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ABSTRACT. We establish geometric and analytic rigidity results for the
Gagliardo—Nirenberg equation. On a complete noncompact Riemannian
manifold with nonnegative Ricci curvature, the existence of a positive
critical point of the Gagliardo—Nirenberg quotient forces the manifold to
be Euclidean and the solution to be extremal. No minimizing assumption
or volume growth hypothesis is required, thereby strengthening earlier
rigidity results. In Euclidean space, we prove that all positive solutions
of the normalized equation whose nonlinear mass on expanding annuli
has sublinear growth are extremals. The linear threshold is optimal,
as shown by explicit profiles that are constant in one direction. We
also prove a sharp pointwise estimate involving the solution and its
gradient, valid without assumptions at infinity, with equality at one
point characterizing the extremals. The proofs use weighted divergence
identities and a reflection argument controlled by annular mass. Explicit
constructions reveal the geometric and variational limits of rigidity:
nonflat quotient critical points exist beyond the curvature hypothesis,
while the normalized equation admits positive solutions even under
strictly positive sectional curvature and maximal volume growth.

1. INTRODUCTION

The classification of positive solutions to nonlinear elliptic equations is
closely connected with the equality cases of sharp functional inequalities. An
extremal satisfies an Euler—Lagrange equation, but the converse requires a
rigidity theorem: a critical point need not minimize the functional. On a
Riemannian manifold, there is a further question of whether the existence of
such a solution determines the ambient geometry. In this paper, we address
these questions for the Gagliardo—Nirenberg equation, proving rigidity for
critical points under nonnegative Ricci curvature, a sharp annular classi-
fication in Euclidean space, and a pointwise estimate with rigidity in the
equality case.

For equations with critical Sobolev growth, the model semilinear equation
is

—Au=un—2, u>0 in R", (1.1)
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for n > 3. The classification of solutions of (1.1) has been proved in [22, 30]
under an a priori decay assumption on u and in [3] (see also [9]) without
additional assumptions via the method of moving planes. In the quasilinear
setting, the equation is

—Aju=u""1 u>0 in R", (1.2)

where

np
n—p’
The classification of finite energy solutions of (1.2) was completed in [39, 44]
(see also [12]). Beyond the energy framework, very recently, the classification
of solutions of (1.2) has been obtained in [46] (see also [6, 13, 32, 41, 43] for
previous and partial results).

On complete Riemannian manifolds with nonnegative Ricci curvature,
these questions combine analytic classification with geometric rigidity. For the
critical semilinear equation, classification and rigidity results were obtained in
[5, 11, 21, 41] under suitable assumptions (growth or finite energy) or when the
Riemannian manifold has dimension at most five (see also [32, 43]). In each
case, a nontrivial solution forces the manifold to be Euclidean. Differential
identities involving a suitable power of the solution, its Hessian, and the Ricci
tensor make it possible to obtain this conclusion without relying on Euclidean
reflection symmetries. Related rigidity phenomena have also been investigated
beyond the Riemannian critical Sobolev setting. For singular or degenerate
critical equations arising from Caffarelli-Kohn—Nirenberg inequalities, see
e.g. [7, 10, 14, 18]. In CR and sub-Riemannian geometries, Liouville-type
rigidity and classification results were obtained in the Heisenberg group in
[4, 20, 25, 29, 36], and on Sasakian manifolds in [8]. These results illustrate
how identities adapted to the equation can turn information about a single
solution into rigidity of the underlying space.

l<p<n and p*=

Our starting point is the family of sharp Gagliardo—Nirenberg inequalities
proved in [17] (see also [16, 19]). Given n > 2,if 1 < p < -5 then the
following inequality holds

([ 1reras)™ <o ([ osras)” ([ 1speian)™
for all f € DP(R™) where
DP(RY) = {f € LPHU(R) N IP(RY) © VS| € LXRY),

and
— n(p—1)
- pln+2—p(n—2)]

€ (0,1). (1.3)

Lthe upper endpoint is understood as +oo when n = 2.
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Moreover, the positive extremals are given by

1
( 1 )pl
c1 + colx — xol? ’

for some point zg € R™, and constants ¢y, ca > 0.
On a complete Riemannian manifold (M™", g), define

DP(M) := {f € PTY(M)NL*(M) : |Vf| € L*(M)},

with weak gradient and Lebesgue spaces taken with respect to the canonical
volume form dyy. The corresponding Gagliardo-Nirenberg quotient is

g1 = 1Tl »
I £1l L2p (ar)

defined for nonzero f € DP(M) with ||V f[|r2(ar) > 0. We call a smooth
function u in this domain a critical point of ¥, , if

d

dtli=
Our first theorem classifies all such positive critical points and the manifolds
on which they can exist.

Gnplu+te] =0 for every p € C°(M).

Theorem 1.1. Let (M",g), n > 2, be a complete, noncompact Riemannian
manifold with Ricy > 0, and let p satisfy

n

l<p< ——. 1.5

P<—— (1.5)

If u € DP(M) is a positive critical point of %y, ,, then (M, g) is isometric to
R™ with its standard metric and

u(z) = ( ! )”11 , (1.6)

c1 + eo|r — o)?

for some point xy € R™, and constants c1,co > 0.

Thus every positive critical point is an extremal, and its existence already
determines both the metric and the function. This extends the Euclidean
extremal classification in [17, Theorem 1] to a geometric rigidity statement for
arbitrary positive critical points. It also strengthens, for the family considered
here, the rigidity associated with sharp Gagliardo—Nirenberg inequalities on
Riemannian manifolds. The connection between Euclidean best constants
and geometric rigidity goes back to Ledoux [27] for Sobolev inequalities and
to Xia [45] for Gagliardo—Nirenberg inequalities. Moreover, in [2, Theorem
3.1] the authors determined sharp Gagliardo—Nirenberg inequalities and
geometric rigidity on complete, noncompact Riemannian manifolds satisfying

]
Ric, >0 and AVR,— lim You(Br(9)

r—+00 wpr™

>0,

where 0 € M is some fixed point and w,, denotes the volume of the unit ball
in R™.



4 G. CATINO, D. D. MONTICELLI, AND A. RONCORONI

The proof of Theorem 1.1 uses the integral relations supplied by quo-
tient criticality. After normalization, these relations give a weighted mean
constraint for the auxiliary function

vi=ul"P,
Combined with a divergence identity (see (2.14) below), this constraint forces
the traceless Hessian of v and the Ricci contribution to vanish from which
the rigidity follows.

The curvature condition is essential. In Proposition 6.1 below we construct,
for every n > 2 and 1 < p < %5, a complete nonflat warped product carrying
an explicit positive critical point in DP(M). These manifolds have two ends,
negative Ricci curvature in the radial direction, and polynomial volume
growth of order greater than their dimension. The examples show that
quotient criticality alone does not impose Euclidean geometry when the
curvature condition is removed.

Our second theorem concerns positive entire solutions in Euclidean space
without assuming membership in the energy space DP(R™). We consider the
normalized Gagliardo-Nirenberg equation

~Au=u? P, u>0 in R, (1.7)

where n > 2 and 1 < p < 5. The Euler-Lagrange equation to (1.4) with
M = R™ can be brought to this form by rescaling. The normalized profiles

are
1

D (p-1) =
(p=1) |z — :U0|2> , xo € R", (1.8)

Z/lxo(x) = <2p + T

where

D:=2p—np—1)=n—pn-2)>0, (1.9)
and only translations remain free in this normalization. The equation
(1.7) also admits solutions of a different kind, including constants, periodic
solutions, and profiles depending on fewer than n variables. A classification
therefore requires a condition that excludes these solutions. We impose an
integral condition on annuli. For R > 0, we define the annular mass of u, i.e.

M(R) ::/ Pt da
AR

where
Ap = Bygr(0) \ Br(0).

In the next theorem we prove rigidity under sublinear growth of M (R).

Theorem 1.2. Let u € C*(R") be a solution of (1.7) with 1 < p < 5. If

M(R)

lim inf
R—o0

=0, (1.10)

then w = Uy, for some zy € R".
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Conversely, every profile (1.8) solves (1.7) and satisfies M(R) = O(R™%)
as R — oo, where

2 1 D+2
2p+1) __D+2

p—1 p—1
Condition (1.10) only asks that the normalized annular mass tend to zero
along a sequence of radii. In particular, M(R) = O(R?) for any 6 < 1
is sufficient. No minimizing, stability, finite-energy, or pointwise decay

assumption is imposed. In fact, finite energy and decay follow from the
annular condition, as made explicit in the following consequence.

0. (1.11)

Corollary 1.3. Let u € C*(R™) be a solution of (1.7) with 1 < p < .
The following conditions are equivalent:

(i) liminf ME) _ .
(i) u € LPTYR™);
(iii) v € DP(R");
(iv) u(z) = 0 as |z| — oo;

(V) u=Uy, for some xy € R™.

Moreover, a nonnegative classical solution satisfying any of (i)—(iv) is either
identically zero or a profile (1.8).

The threshold in Theorem 1.2 is optimal. A normalized profile in m <
n variables solves (1.7) and has annular mass asymptotic to R"™™; see
Proposition 6.2 below for further details. In particular, taking m =n — 1
gives a solution with exactly linear annular mass that is not a profile in n
variables. Consequently, condition (1.10) cannot be replaced by M(R) =
O(R). Constant and positive periodic solutions, described in Remark 6.3
below, give further examples with annular mass comparable to R".

The Euclidean assumption in Theorem 1.2 is unavoidable. In Proposi-
tion 6.4 below we construct complete metrics with strictly positive sectional
curvature and any prescribed asymptotic volume ratio in (0, 1), supporting
positive radial solutions of the normalized equation with optimal decay at
infinity. This construction is not in contrast with Theorem 1.1: solving the
normalized equation does not imply criticality of the Gagliardo-Nirenberg
quotient.

The proof of Theorem 1.2 derives symmetry and decay from the annular
condition through a reflection argument. Ordering for every hyperplane gives
radial symmetry and decay. The uniqueness results in [38, 40] (see also [17,
proof of Theorem 4]) then identify the profile. In contrast with the classical
moving planes method starting from decay at infinity, decay is obtained here
as part of the conclusion.

Finally, we also prove the following Euclidean sharp estimate for every
positive entire solution.
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Theorem 1.4. Every solution u € C*(R™) of (1.7) with 1 < p < -5 satisfies

Bup—l B |vu|2

2p 2 yrtl
Furthermore, if the equality holds at one point then w = Uy, for some xo € R™.

<1 inR" (1.12)

The left-hand side of (1.12) is the P-function introduced in the proof of
Theorem 1.1 (see (2.10) below). Every profile Uy, satisfies P = 1, so the
estimate and its equality statement are sharp. Its proof starts from the
same weighted divergence identity used in the proof of Theorem 1.1, now
with vanishing Ricci tensor, and applies a maximum principle using some
universal estimates. Moreover, the lower-dimensional profiles satisfy P < 1
everywhere, showing that the estimate also applies to solutions outside the
classified family.

Organization of the paper. The paper is organized as follows. Section 2
proves Theorem 1.1. Section 3 establishes the universal estimates, and
Section 4 contains the reflection argument and the proof of Theorem 1.2.
Section 5 proves Theorem 1.4. The final section contains the nonflat quotient
critical points in Section 6.1, the proof of Corollary 1.3 and the sharp
Fuclidean examples in Section 6.2, and the positively curved examples for
the normalized equation in Section 6.3.

The constants denoted by C' may change from line to line and depend
only on n,p unless stated otherwise; constants C, may also depend on the
solution.

2. PROOF OF THEOREM 1.1

We use A, = divy V and take all differential operators and tensor norms
with respect to g.

Proof of Theorem 1.1. Step 1. Let u € DP(M) be a positive critical point of
the Gagliardo—Nirenberg quotient (1.4), i.e.

d
o7 Gnplu+tel =0, forevery p € C°(M). (2.1)
=0

For simplicity, we set

I :—/ \Vul? dpg, I :—/ uP T dpg, I3 :—/ u?P dyig ;
M M M

these quantities are finite and positive since u € DP(M). A direct computa-
tion using (2.1) gives, for every ¢ € C°(M),

1- 1
= | (Vu, Vo) d/tg+T/ uPip dpig — / u? o dug =0,
L Jy I Ju I3 Jur

where 7 is given by (1.3). Integrating by parts we obtain
~Agu =Pt = xP in M, (2.2)
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where a v s
— 7)1 1
Ai=——>0 d =— >0. 2.3
71y ~ an a 713 ~ (23)
We now consider the following rescaling of u and ¢
1
_ =1 _ A2
U= (i)p "u and g= ;g, (2.4)
then (2.2) becomes the following
~Asu=a?" —a i M. (2.5)

We observe that this rescaling of the metric preserves completeness, nonnega-
tive Ricci curvature, and finiteness of the integrals. The Gagliardo-Nirenberg
quotient is invariant under this rescaling since by (1.3) one has

Tn—2) n(l-7) n

1 2p+1) 4p
From now on, we drop the tildes and redefine I, I, I3 using the rescaled
solution and metric. Stationarity is preserved, and the rescaled function is

nonconstant because I; > 0. Comparing its Euler—Lagrange equation (2.2)

with (2.5) we have
I T n(p—1) I
I 1—7 D(p-f-l)’ I3 T 3 Lt iz, ( )

where D is given by (1.9).

Step 2. We fix some o € M and write r(x) = d4(o, z); from the Laplacian
comparison (see e.g. [34, Chapter 7]) we have

-1
Agr < r in M,
T
in the weak sense. Choose ¢ > 0 with
. -1 2D
c < min u, c < ——3
9B (o) (p—1)

and set ,
¢p=cr =1 in M\ Bi(o).
A direct computation, using the Laplacian comparison, shows that

Agp > cr_PQTpl >¢P  in M\ By(o),

2D
(p—1)
in the weak sense. On the other hand,
Agu<ul in M
moreover, from the definition of ¢ and since u > 0 we have
p—u<0 ondBi(o) and limsup(¢—u)<0.
r—00

The weak maximum principle in M \ Bi(0) gives
u>¢ inM\ Bio),
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ie.
2,
u>cr »1 in M\ Bi(o)
ie.
vi=u"P<C(1+7r% inM, (2.7)
for some constant C' > 0 depending also on mingp, (,) .

Step 3. Differentiating v = u'~P and using (2.5) we have
wAg = (p—1)(1 —v) + Z%Wvﬁ (2.8)

We define the P-function

D Av
P=_—|1 4
2p( +p—1>’

and the symmetric 2-tensor

—1)2 —1
T, := Vv — (p—1) Pg= V% — pT(Agv +p—1)g. (2.9)
P
By using (2.8) we have
D D D i D|Vul?
p-P D gp L PNVUE 2.10
2pv + 2(p — 1)2v| 4 2pu * 2 uptl (2.10)

Since u € DP(M) we have uPT1P € L'(M), and, by (2.6),

D D. D. D+l
PRI Pdy, = — I3+~ = —Iy+ —- " [ =1
/MU Hg 2p3+2 1 2p2+ 2 1 2,
ie.
wPTH (P —1) € LY(M) and / WP (P —1)dp, = 0. (2.11)
M
Taking the gradient of (2.8) gives
2 2
VWA = —L-V2(Vo) — (Agv + p — 1)V = —2—T,(Vv)
p—1 p—1
where we used (2.9). Thus,
D
VP = Wv—ng(vv) and  tr, T, = (p—1)(P —1). (2.12)
p—

The standard commutation formula [34, Chapter 9], with (div,Ty); =
Vi(Ty)ij, gives

divy V0 = V(A4v) + Ricy (Vo).
It yields
p+1
(p—1)

div, T, = v 1T, (Vo) + Ricy (V)

and therefore,
div, (uPTT,) = P Ricy (Vo). (2.13)
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Since

-1 2 -1 3
(Ty, V20) = |Ty* + u D ) Pirg Ty = |[Ty|* + (pD)P(P 1)
using (2.12) and (2.13), we have the following
D

(p—1)?

div,(u*VP) = uPt? (IT,)? + Ricy(Vv, Vo)) + (p — 1)P(P — 1)} :

(2.14)
Step 4. We fix R > 1 and we choose standard Lipschitz cutoffs 0 < np <1
such that
nr =1 in Bg(o), nr =0 in M\ Bagr(o)
and

C
\V4 < —.
|77R|_R

Testing (2.14) with n% gives
D .
/M nhuP T [(p e (IT,|* + Ricy(Vv, Vv)) + (p — 1)P(P — 1)| dp,

2D
2 [ e (7). Vi) dy,

By Young’s inequality and using P(P — 1) = (P — 1)? 4+ (P — 1), we obtain

D 2, p+1 2 D 2. p+lp:
2(291)2/]\/1 nRup |Tg‘ dpg + W MﬁRUp RICg(VU,VU) dpig

) /M B (P — 1) dpg

<0 P e,

- 02/ WP Vol duy (2.15)
R* JByr(0)\Br(o)

for some C' > 0. The first term on the right-hand side tends to zero by
dominated convergence and (2.11). For the second term, we have

1 (p—1)> / 2
— v|Vul|*du
R? J B, (0)\Br(o) B2/ Byn(0)\Br(o) !

SC/ \Vul?dpy — 0,
M\BF(o)

UPH‘V”’QdMg =

where we used (2.7). Since every term on the left-hand side of (2.15) is
nonnegative, taking the limit we have

Ty=0, P=1, Ric(Vv,Vv)=0.

In particular, from (2.9) we have

g. (2.16)
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First we recall that all the computations above were done with respect to @
and g. By using Tashiro’s theorem [42] we have that (M, g) is isometric to
R™ with its standard metric. Moreover, from (2.16), we obtain

_ (p— 1)2 2

v(z) = v(wo) + T|$ - 330|§

for some point zp. From P =1 and (2.10) we deduce,

D
v(xo) = %
Since v = P, the rescaled function is

1
| D (p—1)? o 7

Using (2.4) we obtain
| D Alp— 1)° 2|
u(z) = lQP)\—i_?D |z — xo] .
This proves (1.6). O

3. UNIVERSAL ESTIMATES IN R"

We first establish bounds that hold for every positive entire solution of
(1.7). Local elliptic regularity and positivity imply that such a solution is
smooth. In what follows, we will use the doubling lemma in [35], classical
interior and boundary estimates in [24, Chapters 6, 8, and 9] and a result
by Keller-Osserman in [26, 31]. In particular, we will use the following local
Keller—Osserman estimate: if

1
szﬁwp, w>0 in Bg(x), withp>1
then )
w(x) < cR 1.
The previous local estimate implies the famous Keller—Osserman Liouville

theorem: there is no positive solution of Aw > %wp in R™ with p > 1.
Let n > 2 and 1 < p < -5, and let u be a positive solution (smooth) of

71 _yP in R™. (3.1)
We consider the superlevel set of u

K = {:1: eR" : u(zx) 22717%1}

—Au=u

and we denote by
dg(z) := dist(z, K) .
Lemma 3.1. We have,

i) u is bounded, i.e.
u<C inR"; (3.2)
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it) K # 0 and
2
u(x) > C (1 +dg(x)) »1; (3.3)
ii1) the following gradient estimate
|Vu| < cu' T in R™, (3.4)
holds.
Here the constants C > 0 depend only on n and p.
Proof. i) Assume that estimate (3.2) fails. Then there are solutions u; and
points y; € R"™ such that u;(y;) — oco. Apply the doubling lemma [35,
Lemma 5.1 and Remark 5.2 (a)] to u?il on R"™, with doubling parameter ;.
It gives points x; € R™ such that
Aj = wj(zs) = ug(y;)
and )
uj(x) < 2rTuj(x;) forall |z —xj| < jA;_p.

Now, we rescale u; by setting

Uj(y) = Aj ', (wj + Afpy) s <.
The functions U; solve

—AU;(y) = U7 () = 4,707 (), [yl <3
Moreover,
Uj(0) = Aj tuy (z5) = 1
and )
0<Uj(y) <2771, |yl <.
By using elliptic estimates and standard embeddings, we deduce that some

sub-sequence of U; converges in CZ . to a (classical) solution U > 0 of

~AU =U*"" inR",
moreover, U(0) = 1. This contradicts, for n > 3, the classical Gidas-Spruck
Liouville theorem [23], since p < "5 gives
n+2
n—2"
If n = 2, on the other hand, this contradicts the standard Liouville theorem

in R%2. Thus (3.2) holds. Interior estimates on unit balls, applied to (3.1)
then yield

2p—1<

|Vu| < C(n,p) in R". (3.5)
i1) We first prove that K # (). Suppose, by contradiction, that
u(z) < 2 7T for every x € R".
Then )
1— P 1 >2
o=
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and hence ]
Au=uP(1- up_l) > §up in R™.
By the Keller-Osserman Liouville theorem recalled before we have u = 0,
which contradicts u > 0. Thus K # ().
The equation can be written as Au = uP~1(1 — uP~1)u, with uniformly

bounded coefficient. Harnack’s inequality on Ba(y) [24, Chapter 8] therefore
gives

inf u > ¢ sup u22_p%10:: ci(n,p) Vye K. (3.6)
Bi(y) Bi(y)

Choose a positive constant ¢y = ca2(n,p) < ¢; so that
2 2
g ( 2 — ) .
2 >~ p— 1 p— 1 + n
The right-hand side is positive by (1.5). For |x — y| > 1, the function
__2
Py(x) = colw —y[ 7T

satisfies

2 2 _2p
8y == (21 +2=n) e sl T 2 ¢,

Since
Au<u?, ¢, <u ondBi(y), limsup(¢, —u) <0,

|z| =00
comparison gives
¢y <u on Bi(y)-.
Fix x € R™. Since K is nonempty and closed, there exists y € K such that

|x —y| = dg(z). If dg(x) <1, then z € Bi(y), and (3.6) gives

u(x) > e > e > (14 dK(:C))fp%l.
If d(z) > 1, we instead apply the exterior comparison with the barrier
centered at this same point y:
_2 __2
w(x) > ¢y(z) = cadg(x) 7= > ca(l +dg(x)) 1.
Thus, for every z € R", (3.3) holds.
ii1) If d = dg(x) < 1, the estimate follows from (3.5) and (3.3). If d > 1,
since Bg(x) N K = (), then, arguing as in i7), we have
1
Au > iup in By(z).
Applying the local Keller-Osserman estimate on balls of radius d/4 centered
in Byp(w) gives

sup u < cd—2/e=1),
Bg/a(x)

Thus, the rescaled function W (&) = d? ®P~Vy(z + d€) on By, satisfies
0<W<C, AW = WP —d?W?~1 on B
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The right-hand side is uniformly bounded. The interior gradient estimate
gives [VIV(0)| < C, whence

[Vu(z)| < Cd~ P/ =) < Oy () PHD/2,

by (3.3). This proves (3.4). O
Corollary 3.2. For v =u'"P, we have
v <O, Vo2 < Cw. (3.7)
In particular,
v(z) < Cu(1 + |z]?), |Vo(z)| < Cyu(1+ |z|). (3.8)
Proof. Inequalities (3.7) follow from Lemma 3.1. Moreover, since |V+/v| < C,
integration along a segment from the origin proves (3.8). O

4. PROOF OF THEOREM 1.2

We combine the classical reflection and maximum-principle arguments of
Gidas-Ni-Nirenberg [22] with the Pohozaev—Pucci-Serrin variational identity
[37]. The annular hypothesis supplies an ordering between the solution and
its reflection with respect to every hyperplane. The usual consequences of
the strong maximum principle and Hopf’s lemma then give radial symmetry
and monotonicity. Decay follows from the same annular hypothesis, and
radial uniqueness identifies the profile.

Proof of Theorem 1.2. Write
f(s) = s gb, (4.1)
so that u solves
—Au = f(u) inR".
By Lemma 3.1, there exists a constant Cy > 0 such that 0 < u < Cjy. Fix a
sequence I?; — oo such that
M(R;)/R; — 0.

Fix e € S" ! and t € R, and consider the half-space such that e is its inward
unit normal, i.e.

H={zecR" :z-e>t}
and its boundary

M={xeR":z-e=t}.
We set u? = u o o, where o : R — R" is the reflection with respect to II,
explicitly o(z) = x — 2(x - e — t)e.
Step 1. We construct a function z € C2 _(H) such that

—Az = f(2) in H
0 < z <min{u,u’} inH (4.2)
zZ=u on II.



14 G. CATINO, D. D. MONTICELLI, AND A. RONCORONI

Set h := min{u,u’}. We have that h € C(H) is a distributional supersolu-
tion, while 0 is a subsolution because f(0) = 0.

For k > 1, let Q) = By(te) N H and choose x; € C2°(Bsy4(te)) such that
0 < xr <1and xx =1 on By(te). Prescribe the continuous boundary
datum

gk = (Xxw)|oqy-

On the flat part of 92, we have u = u” = h, whereas on the spherical part
gr = 0. Thus 0 < g < h on the whole boundary, including the edge where its
two parts meet. Moreover, every boundary point of € satisfies an exterior
cone condition and is therefore regular for the Laplace Dirichlet problem in
the sense of Perron.

We can now apply the sub- and supersolution theorem of Clément and
Sweers [15, Theorem, p. 191]. To check its hypotheses on the nonlinearity,
extend f to R by

f(s) = (3+)2p71 — (s4+)", s+ = max{s,0}.

The function (z,s) — f(s) is continuous on ) x R, which verifies as-
sumption (H1) of that theorem. The continuity of g; gives (H2), and the
Perron regularity of every boundary point gives (H3). Therefore there exists
2, € C(Q) such that

—Azp = f(z) in Q,
Zk et gk on 8Qk,
0 S Zk S h S Co.

The equation holds in the sense of distributions; interior elliptic regularity
and the local Lipschitz continuity of f give z, € C%(Qy).

We next pass to the limit while retaining the boundary trace. Fix R > 0.
For k > 4R, the function wy = z; — u satisfies

—Awy, = f(zr) — f(u) in H N Bag(te),
wp =0 on I N Byg(te).

Both wp and Awy are bounded independently of k. Local interior and
(flat-)boundary W24 estimates consequently give, for every 1 < ¢ < oo,

lwillw2a(rnBgte)) < C(R,q),

where C(R, ¢) is independent of k; see [24, Chapter 9, Theorems 9.11 and 9.13].
Taking ¢ > n and using a diagonal subsequence, we obtain 2z — 2 in C' on
compact subsets of H. Thus

—Az = f(2) in H,
z=1u on II,
0<z<h
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in the sense of distributions in H. Interior regularity and local boundary
Schauder regularity yield z € Ci?(ﬁ) for some a € (0,1) (see also [24,
Lemma 6.18]). Finally,

—Az+ Cgilz =21 4 (C’gil — zp_l)z > 0.

By the strong maximum principle, since z = v > 0 on II, we have z > 0 in
H. This proves (4.2).

Step 2. Choose ng € C°(Brg/s), with 0 < nr < 1, equal to one on Bsp 4,
and |Vng| < C/R. Choose also xr € C°(Ag), with 0 < xr < 1, equal to
one on supp Vg, and |[Vxg| < C/R. For w = z — u in H, boundedness and
(4.2) give

lw| < u, |Au| + |Aw| < CuP, w =0 on IL

Testing the equation for u with X%u in R™, and the equation for w with X%w
in H and using Young’s inequality, we obtain the Caccioppoli-type estimate

/ XQR’VUFdl‘—F/ 5| Vw|? dz < C
R® H AR

There is no boundary term on II, since w has zero trace there. It follows that

/;mmmvmzovuP+wvzﬁ)dxg(j[;(ﬁpH-FR_%ﬁ)dm

In particular, recalling the definition of M (R) and the fact that supp Vnr C
Apr, we obtain

/ (|Vu]2 + V22 + up+1> de < C (M(R) + R_2/ u? d:n) .
HnNsupp Vnr Ap
(4.3)

(up+1 + R_2u2) dx.

Step 3: We consider the following vector field
1
Te[u] := 0euVu — <2|Vu|2 — F(u)) e
where F' is the anti-derivative of f given by (4.1), i.e.
u?P uPt1
2 pt1’
A direct computation (see also [37, Proposition 1] with a = 0, h = e and
F(x,u,p) = 3|p|* = F(u)) gives
div (Ze[u]) =0 in R".

F(u) =

In the same way,
div(Ze[z]) =0 in H;
in particular, if we consider
J = Jelz] — Telu]

we have

div(J) =0 in H.
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On 11, define
04y = 0e(u—2), and O :=0(u’ —z).

From (4.2), both quantities are nonnegative. In addition, since u, z have the
same trace and tangential derivatives on II, we have

Tee= @2 - (3IV4P - F)) - @ + (5Vul - Fw)

= 5 (@2~ @wp?)

1
= §5+6_ >0, on II
where we also used the fact that d.u’ = —9.u on II. The outward normal to

H on Il is —e, so integration by parts gives

1
0§/5+57]Rda:/J-eancr
2 Jn 1
:—/ div(J)anx—/ J - Vnrdx
H H

= —/ J-Vnrdzx. (4.4)
H
Moreover, since 0 < z < u < Cy, we have
|J| < C(|Vul* + |Vz*> +wP™)  in H.
Hence (4.4) with (4.3) yields

1
0< = / 640 dH™ ! (4.5)
2 JunBg

< C/ |J| dz
R HnNsuppVnr

IM(R) 1 2
< 74 )
C’( R Rg/Ru dx)

Moreover, by Holder’s inequality,
1 ) _ M(R)>2/(p+1) 4—(n-3)(p—1)
— dr <CR™"®|——= = 0
JE /ARu x < < 7 , K P >0,

where the last inequality follows from (1.5). Thus the right-hand side of (4.5)
tends to zero along R;. By taking the limit R; — oo we obtain

5+5_ =0 onll

The nonnegative functions w4 = u — z and w_ = u? — z satisfy
—Aws = ci(z)ws > —pCP lwy  in H
wy =0 on II.

The strong maximum principle and Hopf’s lemma imply that each w4 either
vanishes identically or has strictly positive inward derivative at every point
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of II. Since §;6_ = 0, at least one of these functions vanishes identically.
Therefore

u<u’in H or w>u’in H. (4.6)
This holds for every hyperplane II.

Step 4. We adapt the standard Hopf-lemma argument used in the classical
moving planes method. For € R™ and a unit vector e € S*~!, consider the
hyperplane passing through x with normal e, II, .. By (4.6), either u — u®
or u’ — u is nonnegative in the corresponding half-space H, . and satisfies a
linear equation with bounded coefficient. Therefore, Hopf’s lemma implies
that either u —u? =0 or

0 < £0(u—u’) ==%20u onll,.

Thus,

if Oeu(xr) =0 == Il;. is a symmetry plane of u. (4.7)
Assume that d.u > 0 in R™ (the other case is similar). Since u > 0, there
exists m > 0 such that

u>m in Bj(4ke) Vk >0,k e N.

By construction, for all k£ the balls By (4ke) are disjoint. Moreover, for all
large enough R, there are at least R/8 balls of this type in Ar. Thus

wymPtIR

</ uPt dx = M(R),
8 Ag

contradicting (1.10). Therefore, for every e € S*~!, there exists # € R™ such
that O.u(Z) = 0 and hence, by (4.7), w is symmetric with respect to II; ..
In particular d.u = 0 on II; .. Thus it follows that, for every i =,...,n,
there exists a hyperplane {x; = const} along which d;u = 0. Let xy be
the intersection of those hyperplanes. Then Vu(zg) = 0, so by (4.7) every
hyperplane through zg is a symmetry plane. Hence

u(z) = ¢(|z — zol)

for some ¢ : [0, +00) — R. The annular hypothesis (1.10) implies inf p(r) = 0:
otherwise u would have a positive lower bound, giving M(R) > c¢R", a
contradiction.

We claim that ¢'(r) # 0 for every r > 0. Indeed, if ¢'(rg) = 0, then, for
any unit vector e,

Deu(zo + 1roe) = @' (ro) = 0.

By (4.7), the hyperplane II;,4re is a symmetry plane of u. The parallel
hyperplane through xg, Il . is also a symmetry plane, by radial symmetry.
Composing the two reflections makes ¢ periodic with period 2ry. Since ¢ > 0,
there exists m > 0 such that ¢ > m. Consequently,

M(R) = / uPT de > CR™,
AR

contradicting (1.10).
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Therefore ¢’ has a constant strict sign on (0,00). This sign cannot be
positive, since then ¢(r) > ¢(0) > 0, contradicting inf ¢(r) = 0. Hence ¢ is
strictly decreasing, and ¢ — 0 at infinity. We have obtained a positive radial
ground state:

—1
"+ nTsO' +flp)=0,  ¢0)=0,  lim p(r) =0.

Uniqueness follows, for n = 2, from [38, Theorem 2| and for n > 3 from [40].
A direct computation shows that the profile Uy, in (1.8) is such a solution
and satisfies

/A Ug:l dx = O(Rn—2(1’+1)/(p—1)) — O(R™).
R

5. PROOF OF THEOREM 1.4

Proof of Theorem 1./. We recall the quantities introduced in Section 2, writ-
ten here in the Euclidean setting: v = u!™P,

D( Av)
=~ (1+ ,
p—1

and

(p—1)

T =V - PI1d,

where D is given by (1.9). Since the Euclidean metric has vanishing Ricci
curvature, identity (2.14) becomes

D

div(u’VP) = uPt!
( ) (p—1)?

IT>+ (p—1)P(P —1)|. (5.1)

Define the operator
2
p—

Then (5.1) reads

D
LP=—"—|T?+ (p—1)P(P-1). 5.2
= 1)2! "+ (- 1)P( ) (5.2)
We also recall from (2.10) that
D D
P=—+ —— 2 5.3
2pv * 2(p — I)QU‘VU| ’ (5:3)
D . D|Vu]?
— Tl =
P = 2pu + 5 L (5.4)
In particular, P > 0, and Corollary 3.2 implies that P is bounded and
v(z) < Cu(L+[2%),  |Vo(@)] < Cu(l + |z)).

We first prove that P < 1. Set
() = log(1 + [2]?).
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Since
2z 2n 4|x|?
v g — 5 A g — s
V= TP ST RE T Ot PR
the preceding growth estimates give

Y] < C,  inR™ (5.5)

Suppose by contradiction that supg. P > 1. Choose y € R™ and § > 0
such that P(y) > 1 4 2§. For every € > 0, the function P — £1) attains a
global maximum at some x. € R", because P is bounded and ¢ (z) — oo as
|z| — co. Moreover, for € small enough,

P(xe) 2 P(ae) —e(ae) = Ply) —ev(y) > 1+46.
At this maximum,
V(P —e)(ze) =0, A(P —e)(ze) <0.
Since v > 0, it follows from (5.5) that
LP(x:) < elip(x:) < Cyue.
On the other hand, (5.2) implies
LP(xc) > (p—1)P(xe)(P(xe) —1) > (p—1)(1 4 6)0.

Letting £ — 0 gives a contradiction. Thus P < 1, which is precisely (1.12)
by (5.4).

Suppose now that P(x,) = 1 at some point z, € R" andset f =1—P > 0.
Equation (5.2) gives

Lf—(p—1)Pf=— SITPP <0.

D
(p—1)
Since P > 0 and f(z.) = 0, the strong maximum principle implies that
f=0,ie. P=1. (5.2) gives T =0, i.e.

s (p—1)
= —7>"Id.
Vv D
Integrating and completing the square, we obtain
_ (p— 1)2 2 n _
v(r) =A+ 5D |z — x| for some 9 € R", A =wv(zg) > 0.
Since P =1 and Vu(zg) =0, (5.3) gives
a=2
2p
and
-1/(p—1)
_|D, (p—1)? 2 _
u@) = |5 + Lo le = = Upy ().

as claimed. O
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6. EXAMPLES AND COMMENTS

6.1. Explicit critical points on nonflat Riemannian manifolds. The
Ricci curvature assumption in Theorem 1.1 is essential. The following
construction gives positive critical points of the intrinsic Gagliardo—Nirenberg
quotient (1.4) in every dimension n > 2 and for every exponent in (1.5).
The metrics have two ends and polynomial volume growth of order strictly
greater than n.

Proposition 6.1. Letn > 2, let 1 <p < "5 and define

__J@+1V+g¥?9—@+l) 2p-4

5= - .
2 S |

where D is given by (1.9). On M =R x S*~L, consider the metric

2 2\ =1
g=dt*+ (1 +t*)rTggn-1,
and the function
1

u(t,w) = (1+t3)721,  for (t,w) € M.

Then the manifold (M, g) is smooth, complete and nonflat, and u € DP(M)
is a positive critical point of 4, ,. Moreover, for every fixed o € M,

2|Sn—1’
v

Voly(Bg(0)) ~ R”, as R— oc. (6.1)

In particular, since v > n we have AVR, = +o0.

Proof. The number ¢ is the positive root of

Sp+140) = 2P+ (6.2)

n

Since x +— z(p + 1 + ) is strictly increasing for z > 0 and

2D(p+1

D@+1+D)>(i),
we have 0 < § < D. Thus, from (1.9) we have
2p—6  2p—D

V= P > P =

p—1" p—-1

The warping function is
v—1
D) = (1 4+ 2)200 > 1,
so g is smooth and, since g > dt? + ggn—1, it is complete. Direct calculation
(see e.g. [34]) gives
w// B v — 1

Ricy (21,0 = ~(n 1) =~ g <1 + Z:TtQ) <0.
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The volume element and the Laplacian of a function f = f(t) are

dpg = (1+12)°T dt dw,

_ oy—v=1 d =Ly ) (V_l)t/
Aof = U+ T 2 (42T f) = 4 g
For u = (1 + t?)~/®=1) we have
uH:——¥Tu+¢%*ﬁa
Agu = 22p—(p =) , 22p—(p—Lr+p—1) 51
(p—1) (p—1)
Since 2p — (p — 1)v = 0, we have
~Agu=pu*t — P in M, (6.3)
where
26 20+p—1)
A= and p=-0TP"70
(p—1)? (p—1)?

We now prove that u € DP(M) and is a critical point of ¥, ,. We set (as in
the proof of Theorem 1.1)

11:/ \Vul? dug, IQ:/ Pt dpg, I3:/ u?P dyg,
M M M

and a direct computation shows that
4 Sn—l
oA
(p—1)
I = |S"—1y/(1 + %)k at,
R

21+ 3+ La,
R

I3 = |Snly/(1+t2)’“dt,
R

where
L_pHl v—1_ p+l4s 1
p—1 2 2(p—1) = 2°
Observe that all three integrals are finite, i.e. uw € DP(M), and one has
I 2 I3 2k—1 I 4
L -0 L % L (po1EEk—1)

From (6.2) and the definition of & we have

_Dp+1) 1-71
ko = np—1) 1

and
(0+p—1)(2k—1)=2(1+ ko) ——g,
-
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where 7 is given by (1.3). Consequently,
(1—7’)[1_ 20 I _2(5+p—1)_

o (-1 7 ol (p- 1)
Thus, from (2.3) we get that (6.3) is the Euler-Lagrange equation of ¥, .
Fix 0o = (0,wp) € M, then

2|Sn_1’
1%

R —
Vol,(Bg(0)) ~ 2|S"!| / (142" dt ~ R” as R — +oo,
0
which proves (6.1) at this center. Changing the center changes the radius by
a fixed constant, so the same asymptotic holds for every fixed o € M. Since
v > n, from the definition of asymptotic volume ratio it follows immediately
that AVR, = +o0. O

6.2. Consequences and sharp examples. We start by showing Corol-
lary 1.3.

Proof of Corollary 1.3. The equivalence between (i) and (v) follows from
Theorem 1.2. For every profile (1.8), a direct computation shows that

_2 _ptl
Uro(x) = O(Jz| 7=7), and |Vl (2)] = O(|z| »~T),

as |z| — oco. Consequently,

2(p+1)

|Vl () + UL () = O(|2~+717) = O(|a| "7,

and
2 —Ap —n—s—2
UP(x) = O(|z]"7=T) = O(|= ),
where we used the definition of s in (1.11). Since s > 0 and U, is smooth,

these estimates show that (v) implies both (iii) and (iv). Moreover, (iii)
implies (ii) by definition. If (ii) holds, then

0< M(R) < / uPt dr — 0,
R™\Bg
and hence (i) follows. It remains to prove that (iv) implies (i). Assume that
u(z) — 0 as |z| — oco. Choose Ry > 0 such that
1
uP~t < 3 in R"\ Bg, ,

then .

Au = uP(1 —uP™) > §up in R"\ Bg, .
For |z| > 2Ry, the ball Bjy/4() is contained in R™\ Bg,. The local Keller-
Osserman estimate recalled in Section 3 on this ball yields

u(z) < c\x]_% .

Therefore, for all sufficiently large R,
2(p+1)

M(R) < CR" »1 =CR*,
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where s is given by (1.11). Since s > 0, this proves (i) and completes the
equivalence of the five conditions.
Finally, let u be a nonnegative classical solution. We may write

Au = a(z)u, a(r) = u(x)P~! — u(x)?P~2

where a is locally bounded. The strong maximum principle, applied locally,
and the connectedness of R” imply that either w = 0 or u > 0 everywhere. In
the latter case, any of (i)—(iv) gives (v) by the equivalence just proved. [

The next proposition shows that the threshold in Theorem 1.2 is optimal.

Proposition 6.2. Let 1 <m < n, write x = (y,z) € R™ x R"™™ and set

1
D,, (p—1)* B
Un(y) = <2p + <2D)|y‘2> )

where Dy, = 2p —m(p — 1). Then u(y, z) = Un(y) is a positive solution of
(1.7) and
b Dyt D[Vl
2p ™ 2 yprtt

D
= D—m(< 1) in R"™. (6.4)
Moreover,

UPTY da ~ wyy (277 1) ( urt dy) R"™™ as R— o00. (6.5)

AR R™

In particular, for m =n — 1 the annular mass M(R) is linear.
Proof. Since D, = D+(n—m)(p—1) > 0, the profile is well defined. A direct
computation shows that U, solves (1.7) for every 1 < m < n. Moreover,

(6.4) easily follows. Since, from (1.11), 2(p+1)/(p—1) = n+ s > m, we
have U2+ € LY(R™). By Fubini,

| owtis = [t (72 - uR) T an
BR m +

Dominated convergence gives (6.5). O

Remark 6.3. The solution v = 1 has P = D/(2p) < 1 and M (R) proportional
to R™. Positive nonconstant periodic solutions can also be extended from
one variable. The equation

w// — wP — w2p—1
has conserved energy
1 w?P P tl
S -
2 2p p+1

Its potential has a strict local minimum at w = 1, with second derivative
p — 1> 0. Nearby energy levels give positive periodic oscillations bounded
away from zero. The corresponding solutions u(z) = w(x1) have annular
mass comparable to R".
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6.3. Solutions of the normalized equation on Riemannian manifolds.
The following examples show that positive sectional curvature and an asymp-
totic volume ratio arbitrarily close to one do not force rigidity for positive
solutions of the normalized equation, even under decay of the annular mass.

Proposition 6.4. Let n > 2, let 1 < p < "5 and let c € (0,1). The metric
ge = dr? + U () ggn-1, V.(r) =cr+ (1 —c)tanhr,
on R™ is smooth and complete, has strictly positive sectional curvature, and
satisfies
AVR,, ="t (6.6)

Moreover, the equation
=l _ P i R®
admits a smooth positive radial solution u. such that

ul(r) <0 forr>0, and lim u.(r)=0. (6.7)

r—00

—Agu=1u

Finally, for balls centered at the pole,
[t = o).
Bar\Br

where s is given by (1.11).
Proof. The function V. is smooth and odd, with

7“3
Wolr) =7 = (1= )5 + O(r").

as r — 0, so the metric extends smoothly across the pole and is complete.
Moreover, since
0<W¥,.<1 and ¥” <0 on (0,00),

we have (see e.g. [34])

Wz 1— (\111)2
SeCraq = — =5 >0, SeCtan = ———— > 0,
rad \I/C tan \I’Z

where the second formula is relevant when n > 3. At the pole, the sectional
curvature is 2(1 — ¢). Finally, U.(r)/r — ¢, as r — +o00, gives (6.6).

Existence follows from the mountain pass theorem of Ambrosetti—-Rabinowitz
[1, Theorem 2.1]. We verify its hypotheses in the radial energy space. Write
dp = dpg, and set

X, = {v e LP ! (dp) : v is radial, Vv € L*(du)},

with |lvllx, = [Vvllz2au) + [[v]|ze+1(qu)- For radial functions, |Vu| = [v'],
and

Cnflrnfl < q(r) — \I/C(T)nil < Tnfl.
Thus || - ||x, is equivalent to the Euclidean one. Since

p+1<2p<2¥,
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the radial compactness consequence of Lions’s lemma [28, Lemma 1.1] gives
X, v L?P(dp).

Consider the C! functional

_ Lo o, P (v )
T(v) = /n <2\Vv\ + P 2 du.

The continuous embedding into L?(du) and 2 < p+ 1 < 2p imply that T, is
positive on a sufficiently small sphere about zero, whereas Z.(tp) — —o0 as
t — oo for every nonzero nonnegative radial ¢ € C2°(R™). Moreover,

7 — _ 2 ’U|p+1
2pLe(v) = L(w)lo] = (p=1) [ | IVel™+ dps

p+1

shows that Palais—Smale sequences are bounded in X.. By the compact
embedding, every bounded Palais-Smale sequence {v;} admits a subsequence
such that v; — v in X, and v; — v in L?(dp). Testing Z/(v;) —Z.(v) against
v; — v and using

(laf"~'a — [bP~"b)(a — b) > 2! P|a — b["*,
we obtain
190 — ) 3aqp + 2 Plloj — ol2E ks g = 0(0).

Thus v; — v in X, proving the Palais—Smale condition. The mountain pass
theorem therefore provides a nonzero radial critical point u. € X..

Since g, is rotationally symmetric, the functional Z, is invariant under the
natural action of the compact group O(n). Palais’ principle of symmetric
criticality [33] therefore implies that the radial critical point w, is a critical
point with respect to arbitrary variations, hence a weak solution of

_ 2p—1
—Ag e+ |uelP e = (uc) ™.
Testing with its negative part gives u. > 0. Local elliptic regularity and
the strong maximum principle yield u, € C*°(R") and u. > 0. By Holder’s
inequality, we obtain
3)/2 1 (p+1)

()| < O el gy el B2,

which implies u.(r) — 0 as r — oo.
To establish monotonicity and the required decay, set

$2p tp+1
t) ==t P, Ft)= — — .
f(@) (t) ST —

The radial equation reads
(que)' +qf(ue) =0,  ug(0) =0, (6.8)

and its energy satisfies

L+ Flue(r), B = -T2 <o,

E(r) = 5
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Since uc(r) — 0 as 7 — oo and [} qu/? dr < co, we have E(r) — 0, hence
E > 0. In particular F(u.(0)) > 0 and hence u.(0) > 1, so u, < 0 near the
pole. A first critical point at a positive radius would satisfy u” > 0, hence
u. < 1 by (6.8); at that point F = F(u.) < 0, a contradiction. This proves
(6.7).

For sufficiently small ¢t > 0, F(t) < —tP*1/(2(p+1)). Consequently, £ >0
and ul, < 0 give, for all sufficiently large r,

(p+1)/2
—ul(r) > L’
Vvp+1

where the second estimate follows by integration. Using W.(r) < r, we
conclude that

ue(r) < CT‘_Q/(p_l),

2R
/ Pt dpy, < C/ P12/ g < ORS,
Byr\Br R

as claimed. O
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