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Abstract. We study the evolution of the total isoperimetric profile of
a planar convex body under volume-preserving Minkowski regularization.
Several scalar geometric quantities are known to be monotone along this
flow; we prove that the total isoperimetric profile is monotone as well, and
characterize the equality cases. We also establish an explicit reparametriza-
tion law, by which, for nonnegative times, the profile of the regularized body
is determined by that of the initial one, and the order of profiles of bodies
of equal area is preserved. As consequences, we obtain the uniform conver-
gence of the profile to the one of the ball of equal area; its joint C1 regularity
in the volume and the regularization parameter; the fact that it solves a
nonlocal quasilinear Hamilton–Jacobi equation; and sharp inequalities for
the profile.

1. Introduction

LetK ⊂ RN be a convex body, that is, a compact convex set with non-empty
interior. Its inradius is defined by

inr(K) = sup{ r > 0 : ∃x ∈ K such that dist(x; ∂K) ≥ r }.

For t ≥ − inr(K), the parallel body of K is defined by

Kt =

K ⊖ |t|B, if t < 0,

K ⊕ tB, if t ≥ 0,
(1.1)

where B denotes the closed unit ball centered at the origin, E⊕F , respectively
E ⊖ F , denotes the Minkowski sum, respectively difference, of E and F .

For convenience, we shall work with volume-preserving parallel bodies, that
is,

K̃t = δK(t)Kt, ∀t > − inr(K), (1.2)
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where

δK(t) =

(
|K|
|Kt|

) 1
N

(1.3)

is the volume-preserving prefactor. Here, |−| denotes the usual N -dimensional
Lebesgue measure.

The family (Kt)t has a natural interpretation as a geometric flow. Denoting
by dK the signed distance from ∂K, negative in the interior of K, for t ≥ 0

the outer parallel body Kt is the zero sublevel set of

u(x, t) = min
|y−x|≤t

dK(y),

which, by the Hopf–Lax formula [4], is the viscosity solution of the eikonal
equation ∂tu + |∇u| = 0 with initial datum dK . In the language of the level-
set approach [6, 13], the boundary ∂Kt moves along its outer normal with
unit speed, while inner parallel bodies are obtained by letting the front propa-
gate inward. The renormalization (1.3) makes this flow volume-preserving, in
the spirit of the area- and volume-preserving curvature flows [12, 17]. As t in-
creases, the sets K̃t become progressively rounder; along this volume-preserving
regularizing flow t 7→ K̃t, it is then natural to expect several scalar geometric
quantities to improve in a monotone fashion. This is indeed the case for: the
inradius [24]; the Cheeger constant in the planar case [11]; the perimeter [8];
more generally, the quermassintegrals [16, 26]. Related monotonicity results
for anisotropic parallel bodies have also been established in [7].

While the results on quermassintegrals [26] hold in any dimension, the
Cheeger constant is treated only in the plane [11]. Here we work in the plane,
N = 2: the total profile makes sense in any dimension, but our proofs rely on
the structure of planar isoperimetric sets established in [23], and whether and
how the results extend to N ≥ 3 is not settled by our methods.

The first purpose of this paper is to show that the monotonicity phenomenon
propagates from scalar quantities to the full functional level, namely, to the
total isoperimetric profile

J(v; K̃t) = inf
{
Per(E) : E ⊂ K̃t, |E| = v

}
, v ∈ [0, |K|].

Notice that the profiles are all defined on the fixed interval [0, |K|], indepen-
dently of t, thanks to renormalization by δK(t). Here, Per(−) denotes the usual
variational perimeter in the whole space RN . For convex sets, this agrees with
HN−1 evaluated on their boundary.

The profile J(−; K̃t) keeps track of the least perimeter needed to enclose each
prescribed volume inside K̃t. In fact, the scalar quantities above are all read
off the profile: the perimeter is Per(K̃t) = J(|K|; K̃t), the Cheeger constant
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is infv J(v; K̃t)/v, and the inradius is determined by the largest volume at
which the profile still coincides with that of a ball. The profile therefore carries
substantially finer information than any of them, and proving its monotonicity
requires controlling the constrained minimization problem at every volume
scale.

Isoperimetric profiles have already proved to be an effective tool in the study
of geometric flows. Hamilton used isoperimetric estimates for the region en-
closed by a curve to rule out slowly forming singularities of the curve-shortening
flow [14]. Andrews and Bryan [3] proved that, under the normalized curve-
shortening flow, the isoperimetric profile of the enclosed region remains above
that of a suitable model solution if it does so initially. There, the profile is the
relative one, in which perimeter is measured inside the region, and the argu-
ment rests on a differential inequality combined with a comparison principle.
In the present setting, both features are different: the total profile measures
perimeter in the whole space, so that minimizers meet ∂K̃t tangentially rather
than orthogonally; monotonicity is obtained by variational means rather than
by a maximum principle; and the profile turns out to satisfy an exact equation.

Our first main result, Theorem 3.3, establishes that the complete profile
t 7→ J(v; K̃t) is monotonically non-increasing for every fixed volume v ∈ [0, |K|]
and completely characterizes the equality cases. Our proof bypasses direct
ambient perimeter estimates by leveraging the structural duality of planar
minimizers proven in [23].

This theorem has a few direct consequences. First, the isoperimetric profile
along the flow uniformly converges to the one of the ball of same measure,
see Theorem 3.5. Second, we recover the following existing scalar monotonic-
ity results (complete with equality cases) on: the perimeter of the ambient
body [26], see Proposition 3.10; the Cheeger constant [11], see Proposition 3.11.
The latter actually extends the monotonicity to p-Cheeger constants. We fur-
ther prove that K̃t becomes calibrable in finite time, even though this is not a
direct consequence of our monotonicity result.

The second purpose of this paper is the study of the evolution of the profile
J(v; K̃t) as a function of the pair (v, t). The second main result is a structural
reparametrization law for the profile along the regularization; see Theorem 4.6
and (RL). In particular, this yields an exact description of how the underlying
variational problem transforms under the flow: for every t ≥ 0 and v ∈ [0, |K|],

J
(
Φt(v); K̃t

)
= δK(t)

(
J(v;K) + 2πt

)
,

where Φt(v) = δK(t)
2
(
v + t J(v;K) + πt2

)
,
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and an analogous statement holds for general time pairs (also negative), on
the range of volumes which is admissible. This identity allows us to compute
explicitly the derivative of J(v; K̃t) with respect to t, see Theorem 4.8.

The reparametrization law has several consequences. First, the flow pre-
serves the order of profiles: if the profile of K lies above that of a body L

of equal area, then the same holds along the flow, that is, for K̃t and L̃t, see
Theorem 4.11. In other words, for t ≥ 0 the regularization acts on profiles as
an autonomous, order-preserving semiflow: the profile of K̃t is determined by
that of K alone, by Theorem 4.6; every profile decreases along it, by Theo-
rem 3.3; and it converges uniformly to the profile of the ball of the same area,
by Theorem 3.5.

Second, the map (v, t) 7→ J(v; K̃t) is shown to be of class C1, see Theo-
rem 4.12. This, paired with the explicit expression of the partial derivative
of J(v; K̃t) with respect to t, proves that, writing I(w, t) = J(w; K̃t) and
p(t) = Per(K̃t), such map is a classical solution to the nonlocal quasilinear
PDE of Hamilton–Jacobi type

∂tI = δK(t)
(
2π − p(t)

2|K|
I − ∂wI

(
I − p(t)

|K|
w
))
,

see Theorem 4.13 and the corresponding transport law (TL). Thus, the eikonal
Hamilton–Jacobi equation which moves the bodies in space is mirrored, at
the level of their profiles, by a Hamilton–Jacobi equation in the volume vari-
able. This latter is nonlocal, as its coefficients depend on the boundary value
J(|K|; K̃t) = Per(K̃t) of the solution itself, and the usual comparison principles
for viscosity solutions do not apply directly, see Remark 4.16.

Third, the monotonicity proved in Theorem 3.3 imposes a sign on this infin-
itesimal information. Such sign is governed by a concavity property of the vol-
ume of parallel bodies, which allows us to completely characterize the equality
cases in the differential inequality, see Theorem 4.21. This allows us to extrap-
olate a new sharp lower bound to the isoperimetric profile of a fixed convex
body, see Proposition 4.22.

The paper is organized as follows. In Section 2, we fix notation and recall the
background material used throughout. In Section 3, we prove the monotonicity
theorem and collect its consequences. In Section 4, we study the evolution
of the profile along the flow: we establish the reparametrization law, derive
infinitesimal information from it, and collect its consequences, including the
order preservation of profiles and the Hamilton–Jacobi equation. Finally, in
Section 5, we discuss the extent to which these phenomena fail beyond the
convex setting.
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2. Notation and preliminaries

2.1. Notation. Throughout the paper, K ⊂ R2 denotes a convex body, that
is, a compact convex set with non-empty interior.

We define the volume-preserving parallel bodies K̃t for all t > − inr(K) as
in (1.2), and we denote by δK(t) the volume-renormalizing prefactor defined
in (1.3). As mentioned, we shall also call K̃t the regularization of K with
parameter t and the map t 7→ K̃t the volume-preserving regularizing Minkowski
flow. For convenience, we also set

rt = inr(K̃t),

so that r0 = inr(K).
We recall that a convex set K is a tangential body (with respect to B) if and

only if it is homothetic to Kt for all t ∈ (−r0, 0], see [30, Lem. 3.1.14]. For the
general definition of tangential bodies, we refer the reader to [30, Sect. 2.2 and
p. 386]. We then define

τK = inf{ r > −r0 : Kr is not a tangential body }. (2.1)

It is well known that τK ≤ 0, unless K is a ball, in which case τK = +∞.
Since we work with volume-preserving parallel bodies, we have

K̃t = K̃s, ∀ s, t ≤ τK . (2.2)

Finally, we define ρK as the maximal interior rolling radius ofK, equivalently
the smallest radius of curvature of K, namely

ρK = sup{ r ∈ [0, r0] : σK + σ′′
K ≥ r }, (2.3)

where σK is the support function ofK, and the inequality in (2.3) is understood
in the distributional sense when K is not of class C2. The supremum in (2.3)
is always attained, and it provides a one-sided upper bound on the curvature
of ∂K, in the sense that every point of ∂K supports an interior ball of radius
ρK . In particular,

K = K−r ⊕ rB, ∀ r ∈ [0, ρK ].
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Recalling that the ball is the unique tangential body of class at least C1, if K
is not a ball, one has −ρK ≥ τK .

For a measurable set E ⊂ R2, |E| denotes its Lebesgue measure and Per(E)

its total De Giorgi perimeter in R2, that is, Per(E;R2). For a planar convex
body K, this coincides with H1(∂K), where H1 stands for the one-dimensional
Hausdorff measure.

2.2. Preliminaries. In this subsection we collect several known results that
will be used throughout the paper.

First, we recall that the Minkowski addition is associative for s, t ≥ 0. This
composition law implies an analog one on the volume-preserving bodies as
follows.

Lemma 2.1 (Composition of outer parallel bodies). Let K ⊂ R2 be a convex
body and let 0 ≤ s < t. Then, letting θs(t) = δK(s)(t− s),

K̃t = (̃K̃s)θs(t) and δK̃s

(
θs(t)

)
=
δK(t)

δK(s)
.

Proof. Since 0 ≤ s < t, we have Kt = (Ks)t−s. Using that (λE)x = λEx/λ, we
get

(K̃s)θs(t) = (δK(s)Ks)δK(s)(t−s) = δK(s)(Ks)t−s = δK(s)Kt.

Hence, the two renormalized bodies coincide and the composition law for pref-
actors easily follows from the above chain of equalities. □

Second, Matheron’s inequality, proved in [24], states that

rt ≥ rs, ∀ t > s > −r0. (2.4)

Moreover, equality holds if and only if t ≤ τK .
Third, we recall Steiner’s formulas which apply for all t ≥ −ρK :

|Kt| = |K|+ tPer(K) + πt2, (2.5)

and
Per(Kt) = Per(K) + 2πt. (2.6)

See [30, Sect. 4.2] for t ≥ 0, and [30, Note 6 of Sect. 4.2] for t < 0.
Below −ρK Steiner’s formulas break, but the map t 7→ |Kt| remains of class

C1 and its derivative is Per(Kt), as proved in the next lemma, where we also
collect the regularity properties of the renormalizing prefactor δK(t).

Lemma 2.2 (Regularity properties). Let K ⊂ R2 be a convex body. Then, the
map t 7→ |Kt| is of class C1 on (−r0,+∞) and

d

dt
|Kt| = Per(Kt). (2.7)
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Further, t 7→ δK(t) is of class C1 on (−r0,+∞) and

δ′K(t) = −δK(t)
2

2|K|
Per(K̃t). (2.8)

Proof. For t ≥ 0 the claim (2.7) follows from Steiner’s formulas (2.5)–(2.6).
Let now t < 0. Recall that dist(y; ∂K) is 1-Lipschitz and its gradient has unit
norm almost everywhere. Since {y ∈ K : dist(y; ∂K) ≥ |t|} = Kt for every
t ∈ (−r0, 0], the coarea formula gives

|K| − |Kt| =
∫ 0

t

Per(Ks) ds, ∀ t ∈ (−r0, 0].

The map t 7→ Kt is continuous with respect to the Hausdorff metric and the
perimeter is continuous on convex bodies; hence, (2.7) follows.

Finally, from (1.3) we get 2 log δK(t) = log |K| − log |Kt|, whence

δ′K(t)

δK(t)
= −Per(Kt)

2|Kt|
.

The claim follows from the rescaling properties of perimeter and area. □

Fourth, we recall that the total isoperimetric profile of a convex body K ⊂
R2, defined by

J(v;K) = inf
{
Per(E) : E ⊂ K, |E| = v

}
, v ∈ [0, |K|],

is closely related to the functional

G(κ;K) = sup{κ|E| − Per(E) : E ⊂ K, |E| ≥ πr20 }, κ ≥ r−1
0 ,

as shown in the next results. We start by recalling the structure of minimizers
of G(κ;K), as proved in [23, Thm. 2.3].

Theorem 2.3. Let K ⊂ R2 be a convex body. Then:

(i) if κ = 1/r0, any set attaining G(κ;K) is the convex envelope of two
inballs of K;

(ii) if κ > 1/r0, the unique set attaining G(κ;K) is

K−1/κ ⊕
1

κ
B.

In particular,
G(κ;K) = κ|K−1/κ| −

π

κ
. (2.9)

Given this result, we now state the corresponding information on J(v;K),
obtained by exploiting the fact that J(−;K) is dual to G(−;K) in the sense
of the Legendre transform on a suitable range; see [23, Prop. 4.5].

Theorem 2.4. Let K ⊂ R2 be a convex body. The following hold:
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(i) if v ≤ πr20, then any set attaining J(v;K) is a ball of volume v, and

J(v;K) = 2
√
πv;

(ii) if v ≥ πr20, then

J(v;K) = sup{κv −G(κ;K) : κ ≥ r−1
0 }; (2.10)

(iii) if πr20 < v ≤ πr20 + 2r0H1(K−r0), then any isoperimetric set of volume
v is the convex envelope of two inballs of K;

(iv) if v > πr20 + 2r0H1(K−r0), there exists a unique r = r(v) ∈ [ρK , r0)

such that the unique isoperimetric set of volume v is

Ev = K−r ⊕ rB,

that is, the union of all balls of radius r = r(v) contained in K;
(v) the function J(−;K) is concave on [0, πr20] and convex on [πr20, |K|].

In particular, it is affine in the range (iii);
(vi) the function J(−;K) is C0 on [0, |K|] and C1 on (0, |K|). Further, if

Ev attains J(v;K) with v ̸= 0, |K|, then the curvature of ∂Ev ∩ int (K)

equals the derivative of J(−;K) at v;
(vii) in particular, in the volume branch in (iii), the derivative equals 1/r0,

whereas in the branch in (iv), the derivative equals 1/r, where r = r(v)

is the unique radius prescribed there.

The structure of isoperimetric sets in the planar convex case described in (i),
(iii), and (iv) was first observed in [32, Thm. 3.32]. This structure was extended
to a larger class of planar sets in [23], where the regularity properties of J(−;K)

were also investigated. In particular, we refer the reader to [23, Thms. 2.3
and 2.4] for the shape of the minimizers in the nontrivial branches of (iii)
and (iv); to [23, Prop. 4.5] for the duality formula (2.10); to [23, Thm. 2.5] for
the convexity and concavity properties in (v); and to [23, Rem. 4.6] for the
differentiability properties in (vi) (continuity of the derivative is not explic-
itly mentioned, but it easily follows from points (i), (iii)–(iv) and the explicit
knowledge of its value (vi)). Point (vii) follows by combining the structure
in (iii) or (iv) with (vi).

It is convenient to isolate the radius appearing in Theorem 2.4. Given a
convex body L ⊂ R2 and v ∈ (0, |L|), we set

rL(v) =
(
∂vJ(v;L)

)−1
, (2.11)

and we extend it (continuously) setting rL(0) = 0 and rL(|L|) = ρL. By
Theorem 2.4 (i) and (vii), the quantity rL(v) is precisely the radius of the balls
generating the isoperimetric set of volume v ∈ (0, |L|), in each of the three
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branches. In particular, these isoperimetric sets are always a suitable union of
balls of radius rL(v), hence their interior rolling radius is at least rL(v).

Remark 2.5. Notice that rL(−) is: continuous on (0, |L|) by Theorem 2.4 (vi);
nondecreasing on [0, π inr(L)2]; constant in the range of (iii); and nonincreasing
in the range of (iv), with rL(|L|) = ρL.

Directly from Theorem 2.4 (v), one can easily prove the following upper
bound on the isoperimetric profile; we remark that it is new.

Corollary 2.6. Let K ⊂ R2 be a convex body different from the ball and let
v ≥ π inr(K)2. Then,

J(v;K) ≤ Per(K)− Per(K)− 2π inr(K)

|K| − π inr(K)2
(|K| − v). (2.12)

Further, equality for all v ≥ π inr(K)2 is attained uniquely by stadiums.

Proof. The bound (2.12) simply follows from convexity of J(v;K) on the inter-
val [π inr(K)2, |K|], since the RHS describes the chord between the endpoints
of the graph of J(−;K) between the extrema of said interval.

Equality is achieved if and only if J(v;K) is linear on the whole interval v ≥
π inr(K)2. This means, that the shape of isoperimetric sets in the nontrivial
branch of J(v;K) is entirely governed by Theorem 2.4 (iii), thus K is the
convex envelope of two balls of radius inr(K), that is, it is a stadium. □

Also an upper bound only in terms of the perimeter and area of K, that is,
independent of the inradius can be proved; also this result appears to be new.

Proposition 2.7. Let K ⊂ R2 be a convex body and let v ∈ [0, |K|]. Then,

J(v;K) ≤


2
√
πv, if v ≤ v∗,

Per(K)−
Per(K) +

√
Per(K)2 − 4π|K|
2|K|

(|K| − v), otherwise,

where
v∗ =

4π|K|2(
Per(K) +

√
Per(K)2 − 4π|K|

)2 .
Equality on the whole range [0, |K|] is uniquely attained by stadiums.

Proof. For the sake of brevity, let A = |K|, P = Per(K), and r0 = inr(K).
Further, let also

r∗ =
P −

√
P 2 − 4πA

2π
,

which is well-defined thanks to the isoperimetric inequality. Notice that

v∗ = πr2∗. (2.13)
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If K is a ball, v∗ = |K| and the claim is trivial. We may therefore assume
that K is not a ball.

By [2, Prop. 2.3], we have πr20 − Pr0 + A ≤ 0 and equality is attained only
by stadiums. Since r∗ is the smallest root of the equation πr2 − Pr + A = 0,
we have that r∗ ≤ r0. Hence, the bound holds true for v ≤ v∗ = πr2∗, since
here J(v;K) = 2

√
πv.

We now show that for v > v∗ = πr2∗, one has

J(v;K) ≤ P − 1

r∗
(A− v), (2.14)

from which the claim immediately follows from (2.13) and the definition of v∗.
Let v ∈ (πr2∗, πr

2
0]. By Theorem 2.4, the isoperimetric profile satisfies

J(v;K) = 2
√
πv, which is concave. Thus, its graph lies below its tangent

line at v = πr2∗, so that

J(v;K) ≤ 2πr∗ +
v − πr2∗
r∗

= πr∗ +
v

r∗
.

Using that r∗ is a root of πr2 − Pr + A = 0, inequality (2.14) follows.
Let now v > πr20. We have

r∗(P−2πr0)−(A−πr20) = (r∗P−πr2∗−A)+π(r0−r∗)2 = π(r0−r∗)2 ≥ 0, (2.15)

which allows us to estimate from above the negative coefficient of the chord
appearing in the RHS of (2.12) with −1/r∗, so that (2.14) follows.

Let us now turn our attention to cases of equality. Independently of K, the
bound is attained for v ≤ v∗ = πr2∗. Let then v > v∗ = πr2∗.

Since equality in (2.12) uniquely holds for stadiums, the bound can be glob-
ally attained at most by stadiums. For these sets, one has r∗ = r0. A di-
rect computation exploiting Theorem 2.4 (iii) shows that they satisfy equality
in (2.14) for all v > πr2∗, whereas equality in (2.15) is attained by [2, Prop. 2.3],
so that the claim follows. □

A similar, in spirit, lower bound is proved in Proposition 4.22. Its proof
relies on the content of Sections 3 and 4.2.

As mentioned in the introduction, for ease of notation we state and prove
our monotonicity results for the profile of the volume-preserving parallel bodies
K̃t. Nevertheless, the following scaling law for the isoperimetric profile allows
the reader to translate the results to the profile of the non-rescaled parallel
bodies Kt.

Lemma 2.8 (Scaling of the profile). Let K ⊂ R2 be a convex body and let
α > 0. Then

J(α2v;αK) = αJ(v;K), ∀ v ∈ [0, |K|].
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Proof. Let α > 0. We have E ⊂ K if and only if αE ⊂ αK. Moreover, by the
scaling properties of Lebesgue measure and perimeter,

|αE| = α2|E| and Per(αE) = α Per(E).

Thus, for any F ⊂ αK, writing F = αE for some E ⊂ K, we obtain

J(α2v;αK) = inf
{
Per(F ) : F ⊂ αK, |F | = α2v

}
= inf

{
Per(αE) : E ⊂ K, |E| = v

}
= α inf

{
Per(E) : E ⊂ K, |E| = v

}
= αJ(v;K). □

With this scaling, the monotonicity Theorem 3.3 can be restated as: for
every fixed v ∈ [0, |K|], the map

t 7→ δK(t)J

(
v

δK(t)2
;Kt

)
is non-increasing. The constancy part is addressed directly in Theorem 3.3.

3. Monotonicity of the total profile

In this section we prove the monotonicity of t 7→ J(v; K̃t) for any fixed v,
and we collect some of its consequences.

3.1. Proof of the monotonicity theorem. We start by proving the follow-
ing lemma which is a key ingredient. It follows easily from [11, Eq. (5)]; see
also [11, Steps 2 and 4 in the proof of Thm. 1.2].

Lemma 3.1 (Area of inner parallel sets). Let K ⊂ R2 be a convex body. Then,
for all t > s > −r0, we have

|(K̃t)−r| ≥ |(K̃s)−r|, ∀r ∈ [0, rt].

Moreover, for r ∈ (0, rt) the inequality is strict if and only if t > τK.

Proof. If t ≤ τK , then K̃t = K̃s, and there is nothing to prove. Henceforth,
assume that t > τK . In particular, K is not a ball and τK ≤ 0. Since K̃ω is
constant for all ω ≤ τK , we may further assume without loss of generality that
s ≥ τK .

Since t > s ≥ τK , by Matheron’s inequality (2.4), rt > rs, thus the inequality
is trivially strict in the range (rs, rt) and saturated at r = rt. On the other
hand, it is trivially an equality if r = 0. Let us now focus on the range of
values (0, rs].

We first consider the case ts ≥ 0. Set

C = K̃t and c = δK(t)(t− s).
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First, we claim that 0 < c < inr(C). The lower bound is immediate, since
t > s. Regarding the upper bound, as s > −r0, we have

c = δK(t)(t− s) < δK(t)(t+ r0) = inr(C) = rt,

where the last equality easily follows from the scaling properties of the inradius
and its linearity with respect to the Minkowski addition with a ball.

Owing to the scaling rule for parallel sets, (λE)−r = λE−r/λ, we have

C−c =
(
δK(t)Kt

)
−δK(t)(t−s)

= δK(t)(Kt)s−t = δK(t)Ks, (3.1)

where the last equality holds because we are assuming ts ≥ 0.
Applying [11, Eq. (5)] to C and C−c, after rescaling the latter to have area

|C|, gives

|C−r| >

∣∣∣∣∣
((

|C|
|C−c|

)1/2

C−c

)
−r

∣∣∣∣∣ , r ∈ (0, rs]. (3.2)

Using now (3.1) and that |K̃t| = |K|, we have(
|C|
|C−c|

)1/2

C−c =

(
|K|

δK(t)2|Ks|

)1/2

δK(t)Ks = δK(s)Ks = K̃s.

The claim now follows by plugging this latter equality in (3.2) and recalling
that we set C = K̃t.

We are left to prove the inequality in the remaining case t > 0 > s ≥ τK .
Applying the previous case first to the pair (t, 0) and then to the pair (0, s),
the claim follows. □

Lemma 3.1 implies the monotonicity of the functional G(−; K̃t), which is
dual to J(−; K̃t), with respect to the regularization parameter t.

Lemma 3.2 (Monotonicity of G(κ; K̃t) with respect to t). Let K ⊂ R2 be a
convex body. Then, for all t > s > −r0, we have

G(κ; K̃t) ≥ G(κ; K̃s), ∀κ ≥ 1

rs
.

Moreover, the inequality is strict if and only if t > τK.

Proof. By Matheron’s inequality (2.4), both functionals are well defined on the
common range κ ≥ r−1

s . By Theorem 2.3, letting r = κ−1, we have

G(κ; K̃t) =
|(K̃t)−r|

r
− πr and G(κ; K̃s) =

|(K̃s)−r|
r

− πr.

The claim now follows from Lemma 3.1. □
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Theorem 3.3 (Monotonicity of the total profile). Let K ⊂ R2 be a convex
body. Then, for t > s > −r0, and for every v ∈ [0, |K|], we have

J(v; K̃t) ≤ J(v; K̃s).

Moreover, if t ≤ τK, then equality holds for all v, whereas if t > τK, the
inequality is strict if and only if v > πr2s .

Proof. If K is a ball, there is nothing to prove, since K̃t = K for all t and
τK = +∞. Henceforth, assume that K is not a ball; fix t > s > −r0. We must
show that

J(v; K̃t) ≤ J(v; K̃s), ∀v ∈ [0, |K|]. (3.3)

If t ≤ τK , the claim is immediate, because K̃t = K̃s. Thus we may assume
t > τK . Since J(v; K̃s) is constant for s ∈ (−r0, τK ], we may further assume
without loss of generality that s ≥ τK . By Matheron’s inequality (2.4), we
have the strict inequality rs < rt.

We now split the proof into three regimes, according to the volume v.

(i) Small-volume regime. Let v ≤ πr2t . In this range, the isoperimetric set
in K̃t is a ball. Therefore,

J(v; K̃t) = 2
√
πv ≤ J(v; K̃s),

and (3.3) follows. Trivially, as rs < rt, equality holds if and only if v ≤ πr2s .

(ii) Intermediate-volume regime. Consider now the range of volumes

πr2t < v ≤ |(K̃t)−rs ⊕ rsB|,

which is well defined since rs < rt.
On the one hand, we recall that

J(πr2s ; K̃s) = 2πrs.

For v ≥ πr2s , the profile J(v; K̃s) is convex by Theorem 2.4(v), and its derivative
at v = πr2s equals r−1

s by Theorem 2.4(vii). Hence,

J(v; K̃s) ≥ 2πrs +
v − πr2s
rs

, ∀v ≥ πr2s .

On the other hand, we also have

J(πr2t ; K̃t) = 2πrt.

For v > πr2t , the profile J(v; K̃t) is convex by Theorem 2.4(v); its derivative
is increasing in the range under consideration by Theorem 2.4(v)–(vi). In
particular, at v = πr2t , it is r−1

t . At the other extremum of the interval v =

|(K̃t)−rs ⊕ rsB| it is at most r−1
s . Indeed: if v < |K̃t|, then it is exactly

r−1
s by Theorem 2.4(vii); if instead v = |K̃t|, then the (left) derivative of the
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profile is ρ−1

K̃t
≤ r−1

s , where the inequality is a consequence of the fact that

|K̃t| = |(K̃t)−rs ⊕ rsB|.
Therefore,

J(v; K̃t) ≤ 2πrt +
v − πr2t
rs

for every v in the range under consideration. Thus, it is enough to show that

2πrt +
v − πr2t
rs

< 2πrs +
v − πr2s
rs

,

which is equivalent to

− π

rs
(rt − rs)

2 < 0.

This latter holds true, since rs < rt.

(iii) Large-volume regime. Finally, let v > |(K̃t)−rs ⊕rsB|. The strict mono-
tonicity in this case follows from the duality with G.

Since rs < rt, we are in the nontrivial volume branch introduced in Theo-
rem 2.4(iv). Hence, given v in this range, there exists a unique r = r(v, t) < rs
such that

v = |(K̃t)−r ⊕ rB| and argmaxκ≥r−1
t
{κv −G(κ; K̃t)} = r−1.

Therefore, by Theorem 2.4(ii), by the above identity, by Lemma 3.2, and by
taking the supremum over κ ≥ r−1

s , we obtain

J(v; K̃t) = sup
κ≥r−1

t

{κv −G(κ; K̃t) }

= r−1v −G(r−1; K̃t) < r−1v −G(r−1; K̃s)

≤ sup
κ≥r−1

s

{κv −G(κ; K̃s) } = J(v; K̃s).

This completes the proof. □

3.2. Consequences of the monotonicity.

3.2.1. Uniform convergence to the profile of the ball. In this subsection we show
that the profile of the volume-preserving regularization converges uniformly to
the profile of the ball with the same area.

The following lemma holds true, and it is immediate from the fact that:
(i) support functions of convex bodies are linear with respect to Minkowski
addition, that is, σαK+βL = ασK + βσL, as follows from [30, Thm. 1.7.5] and
the positive 1-homogeneity of support functions; (ii) Hausdorff convergence is
equivalent to uniform convergence of support functions [30, Lem. 1.8.14].
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Lemma 3.4 (Asymptotic roundness of K̃t). Let K ⊂ R2 be a convex body,
let (K̃t)t be the volume-preserving parallel bodies of K, and let BK be the ball
of the same measure as K, centered at the origin. Then, up to a translation,
(K̃t)t converges to BK in the Hausdorff metric as t→ +∞.

Theorem 3.5 (Uniform convergence of the total profile). Let K ⊂ R2 be a
convex body, let (K̃t)t be the volume-preserving regularization of K, and let BK

be the ball of the same measure as K, centered at the origin. Then,

J(−; K̃t) −→
t→+∞

J(−;BK), uniformly on [0, |K|].

Proof. We first show that it is enough to prove pointwise convergence.
Indeed, the isoperimetric profile J(−;C) is continuous for every convex set

C, see Theorem 2.4(vi). Moreover, by Theorem 3.3, the pointwise convergence
is monotone in t. Therefore, by Dini’s theorem, pointwise convergence in the
compact interval [0, |K|] implies uniform convergence.

We now prove pointwise convergence. By Lemma 3.4, the sequence (K̃t)t,
up to translation, converges to BK in the Hausdorff metric.

(i) The case v < |K|. By the Hausdorff convergence, we have rt → inr(BK).
Hence, there exists t̄ = t̄(v) ≫ 1 such that

rt ≥
√
v

π
, ∀t ≥ t̄.

For every such t, we have

J(v; K̃t) = J(v;BK),

since K̃t contains a ball of area v.

(ii) The case v = |K|. Clearly,

Per(K̃t) = J(|K|; K̃t) ≥ J(|K|;BK) = Per(BK),

since K̃t, respectively BK , is the only competitor for J(|K|; K̃t), respectively
J(|K|;BK). The Hausdorff convergence of (K̃t)t to BK , together with convex-
ity of the sets (K̃t)t, implies that Per(K̃t) → Per(BK).

The two points above prove the pointwise convergence, and hence the uni-
form convergence by Dini’s theorem. □

Remark 3.6. For future use, we remark that case (i) of the above proof
implies the following: given any convex body K ⊂ R2 and any v ∈ [0, |K|),
there exists t̄ = t̄(v) such that J(v; K̃t) = J(v;BK) for every t ≥ t̄.
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Proposition 3.7 (Rate of convergence). Let K ⊂ R2 be a convex body. Then,

sup
v

(
J(v; K̃t)− J(v;BK)

)
= O

(
1

t2

)
, (3.4)

as t→ +∞.

Proof. Being interested in the asymptotics as t→ +∞, we assume t > 0.
On the one hand, by Theorem 2.4 (v), J(−; K̃t) is convex on [πr2t , |K|],

differentiable, and

∂vJ(v; K̃t) =
1

rK̃t
(v)

,

where rK̃t
(v) ∈ [ρK̃t

, rt] is the radius of the balls generating the isoperimetric
set of volume v, see Theorem 2.4 (iii)–(iv). Hence,

∂vJ(v; K̃t) ≥
1

rt
, for every v ∈ [πr2t , |K|].

On the other hand, by Theorem 2.4 (i), the profile J(−;BK) has as derivative

∂vJ(v;BK) =
1

rBK
(v)

,

where rBK (v) ∈ (0, (|K|/π)1/2] is the radius of a ball of measure v. Since
v 7→ rBK (v) is increasing,

∂vJ(v;BK) ≤ 1

rt
for every v ∈ [πr2t , |K|].

Combining the two inequalities, we obtain

∂v

(
J(v; K̃t)− J(v;BK)

)
≥ 0, for every v ∈ [πr2t , |K|].

Thus, since for v ≤ πr2t , the isoperimetric profiles of K̃t and of BK agree, we
have

sup
v≥0

(
J(v; K̃t)− J(v;BK)

)
= sup

v≥πr2t

(
J(v; K̃t)− J(v;BK)

)
= J(|K|; K̃t)− J(|K|;BK)

= Per(K̃t)− Per(BK). (3.5)

It remains to compute the asymptotics of the RHS. By Steiner’s formu-
las (2.5)–(2.6), and the scaling of the perimeter, we have

Per(K̃t) = δK(t) Per(Kt) =
√
|K| Per(K) + 2πt√

|K|+ tPer(K) + πt2
,

whose second order Taylor expansion is

Per(K̃t) = 2
√
π|K|+

√
|K|

4π3/2
(
Per(K)2 − 4π|K|

) 1
t2

+ o

(
1

t2

)
. (3.6)
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Since BK has perimeter 2
√
π|K|, the claim follows. □

Remark 3.8. The previous proposition gives an alternative route to the uni-
form convergence in Theorem 3.5, independent of the monotonicity theorem.
Indeed, the uniform convergence follows from (3.5) combined with Lemma 3.4
and the continuity of the perimeter of convex sets under Hausdorff convergence
for convex bodies.

Remark 3.9. The leading coefficient in (3.6) is proportional to the isoperi-
metric deficit of K. Therefore, unsurprisingly, the closer K is to a ball, the
faster the convergence in (3.4).

3.2.2. Monotonicity of some scalar quantities. A direct application of Theo-
rem 3.3 allows us to show that several scalar quantities are monotonic decreas-
ing along the flow t 7→ K̃t.

First, from Theorem 3.3 applied to v = |K|, we are able to recover the
two-dimensional statement of [26, Thm. 1.1].

Proposition 3.10 (Theorem 1.1 of [26]). Let K ⊂ R2 be a convex body. Then,
for t > s > −r0, we have

Per(K̃t) ≤ Per(K̃s).

The inequality is strict if and only if t > τK .

As already noticed in [11, Sect. 5.2], combining Proposition 3.10 with Math-
eron’s inequality (2.4) allows us to infer [19, Thm. 1.2]. Thus, it also follows
as a corollary of our Theorem 3.3, limited to dimension 2.

Second, we can prove the monotonicity of the p-Cheeger constants for p ≥
1/2. The case p = 1, corresponding to the usual Cheeger constant, was first
proved in [11, Thm. 1.2]. We remark that the underlying ingredient in their
proof is Lemma 3.1, which we also use in a nontrivial way in Theorem 3.3.

Proposition 3.11. Let K ⊂ R2 be a convex body. Then, for t > s > −r0, we
have

hp(K̃t) ≤ hp(K̃s), ∀p ≥ 1/2,

where hp(−) denotes the p-Cheeger constant. The inequality is strict if and
only if p > 1/2 and t > τK .

Proof. We recall that the p-Cheeger constant of a Borel set is defined as

hp(Ω) = inf

{
Per(E)

|E|p
: E ⊂ Ω, |E| > 0

}
. (3.7)

If p = 1/2, the constant reduces to the isoperimetric constant, and the only
minimizers are balls within Ω. Further, ifK is a ball (τK = +∞), the inequality
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is trivially an equality for all p, t, and s. We therefore restrict ourselves to
exponents p > 1/2 and the case τK ≤ 0.

It is easy to see that the infimum can be restricted to isoperimetric sets
within Ω, that is,

hp(Ω) = inf

{
J(v; Ω)

vp
: v ∈ (0, |Ω|]

}
. (3.8)

Let Cs denote a p-Cheeger set of K̃s. Using v = |Cs| in the alternative
formulation (3.8), the monotonicity theorem, and finally the minimality of Cs

for K̃s, we obtain

hp(K̃t) ≤
J(|Cs|; K̃t)

|Cs|p
≤ J(|Cs|; K̃s)

|Cs|p
=

Per(Cs)

|Cs|p
= hp(K̃s).

If t ≤ τK , then K̃t = K̃s, and equality holds. Let us now assume t > τK .
We claim that the second inequality is strict. First, observe that since K is
not a ball also K̃s is not. Therefore, by [5, Thm. 2.5(3ii)–(3iv)], |Cs| > πr2s .
Theorem 3.3 allows us to conclude. □

While the following proposition is not a consequence of monotonicity, we
believe it is worth mentioning, as it could have possible applications. By
definition of Cheeger constant, we have

h1(K̃t) ≤
Per(K̃t)

|K̃t|
, ∀t > −r0. (3.9)

By Lemma 3.4 combined with the continuity of the Cheeger constant with
respect to the Hausdorff metric [25, Prop. 3.1], the LHS converges to h1(BK),
whereas by the continuity of the perimeter of convex bodies with respect to the
same metric, the RHS to the ratio Per(BK)/|BK |. Since BK realizes h1(BK),
at the limit, equality in (3.9) is attained. Therefore, it is reasonable to wonder
whether equality in (3.9) could already be attained at finite time, that is, there
exists T < +∞ such that

h1(K̃t) =
Per(K̃t)

|K̃t|
, ∀t ≥ T.

Sets satisfying the above equality are either called self-Cheeger sets or calibrable
sets and are of interest in several applications, such as image reconstruction,
see [1, 27]. The following proposition shows this is the case. Further, T can
be chosen as the smallest time such that K̃t is calibrable.

Proposition 3.12 (Finite-time calibrability). Let K ⊂ R2 be a convex body.
Further, let

T = −ρK +

√
|K−ρK |
π

. (3.10)
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Then, if ρK < r0, K̃t is calibrable for all t ≥ T . If otherwise ρK = r0, the
same holds true with a strict inequality.

Proof. We recall that a two-dimensional convex body C is calibrable if and
only if

ess sup∂C κC ≤ Per(C)

|C|
,

where κC denotes the curvature of C, refer to [18, Thm. 2] (see also [29,
Crit. 1.5] for the more general sharp statement). This condition can be restated
in terms of the smallest radius of curvature of C, ρC ≥ 0, as

ρC ≥ |C|
Per(C)

. (3.11)

As calibrability is not affected by rescaling, it is enough to verify it holds for
Kt. Testing the above on Kt, and owing to the fact that Minkowski addition
by a ball of radius t increases the radius of curvature exactly by t, we find
that (3.11) is satisfied if and only if

(ρK + t) Per(Kt) ≥ |Kt|.

Choosing t ≥ −ρK , using Steiner’s formulas (2.5)–(2.6), we find that this is
equivalent to

ρK(Per(K) + 2πt) + πt2 ≥ |K|.
Using once again Steiner’s area formula (2.5) for K−ρK , this is equivalent to

π(t+ ρK)2 ≥ |K−ρK |.

Rearranging the claim follows. □

4. The evolution law

In this section, we derive the exact reparametrization law and then differen-
tiate it with respect to time to obtain infinitesimal monotonicity information.

For the sake of notation, we let

θs(t) = δK(s)(t− s). (4.1)

When s = 0 and the base body is K, the increment satisfies θ0(t) = t, and
we will simply use t. For t, s > −ρK , the quantity θs(t) represents the time
increment needed to pass from the convex body K̃s to K̃t, see the discussion
in Section 4.5.2; below this threshold it retains this role in all the formulas
of this section, although it is no longer the parameter of an actual Minkowski
operation.

For t > − inr(L) we also define the set of admissible volumes

At(L) =
{
v ∈ [0, |L|] : rL(v) ≥ max{0,−t}

}
. (4.2)
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where rL(·) has been defined in (2.11). Recalling the properties of rL(·) stated
in Remark 2.5, At(L) is a closed interval. Explicitly

At(L) =

[0, |L|], if t ≥ 0,[
πt2, |L−|t| ⊕ |t|B|

]
, if t < 0;

(4.3)

in the case t < 0, the right extremum is |L| if and only if |t| ≤ ρL.

Remark 4.1. Let Ev be an isoperimetric set in L of volume v ∈ At(L). On
the one hand, if t ≥ 0, every volume is admissible. On the other hand, if
t < 0, the condition v ∈ At(L) ensures, owing to Theorem 2.4, that one has
(Ev)t ̸= ∅ and Ev = (Ev)−|t| ⊕ |t|B. In both cases, one can use Steiner’s
formulas (2.5)–(2.6) to find the area and perimeter of (Ev)−|t| from that of Ev.

4.1. Transport of balls and of isoperimetric sets. We begin with some
preliminary results, which describes how balls are transported along the flow,
and, consequently, how isoperimetric sets are.

Lemma 4.2 (Ball-to-ball lemma). Let K ⊂ R2 be a convex body and let
s, t > −r0. A ball ρB(x), with ρ ≥ 0 and ρ + θs(t) > 0, is contained in K̃s if
and only if

δK(t)

δK(s)

(
ρ+ θs(t)

)
B

(
δK(t)

δK(s)
x

)
⊂ K̃t. (4.4)

In particular, if s < t, the constraint ρ+ θs(t) > 0 is satisfied by every ρ ≥ 0,
and the map

ρ 7→ δK(t)

δK(s)
(ρ+ θs(t))

sends [0, rs] onto [−θt(s), rt].

Proof. We split the proof in two steps; in the first one, we assume one of the
parameters to be zero.

Step (i): Base body K. We consider the pair s = 0 and t > −r0. Since y 7→
δK(t)y is a homothety, it is enough to prove the analog claim for non-rescaled
parallel bodies, that is, rB(x) ⊂ K if and only if one has (r + t)B(x) ⊂ Kt.

On the one hand, if t ≥ 0, then

rB(x) ⊂ K =⇒ rB(x)⊕ tB ⊂ K ⊕ tB = Kt.

The converse implication holds true, since for convex sets and t ≥ 0 one has
Kt ⊖ tB = K. The claim follows since rB(x)⊕ tB is exactly (r + t)B(x).

On the other hand, if t < 0, we have

y ∈ Kt = K ⊖ |t|B ⇐⇒ {y} ⊕ |t|B ⊂ K.
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By assumption, r + t = r − |t| > 0, so that given any x, the set (r − |t|)B(x)

is a well-defined ball. Therefore,

rB(x) = (r − |t|)B(x)⊕ |t|B ⊂ K ⇐⇒ (r − |t|)B(x) ⊂ Kt.

Step (ii): Generic time pairs. There is no loss of generality in assuming s < t

as for the opposite cases it is enough to reverse the roles of s and t. In particular
θs(t) > 0.

Subcase (i): s ≤ 0. We apply twice Step (i). A ball of radius ρ is contained
in K̃s if and only if the ball of radius ρ/δK(s) − s is contained in K. This
operation maps (0, rs] onto (|s|, r0]. Then, since |s| = −s > −t, we can apply
Step (i) to all r ∈ (|s|, r0]. For ρ = 0, equivalently r = |s|, x ∈ K̃s if and only
if x/δK(s) ∈ Ks, that is, if and only if |s|B(x/δK(s)) ⊂ K. Applying Step (i)
at time t, this is equivalent to −θt(s)B(δK(t)x/δK(s)) ⊂ K̃t.

Subcase (ii): s > 0. Passing first from K̃s back to K does not cover all radii
in (0, rs], since the corresponding radius in K would be ρ/δK(s)− s, which is
non-positive for sufficiently small ρ. Since θs(t) > 0, we instead apply Step (i)
directly to K̃s with parameter θs(t). Together with Lemma 2.1, this gives the
claim. Note that, as θs(t) > 0, the constraint ρ + θs(t) > 0 is satisfied for all
ρ ≥ 0, so no degenerate case arises here. □

As a consequence of Lemma 4.2, of the structure of isoperimetric sets pro-
vided by Theorem 2.4 (i), (iii), and (iv), and of the characterization of the
derivative of the profile as the curvature given in Theorem 2.4 (vi), the follow-
ing holds.

Corollary 4.3. Let K ⊂ R2 be a convex body and let s, t > −r0. Then, the
map

E 7−→ δK(t)

δK(s)
Eθs(t) (4.5)

is a one-to-one correspondence between the isoperimetric sets of K̃s of volume
in the interior of Aθs(t)(K̃s) and the isoperimetric sets of K̃t of volume in the
interior of Aθt(s)(K̃t).

Under this correspondence, the free boundary curvatures κs and κt of two
corresponding isoperimetric sets are related by

κt =
δK(s)

δK(t)
· κs
1 + θs(t)κs

. (4.6)

Remark 4.4. The restriction to interior volumes is only due to the degenerate
behavior at the endpoints of the admissible ranges and it may be removed.
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Isoperimetric sets are determined up to sets of measure zero and, by Theo-
rem 2.4, they admit a convex representative. We choose it closed for all volumes
and we choose as the isoperimetric set of volume zero any singleton {x} in the
body. With this convention, (4.5) is meaningful also at the endpoints.

As for the curvature relation (4.6), consider two corresponding isoperimetric
sets under (4.5). If both free-boundary radii are finite and positive, then (4.6)
holds in the usual sense. There are two degenerate cases to be addressed, where
we use the convention that 1/0 = +∞, in such a way that when rL(v) = 0,
the corresponding curvature is +∞.

The initial radius could vanish: this occurs for v = 0, and also for v = |K|
when ρK̃s

= 0. Since v ∈ Aθs(t)(K̃s), we necessarily have θs(t) ≥ 0. For
θs(t) > 0 the RHS of (4.6) is then understood by letting κs → +∞; the case
s = t is trivial.

Conversely, the transported radius could vanish: this happens if the initial
radius is positive but equals |θs(t)| with θs(t) < 0. Hence, the denominator
in (4.6) is zero, while the numerator is finite, so that κt = +∞.

4.2. The reparametrization law. Here we prove that the isoperimetric pro-
file of K̃t is obtained from that of K̃s through a suitable reparametrization, for
every t, s > −r0.

Before stating the main theorem of this section, it is convenient to define
the map that transports volumes along the flow. Given s, t > −r0, we let

Φs,t : Aθs(t)(K̃s) −→ Aθt(s)(K̃t)

be defined as

Φs,t(v) =
δK(t)2

δK(s)2

(
v + θs(t) J(v; K̃s) + π θs(t)

2
)
, (4.7)

where the intervals of admissible volumes have been introduced in (4.2). By
Corollary 4.3 and Remark 4.1, Φs,t sends the volume of an isoperimetric set
of K̃s to the volume of the corresponding isoperimetric set of K̃t. We collect
below a few properties of Φs,t we will use throughout.

Lemma 4.5 (Properties of Φs,t). Let K ⊂ R2 be a convex body and let s > −r0
be fixed. Set

Qs =
{
(v, t) ∈ [0, |K|]× (−r0,+∞) : v ∈ Aθs(t)(K̃s)

}
. (4.8)

Then,

(i) the map (v, t) 7→ Φs,t(v) is continuous on Qs;
(ii) v 7→ Φs,s(v) is the identity;
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(iii) the partial derivative ∂vΦs,t satisfies

∂vΦs,t(v) =
δK(t)2

δK(s)2

(
1 + θs(t) ∂vJ(v; K̃s)

)
, (4.9)

and it is strictly positive on the interior of Aθs(t)(K̃s);
(iv) for each fixed t > −r0, the map v 7→ Φs,t(v) is a strictly increasing

homeomorphism of Aθs(t)(K̃s) onto Aθt(s)(K̃t).

Further,

(v) for every fixed w0 ∈ (0, |K|), there exists an open neighborhood U of
(w0, s) in (0, |K|) × (−r0,+∞) such that, for all (w, t) ∈ U , one has
w ∈ Aθt(s)(K̃t) and Φ−1

s,t (w) lies in the interior of Aθs(t)(K̃s);
(vi) the map (w, t) 7→ Φ−1

s,t (w) is of class C1 on U .

Proof. Point (ii) is immediate since θs(s) = 0. By Theorem 2.4 (vi) the map
v 7→ J(v; K̃s) is continuous, whereas t 7→ δK(t) is continuous by Lemma 2.2.
Recalling the definition of θs(t) given in (4.1), the explicit formula (4.7) is
continuous; thus its restriction to Qs is as well, settling (i).

Point (iii) follows by differentiating (4.7) with respect to v. Recalling now
the definition of rK̃s

, see (2.11), and that of Aθs(t)(K̃s), see (4.2), this derivative
is strictly positive on the interior of Aθs(t)(K̃s). Indeed, if θs(t) ≥ 0, the claim
is immediate. If θs(t) < 0, then rK̃s

(v) > |θs(t)| for every v in the interior of
Aθs(t)(K̃s). Hence,

1 + θs(t) ∂vJ(v; K̃s) = 1− |θs(t)|
rK̃s

(v)
> 0.

Thus, Φs,t is continuous and strictly increasing on the closed interval Aθs(t)(K̃s),
and therefore a homeomorphism onto its image, which is a closed interval. By
Corollary 4.3 and Remark 4.1, Φs,t maps the interior of Aθs(t)(K̃s) onto the
interior of Aθt(s)(K̃t). Two closed intervals with the same interior coincide, so
the image is Aθt(s)(K̃t), proving (iv).

To prove points (v)–(vi), first notice that rK̃s
(w0) > 0, since w0 ∈ (0, |K|).

By continuity of rK̃s
at w0, and since θs(t) → 0 as t → s, there exists an

open neighborhood of (w0, s) such that rK̃s
(v) > max{0,−θs(t)}. Hence v lies

in the interior of Aθs(t)(K̃s). Hence, (v, t) 7→ Φs,t(v) is well-defined in such a
neighborhood and it is of class C1 as one can see directly from (4.7) combined
with Lemma 2.2 and Theorem 2.4 (vi).

We can thus consider the map F (v, w, t) = Φs,t(v) − w. Since Φs,s is the
identity, we have F (w0, w0, s) = 0 and ∂vF (w0, w0, s) = 1. By the Implicit
Function Theorem, there exist an open neighborhood U of (w0, s) and a map
Ψ ∈ C1(U) such that Ψ(w0, s) = w0 and Φs,t(Ψ(w, t)) = w for every (w, t) ∈ U .
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Up to shrinking U , we may assume that Ψ(w, t) lies in the interior of
Aθs(t)(K̃s). By (iv), this implies that w = Φs,t(Ψ(w, t)) ∈ Aθt(s)(K̃t). Since Φs,t

is injective on Aθs(t)(K̃s), we conclude that Ψ(w, t) = Φ−1
s,t (w). This proves (v),

while (vi) follows from the fact that Ψ ∈ C1(U). □

We are now ready to state and prove the main theorem of this section,
namely, the reparametrization law, which relates the isoperimetric profiles at
two arbitrary times.

Theorem 4.6 (The profile reparametrization law). Let K ⊂ R2 be a convex
body, let s, t > −r0, and let θs(t) = δK(s)(t− s) be as in (4.1). Then,

J(Φs,t(v); K̃t) =
δK(t)

δK(s)

(
J(v; K̃s) + 2πθs(t)

)
, (RL)

for every v ∈ Aθs(t)(K̃s); correspondingly, the argument appearing on the LHS
runs over the interval Aθt(s)(K̃t).

Proof. Let E be any isoperimetric set of K̃s of volume v ∈ Aθs(t)(K̃s). By
Corollary 4.3 and Remark 4.4, the set δK(t)

δK(s) Eθs(t) is an isoperimetric set for

K̃t, of volume in Aθt(s)(K̃t). Therefore,

J

(∣∣∣∣ δK(t)

δK(s)
Eθs(t)

∣∣∣∣ ; K̃t

)
= Per

(
δK(t)

δK(s)
Eθs(t)

)
. (4.10)

Using the scaling properties of the area together with Steiner’s area formula,
which is valid since |E| = v ∈ Aθs(t)(K̃s), see Remark 4.1, we obtain∣∣∣∣ δK(t)

δK(s)
Eθs(t)

∣∣∣∣ = δK(t)2

δK(s)2

(
|E|+ θs(t) Per(E) + πθs(t)

2
)
= Φs,t(v).

Similarly, using Steiner’s perimeter formula,

Per

(
δK(t)

δK(s)
Eθs(t)

)
=
δK(t)

δK(s)

(
Per(E) + 2πθs(t)

)
.

Since |E| = v and Per(E) = J(v; K̃s), combining these identities with (4.10)
yields (RL). □

Remark 4.7. Differentiating (RL) with respect to the spatial variable v, for
v ∈ intAθs(t)(K̃s), and setting w = Φs,t(v), we obtain

∂vΦs,t(v) ∂wJ(w; K̃t) =
δK(t)

δK(s)
∂vJ(v; K̃s).

Using (4.9) and rearranging gives

∂wJ(w; K̃t) =
δK(s)

δK(t)
· ∂vJ(v; K̃s)

1 + θs(t) ∂vJ(v; K̃s)
.
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This is consistent with (4.6) and with the fact that, for convex bodies, the
derivative of the isoperimetric profile at a given volume equals the curvature of
the free boundary of the corresponding isoperimetric set; see Theorem 2.4 (vi).
In particular, taking s = 0 recovers the corresponding relation between K and
K̃t.

4.3. Derivatives along the flow. In this subsection, we compute the deriv-
ative of the reparametrization law (RL).

Theorem 4.8 (Derivative along the flow). Let K ⊂ R2 be a convex body.
Then, for every w ∈ (0, |K|), the map t 7→ J(w; K̃t) is differentiable on
(−r0,+∞), and

d

dt
J(w; K̃t)

∣∣∣
t=s

= δK(s)D(w; K̃s), ∀ s > −r0, (4.11)

where

D(w;L) = 2π − Per(L)

2|L|
J(w;L)− ∂wJ(w;L)

(
J(w;L)− Per(L)

|L|
w

)
.

Proof. Fix s > −r0 and w ∈ (0, |K|). By Lemma 4.5 (v)–(vi), the map
t 7→ v(t) = Φ−1

s,t (w) is well defined and of class C1 for |t − s| ≪ 1, with
v(s) = w, and v(t) lies in the interior of Aθs(t)(K̃s). Hence, Theorem 4.6
applies at v(t) and gives

J(w; K̃t) =
δK(t)

δK(s)

(
J(v(t); K̃s) + 2πθs(t)

)
, |t− s| ≪ 1. (4.12)

By Theorem 2.4 (vi) and Lemma 2.2, the RHS is differentiable in t, and so is
the LHS.

We first compute v′(s). Differentiating the identity Φs,t(v(t)) = w at t = s,
and recalling that ∂vΦs,s = 1 by Lemma 4.5 (ii), we get v′(s) = −∂tΦs,t(w)

∣∣
t=s

.
Since θs(s) = 0 and ∂tθs(t) = δK(s), differentiating (4.7) yields

∂tΦs,t(w)
∣∣∣
t=s

= 2
δ′K(s)

δK(s)
w+δK(s) J(w; K̃s) = δK(s)

(
J(w; K̃s)−

Per(K̃s)

|K|
w

)
,

where we used (2.8) in the form δ′K(s)/δK(s) = −δK(s) Per(K̃s)/(2|K|).
We now differentiate (4.12) at t = s. Using again (2.8), θs(s) = 0, ∂tθs(t) =

δK(s) and v(s) = w, we obtain

d

dt
J(w; K̃t)

∣∣∣
t=s

= −δK(s) Per(K̃s)

2|K|
J(w; K̃s) + ∂wJ(w; K̃s) v

′(s) + 2πδK(s).

Inserting the value of v′(s) computed above, and recalling that |K̃s| = |K|, we
get (4.11). □
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In the next proposition, we derive explicit characterizations of the deriva-
tive (4.11), according to the range of the volume w. We state it for t = 0 since
it is the case we will use later on; nevertheless, the general case is stated in
Remark 4.10.

Proposition 4.9 (Explicit form of the derivative at t = 0). Let K ⊂ R2 be a
convex body. Then:
(i) for every w ∈ (0, πr20], we have

d

dt
J(w; K̃t)

∣∣∣
t=0

= 0;

(ii) for every w ∈ (πr20, πr
2
0 + 2r0H1(K−r0)], we have

d

dt
J(w; K̃t)

∣∣∣
t=0

= ℓ

(
Per(K)

|K|
− 2

r0

)
, (4.13)

where ℓ ∈ (0,H1(K−r0)] is the unique number such that w = πr20 + 2r0ℓ;
(iii) for every w ∈ (πr20 + 2r0H1(K−r0), |K|), we have

d

dt
J(w; K̃t)

∣∣∣
t=0

=
Per(K)

rδK(−r)2

[
1− δK(−r)

(
1− Per(K)

2|K|
r

)
Per(K̃−r)

Per(K)

]
, (4.14)

where r ∈ [ρK , r0) is the unique number such that w = |K−r ⊕ rB|.

Proof. For case (i), by Theorem 2.4(i), the isoperimetric set is a ball, and
therefore J(w;K) = 2

√
πw. Inserting this expression into (4.11) immediately

gives that the derivative vanishes. This is consistent with the enlargement of
the ball branch of the profile following from Matheron’s inequality (2.4).

The remaining two cases are proved in the same way.
By Theorem 2.4(vi), the volume-derivative ∂vJ(w;K) is the curvature of the

free boundary of the isoperimetric set of volume w. In case (ii) this curvature
equals 1/r0, whereas in case (iii) it equals 1/r. Depending on the range of w,
Theorem 2.4(iii) or Theorem 2.4(iv) describes the shape of the isoperimetric
set: in case (ii), it is the convex envelope of two maximal balls whose centers are
separated by a distance ℓ; in case (iii), it is K−r⊕rB for a unique r ∈ [ρK , r0).
In both cases, one can compute the perimeter and volume explicitly, and the
claimed formulas follow by direct algebraic simplification. □

Remark 4.10. By Proposition 4.9 applied to K̃s together with Theorem 4.8,
we can write the derivative at time t = s > −r0 as follows. For w ∈ (0, πr2s ],
the derivative vanishes. If w ∈ (πr2s , πr

2
s + 2rs(H1((K̃s)−rs

))], then

d

dt
J(w; K̃t)

∣∣∣
t=s

= δK(s)ℓ

(
Per(K̃s)

|K̃s|
− 2

rs

)
,
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where ℓ ∈ (0,H1((K̃s)−rs)] is the unique number such that w = πr2s + 2rsℓ.
If instead, w > πr2s + 2rsH1((K̃s)−rs

), then

d

dt
J(w; K̃t)

∣∣∣
t=s

= δK(s)∆(w; K̃s),

where

∆(w;L) =
Per(L)

r δL(−r)2

[
1− δL(−r)

(
1− Per(L)

2|L|
r

)
Per(L̃−r)

Per(L)

]
,

with r = r(w) ∈ [ρL, inr(L)) the unique number such that w = |L−r ⊕ rB|.

4.4. Consequences of the reparametrization law.

4.4.1. Comparison on different bodies. While Theorem 3.3 allows us to com-
pare the profile of a body K with its evolved set K̃t, as a consequence of (RL),
we are able to show that if two different bodies (of equal area), K,L are such
that their profile satisfy

J(v;K) ≥ J(v;L), ∀v,

then, the above inequality is preserved along the flow.

Theorem 4.11 (Order preservation along the flow). Let K,L ⊂ R2 be convex
bodies of same area, and assume that J(v;K) ≥ J(v;L) for every v ∈ [0, |K|].
Then, the inequality is preserved along the (forward-in-time) flow, that is,

J(v; K̃t) ≥ J(v; L̃t)

for every v ∈ [0, |K|] and every t ≥ 0.

Proof. Evaluating the assumption at v = |K| gives Per(K) ≥ Per(L), so that,
by Steiner’s formula (2.5), |Kt| ≥ |Lt| and hence δK(t) ≤ δL(t) for every t ≥ 0.

Step (i). Unnormalized profiles. For the ease of notation, let f, ft denote,
respectively, J(−;K) and J(−;Kt), while g, gt the profiles with respect the
ambient bodies L and Lt.

Fix t ≥ 0. Since every volume is admissible, Theorem 4.6 with s = 0,
together with the rescaling of Lemma 2.8, gives

ft(v + tf(v) + πt2) = f(v) + 2πt, v ∈ [0, |K|], (4.15)

and the same for L with g, gt in place of f, ft. By Theorem 2.4 (vi), all functions
f, ft, g, gt are continuous and strictly increasing. Letting y = f(v)+2πt, using
that f, ft are invertible, from (4.15), we find

f−1
t (y) = f−1(y − 2πt) + t(y − 2πt) + πt2, y ∈ [2πt,Per(Kt)], (4.16)

and the same holds for the inverse functions of g, gt on [2πt,Per(Lt)].



28 Z. FATTAH, I. FTOUHI, AND G. SARACCO

Notice that the standing assumption f(v) ≥ g(v) on [0, |K|] is equivalent to
f−1(z) ≤ g−1(z) on [0,Per(L)].

By (4.16) on f, ft, then using f−1(z) ≤ g−1(z), and once again by (4.16) on
g, gt, we find

f−1
t (y) ≤ g−1

t (y), ∀y ∈ [2πt,Per(Lt)].

This latter is once again equivalent to the opposite inequality for the functions
ft, gt, so that

ft(v) ≥ gt(v), ∀v ∈ [πt2, |Lt|]. (4.17)

For v ≤ πt2, both profiles equal 2
√
πv, since the inradii of Kt and Lt are at

least t. Thus ft(v) ≥ gt(v) for every v ∈ [0, |Lt|].

Step (ii). Conclusion. We now transpose the inequality of the previous step
to the rescaled profiles. Fix v ∈ [0, |K|], and, up to a translation, suppose
that 0 ∈ Kt. Since δK(t) ≤ δL(t), convexity gives K̃t = δK(t)Kt ⊆ δL(t)Kt,
so that for all v ≤ |K̃t| the profile J(−; K̃t) is bound from below by that of
J(−; δL(t)Kt).

By the rescaling of the profile of Lemma 2.8, Step (i), and the rescaling once
again, we get

J(v; K̃t) ≥ J(v; δL(t)Kt) = δL(t)J

(
v

δL(t)2
;Kt

)
≥ δL(t)J

(
v

δL(t)2
;Lt

)
= J(v; L̃t). □

4.4.2. C1-regularity of the flow and Hamilton–Jacobi equation. A first conse-
quence of the reparametrization law proved in Theorem 4.6, together with
Lemma 4.5, is the C1 continuity of the isoperimetric profile along the flow in
the joint couple (v, t).

Theorem 4.12 (Regularity of the flow). Let K ⊂ R2 be a convex body. Then,
the map

(w, t) 7→ J(w; K̃t)

is continuous on [0, |K|]× (−r0,+∞) and of class C1 on the interior.

Proof. Let (w0, t0) be fixed in (0, |K|) × (−r0,+∞) and set s = t0. By
Lemma 4.5 (v) we can use the shifted reparametrization law. Hence,

J(w; K̃t) =
δK(t)

δK(t0)

(
J(Φ−1

t0,t(w); K̃t0) + 2πθt0(t)
)
,

where (w, t) 7→ Φ−1
t0,t(w) is of class C1 by Lemma 4.5 (vi). By Theorem 2.4 (vi),

the definition of θt0(t), and Lemma 2.2, the RHS is of class C1.
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To conclude the proof, we have to show the continuity of the flow when w0

is either 0 or |K|.
Case (i): w0 = 0. Clearly, w0 < πr2t0 . By continuity of t 7→ rt, there exists

a neighborhood of (w0, t0) in which w < πr2t . Hence, by Theorem 2.4 (i),
J(w; K̃t) = 2

√
πw throughout this neighborhood, and continuity follows.

Case (ii): w0 = |K|. Fix ε > 0 and choose w∗ ∈ (0, |K|) such that

J(|K|; K̃t0)− J(w∗; K̃t0) < ε, (4.18)

which is possible by continuity of J(−; K̃t0), see Theorem 2.4 (vi).
Since w∗ ∈ (0, |K|), the map t 7→ J(w∗; K̃t) is continuous at t0 by the first

part of the proof; moreover, t 7→ J(|K|; K̃t) = δK(t) Per(Kt) is continuous by
Lemma 2.2. Hence, for |t− t0| ≪ 1,

|J(w∗; K̃t)− J(w∗; K̃t0)| < ε and |J(|K|; K̃t)− J(|K|; K̃t0)| < ε. (4.19)

Let now w ∈ [w∗, |K|] be fixed and |t − t0| ≪ 1. On the one hand, we can
write the difference J(|K|; K̃t0)− J(w; K̃t) as[
J(|K|; K̃t0)−J(w∗; K̃t0)

]
+
[
J(w∗; K̃t0)−J(w∗; K̃t)

]
+
[
J(w∗; K̃t)−J(w; K̃t)

]
.

The first bracket is smaller than ε by (4.18), the second is smaller than ε

by (4.19), and the third is non-positive since w ≥ w∗ and J(−; K̃t) is increasing.
Hence, J(|K|; K̃t0)− J(w; K̃t) < 2ε.

On the other hand, since w ≤ |K|, owing again to the fact that J(−; K̃t) is
increasing, we have

J(w; K̃t)− J(|K|; K̃t0) ≤ J(|K|; K̃t)− J(|K|; K̃t0) ≤ ε,

by (4.19). This proves the claimed continuity. □

As a consequence of Theorem 4.8 and of Theorem 4.12, the following holds.

Theorem 4.13. Let K ⊂ R2 be a convex body, p(t) = Per(K̃t), and δK(t) be
as in (1.3). The isoperimetric profile along the volume-preserving Minkowski
regularizing flow t 7→ K̃t is a classical solution on (0, |K|)× (−r0,+∞) of the
first-order quasilinear Hamilton–Jacobi equation

∂tI(w, t) = δK(t)

(
2π − p(t)

2|K|
I(w, t)− ∂wI(w, t)

(
I(w, t)− p(t)

|K|
w

))
, (TL)

it is continuous up to w ∈ {0, |K|}, and it satisfies the lateral boundary condi-
tions

I(0, t) = 0, I(|K|, t) = p(t), ∀ t > −r0.

In particular, its restriction to (0, |K|)× (0,+∞) is a classical solution of the
Cauchy problem for (TL) with initial datum I(w, 0) = J(w;K).
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Remark 4.14 (Dimensional analysis). Although t is conventionally referred
to as “time”, it represents the radius of the regularizing ball and carries units
of length [m]. The state variable w has units of [m2], while the isoperimetric
profile J(w; K̃t) = I(w, t) has units of length [m]. Consequently, the transport
law (TL) is dimensionally consistent.

The PDE (TL) will be the object of a forthcoming paper. Here, we just
make the following observations.

Remark 4.15 (Lateral conditions). Since (TL) is of first order, it transports
information along curves w = w(t) whose velocity is the coefficient of ∂wI.
Evaluated along the solution, this velocity vanishes at both w = 0 and w =

|K|, so that the lateral boundary is characteristic. The lateral conditions
should therefore not be regarded as data to be prescribed, but as compatibility
conditions satisfied by the solution.

Remark 4.16 (Uniqueness and comparison). Equation (TL) is not a standard
Hamilton–Jacobi equation, and the usual comparison principles for viscosity
solutions do not apply directly. First, it is nonlocal: p(t) = I(|K|, t) is the trace
of the solution itself, and δK is in turn determined by p through Lemma 2.2.
Second, the coupling ∂wI · I makes the Hamiltonian proper in I along non-
decreasing profiles, but not in general. Third, the lateral boundary is char-
acteristic and singular, see Remark 4.23. We stress that Theorem 3.3 is not
a comparison statement, but a sign condition on ∂tI, obtained by variational
means. Whether (TL) characterizes the flow of profiles remains open. Nonethe-
less, the ordering of the profiles of bodies with equal area is preserved along
the flow for t ≥ 0, see Theorem 4.11; the proof relies on the reparametrization
law rather than on a maximum principle.

Remark 4.17 (Unnormalized profiles). For t ≥ 0, set Î(w, t) = J(w;Kt),
w ∈ [0, |Kt|], which is of class C1 on (0, |Kt|) × (0,+∞) by the rescaling
of the profiles of Lemma 2.8 and the regularity of non-rescaled profiles of
Theorem 4.12. By the reparametrization law (RL) and the scaling Lemma 2.8
(see also (4.15)), along each curve wv(t) = v+ tJ(v;K)+πt2, with v ∈ [0, |K|],
one has

ẇv(t) = J(v;K) + 2πt = Î
(
wv(t), t

)
,

d

dt
Î
(
wv(t), t

)
= 2π.

Thus, the volume moves with speed equal to the value of the profile at the
moving point, while the latter increases at rate 2π. For t ≥ 0, the map
v 7→ wv(t) is strictly increasing, with derivative 1 + t rK(v)−1 > 0, and maps
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[0, |K|] onto [πt2, |Kt|]; hence, by the chain rule,

∂tÎ + Î ∂wÎ = 2π

on {πt2 < w < |Kt|}. The same equation holds on {0 < w < πt2}, where
Î(w, t) = 2

√
πw; these points lie on the curves w = π(t − t0)

2, t0 > 0, which
leave w = 0 at positive times, in accordance with the singularity of ∂wÎ at
w = 0. Thus Î is a classical solution of Burgers’ equation with constant
forcing, which is local and the same for every body: the nonlocality of (TL)
is entirely due to the renormalization (1.3). The right boundary w = |Kt| is
the curve w|K|, since by Lemma 2.2 d

dt |Kt| = Per(Kt) = Î(|Kt|, t). Finally, for
t < 0 the derivative of the map v 7→ wv(t) is strictly positive exactly where
rK(v) > −t, which is the admissibility condition (4.2) up to its endpoints:
for negative times, the loss of admissibility corresponds to the crossing of the
curves wv.

4.4.3. Concavity of the volume of inner parallel sets. In this subsection, we
turn our attention to Proposition 4.9.

If K has a unique inball, case (ii) of Proposition 4.9 never occurs. Assuming
instead that K−r0 is not a singleton, the derivative in (4.13) is always negative
by the classical inequality relating area, perimeter, and inradius for convex
sets, see [31, Tab. 3.1, triplet (A, p, r)].

We now consider equation (4.14). By Theorem 3.3, this quantity must be
non-positive. This is equivalent to

δK(−r)
(
1− Per(K)

2|K|
r

)(
Per(K̃−r)

Per(K)

)
≥ 1. (4.20)

By Proposition 3.10, the last factor is at least 1, with equality only for tan-
gential bodies. The product of the first two factors is also at least 1 as a
direct consequence of the concavity of x 7→ |Kx|

1
2 stemming from properties of

parallel bodies [30, Lem. 3.1.13] and the classical Brunn–Minkowski inequal-
ity [30, Thm. 7.1.1]. Exploiting Proposition 3.10, see also [26, Thm. 1.1], we
can characterize cases of equality.

Proposition 4.18. Let K ⊂ R2 be a convex body. Then, for all t, s > −r0,

|Kt|
1
2 ≤ |Ks|

1
2

(
1 +

Per(Ks)

2|Ks|
(t− s)

)
. (4.21)

In particular, equality is attained at t ̸= s if and only if max{t, s} ≤ τK .

Proof. By [30, Lem. 3.1.13 and Thm. 7.1.1] the function ψ : (−r0,∞) → R
defined by ψ(x) = |Kx|

1
2 is concave, therefore it rests below its tangent lines.
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Recalling Lemma 2.2, its derivative is

ψ′(x) =
1

2

Per(Kx)

|Kx|
1
2

=
1

2|K| 12
Per(K̃x), (4.22)

so that (4.21) follows.
For equality, note that if t ̸= s and equality holds, then ψ must be affine

on the interval joining s and t. By (4.22), this happens if and only if Per(K̃x)

is constant in that interval, which by Proposition 3.10 occurs precisely when
x ∈ (−r0, τK ]. Hence, equality for some t ̸= s holds if and only if t, s ≤ τK . □

Remark 4.19. Exploiting the N -dimensional analogue of Proposition 3.10
proved in [26, Thm. 1.1], one obtains the N -dimensional version

|Kt|
1
N ≤ |Ks|

1
N

(
1 +

Per(Ks)

N |Ks|
(t− s)

)
by the same argument.

As a consequence of Proposition 4.18, we are able to provide a new proof
of [10, Eq. (5)]. We also completely characterize cases of equality, completing
the partial picture provided in [10].

Corollary 4.20. Let K ⊂ R2 be a convex body and let h1(K) be its Cheeger
constant. It holds

h1(K) ≥
Per(K) +

√
4π|K|

2|K|
.

Equality holds if and only if K is a tangential body.

Proof. It is well known that if K is a tangential body, then equality holds,
see [10, Eq. (16)]. Let us now assume that K is not a tangential body, that is,
τK < 0. By (4.21), for every t ∈ (0, r0), we have

|K|
(
1− Per(K)

2|K|
t

)2

> |K−t|. (4.23)

Let us denote by g(t) the LHS, as a function of t.
It is well known by [18] (see also [22, Cor. 5.5] for an extension to non-

convex sets) that the Cheeger constant of K is the inverse of t∗, the (unique)
solution of equation |K−t| = πt2 in (0, r0). By (4.23), the zero t∗ = 1/h1(K) is
strictly bounded from above by the smallest positive solution of the equation
g(t) = πt2, given by

2|K|
Per(K) +

√
4π|K|

.

Therefore, the strict inequality follows when K is not a tangential body. □
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4.4.4. Profile differential inequality. As a consequence of Theorem 3.3 and of
Theorem 4.8, we derive the following differential inequality.

Theorem 4.21. Let K ⊂ R2 be a convex body. Then, for all v ∈ (0, |K|), the
isoperimetric profile J(v;K) satisfies the differential inequality

2π − Per(K)

2|K|
J(v;K)− ∂vJ(v;K)

(
J(v;K)− Per(K)

|K|
v

)
≤ 0. (4.24)

In particular, this is an equality for all v ≤ π inr(K)2, whereas it is an equal-
ity for some (equivalently, every) v ∈ (π inr(K)2, |K|) if and only if K is a
tangential body.

Proof. The inequality follows directly from Theorem 3.3 and Theorem 4.8.
Let us prove equality cases. If v ≤ π inr(K)2, equality follows from Propo-

sition 4.9 (i). Assume now v > π inr(K)2. If v lies in the range of Propo-
sition 4.9 (ii), this latter is non-empty. Then K has more than one inball,
and hence it is not a tangential body. In particular, the derivative reads as
in (4.13), which is strictly negative for non-tangential bodies. Otherwise, v
lies in the range of Proposition 4.9 (iii), and the LHS of (4.24) vanishes if and
only if equality holds in (4.20), which by Proposition 3.10 and Proposition 4.18
happens if and only if K is a tangential body. □

From the above differential inequality, we can prove the following sharp lower
bound to the isoperimetric profile J(v;K), uniquely attained by tangential
bodies.

Proposition 4.22. Let K ⊂ R2 be a convex body and let v ∈ [0, |K|]. Then,

J(v;K) ≥


2
√
πv, if v ≤ v∗,

Per(K)−

√
Per(K)2 − 4π|K|

|K|
(|K| − v), otherwise,

where

v∗ =
4π|K|2

Per(K)2
.

Equality on the whole range [0, |K|] is uniquely attained by tangential bodies.

Clearly, the first bound comes from the isoperimetric inequality. By [31,
Table 3.1, triplet (A, p, r)], v∗ is at least π inr(K)2. Indeed,

v∗ =
4π|K|2

Per(K)2
=
π(2|K|)2

Per(K)2
≥ π inr(K)2.

Then, in the second regime of the above proposition, that is, when v > v∗,
we are in the convex regime of Theorem 2.4 (see points (iii)–(iv) and (v)).
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This lower bound is strictly convex in v, depends only on |K| and Per(K),
and is sharp. By contrast, the linear lower bounds provided by the convexity
of J(−;K), namely its tangent lines, require the knowledge of J and of its
derivative at some volume, such as the inradius or the rolling radius of K.

Proof. For the sake of brevity, let A = |K| and P = Per(K).
By the isoperimetric inequality, the lower bound 2

√
πv always holds. If K is

a ball, then P 2 = 4πA and there is nothing to prove. Thus, for the remainder
of the proof, we assume

P 2 > 4πA and v >
4πA2

P 2
.

By the isoperimetric inequality, we have

J(v;K) ≥ 2
√
πv >

4πA

P
. (4.25)

Let us consider the auxiliary function defined for v ∈ (4πA2/P 2, A]

Φ(v) =
v − 2A

P
J(v;K) +

4πA2

P 2(
2π − P

2A
J(v;K)

)2 ,

whose derivative is

Φ′(v) =

2π − P

2A
J(v;K)− ∂vJ(v;K)

(
J(v;K)− P

A
v

)
(
2π − P

2A
J(v;K)

)3 .

By Theorem 4.21 and (4.25), we have Φ′ ≥ 0, thus,

Φ(v) ≤ Φ(A) = − 4A3

P 2(P 2 − 4πA)
. (4.26)

Writing explicitly Φ(v), multiplying by the positive denominators, simplifying,
and rearranging, we get

A(P − J(v;K))2 ≤ (P 2 − 4πA)(A− v), (4.27)

from which the claimed lower bound follows.
Let us turn our attention to the equality cases. We notice that, by [31,

Table 3.1, triplet (A, p, r)], v is at least π inr(K)2. Hence, by Theorem 4.21,
Φ′(v) = 0 if and only if K is a tangential body. Therefore, inequalities (4.26)–
(4.27) become equalities. Since for tangential bodies it holds inr(K) = 2A/P ,
the lower bound 2

√
πv is saturated for volumes smaller than 4πA2/P 2. □
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4.5. Two degeneracies. In this subsection, we briefly describe the two phe-
nomena that limit the local, differential perspective. The first one explains
why the global proof of Theorem 3.3 cannot be dispensed with; the second one
describes what happens below the rolling radius ρK , where the flow is rougher,
in a way which is invisible in the formulas of the previous subsections.

4.5.1. Degeneracy at tangential bodies. The local behavior of J(w; K̃t) at t = 0,
together with Matheron’s inequality (2.4), Richter–Saorín-Gómez proof of the
inequality in Proposition 3.10, and the inequality in Proposition 4.18 are not
sufficient to prove Theorem 3.3. Indeed, as stated in Theorem 4.21, the deriv-
ative formula degenerates for tangential bodies, at every volume. Tangential
bodies are exactly the stationary points of the flow, by (2.2), and on them
one would need at least a second-order infinitesimal information to deduce
monotonicity. The global argument completely avoids the need to compute
higher-order derivatives.

4.5.2. Degeneracy below the rolling radius. Lemma 2.1 gives the composition
law for non-negative s, t. If the rolling radius of K is positive, ρK > 0,
Lemma 2.1 extends verbatim to t > s > −ρK , since it still holds Kt = (Ks)t−s.
On the other hand, if s < −ρK it fails, since, e.g., (Ks)−s is a proper subset
of K.

In particular, when restricting to this range, all proofs simplify as one can
exploit the composition law for prefactors contained in Lemma 2.1, so that
from statements on the pair given by the body K and any evolved set K̃t, one
can derive that for general pairs.

For t ≤ −ρK , the evolved set K̃t loses C1,1 boundary regularity. This has
some consequences at the level of the Hamilton–Jacobi equation (TL). First,
the solution enjoys extra regularity precisely for t > −ρK , as the next remark
shows.

Remark 4.23 (Degeneracy of the spatial derivative). By Theorem 4.13, the
flow classically solves the quasilinear Hamilton–Jacobi PDE (TL). By (2.11)
and Theorem 2.4 (vii), one has ∂wI(w, t) = rK̃t

(w)−1, and rK̃t
(w) → ρK̃t

as
w → |K|. Therefore,

lim
w→|K|

∂wI(w, t) < +∞ ⇐⇒ ρK̃t
> 0.

The latter holds true if and only if t > −ρK . Indeed, since K̃t = δK(t)Kt, one
has ρK̃t

= δK(t)ρKt , and hence ρK̃t
> 0 if and only if ρKt > 0.

If t > −ρK , then σKt(u) = σK(u) + t for every u ∈ S1. Hence, by the
definition of the rolling radius, ρKt = ρK + t > 0. Conversely, assume that
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ρKt > 0. The case t ≥ 0 is immediate, so let t < 0. Since ρKt > 0, Kt is
regular, that is, it has a unique supporting line at each boundary point. The
argument in the proof of [15, Lem. 2.5] yields σKt(u) = σK(u) + t for every
u ∈ S1. Therefore ρK = ρKt + |t| > |t|, and hence t > −ρK .

Thus, the flow extends in a C1 fashion at w = |K| if and only if t > −ρK .

Second, the boundary datum p(t) = Per(K̃t), which also appears as a coef-
ficient, is not, in general, of class C1 in any open neighborhood of t = −ρK .

Remark 4.24. Steiner’s perimeter formula (2.6) holds for t > −ρK ; therefore,
the boundary datum p(t) = Per(K̃t) is of class C1 in this range.

On the whole range, p is locally Lipschitz. Indeed, let −r0 < s < t ≤ 0.
Then Ks is the inner parallel body of Kt at distance t−s, and inr(Kt) = r0+t.
Larson’s inequality [19] applied to Kt, together with the monotonicity of the
perimeter under inclusion of convex sets, yields

0 ≤ Per(Kt)− Per(Ks) ≤
Per(Kt)

r0 + t
(t− s).

Therefore, t 7→ Per(Kt) is locally Lipschitz on (−r0, 0], and so is p, since δK is
of class C1 by Lemma 2.2. In general, one cannot expect C1 regularity in any
neighborhood of t = 0, as polygons show.

Let K be a convex polygon, so that ρK = 0. Let us denote its exterior
angles by α1, . . . , αm ∈ (0, π), which sum up to 2π. For t ≥ 0, by Steiner’s
perimeter formula (2.6), we have Per(Kt) = Per(K) + 2πt. For t ≤ 0 with |t|
small, each edge of Kt is shortened by |t| tan(αj/2) at the vertex of exterior
angle αj , so that Per(Kt) = Per(K)+2t

∑
j tan(αj/2). Since δK is of class C1,

the one-sided derivatives of p at t = 0 satisfy

p′(0−)− p′(0+) = 2
∑
j

tan(αj/2)− 2π > 0,

because tanx > x on (0, π/2). For instance, if K is a tangential polygon, then
p is constant on (−r0, 0] by (2.2), whereas p′(0+) = 2π−Per(K)/r0 < 0, since
Per(K) = 2r0

∑
j tan(αj/2) > 2πr0. This is consistent with Theorem 4.21,

which gives ∂tI(w, 0) = 0 for every w ∈ (0, |K|): at w = |K|, where ∂wI

blows up, see Remark 4.23, the time derivative and the limit w → |K| do not
commute.

5. Non-convex sets

It is natural to ask whether analogous results hold for non-convex sets. The
main tools used above come from [23], which applies to a broader class of
(open) planar sets introduced in [20]. We recall that class here.
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Definition 5.1 (Set with no-necks). We say that a set Ω ⊂ R2 has no-necks
if the following conditions hold:

(i) Ω is a Jordan domain and the two-dimensional Lebesgue measure of its
boundary is zero;

(ii) for every r ≤ inr(Ω) and every pair of balls Br(x0), Br(x1) ⊂ Ω, there
exists a continuous curve γ : [0, 1] → Ω such that

γ(0) = x0, γ(1) = x1, Br(γ(t)) ⊂ Ω, ∀t ∈ [0, 1].

Condition (i) imposes mild regularity on ∂Ω: the boundary must be a non-
space-filling Jordan curve; we stress that there exist Jordan curves with positive
two-dimensional Lebesgue measure (Osgood–Knopp curves; see [28]). Condi-
tion (ii) is a connectedness property at every scale r: it says that one can
continuously move a ball of radius r from one position to another inside Ω,
without ever leaving the set.

For completeness, we note that sometimes only condition (ii) is taken as the
definition of a set with no-necks, and condition (i) is then imposed separately
when one states the analogue of Theorem 2.4.

The monotonicity of the isoperimetric profile with respect to the regular-
ization parameter t in Theorem 3.3 implies the corresponding monotonicity of
the Cheeger constant; see Proposition 3.11. In [11, Prop. 4.1], the second au-
thor showed that this monotonicity may fail for non-convex sets. The example
there is a set with no-necks, so Theorem 3.3 does not extend to this larger
class. For completeness, we recall the relevant example.

Example 5.2 (L-shaped set). Consider the set

Ω = (0, 1)2 ∪ [1, 2)× (0, ε),

with ε > 0 sufficiently small. This is the reflection of the set considered in [11,
Prop. 4.1] across the horizontal line y = 1

2 . Visually, it is an L-shaped set whose
foot is very thin compared to its stem. For small values of the regularization
parameter t, the monotonicity of h(Ω̃t) fails.

For completeness, we point out a minor computational mistake appearing
in [11, Prop. 4.1]. The correct first-order expansion should read

|Ω−t|h2(Ω−t)− |Ω|h2(Ω) = (2 +
√
π)2(4ε− 2)t+O(t2).

In our volume-preserving notation, this becomes

h2(Ω̃−t)− h2(Ω) =
1

|Ω|
(
(2 +

√
π)2(4ε− 2)t+O(t2)

)
.

In general, monotonicity may already fail at the level of the ball-like branch;
in other words, Matheron’s inequality (2.4) may fail, that is, t 7→ inr(Ω̃t) may
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not be monotonic. Let us look at its expansion near t = 0+ for sets Ω such
that inr(Ωt) = inr(Ω) + t for small t > 0, as is the case for the example below.
Since

inr(Ω̃t) = δΩ(t)
(
inr(Ω) + t

)
,

the first-order Taylor expansion of δΩ(t) gives

inr(Ω̃t) ≥ inr(Ω) + t

(
1− 1

2

Per(Ω)

|Ω|
inr(Ω)

)
+ o(t), (5.1)

provided Steiner’s area formula (2.5) applies. The coefficient of the first-
order term is non-negative for convex bodies by standard inequalities; see [31,
Tab. 3.1, triplet (A, p, r)], with equality for tangential bodies. For sets with
no-necks it may be negative as the next example shows.

Example 5.3 (A Pinocchio set). Consider the Pinocchio set introduced in [21,
Ex. 4.6]: it is the union of the unit ball centered at the origin, the “face”, with
a ball of radius sin θ centered at (cos θ, 0), the “nose”, where θ ∈ (0, π/2).
Stretching the nose by a length ℓ, as in [21, Fig. 10 and Eq. (4.2)], produces a
set P(θ, ℓ) whose perimeter and area are

Per(P(θ, ℓ)) = 2(π − θ) + π sin θ + 2ℓ,

|P(θ, ℓ)| = (π − θ) + sin θ cos θ +
π sin2 θ

2
+ 2ℓ sin θ.

Since inr(P(θ, ℓ)) = 1, the first-order term coefficient in (5.1) is negative if and
only if

π sin θ − 2 sin θ cos θ − π sin2 θ + 2ℓ(1− 2 sin θ) > 0.

Choosing θ < π/6, one can find ℓ = ℓ(θ) ≫ 1 such that this inequality holds.
Geometrically, as the set is regularized, the nose shortens and thickens, and
the face must initially shrink to compensate.

A further issue is that the regularized set Ω̃t may fail to satisfy condition (i).
The boundary may indeed cease to be parametrized by an injective curve. We
give two examples, one for negative t and one for positive t.

Example 5.4. Consider again the Pinocchio set P(θ, ℓ) of Example 5.3, with
ℓ ≫ 0. Choosing t = − sin θ produces an inner parallel set whose boundary
consists of that of a Jordan domain together with a segment, which is crossed
twice, once rightward and once leftward.

Example 5.5 (U-shaped set). Consider the set

Ω = (0, 1)2 ∪ [1, 2]× (0, ε) ∪ (2, 3)× (0, 1).
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This is the union of the L-shaped set in Example 5.2 with its reflection across
the vertical line x = 3

2 . For t = 1
2 , the outer parallel set Ωt has a non-injective

boundary curve, since the vertical segment {3/2} × [1/2 + ε, 1] is traversed
once downward and once upward.

One possible workaround is to include an additional step in the regularization
process: after performing the Minkowski sum or difference with a ball and
rescaling, one could identify the set with the interior of its closure. This
would eliminate self-touching portions of the boundary and preserve the Jordan
domain structure. However, continuity in t would then likely fail, and with it
the joint continuity in (v, t) from Theorem 4.12.

A more serious issue, beyond self-touching, is a change of topology: the
boundary may split into several Jordan curves, making it impossible to retain
condition (i).

Example 5.6 (C-shaped set). Let C(θ) be the closed convex cone

C(θ) = { tp : t ≥ 0, p ∈ {cos θ} × [− sin θ, sin θ] },

and define
Ω =

(
B1 \B1−ε

)
\ C(θ).

This set resembles the letter C, with two ends that are very close together if θ
is sufficiently small. Then, the outer parallel set Ωsin θ is not simply connected,
hence it is not a Jordan domain. Indeed, it resembles an annulus, and its
boundary is the union of two disjoint Jordan curves.

Summing up, for sets with no-necks, parallel bodies need not preserve the no-
neck structure of Definition 5.1, and therefore one cannot directly exploit the
analogue of Theorem 2.4 for all t. We nonetheless expect the reparametrization
law (RL) to survive in the range

−ρΩ < t < reach(Ω),

where reach(Ω) ≥ 0 is the supremum of all non-negative s such that every point
in Ωs has a unique projection onto Ω, see [9, 33], and ρΩ denotes the largest r
such that Ω = Ω−r⊕rB. Indeed, for −ρΩ < t < 0 one has Ω = Ωt⊕|t|B, so that
balls in Ω of radius larger than |t| correspond to balls in Ωt as in Lemma 4.2,
and the dragging condition (ii) passes to Ωt. For 0 < t < reach(Ω), every point
of Ωt \Ω has a unique projection onto Ω; this yields (Ω⊕ tB)⊖ tB = Ω, hence
the ball-to-ball correspondence, together with Steiner’s formula for Ω, see [9].

The lower threshold cannot be improved: for the Pinocchio set of Exam-
ple 5.3 one has ρP(θ,ℓ) = sin θ, and the no-neck structure breaks down precisely
at t = − sin θ, see Example 5.4.
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