The uniform 𝐻 1
bound needed here follows from (11.2).

Shrink the coefficient ball so that (11.2) holds, the perturbation is as small as prescribed, and the

endpoint collars remain invertible. Since 𝜒 = 1 near 𝐽 , 𝐿𝑡,𝑝 is real analytic in (𝑡, 𝑝) there.

On a compact box in (𝑡, 𝑝, 𝜆), finitely many analytic Fredholm reductions of 𝐿𝑡,𝑝−𝜆 suffice. At each

base point split off its kernel; the complementary block is invertible nearby. Its Schur complement

is an analytic self-adjoint 𝔽-matrix with the same nullity as 𝐿𝑡,𝑝 − 𝜆. In the complex representation,

quaternionic nullity at least two is complex nullity at least four. Thus the repeated-eigenvalue locus

is a real-analytic determinantal set in each chart.

By semianalytic stratification [22, Proposition 2.10 and Corollary 2.11], the portions in finitely

many compact semianalytic boxes have finite stratifications by real-analytic submanifolds, compatible

with all kernel-rank loci. On a stratum 𝑆 the reduced matrix has constant rank; its kernels and their

lifts to 𝐻 1
form smooth vector bundles. At a point of 𝑆, put 𝐹 = ker(𝐿𝑡,𝑝 − 𝜆). Differentiating the

kernel equation along 𝑆 and projecting onto 𝐹 gives

𝑃𝐹 𝑑(𝐿𝑡,𝑝 − 𝜆)[𝜉]||𝐹 = 0, 𝜉 ∈ 𝑇𝑆. (11.5)

The ambient real-linear map on the left has rank at least three, as follows by compressing its potential

directions to any two-plane in 𝐹 . Hence

dimℝ 𝑆 ≤ (𝑁 + 2) − 3 = 𝑁 − 1.

Sard’s theorem [77, Theorem 1.2] implies that the projection of each stratum to ℝ𝑁 has measure zero.

There are finitely many such strata. Choose 𝑝, arbitrarily close to zero, outside their projected union

and put 𝑊𝑡 = 𝜒(𝑡)∑𝑗 𝑝𝑗𝑄𝑗 (𝑡). All eigenvalues in the chosen window are simple for 𝑡 ∈ 𝐽 , and the

two distinguished labels remain there by (11.3). □

Remark 11.3. For a fixed metric and any bounded spectral window, an arbitrarily small compatible

potential makes every eigenvalue in that window simple over 𝔽. In the preceding argument omit 𝑡;
then (11.5) gives dimℝ 𝑆 ≤ (𝑁 + 1) − 3 = 𝑁 − 2, so the projected exceptional set again has measure

zero.

Count spectral flow positively at a passage from negative to positive, with multiplicity over 𝔽.

For invertible pairs 𝑞0, 𝑞1, denote it by sf𝔽(𝑞0, 𝑞1); for pure metric endpoints write sf𝔽(𝑔0, 𝑔1). It is

independent of the pair path, by contractibility of 𝜇 and homotopy invariance of spectral flow [26,

Remark 5.2 and Section 6.2].

Lemma 11.4. If 𝑞0, 𝑞1 ∈  inv
𝜇 and sf𝔽(𝑞0, 𝑞1) = 0, there is a smooth invertible pair path from 𝑞0 to 𝑞1.

For pure metric endpoints its potential may vanish on endpoint collars.

Proof. Write 𝑞𝑗 = (𝑔𝑗 , 𝑉𝑗 ) and 𝑔1 = 𝑔0(𝑆⋅, ⋅), with 𝑆 positive and self-adjoint. Equality of the densities

gives det 𝑆 = 1. Put

𝐻 = log 𝑆, 𝑔𝑡 = 𝑔0(𝑒𝑡𝐻 ⋅, ⋅), 𝑉 0
𝑡 = (1 − 𝑡)𝑉0 + 𝑡𝑉1

in the common spinor bundle. Since tr 𝐻 = 0, this is an analytic path in 𝜇. Apply Lemma 11.2 and

write 𝐿𝑡 = 𝐷𝑔𝑡 +𝑉 0
𝑡 +𝑊𝑡 . Let 𝜆0, 𝜆1 be its consecutive ordered labels which initially bound zero. They

are strictly separated on the middle interval.
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Let 𝜈(𝑡) be the greatest ordered label with eigenvalue below zero. On an interval [𝑡𝑖−1, 𝑡𝑖] of a

spectral-flow partition, choose 𝑎𝑖 > 0 outside the spectrum throughout that interval. The greatest

label 𝑘𝑖 below 𝑎𝑖 is constant there, and

dim𝔽 ran 𝟏[0,𝑎𝑖](𝐿𝑡) = 𝑘𝑖 − 𝜈(𝑡).

The spectral-projection formula [80, Section 3, equation (1)], with multiplicities over 𝔽 as in Section 8.1,

gives

sf𝔽(𝐿𝑡) = ∑
𝑖
(𝜈(𝑡𝑖−1) − 𝜈(𝑡𝑖)) = 𝜈(0) − 𝜈(1).

The homotopy 𝐿0𝑡 + 𝑠𝑊𝑡 fixes both endpoints, so this integer is zero. Therefore 𝜈(1) = 𝜈(0) = 0. Zero

lies in the same numbered gap on the final collar, and the two labels are strictly separated throughout

[0, 1].
The intervals (𝜆0(𝑡), 𝜆1(𝑡)) admit a continuous selection equal to zero on smaller endpoint collars:

combine zero on the collars with the midpoint in the interior by a partition of unity. Compactness

gives a positive uniform distance from the endpoints of these intervals. Smooth approximation

relative to the smaller collars gives a smooth real function 𝑐 such that

𝜆0(𝑡) < 𝑐(𝑡) < 𝜆1(𝑡), 𝑐(𝑡) = 0 on the smaller endpoint collars.

Then 𝐿𝑡−𝑐(𝑡)𝐼 is invertible. Its potential is 𝑉 0
𝑡 +𝑊𝑡−𝑐(𝑡)𝐼 , which is compatible and has the prescribed

endpoint values. If 𝑉0 = 𝑉1 = 0, this potential vanishes on the smaller collars. □

Lemma 11.5. Fix 𝑔∗ ∈ inv
𝜇 (𝑀). For every 𝑚 ∈ ℤ there is 𝑔𝑚 ∈ inv

𝜇 (𝑀) such that sf𝔽(𝑔∗, 𝑔𝑚) = 𝑚.

Proof. Take 𝑔0 = 𝑔∗. For 𝑚 ≠ 0, choose a bounded spectral interval  whose boundary is disjoint

from Spec𝐷𝑔∗ and which contains at least |𝑚| + 1 eigenvalues of each sign, counted over 𝔽. Such a

window exists by the two-sided unboundedness proved in Section 8.1. Remark 11.3 gives a compatible

potential 𝑄 for which these eigenvalues of 𝐷𝑔∗ + 𝑄 are simple. Choose 𝑄 so that

‖𝑄‖∞ < 1
2 min

{
dist(0, Spec𝐷𝑔∗), dist(𝜕, Spec𝐷𝑔∗)

}
.

Along 𝐷𝑔∗ + 𝑠𝑄, 0 ≤ 𝑠 ≤ 1, no eigenvalue crosses zero or 𝜕. Hence this path is invertible and the

numbers of eigenvalues of each sign in  are unchanged.

If 𝑚 > 0, choose 𝑐 > 0 strictly between the 𝑚th and (𝑚 + 1)st positive numbers −𝜆, where 𝜆
ranges over the negative eigenvalues of 𝐷𝑔∗ + 𝑄, in increasing order of −𝜆. The path 𝐷𝑔∗ + 𝑄 + 𝑠𝑐𝐼
has exactly 𝑚 positive crossings. If 𝑚 < 0, choose 𝑐 < 0 so that −𝑐 lies strictly between the |𝑚|th and

(|𝑚|+1)st positive eigenvalues; it has exactly |𝑚| negative crossings. After stationary reparametrization,

concatenate the two paths. In both cases the endpoint 𝑞𝑚 = (𝑔∗, 𝑄 + 𝑐𝐼) is invertible and

sf𝔽((𝑔∗, 0), 𝑞𝑚) = 𝑚.

By Proposition 8.2, with 𝑈 = 𝑀 , a one-point parameter space and empty relative subset, 𝑞𝑚 is joined

through invertible pairs to (𝑔𝑚, 0) for some 𝑔𝑚 ∈ inv
𝜇 (𝑀). Additivity and path independence of

spectral flow give sf𝔽(𝑔∗, 𝑔𝑚) = 𝑚. □

Theorem 11.6. If 𝑛 ≡ 3, 7 (mod 8) and 𝑔∗ ∈ inv
𝜇 (𝑀), then

𝜋0 inv
𝜇 ⟶ ℤ, [𝑞] ⟼ sf𝔽((𝑔∗, 0), 𝑞),

and

𝜋0inv
𝜇 (𝑀) ⟶ ℤ, [𝑔] ⟼ sf𝔽(𝑔∗, 𝑔),

are bijections of pointed sets. With the ordinary real index normalization, both maps are 𝛿𝑔∗ .
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Proof. Spectral flow vanishes on an invertible path. By additivity, two pairs have equal invariants

precisely when their relative spectral flow is zero. Lemma 11.4 then gives an invertible path between

them. The pair map is injective. The pair construction in the proof of Lemma 11.5 gives its surjectivity.

Proposition 8.2 gives the metric bijection. The normalization in Section 8.1, (8.1) and (8.3), gives

𝛿𝑔∗ = sf𝔽, sfℂ =

{
2 sfℍ, 𝑛 ≡ 3 (mod 8),
sfℝ, 𝑛 ≡ 7 (mod 8).

□

Remark 11.7. The scalar correction in Lemma 11.4 is spatially constant. Theorem 11.6 concerns the

full density slice 𝜇(𝑀).

11.2. The two complex chiral cases. Suppose 𝑛 ≡ 2, 6 (mod 8). Charge conjugation exchanges the

chiral bundles. In charge coordinates,

𝐽 (𝑥, 𝑦) = (𝜀𝑦̄, 𝑥̄), (𝑍) = (
0 𝑍∗

𝑍 0 ) , 𝜀 =

{
−1, 𝑛 ≡ 2 (mod 8),
+1, 𝑛 ≡ 6 (mod 8).

Compatibility is equivalent to 𝑍𝑇 = 𝜀𝑍 . These independent chiral blocks form a complex vector

bundle: they are alternating in residue two and symmetric in residue six. The opposite block is always

the adjoint.

Lemma 11.8. In residues two and six, every nonempty fibre of  inv
𝜇 → 𝜇(𝑀) is smoothly path connected.

The paths may be stationary near their endpoints. If both endpoint potentials are supported in a compact
set 𝐾 , the connecting path may be supported in 𝐾 .

Proof. Fix 𝑔 and invertible endpoint potentials with independent blocks 𝑍0, 𝑍1. Put

𝐴(𝑧) = 𝐷+
𝑔 + 𝑍0 + 𝑧(𝑍1 − 𝑍0) ∶ 𝐻 1(Σ+) ⟶ 𝐿2(Σ−).

The inverse 𝐴(0)−1 ∶ 𝐿2(Σ−) → 𝐻 1(Σ+) is bounded. Therefore

𝐴(𝑧)𝐴(0)−1 = 𝐼 + 𝑧𝑇 , 𝑇 = (𝑍1 − 𝑍0)𝐴(0)−1,

is an entire Fredholm family on 𝐿2(Σ−), with 𝑇 compact by the embedding 𝐻 1 ↪ 𝐿2. It is invertible

at 𝑧 = 0. The analytic Fredholm theorem [79, Theorem 1.1, p. 2], in one complex variable, implies

that its noninvertibility set is discrete. It contains neither zero nor one. Choose a smooth curve from

zero to one in its complement, stationary near its endpoints.

Along this curve the operator

(
0 𝐴(𝑧)∗

𝐴(𝑧) 0 )

is self-adjoint and invertible. It is compatible because the transpose condition on the independent

potential block is complex linear. The potential blocks are linear combinations of 𝑍0, 𝑍1 and their

adjoints, so they remain supported in 𝐾 . □

Proposition 11.9. Suppose 𝑛 ≡ 2, 6 (mod 8) and 𝛼(𝑀) = 0. Then  inv
𝜇 and inv

𝜇 (𝑀) are nonempty and
smoothly path connected.

Proof. By Proposition 9.1, the invertible potential fibre over every metric is nonempty. Let

(𝑔0, 𝑉0), (𝑔1, 𝑉1) be invertible pairs. Join their metrics by a smooth path 𝑔𝑠 in the density slice,

stationary on endpoint collars, and identify the potential bundles by positive spinor comparison.

For each 𝑠, choose 𝑉 (𝑠)
such that 𝐷𝑔𝑠 +𝑉 (𝑠)

is invertible. Openness of invertibility in (𝐻 1, 𝐿2) [62,

Chapter IV, Section 1.4, Theorem 1.16] implies that the corresponding operator remains invertible on

an interval about 𝑠. Near the endpoints take the prescribed 𝑉0, 𝑉1. A finite subcover and a Lebesgue

subdivision 0 = 𝑠0 < ⋯ < 𝑠𝑘 = 1 give one such potential on each closed interval [𝑠𝑖−1, 𝑠𝑖], with 𝑉0 and
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𝑉1 on the first and last intervals. At each subdivision point, connect the two adjacent potentials in

the same invertible fibre by Lemma 11.8.

Concatenate these fibre paths with the metric segments. Reparametrize each of the finitely many

pieces to be constant on endpoint collars; the resulting pair path is smooth and has the prescribed

endpoints. For pure metric endpoints its potential vanishes on these collars. Apply Proposition 8.2

with 𝑈 = 𝑀 : first to a point, then to this interval with 𝐵 = [0, 1] and 𝐵0 = {0, 1}. It gives nonemptiness

and smooth path connectedness of the metric space. □

11.3. The two quaternionic incidence cases. In residue four, charge conjugation preserves chirality,

and the independent chiral operator is quaternionic linear. Its potential block is an arbitrary quater-

nionic homomorphism between the chiral bundles. In residue five, charge conjugation anticommutes

with 𝐷𝑔 , and

𝐾 = 𝑖𝐷𝑔
is quaternionic linear and skew-adjoint. The correspondence 𝑉 ↦ 𝑖𝑉 identifies compatible potentials

with quaternionic skew-adjoint multiplication endomorphisms. Here 𝑖 is the complex scalar on the

spin representation.

If 𝑛 = 4 and 𝛼(𝑀) = 0, the space inv
𝜇 (𝑀) is connected by [2, Theorem 1.1] and Lemma 8.1.

Proposition 11.10. Suppose 𝑛 ≡ 4, 5 (mod 8) and 𝛼(𝑀) = 0. Then  inv
𝜇 and inv

𝜇 (𝑀) are nonempty
and smoothly path connected.

Proof. Apply Lemma 10.4 to a one-point parameter space. The incidence dimension is −4 in residue

four, where the quaternionic chiral index is zero, and −3 in residue five. Thus the incidence is empty.

In residue four the chiral block is injective of index zero and hence bijective; in residue five the full

kernel is zero. This gives an invertible compatible potential over every metric.

Join two invertible pairs by a smooth path in the contractible space 𝜇, stationary on endpoint

collars. Apply Lemma 10.4 with 𝑑 = 1, relative to those collars. The incidence dimension is −3
in residue four and −2 in residue five, so it is empty. The resulting path is invertible and has the

prescribed endpoints. For pure metric endpoints its potential vanishes on the collars. Proposition 8.2,

with 𝑈 = 𝑀 , applied first to a point and then to this interval with 𝐵 = [0, 1] and 𝐵0 = {0, 1}, gives the

metric conclusions. □

Theorem 11.11. Suppose 𝑛 ≡ 2, 4, 5, 6 (mod 8) and 𝛼(𝑀) = 0. Then  inv
𝜇 and inv

𝜇 (𝑀) each have one
path component. Their pointed component sets are classified by ordinary index difference, with values in
𝐾𝑂𝑛+1 = 0.

Proof. Apply Propositions 11.9 and 11.10 and the coefficient table (8.3). □

12. Real chiral operators

Let𝑀 be a closed connected spin manifold of dimension 𝑛 ≡ 0 (mod 8), with 𝑛 ≥ 8 and 𝛼(𝑀) = 0,

and fix a smooth positive density 𝜇 on 𝑀 . In this section all spinors, bundles, homomorphisms, and

dimensions are real. The real half-spin bundles Σ±𝑔 have rank

𝑟 = 2𝑛/2−1.

A compatible potential has, in the chiral decomposition, the form

𝑉𝐵 = (
0 𝐵∗
𝐵 0 ) , 𝐵 ∈ 𝐶∞(𝑀;Homℝ(Σ+𝑔 , Σ

−
𝑔 )).

Put 𝐴𝑔,𝐵 = 𝐷+
𝑔 + 𝐵. Multiplication by 𝐵 is compact from 𝐻 𝑠 to 𝐻 𝑠−1. Hence the real Fredholm index

of 𝐴𝑔,𝐵 is the real chiral spin index 𝛼(𝑀) = 0. The full operator 𝐷𝑔 + 𝑉𝐵 is invertible if and only if

𝐴𝑔,𝐵 is an isomorphism. For a fixed metric 𝑔 write

𝑔 = 𝐶∞(𝑀;Homℝ(Σ+𝑔 , Σ
−
𝑔 )),  inv

𝑔 = {𝐵 ∈ 𝑔 ∶ 𝐴𝑔,𝐵 is invertible}.
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We identify the total space of these chiral potentials, over metrics with density 𝜇, with the compatible

pair space 𝜇. Positive spin comparison from Section 2 preserves the real structures, the grading, and

the 𝐿2 inner products defined by 𝜇.

All coefficient spaces have the 𝐶∞
topology. Potentials may vary globally on𝑀 ; relative conditions

below refer to parameter collars.

Theorem 12.1. For every metric 𝑔 with density 𝜇, the space  inv
𝑔 has exactly two path components.

The space  inv
𝜇 also has exactly two path components. After the choice of an invertible basepoint, the

component invariant is determinant parity. It agrees with the ordinary real index difference in

𝐾𝑂𝑛+1 ≅ 𝐾𝑂1 ≅ ℤ/2.

Thus the index difference induces a bijection of pointed sets from either component set to ℤ/2.

12.1. Incidence and smooth Banach parameters. Fix an integer 𝑠 > 𝑛/2 + 1. After spin comparison,

a smooth compact family of metrics and potentials gives a smooth family of real Fredholm operators

𝐴𝑡 ∶ 𝐻 𝑠(Σ+) ⟶ 𝐻 𝑠−1(Σ−) (12.1)

of index zero between fixed Sobolev spaces. Kernels and adjoint kernels consist of smooth sections.

We identify the cokernel with the 𝐿2 adjoint kernel; this identification also represents every linear

functional on the finite-dimensional cokernel.

The weak unique continuation statement in Section 9, applied to the full spinors (𝜓, 0) and (0, 𝜂)
for 𝐷𝑔 + 𝑉𝐵, gives weak unique continuation for 𝐴 = 𝐷+

𝑔 + 𝐵 and 𝐴∗
, respectively. Thus the nonzero

locus of every nonzero solution is open and dense. For every integer 𝑗 ≥ 0, the elliptic estimate is

‖𝑢‖𝐻 𝑗+1 ≤ 𝐶𝑗(‖𝐴𝑡𝑢‖𝐻 𝑗 + ‖𝑢‖𝐿2), (12.2)

with constants uniform over a fixed smooth compact family; see [40, Theorem 15.7 and Remark 15.2]

and the compact-family argument following (10.7).

Lemma 12.2. Suppose 𝐴𝜓 = 0 and ‖𝜓‖𝐿2 = 1. The differential of the equation (𝐷+
𝑔 + 𝐵)𝜓 = 0, with the

metric fixed and the spinor constrained to the 𝐿2 unit sphere in 𝐻 𝑠 , is surjective when arbitrary smooth
potential variations are allowed. Its restriction to the spinor variable is Fredholm of index −1.

Proof. The differential is

(𝑄, 𝑢) ⟼ 𝐴𝑢 + 𝑄𝜓, ⟨𝑢, 𝜓⟩𝐿2 = 0. (12.3)

Removing the kernel vector 𝜓 from the domain reduces the index by one and leaves the range

unchanged. Suppose that 𝜂 ∈ ker 𝐴∗
annihilates every 𝑄𝜓. If 𝜂 ≠ 0, unique continuation gives a ball

𝑈 on which both 𝜓 and 𝜂 are nonzero. For a nonnegative nonzero smooth function 𝜒 compactly

supported in 𝑈 , set

𝑄 = 𝜒 𝜂 ⊗
𝜓∗

|𝜓|2

on 𝑈 and extend it by zero. Then

⟨𝜂, 𝑄𝜓⟩𝐿2 = ∫
𝑀
𝜒 |𝜂|2 𝜇 > 0,

a contradiction. Thus the potential directions map onto the finite-dimensional cokernel, and finitely

many such directions already suffice. The derivative has a bounded right inverse, obtained from these

finite-dimensional directions on the cokernel and the inverse of 𝐴 from a complement of its kernel

onto its range. □

For parameter intervals, Lemma 10.1 gives smooth potential directions in a separable Banach

parameter space.
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12.2. Evaluation at a spinor zero.

Lemma 12.3. Let 𝐴𝜓 = 0, ‖𝜓‖𝐿2 = 1, and 𝜓(𝑥) = 0. The map

(𝑄, 𝑢) ⟼ 𝑢(𝑥)

from the smooth solutions of

𝐴𝑢 + 𝑄𝜓 = 0, ⟨𝑢, 𝜓⟩𝐿2 = 0

onto Σ+𝑥 is surjective.

Proof. Let 𝐾 = ker𝐴 and 𝐶 = ker𝐴∗
, and let 𝐺 be the generalized inverse with

𝐴𝐺 = 1 − 𝑃𝐶 , 𝐺𝐴 = 1 − 𝑃𝐾 .

Elliptic regularity makes 𝐺 and 𝐺∗
continuous on smooth sections [40, Theorems 15.1, 15.7, and 15.13;

Remark 15.2]; by duality they extend to distributions. Choose an open ball 𝑈 with closure disjoint

from 𝑥 on which 𝜓 is nonzero. For any 𝑞 ∈ 𝐶∞
𝑐 (𝑈 ; Σ−) orthogonal to 𝐶, the choices

𝑢 = 𝐺𝑞, 𝑄 = −𝑞 ⊗
𝜓∗

|𝜓|2

on the support of 𝑞, extended smoothly by zero, are incidence tangent directions. Indeed, 𝐴𝑢 = 𝑞,

𝑄𝜓 = −𝑞, and 𝑢 is orthogonal to 𝐾 . Every 𝑢 ∈ 𝐾 ∩ 𝜓⟂
is another incidence tangent direction, with

𝑄 = 0.

Suppose a covector 𝜁 ∈ (Σ+𝑥 )∗ annihilates all these evaluation directions. The kernel variations,

together with 𝜓(𝑥) = 0, imply

𝑃𝐾 (𝛿𝑥𝜁 ) = 0.

Here 𝛿𝑥𝜁 is the point distribution acting on a spinor 𝑢 by 𝜁 (𝑢(𝑥)); the fibre metric identifies dual

bundles when needed. Define the distribution 𝜂 = 𝐺∗(𝛿𝑥𝜁 ). Then

𝐴∗𝜂 = 𝛿𝑥𝜁 . (12.4)

For every test section 𝑞 supported in 𝑈 and orthogonal to 𝐶, we have ⟨𝜂, 𝑞⟩ = 𝜁 ((𝐺𝑞)(𝑥)) = 0. The

annihilator of this test-section subspace is the span of the restrictions to 𝑈 of the finitely many

elements of 𝐶. Explicitly, choose a basis 𝜙1, … , 𝜙𝑚 of 𝐶 and factor the functional 𝑞 ↦ ⟨𝜂, 𝑞⟩ through

𝑞 ↦ (⟨𝜙𝑗 , 𝑞⟩)𝑚𝑗=1. It follows that 𝜂|𝑈 = 𝜙|𝑈 for some 𝜙 ∈ 𝐶.

Elliptic regularity makes 𝜂 smooth on 𝑀 ⧵ {𝑥}. This punctured manifold is connected because

𝑛 ≥ 2. The section 𝜂−𝜙 satisfies the homogeneous adjoint equation there and vanishes on 𝑈 . Unique

continuation gives 𝜂 = 𝜙 on 𝑀 ⧵ {𝑥}. Thus 𝑇 = 𝜂 − 𝜙 is supported at 𝑥 and

𝐴∗𝑇 = 𝛿𝑥𝜁 .

The principal symbol of 𝐴∗
is invertible at nonzero real covectors. Lemma 2.3 gives 𝑇 = 0 and 𝜁 = 0.

The annihilator of the evaluation image is therefore zero, and evaluation is surjective. □

Lemma 12.4. A normalized harmonic spinor with a one-dimensional chiral kernel can be joined, by an
arbitrarily short smooth path in the one-dimensional-kernel locus with the metric fixed, to a normalized
harmonic spinor transverse to zero. The path can be stationary on its parameter collars. For 𝑛 ≥ 16 the
final spinor is nowhere zero; for 𝑛 = 8 its zeros are finite.

Proof. At each zero of the original spinor choose finitely many smooth incidence tangent directions

giving the surjectivity of Lemma 12.3. Their surjectivity persists for nearby evaluation points.

Compactness of the zero set reduces this to finitely many choices. Add finitely many potential

directions which fill the incidence cokernel in Lemma 12.2. In this finite-dimensional potential family,

the normalized incidence is, near the original datum, a finite-dimensional smooth manifold: the

spinor derivative is Fredholm of index −1, and the full derivative is split surjective. Its evaluation

map, crossed with 𝑀 , is transverse to zero near the original zero set. After shrinking the incidence
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chart, all zeros remain in this neighborhood, because evaluation is continuous in 𝐻 𝑠 and the original

spinor is bounded away from zero on the complementary compact set.

Write 𝑎 for the coordinates in this incidence chart. For every nonzero multi-index 𝛽, differentiation

of 𝐴𝑎𝜓𝑎 = 0 gives

𝐴𝑎𝜕𝛽𝑎𝜓𝑎 = − ∑
0<𝛾≤𝛽

(
𝛽
𝛾)

(𝜕𝛾𝑎𝐴𝑎)𝜕
𝛽−𝛾
𝑎 𝜓𝑎.

The coefficients and all their parameter derivatives are smooth. Applying the uniform elliptic estimates

to these equations and their difference quotients gives, by induction, smooth dependence on 𝑎 with

values in every Sobolev space. Sobolev embedding then gives joint smoothness in parameters and

space. Parametric transversality [59, Chapter 3, §2, Theorem 2.7], applied to this evaluation map on

the incidence chart crossed with the closed manifold 𝑀 , gives arbitrarily near incidence points whose

spinors are transverse to zero. A small connected coordinate chart gives a smooth incidence path to

one of them.

The kernel dimension is at most one in a sufficiently small coefficient neighborhood. For example,

restrict the original operator to the complement of its kernel and cokernel and retain the resulting

invertible block under perturbation; the remaining block has a one-dimensional domain. The selected

normalized spinor keeps the kernel dimension at least one. The whole small path therefore has kernel

dimension exactly one. Reparametrization makes it stationary near its ends. Finally, 𝑟 > 𝑛 for 𝑛 ≥ 16,

whereas 𝑟 = 𝑛 = 8 in dimension eight. Transversality gives the asserted zero sets. □

12.3. Compatible first derivatives in dimension eight. Let 𝑉 be an oriented Euclidean space of

dimension eight, and let 𝐸± be its real half-spin modules. Put

𝑐(𝑣)𝑐(𝑤) + 𝑐(𝑤)𝑐(𝑣) = −2⟨𝑣, 𝑤⟩, 𝑐(𝑣)∗ = −𝑐(𝑣).

For 𝑇 ∈ Homℝ(𝑉 , 𝐸+) define Clifford contraction by

𝐶(𝑇 ) =
8
∑
𝑖=1
𝑐(𝑒𝑖)𝑇 (𝑒𝑖), (12.5)

where (𝑒𝑖) is an orthonormal basis. At a zero of a spinor, the connection term and every multiplication

potential vanish. Consequently 𝐷+𝜓 = 0 at that point is precisely 𝐶(𝑑𝜓) = 0.

Choose a unit 𝜙 ∈ 𝐸−. The map

𝑓 ∶ 𝑉 ⟶ 𝐸+, 𝑓 (𝑣) = 𝑐(𝑣)𝜙

is an isometry. Indeed, the symmetric part of the Clifford relation gives ⟨𝑓 (𝑣), 𝑓 (𝑤)⟩ = ⟨𝑣, 𝑤⟩; the

remaining bivector is skew-adjoint on a real inner product space. Since the ranks agree, 𝑓 is onto.

Write 𝑇 = 𝑓 𝐵, with 𝐵 = 𝑆 + 𝐾 its symmetric and skew decomposition. A direct computation gives

𝐶(𝑓 𝐵) = −(tr 𝐵)𝜙 +∑
𝑖<𝑗

(𝐵𝑗𝑖 − 𝐵𝑖𝑗 )𝑐(𝑒𝑖)𝑐(𝑒𝑗 )𝜙 (12.6)

= −(tr 𝐵)𝜙 + 4𝜌(𝐾)𝜙,

where

𝜌(𝐾) =
1
2
∑
𝑖<𝑗
𝐾𝑗𝑖𝑐(𝑒𝑖)𝑐(𝑒𝑗 ).

The last two terms in (12.6) are orthogonal. Thus the compatible matrix space is

𝐿 = 𝑓 −1(ker 𝐶) = Sym0(𝑉 ) ⊕ s𝜙, s𝜙 = {𝐾 ∈ so(𝑉 ) ∶ 𝜌(𝐾)𝜙 = 0}. (12.7)

Here s𝜙 is the infinitesimal stabilizer of 𝜙.

Lemma 12.5. Let 𝑚 ≥ 3, and let 𝐸 ⊂ sl𝑚(ℝ) be a real linear subspace containing Sym0(ℝ𝑚). Every
invertible 𝐴 ∈ 𝐸 can be joined by a straight segment in 𝐸 ∩ 𝐺𝐿𝑚(ℝ) to an invertible symmetric trace-free
matrix.
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Proof. By the real Schur theorem [50, Theorem 7.4.1], choose orthogonal coordinates putting 𝐴 in

real Schur form. Its diagonal blocks consist of nonzero real eigenvalues 𝜆𝑗 and two-by-two real blocks

with nonreal eigenvalues 𝑎𝓁 ± 𝑖𝛽𝓁, where 𝛽𝓁 ≠ 0. In these coordinates choose a symmetric block

diagonal matrix 𝐵 which is 𝑏𝑗 on each real block and 𝑟𝓁𝐼2 on each nonreal block, subject to

sign 𝑏𝑗 = sign 𝜆𝑗 , 𝑟𝓁 ≠ 0, ∑
𝑗
𝑏𝑗 + 2∑

𝓁
𝑟𝓁 = 0. (12.8)

If there are no nonreal blocks, take 𝑏𝑗 = 𝜆𝑗 ; tracelessness forces both signs. If there is exactly one

nonreal block, 𝑚 ≥ 3 ensures a real block is present. Choose the 𝑏𝑗 with the indicated signs and with

nonzero sum, and set 𝑟1 = − 1
2 ∑𝑗 𝑏𝑗 . If there are at least two nonreal blocks, fix all but two of the 𝑟𝓁,

and choose the remaining two to satisfy the trace equation, avoiding their finitely many forbidden

zero values. This proves (12.8).

For 0 ≤ 𝑡 ≤ 1, the matrix (1 − 𝑡)𝐴 + 𝑡𝐵 is still block upper triangular. Its real diagonal blocks

cannot vanish, since their endpoint signs agree. The eigenvalues on a nonreal diagonal block are

(1 − 𝑡)(𝑎𝓁 ± 𝑖𝛽𝓁) + 𝑡𝑟𝓁.

They are nonreal for 𝑡 < 1 and nonzero at 𝑡 = 1. The segment is therefore invertible throughout. In

the original coordinates 𝐵 is symmetric and trace-free, hence belongs to 𝐸; linearity puts the segment

in 𝐸. □

Proposition 12.6. Both sets

𝐿+ = {𝐵 ∈ 𝐿 ∶ det 𝐵 > 0}, 𝐿− = {𝐵 ∈ 𝐿 ∶ det 𝐵 < 0}

are nonempty and path connected. For either sign and every basepoint in that set, inclusion induces a
surjection

𝜋1(𝐿±) ⟶ 𝜋1(𝐺𝐿±8 (ℝ)) ≅ ℤ/2.

The paths and loops can be chosen smooth and stationary at any prescribed concatenation points.

Proof. Choose orthonormal 𝑒1, 𝑒2, 𝑒3, and define 𝑒4 by

𝑐(𝑒4)𝜙 = 𝑐(𝑒3)𝑐(𝑒1)𝑐(𝑒2)𝜙.

The isometry 𝑓 gives |𝑒4| = 1. Its pairing with each of 𝑐(𝑒𝑗 )𝜙, 𝑗 = 1, 2, 3, reduces, by the Clifford

relation, to the expectation of a skew bivector against 𝜙 and is zero. Thus 𝑒1, 𝑒2, 𝑒3, 𝑒4 are orthonormal,

and

𝑐(𝑒3)𝑐(𝑒4)𝜙 = −𝑐(𝑒1)𝑐(𝑒2)𝜙.

Define 𝐾 by

𝐾𝑒1 = 𝑒2, 𝐾𝑒2 = −𝑒1, 𝐾𝑒3 = 𝑒4, 𝐾𝑒4 = −𝑒3, 𝐾 |⟨𝑒1,𝑒2,𝑒3,𝑒4⟩⟂ = 0.

Then 𝜌(𝐾)𝜙 = 1
2 (𝑐(𝑒1)𝑐(𝑒2)+𝑐(𝑒3)𝑐(𝑒4))𝜙 = 0. In an orthonormal extension of this basis,𝐾 = 𝐽⊕𝐽⊕04,

where

𝐽 = (
0 −1
1 0 ) .

For each 1 ≤ 𝑘 ≤ 7, the invertible symmetric trace-free matrices with 𝑘 positive eigenvalues

are path connected. Diagonalize by an element of 𝑆𝑂(8), changing the sign of one eigenvector if

necessary to obtain determinant one, and join this diagonalizing matrix to the identity. The diagonal

eigenvalues with prescribed strict signs and sum zero form a convex set. Conjugation followed by

interpolation of these eigenvalues gives the asserted paths.

For 1 ≤ 𝑘 ≤ 5, choose 𝑑5, … , 𝑑8 ∈ {1, −1} with 𝑘 − 1 positive entries and 5 − 𝑘 negative entries, and

set

𝑐0 =
8
∑
𝑗=5
𝑑𝑗 = 2𝑘 − 6, 𝑎(𝑡) = − cos(𝜋𝑡), 𝑏(𝑡) = sin(𝜋𝑡), ℎ(𝑡) = −𝑎(𝑡) − 𝑐0/2.
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Define

𝐵(𝑡) = diag(𝑎(𝑡), 𝑎(𝑡), 5 + ℎ(𝑡), −5 + ℎ(𝑡), 𝑑5, 𝑑6, 𝑑7, 𝑑8) + 𝑏(𝑡)𝐾. (12.9)

Its trace is zero, so 𝐵(𝑡) ∈ 𝐿. The determinants of the two nontrivial two-by-two blocks are respectively

𝑎(𝑡)2 + 𝑏(𝑡)2 = 1, ℎ(𝑡)2 − 25 + 𝑏(𝑡)2 < 0,

since |ℎ(𝑡)| ≤ 3 and |𝑏(𝑡)| ≤ 1. The four other diagonal entries never vanish. Thus (12.9) is invertible.

At both endpoints it is symmetric. At 𝑡 = 0 its first pair is negative and its second pair has one sign of

each kind, giving 𝑘 positive eigenvalues; at 𝑡 = 1 the first pair is positive, giving 𝑘 + 2.

These paths join the signatures in the chains

1 ⟷ 3 ⟷ 5 ⟷ 7, 2 ⟷ 4 ⟷ 6.

The determinant sign of an eight-dimensional symmetric matrix with 𝑘 positive eigenvalues is (−1)𝑘 .

Lemma 12.5, applied to 𝐿, joins every invertible element of 𝐿 to the symmetric locus. Hence 𝐿+ and

𝐿− are path connected. The diagonal matrices

𝑆+ = diag(1, 1, 1, 1, −1, −1, −1, −1), 𝑆− = diag(7, −1, −1, −1, −1, −1, −1, −1)

show that both sets are nonempty.

For the fundamental group, choose one positive and one negative coordinate of 𝑆+, and let 𝑅(𝑡)
rotate their plane through angle 𝜋𝑡. The path

𝑆(𝑡) = 𝑅(𝑡)𝑆+𝑅(𝑡)−1

is a loop in 𝐿+ because 𝑅(1) commutes with 𝑆+. It consists of symmetric trace-free orthogonal

matrices. Right multiplication by 𝑆+ identifies its target component with 𝐺𝐿+8 (ℝ) and takes it to a full

plane rotation through 2𝜋𝑡. This rotation generates 𝜋1𝑆𝑂(8) ≅ ℤ/2 [54, Proposition 13.10 and the

following paragraph]. Polar deformation gives the same generator in 𝜋1𝐺𝐿+8 (ℝ) [54, Theorem 2.17

and Proposition 2.19(1)].

Apply the same conjugation construction to 𝑆−, rotating its positive coordinate and one negative

coordinate. Polar retraction takes the resulting loop to 𝑅(𝑡)𝑃−𝑅(𝑡)−1, where 𝑃− = diag(1, −1, … , −1).
Right multiplication by 𝑃− again gives a full plane rotation. Thus the loop generates the fundamental

group of the negative component as well. Paths in 𝐿± transport these loops to any chosen basepoint.

Reparametrizing finitely many path pieces with constant collars makes all concatenations smooth. □

12.4. Paths with a selected harmonic spinor.

Proposition 12.7. Suppose (𝑔0, 𝐵0) and (𝑔1, 𝐵1) have one-dimensional chiral kernels, and choose normal-
ized real spinors 𝜓𝑗 spanning those kernels. There is a smooth path (𝑔𝑡 , 𝐵𝑡 , 𝜓𝑡), stationary on endpoint
collars, with the prescribed endpoints, such that

(𝐷+
𝑔𝑡 + 𝐵𝑡)𝜓𝑡 = 0, ‖𝜓𝑡‖𝐿2 = 1

for every 𝑡. The density is 𝜇 throughout. If the two metrics coincide, the metric may be held fixed along
the path.

Proof. By Lemma 12.4, join the endpoint pairs by short paths in normalized incidence to pairs whose

spinors are transverse to zero. These short paths have one-dimensional kernels and fix their metrics.

We construct a path between the perturbed endpoints and then concatenate with these short paths

and their reversals. In what follows the endpoints already have transverse zeros. Choose a smooth

metric path with density 𝜇, stationary on endpoint collars, and identify its spinor bundles by positive

spin comparison. A path of metrics with this density exists in the coordinates of Section 8; take the

constant path in the fixed-metric case.

A smooth section homotopy fixed on the endpoint collars is transverse there. Choose finitely

many smooth sections supported off smaller collars which span the fibres over the complement of

the original collars. The evaluation map of the resulting finite-dimensional family is transverse to
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zero for small parameters. Applying [59, Chapter 3, §2, Theorem 2.7] on 𝑀 × (0, 1) gives a transverse

section homotopy relative to the smaller collars.

The case 𝑛 ≥ 16. Here 𝑟 > 𝑛+ 1. The endpoint spinors are nowhere zero. Choose such a transverse

section homotopy on 𝑀 × 𝐼 . Since its rank exceeds dim(𝑀 × 𝐼) = 𝑛 + 1, it has no zeros. Denote this

family by 𝜓𝑡 . Define

𝐵can𝑡 = −𝐷+
𝑔𝑡𝜓𝑡 ⊗

𝜓∗
𝑡

|𝜓𝑡 |2
. (12.10)

Then (𝐷+
𝑔𝑡 + 𝐵

can
𝑡 )𝜓𝑡 = 0. On an endpoint collar, the difference 𝐵𝑗 − 𝐵can𝑡 annihilates the fixed spinor

𝜓𝑗 . Add these differences with smooth cutoffs supported in the respective collars and equal to one on

smaller collars. The equation is preserved and the endpoint potentials become exactly 𝐵𝑗 . Division by

the smooth positive function ‖𝜓𝑡‖𝐿2 normalizes the spinors and leaves the equation unchanged.

The case 𝑛 = 8: the zero curve. The real bundle has rank eight. Choose a transverse section Ψ of

the half-spin bundle over 𝑊 = 𝑀 × 𝐼 , agreeing with the endpoint spinors on stationary collars. Then

𝑍 = Ψ−1(0)

is a compact one-dimensional submanifold, with boundary on 𝑀 × 𝜕𝐼 . On the endpoint collars it is

the product of the finite endpoint zero set with the collar. By the density of Morse functions [59,

Chapter 6, §1, Theorem 1.2], choose a small smooth function ℎ on 𝑍 , zero on the collars, for which

𝑡|𝑍 + ℎ is Morse. The relative condition follows by cutting off a sufficiently small perturbation in

collars where 𝑑𝑡|𝑍 ≠ 0. For sufficiently small 𝐶1
norm, the maps

(𝑥(𝑠), 𝑡(𝑠)) ⟼ (𝑥(𝑠), 𝑡(𝑠) + 𝑢ℎ(𝑠)), 0 ≤ 𝑢 ≤ 1,

are embeddings and form an isotopy, fixed on the collars. Double 𝑊 and 𝑍 across their product

collars, extending this isotopy by the identity on the second copy. The isotopy extension theorem

[59, Chapter 8, §1, Theorem 1.3] applies to the doubled closed submanifold. Its vector field can be

multiplied by a cutoff equal to one on the support of the prescribed velocity and supported in the

interior of the first copy. The resulting extension restricts to an isotopy of 𝑊 fixed near 𝜕𝑊 . Lift it to

the vector bundle by parallel transport. Transporting Ψ preserves transversality and produces the

stated zero curve. We retain the notation Ψ, 𝑍 for the result.

The total derivative of Ψ induces a normal isomorphism

𝐹0 ∶ 𝑁𝑍 ⟶ Σ+|𝑍 . (12.11)

At a point 𝑧(𝑠) = (𝑥(𝑠), 𝑡(𝑠)) of 𝑍 , write

𝐴(𝑠) = 𝑑𝑥Ψ ∶ 𝑇𝑥(𝑠)𝑀 ⟶ Σ+𝑧(𝑠), 𝑏(𝑠) = 𝜕𝑡Ψ ∈ Σ+𝑧(𝑠).

Derivatives of a section at its zeros are independent of the chosen connection. Since Ψ vanishes along

𝑍 ,

𝐴(𝑠)𝑥′(𝑠) + 𝑏(𝑠)𝑡′(𝑠) = 0. (12.12)

The required normal isomorphism 𝐹1 must be homotopic to 𝐹0 relative to the collars and must satisfy

𝐶(𝐴(𝑠)) = 0 (12.13)

along 𝑍 . Here Clifford contraction is defined by the actual metric 𝑔𝑡(𝑠) at 𝑥(𝑠).
Orient 𝑁𝑍 by 𝐹0 and the orientation of the real half-spin bundle. The induced orientation on 𝑍

is consistent with the orientation of 𝑊 . All oriented bundles under consideration are trivial along

each interval or circle component of 𝑍 . Moreover, a spin frame along such a component exists: a

principal Spin(8) bundle over a one-manifold is trivial because the structure group is connected. On

intervals the frame can agree with prescribed frames on the endpoint collars. Consequently, along an

arc, smooth spin frames identify the compatible vertical jet spaces with the single matrix space 𝐿 of

(12.7).
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Regular arcs and folds. Where 𝑡′(𝑠) ≠ 0, the map 𝑇𝑥(𝑠)𝑀 → 𝑁𝑧(𝑠)𝑍 induced by inclusion in 𝑇𝑧(𝑠)𝑊
is an isomorphism. A normal frame is then specified by an invertible vertical derivative 𝐴(𝑠), with

𝑏(𝑠) = −𝐴(𝑠)𝑥′(𝑠)/𝑡′(𝑠).

The compatible choices are exactly 𝐿 ∩ 𝐺𝐿8(ℝ) in the chosen spin frames. Up to a fixed orientation

convention, the vertical determinant sign is the normal orientation sign times sign 𝑡′(𝑠).
At a critical point of 𝑡|𝑍 , the Morse lemma [59, Chapter 6, §1, Theorem 1.1] gives a local parameter

with 𝑡(𝑠) = 𝑡0 + 𝑠2 or 𝑡(𝑠) = 𝑡0 − 𝑠2. The vector 𝑥′(𝑠) is nonzero on a small interval. Set

𝑒1(𝑠) =
𝑥′(𝑠)

|𝑥′(𝑠)|𝑔𝑡(𝑠)
and extend to a smooth orthonormal vertical frame. Choose a smooth unit spinor 𝜙−(𝑠) and set

𝑓𝑠(𝑣) = 𝑐𝑔𝑡(𝑠)(𝑣)𝜙
−(𝑠). Take seven nonzero real constants 𝜆2, … , 𝜆8 whose sum is zero, and put

𝑎(𝑠) =
𝑡′(𝑠)

|𝑥′(𝑠)|𝑔𝑡(𝑠)
, 𝑏(𝑠) = −𝑓𝑠(𝑒1(𝑠)),

𝐴(𝑠)𝑒1(𝑠) = 𝑎(𝑠)𝑓𝑠(𝑒1(𝑠)), 𝐴(𝑠)𝑒2(𝑠) = (𝜆2 − 𝑎(𝑠))𝑓𝑠(𝑒2(𝑠)),
𝐴(𝑠)𝑒𝑗 (𝑠) = 𝜆𝑗𝑓𝑠(𝑒𝑗 (𝑠)) (3 ≤ 𝑗 ≤ 8).

(12.14)

The matrix 𝑓 −1𝑠 𝐴(𝑠) is symmetric and trace-free, so (12.13) holds. Formula (12.12) holds as well. After

shrinking the interval, the last seven coefficients of 𝐴(𝑠) are nonzero. At the critical point 𝐴(𝑠) has

rank seven, and 𝑏(𝑠) spans the missing image direction. At a regular point 𝐴(𝑠) is invertible. Thus

(𝐴(𝑠), 𝑏(𝑠)) is surjective throughout the interval and its kernel is exactly 𝑇𝑧(𝑠)𝑍 . It therefore defines a

normal isomorphism across the fold.

This isomorphism can have either normal orientation. At the critical point its orientation sign is a

fixed sign times ∏8
𝑗=2 𝜆𝑗 . The choices

(6, −1, −1, −1, −1, −1, −1), (5/2, 5/2, −1, −1, −1, −1, −1)

have zero sum and opposite product signs. Choose the orientation which agrees with 𝐹0. The vertical

determinant then has the required opposite signs on the two regular branches, because 𝑎(𝑠) changes

sign. The formula contains the actual 𝑡′(𝑠) and therefore applies to both maxima and minima. It

prescribes the jets along the curved zero set in orthonormal metric frames.

The relative framing class. Keep 𝐹0 on the endpoint collars; it is already compatible there because

the endpoint spinors are harmonic. Choose the fold frames above with its orientation on disjoint small

neighborhoods of the finitely many critical points. The remaining pieces of 𝑍 are regular arcs. On each,

the two prescribed endpoint jets have the same vertical determinant sign: their normal orientation

agrees, and 𝑡′ has constant sign on that arc. Proposition 12.6 joins them through compatible invertible

jets. Smooth reparametrizations preserve the prescribed jets on smaller endpoint neighborhoods.

This yields a compatible normal isomorphism 𝐹1 of the same orientation as 𝐹0 everywhere.

In trivializations, 𝐹−10 𝐹1 takes values in 𝐺𝐿+8 (ℝ) and equals the identity on the endpoint collars.

On an interval, its relative homotopy class is an element of 𝜋1𝐺𝐿+8 (ℝ) = ℤ/2. On a circle, its free

homotopy class is determined by the same group, since this fundamental group is abelian and 𝐺𝐿+8 (ℝ)
is connected. Every component of 𝑍 contains a regular arc, since 𝑡|𝑍 is Morse and is a submersion on

the boundary collars. On one such arc insert a based loop of compatible invertible vertical jets. The

surjectivity assertion in Proposition 12.6, for the determinant sign on that arc, allows this loop to

change the relative normal-frame class by either element of ℤ/2. The common changes of frame on

the arc induce translations and conjugation on the resulting loop in 𝐺𝐿8(ℝ); these induce the identity

on its fundamental group ℤ/2. Choose the loop which cancels the class of 𝐹−10 𝐹1. Do this separately

on each component of 𝑍 .

It follows that 𝐹0 and the resulting 𝐹1 are homotopic through normal isomorphisms relative to the

collars. There are no higher obstructions because 𝑍 is one-dimensional. By smoothing in the open

bundle of isomorphisms, choose a smooth homotopy 𝐹𝑢, 0 ≤ 𝑢 ≤ 1, fixed on those collars.
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Replacement without additional zeros. Take a tubular neighborhood of 𝑍 that is a product tube on

the endpoint collars, and identify the target bundle with its pullback from 𝑍 . In normal coordinates

write

Ψ(𝑧, 𝑦) = 𝐹0(𝑧)𝑦 + 𝑅(𝑧, 𝑦), |𝑅(𝑧, 𝑦)| ≤ 𝐶|𝑦|2,

with 𝐶 uniform along the compact curve. The family 𝐹𝑢(𝑧) has a positive minimum singular value 𝛿
on the compact set 𝑍 × [0, 1]. Shrink the tube so that |𝑅(𝑧, 𝑦)| ≤ 𝛿|𝑦|/2. Choose a smooth function

𝜒 ∶ [0,∞) → [0, 1] such that 𝜒(|𝑦|2) is one near the zero section and zero near the tube boundary.

Replace Ψ in this tube by

Ψ′(𝑧, 𝑦) = 𝐹𝜒(|𝑦|2)(𝑧)𝑦 + 𝑅(𝑧, 𝑦). (12.15)

This is the original section near the tube boundary and on the endpoint collars. For 𝑦 ≠ 0 it satisfies

|Ψ′(𝑧, 𝑦)| ≥ 𝛿|𝑦| − |𝑅(𝑧, 𝑦)| ≥ 1
2𝛿|𝑦| > 0. (12.16)

Consequently its zero set is exactly 𝑍 , its normal derivative is 𝐹1, and it is transverse to zero. Compat-

ibility gives

𝐷+
𝑔𝑡Ψ

′
𝑡 = 0 on 𝑍. (12.17)

Joint division and endpoint values. Put 𝐺 = −𝐷+
𝑔𝑡Ψ

′
𝑡 , a smooth section of Σ− over 𝑊 . It vanishes

on 𝑍 by (12.17). In bundle trivializations near a point of 𝑍 , total transversality makes the eight

components 𝑧1, … , 𝑧8 of Ψ′
, together with one coordinate 𝜎, a coordinate system on 𝑊 . On a smaller

coordinate neighborhood, Hadamard’s formula reads

𝐺𝑖(𝜎, 𝑧) =
8
∑
𝑗=1
𝑧𝑗 ∫

1

0

𝜕𝐺𝑖
𝜕𝑧𝑗

(𝜎, 𝜏𝑧) 𝑑𝜏. (12.18)

The smooth coefficients in this formula define a homomorphism 𝐵 with 𝐵Ψ′ = 𝐺. Away from 𝑍 , take

𝐺 ⊗ Ψ′∗/|Ψ′|2. On the endpoint collars retain the prescribed 𝐵0, 𝐵1, which solve the same equation

there. A smooth partition of unity patches these local solutions, since the equation is linear in 𝐵.

Choose the partition so that only the prescribed endpoint solution occurs on each smaller endpoint

collar. We obtain a jointly smooth potential 𝐵𝑡 with the exact endpoint values and

(𝐷+
𝑔𝑡 + 𝐵𝑡)Ψ

′
𝑡 = 0.

The division in (12.18) is on 𝑀 × 𝐼 . It remains valid at the folds, where the spatial derivative alone has

rank seven.

No slice Ψ′
𝑡 is the zero section. If a slice were identically zero, its spatial derivative would van-

ish everywhere, so its total derivative would have rank at most one along that slice, contrary to

transversality to a bundle of rank eight. Thus 𝑁(𝑡) = ‖Ψ′
𝑡‖𝐿2 is a smooth positive function. Replacing

Ψ′
𝑡 by 𝑁(𝑡)−1Ψ′

𝑡 preserves the equation, because 𝑁 depends only on 𝑡, and preserves the normalized

endpoint spinors. The short initial and final incidence paths now restore the original endpoints. All

concatenations can be made smooth and stationary on their collars. □

12.5. Removing the additional kernel.

Lemma 12.8. Let 𝜓 and 𝜉 be real-linearly independent solutions of 𝐴𝜁 = 0 on 𝑀 . Their values are
linearly independent on an open dense subset of 𝑀 .

Proof. Pointwise independence is open. Suppose its complement contains a nonempty open set.

Unique continuation for 𝜓 gives a ball 𝑈 in that set on which 𝜓 ≠ 0. There is a smooth real function

𝑓 =
⟨𝜉, 𝜓⟩
|𝜓|2

on 𝑈 with 𝜉 = 𝑓 𝜓. The Leibniz rule gives

0 = 𝐴(𝑓 𝜓) − 𝑓 𝐴𝜓 = 𝑐(𝑑𝑓 )𝜓.
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Clifford multiplication by a nonzero real covector is invertible, so 𝑑𝑓 = 0 on𝑈 . On a smaller connected

ball 𝑓 is constant. Unique continuation for 𝜉 − 𝑓 𝜓 then makes the two solutions globally dependent,

a contradiction. □

Proposition 12.9. Let (𝑔𝑡 , 𝐵𝑡 , 𝜓𝑡) be a smooth family, stationary on endpoint collars, with

𝐴𝑡𝜓𝑡 = 0, ‖𝜓𝑡‖𝐿2 = 1, 𝐴𝑡 = 𝐷+
𝑔𝑡 + 𝐵𝑡 ,

and with one-dimensional kernels on those collars. There are arbitrarily small jointly smooth potential
perturbations 𝑄𝑡 , zero on the collars and satisfying 𝑄𝑡𝜓𝑡 = 0 pointwise, for which

ker(𝐴𝑡 + 𝑄𝑡) = ℝ𝜓𝑡 (0 ≤ 𝑡 ≤ 1).

For one fixed operator with a selected nonzero harmonic spinor, the same conclusion holds without a time
variable or endpoint conditions.

Proof. Apply Lemma 10.1 to the closed space of smooth potential directions with 𝑄𝑡𝜓𝑡 = 0 and the

prescribed vanishing on collars. Write 𝑄(𝑝) = 𝑞(𝑝) for its 𝓁2 parameterization. The hyperplanes

𝜓⟂
𝑡 ⊂ 𝐻 𝑠(Σ+) form a smooth Hilbert bundle over 𝐼 : their defining 𝐿2 functionals depend smoothly on

𝑡 and have smooth normalized representatives. The bundle can be trivialized over the interval. On its

sphere bundle

 =
{
(𝑡, 𝜉) ∶ ⟨𝜉, 𝜓𝑡⟩𝐿2 = 0, ‖𝜉‖𝐿2 = 1

}

consider

𝐹(𝑝, 𝑡, 𝜉) = (𝐴𝑡 + 𝑄𝑡(𝑝))𝜉. (12.19)

At a zero,𝜓𝑡 and 𝜉 are two independent kernel vectors. The derivative in the fibre variable is𝐴𝑡+𝑄𝑡(𝑝)
on the codimension-two subspace

{𝑢 ∈ 𝐻 𝑠 ∶ ⟨𝑢, 𝜓𝑡⟩𝐿2 = ⟨𝑢, 𝜉⟩𝐿2 = 0}.

Both removed directions lie in its kernel. The restricted operator therefore has the same range and

has Fredholm index −2.

The derivative in the potential parameters maps onto its cokernel at every zero. Let 𝜂 ≠ 0 be a

smooth adjoint-kernel spinor of 𝐴𝑡 + 𝑄𝑡(𝑝). Lemma 12.8 and unique continuation give a ball 𝑈 on

which 𝜓𝑡 , 𝜉 are pointwise independent and 𝜂 is nonzero. On this ball put

𝑣 = 𝜉 −
⟨𝜉, 𝜓𝑡⟩
|𝜓𝑡 |2

𝜓𝑡 .

Then 𝑣 ≠ 0 and 𝑣 ⟂ 𝜓𝑡 pointwise. Choose a nonnegative nonzero 𝜒 ∈ 𝐶∞
𝑐 (𝑈) and define at this time

𝑄0 = 𝜒 𝜂 ⊗
𝑣∗

|𝑣|2
.

It satisfies 𝑄0𝜓𝑡 = 0 and 𝑄0𝜉 = 𝜒𝜂. For nearby times, 𝜓𝑡′ remains nonzero on the compact support

of 𝜒 . Extend 𝑄0
smoothly in the fixed spin comparison, compose it on the right with

𝑃⟂𝑡′ = 1 −
𝜓𝑡′ ⊗ 𝜓∗

𝑡′

|𝜓𝑡′ |2
,

and multiply by a time cutoff equal to one at 𝑡. The resulting smooth field is an admissible potential

variation, supported in the chosen spatial ball and time interval, and

⟨𝜂, 𝑄0𝜉⟩𝐿2 = ∫
𝑀
𝜒 |𝜂|2 𝜇 > 0.

Thus no nonzero cokernel functional annihilates the image of the potential derivative. The dense linear

image of the weighted potential directions has the same, surjective image in this finite-dimensional

cokernel.
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Equation (12.19) is consequently a submersion at all its zeros. There are no zeros on the endpoint

collars, since the potential directions vanish there and the kernels are already the selected lines. We

may therefore work over the open interior parameter interval. Adding the time variable raises the

vertical Fredholm index from −2 to −1. Lemma 10.1 makes the zero set a separable Banach manifold

whose projection to 𝓁2 is Fredholm of index −1. By [77, Theorem 1.3 and Corollary 1.5], regular

parameters are dense and their fibres are empty. For such a parameter no normalized kernel vector

orthogonal to 𝜓𝑡 exists at any time. The selected spinor remains harmonic because every potential

variation annihilates it pointwise.

With no time variable the same construction has Fredholm index −2 and again has empty fibres at

regular parameters. This proves the fixed-operator assertion as well. The estimates in Lemma 10.1

give arbitrary prescribed 𝐶∞
smallness of the perturbation. □

12.6. The simple-kernel hypersurface and transverse paths. In the rest of the proof,  denotes

either 𝑔 for a fixed metric or the total space 𝜇. In either case define

𝑋 = {𝑝 ∈  ∶ dim ker 𝐴𝑝 ≤ 1}, 𝑆 = {𝑝 ∈  ∶ dim ker 𝐴𝑝 = 1}.

Thus 𝑋 ⧵ 𝑆 =  inv
. The equality follows from the index-zero assumption.

Proposition 12.10. The set 𝑆 is nonempty and path connected, both with the metric fixed and in the
total density slice.

Proof. First fix a metric. Parametric transversality [59, Chapter 3, §2, Theorem 2.7], applied to fibrewise

perturbations, gives a smooth section of Σ+ transverse to zero. If 𝑛 ≥ 16, this section is nowhere

zero because 𝑟 > 𝑛. Formula (12.10), with this fixed metric, gives a potential for which the section is

harmonic.

If 𝑛 = 8, its zero set is finite. At a zero 𝑥 , its derivative 𝑇0 ∶ 𝑇𝑥𝑀 → Σ+𝑥 is an isomorphism.

By Proposition 12.6, choose an invertible compatible jet 𝑇1 with the same determinant sign as 𝑇0.
These two isomorphisms belong to the same component of 𝐺𝐿8(ℝ) by polar decomposition and

connectedness of 𝑆𝑂(8) [54, §1.3.2, Theorem 2.17, and Proposition 2.19(1)]. Join them by a smooth

path in that component. In disjoint small coordinate balls around the zeros, apply the replacement

(12.15) to this path of derivatives, with the zero-dimensional zero set in place of the curve. The same

lower bound (12.16) shows that the section has exactly its original zeros and has derivative 𝑇1 at each.

Its Dirac derivative therefore vanishes at every zero. Hadamard division, now in the eight spatial

coordinates, gives a smooth potential 𝐵 for which the section is harmonic. Away from its zeros the

rank-one formula gives the local solution, and a partition of unity patches the solutions.

In both dimensions the selected section is not identically zero. Normalize it in 𝐿2 and apply the

fixed-operator version of Proposition 12.9. The resulting operator has kernel exactly that real line.

Since its index is zero, its cokernel is also a real line. This constructs a point of 𝑆 over every fixed

metric.

Given any two points of 𝑆, choose normalized real generators of their kernels. Proposition 12.7

joins them by a family with a selected normalized harmonic spinor and exact endpoint operators.

Proposition 12.9 removes all other kernel vectors relative to the endpoint collars. The resulting path

lies in 𝑆. Both propositions permit the metric to remain fixed when the endpoint metrics coincide. □

Lemma 12.11. The set 𝑋 is open in  , and 𝑆 is closed in 𝑋 . Near every point of 𝑆 there is a local product
chart in which 𝑆 is the zero set of one real scalar coordinate and its two local sides consist of invertible
operators. A smooth potential direction can be chosen transverse to the wall.

Proof. At a point 𝐴0 of 𝑆, put 𝐾 = ker𝐴0 and 𝐶 = ker𝐴∗
0 . With 𝐿2 orthogonal complements in the

Sobolev spaces, write

𝐻 𝑠(Σ+) = 𝐾 ⊕ 𝐸0, 𝐻 𝑠−1(Σ−) = 𝐶 ⊕ 𝐹0.
The map 𝑑0 = 𝐴0|𝐸0 ∶ 𝐸0 → 𝐹0 is an isomorphism. For a sufficiently close operator write

𝐴 = (
𝑎 𝑏
𝑐 𝑑) , 𝑑 ∶ 𝐸0 ⟶𝐹0.
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The block 𝑑 remains invertible. Elimination of the off-diagonal blocks reduces invertibility to that of

𝑠(𝐴) = 𝑎 − 𝑏𝑑−1𝑐 ∶ 𝐾 ⟶ 𝐶. (12.20)

In particular dim ker𝐴 ≤ 1 in this neighborhood. Invertibility is open at the remaining points of 𝑋 ,

so 𝑋 is open. The complement of 𝑆 in 𝑋 is the open invertible locus, so 𝑆 is relatively closed.

At 𝐴0, both 𝑏 and 𝑐 vanish, and the derivative of (12.20) in a potential direction is

𝐷𝑠𝐴0(𝑄) = 𝑃𝐶𝑄|𝐾 .

For nonzero 𝜓 ∈ 𝐾 and 𝜂 ∈ 𝐶, Lemma 12.2 provides a smooth 𝑄 with ⟨𝜂, 𝑄𝜓⟩𝐿2 ≠ 0. Since 𝐾 and 𝐶
are real lines, this is a nonzero derivative of the scalar Schur map.

In a 𝐶𝑘 coefficient completion with 𝑘 ≥ 𝑠 + 1, the Schur map is smooth and its derivative in the

chosen smooth direction𝑄 is nonzero. The Banach implicit function theorem [46, Theorem 13.20] gives

a product chart by solving for the scalar coefficient of 𝑄. This chart restricts to smooth coefficients,

since its scalar correction multiplies the fixed smooth field 𝑄. Choose the complementary-coordinate

neighborhood convex; its intersection with the smooth coefficients is path connected. The two signs of

𝑠(𝐴) are its invertible sides. A sufficiently short segment 𝐴0 + 𝜀𝑄 therefore meets 𝑆 only at 𝜀 = 0. □

Proposition 12.12. Any two points of  inv can be joined by a smooth coefficient path which is stationary
on endpoint collars, has a one-dimensional kernel at finitely many interior times, and is invertible at
every other time. Each singular time is a transverse simple crossing. A prescribed smooth metric path,
stationary on endpoint collars, may be retained. Consequently 𝑋 is path connected.

Proof. Join the endpoints by a smooth path in the full coefficient space, constant on endpoint collars.

With the metric fixed this is an affine path in the potentials, followed by a reparametrization. In the

total space take a smooth metric path and the spin comparison to interpolate the potentials. Take the

unrestricted relative potential directions of Lemma 10.1 and consider

𝐹(𝑝, 𝑡, 𝜓) = (𝐴𝑡 + 𝑄𝑡(𝑝))𝜓, ‖𝜓‖𝐿2 = 1. (12.21)

The unit sphere is a smooth Banach submanifold of 𝐻 𝑠 because the derivative of its squared 𝐿2 norm

is nonzero there. Lemma 12.2 proves surjectivity at every zero of (12.21); a spatial potential variation

can be extended near the chosen interior time and multiplied by a time cutoff. The vertical spinor

derivative has index −1, and adding time gives index zero. The zero set is therefore a separable Banach

manifold whose projection to 𝓁2 is Fredholm of index zero. It is empty on the endpoint collars, where

the operators remain the given invertible ones.

Choose an arbitrarily small regular parameter by [77, Theorem 1.3]. The fixed-parameter normal-

ized incidence is a zero-dimensional manifold. If a kernel had dimension 𝑘 ≥ 2, its full sphere 𝑆𝑘−1 of

normalized real vectors would lie in this incidence at the same time, contradicting discreteness. Thus

every kernel encountered is a real line.

For the chosen smooth compact path, the uniform estimate (12.2) gives a uniform 𝐻 𝑠+1 bound on

every normalized kernel spinor. Given a sequence of solutions, pass to a convergent sequence of times

and then, by the compact inclusion 𝐻 𝑠+1 ↪ 𝐻 𝑠 , to a convergent sequence of spinors in 𝐻 𝑠 . The limit

is normalized and solves the limiting equation, by operator-norm continuity in (12.1). The normalized

incidence is therefore compact. A compact zero-dimensional manifold is finite. Its elements occur in

pairs 𝜓, −𝜓, so the number of singular times is finite as well.

At a singular time 𝑡0, regularity of the parameter means that the fixed-parameter derivative in

(𝑡, 𝜓) is onto. Its spinor part has the range of 𝐴𝑡0 + 𝑄𝑡0(𝑝) and has a one-dimensional cokernel.

Consequently the time derivative maps nontrivially to this cokernel. For nonzero kernel and adjoint-

kernel generators this is the condition

⟨𝜂,
𝑑
𝑑𝑡

||||𝑡=𝑡0
(𝐴𝑡 + 𝑄𝑡(𝑝))𝜓⟩𝐿2 ≠ 0. (12.22)

By (12.20), it is precisely transversality to the simple wall.
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The asserted paths show that any two invertible points can be joined in𝑋 . If an endpoint belongs to

𝑆, Lemma 12.11 first joins it to an invertible point by a short normal segment lying in𝑋 . Concatenating

these segments with an invertible-endpoint path proves that any two points of 𝑋 can be joined in

𝑋 . □

12.7. The two components and the real index. The ambient coefficient space  is contractible and

metrizable: 𝑔 is affine, and 𝜇 is identified with a product of Fréchet vector spaces in Section 8.

The determinant line of the real index-zero family is

𝜆𝐴 = Λtop ker 𝐴 ⊗ (Λtop coker 𝐴)
∗. (12.23)

The operators 𝐴𝑝 ∶ 𝐻 𝑠(Σ+) → 𝐻 𝑠−1(Σ−) form a continuous family of bounded Fredholm maps be-

tween fixed real Hilbert spaces, as in (12.1). Pullback of the real determinant bundle gives a continuous

line bundle with fibres (12.23), including at larger kernels [82, Proposition 5.3 and Corollary 5.4]. Since

the base is contractible and metrizable, choose an orientation of this line bundle. At an invertible

operator there is the canonical element 1 ⊗ 1∗. Let 𝜀(𝐴) ∈ {1, −1} be its sign in the chosen orientation.

This sign is locally constant on the invertible locus.

Lemma 12.13. The chosen determinant orientation consistently labels the two local sides of 𝑆 by opposite
signs of 𝜀. In particular it coorients 𝑆, and 𝜀 changes sign at every transverse simple crossing.

Proof. The normal line in the Schur chart (12.20) is

Homℝ(𝐾, 𝐶) ≃ (det 𝐾 ⊗ (det 𝐶)∗)∗.

The chosen determinant orientation therefore orients this line. A short transverse segment has

invertible endpoints, exactly one singular point, real kernel and cokernel of dimension one, and a

Schur scalar which changes sign. Proposition 5.9 of [82, 2022 update, Section 5.3] makes the canonical

determinant orientations on its two sides opposite. The global determinant orientation makes these

signs consistent on overlaps. □

Proposition 12.14. The invertible locus  inv has exactly two path components, distinguished by 𝜀 ∈
{1, −1}.

Proof. The space 𝑋 is open in the ambient Fréchet space and is therefore locally path connected.

Propositions 12.10 and 12.12 and Lemma 12.11 give the hypotheses of Lemma 10.5 for (𝑋, 𝑆). Hence the

complement has at most two components. The two sides at any point of 𝑆 have opposite determinant

signs by Lemma 12.13. Local constancy of that sign on invertibles prevents a path between them.

Both components are therefore nonempty and the count is exactly two. □

Proposition 12.15. For invertible endpoints 𝑝0, 𝑝1, the ordinary real index difference in 𝐾𝑂𝑛+1 ≅ ℤ/2 is
zero if 𝜀(𝐴𝑝0) = 𝜀(𝐴𝑝1) and is the nonzero element otherwise.

Proof. Choose a path 𝑝𝑡 as in Proposition 12.12, and let 𝑁 be its number of singular parameters. By

Section 8.1 and (8.3), its relative real chiral Fredholm class is the ordinary index difference in 𝐾𝑂𝑛+1.
In each Schur chart the complementary block is invertible, and the remaining real-line map changes

sign at the crossing. Each crossing therefore represents the nonzero element of 𝐾𝑂𝑛+1 ≅ ℤ/2 by (8.1).

By additivity the ordinary index difference equals 𝑁 (mod 2). Lemma 12.13 gives

𝜀(𝐴𝑝1) = (−1)𝑁 𝜀(𝐴𝑝0),

which proves the assertion. □

Proof of Theorem 12.1. Proposition 12.14 applies to the fixed-metric potential space and to the total

density slice. Choose an invertible basepoint and orient the determinant line so that its canonical

element is positive there. The resulting determinant parity takes the values zero and one on the two

components, respectively. Proposition 12.15 identifies it with the ordinary real index difference in

𝐾𝑂𝑛+1 ≅ ℤ/2. This proves the asserted bijections of pointed sets. □
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Remark 12.16. Proposition 8.2, with 𝑈 = 𝑀 , gives a nonempty space inv
𝜇 (𝑀) and a bijection

𝜋0inv
𝜇 (𝑀) ⟶ 𝜋0 inv

𝜇

which preserves ordinary index difference. Thus, for any invertible base metric 𝑔∗ with density 𝜇,

inddiff𝑔∗ ∶ 𝜋0inv
𝜇 (𝑀) ⟶ 𝐾𝑂𝑛+1 ≅ ℤ/2

is a bijection of pointed sets.

13. Real skew-adjoint operators

Throughout this section, 𝑀 is closed and connected,

𝑛 ≡ 1 (mod 8), 𝑛 ≥ 9, 𝛼(𝑀) = 0.

All spin structures are fixed. The density is the prescribed density 𝜇. The charge conjugation 𝐶
satisfies 𝐶2 = 1 and 𝐶𝐷𝑔 = −𝐷𝑔𝐶. Its fixed bundle Σℝ𝑔 has real rank

𝑟 = 2(𝑛−1)/2 = 2𝓁, 𝓁 = 2(𝑛−3)/2.

The operators and their principal Clifford matrices are

𝐾𝑔 = 𝑖𝐷𝑔 , 𝑄 = 𝑖𝑉 , 𝐿𝑔,𝑄 = 𝐾𝑔 + 𝑄, 𝑎𝑔(𝜉) = 𝑖𝑐𝑔(𝜉). (13.1)

We identify tangent and cotangent vectors by 𝑔 in Clifford expressions. Thus 𝐾𝑔 and 𝑄 preserve Σℝ𝑔 ,

and

𝑎𝑔(𝜉)𝑇 = 𝑎𝑔(𝜉), 𝑎𝑔(𝜉)𝑎𝑔(𝜂) + 𝑎𝑔(𝜂)𝑎𝑔(𝜉) = 2𝑔−1(𝜉 , 𝜂)𝐼 . (13.2)

The compatibility identities say exactly that𝑄 is an arbitrary smooth real skew-adjoint endomorphism

of Σℝ𝑔 . Indeed, 𝐶(𝑖𝑉 ) = 𝑖𝑉𝐶 and (𝑖𝑉 )∗ = −𝑖𝑉 ; conversely, 𝑉 = −𝑖𝑄 satisfies the original compatibility

identities. Put

𝑔 = 𝐶∞(𝑀; so(Σℝ𝑔 )), inv
𝑔 = {𝑄 ∶ 𝐾𝑔 + 𝑄 is invertible}.

Multiplication by 𝑖 identifies this notation with the metric–potential notation 𝜇.

Theorem 13.1. The spaces inv
𝑔 , for every fixed smooth metric 𝑔 , and  inv

𝜇 are nonempty and have
exactly two path components. For either coefficient space  , an invertible base point 𝑝∗ gives a bijection

𝜋0( inv) ⟶ 𝐾𝑂2 ≅ ℤ/2, [𝑝] ⟼ sf2(𝐿𝑝∗ , 𝐿𝑝), (13.3)

where the real mod-two spectral flow is computed along any smooth path in  . On  inv
𝜇 , with a pure

metric base point 𝑔∗, this invariant is 𝛿𝑔∗(𝑔, 𝑉 ) ∈ 𝐾𝑂𝑛+1 ≅ 𝐾𝑂2.

13.1. Fixed domains and the universal incidence. Positive spinor comparison identifies the real

spinor bundles and their 𝐿2 spaces. In these identifications every operator in a smooth finite parameter

family has domain 𝐻 1
. Its coefficients depend smoothly on the metric and its first derivatives; see [56,

§2.3] and Section 2. Each 𝐿 = 𝐿𝑔,𝑄 is a real skew-adjoint elliptic operator with compact resolvent. Its

kernel consists of smooth sections, and

dimℝ ker 𝐿 ≡ 𝛼(𝑀) = 0 (mod 2).

For 𝑄 = 0, this is [14, Theorem 3.1]. The real skew index is kernel parity and is constant under

Fredholm homotopies [13, Proposition 5.1, pp. 22–23]. Apply this to the bounded transforms of

𝐾𝑔 + 𝑡𝑄, which are continuous by Section 8.1.

The logarithmic metric and linear potential coordinates of Section 8 identify 𝜇 with a Fréchet

vector space. Both 𝜇 and 𝑔 are therefore contractible. In what follows,  denotes either space. All

potential directions are smooth multiplication endomorphisms.

For the local analytic arguments fix an integer 𝑠 > 𝑛/2 + 1, and complete the coefficients in 𝐶𝑚,

where 𝑚 ≥ 𝑠 +1. The spinor equation is then a smooth Banach-space equation 𝐻 𝑠 → 𝐻 𝑠−1. The value
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of𝑚 can be increased to handle any prescribed basic neighborhood in the smooth topology. We always

choose finite parameter families with smooth spatial coefficients. Every family of kernel spinors

which is smooth in the parameters with values in 𝐻 𝑠 is jointly smooth in the spatial and parameter

variables, by the parameter-dependent elliptic argument at the end of the proof of Lemma 10.2. Unique

continuation for 𝐿 = 𝑖(𝐷𝑔 + 𝑉 ) is the one established in Section 9, from [56, Theorem 6.2.8].

Define the real projective incidence

() = {(𝑝, [𝜓]) ∶ 0 ≠ 𝜓 ∈ ker 𝐿𝑝}. (13.4)

Locally choose an 𝐿2-unit representative𝜓. The spinor tangent and the equation target are respectively

𝐻 𝑠 ∩ 𝜓⟂, 𝐻 𝑠−1 ∩ 𝜓⟂.

The target is the orthogonal complement of the tautological line: skew-adjointness gives ⟨𝐿𝑝𝜓,𝜓⟩𝐿2 =
0. At a zero the differential in potential and spinor directions is

𝑇𝜓(𝑅, 𝑢) = 𝐿𝑢 + 𝑅𝜓. (13.5)

Lemma 13.2. The map (13.5) is surjective. It remains surjective if the potential directions are required to
have support in any fixed nonempty open set. Finitely many smooth potential directions suffice locally. If
𝐹 is any subspace of ker 𝐿 and

𝑊𝐹 = {𝑃𝐹𝑅|𝐹 ∶ 𝑅 ∈ 𝑔 } ⊂ so(𝐹),

then

𝑊𝐹 𝑣 = 𝑣⟂ ∩ 𝐹 (0 ≠ 𝑣 ∈ 𝐹). (13.6)

Proof. Let 𝜂 annihilate the image of (13.5). The spinor variations imply, in the distributional sense,

𝐿𝜂 = 𝑏𝜓 for a real constant 𝑏 . Pairing with 𝜓 gives 𝑏 = 0. Elliptic regularity makes 𝜂 smooth.

Unique continuation gives a ball 𝑈0 ⋐ 𝑈 on which 𝜓 is nowhere zero, where 𝑈 is the prescribed

spatial open set. At a point of this ball the vectors 𝑅𝜓, as 𝑅 varies through skew endomorphisms,

fill 𝜓⟂
. Localization of the potential directions therefore gives 𝜂 = 𝑓 𝜓 on the ball, with 𝑓 real and

smooth. Hence

0 = 𝐿(𝑓 𝜓) = 𝑎𝑔(𝑑𝑓 )𝜓.

The Clifford identity makes 𝑎𝑔(𝑑𝑓 ) invertible wherever 𝑑𝑓 ≠ 0, so 𝑓 is constant. Unique continuation

gives 𝜂 = 𝑐𝜓 on 𝑀 ; this represents the zero functional on the target 𝜓⟂
.

The vertical operator 𝐿 ∶ 𝜓⟂ → 𝜓⟂
is Fredholm. Its range is closed and its cokernel is finite

dimensional. The preceding annihilator argument therefore permits a finite selection of smooth

potential directions filling that cokernel. The resulting surjective operator has a bounded right inverse.

For (13.6), an element 𝜂 ∈ 𝐹 ∩ 𝑣⟂ annihilating 𝑊𝐹 𝑣 satisfies ⟨𝜂, 𝑅𝑣⟩𝐿2 = 0 for every potential

variation. Both 𝑣 and 𝜂 lie in ker 𝐿, so the same localized argument gives 𝜂 = 𝑐𝑣, and orthogonality

gives 𝜂 = 0. Thus (13.6) holds for every 𝐹 ⊂ ker 𝐿. □

If 𝑘 = dimℝ ker 𝐿, the kernel and cokernel of the vertical projective operator both have dimension

𝑘 − 1. Thus, in a finite parameter family of dimension 𝑁 for which (13.5) is surjective, the resolved

incidence is a manifold of dimension 𝑁 . Above a constant-𝑘-kernel stratum its fibre is ℝ𝑃𝑘−1.

Lemma 13.3. In local unit representatives, incidence evaluation is transverse to the zero section and to
every smooth fibrewise radial submanifold of the real spinor bundle. For an antipodally invariant radial
target and a compact family of incidence spinors, these transversality statements can be obtained in
finitely many smooth potential directions. Consequently such a radial target of codimension greater than
𝑛+𝑑 can be avoided by a generic perturbation of an incidence family over a compact smooth 𝑑-manifold,
possibly with boundary, relative to a closed parameter subset on a neighborhood of which the prescribed
family already avoids it.
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Proof. It suffices to consider a fixed point 𝑥 , since surjectivity onto the vertical normal directions

implies transversality of evaluation on the product with 𝑀 . Let 𝑤 be a conormal at 𝜓(𝑥). Radiality

gives

⟨𝑤, 𝜓(𝑥)⟩ = 0. (13.7)

At the zero spinor this identity holds for every𝑤. Suppose that 𝑢 ↦ ⟨𝑤, 𝑢(𝑥)⟩ vanishes on the tangent

space of incidence. By the bounded right inverse in Lemma 13.2, this functional factors through (13.5).

There are consequently a distribution 𝜂 and 𝑏 ∈ ℝ such that

𝐿𝜂 = 𝛿𝑥𝑤 + 𝑏𝜓, ⟨𝜂, 𝑅𝜓⟩ = 0 for all smooth skew 𝑅. (13.8)

Pairing the first equation with 𝜓, together with (13.7) gives 𝑏 = 0.

Away from 𝑥 , the distribution 𝜂 is smooth. On a nonzero ball for 𝜓 in𝑀 ⧵ {𝑥}, the second equation

in (13.8) gives 𝜂 = 𝑓 𝜓. The Clifford identity again gives 𝑑𝑓 = 0. Since 𝑀 ⧵ {𝑥} is connected, unique

continuation gives 𝜂 = 𝑐𝜓 on that punctured manifold. The distribution 𝑇 = 𝜂 − 𝑐𝜓 is therefore

supported at 𝑥 and satisfies 𝐿𝑇 = 𝛿𝑥𝑤.

The symbol 𝑎𝑔(𝑥, 𝜉) is invertible for every nonzero real 𝜉 . Lemma 2.3 gives 𝑇 = 0 and𝑤 = 0. Thus

the conormal annihilator of the evaluation derivative is zero. Applying this to every 𝑤 ⟂ 𝜓(𝑥) gives

{𝑢(𝑥) ∶ (𝑅, 𝑢) ∈ ker 𝑇𝜓} + ℝ𝜓(𝑥) = Σℝ𝑔,𝑥 . (13.9)

Smooth tangent pairs suffice for this identity. To see this, choose a right inverse 𝐽 of 𝑇𝜓 whose

coefficient component lies in the span of finitely many smooth potential directions, as in Lemma 13.2.

It sends a smooth target to a smooth pair: its coefficient component is smooth, and the equation for its

spinor component is elliptic with smooth right-hand side. Approximate an arbitrary tangent pair 𝑣 by

smooth ambient pairs 𝑣𝑖. Then 𝑣𝑖 − 𝐽𝑇𝜓𝑣𝑖 are smooth tangent pairs converging to 𝑣. Their evaluations

are dense in the finite-dimensional image, so finitely many smooth tangent pairs realize (13.9).

Let 𝐵 be the compact parameter manifold of an incidence map and write the given map as

(𝑝𝑏 , [𝜓𝑏]). At each (𝑏, 𝑥), select both potential directions filling the equation cokernel and the

coefficient components of smooth incidence tangent pairs needed for (13.9). A finite cover of 𝐵 × 𝑀
selects finitely many smooth reference-bundle potential directions 𝑅1, … , 𝑅𝑁 . Consider, near the

original section, the finite-dimensional incidence

 =

{

(𝑏, 𝑧, [𝜓]) ∶
(
𝐿𝑝𝑏 +

𝑁
∑
𝑗=1
𝑧𝑗𝑅𝑗)

𝜓 = 0

}

, 𝜎(𝑏) = (𝑏, 0, [𝜓𝑏]).

The derivative in (𝑧, [𝜓]) is surjective and Fredholm of index 𝑁 . The Banach implicit function

theorem therefore makes  a smooth manifold of dimension 𝑁 + 𝑑 near 𝜎(𝐵). The projection

𝜋𝐵 ∶  → 𝐵 is a submersion. Indeed, for any prescribed base tangent 𝑏̇ , the term (𝜕𝑏𝐿)(𝑏̇)𝜓 in the

differentiated equation can be cancelled by solving 𝑇𝜓(𝑅, 𝑢) = −(𝜕𝑏𝐿)(𝑏̇)𝜓 with the selected potential

directions. Its fibres have dimension 𝑁 . Equation (13.9), now with tangent pairs in ker 𝑑𝜋𝐵, persists

in a neighborhood of 𝜎(𝐵) × 𝑀 .

Choose finitely many smooth sections 𝑣1, … , 𝑣𝑎 spanning 𝜎∗ ker 𝑑𝜋𝐵, and a fibrewise local addition

Θ𝑏 from a neighborhood of zero in that bundle into the fibre of  at 𝑏 . Such sections are obtained

from finite local frames and a partition of unity; a vertical Riemannian exponential gives the local

addition. Let 𝜒 vanish on a neighborhood of the prescribed closed subset and be positive elsewhere,

with its zero set contained in the region on which the original family already avoids the target. For

small 𝜀 ∈ ℝ𝑎, define actual sections of 𝜋𝐵 by

𝜎𝜀(𝑏) = Θ𝑏 (
𝜒(𝑏)

𝑎
∑
𝑗=1
𝜀𝑗𝑣𝑗 (𝑏))

.

Where 𝜒 > 0, parameter derivatives span the fibre tangent space, and (13.9) gives transversality to

every radial target. Where 𝜒 = 0, the section is unchanged and already avoids the prescribed target.
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Parametric transversality [59, Chapter 3, §2, Theorem 2.7], applied separately on the interior and the

boundary of 𝐵, gives a perturbed evaluation map transverse to that target on both. The inverse image

has dimension at most 𝑛 + 𝑑 minus its codimension, and is empty under the stated inequality. The

construction is expressed in local unit representatives; antipodal invariance makes these assertions

agree on their overlaps.

The perturbed operators have their original smooth metric coefficients and potentials 𝑄𝑏 +
∑𝑗 𝑧𝑗 (𝑏, 𝜀)𝑅𝑗 . Parameter differentiation and elliptic regularity make the local unit spinor representa-

tives jointly smooth in the spatial and parameter variables. For the cone {𝜓 ≠ 0 ∶ |𝑗(𝜓)| = |𝜓|2}, first

remove spinor zeros; the resulting compact image lies in an annulus on which that cone is closed.

This also permits all perturbations to be taken within a fixed compact neighborhood of the relevant

evaluations. □

13.2. Currents and connectedness of the full incidence. For a real spinor 𝜓, define its current and

squared length by

𝑔(𝑗(𝜓), 𝑋) = ⟨𝑎𝑔(𝑋♭)𝜓, 𝜓⟩, 𝜌(𝜓) = |𝜓|2. (13.10)

In an orthonormal frame, the vectors 𝑎𝑖𝜓 are mutually orthogonal and have length |𝜓|: for 𝑖 ≠ 𝑗 , 𝑎𝑖𝑎𝑗
is skew-symmetric. Bessel’s inequality gives

|𝑗(𝜓)| ≤ 𝜌(𝜓), div𝑔 𝑗(𝜓) = 2⟨𝐾𝑔𝜓,𝜓⟩. (13.11)

Indeed, in a normal orthonormal frame at the point in question, compatibility of the spin connection

with 𝑎𝑔 gives

div𝑔 𝑗(𝜓) = 2∑
𝑖
⟨𝑎𝑔(𝑒𝑖)∇𝑒𝑖𝜓,𝜓⟩ = 2⟨𝐾𝑔𝜓,𝜓⟩.

Thus an incidence spinor has divergence-free current. Conversely, if 𝜓 is nowhere zero and its current

is divergence free, put 𝑦 = −𝐾𝑔𝜓. Then 𝑦 ⟂ 𝜓 pointwise, and the formula

𝑄(𝜓) =
𝑦𝜓𝑇 − 𝜓𝑦𝑇

|𝜓|2
(13.12)

defines a smooth skew potential satisfying (𝐾𝑔 + 𝑄(𝜓))𝜓 = 0.

Lemma 13.4. Suppose 𝑛 ≥ 17. For every incidence point and every neighborhood of it, there is an
incidence path in that neighborhood from the given point to one whose spinor is nowhere zero and satisfies

|𝑗(𝜓)| < |𝜓|2

at every point. Such a spinor can be deformed through nowhere-zero spinors with divergence-free current
to a zero-current spinor.

Proof. Let 𝜓 ≠ 0 satisfy |𝑗(𝜓)| = |𝜓|2. Equality in that Bessel inequality is equivalent to

𝑎𝑔(𝜈)𝜓 = 𝜓, 𝜈 =
𝑗(𝜓)
|𝜓|2

, |𝜈| = 1.

Conversely, this eigenvector equation implies ⟨𝑗(𝜓), 𝜈⟩ = |𝜓|2, and hence equality and the displayed

formula for 𝜈 . The positive and negative eigenspaces of 𝑎𝑔(𝜈) have the same dimension 𝓁, since Clifford

multiplication by a unit covector perpendicular to 𝜈 interchanges them. The cone {𝜓 ≠ 0 ∶ |𝑗(𝜓)| =
|𝜓|2} is therefore the image of the nonzero positive eigenbundle over 𝑆𝑛−1. This parametrization is an

embedding: its inverse is 𝜓 ↦ (𝑗(𝜓)/|𝜓|2, 𝜓); its differential is injective because 𝑎𝑔(𝜈̇)𝜓 = 0 forces

𝜈̇ = 0. Its codimension in the real spinor fibre is

2𝓁 − (𝓁 + 𝑛 − 1) = 𝓁 − 𝑛 + 1 > 𝑛 + 1. (13.13)

The real rank 2𝓁 also exceeds 𝑛 + 1. Lemma 13.3, first for zeros and then for this cone in a compact

annulus, gives the required nearby incidence point. A path in a sufficiently small incidence chart

joins it to the original point.
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For a nowhere-zero spinor𝜓0 with strict inequality, fix 𝑗0 = 𝑗(𝜓0) and solve the pointwise ordinary

differential equation

𝜕𝜓𝑠
𝜕𝑠

= −
𝑎𝑔(𝑗♭0 )𝜓𝑠
2|𝜓𝑠 |2

, 𝜓𝑠=0 = 𝜓0. (13.14)

The Clifford anticommutator gives

𝜕
𝜕𝑠

⟨𝑎𝑖𝜓𝑠 , 𝜓𝑠⟩ = −(𝑗0)𝑖, 𝑗(𝜓𝑠) = (1 − 𝑠)𝑗0.

Writing 𝜌𝑠 = |𝜓𝑠 |2, we obtain

𝑑𝜌𝑠
𝑑𝑠

= −
(1 − 𝑠)|𝑗0|2

𝜌𝑠
, 𝜌2𝑠 = 𝜌

2
0 − (2𝑠 − 𝑠2)|𝑗0|2.

On the compact manifold, the strict current inequality gives

𝜌2𝑠 ≥ min
𝑀 (𝜌20 − |𝑗0|2) > 0 (0 ≤ 𝑠 ≤ 1).

The solution therefore extends smoothly through 𝑠 = 1, with smooth spatial dependence. The currents

remain divergence free, and 𝑗(𝜓1) = 0. Formula (13.12) gives incidence potentials throughout the

deformation. □

Lemma 13.5. For 𝑛 ≥ 17, the unit zero-current fibre

𝑍 = {𝜓 ∈ ℝ2𝓁 ∶ |𝜓| = 1, 𝑗(𝜓) = 0}

is (𝓁 − 𝑛 − 1)-connected, and hence is 𝑛-connected. The associated zero-current spinor bundle admits a
smooth section over 𝑀 . Any two prescribed unit zero-current sections extend to a smooth section over
𝑀 × 𝐼 , also when the metric varies along a prescribed smooth path stationary on endpoint collars.

Proof. Choose one Clifford generator in the form

𝑎0 = (
𝐼 0
0 −𝐼) , 𝑎𝑖 = (

0 𝐸𝑖
𝐸𝑇𝑖 0) (1 ≤ 𝑖 ≤ 𝑛 − 1).

Each 𝐸𝑖 is orthogonal, and the vectors 𝐸1𝑣, … , 𝐸𝑛−1𝑣 are orthogonal for 𝑣 ≠ 0. For 𝜓 = (𝑢, 𝑣), the unit

zero-current equations are

|𝑢| = |𝑣| =
1√
2
, ⟨𝑢, 𝐸𝑖𝑣⟩ = 0 (1 ≤ 𝑖 ≤ 𝑛 − 1).

These equations define the OT–FKM focal manifold 𝑀+ for 𝑚 = 𝑛 − 1 and 𝑚2 = 𝓁 − 𝑛 > 0 [45,

Section 4.2]. The sphere-bundle description [75, Section 1] is

𝑆𝓁−𝑛 ⟶𝑍 ⟶ 𝑆𝓁−1, (𝑢, 𝑣) ⟼
√
2 𝑣. (13.15)

The homotopy exact sequence [55, Theorem 4.41] gives 𝜋𝑞(𝑍) = 0 for 𝑞 ≤ 𝓁 − 𝑛 − 1. Here 𝑛 ≡ 1
(mod 8), 𝑛 ≥ 17, and 𝓁 = 2(𝑛−3)/2, so 𝓁 − 𝑛 − 1 ≥ 𝑛. The intrinsic current equations make this smooth

compact fibre Spin(𝑛)-invariant, so it defines an associated bundle.

For 𝑀 and (𝑀 × 𝐼 ,𝑀 × 𝜕𝐼), the section-extension obstructions have coefficients 𝜋𝑞−1(𝑍) with

𝑞 ≤ 𝑛 + 1. These groups vanish. Relative obstruction theory [55, §4.3, pp. 416–419] therefore gives a

section in the first case and an extension of the two prescribed sections in the second, also for the

bundle along a varying metric. Extend the endpoint sections constantly on their stationary collars.

Relative smooth approximation [81, Theorem 11] gives smooth sections with the same collar values.

Positive amplitudes can be joined independently. □
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Dimension nine requires a different deformation. Choose the nine Clifford generators in the same

block form, now with 𝓁 = 8. The eight vectors 𝐸𝑖𝑣 fill ℝ8
for 𝑣 ≠ 0. Therefore

(|𝑢|2 − |𝑣|2)2 + 4
8
∑
𝑖=1

⟨𝑢, 𝐸𝑖𝑣⟩2 = (|𝑢|2 + |𝑣|2)2.

Thus |𝑗(𝜓)| = |𝜓|2 for every spinor. On unit spinors, the current is the Spin(9)-equivariant Hopf map

𝑆7 ⟶𝑆15 ⟶𝑆8. (13.16)

The fibre over 𝜈 ∈ 𝑆8 is the unit sphere in the eight-dimensional positive eigenspace of 𝑎𝑔(𝜈). This is

the smooth Spin(9)-equivariant octonionic Hopf fibration [73, Section 4].

Lemma 13.6. Let 𝑛 = 9. Given two nowhere-zero incidence spinors, and a smooth metric path between
their metrics, stationary on endpoint collars, there is a smooth nowhere-zero spinor path with divergence-
free current and the prescribed endpoint spinors. The path can be stationary on endpoint collars. For each
fixed metric there also exists a nowhere-zero spinor with divergence-free current.

Proof. The unit-spinor fibre 𝑆15 is 14-connected, and dim(𝑀 × 𝐼) = 10. Relative obstruction theory

[55, §4.3, pp. 416–419] and relative smooth approximation [81, Theorem 11] give a smooth unit-spinor

path along the metric path, equal to the prescribed unit spinors on the endpoint collars. Join their

positive lengths as well, and denote the resulting nowhere-zero spinor path by 𝜓0
𝑡 . Write

𝛼0𝑡 = 𝜄𝑗(𝜓0
𝑡 ) 𝑑𝑣𝑔𝑡 .

These eight-forms are nonzero; their endpoint values are closed by (13.11). Choose a smooth function

𝜒 ∶ 𝐼 → [0, 1], equal to zero and one on the two collars, and put

𝛾𝑡 = (1 − 𝜒(𝑡))𝛼00 + 𝜒(𝑡)𝛼
0
1 .

Every 𝛾𝑡 is closed in the spatial variables, and 𝛾𝑡 = 𝛼0𝑡 on the collars.

Extend these data constantly to 𝑡 ≤ 0 and 𝑡 ≥ 1. On the base 𝑀 × ℝ, consider the bundle Λ7𝑇 ∗𝑀
pulled back from 𝑀 . Its first-jet relation is

𝛾𝑡 + 𝑑𝑥𝛽 ≠ 0. (13.17)

Here 𝑑𝑥 differentiates only in the spatial variables. Ampleness follows on every principal affine slice

of the full first-jet bundle over 𝑀 × ℝ. If a principal covector is 𝜉 = (𝜉𝑥 , 𝜉𝑡), a rank-one derivative

change 𝜉 ⊗𝜂 changes 𝑑𝑥𝛽 by 𝜉𝑥 ∧ 𝜂. For 𝜉𝑥 ≠ 0, this linear map has rank (87) = 8. The forbidden set in

the slice is thus empty or an affine subspace of codimension eight. Its complement is connected and

has the whole slice as convex hull: after quotienting by the affine subspace this is the corresponding

assertion for ℝ8 ⧵ {0}. For 𝜉𝑥 = 0, the relation is constant on the slice; a slice through an admissible

jet is entirely admissible. Thus (13.17) is open and ample, including pure-time principal covectors.

Spatial alternation

𝑇 ∗𝑀 ⊗ Λ7𝑇 ∗𝑀 ⟶ Λ8𝑇 ∗𝑀

has a smooth right inverse; for example, in an orthonormal frame one may take 𝜔 ↦ 1
8 ∑𝑖 𝑒𝑖 ⊗ 𝜄𝑒𝑖𝜔.

Take the underlying section 𝛽 = 0, give its formal spatial derivative this right inverse applied to

𝛼0𝑡 −𝛾𝑡 , and give it formal time derivative zero. This is a formal solution of (13.17); it is the holonomic

zero jet on the collars. Choose 𝜀 > 0 so that the formal solution is holonomic on a neighborhood of

𝑀×((−∞, 𝜀]∪[1−𝜀,∞)). The relative open-ample h-principle [43, Theorem 18.4.1 and Remark 1, p. 171],

in the formulation [67, Theorem 3.5], gives a homotopy through the relation to a holonomic solution,

fixed on that closed subset. Restricting to 𝑀 × 𝐼 gives a homotopy through nonzero eight-forms from

𝛼0𝑡 to

𝛼𝑡 = 𝛾𝑡 + 𝑑𝑥𝛽𝑡 .
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Each final form is spatially closed. After a stationary reparametrization in the homotopy variable,

relative smooth approximation [81, Theorem 11], in the open bundle of nonzero eight-forms, makes

this homotopy smooth in all variables, with its initial and final forms and its time collars fixed.

Contraction with 𝑑𝑣𝑔𝑡 identifies this form homotopy with a homotopy of nonzero vectors. Normal-

ize those vectors and lift their directions through (13.16), starting at 𝜓0
𝑡 /|𝜓0

𝑡 |. A smooth connection on

this compact-fibre bundle gives a smooth horizontal lift. On the endpoint collars the base homotopy

is constant, so the lift is constant there. Finally multiply the lifted unit spinor by the positive square

root of the length of the prescribed current vector. The resulting spinors have current corresponding

to 𝛼𝑡 , hence have divergence-free current, and their endpoint values are exactly the prescribed ones.

For existence at a fixed metric, first choose a nowhere-zero spinor; the same obstruction argument

on the nine-dimensional base gives one. By [43, Corollary 20.3.2, pp. 181–182], with 𝑛 = 9 and 𝑝 = 8,

its current eight-form is homotopic through nonzero eight-forms to a nonzero exact eight-form. The

Hopf lift and the length rescaling give the required spinor. □

Proposition 13.7. For  = 𝑔 and for  = 𝜇, the full projective incidence () is nonempty and path
connected. The connecting paths may be chosen smooth and stationary on endpoint collars.

Proof. For 𝑛 ≥ 17, Lemma 13.5 gives a global smooth unit zero-current spinor at any fixed metric. For

𝑛 = 9, apply the existence assertion in Lemma 13.6. In both cases (13.12) produces an incidence point.

Its kernel has even dimension, and therefore has dimension at least two.

To join two arbitrary incidence points, first apply Lemma 13.3 to reach nowhere-zero spinors by

incidence paths. For the resulting endpoint metrics 𝑔0, 𝑔1, put 𝐻 = log(𝑔−10 𝑔1) and choose a smooth

𝜒 ∶ 𝐼 → [0, 1] which is zero near 0 and one near 1. The path

𝑔𝑡 = 𝑔0(𝑒𝜒(𝑡)𝐻 ⋅, ⋅)

is stationary on these collars. If 𝑑𝑣𝑔0 = 𝑑𝑣𝑔1 , then tr 𝐻 = 0, so 𝑑𝑣𝑔𝑡 = 𝑑𝑣𝑔0 . For a fixed-metric family

take 𝐻 = 0. When 𝑛 ≥ 17, apply Lemma 13.4 to make both spinors satisfy the strict current inequality,

and then contract their currents to zero at their respective metrics. Join the resulting zero-current

spinors along this metric path by Lemma 13.5. In dimension nine apply Lemma 13.6 to the same path.

All scalar parameter changes can be made constant on endpoint collars, so the constructed paths

concatenate smoothly.

It remains to retain the prescribed potentials. On a collar where 𝑔𝑡 = 𝑔0 and𝜓𝑡 = 𝜓0, the difference

𝐵0 = 𝑄0 − 𝑄(𝜓0)

annihilates 𝜓0. Add 𝜃0(𝑡)𝐵0, where 𝜃0 = 1 near the endpoint and is supported in this stationary collar.

This preserves the equation and restores 𝑄0 exactly. Do the same at the other endpoint and at each

concatenation where necessary. Thus the construction gives a path in the required incidence space.

For the fixed-metric assertion all metric paths in the construction are constant. □

13.3. Compression on arbitrary kernel subspaces. We identify Λ2𝐹 with so(𝐹) by

𝑢 ∧ 𝑣 ⟷ 𝑢𝑣𝑇 − 𝑣𝑢𝑇 , ⟨𝐴, 𝐵⟩ = − 1
2 tr(𝐴𝐵).

For a subspace 𝐹 ⊂ ker 𝐿, let

𝑒𝑥 ∶ 𝐹 ⟶ Σℝ𝑔,𝑥 , 𝑈𝑥 = im(𝑒∗𝑥) ⊂ 𝐹

be evaluation and its adjoint image.

Lemma 13.8. For every subspace 𝐹 ⊂ ker 𝐿,

𝑊𝐹 = span𝑥∈𝑀 Λ2𝑈𝑥 . (13.18)

In particular 𝑊𝐹 is spanned by decomposable skew matrices. For every even-dimensional such 𝐹 , with
𝑘 = dimℝ 𝐹 ,

dim𝑊𝐹 ≥

⎧⎪⎪⎪
⎨⎪⎪⎪⎩

1, 𝑘 = 2,
4, 𝑘 = 4,
𝑘 + 1, 𝑘 ≥ 6.

(13.19)
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Proof. Lemma 6.5 gives

𝑊𝐹 = span𝑥∈𝑀 𝑒
∗
𝑥so(Σ

ℝ
𝑔,𝑥)𝑒𝑥 = span𝑥∈𝑀 Λ2𝑈𝑥 .

The pointwise identity follows by writing a skew matrix as a sum of rank-two matrices. This proves

(13.18).

When 𝑘 ≥ 2, evaluation cannot have rank at most one on any nonempty open ball. Otherwise

choose a nonzero 𝜓 ∈ 𝐹 and a smaller ball on which it is nowhere zero. Every 𝜙 ∈ 𝐹 there has the

form 𝑓 𝜓 with 𝑓 real and smooth. The common equation gives 𝑎𝑔(𝑑𝑓 )𝜓 = 0, so 𝑓 is constant, and

unique continuation makes 𝜙 a constant multiple of 𝜓 globally. This contradicts 𝑘 ≥ 2. In particular

𝑊𝐹 contains a nonzero decomposable matrix.

Equation (13.6) gives dim𝑊𝐹 ≥ 𝑘 − 1. If 𝑘 = 2, this is the assertion. If 𝑘 = 4 and dim𝑊𝐹 = 3, the

map

𝑊𝐹 ⟶ 𝑣⟂ ∩ 𝐹, 𝐴⟼ 𝐴𝑣

would be an isomorphism for every 𝑣 ≠ 0. Every nonzero 𝐴 ∈ 𝑊𝐹 would then have zero kernel. This

contradicts the nonzero decomposable matrix, whose rank is two. Hence dim𝑊𝐹 ≥ 4.

For even 𝑘 ≥ 6, the decomposable span and dim𝑊𝐹 ≥ 𝑘 − 1 give two independent decomposable

matrices 𝐴, 𝐵 ∈ 𝑊𝐹 . Their common kernel has dimension at least 𝑘 − 4 > 0; choose 0 ≠ 𝑣 in it. The

surjective map 𝑊𝐹 → 𝑣⟂ ∩ 𝐹 then has a kernel containing the independent matrices 𝐴, 𝐵. Therefore

dim𝑊𝐹 ≥ (𝑘 − 1) + 2 = 𝑘 + 1.

□

13.4. Compression on a four-dimensional real kernel. In the prepared finite analytic families of

Lemma 13.12, the first-order estimate gives ambient codimension at least four for smooth strata with

four-dimensional real kernel. Their projective lifts have fibre ℝ𝑃3, leaving only the lower bound one

for their codimension in the resolved incidence. The additional directions and second-order argument

of Lemma 13.13 improve the ambient and lifted bounds to five and two, respectively.

Lemma 13.9. Suppose 𝐹 = ker 𝐿, dimℝ 𝐹 = 4, and dim𝑊𝐹 = 4. Put 𝐴 = 𝑊 ⟂
𝐹 ⊂ Λ2𝐹 . There are

symplectic forms 𝛼, 𝛽 ∈ 𝐴 and a complex structure 𝐽 = 𝛼−1𝛽 on 𝐹 such that

𝛼 ∧ 𝛽 = 0, 𝛼 ∧ 𝛼 = 𝛽 ∧ 𝛽 ≠ 0, 𝐽 2 = −𝐼 .

On a dense open subset of 𝑀 , 𝑈𝑥 is a 𝐽 -complex line. There are arbitrarily close distinct points 𝑥, 𝑦 in
that subset for which the real pairing 𝛼|𝑈𝑥×𝑈𝑦 is nondegenerate.

Proof. The plane 𝐴 has no nonzero decomposable member. Indeed, if 𝑣 ∧𝑤 ∈ 𝐴, after taking 𝑤 ⟂ 𝑣 the

orthogonality condition would say ⟨𝑤, 𝐵𝑣⟩ = 0 for every 𝐵 ∈ 𝑊𝐹 . Equation (13.6) would force 𝑤 = 0.

On Λ2ℝ4
, the wedge quadratic form has signature (3, 3), and its null cone is the set of decomposable

forms. Its restriction to the two-plane 𝐴 has no nonzero null vector and is therefore definite. Choose

an orthogonal basis for this restriction, and rescale its members to have equal nonzero square. Denote

the resulting forms by 𝛼, 𝛽.

In a Darboux basis for 𝛼, write

𝛼 = 𝑒12 + 𝑒34, 𝛽 = 𝑏(𝑒12 − 𝑒34) + 𝑐𝑒13 + 𝑑𝑒14 + 𝑒𝑒23 + 𝑓 𝑒24.

The condition on the wedge squares gives −𝑏2 − 𝑐𝑓 + 𝑑𝑒 = 1. Regarding the two forms as skew

matrices, multiplication gives

(𝛼−1𝛽)2 = (𝑏2 + 𝑐𝑓 − 𝑑𝑒)𝐼 = −𝐼 .

Moreover 𝐽 𝑇𝛼 = 𝛼𝐽 = 𝛽. It follows that Ω = 𝛼 − 𝑖𝛽 is a nondegenerate complex bilinear alternating

form for this complex structure.

By (13.18), each 𝑈𝑥 is isotropic for both 𝛼 and 𝛽. It has dimension at most two, since 𝛼 is symplectic.

If dim𝑈𝑥 = 2, then 𝑈𝑥 = 𝑈⟂𝛼
𝑥 , and 𝛽(𝑈𝑥 , 𝑈𝑥) = 𝛼(𝐽𝑈𝑥 , 𝑈𝑥) = 0 gives 𝐽𝑈𝑥 = 𝑈𝑥 . The rank-two locus
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is open. It is dense because a ball on which evaluation had rank at most one would contradict the

argument in Lemma 13.8.

The complex line 𝑈𝑥 cannot be constant on an open patch: a nonzero vector of 𝐹 orthogonal to

that fixed real plane would define a harmonic spinor vanishing on the patch. Unique continuation

would make it zero. There are consequently arbitrarily close 𝑥, 𝑦 in a rank-two patch with distinct

complex lines 𝑈𝑥 , 𝑈𝑦 . In complex dimension two, a nondegenerate complex alternating form pairs

distinct complex lines nontrivially. If its value in complex bases is 𝑎 + 𝑖𝑏 ≠ 0, the matrix of its real

part on the corresponding real planes is

(
𝑎 −𝑏
−𝑏 −𝑎) , det = −(𝑎2 + 𝑏2) ≠ 0.

Since ReΩ = 𝛼, this is the required pairing. □

Lemma 13.10. Under the hypotheses of Lemma 13.9, let 𝑃 be the orthogonal projection onto 𝐹 , and let 𝐺
be the inverse of 𝐿 on 𝐹⟂, extended by zero on 𝐹 . For the Schur map at 𝐿, there are smooth skew potentials
𝑅, 𝑆, supported in disjoint small balls, such that

𝑑Φ(𝑅) = 𝑑Φ(𝑆) = 0, ⟨𝛼, 𝑑2Φ(𝑅, 𝑆)⟩ ≠ 0. (13.20)

Proof. Take the fixed decomposition 𝐹⊕𝐹⟂, with𝐻 1
as the domain on the second summand. Lemma 6.6

gives a real skew Schur matrix Φ on 𝐹 , with the same kernel dimension as the full operator, on a

coefficient neighborhood of 𝐿. Its derivatives are

𝑑Φ(𝑅) = 𝑃𝑅𝑃, 𝑑2Φ(𝑅, 𝑆) = −𝑃(𝑅𝐺𝑆 + 𝑆𝐺𝑅)𝑃. (13.21)

Indeed, both off-diagonal factors in that Schur formula vanish at 𝑇 = 0; differentiating their product

gives the two quadratic terms in (13.21).

The identities 𝐿𝐺 = 𝐺𝐿 = 𝐼 − 𝑃 , with 𝑃 having a smooth kernel, imply 𝐺 ∈ Ψ−1
, by the parametrix

argument in the proof of Lemma 9.2. Its principal inverse symbol is, up to the Fourier factor, 𝑎𝑔(𝜉)/|𝜉 |2𝑔 .

In geodesic normal coordinates centred at the source point 𝑦, the Fourier transform of the frozen

homogeneous symbol is the Euclidean Dirac kernel. Hence

𝐺(𝑥, 𝑦) = 𝑐𝑛 𝑑(𝑥, 𝑦)1−𝑛𝑎𝑔(𝜈𝑥,𝑦) 𝜏𝑦,𝑥 + 𝑂(𝑑(𝑥, 𝑦)2−𝑛), 𝑐𝑛 ≠ 0. (13.22)

Here 𝜈𝑥,𝑦 is the terminal unit covector of the short geodesic from 𝑦 to 𝑥 , and 𝜏𝑦,𝑥 is spin parallel

transport along it. The sign convention is absorbed into 𝑐𝑛. The symbol after subtraction of its

principal homogeneous part has order at most −2. Lemma 2.4, with 𝑚 = 2, bounds its kernel by

𝐶𝑑(𝑥, 𝑦)2−𝑛. Freezing the principal coefficients at 𝑦 changes the order-−1 symbol by 𝑂(𝑑(𝑥, 𝑦)); the

same lemma, with 𝑚 = 1, gives the same kernel bound for this difference. The normal coordinates,

parallel transport and coefficients depend smoothly on 𝑦 in a smaller relatively compact patch,

so these bounds are uniform there. The leading matrix in (13.22) is invertible, with inverse norm

|𝑐𝑛|−1𝑑(𝑥, 𝑦)𝑛−1. The relative error is 𝑂(𝑑(𝑥, 𝑦)). A Neumann series therefore shows that 𝐺(𝑥, 𝑦) is

invertible for all sufficiently close distinct 𝑥, 𝑦 in this patch.

Choose such 𝑥, 𝑦 as in Lemma 13.9. Put 𝐸𝑧 = im(𝑒𝑧) ⊂ Σℝ𝑔,𝑧 for 𝑧 = 𝑥, 𝑦. These images have rank

two on small disjoint neighborhoods of the selected points. Since 𝐺(𝑥, 𝑦) is invertible, the map

𝐸⟂𝑦 ⟶𝐸⟂𝑥 , 𝑞 ⟼ (𝐼 − 𝑃𝐸𝑥 )𝐺(𝑥, 𝑦)𝑞

has rank at least 𝑟 − 4 > 0: the domain 𝐸⟂𝑦 has codimension two, the matrix 𝐺(𝑥, 𝑦) is invertible, and

projection onto 𝐸⟂𝑥 has kernel of dimension two. Choose 𝑝 ∈ 𝐸⟂𝑥 , 𝑞 ∈ 𝐸⟂𝑦 with

𝑐 = 𝑝𝑇𝐺(𝑥, 𝑦)𝑞 ≠ 0.

The nondegenerate pairing of 𝑈𝑥 , 𝑈𝑦 gives 𝑎 ∈ 𝐸𝑥 , 𝑏 ∈ 𝐸𝑦 for which

𝑟0 = 𝑒∗𝑥𝑎, 𝑠0 = 𝑒∗𝑦𝑏, 𝑟𝑇0 𝛼𝑠0 ≠ 0.
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Extend 𝑎, 𝑝 smoothly as sections of 𝐸𝑧 , 𝐸⟂𝑧 on the first neighborhood, and 𝑏, 𝑞 on the second. The

pointwise endomorphisms

𝑅0𝑧 = 𝑝𝑧𝑎
𝑇
𝑧 − 𝑎𝑧𝑝𝑇𝑧 , 𝑆0𝑧 = 𝑞𝑧𝑏

𝑇
𝑧 − 𝑏𝑧𝑞𝑇𝑧

map the respective evaluation images into their orthogonal complements. Multiply them by nonnega-

tive normalized smooth bumps 𝜌𝜀 , 𝜎𝜀 shrinking to 𝑥, 𝑦, with integrals one, and extend by zero. For

the resulting potentials 𝑅𝜀 , 𝑆𝜀 ,

𝑒∗𝑧𝑅𝜀(𝑧)𝑒𝑧 = 𝑒
∗
𝑧𝑆𝜀(𝑧)𝑒𝑧 = 0 for every 𝑧.

Hence 𝑃𝑅𝜀𝑃 = 𝑃𝑆𝜀𝑃 = 0 exactly.

The two supports are disjoint. Put (𝑧, 𝑤) = 𝑒∗𝑧𝑅0𝑧𝐺(𝑧, 𝑤)𝑆0𝑤𝑒𝑤 on their product. For the unit-mass

nonnegative cutoffs,

‖‖‖‖∬
𝜌𝜀(𝑧)𝜎𝜀(𝑤)(𝑧, 𝑤) 𝑑𝜇(𝑧) 𝑑𝜇(𝑤) −(𝑥, 𝑦)

‖‖‖‖
≤ sup

(𝑧,𝑤)∈supp 𝜌𝜀×supp𝜎𝜀
‖(𝑧, 𝑤) −(𝑥, 𝑦)‖.

The right side tends to zero by continuity off the diagonal. Thus

𝑃𝑅𝜀𝐺𝑆𝜀𝑃 ⟶ 𝑒∗𝑥𝑅
0
𝑥𝐺(𝑥, 𝑦)𝑆

0
𝑦𝑒𝑦 = −𝑐 𝑟0𝑠𝑇0 . (13.23)

The sign follows from 𝑒∗𝑥𝑅0𝑥 = −𝑟0𝑝𝑇 and 𝑆0𝑦𝑒𝑦 = 𝑞𝑠𝑇0 . The transpose of the first mixed term is

(𝑃𝑅𝜀𝐺𝑆𝜀𝑃)𝑇 = −𝑃𝑆𝜀𝐺𝑅𝜀𝑃,

because all three operators are skew-adjoint. Consequently (13.21) and (13.23) give

⟨𝛼, 𝑑2Φ(𝑅𝜀 , 𝑆𝜀)⟩ ⟶ 𝑐 𝑟𝑇0 𝛼𝑠0 ≠ 0.

Choose sufficiently small positive 𝜀, and fix 𝑅 = 𝑅𝜀 , 𝑆 = 𝑆𝜀 . This proves (13.20). □

13.5. Finite analytic families and avoidance. All finite coefficient families below are analytic in their

coefficient vector. Their parameter curves are smooth and constant on endpoint collars.

Lemma 13.11. Let 𝑝𝑡 , 0 ≤ 𝑡 ≤ 1, be a smooth coefficient path in  , stationary on endpoint collars.
There are finitely many smooth potential directions and a neighborhood of its image with the following
properties. The selected potential directions give line-incidence surjectivity at every kernel line in this
neighborhood. On every even-dimensional subspace 𝐹 of every kernel there, their compression has rank
at least four if dim 𝐹 = 4, and at least dim 𝐹 + 1 if dim 𝐹 ≥ 6.

The path can be approximated, with its endpoint collars fixed, by a smooth curve in a finite-dimensional
family analytic in its coefficient vector, containing all selected potential directions. If (𝑝𝑡 , [𝜓𝑡]) is an
incidence path, its approximation can be corrected to an incidence path in that finite family, with the
exact prescribed endpoints.

Proof. Uniform elliptic estimates along the compact path give

‖𝜓‖𝐻 1 ≤ 𝐶 ‖𝜓‖𝐿2 (𝜓 ∈ ker 𝐿𝑝𝑡 ).

They also give uniform estimates in every higher Sobolev norm. Kernel dimensions on a neighborhood

of the path have a finite upper bound 𝐾 : around each parameter choose a spectral contour enclosing

zero and finitely many eigenvalues, preserve its finite rank on a neighborhood, and take a finite cover.

For 𝑘 ≤ 𝐾 , consider all 𝐿2-orthonormal 𝑘-frames in kernels over the path. This set, with the

parameter 𝑡 included, is compact in the product 𝐿2 topology. Indeed, after taking a subsequence

𝑡𝑗 → 𝑡, the uniform 𝐻 1
estimates and Rellich compactness give strong 𝐿2 convergence of every frame

vector and weak 𝐻 1
convergence. The equation passes to the limit in distributions, and the limit

vectors remain orthonormal. They therefore form a frame in ker 𝐿𝑝𝑡 .
For each orthonormal pair 𝑣, 𝑤 in a kernel, there is a potential 𝑅 with ⟨𝑤, 𝑅𝑣⟩𝐿2 ≠ 0, by (13.6).

A finite cover of the compact set of such pairs selects finitely many potential directions detecting
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every pair. Their compression satisfies (13.6) at every kernel line: otherwise a unit vector in the

orthogonal complement of its image would give an undetected orthonormal pair. For every even 𝑘,

apply Lemma 13.8 to the subspace spanned by each 𝑘-frame. At that frame select a nonzero minor

of the required size in the compression matrix of finitely many potential directions. Another finite

cover selects potential directions for all such frames, and there are only finitely many 𝑘 ≤ 𝐾 .

These choices persist near the compact coefficient path. If persistence failed in every neighborhood,

there would be coefficients converging to the path and normalized failing kernel frames. Uniform

𝐻 1
estimates give a convergent subsequence as before. The limiting frame belongs to a subspace of

a reference kernel, possibly a larger kernel. Its compressed entries are limits of the corresponding

entries, since the spinors converge strongly in 𝐿2 and the selected multiplication potential directions

are bounded. Failure would contradict one of the chosen nonzero minors, or one of the chosen

pairings.

For an incidence path, its tautological real line bundle over 𝐼 is trivial. Choose a smooth 𝐿2-unit lift

𝜓𝑡 . This lift is stationary on every collar where the projective incidence path is stationary. Lemma 10.2,

with the selected potential directions, now gives the approximation and, in the incidence case, its

relative correction in the same finite analytic family. The surjectivity required there is the one proved

above. All selected compression inequalities persist on the chosen coefficient neighborhood. □

Fix 𝑧0 and put 𝐹0 = ker 𝐿(𝑧0). In the decomposition H = 𝐹0 ⊕ 𝐹⟂0 , the complementary block is an

isomorphism 𝐻 1 ∩ 𝐹⟂0 → 𝐿2 ∩ 𝐹⟂0 and remains so near 𝑧0. Its inverse and its skew Schur matrix Φ(𝑧)
are real analytic, and ker 𝐿(𝑧) is the graph of ker Φ(𝑧). Kernel dimensions are therefore specified by

the finitely many analytic minors of Φ. By [22, Proposition 2.10 and Corollary 2.11], these rank loci

admit a locally finite compatible real analytic stratification. Each constant-rank stratum has a smooth

kernel bundle, whose projectivization is a smooth submanifold of the resolved incidence. A countable

collection of these charts covers the second countable coefficient neighborhood. For each coefficient

stratum and each lifted stratum, transversality is residual by [59, Chapter 3, §2, Theorem 2.1]. The

countable intersection is residual as well. For interval paths whose endpoint collars avoid these strata,

perturbations are supported off the collars.

Lemma 13.12. Let 𝑧 ↦ 𝐿(𝑧), 𝑧 ∈  ⊂ ℝ𝑁 , be a finite analytic family prepared as in Lemma 13.11. A
smooth constant-𝑘-kernel stratum has codimension at least four for 𝑘 = 4, and at least 𝑘 + 1 for even
𝑘 ≥ 6. In the 𝑁 -dimensional resolved incidence, its projective lift has codimension at least two when
𝑘 ≥ 6.

Proof. At a point of the stratum, differentiate a smooth local basis 𝜓1, … , 𝜓𝑘 of its kernel along a

tangent vector 𝑣. Pairing

𝐿 𝜓̇𝑖 + 𝐿̇(𝑣)𝜓𝑖 = 0

with 𝜓𝑗 gives

⟨𝜓𝑗 , 𝐿̇(𝑣)𝜓𝑖⟩𝐿2 = 0 (1 ≤ 𝑖, 𝑗 ≤ 𝑘).

Thus the stratum tangent is contained in the kernel of the compressed derivative. Its rank is at least

the rank of the selected potential compressions, which has the bounds in Lemma 13.11. This gives the

ambient codimension assertions. The projective lift has fibre ℝ𝑃𝑘−1; its dimension is therefore at most

𝑁 − (𝑘 + 1) + (𝑘 − 1) = 𝑁 − 2.

The ambient resolved incidence has dimension 𝑁 , by Lemma 13.2. □

Lemma 13.13. At a four-dimensional kernel there are a 𝐶𝑚-open coefficient neighborhood and finitely
many smooth potential directions such that, in every finite analytic family containing those directions,
each smooth constant-four-kernel stratum in that neighborhood has ambient codimension at least five.

Proof. If the full potential compression has rank at least five, retain five independent compression

directions. Their independence persists, and the tangent argument of Lemma 13.12 proves the

assertion.
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Suppose that the full potential compression has rank four. Retain four potential directions 𝐵1, … , 𝐵4
whose first compressions are independent, and also the potential directions 𝑅, 𝑆 from Lemma 13.10.

Take a fixed rank-four Schur chart on a 𝐶𝑚-open coefficient neighborhood of this operator, before

restriction to any finite family. At its center the Schur target is so(𝐹), and 𝛼 annihilates the potential

derivative image. For a nearby coefficient 𝑧, put

𝐶𝑖(𝑧) = 𝑑Φ𝑧(𝐵𝑖), 𝐸(𝑧) = span{𝐶1(𝑧), … , 𝐶4(𝑧)}.

The four 𝐶𝑖(𝑧) remain independent. Let 𝐺𝑖𝑗 (𝑧) = ⟨𝐶𝑖(𝑧), 𝐶𝑗 (𝑧)⟩. This Gram matrix is invertible. For

𝑉 = 𝑅, 𝑆, put

𝑑𝑉𝑗 (𝑧) = ⟨𝐶𝑗 (𝑧), 𝑑Φ𝑧(𝑉 )⟩, 𝑏𝑉 (𝑧) = 𝐺(𝑧)−1𝑑𝑉 (𝑧).

Subtract these components:

𝑅(𝑧) = 𝑅 −
4
∑
𝑖=1
𝑏𝑅𝑖 (𝑧)𝐵𝑖, ∑

𝑖
𝑏𝑅𝑖 (𝑧)𝐶𝑖(𝑧) = 𝑃𝐸(𝑧)𝑑Φ𝑧(𝑅),

𝑆(𝑧) = 𝑆 −
4
∑
𝑖=1
𝑏𝑆𝑖 (𝑧)𝐵𝑖, ∑

𝑖
𝑏𝑆𝑖 (𝑧)𝐶𝑖(𝑧) = 𝑃𝐸(𝑧)𝑑Φ𝑧(𝑆).

Identify the Schur targets in this chart with the fixed target at its center, and put 𝛼(𝑧) = 𝑃𝐸(𝑧)⟂𝛼.

The inverse Gram matrix and these orthogonal projections depend smoothly on 𝑧. At the center,

𝑏𝑅 = 𝑏𝑆 = 0 and 𝛼 = 𝛼. After shrinking the neighborhood,

⟨𝛼(𝑧), 𝑑
2Φ𝑧(𝑅(𝑧), 𝑆(𝑧))⟩ ≠ 0. (13.24)

When taking the derivative in this formula, the two displayed potential vectors are held fixed at the

chosen 𝑧.

Now restrict to the selected finite analytic family, including all of its existing metric directions. At

a four-kernel point its derivative 𝑑Φ𝑧 has rank at least four. If the rank is at least five, the first-order

codimension estimate applies. If the rank is four, its image is exactly 𝐸(𝑧). Only in this case do the

adjusted vectors satisfy

𝑑Φ𝑧(𝑅) = 𝑑Φ𝑧(𝑆) = 0, 𝛼 ⟂ im𝑑Φ𝑧 .

The annihilator here includes the derivatives in all metric directions of the selected family.

Assume a smooth constant-four-kernel stratum had codimension four at this point. In this rank-

four chart the stratum lies in Φ−1(0). Its tangent is contained in ker 𝑑Φ𝑧; equality of dimensions

makes the two spaces equal. Both adjusted potential vectors are tangent to the stratum. For a

local parametrization 𝑓 of the stratum, choose tangent vectors 𝑢, 𝑣 with 𝑑𝑓 (𝑢) = 𝑅, 𝑑𝑓 (𝑣) = 𝑆.

Differentiating Φ ◦ 𝑓 = 0 twice gives

𝑑2Φ𝑧(𝑅, 𝑆) + 𝑑Φ𝑧(𝑑2𝑓 (𝑢, 𝑣)) = 0.

Pairing with 𝛼 annihilates the second term and contradicts (13.24). The codimension is therefore at

least five.

□

Proposition 13.14. The simple incidence

2() = {(𝑝, [𝜓]) ∈ () ∶ dimℝ ker 𝐿𝑝 = 2}

is nonempty and path connected. A connecting path between prescribed simple incidence points can be
chosen smooth and stationary on endpoint collars.

Proof. First let two simple incidence points be given. Proposition 13.7 gives a smooth incidence path

between them. Apply Lemma 13.11, with exact endpoint collars, to put a nearby corrected incidence

path into a finite analytic family with all the first-order potential directions.



74 ANASS NIFA

In each finite spectral chart, partition the coefficient domain by the rank of the real-analytic

reduced matrix. Choose a locally finite smooth stratification compatible with these rank loci, as

in Lemma 13.12. For each stratum with even kernel dimension 𝑘 ≥ 6, Lemma 13.12 bounds the

dimension of its projective lift by 𝑁 − 2. A smooth map of an interval that is transverse to each of

these lifted strata misses all of them. Relative finite-dimensional transversality gives an arbitrarily

close such path, fixed on the simple endpoint collars. Thus the path can first be arranged to have

kernel dimension at most four everywhere.

Let 𝐶4 be the subset of its coefficient image where the kernel has dimension four. Upper semicon-

tinuity of kernel dimension, and the absence of larger kernels, make 𝐶4 closed in the compact path

image. It is compact.

At every point of 𝐶4, apply Lemma 13.13. A finite subcover selects finitely many additional

potential directions. Enlarge the existing finite coefficient span by these directions. The previously

constructed path is still a curve in this enlarged analytic family, with the new coefficients zero. By

upper semicontinuity, the entire compact path has an open ambient neighborhood 𝑂 in which every

kernel has dimension at most four. Let 𝑂4 be the union of the finitely many neighborhoods on which

the selected four-kernel estimates hold. Replace 𝑂 by the open set

𝑂 ∩ ({𝑝 ∶ dimℝ ker 𝐿𝑝 < 4} ∪ 𝑂4).

It still contains the whole path, and each of its four-kernel points lies in 𝑂4. Restrict the enlarged

coefficient family to this neighborhood. Line-incidence surjectivity is preserved by adding potential

directions.

Every four-kernel stratum now has codimension at least five, by Lemma 13.13. Its projective fibre

has dimension three, so its lift has codimension at least two in the new resolved incidence manifold.

A second relative perturbation of the interval misses all these lifted strata. The resulting incidence

path has kernel dimension exactly two.

For nonemptiness, start with any incidence point from Proposition 13.7. In a finite transverse

incidence chart, prepared with the first-order potential directions on all relevant kernel subspaces,

the projective lifts of the strata with 𝑘 ≥ 6 have codimension at least two. They cannot fill an

open neighborhood. Choose a nearby incidence point with kernel at most four. A two-dimensional

kernel gives the required incidence point. If it has dimension four, add the potential directions of

Lemma 13.13 and take a small neighborhood with no larger kernel. The lifted four-kernel strata again

have codimension at least two and cannot fill that incidence neighborhood. A point outside them has

a two-dimensional kernel. □

13.6. The simple-kernel hypersurface and the ordinary real index. Write

𝑍4 = {𝑝 ∈  ∶ dimℝ ker 𝐿𝑝 ≥ 4}, 𝑋 =  ⧵ 𝑍4, 𝑆 = {𝑝 ∈ 𝑋 ∶ dimℝ ker 𝐿𝑝 = 2}.

Lemma 13.15. The space 𝑋 is path connected. The subset 𝑆 is a nonempty path-connected embedded
hypersurface, closed in 𝑋 . The complement 𝑋 ⧵ 𝑆 =  inv has at most two path components.

Proof. The set 𝑋 is open in the Fréchet coefficient space, by upper semicontinuity of kernel dimension.

It is therefore locally path connected. Join two points of 𝑋 by a smooth coefficient path by the

global linear coordinates of  . Make the path stationary on endpoint collars. Lemma 13.11 puts

a nearby path, with these collars fixed, in a finite analytic family with the first-order compression

bounds. Every stratum with kernel dimension at least four has ambient codimension at least four, by

Lemma 13.12. Relative transversality of the coefficient path itself therefore avoids 𝑍4. This proves

path connectedness of 𝑋 .

At 𝑝 ∈ 𝑆, the Schur target on 𝐹 = ker 𝐿𝑝 ≅ ℝ2
is one-dimensional:

Φ(𝑞) = 𝑓 (𝑞)𝐽0, 𝐽0 = (
0 −1
1 0 ) .

Equation (13.6) gives a smooth potential direction 𝑅 with 𝑑𝑓𝑝(𝑅) ≠ 0. The scalar Banach implicit-

function construction in Lemma 12.11, applied to 𝑓 , gives a product chart on the smooth coefficient
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space. Its wall is 𝑓 = 0 and its invertible sides are 𝑓 > 0 and 𝑓 < 0, since the complementary block

remains invertible. Both sides are locally path connected.

The set 𝑆 is closed in 𝑋 because noninvertibility is closed and 𝑋 has no larger kernels. It is

nonempty and path connected by Proposition 13.14: the projection from 2() onto 𝑆 is surjective.

The local wall factor in Lemma 12.11 is convex. Lemma 10.5 therefore applies to (𝑋, 𝑆) and gives

at most two path components of 𝑋 ⧵ 𝑆. □

For a smooth common-domain path of real skew Fredholm operators with invertible endpoints, let

sf2(𝐿𝑡) ∈ 𝐾𝑂2 ≅ ℤ/2

be the unbounded real spectral flow. Its construction in [26, §6.2] is defined for gap-continuous

paths and satisfies homotopy invariance, concatenation, and vanishing on invertible paths. It agrees

with the ℤ/2-valued spectral flow of [30]; see [26, Theorem 5.5(2)]. The normalization in [26, §2.4.4,

equation (2.20)] is

[(ℝ2, 𝐽0)] ⟼ dimℂ(ℝ2, 𝐽0) (mod 2) = 1 ∈ 𝐾𝑂2. (13.25)

Thus a transverse real skew two-plane crossing has value one.

In the fixed comparisons, these paths and homotopies are continuous in (𝐻 1, 𝐿2), and their graph

norms are uniformly equivalent to the 𝐻 1
norm on compact parameter sets, by Section 2. They are

therefore gap continuous [26, §6.1, equation (6.1)].

Proof of Theorem 13.1. Choose a point of the nonempty simple wall 𝑆. In the scalar Schur chart of

Lemma 13.15, a small transverse potential curve has two invertible endpoints on the opposite local

sides. Equivalently, take the rank-two spectral projection near this point and a smooth orthogonal

identification of its real range. The cluster matrix is 𝑏(𝑡)𝐽0, where 𝑏(0) = 0 and 𝑏′(0) ≠ 0; the

complementary operator remains invertible. Its spectral flow is therefore the two-plane value (13.25),

namely one.

If an invertible path joined these two endpoints, its concatenation with the transverse curve

would be a loop with mod-two spectral flow one. The loop contracts in the global linear coefficient

coordinates of  , with its invertible base point fixed. Homotopy invariance gives spectral flow zero, a

contradiction. Thus the two local sides belong to different path components. Lemma 13.15 gives the

opposite bound. There are exactly two components, and both are nonempty.

For an invertible base point 𝑝∗, two coefficient paths from 𝑝∗ to 𝑝 differ by a loop in the contractible

coefficient space. Their spectral flows are equal. This defines (13.3). The invariant is constant on

every invertible path, and the preceding local crossing shows that both values occur. Since there are

exactly two components, the map is a bijection.

For 𝑛 ≡ 1 (mod 8), the real skew family in (8.3) is precisely 𝐿 = 𝑖(𝐷𝑔 + 𝑉 ). Section 8.1 identifies

its real spectral flow with the ordinary relative family index in 𝐾𝑂𝑛+1 ≅ 𝐾𝑂2, with the two-plane

normalization (8.1). For a path from (𝑔∗, 0) to (𝑔, 𝑉 ), its value is therefore 𝛿𝑔∗(𝑔, 𝑉 ), as asserted. □

By Theorem R and Proposition 8.2, with 𝑈 = 𝑀 , the inclusion identifies the components of  inv
𝜇

with those of inv
𝜇 (𝑀) and preserves this ordinary index difference. Theorem 13.1 therefore proves

the 𝑛 ≡ 1 (mod 8) case of Theorem C, with two components.

14. Components and positive scalar curvature

Proof of Theorem C. Since 𝐷𝑔∗ is invertible, 𝛼(𝑀) = 0. For 𝑛 ≡ 3, 7 (mod 8), Theorem 11.6 gives the

bijection for invertible pairs. For 𝑛 ≡ 2, 4, 5, 6 (mod 8) it is Theorem 11.11; for 𝑛 ≡ 0, 1 (mod 8) it

is given by Theorems 12.1 and 13.1, respectively. These cases exhaust (2.4). Proposition 8.2, with

𝑈 = 𝑀 , identifies the pair components with the metric components of the same density and preserves

index difference. The component counts follow from 𝐾𝑂𝑛+1. □

Lemma 14.1. Let 𝑀 be closed, connected, and oriented, and let 𝜇 be a positive smooth density. Every
positive-scalar-curvature metric ℎ can be joined through positive-scalar-curvature metrics to a metric ℎ𝜇
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with 𝑑𝑣ℎ𝜇 = 𝜇. If 𝑀 is spin with its spin structure fixed, this path preserves its ordinary invertible-Dirac
component.

Proof. Set

𝑎 =
(

∫𝑀 𝜇
Volℎ(𝑀))

2/𝑛

, ℎ′ = 𝑎ℎ.

Positive constant scaling joins ℎ to ℎ′ through metrics of positive scalar curvature. The positive top

forms 𝑑𝑣ℎ′ and 𝜇 have equal integrals. Apply Moser’s theorem [69, Theorem 2, Section 4, pp. 292–293]

to (1 − 𝑡)𝜇 + 𝑡 𝑑𝑣ℎ′ . It gives an isotopy 𝜙𝑡 , starting at the identity, with 𝜙∗1𝑑𝑣ℎ′ = 𝜇. The path 𝜙∗𝑡 ℎ′
retains positive scalar curvature and ends at the required ℎ𝜇. In the spin case the isotopy has the

spin lift continued from the identity; Dirac naturality and constant scaling preserve invertibility

throughout both paths. □

Proof of Corollary 1.1. Choose 𝑔+ ∈ +(𝑀). For even 𝑛 ≥ 6, [24, Theorem D], in homotopy degree

zero, gives the surjectivity of

𝛿𝑔+ ∶ 𝜋0+(𝑀) ⟶ 𝐾𝑂𝑛+1.

For 𝑛 = 2𝑚 + 1 ≥ 7, [24, Theorem C] gives a map

𝜋2𝑀𝑇Spin(2𝑚) ⟶ 𝜋0+(𝑀)

whose composite with 𝛿𝑔+ is the Thom homomorphism to 𝐾𝑂2𝑚+2. By [24, Theorem 5.3.1], with

𝑑 = 2𝑚 and 𝑘 = 2 ≤ 2𝑚 + 1, this homomorphism is onto 𝑘𝑜2𝑚+2 ≅ 𝐾𝑂𝑛+1. For 𝑛 = 5 the target is

𝐾𝑂6 = 0.

Given 𝑔 ∈ inv(𝑀), choose ℎ ∈ +(𝑀) with

𝛿𝑔+(ℎ) = 𝛿𝑔+(𝑔).

The ordinary index differences in the two spaces agree. Theorem C and Lemma 8.1 identify the

invertible components, so 𝑔 and ℎ lie in the same one. If 𝑔 has density 𝜇, apply Lemma 14.1 to ℎ. It

yields a positive-scalar-curvature metric ℎ𝜇 of density 𝜇 in that same invertible component. Apply

the deformation retraction of Lemma 8.1 to a connecting path from 𝑔 to ℎ𝜇. It fixes both endpoints

and produces a path in inv
𝜇 (𝑀), which proves the fixed-density assertion.

If 𝑀 is simply connected and 𝑛 ≥ 5, then 𝛼(𝑀) = 0 implies +(𝑀) ≠ ∅ by [78, Theorem A]. If

𝛼(𝑀) ≠ 0, both +
𝜇 (𝑀) and inv

𝜇 (𝑀) are empty. □

15. Invertible boundary extensions

15.1. Metric cancellation and the relative group.

Proof of Theorem I. An invertible Dirac operator has zero real index. Conversely, suppose that

𝛼(𝑊 , ℎ) = 0, and choose a nonempty open set 𝑈0 ⋐ 𝑈 . Proposition 9.1 gives a compatible po-

tential 𝑉 supported in 𝑈0 for which 𝐷𝑔 + 𝑉 is invertible. Corollary 5.2, with the same open set, gives

an invertible metric 𝑔 with 𝑑𝑣𝑔 = 𝑑𝑣𝑔 and 𝑔 = 𝑔 on 𝑊 ⧵ 𝑈0.

Put 𝐻 = log(𝑔−1𝑔). Then 𝐻 is smooth and 𝑔-self-adjoint, and

supp𝐻 ⊂ 𝑈0 ⋐ 𝑈, tr 𝐻 = log det(𝑔−1𝑔) = 0.

Thus 𝑔𝑡 = 𝑔(𝑒𝑡𝐻 ⋅, ⋅) has density 𝑑𝑣𝑔 and agrees with 𝑔 outside 𝑈0. With reference metric 𝑔 in (2.8),

put

𝐿𝑡 = 𝑈−1
𝑔𝑡 𝐷𝑔𝑡𝑈𝑔𝑡 ∶ 𝐻

1 ⟶𝐿2.

The frame map is 𝑒−𝑡𝐻/2
. The local comparison formula [56, Theorem 2.3.6], whose coefficients

depend on this map, its inverse and their first spatial derivatives, gives a holomorphic extension

𝐿𝑧 ∶ 𝐻 1 → 𝐿2 near [0, 1]. Here holomorphy is in operator norm, since the varying coefficients
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have compact support. Each 𝐿𝑡 is Fredholm by ellipticity and the fixed invertible ends. Openness of

Fredholmness gives a connected complex neighborhood Ω of [0, 1] on which every 𝐿𝑧 is Fredholm.

The operator 𝐿1 is invertible and 𝐿−11 ∶ 𝐿2 → 𝐻 1
is bounded. Hence

𝐴(𝑧) = 𝐿𝑧𝐿−11 ∈ (𝐿2), 𝐴(1) = 𝐼 ,

is a holomorphic Fredholm family on Ω. By the analytic Fredholm theorem [79, Theorem 1.1, p. 2], its

noninvertible parameters form a discrete subset of Ω. Since 0 ∈ Ω, there is an 𝜀 > 0 such that 𝐷𝑔𝑡 is

invertible for 0 < 𝑡 < 𝜀. Moreover, 𝑔𝑡 → 𝑔 in 𝐶∞
. □

Corollary 15.1. For 𝑛 ≥ 3, 𝜃𝑛 ∶ 𝑅inv𝑛 → 𝐾𝑂𝑛 is an isomorphism.

Proof. Let [𝑀, ℎ] ∈ ker 𝜃𝑛. The empty representative is zero. Otherwise, attach spin one-handles to

𝑀 × [0, 1] along interior discs in distinct components of 𝑀 × {1}, with framings for which the spin

structure extends. The upper boundary is connected after finitely many attachments; denote it by 𝑁 .

The side boundary remains 𝜕𝑀 × [0, 1], with metric ℎ + 𝑑𝑡2. If 𝜕𝑀 ≠ ∅, its cylindrical completion has

Dirac square, on product spinors,

−𝜕2𝑡 + 𝐷
2
ℎ ≥ 𝜆

2
ℎ > 0, 𝜆ℎ = dist(0, spec𝐷ℎ).

If 𝜕𝑀 = ∅, the side boundary is empty. The handle trace and this side boundary therefore give

[𝑀, ℎ] = [𝑁 , ℎ] by the defining relation [38, Section 5.2]. By [38, Section 5.4], 𝛼(𝑁 , ℎ) = 𝜃𝑛([𝑁 , ℎ]) = 0.

Theorem I gives an invertible product extension over 𝑁 , so [𝑁 , ℎ] = 0 by [38, Corollary 5.6]. Thus 𝜃𝑛
is injective. Its surjectivity is proved in [38, Section 5.4]. □

16. Spectral matrices on Berger products

16.1. One middle-weight projector. Let 𝑘 ≥ 1 be an integer, and put 𝑗 = 𝑘 − 1
2 . Let 𝑉𝑗 be the

irreducible unitary 𝑆𝑈(2)-module of complex dimension 2𝑘, with action 𝜌. Its orthonormal weight

basis is denoted by 𝑣𝑚, −𝑗 ≤ 𝑚 ≤ 𝑗 . Let 𝑃𝑚 be orthogonal projection onto ℂ𝑣𝑚.

Lemma 16.1. For 𝑘 ≥ 1 and every nonempty open 𝑂 ⊂ 𝑆𝑈(2),

spanℝ{𝜌(𝑥)𝑃1/2𝜌(𝑥)
−1 ∶ 𝑥 ∈ 𝑂} = Hermℂ(𝑉𝑗 ). (16.1)

The same equality holds with 𝑃−1/2.

Proof. The Clebsch–Gordan decomposition [47, Exercise 11.11, p. 151] is

Endℂ(𝑉𝑗 ) =
2𝑘−1
⨁
𝓁=0

𝑉𝓁.

Each summand occurs once and has a one-dimensional weight-zero subspace. Conjugate transpose

preserves each summand, so that subspace contains a nonzero Hermitian vector 𝑇 . Write 𝑇 𝑣𝑚 = 𝑞𝑚𝑣𝑚,

with 𝑞𝑚 ∈ ℝ. In 𝑉𝓁 = Sym2𝓁 ℂ2
, the weight-zero monomial is 𝑧𝓁𝑤𝓁

. The Weyl transformation

(𝑧, 𝑤) ↦ (𝑤, −𝑧) gives

𝑞−𝑚 = (−1)𝓁𝑞𝑚. (16.2)

Let 𝐽1, 𝐽2, 𝐽3 be the angular-momentum matrices, normalized by [𝐽1, 𝐽2] = 𝑖𝐽3 and cyclic permutations,

with 𝐽3𝑣𝑚 = 𝑚𝑣𝑚. The Casimir identity on 𝑉𝓁 [8, Section 2.1, equations (2.4)–(2.5)] is ∑𝑎[𝐽𝑎, [𝐽𝑎, 𝑇 ]] =
𝓁(𝓁 + 1)𝑇 . Its diagonal entries are

𝓁(𝓁 + 1)𝑞𝑚 = (𝑗 − 𝑚)(𝑗 + 𝑚 + 1)(𝑞𝑚 − 𝑞𝑚+1) (16.3)

+ (𝑗 + 𝑚)(𝑗 − 𝑚 + 1)(𝑞𝑚 − 𝑞𝑚−1).

Terms with indices outside [−𝑗, 𝑗] are omitted. If tr(𝑃1/2𝑇 ) = 0, then 𝑞1/2 = 𝑞−1/2 = 0 by (16.2). For

𝑗 > 1/2, substitute successively 𝑚 = 1/2, 3/2, … , 𝑗 − 1 in (16.3). The forward coefficient is positive,

and every positive entry vanishes. Reflection gives every negative entry. For 𝑗 = 1/2 the first two

entries are all the entries. Either case contradicts 𝑇 ≠ 0.
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Thus 𝑃1/2 has nonzero projection onto every irreducible summand. Since the decomposition is

multiplicity free, [34, Section 3, equation (13)] implies that its orbit has complex span Endℂ(𝑉𝑗 ). Every

orbit element is Hermitian, so its real span is Hermℂ(𝑉𝑗 ). If a Hermitian endomorphism annihilates the

orbit for 𝑥 ∈ 𝑂 , its pairing with that orbit is a real-analytic function on connected 𝑆𝑈(2) vanishing on

𝑂 . It therefore vanishes everywhere, and the endomorphism is zero. The Weyl element 𝑤 exchanges

𝑃1/2 and 𝑃−1/2; applying the preceding equality to 𝑂𝑤 gives the assertion for 𝑃−1/2. □

16.2. The Berger kernel and its evaluation. Choose left-invariant fields 𝑋1, 𝑋2, 𝑋3 with [𝑋1, 𝑋2] =
2𝑋3 and cyclic permutations. Let 𝜔𝑖 be the dual coframe. For 𝑡 > 0, put

𝑔𝑡 = 𝑡2𝜔2
1 + 𝜔

2
2 + 𝜔

2
3. (16.4)

In the left-invariant spin frame take 𝑐1 = 𝑖𝜎3, 𝑐2 = 𝑖𝜎1, and 𝑐3 = 𝑖𝜎2, so that 𝑐1𝑐2𝑐3 = 𝐼 . Hitchin’s

formulas [60, Propositions 3.1–3.2], in these conventions, give

𝐷𝑡 = 𝑡−1𝑐1𝑋1 + 𝑐2𝑋2 + 𝑐3𝑋3 + (𝑡/2 + 𝑡−1)𝐼 , (16.5)

and, besides the positive eigenvalues 𝑡/2 + 𝑝/𝑡 with 𝑝 ≥ 1,

𝑡
2
±

√

4𝑝𝑞 +
(𝑝 − 𝑞)2

𝑡2
, 𝑝, 𝑞 ≥ 1. (16.6)

In the Peter–Weyl summand 𝑉 ∗
𝑗 ⊗𝑉𝑗 ⊗ℂ2

, the first factor is the multiplicity space. Take 𝑑𝜌(𝑋1) =
−2𝑖𝐽3, 𝑑𝜌(𝑋2) = −2𝑖𝐽1, and 𝑑𝜌(𝑋3) = −2𝑖𝐽2. On the pair

𝑣𝑚 ⊗ (
1
0)
, 𝑣𝑚+1 ⊗ (

0
1)
, −𝑗 ≤ 𝑚 < 𝑗,

the operator matrix is

(𝑡/2 + 𝑡−1)𝐼 + (
2𝑚/𝑡 2

√
(𝑗 − 𝑚)(𝑗 + 𝑚 + 1)

2
√
(𝑗 − 𝑚)(𝑗 + 𝑚 + 1) −2(𝑚 + 1)/𝑡 ) . (16.7)

This block corresponds to 𝑝 = 𝑗 + 𝑚 + 1 and 𝑞 = 𝑗 − 𝑚 in (16.6).

Lemma 16.2. If 𝑘 is prime, 𝑘 ≡ 3 (mod 4), and 𝑡 = 4𝑘, then

ker𝐷𝑡 ≅ 𝑉 ∗
𝑘−1/2, dimℂ ker𝐷𝑡 = 2𝑘.

In the fixed spin frame, evaluation followed by projection onto either spinor component has adjoint square
equal to a positive constant times the orbit of 𝑃1/2 in the contragredient representation.

Proof. For 𝑡 = 4𝑘 with 𝑘 prime and 𝑘 ≡ 3 (mod 4), the only zero in (16.6) has 𝑝 = 𝑞 = 𝑘; this is the

observation of Chowla recorded in [60, p. 32, Remarks (1)(a)].

Thus 𝑗 = 𝑘 − 1/2 and 𝑚 = −1/2. The block (16.7) is (
𝑡/2 2𝑘
2𝑘 𝑡/2), whose zero eigenvector at 𝑡 = 4𝑘

is (1, −1)/
√
2. For 𝓁 ∈ 𝑉 ∗

𝑗 the corresponding spinor is

Ψ𝓁(𝑥) =

√
𝑘

Vol(𝑔𝑡)(
𝓁(𝜌(𝑥)𝑣−1/2)
−𝓁(𝜌(𝑥)𝑣1/2))

. (16.8)

For Haar measure 𝑑𝑥 of total mass one, Schur orthogonality [34, Section 3, equation (9)] gives

∫
𝑆𝑈(2)

𝜌(𝑥)𝑃𝑚𝜌(𝑥)∗ 𝑑𝑥 =
𝐼
2𝑘
.

Since 𝑑𝑣𝑔𝑡 = Vol(𝑔𝑡) 𝑑𝑥 ,

∫
𝑆𝑈(2)

|𝓁(𝜌(𝑥)𝑣𝑚)|2 𝑑𝑣𝑔𝑡 =
Vol(𝑔𝑡)
2𝑘

‖𝓁‖2.
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Thus (16.8) is an 𝐿2 isometry on 𝑉 ∗
𝑗 . Its first-row adjoint square is

𝑘
Vol(𝑔𝑡)

𝜌̄(𝑥)𝑃−1/2𝜌̄(𝑥)∗ (16.9)

in dual coordinates. The second row has 𝑃1/2. The contragredient representation is unitarily equivalent

to 𝑉𝑗 , and Lemma 16.1 applies to both. □

16.3. Flat factors and compatible compression. In the rest of this section, 𝑘 is prime and 𝑘 ≡ 3
(mod 4). Let 𝑛 ≥ 3, and put 𝑑 = 𝑛 − 3. Give 𝑇 𝑑 = ℝ𝑑/(2𝜋ℤ)𝑑 its flat metric and its spin structure

with constant spinors, and set

𝑋𝑛,𝑘 = 𝑆34𝑘 × 𝑇
𝑛−3. (16.10)

Hitchin gives the product formula for harmonic spinors [60, p. 12, Remark (4)]. In the product spinor

identification, with an extra factor ℂ2
when 𝑑 is odd,

𝐷2
𝑋𝑛,𝑘 = 𝐷

2
𝑆34𝑘
⊗ 𝐼 + 𝐼 ⊗ 𝐷2

𝑇 𝑑 , (16.11)

where identity on the extra factor is understood. The torus kernel consists of parallel spinors. Set

𝑊𝑛 =

{
ker𝐷𝑇 𝑑 , 𝑑 even,
ker 𝐷𝑇 𝑑 ⊗ ℂ2, 𝑑 odd.

For 𝑑 = 0, take 𝑇 0 = {pt}, Vol(𝑇 0) = 1, 𝐷𝑇 0 = 0, and 𝑊3 = ℂ. The product formula and Lemma 16.2

give

𝐸𝑛,𝑘 = ker𝐷𝑋𝑛,𝑘 ≅ 𝑉
∗
𝑘−1/2 ⊗𝑊𝑛, dimℂ𝑊𝑛 = 2⌊𝑛/2⌋−1. (16.12)

Evaluation identifies the parallel torus spinors with the full torus spinor fibre. If the parallel sections

have their 𝐿2 norm, multiplication of evaluation by Vol(𝑇 𝑑)1/2 makes this identification unitary. Thus

in the product spin frame the spinor fibre is ℂ2 ⊗ 𝑊𝑛. If 𝑄 is projection onto the first coordinate

line in ℂ2
, then 𝑄 ⊗ 𝑇 is a Hermitian fibre endomorphism for every 𝑇 ∈ Hermℂ(𝑊𝑛). The product

conventions are also given in [36, Section 3].

Theorem 16.3. For every nonempty open 𝑈 ⊂ 𝑋𝑛,𝑘 , the map

𝐶∞
𝑐 (𝑈 ;A𝑛) ⟶ 𝑛(𝐸𝑛,𝑘), 𝑉 ⟼ 𝑃𝐸𝑉 |𝐸 (16.13)

is onto. It has a finite-dimensional linear right inverse, and it yields a full potential section supported in
𝑈 .

Proof. Put 𝐸 = 𝐸𝑛,𝑘 and 𝑗 = 𝑘 − 1/2. For unrestricted complex Hermitian multiplication endomor-

phisms, Lemma 6.5 identifies the compression image with the real span of 𝑒(𝑥, 𝑦)∗𝑄′𝑒(𝑥, 𝑦), where

𝑒 is evaluation and 𝑄′
ranges over the Hermitian fibre endomorphisms. Choose a nonempty prod-

uct box 𝑈3 × 𝑈𝑇 ⋐ 𝑈 . Equation (16.9) and the torus normalization give, for 𝑥 ∈ 𝑈3, 𝑦 ∈ 𝑈𝑇 , and

𝑇 ∈ Hermℂ(𝑊𝑛),

𝑒(𝑥, 𝑦)∗(𝑄 ⊗ 𝑇 )𝑒(𝑥, 𝑦) =
𝑘

Vol(𝑔4𝑘) Vol(𝑇 𝑑)
𝜌̄(𝑥)𝑃−1/2𝜌̄(𝑥)∗ ⊗ 𝑇 .

By Lemma 16.1, these matrices span

Hermℂ(𝑉 ∗
𝑗 ) ⊗ℝ Hermℂ(𝑊𝑛) ≅ Hermℂ(𝐸).

Thus unrestricted compression is onto.

On Hermitian endomorphisms put  (𝐴) = 𝐽𝐴𝐽−1 and, in even dimension, (𝐴) = Γ𝐴Γ. They are

commuting real-linear involutions: 𝐽 2 = ±𝐼 , Γ2 = 𝐼 , and 𝐽 Γ = ±Γ𝐽 . The projection onto (2.3) is

Π =
𝐼 + 𝜖𝑛

2
(𝑛 odd), Π =

𝐼 + 𝜖𝑛
2

𝐼 − 
2

(𝑛 even).
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Since 𝑃𝐸 commutes with 𝐽 and, in even dimension, with Γ, compression intertwines these projections

on the bundle and on 𝐸. For 𝐴 ∈ 𝑛(𝐸), an unrestricted preimage 𝑉 therefore gives a compatible

preimage Π𝑉 with the same support.

Choose compatible preimages 𝑉1, … , 𝑉𝑁 of a real basis of 𝑛(𝐸). Their supports lie in one compact

subset of 𝑈 , and they define a linear right inverse 𝑠 of compression. Choose a circle centered at zero

isolating 𝐸. For 𝐴 near zero, the enclosed spectral projection of 𝐷𝑋𝑛,𝑘 + 𝑠(𝐴) commutes with 𝐽 and,

in even dimension, with Γ. The polar frame of Lemma 6.1 therefore preserves these structures. Let

𝐹(𝐴) ∈ 𝑛(𝐸) be the complete cluster matrix in that frame. Then 𝐹(0) = 0 and 𝑑𝐹0 = 𝐼 by Lemma 6.4.

The inverse function theorem [46, Theorem 11.22 and Corollary 11.35] gives the full potential section

𝐴 ↦ 𝑠(𝐹−1(𝐴)) near zero. After shrinking its domain, the complementary spectrum remains separated

from zero. □

Corollary 16.4. In every dimension 𝑛 ≥ 3, the manifold 𝑆3×𝑇 𝑛−3 admits full metric sections of arbitrarily
large balanced zero-module size. The metric variations may have fixed pointwise density and support in
any prescribed nonempty open set, relative to the resulting zero-centered metric. Every smaller balanced
module occurs after fixing an invertible complementary block.

Proof. Apply Proposition 6.3 to Theorem 16.3. There are arbitrarily large primes 3 (mod 4) [6,

Theorem 7.1, p. 147]. The module sizes in (16.12) therefore tend to infinity.

For even 𝑛, the grading on the extra ℂ2
factor gives equal chiral ranks. In residues one and two,

the skew sizes are respectively

𝑘 2⌊𝑛/2⌋, 𝑘 2⌊𝑛/2⌋−1;

both are even, since the least dimensions in these residues are nine and ten. The other cases of (2.4)

impose no further restriction. Hence 𝐸𝑛,𝑘 is balanced.

For a smaller balanced module choose a structural orthogonal decomposition 𝐸𝑛,𝑘 = 𝐸′ ⊕ 𝐸′′. Its

complement is balanced: in the chiral cases subtract equal ranks, and in the skew cases subtract even

sizes. Fix a sufficiently small invertible 𝐵 ∈ 𝑛(𝐸′′) and restrict the full metric section to matrices

𝐴 ⊕ 𝐵, with 𝐴 ∈ 𝑛(𝐸′). Its value at 0 ⊕ 𝐵 has zero module 𝐸′. Choose a spectral radius smaller than

dist(0, spec 𝐵) and the original exterior gap, and restrict to ‖𝐴‖ below that radius. The central cluster

is then exactly the retained block. The density and the metric outside 𝑈 remain fixed relative to this

new central metric. □

17. Kernel dimensions and the real index

The parameter manifolds below are compact. Vector bundles carry fixed smooth Euclidean,

Hermitian, or quaternionic Hermitian metrics. Matrix bundles have the associated Hilbert–Schmidt

inner products, and direct sums have the product inner product. Write | ⋅ |fib for these fibre norms.

The disk bundle 𝐷𝜂(𝑁 ) = {(𝑏, 𝐴) ∶ |𝐴|fib ≤ 𝜂}, with 𝜂 > 0, is a smooth manifold with boundary. The

norm of a section is its supremum fibre norm.

Operator norms between orthogonal summands are denoted by ‖ ⋅ ‖op. For each residual matrix 𝑇 ,

with components (𝑇1, … , 𝑇𝑠), finite rank gives a constant 𝐶fib ≥ 1, uniform over the base, such that

|(𝑇1, … , 𝑇𝑠)|fib ≤ 𝐶fib‖𝑇 ‖op.

For an individual matrix, the Hilbert–Schmidt norm dominates the operator norm.

Lemma 17.1. Let 𝐵 be a compact smooth manifold without boundary, and let 𝜂 > 0. Let 𝑁 , 𝐸 → 𝐵
be real vector bundles such that rank 𝐸 = dim𝐵. Suppose 𝐸 admits a smooth section with exactly one
transverse zero. On 𝐷𝜂(𝑁 ) let

𝑠0(𝑏, 𝐴) = (𝐴, 0)

be the section of the pullback of 𝑁 ⊕ 𝐸. Every continuous section 𝑠 satisfying ‖𝑠 − 𝑠0‖ < 𝜂/2 has a zero
in the interior of the disk bundle.
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Proof. For 𝜋 ∶ 𝑁 → 𝐵, let  = 𝜋∗(𝑁 ⊕ 𝐸) over the full total space 𝑁 . Its rank equals dim𝐷𝜂(𝑁 ). If 𝜎
is the section in the hypothesis, then

𝑠𝜀(𝑏, 𝐴) = (𝐴, 𝜀𝜎(𝑏)), 𝜀 > 0,

has exactly one transverse zero. Its derivative normal to the zero section is diag(𝐼 , 𝜀𝑑𝜎).
Suppose that 𝑠 has no zero. Compactness permits a smooth approximation 𝑠′ with no zero and

with ‖𝑠′ − 𝑠0‖ < 𝜂/2. In the homotopy

𝐻𝑡 = (1 − 𝑡)𝑠𝜀 + 𝑡𝑠′,

the 𝑁 -component on 𝜕𝐷𝜂(𝑁 ) has norm at least 𝜂−‖𝑠′−𝑠0‖ > 𝜂/2. Round the corners of𝐷𝜂(𝑁 )×[0, 1]
in a collar on which 𝐻 has no zero. The boundary map into the full total space of  is transverse

to its closed zero section and meets it exactly once. Its mod-two intersection number is zero by the

Boundary Theorem [53, Chapter II, Section 4, p. 80], a contradiction. Finally, |𝑠| ≥ 𝜂 − ‖𝑠 − 𝑠0‖ > 𝜂/2
on the boundary. □

17.1. Integer indices. Let 𝔽 = ℝ or ℍ, of real dimension 𝑑𝔽. Suppose the fixed index-minimal module

has chiral parts 𝔽𝑎 and 0, with 𝑎 ≥ 0, in domain and range order. If the nonzero minimal chiral part

lies in the range, take adjoints throughout. Fix 𝑐 > 0 and 0 < 𝜂 < 𝑐/4. To add 𝑟 ≥ 1 zero modes in

both chiralities, set

𝐵 = Gr𝑟(𝔽𝑎+𝑟), 𝐿 → 𝐵 (17.1)

with its tautological bundle. The auxiliary domain and range are both the fixed space 𝔽𝑎+𝑟 . For

𝐴 ∈ End𝔽(𝐿) define

𝑍𝐿,𝐴 = 𝑐𝑃𝐿⟂ + 𝐴𝑃𝐿, |𝐴|fib ≤ 𝜂 < 𝑐/4. (17.2)

Adjoin the fixed domain summand 𝔽𝑎. The complementary block maps 𝐿⟂ isomorphically to 𝐿⟂. Its

elimination leaves a section of

Hom𝔽(𝐿 ⊕ 𝔽𝑎, 𝐿) = End𝔽(𝐿) ⊕ Hom𝔽(𝔽𝑎, 𝐿) (17.3)

close to (𝐴, 0).

Proposition 17.2. Every sufficiently small continuous family of 𝔽-linear perturbations of (17.2), with
the fixed domain summand adjoined, has a parameter at which the full chiral kernel and cokernel have
dimensions 𝑟 + 𝑎 and 𝑟 over 𝔽.

Proof. Put 𝐿0 = (im𝐵0)⟂, where 𝐵0 ∶ 𝔽𝑎 → 𝔽𝑎+𝑟 is injective. The bundle 𝐸 = Hom𝔽(𝔽𝑎, 𝐿) has real

rank 𝑑𝔽𝑎𝑟 = dimℝ 𝐵. Its section 𝑠(𝐿) = 𝑃𝐿𝐵0 vanishes exactly at 𝐿0, because 𝑃𝐿𝐵0 = 0 is equivalent to

𝐿 ⊂ (im𝐵0)⟂, and both spaces have dimension 𝑟 .
Write 𝐿 = graph(𝑋), with 𝑋 ∶ 𝐿0 → im𝐵0, and let 𝑗𝑋 = ( 𝐼𝑋)(𝐼 + 𝑋

∗𝑋)−1/2. This is an isometric

frame of 𝐿. In this frame,

𝑗∗𝑋𝐵0 = (𝐼 + 𝑋∗𝑋)−1/2𝑋∗𝐵0.
Its derivative at zero is 𝑋 ↦ 𝑋∗𝐵0. Since 𝐵0 ∶ 𝔽𝑎 → im𝐵0 is an isomorphism, this is a real-linear

isomorphism onto Hom𝔽(𝔽𝑎, 𝐿0). Thus 𝑠 has one transverse zero.

Let 𝛿 bound the full matrix perturbation in operator norm. Choose

𝛿 < 𝑐/2, 𝐶fib(𝛿 +
2𝛿2

𝑐 ) < 𝜂/2.

Lemma 6.6 then gives a section of (17.3) whose distance from (𝐴, 0) is less than 𝜂/2 in the chosen

smooth fibre norm. Lemma 17.1, with 𝑁 = End𝔽(𝐿) and the bundle 𝐸 above, gives a zero of this

section. At that point its domain has dimension 𝑟 + 𝑎 and its range dimension 𝑟 . The complementary

map is invertible, so these are exactly the chiral kernel and cokernel dimensions. This includes 𝑎 = 0:

then 𝐵 is a point and 𝐸 = 0. □

In residue zero 𝑎 = |𝐴(𝑀)|, and the resulting complex nullity is |𝐴(𝑀)| + 2𝑟 . In residue four

𝑎 = |𝐴(𝑀)|/2, and it is |𝐴(𝑀)| + 4𝑟 .
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17.2. The nonzero index in residue one. Fix 𝑟 ≥ 1, 𝑐 > 0, and 0 < 𝜂 < 𝑐/4. The fixed index-minimal

module is ℝ. Let 𝐵 = ℂ𝑃 𝑟 parameterize the complex hyperplanes 𝐿 ⊂ ℂ𝑟+1. Regard ℂ𝑟+1 as a real

space of dimension 2𝑟 + 2. On the real two-plane 𝐿⟂ place 𝑐𝐽0, where 𝐽0 is multiplication by 𝑖; on 𝐿ℝ
place 𝐴 ∈ so(𝐿ℝ) with |𝐴|fib ≤ 𝜂 < 𝑐/4. After adjoining this real line, the skew Schur complement

belongs to

so(𝐿ℝ ⊕ ℝ) = so(𝐿ℝ) ⊕ 𝐿ℝ. (17.4)

The last bundle has rank 2𝑟 = dimℝ ℂ𝑃 𝑟 . For a fixed nonzero 𝑣 ∈ ℂ𝑟+1, the section 𝐿 ↦ 𝑃𝐿𝑣 has

the single transverse zero 𝐿 = 𝑣⟂. For 𝐿0 = 𝑣⟂ and 𝑋 ∈ Homℂ(𝐿0, ℂ𝑣), the graph formula gives the

derivative 𝑋 ↦ 𝑋∗𝑣. Its inverse sends 𝑤 ∈ 𝐿0 to 𝑋𝑤(𝑢) = 𝑣⟨𝑤, 𝑢⟩/|𝑣|2, with the Hermitian product

linear in 𝑢. It is therefore a real-linear isomorphism.

The complementary block has inverse norm 1/𝑐. For a structural perturbation satisfying the

bounds in the proof of Proposition 17.2, Lemmas 6.6 and 17.1, with 𝑁 = so(𝐿ℝ) and 𝐸 = 𝐿ℝ, give a

parameter where the residual section vanishes. At this parameter the residual real skew matrix is

zero on a space of dimension 2𝑟 + 1. Multiplication by 𝑖 returns the self-adjoint form. The complex

nullity is exactly 2𝑟 + 1.

17.3. The nonzero index in residue two. Fix 𝑟 ≥ 1, 𝑐 > 0, and 0 < 𝜂 < 𝑐/4. The fixed index-minimal

module has chiral parts ℂ and ℂ, exchanged by charge conjugation. Let 𝐵 = ℍ𝑃 𝑟 parameterize

quaternionic hyperplanes 𝐿 ⊂ ℍ𝑟+1
. As a complex space 𝐿 has dimension 2𝑟 . Let 𝐾 be the standard

antiunitary of the ambient space ℍ𝑟+1
, so that 𝐾 2 = −𝐼 . On the complementary quaternionic line

take 𝑐𝜔, where

𝜔(𝑢, 𝑣) = ⟨𝐾𝑢, 𝑣⟩ℂ.

Since 𝐾 is antiunitary and 𝐾 2 = −𝐼 , this form is complex bilinear, skew, and has singular values one.

Its restriction to 𝐿⟂ is therefore invertible with inverse norm 1/𝑐 after multiplication by 𝑐. On 𝐿 place

a complex skew form 𝐴 with |𝐴|fib ≤ 𝜂 < 𝑐/4.

After adjoining the fixed complex line and eliminating the complementary complex two-plane,

the residual bundle is

Λ2
ℂ(𝐿 ⊕ ℂ)∗ = Λ2

ℂ𝐿
∗ ⊕ 𝐿∗. (17.5)

Its last summand has real rank 4𝑟 = dimℝℍ𝑃 𝑟 . Fix a nonzero complex linear functional 𝓁(𝑤) = ⟨𝑣, 𝑤⟩ℂ
on ℍ𝑟+1

. The section 𝐿 ↦ 𝓁|𝐿 vanishes exactly at

𝐿0 = spanℂ{𝑣, 𝐾𝑣}
⟂.

Indeed quaternionic invariance of 𝐿 makes orthogonality to 𝑣 equivalent to orthogonality to both 𝑣
and 𝐾𝑣. In graph coordinates its derivative is

𝑋 ⟼ 𝓁 ◦ 𝑋, 𝑋 ∈ Homℍ(𝐿0, ℍ𝑣).

If 𝓁 ◦ 𝑋 = 0, then for every 𝑤 ∈ 𝐿0 both 𝓁(𝑋𝑤) and 𝓁(𝐾𝑋𝑤) = 𝓁(𝑋𝐾𝑤) vanish. In the complex basis

(𝑣, 𝐾𝑣) of ℍ𝑣, these two equalities make both components of 𝑋𝑤 zero. Thus 𝑋 = 0. Both spaces have

real dimension 4𝑟 , so this derivative is an isomorphism.

For a structural perturbation satisfying the bounds in the proof of Proposition 17.2, Lemma 6.6

gives a residual section within 𝜂/2 of (𝐴, 0). Lemma 17.1, with 𝑁 = Λ2
ℂ𝐿

∗
and 𝐸 = 𝐿∗, gives a zero

Schur complement of complex size 2𝑟 + 1. Both chiral kernels have dimension 2𝑟 + 1, and the total

complex nullity is 4𝑟 + 2.

17.4. Minimal kernel dimensions. If the fixed index-minimal module is zero, let 𝐸0 be a balanced

zero module of the prescribed dimension in (2.4). On the ball in 𝑛(𝐸0) take the reference matrix

𝐴. Lemma 17.1, with 𝐵 a point, 𝑁 = 𝑛(𝐸0), and 𝐸 = 0, gives a zero after every sufficiently small

perturbation. A fixed invertible complement may be eliminated by Lemma 6.6.

If the prescribed nullity is the index minimum, no auxiliary zero block is needed. After elimination

of the invertible complement, the residual matrix space is respectively Hom𝔽(𝔽𝑎, 0) or its adjoint,
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so(1), Skew1(ℂ), or the zero space. Each is {0}. The kernel therefore has exactly the prescribed

dimension. This includes dimension zero.

Proposition 17.3. For each admissible nullity in (1.9), an auxiliary balanced matrix family can be chosen
on a compact disk bundle so that, after adjoining a fixed index-minimal module, every sufficiently small
structural perturbation has a parameter with exactly that nullity. Finitely many additional independent
matrix equations can be imposed simultaneously if their reference map is the identity on additional
trivial disk factors.

Proof. The preceding constructions give every nullity in (1.9). For additional equations, replace 𝑁 in

Lemma 17.1 by 𝑁 ⊕ 𝑉 , where 𝑉 is the finite-dimensional real space in which these equations take

values. On the disk bundle for the product fibre metric, the reference section is (𝐴, 𝑋, 0). Lemma 17.1

gives a common zero after every sufficiently small perturbation. The complementary inverse bounds

and the fibre norm comparison constant are fixed before the perturbation size is chosen. □

18. Spectral subspaces under surgery

Compact-family spectral surgery is given in [72, Theorem 4.24], extending [19] and [36, Theorem 6,

third arXiv version]. Let 𝑏 ↦ 𝑔𝑏 be a compact 𝐶2
-continuous family of smooth metrics on a closed

spin manifold, and fix a finite spectral band whose endpoints avoid every spectrum. A fixed spin

surgery of codimension at least three admits a 𝐶2
-continuous family of smooth metrics for which the

eigenvalues in that band, counted with multiplicity, are uniformly arbitrarily close to the original

ones. The band ranks are equal, and the metrics agree outside any prescribed neighborhood of the

surgery sphere. The smooth compact-parameter connected-sum construction in odd dimensions is

also given in [16, Section 7, Remark 4].

An eigenbundle isomorphism under surgery is proved in [72, Theorem 4.26 and Remark 4.27].

Proposition 18.1. Let 𝐵 be compact, let 𝑏 ↦ 𝑔𝑏 be a 𝐶2-continuous family of smooth metrics on a closed
spin manifold 𝑁 , and fix a spin surgery of codimension 𝑞 ≥ 3. Write 𝐷𝑏 = 𝐷𝑔𝑏 . Let 𝛼, 𝛽 ∶ 𝐵 → ℝ be
continuous, with 𝛼𝑏 < 𝛽𝑏 and 𝛼𝑏 , 𝛽𝑏 ∉ Spec(𝐷𝑏). Suppose that

𝐸𝑏 = 𝟏(𝛼𝑏 ,𝛽𝑏 )(𝐷𝑏)𝐿
2(Σ𝑔𝑏 )

has fixed rank. For every 𝜂 > 0 and every neighborhood 𝑉 of the surgery sphere, there is a 𝐶2-
continuous family 𝑔𝑏 of smooth metrics on the surgered manifold, equal to 𝑔𝑏 outside 𝑉 , for which
𝐸𝑏 = 𝟏(𝛼𝑏 ,𝛽𝑏 )(𝐷̃𝑏)𝐿

2(Σ𝑔𝑏 ) has the same rank as 𝐸𝑏 . There is a continuous bundle isometry 𝑊 ∶ 𝐸 → 𝐸
such that

sup
𝑏∈𝐵

‖‖‖𝑊
∗
𝑏 𝐷̃𝑏𝑊𝑏 − 𝐷𝑏 |𝐸𝑏

‖‖‖ < 𝜂.

If 𝐸 is invariant under the spinor structures, 𝑊 intertwines their restrictions. If 𝛼𝑏 > 0 and a spinor
structure exchanges the bands (𝛼𝑏 , 𝛽𝑏) and (−𝛽𝑏 , −𝛼𝑏), the isometry on their direct sum may also preserve
the two summands.

Proof. For rank zero, the spectral surgery theorem gives the assertion. Suppose the rank is positive.

Locally index the eigenvalues in the selected interval. The spectral bundles are continuous by [72,

Theorems 3.3–3.4]. Norm-resolvent continuity and compactness give

𝑑 ∶= inf
𝑏∈𝐵

dist({𝛼𝑏 , 𝛽𝑏 }, Spec(𝐷𝑏)) > 0.

All constants below are independent of 𝑏 and of the surgery radius.

The old cluster has a uniform 𝐿2-to-𝐿∞ bound. For 𝐷𝑏𝜓 = 𝜆𝜓 in the band, the square formula and

Kato’s inequality give, for 𝑢 = (|𝜓|2 + 𝜀2)1/2,

Δ𝑏𝑢 ≤ 𝐶0𝑢.
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The constant𝐶0 is uniform because |𝜆| and the scalar curvatures of the compact𝐶2
-family are bounded.

With the nonnegative Laplacian convention, this is

𝜕𝑖(𝑎𝑖𝑗𝑏 𝜕𝑗𝑢) + 𝑑𝑏𝑢 ≥ 0, 𝑎𝑖𝑗𝑏 =
√
det 𝑔𝑏 𝑔

𝑖𝑗
𝑏 , 𝑑𝑏 = 𝐶0

√
det 𝑔𝑏 .

On a fixed finite atlas these coefficients have common ellipticity and boundedness constants. The

local boundedness estimate [48, Theorem 8.17, p. 194], with 𝑝 = 2 and zero right-hand side, applies on

nested coordinate balls. Uniform equivalence of the coordinate and metric measures and 𝜀 → 0 give

‖𝜓‖∞ ≤ 𝐶1 ‖𝜓‖2 . (18.1)

Expansion in an orthonormal eigenbasis gives the same inequality on 𝐸𝑏 , with the additional factor√
rank 𝐸.

Fix tubular neighborhoods 𝑇𝑟 of the surgery sphere with respect to a background metric. Choose

0 ≤ 𝜒𝜌 ≤ 1 equal to zero on 𝑇𝜌 and to one outside 𝑇2𝜌, with |𝑑𝜒𝜌 |𝑔𝑏 ≤ 𝐶/𝜌. Take 𝜌 small enough

that 𝑇2𝜌 ⊂ 𝑉 . Theorem 4.24 of [72], with any sufficiently small spectral error 𝜀 < 𝑑/3, gives a

𝐶2
-continuous family 𝑔𝑏 equal to 𝑔𝑏 outside 𝑇𝜌/2 and with the same band ranks. On the common

exterior, identify the spinor bundles by the spin structure of the surgery. Set

𝐴𝑏 = 𝐷𝑏 |𝐸𝑏 , 𝐶𝜌,𝑏 ∶ 𝐸𝑏 ⟶𝐿2(Σ𝑔𝑏 ), 𝐶𝜌,𝑏𝜓 = 𝜒𝜌𝜓,

extending by zero across the modified region. This map is continuous in 𝑏 , has norm at most one,

and takes values in (𝐷̃𝑏). The volume of 𝑇2𝜌 is 𝑂(𝜌𝑞) uniformly. Hence

𝐶∗
𝜌,𝑏𝐶𝜌,𝑏 = 𝐼 + 𝑂(𝜌𝑞),

𝑅𝑏 ∶= 𝐷̃𝑏𝐶𝜌,𝑏 − 𝐶𝜌,𝑏𝐴𝑏 = 𝑑𝜒𝜌 ⋅ |𝐸𝑏 , ‖𝑅𝑏 ‖ ≤ 𝐶𝜌𝑞/2−1.
(18.2)

Let 𝑃𝑏 be the new band projection. Every eigenvalue of 𝐷̃𝑏 on im(𝐼 − 𝑃𝑏) lies outside (𝛼𝑏 , 𝛽𝑏), at

distance at least 𝑑 from the spectrum of 𝐴𝑏 . For an orthonormal eigenbasis 𝑒𝑗 of 𝐴𝑏 , with eigenvalues

𝜆𝑗 , the spectral theorem gives

‖‖(𝐼 − 𝑃𝑏)𝐶𝜌,𝑏𝑒𝑗 ‖‖ ≤ 𝑑
−1 ‖‖‖(𝐷̃𝑏 − 𝜆𝑗 )(𝐼 − 𝑃𝑏)𝐶𝜌,𝑏𝑒𝑗

‖‖‖ ≤ 𝑑
−1 ‖‖𝑅𝑏𝑒𝑗 ‖‖ .

Consequently
‖‖(𝐼 − 𝑃𝑏)𝐶𝜌,𝑏 ‖‖ ≤

√
rank 𝐸 𝑑−1 ‖𝑅𝑏 ‖. Put

𝐺𝑏 = 𝐶∗
𝜌,𝑏𝑃𝑏𝐶𝜌,𝑏 , 𝑊𝑏 = 𝑃𝑏𝐶𝜌,𝑏𝐺

−1/2
𝑏 .

Since

𝐺𝑏 = 𝐶∗
𝜌,𝑏𝐶𝜌,𝑏 − ((𝐼 − 𝑃𝑏)𝐶𝜌,𝑏)

∗
((𝐼 − 𝑃𝑏)𝐶𝜌,𝑏),

we have ‖𝐺𝑏 − 𝐼‖ ≤ 𝐶(𝜌𝑞 + 𝜌𝑞−2). For small 𝜌,
1
2 𝐼 ≤ 𝐺𝑏 ≤ 𝐼 . Thus 𝑊 ∗

𝑏𝑊𝑏 = 𝐼 , and equality of ranks

makes 𝑊𝑏 onto 𝐸𝑏 . Continuity of the factors gives continuity of 𝑊 . The identity

𝑊 ∗
𝑏 𝐷̃𝑏𝑊𝑏 = 𝐺1/2

𝑏 𝐴𝑏𝐺
−1/2
𝑏 + 𝐺−1/2

𝑏 𝐶∗
𝜌,𝑏𝑃𝑏𝑅𝑏𝐺

−1/2
𝑏 (18.3)

gives

‖‖‖𝑊
∗
𝑏 𝐷̃𝑏𝑊𝑏 − 𝐴𝑏

‖‖‖ ≤ 𝐶(‖𝐺𝑏 − 𝐼‖ + ‖𝑅𝑏 ‖) ≤ 𝐶𝜌𝑞/2−1.

Since 𝑞 ≥ 3, decreasing 𝜌 gives the prescribed 𝜂.

Suppose a spinor structure preserves 𝐸𝑏 . If it reverses the sign of 𝐷𝑏 , each eigenvalue 𝜆 of 𝐴𝑏 has

−𝜆 in the same band; both have distance at least 𝑑 from its endpoints. The spectral error is less than

𝑑, so the new band is likewise invariant. The common exterior spin identification and the real cutoff

intertwine the structures. The projections therefore intertwine them, and so do 𝐺−1/2
𝑏 and 𝑊𝑏 , by the

real functional calculus argument in Lemma 6.1.

For the two nonzero bands, apply the preceding construction to 𝐸𝑏,+ and write

𝐶𝑏,+ = 𝜒𝜌 |𝐸𝑏,+ , 𝐺𝑏,+ = 𝐶∗
𝑏,+𝑃𝑏,+𝐶𝑏,+, 𝑊𝑏,+ = 𝑃𝑏,+𝐶𝑏,+𝐺

−1/2
𝑏,+ . (18.4)
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Let 𝑆𝑏 ∶ 𝐸𝑏,+ → 𝐸𝑏,− be a unitary or antiunitary sign-reversing structure, with new counterpart 𝑆𝑏 .

Set

𝑊𝑏,− = 𝑆𝑏𝑊𝑏,+𝑆−1𝑏 . (18.5)

For 𝐴𝑏,± = 𝐷𝑏 |𝐸𝑏,± and 𝐴𝑏,± = 𝐷̃𝑏 |𝐸𝑏,± ,

𝑊 ∗
𝑏,−𝐴𝑏,−𝑊𝑏,− − 𝐴𝑏,− = −𝑆𝑏(𝑊 ∗

𝑏,+𝐴𝑏,+𝑊𝑏,+ − 𝐴𝑏,+)𝑆−1𝑏 .

Thus the two errors have the same norm. The positive construction intertwines every sign-preserving

structure. If 𝑇𝑏 preserves sign, apply this identity to 𝑆−1𝑏 𝑇𝑏𝑆𝑏 on 𝐸𝑏,+; it gives 𝑊𝑏,−𝑇𝑏 = 𝑇𝑏𝑊𝑏,− on

𝐸𝑏,−. For a sign-reversing 𝑇𝑏 = 𝐽𝑏 or Γ𝑏 , the product 𝑆−1𝑏 𝑇𝑏 preserves sign; hence 𝑊𝑏,−𝑇𝑏 = 𝑇𝑏𝑊𝑏,+

on 𝐸𝑏,+. The corresponding identity on 𝐸𝑏,− follows from 𝑇 2
𝑏 = 𝑇 2

𝑏 = ±𝐼 . Therefore 𝑊𝑏,+ ⊕ 𝑊𝑏,−
preserves both summands and intertwines the spinor structures. □

18.1. Spin bordisms. The model 𝑋𝑛 = 𝑆3 × 𝑇 𝑛−3 bounds 𝐷4 × 𝑇 𝑛−3 as a spin manifold. For 𝑛 ≥ 5, the

spin-bordism surgery theorem [51, proof of Theorem B, pp. 431–432], applied to the simply connected

target 𝑆𝑛, gives a finite sequence of spin surgeries of codimension at least three from 𝑋𝑛 to 𝑆𝑛; see also

[36, proof of Proposition 7, p. 7, third arXiv version]. Disconnected intermediate levels are permitted

in the compact-parameter spectral theorem.

For 𝑛 = 4, surgery on the circle in 𝑆1 × 𝑆3 gives 𝑆4. Indeed the complement of 𝑆1 × int 𝐷3
is 𝑆1 ×𝐷3

,

and the surgery union is

(𝑆1 × 𝐷3) ∪ (𝐷2 × 𝑆2) = 𝜕(𝐷2 × 𝐷3).

Rounding corners identifies the right side with 𝑆4. The two framings differ by the generator of

𝜋1𝑆𝑂(3). The framing change is induced by a rotation of 𝐷3
depending on the circle coordinate;

this map extends over 𝑆1 × 𝐷3
, so both framings give this smooth manifold. The nontrivial loop in

SO(3) lifts to a path in Spin(3) with opposite endpoints. Thus the two framings induce the two spin

structures on the circle. The bounding one extends over the attached handle [19, Section 1]. This is

the four-dimensional spin surgery in [36, Section 3].

For 𝑛 = 3, the auxiliary manifold is 𝑆3. Connected-sum surgery with the prescribed manifold

has codimension 𝑛 ≥ 3 and gives 𝑀#𝑆𝑛 ≅ 𝑀 with its original spin structure. The attachments are

independent of the parameters. For a sequence of 𝑚 surgeries, let 𝐴𝑗 be the successive compressed

operators and 𝑊𝑗 the isometries of Proposition 18.1. If 𝑊 = 𝑊𝑚⋯𝑊1, then

‖𝑊 ∗𝐴𝑚𝑊 − 𝐴0‖ ≤
𝑚
∑
𝑗=1

‖𝑊 ∗
𝑗 𝐴𝑗𝑊𝑗 − 𝐴𝑗−1‖.

Since 𝑚 is finite, the total error can be made arbitrarily small.

19. Finite spectral prescription

19.1. Nonzero matrix blocks. By (2.1), the multiplicity field for a nonzero eigenvalue is

𝔽𝑛 =

⎧⎪⎪⎪
⎨⎪⎪⎪⎩

ℍ, 𝑛 ≡ 2, 3, 4 (mod 8),
ℂ, 𝑛 ≡ 1, 5 (mod 8),
ℝ, 𝑛 ≡ 0, 6, 7 (mod 8).

(19.1)

Let 𝐻 = 𝜆𝐼 + 𝑋 , where 𝜆 ≠ 0 and 𝑋 ∈ Herm𝑚(𝔽𝑛). In the symmetric spectral classes, take 𝜆 > 0 and

𝐻 positive definite. In residues three and seven either sign is allowed.

Lemma 19.1. Every such matrix occurs as a block in a balanced zero module. The inclusion of the
selected subspace can be chosen independently of 𝐻 and compatibly with its multiplicity field. If charge
conjugation or chirality changes the spectral sign, its image subspace carries the block determined by
that identity.
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Proof. For 𝑛 ≡ 3, 7 (mod 8), take 𝐻 itself. For 𝑛 ≡ 0, 4 (mod 8), put 𝑍 = 𝐻 . The 𝔽𝑛-linear isometries

𝑓±(𝑢) = (𝑢, ±𝑢)/
√
2 satisfy

(𝐻)𝑓± = ±𝑓±𝐻.

The same formula applies in residue six, since a real symmetric 𝐻 is complex symmetric. Here

𝐽 (𝑥, 𝑦) = (𝑦̄, 𝑥̄) induces conjugation on the positive subspace: 𝐽 𝑓+(𝑢) = 𝑓+(𝑢̄).
In residue two, represent the quaternionic Hermitian matrix 𝐻 on ℂ2𝑚

and put

𝐽0 = (
0 𝐼
−𝐼 0) , 𝑍 = 𝐻𝐽0.

The identities 𝐻 ∗ = 𝐻 and 𝐻𝐽0 = 𝐽0𝐻̄ give 𝑍𝑇 = −𝐽0𝐻̄ = −𝐻𝐽0 = −𝑍 . For 𝑓+(𝑢) = (−𝐽0𝑢, 𝑢)/
√
2 and

𝑓−(𝑢) = (𝐽0𝑢, 𝑢)/
√
2,

(𝑍)𝑓+(𝑢) = (−𝐽0𝐻𝑢,𝐻𝑢)/
√
2 = 𝑓+(𝐻𝑢),

(𝑍)𝑓−(𝑢) = (−𝐽0𝐻𝑢, −𝐻𝑢)/
√
2 = −𝑓−(𝐻𝑢).

The charge conjugation 𝐽 (𝑥, 𝑦) = (−𝑦̄, 𝑥̄) satisfies 𝐽 𝑓+(𝑢) = 𝑓+(−𝐽0𝑢̄). Thus the positive subspace has

its quaternionic structure, commuting with 𝐻 .

In residue five, take 𝑇 = diag(𝐻, −𝐻̄) and 𝐽 (𝑢, 𝑣) = (−𝑣, 𝑢̄). Then 𝑇 ∗ = 𝑇 , 𝐽 2 = −𝐼 , and

𝐽 𝑇 (𝑢, 𝑣) = (𝐻𝑣, 𝐻̄ 𝑢̄) = −𝑇 𝐽 (𝑢, 𝑣).

The two coordinate inclusions give 𝐻 and −𝐻̄ .

In residue one write 𝐻 = 𝐴 + 𝑖𝐵, with 𝐴𝑇 = 𝐴, 𝐵𝑇 = −𝐵, and set

𝑅(𝐻) = (
𝐴 −𝐵
𝐵 𝐴 ) , 𝐽0 = (

0 −𝐼
𝐼 0 ) .

Then 𝑅(𝐻)𝑇 = 𝑅(𝐻) and 𝑅(𝐻)𝐽0 = 𝐽0𝑅(𝐻), so 𝐽0𝑅(𝐻) is real skew. On the complexification, the

isometries 𝑓+(𝑢) = (𝑢, −𝑖𝑢)/
√
2 and 𝑓−(𝑢) = (𝑢, 𝑖𝑢)/

√
2 satisfy

−𝑖𝐽0𝑅(𝐻)𝑓+ = 𝑓+𝐻, −𝑖𝐽0𝑅(𝐻)𝑓− = −𝑓−𝐻̄ .

Every displayed inclusion is independent of 𝐻 . The underlying modules satisfy the balance conditions

of (2.4). □

19.2. Separation of spectral intervals.

Proof of Theorem P. Let 𝜆𝑗 be the distinct prescribed nonzero values, and let 𝑚𝑗 be their multiplicities

over 𝔽𝑛. In the symmetric classes list only the positive values. Put

𝑉 = ⨁
𝑗

Herm𝑚𝑗 (𝔽𝑛), 𝐻𝑗 = 𝜆𝑗 𝐼 + 𝑋𝑗 , 𝑋 = (𝑋𝑗 )𝑗 ∈ 𝑉 . (19.2)

Choose disjoint closed intervals about these values and a symmetric closed interval about zero, all

contained in (−Λ, Λ). Include the opposite intervals in the symmetric classes. For each interval take

the positively oriented circle having it as a diameter; write 𝛾𝑗 and 𝛾0 for the corresponding contours.

Fix 𝑀0 > Λ + 3. By [4, Theorem 1.1], the prescribed spin manifold admits a metric 𝑔min whose

complex nullity is

𝑎(𝑀) =

⎧⎪⎪⎪⎪⎪
⎨⎪⎪⎪⎪⎪⎩

|𝐴(𝑀)|, 𝑛 ≡ 0, 4 (mod 8),
𝛼(𝑀), 𝑛 ≡ 1 (mod 8),
2𝛼(𝑀), 𝑛 ≡ 2 (mod 8),
0, 𝑛 ≡ 3, 5, 6, 7 (mod 8).

(19.3)

Constant scaling multiplies the Dirac operator by the inverse length factor. Rescale 𝑔min so that its

nonzero eigenvalues have absolute value greater than 3𝑀0, and put 𝐾min = ker𝐷𝑔min .
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For ℎ > 𝑎(𝑀), take the zero family of Proposition 17.3, with 𝑐 = 𝑀0. Write 𝐵 for its base, 𝑁 for its

normal bundle, and 𝐸 for the remaining residual bundle. If 𝑎(𝑀) = 0, then 𝐵 is a point and 𝐸 = 0. For

ℎ = 𝑎(𝑀), take 𝐵 to be a point and 𝑁 = 𝐸 = 0. In residues zero and four, when the nonzero minimal

chiral summand lies in the range, take the adjoint chiral matrices throughout, as in Section 17. This

interchanges kernel and cokernel and preserves their sum.

On the disk bundle

𝑌 = 𝐷𝜂(𝑁 ⊕ 𝑉 )

combine the auxiliary zero family with the nonzero blocks of Lemma 19.1. Each summand is balanced.

Choose a strictly larger balanced module from Corollary 16.4 containing their structural orthogonal

direct sum. Its complement is balanced by (2.4); on that complement fix an allowed matrix whose

singular values are 𝑀0. Choose 𝜂 > 0 sufficiently small that every variable spectral block lies in the

interior of its chosen interval and 𝜂 < 𝑀0/4. The resulting auxiliary matrices 𝐵𝑦 depend smoothly on

𝑦 ∈ 𝑌 and satisfy ‖𝐵𝑦‖ ≤ 𝑀0.

Let 𝐴 ↦ 𝑔(𝐴) be the full metric section on this module given by Corollary 16.4. On a sufficiently

small closed matrix ball its complementary spectrum has distance at least 𝑑aux > 0 from zero. Choose

a fixed 𝜖 > 0 such that 𝜖𝐵𝑦 lies in that ball for every 𝑦 and 𝑑aux/𝜖 > 3𝑀0. Set

𝑔aux𝑦 = 𝜖2𝑔(𝜖𝐵𝑦). (19.4)

Under the constant spinor comparison, 𝐷𝜖2𝑔 = 𝜖−1𝐷𝑔 . Thus the selected matrix of (19.4) is 𝐵𝑦 , and

every eigenvalue outside this cluster has absolute value greater than 3𝑀0. On the disjoint union with

(𝑀, 𝑔min), the complete matrix in (−2𝑀0, 2𝑀0) is

𝑇𝑦 = 𝐵𝑦 ⊕ 0𝐾min , ‖𝑇𝑦‖ ≤ 𝑀0.

The projection inside 𝛾0 has complex rank ℎ: its range is the residual module of Section 17, including

𝐾min. For ℎ = 𝑎(𝑀) it is precisely 𝐾min. This includes ℎ = 0.

For all the chosen contours, including the negative contours in the symmetric classes, set

𝑑𝓁 = inf
𝑦∈𝑌 , 𝑧∈𝛾𝓁

dist(𝑧, Spec(𝑇𝑦)) > 0, 𝜅𝓁 =
|𝛾𝓁|
𝜋𝑑2𝓁

.

The spectra lie in the interiors of the selected intervals or at ±𝑀0; compactness of 𝑌 gives the strict

lower bounds.

Apply the finite spin-surgery sequence of Section 18 to the auxiliary manifold, and then form its

connected sum with (𝑀, 𝑔min). The parameter space 𝑌 is compact, the initial metric family is smooth,

and the endpoints ±2𝑀0 avoid its spectrum. Proposition 18.1 and the finite composition estimate

identify the entire resulting band with the reference module. For any sufficiently small 𝛿 > 0, the

resulting matrix 𝑇𝑦 satisfies

sup
𝑦∈𝑌

‖𝑇𝑦 − 𝑇𝑦‖ < 𝛿.

These matrices are continuous and retain all the spinor identities. The metrics are smooth and depend

continuously on 𝑦 in 𝐶2
.

The reference residual module and its orthogonal complement form smooth bundles over 𝐵. The

complementary block has singular values bounded below by a constant 𝜇 > 0: its variable nonzero

blocks lie in intervals avoiding zero, and its remaining singular values equal𝑀0. Take the chiral Schur

complement in even dimensions, and the Hermitian Schur complement in residues three and seven.

In residues one and five, take the real or quaternionic skew-adjoint Schur complement of −𝑖𝑇𝑦 . In

these two residues the normal variable and the residual matrix are both expressed in skew-adjoint

coordinates by 𝑇 ↦ −𝑖𝑇 .

The resulting section 𝑆0 takes values in𝑁⊕𝐸. For nonzero index the identifications are (17.3), (17.4),

and (17.5), with the adjoint in the opposite integer-index case. At zero index, let 𝐸0 be the selected

residual zero module; the target is 𝑛(𝐸0) in the indicated matrix coordinates. For ℎ = 𝑎(𝑀) the
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residual space is zero, by the minimal-kernel construction of Section 17. In every case the reference

section is 𝑆ref = (𝐴, 0), with absent summands omitted. Lemma 6.6 applies to these orthogonal

splittings; for 𝛿 < 𝜇/2, it preserves the structural identities and gives

‖𝑆0 − 𝑆ref‖op ≤ 𝛿 +
2𝛿2

𝜇
≤ 2𝛿.

Let 𝑃𝓁, 𝑃𝓁 be the Riesz projections of 𝑇𝑦 , 𝑇𝑦 for 𝛾𝓁. For 𝛿 < 𝑑𝓁/2, the resolvent identity gives

‖(𝑧 − 𝑇𝑦)−1 − (𝑧 − 𝑇𝑦)−1‖ ≤
2𝛿
𝑑2𝓁
, 𝑧 ∈ 𝛾𝓁.

Integration yields

𝑞𝓁 ∶= ‖𝑃𝓁 − 𝑃𝓁‖ ≤ 𝜅𝓁𝛿.

Put 𝛿polar = min𝓁(2𝜅𝓁)−1. For 𝛿 < 𝛿polar, the projections have the same ranks by [62, Chapter I,

Theorem 6.32].

For an independent nonzero block, let 𝑈𝑗 be its fixed isometric inclusion from Lemma 19.1. The

polar formula (6.2) gives

𝐺𝑗 = 𝑈 ∗
𝑗 𝑃𝑗𝑈𝑗 , 𝑈𝑗 = 𝑃𝑗𝑈𝑗𝐺

−1/2
𝑗 .

These expressions are continuous in 𝑦. Since ‖𝐺𝑗 − 𝐼‖ ≤ 𝑞𝑗 < 1/2 and 𝐺𝑗 ≤ 𝐼 , the spectral theorem

gives

‖𝐺−1/2
𝑗 ‖ ≤

√
2, ‖𝐺−1/2

𝑗 − 𝐼‖ ≤ 2𝑞𝑗 , ‖𝑈𝑗 − 𝑈𝑗 ‖ ≤ 4𝑞𝑗 .

Thus 𝐻𝑗 = 𝑈 ∗
𝑗 𝑇𝑦𝑈𝑗 satisfies

‖𝐻𝑗 − 𝐻𝑗 ‖ ≤ 𝛿 + 2𝑀0‖𝑈𝑗 − 𝑈𝑗 ‖ ≤ 𝐶𝑗𝛿, 𝐶𝑗 = 1 + 8𝑀0𝜅𝑗 . (19.5)

The polar isometry intertwines the sign-preserving spinor structures, as in the proof of Lemma 6.1.

Consequently 𝐻𝑗 ∈ Herm𝑚𝑗 (𝔽𝑛); the sign-reversing structures determine the negative partners.

Fix a constant 𝐶fib ≥ 1 comparing the product fibre norm on 𝑁 ⊕ 𝑉 ⊕ 𝐸 with

(
‖𝑆‖2op +∑

𝑗
‖𝑌𝑗 ‖2op)

1/2

, 𝑆 ∈ 𝑁 ⊕ 𝐸, 𝑌𝑗 ∈ Herm𝑚𝑗 (𝔽𝑛).

It is uniform because these bundles have finite rank over the compact base. Put 𝐾0 = (4 + ∑𝑗 𝐶2
𝑗 )1/2.

After the reference family and these constants have been fixed, choose the total surgery error so that

0 < 𝛿 < min
{
𝜇
2
,
1
2
min
𝓁
𝑑𝓁,

𝜂
2𝐶fib𝐾0

,
𝑀0 − Λ

2
, 𝛿polar

}
.

The continuous section with components 𝑆0 and (𝐻𝑗 − 𝜆𝑗 𝐼 )𝑗 , ordered in 𝑁 ⊕ 𝑉 ⊕ 𝐸, differs from

(𝐴, 𝑋, 0) by less than 𝐶fib𝐾0𝛿 < 𝜂/2. The constructions of Section 17 give a compact smooth base 𝐵
without boundary, rank 𝐸 = dim𝐵, and a section of 𝐸 with one transverse zero. Lemma 17.1, applied

with 𝑁 ⊕ 𝑉 , therefore gives a parameter with 𝑆0 = 0 and

𝐻𝑗 = 𝜆𝑗 𝐼 for every 𝑗 . (19.6)

For ℎ = 𝑎(𝑀) this is the same lemma with 𝐵 a point and 𝑁 = 𝐸 = 0. If also 𝑉 = 0, the parameter

space is a point.

At this parameter, Lemma 6.6 identifies the kernel and cokernel with those of the vanishing

residual matrix. Their dimensions are those of Section 17, and the full complex kernel has dimension

ℎ. Every kernel vector belongs to the band and to the projection inside 𝛾0. That projection has rank ℎ,

so its range is exactly the kernel.
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Each nonzero projection retains its reference rank. Equation (19.6) makes its compressed operator

the prescribed scalar matrix. A block of size 𝑚𝑗 contributes complex multiplicity 2𝑚𝑗 over ℍ and 𝑚𝑗
over ℝ or ℂ. In the symmetric classes the negative partners have the same multiplicities. Thus these

subspaces give exactly Ξ.

The remaining reference eigenvalues equal 𝑀0 or −𝑀0. For the full finite self-adjoint matrices,

the ordered-eigenvalue inequality [62, Chapter II, Theorem 6.10, p. 126] gives |𝜈𝑘 − 𝜈𝑘 | < 𝛿. Hence

every entry corresponding to an unused reference block has absolute value greater than 𝑀0 − 𝛿 > Λ.

The number of these entries, together with the ranks of the zero projection and all the prescribed

nonzero projections, equals the rank of 𝑇𝑦 . Proposition 18.1 preserves that entire band rank, so these

eigenvalues exhaust the spectrum in (−2𝑀0, 2𝑀0). There is no further eigenvalue in (−Λ, Λ). The

final spin manifold is 𝑀#𝑆𝑛 ≅ 𝑀 with its prescribed spin structure. This proves (1.10). □

Corollary 19.2. For every closed connected spin manifold of dimension at least three,

sup
𝑔

dimℂ ker𝐷𝑔 = ∞.

Proof. Each row of (1.9) contains arbitrarily large integers. Apply Theorem P with an empty nonzero

multiset. □

20. Local harmonic spinors in dimension four

Let 𝑀4
be closed, connected, and spin, and fix a nonempty open set 𝑈 ⊂ 𝑀 . Interchange the

chiralities, if necessary, so that

𝐴𝑔 ∶ 𝐻 1(𝑆) ⟶ 𝐿2(𝑇 ), indℍ 𝐴𝑔 = −𝑎, 𝑎 ≥ 0.

Both 𝑆 and 𝑇 have quaternionic rank one. By Lemma 2.2 and (2.5), the real-linear bundle map

Λ3𝑇 ∗𝑀 ⟶ Homℍ(𝑆, 𝑇 ), 𝜏 ⟼ 𝑐𝑔(𝜏)|𝑆 (20.1)

is an isomorphism. A section 𝐵 of the target corresponds to the compatible self-adjoint potential

( 0 𝐵∗
𝐵 0 ).

20.1. A flat ball with prescribed density.

Lemma 20.1. For every 𝑝 ∈ 𝑈 , the metric 𝑔 can be approximated in 𝐶1 by smooth metrics 𝑔1 which
are flat on a neighborhood of 𝑝, equal 𝑔 outside 𝑈 , and satisfy 𝑑𝑣𝑔1 = 𝑑𝑣𝑔 . If 𝐴𝑔 is injective, 𝑔1 can be
chosen so that 𝐴𝑔1 is injective.

Proof. Take normal coordinates 𝑥 at 𝑝, with 𝑑𝑣𝑔 = 𝐽 (𝑥) 𝑑𝑥 . Here 𝐽 = 1 + 𝑂(|𝑥|2) and 𝑑𝐽 = 𝑂(|𝑥|). On

a smaller coordinate box define

𝑦1 = ∫
𝑥1

0
𝐽 (𝑡, 𝑥2, 𝑥3, 𝑥4) 𝑑𝑡, 𝑦𝑖 = 𝑥𝑖 (𝑖 > 1).

The Jacobian determinant is 𝐽 , and

𝑦 − 𝑥 = 𝑂(|𝑥|3), 𝐷𝑦 − 𝐼 = 𝑂(|𝑥|2), 𝐷2𝑦 = 𝑂(|𝑥|).

Thus 𝑑𝑣𝑔 = 𝑑𝑦, and the matrix 𝐺(𝑦) of 𝑔 satisfies

det 𝐺 = 1, 𝐺 − 𝐼 = 𝑂(|𝑦|2), 𝑑𝐺 = 𝑂(|𝑦|).

Choose 𝜒𝑟 equal to zero on |𝑦| ≤ 𝑟/3 and to one on |𝑦| ≥ 2𝑟/3, with |𝑑𝜒𝑟 | ≤ 𝐶/𝑟 . Replace 𝐺 on this

box by

𝐺𝑟 = exp(𝜒𝑟 log𝐺).

It equals 𝐺 near the boundary of the box and 𝐼 near 𝑝. Since tr log𝐺 = log det 𝐺 = 0, its determinant

is one. Differentiation of the exponential integral formula in Lemma 3.4 gives

‖𝐺𝑟 − 𝐺‖𝐶0 ≤ 𝐶𝑟2, ‖𝐺𝑟 − 𝐺‖𝐶1 ≤ 𝐶𝑟.
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These tensors extend by 𝑔 to all of 𝑀 .

Viewed as a complex elliptic operator on the closed manifold 𝑀 , 𝐴𝑔 ∶ 𝐻 1(𝑆) → 𝐿2(𝑇 ) has closed

range and finite-dimensional kernel by [61, Theorem 19.5.1, pp. 225–226]; the fixed density identifies

sections with half-density-valued sections. Under the positive spinor comparisons (2.8),

‖𝐴𝑔𝑟 − 𝐴𝑔 ‖𝐻 1→𝐿2 ≤ 𝐶′‖𝑔𝑟 − 𝑔‖𝐶1 ⟶ 0.

If 𝐴𝑔 is injective, the perturbation theorem [61, Theorem 19.1.5, pp. 182–183] implies that 𝐴𝑔𝑟 is

injective for all sufficiently small 𝑟 . □

20.2. Cokernel-orthogonal point sources.

Lemma 20.2. Suppose 𝐴𝑔1 is injective and 𝑔1 is flat on a ball contained in 𝑈 . There is a smooth
𝐵 ∈ 𝐶∞

𝑐 (𝑈 ; Homℍ(𝑆, 𝑇 )) such that ker(𝐴𝑔1 + 𝐵) ≠ 0.

Proof. Write 𝐴 = 𝐴𝑔1 and 𝐸 = ker𝐴∗
, of quaternionic dimension 𝑎. Select 𝑚 > 𝑎 distinct points 𝑝𝑖 in

the flat ball. The quaternionic-linear map

𝑚
⨁
𝑖=1

𝑇𝑝𝑖 ⟶𝐸, (𝑣𝑖) ⟼ ∑
𝑖
ev∗𝑝𝑖 𝑣𝑖

has a nonzero kernel. Choose a nonzero vector there and discard its zero entries. The distribution

𝜂 = ∑𝑖 𝛿𝑝𝑖𝑣𝑖 is nonzero and annihilates 𝐸.

Since 𝐴 is injective, 𝐴∗𝐴 is an invertible elliptic operator. Set

𝑅 = (𝐴∗𝐴)−1𝐴∗.

The elliptic calculus [61, Theorems 18.1.8 and 18.1.24, pp. 71 and 87; bundle calculus, pp. 91–93] gives

𝑅 of order −1. The identity 𝐴𝑅 = 𝐼 − 𝑃𝐸 extends to distributions, since 𝑃𝐸 has a smooth kernel. Hence

𝜓 = 𝑅𝜂, 𝐴𝜓 = 𝜂. (20.2)

After a constant quaternionic unitary change of the target frame if necessary, 𝐴 has one of the

following expressions in flat chiral frames:

D = 𝜕0 + 𝐢𝜕1 + 𝐣𝜕2 + 𝐤𝜕3, D = 𝜕0 − 𝐢𝜕1 − 𝐣𝜕2 − 𝐤𝜕3.

Suppose first that 𝐴 = D in these frames. The fundamental solution of Δℝ4 = ∑3
𝑗=0 𝜕2𝑗 is Φ0(𝑥) =

−1/(4𝜋2|𝑥|2) [48, Section 2.4, equation (2.12), p. 17]. Since DD = Δℝ4 ,

𝐸0(𝑥) = DΦ0(𝑥) =
𝑥̄

2𝜋2|𝑥|4
, D𝐸0 = 𝛿0.

Elliptic regularity gives 𝜓 = 𝐸0(𝑥 − 𝑝𝑖)𝑣𝑖 + ℎ𝑖, where ℎ𝑖 is smooth and Dℎ𝑖 = 0. Choose disjoint balls

about the 𝑝𝑖, contained in the flat ball, such that

|ℎ𝑖(𝑥)| <
|𝑣𝑖|

4𝜋2|𝑥 − 𝑝𝑖|3
(𝑥 ≠ 𝑝𝑖).

Put

𝑢(𝑥) = 𝑥0 + 𝑥1𝐢 + 𝑥2𝐣 − 𝑥3𝐤, D𝑢 = 1 − 1 − 1 + 1 = 0. (20.3)

For 𝜃 ∈ 𝑆3 and 𝑠 ∈ [0, 1], define

𝑄𝑠(𝜃) = 𝜃0 + (cos(𝜋𝑠)𝜃1 − sin(𝜋𝑠)𝜃2)𝐢
+ (sin(𝜋𝑠)𝜃1 + cos(𝜋𝑠)𝜃2)𝐣 − 𝜃3𝐤.

Then |𝑄𝑠(𝜃)| = 1, 𝑄0(𝜃) = 𝑢(𝜃), and 𝑄1(𝜃) = 𝜃̄. In one of the chosen balls write 𝑥 − 𝑝𝑖 = 𝜌𝜃 and take

0 < 𝑟1 < 𝑟2 < 𝑟3 smaller than its radius. Choose smooth 𝜒 , 𝜁 ∶ [0,∞) → [0, 1] with

𝜒 = 0 (𝜌 ≤ 𝑟1), 𝜒 = 1 (𝜌 ≥ 𝑟2), 𝜁 = 0 (𝜌 ≤ 𝑟2), 𝜁 = 1 (𝜌 ≥ 𝑟3).
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For 𝜌 > 0, set

𝑏(𝜌) = (1 − 𝜒(𝜌))𝜌 +
𝜒(𝜌)
2𝜋2𝜌3

, 𝜙𝑖(𝑝𝑖 + 𝜌𝜃) = 𝑏(𝜌)𝑄𝜒(𝜌)(𝜃)𝑣𝑖 + 𝜁 (𝜌)ℎ𝑖(𝑝𝑖 + 𝜌𝜃).

For 𝜌 ≤ 𝑟1 this is 𝑢(𝑥 − 𝑝𝑖)𝑣𝑖, so it extends smoothly across 𝑝𝑖. For 𝜌 ≥ 𝑟3 it equals 𝜓. If 𝜁 = 0, then

|𝜙𝑖| = 𝑏(𝜌)|𝑣𝑖| > 0. If 𝜁 ≠ 0, then 𝜒 = 1 and

|𝜙𝑖| ≥ |𝐸0(𝑥 − 𝑝𝑖)𝑣𝑖| − |ℎ𝑖(𝑥)| > 1
2 |𝐸0(𝑥 − 𝑝𝑖)𝑣𝑖| > 0.

For 𝐴 = D , the fundamental solution is 𝑥/(2𝜋2|𝑥|4). Replace 𝑄𝑠(𝜃) by 𝑄𝑠(𝜃̄); the inner map is 𝑢(𝑥̄)
and D(𝑢(𝑥̄)) = 1 − 1 − 1 + 1 = 0.

Set 𝜙 = 𝜙𝑖 in these balls and 𝜙 = 𝜓 outside them. This defines a smooth section. It satisfies 𝐴𝜙 = 0
near the centers, near the ball boundaries, and outside the balls. On each punctured ball define

𝐵 = −
(𝐴𝜙)𝜙∗

|𝜙|2
. (20.4)

Here 𝜙∗(𝑤) = ⟨𝜙, 𝑤⟩ℍ. Thus 𝐵 is quaternionic-linear and 𝐵𝜙 = −𝐴𝜙. It vanishes near the centers

and ball boundaries, so extension by zero gives 𝐵 ∈ 𝐶∞
𝑐 (𝑈 ; Homℍ(𝑆, 𝑇 )) and (𝐴 + 𝐵)𝜙 = 0. Since 𝜙𝑖

is nonzero on a punctured ball, 𝜙 ≠ 0. □

20.3. A chiral kernel of quaternionic dimension one.

Proposition 20.3. Let 𝐿 = 𝐴𝑔 +𝐵0 have nonzero kernel, and let 𝐵0 be smooth and supported in 𝑈 . There
is a smooth supported perturbation 𝐵1 such that

dimℍ ker(𝐴𝑔 + 𝐵1) = 1, dimℍ ker(𝐴𝑔 + 𝐵1)∗ = 𝑎 + 1.

At this operator, finitely many supported multiplication variations induce an isomorphism onto the
normal space Homℍ(ℍ,ℍ𝑎+1) of its zero chiral matrix.

Proof. The multiplication operator 𝐵0 ∶ 𝐻 1(𝑆) → 𝐿2(𝑇 ) is compact, so indℍ 𝐿 = −𝑎 [61, Corol-

lary 19.1.8, p. 183]. Write 𝐹 = ker 𝐿, 𝐸 = ker 𝐿∗, and dimℍ 𝐹 = 𝑘; then dimℍ 𝐸 = 𝑘 + 𝑎. Unique

continuation for 𝐿 and 𝐿∗ follows from [7, Remark 3, p. 248], applied to 𝐿∗𝐿 and 𝐿𝐿∗: their principal

symbols are |𝜉 |2𝑔 𝐼 , and their coefficients are smooth. Compression defines a real-linear map

 ∶ 𝐶∞
𝑐 (𝑈 ; Homℍ(𝑆, 𝑇 )) ⟶ Homℍ(𝐹 , 𝐸), (𝐵) = 𝑃𝐸𝐵|𝐹 . (20.5)

By Lemma 6.5, for every 𝑥 ∈ 𝑈 and every 𝑞 ∈ ℍ its image contains 𝑢𝑞𝑣∗, where 𝑣∗ ∶ 𝐹 → 𝑆𝑥
and 𝑢∗ ∶ 𝐸 → 𝑇𝑥 are evaluation in local quaternionic unit frames. If 𝑘 = 1, retain 𝐵1 = 𝐵0; the

normal-surjectivity argument below, with 𝓁 = 𝐹 and 𝐶 = 𝐸, gives the required potential directions.

Assume henceforth 𝑘 ≥ 2. Choose 𝑘 − 1 points for which the vectors 𝑣𝑗 and 𝑢𝑗 are independent in

their respective spaces. For the inductive choice, fix the previous spans 𝑉 ⊊ 𝐹 and 𝑊 ⊊ 𝐸. The

set of points at which the source evaluation line is not contained in 𝑉 is open and dense in 𝑈 . If

its complement contained a nonempty open set, every element of 𝑉 ⟂ ⧵ {0} would vanish there, in

contradiction to unique continuation. The target condition is open and dense because a cokernel

spinor vanishing on an open set vanishes identically by unique continuation for 𝐿∗. Their intersection

contains a point distinct from the preceding ones.

The matrix

𝑀0 =
𝑘−1
∑
𝑗=1
𝑢𝑗𝑣∗𝑗 (20.6)

belongs to im and has rank 𝑘 − 1. Indeed the two column maps are injective, and the adjoint of the

source column map is surjective. Put 𝓁 = ker𝑀0 and 𝐶 = (im𝑀0)⟂; their quaternionic dimensions

are 1 and 𝑎 + 1.

The real-linear map

𝐵⟼ 𝑃𝐶(𝐵)|𝓁 into Homℍ(𝓁, 𝐶) (20.7)
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is onto. To prove this, choose a unit generator 𝜓 of 𝓁. A real annihilator is represented by 𝑒 ∈ 𝐶 and

would satisfy

∫
𝑀
Re⟨𝑒(𝑥), 𝐵(𝑥)𝜓(𝑥)⟩ 𝑑𝑣𝑔 = 0 for every supported 𝐵.

On a ball in 𝑈 on which 𝜓 ≠ 0, multiplication by an arbitrary quaternionic-linear map sends 𝜓(𝑥) to

every vector of 𝑇𝑥 . Consequently 𝑒 vanishes on that ball. Since 𝑒 ∈ ker 𝐿∗, unique continuation gives

𝑒 = 0.

Choose 𝐵∗ with (𝐵∗) = 𝑀0 and potential directions 𝑉1, … , 𝑉𝑑 whose images under (20.7) form

a real basis, where 𝑑 = 4(𝑎 + 1). Set 𝐵(𝑞) = 𝐵∗ + ∑𝑞𝜈𝑉𝜈 . Give 𝐻 1(𝑆) the graph inner product of

𝐿. Since 𝐿𝐹 = 0, 𝐹 and 𝐹⟂ ∩ 𝐻 1(𝑆) are orthogonal for this inner product, where 𝐹⟂ denotes the 𝐿2
orthogonal complement. The restriction

𝐿𝑐 = 𝐿|𝐹⟂∩𝐻 1(𝑆) ∶ 𝐹⟂ ∩ 𝐻 1(𝑆) ⟶ 𝐸⟂ ⊂ 𝐿2(𝑇 )
is bijective with bounded inverse. Write 𝐵(𝑞) = (𝐵𝑖𝑗 (𝑞)) in these domain and range decompositions.

For small (𝑡, 𝑞), Lemma 6.6 gives the finite Schur matrix

𝑆(𝑡, 𝑞) = 𝑡(𝐵(𝑞)) − 𝑡2𝐵12(𝑞)(𝐿𝑐 + 𝑡𝐵22(𝑞))−1𝐵21(𝑞). (20.8)

The complementary inverse is smooth, so 𝑆(𝑡, 𝑞)/𝑡 extends smoothly across 𝑡 = 0.

Split 𝐹 = 𝓁 ⊕ 𝓁⟂ and 𝐸 = 𝐶 ⊕ im𝑀0. At (𝑡, 𝑞) = (0, 0) the lower-right block of 𝑆/𝑡 is invertible.

Eliminate it by Lemma 6.6. The remaining column 𝑠(𝑡, 𝑞) ∈ Homℍ(𝓁, 𝐶) satisfies

𝑠(0, 0) = 0, 𝑑𝑞𝑠(0, 0)[𝑞] = 𝑃𝐶(∑𝑞𝜈𝑉𝜈)|𝓁.

This derivative is an isomorphism. The implicit function theorem [46, Theorem 13.20, p. 71] gives a

smooth 𝑞(𝑡), with 𝑞(0) = 0 and 𝑠(𝑡, 𝑞(𝑡)) = 0. Fix a sufficiently small 𝑡 ≠ 0. Both eliminated operators

remain invertible. The kernel and cokernel of 𝐿 + 𝑡𝐵(𝑞(𝑡)) therefore have exactly the dimensions of 𝓁
and 𝐶. This gives 𝐵1 = 𝐵0 + 𝑡𝐵(𝑞(𝑡)).

At the resulting operator the argument for (20.7) applies to its actual kernel and cokernel. Apply

Lemma 6.4 to the self-adjoint family

(𝐴𝑔 + 𝐵) = (
0 (𝐴𝑔 + 𝐵)∗

𝐴𝑔 + 𝐵 0 ) .

Its full zero space at 𝐵 = 𝐵1 is the sum of the actual kernel and cokernel. A symmetric spectral circle

and the polar frame of Lemma 6.1 preserve their chiral quaternionic structures. The derivative of

the chiral block is 𝐵̇ ↦ 𝑃ker(𝐴𝑔+𝐵1)∗ 𝐵̇|ker(𝐴𝑔+𝐵1). Restrict to 𝑑 directions on which this derivative is an

isomorphism. The inverse function theorem [46, Theorem 11.22 and Corollary 11.35, pp. 61–63] then

gives a full potential section with exact column 𝑞 ↦ 𝑞 near zero in ℍ𝑎+1
. □

Proof of the four-dimensional assertion of Theorem L. If ker 𝐴𝑔 ≠ 0, put 𝑔′ = 𝑔 and apply Proposi-

tion 20.3 with 𝐵0 = 0. Otherwise, Lemma 20.1 gives a metric 𝑔′ with

‖𝑔′ − 𝑔‖𝐶0
𝑔
< 𝜀/2, 𝑑𝑣𝑔′ = 𝑑𝑣𝑔 , 𝑔′ = 𝑔 on 𝑀 ⧵ 𝑈,

to which Lemma 20.2 and Proposition 20.3 apply.

In either case there is a full potential section with exact column 𝑞 ↦ 𝑞, of chiral quaternionic

ranks 1 and 𝑎 + 1. Restrict its parameter domain to a small closed ball on which one symmetric circle

separates the full zero cluster from the remaining spectrum. The finitely many potential directions

have one common compact support in 𝑈 . Apply Proposition 6.3; in its application of Theorem R

require also

sup
𝑞

‖ℎ𝑞 − 𝑔′‖𝐶0
𝑔
< 𝜀/2.

The resulting metric section has exact column 𝑞 ↦ 𝑞 and satisfies 𝑑𝑣ℎ𝑞 = 𝑑𝑣𝑔 and ℎ𝑞 = 𝑔 on 𝑀 ⧵ 𝑈 .

The triangle inequality gives ‖ℎ𝑞 − 𝑔‖𝐶0
𝑔
< 𝜀. At 𝑞 = 0, the whole kernel is the selected cluster, so

dimℍ ker 𝐴ℎ0 = 1, dimℍ ker 𝐴∗
ℎ0 = 𝑎 + 1, dimℂ ker𝐷ℎ0 = 2𝑎 + 4.

The derivative of its normal column is the identity. This proves (1.11) and (1.12). □
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21. Local harmonic spinors in dimension five

Fix a closed connected spin five-manifold (𝑀, 𝑔). Its spinor bundle is a right quaternionic bundle

of rank two. By (2.1), its charge conjugation satisfies 𝐽 2 = −𝐼 and 𝐽𝐷𝑔 = −𝐷𝑔𝐽 . Put

𝐾 = 𝑖𝐷𝑔 , 𝛾 (𝑋) = 𝑖𝑐𝑔(𝑋).

Then 𝐾 is quaternionic-linear and skew-adjoint; 𝛾(𝑋) is quaternionic Hermitian, with 𝛾(𝑋)2 = |𝑋|2𝐼 .

21.1. The spinor current.

Lemma 21.1. For a smooth spinor field 𝜙, define the real vector field 𝑗𝜙 by

𝑔(𝑗𝜙, 𝑋) = Re⟨𝜙, 𝛾 (𝑋)𝜙⟩. (21.1)

It satisfies

|𝑗𝜙| = |𝜙|2, div 𝑗𝜙 = 2Re⟨𝜙, 𝑖𝐷𝑔𝜙⟩. (21.2)

At a point 𝑥 with 𝜙(𝑥) ≠ 0, the equation (𝐷𝑔𝜙)(𝑥) + 𝑐𝑔(𝜏𝑥)𝜙(𝑥) = 0 has a real three-form solution
𝜏𝑥 ∈ Λ3𝑇 ∗

𝑥𝑀 if and only if div 𝑗𝜙(𝑥) = 0. On an open set where 𝜙 is nowhere zero and the divergence
vanishes, 𝜏 can be chosen smoothly.

Proof. The matrices 𝛾(𝑒𝑗 ) span the traceless quaternionic Hermitian endomorphisms of ℍ2
and satisfy

𝛾(𝑒𝑗 )𝛾 (𝑒𝑘) + 𝛾(𝑒𝑘)𝛾 (𝑒𝑗 ) = 2𝛿𝑗𝑘𝐼 .

For the inner product (𝑆, 𝑇 ) = 1
2 Re trℍ(𝑆𝑇 ) they are orthonormal. In a spin frame the map in (21.1)

is, up to a fixed orthogonal identification,

(𝑢, 𝑣) ⟼ (2𝑢𝑣, |𝑢|2 − |𝑣|2) ∈ ℍ ⊕ ℝ.

Its squared norm is 4|𝑢|2|𝑣|2 + (|𝑢|2 − |𝑣|2)2 = (|𝑢|2 + |𝑣|2)2. At a point choose a normal orthonormal

frame. Since ∇𝛾 = 0 and the 𝛾(𝑒𝑗 ) are Hermitian, differentiation gives

div 𝑗𝜙 = 2∑
𝑗
Re⟨𝜙, 𝛾 (𝑒𝑗 )∇𝑒𝑗𝜙⟩ = 2 Re⟨𝜙, 𝑖𝐷𝑔𝜙⟩.

For a unit spinor 𝜂, let 𝛼𝜂 be the one-form of [21, Definition 4.8 and Lemma 4.11]. With j1 = −𝑖, its

normalization is 𝑗♭𝜂 = −𝛼𝜂.
By Lemma 2.2 and (2.4), 𝜏 ↦ 𝑖𝑐𝑔(𝜏) identifies Λ3𝑇 ∗𝑀 with sp(Σ𝑀). By Lemma 10.3, a nonzero

𝑢 ∈ ℍ2
admits a skew-adjoint solution of 𝑄𝑢 = 𝑦 precisely when Re(𝑢∗𝑦) = 0; the displayed solution

in that lemma is smooth in (𝑢, 𝑦) and vanishes when 𝑦 = 0. Apply it with 𝑢 = 𝜙 and 𝑦 = −𝑖𝐷𝑔𝜙. The

compatibility condition is the second equality in (21.2). □

21.2. A nonzero spinor with divergence-free current.

Proposition 21.2. For every nonempty open 𝑈 ⊂ 𝑀 , there is 𝜏 ∈ 𝐶∞
𝑐 (𝑈 ; Λ3𝑇 ∗𝑀) such that ker(𝐷𝑔 +

𝑐𝑔(𝜏)) ≠ 0.

Proof. If 𝐷𝑔 has a kernel, take 𝜏 = 0. Otherwise choose 𝑝 ∈ 𝑈 and 0 ≠ 𝑣 ∈ Σ𝑝𝑀 . The distribution

𝜓 = 𝐷−1
𝑔 (𝛿𝑝𝑣) is smooth and harmonic away from 𝑝. In normal coordinates centered at 𝑝 and the

Bourguignon–Gauduchon trivialization, Hermann’s expansion [56, Corollary 5.3.4 and Theorem 5.3.10,

pp. 55 and 58–60], with 𝑛 = 5 and 𝜆 = 0, gives

𝜓(𝑥) = −
1
𝜔4

𝑐𝑝(𝑥)𝑣
|𝑥|5

+ 𝑂(|𝑥|−3), 𝜔4 = vol(𝑆4). (21.3)

Since |𝑐𝑝(𝑥)𝑣| = |𝑥| |𝑣|, there is 𝑟0 > 0 such that

|𝜓(𝑥)| ≥
|𝑣|
2𝜔4

|𝑥|−4 > 0 (0 < |𝑥| < 𝑟0).
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Choose a closed coordinate ball 𝐵 ⋐ 𝑈 about 𝑝, with a boundary collar on which 𝜓 ≠ 0. On the

compact exterior 𝑀 ⧵ int 𝐵 the current is divergence-free. Stokes’ theorem gives

∫
𝜕𝐵
𝜄𝑗𝜓𝑑𝑣𝑔 = 0. (21.4)

Trivialize the quaternionic spinor bundle on 𝐵. Since 𝜋4(𝑆7) = 0 [55, Corollary 4.9, p. 349], the

normalized collar spinor extends continuously to 𝐵, with its prescribed values on a smaller collar.

Relative smooth approximation [81, Theorem 11, p. 99] gives a smooth such extension. Extend log |𝜓|
smoothly from that collar to 𝐵 and exponentiate. The resulting smooth nowhere-zero spinor 𝜙0 equals

𝜓 near 𝜕𝐵. Put

𝛼0 = 𝜄𝑗𝜙0𝑑𝑣𝑔 ∈ Ω4(𝐵).

This form is nowhere zero and is closed near 𝜕𝐵. On a collar 𝐶 ≃ 𝑆4 × [0, 1) its de Rham class is

determined by the integral over 𝜕𝐵. This integral vanishes by (21.4). Hence 𝛼0 = 𝑑𝛽𝜕 on 𝐶 for a

smooth three-form 𝛽𝜕. Extend a cutoff multiple of 𝛽𝜕 by zero to obtain 𝛽0 ∈ Ω3(𝐵) with 𝑑𝛽0 = 𝛼0 on

a smaller collar.

The Levi–Civita connection identifies a first jet of a three-form with its value and covariant

derivative. For 𝐿 ∈ 𝑇 ∗𝐵 ⊗ Λ3𝑇 ∗𝐵 set

(𝐿) =
5
∑
𝑗=1
𝑒𝑗 ∧ 𝐿(𝑒𝑗 ), (𝛼)(𝑋) = 1

4 𝜄𝑋𝛼.

Then (∇𝛽) = 𝑑𝛽 and  = 𝐼 . Thus the value 𝛽0 and formal derivative

𝐿0 = ∇𝛽0 + (𝛼0 − 𝑑𝛽0) (21.5)

define a section of 𝐽 1(Λ3𝑇 ∗𝐵) with (𝐿0) = 𝛼0 ≠ 0. It equals 𝑗1𝛽0 on the fixed collar.

The first-order relation (𝐿) ≠ 0 is open and ample. Indeed, in a principal affine subspace with

covector 𝜉 ≠ 0, the derivative varies by 𝜉 ⊗𝜂 and its alternating part by 𝜉 ∧ 𝜂. The latter map has rank

(43) = 4. The excluded set is therefore empty or an affine subspace of codimension four. Its complement

is connected and its convex hull is the whole principal subspace; see also [43, Theorem 20.3.1 and

Corollary 20.3.2, pp. 181–182].

Apply the relative form of the open-ample theorem [43, Theorem 18.4.1 and Remark 1, p. 171]

on int 𝐵, fixing an outer annulus that is relatively closed in int 𝐵 and has a neighborhood on which

(21.5) is holonomic. It gives a continuous homotopy of formal solutions from (𝛽0, 𝐿0) to 𝑗1𝑏1, where

𝑏1 ∈ 𝐶1(𝐵; Λ3𝑇 ∗𝐵), fixed on that annulus. Its alternating parts form a continuous homotopy through

nonzero four-forms from 𝛼0 to 𝑑𝑏1. Relative 𝐶1
approximation [59, Chapter 2, Theorem 2.5, p. 48], in

the coordinate trivialization over int 𝐵 and extended by the fixed boundary values, gives a smooth

three-form 𝛽1, equal to 𝑏1 on a smaller collar, such that

‖𝑑𝛽1 − 𝑑𝑏1‖𝐶0(𝐵) < 1
2 min

𝐵
|𝑑𝑏1|.

Consequently (1 − 𝑠)𝑑𝑏1 + 𝑠 𝑑𝛽1 ≠ 0 for 0 ≤ 𝑠 ≤ 1. Append this segment and reparameterize the

resulting homotopy to be constant near its endpoints. Apply relative smooth approximation [81,

Theorem 11, p. 99] to the bundle of nonzero four-forms over 𝐵 × [0, 1], relative to smaller closed

endpoint collars and a smaller closed spatial collar. The section is smooth on neighborhoods of these

fixed sets. The resulting smooth homotopy is fixed on the spatial collar and satisfies

𝛼𝑡 ≠ 0, 𝛼𝑡=0 = 𝛼0, 𝛼𝑡=1 = 𝑑𝛽1. (21.6)

Write 𝛼𝑡 = 𝜄𝑌𝑡𝑑𝑣𝑔 . The normalized currents 𝑌𝑡/|𝑌𝑡 | define a homotopy in the unit tangent sphere

bundle. On 𝐵 the map 𝜙 ↦ 𝑗𝜙 on unit spheres is the quaternionic Hopf bundle 𝑆7 → 𝑆4 [55,

Example 4.46, p. 378]. Lift the homotopy, starting at 𝜙0/|𝜙0|, by horizontal lifting for a smooth

bundle connection. Its time derivative is zero on the fixed collar, so the lift stays fixed there. If 𝜙1
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is the terminal unit lift, put 𝜙 =
√
|𝑌1| 𝜙1. Since 𝑗𝑡𝜙 = 𝑡2𝑗𝜙 for 𝑡 > 0, 𝑗𝜙 = 𝑌1. On the fixed collar,

|𝑌1| = |𝑗𝜓 | = |𝜓|2 and 𝜙1 = 𝜓/|𝜓|. Thus 𝜙 is nowhere zero on 𝐵, equals 𝜓 on the collar, and satisfies

𝑑(𝜄𝑗𝜙𝑑𝑣𝑔) = 𝑑2𝛽1 = 0.

Extend 𝜙 by 𝜓 outside 𝐵. Lemma 21.1, with 𝑦 = −𝑖𝐷𝑔𝜙, gives 𝑄 = 𝑖𝑐𝑔(𝜏) on 𝐵 and (𝑖𝐷𝑔 +𝑄)𝜙 = 0.

On the boundary collar 𝐷𝑔𝜙 = 0, so the solution in Lemma 10.3 gives 𝑄 = 0. Extension by zero

yields 𝜏 ∈ 𝐶∞
𝑐 (𝑈 ; Λ3𝑇 ∗𝑀) and (𝐷𝑔 + 𝑐𝑔(𝜏))𝜙 = 0 on 𝑀 . Since 𝜙 is nowhere zero on 𝐵, it is a nonzero

element of this kernel. □

21.3. Exact quaternionic nullity.

Proposition 21.3. The potential in Proposition 21.2 can be chosen so that dimℂ ker(𝐷𝑔 + 𝑐𝑔(𝜏)) = 2.
At this potential three supported variations, after a smooth change of parameters, give the complete
zero-cluster matrix 𝑞 ↦ 𝑞 ∈ sp(1) for 𝑖(𝐷𝑔 + 𝑐𝑔(𝜏)).

Proof. Put 𝐿0 = 𝐷𝑔 + 𝑐𝑔(𝜏0), 𝐾 = 𝑖𝐿0, and 𝐹 = ker 𝐾 , with dimℍ 𝐹 = 𝑘 ≥ 1. These operators have

domain 𝐻 1
, and 𝐾∗ = −𝐾 . Their kernels consist of smooth sections. Unique continuation holds for

every 𝐷𝑔 + 𝑐𝑔(𝜏) with 𝜏 smooth: its square has scalar principal symbol |𝜉 |2𝑔 𝐼 , so [7, Remark 3, p. 248]

applies.

For

 ∶ 𝐶∞
𝑐 (𝑈 ; sp(Σ𝑀)) ⟶ sp(𝐹), 𝑄 ⟼ 𝑃𝐹𝑄|𝐹 ,

Lemma 6.5 gives

𝑣𝑞𝑣∗ ∈ im, 𝑣 = 𝐺∗
𝑥𝑢, 𝑥 ∈ 𝑈 , 𝑢 ∈ Σ𝑥𝑀, 𝑞 ∈ Imℍ,

where 𝐺𝑥 ∶ 𝐹 → Σ𝑥𝑀 is evaluation. Indeed, 𝑢𝑞𝑢∗ is skew-adjoint. The vectors 𝐺∗
𝑥𝑢 span 𝐹 : an

element orthogonal to all of them vanishes on 𝑈 , hence on 𝑀 .

If 𝑘 = 1, put 𝓁 = 𝐹 . If 𝑘 ≥ 2, choose 𝑘 − 1 quaternionically independent vectors of this form and

put

𝑀0 =
𝑘−1
∑
𝑗=1
𝑣𝑗 𝐢𝑣∗𝑗 , 𝓁 = ker𝑀0. (21.7)

If 𝑊 ∶ ℍ𝑘−1 → 𝐹 has columns 𝑣𝑗 , then 𝑀0 = 𝑊 diag(𝐢, … , 𝐢)𝑊 ∗
. The map 𝑊 is injective and 𝑊 ∗

is

surjective. Thus 𝑀0 has rank 𝑘 − 1, dimℍ 𝓁 = 1, and 𝑀0|𝓁⟂ ∶ 𝓁⟂ → 𝓁⟂ is invertible.

In either case let 𝜓 be an 𝐿2-unit generator of 𝓁. Unique continuation gives a ball 𝑂 ⋐ 𝑈 on which

𝜓 ≠ 0. Choose a real 𝜌 ∈ 𝐶∞
𝑐 (𝑂) with ∫𝑀 𝜌 𝑑𝑣𝑔 = 1. For 𝑞 ∈ Imℍ, set

𝑄𝑞(𝑥) = 𝜌(𝑥)
𝜓(𝑥)𝑞𝜓(𝑥)∗

|𝜓(𝑥)|4
(𝑥 ∈ 𝑂), 𝑄𝑞 = 0 on 𝑀 ⧵ 𝑂. (21.8)

These are smooth skew-adjoint multipliers, and

⟨𝜓, 𝑄𝑞𝜓⟩𝐿2,ℍ = ∫
𝑀
𝜌𝑞 𝑑𝑣𝑔 = 𝑞.

Hence 𝑃𝓁(𝑄𝑞)|𝓁 = 𝑞 in the frame 𝜓.

Suppose 𝑘 ≥ 2. Choose 𝑄◦ ∈ 𝐶∞
𝑐 (𝑈 ; sp(Σ𝑀)) with (𝑄◦) = 𝑀0, and put 𝑄(𝑞) = 𝑄◦ + 𝑄𝑞 . Equip

𝐻 1
with the graph norm

‖𝑢‖2𝐾 = ‖𝑢‖22 + ‖𝐾𝑢‖22.

By (2.9) this norm is equivalent to the𝐻 1
norm, and𝐻 1 = 𝐹⊕(𝐹⟂∩𝐻 1) is an orthogonal decomposition

for it. The complementary operator

𝐾𝑐 ∶ 𝐹⟂ ∩ 𝐻 1 ⟶𝐹⟂

is bijective and has a bounded inverse. Write 𝑄𝑖𝑗 (𝑞) for the blocks of 𝑄(𝑞) relative to 𝐹 ⊕ 𝐹⟂. For

small (𝑡, 𝑞), Lemma 6.6, with these fixed graph domains, gives the skew-adjoint Schur matrix

𝑆(𝑡, 𝑞) = 𝑡(𝑄(𝑞)) − 𝑡2𝑄12(𝑞)(𝐾𝑐 + 𝑡𝑄22(𝑞))−1𝑄21(𝑞).
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The complementary inverse is smooth. Thus 𝑆(𝑡, 𝑞)/𝑡 extends smoothly to 𝑡 = 0, with value (𝑄(𝑞)),
and takes values in sp(𝐹).

At (𝑡, 𝑞) = (0, 0) this matrix is 𝑀0. Apply Lemma 6.6 in the orthogonal decomposition 𝐹 = 𝓁 ⊕ 𝓁⟂.

Its residual matrix 𝑠(𝑡, 𝑞) ∈ sp(𝓁) satisfies

𝑠(0, 0) = 0, 𝐷𝑞𝑠(0, 0)𝑞̇ = 𝑃𝓁(𝑄𝑞̇)|𝓁 = 𝑞̇.

The derivative of the Schur product is zero at (0, 0), since both off-diagonal blocks of 𝑀0 vanish.

The implicit function theorem [46, Theorem 13.20, p. 71] gives a smooth 𝑞(𝑡) with 𝑞(0) = 0 and

𝑠(𝑡, 𝑞(𝑡)) = 0. For a sufficiently small fixed 𝑡 ≠ 0, both complementary operators remain invertible.

The two kernel isomorphisms of Lemma 6.6 give

ker(𝐾 + 𝑡𝑄(𝑞(𝑡))) ≃ 𝓁.

By Lemma 2.2, this operator is 𝐾1 = 𝑖(𝐷𝑔 + 𝑐𝑔(𝜏1)) for a smooth three-form 𝜏1 compactly supported

in 𝑈 . If 𝑘 = 1, take 𝜏1 = 𝜏0 and 𝐾1 = 𝐾 . In both cases 𝐸 = ker 𝐾1 is a quaternionic line.

Repeat (21.8) with an 𝐿2-unit generator of 𝐸, and denote the resulting multipliers by 𝑅𝜂, 𝜂 ∈ Imℍ.

Consider the self-adjoint family

𝑇𝜂 = −𝑖(𝐾1 + 𝑅𝜂) = 𝐷𝑔 + 𝑐𝑔(𝜏1) − 𝑖𝑅𝜂

on the common domain 𝐻 1
. A small symmetric spectral circle separates the entire zero eigenspace 𝐸

of 𝑇0 from the remaining spectrum. It remains in the resolvent for small 𝜂. Since 𝐽 𝑇𝜂 = −𝑇𝜂𝐽 , the

cluster projection commutes with 𝐽 . Lemma 6.1 gives a smooth quaternionic isometric frame 𝑈𝜂
based on 𝐸. Put

𝑓 (𝜂) = 𝑖𝑈 ∗
𝜂𝑇𝜂𝑈𝜂 ∈ sp(𝐸).

Lemma 6.4, applied to 𝑇𝜂, gives

𝑓 (0) = 0, 𝐷𝑓 (0)𝜂̇ = 𝑖𝑃𝐸(−𝑖𝑅𝜂̇)|𝐸 = 𝑃𝐸𝑅𝜂̇|𝐸 = 𝜂̇.

The inverse function theorem [46, Theorem 11.22 and Corollary 11.35, pp. 61–63] gives a smooth

change of parameters for which the complete matrix of 𝑖(𝐷𝑔 + 𝑐𝑔(𝜏(𝑞))) is 𝑞. The corresponding

self-adjoint matrix is −𝑖𝑞 ∈ 5(𝐸). □

Proof of the five-dimensional assertion of Theorem L. Propositions 21.2 and 21.3 give a full potential

section on the fixed metric 𝑔 , with self-adjoint matrix −𝑖𝑞, where 𝑞 ∈ sp(1). Restrict its parameter

domain to a small closed ball on which one symmetric circle separates the full zero cluster from the

remaining spectrum. The finitely many potential directions have one common compact support in 𝑈 .

Apply Proposition 6.3, with the self-adjoint coordinate 𝐴 = −𝑖𝑞. In its application of Theorem R

require also

sup
𝑞

‖ℎ𝑞 − 𝑔‖𝐶0
𝑔
< 𝜀.

The resulting smooth metric family satisfies

ℎ𝑞 = 𝑔 on 𝑀 ⧵ 𝑈, 𝑑𝑣ℎ𝑞 = 𝑑𝑣𝑔 ,

and its complete matrix for 𝑖𝐷ℎ𝑞 is 𝑞. At 𝑞 = 0 the whole kernel is the selected quaternionic line, so

dimℂ ker𝐷ℎ0 = 2. The derivative of its normal matrix is the identity. □

22. Spaces of Dirac-minimal metrics

Let 𝑀 , 𝑔∗, 𝜇, and the nonempty open set 𝑈 be as in (8.2). All spaces carry the smooth topology. In

the first three subsections put

(, 𝑟) =

{
(min,𝜇(𝑈), 4𝑎 + 4), 𝑛 = 4,
(inv,𝜇(𝑈), 3), 𝑛 = 5.

In dimension four the chosen chiral block has quaternionic index −𝑎.
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22.1. Relative incidence families.

Lemma 22.1. The space  is nonempty. Every smooth map 𝑆𝑗 → , 0 ≤ 𝑗 ≤ 𝑟 − 2, extends to a smooth
disk in .

Proof. Logarithmic metric coordinates extend the sphere to a smooth family in 𝜇(𝑈) over 𝐷𝑗+1,
constant in the normal coordinate near its boundary. Since 𝑗 + 1 < 𝑟 , Lemma 10.4 gives supported

potentials, zero on that collar, for which every operator is minimal. Proposition 8.2, relative to

the collar, gives the required metric disk. The same argument with a one-point parameter space

proves nonemptiness. For continuous sphere maps, smooth approximation in the open minimal locus

and the resulting short metric homotopy give continuous fillings with the original boundary, as in

Proposition 8.2. □

22.2. Oriented incidence.

Lemma 22.2. Let the family in Lemma 10.4 be transverse, with oriented parameter manifold of dimension
𝑟 or 𝑟 + 1. Every incident kernel is a quaternionic line, and the incidence manifold has a canonical
orientation compatible with its boundary.

Proof. If a kernel had quaternionic dimension at least two, its projective space would contain ℍ𝑃1.
This is a smooth four-dimensional submanifold in the incidence fibre over that parameter. A transverse

incidence manifold has dimension at most one, which is impossible.

In dimension four, at a simple kernel the minority line 𝓁 and its cokernel 𝐶 have quaternionic

ranks 1 and 𝑎 + 1. Block elimination gives the normal space

Homℍ(𝓁, 𝐶).

Choose orthonormal quaternionic frames. They identify it with the oriented real space ℍ𝑎+1
. Frame

changes belong to Sp(1) × Sp(𝑎 + 1), a connected group, and consequently preserve this orientation.

No choice of a global right-quaternionic structure on this Hom bundle is required. The derivative in

the parameters is onto the normal space, since the incidence is transverse. Its kernel, the tangent of

the incidence manifold, is oriented by the parameter orientation and this normal orientation.

This is also the orientation of the real determinant line of the quaternionic vertical operator on a

projective slice; changing its unit representative through Sp(1) preserves it.

In dimension five the normal space is sp(𝓁). Quaternionic unit frames identify it with Imℍ. Their

changes act by the adjoint representation of Sp(1), with image in 𝑆𝑂(3), so this real three-space is

canonically oriented. Let  denote the incidence manifold in the oriented parameter manifold 𝑃 , and

let 𝑁 be its canonically oriented normal bundle. We orient  by the convention

or(𝑇𝑃) = or(𝑇) ⊗ or(𝑁 ).

On a product boundary collar the outward normal to 𝜕𝑃 is also the outward normal to 𝜕 within .

With outward-normal-first boundary orientations, cancellation of this common first factor gives

or(𝑇𝜕𝑃) = or(𝑇𝜕) ⊗ or(𝑁 ).

There is no change of order past𝑁 , so the same convention applies to its even rank 4𝑎+4 in dimension

four and odd rank 3 in dimension five. This proves compatibility with boundary restriction. □

22.3. Local integer classes.

Proposition 22.3. For every basepoint 𝑔𝑏 in the indicated space there are homomorphisms

𝜆4 ∶ 𝜋4𝑎+3(min,𝜇(𝑈), 𝑔𝑏) ⟶ ℤ,
𝜆5 ∶ 𝜋2(inv,𝜇(𝑈), 𝑔𝑏) ⟶ ℤ. (22.1)

They are defined by the signed number of kernel lines in a generic potential-perturbed disk filling.
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Proof. For a smooth based map 𝑓 ∶ 𝑆𝑟−1 → , choose a smooth filling 𝑔𝑝 , 𝑝 ∈ 𝐷𝑟 , in 𝜇(𝑈), equal to

the boundary family on a collar. Lemma 10.4 gives a generic supported potential perturbation zero

there. Its incidence is a compact oriented zero-manifold. Define 𝜆(𝑓 ) to be its signed cardinality.

For two fillings write 𝑔(𝑖)𝑝 = 𝑔∗(𝑒𝐻
(𝑖)
𝑝 ⋅, ⋅), 𝑖 = 0, 1. On the common boundary collar their logarithms

agree. The formula

𝐻𝑝,𝑡 = (1 − 𝑡)𝐻 (0)
𝑝 + 𝑡𝐻 (1)

𝑝

retains self-adjointness, zero trace, and spatial support. Interpolate the potentials in the fixed positive

spinor identifications. Compatibility is real-linear, so this gives a homotopy relative to the boundary

collar. Reparameterize it to be constant near its ends. Orient𝐷𝑟×[0, 1] by 𝑑𝑡∧or(𝐷𝑟). Apply the relative

part of Lemma 10.4, retaining the two transverse endpoint families and the side collar. The resulting

incidence is a compact oriented one-manifold. Its boundary consists of the final zero-manifold and

the negative of the initial one. Their signed counts agree.

For a homotopy of the boundary sphere in the minimal locus, extend the given side family across

𝐷𝑟 ×𝐼 in logarithmic metric coordinates. Keep it fixed on a side collar, where there is no minority kernel.

Relative transversality produces a compact oriented one-dimensional incidence whose boundary is

the difference of the two endpoint incidences. Their signed cardinalities are equal.

For addition in 𝜋𝑟−1, take two disk fillings whose boundary maps are constant near their basepoints.

Join the disks by a parameter one-handle on which the family is constantly 𝑔𝑏 . There are no incidences

on this handle. Smoothing the corners gives a disk whose boundary represents the sum of the two

sphere maps. Its signed count is the sum of the two counts. Thus 𝜆 is a homomorphism. Smooth

approximation as in Lemma 22.1 extends the definition to continuous representatives. □

Proposition 22.4. The homomorphisms in (22.1) are split-surjective. Every 𝐶0 neighborhood of every
metric in 𝜇(𝑈) contains a sphere with signed count one, based at one of its own points.

Proof. Theorem L gives a transverse metric disk arbitrarily 𝐶0
-close to the prescribed metric, with the

same density and exterior. In dimension four its entire small chiral matrix has quaternionic ranks 1
and 𝑎+1 and is an exact normal column, after local reparameterization. On the boundary this column

is nonzero, so the minority kernel vanishes. In dimension five its 𝑖𝐷 matrix is an exact element of

sp(1) and is nonzero on the boundary. The complementary spectral gaps exclude all other zero modes.

Orient the disk by its normal coordinates. Its single incidence has sign +1.

The signed count of this disk computes the homomorphism of Proposition 22.3. Indeed a sufficiently

small generic supported perturbation preserves its cluster ranks and exterior gap. Its incidence is

the zero set of the resulting column or sp(1) matrix. The sum of its signs is the Brouwer degree,

unchanged from that of the identity because its boundary stays away from zero. Thus the boundary

sphere has 𝜆 = 1.

Choose a boundary metric as basepoint. Lemma 22.1 gives a path to any prescribed basepoint;

basepoint transport preserves the signed count, although this path may leave the chosen neighborhood.

If 𝑥 is the transported class, then 𝜆(𝑥) = 1, and 𝑚 ↦ 𝑚𝑥 splits 𝜆; here 𝑟 − 1 ≥ 2. □

Proposition 22.5. At index zero, the normal disks of Theorem L in dimensions four and five represent
primitive ordinary real index-difference classes.

Proof. For index zero, the normal disk classes have parameter dimensions 𝑟 = 4 when 𝑛 = 4 and 𝑟 = 3
when 𝑛 = 5. Hence

𝑥𝑛 ∈ 𝐾𝑂−𝑛(𝐷𝑟 , 𝑆𝑟−1) ≅ 𝐾𝑂−(𝑛+𝑟)(pt) = 𝐾𝑂−8(pt).

The complexifications of the quaternionic chiral and skew-adjoint models in (8.3) retain the Morita

reduction:

ℍ⊗ℝ ℂ ≅ 𝑀2(ℂ), 𝑀2(ℂ)𝑒 ≅ ℂ2, 𝑒 = diag(1, 0).

For a quaternionic multiplicity space 𝑉 , the primitive corner (𝑉ℝ ⊗ℝ ℂ)𝑒 is its complex space of

dimension 2 dimℍ 𝑉 . Thus each quaternionic block gives one defining complex block.
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In dimension four the normal chiral map is 𝐴(𝑞) = 𝐿𝑞 ∶ ℍ → ℍ, for 𝑞 ∈ 𝐷4
. On 𝑆3 its complex

clutching map is the defining representation Sp(1) = 𝑆𝑈(2) → 𝑈(2). The associated complex

rank-two Hopf bundle has second Chern number ±1. Its reduced complex class is therefore primitive.

In dimension five put 𝐾(𝑣) = 𝐿𝑣 = 𝑖𝐷(𝑣) for 𝑣 = 𝑎𝑖 + 𝑏𝑗 + 𝑐𝑘 ∈ Imℍ. Here 𝐷(𝑣) = −𝑖𝜌(𝑣), where

𝜌 is the defining complex representation. In the right-complex basis (1, 𝑗),

𝐷(𝑣) = (
𝑎 −𝑐 + 𝑖𝑏

−𝑐 − 𝑖𝑏 −𝑎 ) , 𝐷(𝑣)2 = |𝑣|2𝐼 .

Its positive eigenline on 𝑆2 is a Hopf line. To fix the Bott normalization, let 𝑆 be an irreducible

real Clifford module for four generators 𝑐1, … , 𝑐4 of square −1, and put 𝛾 = 𝑐1𝑐2𝑐3𝑐4. In the Morita

presentation with grading 𝜄 = diag(𝛾 , −𝛾), write

𝐹𝐾 = (
0 −𝐾
𝐾 0 ) , 𝑒5 = (

0 −𝛾
𝛾 0 ) .

Here 𝛾 acts on the Clifford factor and 𝐾 on the quaternionic multiplicity factor. Thus 𝑒25 = −𝐼 ; 𝑒5
anticommutes with the first four generators and with 𝜄, and commutes with 𝐹𝐾 . Ebert’s Bott map [41,

formula (2.23)] becomes

𝐹𝐾 + 𝑠(𝑒5𝜄) = (
0 𝑠𝐼 − 𝐾

𝑠𝐼 + 𝐾 0 ) .

Its chiral map is 𝑠𝐼 +𝐾(𝑣) = 𝐿𝑠+𝑣 , exactly the four-dimensional clutching family. The two local classes

thus have primitive complex images in total degree eight.

Let 𝛽 ∈ 𝐾−2(pt) be the complex Bott generator and 𝜆 ∈ 𝐾𝑂−8(pt) the real Bott generator. The

complexification formula is 𝑐(𝜆) = 𝛽4 [10, (6.11) and Theorem 11.5]. Thus 𝑐 ∶ 𝐾𝑂−8(pt) → 𝐾−8(pt)
is an isomorphism, and both 𝑥4 and 𝑥5 are primitive generators up to sign. The factor two in

complexification of the degree-four coefficient generator does not occur in this total degree. These

are the relative operator classes defining ordinary index difference. For the cylinder definition, use

[41, Assumption 3.11 and Theorem 3.18]: the manifold is closed, the parameter pair is finite CW, and

the metric paths give odd Clifford-linear pseudo-Dirac families, constant and invertible on the end

collars. Based representatives are constant at the basepoint, so the relative hypothesis also holds. □

22.4. The comparison maps. Consider the supported pair spaces of (8.2). Throughout this subsection

𝑛 ≡ 4 or 5 (mod 8). The support condition means equality with the prescribed data on 𝑀 ⧵ 𝑈 . All

additional potentials have support in one compact subset of 𝑈 , chosen for the compact parameter

family. In residue four choose the chiral source so that indℍ 𝐴 = −𝑎 ≤ 0, and put 𝑌𝑎(𝑈) = min,𝜇(𝑈).
In residue five put 𝑌5(𝑈) = inv,𝜇(𝑈). Fix a base pair 𝑏 in the relevant locus. Nonemptiness will also

follow from Proposition 22.24.

Here and below Sp = colim𝑚 Sp(𝑚) and Ust = colim𝑚 U(𝑚). The quotient Sp / Sp(𝑎) means

colim𝑟 Sp(𝑟 + 𝑎)/ Sp(𝑎). All comparisons with these direct limits are comparisons of weak homotopy

types.

Identify the spinor bundles by the positive comparison based at 𝑔𝑏 , including its density correction.

Write a pair as (𝐻, 𝑉 ), where 𝑔 = 𝑔𝑏(𝑒𝐻 ⋅, ⋅) and tr 𝐻 = 0. The contraction from 𝑏 to (𝐻, 𝑉 ) is

𝑐𝑡(𝐻, 𝑉 ) = (𝑡𝐻, (1 − 𝑡)𝑉𝑏 + 𝑡𝑉 ), 0 ≤ 𝑡 ≤ 1. (22.2)

It fixes 𝑏 and preserves the exterior condition. With no density condition the same formula applies

without tr 𝐻 = 0.

For residue four let F−𝑎 be the norm-topological space of bounded quaternionic Fredholm maps

between the fixed, infinite dimensional Hilbert spaces 𝐻 1(Σ+) and 𝐿2(Σ−), of index −𝑎. Let I𝑎 be

its injective locus. The operator 𝐴𝑔,𝑉 ∶ 𝐻 1 → 𝐿2 depends continuously on the pair. The Fredholm

models give

I𝑎 ≃ 𝐵 Sp(𝑎), F−𝑎 ≃ 𝐵 Sp, hofib(I𝑎 ⟶ F−𝑎) ≃ Sp / Sp(𝑎). (22.3)
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Take negative reduced index for the middle identification. Thus the restriction to I𝑎 sends a cokernel

𝐶 to [𝐶] − 𝑎 and is the usual stabilization 𝐵 Sp(𝑎) → 𝐵 Sp. With ordinary reduced index its value

would be 𝑎 − [𝐶].
Polar decomposition retracts I𝑎 onto isometric embeddings with an 𝑎-dimensional orthogonal

complement. The map to this complement has contractible Hilbert-isometry fibres, and hence gives the

first identification. The quaternionic Fredholm model and contractibility of these Hilbert groups are the

real Clifford Fredholm model of [13, Theorem A(𝑘), §4, and §5, pp. 22–23]; the proof of Proposition 4.1

there explicitly includes Hilbert spaces over ℍ. Finally the fibration Sp / Sp(𝑎) → 𝐵 Sp(𝑎) → 𝐵 Sp
gives the last identification. Consequently

𝜅𝑎 ∶ 𝑌𝑎(𝑈) ⟶ Sp/Sp(𝑎) (22.4)

is represented by 𝐴𝑔,𝑉 ∈ I𝑎, together with the reverse of the ambient path 𝑡 ↦ 𝐴𝑐𝑡 (𝑔,𝑉 ) from 𝐴𝑏
to 𝐴𝑔,𝑉 . It records both the cokernel and this nullhomotopy of its stable class. For 𝑎 = 0 this is

ordinary quaternionic index difference, with its original sign. Indeed ordinary index difference is

represented by the ambient path from the basepoint to the endpoint. Reversing that path in the

homotopy-fibre convention negates the suspended relative class; passing from reduced index to

negative reduced index negates it once more. The two changes cancel. Explicitly, the quaternionic

scalar disk 𝐴(𝑞) = 𝐿𝑞 ∶ ℍ → ℍ, 𝑞 ∈ 𝐷4
, has boundary image 𝑞 ↦ 𝐿𝑞 in Sp(1). This is the defining

clutching map of Proposition 22.5, rather than its inverse. Orient the local Bott disk so that this

ordinary relative class is the chosen positive generator; this fixes the same sign for the comparison.

For 𝑎 > 0 no cokernel framing is chosen: the map retains the cokernel and its stable nullhomotopy.

In residue five put 𝐴 = 𝑖(𝐷𝑔 + 𝑉 ) in the quaternionic skew-adjoint model of Section 2, and put

𝑢(𝐴) = (𝐴 + 𝐼)(𝐴 − 𝐼)−1 = (𝐷𝑔 + 𝑉 − 𝑖)(𝐷𝑔 + 𝑉 + 𝑖)−1. (22.5)

This is a quaternionic unitary which differs from 𝐼 by a compact operator. It is norm-continuous by

the fixed-domain resolvent identity. Let Spc be the group of all such unitaries, and let  ⊂ Spc be

the open subset avoiding −1. The inclusion Sp → Spc is a weak equivalence by [70, Theorem II.14(i),

pp. 109–110], applied over ℍ with 𝑝 = ∞. Here the compact operators carry the operator norm and

the finite matrix groups the direct limit topology. The polar deformation retractions of the finite

matrix groups and of the invertible compact perturbations of 𝐼 commute with the inclusions.

The principal logarithm identifies  with {𝑍 ∶ 𝑍∗ = −𝑍, 𝑍 compact, ‖𝑍‖ < 𝜋}. For 𝑦 ∈ 𝑌5(𝑈)
concatenate the ambient path 𝑢(𝐴𝑐𝑡 (𝑦)) with

𝑠 ⟼ exp((1 − 𝑠) log 𝑢(𝐴𝑦) + 𝑠 log 𝑢(𝐴𝑏)).

This is a loop based at 𝑢(𝐴𝑏), constant when 𝑦 = 𝑏 . It defines

𝜅5 ∶ 𝑌5(𝑈) ⟶ ΩSpc ≃ ΩSp ≃ Sp /Ust. (22.6)

The last equivalence is Bott periodicity [23, Theorems I–II, (1.3) and (1.6)]. The Fredholm interpretation

is ordinary real index difference, in degree 𝐾𝑂𝑛+𝑘+1 on 𝜋𝑘; the Cayley convention is also the one in

Proposition 22.23. In particular it fixes its sign.

Lemma 22.6. Let a continuous pair family over a disk be minimal on its boundary. Suppose domain
and target isomorphisms, defined over the disk, reduce its chiral operator to 𝐹 ∶ ℍ𝑟 → ℍ𝑟+𝑎 and an
invertible block. Its boundary class under (22.4) is represented by 𝐹(𝐹∗𝐹)−1/2 ∈ Sp(𝑟 + 𝑎)/ Sp(𝑎), with
its cokernel bundle and stable trivialization.

Proof. The cokernel of the reduced map is identified with that of the original map. On the boundary

its stable trivialization is

ℍ𝑟 ⊕ coker 𝐹 ⟶ ℍ𝑟+𝑎, (𝑣, 𝑤) ⟼ 𝐹(𝐹∗𝐹)−1/2𝑣 + 𝑤.

This is the Stiefel model of the homotopy fibre in (22.3). The pair disk and the ambient contraction

supply homotopic nullhomotopies, since the ambient pair space is contractible. All finite coordinate
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changes extend over the disk and transform its ambient nullhomotopy. The infinite invertible block

gives no additional class: its Hilbert trivializations are homotopic through invertible trivializations by

the contractibility used in (22.3). Thus the reduction is a reduction of the pair (F−𝑎,I𝑎) and retains

the displayed trivialization. □

22.5. Boundary domains and supported perturbations. All Sobolev spaces in the boundary construc-

tions are quaternionic. In dimension 𝑛 ≡ 4 (mod 8) the operator is 𝐴 = 𝐷+ + 𝑄, with 𝑄 ∶ Σ+ → Σ−
quaternionic linear. In dimension 𝑛 ≡ 5 (mod 8) it is 𝐴 = 𝑖(𝐷 + 𝑉 ); thus 𝐴 and its multiplication

term are quaternionic skew-adjoint. Metrics and coefficients are fixed on every boundary collar under

consideration. Positive spinor comparison therefore gives fixed Sobolev domains.

On a compact connected manifold 𝑊 with a product boundary collar, write 𝐾 = ker 𝐵 for the

kernel of the tangential operator. The low APS domain allows the strictly negative spectral subspace of

𝐵, and the full APS domain additionally allows 𝐾 . Changing the normal-Clifford identification reverses

both displayed spectral signs. These domains are elliptic, their adjoints are the domains prescribed by

Green’s formula, and allowing 𝐾 increases the quaternionic index by dimℍ 𝐾 [18, Theorems 4.6 and

4.9, Example 4.21, Corollary 6.2]. Their realizations and self-adjoint doubles have smooth kernels and

satisfy the elliptic Sobolev estimates.

In the skew-adjoint case write

𝐴 = 𝜎(𝜕𝑡 + 𝐵), 𝜎∗ = 𝜎, 𝜎2 = 𝐼 , 𝜎𝐵 = −𝐵𝜎. (22.7)

Suppose that 𝜎|𝐾 has signature (𝑁 , 𝑁 ) over ℍ. The Green annihilator of the negative spectral subspace

is that subspace plus 𝐾 . Consequently

𝐴∗
low = −𝐴full, indℍ 𝐴low = −𝑁 , indℍ 𝐴full = 𝑁 . (22.8)

Indeed the two indices are opposite and differ by 2𝑁 .

Fix a compact smooth parameter manifold 𝑃 of dimension 𝑑, possibly with boundary, and a

nonempty open set 𝑂 ⋐ int𝑊 . Consider smooth coefficient families with the fixed collar and APS

domain above. Perturbations in the next lemma have common compact support in 𝑂 .

Lemma 22.7. Arbitrarily small compatible perturbations give the following conclusions, relative to any
closed parameter set near which the conclusion holds. For a quaternionic chiral family with a fixed elliptic
APS domain and index −𝑟 , 𝑟 ≥ 0, injectivity can be attained if 𝑑 < 4(𝑟 + 1). For index 𝑟 , surjectivity can
be attained under the same inequality. Thus, if dimℍ 𝐾 = 𝑚 and the low index is −𝑟 , low injectivity and
full surjectivity can be attained simultaneously when

𝑑 < 4(𝑟 + 1), 𝑑 < 4(𝑚 − 𝑟 + 1), 0 ≤ 𝑟 ≤ 𝑚. (22.9)

For the skew family (22.7), low injectivity can be attained if 𝑑 < 4𝑁 + 3; full surjectivity then follows.
The same assertions apply to closed families: the bounds are 𝑑 < 4(𝑟 + 1) for chiral index −𝑟 and

𝑑 < 3 for quaternionic skew-adjoint operators.

Proof. Consider unit 𝐿2 kernel vectors modulo the free right action of Sp(1). A local slice at 𝜓 has

tangent 𝜓⟂ℍ ∩ dom𝐴. In the chiral case the vertical derivative is the restriction of 𝐴 to this slice, of

real Fredholm index −4(𝑟 + 1). If a real cokernel vector 𝜙 annihilates it and every supported variation

𝑄𝜓, then 𝜙 ∈ dom𝐴∗
and 𝐴∗𝜙 = 𝜓𝑞 for some 𝑞 ∈ ℍ. Pairing with 𝜓𝑞 gives 𝑞 = 0. Elliptic boundary

regularity makes 𝜙 smooth. Where 𝜓 ≠ 0, the vectors 𝑄(𝑥)𝜓(𝑥) fill the target fibre. Hence 𝜙 vanishes

on a nonempty open subset of𝑂 and is zero by unique continuation. Unique continuation here applies

to 𝐴∗𝐴 and 𝐴𝐴∗
, whose principal part is a connection Laplacian and whose remaining terms have

order at most one; see [56, Theorem 6.2.8].

In the skew case the equation takes values in the real hyperplane 𝜓⟂ℝ
, since its boundary trace

is null for the Green form. The vertical real index is therefore 4 indℍ 𝐴low − 4 + 1 = −4𝑁 − 3. An

annihilator 𝜙 ∈ 𝜓⟂ℝ
again satisfies 𝐴∗

low𝜙 = 𝜓𝑞, and pairing with all 𝜓𝑞′ gives 𝑞 = 0. For a nonzero

vector 𝑣 ∈ ℍ𝑠
, the vectors 𝑄𝑣 with 𝑄∗ = −𝑄 form 𝑣⟂ℝ

: they are the tangent vectors to the transitive

Sp(𝑠)-action on the unit sphere. Thus 𝜙 = 𝑓 𝜓 on the nonzero locus of 𝜓 in 𝑂 , with 𝑓 real. On a
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connected subball there, the two equations give 𝑖𝑐(𝑑𝑓 )𝜓 = 0, whence 𝑑𝑓 = 0. Unique continuation

gives 𝜙 = 𝑐𝜓 on 𝑊 ; real orthogonality gives 𝑐 = 0.

The fixed-domain boundary estimates give a uniform 𝐻 2
bound for normalized kernel vectors.

Rellich compactness in 𝐻 1
therefore allows the finite-control construction of Lemma 10.4. The

universal derivative is surjective by the calculations above. Its incidence projection to the control

space has index 𝑑 − 4(𝑟 + 1) or 𝑑 − 4𝑁 − 3. A common regular value for all boundary faces has empty

fibre when this number is negative.

For the relative assertion, take nested neighborhoods of the closed parameter set on which the

required property holds. Choose the parameter cutoff zero on the smaller neighborhood and one

outside the larger one. Small perturbations preserve the property on the transition region. The same

finite-control argument applies elsewhere. Apply the chiral argument to the adjoint for surjectivity,

and use the sum of the two control spaces for the simultaneous assertion. On a closed manifold the

skew vertical index is −3. □

22.6. Auxiliary spin domains with large boundary kernel.

Lemma 22.8. In every dimension 𝑛 ≡ 4 or 5 (mod 8) there are separating hypersurfaces Σ ⊂ 𝑆𝑛, product
metrics near Σ, and compatible pairs on the two complementary domains 𝑊0,𝑊1 with the following
properties.

If 𝑛 ≡ 4 (mod 8), then dimℍ ker 𝐵 = 2𝑟 , where 𝑟 is arbitrarily large; both low APS operators are
injective of index −𝑟 , and both full APS operators are surjective of index 𝑟 . If 𝑛 ≡ 5 (mod 8), then ker 𝐵
has 𝜎-signature (𝑁 , 𝑁 ), with 𝑁 arbitrarily large; both low APS operators are injective of index −𝑁 , and
both full APS operators are surjective of index 𝑁 . In either case 𝐵 has a positive spectral gap off its kernel.
A designated interior ball in 𝑊1 can be Euclidean with zero potential.

Proof. Put𝑚 = 𝑛−3. The torus 𝑇𝑚 embeds as an oriented hypersurface inℝ𝑚+1. To see this inductively,

take the boundary of a rank-two tubular neighborhood of 𝑇𝑚−1 ⊂ ℝ𝑚 ⊂ ℝ𝑚+1. Its inclusion in ℝ𝑚+3
has a framed rank-three normal bundle. A tubular neighborhood in a ball of 𝑆𝑛 is therefore 𝑇𝑚 × 𝐷3

.

The induced torus spin structure can be made periodic on every circle. Reframing by 𝑎 ∶ 𝑇𝑚 →
𝑆𝑂(3) changes it by the obstruction to lifting 𝑎 to Spin(3). Rotations in a fixed two-plane with angle

∑𝑗 𝓁𝑗𝜃𝑗 , 𝓁𝑗 ∈ {0, 1}, give every class in 𝐻 1(𝑇𝑚; ℤ/2). The chosen framing gives a product identification

of the tube.

Choose an integer 𝑏 ≥ 1, put 𝑔 = 4𝑏 − 1, and embed a genus-𝑔 handlebody 𝐻𝑔 in int 𝐷3
. Set

𝑊0 = 𝑇𝑚 × 𝐻𝑔 , Σ = 𝑇𝑚 × 𝜕𝐻𝑔 , 𝑊1 = 𝑆𝑛 ⧵ int𝑊0.

Both domains are connected. The surface spin structure induced from 𝐻𝑔 is bounding. To prescribe

its metric, take a hyperelliptic double cover 𝜋 ∶ 𝐶 → 𝐏1 of genus 𝑔 , put 𝐻 = 𝜋∗(1), and take

𝜅 = 𝐻 2𝑏−1
. The double-cover identities

𝐾𝐶 = 𝐻 𝑔−1, 𝜋∗𝐶 =  ⊕ (−𝑔 − 1)

give 𝜅2 = 𝐾𝐶 and ℎ0(𝐶, 𝜅) = 2𝑏 . This spin structure is bounding by [9, Proposition 4.1]. The mapping

class group is transitive on the even surface spin structures [28, Lemma 2.15]; hence it can be identified

with the already specified spin structure on 𝜕𝐻𝑔 . Pull back a metric in this conformal class. Serre

duality and 𝜅2 = 𝐾𝐶 give complex dimension 2𝑏 for both chiral Dirac kernels. This boundary metric

extends over 𝐻𝑔 and can be product near its boundary; the identifying surface diffeomorphism need

not extend over 𝐻𝑔 .

Give 𝑇𝑚 its flat periodic metric and 𝑊0 the product metric. If 𝑚 is odd, the boundary product

operator has symmetric spectrum: on a nonzero surface eigenpair its eigenvalues are ±
√
𝜇2 + 𝜆2, and

on the surface kernel the two chiralities give 𝜇 and −𝜇 with equal multiplicities. Thus 𝜂(𝐵) = 0 and

dimℍ ker 𝐵 = 2𝑏 2(𝑛−4)/2 = 2𝑟. (22.10)
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All positive-degree Pontryagin forms of 𝑊0 vanish, since its curvature comes from the three-

dimensional factor. The APS formula [11, Theorem 4.2] therefore gives

indℂ𝐷+
𝑊0,low = ∫

𝑊0

𝐴 −
𝜂(𝐵) + dimℂ ker 𝐵

2
= −2𝑟.

The quaternionic index is −𝑟 . Extending the product collar metric over 𝑊1, the integral of 𝐴 on 𝑊1 is

also zero, because its sum with the integral on 𝑊0 is 𝐴(𝑆𝑛) = 0. The opposite tangential operator is

−𝐵, so the same calculation applies to 𝑊1. Allowing 𝐾 gives index 𝑟 .
If 𝑚 is even, each torus chiral kernel has complex dimension 2𝑚/2−1. The even product formula

gives

dimℍ ker 𝐵+ = dimℍ ker 𝐵− = 2𝑚/2−1(2𝑏) = 𝑁 . (22.11)

Here the boundary has dimension 4 (mod 8), so each chiral kernel is quaternionic. Its chirality is 𝜎
up to an overall sign; (22.8) gives indices −𝑁 and 𝑁 .

Make the metric Euclidean on a ball in the interior of 𝑊1. Lemma 22.7, with parameter dimension

zero and controls disjoint from that ball and the boundary, imposes all the injectivity and surjectivity

conditions. The fixed elliptic operator 𝐵 has discrete spectrum, so its nonzero spectrum is separated

from zero. □

22.7. Connected sums with a fixed APS boundary condition. For an elliptic realization 𝐴 put

D = (
0 𝐴∗


𝐴 0 ) , domD = dom𝐴 ⊕ dom𝐴∗

. (22.12)

It is self-adjoint with compact resolvent. Every cutoff constant near the old boundary preserves this

domain.

Let 𝐷1,𝑝 , 𝐷2,𝑝 be a compact continuous family of smooth first-order self-adjoint elliptic boundary

problems in dimension 𝑛 ≥ 3, with fixed boundary domains and collars. On common Euclidean

interior balls of radius 𝑅, assume that both operators have one fixed model: a spin Dirac operator of

finite multiplicity, or a fixed sum of positive and negative Dirac copies. The connected-sum realization

𝐷𝜌,𝑝 retains the old boundary domains. Write 𝐸𝐼 (𝐷) for the spectral subspace of 𝐷 over 𝐼 .

Proposition 22.9. Fix Λ, 𝜖 > 0. Suppose that 𝐷1,𝑝 ⊕ 𝐷2,𝑝 has at most 𝑘 complex eigenvalues in (−Λ, Λ),
counted with multiplicity, for every 𝑝. There is 𝜌0 > 0, independent of 𝑝, such that for 0 < 𝜌 < 𝜌0 and
|𝜆| < Λ − 2𝜖,

dimℂ 𝐸{𝜆}(𝐷1,𝑝 ⊕ 𝐷2,𝑝) ≤ dimℂ 𝐸[𝜆−𝜖,𝜆+𝜖](𝐷𝜌,𝑝), (22.13)

dimℂ 𝐸[𝜆−𝜖,𝜆+𝜖](𝐷𝜌,𝑝) ≤ dimℂ 𝐸[𝜆−2𝜖,𝜆+2𝜖](𝐷1,𝑝 ⊕ 𝐷2,𝑝). (22.14)

The realization is continuous in (𝑝, 𝜌) for 𝜌 > 0, and smooth for smooth coefficient families. If the
operators and cutoffs are quaternionic-linear, the inequalities also hold in quaternionic dimension.

Proof. Take the rotationally symmetric neck of [17, proof of Theorem 2.1]. Its four radii are

𝑡2 = 𝜌, 𝑡1 = 𝜌4/2, 𝑡−1 = 𝑡1/2, 𝑡−2 = 2−9𝜌16.

The metric is unchanged outside the two balls of radius 𝑡−2. The neck profile 𝑓 equals |𝑡| away from

its middle, has absolute derivative at most one, and is positive. Choose 0 ≤ 𝜒𝑖 ≤ 1 equal to zero for

𝑟 ≤ 𝑡−1 and one for 𝑟 ≥ 𝑡1, with |𝑑𝜒𝑖| ≤ 4/𝑡1. It is one near every old boundary.

The estimates used in [17, proof of Theorem 2.1, pp. 9–12] are local. Its Proposition 3.2 and two

corollaries apply on the Euclidean annuli; Proposition 3.3 applies on the warped neck. For sufficiently

small 𝜌, depending only on Λ, they give, for every original 𝜆-eigenvector 𝑢,

‖𝜒𝑖𝑢‖2 ≥ 1
2 ‖𝑢‖

2, ‖[𝐷𝑖, 𝜒𝑖]𝑢‖2 ≤ 211𝜌‖𝑢‖2. (22.15)
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For a sum 𝑢 of at most 𝑘 + 1 orthogonal connected-sum eigenvectors with eigenvalues in (−Λ, Λ),
they give

‖𝑢‖{|𝑡|<𝑡1} ≤ 𝜌(𝑘 + 1)‖𝑢‖, ‖[𝐷𝑖, 𝜒𝑖]𝑢‖ ≤ 211/2𝜌1/2(𝑘 + 1)‖𝑢‖. (22.16)

These estimates concern only the Euclidean annuli and the round neck. Their hypotheses hold because

𝑛 ≥ 3, the absolute spherical Dirac eigenvalues are at least one, and Λ𝜌 + 1
2 ‖𝑓

′‖∞ ≤ 1. They apply

separately to the positive and negative Dirac copies. The estimates are supported in the interior

gluing region.

Cutoff transplantation of the original 𝜆-eigenspace gives orthogonal images from the two pieces,

with squared residual quotient at most 212𝜌. For 212𝜌 < 𝜖2, projection onto the glued spectral interval

of radius 𝜖 is injective. This proves (22.13).

For (22.14), let 𝑙 ≤ 𝑘 be the original spectral rank in [𝜆 − 2𝜖, 𝜆 + 2𝜖]. On any span 𝑉 of 𝑙 + 1 glued

eigenvectors in [𝜆 − 𝜖, 𝜆 + 𝜖], the cutoff map 𝐽𝑢 = (𝜒1𝑢, 𝜒2𝑢) satisfies, for small 𝜌,

‖𝐽 𝑢‖2 ≥ 1
2 ‖𝑢‖

2, ‖((𝐷1 ⊕ 𝐷2) − 𝜆)𝐽𝑢‖ ≤ 5
4𝜖‖𝑢‖.

Indeed (22.16) applies since 𝑙 + 1 ≤ 𝑘 + 1. The squared residual quotient is at most 25𝜖2/8 < 4𝜖2.
Projection of 𝐽𝑉 onto the original spectral subspace of radius 2𝜖 would be injective, contrary to its

dimension 𝑙.
Both projection arguments use the form 𝑢 ↦ ‖(𝐷 − 𝜆)𝑢‖2 on dom𝐷. The cutoffs are one near the

old boundary and hence preserve every imposed boundary condition. This is the only change from

the closed case in [17]. One may take 0 < 𝜌0 < 𝑅 sufficiently smaller than

min{2−4, (100Λ2)−1, (2Λ)−1, (2(𝑘 + 1))−1, 2−17𝜖2/(𝑘 + 1)2}.

It depends on no exterior coefficient. Fixed neck formulas give the parameter assertion. Quaternionic

cutoffs and spectral projections allow the same dimension argument over ℍ. □

Let 𝑋 have a fixed collar, a Euclidean zero-potential interior ball, and an injective low APS operator

of quaternionic index −𝑟 . Let 𝐴𝑝 be a compact closed chiral family of index −𝑎, with ker 𝐴𝑝 = 0 and

common Euclidean zero-potential gluing balls. In the skew case take a closed invertible family with

the same local gluing data, and put 𝑎 = 0.

Corollary 22.10. For all sufficiently small common radii 𝜌 > 0, the low APS operator on 𝑋 # 𝑀𝑝 is
injective of index −(𝑟 + 𝑎). Its double has a uniform positive gap off its kernel, independent of 𝑝 and 𝜌.

Proof. The disconnected double has 𝑟 + 𝑎 quaternionic zero modes. Choose 𝛿 > 0 so that it has no

other spectrum in [−4𝛿, 4𝛿], uniformly in 𝑝; compactness of the injective family supplies this choice.

The upper inequality of Proposition 22.9 bounds the glued spectral rank in [−𝛿, 𝛿] by 𝑟 + 𝑎. The APS

boundary correction is unchanged. The connected-sum spin bordism is relative to this boundary; the

APS formula and bordism invariance therefore give indℍ 𝐴𝑋#𝑀𝑝 ,low = indℍ 𝐴𝑋,low+indℍ 𝐴𝑝 = −(𝑟+𝑎).
If 𝑥, 𝑦 are its kernel and cokernel dimensions, then 𝑥 + 𝑦 ≤ 𝑟 + 𝑎 and 𝑥 − 𝑦 = −(𝑟 + 𝑎). Hence 𝑥 = 0,

𝑦 = 𝑟 + 𝑎, and the entire indicated spectral interval consists of these forced zero modes. In the skew

case the low index remains −𝑟 by (22.8). Its double is locally unitarily equivalent to 𝐷 ⊕ (−𝐷), so the

same spectral estimate applies. □

22.8. Low APS coordinates and their uniform bounds. Fix 𝑋 = 𝐻 1/2(Σ), with its equivalent spectral

norm, and write 𝑋 = 𝑋allow ⊕𝐾 ⊕𝑋forb. Boundary trace is denoted by 𝛾 , and 𝑃 is the projection onto

𝐾 . Assume that 𝐴low is injective. Put 𝐶 = ker𝐴∗
low, and let 𝐺 ∶ 𝐿2 → dom𝐴low be its generalized

inverse: 𝐺𝐴low = 𝐼 and 𝐴low𝐺 = 𝐼 − 𝑃𝐶 .

Lemma 22.11. There are bounded maps

𝑤 ∶ 𝐾 ⊕ 𝑋forb → 𝐻 1(𝑊 ), 𝛽 ∶ 𝐾 → 𝐶, 𝜂 ∶ 𝑋forb → 𝐶,

𝐻 ∶ 𝐾 ⊕ 𝑋forb → 𝑋allow, 𝐽 ∶ 𝐿2 → 𝑋allow
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such that 𝐴𝑢 = 𝑓 , 𝑃𝛾𝑢 = 𝑘, and 𝑄forb𝛾𝑢 = 𝑏 if and only if

𝑢 = 𝐺𝑓 + 𝑤(𝑘, 𝑏), 𝛽𝑘 + 𝜂𝑏 = 𝑃𝐶𝑓 . (22.17)

Its allowed trace is 𝐽 𝑓 + 𝐻(𝑘, 𝑏). The unconstrained domain coordinates are

𝐻 1(𝑊 ) ⟶ 𝐶⟂ ⊕ 𝐾 ⊕ 𝑋forb, 𝑢 ⟼ ((𝐼 − 𝑃𝐶)𝐴𝑢, 𝑃𝛾𝑢, 𝑄forb𝛾𝑢), (22.18)

a bounded isomorphism with inverse (ℎ, 𝑘, 𝑏) ↦ 𝐺ℎ + 𝑤(𝑘, 𝑏). In these coordinates 𝐴 is (ℎ, 𝑘, 𝑏) ↦
(ℎ, 𝛽𝑘 + 𝜂𝑏).

All maps vary continuously over compact fixed-domain families, and smoothly in smooth parameters.
For a family with the same collar coefficients and a common positive nonzero spectral gap 𝛿 for the low
double, the maps 𝛽, 𝜂, 𝐻, 𝐽 are uniformly bounded in the stated boundary norms.

Proof. Choose a bounded trace lift  ∶ 𝐾⊕𝑋forb → 𝐻 1(𝑊 ) supported in the fixed collar and satisfying

𝑃𝛾(𝑘, 𝑏) = 𝑘, 𝑄forb𝛾(𝑘, 𝑏) = 𝑏.

Set

𝑤(𝑘, 𝑏) = (𝑘, 𝑏) − 𝐺𝐴(𝑘, 𝑏), 𝛽𝑘 = 𝑃𝐶𝐴(𝑘, 0),
𝜂𝑏 = 𝑃𝐶𝐴(0, 𝑏), 𝐻(𝑘, 𝑏) = 𝑄allow𝛾𝑤(𝑘, 𝑏), 𝐽 = 𝑄allow𝛾𝐺.

Then 𝐴𝑤 = 𝛽𝑘 + 𝜂𝑏 , and 𝑤 has the prescribed traces. Subtracting (𝑘, 𝑏) from an arbitrary section

puts it in the low domain. The identity𝐺𝐴low = 𝐼 proves (22.18) and (22.17). It also proves uniqueness.

The constant index and injectivity make 𝐶 a vector bundle; orthogonal projection and inversion on

its complement give the parameter assertions.

For the last assertion, ‖𝐺‖𝐿2→𝐿2 ≤ 𝛿−1, while 𝐴 has a uniform norm because it is supported in the

unchanged collar. This bounds 𝛽 and 𝜂. If 𝑣 = 𝐺𝑓 , multiply 𝑣 by a fixed cutoff 𝜁 supported in that

collar and equal to one near Σ. Regard 𝜁 𝑣 as a section on the original fixed cap. It has its low APS

boundary condition, and

𝐴(𝜁 𝑣) = 𝜁 (𝐼 − 𝑃𝐶)𝑓 + [𝐴, 𝜁 ]𝑣.

The fixed-cap elliptic estimate and trace theorem give

‖𝛾𝐺𝑓 ‖𝐻 1/2 ≤ 𝐶(‖𝑓 ‖𝐿2 + ‖𝐺𝑓 ‖𝐿2) ≤ 𝐶(1 + 𝛿−1)‖𝑓 ‖𝐿2 . (22.19)

Applying this also to 𝑓 = 𝐴(𝑘, 𝑏) bounds 𝐻 and 𝐽 . The constant depends only on the fixed collar

and 𝛿. □

The domain extension gives the exact sequence

0 ⟶ ker𝐴full
𝑃𝛾
−−→ 𝐾

𝛽
−→ 𝐶 ⟶ coker𝐴full ⟶ 0. (22.20)

Indeed the full domain in (22.18) has 𝑏 = 0. If 𝐴full is surjective, put 𝐸 = ker 𝛽 and 𝑒 = −𝛽†𝜂. The

harmonic trace condition is then

𝑃𝐸⟂(𝑘 − 𝑒𝑏) = 0, 𝛾allow𝑢 = 𝐻(𝑘, 𝑏). (22.21)

For skew operators 𝐸 is a maximal null subspace of (𝐾, 𝜎): Green’s identity makes it null and (22.8)

gives its dimension 𝑁 .

Lemma 22.12. In Corollary 22.10, let 𝐶𝑋 = ker𝐴∗
𝑋,low and 𝐶𝑝,𝜌 = ker𝐴∗

𝑋#𝑀𝑝 ,low. There are continuous
isometric embeddings 𝑗𝑝,𝜌 ∶ 𝐶𝑋 → 𝐶𝑝,𝜌 such that, uniformly in 𝑝 as 𝜌 → 0,

𝑗∗𝑝,𝜌𝛽𝑝,𝜌 ⟶𝛽𝑋 , 𝑗∗𝑝,𝜌𝜂𝑝,𝜌 ⟶𝜂𝑋 (22.22)

in the indicated operator norms. Their boundary traces converge in 𝐻 1/2 to those of the original cap
modes.



106 ANASS NIFA

Proof. Transplant 𝜙 ∈ 𝐶𝑋 by the cutoff of Proposition 22.9 and set

𝐽 0𝑝,𝜌𝜙 = 𝜒𝜌𝜙 − 𝐺∗
𝑝,𝜌𝐴

∗
𝑝,𝜌(𝜒𝜌𝜙).

The 𝐿2 adjoint 𝐺∗
maps into dom𝐴∗

low and satisfies 𝐴∗
low𝐺

∗ = 𝐼 , by 𝐺𝐴low = 𝐼 . Hence 𝐽 0𝑝,𝜌𝜙 ∈ 𝐶𝑝,𝜌.

The finite-dimensional smooth space 𝐶𝑋 has a bounded pointwise evaluation norm near the gluing

point. Thus

‖𝐴∗(𝜒𝜌𝜙)‖𝐿2 ≤ 𝐶𝑡
(𝑛−2)/2
1 ‖𝜙‖𝐿2 = 𝑜(1)‖𝜙‖𝐿2 .

The uniform inverse bound makes the correction 𝑜(1) in 𝐿2. It is harmonic on the fixed boundary

collar; the adjoint version of (22.19) makes its boundary trace 𝑜(1) in 𝐻 1/2
. The cutoff also loses 𝑜(1)

of the norm of 𝜙. Therefore (𝐽 0)∗𝐽 0 = 𝐼 + 𝑜(1), and 𝑗 = 𝐽 0((𝐽 0)∗𝐽 0)−1/2 is isometric and has the same

boundary-trace convergence. On the fixed collar , ‖𝑗𝜙 − 𝜙‖𝐿2() = 𝑜(1)‖𝜙‖𝐿2 uniformly for 𝜙 ∈ 𝐶𝑋 ,

since 𝜒𝜌 = 1 there and the polar factor is 𝐼 + 𝑜(1). The section 𝐴 is supported on this collar, so

⟨𝑗𝜙, 𝛽𝑝,𝜌𝑘⟩ = ⟨𝑗𝜙, 𝐴(𝑘, 0)⟩ = ⟨𝜙, 𝐴𝑋(𝑘, 0)⟩ + 𝑜(1)‖𝜙‖‖𝑘‖.

The same argument with(0, 𝑏) proves the second convergence, uniformly for bounded 𝑏 ∈ 𝑋forb. □

22.9. Boundary evolution operators. The boundary is connected. Fix a nonempty open subset 𝑂;

every multiplier below has compact spatial support in 𝑂 . A matrix on a subspace is extended by zero

on its orthogonal complement.

Lemma 22.13. (i) Let 𝐸 be a quaternionic subspace of a finite spectral sum of a self-adjoint quaternionic
Dirac-type operator 𝐵 on a connected closed manifold. Then

Lieℝ{𝑃𝐸𝑉𝑃𝐸 ∶ 𝑉 ∈ 𝐶∞
𝑐 (𝑂, Endℍ Σ)} = Endℍ(𝐸).

(ii) Let𝐾 = ker 𝐵. Suppose a quaternionic self-adjoint involution𝜎 on𝐾 and a smooth field of quaternionic
self-adjoint involutions 𝜎𝑥 on the spinor fibres satisfy 𝑒𝑥𝜎 = 𝜎𝑥𝑒𝑥 , where 𝑒𝑥 is evaluation. Then

Lieℝ{𝑃𝐾𝑉𝑃𝐾 ∶ 𝑉 ∗𝜎𝑥 + 𝜎𝑥𝑉 = 0} = g𝜎 ∶= {𝑋 ∈ Endℍ 𝐾 ∶ 𝑋∗𝜎 + 𝜎𝑋 = 0}.

For signature (𝑁 , 𝑁 ) this is sp(𝑁 , 𝑁 ).

Proof. For a zero-dimensional controlled space both Lie algebras are zero; assume henceforth that its

dimension is positive. A section in a finite spectral sum cannot vanish on an open set unless it is zero.

Indeed, ∏𝜇≠𝜆(𝐵 − 𝜇) isolates its 𝜆-component. The operator (𝐵 − 𝜆)2 has scalar Laplace principal part

and smooth terms of order at most one. The system version of unique continuation in [7, pp. 235–236

and Remark 3, p. 248] therefore applies to each component. In particular, the nonzero locus of every

nonzero section under consideration is dense and open.

Put 𝑅𝑥 = im 𝑒∗𝑥 . Normalized multiplier bumps concentrating at 𝑥 ∈ 𝑂 give 𝑒∗𝑥𝑉𝑥𝑒𝑥 as a limit of

compressions. The space of compressions is a linear subspace of a finite-dimensional real vector space

and is closed. These pointwise matrices therefore belong to it. In (i) they give all of Endℍ(𝑅𝑥).
Let g be the generated algebra. It is closed under adjoints. If a quaternionic subspace𝑊 is invariant,

so is 𝑊 ⟂
, and ∫ 𝑣∗𝑉𝑢 = 0 for 𝑢 ∈ 𝑊 , 𝑣 ∈ 𝑊 ⟂

and every allowed 𝑉 . For nonzero 𝑢, 𝑣, choose a

nonnegative bump 𝜒 in their common nonzero locus in 𝑂 and set 𝑉 = 𝜒𝑣𝑢∗. Then

∫ 𝑣∗𝑉𝑢 = ∫ 𝜒 |𝑢|2|𝑣|2 > 0.

Thus the action is quaternionically irreducible.

Choose 𝑊 of maximal dimension with Endℍ(𝑊 ) ⊂ g; some nonzero 𝑅𝑥 supplies one. If 𝑊 ≠ 𝐸,

irreducibility gives 𝐵0 ∈ g with 𝑋 = (𝐼 − 𝑃𝑊 )𝐵0𝑃𝑊 ≠ 0. Since 𝑃𝑊 ∈ g,

𝑋 = 1
2(ad

2
𝑃𝑊 𝐵0 − ad𝑃𝑊 𝐵0) ∈ g.

Choose 𝑣 ∈ 𝑊 with 𝑤 = 𝑋𝑣 ≠ 0. For 𝑢 ∈ 𝑊 of norm one and 𝑞 ∈ ℍ,

[𝑋, 𝑣𝑞𝑢∗] = 𝑤𝑞𝑢∗, [𝑤𝑞𝑢∗, 𝑢𝑤∗] = 𝑤𝑞𝑤∗ − |𝑤|2𝑢𝑞𝑢∗.
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Together with adjoints, these matrices give Endℍ(𝑊 ⊕ 𝑤ℍ), contradicting maximality. This proves

(i).

For (ii), 𝑅𝑥 is 𝜎-invariant, and 𝐺𝑥 = 𝑒∗𝑥𝑒𝑥 |𝑅𝑥 is positive invertible and commutes with 𝜎. For

𝑇 ∈ g𝜎(𝑅𝑥), the matrix 𝑒𝑥𝐺−1
𝑥 𝑇𝐺−1

𝑥 𝑒∗𝑥 on im 𝑒𝑥 , extended by zero, is 𝜎𝑥-skew and compresses to 𝑇 .

Such fibre matrices extend locally to allowed smooth multipliers, by applying 𝑉 ↦ (𝑉 − 𝜎𝑥𝑉 ∗𝜎𝑥)/2
to any extension. The bump argument thus puts a nonzero full 𝜎-skew block in g. This algebra is

closed under ordinary adjoints and conjugation by 𝜎.

It is again quaternionically irreducible. Otherwise nonzero 𝑢 ∈ 𝑊 , 𝑣 ∈ 𝑊 ⟂
satisfy 𝑣∗𝑉𝑢 = 0

pointwise for every allowed fibre matrix. Write 𝑉 = 𝜎𝑥𝑄, 𝑄∗ = −𝑄. For a unit vector 𝑢, the vectors

𝑄𝑢 fill its real tangent hyperplane: if Re(𝑢∗𝑤) = 0, then

𝑄 = 𝑤𝑢∗ − 𝑢𝑤∗ − 𝑢(𝑢∗𝑤)𝑢∗, 𝑄∗ = −𝑄, 𝑄𝑢 = 𝑤.

Hence (𝜎𝑥𝑣)ℍ lies in the real line ℝ𝑢 and 𝑣 = 0 where 𝑢 ≠ 0. This contradicts the common dense

nonzero loci.

Choose a maximal 𝜎-invariant 𝑊 with g𝜎(𝑊 ) ⊂ g. If it is proper, choose 𝐵0 ∈ g with a nonzero

block 𝑊 → 𝑊 ⟂
and subtract its 𝑊 block. Choose a unit 𝜎-eigenvector 𝑒 ∈ 𝑊 on which that block is

nonzero; write 𝜎𝑒 = 𝜀𝑒 and 𝐽𝑒(𝑝) = 𝑒𝑝𝑒∗ for imaginary 𝑝. Since 𝐽𝑒(𝑖)2 = −𝑃𝑒 and 𝐽𝑒(𝑖)𝐵0𝐽𝑒(𝑖) = 0,

𝐶 = −[𝐽𝑒(𝑖), [𝐽𝑒(𝑖), 𝐵0]] = 𝑃𝑒𝐵0 + 𝐵0𝑃𝑒 ∈ g.

For some 𝜂 ∈ {1, −1}, the matrix (𝐶 + 𝜀𝜂𝜎𝐶𝜎)/2 is nonzero on 𝑒. Dividing by the norm of its value

there gives

𝐵(1) = 𝑧𝑒∗ − 𝜀𝜂𝑒𝑧∗, |𝑧| = 1, 𝜎𝑧 = 𝜂𝑧, 𝑧 ⟂ 𝑊 .

Put 𝐵(𝑞) = 𝑧𝑞𝑒∗ − 𝜀𝜂𝑒𝑞̄𝑧∗. Direct multiplication gives, for imaginary 𝑝, 𝑠,

[𝐽𝑒(𝑝), 𝐵(𝑞)] = 𝐵(−𝑞𝑝),

[𝐵(𝑠), 𝐵(1)] = 2𝜀𝜂(𝐽𝑒(𝑠) − 𝐽𝑧(𝑠)).

The first identity gives every 𝐵(𝑞); the second gives sp(1) on 𝑧ℍ. For a 𝜎-eigenunit 𝑓 ∈ 𝑊 ∩ 𝑒⟂, with

sign 𝜀𝑓 ,

[𝐵(1), 𝑒𝑞𝑓 ∗ − 𝜀𝜀𝑓 𝑓 𝑞̄𝑒∗] = 𝑧𝑞𝑓 ∗ − 𝜂𝜀𝑓 𝑓 𝑞̄𝑧∗.

These are the remaining cross blocks of g𝜎(𝑊 ⊕ 𝑧ℍ), again a contradiction. □

For compact continuous smooth-coefficient families of these data with fixed band ranks, finitely

many continuous families of allowed supported multipliers and Lie words suffice. Choose spanning

words locally, extend their multipliers using parameter cutoffs, and take a finite cover. Their spanning

map 𝐿𝑝 has the continuous right inverse 𝐿∗𝑝(𝐿𝑝𝐿∗𝑝)−1. This is a bundle formula and requires no global

eigenframe. In the applications below 𝐵 is fixed. The independent normal-Clifford block of a chiral

potential is an arbitrary quaternionic multiplier, with adjoint opposite block; in the skew model it is

𝜎-skew. Thus these are allowed controls.

For the endpoint statements, write 𝐾 for the controlled space and 𝑚 = dimℍ 𝐾 . Fix a time interval

compactly contained in (0, 1).

Lemma 22.14. For 𝐺 = GL𝑚(ℍ) in case (i), or 𝐺 = Sp(𝑁 , 𝑁 ) in case (ii), the endpoint map of 𝑢′ =
−𝑃𝐾𝑉 (𝑡)𝑃𝐾𝑢 has a local section at 𝐼 . Its values are smooth controls with the fixed spatial and time
supports; it is continuous in 𝐶∞ and sends 𝐼 to zero.

Proof. Choose Lie monomials 𝑌𝑗 of lengths 𝓁𝑗 in finitely many compressed generators −𝑃𝐾𝑉𝑃𝐾 ,

spanning the real Lie algebra. Recursive group commutators give analytic exponential words

𝑊𝑗 (𝑠) = 𝐼 + 𝑠𝓁𝑗𝑌𝑗 + 𝑂(𝑠𝓁𝑗+1).

Use 𝑊𝑗 (𝑧1/𝓁𝑗 ) for 𝑧 ≥ 0 and 𝑊𝑗 ((−𝑧)1/𝓁𝑗 )−1 for 𝑧 ≤ 0. The result is 𝐶1
at zero, with expansion and

derivative

𝐼 + 𝑧𝑌𝑗 + 𝑂(|𝑧|1+1/𝓁𝑗 ), 𝑌𝑗 + 𝑂(|𝑧|1/𝓁𝑗 ).
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Realize the two words on two fixed lists of disjoint time slots, using amplitudes (max(𝑧, 0))1/𝓁𝑗 and

(max(−𝑧, 0))1/𝓁𝑗 . A smooth bump of integral one realizes each exponential exactly. Reversing the

slots and signs realizes the inverse word. Every amplitude vanishes at zero.

The concatenated endpoint has derivative 𝐿 ∶ (𝑧𝑗 ) ↦ ∑𝑗 𝑧𝑗𝑌𝑗 at zero. Composing with a linear

right inverse of 𝐿 and a chart at 𝐼 gives derivative 𝐼 . The 𝐶1
inverse function theorem [46, The-

orem 11.22, p. 61] gives the section. Its controls are finite sums of fixed bumps with continuous

amplitudes. If 𝓁 = max𝑗 𝓁𝑗 , every fixed 𝐶∞
seminorm is bounded by 𝐶‖𝑇 − 𝐼‖1/𝓁 near 𝐼 . For compact

families the preceding bundle right inverses and the parameter version of the same inverse function

theorem give one uniform section neighborhood. □

Lemma 22.15. Let 𝑃 be compact, 𝐴 ⊂ 𝑃 closed, and 𝑉 0
𝑝 a continuous 𝐶∞ family of controls with endpoint

𝐻𝑝 , zero on a reserved final interval. If a continuous 𝐺-homotopy from 𝐻𝑝 to 𝑇𝑝 is fixed on 𝐴, there are
continuous 𝐶∞ controls with endpoints 𝑇𝑝 which equal 𝑉 0

𝑝 for every 𝑝 ∈ 𝐴.

Proof. For the given homotopy 𝑇𝑝,𝑠 put𝑄𝑝,𝑠 = 𝑇𝑝,𝑠𝐻−1
𝑝 . Then𝑄𝑝,0 = 𝐼 and𝑄𝑝,𝑠 = 𝐼 on𝐴. Compactness

gives a subdivision 0 = 𝑠0 < ⋯ < 𝑠𝑙 = 1 such that

Δ𝑝,𝑗 = 𝑄𝑝,𝑠𝑗𝑄
−1
𝑝,𝑠𝑗−1

lies in the neighborhood of Lemma 22.14 for every 𝑝, 𝑗 . Place the section controls for these increments

in successive fixed subintervals of the reserved interval. Their endpoint product is Δ𝑝,𝑙 ⋯Δ𝑝,1 = 𝑄𝑝,1,
so the full endpoint is 𝑄𝑝,1𝐻𝑝 = 𝑇𝑝 . On 𝐴 every increment is 𝐼 and every added control is zero. Thus

equality there holds for the controls themselves. □

Both groups 𝐺 are connected. Applying the lemma to a path from 𝐼 therefore realizes every

endpoint by a finite smooth control. For a compact control family with 𝑠min(𝐹𝑝) ≥ 𝛿 > 0, where

𝐹𝑝 = (𝛽0, 𝛽1𝑇𝑝), Proposition 22.17 gives, for all sufficiently large 𝐿,

‖𝑀𝐿,𝑝 − 𝐹𝑝‖ < 𝛿/2, ‖𝑀𝐿,𝑝𝑘‖ ≥ (𝛿/2)‖𝑘‖.

A final interval can be reserved by time reparametrization. Choose a smooth nondecreasing

𝜙 ∶ [0, 1] → [0, 1]with 𝜙(0) = 0 and 𝜙 = 1 on the desired final interval, and put 𝜙𝑠(𝑡) = (1−𝑠)𝑡+𝑠𝜙(𝑡).
Replacing 𝑉 (𝑡) by 𝜙′𝑠(𝑡)𝑉 (𝜙𝑠(𝑡)) preserves its endpoint. For controls zero near the original endpoints

this is a compact continuous family of smooth controls, with a reserved interval at 𝑠 = 1. If 𝐹𝑝 is

injective, the preceding estimate keeps this annulus injective for one sufficiently long cylinder. Its

final boundary control is then held fixed.

22.10. The inhomogeneous problem on a long cylinder. Let 𝐵 be the fixed self-adjoint quaternionic

tangential operator. Put 𝐾 = ker 𝐵, 𝑃 = 1{0}(𝐵),𝑄 = 𝐼 −𝑃 ,𝑄± = 1ℝ±(𝐵), 𝑋 = 𝐻 1/2(Σ), and𝑋± = 𝑄±𝑋 ,

using the equivalent spectral norm on 𝑋 . Assume |𝐵| ≥ 𝛾0 > 0 on 𝐾⟂
. Let 𝑉𝑧(𝑡, 𝑥) be a compact

continuous 𝐶∞
family of quaternionic multipliers and define

𝑈 ′
𝑧 + 𝑃𝑉𝑧𝑃 𝑈𝑧 = 0, 𝑈𝑧(0) = 𝐼 , 𝑇𝑧 = 𝑈𝑧(1), 𝜖 = 𝐿−1.

For smooth gluing require 𝑉𝑧 = 0 near 𝑡 = 0, 1. The cylinder operator in normal-Clifford coordinates

is then 𝜕𝑠 + 𝐵 + 𝐿−1𝑉𝑧(𝑠/𝐿, 𝑥) on [0, 𝐿] × Σ. Pulling back by increasing diffeomorphisms which are

translations in fixed end collars places all lengths on one fixed manifold. The pulled-back coefficients

vary smoothly with 𝐿 ≥ 1 and join the unchanged exterior coefficients. In the skew case impose

𝑉 ∗
𝑧 𝜎 + 𝜎𝑉𝑧 = 0.

Parameter derivatives below keep 𝜖 fixed and are taken in smooth finite-dimensional control

parameters. For each prescribed finite order assume uniform bounds on the corresponding coefficient

derivatives.

Lemma 22.16. For sufficiently small 𝜖 > 0, the map

𝜖,𝑧 ∶ 𝐻 1([0, 1] × Σ) ⟶ 𝐿2([0, 1] × Σ) ⊕ 𝐾 ⊕ 𝑋+ ⊕ 𝑋−,

𝑤 ⟼ ((𝜕𝑡 + 𝜖−1𝐵 + 𝑉𝑧)𝑤, 𝑃𝑤(0), 𝑄+𝑤(0), 𝑄−𝑤(1))
(22.23)
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is a bounded isomorphism. For data (𝑓 , 𝑘, 𝑎, 𝑑) its remaining traces 𝑘′ = 𝑃𝑤(1), 𝑏 = 𝑄−𝑤(0), 𝑐 =
𝑄+𝑤(1) satisfy

𝑘′ = 𝑇𝑧𝑘 + 𝐸𝜖,𝑧(𝑘, 𝑎, 𝑑) + 𝐹𝜖,𝑧𝑓 , (22.24)

(𝑏, 𝑐) = 𝐵𝜖,𝑧(𝑘, 𝑎, 𝑑) + 𝐽𝜖,𝑧𝑓 , (22.25)

with
‖𝐸𝜖,𝑧‖ + ‖𝐵𝜖,𝑧‖ ≤ 𝐶𝜖, ‖𝐹𝜖,𝑧‖ ≤ 𝐶, ‖𝐽𝜖,𝑧‖ ≤ 𝐶𝜖1/2.

For 𝑓 = 0, put 𝑢 = 𝑃𝑤, 𝑣 = 𝑄𝑤. Then

‖𝑢 − 𝑈𝑧𝑘‖𝐶0
𝑡 𝐾 ≤ 𝐶𝜖(‖𝑘‖ + ‖𝑎‖𝑋 + ‖𝑑‖𝑋 ), (22.26)

‖𝑣‖𝐶0
𝑡 𝑋 ≤ 𝐶(‖𝑎‖𝑋 + ‖𝑑‖𝑋 + 𝜖‖𝑘‖), ‖𝑣‖𝐿1𝑡𝑋 ≤ 𝐶𝜖(‖𝑘‖ + ‖𝑎‖𝑋 + ‖𝑑‖𝑋 ). (22.27)

The constants are uniform. The homogeneous estimates hold after the specified control derivatives.

Endpoint vanishing is unnecessary for this analytic lemma. After affine reparametrization it

applies on every fixed subinterval of positive length, with that interval’s fundamental matrix.

Proof. For 𝑉 = 0 the incoming high solution and the zero-incoming Green operator are

𝑣in(𝑡) = 𝑒−𝑡𝐵+/𝜖𝑎 + 𝑒−(1−𝑡)|𝐵− |/𝜖𝑑,

(𝐺𝜖ℎ)(𝑡) = ∫
𝑡

0
𝑒−(𝑡−𝑠)𝐵+/𝜖𝑄+ℎ(𝑠) 𝑑𝑠 − ∫

1

𝑡
𝑒−(𝑠−𝑡)|𝐵− |/𝜖𝑄−ℎ(𝑠) 𝑑𝑠.

The incoming term has 𝐶0
𝑡𝑋 norm at most ‖𝑎‖𝑋 + ‖𝑑‖𝑋 , 𝐿1𝑡𝑋 norm at most 𝜖𝛾−10 (‖𝑎‖𝑋 + ‖𝑑‖𝑋 ), and

outgoing norm at most 𝑒−𝛾0/𝜖(‖𝑎‖𝑋 + ‖𝑑‖𝑋 ). The exponential kernels give

‖𝐺𝜖‖𝐶0
𝑡 𝑋→𝐶0

𝑡 𝑋 + ‖𝐺𝜖‖𝐿1𝑡𝑋→𝐿1𝑡𝑋 ≤ 𝐶𝜖, ‖𝐺𝜖‖𝐿2𝑡 𝐿2→𝐿2𝑡 𝐿2 ≤ 𝜖/𝛾0. (22.28)

For a positive eigenvalue 𝜆 and 𝑣(0) = 0,

∫
1

0
|𝑣′ + 𝜆𝑣/𝜖|2 = ∫

1

0
(|𝑣′|2 + 𝜆2|𝑣|2/𝜖2) + 𝜆|𝑣(1)|2/𝜖.

For 𝜆 < 0, 𝑣(1) = 0 gives the nonnegative boundary term |𝜆||𝑣(0)|2/𝜖. Cauchy–Schwarz in either

integral also gives |𝜆||𝑣(𝑡)|2 ≤ (𝜖/2)‖ℎ𝜆‖2𝐿2 . Summing over the eigenmodes proves

‖𝜕𝑡𝐺𝜖ℎ‖𝐿2 + 𝜖−1‖𝐵𝐺𝜖ℎ‖𝐿2 ≤ 𝐶‖ℎ‖𝐿2 , ‖𝐺𝜖ℎ‖𝐶0
𝑡 𝑋 ≤ 𝐶𝜖1/2‖ℎ‖𝐿2 . (22.29)

Spectral truncation gives the stated 𝐶0
representative; the elliptic graph norm of 𝐵 gives the spatial

𝐻 1
norm. The same mode calculation shows that the incoming semigroups belong to 𝐻 1

exactly for

data in 𝑋±.

Let 𝑅𝑧 ∶ 𝐿1𝑡𝐾 → 𝐶0
𝑡 𝐾 solve 𝑢′ + 𝑃𝑉𝑧𝑃𝑢 = 𝑔 , 𝑢(0) = 0. The coupled equations are

𝑢 = 𝑈𝑧𝑘 + 𝑅𝑧(𝑃𝑓 − 𝑃𝑉𝑧𝑣), 𝑣 = 𝑣in + 𝐺𝜖𝑄𝑓 − 𝐺𝜖𝑄𝑉𝑧(𝑢 + 𝑣).

Eliminating 𝑢 gives

(𝐼 +𝜖,𝑧)𝑣 = 𝑣in + 𝐺𝜖𝑄𝑓 − 𝐺𝜖𝑄𝑉𝑧(𝑈𝑧𝑘 + 𝑅𝑧𝑃𝑓 ), 𝜖,𝑧 = 𝐺𝜖𝑄𝑉𝑧(𝐼 − 𝑅𝑧𝑃𝑉𝑧).

Multiplication by 𝑉𝑧 is uniformly bounded on 𝑋 and 𝐿2; 𝐾 is finite dimensional. Thus ‖𝜖,𝑧‖ ≤ 𝐶𝜖 on

𝐶0
𝑡𝑋 , 𝐿1𝑡𝑋 , and 𝐿2𝑡𝐿2. Its Neumann inverse gives the homogeneous solution in the first space and the

source solution in the last, with uniqueness in 𝐿2𝑡𝐿2.
For 𝑓 = 0, the 𝐿1𝑡𝑋 equation and the low equation give

‖𝑣‖𝐿1𝑡𝑋 ≤ 𝐶𝜖(‖𝑎‖𝑋 + ‖𝑑‖𝑋 + ‖𝑢‖𝐶0
𝑡 𝐾 ), ‖𝑢‖𝐶0

𝑡 𝐾 ≤ 𝐶‖𝑘‖ + 𝐶‖𝑣‖𝐿1𝑡𝑋 .

Absorption and then the 𝐶0
𝑡𝑋 equation prove (22.26)–(22.27). At the outgoing endpoints the high

integrals are bounded by 𝐶𝜖‖𝑢 + 𝑣‖𝐶0
𝑡 𝑋 , in addition to the incoming exponential remainder. This

proves the bound for 𝐵𝜖,𝑧; evaluating −𝑅𝑧𝑃𝑉𝑧𝑣 at 1 proves the bound for 𝐸𝜖,𝑧 .
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For source data alone the 𝐿2 inverse gives ‖𝑣‖𝐿2 ≤ 𝐶𝜖‖𝑓 ‖𝐿2 and ‖𝑢‖𝐶0
𝑡 𝐾 ≤ 𝐶‖𝑓 ‖𝐿2 . Apply (22.29)

to 𝑄(𝑓 − 𝑉𝑧(𝑢 + 𝑣)). This gives 𝑣 ∈ 𝐻 1
and the outgoing 𝐶𝜖1/2‖𝑓 ‖𝐿2 bound; the low equation gives

𝑢 ∈ 𝐻 1
and the bound for 𝐹𝜖,𝑧 . The homogeneous solution is also in 𝐻 1

, since its incoming term is in

𝐻 1
and its remaining high source is in 𝐿2. These formulas give a bounded inverse into 𝐻 1

for each

fixed 𝜖 > 0.

At fixed 𝜖, differentiate the finite fundamental matrices and (𝐼 +𝜖,𝑧)−1. Every derivative of 𝜖,𝑧
retains the factor 𝐺𝜖; the inverse derivative identity 𝜕𝑆−1 = −𝑆−1(𝜕𝑆)𝑆−1 and induction preserve

the homogeneous 𝑂(𝜖) bounds. All remaining factors have the specified uniform derivative bounds.

For an interval of length ℎ > 0, affine rescaling replaces 𝜖 by 𝜖/ℎ and 𝑉 by ℎ𝑉 , proving the final

observation. □

Join compact pieces𝑊0,𝑊1 by this cylinder. In the common boundary identification their low APS

domains allow 𝑋+ and 𝑋−, respectively. Assume these realizations are injective. Let 𝐶𝑖, 𝛽𝑖, 𝜂𝑖, 𝐻𝑖, 𝐽𝑖
denote the maps and spaces of Lemma 22.11, with uniformly bounded boundary maps over the

parameter family.

Proposition 22.17. For all sufficiently large finite 𝐿, the glued quaternionic operator 𝐻 1 → 𝐿2 has an
exact bounded reduction to identity operators and a finite map

𝑀𝐿,𝑝,𝑧 ∶ 𝐾 ⟶ 𝐶0,𝑝 ⊕ 𝐶1,𝑝 , 𝑀𝐿,𝑝,𝑧 = (𝛽0,𝑝 , 𝛽1,𝑝𝑇𝑧) + 𝑂(𝐿−1). (22.30)

The error is uniform, including the thin families of Corollary 22.10, and has the same control derivatives.
The index is dimℍ 𝐾 − dimℍ 𝐶0 − dimℍ 𝐶1.

This is a reduction of the Fredholm pair with its injective locus, and identifies the actual cokernel
bundles there. On any compact subset where the limiting finite map is injective, the straight homotopy to
that map remains injective for sufficiently large 𝐿. In the skew case the assertion concerns the quaternionic
Fredholm pair; Proposition 22.23 computes the skew class.

Proof. In the skew case multiply the cylinder equation by 𝜎, a bounded target isomorphism. On the

direct sum of the three 𝐻 1
spaces include the transmission equations:

(𝑢0, 𝑤, 𝑢1) = (𝐴0𝑢0, 𝐴𝐶𝑤,𝐴1𝑢1, 𝛾𝑢0 − 𝑤(0), 𝛾𝑢1 − 𝑤(𝐿)).

The trace-difference map onto 𝑋 ⊕𝑋 has a bounded right inverse supported in fixed collars. Splitting

by it, and subtracting its contribution to the first three target coordinates, identifies  with the closed

operator plus 𝐼𝑋⊕𝑋 .

Apply (22.18) and (22.23). The change from 𝑠 to 𝑡 = 𝑠/𝐿 is a bounded domain and source isomor-

phism for each finite 𝐿. The domain coordinates are

(ℎ0, 𝑘0, 𝑏), (𝑓 , 𝑘, 𝑎, 𝑑), (ℎ1, 𝑘1, 𝑐), ℎ𝑖 ∈ 𝐶⟂
𝑖 .

The source target coordinates are (ℎ0, 𝑓 , ℎ1). Subtracting their contributions leaves these identity

blocks and the homogeneous transmission block

𝑘0 − 𝑘 = 0, 𝑏 − 𝐵−𝜖,𝑧(𝑘, 𝑎, 𝑑) = 0, 𝑐 − 𝐵+𝜖,𝑧(𝑘, 𝑎, 𝑑) = 0,
𝑎 − 𝐻0(𝑘0, 𝑏) = 0, 𝑑 − 𝐻1(𝑘1, 𝑐) = 0, 𝑘1 − 𝑇𝑧𝑘 − 𝐸𝜖,𝑧(𝑘, 𝑎, 𝑑) = 0,

with finite residuals 𝛽0𝑘0 + 𝜂0𝑏 and 𝛽1𝑘1 + 𝜂1𝑐. The right sides of these equations may be arbitrary

target vectors; the elimination is on the full operator.

Suppress the parameters, put ℎ = (𝑎, 𝑑), and write

𝐵𝜖(𝑘, ℎ) = 𝐵𝐾𝑘 + 𝐵𝐻ℎ, 𝐸𝜖(𝑘, ℎ) = 𝐸𝐾𝑘 + 𝐸𝐻ℎ,

where all four maps are 𝑂(𝜖). After eliminating 𝑘0, 𝑏, 𝑐, write the allowed-trace equations as

ℎ = 𝐾 (𝑘, 𝑘1) +𝐵(𝐵𝐾𝑘 + 𝐵𝐻ℎ).
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Both 𝐾 and 𝐵 are uniformly bounded. Consequently

ℎ = 𝐷0𝑘 + 𝐷1𝑘1, (𝐷0, 𝐷1) = (𝐼 −𝐵𝐵𝐻 )−1(𝐾 +𝐵𝐵𝐾 pr1)

has uniformly bounded coefficients. The last low equation gives

𝑘1 = 𝑆𝜖𝑘, 𝑆𝜖 = (𝐼 − 𝐸𝐻𝐷1)−1(𝑇𝑧 + 𝐸𝐾 + 𝐸𝐻𝐷0) = 𝑇𝑧 + 𝑂(𝜖).

Thus ℎ = (𝐷0 + 𝐷1𝑆𝜖)𝑘 and (𝑏, 𝑐) = 𝐵𝐾𝑘 + 𝐵𝐻 (𝐷0 + 𝐷1𝑆𝜖)𝑘 = 𝑂(𝜖)𝑘. Substitution into the two

residuals defines 𝑀𝐿 and proves (22.30).

Each elimination is a bounded invertible row or column operation, retaining an identity block

for every eliminated variable. The reduction is therefore exact, including its cokernel, and varies

continuously in the parameters. Triangular factors contract through invertible factors; the small blocks

contract linearly to 𝐼 . The remaining Hilbert coordinate changes contribute no class by quaternionic

Kuiper contractibility [13, §4, proof of Proposition 4.1], as in Lemma 22.6.

If the limit has least singular value 𝛿 > 0 on the indicated compact subset, choose ‖𝑀𝐿 − 𝐹‖ < 𝛿/2
there. Every point of the straight homotopy then has least singular value at least 𝛿/2. Differentiating

the displayed Schur complements at fixed 𝐿 proves the control derivative assertion. Exterior-parameter

derivatives obey the same bounds whenever the corresponding boundary maps and their derivatives

are uniformly bounded. □

22.11. Insertion inside a prescribed ball. Fix a nonempty open subset 𝑈 of a closed connected spin

manifold𝑀 , and a compact continuous smooth-coefficient family 𝑎𝑝 of compatible pairs. In dimension

4 (mod 8), assume its chiral operator is injective of index −𝑎. In dimension 5 (mod 8), assume its

skew operator is invertible. Choose the caps of Lemma 22.8 and a smooth cylinder control 𝑉∗ whose

endpoint satisfies

𝐹∗ = (𝛽0, 𝛽1𝑇∗) ∶ 𝐾 ⟶ 𝐶0 ⊕ 𝐶1 is an isomorphism. (22.31)

Such an endpoint exists: in the chiral case send ker 𝛽0 to a complement of ker 𝛽1; in the skew case

send the maximal null plane 𝐸0 to a null complement of 𝐸1. The preceding control lemmas realize

these endpoints.

Proposition 22.18. There are 𝐿0 < ∞ and 𝜌 > 0 for which 𝑎𝑝 is homotopic, in the same injective or
invertible locus and with support in a ball in 𝑈 , to the family

𝑊0 ∪ ([0, 𝐿0] × Σ, 𝑉∗) ∪ (𝑊1 #𝜌 𝑀𝑝).

The collars and 𝐵 are common. The latter exterior has injective low APS operator of index −(𝑟 + 𝑎)
in the chiral case and −𝑁 in the skew case. For this same 𝜌, every 𝐿 ≥ 𝐿0 remains in the required
locus. Injectivity, and invertibility in the skew case, persist uniformly for 𝐿 ≥ 𝐿0 under sufficiently small
perturbations of the exterior coefficients and rescaled controls, with the collars fixed. If the perturbations
also fix the data outside the chosen ball, the homotopy retains that support.

Proof. For the compact injective family there is 𝐶 with ‖𝑢‖𝐻 1 ≤ 𝐶‖𝐴𝑝𝑢‖𝐿2 . In normal coordinates,

𝑔𝑖𝑗 = 𝛿𝑖𝑗 + 𝑂(|𝑥|2) and 𝜕𝑔𝑖𝑗 = 𝑂(|𝑥|), uniformly in 𝑝. A cutoff on a ball of radius 𝑠 therefore changes

the Dirac operator by 𝑂(𝑠) ∶ 𝐻 1 → 𝐿2, throughout its interpolation to the Euclidean metric. Since

𝑛 ≥ 3,

‖1𝐵𝑠𝑄𝑢‖𝐿2 ≤ 𝐶𝑠‖𝑄‖∞‖𝑢‖𝐻 1 .

Removing the potential there has the same small norm. If the total change has norm below 1/(2𝐶), the

modified operator is bounded below by 1/(2𝐶). This preserves chiral injectivity, and skew invertibility

follows from index zero.

The Euclidean charts can be made common. In a reference chart at the fixed center 𝑥0, let 𝐺𝑝 be

the metric matrix and use the normal embedding 𝜙𝑝(𝑥) = exp𝑔𝑝𝑥0 (𝐺
−1/2
𝑝 𝑥). Its linear part is positive

definite. On a sufficiently small common ball, 𝜙𝑝,𝑡(𝑥) = (1− 𝑡)𝑥 + 𝑡𝜙𝑝(𝑥) is an isotopy of embeddings:

its derivative is a convex combination of uniformly positive matrices plus a uniformly 𝑂(|𝑥|) term.
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The supported isotopy extension theorem [59, Chapter 8, §1, Theorem 1.4] extends it on a smaller

ball. Parameter continuity follows by using the velocity field

𝑌𝑝,𝑡(𝜙𝑝,𝑡(𝑥)) = 𝜒(𝑥)𝜕𝑡𝜙𝑝,𝑡(𝑥)

with one cutoff 𝜒 equal to one on that smaller ball and extending it by zero. Its flows are supported in

a fixed ball in 𝑈 and depend continuously on 𝑝. Pullback, with the spin lift determined by the isotopy,

preserves kernels and makes the Euclidean zero-potential gluing ball common.

By Corollary 22.10, the low inverse gap and the boundary-coordinate bounds on 𝑊1 #𝜌 𝑀𝑝 are

uniform for 0 < 𝜌 < 𝜌1. Lemma 22.12 gives isometries 𝑗𝑝,𝜌 ∶ 𝐶1 → 𝐶1,𝑝,𝜌 with

(𝐼 ⊕ 𝑗∗𝑝,𝜌)(𝛽0, 𝛽1,𝑝,𝜌𝑇∗) ⟶ 𝐹∗

uniformly in 𝑝. Put 𝛿 = 𝑠min(𝐹∗) > 0. Since ‖𝐼 ⊕ 𝑗∗𝑝,𝜌‖ = 1, the unprojected rectangular map has least

singular value at least 𝛿/2 after decreasing 𝜌1. Its target rank is dimℍ 𝐾 + 𝑎 in the chiral case. The

uniform 𝐶/𝐿 error in Proposition 22.17 gives one 𝐿0 with 𝐶/𝐿0 < 𝛿/4, valid for every 0 < 𝜌 < 𝜌1
and 𝐿 ≥ 𝐿0. The glued operator is injective; in the skew case its index is zero and it is invertible. The

strict inequalities persist for small perturbations of the stated data. At 𝐿0, interpolation in coefficient

coordinates joins such a perturbation to the displayed endpoint within this neighborhood. It fixes the

exterior of the chosen ball when the perturbation does.

The two original caps joined by the length-𝐿0 cylinder similarly give an invertible pair 𝑏 on 𝑆𝑛.
Its designated gluing ball is Euclidean with zero potential. Choose a rotationally symmetric, zero-

potential pair 𝑏rd conformal to the round sphere and Euclidean on that ball. Conformal covariance

makes it invertible. Interpolate the two pairs relative to the ball. The closed case of Lemma 22.7, with

parameter dimension one and controls in its complement, gives an invertible path 𝑏𝑡 , fixed near its

endpoints and on a smaller gluing ball.

Apply Proposition 22.9 to the compact family (𝑎𝑝 , 𝑏𝑡). In the chiral case the disconnected doubles

have exactly 𝑎 quaternionic zero modes and a common nonzero gap. The upper spectral bound and

the index −𝑎 imply injectivity after gluing. In the skew case the same bound excludes zero. Choose

one positive 𝜌 below this pathwise threshold and 𝜌1. This produces a homotopy from 𝑎𝑝 #𝜌 𝑏rd to

𝑎𝑝 #𝜌 𝑏 . The already chosen 𝐿0 works at this radius for every subsequent 𝐿 ≥ 𝐿0.
The round attachment is joined to the original family by conformal covariance. Its replacement

disk is radial, 𝑑𝑠2 + 𝑓 (𝑠)2𝑔𝑆𝑛−1 , Euclidean near the outer boundary, with 𝑓 > 0 away from the center

and smooth odd expansion 𝑓 (𝑠) = 𝑠 + 𝑂(𝑠3) there. Solve

𝑑𝑟
𝑟

=
𝑑𝑠
𝑓 (𝑠)

, 𝑟 = 𝑓 (𝑠) on the outer Euclidean collar, 𝑢 = log
𝑓 (𝑠)
𝑟(𝑠)

.

Then 𝑟 is a radial diffeomorphism and the disk metric is 𝑒2𝑢(𝑑𝑟2 + 𝑟2𝑔𝑆𝑛−1). The odd expansion makes

𝑢 smooth at the center; 𝑢 = 0 on the outer collar. This identifies 𝑀#𝑆𝑛 with 𝑀 relative to the exterior.

The potential vanishes on the replacement disk, so interpolating 𝑢 to zero preserves kernels and fixes

the exterior pair. Combining this interpolation, the sphere path, and the initial preparation proves

the proposition. All radii used are positive. □

For relative constructions retain the preparation homotopy as a parameter annulus, whose outer

boundary is the original family. For a prescribed density apply the supported conformal normalization

of Lemma 8.1, including its rescaling of the potential.

22.12. Rectangular completion and cancellation. Quaternionic stabilization [70, Theorem II.12 and

its proof, pp. 108–109] gives

𝜋𝑖 Sp(𝑞) ⟶ 𝜋𝑖 Sp an isomorphism for 𝑖 ≤ 4𝑞 + 1, onto for 𝑖 = 4𝑞 + 2. (22.32)

Comparing the fibrations with common fibre Sp(𝑎) shows that Sp(𝑟 + 𝑎)/ Sp(𝑎) → Sp /Sp(𝑎) is

(4(𝑟 + 𝑎) + 2)-connected.
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Let 𝑎 ≥ 0, 𝑟 ≥ max(1, 𝑎), 0 ≤ 𝑘 ≤ 4𝑟 + 1, and 𝑑 = 𝑘 + 1. Let 𝐸0, 𝐸1 ⊂ 𝐷𝑑 × ℍ2𝑟
have ranks 𝑟, 𝑟 − 𝑎.

Choose separate source and target trivializations over the disk, carrying 𝐸0 and 𝐸1 to fixed coordinate

subspaces. In these coordinates put

𝐺 = GL2𝑟(ℍ), 𝑎 = {𝑇 ∈ 𝐺 ∶ 𝑞𝑇 |𝐸0 is injective},

where 𝑞 is quotient by 𝐸1. The trivializations extend over the disk and therefore preserve the relative

extension problem.

Lemma 22.19. (a) Let 𝑇0 ∶ 𝑆𝑘 → 𝑎 have a specified extension 𝐻 ∶ 𝐷𝑑 → 𝐺. If the stabilized Stiefel
class of 𝑞𝑇0|𝐸0 vanishes, there is an extension 𝑇 ∶ 𝐷𝑑 → 𝑎 which is 𝐺-homotopic to 𝐻 relative to 𝑆𝑘 .

(b) Every based class in 𝜋𝑘(Sp / Sp(𝑎)), 𝑘 ≥ 1, is represented, for sufficiently large 𝑟 , by the first
quotient columns of a based map to 𝑎 that is based nullhomotopic in 𝐺.

Proof. For (a), polar normalization retracts the injective quotient columns onto the Stiefel space. The

stated connectivity extends the boundary columns to a continuous family 𝐹𝑝 ∶ ℍ𝑟 → ℍ𝑟+𝑎
, 𝑝 ∈ 𝐷𝑑 ,

with ker 𝐹𝑝 = 0. Extend their 𝐸1 components 𝑋 over the disk and set 𝐿 = 𝑖𝐹 + 𝑋 , where 𝑖 includes 𝐸⟂1 .

The columns of 𝐿 are independent. Their orthogonal complement has rank 𝑟 and is trivial over the

disk; choose a frame 𝑊 . Every completion is uniquely

[𝐿, 𝐿𝐶 +𝑊𝑄] = [𝐿,𝑊 ](
𝐼 𝐶
0 𝑄) , 𝐶 ∈ Mat𝑟(ℍ), 𝑄 ∈ GL𝑟(ℍ). (22.33)

This frame is chosen only over the disk, after extending 𝐹 .

On 𝑆𝑘 , the given 𝑇0 determines 𝐶,𝑄. Both 𝑇0 and [𝐿,𝑊 ] extend to 𝐺. Their quotient is the

triangular matrix in (22.33), so contracting 𝐶 shows that [𝑄] maps to zero in 𝜋𝑘𝐺. For 𝑘 ≥ 1, base

these maps by constant translations. The stable range makes 𝜋𝑘GL𝑟(ℍ) → 𝜋𝑘𝐺 injective; hence 𝑄
extends. The matrix 𝐶 extends radially. This gives an extension 𝑇 in 𝑎.

Its difference from 𝐻 is the boundary-identity map 𝑇𝐻−1
, representing a class in 𝜋𝑑𝐺. Right

multiplication by diag(𝐼𝑟 , 𝑣), where 𝑣 ∶ (𝐷𝑑 , 𝑆𝑘) → (GL𝑟(ℍ), 𝐼 ), preserves 𝐿. The block inclusion is

onto on 𝜋𝑑 since 𝑑 ≤ 4𝑟 + 2. Choose 𝑣 to cancel [𝑇𝐻−1]. Indeed the new difference is

(𝑇 diag(𝐼𝑟 , 𝑣)𝑇−1)(𝑇𝐻−1).

Contracting the disk in the conjugating factor 𝑇 reduces its action to constant conjugation, while 𝑣 = 𝐼
on the boundary. Constant conjugation acts trivially on homotopy groups because 𝐺 is connected.

The new difference is nullhomotopic relative to the boundary, giving the required homotopy. For

𝑘 = 0, the injection and completion spaces are connected and 𝜋1𝐺 = 0; the same construction gives

the required path and relative homotopy.

For (b), represent the stable class by a based 𝐹 ∶ 𝑆𝑘 → 𝑉𝑟(ℍ𝑟+𝑎) = Sp(𝑟 +𝑎)/ Sp(𝑎) in a stage large

enough for the preceding stable ranges. Use ℍ2𝑟 = ℍ𝑟+𝑎 ⊕ℍ𝑟−𝑎
, 𝐸1 = 0 ⊕ ℍ𝑟−𝑎

, and set 𝐿 = (𝐹 , 0).
The rank-𝑟 complement of im 𝐿 is stably trivial. It is trivial since 𝜋𝑘𝐵 Sp(𝑟) → 𝜋𝑘𝐵 Sp is injective

for 𝑘 ≤ 4𝑟 + 2, by (22.32). Choose its frame 𝑊 with the prescribed basepoint value and complete to

𝑅 = [𝐿,𝑊 ], based at 𝐼 . Surjectivity of 𝜋𝑘GL𝑟(ℍ) → 𝜋𝑘𝐺 supplies a based 𝑣 for which 𝑅 diag(𝐼𝑟 , 𝑣) is

nullhomotopic. Its quotient columns remain 𝐹 .

For a different reference 𝑇∗ ∈ 𝑎, use 𝑅 = 𝑇𝑇−1
∗ and the transverse planes 𝑇∗𝐸0, 𝐸1. Choose a

basis of 𝑇∗𝐸0⊕𝐶𝑎⊕𝐸1, with 𝐶𝑎 an 𝑎-dimensional complement. The construction based at 𝑅 = 𝐼 then

gives the assertion based at 𝑇 = 𝑇∗. □

22.13. Quaternionic isotropic subspaces. Let 𝐾 = ℍ𝑁 ⊕ ℍ𝑁
have form 𝜎 = diag(𝐼 , −𝐼), and let

𝐸0, 𝐸1 be maximal null planes. Put

𝐺𝑁 = Sp(𝑁 , 𝑁 ), 𝑁 = {𝑇 ∈ 𝐺𝑁 ∶ 𝑇𝐸0 ∩ 𝐸1 = 0}.

Lemma 22.20. The inclusion 𝑁 → 𝐺𝑁 is equivalent up to homotopy to the diagonal Sp(𝑁 ) → Sp(𝑁)2.
Consequently

hofib(𝑁 → 𝐺𝑁 ) ≃ Ω Sp(𝑁), 𝜋𝑑(𝐺𝑁 ,𝑁 ) ≅ 𝜋𝑑 Sp(𝑁 ) (𝑑 ≥ 2).
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The absolute class (𝛼, 𝛽) maps to 𝛽 − 𝛼; stabilization is an isomorphism for 𝑑 ≤ 4𝑁 + 1.
Let 𝑇0 ∶ 𝑆𝑘 → 𝑁 extend to 𝐻 ∶ 𝐷𝑘+1 → 𝐺𝑁 . If [𝐻] vanishes stably as a relative class and

𝑘 + 1 ≤ 4𝑁 + 1, there is an extension 𝑇 ∶ 𝐷𝑘+1 → 𝑁 which is 𝐺𝑁 -homotopic to 𝐻 relative to the
boundary.

Proof. A maximal null plane is the graph of a quaternionic unitary from the positive to the negative

summand: its positive projection is injective, hence an isomorphism, and nullity says 𝐿∗𝐿 = 𝐼 . Thus

the null Grassmannian is Sp(𝑁 ). Writing 𝐸1 = graph 𝑅, its transverse chart consists of 𝐿with 𝑅−1𝐿−𝐼
invertible. The mutually inverse maps

𝐶 = (𝑅−1𝐿 + 𝐼)(𝑅−1𝐿 − 𝐼)−1, 𝑅−1𝐿 = (𝐶 − 𝐼)−1(𝐶 + 𝐼)

identify it with the vector space 𝐶∗ = −𝐶.

Choose 𝑇∗ ∈ 𝑁 and replace 𝑇 by 𝑇𝑇−1
∗ ; the source plane is then 𝐸̄0 = 𝑇∗𝐸0, transverse to 𝐸1.

Choose dual null bases for 𝐸̄0, 𝐸1. The stabilizer of 𝐸̄0 consists of

(
𝐴 𝐴𝑍
0 (𝐴∗)−1) , 𝐴 ∈ GL𝑁 (ℍ), 𝑍∗ = −𝑍.

Contract 𝑍 to zero and use the polar retraction of 𝐴. Its compact subgroup is the diagonal Sp(𝑁 ) in

the corresponding positive and negative coordinates. The orbit map to the null Grassmannian is a

principal stabilizer bundle. Over the contractible transverse chart its fibre inclusion is a homotopy

equivalence; this identifies 𝑁 → 𝐺𝑁 with the stabilizer inclusion.

For the polar decomposition 𝑇 = 𝑢𝑃 in 𝐺𝑁 , 𝜎𝑃𝜎 = 𝑃−1 and 𝑢 commutes with 𝜎. The path 𝑢𝑃1−𝑠
retracts 𝐺𝑁 onto Sp(𝑁 )2 and fixes the compact stabilizer. The quotient of these compact groups is

(𝑎, 𝑏) ⟼ 𝑏𝑎−1 ∈ Sp(𝑁 ).

Its fibre is the diagonal, so its fibre sequence gives the stated homotopy fibre and relative groups.

Multiplication and inversion give (𝛼, 𝛽) ↦ 𝛽 − 𝛼 on these groups. The stabilization range is (22.32).

For 𝑘 ≥ 1, the diagonal map on 𝜋𝑘 is injective. Since 𝑇0 extends to 𝐺𝑁 , it therefore extends to

𝑇1 ∶ 𝐷𝑘+1 → 𝑁 . Write [𝑇1𝐻−1] = (𝛼, 𝛽) in 𝜋𝑘+1 Sp(𝑁 )2. Its relative image is zero stably; the stated

range gives 𝛼 = 𝛽 already at this finite stage. Right-multiply 𝑇1 by a boundary-identity map in the

stabilizer of 𝐸0 representing the negative diagonal class. This preserves 𝑇1𝐸0 and cancels [𝑇1𝐻−1], by

the conjugation argument in Lemma 22.19. It gives the required relative homotopy. For 𝑘 = 0, both

spaces are connected and 𝐺𝑁 is simply connected, which gives the assertion directly. For 𝑁 = 0, both

𝐺𝑁 and 𝑁 are a point. □

22.14. Quaternionic skew operators and finite boundary relations. In dimension 𝑛 ≡ 5 (mod 8),
put 𝐴 = 𝑖(𝐷 + 𝑉 ). The charge conjugation identities make 𝐴 quaternionic-linear and skew-adjoint.

All Hilbert spaces, adjoints, and dimensions in this subsection are quaternionic. Put

Cay(𝐴) = (𝐴 + 𝐼)(𝐴 − 𝐼)−1.

Thus Cay(𝑖(𝐷 + 𝑉 )) = (𝐷 + 𝑉 − 𝑖)(𝐷 + 𝑉 + 𝑖)−1. Let Spc denote the norm-topological group of

quaternionic unitaries 𝐼+ compact, and put

Sp◦c =  = {𝑈 ∈ Spc ∶ 𝑈 + 𝐼 is invertible}.

The map 𝑈 ↦ (𝑈 − 𝐼)(𝑈 + 𝐼)−1 identifies this open set with the real vector space of compact

quaternionic skew-adjoint operators. For a compact CW pair (𝑃, 𝑃0), a norm-resolvent-continuous

family of compact-resolvent skew-adjoint operators, invertible on 𝑃0, therefore represents

𝐾 Sp−1(𝑃, 𝑃0) = 𝐾𝑂−5(𝑃, 𝑃0) by a map to (Spc, Sp
◦
c). (22.34)

This is the quaternionic form of the real Fredholm model [13, Theorem A(𝑘) and Sections 2, 4–5].

More explicitly, Cl0,4 = Mat2(ℍ) has volume involution 𝜔; on its simple module tensored with a

quaternionic multiplicity space, 𝜔 ⊗ 𝐴 is skew-adjoint and anticommutes with the four Clifford
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generators. Conversely every such operator has this form. The degree-five real Morita identification

therefore has a single quaternionic multiplicity factor. The displayed Cayley convention fixes its

sign. One can compare it directly with the exponential representative of the bounded transform 𝐹 =
𝐴(1 −𝐴2)−1/2. On the imaginary spectral parameter 𝑖𝑥 , the two representatives are − exp(2𝑖 arctan 𝑥)
and − exp(𝜋𝑖𝑥/

√
1 + 𝑥2). For 0 ≤ 𝑡 ≤ 1 put

𝜙𝑡(𝑥) = (1 − 𝑡)2 arctan 𝑥 + 𝑡𝜋𝑥(1 + 𝑥2)−1/2.

This odd function lies in (−𝜋, 𝜋), has the sign of 𝑥 , and tends to±𝜋 at the two ends, uniformly in 𝑡. Thus

−𝑒𝑖𝜙𝑡 (𝑥) − 1 belongs to 𝐶0(ℝ) and varies continuously there in the uniform norm. Functional calculus

gives a norm-continuous homotopy of 𝐼+ compact quaternionic unitaries whose −1 eigenspace is

ker 𝐴. It preserves the relative invertible locus.

Let 𝑆 be a closed densely defined injective skew-symmetric operator with closed range and finite-

dimensional 𝐶 = ker(−𝑆∗). Suppose that 𝑆 has an invertible skew-adjoint extension 𝐴0 with compact

inverse 𝑅. Write 𝐾 ∶ 𝐶 ↪ H for the isometric inclusion and 𝑆max = −𝑆∗. For a maximal-null

subspace  ⊂ 𝐶 ⊕ 𝐶 for the form

ℎ((𝑥, 𝑦), (𝑥′, 𝑦′)) = ⟨𝑦, 𝑥′⟩ + ⟨𝑥, 𝑦′⟩,

define the extension 𝐴 by

𝑢 = 𝑅𝑓 + 𝐾𝑥, 𝑓 = 𝑆max𝑢, (𝑥, 𝐾∗𝑓 ) ∈ .

Regard  as a linear relation, with ker = {𝑥 ∶ (𝑥, 0) ∈ } and Cayley transform (𝑦 − 𝑥) ↦ 𝑦 + 𝑥 .

This convention includes vertical relations.

Lemma 22.21. The operator𝐴 is skew-adjoint with compact resolvent. Its Cayley transform is homotopic
to Cay() ⊕ 𝐼𝐶⟂ through Spc, with constant −1 eigenspace 𝐾 ker. The homotopy is continuous in
𝐾, 𝑅, and hence preserves invertibility on every relative parameter set.

Proof. Every 𝑢 ∈ dom𝑆max has the stated unique decomposition, since 𝑆max(𝑢 − 𝑅𝑓 ) = 0. Set Γ0𝑢 = 𝑥
and Γ1𝑢 = 𝐾∗𝑓 . Skewness of 𝑅 gives

⟨𝑆max𝑢, 𝑣⟩ + ⟨𝑢, 𝑆max𝑣⟩ = ⟨Γ1𝑢, Γ0𝑣⟩ + ⟨Γ0𝑢, Γ1𝑣⟩. (22.35)

The boundary map is onto, since 𝑢 = 𝑅𝐾𝑦 +𝐾𝑥 has boundary values (𝑥, 𝑦). Its kernel is dom𝑆, since

the radical of the left side is that domain, by 𝑆∗max = −𝑆. The annihilator of a maximal-null  is 
itself. Formula (22.35) thus proves equality of the extension and minus its adjoint, including their

domains. For a graph-bounded sequence 𝑢 = 𝑅𝑓 + 𝐾𝑥 , both 𝑓 and 𝑥 = 𝐾∗(𝑢 − 𝑅𝑓 ) are bounded.

Compactness of 𝑅 and finite dimension of 𝐶 give a convergent subsequence in H . Thus the maximal

domain embeds compactly, which proves compactness of the extension resolvent.

The defining domain formula gives the equality of relations

𝐴−1
 = 𝑅 + 𝐾−1𝐾∗. (22.36)

The domain on the right is {𝑓 ∶ 𝐾∗𝑓 ∈ ran}, and its multivalued part is 𝐾 ker. Put

𝑄0 = 𝐾−1𝐾∗, 𝑄𝑡 = 𝑡𝑅 + 𝑄0, 𝐸𝑡 = (𝐼 − 𝑄𝑡)−1, 𝑉𝑡 = 2𝐸𝑡 − 𝐼 .

For a maximal skew relation on a finite-dimensional space,

‖𝑢 ∓ 𝑞‖2 = ‖𝑢‖2 + ‖𝑞‖2 ((𝑢, 𝑞) ∈ 𝑄).

The maps (𝑢, 𝑞) ↦ 𝑢 ∓ 𝑞 are therefore injective; equality of dimensions makes them isomorphisms.

Applied on 𝐶, this shows that 𝐸0 depends continuously on . On 𝐶⟂
it is 𝐼 , so 𝐸0 − 𝐼 has finite rank.

For 𝑞0 ∈ 𝑄0𝑢 put 𝑦 = 𝑢 − 𝑞0 and 𝑥 = 𝑦 − 𝑡𝑅𝑢. Then 𝑢 = 𝐸0𝑦 and 𝑥 = (𝐼 − 𝑡𝑅𝐸0)𝑦, so

𝐸𝑡 = 𝐸0(𝐼 − 𝑡𝑅𝐸0)−1 (22.37)
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once the last inverse exists. If 𝑦 = 𝑡𝑅𝐸0𝑦 and 𝑢 = 𝐸0𝑦, then 𝑦 ∈ 𝑢−𝑄0𝑢 and hence 𝑢 ∈ 𝑄𝑡𝑢. Skewness

gives 𝑢 = 0, then 𝑦 = 0. The Fredholm alternative applies to 𝐼 − 𝑡𝑅𝐸0 and proves its invertibility. The

same argument for 𝐼 + 𝑄𝑡 shows that 𝑉𝑡 is onto. The identity ‖𝑢 + 𝑞‖ = ‖𝑢 − 𝑞‖ shows it is unitary.

Formula (22.37) proves norm continuity and 𝑉𝑡 − 𝐼 compact.

The kernel of 𝐸𝑡 is the multivalued part of 𝑄𝑡 , namely 𝐾 ker, so this is exactly ker(𝑉𝑡 + 𝐼) for

every 𝑡. Finally (22.36) gives

𝑉1 = Cay(𝐴), 𝑉0 = Cay() ⊕ 𝐼𝐶⟂ .

All formulas are invariant under unitary changes of frame of 𝐶; they therefore apply to finite kernel

bundles as well. □

22.15. A fixed midpoint restriction. Let 𝑃 be a compact CW complex, and join two compact caps by

a product cylinder of length 𝐿. Assume the coefficients are continuous in the smooth topology, the

tangential operator 𝐵 and its product collar are fixed, and the low APS realizations on both caps are

injective. In the present symmetry class their full APS realizations are surjective by (22.8). On the

cylinder write

𝐴𝐿,𝑝 = 𝜎(𝜕𝑠 + 𝐵 + 𝐿−1𝑉𝑝(𝑠/𝐿)), 𝜎∗ = 𝜎, 𝜎2 = 𝐼 , 𝐵∗ = 𝐵, 𝐵𝜎 = −𝜎𝐵, 𝑉 ∗
𝑝𝜎 + 𝜎𝑉𝑝 = 0.

(22.38)

The controls form one compact smooth family, supported away from the outer ends. Put 𝐾0 = ker 𝐵,

let 𝑃𝐾 be its orthogonal projection, and assume that 𝜎|𝐾0 has signature (𝑁 , 𝑁 ). Let 𝐸0, 𝐸1 ⊂ 𝐾0 be

the cap low Cauchy spaces. They are maximal-null 𝑁 -planes. Let 𝑇− and 𝑇+ be the transfers of

𝑢′ + 𝑃𝐾𝑉𝑝𝑃𝐾𝑢 = 0 on [0, 1/2] and [1/2, 1], and put 𝑇 = 𝑇+𝑇−. Since 𝑃𝐾𝜎 = 𝜎𝑃𝐾 , their generators

satisfy 𝑍∗𝜎 + 𝜎𝑍 = 0; hence 𝑇 ∗
±𝜎𝑇± = 𝜎.

At the midpoint define

dom𝑆𝐿,𝑝 = {𝑢 ∈ 𝐻 1(𝑀𝐿) ∶ 𝑃𝐾𝛾𝐿/2𝑢 = 0}, 𝑆𝐿,𝑝𝑢 = 𝐴𝐿,𝑝𝑢. (22.39)

Write 𝛾𝑙 , 𝛾𝑟 for the traces from the two sides of the cut and put

 = 𝐾0,𝑙 ⊕ 𝐾0,𝑟 , ℎ = 𝜎 ⊕ (−𝜎), Δ = {(𝑥, 𝑥) ∶ 𝑥 ∈ 𝐾0}.

Proposition 22.22. For all sufficiently large 𝐿, uniformly on 𝑃 , the restriction 𝑆𝐿 is injective and Fredholm
of quaternionic index −2𝑁 . Its maximal domain consists of the piecewise 𝐻 1 sections whose high traces
agree at the cut; its boundary quotient is (, ℎ), and the closed extension corresponds to Δ.

The kernels 𝐶𝐿,𝑝 = ker(−𝑆∗𝐿,𝑝) form a continuous rank-2𝑁 bundle. Their low traces are maximal-null
planes Λ𝐿,𝑝 and satisfy

Λ𝐿,𝑝 = (𝑇−𝐸0,𝑝) ⊕ (𝑇−1
+ 𝐸1,𝑝) + 𝑂(𝐿−1), (22.40)

where the error is in the norm of orthogonal projections.

Proof. The empty-boundary case of [18, Theorems 4.9 and 4.11], applied to the formally self-adjoint

Dirac-type operator −𝑖𝐴, gives the closed domain 𝐻 1
and equivalence of its graph and 𝐻 1

norms.

Rellich’s theorem gives compact resolvent. The APS domains on the compact caps are elliptic domains

in that source. The fixed collar and low injectivity give the 𝐻 1/2
trace maps of Lemma 22.11. The

compact control family satisfies the coefficient bounds of Lemma 22.16 on the full cylinder and each

half. The half-interval estimates use only the coefficient bounds and the length of the interval; they

do not require the control to vanish at the midpoint.

The trace in (22.39) is onto 𝐾0, by a smooth collar lift. Its kernel is dense in 𝐿2, since it contains

smooth sections supported away from the cut. It is graph-closed of codimension 2𝑁 in the closed

domain. Hence 𝑆𝐿,𝑝 is Fredholm of index −2𝑁 . To prove injectivity, let 𝑢 be a closed zero mode, and

let 𝑘 be its left low value. The two cap high-trace equations and Lemma 22.16 give

‖𝑎‖𝐻 1/2 + ‖𝑑‖𝐻 1/2 ≤ 𝐶‖𝑘‖, 𝑃𝐾𝑢(𝐿/2) = 𝑇−𝑘 + 𝑂(𝐿−1)𝑘.
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Indeed, the cap equations and the cylinder traces give

‖𝑎‖𝐻 1/2 + ‖𝑑‖𝐻 1/2 ≤ 𝐶‖𝑘‖ +
𝐶
𝐿
(‖𝑎‖𝐻 1/2 + ‖𝑑‖𝐻 1/2).

Absorb the last term and apply the low estimate at 𝑠 = 𝐿/2. Put 𝐶𝑇 = max(1, sup𝑝∈𝑃 ‖𝑇−1
− ‖). A zero

midpoint trace implies ‖𝑘‖ ≤ 𝐶𝑇𝐶𝐿−1‖𝑘‖. Thus 𝑘 = 0 for large 𝐿, then 𝑎 = 𝑑 = 0. Cylinder uniqueness

and low injectivity on both caps give 𝑢 = 0.

Suppress 𝐿, 𝑝, and write 𝜏 = 𝑃𝐾𝛾𝐿/2 on the closed 𝐻 1
domain. If 𝑢 ∈ dom(−𝑆∗) and 𝑓 = −𝑆∗𝑢, the

continuous functional

𝑣 ⟼ ⟨𝑓 , 𝑣⟩ + ⟨𝑢, 𝐴𝑣⟩, 𝑣 ∈ 𝐻 1(𝑀𝐿),

vanishes on ker 𝜏 and therefore factors through 𝐾0. Choose 𝑤 ∈ 𝐾0 representing it as ⟨𝑤, 𝜏𝑣⟩. There

is a smooth piecewise section 𝑗 with only a low jump, 𝛾𝑙𝑗 − 𝛾𝑟 𝑗 = 𝜎𝑤, supported near the cut. Green’s

formula gives

⟨𝐴pw𝑗 , 𝑣⟩ + ⟨𝑗, 𝐴𝑣⟩ = ⟨𝑤, 𝜏𝑣⟩.

Subtracting this identity shows that 𝑢 − 𝑗 ∈ dom𝐴∗ = 𝐻 1
. Thus 𝑢 is piecewise 𝐻 1

and its high traces

agree. Conversely, Green’s formula for any such section has only the low jump term, which vanishes

on ker 𝜏; hence it belongs to dom(−𝑆∗). This also proves −𝑆∗𝑢 = 𝐴pw𝑢.

Independent low lifts show that the two low traces map this maximal domain onto , with kernel

dom𝑆. Green’s formula is exactly ℎ. Since 𝑆 is injective with closed range, −𝑆∗ is onto and has

kernel dimension 2𝑁 . The maximal domain is a fixed piecewise 𝐻 1
Banach space; its graph norm

is equivalent to that norm by the closed graph theorem. On this domain the surjective maps 𝑆max,𝑝
are continuous. For a right inverse 𝑅∗ at 𝑝∗, the formula 𝑅𝑝 = 𝑅∗(𝑆max,𝑝𝑅∗)−1 gives local continuous

right inverses. The projections 𝐼 − 𝑅𝑝𝑆max,𝑝 therefore define a continuous kernel bundle in piecewise

𝐻 1
. Its low trace is injective: a zero low trace would give a vector in ker 𝑆. Green’s formula makes its

image null; its dimension 2𝑁 = 1
2 dim makes it maximal null. This also proves continuity of Λ𝐿.

For (22.40), retain independent midpoint low values. Write 𝑘 for the left end value and 𝓁 for the

value on the right side of the midpoint. Write (𝑎0, 𝑑−, 𝑎+, 𝑑1) for the four incoming high data of the

two half-cylinders. Their outgoing data satisfy

(𝑏0, 𝑐𝑚) = 𝑂(𝐿−1)(𝑘, 𝑎0, 𝑑−), (𝑏𝑚, 𝑐1) = 𝑂(𝐿−1)(𝓁, 𝑎+, 𝑑1),

and the right final low value is 𝑘1 = 𝑇+𝓁 + 𝑂(𝐿−1)(𝓁, 𝑎+, 𝑑1). The four high equations are

𝑎0 = 𝐻0(𝑘, 𝑏0), 𝑑− = 𝑏𝑚, 𝑎+ = 𝑐𝑚, 𝑑1 = 𝐻1(𝑘1, 𝑐1).

Here 𝐻𝑖 are the cap maps of Lemma 22.11. After substituting the cylinder formulas, this is an equation

ℎ = 𝐺(𝑘, 𝓁) + ℎ, with ‖‖ ≤ 𝐶/𝐿. It has a unique bounded solution, continuous in the parameters.

The remaining cap equations are therefore

𝐹𝐿(𝑘, 𝓁) = 0, 𝐹𝐿 = (𝑃𝐸⟂0 𝑘, 𝑃𝐸⟂1 𝑇+𝓁) + 𝑂(𝐿
−1)(𝑘, 𝓁). (22.41)

Indeed the exact cap constraints are 𝑃𝐸⟂0 (𝑘 − 𝑒0𝑏0) = 0 and 𝑃𝐸⟂1 (𝑘1 − 𝑒1𝑐1) = 0.

The leading map 𝐹∞ has the uniformly bounded right inverse (𝑢, 𝑣) ↦ (𝑢, 𝑇−1
+ 𝑣). Thus 𝐹𝐿 is onto,

with right inverse 𝑅𝐿 = 𝑅∞(𝐹𝐿𝑅∞)−1. The map (𝐼 − 𝑅𝐿𝐹𝐿)|ker 𝐹∞ is 𝐼 + 𝑂(𝐿−1) and identifies ker 𝐹∞
with ker 𝐹𝐿. The two midpoint traces of the reconstructed section are

(𝑇−𝑘 + 𝑂(𝐿−1)(𝑘, 𝓁), 𝓁).

Thus the map from ker 𝐹∞ = 𝐸0 ⊕ 𝑇−1
+ 𝐸1 to Λ𝐿 differs from (𝑘, 𝓁) ↦ (𝑇−𝑘, 𝓁) by 𝑂(𝐿−1) and has a

uniform lower bound. For an injective map 𝑍 , the projection onto its image is 𝑍(𝑍∗𝑍)−1𝑍∗
. Applying

this formula proves (22.40). □
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22.16. The relative Cayley class. Fix a positive–negative polarization of  and write maximal-null

planes as graphs of unitaries. For a domain plane Δ and a Cauchy plane Λ put

𝐶(Δ, Λ) = −𝑈−1
Δ 𝑈Λ. (22.42)

This is a unitary, and 𝐶 + 𝐼 is invertible precisely when Δ ∩ Λ = 0.

Proposition 22.23. Under the midpoint hypotheses, let 𝑃0 ⊂ 𝑃 be a closed subcomplex on which
𝑇𝐸0 ∩ 𝐸1 = 0. For sufficiently large 𝐿, 𝐴𝐿 is invertible on 𝑃0, and its class in (22.34) is represented by
(22.42) for the pair

(Δ, (𝑇𝐸0) ⊕ 𝐸1) in (𝐾0 ⊕ 𝐾0, 𝜎 ⊕ (−𝜎)). (22.43)

For fixed 𝐸0, 𝐸1, the induced map from the transmission pair (𝐺𝑁 ,𝑁 ) has coefficient one: on Sp(𝑁 )2 it
is [𝑏] − [𝑎]. It induces an isomorphism on 𝜋𝑑 , with target 𝐾𝑂5+𝑑 , for 1 ≤ 𝑑 ≤ 4𝑁 + 1.

Proof. For the invertible reference extension in Lemma 22.21, fix a positive–negative polarization of

 and write Λ𝐿 = graph𝑈 . The plane graph(−𝑈) is maximal null and transverse to Λ𝐿. Its extension

𝐴0 is skew-adjoint, by the exact boundary quotient, and has zero kernel. The piecewise 𝐻 1
domain

embeds compactly into 𝐿2, so this extension is Fredholm with compact resolvent; skew-adjointness

makes it onto. Its inverse 𝑅 is compact. These inverses are continuous. Let 𝐽 be a fixed right inverse

of the finite trace map 𝛾 and let 𝑃𝑝 be the orthogonal projection onto the reference extension plane.

Near 𝑝∗, the map

𝑊𝑝 = 𝐼 + 𝐽 (𝑃𝑝 − 𝑃𝑝∗)𝛾

is invertible on the maximal domain and carries the domain at 𝑝∗ onto the domain at 𝑝: its trace on

the former plane is 𝑃𝑝 . The maps 𝐴0,𝑝𝑊𝑝 are continuous bounded bijections from the fixed domain,

with its piecewise 𝐻 1
norm, to 𝐿2. Thus 𝑅𝑝 = 𝑊𝑝(𝐴0,𝑝𝑊𝑝)−1 is continuous, also as a map to the

maximal domain. Compactness of 𝑃 gives uniform inverse bounds. The low trace followed by positive

projection is an isomorphism 𝐶𝐿,𝑝 → +. If 𝑍𝑝 is its inverse, then 𝐾𝑝 = 𝑍𝑝(𝑍∗
𝑝𝑍𝑝)−1/2 is a continuous

isometric embedding of the fixed space + onto 𝐶𝐿,𝑝 . Thus Lemma 22.21 applies globally, also when

the closed nullity jumps. Let 𝑉 f
𝑝 ∈ Sp(+) be its finite Cayley representative transported from 𝐶𝐿,𝑝 by

𝐾𝑝 . To place it in a fixed summand, stabilize once and use

𝐾𝑝,𝜃 = (cos 𝜃𝐾𝑝 , sin 𝜃𝐼) ∶ + ⟶ H ⊕+, 𝐼 + 𝐾𝑝,𝜃(𝑉 f
𝑝 − 𝐼)𝐾

∗
𝑝,𝜃, 0 ≤ 𝜃 ≤ 𝜋/2.

This is a unitary homotopy from the representative on 𝐶𝐿,𝑝 to the same matrix on the fixed second

summand. Its spectrum away from 1 is unchanged, so it preserves the relative condition.

In that lemma’s coordinates put 𝑝 = (𝑥+𝑦)/
√
2, 𝑞 = (𝑥−𝑦)/

√
2. The Green form is ⟨𝑝, 𝑝⟩′−⟨𝑞, 𝑞⟩′,

and the Cauchy plane 𝑦 = 0 has graph 𝐼 . A relation  has graph unitary

𝑈 = (𝐼 − )(𝐼 + )−1, Cay() = −𝑈−1
 .

These formulas mean the maps 𝑥 + 𝑦 ↦ 𝑥 − 𝑦 on the relation, so also hold for vertical relations.

The Green isometry diag(𝐼 , 𝑈−1
Λ ) changes the two graph unitaries to 𝑈−1

Λ 𝑈Δ and 𝐼 . The graph-pair

matrix in these coordinates is therefore −(𝑈−1
Λ 𝑈Δ)−1 = −𝑈−1

Δ 𝑈Λ, as in (22.42). Its −1 eigenspace is

isomorphic to Δ ∩ Λ.

The relative class is independent of the boundary coordinates. A simultaneous Green isometry 𝑔
preserves intersections. With 𝐽 = diag(𝐼 , −𝐼), its polar decomposition is 𝑔 = 𝑘𝐻 , where 𝑘𝐽 = 𝐽𝑘 and

𝐽𝐻𝐽 = 𝐻−1
. Thus 𝑘𝐻 𝑡 is a path of Green isometries from 𝑘 to 𝑔 . Apply it simultaneously to both

planes; their transversality is unchanged. For 𝑘 = diag(𝑎, 𝑑) the representative changes to 𝑎𝐶𝑎−1.
This is stably homotopic to 𝐶 through conjugations: if 𝑅𝜃 is the ordinary real block rotation, then

diag(𝑎, 𝐼 )𝑅𝜃 diag(𝐼 , 𝑎−1)𝑅−1𝜃 , 0 ≤ 𝜃 ≤ 𝜋/2,

runs from diag(𝑎, 𝑎−1) to 𝐼 . Conjugating 𝐶 ⊕ 𝐼 along this path preserves the entire spectrum. This

proves invariance of the full relative class, including for parameter-dependent Green coordinates.
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The two coordinate systems above consequently give the same relative class, so (22.42) represents the

class of 𝑉 f
𝑝 .

Proposition 22.22 compares actual maximal-null planes. If 𝑈𝐿, 𝑈∞ are their graph unitaries, then

𝑈𝑠 = 𝑈∞ exp(𝑠 log(𝑈−1
∞ 𝑈𝐿)), 0 ≤ 𝑠 ≤ 1,

is defined by the principal logarithm for large 𝐿 and remains𝑂(𝐿−1) from 𝑈∞. Compactness of 𝑃0 gives

a positive least singular value for 𝑈Δ−𝑈∞ there. Increasing 𝐿makes the whole path transverse to Δ on

𝑃0. Lemma 22.21 and (22.42) identify the actual family class with this limiting pair. Applying 𝑇+ to both

boundary factors fixes Δ and sends the limiting Cauchy plane to (𝑇𝐸0)⊕𝐸1. The coordinate-invariance

argument just given proves (22.43).

This also covers independent end gauges. If 𝐸𝑖(𝑝) = 𝑔𝑖(𝑝)𝐸∗𝑖 , then the simultaneous Green isometry

diag(𝑔−11 , 𝑔−11 ) fixes Δ and sends (22.43) to

(Δ, (𝑇𝐸∗0) ⊕ 𝐸
∗
1), 𝑇 = 𝑔−11 𝑇𝑔0.

Thus the complete relative class is unchanged when the end planes and the transmission map are

transformed together.

For the normalization, choose 𝑇∗ ∈ 𝑁 . Replacing 𝑇 by 𝑇𝑇−1
∗ and 𝐸0 by 𝑇∗𝐸0 makes 𝐼 the basepoint.

A fixed block-unitary change then makes 𝐸0 = graph 𝐼 . Choose 𝐾0 = ℍ𝑁
+ ⊕ℍ𝑁

− with 𝜎 = diag(𝐼 , −𝐼),
and write 𝑇𝐸0 = graph 𝐿 and 𝐸1 = graph 𝑅. Give the doubled boundary space positive coordinates

(𝑥+𝑙 , 𝑥
−
𝑟 ) and negative coordinates (𝑥−𝑙 , 𝑥

+
𝑟 ). Direct substitution gives

𝑈Λ = diag(𝐿, 𝑅−1), 𝑈Δ = 𝐽0 = (
0 𝐼
𝐼 0) , 𝐶 = −𝐽0 diag(𝐿, 𝑅−1). (22.44)

The condition 𝐶 + 𝐼 invertible is exactly 𝐿 − 𝑅 invertible. For 𝑇 = diag(𝑎, 𝑏) one has 𝐿 = 𝑏𝑎−1, so the

stable absolute homotopy map of (22.44) is [𝑏] − [𝑎]; 𝑅 and −𝐽0 are constant. Stable multiplication

and block sum give the same operation, as follows from the same block rotation used above.

This absolute calculation determines the relative map without removing −𝐽0 by a boundary-

changing homotopy. Indeed, the exact graph-pair map sends 𝑁 into Sp◦c. By Lemma 22.20, the map

𝜋𝑑−1(𝑁 ) → 𝜋𝑑−1(𝐺𝑁 ) is the injective diagonal map. For 𝑑 ≥ 2 the long exact sequence therefore

identifies 𝜋𝑑(𝐺𝑁 ,𝑁 )with the quotient of 𝜋𝑑(𝐺𝑁 ) by the diagonal image. Since Sp◦c is contractible, the

corresponding target relative group is 𝜋𝑑(Spc). Naturality gives exactly the quotient homomorphism

[𝑏]−[𝑎]. For 𝑑 = 1 both groups vanish. The stabilization range in Lemma 22.20 gives the isomorphism

in this range. Finally (22.34) on (𝐷𝑑 , 𝑆𝑑−1) gives 𝐾𝑂5+𝑑 ; for 𝑑 = 𝑘 + 1 this is 𝐾𝑂𝑛+𝑘+1. □

22.17. Homotopy groups of compatible pairs.

Proposition 22.24. Let 𝑀 be closed, connected and spin, and let 𝑈 ⊂ 𝑀 be nonempty and open. The
supported spaces 𝑌𝑎(𝑈) in residue four and 𝑌5(𝑈) in residue five are nonempty. The maps (22.4) and
(22.6) are weak homotopy equivalences.

Proof. Work first without a density constraint. Lemma 8.1 normalizes families relative to their already

normalized parameters. The closed case of Lemma 22.7, with perturbations in one ball in 𝑈 , proves

nonemptiness. Applied to a coefficient path relative to its endpoints, it proves path connectedness:

the relevant codimensions are 4(𝑎 + 1) > 1 and 3 > 1. The targets are connected. It remains to prove

bijectivity on 𝜋𝑘 for 𝑘 ≥ 1.

Families with a product cylinder. Put 𝑑 = 𝑘 + 1. Given 𝑓 ∶ 𝑆𝑘 → 𝑌 , make it constant near

its basepoint and approximate it smoothly in logarithmic metric and linear multiplier coordinates,

relative to that neighborhood. The compact family of injective operators 𝐻 1 → 𝐿2 has a common

positive lower bound. A sufficiently close approximation and its interpolation therefore stay in 𝑌 .

Retain that interpolation as an outer annulus, so that the eventual filling has exactly the original

continuous boundary.
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Choose two disjoint balls compactly contained in 𝑈 . Use the first for the insertion and the second,

in the connected exterior, for supported genericity. By the unbounded ranks of Lemma 22.8, choose

{
𝑟 ≥ max(1, 𝑎), 𝑑 < 4(𝑟 − 𝑎 + 1), 𝑘 ≤ 4𝑟 + 1, 𝑛 ≡ 4 (mod 8),
𝑑 < 4𝑁 + 3, 𝑑 ≤ 4𝑁 + 1, 𝑛 ≡ 5 (mod 8).

(22.45)

Proposition 22.18 gives a homotopy in 𝑌 to a family containing a product cylinder. Retain it as a

second annulus. Its tangential operator, product collars, and cylinder control are fixed, its neck radius

is positive, and its limiting matching map is uniformly injective. The control has a final interval on

which it is zero. Every subsequent lengthening remains in 𝑌 .

In residue four the fixed cap has low and full indices −𝑟, 𝑟 ; the exterior has indices −𝑟 −𝑎, 𝑟 −𝑎 and

is low-injective. Make its full boundary family surjective by a sufficiently small relative perturbation

from Lemma 22.7. The low gap and the limiting injection remain positive throughout its interpolation.

First choose a cylinder length valid for this compact interpolation and reach it by lengthening; then

perform the perturbation at that length. Retain the resulting annuli. In residue five low injectivity

already implies full surjectivity by (22.8).

Extend the exterior coefficients over 𝐷𝑑 , constant on a boundary parameter collar and fixed on the

spatial collar and 𝑀 ⧵ 𝑈 . Indeed, in one spinor comparison, convex interpolation of positive metric

tensors and affine interpolation of multipliers, with a radial cutoff, give an extension constant near

the centre. Smooth it relative to the boundary collar. Apply Lemma 22.7 inside the second ball, with

perturbations zero near 𝑆𝑘 . In residue four its indices are −𝑟 − 𝑎 for the low problem and −(𝑟 − 𝑎) for

the adjoint full problem; the first line of (22.45) gives both avoidance inequalities. In residue five use

its second line. The resulting disk is low-injective and full-surjective, so its cokernel and low Cauchy

bundles extend over the disk.

Injectivity in residue four. Write 𝐾 = ℍ2𝑟
. The exact sequence (22.20) gives surjections 𝛽𝑖 ∶ 𝐾 → 𝐶𝑖,

with

dimℍ 𝐶0 = 𝑟, dimℍ 𝐶1 = 𝑟 + 𝑎, 𝐸𝑖 = ker 𝛽𝑖, dimℍ 𝐸0 = 𝑟, dimℍ 𝐸1 = 𝑟 − 𝑎.

Choose independent gauges 𝑔𝑖 ∶ 𝐷𝑑 → GLℍ(𝐾)with 𝑔𝑖𝐸̄𝑖 = 𝐸𝑖(𝑝) and choose quotient frames over the

disk. Such choices exist because the subspace and quotient bundles are trivial on the contractible disk.

Put 𝑇 = 𝑔−11 𝑇𝑔0. Elimination of the first surjective block in (𝛽0, 𝛽1𝑇 ) leaves 𝐹 = 𝑞𝑇 |𝐸̄0 ∶ ℍ𝑟 → ℍ𝑟+𝑎
,

where 𝑞 is the quotient by 𝐸̄1 in the chosen frame.

Extend the actual boundary control over the disk in its linear control space, retaining the final

zero interval, and call its endpoint 𝐻 ; put 𝐻 = 𝑔−11 𝐻𝑔0. The resulting coefficient disk computes the

comparison of its boundary: any two coefficient fillings are homotopic relative to their common

boundary in the contractible ambient coefficient space. Proposition 22.17 and Lemma 22.6 identify

that comparison with the stable Stiefel class of 𝐹 , including the cokernel and its stable trivialization.

The retained annuli identify it with 𝜅𝑎[𝑓 ], with the induced basepoint transport.

If 𝜅𝑎[𝑓 ] = 0, Lemma 22.19(a) gives a transverse 𝑇 , equal to 𝐻 on 𝑆𝑘 and 𝐺-homotopic to it relative

to 𝑆𝑘 . Set 𝑇 = 𝑔1𝑇𝑔−10 and transform the homotopy by the same formula. It joins 𝐻 to 𝑇 relative to

𝑆𝑘 . Lemma 22.15 realizes 𝑇 while retaining the exact boundary control.

Injectivity in residue five. Now 𝐾 has signature (𝑁 , 𝑁 ) and 𝐸0, 𝐸1 are maximal-null𝑁 -plane bundles.

Choose independent gauges 𝑔𝑖 ∶ 𝐷𝑑 → Sp(𝑁 , 𝑁 ) with 𝑔𝑖𝐸̄𝑖 = 𝐸𝑖(𝑝). They exist because the orbit

maps to the null Grassmannian are locally trivial and their pullbacks to a disk have sections. Extend

the actual boundary control over the disk, retaining its final zero interval, and denote its endpoint

and boundary endpoint by 𝐻 and 𝑇0. Put

𝐻 = 𝑔−11 𝐻𝑔0, 𝑇0 = 𝑔−11 𝑇0𝑔0.

The simultaneous Green isometry diag(𝑔−11 , 𝑔−11 ) fixes Δ and changes the limiting Cauchy plane to

(𝐻𝐸̄0) ⊕ 𝐸̄1. Thus Proposition 22.23, applied to this ambient disk, identifies 𝜅5[𝑓 ] with the stable

relative class of

(𝐻, 𝑇0) ∶ (𝐷𝑑 , 𝑆𝑘) ⟶ (𝐺𝑁 ,𝑁 ),
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with coefficient 𝛽 − 𝛼. If this class is zero, Lemma 22.20 gives a transverse extension 𝑇 homotopic

to 𝐻 relative to the exact boundary. Set 𝑇 = 𝑔1𝑇𝑔−10 and undo the homotopy by the same formula.

Then 𝑇 = 𝑇0 on 𝑆𝑘 , and Lemma 22.15 retains the original boundary control.

In either residue the entire constructed disk of limiting matching maps has a minimum singular

value 𝛿 > 0. Choose its final finite length so that

sup
𝑝∈𝐷𝑑

‖𝑀𝐿,𝑝 − (𝛽0,𝑝 , 𝛽1,𝑝𝑇𝑝)‖ < 𝛿/2.

Proposition 22.17 gives a disk in 𝑌 . Its boundary is the boundary family with its prescribed control at

this length. Attach the lengthening, exterior-perturbation, insertion, and approximation annuli. The

outer boundary is the original 𝑓 , with its actual coefficients. This proves injectivity.

Surjectivity in residue four. Fix a base pair containing this cylinder and 𝜉 ∈ 𝜋𝑘(Sp / Sp(𝑎)), choosing

the rank sufficiently large first. Lemma 22.19(b) gives a transverse endpoint 𝑇 = 𝑅𝑇∗ with quotient

columns representing 𝜉 , and a based homotopy 𝑅𝑠 ∶ 𝑆𝑘 → 𝐺 from 𝐼 to 𝑅. Apply Lemma 22.15 to the

reference control, with parameter space 𝑆𝑘 × [0, 1] and endpoint homotopy

𝑇(𝑥,𝑠),𝑡 = 𝑅𝑠𝑡(𝑥)𝑇∗, 0 ≤ 𝑡 ≤ 1.

One subdivision works for this compact family. On 𝑠 = 0 and the basepoint line every added control

is zero. The coefficient family therefore descends to the cone 𝐷𝑘+1 and is based on its boundary. A

common sufficiently long cylinder gives a minimal boundary sphere. Its ambient disk, the Fredholm

reduction, and Lemma 22.6 show that its comparison is 𝜉 .

Surjectivity in residue five. Choose 𝑁 in the stable range and a representative

𝑔 ∶ (𝐷𝑘+1, 𝑆𝑘) ⟶ (Sp(𝑁), 𝐼 )

of the prescribed class in 𝜋𝑘+1 Sp. By homotopy extension, make 𝑔 = 𝐼 on a radial segment from the

centre to the boundary basepoint: this segment contracts to its boundary endpoint relative to that

endpoint. Put

𝐻(𝑝) = diag(𝐼 , 𝑔(𝑝))𝑇∗, 𝑄𝑝,𝑠 = 𝐻(𝑠𝑝)𝑇−1
∗ .

The paths 𝑄𝑝,𝑠 start at 𝐼 and are constant on the chosen segment. Lift their increments by the local

section of Lemma 22.14, using one uniform subdivision and placing the added controls after the

reference control. They vanish on that segment. On 𝑆𝑘 their endpoints are 𝐼 , while the controls

themselves may vary as loops. A common sufficiently long cylinder therefore gives an invertible

boundary sphere based at the reference pair. Proposition 22.23 identifies its disk class with [𝑔],
since the varying compact block is (𝐼 , 𝑔). These spheres may be based at a longer reference cylinder.

Transport along its lengthening and insertion paths gives surjectivity at the original base pair; path

connectedness gives it at every basepoint. All constructed controls are continuous in the smooth

spatial topology: their amplitudes are continuous and their spatial and time functions belong to

a fixed finite span. Finally normalize every disk and annulus by Lemma 8.1. It fixes the original

normalized boundary. The contraction (22.2) on the unrestricted coefficient space restricts to the same

contraction on the density slice, so its comparison maps restrict as well. The normalized homotopies

and fillings consequently prove the required isomorphisms with density fixed. □

22.18. Naturality of localization.

Corollary 22.25. Let 𝑈0 ⊂ 𝑈1 be nonempty open subsets, with the same density and prescribed exterior
metric. The inclusion of the supported minimal pair spaces in residue four, or the supported invertible
pair spaces in residue five, is a weak homotopy equivalence. The same holds for the corresponding metric
spaces, by Proposition 8.2.

Proof. Choose the base pair in the smaller space. Take its positive spinor comparison on both spaces

and the single contraction (22.2) on the larger coefficient space. Its restriction is the contraction for

the smaller space. The operator, cokernel, ambient path, and, in residue five, the logarithmic return
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path therefore agree under inclusion. The two comparison maps commute with inclusion, before

passing to their stable models. Proposition 22.24 and two-out-of-three give the pair assertion. Choose

a minimal metric basepoint in the smaller space and apply the supported relative equivalences of

Proposition 8.2 in the same square to obtain the metric assertion. □

22.19. Homotopy groups of metric spaces.

Proof of Theorem T. Compose the pair comparisons of Proposition 22.24 with the inclusions of Proposi-

tion 8.2. Their homotopy fibres and Cayley conventions are those of (22.4) and (22.6). Both inclusions

are weak homotopy equivalences, with density and exterior fixed. This proves (1.14) and (1.15).

Corollary 22.25 proves the assertion about 𝑈0 ⊂ 𝑈1.

The fibration Sp(𝑎) → Sp(𝑎 + 1) → 𝑆4𝑎+3 and (22.32) show that

𝑆4𝑎+3 = Sp(𝑎 + 1)/ Sp(𝑎) ⟶ Sp/Sp(𝑎)

induces isomorphisms on homotopy groups through degree 4𝑎 + 5. Thus the target is (4𝑎 + 2)-
connected and its next homotopy group is ℤ. Similarly Sp(1) = 𝑆3 → Sp induces isomorphisms

through degree five. Hence ΩSp is simply connected with 𝜋2 = ℤ. The Fredholm identifications

(22.3) and (22.34) identify the comparison homomorphisms at index zero with 𝐾𝑂𝑛+𝑘+1, giving (1.16).

In dimensions four and five, the homomorphisms of Proposition 22.3 are therefore surjections

between infinite cyclic groups, by Proposition 22.4. They are isomorphisms. That proposition also

gives the stated 𝐶0
localization of their generators, while Proposition 22.5 fixes their integral index

normalization at index zero. □

22.20. Positive scalar curvature and the ordinary Dirac operator. For a positive-scalar-curvature

metric 𝑔0 on a closed spin manifold, let

𝑔0(𝑀) = hofib𝑔0(+(𝑀) ⟶ inv(𝑀)).

The inclusion is defined by the Lichnerowicz formula. Both spaces have the smooth topology; no

density or exterior is prescribed here.

Proposition 22.26. Let 𝑀 = 𝑆1 × 𝑆11, with either spin structure on the circle, and let 𝑔0 ∈ +(𝑀). Then
𝜋4(𝑔0(𝑀)) contains an element of infinite order.

Proof. Projection 𝑀 → 𝑆1 = 𝐵ℤ induces an isomorphism on fundamental groups, hence a split

surjection. The discrete group ℤ is second countable, torsion-free, and has rational homological

dimension one. Its proper isometric translation action on ℝ gives the Haagerup property. Thus [58,

Theorem 1.1], with scalar complex coefficients, and [76, Corollary 2.13] give the real Baum–Connes

isomorphism. Thus

𝐾𝑂17(𝐶∗
ℝ,𝑟ℤ) ≅ 𝐾𝑂17(𝑆1) ≅ 𝐾𝑂17(pt) ⊕ 𝐾𝑂16(pt) ≅ ℤ/2 ⊕ ℤ.

The middle equality is the suspension splitting of 𝑆1+. Theorem C of [42] applies with 2𝑛 = 12 ≥ 6,

𝑟 = 4, and 𝑞 = 1: the fundamental-group map is split surjective, 𝑔0 has positive scalar curvature, and

4 ≥ 1 − 12 − 1. Its index-difference image spans the rational target, which is one-dimensional. Hence

there is an element

𝑥 ∈ 𝜋4(+(𝑀), 𝑔0)

whose higher real index difference has nonzero projection to the infinite cyclic summand. Thus 𝑥
and 2𝑥 have infinite order.

The manifold admits a product metric of positive scalar curvature, so its ordinary spin index

vanishes. Theorem T and Lemma 8.1 give

𝜋4(inv(𝑀), 𝑔0) ≅ 𝜋4(Sp) = 𝐾𝑂17(pt) = ℤ/2.

Hence the image of 2𝑥 under the inclusion is zero. The homotopy exact sequence of its fibre gives an

element 𝑦 ∈ 𝜋4(𝑔0(𝑀)) mapping to 2𝑥 . If a positive integer killed 𝑦, it would kill 2𝑥 . Therefore 𝑦
has infinite order. □
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Appendix A. The obstruction groups in degrees at most two

Let 0 ≤ 𝑛 ≤ 2. The homomorphism

𝑗𝑛 ∶ ΩSpin
𝑛 ⟶𝑅inv𝑛 , [𝑋] ⟼ [𝑋, −],

satisfies 𝜃𝑛𝑗𝑛 = 𝛼𝑛, where 𝛼𝑛 is the real spin index [38, Sections 5.2 and 5.4]. The low-dimensional

spin bordism and index computations give

𝛼𝑛 ∶ ΩSpin
𝑛

≅⟶𝐾𝑂𝑛, 𝐾𝑂0 = ℤ, 𝐾𝑂1 = 𝐾𝑂2 = ℤ/2;

see [68, p. 201], [14, Theorem 3.1, p. 147], and [9, Section 4, pp. 57–58].

Every degree-zero representative is closed. In degree one the boundary Dirac operator is zero, so

an invertible boundary is empty. Thus 𝑗0 and 𝑗1 are surjective.

Let [𝑊 , ℎ] ∈ 𝑅inv2 . Each boundary circle has zero real index and therefore has bounding spin

structure. Let 𝑔tor be the metric on ℝ2
in [52, Appendix A, p. 29]. Its Dirac operator is invertible, and its

cylindrical cross-section has length 2𝜋. For a boundary circle of length 𝐿, truncate (ℝ2, (𝐿/2𝜋)2𝑔tor)
in its product end. The resulting spin disk has invertible cylindrical completion. An arclength spin

isometry identifies its boundary with the oppositely oriented boundary circle of 𝑊 .

Let 𝐶 be the disjoint union of these disks, with 𝜕𝐶 = −𝜕𝑊 , and put 𝑊 = 𝑊 ∪𝜕𝑊 𝐶. If 𝜕𝑊 = ∅,

take 𝐶 = ∅. Since 𝐶 = 𝑊 ⧵ int𝑊 , [38, Lemma 5.5, p. 31], applied with 𝑀 = 𝑊 and 𝑁 = 𝑊 , gives

[𝑊 , ℎ] = [𝑊 , −] = 𝑗2([𝑊 ]).

Hence 𝑗2 is surjective. Since 𝜃𝑛𝑗𝑛 = 𝛼𝑛 is an isomorphism and 𝑗𝑛 is surjective, 𝜃𝑛 is an isomorphism

for 0 ≤ 𝑛 ≤ 2.
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