MINIMALITY AND STABILITY OF THE BALL FOR THE
CHARGE-QUBIT ENERGY

IHSAN TOPALOGLU

ABSTRACT. We study the shape optimization problem introduced by Mazzoleni, Muratov,
and Ruffini as a model for a superconducting charge qubit, in which the first Dirichlet
eigenvalue of a set of prescribed volume competes with the Coulomb self-energy of the ground
state. We prove that, for sufficiently small charge, the ball is the unique minimizer, and that
the energy deficit of a volume-preserving and centered perturbation of the ball is comparable
to the squared H'/? norm of the boundary graph, with constants independent of the charge.
We also obtain the corresponding results for the quadratic Hartree-Ohta—Kawasaki model.

1. INTRODUCTION

For the functional
2 2
Eq(u, Q) ::/\Vu|2d:v+q//u(x)u(y)dxdy,
Q 2 JoJa |z—y

where ¢ > 0 is a fixed parameter, referred to as the charge,  C R? is a measurable set of
finite measure (more precisely, a quasi-open set; see below), and u € H{ (), we define the
energy

£,(Q) = inf {5q(u, 0):ue HY(Q), / w?de = 1}.

Q
We are interested in the shape optimization problem

eq(m) == inf {&,(Q): [Q = m}. (1.1)

By scaling of the energy (see Remark 5.1), without loss of generality, we take m to be the
volume of the unit ball throughout this note. That is, we consider the problem eq(|Bl|),
where B; C R3 denotes the ball of radius one centered at the origin. Our main result is
the characterization of the global minimizers as balls up to translations and sets of Sobolev
capacity zero.

Theorem 1.1. There exists gy > 0 such that for every 0 < ¢ < qo we have eq(|B1|) = E4(Bh),
and the minimizers of (1.1) with m = |By| are exactly the translates of By, up to sets of
Sobolev capacity zero.

For ¢ = 0 the energy &,(Q2) is the first Dirichlet eigenvalue of €, and its minimality on
balls among sets of prescribed volume is the classical Faber-Krahn inequality. For ¢ > 0
the Dirichlet term, which favors round sets, competes with the Coulomb self-interaction of
the ground state, which favors spreading. Hence, the problem (1.1) can be considered as
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another example of geometric variational problems with competing short-range attractive
and long-range repulsive interactions, which have received significant attention in the last
two decades.

The problem (1.1) was introduced by Mazzoleni, Muratov and Ruffini in [MMR25] as an
optimal design problem for a superconducting charge qubit. Such a device, also called a
Cooper-pair box, consists of a nanoscale superconducting island €2 embedded in an insulator,
and quantum information is stored in the number of Cooper pairs on the island [BVJT98,
KSBT20]. In the standard description the island is a capacitor and its shape enters only
through the capacitance. When the island is small, the kinetic energy of the pairs competes
with their mutual Coulomb repulsion. In [MMR25] the authors model the ground state
of the pairs by the Hartree functional on € with Dirichlet boundary conditions, where the
dimensionless parameter ¢ absorbs the number of pairs and all physical constants. The
optimal design problem then asks which island of a given volume has the lowest ground-state
energy.

The main result of [MMR25] is an existence and regularity theorem in the small-charge
regime. Indeed, the authors prove that for every & > 0 there exist ¢* = ¢*(¢) > 0 and
a = a(e) € (0,1) satisfying the following: If 0 < ¢ < ¢*, then there exists an optimal set for
the problem (1.1) with m = |By|, and every optimal set Q is C*%mnearly spherical, namely,
up to a translation,

0 ={(1+p@)a:zcdB}, e 0B), |¢lorapn, <e  (12)

see [MMR25, Theorem 1.2]. In [MMR25, Remark 1.3] the authors conjecture that for small
q the ball is the unique minimizer. Furthermore they show that in the large-charge regime
balls are not minimizers [MMR25, Theorem 1.5]. We also refer to [MMR26b] for nonexistence
results for screened Hartree energies.

Theorem 1.1 settles the conjecture stated in [MMR25, Remark 1.3]. The same conclusion
is obtained in the anonymous preprint [Ano26] through the boundary flux of the ground
state and the implicit function theorem. An argument of that type classifies all nearby
volume-constrained critical domains and not only the minimizers. On the other hand, we
prove Theorem 1.1 by a direct comparison argument which requires no shape derivative of
the optimized state, and which yields at the same time, without any second-order expansion
of the minimized energy, a two-sided quantitative estimate for the energy deficit of nearly
spherical sets (see Theorem 1.2 below).

Throughout we adopt the quasi-open formulation of [MMR25, Section 2.3]: we define H}(€2)
for quasi-open sets €2 and identify admissible sets up to Sobolev capacity zero. When the
boundary of a minimizer is discussed, its regular representative is understood (cf. Section 5).
For functions extended by zero outside their domain we set

- f2)g(y)
D)=y [ [ T aay,
so that
5q(u,Q):/ |Vu|? dz + ¢D(u?, u?). (1.3)
Q

Our main global minimality result relies on a stability result, and to state this stability
result we need the following notation. Let u, be the positive normalized minimizer in the
definition of & (B1) (see Lemma 2.1 for its existence, uniqueness, and radial symmetry). Fix
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B € (0,1) and let
X =CY(0B).
We parametrize nearly spherical sets as radial graphs over the unit sphere,
Qp,={r0: 0<r<1+4¢(0), 6 € 0B}, p e X,

and by T,: R®> — R? we denote the bi-Lipschitz diffeomorphism with 7,,(B;) = €, con-
structed in Lemma 3.1. This map extends the boundary map 6 — (1 + ¢(0))6 linearly in ¢,
and its distance from the identity is controlled in C! by ¢y and in H! by ||| z1/2-

Theorem 1.2. There exist qo, 6, k, C > 0 with the following property. If

0<q<a.  lelx <6 Q] =|Bi. /a:daszo, (1.4)

Qe

then every v € H} () with ||v]|ly, = 1 satisfies
Eq(0,Qp) — &(B1)

>/@< 2 + min
> 5ol + i

)

oo Te = oulls s,y ) +aD07 — g ). (15)

Moreover,
klelie < E(Qp) = Ey(B1) < Cllelfpye.- (1.6)

Remark 1.3. In (1.5) the transported H' distance may be replaced by [[v — ougl|,. That is,

£0(0,02) = £4(B) 2 w(llelifpe +_ min o = ouglly ) +a D~ u, o~ )
where v and u, are extended by zero. If v > 0, the choice o = 1 is admissible in both versions
of (1.5).

We note that Theorem 1.2 contains no minimality or criticality assumption: it concerns
every normalized state on every set in the neighborhood (1.4), and it uses neither (1.2) nor
any regularity of an optimal state on €. The last term in (1.5) is nonnegative, the Coulomb
form being positive definite, and we retain it because the identity from which (1.5) is derived
is exact. As in every local argument of this type, the quantitative estimates are restricted
to the neighborhood (1.4). The near-sphericity of actual minimizers in (1.2) does not reduce
arbitrary competitors to this neighborhood, and we do not claim a deficit inequality without a
proximity assumption. The constants in (1.5) and (1.6) are independent of the charge, and at
q = 0 the lower bound in (1.6) reduces to the quantitative Faber—Krahn inequality for nearly
spherical sets, which is the local step of the selection principle in [BDV15] (see also [AKN23]).

The proof of Theorem 1.2 follows by the combination of three main ingredients: (a) an
exact comparison identity, obtained by completing the Coulomb square around u, and by
continuing u, radially across the sphere as a solution of its own linear equation, so that the
comparison function is defined on every nearby set (Lemma 2.2); (b) a coercivity estimate on
the fixed ball for the Robin form which arises from the boundary term of this identity, in which
the degenerate directions, namely the radial one and the three translations, are not projected
away but retained with explicit defects (Lemma 3.2); (c) the observation that, once the state
is decomposed orthogonally along the continued ground state, the volume and barycenter
constraints make all these defects small multiples of the remainder, so that no additive error
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depending only on ¢ appears (Section 4). The third point is where the argument departs from
the decomposition that one would first try, which we now describe.

Remark 1.4 (The decomposition about the Dirichlet ground state). The strategy suggested
by the quantitative Faber-Krahn inequality is the following. Let {2 be a minimizer, let u, o be
a nonnegative optimal state on €, and let A\;(€2) and g denote the first Dirichlet eigenvalue
and the positive normalized first eigenfunction of 2. Decompose uq o = ayq +r with r L 9q
in L?(Q). Comparing u, o with ¢q in the minimization defining £,(f2), and using that the
spectral gap of Q is bounded below uniformly by (1.2), gives ||| HI(Q) S Cq, hence

Eq(Q) = X1 (Q) + ¢D(Vd, ) + O(¢?).

Since &£,(Q) < &,(B1) < 72 + ¢D(y?,4?), the sharp quantitative Faber—Krahn inequality
of [BDV15, AKN23] applied to A\1(Q2) — 72, together with the Lipschitz dependence of the
Coulomb energy on the state and of g on the graph of €, yields

[QABi| + [luge = ¢ll, < Cq

after a translation. As stated, this does not imply rigidity. Moreover, no refinement of the
estimates can turn it into a rigidity estimate, because the error O(g?) in the expansion of
E,(Q) does not vanish when = By, and is therefore unrelated to any defect of 2. Indeed,
let w € H(Bi) be the solution of

(~A—mw=— (K@)~ [ K@)v’de)e in By,

By

which is orthogonal to 1, and set

N = |Vw|2dx—7r2/ w? de.
B1 By

Then N > 0, since w L 1 and w # 0, the potential K (4?) being nonconstant in B;. Second-

order perturbation theory gives u, = ¢ + qw + O(¢?) in H(By),

/B VugPde =72 + N+ 0(%),  D(u2,u2) = D42 %) — 2N + O(c?),
1

and consequently
E(B1) = 7+ ¢D(W*¥*) = ¢’N + O(¢°).

That is, the optimized state lowers the Coulomb energy at first order in ¢ at the cost of raising
the kinetic energy at second order only, and the decomposition about 1 records this gain of
order ¢ as an error, for every Q and in particular for the ball. The comparison identity of
Lemma 2.2 expands about u, itself, and this adjustment is then accounted for exactly.

The paper is organized as follows. Section 2 contains the properties of the ball state, its
radial continuation, and the exact comparison identity. Section 3 contains the two fixed-
domain ingredients, the boundary extension and the Robin coercivity estimate. Theorem 1.2
is proved in Section 4 and Theorem 1.1 in Section 5. The quadratic model of [MMR26a] is
treated in Section 6.
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Notation. We denote by
sin(m|z|)
T) = ——
we) =20
the positive normalized first Dirichlet eigenfunction of By, with eigenvalue 72. The value at

the origin is defined by continuity. Points of 9By are denoted by #, and integrals over 0B
are written with respect to H?(#). For a function extended by zero outside its domain, ||-|| »

(1.7)

denotes the LP(R?) norm. For a function on dB; all norms, including ||-|| 2 and [|-|| g1/2, are
taken on 0B;. For a function f extended by zero outside its domain we denote its Coulomb
potential by

_ [ I
Kfw)= [ AP a,
so that .
(.g) = [ oKfde, DS =g [ VK a0 (1.9

for all real f, g of finite Coulomb energy (see [LL0O1, Theorem 9.8]). Constants denoted by C,
¢, K are positive and independent of ¢, ¢, and the states involved. Their value may change
from line to line.

Note on the LLM usage. Al tools were used in this project. In particular, the boundary
extension lemma (Lemma 3.1) and the Robin coercivity (Lemma 3.2) were obtained through
various interactions with LLMs with rather minimal input of ideas. These are the two tech-
nical ingredients needed to turn the identity of Lemma 2.2 into a lower bound. Discussions
with LLMs were also essential in the formulation of Section 6. All mathematical arguments
and proofs in the final manuscript were checked and written by the author.

Note on a related paper. The preprint [MMR26¢] by Mazzoleni, Moraschi, and Ruffini was
posted on arXiv two days after the first version of this paper. In their paper the authors prove
that for sufficiently small ¢ the ball is the unique minimizer of the quadratic Hartree-Ohta—
Kawasaki energy introduced in [MMR26a], settling their earlier conjecture. The two works
are independent, and we thank the authors for bringing theirs to our attention. Their proof is
a second shape derivative argument, with an elegant continuity step at its core. The second
variation of the energy along normal graphs of the ball is shown to converge, in operator
norm on HY/ 2(0By), to that of the first Dirichlet eigenvalue as ¢ — 0, which gives precisely
the uniform control of the Taylor remainder that pointwise convergence cannot. This leads
to a clean HY?2 lower bound for a suitably penalized energy, and, as the authors point out,
the strategy is adaptable to a broad class of nonlocal shape functionals. The same rigidity
statement for the quadratic model is obtained in Section 6 below by the comparison argument
of this paper, which does not use shape derivatives.

2. THE BALL STATE AND AN EXACT COMPARISON

We define the potential

ua(y)
V, = K(u2),  thatis, sz/ . Y,
g (ug) q(2) 5, o]
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and the Lagrange multiplier
P = / \qu|2daf + q/ ung de = &4(B1) + qD(ug,ug) > E¢(By)
B1 Bl

for ¢ > 0 so that

—Aug + qVqug = pgug in By, ug =0 on dB;. (2.1)
The lemma below shows that the ball state can be continued across the sphere as a solution of
the frozen equation, with bounds and a boundary expansion that are uniform in the charge.

Lemma 2.1. For q > 0 sufficiently small the following hold.

(i) The ball has a unique nonnegative normalized minimizing state ug. It is positive
in B1, radial, and a first eigenfunction of the Dirichlet operator —A + qV,, with
eigenvalue fig.

(ii) The estimates

g = llgagsy + g — 71 <ty Vallgs sy < C (2.2
hold uniformly in q. o
(iii) There is a radial function ¥, € C?(B3), with ¥, = u, on By, which solves
—AV, + (¢Vyg — pg)Vq =0 in Bo. (2.3)
It is bounded in C*(Bg) and in C3(B2\By2) uniformly in q. Moreover, for cq =
g (1), we have
cq =V/7/2+0(q), Uy (1+8) = —cgs +cgs> + O(|s*)  uniformly for |s| < 1. (2.4)

Proof. (i) The direct method gives a nonnegative normalized minimizer u of &;(-, By), as
in [MMR25, Lemma 2.2]. Fix such a v and set

Vi = K (u?), o= / Vul?dz+q [ Vyu?de.
Bl Bl

Recall that || K(f?)| < 2/fll, IVl for f € H(R?), by Hardy’s inequality (cf. [MMR25,
Lemma 2.1]). Hence, V;, is bounded, and the first variation of ;(-, By) under the L?-constraint
gives

—Au+ ¢Vyu = pu in By, =0 ondBj.

Since u is smooth in By (cf. [MMR25, Lemma 2.4]) and nonnegative, the strong maximum
principle (see, for example, [GT01, Theorem 3.5]) yields that « > 0 in B;. A positive Dirichlet
eigenfunction of —A + ¢V, is a first eigenfunction, so y is the first eigenvalue of this operator,
which is simple.

We claim that every normalized minimizer equals either u or —u. Let v € HE(By) with
|v|l, = 1. Expanding the Coulomb term about u?,

D(v?,v%) = D(u?, u?) —i—/ Vi (0% —u?) dz + D(v? — u?,v? — u?),
By
and since [ Voulde = p— [ B, |Vu|? dz, this gives the exact identity

£,(v, By) — E,(u, By) = (/

(IVo]* + qViv?) dz — u) + ¢D(v? — u?,v* — u?). (2.5)
By
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The first term is nonnegative by the Rayleigh principle for —A + ¢V, and vanishes only
if v is a first eigenfunction, that is, v = +wu by simplicity and normalization. The second
term is nonnegative by (1.8). Hence, if v is also a minimizer, both terms in (2.5) vanish and
v = fu. This proves the claim, and in particular there is exactly one nonnegative normalized
minimizer, which we denote by ug. Then V,, =V, and p = pg.

Finally, every rotation of u, is again a nonnegative normalized minimizer, since &;(-, B1)
is rotation invariant, so u, is radial (cf. [MMR25, Proposition 2.9 and Corollary 2.10]).

(ii) Since v € H}(Bj) is normalized, it is an admissible competitor in the minimization
defining &,(By), and since the Coulomb term is nonnegative and 72 is the first Dirichlet
eigenvalue of Bj, we have

m° < / |qu|2dx < 5q(uanl) = gq(Bl) < gq(ﬂ)aBl) =+ QD(¢2a¢2) < 7+ Cq. (2.6)
By

Moreover D(u2,uz) < C, by the bound on K(f?) recalled above; hence |u, — 7°| < Cq.

Now write u, = at) 4+ n with 5 L ¢ in L*(By), so that a > 0 and a? + ||||3 = 1. Since 7 is
orthogonal to 1 in the Dirichlet form as well, and since the second Dirichlet eigenvalue of B
exceeds 72, we have

/rv%ﬁmfm2=/ W2z — 72 [nll2 > e 02z, (2.7)
Bl Bl

By the Lipschitzianity of the Coulomb energy, for v, u in a bounded subset of H'(R?), we get
}D(UQ,UQ) — D(uQ,UQ)‘ = ‘D(v2 —u? v+ uQ)‘ <C Hv2 - u2H1 <Clv—ul,. (2.8)
Since (2.6) implies

/\VMFM~W o(D(2,02) — D(u?,u2)),
B

combining this with (2.7), (2.8), and the bound |[ju, — [, < (1 —a) + [Inlly < 2|1y, we
obtain

clnllf sy < Cqlnlly -
Hence |[n]| 1) < Cq, 1 —a < Cq?, and |lu, — wHHl(Bl) < Cq.
The C? bound follows from elliptic regularity. By (2.1), we have
(A =7y = (A = 7?)(ug — ) = (g — 7)ug — qVqug =: fo- (2.9)
Since |uy — 72| < Cq and V; is bounded, quHL2 B < Cg. Hence, the global H? estimate

[GTO01, Theorem 8.12] implies that ||77||H2(Bl) < C(Inlly + 1 fqlly) < Cq. Since H*(By) —
L>(B) in three dimensions, this gives ||n]| ., < Cq. Hence,

[uglloe < @l¥lloo + lnlloe < €

uniformly in g. Consequently f, and 727 are bounded in L°°(B;) by Cg, and so we have that
qu + 7r277HLp(Bl) < Cq for every p < oo.

Now, since n € H}(B;) solves An = —f, — w*n, by the W?P-theory for the Dirichlet
problem (see [GT01, Theorem 9.15 and Lemma 9.17]), we obtain

Inllwzsizy < Cllfa+ 70l Lo, < Ca-
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In particular, taking p > 3 and using W2P(B;) < C(B;), we get that Vu, is bounded
uniformly in ¢. Since u?] is bounded with support in By, by [GT01, Lemma 4.1], V, € C1(R3)
with [|[Vgllon < C ||lug|%,. Hence, 1 fallcos @,y < Clpg — 72| 4+ q) < Cq. We also have that
\\77277]\00,5@1) < Clnllw2re(p,) < Cq. Now the Schauder theory for the Dirichlet problem on

the ball (see [GT01, Theorems 6.6 and 6.14]), applied once more to An = —f, — w7, yields
Hn”cw(ﬁl) < Cq. Together with 1 —a < Cg? this proves ||u, — %0”0275@1) < Cq.

(iii) Since uq and V; are radial, in the radial variable p = |z|, equation (2.1) becomes
2
0" - ;‘I" + (aVa(p) — 11g) ¥ = 0, (2.10)

and ug solves (2.10) on (0,1] with u,(1) = 0. Let ¥, be the solution of (2.10) on (0, 2] with
U, = uq on (0,1]. On [1,2] it is the solution of the Cauchy problem with data ¥,(1) = 0 and
W (1) = ug (1), which exists on the whole interval since the equation is linear. We regard ¥,
as a radial function on Bs.

We now verify the bounds. On B; we have ¥, = u,, which is bounded in C%(Bj) by (2.2).
On [1/2,2] the coefficient gV, — p, of (2.10) is bounded in C'! by (2.2), and the Cauchy data at
p = 1 are bounded, so ¥, is bounded in C3([1/2,2]) uniformly in ¢ by continuous dependence.
These match to second order at p = 1 because both solve (2.10). Hence ¥, € C?(B3), with
the uniform bounds in C?(Bs) and C?(By\ B s) stated in (iii), and ¥, solves (2.3).

Finally we compute the expansion at the sphere. Since W (1) = 0, evaluating (2.10) at
p = 1 gives UI(1) = =2V, (1) = 2¢4, so Taylor’s formula with the uniform C*® bound on
[1/2,3/2] yields

Uy (14 5) = —cgs +cgs® + O(|s]?) for |s| < 1/2,
and for 1/2 < [s| < 1 the same expansion holds trivially, as both sides are O(1). Together with
cg = —uy(l) = —y'(1 = /m/2+ O(q), which follows from (2.2) and ¢'(1) = —\/7/2,
this proves (2.4). O

The next lemma is the main tool in the proof of Theorem 1.2. It gives an exact expression
for the energy deficit with respect to the ball of an arbitrary normalized state on an arbitrary
nearby set.

Lemma 2.2. Let Q C By be a bounded Lipschitz domain and let v € H} () with ||Jv]l, = 1.
For every o € R set r:=v —aW¥, in ). Then

£,(0,Q) — £,(By) = /Q (19712 + (qV — pg)r?) de

- a2/ U, 0,0, dH*(x) + ¢D(v? — u2,v? —u?). (2.11)
o0

@ q
Proof. Expanding the quadratic form D about u2 for the zero extensions of v and u, we have
Uqs q

D(v?,v?) :D(uq,uq /Vv dz — Vu dz + D(v? — u?,v? —u?),
Bi

where we used 2D (u? ng V,f dz, by (1.8). By the definition of 4, using |[v|, = 1, we

have qu Vu d:U—qD( ug, q uquv dz — &(B1). Hence,

£4(v,2) — £,(B1) = /ﬂ (1Yo + (aVy — 1g)0?) da + gD — 2,02 —u2).  (2.12)
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Now we expand v = aW¥, + r in the quadratic form in (2.12). Since ¥, € C?(Q2) solves (2.3),
integration by parts on the Lipschitz domain §2 gives

(AUVWM”+@%—me$dx=K;WM%QMH%M,

/Q (VU Vr+ (qVg — pg)¥qr) da = /aQ 0,0, dH?(x).

On 092 the trace of v vanishes, so that r = —a¥, there, and the mixed term equals

2a/ 70,0, dH*(x) = —2a2/ U, 0,9, dH?(z).
o0 o0

Adding these three contributions we obtain (2.11). O

Remark 2.3. Here we note that ¥, is not the zero extension of u4. Indeed, by (2.4) it changes
sign just outside the ball. This, however, does not cause any difficulty since it is just a
comparison function and not an admissible state, and no division by ¥, is used anywhere.

3. THE BOUNDARY EXTENSION AND THE ROBIN FORM

The identity of Lemma 2.2 is stated on the varying set €2, whereas its lower bound will
be obtained on the fixed ball By. In this section we collect the two ingredients needed for
the passage from one to the other: a diffeomorphism from B; onto {2,, under which the
remainder in (2.11) is transported, and a coercivity estimate on B; for the Robin form which
the transported identity produces in the limit ¢ — 0, ¢ — 0.

The first lemma extends the boundary map 6 + (1 + ¢(6))8 to a diffeomorphism of R? in
such a way that the extension is controlled by the strong norm |[|¢| 5 in C!, which keeps the
change of variables uniformly bi-Lipschitz, and by the weak norm ||| 512 in H', which is
what makes the transport error in Section 4 quadratic.

Lemma 3.1. There exists a linear map ¢ — T, —1d, from functions on 0B to vector fields
on R? supported in By, such that T,(0) = (1 + ¢(0))0 on 0By and

ITe = Wl enaey < Cllellys 1T = Wl gesy < Cllelle. (31)

For |||l x sufficiently small, T,, is a C' diffeomorphism of R?, bi-Lipschitz with constants as
close to one as necessary, and T,(B1) = Q.

Proof. We first extend the boundary field 6 — ¢(0)0 from 0By to By. Let & be its com-
ponentwise harmonic extension. Expanding each component in spherical harmonics gives
I1€0 ”Hl(Bl) < C' ||| g1/2. For the Hélder bound, let 7 be a smooth function on [0, co) vanishing

on [0,1/4] and equal to one on [1/2,00), and let ®(x) := n(|z|)¢(z/|z|)z. Then & € C*P(By)
coincides with ¢(6)6 on B and satisfies ||<I>||0175(§1) < C ol x- Since & — @ € HY(By) and

A&y =0, [GT01, Theorems 8.33 and 8.34] give & € C1#(B)) with

1€ollcremyy < C(ollpoe(myy + 1 ®llcrs@,y ) < Clivllx

where (||| oo (5,) < [l¢ll L by the maximum principle.
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We next extend & from By to R? across the sphere, by a reflection which preserves both
bounds. Write z = pf with p = |z| and 6 € 9B, and let x be a smooth function on [0, c0)
equal to one on [0,13/12] and vanishing on [7/6, c0). For each component w of & set

B(oh) = w(pb) if p <1,

X(p) (6w((2 = p)0) — 8w((3 — 2p)0) + 3w((4 — 3p)0)) if p > 1,
and let & be the vector field with components w. The two expressions agree on 0B; together
with their first radial derivatives, so that ¢ € C1A(R3), and ¢ € H'(R?) as well. Each of

the three reflected terms is obtained from w by a change of the radial variable with bounded
Jacobian, hence

1€llcramsy < Clléollcremy 1€l msy < Cléollgi(m,) -
By construction ¢ is supported in Bys C By, it is linear in ¢, and £(0) = ¢(0)¢ on 9B;.
Setting
T, = 1d +¢,
the two bounds in (3.1) follow from the estimates above.
Finally, if ||¢|| ¢ is small, then || D¢ < 1/2, so T, is a C! map with

1 3
lz =yl < |Tp(2) = To(y) < gle —yl.

Since ¢ has compact support, T, is proper, hence a bi-Lipschitz diffeomorphism of R3, with
constants as close to one as desired. Furthermore, it maps 0B; onto 9€), by the boundary
identity, and since ), is the bounded component of ]R3\8Q<p, it maps By onto {2,. O

For z € H(B) we consider the Robin form

Q2) ::/B (V2] — n222) dx+2/(9 2 dH2(6). (3.2)

By
It is the limit, as ¢ — 0 and ¢ — 0, of the quadratic part of the comparison identity (2.11) (cf.
(4.11) and (4.12) below). Here the coefficient 2 is the ratio —W¥7(1)/¥ (1) of the two Taylor
coefficients in (2.4). Note that the form @ is not positive on all of H!(Bj): it vanishes on
the radial direction ¢ and on the three translations 0;¢). The following lemma retains these
directions and quantifies their defect.

Before we state the lemma, let us introduce the necessary notation. For ¢ € N U {0}
we denote by Sy the space of spherical harmonics of degree ¢ on 0B and by {ng}%:% an
orthonormal basis of Sy in L?(0B;), chosen so that Yy = (47)~'/2 and Y{™(0) = /3/(47) O,
for m = 1,2,3. The family {Y,"}s,, is an orthonormal basis of L?(0B;), and —App, Y™ =
{(0+1)Y,™ For z € H'(B;) and 0 < p < 1 we write

)= [0y o)

for the Fourier coefficient of z on the sphere of radius p, so that z(p0) = >_, ,, 2" (p)Y,"(0)
in L2<8Bl)

Lemma 3.2. There exist k > 0 and C > 0 such that, for every z € H*(By),

Q(2) >m||z||§{1(31)—c<)/3 ¢zdx‘2+‘/63 zd’l—[2(0)f+‘/63 zacm?(e)f). (3.3)
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Proof. For a function a on (0,1] and ¢ € NU {0} set
1
Qe(a) = / (PP > + (L(£ + 1) — 7%p*)a®) dp + 2a(1)?,
0

Ny(a) = /0 (P*d > + (L(£+ 1) + p*)a?) dp.

By the orthonormality of the Y,” and the identity —App, Y,* = ¢(¢ + 1)Y;, the Dirichlet
integral, the L? norm, and the trace norm of z decouple over the modes, and
oo 20+1 oo 20+1
Q=33 Q) el = S0 S N, (3.4)
(=0 m=1 (=0 m=1
Thus Q¢(a) = Q(aY;™) and Ny(a) = HaYEmH?ﬂ(BI) for every m, and (3.4) says that the modes
are orthogonal for both forms. These identities hold for smooth z and extend to H'(Bj) by
density. In particular every coefficient 2} belongs to H ((0,1]) and satisfies Ny(z]") < oco.
Since Yy = (47)"V/2, Y{™(0) = \/3/(47) O,, and ¢ is radial, the three quantities on the
right-hand side of (3.3) are

1
/ 2dH?(0) = Var 24(1), / 20 AH2(0) = 4/ 4% 21'(1), Yzde = \/47r/ P 24 dp.
0B, 0B B1 0

We first prove the lemma when these three quantities vanish. By (3.4) it suffices to show that
there is ¢ > 0 such that Q,(a) > c¢Ny(a) for every ¢ and every a € HL _((0,1]) with Ny(a) < oo,

subject to a(1) =0 and fol p*adp =0 when £ = 0, and to a(1) = 0 when ¢ = 1.
Degree zero. Let a(1) = 0 and fol p*padp = 0. The radial function a(|z|) belongs to

H& (B1) and is L?-orthogonal to 1. The Dirichlet eigenvalues of B; on radial functions are
(km)2, k € N, with eigenfunctions sin(kwp)/p, so the min-max principle in the radial sector

gives fol p*ld'|?dp > 4r? fol p?a?dp. Hence,
Yoo 2 [ o s 3 (1 5 3
_ dp — dp>° dp> —2_ No(a).
Qo(a) /Op\al p—m /0 p a”dp 4/0pla| P2 1 g Nola)
Degree one. Let a(1) = 0. Again a(|z|) € H}(Bi), so the first Dirichlet eigenvalue of
By gives fol p*ld|?dp > ? fol p?a?dp, while trivially 2f01 a’dp > 2f01 p?a?dp. Adding, we
obtain

1 1 1
Q1(a) :/0 pZ!@'IQdPJr/O (2—77202)@201/)22/0 p*a®dp,

and since Ni(a) = Q1(a) + (72 + 1) fol p*a’dp this yields Q1(a) > %%Nl (a).

Degree at least two. The hypotheses of the lemma do not restrict these modes, and in
particular the value a(1) is arbitrary. Since £(¢ + 1) < 72 for £ = 2, the angular term alone
does not control the negative term in @y, and the coercivity has to come from the boundary
term 2a(1)?.

To this end, let p := 9’ denote the radial profile of the translation modes 9;1(x) = p(p)b);.
Differentiating the radial equation —(p?¢’)" = 72p%) shows that

—(*P) + 2 —=7*p")p=0 on (0,1], (3.5)

and evaluating at p = 1, where 1 vanishes, yields p’(1) = —2p(1). Moreover, by the explicit
form of ¢ given in (1.7), we see that p < 0 on (0, 1].
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We claim that, for every ¢ > 0 and every a € H{ ((0,1]) with Ny(a) < oo,

1 1
a\'’|2
Qula) = / e (]3) Fao+ (e v - 2)/ a2 dp. (3.6)
0 0
To see this set v := a/p, which is well-defined and belongs to H.._((0,1]) since p does not
vanish there. Then p?|a’|> = p?p?|v/|? + p?(p')*v? + pPpp/(v?), and integrating the last term
by parts on (e, 1), with (0*pp’) = (p*p')'p + p*(p')?, we get

1 1 1
/ pla’dp = / PP |2 dp + [pPpp'v?] ] — / (0*p')'pv* dp.
15 = >

By (3.5) the last integral equals f€1(2 — 72p%)a?dp. The boundary term at p = 1 equals
P (1)p(1)~ta(1)? = —2a(1)?, which cancels the term 2a(1)? in Q/(a). The boundary term at
p = ¢ equals £2p/(e)p(e)ta(e)?, and &2p/(e)p(e)~! = O(e) as ¢ — 0. Since fol a’dp < oo,
there is a sequence 5, — 0 along which a(er)? — 0. Letting k — oo in the identity with
€ = ¢y, proves (3.6).

Now for £ > 2 we have {(¢ + 1) — 2 > 4, and the first term in (3.6) is nonnegative, so that

1 1
Qela) > 4/ a’dp > 4/ p2a? dp.
0 0
Since Ny(a) < Qe(a) + (72 + 1) fol p?a? dp this yields Q(a) > %%Ng(a).
Summing the three estimates over the modes in (3.4) proves
Q(z) = Ko ”ZH%l(BI) )

with kg == %Jrg, whenever the three quantities in (3.3) vanish.
In the general case we subtract from z a combination of the low modes. Namely, we set

1
Moo= [ zanke), a=— [ z0ar20),  de= [ wrdz—xo [ v,
AT Jop, AT Jop, By B
and define

W= Ao+ AT+ Aot and (=z—w.
Since v vanishes on 0Bj, faBlﬂde(Q) =0, [h50® 0dH?(0) = T 1d, [p, Yade =0,
and [ Y?dx = 1, it follows that the three quantities in (3.3) vanish for (. Hence, Q(¢) >

ko ”C”?—]l(Bl). Moreover

lwllzn s, < C(1Aol® + A+ Af?)

<o(\/}gl¢zdx\2+)ABldeQ(e)\2+)ABlzede?(e))f).

Since @ is a bounded quadratic form on H'(Bj), Young’s inequality gives

Q(z) =Q(() + 2/ (V¢ Vw — n*¢w) dz + 4 CwdH?(0) + Q(w)

B1 8B1
Ko 2 2
Z 5 1< By = Clwllg s,y -

Together with [|2[|%1(5,) < 2 ¢ %1 (s,) + 2 1wl F1(s,) this proves (3.3) with k= ko/4. O
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4. STABILITY OF THE BALL

In this section we prove Theorem 1.2 by transporting the comparison identity of Lemma 2.2
to the fixed ball through the diffeomorphism of Lemma 3.1 and bounding the resulting qua-
dratic form from below by the Robin form (3.2). The decomposition of the state is chosen so
that the three defects in Lemma 3.2 are controlled by the volume and barycenter constraints
and by the orthogonality in (4.2), and are therefore absorbed into the coercive term with no
additive error in q.

Proof of Theorem 1.2. Throughout the proof ¢ and ¢ are as in (1.4), and we write Q = Q,
and T' := T,. Since [|¢]|o1 < 6, Q is a Lipschitz domain contained in B, and Lemma 2.2
applies. Reducing ¢ if necessary, we also assume that —\I/fl > ¢q/2 on [1 — 6,1+ 6], which is
possible by (2.4) and the uniform C? bound of Lemma 2.1. Let v € H}(Q) with ||v]|, = 1.
We choose the coefficient in Lemma 2.2 by orthogonal projection,

Jov¥,da 1
o= ri=v—a¥y, z=roT e H(By), (4.1)
Jo ¥2da
so that
/ V,rdx =0, oz2/ \11(21 dz + ||7"||%2(Q) =1, z =—a¥,(1+4 ). (4.2)
Q (9] 0B1

The last identity holds because the trace of 7 on 9Q is —a¥,, T(0) = (1 + ¢())8, and ¥, is
radial. Since T is bi-Lipschitz with constants close to one, the norms of r on € and of z on
By are uniformly equivalent, in L? as well as in H'.

Step 1: the constraint errors. Using the exact volume and barycenter formulas
1 1
Q| = / (1+¢)> dH*(0), / zdr = / (1+ )0 dH*(0) (4.3)
3 Jo, Q, 4 JoB,

and the constraints in (1.4) we obtain

| eaeo=- [ Fae - [ Lo,
0B, 0B, 3 Jon,
/ © 6 dH%(0) _—3/ @2901%2(9)—/ @39(1%2(9)—1/ o0 dH2(0).
9B, 2 Jop, 9B, 4 Jop,
Hence, noting that ||¢||,, <0 < 1, we get
[ eare®|+] [ poarie)| <l (45)
0B 0B1

Additionally, since fBl U2dz =1 and, by (2.4), |¥4(1 + s)| < Cfs| for |s| < 1, we have that

‘/Q\Iigdx—l‘:‘/aB /11+¢(9)\1;q(p)2/)2dpd%2(9)‘

<C [ e dH* () < CS|lelfz. (46)
0B1
In particular, the denominator in (4.1) lies between 1/2 and 2, and |a| < /2.
We now show that the boundary trace of z controls the graph. On [—d,0] the function
s = —U,(1 + s) vanishes at zero and has derivative at least ¢,/2, so it is a bi-Lipschitz

(4.4)
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bijection onto its image, and its inverse extends to a Lipschitz function G on R with G(0) = 0
and Lipschitz constant at most 2/¢,. If a # 0, then ¢ = G(a‘lz}aBl) by (4.2). Since

G(0) = 0, by the Gagliardo form of the H'/2(0B;) norm, |G o f| 12 < (2/cq) |l z1/2 for
every f e H'Y/? (0Bq), and the trace theorem on Bj then yields

[ llellgre < Cllzllg s, (4.7)

which is trivial if @ = 0. By (2.4), we have 2|, = acgp — acgp® + O(|a|l¢[*). The linear

terms are controlled by (4.5) and [, |¢|* dH*(0) < |l¢ll,, | 0]|32; hence, with (4.7), we get
that

[ sawo) +] [ 26a120)] < Clal Iolis < B lal e < 8 lzlgsqs,y - (49
3B1 8B1
For the radial moment, the orthogonality in (4.2) and changing variable through 7" give exactly
Yzdr = / (1/) —(¥,0T) detDT)zd:r:.
By By

The coefficient is bounded in L*°(B;) by
[ = ugll g +[[¥q 0 T = Wl g + [1gll [|det DT = 1], < C(g +9),
by (2.2), the Lipschitz bound on ¥,, and (3.1). Therefore
| [ weda] < Olat0) falia, (4.9)
1

Thus the three defects in (3.3) are small multiples of ||z 1 (p,), with no additive error de-
pending only on ¢. This is the point which distinguishes the present decomposition from the
one in Remark 1.4.

Step 2: the comparison form. Since ¥, is radial, 9,%, = ¥ (|z])6 - v on 99, and for the
radial graph @ = (14 ¢(0))0 one has 0 - vdH?(z) = (1 + )2 dH%(0). Hence,

/\I/qay\llquQ(x):/ Wo(1+ @)W (1+ ) (1+ ) dH?(6). (4.10)
o0 0B,

Using (2.4) and W, (1 + s) = —cq + 2¢4s + O(s?), we get

Uo(L+ )W (1+s)(1+5)% =cls —cos” + O(|s]).

Inserting this in (4.10), eliminating [, @ dH?(#) through the volume identity in (4.4), and
then expressing faBl 0% dH?(0) through the trace in (4.2), we obtain

—aQ/ v,0,¥, dH?(x) = 20&262/ ©? dH2(0) + O(5a2 H90||%2 )
o0 0B (4.11)

_ 2/ 2AH2(0) + O3 21351y )
0B

where in the last step we used 22‘831 = o?cp* + O(a?|¢]?) and (4.7). Now in the bulk
term of (2.11) we change variables through 7. The coefficients become (det DT) DT~ DT 7
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and (¢V, o T — pg) det DT, which differ in L>°(B;) from the identity matrix and from —7?
respectively, by at most C'(q + ¢), thanks to (2.2) and (3.1). Therefore

‘/Q (IVr] + (qVy — pg)r?) da —/B (V22 — 7222) dx‘ < Clg+96) Hszql(Bl). (4.12)
1

Combining (2.11), (4.11), and (4.12) with Lemma 3.2, and absorbing the defects through
(4.8) and (4.9), we arrive at

€40, Q) — E(B1) > k|2l 5,y + 4D — 2, 0? — ) (4.13)

provided ¢p and § are small enough, with s half the constant of Lemma 3.2. Note that no
smallness of &;(v, Q) — &,(B1) has been assumed in deriving (4.13).

Step 3: recovering the shape and the state. By (4.2) and (4.6), 1 < 2a%+ HTHQLQ(Q). Multiplying
both sides by ||<,0H12ql/2, and using (4.7) along with the estimate Hg0||§{1/2 < 062, we obtain
2 2 2 2
lellzr < 202 @l + C8 720y < Cllzli s, - (4.14)
This estimate also covers the case a = 0. Next, since o? [, U2 dz = 1— 7[2and 1-yT — 5 < s

for 0 <'s <1, we have 0 <1 — |af( [, ¥2 dx)l/2 < ||r\|%2(9). Hence,

2 2 1 \1/? 2 2
1= lol] < 3y +lal| ([ w3de) ™ —1] < Il 2| [ w3de—1]
Thus by (4.6) and (4.14) we get
(1= o) < C 12215 - (4.15)
Moreover, since ¥, = u, on By and V¥, is bounded in C?(B3), the mean value theorem applied
to ¥, and to V¥, together with (3.1), yields
194 0 T = ugll gy < CIT — 1l 1) < Clpllose (4.16)
We choose o € {—1,1} with oo = |a], and o = 1 if @ = 0. Since
voTl —oug=z+(a—0)VgoT +o(Vyo0T —uy),
the estimates (4.14)—(4.16) bound |lvo T — GUQ||12LII(Bl) by C ||z||§{1(31). Together with (4.13)
and (4.14), this proves (1.5).
Suppose now that v > 0. If & > 0, then ¢ = 1 by the choice above. Let o < 0. Since v > 0

and ¥, > —(V¥,)_, the definition of «, the Cauchy-Schwarz inequality with |jv||, = 1, and
the lower bound on the denominator in (4.1) imply

Jo v¥,dx
o = S0 <)
a

By Lemma 2.1(i), ¥, = u, > 0 in By, so the negative part of ¥, on 2 is supported in Q\By,
where |¥,| < C|yp| by (2.4). Hence,

W) I3y < C [ Jelar < s,
0B1

and |a| < C§%/2. For ¢ sufficiently small this estimate, combined with (4.2), yields HTHQLQ(Q) =
1—a? [ V2dz > 1/2; hence, 12l p2(p,) 2 ¢ > 0. Since voT —ug =z +a¥goT — ug and
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la] < /2, we then have ||voT—uqHH1(Bl) < 2l + € < C’ 12l g1 (g, Thus o =1is
admissible for nonnegative states.
Step 4: the upper bound. Consider the trial state

Ug O 71

[lug o T71HL2(Q) 7

V=

where u, is extended by zero outside B;. Since Huq o Tﬁl”iﬂ(m = fBl ug det DT'dx, ug is
bounded, and | det DT —1| < C|DT —1d | pointwise, the normalization factor differs from one
by at most C' || DT — Id|[ 25,y < C'[[]| y1/2, thanks to (3.1). Moreover, the zero extension of

ug is Lipschitz on R3, uniformly in ¢ as it vanishes on By, its gradient is bounded in B by
(2.2), and B is convex. Writing 7' —Id = &, so that T~ !(z) —x = —¢£(T~!(z)), and changing
variables through 7', we get

Huq ol - UQHLQ(RB) <C Hf o TJHLQ(W) <C ”§HL2(R3) < Clloll gz - (4.17)
Together with (4.16) and the bound on the normalization factor, this gives
[(v—Wg)o THHI(Bl) + v - uqHL2(R3) < Cleollge - (4.18)

We now apply Lemma 2.2 to the trial state v with @ = 1, so that r = v — ¥, in (),
and estimate the three terms on the right-hand side of (2.11). The first term is bounded by
Cl(v—"T4) 0 THQHI(Bl)’ because ¢V, — 114 is bounded and T is bi-Lipschitz. The boundary term

equals 2¢2 faBl > dH2 +O(5 ||p||32), by the computation leading to (4.11) with a = 1; hence

it is of order O(||¢[32). For the Coulomb term, the Hardy Littlewood-Sobolev inequality
and Holder’s inequality give

2 2 2 2
D(v* = ug, v* = ug) < C[[(v = ug) (v + ug)llg /5 < Cllv = uglly v+ uglly < Cllellgse

since v and u, have uniformly bounded H' norms and (4.18) holds. Adding the three bounds
and using (4.18) once more for the first term, we obtain

E4(0, ) = E,(B1) < Cllplznye s

and since v is admissible in the definition of &;(12), this proves the upper bound in (1.6).
The lower bound follows by taking the infimum over v in (1.5), and therefore the proof of
Theorem 1.2 is complete. ([l

We now justify the variant of (1.5) stated in Remark 1.3, in which ||v — oug], replaces the
transported distance, with v and u, extended by zero. For an arbitrary normalized v € H3(€2)
and either sign o € {—1,1},

vV — OUg = (’U—Uuqu_l) +a(uqu_1—uq) on R3.
The first term is supported in €2, and changing variables through T gives

HU—O'UQOTilu <C||UOT_U“¢1HL2(31)‘

L*(Q)
The second term is bounded by (4.17). Hence
2 2 2
[v = ougll; < C( lvoT — UuqHHl(Bl) + el 22 )

for both signs, and minimizing over o and using (1.5) proves the claim.
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Remark 4.1 (Sharpness of the order). The quadratic power in (1.6) cannot be improved: for
a nonzero spherical harmonic h of even degree ¢ > 2, the graph th + a(t), with the constant
a(t) = O(t?) chosen to restore the volume, has barycenter zero by central symmetry, and (1.6)
shows that its deficit is of order exactly #2. The Sobolev exponent 1/2 cannot be raised either.
Suppose that £,(2,) —E(B1) = &’ 0|3+ held under (1.4) for some s > 1/2. Then the upper
bound in (1.6), applied to the graphs just described, would give [|¢|/3. < C H<p||§{1/2 for every
even £ and every small . This is impossible, since on a spherical harmonic of degree ¢ the
ratio ||h||%. / ||h||§{1/2 is of order £2~1 (up to O(t) corrections), which is unbounded in £.

5. MINIMALITY OF THE BALL

In this section we prove Theorem 1.1 by combining the near-sphericity of minimizers estab-
lished in [MMR25, Theorem 1.2] with the lower bound in (1.6). The estimate (1.6) identifies
a minimizer with a translate of By only up to a null set, whereas admissible sets are identified
up to capacity zero, and the passage from the former to the latter is the second part of the
proof.

Proof of Theorem 1.1. The case ¢ = 0 is the Faber-Krahn inequality, with its equality case
up to capacity zero. Let ¢ > 0. By [MMR25, Theorem 1.2] (cf. (1.2) above), for every
e > 0 there is ¢*(¢) > 0 such that for 0 < ¢ < ¢*(¢) a minimizer exists and every minimizer
is, after a translation and up to a null set, a radial graph Qy, with [[¢[|c2gp,) < €. Let Q
be a minimizer and let u be a nonnegative optimal state on 2. The regularity statement
of [MMR25] concerns the positivity set {u > 0} (cf. [MMR25, Lemmas 3.6 and 3.7]), which
we call the regular representative of 2. Note that {u > 0} coincides with € up to a null set
for every minimizer. Indeed, {u > 0} C 2 has the same energy as 2, because u is admissible
on {u > 0} and the energy is monotone with respect to inclusion (cf. [MMR25, Lemma 2.7]).
If {u > 0}| < |B1], then dilating {u > 0} to volume |B;| would strictly decrease the energy,
since for t > 1 the rescaled state us(z) == t=%/%u(x/t) on t{u > 0} satisfies

Eq(ug, t{u>0}) = t_z/ [Vul? dz + t gD (v, u?) < & (u, {u > 0}),
{u>0}

contradicting minimality. Hence [{u > 0}| = |Bj|, and {u > 0} coincides with € up to a null

set.

We translate once more so that the barycenter is at the origin. This preserves the smallness
of the radial graph. By (4.3), the displacement of the barycenter is bounded by C'[|¢[/o0. A
sufficiently small translation of a C%-small radial graph over the unit sphere is again a radial
graph over the unit sphere, with C? norm bounded by C'||¢| 52, by the implicit function
theorem.

We now choose ¢ sufficiently small so that the centered graph satisfies |||y < ¢, which
is possible since C2(0B1) < X, and we replace gy by min{q*(¢),qo}. Then every minimizer
is, after translations, a set {2, satisfying (1.4). Since Bj is admissible, &(Q,) < &;(B1), and
the lower bound in (1.6) forces ¢ = 0. Hence the regular representative of every minimizer
is a translate of Bj, and since a minimizer exists, eq(|B1|) = &;(B1). The local comparison
requires neither criticality nor an Euler-Lagrange equation on the varying domain.

It remains to justify the identification of admissible sets up to capacity zero in the equality
case, which does not follow from equality almost everywhere alone. Let (2 be an admissible
quasi-open set of volume |Bp| with £,(2) = &,(Bj). By the above, after a translation,
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Q = By almost everywhere. Every w € H}(£2) then vanishes almost everywhere outside By,
and the zero-extension characterization of H{ on the Lipschitz domain By gives w € Hg(By).
Thus H{ () is a closed subspace of H}(By). Let u, € H}(2) be a nonnegative normalized
minimizing sequence for (). It is bounded in H'(Bj), so a subsequence converges weakly
in H'(B;) and strongly in L?(B;) to a nonnegative normalized function u, which belongs
to H&(Q) since closed subspaces are weakly closed. The Dirichlet integral is weakly lower
semicontinuous and the Coulomb term is continuous along the sequence by (2.8), so that
Eq(u,Br) < &(Q) = &(B1). Hence u is a minimizing state on the ball, and u = wu, by
Lemma 2.1. In particular u, € H} ().

By definition of HZ(€2), the quasi-continuous representative of u4 vanishes quasi-everywhere
outside (2, and since u4 is continuous and positive on By, we obtain cap(Bi\2) = 0. Con-
versely, we write {2, up to capacity zero, as the positivity set of the quasi-continuous repre-
sentative of a nonnegative w € H'(R?), which is possible for quasi-open sets of finite measure
by [MMR25, Section 2.3] and exhaustion. Since 2 = B; almost everywhere, w vanishes
almost everywhere outside By, hence w € H{(B;) and its quasi-continuous representative
vanishes quasi-everywhere outside Bj. This gives cap(2\B;) = 0. The two inclusions show
that 2 = By up to capacity zero. Finally, if Q coincides with a translate of By up to capacity
zero, then the two sets have the same Sobolev space and the same energy, which proves the
converse. (|

Remark 5.1 (Asymmetry and other volumes). For an admissible set € let
.. |QA(By + 2)]
AQ) = inf ———=
( ) zlenR3 |Bl|

denote its Fraenkel asymmetry. Since
1
Q,AB | = 3/@3 (1 +¢)° = 1] dH* < Cllellp < Cllglgre
1

after adjusting «, Theorem 1.2 yields the local asymmetry estimate
Eq(Qp) — Eq(B1) = ”A(Qso)2

under the constraints (1.4).

The results extend to other volumes by scaling. At prescribed volume m we set the radius
R == (m/|B1|)'/3. For ug(z) = R~3?u(x/R) the L? normalization is preserved and we
have & (ur, RQ) = R2E,r(u, Q). Hence, &(RQ) = R72E,r(Q) and e,(m) = R %e,r(|B1]).
Consequently, Theorem 1.2 and Theorem 1.1 hold for balls of radius R under the condition
qR < qo, with the energy deficit multiplied by R=2. The proof gives a positive threshold
qo but neither an explicit nor an optimal value of it. In particular, it does not identify the
transition out of the ball regime.

6. THE HARTREE-OHTA-KAWASAKI MODEL

In this section we show that the direct comparison applies also to the model of [MMR26a],
whose nonlocal term is quadratic rather than quartic in the state, and we obtain the analogues
of Theorem 1.2 and Theorem 1.1. In [MMR26a], Mazzoleni, Moraschi, and Ruffini study the

energy
£,(Q) = inf {g’(](’l},Q): ve HYQ), [lv]l, = 1}, (6.1)
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where

Eq(v, Q) = /Q \Vo|?dz + ¢D(v,v). (6.2)

The ground states of this energy are not a priori of constant sign, and the existence and
near-sphericity theorem [MMR26a, Theorem 1.1] relies on showing that they are, for small gq.
In [MMR26a] the authors conjecture that balls are the unique minimizers for small ¢ and we
prove this conjecture below. This conjecture has also been proved independently in [MMR26¢]
by a second shape derivative argument. N

Throughout this section we will denote by u, the positive normalized minimizer of &,(-, B1),
and set

Vy = Kuyg, and fg = gq(Bl).

Corollary 6.1. There exist q, 6, k, C > 0, with qo and 6 possibly smaller than in Theorem 1.2,
such that under the constraints (1.4), every v € H} () with ||v]|y = 1 satisfies

2 : 2
Eq(v,Qp) — &(B1) 2 ’1( ol g1z + 06?1_1111’1} lvoT, — Uuq||H1(Bl)>7 (6.3)

and
Kl ellzns < E(Qy) — E(B1) < Cllel e - (6.4)

Moreover, for 0 < q < qo, balls are the unique minimizers of gq among admissible sets of
volume |By|, up to translations and up to sets of capacity zero.

Proof. For v € H(By), extended by zero, (1.8) gives

gq(’u,Bl) = / |Vo?da + g/ v Kvde,
B By
ie., gq(-, By) is the quadratic form of the Dirichlet operator —A + 2K on By, where K acts
on functions in L?(Bj) extended by zero. The operator K is bounded on L?(B;) and positive,
since fBl fKfdx =2D(f,f) > 0 by (1.8). Hence, the ground states of (6.2) on By are the
first eigenfunctions of —A + 2K with i, its first eigenvalue, and

Since K is bounded and positive, the operator —A + gK is a bounded perturbation of the
Dirichlet Laplacian on B; and lies between —A and —A + 2 ||K|| in the sense of quadratic
forms. By the min-max principle (see [RS78, Theorem XIII.2]), its first eigenvalue lies between
72 and 72 + Cgq, and its second eigenvalue is at least the second Dirichlet eigenvalue of Bj.
Hence, for small ¢, the first eigenvalue is simple.

We rewrite (6.5) as (—A —72)(ug — ) = (fig — 72)ug — %f/q. Since H‘N/qH < Clugl|, by the
[o.¢]
Cauchy—Schwarz inequality and sup,, [ B, |z — y|~2dy < oo, the argument of Lemma 2.1(ii)
applies with the obvious changes. After fixing the sign of u, so that [ B, ugp dx > 0, we get

<C

~ 2 7
Huq - ¢HC2(§1) < Cq, ‘Uq -7 < Cy, and HVq’ C1(R3)

with bounds uniform in ¢. Since @ vanishes linearly on 0Bj, there is ¢g > 0 with ¥ >
co dist(-,0B1) in By, whereas uy — 1) vanishes on dB; and has gradient bounded by Cgq, so
that |ug — | < Cqdist(-,0B;). Hence uy > 0 in By for small ¢. Finally, u, o R is a positive
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normalized first eigenfunction for every rotation R, and the simplicity of the first eigenvalue
gives uq o R = uy, so that u, is radial.
Next we continue the radial state across the sphere by solving the radial form of

(A = Ji)) ¥, = —3V, i By, (6.6)

with W, = ug on B;. As in Lemma 2.1(iii), ¥, is bounded in C*(B3) and in C*(B2\By ),
uniformly in ¢. Evaluating the radial equation at p = 1 now gives

Uy(1) =26+ 3Vo(1), ey = —¥(1) = V/7/2+O(q).

so that the coefficient of s? in the expansion of W (1 + s) differs from ¢, by O(q).
Let Q = Q, be as in Section 4, let v € H{(Q) be normalized, and choose «, 7, z as in (4.1).
Expanding the Coulomb term about au,, we get

D(v,v) = a/QYN/qv dz — a®*D(ug, ug) + D(v — aug, v — auy).
Then using ||v||, = 1 and gq(Bl) = [ig, we obtain the exact identity

gq(v,Q) — gq(Bl) = /Q (\Vr|2 — ﬁqr2) dz — a2/

W, 0,V, dH*(x)
o

2 (6.7)

—i—w(/f/qlllqu—/ %uqu>+q7)(v—auq,v—auq).
2 Vo B

Indeed, inserting v = aW¥, + 7 into [,(|Vv]* — [1qv?) dz and integrating by parts with (6.6),
the pure and the mixed terms produce

2 ~ ~
—a2/ U, 0,0, dH*(x) — q;/ VoW, dx — qa/ Vyrdz,
o0 Q Q

while the Coulomb expansion gives
qa/ f/qua: = qa2/ 17,1\Ilqd:5 + qa/ %rdx.
Q Q Q

The two integrals of 17qr cancel, and the remaining % fQ 17q\11q dx — qa2D(uq, uq) equals the
third term in (6.7), because 2D (ug, uq) = [, Vyu, da.

We now estimate the terms in (6.7). The moment estimates (4.5)—(4.9) used only the C?
bound on W, its linear vanishing on dB1, and the C' proximity of the ball state to 1, so
they remain valid here as well. In the boundary computation (4.11), the O(q) change in
the second-order coefficient of ¥, produces an additional error, and the error term becomes
O((g +9) ||z||§{1(Bl) ). The first term in (6.7) is [, (|Vr[* — fgr?) dz, without the potential
qVy of (2.11), and (4.12) holds for it by the same change of variables, since —ji, det DT differs
from —72 by at most C(q + §).

The shell term, on the other hand, satisfies

[ |, T < |
Q B > JoBy

because |V, (p)| < Clp — 1|. After multiplication by ga?/2, it is bounded by Cq ||z|]§{1(31)
thanks to (4.7). The last term in (6.7) is nonnegative. Lemma 3.2 therefore gives the analogue
of (4.13) for the quadratic energy, and Step 3 of the proof of Theorem 1.2 yields (6.3).

1He(6) 2 2 2
/1 W, (0)l? dp| dH2(0) < C ]2 .



MINIMALITY AND STABILITY FOR THE CHARGE-QUBIT ENERGY 21

For the upper bound in (6.4) we use the normalized transported trial state of Step 4 and
(6.7) with o = 1. Tts L?(R3) distance from u, is O(||¢||g1/2) by (4.18), and the Hardy—
Littlewood—Sobolev inequality on the common bounded support gives

2 2
D(v —ug,v —ug) < Cllv —ugllg s < Cllv—uqlly-

All other terms have the bounds already established, and the lower bound in (6.4) follows
from (6.3).

The global assertion follows as in Section 5. By [MMR26a, Theorem 1.1], for sufficiently
small ¢, a minimizer exists and, after a translation, the positivity set {u > 0} of a nonnegative
optimal state u on every minimizer € is a radial graph €, with Hg0||cg,a(831) —0asqg—0.

The set {u > 0} C  has the same energy as €, by the monotonicity of & with respect to
inclusion, which is immediate from (6.2). In the dilation argument, the Coulomb term scales
as D(ug, uy) = t*D(u,u), so that for t > 1

&, (ug, t{u > 0}) = t_2/{ y \Vul? dz + gt*D(u, u),
u>

and this is smaller than gq(u, {u > 0}) whenever ¢t*D(u,u) < f{u>0} |Vu|?dz.  Since
{u > 0} is a small radial graph, the factor ¢ which restores the volume |Bj| is close to
one, while f{u>0} |Vul?dz > 72 by the Faber-Krahn inequality and D(u,u) < C by the
Hardy-Littlewood—Sobolev inequality on the bounded support. Hence, for small g, the dila-
tion strictly decreases the energy unless [{u > 0}| = |B;|, and {u > 0} coincides with Q up
to a null set. The remainder of the proof of Theorem 1.1 applies with the positive ball state
g, with the Lipschitz bound |D(v,v) — D(u,u)| < C ||v — ul|, on bounded sets of H! with
common bounded support in place of (2.8), and with the simplicity of the first eigenvalue in
place of Lemma 2.1(i). O

Remark 6.2 (Scaling of the quadratic model). For ug(x) = R~%/?u(xz/R) one has D(ug, ug) =
R*D(u,u), hence

E£4(RQ) = R™2E (),

whereas the quartic scaling is £,(RQ) = R72&,r(2). Thus the conclusions of Corollary 6.1
at radius R hold under the condition ¢R* < g, with the local deficit multiplied by R~2. This
is the reduction ¢ = 2(m/|B1])*/3 of [MMR26a].
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