SHARP SCHRODINGER INEQUALITIES FOR EMBEDDED HYPERSURFACES

ANASS NIFA

ABSTRACT. Let n > 2, let h denote the second fundamental form, and put A = — div V. Every closed
connected smooth embedded minimal hypersurface M" C $"*! which is not totally geodesic satisfies
A+ |h]* > n in quadratic-form sense on H'(M). In particular, /|, |h* dv, > nVol(M), as conjectured by
Perdomo, with equality precisely for minimal Clifford hypersurfaces.

Let Q > 0 be self-adjoint on R*", and put @ = Amin(Q) and F(x) = 1(Qx, x). On a hypersurface
with unit normal v, write dur = e "dvg, Ap = A+ (VF,V) and U = |[h]* + (Qv, v). Every connected
complete smooth properly embedded hypersurface M" c R"*! without boundary, stationary for the
weighted area eF dv, and not a hyperplane, satisfies A + U > 2a in quadratic-form sense on CZ°(M) in
L*(M, dpy). Its weighted volume is finite, and /,, U dpr > 2apr(M). Equality in this average inequality
holds precisely for the cylinders{x +y : x € E, |x| = \/m, y € E*}, where 1 < p < n, E is a linear
subspace of ker(Q — ald) and dim E = p + 1. For Q = 11d, this gives the Gaussian average-curvature
inequalities conjectured by Li and Zhao.

In the spherical case, Morse index n + 3 characterizes the minimal Clifford hypersurfaces. Every
smooth entire graph stationary for the quadratic density in a Q-eigendirection with eigenvalue f < 2a
is a hyperplane through the origin.
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2 ANASS NIFA

1. INTRODUCTION

Let X : M" < §"*1 be a closed connected embedded minimal hypersurface, n > 2, with induced
metric g and second fundamental form h. Put S = |h]> and A = —divV. Simons’ identity [39,

Theorem 5.3.1] gives
/ S(S - n) dvg = / (VP dv,. (L.1)
M M

Perdomo’s conjecture [35, Conjecture B] asks for /, i S dvg > n'Vol(M) when M is not totally geodesic,
with equality precisely for minimal Clifford hypersurfaces; see also [25, Conjecture 1.5]. The quadratic-
form inequality below implies this average inequality.

1.1. Minimal hypersurfaces of the sphere.

Theorem 1.1. Let n > 2, and let X : M"™ < $"™! be a closed connected smooth minimal embedding
which is not totally geodesic. Then

Ad(wﬂz £ SF7) dug > n/Mf2 dog  (f € H\(M)). (1.2)
In particular,
/ S dvg > nVol(M). (1.3)
M

Equality in (1.3) holds if and only if; after an ambient isometry,

X(M):Sp(\/m>x$”_f’(\/m>, 1<p<n—1. (1.4)

Ge-Li [25, Theorem 1.4] obtained the lower bound fM Sdvg > 5(n) Vol(M) for some 5(n) > 0
depending only on n. Wang-Wang [42, Theorem 1.2] obtained the coefficient n under invariance by
reflection in n + 2 mutually perpendicular great hyperspheres. The classification under the pointwise
identity S = n is due to Chern—-do Carmo—-Kobayashi [16, Main theorem, p. 60] and Lawson [29].

For n = 2, the hypersurface M in Theorem 1.1 has genus g > 1 [39, §5.4, p. 96], and Gauss-Bonnet
gives

/ Sdvg =2Vol(M) + 8x(g — 1).
M

Thus the average inequality holds in this dimension, and its equality case is Brendle’s classification of
embedded minimal tori [7]. The embedding hypothesis in Theorem 1.1 is essential. In dimensions
n > 3, closed connected oriented minimal immersions with exactly two principal curvatures and
non-Clifford image satisfy fM S dvg < nVol(M) [36].

1.2. Quadratic Gaussian densities. Let Q be a positive-definite self-adjoint endomorphism of R"*!,
and set

a=2min(Q), b =Aux(Q),  F(2) = 3(Qz,2). (1.5)
For a Euclidean hypersurface with unit normal v, put
h(v, z) = (D,v, dX(2)), H=trgh, S =|hJ. (1.6)
Here D is the Euclidean connection. Stationarity for the density e~* is equivalent to
H={(0X,v); (1.7)
see [14, Proposition 2]. Define
dur = e "X do,, Ar = —divV + ((0X)T, V), Lr=—Ap,

qv :<QV, V), U= S-‘,—qv' (18)
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Theorem 1.2. Let n > 2, and let X : M" < R™! be a connected complete smooth proper embedding
without boundary satisfying (1.7). Assume that X(M) is not a hyperplane. Then

[+ awz2a [ faw (7 eczon (19)
The weighted volume is finite, and

/ Udyr > 2a up(M). (1.10)
M

Equality in(1.10) holds if and only if there are an integer 1 < p < n and a linear subspace E C ker(Q—ald),
dimE = p + 1, such that

X(M)={x+y :x€E, |x|=+p/a, y € E'}. (1.11)
In the compact equality case, p = n and Q = ald.

The integral in (1.10) is allowed to be infinite. The Friedrichs realization of Ar + U has spectrum in
[2a, ). Since q, < b, one also has Ar + S > 2a — b in quadratic-form sense. The second variation of
weighted area has quadratic form /| (IVf[* — U f?) dur [14, 27]. For the quadratic weight, the ambient
Bakry-Emery tensor is Q and is parallel. The Simons and normal-component equations are therefore
specializations of [15, arXiv v1, (23), Theorem 3 and Proposition 2], as stated in Lemma 5.1.

Write F for Fo X, and put Z = divV and Cy = tr Q — a. The function F is nonnegative and proper,

and
9F < C,, 9F — INF|® + aF < C,.

Thus fM e F/2 dvg < oo: for noncompact M this follows from Cheng-Vieira-Zhou [17, Theorem 1.1(ii),
arXiv version] with o = % and f = a, and for compact M it is immediate. Lemma 6.1 then gives
ur(M) < oo and F € L'(M, dpur).

For Q = %Id, equation (1.7) is the self-shrinker equation. Write dy = e IXI*/ *dvg and A, = Ar at
this scale. Theorem 1.2 becomes

A, +S>1 Sdy > Ly(M). 1.12
14 2 " Y 5Y

Equality in the average inequality characterizes, up to an orthogonal transformation, the cylinders
$P(J2p) x R" P, 1 < p < n. Cheng-Zhou [18, Theorem 1.3] prove that properness, polynomial
volume growth and finite Gaussian volume are equivalent for complete immersed self-shrinkers. The
entropy identity in Lemma 7.5, from [19, (7.27), p. 788], therefore converts (1.12) into the inequalities
of Li-Zhao [31, Conjectures 1.6-1.7], for n > 2.

Cao-Li [10, Theorem 1.1] and Ding—-Xin [21, Proposition 3.1] classify complete self-shrinkers with
S< % under polynomial volume growth or properness, respectively. For complete properly embedded
self-shrinkers, Li-Zhao [32, arXiv v3, Theorems 1.2-1.3] obtain a hyperplane or a generalized round
cylinder under S < 2, and under S < 2 when n = 2. Their scale and that of Cao-Li are related to the

present one by

X=X/V2, §=1lg  S=25, W2 Xl (1.13)
In particular, Li-Zhao’s upper bounds S < 3/2 and S < 3/2 give the stated bounds on S. For
the scalar drift Laplacian, Ding—Xin [20, Theorem 1.3] and Brendle-Tsiamis [9, Theorem 1.1] give

the weighted Poincaré inequality with coefficient 1/4 for mean-zero functions, in the compact and
properly embedded cases, respectively.

1.3. Graphical and spectral consequences.

Theorem 1.3. Let n > 2, let Q satisfy (1.5), and let X : M" — R™1! be connected, complete, smooth,
properly embedded, without boundary, and satisfy (1.7). Suppose that a nonzero constant vector v satisfies

Qv = pu, B < 2a, (v,v) >0 onM. (1.14)
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Then X(M) is a hyperplane through the origin. In particular, every entire smooth graph in such an
eigendirection is a hyperplane.

For Q = ald, dilation by +/2a reduces the entire-graph conclusion to Wang’s theorem [41], and
the positive-angle conclusion to Ding—Xin—Yang [22, arXiv v1, Theorem 3.1]. Hurtado—Palmer-
Rosales [26, Theorem 4.26] treat entire graphs for product densities "™+ with a radial decay
hypothesis and Hess (¢, £) < ¢ < p”’(t) for every unit horizontal vector £. For Q = diag(A4, ),
n(x) = —(Ax, x)/2 and p(t) = —Bt?/2, the radial bound is (V(5 + p), V|(x, t)|) < —a|(x, t)| away from
the origin, and the Hessian condition is —Amin(A) < ¢ < —p. Thus that theorem gives the entire-graph
conclusion when f = a. Theorem 1.3 also includes the range a < 8 < 2a.

Perdomo’s estimate [35, Theorem 3.1], together with Theorem 1.1, gives the embedded index-
(n+3) classification in Corollary 7.3. The implication from the average inequality to this classification
is recorded in [35, 25]. For n = 2, the classification is Urbano’s theorem [40]. Chen-Wang [13,
Corollary 1.3] obtain the lower bound n + 4 for the index under the additional condition 4;(A) < n.

On a compact hypersurface in Theorem 1.1 or Theorem 1.2, let A; be the eigenvalues of A or
Ar, respectively, and {; those of A + S or Ar + U, in nondecreasing order and with multiplicity.
Proposition 7.2 gives

. 2 .
§j2c+<mme> A (>0, c:{n in the sphere,

maxy; w 2a in Euclidean space,

where w is the positive tangent-ball width defined below. The comparison follows from the quadratic-
form min-max principle [28, Chapter VII, §6.4, Remark 6.2].

1.4. Tangent-ball curvatures and weak inequalities. Tangent-ball curvatures and their flow inequal-
ities appear in [2, 5, 3]. Theorem 2 of [5] gives unnormalized viscosity inequalities; positive speed
is an additional hypothesis of its quotient Corollary 3. Two-point functions also occur in Brendle’s
theorem [7] and in the constant-mean-curvature theorem of Andrews-Li [6]. Proposition 3 of [6,
arXiv v3] is the dimension-two antecedent of the finite-contact calculation in Proposition 4.1; its
mean curvature equals H /2 in the trace convention (1.6). The reflected tangent-space identity and
the cubic identity at a diagonal contact occur in [4, Lemmas 2.2 and 2.4]. Brendle [8, Propositions 3, 5
and Corollary 6] proves semiconvexity and a distributional inequality with the terms 2Y"; ¢? /(¢ — k;)
on the strict-contact region of a mean-convex flow.

For a hypersurface in Theorem 1.1 or Theorem 1.2, let k, ¢ be the two tangent-ball curvature
functions of (3.2), corresponding to the two orientations. In Euclidean space each signed supremum
is replaced by its maximum with zero; in the sphere the signed suprema are retained. Lemma 3.3
gives w := k + £ > 0. The functions k, ¢ are locally semiconvex by Lemma 3.2. Their distributional
Hessians have positive semidefinite singular parts [24, Theorems 6.8—6.9]; see also [33, Section 2 and
Appendix]. The contact inequalities of Propositions 4.1 and 5.2, together with Lemma 2.5, give

Lrw+ Vwdup > 2w Vw|* dup (1.15)

as measures, with the convention (2.2). Here F = 0 and V = S—n in the spherical case, and V = U—2a
in the quadratic Gaussian case. The diagonal-contact lemma supplies the zero numerators at zero gap
denominators, with arbitrary multiplicities of the principal curvatures.

Put u = w™!. Proposition 2.4 gives the nonnegative locally finite measure m = (Ar + V)u and the
identity

/ (VP + VF2) dyr = / w2 V(W dur + / witdm  (f € COM)).
M M M

For positive smooth solutions, this is the ground-state transformation [37, Lemma 2.4]. For a closed
connected embedded non-totally-umbilic hypersurface of constant trace mean curvature H in $"*!,
Theorem 4.2 gives the same identity with F = 0 and V = S — n — H(k — £). Reversing the normal
interchanges k, £ and changes H to —H, so this potential is unchanged.
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2. POSITIVE SUPERSOLUTIONS AND QUADRATIC FORMS

Let (M, g) be a smooth n-dimensional Riemannian manifold without boundary, let F € C*(M),
and put

d,up = e_deg, EF =divV — <VF, V), AF = _£F- (2.1)

All function spaces are real. The space H'(M, dur) consists of functions whose value and weak

gradient are square integrable with respect to dur. On a closed manifold it coincides with H*(M),

with an equivalent norm. The notation K € M means that K is a compact subset of M. A C? function

¢ is an upper test for a continuous function z at p if #(p) = z(p) and ¢ > z on a neighbourhood of p.
The unweighted case is F = 0. For locally Lipschitz z, define

(Lrz,nr = - /M V2. Vnydur, 7€ Co(M), (2.2)

When Lz is a measure, it includes the weight: a smooth density a represents the measure a dug.

Lemma 2.1. LetK € M, and let z > 0 be Lipschitz with support in K. There are nonnegative z; € C;°(M),
all supported in one compact set, such that z; — z uniformly and in H'(M, dpr).

Proof. Choose finitely many relatively compact coordinate balls U; and nonnegative p; € C°(U;) with
Y. pi = 1 near K. Extend each p;z by zero in its coordinate space and convolve with a nonnegative
standard mollifier. For sufficiently small radii, the convolutions have supports in fixed compact subsets
of the respective charts. Their pullbacks therefore sum to a nonnegative smooth function with a
common compact support. By [24, Theorem 4.1(ii), (vi)], these sums converge uniformly and in the
coordinate H' norms to Y; piz = z. On the fixed compact sets, the smooth weight and metric are
bounded above and below by positive constants. The coordinate and weighted H! norms are therefore
equivalent. O

Consequently, if z is locally Lipschitz and Lrz is a locally finite signed Radon measure, then (2.2)
remains valid for compactly supported Lipschitz tests. Indeed, apply Lemma 2.1 to the positive and
negative parts of a test: uniform convergence passes the measure integral, and H'! convergence passes
the gradient integral. An inequality between such measures may therefore be tested against any
nonnegative compactly supported Lipschitz function.

A function z is locally semiconvex if, on every sufficiently small coordinate ball, z + Cl|x|*/2 is
convex for some C > 0. Such a function is locally Lipschitz and has an Alexandrov Hessian almost
everywhere [24, Theorems 6.7(i) and 6.9].

Lemma 2.2. Ifz is locally semiconvex, its coordinate Hessian is a locally finite symmetric matrix measure.
Its singular part is positive semidefinite, and its absolutely continuous density is the Alexandrov Hessian
almost everywhere. The singular part of Lz, relative to dyp, is nonnegative.

Proof. The Euclidean assertions follow from [24, Theorems 6.8-6.9], applied locally to z + C|x|?/2.
Subtracting the smooth quadratic changes only the absolutely continuous part. Write

H = (9ijz) = Adx + H°, w=eTt [detg.
The coordinate expression of (2.2) is
Lrz = a)gin,-j + a)(—g"jl‘lkjakz - gij(a,-F)(ajz)) dx. (2.3)

The parenthesized function belongs to L}7 . Since H* is positive semidefinite, write H® = C do, where
o =trH* > 0and C > 0 g-almost everywhere. Thus

(Lrz)’ = cotr(g_l/ng_l/Z) do >0.
[l

In almost-everywhere inequalities, Lrz denotes the density of its absolutely continuous part with
respect to dyr.
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Lemma 2.3. Let z be locally semiconvex and let G € L\ (M, dur). If Lrz > G almost everywhere,
then Lrz > G dur as measures. At an Alexandrov point, every non-strict upper-test inequality whose
expression is continuous in the Hessian, with value and gradient fixed, holds for the Alexandrov Hessian.
Hence it holds for the absolutely continuous density of the coordinate Hessian almost everywhere.

Proof. The first assertion follows from the nonnegative singular part in Lemma 2.2. At an Alexandrov
point, take coordinates with origin at that point and write

zZ(x)=z(0)+p-x+ %xTBx + o(|x[%). (2.4)

For every ¢ > 0, ¢.(x) = z(0) + p - x + 2xBx + ¢|x|* is an upper test on a sufficiently small ball.
Its value and gradient at the origin are independent of ¢, and D?¢.(0) = B + 2¢Id — B. Apply the
upper-test inequality to ¢, and let ¢ | 0. (]

For the ground-state transformation with a positive solution, see [37, Lemma 2.4]. The following
proposition gives the identity with a nonnegative measure (Ar + V)u.

Proposition 2.4. Let w > 0 be locally Lipschitz, suppose that Lrw is a locally finite signed Radon
measure, and let V € Ly (M). Assume

Lrw+ Vwdur > 2w Vwl? dpr. (2.5)

Then u = w! is locally Lipschitz and

m= (AF + V)u (2.6)
is a nonnegative locally finite Radon measure. For every f € C3°(M),

Qv(f) := /M (T2 +Vf2) dyr = /M w2 I P dpsp + /M wf? dm. (2.7)

Proof. On every compact set, w has a positive lower bound. Hence u = w™! is locally Lipschitz. The
Sobolev chain rule [24, Theorem 4.4(ii)] gives Vu = —w™2Vw. By (2.5), the measure

n=Lrw+ (Vw - 2w71|Vw|2) dur

is nonnegative and locally finite. For € C2°(M), the function /w? is a compactly supported Lipschitz

test. Hence
n , Vn  2pVwf?
L dn=— [ (Vw,V RS/
A4 W & /\4< W Vln/w)) dpie + A4 ( w w? dpr

_ /M ((Vu, V) + Vun) d. (2.8)

Thus m = w™2n, which proves (2.6).
For f € CX(M), the function f?/u is also a compactly supported Lipschitz test. The product rule
and (2.6) give

Qv(f) - /M P WP dpr = AA (T, V(F2 ) + V £2) dyp

2
= r dm.

M U
Substitute u = w™! to obtain (2.7). O
Lemma 2.5. Let V € L;° (M), let k, ¢ be locally semiconvex, let w = k + £ > 0, and let k1, ..., k,, be the
eigenvalues of a smooth symmetric endomorphism of TM. At each point where k and ¢ are differentiable,
choose an orthonormal eigenbasis ey, ..., e, and put k; = dk(e;) and t; = d€(e;). No smooth choice of
eigenbasis is assumed. Suppose k > k; and £ > —k;, and assume almost everywhere that

k? &

k — k; ’ {+ K; '

Lrk+Vk>2) Lre+VE>2) (2.9)
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A zero denominator is required to have zero numerator, and that summand is set equal to zero. Then
(2.5) holds.

Proof. For A,B > 0,
2 s (r+s)? B (Br — As)?

- = > 0. (2.10)
A B A+B AB(A+B)

If A= 0and r = 0, the inequality r?/A + s*/B > (r + s)?/(A + B) is an equality under the stated
convention. The case B = 0, s = 0 is identical. Apply this inequality with A = k—«;, B = {4+ k;, r = k;
and s = £. Since A+ B = w > 0, the two denominators do not vanish simultaneously. Summing over
i gives (2.5) almost everywhere. Since 2w™!|Vw|* — Vw € L (M), Lemma 2.3, applied to w, gives the
measure inequality. 0

Lemma 2.6. Under the hypotheses of Proposition 2.4, suppose that V € L(M, dur) and that there are
X;j € CZ(M) with 0 < y; 1 1, equal to one eventually on every compact set, such that [, |Vx;* dur — 0.

Then
/Vd,up=/|Vlogw|2dyp+/wdm. (2.11)
M M M

Both terms on the right are finite. On a closed manifold, the identity follows directly by taking f =1 in
(2.7).

Proof. Apply (2.7) to y;:
A(W}(ﬂz + V)(jz) dup = /M IVx; + x;jV1og wf* dur + /}\‘4 w;(jz dm. (2.12)

By dominated convergence and the energy hypothesis, the left side tends to g : = /M V dup < oo. For
each point, y; = 1 on a neighbourhood of that point for all sufficiently large j. Fatou’s lemma for the
first term and monotone convergence for the second give

/|Vlogw|2dpp+/wdm§q.
M M

Thus both integrals are finite. In particular,

< 2|V xill ez IV log Wiz, — O. (2.13)

‘2 A Xi{Vx;, Vlog w) dur

Expand the square in (2.12). The gradient energy and the mixed term tend to zero, while monotone
convergence applies to )(J-2|Vlog wl? and w )(jz. Taking limits gives (2.11). g

Lemma 2.7. On a closed manifold, multiplication by a Lipschitz function w is bounded on H'(M, dur).
Ifminy w > 0, this multiplication operator is invertible. On a connected manifold, a locally Lipschitz
function with zero weak gradient is constant.

Proof. For smooth f, the Sobolev product rule [24, Theorem 4.4(i)] gives V(w f) = wV f + fVw. Hence

[wflee < Wleol flzz, V(w2 < AwloolV flizz + [VW]eol 11225 (2.14)

where the L? norms are taken with respect to dup. Smooth approximation [24, Theorem 4.2], in
finitely many charts, extends these estimates to H (M, dpp). If miny w > 0, the chain rule [24,
Theorem 4.4(ii)] gives V(w™!) = —w 2Vw, so the same estimates apply to w™!. Finally, Morrey’s
inequality [24, Theorem 4.10(i)], with any exponent greater than n, makes a locally Lipschitz function
with zero weak gradient constant on each coordinate ball. Continuity and connectedness give
constancy on M. g
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3. TANGENT-BALL CURVATURES

Let X : M™ = N be a smooth connected embedded hypersurface without boundary, with n > 2.
Suppose either that N = $"*1 ¢ R"*2 and M is closed, or that N = R"*! and X is proper.

Lemma 3.1. The complement N \ X(M) has exactly two connected components. There is a smooth global
unit normal pointing from either specified component to the other.

Proof. The image X (M) is a closed subset of N, by compactness or properness. Since N is simply
connected, the separation theorem [23, Section 3.2] gives two components with common boundary
X(M). The local unit normals directed toward either chosen component agree on overlaps and define
a smooth global unit normal. O

Fix such a normal v. Let D be the flat connection of the containing Euclidean space, and put
h(v, z) = (D,v, dX(z)) = g(Bv, z), H =trB, S = |h%

Identify tangent vectors with their images under dX. For x # y, define

x,3) = XO) = X0, Ay) = Oy ety == I
In the sphere, A = 1 — (X(x), X(y)). Define
g+l . k= SUP,.. c(x, y), = supyix[—c(x, 1218 (3.2)

R™" : k=max{0,sup, c(x,y)}, £=max{0,sup . [~c(x,»)]}

Put w = k + ¢ Reversing v interchanges k and ¢ and leaves w unchanged. The spherical envelopes
are not truncated at zero.

Lemma 3.2. The functions k, £ are finite, locally Lipschitz, and locally semiconvex. If k1, ..., k, are the
principal curvatures, then

k > max «;, ¢ > —min k;. (3.3)
1 1

In the spherical case, k(p) > max; k;(p) implies that the supremum is attained at a point distinct from p.
In the Euclidean case, the same holds provided also that k(p) > 0.

Proof. For [v| = 1, the Gauss formula along y(t) = exp,(tv) gives
ACe,y(1)) = 382+ 0(8),  —~(v(x), X(y(1)) = X(x)) = he(w,0)t* + O(t%). (3.4)

Thus c(x, y(t)) = hy(v,v), which gives (3.3).

Fix p € M. Choose a relatively compact convex normal neighbourhood of p with a smooth
orthonormal frame. Shrink ¢ > 0 so that, for dy(p, x) < /4, the map exp, is defined and injective
on {|u| < ¢}, with image in that neighbourhood. The radius may also be chosen so that every pair
with dy(p, x) < €/4 and dy(p, y) < €/2 is joined there by its unique short geodesic. In the chosen
frame, let v, correspond to v € $"~!. Consider

(x,v, 1) — c(x, exp,(tvy)), 0<t<e. (3.5)

Both numerator and denominator vanish to second order at t = 0. For any smooth P with P(x,v,0) =
9:P(x,v,0) = 0,

P t 1
% - / (1 — $)dP(x,v, st) ds.
0

The divided denominator equals 1/2 at t = 0. Consequently, (3.5) extends smoothly to ¢ = 0, with
value h,(vy, vy ). On the compact parameter set, this family and its first two x derivatives are uniformly
bounded.

Take the fixed far set {y : dy(p, y) > ¢/2}. Every remaining competitor occurs in (3.5), since its
distance from x is less than 3¢/4. Properness makes the intersection of the far set with the inverse
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image of any closed bounded ambient set compact. On this intersection, dy(x, y) > ¢/4; injectivity
and compactness therefore give a positive lower bound for A(x, y). The quotient and its first two x
derivatives are uniformly bounded there.

In the Euclidean case, put P(x, y) = (v(x), X(y) — X(x)). As |X(y)| = oo, uniformly in the fixed
compact set of x,

[P+ 9P| + 93P < CIX(), - A2 cll X, 10xAl +[654] < CIX ().
Differentiating ¢ = —P /A gives
leCx, )l + 19 cCx, y)l + 9% e(x, y)l < CIX()I 7 (3.6)

The near and far families thus have common bounds for their values and first two coordinate deriva-
tives. Every member is a quotient or a directional limit of quotients, and every competitor occurs
in one of the families. Their supremum is the untruncated envelope. In Euclidean space, adjoin the
constant zero function. On a smaller convex coordinate ball, all members f, have a common Lipschitz
bound and satisfy D? f, > —CId. The supremum is finite and Lipschitz, and

sup fu(x) + §Ix* = sup(fu(x) + §lx?)

is convex. This proves the assertions for k. The same derivative bounds hold for —c, and hence for ¢.

For attainment, take a maximizing sequence y; # p in either strict case of the statement. After
passage to a subsequence, properness gives one of three alternatives: y; — q # p, y; — p, or, in
Euclidean space, |X(y;)| — co. The second has upper limit at most max; ;(p) by the smooth diagonal
extension; the third has limit zero by (3.6). The strict hypotheses exclude both. In the first case,
continuity gives c(p, q) = k(p). O

Lemma 3.3. In the spherical case, w > 0 everywhere unless the image is a round totally umbilic
hypersphere. In the Euclidean case, w > 0 everywhere unless the image is an affine hyperplane.

Proof. In the sphere, w(p) is the supremum minus the infimum of ¢(p,-). If w(p) = 0, thereisat € R
such that ¢(p, y) = t for every y # p. Thus

(v(p) - tX(p). X(y) =—-t  (yeM). (3.7)

Since |v(p) — tX(p)|? = 1+ 12, this affine section of $"*! is a round n-sphere. The immersion into that
section is a local diffeomorphism. Its image is open and, by compactness, closed, so it is the entire
section.

In Euclidean space, k,¢ > 0. If w(p) = 0, then c(p,y) = 0 for every y # p, and X(M) C
X(p) + v(p)*. The image is open in this hyperplane by the inverse function theorem and closed by
properness; hence it is the entire hyperplane. On a compact nonexceptional hypersurface, continuity
gives miny w > 0. U

Denote the two components of N \ X(M) by Q_ and Q., with v pointing from Q_ to Q..

Lemma 3.4. Let B C N \ X(M) be connected and meet Q_. At Y = X(q) € 9B, suppose that
B is locally {G < 0}, where G is smooth, G(Y) = 0, VNG(Y) # 0, and VNG(Y) L TyM. Then
VYG(Y)/IVNG(Y)| = v(g)-

Proof. Connectedness gives B C Q_. Put V = VNG(Y)/|VNG(Y)|. For small t > 0,
Glexpy(—tV)) = —t|lVNG(Y)| + O(t?) < 0,

so expy(—tV) € Q_. Since V € {v(q), —v(q)} and expy(tv(q)) € Q., one has V = v(q). O
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3.1. Covariant identities. Put ¢y = 1 in the sphere and ¢y = 0 in Euclidean space. The Gauss and
Weingarten formulas are

DydX(z) = dX(Vyz) — h(v, 2)v — cog(v, 2) X, D,v = dX(Bv). (3.8)
With the convention R(v, 2)t = V,V t — V.V, t — V|, )¢, the Gauss and Codazzi equations read
R(v, 2)t = ¢ (g(z, v — g, t)z) + h(z, t)Bv — h(v, t)Bz, (3.9
(vvh)(z, t) = (vzh)(v, t)-

In particular, VA is fully symmetric. Write & = divV, also denoting by & the trace of the covariant
Hessian of a tensor. Simons’ identity in a space of constant curvature [38, (1.20)] is

Dh =V*H + (ncy — S)h + Hh* — cyHg, (3.10)

where (h?)(v, z) = g(B%v, z) and H = tr h. The mean curvature in [38] is H/n; its formula (1.20) is
expressed in terms of ) ; h; and does not assume that H is constant.

3.2. Diagonal contacts.

Lemma 3.5. Let k be the envelope for v, let ¢ be a C* upper test at p, and suppose k(p) = Kmax(p). Put
E = ker(k(p)Id — B,). Then

dglp = 0. (3.11)

Let Z be a smooth tangent field and put Ly = % — N 7. For any orthonormal eigenbasis with e, € E, write
¢i = dg(e:) and hijy = (Ve h)(es, €)). At p,

2
Lz¢p > (Lzh)1 +2 Z Z i = (Lzhu+2 ), 4_5 - (3.12)

Jj=1 K1<k K,<k !

Proof. Fix a unit vector v € E. The directional limits give

Kmax(p) < sup C(P» Y) < k(P) = Kmax(p)-
Y#p

For the reversed normal, the least principal curvature is therefore —k(p) = inf,.,[—c(p, y)]. The
local cubic calculation in [4, proof of Lemma 2.4], applied to —v and v, gives

(Vyh)(v,v) = 0. (3.13)

The C? tensor T = ¢g— h is positive semidefinite near p, and T,(v,-) = 0. For a local unit extension
V of v, the scalar T(V, V) has a minimum equal to zero at p. Differentiation gives

do(z) = (V h)(v,v) (z € T,M). (3.14)

Taking the derivative in the direction v and applying (3.13) gives d#(v) = 0. Since v is arbitrary, (3.11)
follows.

For v = e, equation (3.14) gives (VzT);; = 0. The local null-eigenvector inequality [1, proof of
Theorem 3.2] therefore gives, for every real array I';,

0< (LT — 4Zrl(v Tyi+2 ) T T
Job,r
At p, T;, = (k — k;)dir. Choose
; {—hn;j/(k — k), K<k
0, Ki = k.

For k; < k, one has (V;T)y; = —hy;;;. Substitution gives the first inequality in (3.12). Retaining the
terms with j = 1 and applying Codazzi and (3.14), hy;.1 = h11; = ¢, gives the second. ]
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4, THE SPHERICAL INEQUALITY

Let M" — §™1 be closed, connected, and of constant trace mean curvature H. Assume that M
is not totally umbilic. Let k, ¢ be the spherical envelopes in (3.2), and put w = k + £. By Lemma 3.3,
miny w > 0.

Since H is constant, (3.8) and (3.10) give

99X =-nX—-Hv, 9v = -Sv — HX, PDh = (n—S)h + H(h* - g). (4.1)

Proposition 4.1. Let ¢ be a C* upper test for k at p. In an orthonormal principal frame at p, put
¢; = d¢(e;). Then

2
P2¢+(S—mk-Hk -1)>2 ) o (4.2)
k— Ki
K,’<k
Moreover, ¢; = 0 whenever k; = k.
Proof. If k(p) = Kmax(p), Lemma 3.5 with Z = 0 and (4.1) give both assertions.
Suppose that k(p) > kmax(p). By Lemma 3.2, there is ¢ # p with ¢(p, q) = k(p). Write
X=X(p), Y=X(g), A=1—-(X,Y)>0, d=Y—-X, b ={(eY). (4.3)

In the following calculation, k = k(p) and k; = k;(p). The function
Z(x,y) = ¢x)(1 = (X (x), X(y))) + (v(x), X(»)) (4.4)

is nonnegative for x near p and every y € M, and vanishes at (p, q). Its value and its first derivatives
in x give
(v(p),Y) = —kA, A¢; = (k — K;)b;. (4.5)
On $"*! put
G(z) = k(1 - (X, z)) +(v(p), 2), B ={G < 0}.

The affine normal of G has length v1+ k?, and —k/~1+ k? € (—1,1). Thus B is a nonempty
connected spherical cap. The cap is disjoint from X(M). Since V®*G(X) = v(p), it meets Q_ near X;
connectedness gives BC Q_. At Y,

VG(Y)=v(p)+kd=: W, W[ =1-2k?A+ 2k?A = 1. (4.6)

Since G o X has a minimum at g, one has W L T,M. Moreover, G(Y) = 0 and W = 0 give Y € 93.
Lemma 3.4 gives v(q) = W.
By [4, Lemma 2.2], the reflected vectors
~ bi

€ =€ — —

A

form an orthonormal basis of T;M. Put v; = (e;, &) € T ¢)(M x M). In the spatial Hessian formula of
[3, Section 2, p. 335], take ambient curvature 1 and F(h) = tr h. Then F/ = §;;, F(p) = F(q) = H, and

VF = 0; the concavity inequality in that formula is an equality because F is linear. Since |d|* = 2A
and (v(p), v(q)) = 1 — k*A, it gives

d (4.7)

2
Z Hesspn c(vi,v) = (n— S)k + H(k? — 1) + yH Z(k — K;)bZ. (4.8)
The function (x, y) = @(x) — c(x, y) has a local minimum equal to zero at (p, q). Consequently, (4.5)
and (4.8) give

Do > Z Hessap c(vi,v;) = (n — S)k + H(k* — 1) + 2 Z lﬁc (4.9)

All the denominators are positive in this case. g
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Theorem 4.2. For a closed connected embedded non-totally-umbilic CMC hypersurface of S**1, put
w=k+{, V=S-—n-—H(k-2), u=wl (4.10)

Then (A + V)u = m is a nonnegative finite measure and

/ (VP + V) dog = / w2 9w )P dog + / wf? dm (4.11)
M M M

for every f € C*°(M). In particular, A+ V > 0 on H'(M). The function V and the measure m are
unchanged by reversing the normal.

Proof. At every common Alexandrov point of k and £, Lemma 2.3, Proposition 4.1, and normal reversal
give

ki
k— K ’

Pk+(S-mk-HEK -1)>2) (4.12)

2
Do+ (S—n)e+ H(E —1) > 22%.
- K

A zero denominator has zero numerator by Lemma 3.5, and its summand is zero. In the quadratic upper
tests from Lemma 2.3, the value and gradient at the contact point are fixed. Thus these conventions
persist as the Hessians converge to the Alexandrov Hessians.

The common Alexandrov points have full measure. Since

S—n)k+6)—-—HK*—#)=Vw, (4.13)
addition and (2.10) yield
Dw+ Vw> 2w [Vw]*  almost everywhere.

The functions k, £ are locally semiconvex by Lemma 3.2. Moreover, 2w} [Vw|? = Vw € L*®(M), since M
is compact and miny; w > 0. Lemma 2.3 therefore gives the measure inequality (2.5). Proposition 2.4,
with F = 0, gives m and (4.11). Its nonnegative right side implies A + V > 0 on C*(M). Since
V € L®(M), the quadratic form is continuous on H(M); smooth density [24, Theorem 4.2] gives the
asserted inequality there.

Normal reversal sends (H, k, £) to (—H, ¢, k), leaving w, V, u, and m unchanged. O

Proof of Theorem 1.1. A minimal totally umbilic hypersurface has h = (H/n)g = 0. Hence Theo-
rem 4.2 applies under the hypotheses of Theorem 1.1. With H = 0, it gives V = S —n and (1.2). Taking
f =1in(4.11) gives

/(S—n)dvg:/ |V log wl|* dvg+/ wdm > 0. (4.14)
M M M

If equality holds, then Vw = 0 almost everywhere and m = 0, since miny; w > 0. By Lemma 2.7, w is
constant. Thus

0=m=(5- n)w_ldvg,

and continuity gives S = n. Proposition 4.4 identifies the image with (1.4). Conversely, Lemma 4.5
gives S = n on every minimal Clifford hypersurface. ]

Lemma 4.3. Let £ be a smooth rank-r subbundle of M x RN, with M connected. Suppose that the
Euclidean derivative of every local section of € belongs to €. Then &, is a fixed linear subspace of RV,
independent of p.

Proof. The Euclidean connection restricts to a connection on €. Its parallel transport along any
smooth path is a linear isomorphism of the endpoint fibres [34, Section 3.3.2]. Its parallel sections
have zero Euclidean derivative and are therefore constant vectors in RN. Thus the endpoint fibres are
equal as subspaces of R¥. Connectedness gives the conclusion. ]
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Let B be a parallel self-adjoint endomorphism of TM, where (M, g) is any connected Riemannian
manifold. For a smooth curve y, let P; denote parallel transport from y(0) to y(t). Then

d, -
E(Pt 'B,1yP:) = P (VyB)P, = 0. (4.15)
Thus the eigenvalues and their multiplicities are constant. The spectral projections [],,.., %i are

smooth and parallel, so their images are smooth parallel eigendistributions.

Proposition 4.4 (Chern-do Carmo-Kobayashi and Lawson). Let M" < $"*! be closed, connected, and
minimal. If S = n, its image is congruent to a product (1.4).

Proof. This is the codimension-one case of [16, Main theorem, p. 60]. O

Lemma 4.5. Let p,q > 1 be integers with p + ¢ = n, and let r,t > 0 satisfy r> + t* = 1. On
SP(r) x $9(t) C $™™1, write X = (rx, ty) with x € $?(1) and y € $4(1), and choose v = (tx,—ry). Then

k=t/r, t=r/t, S—n—H(k—90=0. (4.16)

In the minimal case r* = p/n, S = n, and equality holds in (1.3).

Proof. The principal curvatures are @ = t/r and = —r/t, with multiplicities p and g. For a distinct
second point (rx’, ty’), put A; = 1 —(x,x") and A, = 1 —(y,y’). Then
rt(Ar — Az)
= . 4.17
r2A; + t2A, ( )

This is a weighted average of a and f, with nonnegative weights r2A; and t2A,. Each endpoint is
attained by fixing one factor and varying the other. Hence k = « and £ = —f. Since aff = —1,

H(k—0 =(pa+qB)a+p)=pa*+qf*—n=S—n
Finally, H = 0 is equivalent to pt? = qr?, which gives r* = p/nand S = n. O
5. THE QUADRATIC GAUSSIAN INEQUALITY

Let Q > 0 be self-adjoint, and retain (1.5)-(1.8). Let X : M" < R™! be complete, connected,
properly embedded, and without boundary. Choose the normal from Lemma 3.1, and assume H =

(X, v).
Let X; be a smooth variation equal to X outside a fixed compact set, with Xy = X and X, = fv.
Put g; = X/ geuc and J; = dvg, /dv,. The relative weighted area

A(D) = / (e FX ], — e FX) dv,
M

is finite because the integrand has fixed compact support. The first-variation formula [14, Proposi-
tion 2], with mean curvature vector —Hv, gives

A(0) = /M (H = (QX, v)f dr. (5.1)

Thus stationarity is equivalent to (1.7).

Lemma 5.1 (Cheng-Mejia-Zhou). Put Z = (QX)T and Qr = PrQ|ry. Identifying self-adjoint
endomorphisms with their symmetric bilinear forms,

£Fl’l = hQT + QTh — Uh, (5.2)
1LpS = [VA]® + 2tr(h*Qr) — US,
Lrv =0Q0v—-Uv. (5.4)

In (5.4), L acts on the ambient components of v.
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Proof. The ambient curvature vanishes, Ricr = Q, and VQ = 0. The tensor equation [15, arXiv v1,
(23)] therefore gives (5.2), and the scalar equation [15, arXiv v1, Theorem 3] gives (5.3). For every
constant ambient vector v, [15, arXiv v1, Proposition 2] gives

Lp(v,v) =(Quv,v)—U(v,v).
Since Q is self-adjoint, this is (5.4). O

Let k, ¢ be the nonnegative Euclidean envelopes in (3.2). Assume that X(M) is not a hyperplane.
Then w = k + £> 0 by Lemma 3.3.
Proposition 5.2. Let ¢ be a C? upper test for k at p. In an orthonormal principal frame at p, put
¢; = d¢(e;). Then
2
Lrp+ (U —2a)k>2 Z L (5.5)
Ki<k k — ki

Ifk(p) = xi(p), then ¢; = 0. If k(p) = 0, then V§(p) = 0.

Proof. If k(p) = 0, then ¢ > k > 0 near p and ¢(p) = 0. Hence V¢(p) = 0 and Z¢(p) > 0, which
proves (5.5).
Suppose that k(p) = kmax(p) > 0. For a unit vector e; in the maximal eigenspace, (5.2) gives

(Lrh)i1 = (2(Qer, e1) — U)k. (5.6)
Lemma 3.5, with Z = (QX)7, gives the zero components and

Lrd+ (U —2a)k > 2k((Qer, e1) —a) +2 ) k¢z (5.7)

ki<k -
Since k > 0 and Q > ald, this implies (5.5).
Suppose now that k(p) > max{0, kmax(p)}. By Lemma 3.2, there is ¢ = p with c(p, q) = k(p).
Write

X=X(p), Y=X(q, d=Y-X, A=|[d/2, b =(e,d), H.=H(p), H,=H(q). (58)
Here k = k(p), ki = ki(p), and H; = dH,(e;). The function

2(x,y) = “PIX) = XCOF +(v(@). X () = X(x)) (5.9)
is nonnegative for x near p and every y € M, and vanishes at (p, q). Its value and first derivatives in
x give

<V(p), d> = —kA, A¢, = (k - Ki)bi. (510)
Its derivatives in y give W := v(p) + kd L T;M, and (5.10) gives |[W| = 1.
The open ball B of centre X — v(p)/k and radius 1/k is disjoint from X(M). It meets the negative-
normal component near X, so its connectedness and Lemma 3.1 give 3 C Q_. At Y € 9/3, the gradient
of z > klz — X|*/2 + (v(p), z — X) is W. Lemma 3.4 gives

v(q) = v(p) + kd. (5.11)
By [4, Lemma 2.2], the reflected vectors
b;
e =e——d 512
ei=e N (5.12)

form an orthonormal basis of T,M. Put v; = (e;, &).
The function ¥(x, y) = @#(x) — c(x, y) has a minimum zero at (p, q), and Hess Z = AHess ¥ there.
The spatial derivative formulas [5, (8)-(10), p. 29], with unit chord —d/|d|, give

T := Z Hesspxm Z (i, v;) > 0, (5.13)
i

T=A2¢+Sk—Hk*) -2 ¢ibi+ Y, Hb; + Hy — H,.
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Put Z; = (QX, ¢;). Differentiating (1.7) at p gives

H; =(Qe;, v(p)) + kiZ;. (5.14)
Stationarity and (5.11) give
H, — H, =(Qd,v(p)) + K{QX, d) + k(Qd, d), (5.15)
Z H;b; =(Qd,v(p)) + kAg, + Z kiZ;b;. (5.16)
Indeed, (5.10) gives
d=) be—kAv(p),  (QX.d)= ) Zb;— kAH,. (5.17)

Subtracting (5.15) from (5.16) and applying (5.10) yields
> Hibi+ Hy— Hy = —A Y. Zid; + k*AH, + kAq, — k(Qd, d). (5.18)

Substitution in (5.13), with e = d/|d|, gives

T P?
—=Lrp+(U-2 ,eNk—2 — 5.19
4= Lrd+(U-2Qe k-2, 17 (5.19)
Hence
£F¢+(U—2a)kzz+2k((Qe e)—a)+221¢;;2 (5.20)
A ’ ; k— Ki. '
Here T >0, A > 0, k > 0, and (Qe, e) > a. All denominators are positive. This proves (5.5). ]

Proposition 5.3. For every hypersurface in this section whose image is not a hyperplane, put V = U —2a
and u = w'. Then

Lrw+ (U -2a)w > 2w [Vw] (5.21)

distributionally. The distribution m = (A + U — 2a)u is a nonnegative locally finite measure, and

[958+ =20 due = [ WP dpp+ [ g (5.22)
M M M
for every f € CZ(M).

Proof. The functions k, £ are locally semiconvex by Lemma 3.2. Normal reversal preserves S, q,, U and
Lr, and interchanges k, £. At common Alexandrov points, Lemma 2.3 and Proposition 5.2 give (2.9)
with V = U — 2a. A zero denominator has zero numerator by that proposition. Lemma 2.5 gives (5.21)
as a measure inequality. For every compact K € M, continuity gives ming w > 0. Proposition 2.4
therefore gives m and (5.22). O

Quadratic-form assertion of Theorem 1.2. Equation (5.22) gives (1.9). On the complexification of
L*(M, dpr), let Ty = Ap + U with domain C2(M; C). This domain is dense, and weighted integration
by parts makes Ty symmetric, with

a(f) :=<Tof, Frxape = A4(|Vf|2 + UIfP) dur > 24l fI2q,,,)- (5.23)

The inequality follows by applying (1.9) to the real and imaginary parts of f. By [28, Chapter VI,
Corollary 1.28], q is closable. Its closure has lower bound 2a and defines the Friedrichs extension T
of Ty [28, Chapter VI, Theorem 2.6 and §2.3]. Thus o(T) C [2a, ). Finally, q, < b gives, for real
fecem,

/ (VP + SF2) dur > (20— b) / £ dpr. (5.24)
M M
]
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6. WEIGHTED EXHAUSTION AND RIGIDITY

Let Q > 0 be self-adjoint, let a = Apnin(Q), and let F(z) = %(Qz, z).Let X : M" < R"™ n > 2, be
a connected complete smooth proper embedding without boundary satisfying (1.7).

Lemma 6.1. The weighted volume of M is finite, and F o X € L'(M, dpr).

Proof. Write F for F o X. Since F > a|X|?/2 and X is proper, F is nonnegative and proper. The
identities VF = (QX)T and Hess F(v, z) = {Qu, z) — Hh(v, z) give

PF =trQ - q, — H, IVFI* = |QX|* — H?, (6.1)
LrF=trQ—gq, —|0X[* < Cy — 2aF, Co=trQ—a. (6.2)

Here ¢, > a and Q% > aQ. In particular,
9F — J|NF| + aF =tr Q — q, — 1H* = 1|QX|* + aF < G, 9F < C,. (6.3)
If M is noncompact, Cheng-Vieira-Zhou [17, Theorem 1.1(ii), arXiv version], with ¢ = %, f=a

and upper bound Cy, gives fM e F/2 dvg < co. The same integral is finite when M is compact. The
inequalities

2
e F < e—F/2, FeF < £ o F/2

e
give both conclusions. U

Choose a smooth nonincreasing y : [0,0) — [0, 1], equal to one on [0, 1] and zero on [2, o). For
R >0, set

xr = x(IX|/R), Vxrl < 1x |/ R. (6.4)

The functions yz are smooth also at X = 0, where they are locally constant. They have compact
support, increase to one, and are eventually one on every compact set. Lemma 6.1 gives

/M Vel dyag < B2 P er (M) —> 0. (6.5)

Average inequality in Theorem 1.2. Suppose X (M) is not a hyperplane, and let w, m be as in Propo-
sition 5.3. If fM Sdup = oo, then (1.10) follows from a < ¢, < b and pp(M) < oo. Otherwise
V = U —2a € L'(M, dur). Lemma 2.6, applied with the cutoffs (6.4), gives

/(U—Za)dypz/ |Vlogw|2d/11:+/ wdm > 0. (6.6)
M M M
U

Lemma 6.2. Suppose X(M) is not a hyperplane. Equality in (1.10) implies U = 2a and Vh = 0.

Proof. Equality implies S € L'(M, dur). Equation (6.6) therefore gives Vlog w = 0 almost everywhere
and fM w dm = 0. By Lemma 2.7 and connectedness, w = ¢ > 0 is constant. Hence

0=m=c'(U-2a)dpyr.
Since U is smooth, U = 2a everywhere. Thus
0<S=2a—-¢q, <a (6.7)
Equation (5.3) becomes
1LrS =B, B = |[Vh]® + 2tr(h*(Qr — ald)) > [VA*. (6.8)

Indeed, an orthonormal eigenbasis (e;) of Qr, with eigenvalues g; > a, gives

tr(R(Qr — ald)) = ¥ (g — @)[Bef > 0. (6.9)

By (6.4), (6.5) and [26, Theorem 2.2, (iv)=(i)], for the weight e~F every smooth function bounded
above and satisfying Lrv > 0 is constant. Applied to S, this gives B = 0 in (6.8), hence VA = 0. [J
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Proposition 6.3. A connected complete smooth properly embedded Euclidean hypersurface without
boundary with parallel shape operator is either an affine hyperplane or an entire product $P(r, c) x Ey,
where 1 < p < n, r > 0, Eq is a linear subspace of dimension n — p, and the sphere lies in Ey. In the
nonhyperplane case, (1.7) and U = 2a imply (1.11).

Proof. Equation (4.15) gives constant principal curvatures. The Euclidean classification [11, §2, p. 3]
makes the image an open subset of an affine hyperplane, a hypersphere or a spherical cylinder.
Properness makes the image closed in the ambient space, hence in that model. Each model is
connected, so the image is the whole model.

In the nonhyperplane case, write X(M) = SP(r, ¢)x Ey, with E; = Ej and ¢ € E;. With the outward
spherical normal w, stationarity reads

g ={(Q(c+rw+ z), w) (w € Eq, |w| =1, z € Ey). (6.10)

Varying z gives (Qz, w) = 0 for all z € Ey and all unit w € E;. Thus Q(E,) C Ey; self-adjointness gives
Q(E;) C E;. The equations at w and —w are

p/r={Qc.0) +HQw,w),  p/r=—Qc,0)+r(Qu,w).

Subtracting gives (Qc, w) = 0 on the unit sphere of E;. Since Qc € E1, one has Qc = 0, and positive
definiteness gives ¢ = 0. Adding gives (Qw, w) = p/r?. Polarization yields Q|, = (p/r*)Id. On the
cylinder S = g, = p/r?. Therefore U = 2a gives r* = p/a and E; C ker(Q — ald), as in (1.11). [

Equality in Theorem 1.2. Equality gives Vh = 0 and U = 2a by Lemma 6.2. Since X(M) is not a
hyperplane, Proposition 6.3 gives (1.11). Conversely, let E and p be as in (1.11), and put r = \/m.
The product is connected, complete and properly embedded. Its outward principal curvatures are
1/r with multiplicity p and zero with multiplicity n — p. The subspaces E, E* are Q-invariant, and
Ql|g = ald. Hence H = p/r = ar =(QX,v)and S = g, = a. Lemma 6.1 gives finite weighted volume,
so the product attains equality. If it is compact, p = n and E = R""!, whence Q = ald. g

If h = 0, Proposition 6.3 gives an affine hyperplane X(M) = x, + v* with constant unit normal v.
Stationarity gives

0=(Q(x+y),v) (yev?) (6.11)

Varying y gives Qv = v with f > 0; at y = 0 the equation gives §(xy, v) = 0. Thus X(M) = v*. On
this hyperplane k = £ = 0.

7. SPECTRAL AND GRAPHICAL CONSEQUENCES

7.1. Graphs in eigendirections. For Q = ald, the dilation X — J2a X reduces Theorem 1.3 to the
hemisphere theorem of Ding-Xin-Yang [22, arXiv v1, Theorem 3.1].

Proof of Theorem 1.3. Rescale v so that [v| = 1 and put 0 = (v,v) > 0. Equation (5.4) and Qu = fv give
Lr=(p-U)0. (7.1)

Suppose that X(M) is not a hyperplane. The ground-state identity (2.7), with 07! in place of w,
V =p—-Uandm =0, gives

/ 621v(f /) dur = / (VfE+ (B - dur  (f € Co(M)). (7.2)
M M

By Theorem 1.2,

0< /M O21v(f /) dpr < 2 /M V£ dyap + (B — 20) /M f2 dpr. (7.3)
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Take f = yg from (6.5). If § < 24, the right side tends to ( — 2a)ur(M) < 0, a contradiction. If § = 2a,
then, for every compact K ¢ M and all sufficiently large R,

/ Vlog 0 dur < 2 / 1V xel? dyar —> o.
K M

Thus 6 is constant by connectedness, and (7.1) gives U = 2a. Since up(M) < oo, equality holds in
(1.10). Theorem 1.2 then gives (1.11); in particular, v(x) € ker(Q — ald) for every x € M. Since
v € ker(Q — 24ld) and a > 0, self-adjointness of Q gives (v,v) = 0, a contradiction. Hence X(M) is a
hyperplane, and (6.11) places it through the origin. (]

Corollary 7.1. Letv be a unit eigenvector of Q with eigenvalue § < 2a. Every smooth entire graph

X =y+fw,  yev,
satisfying (1.7) is a hyperplane through the origin.

Proof. The graph is diffeomorphic to v* and is properly embedded by [30, Proposition 5.7]. Since
the ambient Euclidean metric is complete, its induced metric is complete by [30, Problem 13-18(b)].
Choose the unit normal

v—Vf 1

V:\W, <V,U>:W>O

Theorem 1.3 gives the conclusion. g
7.2. Compact spectral comparison. On a closed connected manifold of positive dimension with
smooth density dur = e " duy, let

0=Ag <A <A<
be the eigenvalues of Ap, counted with multiplicity. The weight has positive upper and lower bounds,

so the weighted and unweighted Sobolev norms are equivalent and H'(M) < L2(M, dur) is compact.
The form min-max principle is given in [28, Chapter VII, §6.4, Remark 6.2].

Proposition 7.2. Let (M, g) be a closed connected smooth Riemannian manifold of positive dimension,
let F € C*(M), and put dup = e_de‘g and Ap = —divV + (VF,V). Let ¢c € R, let P € L*(M;R), and
suppose that a positive Lipschitz function w satisfies

/ (VP + P = O f) dur > / WP dpr (f € HY(M)). (7.4)
M M

Let {; be the eigenvalues of Ap + P, counted with multiplicity in nondecreasing order. Then

miny w>2 . (7.5)

maxy; w

G>c+ 94 (j>0), 9:(

Proof. Put u = w™'. By Lemma 2.7, multiplication by u is an automorphism of H'(M). For f = uv # 0,
(7.4) gives

JulSP 4= O dur  fy ol dpe o o, 190 dp

/Mfz dyp B /M utrdpp vaz dyr .

The map E — u 'E is a bijection on the set of (j + 1)-dimensional subspaces of H!(M). Taking

the supremum over 0 # f € E and then the infimum over these subspaces gives (7.5) by the form
min-max principle. (]

(7.6)

On the closed hypersurfaces of Theorems 1.1 and 1.2, (4.11) with H = 0 and (5.22), respectively,
imply (7.4) for smooth f. Smooth density and Lemma 2.7 extend these inequalities to H!(M). Taking
(F,P,c) = (0, S, n) in the spherical case and (P, ¢) = (U, 2a) in the quadratic case gives

G(A+S) > n+ 9A,(D), G(AF + U) > 2a+ 91;(AF). (7.7)
On a minimal Clifford hypersurface, w is constant and S = n by Lemma 4.5. On the compact equality

model (1.11), the outward normal gives k = \Ja/n, £ =0, and U = 2a. Thus ¢ = 1 and equality holds
for every j in the respective comparisons.
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7.3. The embedded low-index classification. For a closed two-sided minimal hypersurface of $"*1,
its Morse index is the number of negative eigenvalues, counted with multiplicity, of

J=A-S—n. (7.8)

Perdomo’s theorem [35, Theorem 3.1, p. 564], with ambient sphere dimension N = n + 1, gives
indM)=n+3 = / Sdvg < nVol(M) (7.9)
M

for every closed oriented minimally immersed M" — $"*1,

Corollary 7.3. Let n > 2. A closed connected embedded minimal hypersurface of S"*! has Morse index
n + 3 if and only if it is a minimal Clifford hypersurface.

Proof. By Lemma 3.1, M is two-sided and oriented. The equator has index 1 [35, p. 560]. Suppose that
ind(M) = n + 3. Then M is not totally geodesic, and (7.9) and Theorem 1.1 give

nVol(M) < / S dvg < nVol(M).
M

The equality case of Theorem 1.1 gives the conclusion. Conversely, every minimal Clifford hypersur-
face has index n + 3 [35, p. 560]. O

7.4. Self-shrinkers and Gaussian curvature. Set Q = %Id, dy = e X /4 dvg,and Ay = —.@+%<XT, V).
Stationarity becomes H = %(X , V).

Corollary 7.4. Let M" C R"™"!, n > 2, be a connected complete properly embedded self-shrinker without
boundary, other than a hyperplane. Then

1
/ (VfF+5f2) dy > / Py (fecem), (7.10)
M 2 Jm
and
1
/ Sdy > —y(M). (7.11)
" 2
Equality in (7.11) holds precisely for $P(/2p) x R"™P, 1 < p < n, up to an orthogonal transformation.

Proof. Here a = q, = 1/2 and U = S + 1/2. Substitution in (1.9) and (1.10) gives the two inequalities.
Since ker(Q — ald) = R™*?, (1.11) gives the stated cylinders. Among them, precisely the model with
p = nis compact. O

For complete immersed self-shrinkers, properness, polynomial volume growth and finite Gaussian
area are equivalent by Cheng—Zhou [18, Theorem 1.3].

Lemma 7.5 (Colding—Minicozzi). Let X : M™ — R™"! be a smooth complete self-shrinking immersion
without boundary, with n > 2 and H = (X, v)/2 in every local unit normal. Suppose that

Volg (X '(Br(0))) < C(1+R)?  (R>0)

for some C > 0 and d > 0. Define
Fy (M) = (47rt)_”/2/ e X—I*/40) dvg, AM) = sup F),;(M). (7.12)
M yeR™L >0

Then
AM) = Fo(M) = (4m) ™2y (M). (7.13)
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Proof. Polynomial volume growth gives (1 + [X[)"e~¢X * e Li(M, dvg) for every m > 0 and ¢ > 0. Fix
y € R"!and ¢ > —1. Put £, = 1 + cs? and G(s) = Fy;, (M) for 0 < s < 1. Then t; > min{1, 1+ ¢} > 0.
The identity of Colding—Minicozzi [19, p. 788, (7.27)] gives

G'(s) = —2;(47tt5)_"/2/ lesX* + yl|2e_‘x_sy‘2/(4t5) dvg <0. (7.14)
s M

Here cs(X — sy)* + t;y* = csX* + y*. Thus Fy 1..(M) < Fy1(M). Since every ¢ > 0 is 1 + ¢ for some
¢ > —1, taking the supremum gives A(M) < Fy 1(M). The reverse inequality follows by taking y = 0,
t=1 O

Consequently, (7.11) is equivalent to
1
/ Se X/ dyy > 5(47z)"/2A(M), (7.15)
M

with equality precisely for the cylinders of Corollary 7.4, and for $"(/2n) in the closed case. These
are Conjectures 1.6—1.7 of Li-Zhao [31], in dimensions n > 2.

7.5. The operator on a punctured cone. Let L" C $"*! be a smooth minimal hypersurface. On
C = (0,00) x L, with Xc(r, p) = rp € R, one has

gc =dr* + g, dyc = e/ dr duy, Sc =r72S;.

Thus
A 92 ”9 —25 ! %)
y,C — r r l L 2 re

Forv € C*(L),
(Ayc+Sc— %)(rv) =r (AL + S, —n (r>0). (7.16)
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