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Abstract

We study the asymptotic behaviour, as € — 0%, of the p-Dirichlet energy of maps
u: Q C R? = R? constrained to take values in the rescaled periodic network € Z, where
Z is a standard square network in R2. The oscillations are carried by the constraint in
the target, not by the energy density, and their effect depends on p. For 1 < p < 2 the
constraint disappears in the limit: the I'-limit is an integral functional on the whole of
WLP(Q,R?), whose density is given by an asymptotic cell formula on tilted cells. This
density is equal to (|ay| 4 |az2|)? on rank-one matrices a ® v, |v| = 1, and exceeds its
convex envelope by a quantity comparable to |det A| |A|[P~2, with constants of order
(2 — p)~1. Consequently, although the original energy density is convex, the limit
density is quasiconvex but neither convex nor polyconvex: quasiconvexity is generated
by the geometry of the constraint. For p > 2 the constraint survives in the limit as
det Vu = 0, and the I-limit is the degenerate energy [, (|Vui| 4+ |Vug|)? dz, that is,
the p-energy of u considered as a map into the normed plane (R2,| - |;), the metric
limit of the networks.
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1 Introduction and main results

In this paper, we study the asymptotic behavior of a prototypical family of variational
integrals defined on vector-valued Sobolev functions, and whose values are constrained to
lie on a periodic network, which is seen at a scale € that is small compared to the scale
of observation. Given a bounded Lipschitz domain @ C R? and an exponent p > 1, we
consider

FP

£

/ |Vu(x)|Pdz if u(x) € eZ for almost every x € Q
(u) = { /o (1)

400 otherwise,

where Z is a periodic network in R? and | - | denotes the Frobenius norm on R?*2. The
prototypical example, that is our focus here, is the union of the coordinate lines

Z:{(a,b)eR2: a€3+7Z or be%+Z}: UG+0Q), @=(-33% @
€722

The effective domain of F? is the class of constrained Sobolev maps W!P(Q,eZ) = {u €
WEP(Q,R?) : u(x) € eZ for almost all z € Q}. Constraints of this type arise naturally
in models of media with a fine internal architecture, where admissible deformations, order
parameters or internal variables are forced onto a network of preferred states: lattice or
network-like microstructures, strongly anisotropic media, and discrete systems in which
the order parameter is quantized. Moreover, this can be regarded as a prototype for
energies with values on an oscillating manifold, with the heuristic motivation that low-
energy functions will be located approximately on a network with small oscillations within
the manifold (which is the case for curves [18]). In all such models, one is led to ask what
effective continuum theory survives the limit ¢ — 0T.

We will refer to this limit as a homogenization process, although it is not a usual
one. Two features distinguish (1) from the energies usually encountered in homogenization



theory. First, the integrand is the p-Dirichlet integrand: all oscillations are carried by the
constraint, not by the energy density. Second, and more importantly, the oscillations take
place in the target space rather than in the spatial z-variable. The classical homogenization
results deal with integrands f(z/e, Vu) oscillating in z, and the effective energy is obtained
through a cell formula on the domain (see Braides [15], Miiller [55] and the monograph
[19]); here, instead, the cell problem lives in the target, and the relevant cell is the pre-
image Q4 = A~1(Q) of the target cell under the affine datum with gradient A. This is
why, unlike in the classical setting, the homogenization formula depends on the rank of the
matrix A. More importantly, although the original integrand is convex, the homogenized
density is not: it is quasiconvex but neither convex nor polyconvex, and the distance from
its convex envelope is controlled by the determinant. This lack of convexity is produced
by the geometry of the constraint alone and it is an important aspect of the present work.

The main goal of the paper is to characterize the I'-limit of FY as ¢ — 07 and to
understand how the interplay between p and the geometry of Z affects the limit model. A
dichotomy appears at p = 2: for p < 2 the constraint disappears in the limit, but it leaves
its trace in a genuinely quasiconvex energy density; for p > 2 it survives as the differential
constraint det Vu = 0. For p < 2 the result is the following.

Theorem A (subcritical regime: geometric quasiconvexity). Let 1 < p < 2. Then FY
I'-converges, with respect to the strong LP-topology, to

Flon®) = [ flon(Vu@) do, u € WHP(2 R2),
Q

where fﬁ’om: R2%2 — [0, +00) is a continuous, p-homogeneous, quasiconvex integrand with
the following properties:

(i) (asymptotic homogenization formula) on matrices of rank two

| det A] .

_ . . . 17
Fhom(4) = liminf -5 mf{/TQAIVuI”dx. u € WP (TQuy, 2),

u = u4 in a neighbourhood of (9TQA}, (3)

where u 4 is the projection of the linear function Ax on Z (see Definition 2.3);

(ii) (qualified two-sided estimates) there exist ¢,C > 0 independent of p and explicitly
computable, such that

| det A|
(2 —p)|A]FP

| det A|

N(A)p—l-ﬁ(p—l)fiﬁ 2-plAr (4)

< fon(A) < N(AP 4T

for every A # 0, where, if A1 and As denote the rows of A,

N(A) := |Ay| + |Asg|. (5)



In particular, ff (A) = N(A)P on rank-one matrices, and the function f  is neither
convex nor polyconver.

The density fﬁ'om is given by an asymptotic cell formula on the tilted cells TQ4 =
TA~Y(Q), with the projected linear map us = Py(A-) as boundary datum (Definitions 2.3
and 2.7); by (4) it has standard p-growth, [A]P < ff (A) < C|AJP. The restriction p < 2
is exactly what makes the radial projection onto the boundary of a cell an admissible
operation in WP, the singularity |z|~” integrable in the plane precisely for p < 2 (Lemma
2.2): every Sobolev map can be projected onto the network at a uniformly controlled energy
cost, which is why the limit domain is the whole of W1P(Q, R?).

The lower bound in (4) shows that fF  is not convex. Indeed, writing I = 1 (2¢; ®
e1) + 3 (2e2 ® e2), by (i) and (ii) we have

_p—
%fﬁ’om@el ®e1)+ %fﬁ’om@eg ®ey) =2 < 2P 4¢C 5

1 1 —2

820 2" < fP(I).  (6)
As a consequence, ff is not polyconvex either: a polyconvex function with growth of
order p < 2 must be convex, since an affine function of (A, det A) lying below a function
with subquadratic growth cannot depend on det A.

Geometric quasiconvexity. We consider fﬁ’om as a quasiconvex function generated by the
geometry of the constraint, from which the title of this paper comes. It is worth commenting
on its form. The two terms in (4) have a transparent meaning. The first is the convex
envelope of f om- Indeed, N? is convex and lies below fffom; conversely, if Ay, As # 0 and
A = |A1|/N(A), then

A:)\<§61®A1)—|—(1—/\)( 62®A2>

1
1-A
is a convex combination of two matrices of rank one at which, by (i), f  takes the value
N(A)P. Hence (ff )* = NP, and by (i) and (4) the function f}  coincides with its
convex envelope exactly on the matrices of rank at most one: it is convex at each of them,
in the sense that it has an affine minorant touching it there, and at no matrix of rank two.
Note that N is a norm on R?*2 with |A| < N(A) < v/2|A| and N(a ® v) = |a1| + |ag| for
every a € R? and every unit vector v € R?. The value N(A)? is also identified in Section
2.7 as the minimal p-th moment of a probability measure with barycentre A supported on

K := (e @ R?) U (e2 ® R?) € R?*2, (7)

the set of matrices with at most one non-zero row, which contains the gradients of all maps
with values in €2 (Lemma 2.18). In other words, N(A)P is the best lower bound that can
be extracted from the pointwise constraint on the gradients alone. For matrices of rank
one, this bound is sharp, the optimal measure being a laminate that we can generate with
maps with values in eZ. However, for det A # 0, instead, the unique optimal measure on K



is supported on two matrices that are not rank-one connected, so it is not a homogeneous
WhP_gradient Young measure [11]. The fact that the generating sequence must be gradients
for maps valued in €Z is responsible for the nonconvexity of ffl’om. Indeed, the second term
in (4) is the energy of the topological defects forced by the constraint. Maps with values in
e Z satisfy det Vu. = 0 almost everywhere, while the affine datum has Jacobian det A # 0;
the difference is carried by wvortices, that is, by points around which u. winds once around
a cell of the network. For projected linear maps, this can be computed explicitly: the
distributional Jacobian of e ug(x/e) is

sign(det A) e Z 0ea-1j
jez?

with a Dirac mass, weighted by the area 2 of a cell, at each point of a lattice of density
|det A|e=2. A vortex has finite p-energy only if p < 2, and its cost at the scale ¢/|A|,
below which it dominates the affine part of the gradient, is of the order e2|A[P~2/(2 — p);
multiplied by the density of vortices, this accounts heuristically for the second term in (4),
including the order (2 — p)~! of the constants.

The proof of the lower bound makes these heuristics rigorous without any description
of the vortices: the Jacobian of the boundary datum must be paid for by large gradients.
Precisely, a Lipschitz truncation [1] at level A > 4|A|, combined with the null-Lagrangian
property of the determinant, shows that for every competitor u in the cell problem the
maximal function of |Vu — A| exceeds A on a set whose measure, relative to that of
the cell, is at least of order |det A|A2. Integrating in A gives a lower bound of order
| det A||A|P=2/(2 — p) for the p-th moment of the large values of |[Vu| (Lemma 3.3), which
is then added to N(A)? by a Jensen inequality that keeps track of the tail (Lemma 3.1).
The upper bound follows from the rank-one convexity of f . by laminating a rank-one
matrix with a multiple of a rotation, whose cost is computed through the projection F.
It is possible to give a more precise lower bound for the density ff  using recent results
[3]. First, we note that N(A) > ||A||, where || - || denotes the spectral norm, with equality
for A € K. Using that the Burkholder integrands defined for exponents p € (1,2) as

B, (X) = (2 = 1)[IX|]P £ [ X|[P~? det X, X € R**?,

are quasiconvex one may show that

R0 2 117 (1452 184]) ®

holds for all X € R?*?. The lower bound in (8) equals max{B} (X), B, (X)}/(% —1) and
as such is quasiconvex.

We now describe the result for p > 2. By (4), the densities f. = converge pointwise,
as p — 27, to a function equal to N(A)? if det A = 0 and to 400 otherwise, which is the



limit density for p = 2 given by Theorem B below: the vortex energy becomes infinite and
turns into a constraint.

Theorem B (supercritical regime: rigidity). Let p > 2. Then FY T'-converges, with respect
to the strong LP-topology, to

pr / (IVur(z)| + |Vua(2))' dz  if u € WHP(Q,R?) and det Vu = 0 a.e.
Fo(u) = Q

+00 otherwise.

In the supercritical regime, the constraint produces a rigidity phenomenon that survives
in the limit: limit deformations have gradients of rank at most one, and the effective energy
is the degenerate energy N(Vu)? = (|Vu1| 4 |Vuz|)? induced by the network metric. The
limit density is a convex function of (A, det A); that is, it is polyconvex in the sense of
Ball [10], with extended values. Crossing p = 2, the limit density thus passes from a finite,
genuinely quasiconvex function to a polyconvex, constrained one; the two regimes agree on
matrices of rank one, where both densities equal (|a1| + |ag|)P for A =a ® v, |v| = 1. For
functions u with an image a curve, the proof of Theorem B (Section 4) is short: the lower
bound follows from the identity |Vu.| = N(Vu,), valid almost everywhere for maps with
values in €Z, from the convexity of NP and from the weak continuity of the determinant,
while recovery sequences are obtained by composing u with maps that replace segments in
its image by staircases in €Z.

We want to remark how the two ways in which the exponent 2 appears are the two
sides of the same coin. From below, p < 2 is the integrability condition that makes the
projection of the radial projection onto dQ bounded in W' (Lemma 2.2). Averaging
over the projection centers goes back to Federer and Fleming [31], and was introduced
for Sobolev maps with values in manifolds by Hardt, Kinderlehrer, and Lin [40]; here the
network plays the role of the one-dimensional skeleton of the cubical decomposition of the
target, and projecting cell by cell allows us to destroy the constraint in the limit.

From above, p > 2 is what guarantees that the pointwise constraint Vu. € K passes
to the weak limit as the differential constraint det Vu = 0. The determinant vanishes on
K and is a null Lagrangian, so it is affine along rank-one segments, and {det = 0} is the
lamination convex hull of K. For p > 2 the pointwise Jacobian of a W'? map coincides
with its distributional Jacobian, which is weakly continuous [10], so that det Vu. = 0 passes
to the limit. Below p = 2 the distributional Jacobian, although still weakly continuous for
p > 4/3, may differ from the pointwise one by concentrations at vortex points, and maps
with values in €Z can carry such vortices: the Jacobians of the maps e ua(z/¢) computed
above converge weakly* to det A, although det V(e u4(x/e)) = 0 almost everywhere. This
is the phenomenon exhibited, e.g. by Ball and Murat [12], with the map « — z/|z|, which
shows that in dimension n the determinant is not W'P-quasiconvex for p < n. In our
setting, it means that for p < 2 the inclusion Vu € K is compatible with every affine



boundary datum: u4 satisfies Vuy € K almost everywhere and ua(x) = Az on 9(T'Qa)
for every odd integer T', while for p > 2 such a map exists only if det A = 0.

The dichotomy also has a topological reading. For p > 2 every u € WP(Q,e2) is
continuous and, if €2 is simply connected, it lifts to the universal covering of €Z, which is
a tree, so no vortex can occur. For p < 2, instead, the maps that wind around a cell, such
as ¢ — €x/(2|r|) near the origin, have finite p-energy, and are precisely the singularities
created by the projection of Lemma 2.2 at the points where u meets the projection centers.
The borderline case p = 2 is the analog, for graph-valued maps, of the lifting problem for
circle-valued maps [21, 14], which we do not pursue here.

For p > 2 Theorem B can also be interpreted as a study of the limits of some metric
spaces. We refer to Section 5 for a more detailed discussion of this aspect.

Relation to the literature

Homogenization under constraints on the target. The homogenization of integral function-
als for maps constrained to a fixed smooth manifold has been studied by Babadjian and
Millot [8], who introduced a notion of tangential homogenization modeled on the tangential
quasiconvexity of Dacorogna, Fonseca, Maly and Trivisa [27]. In those works the target
is fixed and smooth and the oscillation is in the space variable, so that our setting is in a
precise sense complementary.

Oscillating targets and effective metrics. The closest antecedent is the analysis of Braides,
Cancedda and Chiado Piat [18], who consider the Dirichlet integral of curves taking val-
ues in fast-oscillating manifolds collapsing onto a linear subspace, and show that the limit
is described by a Finsler metric obtained by optimizing the contribution of the oscilla-
tions on level sets, with formulas mixing homogenization and convexification. Their result
is the one-dimensional domain counterpart of our supercritical regime, in which the os-
cillating target degenerates into a metric. Related constructions of effective metrics by
I-convergence appear in Braides, Buttazzo, and Fragala [17].

Quasiconverity produced by homogenization. Quasiconvexity in the sense of Morrey [54]
is the natural convexity condition for vectorial integral functionals, and polyconvexity in
the sense of Ball [10] is its most widely used sufficient condition; see [3, 24, 26, 39] for
the relations between the various notions. Explicit quasiconvex functions that are not
polyconvex are plentiful, even in the 2 x 2 case, but explicit examples are fewer. The early
examples include [4, 65], and homogenization is a natural source of them: Braides [16]
showed that polyconvexity is not preserved by periodic homogenization. The mechanism
we exhibit is of a different nature: the energy density is convex and fixed, and it is the
non-convex constraint in the target that generates a quasiconvex, non-convex limit density.

Homogeneous quasiconvex functions of low degree. On R?*2, functions positively homoge-
neous of degree p > 2 that are quasiconvex but not convex are easy to produce: |det A|p/ 2is
polyconvex and not convex. For p < 2 the picture changes since, as observed after Theorem
A, polyconvex functions with growth of order p are convex. That quasiconvex functions
with subquadratic growth need not be convex was first observed by Sverak [64]. Positively



homogeneous functions of degree one were studied by Miiller [56] and by Dacorogna and
Haeberly [28]; in this class, Kirchheim and Kristensen [48] proved that rank-one convexity
forces convexity at every matrix of rank at most one, while the examples of [64, 56, 28]
show that convexity may fail at matrices of rank two and even quasiconvexity may fail
at rank two matrices in higher dimensions [24]. For every p € (1,2), the density fy  is
a quasiconvex function homogeneous of degree p that exhibits this picture in its sharpest
form, and it arises naturally from a homogenization problem: it is convex at every matrix
of rank at most one and at no matrix of rank two, and its distance from its convex envelope
is comparable to | det A| |A|P~2, with constants of order (2 —p)~!.

Vortices. The energetics of point singularities is classical for maps into the circle: the
Dirichlet energy of a vortex diverges logarithmically, which is at the origin of the Ginzburg—
Landau asymptotics [13], while for p < 2 the p-energy of a vortex is of order (2 —p)~!, and
Hardt and Lin [41] showed that p-energy minimizing maps from planar domains into the
circle, with boundary data of degree d, develop exactly |d| singularities, whose behaviour
as p — 27 they described. The constants in (4) display the same order (2 — p)~!, the
Jacobian, rather than the degree, measuring the number of vortices.

Differential inclusions and gradient Young measures. The set K in (7) is the union of two
two-dimensional subspaces of R?*2; the rank-one segments joining them lie in {det = 0},
which is both the lamination convex hull and the quasiconvex hull of K. In the moment
problem of Section 2.7, whose value is N(A)P, the optimal measure is a laminate when
A has rank one and, by Ball and James [11], it is not a gradient Young measure when
det A # 0. Which measures supported on K are generated by gradients of maps with
values in €Z, a constrained version of the characterization of gradient Young measures in
Sobolev spaces by Kinderlehrer and Pedregal [45], is a question of independent interest.
For the general theory of differential inclusions and of hulls of sets of matrices we refer to
(37, 57, 47, 66].

Maps into singular spaces and normed planes. At fixed e the target is a one-dimensional
metric graph, so that the variational theory of maps into singular targets applies: Gromov
and Schoen [38], Korevaar and Schoen [49], Eells and Fuglede [30], Daskalopoulos and Mese
[29]. Its estimates, however, are tied to the curvature scale of the target. The shortest
embedded circles of £Z are the boundaries of the cells, of length 4e, so that (¢Z,d.) is
CAT (k) exactly for k > 72/(4¢?) [22, Part II]; the regularity theory for maps into targets
with curvature bounded above by x > 0 requires the image to lie in a ball of radius
smaller than 7/(2+/k), which for the optimal value x = 72/(4?) equals € (see [42] and, for
singular spaces, [62, 35, 34]), and therefore gives no estimate uniform in . In the limit,
the convergence d. — |- |1 is an instance of the stable norm of a periodic metric space
[59, 23], which would replace | - |; for a general connected periodic network. Finally, for
p = 2 the limit functional of Theorem B is the energy of a map into a normed plane,
a setting in which energy and area interact subtly: several notions of area coexist, and
Lytchak and Wenger [51, 52] showed that energy minimization solves the Plateau problem



once the notion of area is chosen appropriately, quasiconvexity of the area being a key
ingredient. Comparing the quasiconvexity of these notions of area with that of our limit
densities seems an interesting question, which we do not pursue here.

Plan of the paper: Section 2 is devoted to the subcritical case p < 2, containing the
proof of Theorem A(i), although the construction of staircase paths in Section 2.3 is also
used in the regime p > 2. In the subcritical regime, a fundamental issue is the estimate
of projections on the networks (Section 2.1), together with the adaptation of nonlinear-
homogenization techniques to functionals constrained in the target space; in particular,
the modification of boundary values in Section 2.2. In Section 2.4 we separately define
the homogenized energy densities on matrices of rank two and of rank one, respectively.
In the first case, through an asymptotic homogenization formula, in the second case, by
optimizing over paths. This is suggested by the necessity of two different variants of the
blow-up method applied in Section 2.5. Moreover, since the lower bound gives two different
formulas, we prove that the resulting function satisfies the continuity properties necessary
to prove the I'-limsup inequality through a density argument in Section 2.6. Section 2.7
develops the Young-measure counterpart of this analysis, identifying N(A)P as the value
of a moment problem on K and constructing, for rank-one A, the optimal laminate using
maps with values in eZ. Section 3 contains the proof of Theorem A(ii); that is, of the
two-sided estimate (4). Section 4 treats the case p > 2 (Theorem B). In this case, the
functions in the limit domain satisfy det Vu = 0. The necessary notions from Topology
and Graph Theory are presented and used to overcome the difficulties due to the rigidity
of this constraint, which forbids the usual arguments by density. Section 5 concludes the
paper with some remarks on the connections with convergence issues of metric spaces.

2 The subcritical case p < 2

As noted in the Introduction the behaviour of functionals (1) is different in the two cases
p < 2 and p > 2. We start with the case p < 2.
We set Q = (—1/2,1/2)?, so that the network Z in (2) can be written as

z=|]J(i+0Q).
€72

For a € R we let |a| denote the largest number in % + Z less than or equal to a.
The asymptotic part of Theorem A in the Introduction is the following result.

Theorem 2.1 (subcritical homogenization theorem). Let 1 < p < 2 and let Q C R? be
a Lipschitz bounded oper set. Let Z C R? be given by (2), and let FY be the functionals
defined in (2), with domain WYP(Q,eZ). Then the T'-limit as € — 0 with respect to the
strong LP(Q)-convergence and weak WP (Q, R?)-convergence of FY exists and it is given by

FP () :/Qfﬁom(Vu(a:))dx 9)

9



with domain W'P(Q,R?). The quasiconvez function ff :R**? — [0,+00) is character-
ized on matrices A with full rank by the asymptotic homogenization formula (3).

This section will be devoted to the proof of Theorem 2.1. To that end, we will first
study the properties of projections on Z, that ensure that the I'-limit is finite on the whole
WLP(0,R?), and allow us to state the boundary conditions in the homogenization formula.
A crucial step is the characterization of f on the subset of matrices of rank at most one,
showing that f£ (a ®v) = (Ja1| + |ag|)? for all a,v € R? with |v| = 1, or in other words
that this formula coincides with the extension by continuity of the formula for full-rank
matrices. This is one the new technical parts of the arguments used. The liminf inequality
is then proved by a blow-up argument, using the two different characterizations, and the
limsup inequality by using the correctors given by the homogenization formula.

Further properties of f . which imply that f{  is not convex, will be proved in
Section 3, completing the proof of Theorem A.

2.1 Projections

In the case p < 2 every function v € W'P(Q, R?) can be “projected” to a WP function
with values in €Z. This is done by locally projecting on the boundary of an e-cube from a
suitable point in the interior. In this section, we introduce the necessary notation.

For all ¢ € $Q = (—1/4,1/4)? and i € Z* we set
Qi =cit+eQ, ' =citec
and consider the projection from 5" to 0Qs P; & Q:\ {:U‘Z’} — 0Q)5 defined by
P (z) = y such that {y} = {z5" + t(x — 25%) : t > 0} N Q.

This projection is continuous in Q5 \ {xil} and smooth outside the four segments that join
22" to the vertices of QS. Setting P, := P, for fixed ¢ we have

Poi(z) = POz — ei) + ei = ePL (g) —cit ePc(g - z)

so that, for x outside these segments,

5 5e

—i—c 2z -2

VPE@)| = [VR (- 1)| o

where we used |VP.(z)] < =g Lo prove this estimate, one can divide the square
Q@ in the four triangles given by joining ¢ with the four vertices of (). In the interior
of each triangle, its definition can be found explicitly; for example, in the right triangle

10



P.z) = (3,c2+ e (1 — c1)), hence the gradient is immediate. By reversing roles and

signs for the four triangles, it holds the (sharp) bound

K(c)
IVP(2)] < ’ ,
x — (|
(3 +le2l)* 1 (3 +le)? 1 5
K(c) := maX{Q1 = —lal, 217 5 —lealp <5,
3 — e 2 3 — leal 2 2
which follows by choosing |c1| = |ca| = 1, corresponding to the four corners of Q.

Alternatively, for ¢ € %Q and x out of the four segments joining ¢ to the corners,
let v be the outer normal to the side of @@ met by the ray from ¢ through x, and let
h:= 3% —c-v > 1 be the distance of ¢ from that side. Then P.(z) = ¢+ ﬁ (x —c¢), and
a direct computation gives

1
z—c’

hlz—c|  |Pe(z) —cf?

Ve = g2 = e —d

J
2

since |P.(z) — ¢| < 37‘/5.

Lemma 2.2 (projection on £Z). For all u € W'P(Q,R?) there exists a function P.(u) €
WLP(Q,e2) such that ||Pe(u) — |00 < &, Pe(u)(z) = u(z) if u(z) € eZ, and

IVE:(u)llp, < ClVullp,
with C = C(p) depending only on p.
Proof. With fixed ¢ € 3@ we define
P:(u(z)) = P (u(x)) if u(z) € QF \ {z¢'}.

Note that there is no ambiguity if 9Q; NOQ5 since in that case P (u(z)) = u(x). Moreover,
if u(z) € Q¢ \ {x2"} then

VP (u) ()] < EL,!VU(@“)\' (10)

() -2t
Let Q = {z € Q: u(z) € Q5}. Then, since |%Q| = i,

4/ / VP (u)Pdzde < Csp/ / \Vu|pdxdc
2Q 79  fulz

= Cf-:p/ / dc|Vupd3:§C/ |VulPdz.
/3Q |u(e —-’L‘c\ 0

11



Note that here we use p < 2 so that ¢ — # is integrable and

de < Ce™P

/ 1
1 fu(e) — 2P T
for all . We then deduce that for all i € Z? there exists ¢; € %Q such that

VP (u)fPdz < 4 / VP [Pdzde < C / |VulPde.
s

o 10 Jo;
If we set '

Pe(u)(z) = P (u(2)) if u(z) € QF (11)
then P.(u) satisfies the desired estimate. O

Definition 2.3 (projection of a linear function). For all A € R?*2, we define the projection
ua(x) = Py(Azx), where Py is constructed as in (11) with e = 1 and ¢; = 0 for all i. In
particular, denoting Q, =z + Q, z € Z2, the explicit form of Py reads

1 z—z

Po(z) = = + req,\ = (12)

2z — z|s0’

We will also define the projection () := z/|z|ss, © € Q \ {0}, so that

Py(x) :z—l—%w(x—z), reqQ,)\ 2

If x € 0Q then we have |z—z|~ = 1/2, so that Py(z) = x, Py coincides with the identity
on the net, and Py is Z-valued. Moreover, for every z € Z? the bound |V Py(z)| < |z — 2|7}
holds for almost every x € z+@Q. Note that Py(Ax) # Pi(Az) as given by Lemma 2.2, since
the latter is defined with varying centers ¢; with respect to the squares ;. The former is
just given by the composition of Py and the linear function.

Lemma 2.4. Given ua as in Definition 2.3, and set Cy := fQ |(VPy)(z)A|Pdx, the rescaled
function u.(x) == cua(x/e) satisfies

lim [ |Va.|[Pde = C4|U]|
e—0 U

for all fixed bounded measurable subsets U .
Proof. By the change of variables

= Pdy — z Py = 1 z Pdx
/U Vi (z)Pd /U (Vo) (A/2)APdz = oy /A (VR (/o) AP

12



Since x — |(VPy)(x/e) AJP is the rescaling of a Z2-periodic function in L(Q) (since p < 2),

it converges weakly in LllOC to its average C4. Hence,

1
; P — 1 P
hm/U]VuE\ de = gg%|detA| AU|(VP0)(33/5)A| dz

e—0
AU
_ ||de“|1|A?|(vpo)(x)A|de=cA|Uy

by the Riemann-Lebesgue lemma. O

2.2 Modification of boundary conditions

As often is the case in variational problems, it will be useful to construct converging
sequences satisfying suitable boundary conditions and with controlled energy. Usually,
such sequences match the same boundary conditions as their limit. In this case, this is not
possible, since we have varying constraints, and the result must be stated correspondingly.

Lemma 2.5. Let U. — u be such that u. € WYP(Q,eZ) and there exists a constant C
such that

limsup/ |V |Pdx < C|U|
U

e—0

for all fized open sets U with Lipschitz boundary. Then for all u. € WYP(Q,e2) with
ue — u there exists v. € WIP(Q, eZ) with

lilan_jélf F.(v:) < lirsn_jélf F.(u.),

and ve = Ue on a neighbourhood of ON).

Proof. Tt suffices to consider the case liminf. o F¥(u.) < +00, and prove that for all > 0
we may find v. € WP(Q,eZ) with

liminf FP(v.) < (1 +n)lim iglf FP(ue) +n
e—>

e—0

and v. = W, on a neighbourhood of 9. For the construction of v. we may follow a well-
known procedure by De Giorgi. With fixed § > 0 and N € N, N > 0, we consider the
sets

P =

oy {x € Q : dist (z,00) < %5}

for ¢ € N, and the functions
N
wi(z) = (Fdist(x,Q?D A1

We have ¢; € WH(Q), 0 < ¢; <1, ¢; =0 on Q? and ¢; =1 on 2\ Q?H; in particular,
V; # 0 only in Qirl \ Q2. We set Q0 = Q9.

13



We consider the functions
wé = PE(@@'UE + (1 - @i)ﬂs)a

where P. is defined in Lemma 2.2. Note that wl = u. on Q\ QJ,; and w! = %, on Q.
Using Lemma 2.2, we can first estimate

/ Vwi|Pdz = / \Vu€|pdx+/ \Vwépdx—i-/ |Vuel|?P da
o o) 05, )\ 20

\ i+1
< l/‘|VuApdx+(% V(e + (1 — g1)a) P da
oY Q) \0f
+/ |Vu|P dz
Q\Q7,+1
< / |V [P dz + C, / |V901’p|ue_U€|p+|vu€|p+|vu |p)
+/ |Vue|P dz
Q\QH—I
< cp/ \vugypdwcp/ V[P da
Qs Q3 \Q?
N\P B
+C, (—) |ue — u5|pdx—i—/ |Vue|Pdz,
3, \02 \ 0 Q

with (), a positive constant depending only on p. We can now define w, = w?, where
i€{l,...N — 1} is such that

1 1
Pde < Pde < Pd
/ o |VuelP de < N—l/m |VuelP de < N_l/Q\Vug\ z,

z+l

so that we have

/]Vw€|pdx < Cp/ |V [P dz
Q Q9

N\P
p p p
1)/ |Vue| dx+Cp/(5> |ue — ue|Pde.

By the hypotheses on ., passing to the liminf as ¢ — 0 we obtain

+(1+

hmlnf/ |Vw€|pdx<C|Q5|—|—( hmmf/ |Vue|P dz,

which produces the desired estimate, choosing 4 and N appropriately. O

Note that the assumption on u. of Lemma 2.5 is satisfied by the rescaled function
eug(x/e) in Lemma 2.4. This fact will be used repeatedly in the following.

14



2.3 Paths in the network

In this section € > 0 is fixed, and we analyze paths with values in €Z. Such paths will be
interpreted as sections of linear functions in the rank-one case.

We call vertices of ¢ Z the points of £(3+7Z)2, and for w € R? we write |w|y 1= |w;|+|ws|,
so that |w| < |w|; < v2|w|. The network 2 contains the horizontal and the vertical line
through each of its vertices; every point of R? has a vertex at | - |;-distance at most ¢; and,
for every vertex 3, the reflections & — (251 — &1,&2) and £ — (&1,202 — &2) map €Z onto
itself. Every path in eZ from a vertex [ to a vertex 3/ has length at least |8’ — ;. We
construct paths that attain this length and stay at distance of order € from the segment
(B, '], with no condition on its direction. They are used with £ = 1 in Section 2, for the
continuity of f{ and for the construction of laminates, and in Section 4 for the recovery
sequences.

Lemma 2.6. Let 3 and 3 be vertices of eZ, let a :== ' — 3, and let L > 0. There exists a
piecewise-affine map v: [0, L] — €Z, with monotone components, v(0) = B and v(L) = ',
such that:

(i) for almost every t € (0,L) either v'(t) = ‘a%sign(al) er orv'(t) = % sign(az) ez,

and, if a # 0, the first alternative holds on a set of measure %L; i particular,

lv(s) —v(t)] < |v(s) —v(t)|1 = |a£1 s —t for all s,t € [0, L];

(ii) ‘v(t) —-p— %a <+V2e¢ forallt €0, L];

s ol

(iii) /0 [ (t) [P dt = T for every p > 1.
Proof. If ajas = 0, the segment [3, 3] lies on one of the lines of eZ through 3, and
v(t) := B+ L a has all the properties, with 0 in place of v/2¢ in (ii). Otherwise, after one
or two reflections about 3, we may suppose that a1, as > 0, and we write a = £(my, ms),
with mq,mo € N.

For k € {0,1,...,m1}, let x; := k and let y; be the integer closest to kmg/m; (the
smaller one in the case of a tie), so that yo = 0, ¥, = ma, k — y is nondecreasing, and
|miyr — maxk| < my/2. Let v be the polygonal path through the points

(o,90), (x1,%0), (T1,91), (@2,91), - -y (@TmysYmi—1)s (@mysYmy) = (M1, m2),

which alternates horizontal steps of length 1 with vertical steps of length yr — yx—1 > 0
(see Fig. 1). The path /3 + e lies on the horizontal and vertical lines through the vertices
B+ €Z?, hence in € Z. Since the components of  are nondecreasing, its length is m; + mao;
we parameterize it by arclength, o — (o), o € [0, m1 + ms], and set

M) e o)

v(t) :zﬁ—i—sfy( 7
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Figure 1: The staircase of Lemma 2.6 for 8/ — § = £(6,4). The grid lines, at mutual
distance ¢, belong to £Z; the dashed line is the segment [, 3'].

Then v = % e1 on the horizontal steps and v = % ez on the vertical ones, and integrating

the first component over [0, L] shows that the horizontal steps take a time of measure ﬁL.
Since the components of v are monotone and, at almost every time, only one of them
changes, |v(t) —v(s)|1 = fst || dr = %(t — s) for s < t. This proves (i), and (iii) follows
from |v'| = lah almost everywhere.

As for (ii), let ¢t € [0,L] and (z,y) := v((m1 + ma)t/L). Since v has nondecreasing

components,  +y = (mq + ma)t/L, so that

r+y

e (m1y — max)
mi + mo

B+ 7 a—v(t) =< (1,-1).

. (m1,m2) — (2y)) =

mi + ma

On each step of v the quantity miy — mox is an affine function of ¢, so that it suffices to
estimate it at the points listed above. At (zy,yr) we have |myyr — moxk| < my/2, and
at (z, Yk—1), k > 1, we have [miyg—1 — mozy| = [miyk—1 — mazgp—1 — ma| < m1/2 + mo.
Hence |miy — mox| < mj + ma, and (ii) follows. O

2.4 Homogenized energy functions

We now introduce the homogenized energy density that will allow us to describe the I'-limit.
It is defined differently on matrices of rank 2 and on matrices of rank 1.

Definition 2.7. For all A € R?*? with rank(A) = 2, we define

L. ]det A’ . 1
fpom A) = liminf inf VulPde :u e WP(TQa, Z),

u = uy4 in a neighbourhood of 8TQA}, (13)

where ua is as in Definition 2.3 and Q4 = A~Y(Q) (see Fig. 2).
If rank(A) < 1 then we set

from(A) = (la1| + [az2|)”,
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TQ TQa=AYTQ)

Figure 2: The domain 7Q4 = A™'(TQ) of the test functions in the definition of f¥ .

where A = a ® v, with v € S' and a = (a1,a2). Equivalently, for any rank-one matriz
A=a®¢& we set
From(A) = ([Ax] + |A2])? = (Jaa| + |az])"I¢[7,

where A; = a;€ are the rows of A.

Although this property is not immediate, fﬁ’om is p-homogeneous, as proved in Lem-
ma 2.12 below.

In the following, when necessary to shorten the notation, for fixed 7' > 0 and A non-
singular, A7(A) will denote the set of competitors in the infimum problem in (13).

Remark 2.8 (Estimate of ff on the identity map A = I). Take uT(2) = Py(z) to test
fL (1), for fixed T > 0. Then

VuT(2) = (VE)(@) = 5 (V9)(z = 2), = =2+ [}, 3]\ {0).

Suppose for simplicity that 7" is odd, so that we cover an exact number of cells without
some partial cells. Then, since A = I gives TQ 4 = TQ,

T2
1 1 1
foomI) < 7, |Vu5|pdm =7 Z;/Q o | Vo (z = 2)Pdz

- T22/|w |pdy—/ [Vip(y)Pdy.

By symmetry, we can divide @ into the four triangles each spanned by an angle of 7/2,
and compute the integral only for one of them. Let A := {0 < y1 < 1/2,|y2| < y1} be the
first triangle, then

0 0
w(ylayQ) = (17 Z%) ) V¢(ylay2) = <_y2 1) )

y% Y1
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(note V) € K has det Vi) = 0, see Lemma 2.18), and

|y
vl = Y
Y1

In polar coordinates |V#|(r,0) = 1/(r cos? ), with domain |f| < 7/4 and 0 < r < 2(;(1)30'

In this domain cos?# > 1/2, so that |Vi| < 1/r € LY for p < 2. We can now compute

loc

1 4
w |, Tvwra =g [ vvray

/4 1 20(1)59 1 /4
Py — 1-p — —(p+2)
/A|Vw(y)| dy = /_W/4 cos2p<9/0 r-Pdrdf = @) /_ﬁ/4 cos 6do.

As1 < p<2andin |f] < 7/4 it holds 1/v/2 < cos# < 1, the integral above is strictly
increasing in p and we have the bounds (attained at the endpoints p =1 and p = 2)

w/4
\f2+ln(1+\f2)</ COS_(p+2)9d6<§, I<p<2.
—7/4

Therefore

o) < 35 [ 90y < (14)

32-p)

This estimate will be useful for deriving an upper bound of fﬁ)orn in Proposition 3.5.

The following lemma states that the lower limit in (13) is indeed a limit. In the rest of
the section we use the shorthand v = ug ~ 9TQ to mean v = u4 in a neighbourhood of

oTQ.
Lemma 2.9. The liminf in definition (13) is actually a limit; that is,

A
| det A] inf{/ VulPdz: u € WHP(TQy, 2), u=uas ~ 6TQA}.
TQa

fl?om(A) = lim

 Toioo T2

Proof. Fix A € R?*2 nonsingular and define

det A
gr = | 62 ’inf{/ (VulPdz : u € WHP(T'Q 4, 2), u:uANOTQA}.
T TQa

Let ur satisfy the boundary conditions of the infimum and be such that

| det A| » 1
dr < —.
T2 TQAWUT\ TSgrt g

18



Set Ny := |T| + 1, wp := Ny —T € (0,1], and, for § > T, m := [g];—gj, and I :=
{—m,...,m}2 Then #I = (2m + 1)?, and the cells A~ (N7i) + TQ4, i € I, are pairwise

disjoint and contained in SQ 4. Define

(2) up(z — A7 (Npi)) + Npi if o € A7 (Npi) + TQa, i €1
us\r) =
8 ua(x) otherwise in SQ 4.

Since Py(y + 2) = Py(y) + 2 for z € Z?, we have uas(z — A~ (N7i)) + Nri = ua(z), so
ug = u4 in a neighbourhood of the boundary of each cell; as Z 4+ Z? = Z, it follows that
us € WHP(SQ4, Z) and ug = ua near 0SQ 4.

We now estimate the energy of ua on Lgr = SQa \ Ujer (A~ (Nri) + TQ4). Since
Py(y + z) = Py(y) + z, the function |(VP)(y)AJP is Z*-periodic, so that

/ (VPy)(y)A|Pdy = Ca for every z € Z2,
z4+Q

with C4 as in Lemma 2.4. In the variable y = Az we have A(Lg 1) C (G x Is)U (Ig x G),
where Is == (—%,%) and

m
G::IS\U (NTz'—g, NT¢+§)
i=—m

is the union of 2m intervals of length wr < 1 and of two intervals of length less than Nrp.
Since an interval of length L is covered by at most [L] + 1 intervals [l — 3,1+ 3], | € Z (it
may straddle their endpoints), G is covered by at most 2-2m + 2(Np + 1) = 4m +2Np + 2
of them and Is by at most [S]+ 1 < S+ 2, so that A(Lgyr) is covered by at most
2(4m + 2N7 + 2)(S + 2) squares z + Q, z € Z2. Therefore

| det A
G2

1
VuiPds = o [ [(VR)AP
A(Ls,T)

(4m + 2Np + 2)(S + 2)
S2

LsT

< ’I“(S,T) = QCA

We can now estimate gg using ug as a test function; since the constants Nri do not affect
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the gradient,

| det A|
gs < Vug|P dx
2 Joo, |
det A
- | e2 | Z/ [Vur(z — A_I(NTi))|pd€E+/ [VualP da
S i1 JATT(Np)+TQ A LsT
det A
< | 82 | (2m—l—1)2/ |Vur|P de + (S, T)
S TQa
< Tem+ 1)

1
SQ (QT + T> + ’I”(S, T)

1
< gr + T +T(S7T)a

where in the last inequality we used T'(2m—+1) < NLT(S—TH—T < S. Sincem/S — 1/(2Ny)
as § — 400,

1 4C
limsupgs < gr + = + -4 for every T > 0.
S—+o0 T Nr
Taking the lower limit as T" — —+o00, and recalling that Ny > T, we obtain limsup gg <
S—+o00
lim inf g7, which proves the claim. O

T—+o00o

Remark 2.10. We use the tilted squares TQ4 = A~1(T'Q) in the cell formula (13) because
of the upper bound in Proposition 2.13, where we need a recovery sequence whose gradient
is periodic, in order to apply the Riemann—Lebesgue lemma. The reason is the boundary
datum u(x) = Py(Ax), which projects the affine function Az on the Z2-periodic grid Z in
the target space: since Py(y+z) = Py(y) +z for z € Z?, we have ua(x+ A~12) = ua(z) + 2,
so that u4(z) — Az is periodic with respect to the tilted lattice A=1Z? in the domain, whose
cells A~!(z + Q) are mapped by A onto the squares z + @ of the grid. Hence, for T € N, a
competitor on TQ 4 that equals u4 near 9TQ 4 can be translated by the vectors A~!(Tk),
k € Z?, adding Tk to its values, and the copies glue into a function whose gradient is
periodic with periodicity cell TQ 4. By Lemma 2.11, the squares T'() give the same value
fE. . (A), so the tilted squares are only a matter of convenience.

Lemma 2.11. Let rank(A) = 2 and define

1
#’ — |1 3 3 . 11 —
TP (A) = 1%13)141_25 T2 1nf{/TQ |[VulPdz :ue WHP(TQ, Z), u=ua ~ OTQ}.

Then fitP (A) = fP (A).
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Proof. Denote

1
g (A) = — inf{/ [VulPdz :ue WYP(TQ, Z), u=uy ~ aTQ},
T2 10
det A
gr(A) = | e | inf{/ IVulPdz : u € WYP(TQu, 2), u=us ~ 8TQA}.
T TQA
We now prove that for T'€e Nand S > T
4 T
g5 (4) < gr(A) +or(1) + C,

where C' depends on A and p. Since the liminf defining f{, (A) is a limit, this will give,
taking the liminf first for S — oo and then for T' — oo along the integers, the first inequality

FEP(A) < f2 L (A).

SQ

C18Q g TA Y Q+Fk)cCSQ
— union of the cells meeting SQ

Figure 3: From lozenges to squares

Let up be a quasi-minimum for gp

| det A 1
VurPdz < —.
T2 TQA\ urlfPde < gr +

Referring to Fig. 3, we want to fill in the big square of size S with parallelograms T'Q 4
and estimate the energy of us on the remaining set, where some parallelograms do not
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fit completely in the square; the thickness of this boundary layer is at most ép := T -
diam(Q4) < TV2|A™}, since v/2 = diam(Q).

Let I be the set of indices i = (i1,42) € TZ? for which A71(i) + TQa C SQ (that is,
the T-parallelograms are well contained). We define ug as

(z) = ur(z —A7'[3) +i if o€ A7Y{E) + TQa for some i€l
° ua(z) = Po(Az)  if 3 € Log = SQ\ User(A~1() + TQ.).

Sincei € TZ? C Z? and Py(y+z) = Py(y)+z for z € Z%, we have ua(z—A~(i))+i = ua(x),
so that ug = u 4 in a neighbourhood of the boundary of each parallelogram; as Z+7Z? = Z,
it follows that ug € WHP(SQ, Z) and ug = ua near 95Q.

Since Vu 4 is not bounded, we estimate its energy on Lg 7 by covering Lg 7 with whole
parallelograms. The parallelograms A~1(i) +TQu4, i € TZ?, are pairwise disjoint, so that
Lg is contained, up to a null set, in the union of those that meet SQ without being
contained in it. Each of these meets 05Q; hence it lies in {x : dist(x,9SQ) < o7}, whose
measure is at most 8597 for S > 26r (as it is made by two concentric squares); since
|TQ4| = T?/| det A|, their number is at most

85
ITQa
Moreover, since T € N, each square i + 7'Q is, up to a null set, the union of 72 unit

squares, on each of which the Z2-periodic function |(VP)(y)A[P has integral C4, with C4
as in Lemma 2.4. Hence

< 8V2|det A||A™ 1|7

1 T?
VupglPde = ———— VBP)(y)APdy = —Cy
/Al(i)+TQA| | | det A[ Jiyrq (VR )4 | det A

and therefore
/ |VuylPdz < 8V/2C4|A7YST.
Ls T

We can also estimate the cardinality of I as #I <

1
g? < 52/5 [Vug|? dz

= up(z — A7HE) P da ual? dz
= (Z/ oo, T A<>>|d+/LSVT|vA|d>

iel

|TQ = = | det A[% Then

< = (#1/ yvUTypdx+8\/§cA|AlyST>
S TQa
| det A ., T
< p _
< A\VUT\ dz +8v2C, |A 15
< — _
< gT+T+8\/§CA\A =
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which gives the claim with C' = 8v/2C4|A7!|.

For the opposite inequality we reverse the roles of squares and parallelograms, with
one difference: a translated copy u# (r — 1) + A7 of a quasi-minimum u# for g# agrees
with w4 near the boundary of 7+ T'Q only if 7 € A~'Z?, and the translates of T'Q) by the
lattice A~1Z? do not tile the plane. We therefore set d := diam(Q 4) and, for every j € Z2,
choose kj € Z? with |A~'k; — (T + d)j| < d/2, which is possible since the cells A7!(k + Q)
cover the plane and have diameter d. The squares Ailkj + T'Q are then contained in
(T+d)(j+Q), hence pairwise disjoint, and we place in them the copies u: (z — A7k ) + ki
for all j with (T 4+ d)(j + Q) C SQu4, setting ug = u4 elsewhere in SQ4. The frames
(T+d)(j+Q)\ (A™'k; 4+ T'Q) have width at most d, so covering them by cells A~ (z +Q),
z € 72, and using periodicity as above, their total energy is at most C'd S?/T, while the
boundary layer of SQ 4 is treated as before. This gives

1 d T
#
gs < gp + T + T + g
with C depending on A and p; letting first S — 400 and then taking the lower limit as
T — 400, we obtain 2 (A) < 2P (A). O

Denote for simplicity R := {A € R?*2 : det A # 0}. For A € R, we recall the definition
of ff' in (2.7) in a shortened notation,

foom(4) = lim gr(4),  gr(4) = inf { Vol dz: ve Ar(4)},

1
TQAl Jrq,
where Ar(A) is the already defined set of competitors v € WHP(T'Q 4, R?) with v(z) € Z
for almost every  and v(z) = Py(Az) on 0TQ4. For det A =0, f{ (A) = N(A)P, where
N(A) =|A1| + |A2| with A; the rows of A.

Lemma 2.12 (p-homogeneity). For every A € R?*2 and s € R\ {0},

Fhom (54) = [sI” fiiom (A).

Proof. If det A =0, then f} (sA) = N(sA)? = [s|PN(A)P = [s|PfF _(A).

Let det A # 0 and s > 0. Since TQs4 = s 'T'Q 4 and dilations preserve traces, the map
v w, w(y) :=v(y/s), is a bijection from Az (sA) onto Ar(A): indeed, w takes values in
Z, and on 9TQ 4 we have w(y) = Py(sAy/s) = Py(Ay). Moreover Vw(y) = s 1Vu(y/s)
and |TQ4| = s?|TQ4l, so that

1
‘TQA‘ TQAa
Hence gr(sA) = sP gr(A) for every T', and letting T" — oo gives the claim for s > 0.
For s = —1: since Q@ = —Q, we have TQ_4 = TQ4. Since Z = —Z and Py(—y)

—Py(y), the map v — —wv is an energy-preserving bijection from Ar(A) onto Ap(—A).
Thus gr(—A) = gr(A), and the case s < 0 follows by combining the two. O

IVw|Pdy = s7P

|VolP dz.
‘TQSA‘ TQsn
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2.5 Proof of the lower bound in the homogenization theorem

The proof of Theorem 2.1 is subdivided into this section and the following one for the lower
and the upper limits, respectively.

The proof of the lower bound can be achieved by the blow-up argument of Fonseca and
Miiller [33]. Its formalization adapted to homogenization problems can be found in [20], to
which we refer for details. In this particular case, we note that the domain of the I'-limit
is trivially contained in WP(Q,R?). In order to prove the lower bound, we fix u. — u
weakly in W1P(Q, R?) with liminf. o F¥(u:) < +o0o. Upon extracting subsequences, we
can suppose that this liminf is actually a limit, and that the measures

pe(B) = / |Vue |Pdz
B
weakly*-converge to some . It suffices then to prove that for £2-almost every xy we have

L 0) > L(Vulzo). (15)
Select a point xzg € € which is a Lebesgue point of v and Vu, a point of approximate
differentiability of u, a point of almost everywhere convergence of u. — u, and such that
the Radon-Nikodym derivative of p with respect to £2 exists and is finite. Note that £2-
almost every xg € (2 satisfy these properties. For simplicity of notation, upon a translation,
we can suppose that zg = 0. Denote A = Vu(0).

We first treat the case of rank(A) = 2. Write

1
= lim lim inf 1e(pQ) = lim lim infz/ |Vu[Pd,
p—0 e—0 p p—0 =0 p* [0

dp, . p(pQ)
a(())_})l—r}(l) P>

noting that for this liminf is actually a limit except for a countable number of p. We can
then find € = ¢(p) such that

We can then consider the scaled functions

ve(y) = ;ue(py) - % V?)J , YEQ

so that v, takes values in %Z (and the integer translation is irrelevant) and
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We have that v. converges to v(y) = Ay in LP(Q,R?), since 0 is a point of approximate
differentiability so that

5u(y) = ue(py) — u(0)

p

tends to Ay in LP(Q,R?), see e.g. Remark 3.72 in [6], and v, — 0. = %)\5 — 0 uniformly,
where 0 < A\. < 1. It is then not restrictive to suppose also that Vv. weakly converges
to the constant value A = Vu(0), since Vu.(y) = Vuc(py) giving that the gradients |Vv,|
are equi-bounded in LP(Q, R?*2). If we set n = % we can apply Lemma 2.5 with Q = Q,
7 in place of €, v. in place of u., v in place of u and the functions u. given by nu4(y/n),
where u4 is as in Definition 2.7. We check that the assumption on such . holds. Since
tUe(y) = nua(f), then by Lemma 2.4 we have

Jim / IV |Pdy = CalU| (16)
U

e—0

for all fixed open sets U C @ with Lipschitz boundary. Also, 7. — v(y) = Ay in LP(Q, R?)
since

/Q | Ay — nPo(A3)[Pdy = /an ‘A% — Po(AY) Tdy <wp o0,

<1

by the definition of Py. By (16) with @ in place of U, the gradients are clearly equi-
bounded, which gives the weak convergence of %, to v in W'P(Q,R?). We then deduce
that we may suppose that v-(y) = nua(y/n) in a neighbourhood of 9Q), and that

dp

d—(O) > lim inf inf{/ Vwl|Pdy : w € WHP(Q,nZ),
€T n—0 Q

w(y) =nua(y/n) in a neighbourhood of 8@}.

By taking T = % and rewriting the right-hand side of this inequality as a minimization
problem on T'Q); that is, by using the transformation

u(x) =Tw (%) , Vu(x) =Vw (%) )

changing variables in the integral, we obtain the lower bound (15). Note that we chose
coordinate cubes ) rather than the tilted cubes @ 4 since the lower bound is indifferent to
the choice; the two formulations agree by Lemma 2.11.

We now deal with the singular case of rank(A) = 1. Denote A = Vu(0), with A = a®wv.
Let @, := (0,1)v + (0, 1)v+ be the unit cube with sides parallel to v and v+, and write

dp o w(pQy) L]

R | R |
= ;1)1_% hgl_}(])af ?Me(PQu) = ’1)1_r>r(1) hlén_glf e /pQV |Vue|Pdx,
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noting that this liminf is actually a limit except for a countable number of p. We can then
find e = £(p) such that

Define now the one-dimensional restriction of u. on @,

ud(t) = uc(yv- +tv), te(0,p),

which is absolutely continuous for £'-almost every y € (0, p). For fixed p it holds

/ |Vue|Pde > / |Vue - v|P dx—/ / ‘du& )dtd (17)

Since uf(t) € € Z for L'-almost all y, taking into account that the image of u¥ is a polygonal
in £Z, we now prove that for fixed p and £!-almost all y € (0, p)

Py
1

[ o= ol

where a®PY = (ai’p’y, ag’p’y) =uZ(p) — uZ(0).

E?p7y
ay

; Dp (18)

(aizpvy’ agapvy)
—e

u2((0,p)) C 2

Figure 4: Path of ¥ in ¢Z

To this end, fix p > 0 and y € (0,p) a point of absolute continuity of ¢ ~— uZ(t).

du(t P
Given 0 — 2y (6) and (@Y (O = (WDLOR + @D}(0))*, suppose first o bas
piecewise-constant speed, either horizontally with (signed) speed v or vertically with speed

v5, say, in both cases in a finite union of intervals in (0, p). There exists A € (0,1) such
that |(u?)/(t)[P = |v$|P in a set of ¢t of measure Ap, and |(uf) (t)|P = |v5P in a set of ¢ of
measure (1 — X)p. Hence, we get

dug
12 e = xolei + (- Nl
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with the relations
Apvi = a7, (1= X)pvg = ay™?

(see Fig. 4). As depicted in the figure, the signs of v] and v5 are given by the signs of
the final point components a7 and a5”?. We consider the parameter A as free, with the
speeds adjust accordingly. Thus, the integral rewrites as

dua 1 1
— )\pvap+ 1_)\pv€p: €Pyp+— E;:0Y|p
L™ W7 (L= Moo = gl + e
_ 1 a‘?p:y p —I_ 1 a27p7y p
PANT| ) (L=XNP=1] p '

Minimizing the last quantity in \; that is, for

|a 7py‘

Ammin =
min ‘aipy’_’_’a27p7y|7

this expression simplifies to (18).
In the general case, where (uf)'(t) is not piecewise constant, we can use Jensen’s in-

equality on each subinterval of (0, p) where uZ lies in one of the segments of ¢ Z\ & (1 + Z)2

/ ‘due ‘dt _ /Otl|(ug)’1(t)|1’dt+/tlt2|(uy) (t)[Pdt + .. +/ |(ud) () |Pdt

> il — ROF + G ) ~ ()P
o o) — ()Y
n+1 cg;
T LT

where \; = t; — t;_1, (with tg = 0,41 = p), Z?Jrl Ni = pand ¢ = (ud)p(t;) —
(u)g(ticg) > 0, for k = 1 or k = 2, with Y1 ¢; = [a2%Y] 4 |a§®Y|. This expression
is minimized by

1 1
and its minimum value is —— (ot e)r = ——([a7"?] 4 |a3™?|)P, again obtaining (18).
Finally, since a®?¥/p tends to a for almost all y as p — 0, we can suppose it holds the

limit
1 14 &,0Y
lim — (
p=0p Jo

ay
p

E?p7y
2

_l’_

) dy = (jaa| + laz])?, (19)
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which entails

1
lim inf — / VuelPdz > (|ay] + Jasl)? = f2,(A), (20)
p=0p PQv

as desired, by combining (17) and (18).

2.6 Proof of the upper bound in the homogenization theorem

In order to prove the upper bound, we can proceed by a density argument. First, we
exhibit recovery sequences for a linear target function of gradient of maximum rank, and
consequently by a gluing procedure, which makes use of Lemma 2.5, for piecewise-affine
functions with gradients of maximum rank. After that, we prove in Proposition 2.14 that
the function fﬁ’om is continuous, so that the functional in (9) is strongly continuous in
WHP(Q, R?). Due to this fact, the upper bound is proved for a general v € WHP(2, R?) by
the density in norm of piecewise-affine functions.

Proposition 2.13. The upper bound of the T'-limit of F¥ with F}  in (9) holds for
piecewise-affine functions with non-singular gradients.

Proof. Let u be the linear target function u(z) = Az with A € R?*2 nonsingular, fix n > 0,
and let ug(x) = Py(Az) with Py as in Definition 2.3. Since the liminf in (13) is a limit,
there exist T € N and u! € WYP(TQ 4, Z) with u’ = u, in a neighbourhood of 9TQ 4
such that

]d;:;cQA] Vol Pde < P (A) +.
TQa
Note that we chose the tilted cubes TQ 4: since T € N, the parallelograms A=Y (Tk)+7Q 4,
k € 72, tile the plane, and the translations A~!(Tk) are compatible with w4, in the sense
that ua(x — A7Y(Tk)) + Tk = ua(x), since Py(y + 2) = Py(y) + 2 for z € Z*. Hence the
function

i(z) =ul (2 — AN (Tk)) + Tk  ifz e A"NTk)+TQua, k € 7%,

coincides with u4 in a neighbourhood of the boundary of each parallelogram, so that,
as Z+ 72 = Z, @ € Wi P(R% Z). Moreover, i(z + A~Y(Tk)) = a(x) + Tk, so that

loc
Y(x) := u(x) — Az is periodic with respect to the lattice A~(TZ?), with periodicity cell
TQ 4, and so are V¢ = Vi — A and |Va|P, as A is constant.

We claim that the functions u.(x) := eii(x/e) weakly converge to u in WHP(Q, R?) and

which yields the desired inequality. Indeed, u.(z) = Az + ey)(x/¢e), and by the Riemann—
Lebesgue lemma (-/¢) is bounded in LP(£2,R?), so that u. — u strongly in LP(Q,R?);
moreover

| det A|
T* TQa

Vuo(z) = A + vw(g) L Aq Vide = A weakly in LP(Q, R2¥?),
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since the gradient of a periodic function has zero average on the periodicity cell. Finally,
since us(z) € €Z almost everywhere and |Vu.(x)|P = |Vu(x/e)[P, again by the Riemann—
Lebesgue lemma

]det Al

e—0

lim F?(u:) = hm/ ’w =19 Vol Pdz < (fF(A) +1)[9.
A

This proves the upper bound in the case of a linear target function.
Let now u € WHP(Q, R?) be piecewise affine; that is,

m
0= U Q;, UN,
i=1
where ; are pairwise disjoint open subsets of Q, |N| = 0 and
u(z) =Aixz+b, forzxeQ;, i=1,...,m,

with 4; € R?*2 non-singular and b; € R%. Since the liminf in (13) is a limit, there exist
T € N and ul € W'P(TQ4,, Z) with 4l = u,, in a neighbourhood of T'Q 4, such that

|det A1|

| vl ae < a0+,
TQa,

for all i = 1,...,m. As in the case of one affine function, we extend u} to
() == ul (x— A7 (Tk)) + Tk ifw € A7 (Tk) +TQa,, k € Z?,

so that @; € WP (R2, Z) and i;(x) — Az is periodic with respect to the lattice ATNTZ?).

loc
The functions i
ul(x) == el (*) +e {;J € Wlo’s( ,eZ),

where the integer part is taken componentwise, are good candidates when restricted on
each ;, since at%j —b; = E(L%J - %) — 0, so that aL%J — b; also in LP(£2;,R?) and
trivially in WLP(Q;, R?), and

el (E) — Az weakly in Wl’p(Qi,RQ)
€

by the same proof as before, performed for one affine function Az, now applied to the
functions A;z and e, (f), on ();, recalling that the Riemann-Lebesgue lemma works on
every bounded open set. Thus, we have

ul(z) = et (E) +e {;J — Ajz 4+ b weakly in WHP(Q;, R?)
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for all i = 1,...,m. Moreover, since Vul(z) = Vi; (£) and |[Vi,|? is periodic with period-

icity cell T'Q) 4,, by the Riemann-Lebesgue lemma

’ det Az’
T2

Jim / Ve (2)Pdz = |
Q;

e—0

IVl [P dz < (fl, (A) + )|l (21)
TQa,

The issue now is that we cannot simply merge the u’ to a global u. in all  because
we cannot guarantee that they coincide H' almost everywhere on the interfaces across the
different ;. We need to modify u’ suitably while also keeping the inequality (21) true. To

this end, define
Us(x) == ¢ePy <u(;)> .

We note that 1. € W'P(Q,e2). Also, by

AZ'{L' + bi
3

Az +b; ‘
ue(x)zaP()( ):Aix—l—bi—i-sH(x;_) forxeQ;, i=1,...,m,

where 0(y) := Py(y) — vy is bounded and Z?-periodic, we find that
U (z) — Ajz +b;  weakly in WHP(Q;,R?), i=1,...,m,

using the same argument performed for the case of one affine function.

We now apply the variation of boundary conditions Lemma 2.5 on each €; in place of
Q, to each vl and 7. in common for all i = 1,...,m, to find a sequence v € WHP(§;, e Z)
with

lim sup/ |Vl [Pdz < lim sup/ |Vul|Pda
e—=0 JQ, e—=0  JQ
and v! = U on a neighbourhood of 9Q; (at the very end of the proof of Lemma 2.5 take
the limsup instead of liminf on both sides). By the inequality above, the gradients of
v are equi-bounded in LP(Q;, R?*2), as the gradients of u’ are, thus we check only the
convergence in LP(§;, R?) of the functions v% to A;z + b;. From the explicit form of v! in
the proof of Lemma 2.5,
vz = Pe(puz + (1 — p)ue),

where ¢ is a smooth cutoff function. Now we know that pul + (1 — p)u. — A;z + b; and
vl converges to its same limit since

e—0

lim/ vt — (pul + (1 — p)a.)[Pdz < lim (V2¢e)P|] = 0
Qi e—0

by definition of P..
Now we can merge v¢, since they coincide with the common function . close to the
boundaries of €);; that is, we define in {2

uc(x) :=vi(z), ifxeQy, ic{l,...,m},

30



which gives a function u. € WHP(Q,eZ). We check that u. — u weakly in WHP(Q, R?), by
the linearity of the integral and the convergence of each v!. Finally,

e—0 e—0

limsup FP(u:) = limsup/|Vu£|pd:Ezlimsup Z/ |Voi|Pda
Q e—0 =17

IN

€

m m
thsup/ |Voi|Pde < Zlimsup/ |Vl |Pda
m

< S (A) + )] = /Q 2 (Vu)da + |,

i=1
which concludes the proof by sending n — 0. O

Proposition 2.14. The function ff  as in Definition 2.7 is continuous.

Proof. Since the formula defining ff  (A) for A of full rank is continuous with respect
to the boundary conditions and the set of full-rank matrices is an open set, it suffices to
prove the continuity for the limit matrices A that are singular. Due to the explicit form of
fb.n(A) when A is of rank 1, we may also limit the analysis to approximating matrices of
rank 2.

Proof of lower semicontinuity. Let A = a®v and A, = A+ B, with B, = 0asn — 0.
We want to show

i inf £, (Ag) 2 (o] + Jaz])? = Fo, (4).

We preliminarily remark that in the definition of the homogenized energy density, we
can use Q, with sides parallel to v, v instead of @ since the proof of Lemma 2.11 works
the same when an orthogonal transformation is applied; namely, we can write

1
fi o (Ay) = liminf —5 inf {/ [VulPde :u € lep(TQ,,, Z), u=uga, ~ 6TQZ,} .
T—oo T TQ,

Using this definition of f{ (A,), from any competitor of the infimum problem u define
the rescaled function

vr(e) = Zu(Tr), w€Q,

which takes values in %Z , and record

1 1
2/ |VulP de = / \Vur|Pdz, vr(z) = Sua, (Tx) ~ 0Q.
1% Jrq, Q T

Following the same slicing procedure used for the proof of the lower bound in the rank-1
case, we define the one-dimensional restriction of vy on @,

v%(t) = vT(yl/L +tv), te(0,1),
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which is absolutely continuous for £!-almost every y € (0,1). It holds

d
/ |Vor|Pdz > / Vo - u|pdx—/ / ‘ vr(t ‘dtd

and by the same minimization performed to prove inequality (18), here with p = 1, we get

Lot dvi(t) |p 1 T -
/0 /o ’ dt ‘ dtdyz/o (‘an,l|+|an,2|) dy,

Ty T,
ap = (a,7,a,3) = v§(1) — v} (0).

where

Since we have the boundary constraint vr(z) = Fu 4,(Tx) close to dQ, and the points
(0,y) and (1,y) are in 9Q for all y € (0, 1), we have that

1 1
ay? = Zua, (T(yv™ +v)) = Zua, (Tlyr™)), vy € (0,1)

and, moreover, the uniform bound

a3 Ap| = |, (T + ) = Al +v) = ua, (Tr) + Ay ()|
= 2 [ua (T 4 ) = ATt +9) — ua, (T) + Ay ()
< 2
- T

since ua(z) = Py(Ax) and |Py(Ax) — Axz| < 1 by the definition of Py. Therefore,

lim ag’y—A v=a+ By,
T—00

uniformly in y € (0,1), and hence also in L(0,1), yielding
1

: T, T,

tim | (lay 71+ lay3

T—o00

)" dy = (lar + (Byw)h| + laz + (Byw)a|)P.

By the arbitrariness of u, since the right-hand side does not depend on u, we get that
from(An) = (Ja1 + (Byv)i| + laz + (Byv)2l)”,

and finally
liminf f7,,,(4;) > (1| + Jas)".
More specifically, take for each T" an almost minimizer @ such that

1

1 1
T2/ |Vu|pdx—f <1nf{T2/ \Vul|P dz : u € WHP(TQ, 2), u=ug, NGTQ,,}.

32



Then

1 1
fhom(Ay) > liminf (T2 / |VulP dz — T> = hmlnf/ |Vor|P dz

T—o00

d
> liminf/ / \ vp(t ]dtdy> hm/ (la2 ¥+ lal3))? dy

T—o00

= (lar + (Byvh |+Ia2+ (Byv)2l)?,

and we conclude by taking the liminf as n — 0 on both sides.

Tv+

Ay

TQ, —

A,]TVJ‘ = B,,]TI/J-

A TQ,

ATy =Ta+ B,Tv
Tv

Figure 5: Stretched image of the cube T'Q), under A,.

Proof of upper semicontinuity. Let A = a® v and let A, = A+ B, with B, — 0 as
n — 0. The behaviour of A, in terms of the deformation of the reference cube is pictured
in Fig. 5: since A, becomes singular as 7 — 0, the parallelogram A,T'Q, is increasingly
stretched and flattened. We want to show that

limsup fiio,, (Ag) < flom(4) = (la1] +las])”.

77—)

It is sufficient to prove that for each 1 > 0 there exists u% € WHP(TQ,, Z), with T > 1
1
such that TUZ(THC) — A,z weakly in WH?(Q,,, R?) as T' — oo and

= /TQV [Vl P da < (Jar] + las])? + 0y0(1).
The final step, after proving the inequality above, in order to conclude the upper semicon-
tinuity will follow by using Lemma 2.5 to match the boundary conditions. Note that we
are using Q, with sides parallel to v, v+ instead of @, but the proof of Lemma 2.11 works
the same when an orthogonal transformation is applied.

We now describe the construction of ug This will be done by subdividing the reference
cube in stripes, and repeating a construction stripe by stripe. We parameterize the cube
TQ, with (t,y); that is,

z=tv+yv-, (t,y)€(0,T)x(0,T).

33



Tv+ S;

4 transition in y k
1 S / 1 1
| By| { : . u constant in y ——k |V
TQ N ’Bn’
14
Tv

Figure 6: Stripe-by-stripe construction on the cube T'Q,. Left: T'Q, is sliced into stripes
parallel to v, of thickness 1/|B,|; S; is one of them. Right: enlargement of Sj, split into
a part of thickness 1/|B,| — k, where ug is constant in y, and a thin layer of thickness k,
where the transition in y takes place.

We want to construct the function

up (z) =u) (v +yvt), (ty) €(0,T) x (0,7).
As shown in Figure 6, we divide the cube T'Q, into a number of |B,|T stripes of thickness
1/|By| each, and without loss of generality we can assume |B,|T" € N and 7' > 1/|B,|, up
to a negligible error. Then each stripe is subdivided in two regions of height 1/|B,| — k
and k, with k < 1/|B,|. We build the function ug on each stripe so that the derivative in
1y is concentrated only on the k-stripe, whose energy will be negligible at the limit.

Fix the stripe S; := (0,T) % (y;, yj+1), with y; = \Binl and j =0,...,|By|T — 1. In the
lower and upper sides of the stripe we define

t— ug(t,yj) and t — ug(t, Yj+1)

in such a way that it follows a “zigzag” path (on Z) almost along the image of (0,7") x {y;}
and of (0,7) x {y;+1} through the linear map A,, up to a uniform error.
Define

) 1 2
a9 = lattice point in (5 + Z> closest to ijnyL, (22)
. 1 2
a?T = lattice point in (2 + Z) closest to Ta + B, Tv + y;Bv*. (23)
Both points belong to Z. These are (the projections of) the initial and final point of the

image through the map A, of the lower side of S;. Note that we can estimate the length
of the vector from a@’° to a7, a/ := a7 — &0 with

la! — Ta| =|&*" — (Ta+ B,Tv + y;Byv*) +y;Byv™ — @ + B, Tv| <2+ T|B,|. (24)
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The above estimate holds component-wise,
la] —Ta;| < |a? —Ta| <2+T|B,|, i=12. (25)

Let v7: [0,T] — Z be the path given by Lemma 2.6 (with ¢ = 1 and L = T') from a/*°
to @/, see Fig. 7, and set

ug(t,yj) =0 (), te(0,7). (26)

Ta+ Byl

, 1
Yy Bpv A*.
ad:0

Figure 7: Construction of the path v/ at the step j

By Lemma 2.6(i), v/ moves horizontally, with velocity v{el, on a set of measure AT,
and vertically, with velocity vjes, on the complementary set, where

i

@] + la|
e L F—
lai| + la|

T

vlj = sign(af)

(i=1,2),

so that )\TU{ = a{ and (1 — )\)TU% = ag. Moreover, by Lemma 2.6(iii) and (ii), with

. 4 t .
A(t) = a0 + 7a,  te(0,T), (27)
we have T ' ‘ ,
dv’p (lag| + laz))?
— | dt = 2
fo Gl o= @
and ‘ ‘
|27 (t) — v (t)| < V2  forallte (0,T). (29)

The definition of ‘
tos ul (ty01) = 071 (2)

follows exactly the same steps as v7(t).
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_ GI+LT
OEAR((UN/A5)) I

—.d])T
J<—/\/\/\/ y — a(t,y)

Git+10 v ((0,7))

a0

Figure 8: Schematic paths of v/ and v/+!

Now, in the portion of the stripe (0,7 x (y;,y; + ﬁ — k), we let ug’(t,y) be constant
in y,
T(ty) =ul(ty), (¢t 0,7 o — k
up, (t,y) = uy (ty;), (t,y) € (0,T) x yg,yﬂr’B’ :
"

In the thin stripe y € (y; + ﬁ —k,yj41) where y; 1 = y; + ﬁ, the function ug will also

depend on y. For y € (y; + ﬁ —k,y; + ﬁ) and ¢ € (0,7T) define the affine interpolation

v— i+ m— k)
k

a(t,y) = uy (t,y5) + (ug ( yj1) — ug (895))

(see Fig. 8). Note that @ ¢ Z in general, thus we set

. 1 1
uf(ty) = P@Ey)s (hy) € 0.7) x (4 + o = kovs + 5 )
Byl | By
where Pj(@) is constructed as in Lemma 2.2, and we point out two facts:
(i) for all t € (0,T) we have Pi(a)(t,y;) = ul(t,y;) € Z and Py(a)(t,y;41) =
ug(t, Yj+1) € Z, S0 ug it is well defined in the full stripe S; when passing from the lower
side to the upper side of it;

(ii) the proof and the estimate (with same constant C'(p)) in Lemma 2.2 remain the
same even if we change the domain 2, in this case with the cube T'Q), or its subdomains.
Note that we are using the operator P; and not the simple composition with Fy as in
Definition 2.3.

Thanks to (i), we need only to estimate the gradient of @ as defined on its domain
after using the inequality of the type

IVuyllp = IV PL(@)], < C)IVallp,
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where the L” norm is tacitly understood in the domain where ug = Pj(u). Note that

LI uy (1) — g (t,35)
dy i k '

We want to give a bound to |ug(t, Yj+1) — ug(t, y;j)| uniform in ¢ and j, in order to estimate
the derivative above. By definition (27) and the bound (29),

T T
’un (ta yj-l—l) - U’r] (tv y])‘
< () —up ()| + () = 2 ()] + Juy (£ y41) — 227 ()]

< 2+ [ -] = 2V2+ (] —a]) g (@ - ad)
< V24 adt —al| = 2v2+ (@ — @) — (@7 — @)
< 2v2+ @@ thT — @8 T 4 (@it — @il
= 2V2+ ‘aﬂ‘“f — (Ta+ B,Tv + y;j11Byv™)
: B
+(Ta+ B,Tv + y; Byt — &b’y + L VL‘
| Byl
. , B
+‘C~LJ+1’O —yj1 Byt + (y; Byvt — @) + 7‘Bn’I/L‘
n

< 2V2+6,

where we used (22) and (23) for the last triangle inequality. Therefore, we find

ou Cul (G yi) — ud (8 )] < 22+ 6 -

9
Fy(tv y)‘ = L L =k (30)

y— (i + 57— k)

By 0 < 3 < 1 we also see that
o1 dv? dpitl
—(t <2 |— —1 .
8t(’y)‘_ < dt at >

Finally, we compute the averaged integral:

1 T 1 T pT T
— Vu, |Pdz = / / Vu, (t,y)|Pdt dy
T2 /’;Qu’ 7]’ T2 0 0 | 77( )’

|B,|T—1

1 Yi+1 [T
= = D / / |V, (t,y)[Pdt dy.
j=0 Yj 0
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For each j the summand is divided as

Yi+1
/ / |Vu (t,y)|Pdtdy

Yi+m——k T i p Yj+1 T
- [ & [ g [T [ wR@earaay
" o | dt vtk /0
1 . Yj+1 T ~
= (i %) (riedp+ - nrpdpe) + [ | IvP@ ) ratay
| Byl vt~k Jo
1 Yji+1 T
= (5% '“1'”?2' T / C [ vr@eprae
| By v vitg—k /0
1 Yj+1 T
< ( ’f) WH?Z‘ +C(p)/J / |Va(t,y)[Pdt dy
| 7]‘ Tp yj‘f‘m—k’ 0
1 (|| + |a3])” vitt ou g
< _k Lol / / ty)| dtdy

o1
¢ & Y) dtdy

/'y]+1
vt~k J0
= H+0H+1,

where we used p/2 < 1 to split the full gradient norm |Va|? and (28) in the third equality.
We handle the three terms separately.

First term I { . We recall estimate (25) which gives

; S\ P ; ; P
(lafl +1a41)" = (lall = Tlar] +|a| = Tlas| + Tlas| + Tlas|)
< (1+06)(Tlar| + Tlas|)? + Cs|Ja]] = Tlas| +|a}| - Tlas||
; p ; p
< (10T (jaal +laal)” + €52 ([laf] = Tl | + [lad | - Tlaa|")

< (14 0)TP(lar| + |az])? + Cs2P(2 + T'|By|)".
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and therefore
|By|T—1

il E R I et § L b1V
,12 : <“£77 > zp—l
_]:0
< —1 T — |B,|Tk 1+0)T + p+062p2—|—TB p
= T2( ’ 77| ) ( ) (‘al, |a2‘) Tp_l( ’ 77’)

= (1= B0+ 6)(anl + ool + (1 B, ICs2 (2415,
= (1+0)(Jai| + |az|)P + 06077*)0(1).

Second term Ig .

bl 0()/%1 /T 671( )pdd C(p)kT 9’ C()9PT
=Clp - (Ly)| dtdy < C(p (> =Clp 1
’ vi+ gk J0 Ay k kp—1
and thus
|By|T-1 , T ax~ p
1 Yi+1 ot 1 T B,
7o oo [T [ g en] atdrs g BT oo g = comwh,
J= 7T

which goes to 0 as n — 0.
Third term I}. Since we have

ou P dv’ dod T \? dv?
- < 2]3 _ < 22])—1 s
at B = < dt at ) = dt

we can follow the same computations performed for the first term, equally for j and j + 1,

. Yj+1 T\ o
I = CKp)/p 1 ][
yj“l‘m—k 0

op1 Yji+1 T p
o [ [ (][5
J 1Byl
j+1

ot

(a| +la3)? | (laf"™"| + o) !)p>
Tpr—1 Tp—1

52

< C)27 k(20 + )T (o] + laal) + 275

p
+ 22p—1

deJrl p

dt

9

P
dtdy

p d’Uj+1

dt

av
dt

IN

— C2k(

(2+TIB|)"),

applying the summation

|By|T—1

1 , B,|C(p)2%r—1k Cs2P
72 Z I < B O;} (2(1 + 0)T(Jar| + |az|)P + 2 i
j=0

Tr—1

@+ 7157

2
= CilB k(1 +6) (a1 +|aal)? + CoCs| By k(7 + 1By
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and everything tends to 0 as  — 0 since |B,| — 0. In conclusion,

1

7 Jro Vg [Pda < (1 +6)(laz| + |azl)? + Cs05-0(1),
TQ,

which yields the claim sending first  — 0 and then 6 — 0.
We check that the weak-convergence statement holds. Define

x
UE(CU) = 8“71; (g) ) T e QIM
where ¢ = 1/T. Note that u. € WHP(Q,,,cZ). Then, for 7 fixed, it holds
lim uc(z) = A,z weakly in WHP(Q,, R?).

e—0

We need to prove that the gradients are equi-bounded and that the functions converge in
L”(Q,,R?). We note that

1
Lywaﬂmmzl;wﬁ(ijxzﬁzngwﬁ?mg(H&wmﬂwy4@%uy

Thus, the gradients are equi-bounded in LP. To prove the convergence of u., we note that

— P - T (T _ f‘p
/Q]ue(x) Apz|Pdz /Ql, lsun <€> zsAn(€ dz

1
_ 2+ T _ T
= ¥t AQV lup (z) — Ayz|Pdz = T2+p /TQV |y, (2) — Apz|Pda.

€

Generally speaking, the integrand |u£(m) — Ayz| is uniformly (in z) close to a constant,
since ug is a zigzag almost running along the image lines through A,,, and therefore the
integral is of order O(T~P) — 0 as T — oo. Indeed, for x = tv+yv*, (t,y) € (0,T) x (0,T),

and A, =a®@v + By,
|u£(1:) - Ayx| = |ug(t, y) —at —tByv — anyﬂ,

if y € (yj,y; + ﬁ — k) for some j =0,...,|B,|T — 1; that is, where ug(t, y) = ug(t,yj);
then, recalling (27),

\ug(t, y;) — at — tByv — yByv*|

< \uz;(t, y;) — 2 ()] + |27 (t) — at — tByy — yByv™|

< V2 + ]aj% —at — tByy| + @ — y Bt

< V2 + ’%(aj —Ta— ByTv)| + [ — y; By | + |y; By — yByv|
s/ﬁ+%uq+w—wmﬂga
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where we used the (rearranged) inequality (24), the bound (29) and definition (22). If
instead y € (y; + \Bil,,| — k,yj+1), where we have the transition, we recall that

-y + N S——
ul (ty) = Pu(a)(t,y), at,y) =u)(ty;) + (u) (tyjs1) — ug(t,yj))y Wi+ 15y )-

k
By the estimates
[l (t,y) — a(t,y)| = [Pu(@)(t,y) — a(t,y)| <1,
_ y—(yi+ 57— k)
[t y) = (b yy)| = | (i (8 yy1) — 0 (2, 3)) <,

the second coming from (30), through a concatenated triangle inequality, we get
\ug(t, y) — at — tByv — yB,v*|
< uh (ty) — alt,y)| + |alt, y) — uy (6 y;)| + lug (8, y;) — at — tByy — yByv™|
< 1+94+C.
Therefore,
|u5(x) - Apzx| = \uf(t, y) —at — tB,v —yB,v*| < C
for all x € TQ,, and
Ayafde = — r AyalPde < O~ — CPer
) =~ AgalPde = e | uf @) AyalPde < €0 = O,

v

which tends to 0. We can apply Lemma 2.5 with 2 = @, the functions u. — u(z) = A, (z),
and the function %, given by cua, (z/¢), where uy, is as in Definition 2.7. We check that
the assumption on such %, holds: since u.(z) = eua, (Z), then for any fixed U C Q, with
Lipschitz boundary, we have

lim/ |V [Pdz = Ca,|U| (31)
U

e—0

by Lemma 2.4. Also, % — u(z) = A,z in LP(Q,R?) since

lim [ [Agz —ePy(Ay%)|Pde =lim [ &P |A,E — Py(A,%)["dy =0,
Qv v

e—0 e—0 Q

as }Anf - Po(Anf)‘ <1 by the definition of Py. By (31) above with Q = @, in place of U,
we deduce that the gradients are equi-bounded, which gives the weak convergence of u. to
u in W'P(Q,,R?). Thus, thanks to Lemma 2.5 we find v. € W'P(Q,,cZ) with

e—0

liminf/ |V |Pde < liminf/ |Vue|Pdz
Qv e—0 Qv
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and ve = Uz = €ug, (%) in a neighbourhood of Q. Scaling back to TQ,, with T'= 1/e,
x
wr(z) = T, (T) e WP (TQ,, 2),

and wr = uy, in a neighbourhood of 9T'Q,. Therefore

1
p et 1 1 — p . 17p et ~
Jhom (An) lim inf 1nf{/TQU VulPdz :u € WHP(TQy, Z), u=ua, GTQV}

1
< liminf — / |Vwr|[Pdz = lim inf/ |V |Pde
T—+o0 T2 TQ, e—0 Q.
1
< liminf / |Vue|Pdz = lim inf — / IVul [Pda
=0 Jo, T—+00 T? g, K
< (1+0)(Jar| + laz])? + Csop(1),
and we find
limsup ff, (Ay) < (la1] + |az|)?,
n—0
by first sending 7 — 0 and then 6§ — 0. O

Proposition 2.15. The T'-limsup inequality for FY with (9) holds for all functions u €
WLP(Q, R?).

Proof. By Proposition 2.14 the function A — ff_ (A) is continuous, so that

uH/nggom(Vu(:L‘))dx

is continuous in W'P(Q,R?). Fix u € W'P(Q2,R?); then there exists a sequence u; €
WP (Q, R?) piecewise affine, with non-singular gradients, such that uy — u strongly as
k — oo. By Proposition 2.13, for each k the upper bound holds

I-lim sup FP (uy) S/fffom(Vuk)dx.
Q

e—0

By the lower semicontinuity of the I'-lim sup we get

I-limsup FP(u) < liminf (F— lim sup Ff(u@)
e—0 k—o0 e—0

< liminf/fﬁom(Vuk)da::/fffom(Vu)dx,
k—oo JQ Q

which gives the upper bound for the prescribed w. O
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2.7 The Young measure setting

Although the I'-limit in Theorem A has already been proved without their use, we now
introduce Young measures, as they make the geometric constraint of the problem trans-
parent. Indeed, since u. takes values in €Z, its gradient lies almost everywhere in

K = (e1 @ R?) U (e3 ® R?),

every Young measure generated by such gradients is supported in K. This support con-
dition is the starting point for the bounds on fﬁ'om in Section 3, which in particular show
that fffom is not convex. In addition, Young measure give an alternative derivation of the
rank-one formula ff. (a®v) = (|a1|+|az|)P to the construction of optimized taxicab paths
in Section 2.5.

We write P(R™) for the set of Borel probability measures on RY. The space Y?(Q2, RY)
of p- Young measures consists of all parametrized families v = (v)zcq C P(RY) that are
weakly* measurable: that is, z — f]RN hdv, is Lebesgue measurable for every h € Co(RY),

and satisfy
/ / |2|P dvy(2) dz < o0.
Q JRN

A bounded sequence (vj) C LP(Q,RY) generates v € YP(Q,RY), in symbols v; X U as
J — oo, if

h(vj) — . hdv, weakly in L1(Q) for every h € Co(RY),
R
that is, [o,¢(z)h(vj(z))dz = [, ¢(z) [px hdyydz for all ¢ € L°(Q) and h € Co(RY).
We say that the Young measure v is homogeneous when there exists p € P(R™V) such that
v, = p for almost every x € Q. A gradient Young measure is generated by sequences of L?
gradients v; = Vuj, for some sequence of Sobolev functions (u;) C WhP.

We record here two results from the general theory of Young measures, see [61, Lem-
ma 4.12] and [32, Theorem 8.6]; for a general Young-measure approach to lower semicon-
tinuity, covering normal integrands and arbitrary tight (e.g. LP-bounded) sequences, we
refer the reader to Balder [9].

Lemma 2.16. Let v = (v3)zeq € YP(Q,RY) be the Young measure generated by a LP-
bounded sequence (v;) C LP(Q,RY), and let C C RY be a closed set. Then

dist(v;, C) = 0 in measure <= supp v, C C for almost every x € (2.

We actually need the following weaker statement of the lemma above: if v;(z) € C for
almost every x € 2 then supp v, C C for almost every x € Q.
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Proposition 2.17. Let 1 < p < oo and v = (V)zeq € YP(L,RY) be the Young measure
generated by a LP-bounded sequence (vj) C LP(Q,RY). Let F: Q x RNV — [0,00) be a
Carathéodory integrand of p-growth. Then

(i) Tliminf /Q Fla,v;(x)) da > /Q /R F (i, M) dva(M) dr.

Jj—o0

Moreover, F(-,vj(-)) is equi—integrable if and only if

Jj—00

(7i)  lim QF(x,Uj(x))dx:/Q/RNF(QC,M)de(M)dm.

Now we point out a pointwise differential constraint satisfied by the sequences u. which
are e Z-valued. Define the closed set K C R?*2 as

K := (e @ R?) U (eg ® R?). (32)

So M € K takes the row-wise form M = (]\?) or M = <]\(4] >
2

Lemma 2.18. If u. € W'?(Q,eZ), then Vuc(z) € K for almost every x € ).
Proof. From u.(x) = (us1(x),uc2(z)) € €2 for almost every x € 2, we have that for

almost every x € (2
€

2

g &

stez=U {5+
qEZ

we can use the well-known property for Sobolev functions f, 1 < p < oo, and ¢ € R, that
Vf =0 almost everywhere on {x : f(z) = c}, yielding that on the sets

+¢eZ or ucp(x) € Cyem.

us1(x) € 5

Since

El = {x €Q:ucq(z) = % +€q}, Ei = {x € Q:uco(z) = g +5q},

we have Vu.; = 0 for almost every z € Ef, and Vu.2 = 0 for almost every x € EJ.
Therefore, also Vu, 1 = 0 almost everywhere in £y = €z Ef and the same for Vu. o2 =0
almost everywhere in Ey = |J, oy 3. Since N := Q\ (E1 U Ep) is Lebesgue negligible by
ue(x) € eZ for almost every x, we have that for almost every x € Q either

VU5,1 =0 = VUE(JU) — <Vu802(l,)) , or VUE,Q =0 = VUE(x) — <VU5(,)1(.13)> ’

which gives Vu.(x) € K. O
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A lower bound in terms of Young measures. We fix v € W?(Q,R?) and u. — u
weakly in WP(Q, R?) with liminf. ,o F¥(u.) < +o00. Upon extracting subsequences, we
can suppose that this liminf is actually a limit, and that u.(z) € €Z almost everywhere
in . Since in particular Ff(u.) = fQ |Vu|P dz, we can also assume that Vu., as a
LP(Q, R?*2)-bounded sequence, generates the Young measure v = (v;)zeq € YP(£, R2%2).
By condition u.(z) € £¢Z and Lemma 2.18 we infer Vu.(z) € K defined in (32) for almost
every x € €). By Lemma 2.16 we find that

supp v, C K for almost every z € Q. (33)

Since p > 1,the center of mass Uy := [poxo M duy (M) equals Vu(z) for almost every = € Q.
Indeed, for a given matrix M, the linear-growth function ®(M) = M; ; is such that ®(Vu,)
is p-uniformly integrable, since p > 1, and therefore

ot [ Mgy de = liny [ ole)(Vuiahde = [ p(o)(Tu)s,a)de,

for all ¢ € C(€2), where we have used the weak convergence Vu, — Vu. Thanks to the
properties above satisfied by v, we can employ Proposition 2.17 (i) to find

liminf FP(u;) = liminf/ |Vue|P de > / / |M P dvy (M) de
e—0 e—0 Q Q JR2x2
> / inf {/ |IMPPdv(M) : vePR*>?), supp v C K, 7= Vu(x)}da:.
[9) R2x2

Thus, a lower bound f§ hom * R2%2 5 R () stands for Young measures) is defined as

f:;;,hom(A) = inf { /

R2%2

|M|Pdv(M) : vePR*™?), suppv C K, 7= A}.

Since supp ¥ C K = K1 U Ko, with K1 = e; ® R? and Ky = es ® R?, we can write v as a
convex combination of two probability measures

v=2A1+ (1= N,

where vy is supported on K; and vs is supported on Ks. Explicitly, 14 is defined as

v =72 (ngl) = ”L)\Kl, and v accordingly. The moment condition 7 = A yields

A= X1+ (1 = \)pa.

. A . .
Since A = ( A1> and v; are supported in K;, which are convex subspaces of R?*?2, then
2

also their center of masses 7; € K;; hence, the moment condition row-wise reads

1A 1 1 (o) 1
7/1—)\<0>—)\€1®A1 and VQ—H<A2>—H€2®A2.
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By Jensen’s inequality, applied to each v; € P(R?*2),

Lo ravan=x [P ann -3 [ M den

R2Xx2

AqlIP AolP
AP a1 Al (34)

— ip W\ [alP —
> AMorP + (1= A)|pef? = A1 T (= AT =

The minimum A in the above expression is given by

| Ay
|A1] + |Ag|”

)\min —

The probability measure minimizing the problem defining f§ hom (A) is given by the convex
combination of Dirac deltas centered on the center of masses 71 and 7s, namely

Vinin = )‘5%@1®A1 + (1 — )\)6$62®A27

with A = Apin. Indeed supp vmin = {1 e1 ® A1} U {1352 ® A2} C K and it holds

1 1
vmin:)\X61®A1+(1—)\)1_)\62®A2:A.
The integral gives
| AP |Aa|P
MP dvpin(M) = A 1-AN)——=(lA As|)P.
[ P i (00) = ATEE (1= 022 = (141 + e

Remark 2.19. In the rank-one case A = a ® n, since A; = a;n,
(IA1] + [A2])” = (lar] + [az])?[n[” = (Jaa] 4 a2])?,
if n is a unit vector. We thus recover the previous formula of fF .

The following proposition allows us to produce a recovery sequence for rank-1 matrices
(see Corollary 2.21).

Proposition 2.20. Let A=a®n € R22 witha € R? andn € S'. Set A = —4l_ g

la1]+laz|

1 fain ai 1 0 a2
B = — = — By = —— = .
1 )\<0> /\6’1®7”L, 2 1_)\<a2n> 1_)\6’2®n

The homogeneous Young measure

vy = Xop, + (1 = N)dp, for almost every x € )

is a gradient Young measure, with generating sequence Vu. such that us(z) € €Z almost
everywhere and Vu. is p—equi—integrable.
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Proof. Given a € R?, let a;, € Q? with a;, — a as k — oo, and for each k let T}, € N be such
that Tax € Z2. Set By := (%, %) € R2, 2z(t) := Bo+tay, for t € R, and let vg: [0,T}] — Z
be the path given by Lemma 2.6 (with ¢ = 1 and L = T}) from Sy to Sy + Trax, which are
vertices of Z. With

|ak 1|

YR LS T
+ lar,2|’

r= vk = sign(ag;) (Jaga| + lag2l) (i =1,2),
lak 1

we have A\yvp 1 = ag,1 and (1 — A\p)vg2 = ak2, and, by Lemma 2.6(i), there exist disjoint
sets EF EX C (0,Ty), with |E¥| = ATy and |E%| = (1 — \g)Tk, such that

U;C(t) _ Vg,1€1, t e E{c
Vg, 2€2, t e Eé

The speeds |v;| = |ag1| + |akza| converge to |ai| + |az|, and |zx(t) — vg(t)] < V2 for
all t € [0,T)] by Lemma 2.6(ii). Since vi(0) = z;(0) and vg(Tx) = zx(T%), the function
wy = v — 2 belongs to Wé’oo((O,Tk),Rz); we extend it Tp-periodically to R and set
vg := 2} +wy, on R. Then vy (t +T)) = vp(t) + Tray, and, since Tray € Z% and Z+ 72 = Z,
the extended vy still takes values in Z. We claim that, for a suitable sequence (k) — 0 as
k — oo, the maps u.()(z) = e(k) v (n - x/e(k)) are the desired sequence. For fixed k we
consider "

ue(z) = svk<?>, x €,
and check the following properties.

1. Since vy takes values in Z, u.(z) € eZ for every x € Q.

2. By the chain rule,
Vu(z) = v, (%) ®@mn

and since vy, is piecewise affine with two alternating slope values vy ; and vy o which are
uniformly close (up to a sign) to |a;|+|az], its derivative is uniformly bounded and therefore
Vu, is bounded as well; this fact gives the p—equi—integrability.

3. It remains to check the generation of the Young measure v. We note that v} (t) =
wy,(t) + ag. Since wy, is a periodic function as wy, and ay is a constant, we deduce that
v}, is also Tj-periodic. Therefore, by the Riemann-Lebesgue lemma, for a fixed measurable
subset £ C R we have

t 1 [Tk
vff <> N T/ v;(t)dt, in LP(E), as e — 0.
€ k Jo

Now take ¢ € Co(Q2) and h € Co(R?*?), with the notation x = x1n + xon' and for each
Ty € R, define Q, := {z1 € R: x = z1n + x9nt € Q}. By Fubini’s theorem and the

47



Riemann-Lebesgue lemma in the variable x1, we have

lim [ @(x)h(Vue(z))dx

e—0 o)

= lim go(x)h(vk, (ngx) ®n)dx

e—0

1 eas
—;1_%// o(x1,22)h (5 )®n>dx1dx2
1 T
/ / o(x1,22) / h (1}}C (1) ® n) dt) dzq dxo
Tk,

Ek
/ / xl, .1‘2 lTllh(vk,lel & n) + ‘T’i‘h(kaeQ ® n))dx1 dZCQ

a

// o(z1,22) h(a/\—el®n>+(1—)\k)h(l_’i\k@@n))dxldxg
= / o(z)dx <)\k63{€ + (1 - )\k)(ngv h) = / p(z)dz (v, by,
Q

Q

where yk:/\kéBf—i—(l—/\k)(SBg,Bf ’“61®n and By = %2 —ea @ n.
Since v, — v in Co(R?*2)* as k — oo, we can take a dlagonal sequence (k) — 0 as

k — oo such that Vugy, X vask — oo O

Corollary 2.21. In the notation of Proposition 2.20, the generating sequence Vu,. gives a
recovery sequence for the linear function u(x) = Az, namely

lim F?(uz) = lim [ [VuelP de = [9(|ar| + as])? = 2 £2,,, (A).
e—0 e=0 Jo

Proof. Since Vu, is p-equi-integrable and generates v, = Adp, + (1 — \)dp, with B; and
By as in Proposition 2.20, by Proposition 2.17 (ii) applied to F(M) = |M|P we find

lim \Vug\pdx—// |M|Pdv,(M)dz = |9 |a1| (1_)\)ﬂ
e=0 o Jr2x2 (1— NP
= \Q!(|a1\+!a2|)p7

and conclude the proof. ]

3 Quasiconvexity properties of f

In this section we complete the proof of Theorem A, showing that the function fF is
not convex. Since it satisfies a growth condition of order p < 2 from above, this implies
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also that it is not polyconvex, since polyconvex non-convex functions satisfy grow at least
quadratically in some direction. The goal of this section is then to find two constants
0 < ¢, < (), such that

| det Al | det A|
(IA1] + [A2])” + “App < fhom(A) < (JAx] + | A2])” + CPW’
with ¢,, Cp ~ (2—p)~! as p — 27. In particular, the lower bound shows the non-convexity
of ff' . as remarked in the Introduction; see (6).

Lemma 3.1 (qualified Jensen estimate). Let v € P(R?*2) be a probability measure sup-
ported on K, defined in (32), with barycenter v = A. Let A > kp|A|, where k, :=
V2(2v/2p)V =1 Then

1
/ |M|Pdv > (|A1|+|A2|)p+2/ |M|Pdv.
R2x2 |M|>A

Proof. We recall the row-wise matrix norm N(A) = (|]41] + |A2|) in (5), and the bound
N(A) < V2|A|. We split v at level A; that is,

v =vlgm<ay +vIgamsay = v+ (bulk and tail).

Let
T := Mdy; € R?*? and E, ;:/ |M|pdut:/ |MPdv
R2x2 R2x2 {|M|>A}

be the first and p-th moments of the tail. Hence the bulk has first moment 7, = A — T
Both v, and vy are supported in K; in particular, we can apply to v, the two-branch Jensen
computation applied to v above.

The first idea is to apply the double Jensen inequality as in (34). Split 14 as a combi-
nation of two probability measures

Vp = A1+ (my — A2,

with the mass my := || < 1 and A € [0, mp]. Then by the moment condition A — T = 7,
we get A—T = AUy 1 + (my — \)Tp 2. Since v ; are supported in e; ® R? subspaces of R?*2,
the moment condition row-wise reads

1
Up1 = Xel ® (Al - Tl) and Vpo = €2 & (AQ — Tg).

1
mb—)\
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By Jensen’s inequality applied to each probability measure vy ;

/ M|Pdw :/ |MP duy(M)
{pri<A} Rex2

)\/2 Q\M\pdbe(MH(mb—A)/ M dvy (M)
R X

R2x2
7 - A =P | A — TP
p _ P _—
> ANwpaP + (mp — N)|Upalf = w1t ()T
> my (A~ T1| + Az — To)? = my PN(A—T)"
> N(A-T).

The minimum is given by A\/my = |41 — T1|/(|A1 — Th| + |A2 — T3|). Hence, the bulk
contributes with at least N(A — T)P.
On the tail |[M| > A, since 1 < |M|/A < |M|P/AP as p > 1, it holds

M M|
|T| < / |M|dv = A/ udy < A/ udy — Al_pEp.
{IM[>A} (imj>ay A {m|>ny AP

We now want to estimate N(A — T')P with N(A)P plus other terms, using the convexity of
t — tP. Since N is a norm, it holds N(A —T') > |[N(A) — N(T)|. Applying the convexity
inequality tP > sP + psP~1(t — s) with t = [N(A) — N(T)| > 0 and s = N(A) > 0, we get

N(A—T)" > [N(4) = N(T)P = N(A) + pN(A)P~ (IN(A) — N(T)| - N(A))
Moreover we have ([N(A) — N(T)| — N(A)) > —=N(T) > —2|T| > —v2A"PE,, thus
N(A—-T) > N(AP — V2pN(A)P'A"PE,.
Finally, the choice of A > k,|A| with £, as in the statement makes the second term on the

right-hand side at most E,/2, since by N(A) < v/2|A| we get —/2pN(A)P~IAL=P > —%.
All the contributions now read

E
/ |M|Pdy = / \MPPdv+ E, > N(A—T)’ + E, > N(A)” + 22,
R2><2 {|M|§A} 2
as desired, by the definition of E,. O

For f € L} _(R?) we denote by

1
MI@) = sup s /B il e

r>0

the Hardy—Littlewood maximal function of f. The function M f is lower semicontinuous,
so its superlevel sets are open, and M is of weak type (1,1) [63, Chapter I, Theorem 1]:
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there is ¢ = ¢(d) such that {Mf > A} < || fllr1(way for all f € LY(RY) and A > 0. Since
Mf < M(f1gg5a/2y) + A/2, applying this to f1y s>y /2) gives the refined estimate

HMf > A} < 2;/ |f|dz  for all f € LY(R?), X > 0. (35)
{IF1>x/2}

We shall use the following Lipschitz truncation lemma, which goes back to Acerbi and
Fusco [1, 2]; see also [6, Theorem 5.34].

Lemma 3.2 (Lipschitz truncation). Let 1 < p < oo, w € W'P(RYL,R™), A > 0, and
Ey = {M(|Vw|) > A\}. Then there exists a Lipschitz map w: RY — R™ such that W = w
almost everywhere in R\ Ey, and Lip() < cq A, where ¢g depends only on d; in particular,
cq s independent of p, A and w. If w has compact support, then E) is bounded and W has
compact support.

Using this result we prove the estimate in the following lemma.

Lemma 3.3 (gradient estimates in terms of the Jacobian). Let D be bounded open and
u— Ax € Wé’p(D, R?), with det Vu = 0 almost everywhere. Then for all A > 4|A],

-1
/ (VulPdz > ¢ 2= = AP=2| det A|| D),
|Vu|>A/4 2—p

with ¢ universal constant.

Proof. Set w:=u—Azx € VV(l)’p(D,]R2)7 extended by zero to R?, and let E) := {M(|Vuw|) >
A}. By Lemma 3.2 there exists a compactly supported Lipschitz map @w: R? — R?, in
particular @ € WH*°(R2, R?), such that @ = w almost everywhere in R?\ E) and Lip(@) <
ca A, where ¢5 is independent of p.

Since w is Lipschitz with compact support, the null-Lagrangian property of the deter-
minant (valid for compactly supported maps in Wh4, g > 2) gives

/ (det(A + Vi) — det A) dz = 0.
R2

We split R? into D\ Ey, E\ and R?\ (DUE)). Since @ = w on R?\ E), we have Vi = Vw
almost everywhere there. Hence on D\ E the integrand equals det Vu — det A = — det A,
because det Vu = 0 almost everywhere; on R? \ (D U E)) we have @ = w = 0, so the
integrand vanishes. Therefore

|D\ Ey|det A = (det(A + VW) — det A) d.
Ey

On E) we use the local Lipschitz estimate on the determinant, which is a polynomial of
degree 2, |det(&1) — det(&2)| < ([&1] + |&2])[§1 — &2/, which gives

| det(A + Vb)) — det A| < (|[A+ V| + |A])|Vd| < CA2,
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as |Vw| < caA and |A| < A\/4. The null-Lagrangian identity now reads
|D\ Ey||det A] < CX?|Ey|.
Writing |D| = |D \ Ex| + |[D N E\| < |D\ E\| + |E\|, we arrive at the estimate
|D||det A| < | D\ Ey||det A| + |Ey|| det A| < (CA* + |det A])|Ex| < C'N?|E,|,

using | det A| < 1[A]2 < 12

216"
The weak (1, 1) type estimate (35) gives
C
|Ey| < / |Vw|dz,
A Jvwl>a/2)
so that
ID||det A| < C/\/ Vwlda.
{|Vw|>N/2}

Fix A\g > 4|A|. The last inequality holds for every A > Ay, since then X > 4|A|. Multiplying
it by A\P~3, integrating over [A\g, c0) and using Fubini’s theorem, we get

)\P—2 00
O _|D||det A] < 0/ )\p_Q/ |Vw|de dA
2—p o {IVw|>A/2}

2|Vuw|
= C/ |Vw|</ P2 dA)dx
{IVw|>X0/2} o

2|Vuw|
< C |Vw| < / P2 d)\> dx
{IVw|>Xo/2} 0

v
= C / |Vw|P dz.
P =1 Jvw>ro/23
To convert the bounds on u rather than on w, first note that on {|Vw| > A\o/2} one has

A A
5 < IVw| = Vu— A < |Vl + |A] < [Vu| + 7,

so that |[Vu| > Ao/4. Moreover, by the same line above, |Vw| < [Vu| + 2 < |Vu| + @,
so that |[Vw| < 2|Vu|. Therefore, we find

AP~2 op-1
O _|D||det A] < ' / |VulPdz,
2—-p P—1J)1vu>r0/4

which we rewrite as

-1 ,_
/ IVulPdz > ¢ 2= XP~2| det A|| DJ;
|Vl >Xo/4 2—p
that is, the claim with A = A\¢g and ¢ = 1/C” universal constant independent of p. O
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Proposition 3.4 (lower bound on fﬁ’om). There exists a constant ¢, > 0 such that for
every A

» | det A|
fhom(A) > N(A)p + Cp|14|72—p’

where N is the norm in (5). The constant ¢, ~ (2 —p)~' asp — 27.

Proof. If det A = 0 the inequality is trivial. In the full-rank case, recall the cell formula
(2.7)

| det 4] inf{ / Vul? do:u € WH(TQa, 2), u =1 ~ OTQ }.
TQa

p _ .
Hon() = 1 L7,

Fix T an odd integer, so that d(TQ) C Z and hence Py(Az) = Az on D, D = A~1(TQ).
Let u be a competitor, so that u—Ax € W(l)’p (D,R?), and let v, be the gradient distribution,
explicitly

Uy = (Vu)#<ﬁ L2 LD), /sz2 g(M)dv, = ][Dg(Vu) dz

for every Borel g > 0. Then v, is a probability measure on R?*? with v, (R?*2\ K) = 0,
since Vu € K almost everywhere by Lemma 2.18. Its first moment is finite, and

Mdyu:][ Vudz = A,
D

R2x2

because [, V(u—Az)dz =0 foru—Az € Wé’p (D). Finally, det Vu = 0 almost everywhere
in D, since every matrix in K has a zero row. Note that

/ M du, =f VP X guony d,
{|IM|>A} D

so Lemma 3.1, applied to v, and Lemma 3.3, applied to u, estimate the same quantity.
We choose

A = kplA, Kp 1= \/5(2\/§p)ﬁ

As shown above, v, is a probability measure concentrated on K, with finite first moment
and barycenter A, and A > k,|A|. Hence

1
][ |Vul|P dz = / |M|Pdv, > N(A)P+ / |M|P duy,
D 2 Jm>a)
1
= NP+ 5 IV xgusn do
Recall det Vu = 0 almost everywhere in D and u — Az € Wé’p (D,R?). We apply Lemma
3.3 with A := 4A = 4k,|A|, which is admissible since A > 4|A|, and obtain

1

c(p—1) -
1D| Pdz > —5——= (4ry|A])" " [ det Al
D {IVu\>A/4}Wu’ = 2 p (4k,|A])" 7 | det A

]{D IVulP x(jvu>a} do =
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Combining the two estimates,

| det A| o clp—1) (4,%;,,)1”_2
|A[?=P” P 2(2-p)

]iVuV)d:v > N(A)P +¢

The right-hand side depends neither on u nor on T'. Taking the infimum over all competitors
and letting T" — oo along odd integers, we obtain

det A|
P p |
fhom(A) 2 N(A) +Cp ‘A’Q_p’
and conclude the proof. O
Proposition 3.5 (upper bound on fﬁom). There exists a constant C, > 0 such that for
every A
» » | det A
Jhom(A) < N(A)P + Cpim‘zip .

The constant Cp ~ (2 —p)~! asp — 27.

Proof. Decompose A = o111 ® q1 + 0212 ® g2 with respect to its singular values o;, with
0 < o9 <oy1,m L m and ¢1 L g9 orthonormal. The idea of this decomposition into
orthogonal rank-one tensors is to use the rank-one convexity of fffom to find an upper
bound. Write

g
R=meqa+m®q@pec0?2), A=001R)+ (1 —-0)(c1m ®aq), 6 := ij € [0,1].

The two matrices o1 R and o111 ® ¢q differ by the rank-one matrix o179 ® g2, so A is written
as a convex combination along a rank-one direction. Moreover

from(01R) = 07 £, (1)
by the p-homogeneity (Lemma 2.12) and the frame indifference under A — AQ, Q € O(2).

Using the rank-one convexity and f{ = N(:)? on the rank-one cone,

Fhom(A) < (L= 0)(o1|mle)? + 007 fo,, (T)- (36)

Denote for simplicity Ay := o171 ® q1 so that N(Ag) = o1 |n1|p-
Since 0¥ = oy 0¥ = 0109077 = | det A| 0¥ 72, the right-hand side of (36) equals
| det A

N(Ao)p + 00-]10 (fﬁ)om(l) - ’7]1 51) = N(Ao)p + 0_2—1) (flrll)om(l) - |771 ?1)
1

The bracket is nonnegative, since fF. (I) > N(I)P = 2P > 2P/2 > | P1, and it is at most
fhom(I)—1, since [n|p > 1] = 1. We now want to bound N (Ag)? with N(A)P plus a term
proportional to | det A||A|P~2. First of all, using that N is a norm and A — Ag = 0212 ® ga,

IN(Ag) — N(A)| < N(oam2 @ g2) = 02 2| < V209,
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because |n2|ln < V22| = V2. For s,h > 0, the mean value theorem gives (s + h)P =
P+ p€&P~th < sP 4 p(s+ h)P~'h. With s = N(A) and h = V209,

N(A4o)” < (N(4) +v203)" < N(AY +V2p (N(4) + V2" 0

Since |A|? = 0? + 032, we have 09 < |A| and o1 > |A|/v/2; moreover N(A) < v/2|A|. Hence
N(A) +V202 <2v2|A] and 09 = |det A|/o1 < /2| det A|/|A], so that

p—1 | det A

N(Ag)? < N(A)P +2p(2v2) A

To conclude, since p — 2 < 0 and o7 > |A|/v/2, we have 011)_2 < 22%17]14\”*2. Therefore

det A _ 2-p
Jhom(4) < N(AP +Cp ‘|A|2_p‘v Cpi=2p (V21! +272 (ff,, (1) = 1)
The value of ff (I)is bounded by ﬁ by (14). O

Finally, we remark that from the explicit form of ¢, and C,, a direct computation allows
one to rewrite the double estimate as in (4).

4 The supercritical case p > 2

In this section, we consider the case p > 2, in which the limit is represented as a sim-
ple but degenerate quasiconvex energy. For convenience, we recall the statement of the
homogenization result, already given in the Introduction as Theorem B.

Theorem 4.1 (supercritical homogenization theorem). Let p > 2. Then FY given in (1)
I'-converges, with respect to the strong LP-topology, to

/ (IVui(z)| + |Vua(2))' dz  if u € WHP(Q,R?) and det Vu = 0 a.e.
Q

FP (u) = (37)

+00 otherwise.

The lower bound is obtained by noting that actually F¥ = F'  on WP (Q,eZ).

Proposition 4.2 (lower bound). The functional defined by (37) is a lower bound for the
L-liminf of F.

Proof. We first note that the I'-limit is finite only on functions with det Vu(xz) = 0 almost
everywhere, by the weak continuity of the determinant in W', since det Vu.(z) = 0
almost everywhere if F¥(u.) < +00, and using the continuity of the determinant for p > 2.
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Let u. — u be a sequence with F¥(u;) < C' < +oo. We note that if u.(z) ¢ § + Z*
then for |z — y| small we have either (uc)1(x) = (ue)1(y) or (ue)2(x) = (us)2(y), so that we
conclude that

[Vue(z)| = [V (ue)1 (@) + [V (ue)2(2)]

for almost all x € Q. By the convexity of the function g(A) = (|A1| + |A2|)P, where A; and
Ay are the rows of A, we then have

e—0 e—0

liminf/ [VucPdz = liminf/g(Vue)dx
Q Q

v

/ 9(Va) dz = / Vs ()] + | Vua(2)| P da,
Q Q
and conclude the proof. O

4.1 Recovery sequences for a class of special maps

In this section, we complete the proof of Theorem 4.1 for functions whose image is a curve.
The proof generalizes the zig-zag construction for affine functions in the case p < 2. In the
general case, the image is more complex, but for p > 2, thanks to the continuity of u, it
can be described using some notions of analytic topology (next section). These allow us
to consider a dense class of functions whose images are “trees”, on whose edges one can
repeat the constructions below (or directly use Lemma 2.6).
Note that if det Vu = 0, the two vectors Vu;(z) and Vus(z) are linearly dependent, so
that
1V (@)] + [Vuz(@)]] = max { [Vur (2) + Vua (@), |V (2) = Vua(@)| ] (38)

Proposition 4.3 (upper bound for special functions-I). Let u : Q — R? be such that u(Q)
is a simple curve. Then there exists u. — u such that

lim F2(ue) ZAIIVU1($)|+IVU2($)Ipd$- (39)

Proof. By approximation, we may consider the case when u()) is composed of line seg-
ments. Furthermore, we may suppose that the direction 7 of each such segment is rational
(that is, 7 € R? with either 77 = 0 or 7o/7; rational).

We first consider the case u(2) = [0, ] =: S (where we have used the notation [a, ag]
to denote the segment between the vectors a; and asg in ]RQ) and suppose a; = e NT; with
N € N and 7; € Z. This again is not restrictive up to an error of order ¢.

We may approximate S by the family of line-segment curves S, defined by

S, = ]\Ol(kzsr + ([0,571] X {0}) U ({m} X [o,m])) .
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Note that the extreme points of S; are the endpoints of S.
If 7175 > 0 (so that we may suppose that both of them are non-negative) we consider
the bijection ®. : § — S; defined by

8.(6) = ket + (&1 + & — ke(m1 + 12),0) if £ € ket + |0, TIJmaT]
L(6) =
ket + (e, &1+ & —e((k+ 1)1 + k7o) i § € ker + | TioeT,eT
and k € {0,...,N —1}.
We then define u.(x) = ®.(u(x)), and note that
Oue| ‘6u1 Ougy|  |0uy 8u2
0x; or; Ozl |0z 8:@ ’
the last equality due to condition 79 37;1 = 1?973 which is valid almost everywhere. This
implies
8u5 8u5 3U1 811,2 2 8u1 8U2 2
v 2 = oo, T2
’ ue(w” 8%1 8582 8x1 8%1 + 8.732 + 81’2

e e e i I e

T1 ox 1 8%2 T1
Hence, reasoning symmetrically for wuo,

T + To T + To

|Vu€| =

V|, [Vue| =

|VU2|

We then have

1 2
V.| = v Vu.| = |[Vui| + | Vuol.
|Vu| 7_1 7_2| Ue| + - 7_2] ue| = |Vui| + [Vus|

If 7179 < 0 then the bijection is defined analogously with & — & in place of & + &5, and
the same argument gives

Oue| ‘8u1 B Ous 8u1 8u2
9z;| ~ |0z, ~ 02| ~ |z | T 0z,
from which in all cases we derive |Vue(z)[P = ||Vui(z)| + |Vua(z)||P, and we have the

desired equality in the limit.
If () is composed of more line segments, we can repeat the construction separately
on each line segment. O

Proposition 4.4 (upper bound for special functions-1I). Let u : Q — R? be a piecewise-
affine function with detVu = 0 almost everywhere. Then there exist ue — u such that (39)
holds.
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Proof. Up to an approximation argument, we may suppose that u takes values in €Z at
the vertices of each triangle T' of its underlying triangulation. The condition detVu = 0
implies that u(T") is a segment for all such 7. Again by an approximation argument, we
may also suppose that the direction of each such segment is rational and that we may
separately apply the construction in the first part of the proof of Proposition 4.3 to the
restriction of u to (the interior of) each T'. We note now that if T and 7" have as common
side a segment with endpoints P and P’, then we have two cases: u(P) # u(P’), so that
the image of T and that of 7" lie in the same line. or u(P) = u(P’). In both cases, the
constructions of Proposition 4.3 on T" and 7" agree on the segment [P, P']; in the second
case, simply because u. = u(P) = u(P’) on the whole segment. O

4.2 Recovery sequences for general maps

Throughout this subsection Q@ C R? is a bounded convex open set, p > 2, and u €
WP (Q, R?) satisfies det Vu = 0 almost everywhere; by Morrey’s embedding we identify u
with its continuous extension to . We write N(A) = |A1| + |Az|, and for a continuous
curve vy we let Vary(y) denote its length with respect to | - .

The following result, together with Proposition 4.2, proves Theorem 4.1 in the case
p > 2 and ) convex.

Theorem 4.5. Let p > 2, and let u € WHP(Q, R?) satisfy det Vu = 0 almost everywhere.
Then
I-limsup FP(u) < / N(Vu)P dx,
Q

e—0

with respect to the strong LP-topology.

Lemma 4.6. Let p > 2, and let u € WP(Q,R?) satisfy det Vu = 0 almost everywhere.
Then |u(Q)| = 0.

Proof. Let i € WHP(R? R?) be an extension of u. Since p > 2, @ is continuous and satisfies
Lusin’s condition (N) [53], so that the area formula holds. Hence

()] g/ #(u (y) N Q) dy :/ | det Vu| dz = 0,
R2 Q
Moreover, |02 = 0, so that |u(0€2)| = |a(092)| = 0 by (N). O

Lemma 4.7 (factorization through a dendrite). Let X be the set of connected components
of the fibers u=1(y), y € u(Y), endowed with the quotient topology; let q : @ — X map x to
the component containing it and set ¥(q(x)) := u(x). Then u =1 oq, and:

(i) q is continuous, closed, surjective, and monotone; that is, its fibers are connected;
(ii) v is continuous and light; that is, its fibers are totally disconnected;

(iii) X ¢s a dendrite; that is, a locally connected continuum containing no simple closed
curve.
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Proof. Items (i) and (ii) are standard, and can be directly derived from the monotone-light
factorization [67, Theorem 4.2].
It remains to prove item (iii). Since € is a locally connected continuum, so is its

continuous image X. By Lemma 4.6 the compact set u({2) has an empty interior, hence

dimu(€2) < 1. Since ¢ : X — u(Q) is a closed surjection with zero-dimensional fibers, the
Hurewicz formula for closed maps gives dim X < dimu(Q2) < 1 [43, Theorem VL.7].

We are left to prove that X contains no simple closed curve. Let g : X — S! be
continuous. Since () is convex, g o ¢ = e for some continuous h : @ — R. On each fiber
g !(a), which is connected, g o q is constant; hence h takes values in a discrete set there,
and then it is constant on the fiber. Thus, h = h o ¢, with h continuous because ¢ is a
quotient map and g = e is null-homotopic. If S C X were a simple closed curve, then,
since dim X < 1, a homeomorphism S — S! would extend to a continuous map X — S!
[43]. Since this extension, and hence the homeomorphism, would be null-homotopic, this
is a contradiction. O

The following result will be used to prove the Holder continuity of dj.

Lemma 4.8. Letp > 2 and v € WIP(R?,R?), identified with its continuous representative.
Then for every x € R? and every R > 0 the following holds for almost every w € S*: the
map p +— v(z + pw) is absolutely continuous on [0, R, and

p
v(z+pw) —v(x) = / Vo(z + sw)wds for every p € [0, R].
0

Proof. In polar coordinates centered at x, for every f € LP(Bgr(z)),

/ /R|f(:x+sw)|dsdw:/ L@ 4 < 7 11—,
stJo Br) l0—z[ 7~ L*(Br{z)) L7 (Br(@)’

and the last norm is finite because p’ = p/(p — 1) < 2. Let v € C>® with vy — v in
WP (Bg(x)). By Morrey’s inequality, v;, — v uniformly on Br(z). Applying the estimate
to f = Vv and f = Vv — Vo, and passing to a subsequence, we find that for almost every
we st

R R

/ |IVo(z + sw)|ds < oo and / Vo — Vo|(z + sw)ds — 0.
0 0

For such w and all p € [0, R] we pass to the limit in

P
vk(:r—l—pw)—vk(a:):/ Vug(z + sw)wds,
0

using the uniform convergence on the left-hand side. O
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By Lemma 4.7, any two points a,b € X are joined by a unique arc [a,b] C X [58]. We
set
dl(a7 b) = Varl (% [aa b])v

the | - [1-length of ¢ along [a,b] and d;(a,a) := 0.

Recall that a metric space (Y,d) is an R-tree if any two points a,b € Y are joined
by a unique arc [a,b] C Y, and this arc is a geodesic segment: that is, it is isometric
to the interval [0,d(a,b)]. In particular, d(a,b) = d(a,c) + d(c,b) for every ¢ € [a,b].
Lemma 4.9(iii) below shows that the arcs [a, b] of X are geodesic segments for d;, so that
(X,d;) is an R-tree.

Lemma 4.9 (the taxicab tree). We have the following.

(i) For every continuous curve v in Q from x to y, di(q(x),q(y)) < Vary(uo 7).

(ii) There is C = C(Q,p) such that di(q(x),q(y)) < C||Vulre |z — y|*=2P for all
z,y € Q.

(iii) (X, d1) is a compact R-tree with the topology of X, and ¥ : (X, d1) — (R%,|-|1) is
1-Lipschitz.

Proof. (i) If z is an interior point of the arc [a,b], every path from a to b in X passes
through z. Otherwise, a and b would be in the same component of the open set X'\ {z}; this
component is arcwise connected, and would contain a second arc from a to b, contradicting
the uniqueness of [a,b]. Let a = q(x), b = q(y), and let a = aqg,...,a, = b be points in
order along [a, b]. Choosing successive first-hitting times, we find 0 =t) < t; < -+ <t,, =
1 with ¢(v(tx)) = ag, so that

S™ () — lar—1)l = 3 lu(y(t)) — u(y(tee1)) < Vari(u o).
k

k

Taking the supremum over the points oy, gives (i).

(ii) Let & € WHP(R? R?) be an extension of u. By Lemma 4.8 applied to i, for every
r € Q and almost every z € Q (the points lying on exceptional rays from x form a null
set), u is absolutely continuous on the segment [z, 2] C Q, and

22| z—x
Vary (u; [z, 2]) :/ }Vu(a:+sw)w’1ds, w=—":
0 |z — x|
Let r = |z —y| and S = QN B,(z). Since Q is convex, |S| > cqr?. Apply (i) to the
curves * — z — y, z € S, and average over z as in the proof of Morrey’s inequality [36,
Lemma 7.16]. This gives

Va()l o Vu(w)|

di(q(z),q(y)) <C ;
QNBay(x) ’w - .%" QNBar(y) ”U) - y’
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and Holder’s inequality gives (ii).

(iii) By (ii), d; is finite and q : © — (X, d;) is continuous. Moreover d;(a,b) > 0 for
a # b, since the light map v is not constant on [a, b, and d; is additive along the arcs, so
dy is a metric. Since ¢ is a quotient map, the identity from X to (X, d;) is a continuous
bijection from a compact space onto a Hausdorff space, hence a homeomorphism. In
each arc [a,b] the function ¢t — dj(a,t) is continuous and strictly increasing, so [a,b] is
isometric to the segment [0, d;(a, b)]; therefore (X, d;) is a tree R. Finally, |[¢(a) —(b)]1 <
Vari (¢; [a,b]) = di(a,b). O

We now recall the notions related to R-trees used in the construction of the recovery
sequences, stated for the R-tree (X, d); see [22, Chapters I1.1 and I1.2]. A subtree of (X, d;)
is a subset T with [a,b] C T for all a,b € T} it is finite if it is spanned by finitely many
points: that is, T = (J;";[a1, a;] for some ai,...,a, € X. A finite subtree is compact,
being a finite union of arcs. For ¢ € T, the order of ¢t in T is the number of connected
components of T\ {t}. If T' is a finite subtree, the set V' of its points of order different from
2 (endpoints and branch points) is finite, and the closures of the connected components of
T\ V are finitely many arcs [v,v'], with v,v" € V, called the edges of T. Each edge is a
geodesic segment of length dj(v,v") > 0. Note that in general the edges are not the arcs
[a1,a;] that span T.

Finally, R-trees are CAT(0) spaces, and every subtree T is convex, since the geodesic
segments joining its points are the arcs [a,b]. Hence, if T' is a finite subtree, every t € X
has a unique nearest point r7(t) € T, the nearest-point retraction rp: X — T is 1-Lipschitz
[22, Proposition 11.2.4], and dy (rr(t),t) = di(¢,T).

Lemma 4.10. Let T C X be a finite subtree, and let X\ > 0 be the minimal di-length of its
edges. For 0 < e < h < X there is a continuous map Ve p : T — €Z such that

Yenla) = Yo < (147 )@ b),  Wen(a) — () < h+3e
foralla,beT.

Proof. Subdivide each edge of T', of length L > h, into n arcs of equal dy-length ¢ := L/n,
where n is the integer part of L/h, so that ¢ € [h,2h). To each endpoint z of these arcs,
associate a vertex (3, of eZ with |8, — ¢ (2)|1 < e. For each arc [z, 2'], let v,,/: [0,4] — Z
be the path given by Lemma 2.6 from 3, to 3., on [0, /], and set

Ve pla) := v,y (dl(z, a)) for a € [z, 72/].

These definitions agree at the common endpoints of the arcs, so 1)} is continuous. By
Lemma 4.9(iii), |8, — B:]1 < [¥(2) — ¥(2)]1 + 2¢ < £+ 2¢; hence, by Lemma 2.6(i), for
a,b € [z,7]

[Yen(a) ~ ea(®)] < 2 () — iz 0)] < (14 2 )da(ab).
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For general a,b € T, the geodesic [a,b] is the union of finitely many subarcs of the arcs
[z,2'], and the first estimate follows from the additivity of d; along [a, b].

For the second estimate, let a € [z,2'], s := di(z,a), and 0 := s/¢. By Lemma 2.6(ii)
and |1 < V2],

[Yen(a) = (1= 0)8. = 08|, <2e,  [(1=0)(B: —¥(2)) + 082 — ()], e

Moreover, 1 is 1-Lipschitz by Lemma 4.9(iii), and dy(z,a) = s, di(a,2’) = £ — s, so that

|(1 = 0)p(2) + 09 (z") —p(a)|, < (1 —0)s+6( —s5) =200(1 — ) < = < h.

N~

Summing up, [ n(a) —¥(a)li < h+ 3e. O

Proof of Theorem 4.5. The idea is to repeat the construction in Lemma 4.10 for suitable
approximating trees Ts. This allows one to construct recovery sequences for the corre-
sponding ugs, which are suitable approximations of u.

For 6 > 0 let {ai,...,an} be a d-net of the compact space (X,d;), and let T5 be the
union of the arcs [a1,a;], i = 1,...,m. Then Ty is a finite subtree, and d;(t,T5) < ¢
for every t € X. Let rs := r7; be the nearest-point retraction; it is 1-Lipschitz, and
dy(rs(t),t) < forallt e X.

We now construct recovery maps for the target function

us =1 orsoq,

related to u and Ts. Let A\s be the minimal edge length of Ts. For ¢ small, choose h = h(e)
with e < h < A5, h = 0 and ¢/h — 0, and set

Ve :zwaﬁor(goq:ﬁ—n—:z.

By Lemmas 4.9 and 4.10, v, is continuous. Fix w € S'. For almost every line L parallel
to w, u is absolutely continuous on the segment L N 2. For z,y € LN, Lemma 4.10, the
1-Lipschitz continuity of rs and Lemma 4.9(i) give

eete) vl < (14 ) otate)at) < (14 ) [ o an’

Hence, v € WIP(Q,e2), and for every w in a countable dense subset of S!
[Vvew| < (14 %) |Vuw|y almost everywhere in €.
By Lemma 2.18, Vv, = e; ® w almost everywhere, so that |Vv. w| = |w - w|, while

[Vuwly = |[Vuy - w| + |Vug - w| < N(Vu).
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Both sides are continuous in w; taking w = w/|w| we obtain
2e
Vool < (145 )N (VW)

almost everywhere in 2. By Lemma 4.10, applied at the point r5(q(x)) € T5, we have
|ve — ug|li < h + 3¢, so that v. — ug uniformly as e — 0, and

I-lim sup FP (uyg) <hmsup/ |V |Pda < / N(Vu)? de.

e—0 e—0

Finally, since 1 is 1-Lipschitz by Lemma 4.9(iii), |us — u|; < di(rs 0 ¢,q) < ¢, so that
us — w uniformly as § — 0. Since the I'-limsup is lower semicontinuous with respect to
the LP-convergence, the claim follows. O

Remark 4.11. (a) Convexity is used to lift maps Q — S1, and in the Morrey estimate of
Lemma 4.9(ii). Lifting only requires that every continuous map @ — S be null-homotopic.
By Borsuk’s separation theorem, this holds if and only if R?\ € is connected. The Morrey
estimate holds for Lipschitz domains, with polygonal paths. The theorem therefore extends
to bounded Lipschitz domains such that R? \ Q is connected. If ) separates the plane, X
may contain circles: for u(x) = x/|z| on an annulus, X is a circle.

(b) For p = 2 the same proof applies to every continuous u € W2 with |u(Q)| = 0.
Lemma 4.9(ii) is replaced by the finiteness of d; on a dense subset of X, which follows from
Fubini’s theorem. The nearest-point retractions are replaced by first-point retractions onto
an increasing sequence of finite subtrees whose union is dense; these converge uniformly to
the identity. However, W2 maps need not be continuous, and continuous W2 maps need
not satisfy Lusin’s condition (N). The general case p = 2 is open.

5 Concluding remarks: the metric point of view

We finally note that the convergence of families F¥ can be related to a convergence on
varying metric spaces. Indeed, for every € > 0 we consider the distance d. on €Z defined
by

1
d.(u,v) = min{/ /()| dt : B(t) € £2 for all £ € [0, 1], $(0) = u, ¢(1) = v}. (40)
0
Proposition 5.1. The distances d. converge with uniform continuity to the distance
d(u,v) = |lu—v|1 = |ug — v1| + |ug — val;

more precisely, if (ue,ve) — (u,v) then |d:(ue,ve) — d(u,v)| < Jue — ul + |ve — v|

63



Proof. For u.,v. € eZ, there exists a path on €Z connecting u. and v. and so that
da(uaa UE) = dl (uEa 'Ua)

(e.g. by increasing or decreasing monotonically each component when going from u. to v,
or vice versa, the total sum of the horizontal and vertical lengths will be the same), thus
for u,v € R?

de(ue, ve) = di(ue,ve) < di(ue,u) + di(u,v) + di(v,v:),

and this gives one inequality. The other is found in the same way:
dl(“? U) < dl(uv UE) + dl(u€7 U&) + dl(vaa U) = dl(“v us) + de(uzsv Us) +dy ('Usv U),
and the claim is proved. O

Let u. € W'P(Q,e2Z) with p > 2 be converging to u and let z. € £Z? be converging to
z9. We define the scalar function v. € WHP(Q) by

Ve(z) = de(ue(x), 22). (41)

Then the convergence of u. can be related to that of these scalar functions v., whose limit
is v(z) = d(u(z), 20). Note that |Vve(x)| = [Vue(z)|, so that F.(us) = [, [Vve[Pdz. The
liminf inequality for F¥ in Proposition 4.2 can be recovered from the lower-semicontinuity
inequality along the sequence v. by locally optimizing the choice of zy. This corresponds
to the determination of the full Reshetnyak density, which is obtained by taking the least
g € L? dominating |Vd.(us(-), 2)| for z in a countable dense subset of 2.

The limit in Theorem 4.1 has a natural metric interpretation. For ¢ > 0 and v,w €
eZ let d. be the length distance of the network defined in (40). By Proposition 5.1, d.
coincides with the restriction to €Z of the ¢! distance |v — w|;, and d. — |- |1 with
uniform continuity. Hence (¢Z, d.) embeds isometrically in (R?,|-|1) as an £/2-dense subset;
in particular, the pointed Gromov-Hausdorff distance between (¢Z,d.) and (R?,] - |;) is
O(e), and the networks converge, as metric spaces, to the normed plane (R2,| - |;). Since
lw| < |w|; < V2|w|, the class W'P(Q,eZ) coincides, with energies comparable uniformly
in e, with the Sobolev space W'P(Q, (¢Z,d.)) of maps into a metric space, which can
be defined equivalently after Korevaar and Schoen [49], Reshetnyak [60] or Ambrosio [5];
the equivalence of these notions for Fuclidean domains and complete separable targets is
due to Chiron [25], and an explicit formula relating the Korevaar—Schoen p-energy to the
Lipschitz-composition description is given by Logaritsch and Spadaro [50].

All these energies are built on the approximate metric derivative: for a Sobolev map u
with values in a metric space (X, d), at almost every x there is a seminorm ap md u, on R?
such that d(u(y),u(z)) —apmdu,(y — z) = o(Jy — z|) as y — =z, in the approximate sense.
Its existence is due to Kirchheim [46] for Lipschitz maps and to Karmanova [44] for Sobolev
maps; we follow the notation of Lytchak and Wenger [51, Section 4]. Reshetnyak’s energy
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density is the maximal stretch max,|—; ap md u,(v), while the Korevaar—Schoen density is
an average of (ap mdu,(v))? over directions; for general targets, already for (R?, |- |1), the
two energies are genuinely different, a phenomenon related to the competing notions of area
in normed spaces [51, 52]. In our problem the ambiguity disappears. If Vu(x) = a®@v with
lv] = 1, then ap md u,(v) = |a|; |v - v| for the ¢! distance, a rank-one seminorm; moreover,
every u € WHP(Q,e2) has Vu(r) € K almost everywhere, and a matrix with at most one
non-zero row acts identically in the Euclidean and in the /! norm. We obtain the following
normalization statement.

Remark 5.2 (all energies agree on the constrained class). Let v € W'P(Q,R?) with
det Vu = 0 almost everywhere, regarded as a map into (R?,|-|1). Then its Reshetnyak
p-energy equals [o(|Vui| + [Vug|)? dz, and its Korevaar-Schoen p-energy equals ~, times
this quantity, where 7, > 0 depends only on p and on the normalization chosen for the
Korevaar—Schoen energy (with the averaged normalization, v, = fq |v1[P dH!(v)). If more-
over u € WHP(Q,e2Z), then |Vui| + |Vug| = |Vu| almost everywhere, so that the Reshet-
nyak and the Korevaar—Schoen p-energies of u: Q — (¢2,d.) equal F¥(u) and v, F? (u),
respectively.

Consequently, F' is the Reshetnyak p-energy of u regarded as a map into (R2,]-]1),
the metric limit of the networks, and, the normalizing factor being the same for every
competitor, none of the I'-convergence statements depends on the chosen definition of
energy. We also note that (R2,|-|;) does not satisfy the Euclidean-tangent condition of
[51], yet every map in the domain of Ffo ., satisfies it pointwise, its approximate metric
derivative being induced by a degenerate scalar product: it is the constraint, and not the
geometry of the target alone, that governs the limit.
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