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CURVATURE DISTRIBUTIONS AND THE STEINER FORMULA
FOR CHARACTERISTIC SURFACES IN THE HEISENBERG GROUP

DAVIDE BARILARI, EUGENIO BELLINI, AND TOMMASO ROSSI

ABSTRACT. We establish a new Steiner-type formula for smooth surfaces in the sub-Riemannian
Heisenberg group. The main novelty is that we admit characteristic points, whose presence produces
nontrivial singularities both of the distance from the surface and of its tubular neighborhood.

Such singularities are reflected in the Steiner formula: the expansion up to a given order N > 4
of the volume of the e-tubular neighborhood Ts(¢) of a surface S is no longer polynomial, in general,
taking the form

3 N
vol(Ts(e)) = Z ajel + Z (atn + Brloge) e™ + o(el), ase — 0T,
j=1 n=4
More precisely, under a geometric stability condition on characteristic points, we prove that the first
three coefficients are integrals over S of locally integrable curvature densities, coinciding with those
known in the non-characteristic case [BFF 115, BB24].

A new phenomenon appears at order 4, equal to the homogeneous dimension of the Heisenberg
group, where logarithmic terms may occur. We show that the higher-order coefficients are naturally
described by a distributional analogue of Federer’s curvature measures, whose logarithmic components
are supported on the characteristic set. We compute the fourth-order coefficients explicitly.

The proof is based on different ingredients of independent interest: (i) an explicit formula for
the cut time of homogeneous surfaces, (ii) a fine analysis of the normal exponential map through
blow-ups, (iii) the study of the stability of the surface cut locus under perturbations.
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1. INTRODUCTION

A classical result in integral geometry is Steiner’s formula [Sted0, Wey39, Gra04]. In its Euclidean
form, it describes the volume of a small neighborhood of a regular domain as a polynomial in the radius.
If Q@ € R™ is a bounded domain with smooth boundary S = 91, and (). denotes its e-neighborhood,
then there is £g > 0 such that

vol(9:) = vol(Q) + > " ax(S)e*, Ve €[0,),
k=1

The coefficients ax(S), also known as Minkowski quermassintegrals, can be expressed as integrals over
S of symmetric homogeneous polynomials of its principal curvatures.

A closely related statement is the so-called half-tube formula. If S C R™ is a compact embedded
hypersurface, boundary of a regular domain S = 052, one may consider the half-tube of radius € > 0

Ts(e) =0\ Q,

which is the set of points whose distance from S is at most ¢, lying outside of 2. In this case the
half-tube formula reduces to the non-constant part of Steiner’s formula:

vol(Ts(e)) = iak(S)Ek, Ve € [0, 0]
k=1

In the simplest case of a surface S embedded in R3, the half-tube formula for small radii is written as

vol(Ts(e)) s/SdAsQ/SHdA+€33/SKdA, (1)

where H and K are the mean and Gaussian curvature of S and dA is the Riemannian area measure.

If the ambient space is an n-dimensional Riemannian manifold, the Riemannian volume of 7g(¢) is
no longer, in general, a polynomial in €. Nevertheless, it admits an asymptotic expansion in powers
of €, as € — 0. The coeflicients are expressed in terms of the Riemannian curvature of the ambient
manifold and of the extrinsic geometry of the submanifold; see, for instance, [Gra04].

Tube formulae have been studied beyond the smooth setting. Federer’s theory of sets of positive
reach provides a powerful framework in which Steiner-type formulae continue to hold [Fed59] and
coefficients can be interpreted as the total mass of the so-called curvature measures.

1.1. The sub-Riemannian setting. In the sub-Riemannian setting, the study of embedded surfaces
and of the volumes of their tubular neighborhoods has recently begun to attract new attention. For
general results on embedded surfaces in contact sub-Riemannian manifolds see e.g. [BBC22, BB23,
ABBR25, ABPT26, Bel26], while for volumes of tubes around non-characteristic submanifolds see
[BFFT15, Rit21, BB24, BRR26]. One of the main motivations is to understand whether curvature-
like invariants of submanifolds can be recovered from the coefficients of the corresponding asymptotic
expansions.



This theme is particularly interesting even in the simplest case of a surface S embedded in the
sub-Riemannian Heisenberg group H', which is R® endowed with the contact distribution

D = span{ X1, X>}, Xy =0, — %527 Xg =0, + gaz7

and the sub-Riemannian metric g is defined by promoting the pair X7, X5 to an orthonormal frame.

The main source of difficulty in extending Steiner formula to the sub-Riemannian setting is given
by the presence of characteristic points, namely points at which the horizontal distribution is tangent
to the surface. These points define the characteristic set

X(S)={peS: 1T,5=D,}.

As we observe in Section 3, in any neighborhood of a characteristic point there is at least one point
reached by more than one minimizing geodesic. Thus, the presence of characteristic points forces the
surface S to have zero (sub-Riemannian) reach in the sense of Federer, falling outside the positive
reach framework.

For a compact surface S embedded in the Heisenberg group H', under the assumption that S is
non-characteristic, i.e., £(S) = (), a formula analogous to (1) was obtained in [BFF*15]. Their formula
takes the form

vol(Ts(e)) = Y _ an(S)e",

with coefficients expressed as integrals of the so called curvature forms, introduced below.

In this paper we obtain a Steiner type formula for smooth compact surfaces with non-degenerate,
geometrically stable characteristic points, with these conditions specified below. The essential issue in
computing the half-tube volume integral is that characteristic points produce non trivial singularities
both of the distance from the surface and of its tubular neighborhood, as we now explain.

1.2. The tube integral and the curvature forms. Let S = 9Q C H! be a smooth embedded surface
oriented towards the complement of 2. We denote by dists the signed sub-Riemannian distance from
Q, positive outside of it, and for € > 0, consider the positive half-tube

Ts(e)={q € H' . 0 < distg(q) < e}.

At every p € S\ Z(S) there is a unique unit-speed normal geodesic vy, starting from p, which for
sufficiently short times is valued in H' \ Q and realizes the distance from S. The normal exponential
map is then defined as

expé :RT x S\ 2(9) — H!, expﬁ(t,p) =, (1). (2)

Although smooth on its domain, the normal exponential map does not admit a smooth extension
across the characteristic set (see Section 4). This is consistent with the fact that no unit-speed geodesic
realizing the distance from S starts at a characteristic point (see Lemma 3.3). The maximal interval
of length-minimality of a normal geodesic defines the cut time

teut(p) = sup{t > 0 : distg(v,(t)) = t}, p e S\E(S).

Since every point in H! \ € is reached by at least one minimizing geodesic, we can parametrize the
tube as

Ts(e) = {exps(t,p) : p€ S\ X(S), 0 <t <min{e, teuns(p)}}.
The same formula, with S replaced by a compact subset U C S, defines the localized half-tube
Tu (e), consisting of points reached by minimizers based in U C S. In Section 3 we show that such
parametrization is actually a diffeomorphism outside of a negligible set. The change of variables
formula then gives

min{e,tcut (p)}
vwn@»:/ / Js(t,p) dt A dp, (3)
U\Z(S) Jo
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where we have denoted

Js(t,p)dt A dp = (expg)*(dx A dy A dz), p €S\ XE(9).
Note that, by the change of variable formula, Jg(¢,p) is the Jacobian determinant of the normal
exponential map computed in the coordinates (¢,p) € RT x (S '\ X(5)).

If U is non-characteristic, the cut time is uniformly bounded below. Thus, for all sufficiently small
€, the minimum in (3) can be replaced by e. Then, as rigorously established in [BFF*15, BRR26], a
Steiner formula for non-characteristic surfaces can be obtained by Taylor expanding Jg(¢,p) in time
along the normal geodesics and integrating term by term. More explicitly, writing

o =0 Js(0,p)dp,  peS,neN, (4)

using U \ X(5) = U and min{t.u(p), e} = €, and exchanging the order of integration in (3) one finds
> _ 1 [ o

vol(Ty(e)) = ;5 an(U), an(U) = E/UJS . (5)

We call U(S") € A%2(S\ X(9)) the n-th curvature form. In particular, ago) = oy is the horizontal area
form. If N denotes the horizontal gradient of the signed distance from S, which restricts to .S to the
sub-Riemannian unit normal, then

Uén) =div"(N) oq,
where div” (N) is the n-th divergence of N (cf. Section 4.3). Following [BB24], the first three curvature
forms can be expressed explicitly as

Ugo) =oy, Ugl) =—-Hom, aé?) = (=N(H) +H*)ox,
where H is the sub-Riemannian mean curvature.

In the presence of characteristic points, however, in computing the half-tube volume one encounters
two new main difficulties.

(1) The singular behavior of expd (¢,p) as p approaches ¥(S) is reflected in a singular behavior
of the integrand Jg(t,p) dt A dp. Computing the volume asymptotics thus requires control of
these singularities and of their contribution to the integral.

(2) The cut time eyt (p) tends to zero as p approaches %(S) (cf. Corollary 3.11). Hence, for any
fixed € > 0, the minimum cannot be replaced by e uniformly near the characteristic set. The
cut time therefore determines a nontrivial integration domain whose dependence on € must be
controlled.

We face these difficulties for surfaces having non-degenerate characteristic points (cf. Definition 2.2).
We start by analyzing the simplest example, the horizontal plane in the Heisenberg group.

1.2.1. The horizontal plane. Let us consider the surface Sy in H! given by
Sy == {(x,y,2) € H' : 2 = 0},

whose only characteristic point is the origin and it is non-degenerate (see Lemma 2.5). For such model
surface, the Jacobian determinant of the normal exponential map and the cut time can be computed
explicitly. In polar coordinates defined by (z,y) = (r cos@,rsin ) we have

Jso (t,7,0) = % {1 + cos (?) + (i) sin (2:” o tew(r,0) = gr. (6)

These formulas are derived in Lemma A.2 and Theorem 1.1 and agree with [RR21, Thm. 1.8], where
the authors compute explicitly the distance from Sy. In particular, denoting Br = {(z,y,0) € Sp :
2?2 +y? < R?} and applying (3) with U = Bgr, we obtain the following asymptotics as ¢ — 0T for the
volume of the localized half-tube

13 <0. (7)
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To compare this expansion with the non-characteristic formula (5), we have computed the first four
curvature forms

o _ 1’

1 2 3
s, = ?dr Adb, ago) = J(SO) = J(SO) = 0. (8)

For n = 1,2,3, the coefficient of £ has the same expression as in (5)

1 .
an(BR):—/B oV n=1,23
R

n!
However, at order four, this rule fails: the coefficient of £* is nonzero although aé‘? vanishes identically.
Moreover, the constant C' < 0 is independent of the radius R, i.e., of the size of the localizing domain,
suggesting a curvature contribution concentrated at the characteristic point. We stress that Q =4 is
the homogeneous dimension of H'.

1.3. Homogeneous surfaces. The example of the horizontal plane shows that, beyond order €3, the
half-tube volume contains contributions that are not captured by the usual curvature integrals. To
better understand this phenomenon, we study the localized half-tube volume for a more general class
of models, the homogeneous surfaces. Given a,b € R, we define

1
Sa,b = {(J%Z%Z) € Hl R= Z(CLJ?Q +by2)} .

These surfaces have a characteristic point at the origin, which is non-degenerate when 14 ab # 0, see
Lemma 2.5. The horizontal plane is recovered by taking a = b = 0. These surfaces are homogeneous,
namely they are invariant under the Heisenberg dilations

55 : H1 — Hl, 5s($7yaz) = (€I,€y,522), e>0.

This property yields a scaling identity for the normal exponential map, useful to address the two
difficulties (1) and (2) described above.

1.3.1. The tube integrand of homogeneous surfaces. On a surface S, ; with a non degenerate charac-
teristic point, i.e., with 1 4 ab # 0, we introduce adapted polar coordinates (p, ) defined by

(ax +y,by —x) = (pcosd, psin ). (9)
For € > 0, since S, is invariant under dilations, J. maps its outward normal geodesics to outward

normal geodesics, dilating their base point and their length by €. In terms of the normal exponential
map (2), in the coordinates (¢, p, 1), this fact translates to

65(exp§ayb(t, p,0)) = expéﬂyb(et, ep, V). (10)

Taking Jacobian determinants of both sides of (10) with ¢ > 0 fixed, then setting ¢ = 1/p and
multiplying both sides by p* we find

Js, ,(t,p,0) = ,02Jsavb(t/p, 1,9). (11)

where Js, , (t, p,7) denotes the Jacobian determinant of expfg-a ,(t, p, ) computed with respect to the
coordinates (t, p,?). The function Js, ,(7,1,9) depends smoothly on (7,4), and its explicit expression
is computed in Lemma A.2. Thus, the singular behavior of the Jacobian as p approaches 0 is encoded
in the ratio ¢/p. Differentiating (11) with respect to ¢ we may compute the n-th curvature form (4)
o), = P W)dp Y, (W) = O} s, (0,1,9). (12)

a,b

The angular coefficients (;55{1"1’) (¥) are computed explicitly in Proposition A.3. Equation (12) shows
that, in general, due to the factor p>~™, for n > 3 the form 05972),11 is not locally integrable near the
characteristic point, explaining why, in the presence of characteristic points, the coefficients of the

half-tube expansion cannot be obtained through the ordinary curvature integrals appearing in (5).
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1.3.2. The cut time of homogeneous surfaces. The cut time is classically characterized in terms of
critical points and loss of injectivity of the normal exponential map. We prove such a characterization
for surfaces in the Heisenberg setting in Section 3.1, and we compute explicitly the cut time for
homogeneous surfaces. The following result is established in Part II of the paper.

Theorem 1.1. Let S, be a homogeneous surface with a non-degenerate characteristic point, then

%0 (z,y) = (g — arctan (max{a, b})) V(az + )2 + (by — x)2.

We note that, setting a = b = 0 we recover the cut time of the horizontal plane displayed in (6).
Denoting ¢, = 5 — arctan (max{a, b}), in the polar coordinates of (9), the above result rewrites as

t(cl&lz (pa 19) = Ca,b P- (13)

We see that the cut time is linear in p, and it is thus smooth in polar coordinates (p, ).

1.3.3. The half-tube volume of homogeneous surfaces. Combining the analysis of the tube integrand
with the regularity of the cut time, we obtain the following Steiner formula for homogeneous surfaces,
proved in Part I. The expansion reveals a phenomenon absent in the case of the plane: when a+0b # 0,
the leading correction beyond order €2 is proportional to £*loge.

Theorem 1.2 (Steiner formula for homogeneous surfaces). Let S, be a homogeneous surface with a
non-degenerate characteristic point, i.e., 1+ab # 0, and let U C S, , be compact and having the origin
in its interior. Then there exist real coefficients o, (U), n > 4, such that, for every integer N > 4

N
+b)

1 E: G 1) Y e, My, 14

vol(Ty (e / 12|1+ b‘e og€+n:46 an(U) +o(e™) (14)

We stress that the coefficient of such logarithmic term depends only on a, b and is independent of the
localization set U, suggesting a curvature contribution concentrated at the characteristic point. For
the horizontal plane, corresponding to @ = b = 0, this e*loge correction vanishes.

1.3.4. Derivation of the e*loge correction. We now briefly explain how this logarithmic term arises,
postponing the analysis of the higher-order coefficients (including the explanation of the £* term in
the example of the horizontal plane) to the following subsections 1.4 and 1.5.

For R > 0, in polar coordinates (9) we set Bg = {p < R} C S,,. We compute the localized
half-tube volume around Bg. According to (11) and (13), the Jacobian and the cut time satisfy

Jsa,b(t7 P 19) = pQJSa,b(t/p7 1, 19)’ tgulfc(/% 19) = Ca,bp- (15)

To simplify the exposition, in the following we assume that the coordinates (p,?) are positively oriented
(see Remark 4.6 for details on orientation), and that ¢, = 1, so that %" (p,9) = p. An application of
equation (3) using (15) gives

27 min{e,p}
vol(Tp, (e / / / p2Js, , (t/p,1,9) dt dp dv. (16)

Thus, making the change of coordinates ¢t = up and defining the smooth function

27 v
v) :/ / Js, ,(u, 1,9) du dd,
o Jo

wol(Te (&) = [ Fewap+ [ " (p) dp.

equation (16) becomes
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The first integral is proportional to *. The logarithmic term arises from the second integral. To see
this, note that only monomials of the kind p3v*, k > 0, appear in the Taylor expansion of p3®(v).
After setting v = ¢/p, for every k > 0 the contribution of such monomial to the integral is

R
Ek / p3—k d,O
€

A logarithm appears precisely when k = 4, in which case this expression becomes
e*(log R — loge).

For rigorous Taylor expansions, with suitable remainder estimates, see Lemma 5.8.

1.4. The general case. We now consider a general smooth oriented embedded surface S = 9Q C H'.
Let p € X(S) be a non-degenerate characteristic point. After applying an isometry of H!, we may
assume that p is the origin and that S is locally given by

s={@ns e is=guan}  uew) =y +uH+O(@HF), (1)

where u is smooth near the origin and a,b € R. Note that the quadratic part of (17) defines the
homogeneous surface S, ;. Thus, homogeneous surfaces are not merely examples for which the tube
geometry can be computed explicitly: they also provide local approximations to general surfaces in
the vicinity of their non-degenerate characteristic points.

1.4.1. The tube integrand of a general surface. Since S can be seen as a smooth perturbation of S, ;,
it is possible to express the Jacobian Jg(t, p,¥) of the normal exponential map of S as a smooth
perturbation of Js,_ , (¢, p,?). In particular we prove that

JS(t7p7 19) = P2 (JSa,b(t/p’ 17ﬁ) + pRJ(t/p7 Ps 79))7 (18)

where Js, ,(7,p,9) and R;(7,p,?) are smooth (see Proposition 4.13 and Remark 4.14). As in the
homogeneous case, the singularities of the Jacobian are encoded in the ratio t/p. Such singularities
are reflected in the curvature forms.

Proposition 1.3. For every integer n > 0, the n-th curvature form of S satisfies
o = > (85 (9) + pioulp, 9)) dp A d),
where ¢& is the angular coefficient of the homogeneous model and 1, is smooth, including at p = 0.

n
As a consequence, the curvature forms ag )

point if and only if n = 0,1, 2.

are, in general, locally integrable near the characteristic

1.4.2. Cut time and stability. The natural idea to compute the cut time for a general surface S is
to exploit homogeneous approximations: since S is a perturbation of S, near the origin, exp§ is a

perturbation of expi ,- However, the latter fact does not by itself ensure that fc,¢ can be smoothly

a,b

approximated by t.;;. To obtain such a result, we must also establish stability of the critical points

and self intersections of the map expi ,» Within a suitable class of mappings.

A fine analysis of the normal exponential maps of homogeneous models, carried out in Part IT of
the paper, shows that the cut-locus configuration of S, is stable under perturbations only if a # b.
This motivates the following definition.

Definition 1.4. A characteristic point p € X(S) is called geometrically stable if it is non-degenerate
and the parameters of its homogeneous approximation satisfy a # b.

We remark that geometric stability is a generic property of characteristic points: an arbitrarily small
smooth perturbation of a characteristic surface makes its characteristic points geometrically stable.

The following theorem, which computes the cut time near a geometrically stable characteristic point,
is the second main result of Part II of the paper.
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Theorem 1.5. Let S = 9Q C H! be a smooth oriented embedded surface. Let p € X(S) be a geomet-
rically stable characteristic point, and let S, be its homogeneous approzimation. Then there exists a
neighborhood of p where, in polar coordinates (9), the cut time is smooth and satisfies

teut (P, ) = capp + p* Reus(p, 0, (19)

where ¢, = 7/2 — arctan(max{a, b}) and Ry € C°(RT x St is a smooth remainder.

The proof of this theorem relies on a regularization of the exponential map inspired by [Agr96] (see
also [ABB20, Chapter 19]), and on the theory of Legendrian singularities [AGZV12, § 6].

1.4.3. The half-tube volume in the general case. Combining the analysis of the tube integrand with
the regularity of the cut time, we obtain the following Steiner formula, which is established in Part I.

Theorem 1.6 (Steiner formula for characteristic surfaces). Let S = 9Q C H! be a smooth embedded
surface, whose characteristic points are geometrically stable. Let U C S be a compact set having all its
characteristic points in its interior. Then there exist real coefficients o, (U), Bn(U), n > 4, such that,
for every integer N >4, as e — 0T,

3 . N
vol(Ty(e)) = Z % /U ag"_l) + ZE" (an(U) 4 Bn(U)loge) + o(e™). (20)
n=1 n=4

The first three coefficients retain the same expression as in the non-characteristic case, in accordance
with the fact that the corresponding curvature forms remain locally integrable at characteristic points.
We see that, differently from the homogeneous case, also corrections of the form ™ loge for n > 4 may
appear (we stress once again that @ = 4 is the homogeneous dimension of H'). This is due to the
correction terms pR; and p? Ry in the identities (18) and (19).

We additionally remark that, in contrast with the non-characteristic case, Theorem 1.6 shows that,
in general, the volume around a characteristic surface is not analytic in e.

1.5. Curvature distributions. A natural question is whether the coefficients «,(S), 8,(S) in (20)
are also the total masses of suitably defined curvature measures. Following Federer’s viewpoint [Fed59],
we investigate this question by localizing the tube volume through the metric projection onto S.

Outside the negligible cut locus, every ¢ € H! \ cut(S) has a unique nearest point on S, denoted
p(q). Equivalently, p(g) is the initial point of the unique minimizing normal geodesic from S to g. The
metric projection p. := ply (o) : Ts(e) — S is smooth outside the cut locus and admits a measurable
extension across it. Any such extension defines the same push-forward measure

pte == (pe)# (vol [ 75e)) -
For ¢ € C*°(S), its pairing is the weighted tube volume

(1e, ) ::/wdus:/ (pop:)dvol. (21)
S Ts(e)

The interpretation a la Federer of the asymptotics of the family of measures p. shows that the coef-
ficients are curvature distributions, rather than curvature measures. To describe the resulting coeffi-
cients, we first specify the regularization of the divergent curvature integrals. For n > 4, the integral

(n—1)
/ QOUS
{tcut>§}

has an expansion, as  — 0%, consisting of negative powers of §, a possible logarithm, a constant term,
and o(1), see Lemma 6.4. The constant term of this expansion is the finite part, denoted by

(Fp(a§" V), ).

The next theorem is the final main result of Part I of the paper.
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Theorem 1.7 (Curvature distributions). Let S = 9Q C H! be a smooth embedded surface, whose
characteristic points are geometrically stable. Then, there exist distributions oy, 8, € D'(S), such
that, for every ¢ € C°(S) and every integer N >4, as ¢ — 0T,

3 n N
() = 3255 [ 00§04 30 < auli) + Bule) oge) + ofe). (22)
n=1 n=4

Moreover, for everyn > 4 it holds

(1) the distribution oy, has order at most n — 3. In addition, there is a distribution T,, € D'(S) of
order at most n — 4 such that

1 n—
an(p) = — (Fp(0§' ), 0) + Tulp),  suppTy € Z(S);
(2) the distribution B, is of order at most n — 4 and supp B,, C X(5).

Finally, if S is homogeneous, the results hold requiring only non-degenerate characteristic points.

Note that if ¥(S) = @ then the finite part coincides with the integral fS @J(an) and the support of
T, and 3, is empty, thus we recover the non characteristic expansion (5).

For n = 4 the distributions g, and Ty in (22) have order 0. In Section 6.5, we compute them
explicitly showing that they depend only on the homogeneous approximation of S at the characteristic
points.

Proposition 1.8. Let S = 0Q C H! be a smooth embedded surface, whose characteristic points
are geometrically stable. Let p € X(S) and let S, be its oriented homogeneous approximation. Let

p € C(S) such that supp o NX(S) = {p}, then
Bi(p) = Bapp(p),  Ta(p) = Tap (),

where Bap and T4, are constants depending only on the parameters a,b. Finally, if S is homogeneous,
the results hold requiring only non-degenerate characteristic points.

Both constants can be explicitly computed. The first one coincides with the coefficient of £* log e found
for the homogeneous expansion, i.e.,
m(a+b)
Bab = o7
12|1 + ab|
The second one has a more involved expression, but can nonetheless be computed when a = b =0 (cf.
Proposition 6.7). One has
1 — 7 Si(m)
12 ’
while the finite part of Ugi) is identically zero, cf. (8), recovering the coefficient of the ¢* correction for
the horizontal plane described in Section 1.2.1.

70,0 =

1.6. Organization of the paper. Section 2 recalls preliminaries on the Heisenberg group and on
characteristic points. In Part I, Section 3 establishes formula (3) for the tube volume. In Section 4,
we study the normal exponential map and the curvature forms, proving Proposition 1.3. This analysis
leads to the volume expansion in Section 5, which contains the proof of Theorems 1.2 and 1.6, and its
distributional refinement in Section 6, where we prove Theorem 1.7. The results of Part I are obtained
assuming the validity of the results of Part II, which is devoted to the cut time.

In Section 7, we introduce and study the extended exponential map. In Section 8, we focus on the
homogeneous case proving Theorem 1.1. Finally, in Sections 9 and 10, we show how the theory of
Legendrian singularities can be used to prove the perturbative result on the cut time of Theorem 1.5.
Part TIT contains appendices which include explicit computations for homogeneous surfaces in Ap-
pendix A, the technical results on logarithmic expansions and their coefficients in Appendix B, the
required facts about distributions in Appendix C, and Legendrian fronts in Appendix D.
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2. PRELIMINARIES: THE HEISENBERG GROUP, SURFACES AND CHARACTERISTIC POINTS

Recall that the Heisenberg group, denoted with H', is a Lie group, whose underlying smooth manifold
is R3 and has group law

1 /
@2 @ ) = (o r e s pena) (). oo (@) e R (23

Defining the following left-invariant frame of vector fields
Xy :8z_%6za X2:6y+§827 onazy (24)

we endow H! with the sub-Riemannian structure (D, g), where D is generated by the frame {X;, X5}
and g is obtained by declaring X;, X5 orthonormal. Note that the dual frame associated with
X1, X5, X is given by the 1-forms

1
v, = dx, vy = dy, vy =dz + §(ydx — zdy). (25)

The differential form vy is the so called (normalized) contact form. In this setting, we say that a curve
v :10,T] — H is horizontal if it is absolutely continuous and for a.e. t € [0, 7],

J(t) € Dypy = span{ X1, Xo}| )

For such curves we define the length as ¢(y) = fOT |7(t)|lgdt. Note that the length of a horizontal curve

is invariant by reparametrization. The sub-Riemannian distance dsr between two points p,q € H! is
defined as

dsr(p,q) =nf {{(7) : v € Cpq}
where Cp, , denotes the set of horizontal curves connecting p, q. By Chow-Rashevsky theorem, dgpr is

finite, continuous and induces the manifold topology. We conclude this preliminary section recalling
that dgr is 1-homogeneous with respect to the (anisotropic) dilations given by

for every ¢ > 0. More precisely, dsr(5-(p),d:(q)) = edsr(p,q), for every p,q € H! and every ¢ > 0.
For further details we refer to [ABB20].

2.1. Geodesics and exponential map. In this subsection we recall some basic facts concerning
geodesics of the Heisenberg group. We say that a curve v : [0,T] — H! is length-minimizing (or a
minimizing geodesic) if it is parametrized by constant speed and

dsr(7(0),7(T)) = £(7).

A geodesic is a curve 7y : [0, 7] — H* that is locally length-minimizing. We define the linear Hamiltonian
functions associated to the frame { Xy, X1, X5} as follows

h; : T*H! = R, hi(N\) = (N, X5, i=0,1,2.

Then, the sub-Riemannian Hamiltonian of H! is the smooth function H € C°°(T*H!), defined as

1
H =3 (hi+h3).
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Denoting with o € Q2(T*H!) the standard symplectic form, we define the Hamiltonian vector field
H € vec(T*H') as the symplectic gradient of H, i.e.,
LﬁO’ =dH.
Note that the functions (x,v, 2, h1, ha, ho) define global coordinates on T*H!. In these coordinates,
the Hamiltonian vector field can be explicitly expressed as
H = ho(h10h, — hoOh,) + h1 X1 + hyXo.

The Hamiltonian system associated to H is then

A(t) = H(A(t)), (27)
for A : [0,T] — T*H!. Solutions to (27) are called normal extremals and are contained in a fixed level
set of H. In particular, they are parametrized by arc-length if, for every ¢ € [0, T7,

2H(\(t)) = 1.

Their projections are locally length-minimizing curves [ABB20, Thm. 4.65]. Conversely, since in the
Heisenberg group there are no non-trivial abnormal geodesics, any length-minimizing curve ~ is the
projection of a normal extremal y(t) = 7 o A(t). The exponential map of H' is then

exp : T*H! — H!, exp(A) =mo .eH(/\)7
where el : T*H! — T*H! is the flow of H at time ¢ = 1 and 7 : T*H! — H! is the standard projection.
For a fixed p € H!, we also define the exponential map at p, exp, : T H! — H!, defined as the
restriction of exp to the fiber T;Hl. By the left-invariance, it is enough to study the exponential map
at the identity, indeed it holds:

exp,(A) = Ly 0 expg oLy (A), Ve T;Hl, (28)
where L, : H' — H! is the left multiplication by p. By direct integration of (27), one can easily

compute exp, : TgR3 — H! (see e.g. [BR19, Sec. 7.1]): given A = hyvy +have +hovo € TgH! and t € R,
we have

. _q 1 . o
expy (£1) = (h1 sin(hot) + Zi(cos(hot) ) 7 ha( cos(hol;L)O) + hg sin(hgt) 2+ h2) hot 2s}1121(h0t)>
0

(29)

2.2. Surfaces and characteristic points. We study surfaces embedded in H! and their local struc-
ture near characteristic points.

2.2.1. Characteristic points. Let S C H! be a smooth embedded orientable surface. For a given p € S,
we say that f € C°°(H!) is a locally defining function for S near p, if there exists an open neighborhood
U C H! of p such that f|y is a submersion and SNU = f~1(0)NU.

Definition 2.1. A point p € S is called a characteristic point if D, = T,,5. Moreover we set
X(S):={peS:D,=1,5}, S =S\ X(5).

It is not difficult to show that, since D is a contact distribution, the characteristic set is a closed
subset of S contained in an embedded curve (see, e.g., [BBC22, Lemma 2.4|; for a more general
discussion on the size of the characteristic set, we refer to [Bal03] and references therein). In addition,
there exists a smooth vector field X tangent to S, called the characteristic vector field, such that

D,NT,S q € S*,

In particular, given a smooth differential form w € Q2(S) inducing the orientation of S, the character-
istic vector field is defined by the equation

Lxw = VO|S»
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where 1y is the contact form introduced in (25). Note that the characteristic vector field is not unique:
it depends on the choice of w. However all characteristic vector fields differ by a never vanishing
multiplicative factor.

In terms of a locally defining function f, a point p € S is characteristic if and only if the horizontal
gradient V f of f is zero at p, i.e., if d,, f vanishes on vectors of D,. Recall that, given a smooth function
f : H' = R, its horizontal gradient is defined as the unique horizontal vector field V f satisfying the
following equality, for every horizontal vector field Y

g(V 1Y) =df(Y).
It is then natural to introduce Hessy (f) the horizontal Hessian of f, which in the orthonormal frame
{X1, X5} is expressed as

‘ ([ XaXa(f) XeoXa(f)
Hessg (f) = <X1X2(f) X2X2(f)> :

Definition 2.2. Let f € C°(H!) be a locally defining function near p € X(S). Then, we say that p is
a non-degenerate characteristic point if and only if det Hessg (f)[, # 0.

We stress that the notion of non-degenerate characteristic point does not depend on the choice of
the locally defining function f and on the choice of the orthonormal frame [BBC22, BB23, BBP25].
Furthermore, non-degenerate characteristic points are necessarily isolated, see for instance [BB23]. For
a study of degenerate characteristic points see e.g. [Ros23, BBP25].

We now study the local structure of a surface S near a characteristic point p € 3(5). Since left-
translations are isometries of H!, it is not restrictive to assume that p = (0,0,0).

Lemma 2.3. Let S C H!' be a smooth, oriented, embedded surface with a characteristic point at

p=1(0,0,0). Then, a locally defining function for S near p is given by

Jul.y) (30)

where u € C*(R%). Moreover, up to an isometry of H', there exist a,b € R such that

f(I’,y,Z):Zf

u(z,y) = %(azz +by?) + o(x? + y?), as (z,y) — (0,0). (31)

Proof. Let p : R®> — R? be the map p(z,y,2) = (z,y). Observe that p|s : S — R? is a local
diffeomorphism near p = (0,0,0). Indeed, since p € S is assumed to be characteristic, by (24)

T,S = D, = span{ X1, Xo}|, = span{0;, 0y}, (32)
therefore dpp|s is the identity. Let B C R? be a small enough neighborhood of the origin in R? and let

p:B— S, o= (p|s)" "
Then, being ¢ o p|s equal to the identity, we can write ¢(z,y) = (=,vy, %u(a@y)) for some smooth
function u : B — R. Hence, the claim (30) follows. We now show (31). Since p = (0,0,0) € 3(5), it
must hold f(0,0,0) = 0, which implies «(0,0) = 0. Additionally, (32) forces Vu(0,0) = 0. Therefore
u is quadratic at the origin

1
u(z,y) = 5 (az’ +by® + cxy) + o(a” + %),

Up to a rotation in the (z,y)-plane, which is an isometry of H!, we may diagonalize the (standard)
Hessian of u, which results in ¢ = 0. g

Remark 2.4. As a byproduct of the previous lemma we find an explicit embedding of S around a
characteristic point. Namely, if p = (0,0,0) € X(S), then there is a neighborhood U C H! of p and
a smooth embedding ® : B — H!, where B C R? is a neighborhood of the origin in R?, such that
®(B) =UNS. In addition, ®(z,y) = (z,y, 3u(z,y)), where u € C°°(R?) has the expansion (31).

The non-degeneracy of a characteristic point can be expressed through the numbers a,b in (31).
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Lemma 2.5. Let S C H' be a smooth, oriented, embedded surface with a characteristic point at the
origin p = (0,0,0). Then p is non-degenerate if and only if ab+ 1 # 0.

Proof. We apply Definition 2.2 to the locally defining function given in Lemma 2.3:

daggﬁggggm:m(ﬁ‘gzhwﬂy

It follows that p is non-degenerate if and only if ab+ 1 # 0. O

2

Hence, a characteristic point p is a stable singularity of the characteristic vector field X if and only
if ab+ 1 # 0. We also introduce the notion of geometric stability of a characteristic point, that we are
going to need in what follows.

Definition 2.6. Let S C H! be a smooth embedded surface with a characteristic point at the origin
p=(0,0,0) and locally expressed as in (30)-(31). Then p is called geometrically stable if the following
inequalities hold

ab+1#0, a #b.

Observe that, according to Lemma 2.5, a geometrically stable characteristic point is non-degenerate.
As we show in Part II, the extra condition a # b is related to the stability of the cut locus of the surface
near the characteristic point.

2.2.2. Homogeneous surfaces. We introduce a family of surfaces that constitute models for character-
istic surfaces in the Heisenberg group.

Definition 2.7. We define the oriented homogeneous surface S, of parameters a,b € R as
1
Sui= { (o) Mo = Jlaa® +0g?) f
oriented towards the side {z > (az? + by?)/4}.

Note that the surface S,; is smooth, orientable and embedded. If ab + 1 # 0, it has a single
characteristic point at the origin p = (0,0, 0) which is non-degenerate, while if ab+ 1 = 0 it contains
the following curve of degenerate characteristic point {(z,y,z) € S, : y = —az}. Finally, it holds:

0r(Sab) = Sap, Vr >0, (33)
where 0, is the dilation of (26). These properties follow by the definition of S, and of Lemma 2.5.

Part I. The volume of the half-tube around characteristic surfaces

In this part, we delve into the study of characteristic surfaces, and tubes around them. From now
on, we will always consider surfaces that are smooth, embedded and bound an open set  C H!. In
this way, S = 91 is without boundary.

3. THE HALF-TUBE AND THE SUB-RIEMANNIAN DISTANCE FROM A SURFACE

We fix a surface S C H! and we study the distance from S. Since S bounds a regular domain
Q C H!, so that S = 99, we introduce the signed distance function:

infyes dsr(p, q). peH\Q,

distg : H! = R, dists(p) = ¢ .
- lnquS dSR(pv Q)a pE Q?

where dggr denotes the sub-Riemannian distance.
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Remark 3.1. The distance from S is 1-Lipschitz with respect to the sub-Riemannian distance. Indeed
if p,q lie on the same side of H! \ S, the triangle inequality gives |dists(p) — dists(q)| < dsr(p,q).
Otherwise, for p and g on opposite sides of S, every horizontal curve - joining p to ¢ meets S, so

|dists(p) — dists(q)| = |dists(p)| + |dists(g)| < length(y),

and taking the infimum over ~ proves the claim.

We can now define the (positive) half-tube.
Definition 3.2. Let S = 9Q C H! be an embedded smooth surface, and fix e > 0. Then, the (positive)
half-tube of size e > 0 around S is the set

Ts(e) := {p € H' : 0 < dists(p) < €}.

To better describe the set Tg(e) let us introduce some terminology. We say that a horizontal curve

v :[0,T] — H is a minimizing geodesic from S if it is a unit speed length-minimizing curve, such that
~(0) € S, distg(y(t)) =1, vVt e [0,T].

If v(0) = p, we say that the minimizing geodesic 7 is based at p. If y, is a minimizing geodesic from S

based at p, by [AS10, Thm. 12.4] there exists an initial covector A*(p) € T;H! satisfying the following
normalization and transversality conditions

and such that the following equality is satisfied
(1) = exp, (A (p)). (35)

We refer to A as the normal covector of S. Note that, for a fixed p € S which is non-characteristic, the
two conditions given in (34) determine A (p) up to a sign. The additional requirement that the signed
distance is positive along +, fixes the sign of At (p). Furthermore, if p is a characteristic point, then
T,S = D,, therefore the two conditions in (34) are incompatible since (A, D,) = 0 implies H(\) = 0.
Therefore, we have the following.

Lemma 3.3. Every nonconstant minimizing geodesic from S is based at S* = S\ X(95).
Conversely, if a unit-speed horizontal curve can be written as in (35) for some initial covector
satisfying (34) then it is a minimizing geodesic up to its cut time.

Definition 3.4. Let S = 99 C H! be an embedded smooth surface, and let p € S*. Then, the cut
time of the unique minimizing geodesic from S based at p is

teut(p) :=sup{T > 0 : dists(,(t)) =¢t, Yt € [0,T]}.
The cut locus of S is the set of points where minimizing geodesics from S lose minimality, namely

cut(S) := {7 (tewt(P)) : p € 8™, teuws(p) < 00} C HY,

Recalling that H! is complete, the half-tube around S can then be explicitly described once the
normal exponential map and the cut time are known. Indeed, the following equality holds

Ts(e) = {exps(t,p) : p € 5%, 0. <t < min{e, teus(p)}}, (36)
where we define the normal exponential map on the complement of the characteristic set S* = 5\ X(5)
expy : RT x 8% — H!, exps (t,p) = expp(t)\l(p)).

Remark 3.5. The normal exponential map is a smooth map between oriented manifolds. Indeed,
endowing R x S* with the product orientation, the following map is an isomorphism of oriented
vector bundles

dexp™ |(oyxsx : T(RT x 5™)|10yxs — TH'|s,

and eprS- is an orientation preserving immersion close to {0} x S*.
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Remark 3.6. The characterization given in (36) permits us to define the (positive) half-tube around
an open set U C S as follows

Tu(e) = {expé(t,p) :pelUNS”, 0<t<min{e, teus(p)}},

namely, the set of points in the half-tube reached by minimizing geodesics from S based at U. All our
results on the tube around S will hold also for its local counterpart.

With the final goal of achieving a formula for the volume of the tube, we further investigate the
general properties of the cut time function.

3.1. General properties of the cut time function. Let S = 09 C H! be a smooth, embedded,
oriented surface. Let us define the notion of Mazwell time of a point p € S* as

tMax(p) = inf{t >0 : Ip € S\ {p} st. exps(t,p) = exps(t,p)},
and the notion of focal time (or conjugate time) of a point p € S* as

tioc(p) = inf{t >0 : d(; ) expg is not surjective}.

We have the following classical characterization of the cut time function. We include the proof for
the sake of completeness.

Theorem 3.7. For every p € S*, it holds teyt(p) = min{teoc(p), tmax(P)}-

Proof. We first prove the lower bound teyut(p) > min{tsoc(p), tmax(p) } and it is not restrictive to assume
teut(p) < 00. Fix p € S* and let v(t) = exps (t,p), t € RT := [0, +00). Take a monotone decreasing
sequence of positive real numbers {e,} convergent to 0, and set
qn = Y(teut(p) +€n).

By definition of cut time

diStS (qn) < teut (p) + en.
By completeness of the Heisenberg group, we can now find a sequence {o,} of constant speed geodesics
realizing the distance between S and {q,}, i.e.,

op :0,1] = HY, o, (0) € S, on(l) = gn, U(oy,) = dists(gn).
The 0,’s are parametrized by constant speed, and their lengths are uniformly bounded. Therefore by
the Ascoli-Arzela theorem, up to sub-sequences, there exists a limit

o =limoy,,
n

in the uniform topology. Moreover ¢ is Lipschitz and
£(o) < liminf ¢(0,) = lim inf distg(g,) = dists(o(1)).
n—oo n—oo

It follows that o is a length minimizing curve and therefore it is smooth. We reparametrize ¢ by unit
speed, thus o : [0,tcut(p)] — HY, (o) = teue(p). If 0 # v then, o is a length minimizer realizing the
distance from S, thus there exists p € S*, p # p such that
a(t) = expg(t,p),  o(teut(p)) = 1(tew(p))-
It follows that tcut(p) > tmax(p). If otherwise o = «, then, up to reparametrizing o, by constant
speed, there exists p, € S* converging to p such that
on(t) = exps(t,pn), Vit €[0,dists(gn)]-

By definition of ¢,, and o, we have

expé_ (diStS(qn)vpn) = eXpJS_ (tcut (p) + Envp)'

Therefore the map expg coincides on the two sequences (dists(qn), pn) # (teut(p) + €n,p) With the
common limit (teu(p),p). It follows that d;,,,(p)p) €XPg is not injective (thus non surjective) and
therefore teut(p) > troe(p)-
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We now prove the upper bound tcut(p) < min{teoc(p), tmax(p)}, for every p € S*. The proof of
teut (D) < tumax(p) is similar to the case where S is a point, given for instance in [RS17, Lem. 9]. Assume
by contradiction that there exists € > 0 such that tcut(p) > tamax(p) +¢. By definition of tyax(p), there
is 7 € [tMax(D), tMax(p) + €) which is a Maxwell time, i.e., we can find p € S*, p # p such that
exps (1,p) = expg (7, p). Therefore the curve

expy (t,p), 0<t<m,
engT(t,p), T S t S tMax(p) + g,

is continuous, piecewise smooth, but not real-analytic. Furthermore, since tcut(p) > tmax(p) +¢, o is a
length minimizing curve. This gives a contradiction, since minimizing geodesics must be real-analytic.

o) 0, tyiae(p) +2) > H, o(t) i {

Finally, to prove that tcut(p) < troc(p), one has to show that a geodesic from S, based at p, is no
longer minimizing after its first focal (or conjugate) point. This can be deduced studying the second
variation of the length as done in [ABB20, Ch. 8] for sub-Riemannian minimizing geodesics from a
point, in absence of abnormal minimizers. The case of minimizers from a surface has been proved in

[GGPT03, Thm. 4.3]. 0

Remark 3.8. Theorem 3.7 says that cut points are either focal points or points reached by at least
two minimizers. This dichotomy is classical in Riemannian geometry, see e.g. [dC92], and proved
in [ABB20, Ch. 8] for sub-Riemannian minimizing geodesics from a point, in absence of abnormal
minimizers. Here we extend such a result for minimizers from a surface S in the Heisenberg group.

We now show that teut(p) > 0 for every p € S*. This fact is already contained in [BRR26, Thm.
1.1], however our proof is different and gives additional information on tg. and tyfax.
Corollary 3.9. For every p € S*, it holds tioe(p), tmax(p) > 0. In particular, teu(p) > 0.
Proof. We show that both tg..(p) and tyax(p) are strictly positive. By definition of the normal expo-
nential map, exps ;=0 : S — H! coincides with the inclusion of $* in H'. Furthermore exps, 9|0

is transverse to S, therefore d(g ;) expfg is injective and tg.(p) > 0. Now assume by contradiction
that tnax(p) = 0. Then there exists ¢, > 0, ¢, — 0, and p,, in S* \ {p} such that

expy (tn, pn) = expy (tn, p).
Note that p,, — p, indeed
SR(pru eXP‘é(tmp)) + dSR(eXPé (tnap)up)
SR (Pns €XPE (tn, Pn)) + dsr(expg (£, ), p) < 2ty.

dS’R(pn>p) S d
d

Therefore, in any neighborhood of (0,p) there exists (t,,p,) such that exps(tn,p) = exps (tn,pn),
contradicting the fact that dg p) expfg is injective. O

Corollary 3.10. Let U C S be an open set and T : U — R be a continuous function such that
T(q) < teut(q) for all g € U. Then definingUd = {(t,q) € RT x U :t < T(q)} the restriction

expé‘ |u ‘U — H!

s a diffeomorphism onto its image.

Proof. Indeed, assume that there exists (¢, p), (¢,p) € U such that

exps (t,p) = expg (£, p) =: .
Since t < tey(p) and t < teus(p), then t = t = distg(x). But then, by Theorem 3.7, t > tyax(p) >
teut(p), which is a contradiction. This shows that exp§ is injective on Y. In addition, since teu(p) <
ttoc(p) for every p € S* by Theorem 3.7, then expd |y is an immersion. Thus, expg |y is an injective
immersion between manifolds of the same dimension and hence a diffeomorphism onto its image. O

An important consequence of Theorem 3.7 is the continuity of the cut time function.
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Corollary 3.11. The cut time function tey, : S* — (0,00] is continuous. Moreover, extending tcu: by
zero on 3(S), then tey, : S — [0,00] is continuous.

Proof. The first part of the statement can be shown following the same arguments as [ABB20, Prop.
8.76] in which one proves separately the upper and the lower semicontinuity. The second part of the
statement instead follows if we prove that, for every p € ¥(S) and for every sequence {p;, }nen C S*

converging to p, it holds

tcut (pn) TH_OO} 0

Assume by contradiction that there is a subsequence teut(prn) > € > 0, for every n € N. By definition
of teyt, this means that, for every n € N, the unique minimizing geodesic from S based at p,, satisfies

distg(p, (t)) = t, vVt e [0,e]. (37)

By a standard Ascoli-Arzeld argument, up to extracting a subsequence, the sequence of curves {7, 0.2 }
converges to 7 : [0,e] — H!. By (37) and by the continuity of distg, 7 is a minimizing geodesic from S.
Moreover, it is based at lim,, o0 ¥p,, (0) = lim,, o0 pp, = p, which is a contradiction with Lemma 3.3. [

In turn, the continuity of the cut time implies that the cut locus has zero Lebesgue measure in H!.

Corollary 3.12. The cut locus of S is negligible.

Proof. As the cut time is a continuous function, cf. Corollary 3.11, its graph over S*, namely the set
[ = {(teut(p),p) : p € S, teut(p) < 00} C R x §%,
has zero Lebesgue measure. Furthermore, the cut locus of S satisfies the identity:
cut(S) = {exp3 (teus(p), p) : p € 8™, teur(p) < 00} = exp=(I).
Since expyg is a smooth function on RT x $* | we conclude that cut(S) has zero Lebesgue measure. [J
3.2. A formula for the volume of the tube. We can now prove the formula for the volume of
Tu (€) localized in an open set U C S. Recall that, in H! there is a canonical measure, which we denote

by vol, given by the bi-invariant Haar measure. This measure coincides with the Lebesgue measure
#3 and can be described in terms of the dual frame (25) as

VOI(A) = / vo A A Vo,
A

for every Lebesgue-measurable subset A C H!.

Theorem 3.13. Let S = 0 C H! be a smooth, oriented, embedded surface. Let U C S be a Borel
subset, then

min{e,tcut }
vol(Tu(e)) = / / expe*(vo Ay A ). (38)
uJo

Proof. Assume U C S is open. Set T. := {(t,p) e R* x X :pe S* NU,0 < t < min{e, teut(p)}}. By
Corollary 3.10 expfg- |, is a diffeomorphism onto its image. Now, observe that, by construction, we
have

T (e) \ exps (T2) = {exps (min{teuw(p),},p) : p € S*NU}.
The latter set is the image through the smooth map expg: of the graph of the continuous map p
min{t.ut(p), e}, therefore it is negligible. Thus,

vol(Tir(€)) = vol(exps (T.)) = / vo Avi A va.
expé' (T:)

According to Remark 3.5, expfg- is orientation preserving close to {0} x S*. Since expfg- |7, is an
embedding, and T. intersects every open neighborhood of {0} x U, we deduce that eprS- |7, is an
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orientation preserving diffeomorphism onto its image, therefore we may apply the change of variable
formula, finding

min{57t011t(p)}
vol(Ty () = / expt*(vg Avy Avg) = / / exps*(vo A v A ),
. uvJo
where the last equality follows from Fubini’s Theorem. Finally, if U C S is a Borel set, it is enough to
approximate it by open sets and exploit (38) and dominated convergence theorem to conclude. O

Remark 3.14. A consequence of the above theorem is that if U,V C S are disjoint Borel subsets we
have

vol(Tuuv (€)) = vol(Tu(e)) + vol(Tv (€)).

Notation 3.15. Given a C! map ¢ : M — R™, where M is a smooth n-dimensional manifold, and local
coordinates (x1,...,x,), we fix the following notation for the Jacobian determinant of ¢ evaluated at
the point p € M of coordinates (y1,...,Yyn) as

det (8@(@,...,%))

a1, o) = det (811<,0(y1, ey Yn)s e Ox, (Y1, - ,yn))

(Y1,--3Yn)

We omit the evaluation whenever (y1,...,9,) = (z1,...,Zp).

Remark 3.16. Let (x,y) be an oriented pair of local coordinates on S, then computing the pullback of
exps* (Yo A v1 A vg) with respect to the coordinates (t,z,y) € RT x S* gives

min{e,tcus (p)} [“)expj‘(t X y)
i :// det(%)dtdzd.
= [ e !

4. NORMAL EXPONENTIAL MAP AND CURVATURE FORMS NEAR CHARACTERISTIC POINTS

We now study the normal exponential map near a non-degenerate characteristic point p of S.
Making use of the results of Section 2.2.1 on the local structure of S near p, and in particular of the
embedding of Remark 2.4, we may assume that p = (0,0, 0) and that

S{(x,y,z)eHl : z;u(x,y)}, (39)

where u € C°°(R?) satisfies the following for some a,b € R
Lo 9 2 2., .2
u(z,y) = §(ax + by*) + o(z* + y*), as (z,y) — (0,0). (40)

We stress that we work under the non-degenerate assumption ab + 1 # 0. We orient S so that its
positive side is {z > 1u(z,y)}. To compute the normal exponential map for a surface of the form (39),
we first compute its positive normal covector \*.

Lemma 4.1. Let h; : S* =R, fori=0,1,2, be the components of \* with respect to the dual frame
given by (25), i.e. hy = (A, X;). Then the following equalities hold
2 ho

_ B _@ ke .
o= \/(8£u +y)2 + (Oyu — )2’ hy = 9 (Ozu+y), ho = > (Oyu — ).

Proof. Let f(x,y,z) = z — u(x,y)/2. First observe that, thanks to (34) the covector A\*(p) is parallel
to df|, and the fact that H is homogeneous of degree two gives the normalization

)\L(p) _ df|17

V2H(df[,)

(41)
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We then write df with respect to the dual frame (25) as follows

' 1 1 'z
52u dr — a‘;—udy =dz+ i(ydz — xdy) — i(yd:v — xdy) — Oou dxr — Oyu

2 2 (42)

df =dz —
1 1
=y — 5(8mu + y)l/1 — 5(3yu — .13)1/2.
We now compute the denominator in (41)
1
V) = v/, X0+, Xa)? = 5/ @+ 9)? + (0yu — )2 (13)

Plugging (42) and (43) into (41) and decomposing A* = hovg + hivy + hova, we obtain the result. [

Example 4.2. For a,b € R with ab+ 1 # 0, consider the homogeneous surface

1
Sap = {(m,y,z) eH : 2= Z(cw;Q —|—by2)}.

Substituting the explicit expression of the defining function u into the formulae of Lemma 4.1, we find

ho = 2 e —(az +y) b — —(by — )

Ve +y2+by—2?2 ' Jlaz+y)P+ly—a2 ez +y)?2+ by —2)?

Remark 4.3. We stress that, while hi(x,y), he(x,y) remain bounded, ho(z,y) diverges as (x,y) —
(0,0), indeed from the asymptotic expansion (40) we see that

2
hO r,y)= +
w9 Vi(az +y)? + (by — x)?
Notice in particular that the quantity hg 2 is smooth in a neighborhood of the characteristic point.
Similar expansions hold for h; and hs, indeed denoting r = y/x? + y? we have
—(azx +y) —(by — 2)
Vi(az +y)? + (by — x)? Viaz +y)? + (by — 2)?

where the remainders are smooth in polar coordinates.

o(1).

hl(xvy) =

O(T), h2 =

o(r),

We now compute the normal exponential map for a general S in terms of the normal covector. In
the following proposition, for s € R we employ the notation

3(s) — ( cos(s) sin(s)) | (a4)

—sin(s) cos(s)
In the next statement, to lighten the notation, we use the shorthand h; = h;(z,y), for i =0, 1, 2.

Proposition 4.4. Let hg, hy,hy be the components of the normal covector and let (X,Y,Z) be the
components of the normal exponential map in coordinates, i.e.,

exps : RT x R?\ {(0,0)} — H!, exps = (X,Y, 2).

Then, the first two components are

(ggszD = (g) + hio[m(—w/z) +R(w/2 ~ hot)] (Z;) (45)
whereas the third one reads
w(z,y) = hot — sin(hot) 1

Z(t,x,y) = 5 + o2 + T (z y) {Id +R(r— hot)} (Z;) . (46)

Proof. For fixed (z,y) € R?\ {(0,0)}, let ¢ = (z,y, su(z,y)). Let Ly : H' — H! denote the left-
translation by ¢. By (28), it holds

expy (t,2,y) = exp, (IN"(,y)) = Lq 0 expy oLj (A" (x, y)),
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where exp, : T¢H! — H! is the exponential map at the identity. Since the dual frame (25) is left-
invariant, the computation of LZ()\J-(x, y)) is straightforward and gives

LN (2,y)) = holx, y)dz + hi(z,y)dz + ho(z,y)dy.

Combining the latter with the explicit expression of exp,, given in (29), we may compute eprS-. More
precisely, collecting the first two components into a single R%-valued vector and using h? + h3 = 1, we
find

* ey L u(z,y) 1 T p- hq hot — sin(hot)
Lq © €XPo OLq(tA (x,y)) - <x,y, 2 ) x <h0 (93(*5) + 9”{(5 - hOt)) (h2 ) 27}13 .
Recalling that the group law is given by (23), we compute the first two coordinates of the above

multiplication, finding (45). To prove (46), we compute

7= o) | ot ‘;g("ot) + g (-3,) - (R(=7/2) + R(r/2  hot) (Z)

_ Uzy) | hot _Qsiig(h%) + o (0) - R(x/2) (R(—7/2) + R(r/2 — ht)) <Zl>

2 2hg
u(z,y)  hot — sin(hot) 1 hy
= : I - .
5 + 202 + e (z,y) - (Id + R(7 — hot)) Iy

O

The above proposition shows that expg (¢, z, y) does not extend smoothly to the origin (z,y) = (0,0),
since, by Remark 4.3, ho(z,y) diverges as (z,y) — (0,0). Nevertheless, the resulting singularity can be
removed changing the time parameter ¢, or equivalently, by a suitable reparametrization of the normal
geodesics from S.

Proposition 4.5. Let S C H! be the surface of (39), then the following map is smooth:

E:RtxR2=H!.,  E(suz, ::exl(s,% )
( y) pS ho(xay) Y

Proof. We write the normal exponential map of S componentwise as expé = (X,Y,Z) and observe
that E(s,z,y) = (X,Y, Z)|(s/ho,z,y)- Then by Proposition 4.4 and Lemma 4.1 we have

(= () -alrmim o] (G175,

Y Oyu —
from which we see that the first two components are smooth and well defined at (0,0). Similarly for
the third component we find

Z(s/ho,x,y) = U(a; y) s ;2:2:(5) - i (z ) [Id+m(7r — s)} (gﬁfi) ,

By Lemma 4.1, the function kg 2 extends smoothly to (z,y) = (0,0), therefore also the third component
is smooth. This shows that the map F is well-defined and smooth on RT x R2. O

4.1. Normal exponential map for homogeneous surfaces. Let S, ; be a homogeneous surface.
The normal exponential of S, inherits the homogeneity property (33). To better describe the latter
property, we introduce a pair of polar coordinates adapted to S, ;: define (p,) € RT x S! such that

pcosv¥\ _ fax+y
<psin19> o (by - x) ’ (47)
Remark 4.6. Under the assumption 1 + ab # 0, the above polar coordinates are well-defined. The

parametrization (p,d) — (z,y) determined by (47) has Jacobian determinant p/(1 4 ab). Hence, it is
orientation-reversing when 1+ ab < 0.
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As a consequence of Example 4.2, in such coordinates, the components of the normal covector A* are

2
ho = ;7 hi1 = —cos 1, hy = —sin . (48)

We use the notation expfga . (t, p,¥) for the normal exponential map expressed in coordinates (47).

Lemma 4.7. Let a,b € R such that ab+1 # 0 and let S, , C H! be the homogeneous surface as defined
in Definition 2.7. Then, for every (t,p,9) € RT x (0,+00) x St it holds

expiyb(t, p, ) = 5€(exp§a’b(t/€, p/e,9)),
where 0. is the dilation defined in (26).
Proof. Fix e > 0 and p = (p,9) € Sqap. A standard computation shows that
0 (expg, , (8, p,0)) = 821 (exp, (EA (D)) = expy1 () (te 282 (A (p))- (49)

Now, in polar coordinates, we compare At (p) and &7 (A1 (p)) using (48):

2
SE(AE(p) = o7 (puo — cos vy — sin 19u2>

2
= <52u0 —ecosVry — 55in19u2>
P

P 5 (p)

= A (6 (p))-
5= (p)

Substituting the latter identity into (49), we obtain

5. (expg, , (£, p,9)) = exps, (e AT (021 (p))) = expy, , (t/2, p/e, V),
which is the claimed identity. O

2
€ (81/0 — cos Yy — sin 191/2>
)

Remark 4.8. Let E, (s, p,V) be the map defined in Proposition 4.5 associated to the surface Sgp,
expressed in the coordinates of (47). By definition of E, ; and by (48) we have

Ea,b(sap’ 19) = eXpJS_ayb(%a Ps 19) = 5E(expé_ﬂ~b(;{7 ga 19)) = 5E(exp§a,b(m7 5’19)) = 5E(Ea,b(57 5719))

We conclude the section with an approximation lemma for the normal exponential map of a general
surface .S, in terms of the normal exponential map of S, ;. In particular, we show that the singularities
of eprS- at a characteristic point p behave, at first order, as the ones of the homogeneous model at p.

Lemma 4.9. Let S = 0Q C H! be a smooth, oriented, embedded surface with a non-degenerate
characteristic point at p = (0,0,0) and let a,b € R be the numbers identified by Lemma 2.3. Then,
there exists a smooth function Rs : RT x (0,00) x RT x S! — H! such that, in coordinates (47),

expz (t, p,¥) = 6E(exp§a7b(t/5,p/s,19) +eRs(t/e, p/e, p,9)).
for every (t, p,9) € Rt x (0,+00) x St.

Proof. Firstly, observe that the statement makes sense since (47) are well-defined coordinates on
S, being p a non-degenerate characteristic point. Secondly, by the homogeneity properties of the
Hamiltonian, we have that

0 (expi (t,p,9)) = wo e (7205 (A (p, 9))) = w0 e T (7162 (A (p, ).

Now, combining Lemma 4.1 with the Taylor expansion of u of Lemma 2.3 and with (48), we deduce
that, in polar coordinates, it holds

2
hO(p7 19) = ; +H0<p7 19)7 hl(pa 19) = _COSﬁ+pH1(p7 7‘9)7 h2(p7 19) = _Sin19+pH2(p7 19)’

where H; € C*°(R* x S1), for i = 0,1,2. Since the dual frame {vg,v1, 1o} satisfies

0y = 2vp, 0fvy = evy, 0vy = eun,
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in coordinates p = (p,d), we obtain

2
19 ) = (% e ) ) o+ (= cosd + pHy () + (=i pitalp. 0) e

5= (p)
=g, ,(p/e, V) +eG(p/e, p, V),

for some smooth covector G. Since the flow et at a fixed time ¢ is a smooth function on T*H!, we
compute

mo et (751 (0 (p)) = mo et (AS, (/2. ) +£Glp/e, p, )

1
tH d tfq
To eEH()HS-ayb(p/s,ﬁ)) + /0 Ts {w ° esH()\é‘w(p/&ﬁ) + seG(p/e, p, 19))} ds
= expg, , (1/2. p/e.9) + eRs(t/e. p/e. p.).

where Rg is the smooth map defined implicitly by the last identity. This concludes the proof. O

Remark 4.10. An analogous statement of Lemma 4.9 holds also for the map F, namely there exists a
smooth function Rp : [0,00)% x S! — H! such that, in coordinates (47),

E(s,p,0) = bc(Eap(s, p/e,9) + eR(s, p/e, p, V).

for every (s, p,1) € Rt x R x S1. Observe that the regularity of Rg is guaranteed by the regularity
of F, proved in Proposition 4.5.

4.2. The Jacobian determinant of the normal exponential map near characteristic points.
We now study the singularities of the Jacobian determinant of the normal exponential map near a
non-degenerate characteristic point.

Definition 4.11. A smooth map € : [0,79) x S — R? is called a system of polar coordinates centered
at the origin if £(0,0) = (0,0), its restriction to (0,79) x S' is a diffeomorphism onto a punctured

neighborhood of the origin, and
9¢(r,9)
det =rD(r,0
ot(Geay) =r oo
where D is smooth and non-vanishing on [0,79) x St. If in addition D is positive, then the system of
polar coordinates is called positive.

Remark 4.12. Let € be a system of polar coordinates and x : Rt x S' — RT x S! a diffeomorphism,
then € o x is also a system of polar coordinates. If in addition ¢ is positive and 9px2(0,6) > 0, then
& o x is also positive.

On an oriented surface, a (positive) system of polar coordinates centered at a point is defined
through an (orientation-preserving) smooth chart sending that point to the origin. In the sequel, for
a smooth function F : R? — R we abbreviate F o £(r,0) by F(r,0).

Proposition 4.13. Let S = 092 C H! be a smooth embedded oriented surface with a non-degenerate
characteristic point p € X(S). Fix a system of polar coordinates (r,0) on S centered at p and denote

8exp§(t,r,9)>

+ 1
2.1 0) , (t,r,0) € RT x (0,400) x S*.

Js(t,r,6) = det (
(t,r,0)

Then, there exists a smooth function Jg : RT x Rt x S — R such that
Js(t,r,0) = r*Ts(t/r,r,0),  (t,r,0) € RT x (0,400) x S’ (50)
Proof. By the chain rule and multiplicativity of the determinant, the validity of the statements is

independent of the system of polar coordinates. Therefore we may prove the proposition for a particular
set of polar coordinates. Let (z,y) be coordinates near p such that S has locally the form (39), and
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let (p,¥) be the polar coordinates defined in (47). We first prove the statement for a S = S,
(cf. Definition 2.7), with a,b € R such that ab+ 1 # 0. By Lemma 4.7 we have
expg, , (t, p,¥) = 0-(expg, , (t/e,p/e, D)),  V(t,p,0) €RT xRT xS, e>0.
For a fixed € > 0, taking the Jacobian determinant of both sides of the above identity yields
JSa,b (tv P 19) = 52JSG,,5 (t/{-; p/57 19)
Evaluating at € = p we find
Is..(t.p,9) = p*Js, ,(t/p, 1,9).

In this case the proof can be concluded setting Js, ,(u,p,9) := Js,,(u,1,9), which is a smooth
function. For a general surface S, thanks to Lemma 4.9, we have

exps (t, p,9) = 0 (expy, , (/2. p/e,V) + eRs(t/e, p/e, p, ).
Taking the Jacobian determinant of both sides yields
Js(t,p,9) = e*(e 2 s, ,(t/e,p/e, V) + e 'R(t/e, p/e, p, V).
for a suitable smooth function R : RT x (0, 4+00) x RT x S! — R. Substituting ¢ = p we are left with
Is(t,p,9) = p*(Js, ,(t/p,1,9) + pR(t/p,1, p, D).
We conclude the proof setting Js(u, p,9) := Js, , (u, 1,9) + pR(u, 1, p, ). O
Remark 4.14. The proof of Proposition 4.13 in shows that, in the coordinates (p,?) of (47) it holds
Js(u, p,0) = Js, ,(u,1,9) + pRy(u, p, 9),
where Ry : RT x RT x S! — R is a smooth function.
4.3. Curvature forms: iterated divergences of the distance. We relate the determinant of the

normal exponential map to the iterated divergences of the sub-Riemannian distance from S. As a
byproduct, we are able to describe the singularities of these divergences on the characteristic set.

Recall that, given a smooth vector field X on H!, its divergence with respect to the Lebesgue volume
form vy A v1 A vg, is defined as the unique smooth function satisfying

Lx(V() Ave A 1/2) = diV(X)VO Avy A Vs,

where Ly denotes the Lie derivative in the direction of X. In particular, if X € I'(TH!) is a horizontal
vector field, namely X = u3 X + us Xo, for some uy, us € C°(H!), then

div(X) = X7 (u1) + Xao(u2).
For every n € N, the n-th iterated divergence of X is defined as the unique smooth function satisfying
L% (vo Avi Avg) = div™ (X)vg A vy A v,
with the convention that div®(X) = 1.

Proposition 4.15. Let S = 9Q C H! be a smooth, embedded, oriented surface and let distg : H! — R
be the signed distance from S. Given a pair of local coordinates (x,y) on S, set

dexpz (t,z,y)
a(t,z,y)

Then, distg is smooth on a neighborhood of S* = S\ 3(S) and,
97 Js(0,2,y)

Js(0,z,y) ’
where Vdistg is the horizontal gradient of distg.

Js(t,z,y) = det (

(t,z,y)
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Proof. Let p € S* and let U C S* be a compact neighborhood of p € §*. By Corollary 3.9 there
exists €9 > 0 such that t.u(g) > €o, for all ¢ € U. Corollary 3.10 then implies that the restricted map
[0,c0) x U = HY, (t,q) = exp5 (¢, ),

is a diffeomorphism onto its image. By definition of .y, it holds
dists(exps (t,q)) = t, Y (t,q) € [0,e0] x U (51)

which then shows that distg is smooth on a neighborhood of p (notice that this covers only half a
neighborhood of p; a similar argument can be done for ¢ negative). Furthermore, differentiating (51)
with respect to ¢ and using the definition of the horizontal gradient we find

g(VdistS,eprS‘* 0) = (d(dists),expfg‘* Oy = (expé:* d(distg), 0y = (dt, d) = 1. (52)

Note that eXpé* 0¢ has norm 1, because it is the velocity of the arc-length parametrized geodesic
t — expg (t,q). Moreover, |Vdistg| = 1, indeed Remark 3.1 implies that |[Vdistg| < 1, which combined
with (52) implies |Vdists| = 1. Since both expg, 9; and Vdists have norm 1, (52) implies that

Vdists = (expg)«0;- (53)

Since the iterated divergences of a vector field with respect to a given volume form are diffeomorphism
invariant, computing the divergence of Vdistg = expé-* 0y with respect to the volume form vy Avy Ave
is equivalent to computing the divergence of 9; with respect to the volume form

exps™(vo A vy A o) = Js(t,z,y)dt Adx A dy. (54)
Now, the n-th Lie derivative along X = 0; of a volume form above is

L% (Js(t,xz,y)dt Ndx Ndy) = 0 Js(t, x,y)dt Adx ANdy = Js(t,z,y)
S\t Ly

Js(t, z,y)dt A dx A dy.
We deduce that

_ aén‘]S(t, z, y)
expg (t,x,y) — Js (t, z, y>

Evaluating at ¢ = 0, since exp3 (0, x,y) = (z,y), we conclude the proof. O

div" (Vdists)|

Definition 4.16. Let S = 02 C H! be a smooth oriented embedded surface. The sub-Riemannian
area form of S is defined, outside of the characteristic set of S, as

oy = tn(Vo Avr Avg).

where N = Vdistg is the sub-Riemannian unit normal. Given n € N, the n-th curvature form is
defined, outside of the characteristic set of S, as

Uén) = div"(Vdistg)oq.
Lemma 4.17. Under the hypotheses and notation of Proposition 4.15, for n > 1 it holds
ou = Js(0,z,y)dx A dy, a(sn) =01 Js(0,2,y)dx A dy.

Proof. The form o is computed contracting (54) with the vector field (53) and evaluating at ¢ = 0.

The expression of agn) is obtained by multiplying oy by div"(Vdistg) (cf. Proposition 4.15). O

We are now in position to describe the singularities of U(S") at characteristic points.

Corollary 4.18. Let S = 0Q C H! be a smooth embedded oriented surface with a non-degenerate
characteristic point p € X(S). Fiz a system of polar coordinates (r,0) centered at p, and set

bn(r,0) == 0 Ts(0,7,0), (r,0) € RT x S' n>0. (55)
where Jg is the function of Proposition 4.13. Then ¢, € C*°(RT x S!) and
o§) = 12", (r,0)dr A df. (56)
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In particular, if (p,9) are the polar coordinates of (47) we have
¢n(p7 19) = 8?J5a,b(07 17 ”9) + O(p)a (57)

and the remainder is identically zero in the homogeneous case S = Sq .

Proof. To prove (56), we apply Lemma 4.17 in the polar coordinates (r,0) centered at p and then
compute derivatives 97" Js(0,r,6) by applying 9" to both sides of (50) and evaluating the result at
t = 0. Equation (57) then follows from Remark 4.14. O

Corollary 4.19. Let S = 02 C H! be a smooth embedded oriented surface whose characteristic points
are non degenerate. Then

(i) Forn=0,1,2, the forms agn) is locally integrable on S,

(i) Given p € (S) and letting a,b € R defined by (31), for every n > 3, if a # b, the form O’fgn)
is not locally integrable on S.

Proof. Since the curvature forms are smooth outside of the characteristic set (cf. Lemma 4.17), it is
sufficient to control integrability only near characteristic points. Item (4) is then a direct consequence
of (56). Concerning item (i), it follows from (56) combined with (57) and Proposition A.3 that

o0 = p> (A, cos(20) + B, sin(20) + Cy, + O(p))dp A dV. (58)
Moreover, Proposition A.3 ensures that, for a # b and n > 1, A,, and B,, cannot vanish simultaneously.
Thus the form (58) is not locally integrable at p =0 for n > 3 and a # b. O

5. THE VOLUME OF THE HALF-TUBE. PROOF OF THEOREMS 1.2 AND 1.6

In this section, we prove Theorem 1.6. Our starting point is the formula

min{e,tout (p)}
vol(Ty(e)) = / / exps*(vo A vy A ),
uJo

established in Theorem 3.13. The integrand, namely the Jacobian determinant of the normal expo-
nential map, has been analyzed in the previous sections. The remaining ingredient is the behavior of
the cut time, described by Theorems 1.1 and 1.5. Although the proofs of these theorems appear later,
in Part II, they do not rely on any results from the present section. We apply these theorems here to
derive the volume asymptotics.

5.1. Steiner formula for non-characteristic surfaces. With the results collected so far, we give
a streamlined proof of the Steiner tube formula for non-characteristic surfaces, originally obtained in
[BFFT15].

Lemma 5.1. Let S = 9Q C H! be a_smooth oriented embedded surface, and let U C S be an open
relatively compact subset, such that U N X(S) = 0, then inf,cpy teus(p) > 0 and for any 0 < e <
infpep teus(p) it holds

vol(T¢ (@)‘i e /U(n)
v e+ o

Proof. By Corollary 3.9, for any non characteristic ¢ € S, teus(q) > 0. Since U does not intersect the
characteristic set, and ey is continuous by Corollary 3.11, there exists €9 > 0 such that t..t(g) > g
for all ¢ € U. Let ¢ < &g, and letting (z,y) be oriented coordinates on U, by Remark 3.16, in the
notation of Proposition 4.15 we have

min{e,tcut (p)} e
vol(TU(£)):// Js(t,z,y) dtdmdyz/ (/ Js(t,z,y) dxdy)dt.
uJo 0 U
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Since U is relatively compact and does not contain characteristic points, the exponential map is smooth,
and real-analytic in ¢, therefore

s(t,z,y) = Z 8J50;vy)

We may substitute the above expression in the formula for the volume, and exchange the sum with
the integral, since the series is uniformly convergent in compact subsets of RT x S (this can be seen
from the explicit expression of the exponential map given in (29), see also [BRR26]), we find

St n+1
vol(Ty (e Z/ </ op JSOxy)da?dy)dt Z(ng—l—l)'/ J(S”)7
n=0 JU

where in the last equation we integrated with respect to ¢ and used Lemma 4.17. O

5.2. The half-tube around small sub-level sets of t.,;. When characteristic points are present,
the cut time is not uniformly bounded below, see Corollary 3.11, and the behavior of the volume of
the half-tube depends on the shape of the sub-level sets of the cut time.

Lemma 5.2. Let S = 09 C H! be a smooth oriented embedded surface containing only geometrically
stable characteristic points. Let U C S be a compact set having all its characteristic points in its
interior. There exists ro > 0 such that

B(ro) :={qeUNS : teut(q) <710},

contains all the characteristic points of U. Moreover B(rg) is a union of finitely many, disjoint, smooth
embedded compact balls, each one containing exactly one characteristic point, and each one admitting
a positive system of polar coordinates (r,0) € [0,7r¢] x S' such that

teus(r,0) = 7. (59)

Proof. Since geometrically stable characteristic points are non-degenerate, they are isolated (see for
instance [BBP25, Thm. 1.1]). Thus, being U compact, U N X(S) = {p1,...,pr}. By Corollaries 3.9
and 3.11, teut(p) = 0 if and only if p € UNX(S). Therefore, UNX(S) C B(rg), for every 1o > 0, and in
addition, by the continuity of the cut time, for every neighborhood V' of U N X(S) there exists ro > 0
sufficiently small such that B(rg) C V. We take V' to be a union of disjoint balls B; containing the
characteristic point p;, i = 1,...,k, each and every one of them supporting polar coordinates (p, )
such that Theorem 1.5 holds. In such coordinates the function teu(p,?) is smooth and satisfies
teut(p,9) = (g — arctan (max{a, b})) p+o(p), as p— 07,
Thus, by the inverse function theorem, there exists pg > 0 such that the following map

[0,p0] x S' = R* xS',  (p,9) = (teus(p,?),9) =: (r,0)

is a smooth diffeomorphism onto its image, which contains [0,70] x S! (up to reducing ro > 0). This
gives polar coordinates (r,#), such that t.,(r,0) = r, defined on the whole [0, 7] x S!. Moreover, up
to changing 0 — —0, we may assume that (r, ) are positively oriented polar coordinates. Finally, the
existence of such polar coordinates (r, §) implies that, for each i = 1,...,k, B;NB(rg) = {(r,0) € B

r < 1o} is a smooth closed ball.

Remark 5.3. The above lemma also holds for homogeneous surfaces, with the only requirement that
their characteristic point is not degenerate, i.e., for S, ;, with 14+ab # 0. Indeed in such case Theorem 1.1
gives teus (0, 9) = capp, where cqp > 0. Thus (r,0) := (ca,pp, V) are polar coordinates in which the cut
time coincides with the radius, well defined on every ball B, = {capp < 70}, for ro > 0. To ensure
positive orientation of the pair (r, ) we make the additional change 6 — sign(1+ ab)é, cf. Remark 4.6.

We now compute the asymptotics of the volume of the half-tube around a small neighborhood of a
geometrically stable characteristic point.
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Lemma 5.4. Let S = 092 C H! be a smooth oriented embedded surface containing only geometrically
stable characteristic points and let B C S be one of the balls of Lemma 5.2 with the coordinates (r,0)
of (59). Then, the function ® : R> — R defined by

27 s
D(s,r) = 7"3/0 /0 Ts(u,r,0)dudo, (60)

where Js is defined in (50) is smooth. Furthermore, for 0 < e < rq, the following formula holds
5 0 c
vol(Tg(e)) = / O(1,r)dr +/ P (7,r> dr. (61)
0 € r

Proof. The smoothness of ® defined in (60) is a direct consequence of Proposition 4.13. We now show
(61). Recall that, according to Lemma 5.2, in coordinates (r,0), we have B = {(r,0) : 0 < r <
ro, 0 <0 < 2x} and tey(r,0) = r. Thus, starting from the identity (38), we express the integrals in
coordinates (t,r,0), using the notation of Proposition 4.13:

min{e,tout } 27 T0 min{e,r}
vol(Tg(e)) = / / expT* (g Ay Avg) = / / / Js(t,r, 0)dtdrdd
BJO 0 0 0

o 27 ermin{£,1}
= / re / / Ts(u,r, 0)dudfdr,
0 0 0

where, in the last equality, we have performed the change of coordinates ¢ = wr, used (50) and
exchanged the order of integration in r and . Therefore, by definition of ®(s,r) we have

vol(’TB(s))—/Oroq)(min{i,l},r> dr:/o <I>(1,r)dr+/ero¢(i,7") dr.

€

O

Remark 5.5. In the case of a non-degenerate homogeneous surface S, 5, the above lemma holds on the
balls B = B, = {cqpp < 70}, for ro > 0. Applying the change of variables (r,8) = (cqpp, £9) we find

1

Ca,b

3
TSus(u,m,0) = Ts, ,(u,0) =+ < ) Js, ., (Capu, 1,£0),

where + = sign(1 + ab) and Jg, , (t, p,¥) is the Jacobian of the normal exponential map computed
with respect to the coordinates (t, p,¥), and ¢, = 7/2 — arctan(max{a, b}). In particular

2m s
Dy p(s,7) = 7“3/0 /0 TS (u, 0)dudb. (62)

The asymptotics of the first integral in (61), as ¢ — 0% is a standard Taylor expansion as the
function ®(1,-) is smooth. In order to describe the asymptotic structure of the second integral in (61),
we introduce the finite part.

Definition 5.6 (Finite part of a function). Let f : (0,+00) — R be a smooth function satisfying

M
f(6) = chéfj +crlogd 4 co + o(1), asd — 0T, (63)
j=1

Then, we call ¢ the finite part of f and write Fps_,g+ f(0) := co.

Remark 5.7. The definition of finite part of a function is well-posed, indeed the coefficients of the
expansion (63) are uniquely determined by f, as a consequence of Lemma B.1. Moreover, observe that
Fps_ o+ f(9) is linear in f and agrees with the limit lims_,g+ f(J) whenever the latter exists.

The proof of the next lemma is deferred to Appendix B.
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Lemma 5.8. Let 19 > 0 and let G : [0,1] x [0,79] — R be smooth. Set

Ge) = /:0 G (;,r> dr. (64)

There are uniquely determined real coefficients vy, Bn such that, for every integer N > 0,

N
G(e) =Y " (v + Buloge) +o(eY), =0T

n=0

Moreover, g = OTO G(0,r)dr, Bo =0, and, forn > 1,

1 7 97G(0,r) 1 Lor—1G(s,0)
T = FPgor (71'/5 rn dr+ (n—1)! /5 sntl ds )

ar1G(0,0)
nl(n —1)!

(65)
ﬁn =

We are in position to obtain the asymptotic expansion of the volume of the half-tube around a
characteristic point.

Proposition 5.9. Let S = 9Q C H! be a smooth oriented embedded surface whose characteristic points
are geometrically stable, and let B be one of the balls of Lemma 5.2. There are uniquely determined
real coefficients ay,(B), Bn(B), n > 4, such that, for every integer N > 4,

3 N
vol(Tg(e)) = Z % /B Uk(gnfl) + Z £"(an(B) + Bn(B)loge) + o(e™), ase— 0T,
n=1 """ n=4

In the polar coordinates (r,0) of Lemma 5.2, where teu(r,0) = r, the logarithmic coefficients are

1 2
Clln—4)! J,
where ¢, € C°(RT x St) is the smooth function defined in Corollary 4.18.

5W(B) = 877}_4¢n*1(07 9) de? n >4,

Proof. By Lemma 5.4, we have the identity
g T0
vol(Tg(g)) = / O(1,7)dr —|—/ O(e/r,r)dr, 0<e<ryg. (66)
0 €

Due to the factor r3 in (60), the first integral in (66) has a Taylor expansion starting at order four.
Thus, for every N > 4, it holds:

c N
/ <I>(17r)dr:an£"+0(8N), ase — 0%,
0

n=4
An application of Lemma 5.8, with ® in place of G, to the second integral implies the existence of real
coefficients ~,,, 5, for n € N, such that, for every N > 0, we have

To N
/ O(e/r,r)dr = Zs"(vn—l—ﬂnloge)—i—o(sN), ase — 0%,
€

n=0

Additionally, Lemma 5.8 gives the explicit expression of the coefficients: for n = 0 we have
o
’yO:/ ®(0,r)dr =0, Bo = 0.
0

For v, with n = 1,2,3, due to the factor r3 in (60), 97~1®(s,0) = 0 and, using (65), we find

1 (7 0m®(0,r) 1 Lor—1d(s,0) 1 [ 9r®(0,r)
Tn = Fps_y0+ <n'/5 n dr + n—1)! /5 gn+l ds | = Fps_,o+ E/(; rn dr).
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Recalling the definition of ® in (60), we may use Corollary 4.18, and in particular (55), to obtain
27

ore(0,r) =1’ bn_1(r,0)do. (67)
0

Therefore

2m o
Fp6—>0+ (/ / 3 "Gp—1(r,0) d9d7“> = n'/ / s 1 (r,0)dOdr = — / (n— 1)’

where, in the last equality, we used that the n-th curvature form satisfies og " 2 "¢, (r, 0) dr A df,
cf. Corollary 4.18. Similarly, the formula for 3,, in (65) gives zero for n < 4 while, for n > 4, gives

_0popTle(0,0) 1 -
Bn = — n!(n — 1)! B n'(n — 1) 8 < . ¢n_1(r7 Q)dﬂ) .
1 n—1 21
B e ——— | n—4
nl(n —1)! ( 3 )3' o Or " ¢pn-1(0,0)do
1 2m

R S -
= umon ), O en-r(0:6)d6.

Therefore, we may conclude the proof setting

1 _
—|/J(S" D opn=1,23,
an(B):=< ™ JB

Wn + Yn, n >4,
1 27\'

[ n—4 >
nl(n _ 4)[ 0 8r ¢n*1(070)d97 n e N7 n > 4.

Bn(B) = Pn = —
g

Remark 5.10. Collecting the observation of Remark 5.3 and Remark 5.5 we see that the proof of the
previous proposition applies to non-degenerate homogeneous surfaces S, as well. In particular, the
expression of @, ; in (62) shows that the functions ¢, (r,8) of (67) are actually independent of r, i.e.
On(r,0) = ¢, (0) in the homogeneous case. Therefore 3, (B) # 0 necessarily implies n = 4.

5.3. Steiner’s formula for characteristic surfaces. Collecting the results of the previous sections
we may prove Theorem 1.6.

Proof of Theorem 1.6. We apply Lemma 5.2 to the set U and find 7o > 0 such that B(rg) is a finite
union of disjoint embedded balls By, ... By centered at the (finitely many) characteristic points of U.
Therefore U is the disjoint union of U \ B(ry), Bi,..., By and, as a consequence, using Remark 3.14,
we have

vol(Tu/(€)) = vol(Ten o) (€)) + Z vol(Ts, (e

Since the closure of the set U \ B(rg) does not contain characterlstlc points, the asymptotics of ¢ +—
vol(Tin B(ro) (€)), as € = 0, follows by Lemma 5.1 and it holds:

VOl(TU B(r / (n—l). (68)
i (e Z b Ju\B(ro)

On the other hand, the asymptotics of € + vol(Tp,(g)), as € — 0%, for 4 = 1,...,k, is a conse-
quence of Proposition 5.9. More precisely, for every i = 1,...,k, there is a collection of real numbers

{an(By), Bn(B;) Inen such that, given N € N, it holds

vol(7g, (¢ va/ oln= 1>+Ze )+ Bn(Bi)loge) +o(eV), ase—0T.  (69)
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Combining (68) and (69), we find coefficients {au, (U), 85 (U) }nen,n>4 such that (20) holds. Note that
these coeflicients are uniquely determined by Lemma B.1. O

We prove the analogue statement for non-degenerate homogeneous surfaces.

Proof of Theorem 1.2. In light of the observations contained in Remark 5.3, Remark 5.5 and Re-
mark 5.10 we may repeat verbatim the proof of Theorem 1.6 deducing the validity of (20) in the
homogeneous case as well. Moreover, by Remark 5.10, 3, (U) # 0 implies n = 4. We may compute
B4(U) applying (65) with G(s,7) = ®4(s, ), with the latter computed in Remark 5.5, finding

2m

i 1
_sten(lbab) [™ ga ) (61 sign(1 + ab)d)]s_odd.

24 o
The Jacobian J, (s, p, V) is computed explicitly in Lemma A.2. In particular, integration with respect

to 6 has the effect of canceling the term s(a —b) cos(29 4 2s) in (145), while multiplying the remaining
piece by 27, leaving us with

Ba

Ba =

—T

= maﬁ {(1 + ab) + (1 — ab)(cos(2s) + ssin(2s)) + (a + b) (s cos(2s) — Sin(2s))}

5:0'

The function (1+ab) + (1 — ab)(cos(2s) + ssin(2s)) is even so it has vanishing third derivative at zero.

The remaining term (a + b) (s cos(2s) — sin(2s)) has third derivative at zero —4(a + b). This confirms
the value of 84 in (14). O

6. DISTRIBUTIONAL CHARACTER OF HIGHER-ORDER COEFFICIENTS. PROOF OF THEOREM 1.7
Recall that the metric projection of S is the (possibly multivalued) map
p:H' =S, p(g) =argmindsg(p,q).
peS
In particular, p(g) is the starting point of a geodesic realizing the distance from ¢ to S, i.e.,

|dists(q)| = dsr(g,;p),  Vp€plq)
By Theorem 3.7 and Corollary 3.12, the set Tg(g)\ cut(S) has full measure in Tg(¢), and the restriction

Pe = Pl7s(e)\cut(s) : Ts(e) \ cut(S) — S
is a smooth function, since, for every p € S* and every ¢ € (0, tcut(p)), it satisfies
p= © expy (,p) = p. (70)

This also implies that the push-forward measure (pc)x vol is well-defined and we have

vol(Ts(e)) = /Sd(ps)# vol = (pe) vol(S).

Now, for a given U C S and ¢ € C*°(U), we study the asymptotic expansion, at € = 0, of the function:

e = voly,(Tu (e)) == / @d(pe)g vol = / (pope)dvol.
U Tu (e)
Note that, for U = S, vol,(Ts(e)) coincides with the pairing (., ¢) defined in (21). The next theorem
can be proven following the arguments of Section 5. We sketch its proof for the reader’s convenience.

Theorem 6.1. Let S = 99 C H! be a smooth, oriented, embedded surface. Assume that ¥(S) consists
only of geometrically stable characteristic points. Let ¢ € C*(S). Then, there exist real numbers
{an (), Brn(©) }nen C R such that, for every N > 4,

N
voly (Ts(e)) = an(p)e + az(p)e® + as(p)e? + Y e™(an(w) + Bulw) loge) + o), (71)
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as € — 0%. Moreover, letting Jg") be the curvature forms of Definition 4.16, we have

1 n—1
%(@)Z;/Swfg ' n=1,23

Finally, if S is homogeneous, the results hold requiring only non-degenerate characteristic points.

Proof. Firstly, combining Theorem 3.13 and the identity (70), we may write

min{e,tcus (p)} N
vol,(Ts(e)) = / cp(p)/ expg ™ (Vo A vi Ava), (72)
s 0

Then, we consider a compact set U C S, having its characteristic points in its interior, such that
supp ¢ C U (note that this set always exists since 3(S) consists of isolated points). Then, we have

vol,(Ts(e)) = voly,(Tu (¢)).

We now split U as in the proof of Theorem 1.6 and then, by Remark 3.14, we can split the volume
accordingly:

k
voly, (Tt (€)) = voly(TinB(ry) (€)) + D _ voly (T, (), (73)
i=1

where we recall that B(rg), defined in Lemma 5.2 (see Remark 5.3 for the non-degenerate homogeneous
case), is the finite union of the balls B;, each of which contains a single characteristic point. Note that
U \ B(rp) does not contain characteristic points, thus infin g(ry) teus > 0. This means that, exploiting
(72), one can easily adapt the proof of Lemma 5.1 to the weighted volume to obtain that the term
voly, (Tt B(ro) (€)) in (73) has the expansion:

! (n)
voly, (Tin B(ro) (€)) = 7/ pog”. (74)
® \B(ro) z:% (n+1)! U\B(ro) S
For ease of notation, set B := B;, for some ¢ = 1,... k, and let (r, ) be the polar coordinates identified

by Lemma 5.2. To discuss the term vol,(7Tg(¢)) in (73), using the notation of Proposition 4.13, we
define

2m s
d,:RT xRt =R, D, (s, 1) = 7“3/ o(r, 0)/ J(u,r,0)dudb. (75)
0 0

As in the case where ¢ = 1, @, is smooth and, repeating the proof of Lemma 5.4 (or Remark 5.5 for
the non-degenerate homogeneous case), one can show that, for 0 < e < r, it holds

vol,,(Tp(e)) = /O <I>¢(1,r)dr+/:o o, <§r) dr. (76)

Reasoning as in the proof of Proposition 5.9 (see Remark 5.10 for the analogous statement for non-
degenerate homogeneous surfaces), the first integral in (76) is a smooth function at € = 0, hence it
admits a standard Taylor expansion. The second integral in (76) can be discussed using Lemma 5.8,
with G = ®, therein. Combining these two ingredients, for a fixed N € N, we obtain the expansion:

N
vol,(Tg(e)) = Z €" (Yn + B loge) + o(e), ase — 07, (77)

n=0
for a collection of real numbers {7, 8, tnen. Finally, combining (74) with (77) applied for each ball
B;, i =1,...,k, we obtain (71). The characterization of the first three coefficients of (71) can be
obtained as in Proposition 5.9. O

Corollary 6.2. Under the hypotheses and notations of Theorem 6.1, assume that supp(p) NX(S) = 0.
Then, for every n > 1 it holds
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Proof. Observe that supp() is a compact set that does not contain characteristic points. Hence, we
may choose r¢ > 0 so small that B(rg) Nsupp(¢) = . The result then follows from (74). O

6.1. The finite part of a curvature form. In light of the non-integrable behavior of the high-order
curvature forms at characteristic points (cf. Corollary 4.19), we now introduce a notion of regularization
of their (potentially) divergent integrals. The regularization procedure is performed using the cut time.

Definition 6.3 (Finite part of a curvature form). Let S = 9Q C H! be a smooth embedded surface

and let o0 be its n-th curvature form, for n € N. The finite part of o™ s the functional Fp ol
s s s

on C(S) defined by

(Fp(a), ¢) == Fps_o+ (/{ swé”)), Ve C2(S).

tcut >5}

The next lemma shows that the finite part of a curvature form is well-defined and defines a distri-
bution on S, as long as X(5) contains only geometrically stable points.

Lemma 6.4. Assume that X(S) consists of geometrically stable characteristic points. Then, for every
n € N and every p € C°(S), the function

0 — goaén)
{tcut >6}

has an expansion of the form (63) as 6 — 07. Moreover, for every n > 2, the finite part of a curvature
form is a distribution on CS°(S) of order at most n — 2. Finally, if S is homogeneous, the results hold
requiring only non-degenerate characteristic points.

Proof. For n < 2, Corollary 4.19 gives local integrability of U(S"), hence, given ¢ € C2°(S),

3 lim cpo(n) :/goa(n).
5=0% Lo >8} s s 0

Hence, taking into account Remark 5.7, the finite part of agn) is well-defined and coincides with
the evaluation of the integral. For n > 3, let 0 < § < 7 be small enough for Lemma 5.2 to hold
(cf. Remark 5.3 for the homogeneous case). Then

/ ool :/ ool +/ ool (78)
{tcut>6} {6<tcut <7"0} {tcutZT'(J}

The second integral of (78) is independent of ¢ so it contributes with a constant to the asymptotic
expansion of f{t o1 ¢ J(S"). We now deal with the first integral of (78). By Lemma 5.2, by additivity
of the integral, the latter splits into |3(S) N supp ¢| summands of the form

0 @ogn), (79)
{6<tcut<ro}NB

where B is one of the disjoint balls of Lemma 5.2. Therefore, it is sufficient to show that the finite
part of one of such terms is well-defined and a distribution on C¢°(S). To deal with (79), we use the
coordinates (r,0) of Lemma 5.2, in which tcu(r,0) = r. Corollary 4.18 then gives

0 27 0
/ goaén) :/ / o(r, 9)r2_"¢n(r7 0)dodr :/ r2_"a¢’n(r)dr, (80)
{0<teus<ro}NB 0 0 é

where we have denoted

a%n(r) ::/O W‘P(r, e)d)n(rv 9)(19 (81)
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Now, the function a, , is smooth at r = 0, thus it admits a Taylor expansion, up to any order N € N,
of the form:

N (k)
agp,n(0
agn(r) = 7“"]“( ) i +rV R, N1 (r),  asr— 0T,
k=0 '

where Ry, y41 is a smooth function on R. Adding and subtracting to a ,, in (80) its Taylor polynomial
up to order n — 3, we obtain:
n—3 (k)

0 0
/ 2 " ag p (r)dr :/ Ryn—o(r)dr + Z/ %'(O)r%’”rkdr. (82)
5 5 P} k!
Integrating the second summand in (82), term by term, yields

(k) (k k —n n—3)
? ap.n(0) n(0) P2tk g Z wzt 3 R g8t n aa(p, (0) log (LO) )
5 k! —n+k) (n—3)! )

n—3

k=0
Concerning the first summand of (82), by smoothness of R, ,—2(r), we have

/RM2 dr—/ Ry on—a(r)dr +o(1).

Therefore, the function (79) has an expansion of the kind (63), and its finite part, denoted by

Lp’n ) 3—n+k ag(p” 3)(0)
(Ts,¢ / Ry o dr—i—z Gonth + (n—3)] log g,

defines a distribution on C2°(.S). Indeed, for every k, ayp 21 (cf. (81)) depends linearly and continuously
on ¢ by Proposition C.6, hence

3 ntk (n—3) (0)

agpon
B‘PHZ —n+k) R

log g,

is a distribution of order at most n — 3. On the other hand, by Lagrange remainder theorem one
deduces that the mapping

()50 [ Romatriir = o [0 [0 0707 (006,000005,0) Lttar

(83)
is linear. While arguing as in the proof of Proposition C.6, we infer the continuity of (83) in the
C"~2-topology. Finally, Ts defines a distribution of order at most n — 2, as claimed. O

6.2. Expression of the coefficients around a characteristic point. In this section, we give an
explicit expression of the coefficients of Theorem 6.1, relating them to the finite part of the curvature
forms. Recall that, given p € 3(S) a geometrically stable characteristic point and ¢ € C2°(S), then,
in coordinates (r,f) of Lemma 5.2, the function ®,(s,r) defined in (75) is smooth. More precisely,
letting Js(u,r,0) be the function of Proposition 4.13, we can write

2 s
D, (s,1) :7"3/0 o(r, 0)/0 Ts(u,r,0) dudf. (84)

Recall the notation (81):

2
Gona(r) = [ o 06,1000, 60 (1,6) = B} T(5,7.0) o
0
where the function ¢,, satisfies (cf. (55))

U(Sn) = rz_"qbn(r, 0) drdf.

For the next lemma, recall the notion of finite part of a function, given in Definition 5.6, and of a
curvature form, given in Definition 6.3.
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Lemma 6.5. Under the hypotheses of Theorem 6.1, assume that supp(p) C B, where B is one of the
balls of Lemma 5.2. Then, for every n € N, n > 4, in the coordinates of Lemma 5.2, it holds

L 5 agah (0)
an(p) = —(Fp(og" ™), 0) + T7(9),  Bulp) = ~ln — 2)] (85)
where TP is a distribution on B of order n — 4 and has the explicit expression
hym(1) Y hon(s) 1D, (s,0)
B( \ _ Neon on . Or o\,
Tn (‘P) - n + Fp6~>0+ </§ gntl ds ’ htpﬂl(s) T (n — 1)| .

Proof. Fix ¢ € C*(S), with supp(p) C B, and n > 4. We recall the splitting (76) and compute the
contributions of the two integrals appearing therein separately. The function ®,(s,r) is r3 times a
smooth function. Therefore, for N > 4, a standard Taylor expansion of ®, and integration give
e N, en N hua(1)
/o ,(1,7)dr = Z ﬁ@’}_l@w(l, 0) + O(eN*Th) = Z E"% +O(eNTh), ase — 0T, (86)
n=4 n=4

For the second integral in (76), we apply Lemma 5.8 with G = ®,. Formula (65) then gives

_ L [7 07 @, (0,r) ! hgon(s) O arare,(0,0)
’Yﬂ - Fp5~>0+ <n| T d'f’ +/6 5”""1 dS 5 ﬂn - _n'(n——l)' (87)

Using (81) we find, for every sufficiently small 6 > 0,

70 L) 70 27
/ W dr = / / o(r,0)r> "¢, _1(r,0)dOdr = / gpaéﬂfl),
s s Jo

{tcut>0}
where the last equality uses supp ¢ C B. Thus, by Definition 6.3, we deduce that

o 8;“13 0,7‘ n—
Fps_o+ < s <p()d7ﬂ> = <Fp(0é 1))750>'

,rn
Adding the contribution of order €™ of the two integrals in (76), which are, respectively, the coefficient
of order £™ in (86) and -y, in (87), we obtain

L (Fp(ot-! " hon(s) hpn(1)
an(p) = E<Fp(fﬁ(9 ))7<P> + Fps_o+ </5 :nﬁ ds | + WT7
which is the asserted formula for ay,(¢). Finally, the only contribution to order €™ log(e) is given by

Br in (87), which, using (81), rewrites as

X o1 (0)
) = gy )l = i

Hence, the proof is complete if we show that T,, € D'(B) of order at most n — 4. Note that, by
definition of h, , and by (84), there exist smooth functions Ji (s, ) such that

LoD, (5,0) NS [T
h/gp_’n(s) = W = kz::O o 3r<p(0,9)<]k(s,9)d9,

The upper index is n — 4 because exactly three of the n — 1 derivatives with respect to r have to fall
on the factor r3 for the result to be nonzero. Therefore

1y . n—4 .o 1y .0
Fps o+ (/ %@ ds> = Z/ 95 0(0,0) Fps_yo+ (/ kEfH >d5) do
5 S 60’0 5 S
n—4 .ox

= [ 95(0,0)J1(0)do,

where the swapping of the finite part and the integral is justified by Lemma C.7. The latter sum
defines a distribution of order n — 4, by direct application of Proposition C.6. Finally, the fact that
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@ +— hy (1) is a distribution of order n — 4 follows by computing h, (1) using (84) and applying
Proposition C.6. g

6.3. Curvature distributions. Proof of Theorem 1.7. We are now in position to study in detail
the structure of the coefficients of the expansion of vol,(7s(e)). The first three coefficients of the

expansion are given by the curvature measures o-fg"_l), for n = 1,2,3. For n > 4, the coefficients
no longer define curvature measures, but rather curvature distributions. For further details around
distributions on manifolds, we refer to Appendix C.

Proof of Theorem 1.7. We firstly observe that vol,(7s(¢)) is linear with respect to ¢. Since, by The-
orem 6.1, € — vol,(7s(e)) admits an expansion of the form (147), its coefficients are uniquely deter-
mined, by Lemma B.1. Consequently, we deduce that ., (-) and S3,,(-) are linear functionals on C2°(.5).
We now show that they are distributions of the claimed orders, starting from «,(-). By Lemma 5.2
(cf. Remark 5.3 for the homogeneous case), there exists a collection of (possibly) countably many dis-
joint embedded balls {B; };cn centered at the characteristic points of S (cover S with countably many
compact sets satisfying the hypothesis of the lemma, and apply the latter to each one). We define
U= S\X%(S). Then, {U,int(B;)}ien is an open cover for S. By Proposition C.3, a, is a distribution
of order at most n — 3 if we show that restrictions o, |u := anlcs(v), Anlint(B,) = Anlc(int(B,)) are
local distributions of the same order. Now, by Corollary 6.2, observe that

1 . .
anlv(e) = [ o™ veecz),

thus oy, | € D'(U) of order 0, and in particular it is continuous in C?~3(U). We are left to check the
claim for o, |ing(B,), for every i € N. Fix i € N and set B := int(B;), then, by Lemma 6.5, we have

1 n— 7 %)
anlB(e) = —(Fp(og V)0 +Tile), Ve eCX(B),

where we recall that T € D’(B) of order at most n — 4, supported at the unique characteristic point
of B. On the other hand, the finite part of a curvature form Fp(o(sn_l)) is a distribution on S of order
at most n — 3, by Lemma 6.4. Therefore, we conclude that «,|g € D'(B) of order < n — 3 as claimed.

The proof of item (i) is then completed, setting
T.() ==Y _Ti(p) VeelCI(S).

ieN
Note that, for every fixed ¢ € CZ°(S), the above series is a finite sum. Indeed, X(S) consists of
geometrically stable characteristic points, which must be isolated. In addition the order of T, is at
most n — 4 and supp(T,,) C U,y supp(7}) C 2(S). Similarly for 3,(-), combining Corollary 6.2 and
Lemma 6.5, we have

1 2
n = Oa n = T\ anf4 30 n— 30 r= d9
Bale Bulo(e) =~y | (e 000ua () o
Proposition C.6 and Proposition C.3 then imply that £§,(:) is a distribution of order at most n — 4
supported at the characteristic set. O

6.4. More on the logarithmic coefficients. The coefficient 3, (-) is a distribution of order at most
n—4, supported on the characteristic set. For ¢ € C$°(S) whose support contains a single characteristic
point p, Lemma 6.5 allows one to compute 5, (¢) explicitly as

Bulo) = —m on— ( /0 T o 8) e (126) d9>

where (r,0) are positive polar coordinates centered at p such that t..(r,0) = 7. Since iterated
derivatives with respect to r = .yt appear, one may think that 3,, depends on high order derivatives
of the cut time function. However, remarkably enough, the value of the right hand side of (88) is
independent of the polar coordinates used to compute it.

, (83)
r=0
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Proposition 6.6. Under the hypotheses of Theorem 1.7, let p € X(S) and let U C S be an open set
such that U NX(S) = {p}. For every systems of positive polar coordinates (r,8) centered at p we have

() =~ T o1 0)pus (r.6) )

o0 >
n'(n— 5 VQDGCC (U), 77,74,

r=0

where ¢, is defined in Corollary 4.18. In particular the right-hand side is independent of the choice of
the positive polar coordinates centered at p.

Proof. Fix n > 4 and set m = n — 4. In the chosen coordinates, write
pod ™ = 0)dr N, [(1,60) = o(r,0)6-1(r,0).
A Taylor expansion at r = 0 gives
m . 1
J(r.60) =3 _r'0) + 0™, [5(6) = 501/(0,6).
Jj=0 '

We define L,(p) as the coefficient of logd in the expansion as § — 0% of the function

I.(9) := / @agn_l).
{r>6}

Integrating the Taylor expansion term by term gives

m—1 6]7m 2

I.(6) =

2
— fi(0)d6 —log s fm(@)do+0(1), §—0T,
=0 0

where the sum is empty when m = 0. In particular, the coefficient of logd is

2m 1
Li(g)=— [ [fm(0)do=

27
o ([ e oo )
0 (n—4)! 0
By equation (85) of Lemma 6.5, if (r,0) are the polar coordinates of Lemma 5.2, then L, (¢) coincides
with n!8, (). It remains to show that L,.(p) is independent of the choice of polar coordinates. Let
(7,6) be another positively oriented smooth polar coordinate system. The radial component of the
coordinate change has the form

r=0

r=ra(r0), a(0,6) > 0,

with a smooth up to r = 0. By the implicit function theorem, the curve ¥ = § can be written in the
old coordinates (r,0) as r = db(6, 0), where b is smooth and positive. Thus, for sufficiently small §,

27 6b(6,0)
I,(8) — I(6) = / / =™ (r, 0) dr df.
0 5

For each Taylor term, the radial integral is

b6 -1
3b(6,0) §i—m )

/ pi=m=1 g _ i—m y ) <m,

)

log b(4,0), ji=m.

Since b is smooth and positive, these expressions have asymptotic expansions containing only integer
powers of 6. The Taylor remainder contributes O(d). Hence the difference contains no logarithmic
term, proving L,(¢) = L~(p). O

r
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6.5. The local coefficients of c*loge and £*. The lowest-order correction beyond order &3 in the
expansion of Theorem 1.7 is given by

alp)ettoge + (570 ).} + Tate)) 2,

where the distributions 4 and Ty are of order zero and supported on the characteristic set. We
explicitly compute these distributions showing that, at a given characteristic point p, they only depend
on the parameters a, b of the local homogeneous approximation.

Proposition 6.7. Under the hypotheses of Theorem 1.7, let p € X(S) and let U C S be an open set
such that U NX(S) = {p}. Then

m(a+b)
=——">9 Tyl = )
Balv 12[1 % ab] 1lU = Tab0p,
where 1, € R depends only on the parameters a,b of the homogeneous approximation. In particular
1 —mSi(r
rog = L Sim)

12

Proof. We first prove the formula for 4. Let ¢ € C°(U). By Proposition 6.6, given positive polar
coordinates centered at p

27
54(@:—% ; $3(0,0) db.

We may compute this integral in the positive adapted polar coordinates (p, sign(1+ab)¥) of (47). Note
that the factor sign(1+ ab) ensures that these coordinates are positively oriented, see Remark 4.6. By
Corollary 4.18, and in particular by equation (57), and by Example A.4 we obtain

2 2
/ +5(0, £09) d) = / £ (1, 4£9) do
0 0

27(a + b)

1 27
= —— —_ S 2 = ———:
|1+ab|/0 (o b+ 3(a — b) cos(20)) dd = -

We now move to the formula for Ty. It is sufficient to compute T4| 5, where B is the ball of Lemma 5.2
(cf. Remark 5.3 for the homogeneous case) centered at p. Given ¢ € C°(B), Lemma 6.5 gives

hea(l F (s 93®,(s,0
Tila(e) = 17100 = "4 4 By ([ P as)s et = G

where ®,(s,7) is defined in (84), i.e.

27 s
D, (s,7) =r3/ o(r, 0)/ Ts(u,r,0)du do,
0

0

whereas (r,0) are the polar coordinates of Lemma 5.2, and Jg(t,r,0) = r2Js(t/r,r,0) is the Jacobian
determinant of exps (t,r,6) (cf. Proposition 4.13). The function h., 4 can then be explicitly computed:

27 s
hea®) = o0) [ [ Ts(u.0.0)duap. (89)

Let now js(t, p,¥) be the Jacobian determinant of the normal exponential map computed with respect
to the polar coordinates (p,9) of (47). By Remark 4.14 and Theorem 1.5, we have

~ t t
JS(tapv 19) = P2 <Jsa,b (pa 1719> + PRJ <p7P7 19)) ) tcut(pv 19) = Ca,bp + O(p2);

with smooth remainders. The change to cut time coordinates (r,0) = (tcut(p, 9), £¢), with

+ = sign(1 + ab),
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has a smooth inverse (p,d) = (q(r,0), £6), with q(r,0) = r/cqap + O(r?). Its Jacobian determinant is
+0,q, since the angular coordinate is unchanged. Hence

Js(t,r,0) = £Js(t, q(r, ), £6) d.q(r, 0).

Evaluating at ¢ = ur and dividing by r? gives

Ts(u,r,0) = £ (g>2 d.q(r, ) [JSM (“7" 1, i@) +q(r,0)Ry (W,q(r, 9), i@)} .

q(r,0) q(r,0)

Since ¢(r,0)/r extends smoothly with value c;}) at r =0, and 0,4(0,0) = c;i we obtain
Js(u,0,0) = :EC;:ZJsa,b(Ca,bU, 1,+0).
Substituting the latter result in (89) yields
27 s
hepa(s) = @(p)hi’b(s), hZ’b(s) = :I:c;‘?,/ / Js, , (Capu,1,£0) du dd
o Jo

Finally we have

a,b 1 a,b s
TP () = ¢(p) [}144(1) + Fps_yo+ (/5 i )dSN = @(P)Tap-

g5

We see from its definition that the quantity 7, is a constant depending on a,b alone.

For a = b =0 we have ¢g o = 7/2, sign(1l + ab) = +, and

r? 2t t\ . (2t
JSU,OZZ 1+ cos - + ~)sm{

therefore we may compute h°(s) explicitly as

0,0 4 s U . 4 S 3 .
hy (s) = = {1 + cos (mu) + <?) sin (Wu)} du = =573 cos(ms) + o sin(7s)
In particular, using the shorthand h := hg’o,
h(1) 3 8 L -
o T M= e g O

Thus the finite part is
1 1
h(s) . . h(s) 8 3 1 T .
Fps /5 5 ds = lim [ /5 Ik ol B ro R DR TR

h(1 L k(s 1—7Si(r
70,027(4> +Fp(;ﬁo+/6 8(5)ds= B ( )

Therefore

Part II. Cut time analysis

This part of the paper is entirely devoted to the study of the cut time function, both in the
homogeneous case and near geometrically stable characteristic points (see Definition 2.6). We first
compute the cut time for a homogeneous surface. We then apply the theory of Legendrian singularities
to show that, the cut time near a geometrically stable characteristic point can be obtained as a
perturbation of the one of the homogeneous model. Legendrianity needs to be taken into account
because the singularities of the normal exponential map at the cut locus are not stable in the class of
smooth mappings.
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Notation 6.8. Throughout this part, given a map f : M — N between smooth manifolds M and N,
and given U C M, we set

Doub(f,U)={zx €U : 32’ €U, 2’ #x, f(x) = f(z')}.
Whenever U = M we simply write Doub(f, M) = Doub(f).

7. THE EXTENDED EXPONENTIAL MAP

The first step is to characterize the cut time of a smooth oriented embedded surface S = 01, in
terms of the double points of the extended exponential map, defined as

Z :RT x §% = H! xR, F(t,q) = (expz (t,q),L(t,q)), Lt q) :=t.
Note that £(t,q) is the length of the normal geodesic from S starting at ¢ at time ¢.

Remark 7.1. For (t,q) € RT x S* let \(t,q) := etﬁ()\l(q)). Then, Pontryagin maximum principle
implies that

dl(t,q) — (\(t,q), dexpg (t,q)) = 0. (90)
Therefore ker dl D kerdexpg-. Thus, critical points of . = (expfg-, ¢) coincide with those of expfg-.

The next lemma shows that the double point locus of .# contains all relevant information concerning
the cut time: a cut point is either a double point or an accumulation of double points.

Lemma 7.2. Let S = 02 C H! be a smooth, oriented, embedded surface and let ¢ € S*. If teu(q) <
400, then
(teut(q), @) € Doub(&F).

Proof. Put ty = teuw(q) and o = exps(to,q). If = is reached by more than one minimizing geodesic,
then (t9,q) € Doub(.%), and there is nothing to prove. We therefore assume that the minimizing
geodesic reaching x is unique. We first show that every neighborhood of x contains a point reached by
more than one minimizing geodesic. Suppose otherwise that each point y of an open neighborhood V
of x has a unique minimizer. Let 3 := p|y : V' — S be the restriction to V' of the metric projection on
S, which assigns to a point y € V' the base point of the (unique) minimizing geodesic from S reaching
it. Since f is single-valued by the assumptions, a standard argument shows that it is a continuous
map. Up to shrinking V', we may also assume that VNS = @ and 8(V) C S*. Define

A:V = (0,00) x S*,  Ay) = (dists(y), B(y))-

The function A is continuous, by construction, and injective, since exps oA = Idy. Then, Brouwer’s
invariance of domain implies that A(V') is open and thus, since A(z) = (%o, q), there exists n > 0 such
that (to +n,q) € A(V). Therefore, there exists y,, € V such that A(y,) = (to +71,q). Applying exps
to both sides of the latter equality, and recalling that expfg- oA = Idy, we find

y, = expg (to +1,q),  dists(yy) =to + 7.

Thus, the normal geodesic from ¢ is minimizing beyond %y, a contradiction. This shows that there
is a sequence {x,}nen C H' such that x,, — = and each z,, is reached by at least two minimizing
geodesics from S. Let ¢, € p(x,) be the base point of one of them and set ¢, = distg(z,). Then,
by construction, the pair (¢,,¢,) belongs to Doub(.%#). Moreover, by the continuity of dists, ¢, =
dists(z,) — distg(z) = to, while the compactness of minimizers, together with uniqueness at z, gives
Gn — q. Therefore (t,,q,) — (to,q), which proves the assertion. O

Remark 7.3. The proof of Lemma 7.2 provides pairs of minimizing normal geodesics with the same
endpoint and length ¢,, based at g, # ¢/,, such that

(tna qn) - (tcut (Q)a q)~

Since both geodesics are minimizing and meet at the same length it holds ¢, = tcut(gn) = teut(q),)-
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We define the canonical projection map as
7:RT x 8% — 8%, 7(t,q) = q.

The next lemma characterizes the cut time at p € S as the infimum of the length function along the
intersection Doub(.#) N7 1(p).

Lemma 7.4. Let S = 0Q C H' be a smooth, oriented, embedded surface. Then, for every p € S*,

teut (p) =inf{€(t,q) : (t,q) € Doub(F), n(t,q) =p}- (91)

Proof. Let T(p) denote the right hand side of (91). Since £(t,q) =t and 7(¢,q) = ¢ we have
T(p) = inf {t >0 (t,p) e Doub(y“)} . (92)

Let {(tn,pn)} C Doub(.#) converging to (T'(p),p). Then, for every n € N, tpmax(pn) < t,. Con-
sequently, by Theorem 3.7, tcut(pn) < t,. Passing to the limit in the latter inequality we find
teut(p) < T(p). On the other hand, if ¢yt (p) < 400 then by (92) and Lemma 7.2 we have tcu(p) > T(p),
while if tcut(p) = 400 the latter inequality is obvious. O

7.1. Reparametrization of geodesics. Given a smooth surface S = 9Q C H! and p € ¥(S), making
use of the embedding of Remark 2.4, we may assume that p = (0,0,0) and that

S = {(m,y,z) eH!: 2= ;u(x,y)}, u € C*(R?). (93)

The surface S is oriented towards {z > u(x,y)/2}. As observed in Section 4.1, the analysis of the
normal exponential map is simplified by introducing the parameter s = ho(g)t. Indeed, although the
map (t,q) — expg: (t,q) is singular at characteristic points, the reparametrized map

s
E:R" x 8% — H, E(s,q) = exps (,q),
%\ holq)
is well defined and admits a smooth extension through the latter, as proved in Proposition 4.5. We
shall therefore study the normal exponential map using the coordinates (s, q). We retain the symbol
7 for the canonical projection

m:RT x 8% — 8%, m(s,q) = q.

In these coordinates, the length function reads

S S

£:RT x §* =R, £(s,q) = = . 94

( ) ) hO OW(S,q) hO(q) ( )

Here and in what follows, we use the same symbol ¢ for the length function expressed in the new

coordinates. Similarly, to avoid introducing additional notation, we retain the symbol .# for the
extended exponential map and write

Z :RT x 8% = H! xR, ﬁ(s,q):(E(s,q),E(s,q)).

Remark 7.5. For all ¢ € S*, the curve s — E(s,q) is a reparametrization of the normal geodesic
from S based at ¢, indeed E(s,q) = v4(s/ho(q)). In particular, reparametrizing normal lift of ~,, the
conclusion of Remark 7.1 remains valid:

di(s.q) = (\(5.0).dE(s,q)),  A(s.q) = /"D (\L(g), ¥ (s,q) €RT x §%.
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7.2. A change of coordinates. We record here a useful change of coordinates which simplifies the
expression of .#. Recall that, given S C H! of the form (93), the defining function v € C°°(R?) has
the asymptotic expansion

1
u(z,y) = 5(%‘2 +by?) +o(z® +y7),  as(z,y) =0,

for a,b € R, see Lemma 2.3. Moreover, from now on we assume that p € X(S) is non-degenerate,
namely ab + 1 # 0. For the sake of simplifying the formulae of the current part of the paper, we
introduce the following notational convention.

Notation 7.6. Let ®: M — N be a map between smooth manifolds, and let
w:UCR™ = M, v: VCR" > N

be local parametrizations inducing coordinates (z1,...,2;,) on M and (y1,...,yn) on N, respectively.
Assume that ®(p(U)) C ¢(V). By a slight abuse of notation, we write

D1, sam) = (7 0D 0) (@1, T)
for the coordinate representation of ®. Thus, the source coordinates are indicated by the arguments
of ®, whereas the target chart is suppressed from the notation and will be specified whenever needed.
First, we identify S with R%, by means of the diffeomorphism
R* =S, (z.9) = (z,y, ulz,y)).

Then, on the domain of F, which with the above identification is Rt x R?, we introduce coordinates
defined by the following diffeomorphism

¢:RT xR? - RT xR?, o(s,u,v) = (s,z(s,u,v),y(s,u,v)),
where we have denoted
(x(s,u,v)) _ 1 (b —1) ( co§(§s) sin(%)) (u) (95)
y(s,u,v) 1+ab\l a —sin(5) cos(3)/) \v
On the codomain of E, which is H', we introduce coordinates induced by the diffeomorphism
¥ HY = HY, Y(x,y,2) = (ax +y,by — x,8(z — (ax® + by?)/4)). (96)

The non-degeneracy condition ab 4+ 1 # 0 ensures that both maps are diffeomorphisms. We will be
studying the normal exponential map in these new coordinates, i.e.

poEog:RT xR? = H.

In accordance with our convention of Notation 7.6 on coordinates changes, we will denote
E(s,u,v) =1 o Eop(s,u,v), (97)
and similarly, for the extended exponential map,
F(s,u,v) = (Yo Eop(s,u,v),lop(su,v)).

Remark 7.7. We specify the canonical projection in coordinates (s,u,v). According to Notation 7.6,

o) =g (1 2) R (1),

where 9R(+) is the rotation matrix defined in (44). Additionally, letting (p,?¥) be the polar coordinates
on S defined in (47), if we perform, in the domain, the change of coordinates (s, u,v) — (s, p, ¢), where

() = (pcos ¢, psin ),

and, on the target, we use the coordinates (p, ), the canonical projection rewrites as

71—(57/)7 QS) = (pvd) - %)
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Analogously, by (94), the length function has the expression

(s, p,®)

s s
B hOOﬂ-(Sapa(b) B ho(p7¢_%)
Note that, by Remark 4.3, (s, p, ¢) — £(s, p, ¢) extends smoothly to p = 0.

Remark 7.8. According to Lemma 7.4, the cut time, in coordinates (s, p,¢) of Remark 7.7, can be
characterized as

teus (p, 0) = nf{l(s, 9/, @) : (5,0, ) € Doub(Z), (s, ', 6) = (p,9)}.

Since in these coordinates it holds 7 (s, p, ¢) = (p, ¢ — s/2) we have

teut(p, ¥) = inf {é (s,p,ﬁ—i—%) : (s,p,ﬁ—i—%) GW}.

8. THE CUT TIME OF A HOMOGENEOUS SURFACE. PROOF OF THEOREM 1.1

Given a,b € R, we now study the cut time function of the homogeneous surface S, cf. Defini-
tion 2.7. We assume that a,b satisfy the non-degeneracy condition ab + 1 # 0, which we recall is
equivalent to requiring that the origin is a non-degenerate characteristic point. Note that the map
(z,y,2) — (—y,z,2) is an isometry of H! mapping S, ; to Sp 4. For this reason, it is not restrictive to
(and thus we will) assume that, in the remainder of the section, it holds

a>b.

We denote the normal exponential map (97) for the surface S, with E,p. Similarly, the length
function is denoted by ¢, and the extended exponential map by Zap = (Eap, lab)-

Lemma 8.1. In the coordinates (s,u,v) of Section 7.2, the following holds
Ea,b(87 u, U) = ( a(s)uapb(s)vv Qa(s)u2 + Qb(s)vQ) ) ga,b(sv u, 1)) = ; V ’LL2 + v27 (98)
where, for ¢ € {a,b} and s € RT we have defined

s

pe(s) = cos (£) —esin (£), ge(s) = s+sins — ¢(1 — cos s). (99)

Proof. We first perform the change of coordinates in the domain. Let us introduce the notation

() 6 )

Then, by definition of ¢, and in particular by (95) we have
§=AT"R(E)w, (101)
where 2(-) is the orthogonal matrix of (44). Consequently A§ = QR(3)w, that is

(i 2) = (o)

Since R(-) is orthogonal, denoting p = vu? + v? we find

p={az+ )" + by — 2)°.

Therefore, substituting our findings in the expressions of hg, h1, ho of Example 4.2 we find

ho = 2, (Z;) - n@)w. (102)
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We write the normal exponential map componentwise as E,p, = (X,Y, Z). By definition of the map
E, », combining Proposition 4.4 with (100) and (102) we find

(3)=() a2 w2 G- () =e 5[ (5) +2 (5 - )] o
A (e[ (3)
where we have used the property R(a)R(5) = R(a + £) in the third equality and the identity

,[ (_f+9) (f_e)} = sin01d,

in the fourth one. Now, for ¢ € {a, b}, let p.(s) be defined as in (99). Expanding the matrix product
[A7IR (5) — sin £ 1d] w gives

<)Y{) #los ) = 1+1 ab (bpa(( )) ;5:((;))> (ZL) =7 <];bgz§:f) : (103)

We now compute the third component of E, ;. Recalling that S, ; is the graph of (half) u,p(z,y) =
1(az® + by?), equation (46) gives

s —sins

Z= %(cwc2 +by?) + R + %f [Id + R(m — s)] (Z;) .
Note that the symmetric part of A is the diagonal matrix diag(a,b), hence
az® +by® = €T AE = TR (5w
where we have used the identity A = 9(§)w obtained from (101). Moreover, by (102) it holds

s—sins s—sins, 5 o 1 R
= —— :_,m s
2h(2) ) (u +v )a 2ho <h2> (2)

It follows that the component Z can be rewritten using the notation (100) as

7= R0+ "I 4 0?) - 2T 14 R — 5)] R
R SUINN s —sins
=5
= SRR 4 0?) - TR~ S =
Substituting & = A719R(

u? + %) — ngiﬁ(ﬁ)w — ,ng(ﬂ. — 3w
s —sins W7

ST TR ().

5)w we are left with

7= STy T [ () AR ()]

8 4
In particular, Z is a quadratic form in w, hence we may replace N(s) := R (—%) ATR (—%) by its
symmetric part which is
1 T 1 (b—a)+ (a+b)coss+ 2sins 0
2(N(s)+N(s) )_2(1+ab) ( 0 (a —b) + (a+b)coss+ 2sin s
Replacing N(s) with its symmetric part and expanding, we find
Z o p(s,u,v) = My (s)u? + May(s)v?,
where we have denoted
(1+ab)s+ (1 —ab)sins+ (b—a)+ (a+b)coss
8(1 + ab) ’
(14+ab)s+ (1 —ab)sins+ (a—b) + (a+b)coss
8(1 + ab) '

M (s) =

MQQ(S) =
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Summarizing we have
Eupoe(s,u,v) = (X,Y,Z)op(s,u,v) = (A_l <];‘lggz> , My (s)u® + M22(8)1)2> .
b
We now perform the change of coordinates in the codomain, finding

X+Y aX?+bY?
'(/)OEa,bOL)O(SaUM U) = <(ZYX> OQ,O(S,U, U)7 8 (Z_ f O(P(S,U,U) .

Using equation (103), referring to notation (100), we obtain

aX +Y . X _ ~1 (Pa(8)u _ Pa(s)u
(bY B X) op(s,u,v) =A (Y) op(s,u,v) = AA (pb(s)v =\ po(s)v )
which corresponds to the first two components of E,; as claimed in (98). Finally, for the third
component of F, 3, a standard computation gives

aX?+by? 20pa(s)?\ o 2app(s)?\ o
8| 4 — ——— = | 8M - 8 M- - — .
( 1 ) o (s, u,v) ( 11(8) Trar )" + 22(8) Trab )
Expanding the squares of p.(s) and using the trigonometric identities

s s _

2sin? £ =1 — coss, 2 cos?

3 5 =1+coss, 2sin 5 cos 5 = sin s,
we find
20, (s)? 2apy(s)?
8M — ———— = qu(s), 8M. - = )
n(s) = = = als) 22(8) — - = @(s)
where g.(s) for ¢ € {a,b} is as in (99). This concludes the proof of (98) for the map F, ;. In a similar
fashion, combining (102) with (94), we find the expression of the length function as well. O

Remark 8.2. We record here a few useful facts about the functions p., ¢. defined in (99). Firstly, a
standard computation shows the validity of the following identities

qe(s) = s+ 2sin(5)pc(s), sin(£)pe(s) — sin($)pe(t) = sin(52). (104)
Thus, setting P(s) = diag(pa(s), ps(s)) and w = (u,v), we may write the third component of E, ; as

Zap(s,w) = s\w|2 + 2sin(5)(P(s)w,w).

Secondly, for any ¢ € R, the first positive root of p. is
Sc :=m — 2arctan(c),

and it is isolated. In particular, p,. is positive in the interval [0, s.) and, if a > b, then s, > s,.

With the final goal of characterizing the cut time of a homogeneous surface, we study the double
points of its extended exponential map.

Proposition 8.3. Let %, be the extended exponential map of Sap. If Fop(s,w) = Fop(t, @) for
some (s,w), (t,w) € (RT x R2\ {0}), then s =t. Moreover

Doub(Fap, [0,50] x (R2\{0})) = {sa} x (R*\ {0}), (105)
where the closure is taken in RT x (R?\ {0}).

Proof. Letting w = (u,v) and w = (4,v), we study the equation .F, (s, w) = Fap(t,w). As a
consequence of Lemma 8.1 and taking into account Remark 8.2, the latter equation becomes

P(s)w = P(t)w, Zap(s,w) = Zgp(t, W), slw| = t|w]. (106)

First, we claim that any solution of (106) satisfies s = t. On the hand, if one among ¢ and s is zero,
equality of lengths and the non-vanishing of w,w imply s = ¢t = 0. Then, since P(0) = id, the first
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equality of (106) gives w = w. On the other hand, if ¢,s > 0, applying Remark 8.2 to the second
equality of (106), we find
0= Zap(t, @) — Zop(s,w) = t|o|* — sjw|® + 2sin($)(P(s)w, w) — 2sin(
= tlo|* — slw|* + 2 ((sin(£)P(s) — sin($)P(t))w,w)
= t|@|* — s|w|* + 2sin(52 w).

(w,
The last equality follows by applying the second identity of (104) to each diagonal entry of P(-).
Dividing by |w||w| and using s|w| = t|w|, we obtain

)
)

{— s = 2sin(t5e) L D)

|wl|w]”

By Cauchy-Schwarz inequality, for s # ¢, the right-hand side has absolute value strictly less than
|t — s|. Hence, it must be s = ¢, concluding the proof the claim. We now prove (105). Let (s,w),
(t, ) € [0,54] x RZ\ {0} be distinct points such that .Z(s,w) = Z(t,@). Then, by the first part of
the proof, we know that s = t. Now, if s < s,, P(s) is invertible, so the equality P(s)w = P(t)w of
(106) forces w = w, which is impossible. Therefore, we must have s = s, and w # @. This implies
that Doub (%, 5, [0, 54] x (R?\ {0})) C {s4} x (R*\ {0}). Conversely, observe that a direct computation
using Lemma 8.1 shows that, for every (u,v) € R?\ {0}, it holds

ymb(sa; uv”) = 91171)(8@, —U,U),

which means that {s,} x (R?\ {u = 0}) C Doub(.Z,;, [0, s4] x (R%\ {0})). O
We can now prove the main result of the section.

Proof of Theorem 1.1. We work in coordinates (s, p, ¢) given in Remark 7.7. In these coordinates, the
length function reads as £(s, p, ¢) = sp/2 (recall that hg = 2/p for S, by (48)). Applying Remark 7.8,
the cut time is

fout (9, &) = ginf {s (s, p 0+ 3) € Doub(%,b)} : (107)
By Proposition 8.3, the double locus of %, : Rt x (R?\ {0}) — H! x RT satisfies

{sa} x (R*\ {0}) € Doub(Z ) C [sa;00) x (R*\ {0}),

where we recall that the closure is taken in R* x R\ {0}. Thus, the infimum in (107) equals s,, and
0

teut(p, @) = gsa = (g — arctan(a)) =p (g — arctan(max{a, b})) ,

where the latter equality uses the hypothesis a > b. We conclude the proof recalling the definition of
pin (47). O

9. APPROXIMATIONS OF THE DOUBLE POINT LOCUS

Let S = 9Q C H! be a smooth, embedded, oriented surface and let p € X(S) be a geometrically
stable characteristic point, cf. Definition 2.6. In this section, we show how one can describe the double
locus of the extended exponential map of S close to p, in terms of the homogeneous approximation.
As before we assume that p = (0,0,0) and we describe S locally as in (93), namely as the graph of a
function u € C*°(R?) given by Lemma 2.3. The geometric stability of p is encoded in the conditions

ab+1#0, a #b.

As before, without loss of generality, we may additionally assume a > b.
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9.1. Localization of the double points of the extended exponential map. Let .% = (E,¥) be
the extended exponential map of S C H!, expressed in coordinates (s, p,®) of Section 7.2. Observe
that in these polar coordinates .% (s, p, ¢) is a smooth map, including at p = 0, indeed

F(s,p,0) = (E(s,p,0),L(s, p, $)),
and E(s,p,¢) extends smoothly to p = 0 by Proposition 4.5, while ¢(s, p, #) extends smoothly by
Remark 7.7. We have already shown that the map E can be approximated by the corresponding map
Eqp, cf. Remark 4.10. The same result holds for the length function. Hence, after applying the change
of coordinates of Section 7.2, it holds:
E(s,p,¢) = dc (Ea,b(sap/5a¢)+5RE(57P/57P7¢))’ V(S,p,(b) € RT x R* x 817 (108)

where R : (RT)3 x St — R? is a smooth function and d.(z,y, 2) = (ez,ey,£%2) as in (26). Moreover,
the formula for the length obtained in Remark 7.7, together with Remark 4.3 gives

-5 _5P . 2
(s, p,¢) = ho(po—3) 2 + p"Re(s, p, 9). (109)

In particular, the latter two equations show that .# is a smooth perturbation of %, = (Eqp,%ab)-
For the next proposition, recall the quantity s, = m — 2arctan(a), defined in Remark 8.2. Moreover,
in coordinates (p, ¢), for po > 0, we set

B ={a=(p,#) € S:0<p<po}
to be a punctured ball around the characteristic point p = (0, 0, 0).

Proposition 9.1. For every 6 > 0 sufficiently small, there exists pg > 0 such that
Doub(#, [0, s, + 0] x B, ) = Doub(.F, [s4 — 0,84 + 0] X By ).

Proof. Fix 6 > 0. We must show that there exists pg > 0 such that, for every (s, w) € Doub(%#, [0, s, +
8] x Bjy), it holds s > s, — . Assume, by contradiction, that this is not the case. Hence, we find a
collection of distinct pairs

(8nswWn) = (Sn; Py On)s  (tns Wn) = (tnvﬁmgn% n €N,
such that
0<s, <sq—0, 0<t, <s,+9, T (8$n, W) = F(ty, W), (110)
and it holds pn,pn — 0 as n — oo, with p,, pn, # 0. For every n € N, setting r,, := \/m, we

normalize both w,,w, as
Pn = Pn 7
Cn = (7¢n> P Cn = (7¢n> ;
Tn Tn

so that |C, |2 + |Ca]? = 1, where the moduli stand for the radial coordinates. Given & > 0, define

Fe(5,p,0) = (Bx(s,p,0) Le(s.p, 9)) 1= (07 E(s,ep, ¢),e~ (s, p, 9)),
for every (s, p,») € RT x R x S1. Observe that, for all ¢ > 0, the homogeneity property of Lemma 4.7
rewrites for the map E,; in coordinates (s, p, ¢) as

8:Eap(s,p,0) = Eap(s,ep, d), Y (s,p,¢) € RT x RT x S,

Thus, by (108), as € — 0, .Z. C'-converges to %, p, uniformly on compact sets of RT x RT x S!. The
equality in (110) may be written as

y’“n(snaCn) = g\rn(tvugn)a vn e N. (111)

By compactness, up to extracting a subsequence, there exist (s, (), (t,{) € RT x RT x S! such that
(8nyCn) = (8,¢) and (tn,Cn) — (¢,¢). Uniform convergence of the rescaled maps then implies that

Fap(5,0) = Zup(t,C), and [P +[C* =1 (112)

We claim that neither |¢| nor |§7 | vanishes. Indeed, if by contradiction one of the two vanishes, say

|¢] = 0, then, by (112), ¢ # 0 and %, (t,() = Fap(s,0) = 0. Now, if t > 0, the length coordinate
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is Zayb(t,g) = t|§~‘|/2, meaning that |z\ = 0. If t = 0, the first two components of ﬂayb(t,g) equal Z,
meaning that the latter vanishes. In both cases, we get a contradiction. Now Proposition 8.3 gives
s = t. Moreover, since s < s, — d < S,, Proposition 8.3 also implies that ( = Z Thus, both sequences
converge to the same limit

z=(s,() = nler;O(sn,Cn) = nler;o(tn,En), with |¢| = % and 0 < s < s, — 0.
On the other hand, by Corollary 3.10, E,|0,s,)xr2\{0} is a diffeomorphism onto its image, hence,
d.E, is invertible. Thus, we can find a small compact ball V' centered at z and a constant C' > 0
such that

|Ea7b(z1) — Ea7b(22)‘ > O|Zl — 22|, v21722 eV.
Since, as € — 0, E. — E,;, in C1(V), for every 21,22 € V we find

|(Ee — Eap)(21) — (B — Eap)(z2)] < sup |dEe — dE. |l |21 — 22| = o(1)[21 — 22].

Consequently, for every z1,z2 € V, we can estimate

|Ee(21) — Ee(22)| > “Ea’b(zl) = Eap(22)] = [(Ee = Eap)(21) = (Ee — Eap)(22)]

> [1Bap(21) = Bap(22)] - o(1)|z1 = 2

C
> (C—=o(1))|z1 — 22| > §|Zl — 22,

for sufficiently small e. Thus E. is injective on the same neighborhood V" for all such e. This contradicts
the existence of the two distinct sequences (sy,(,) # (tn, (n) approaching z, and satisfying (111), for
sufficiently large n € N. O

Remark 9.2. Since .# is a smooth perturbation of %, p, using Proposition 9.1, one may be tempted to
conclude that the closure of the double point locus of .# is a smooth perturbation of the corresponding
set of the homogeneous model %, ;. However, the latter contains critical points of .%, ; which are not
stable under arbitrary smooth perturbations. Indeed, due to the validity of (90), .7 is a Legendrian
front (cf.Section D), and thus its critical points are unstable in the class of all smooth maps (see
[Ish05]). Thus it is natural to study the stability of .% in the class of Legendrian fronts.

9.2. Reduction to a family of Legendrian fronts. We now describe the Legendrian structure of
Z (see Appendix D). Using the coordinates (s, p, ¢) of Section 7.2 and writing F# = (X,Y, Z, (), by
Remark 7.5, for p > 0 we have

dl = Px dX + Py dY + Pz dZ, (113)

where (Px, Py, Pz) are the components of the normal lift in the target coordinates (X, Y, Z). Although
F extends smoothly to p = 0, its Legendrian lift in these coordinates does not. More precisely one can
show that Pz(s, p,¢) ~ p~! as p — 0. This suggests restricting .# to level sets of Z. On each such
level, the pullback of dZ vanishes, so the singular component P, disappears from the contact identity
(113). Moreover, this reduction preserves all double point information: if two distinct source points
have the same image under .%, then they necessarily have the same value of Z.

In the next lemma we formalize this construction by describing the level sets Z = £2. Given §, pg > 0
determined by Proposition 9.1, we study the following restriction of the extended exponential map to
the set [s, — d,54, + 0] x B\ . To lighten the notation we set

I:=[sq— 0,84+ 9]
We identify B with (0, po] x S', using the polar coordinates (p, ¢) € (0, po] x S*.

Lemma 9.3. For every § > 0 small enough there exists pg > 0 such that the following map

Uy Ix[0,p0] xS I xR xS!,  Wy(s,p,¢) = (s VZ(s,p, ¢),¢) , (114)
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is a diffeomorphism onto its image. In particular its image contains I x [0,&q] x St for eg > 0 small
enough, and on the latter domain its inverse satisfies

€
* \/qa(s) cos? ¢ + qp(s) sin? ¢

U, (s,6,0) = ( + o(e),gb) , ase— 0. (115)

Proof. We first show that Z(s,p, ) is non-negative in I x [0, po] x S!. Combining Lemma 8.1 with
(108), applied with € = p, we have

Z(s,pyd) = p*(qa(s) cos® ¢ + qu(s) sin® ¢ + pR.(s, p, P)), (116)

where R, (s, p,®) is a smooth function, including at p = 0. Using the definitions of ¢4, g, given in
Lemma 8.1, a direct evaluation gives

2(a —b)

qa(sa) = 8q > 07 qb(sa) =S¢+
where for the second inequality we have used the assumption a > b. Thus, for § > 0 small enough, q,, ¢
remain strictly positive on the interval I. Consequently, for py > 0 small enough, Z is non-negative
on I x [0, pg] x S*. Moreover, combining (116) and (117), together with the computation

8P‘/Z|p:o = \/qa(s) cos? ¢ + qp(s) sin? @,

we deduce that, for py > 0 sufficiently small, 9,v/Z > 0 on I x [0, po] x S'. Therefore, (114) is an
injective immersion on a compact manifold and hence a diffeomorphism onto its image. Applying \Ilgl
from the right to both sides of (116) yields

g2 =p?o \Ilgl(s, £,0)(qa(8) cos® ¢ + qy(s) sin? @) + O(p® o \Ilgl(s, €, )), ase — 0.

From the latter equation we deduce that p o ¥,'(s,e,¢) = O(e), uniformly with respect to s, ¢.
Therefore,

P2 0 W (5,6,0)(guls) cos> & + qy(s)sin® ¢) = 2 + O(?),  ase - 0.

Inverting the above equality for p? o \Ilgl(s7 g, ¢) yields (115). O

Using the previous lemma, we restrict .# to a fixed level set {Z = £2}. When restricted, the
remaining components (X, Y, £) of .# are of order . This justifies the following definition. For every
€ € (0,eq], we define

1
F?:[sq — 6,8, +0] x S' = R* xR, F(s,¢) = g(X,Y,e) oW, (s, e, 0).
The double point locus of .# may be traced back from the one of the family of maps {F*}.¢(0,]-

Lemma 9.4. For every eo > 0 small enough, setting V := W, (I x (0,&0] x S'), we have

Doub(#,V) = {¥ ' (s,e,0) : (s,6) € Doub(F*,I x S'), £ € (0,20]}.

Proof. Fix € > 0. The third component of 52(\1121(8, g,9)) is €2. Deleting from .7 o \Ilg1 this constant
component and dividing the remaining components by & gives F. Consequently,

F (U, (s,6,0)) = F(V,;'(s,e,¢)) < F(s,¢) = F°(s,¢).

Since \Ilgl is injective by Lemma 9.3, the two points \Ilgl(s, g,¢) and \Ilgl(s’, g, ¢’) are distinct precisely
when (s, ¢) # (s',¢"). This proves the claimed description of Doub(.Z, V). O
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9.3. The limiting front and its Legendrian lift. We show that the maps F¢ are actually Legen-
drian fronts, including at € = 0. In the following, we have denoted

N :IxS'—RT, N(s,¢) = \/qa(s) cos? ¢ + qy(s) sin? ¢.

Lemma 9.5. There exists a sufficiently small g > 0 such that the maps F¢ form a smooth family of
two-dimensional Legendrian fronts for 0 < e < g, with

FO(s,¢) = J\ﬁ (pa(s) cos ¢, pp($) sin @, ;) ) V(s,¢) € I xS (118)
Their Legendrian lifts may be chosen smoothly in (s, ¢,€), and the limiting lift is
F(s,6) = (F*(5. ), — sin(3) cos 6, — sin(3) sin ). (119)
Proof. Equation (108) with € = p and (109) imply that
(X (5,0, 0),Y (5.p,0),L(s,p, ) = p(pa(s) cos ¢, py(s) sin §, 5/2) + p*R(s, p, ¢), (120)

where R : I xRt x S — R3 is smooth. Lemma 9.3, and in particular (115), shows that, in coordinates
(s,e, ), it holds

- ° - +
p(s,e,9) i) oo e e +o(e) N(s.9) + o(e), ase — 07. (121)

Substituting the latter equation into (120) we deduce that F© extends smoothly to e = 0, indeed:
1

' 0) =

N(s, ¢)

Moreover, from the latter equation, we see that F© is given by (118). We now show that these

maps are fronts by computing their Legendrian lifts. By Remark 7.5, the extended exponential map
F = (X,Y, Z,0) satisfies

Fe(s (pa(s) cos @, pp(s) sin g, s/2) + O(e), ase — 0.

dl — PxdX — PydY — PzdZ = 0, (122)
where (Px, Py, Pz) are the momentum components of the normal lift

A(s.p.9) = MODI (O (g), g =n(s,p,0).
i.e., the evolution of A+ along the Hamiltonian flow, in the coordinates of Section 7.2. We now
explicitly compute these momentum components. Let (hi,hs,ho) be the components of A\ with
respect to the coframe (25) and recall that the evolution of the momentum of A+, with respect to
the coframe (25), has first two components equal to R(—s)(h1,h2)?, while its third component is

constantly equal to hg. In the coordinates of Section 7.2, and in particular using (96), we have
(X,Y,Z) = (azx +y,by — x,8(2 — (ax? + by?)/4)), and thus

_1 1 m)_ (o 1\ (dX
y07§d2+§(XV1 +Yus), (VQ) = <_1 b> <dY>'

A standard computation then shows that

()t (5 () B @) met o

Thanks to Remark 4.3, we may express the components (hy, ha, ho) of the initial covector AL in terms
of the source coordinates (s, p, ¢), finding

_ 2 hi\ _ cos ¢ Hi(s,p, ¢)
hO - ; + H0(87p7 (b)a (hz) - m(8/2) (smgb) +p (HQ(S,p, ¢) 9
where the remainders Hy, Hy, Ho : I x Rt x S! — R are smooth. Substituting the latter expansions
and (120) into (123), we find that the components of the normal lift A satisfy

(]Jzif) = —sin(s/2) (Z?r?:;;) + pP(s,p, ¢), (124)
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where P : I x Rt x S! — R? is smooth. We now pass to the source coordinates (s,e, ) given by
Lemma 9.3. For every (s,e,¢) € I x [0,g0] x S*, where g9 > 0 is identified by Lemma 9.3, we define

L5(85¢> = W21(8a57¢) = (S’p<57€a¢)7¢)7

where p(s, e, ¢) is given in (121). Recall that, by construction, it holds Z o . = 2 and the family of
maps F¢ satisfies

FE('S?QS) = (a R ) OL€(57¢)7 V(5,¢) elx Sla 2lS (0750}'

Then, define the family of lifts Fe by
ﬁa(s,(b) = (F°,Px o, Py o) (s, o), V(s,¢) € I xS € (0,¢].
Substituting (121) into (12 ) shows that the family of lifts also extends smoothly to € = 0, with
= (F° —sin(s/2) cos ¢, — sin(s/2) sin ¢) , V(s,¢) €I xSh (125)

We now show that F* is a Legendrian lift of F*, for every e € [0,e0]. We fix £ > 0 and we compute:
~ 1
(FE)* (df - PXdX - PYdY) = g L: (d€(87 P ¢) - PX(Sa |2 ¢)dX(S7 |2 d)) - PY(Su |2 ¢) dY(Su |2 qb))

== EL:(PZ(Sapa ¢’) dZ(S,P,éf’)) = 07

where we have used (122) and the fact that (*dZ (s, p, ) = d(Z o 1.)(s, ¢) = d(e?) = 0 since ¢ is fixed.
By smoothness of F** at £ = 0, the same contact identity holds at ¢ = 0. Finally, to conclude the proof,
we need to show that F* is an immersion for all sufficiently small €. Since {F*}.c[oc,) is a smooth

family of maps defined on a compact domain, it is sufficient to show that F° is an immersion. Write
PY, PY for the momentum components of F, i.e. the last two components in (125). Then, we have

e w *lsins cos(s S 1
der (PR ) = sine/2)cos(s/D), ¥(si) € 1 xS (126)

After possibly shrinking §, the interval [s, — 0,5, + 0] lies in (0, 27), so the determinant in (126) is
nonzero except possibly at s = m. At s = 7, an explicit computation shows that, for every ¢ € S',

Py _ Py __ [ sing
(B ()

On the other hand, an elementary computation shows that ¢.(mw) = 0, which implies dsN (7, ) = 0,

and hence
s 1
Os | =———= =———>0.
° <2N(S7 (b)) S=T 2N(7T7 (b)
This implies that FO is an immersion and concludes the proof. O

The crucial fact which allows us to compute the cut time for a general surface, is that the limit
front FO is stable in the class of Legendrian fronts.

Theorem 9.6. Let N =1 x S', let C = {s,} x S' and let p1+ = (sq,£%). Then, it holds
DOUb(FO7N) = C\{p+ap*}a (127)

where the points p+ are swallowtails. Moreover, every point in FO(C\{p,,p_}) has exactly two distinct
preimages in N, which are reqular points whose image tangent spaces are transverse, i.e., for every
q € FO(C\ {py,p_}), there exist 21,29 € C such that

(FO)_l(Q) = {21,2’2}, and deO(TmN) + dzzFO(TzzN) = TqR3'
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Proof. We begin by determining the type of critical points of F°, proving in particular that the points

p+ = (54, £7) are swallowtails. Throughout the proof, we fix the following notation

FO = (x7yuL)u ya,b = (Ea,byga,b)'

First, we note that, by Lemma 9.5, F© is a Legendrian front. In particular, the momentum components
of its lift, computed in (119), and the corresponding contact identity are

(PY, PY) = —sin(s/2)(cos ¢, sin ), dL = PY dx + PY dy. (128)
It follows that rank(d s 4)F°) = rank(d(, ¢ (z,)), and thus the critical points of F are given by
. 9(z,y)
CI‘ltFO_{S, €I><Slzdet< ’ =0,. 129
() ={(s.0) e (129)

To compute such determinant, note that, by Lemma 8.1 and (118), in coordinates (s, p, ¢), we have
the equality

%w<&é;w@)(m@@%w@¢%fmuawy Vp >0, (s,6) € IxS.  (130)

In particular, defining C(s, p, @) := (s, p/N (s, 9), ¢), from the above equation we obtain

0,2(5,0) ¥(5,6) 0pr(s.0)
a(EtLb o C) (57 P ¢) =de s s S - _ e 8(3), y)
dor (AELZOLLDN | et | 0uy(s:0) (s:0) Opnton) | = 2dee (52N aa)

p=1 0 2 0

On the other hand, the Jacobian determinant of the coordinate change C(s, p, ®) is 1/N (s, ¢). There-
fore, using the chain rule to factorize the left hand side of (131) we deduce

a($7y)> _ 1 (6Ea,b (S,p7 (;5))
det (8(57(15) 2N (s, ¢) det (s, p, P) ”:N(i,qb) ’

The Jacobian determinant of E, ; in coordinates (s, p, ¢) is given in Lemma A.1:

8Ea ) )
det ( b(5,p,9)
(s, p, 9)
where m.(s) = spL(s) — p.(s), for ¢ € {a, b}, cf. Lemma 8.1 for the definition of the functions p., g..
Combining the previous identities, we finally obtain

dw,y)\ _ Als,0)
et (5e4) = Mo (182)

):—%%@@, A(5,6) = po(s)ma(s) cos? & + pa(s)ma(s) sin? ¢,

which, according to (129), implies that
Crit(F°) = {(s,¢) € I x S' : A(s, ) =0} .
We now study the equation A(s,¢) = 0. A direct evaluation gives

a—2>b V14 a? 1+ ab
a(8qa) =0, a) = —TY—/—, ; @) = ———F=—, 1 (5g) = ———. 133
palse) i) = e Pl =T Bl = —ogee (139
Therefore, we obtain:
A(5a, 6) = _%mgw:o = 4=+, (134)

since a > b by the geometric stability assumption. This shows that A(py) = 0. We want to apply the
implicit function theorem at such points. A standard computation gives

OsA(ps) = Da(sa)ms(sa),  OpAlps) =0,  O3A(px) = —(a—b)sa. (135)
We claim that pl,(sq)ms(s,) > 0. Indeed, since a > b, pp(s) > 0 for s € [0, s4] (cf. Remark 8.2), while

mo(0) = —1,  mi(s) = spf/(s) = —ols).
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Thus, my(s) < 0 and consequently ms(s,) < 0. The assertion follows as p(s,) < 0 by (133). The
implicit function theorem therefore shows that the critical set of F° near p4 is parametrized by smooth
curves V4 : [—to, to] — I x S, with tq > 0, defined by

v (t) := (Ui(t),:lzﬂ/2 + t), o+(0) = sq.

Moreover, by compactness of S' and (134), up to shrinking &, we may assume that A(p) # 0, for every
p € N\Im(vy4). Differentiating the defining identity A(o4(t), £7/24t) = 0 and using (135), we obtain
842>A(pi) (a—b)s,

o (0)=0, o1 (0)= T ApL)  p(sa)my(sa)

Consequently, the parametrization of the critical set of F© on I x S! is

yi(t) = (sa + Kt? + O(t?), ig + t) , K= m >0, (136)

for every t € [—tg, to]. Differentiating (132) with respect to s, and recalling that A(py) = 0, we obtain

Aey)\|  9A(pe)
asdet<a<s,¢>> = Npo)?

Since 0sA(p+) # 0, p+ are non-degenerate singular points in light of Remark D.2. In particular the
kernel of dF° is necessarily one-dimensional along v+ (t) (see Lemma D.5), and thus spanned by a non-
vanishing vector field 7+ (¢). We now compute these vector fields. Recall that L(s, ®) = s/(2N (s, ¢)) >
0. Then, the quotient y/L and its differential are
% = w, d(%) = S%(mb(s)sinqbds+spb(s)cos¢d¢).

Since my(sq)sin(£5) = £mp(sq) # 0, cf. (133), the latter differential is nonzero near pi, meaning
that kerd(y/L) is one-dimensional along the critical curves. Moreover, it can also be written as a
linear combination of dy and dL, so that ker dF° C kerd(y/L). Since, along the critical curves, both
kernels are one-dimensional, they must coincide. It follows that

10 = (~22 o190, +0,)

Now according to Lemma D.5, in order to understand the type of critical points composing the critical
set, it is sufficient to compute the determinant

Ay (t) = det (Y+(t), nx (1)) .-
Using equation (136) and observing that

£0.

b+

Y+ (1)

Sapb(sa)

= —K, cot(£m/2 4 t) = —t + O(t%),
my(Sa)

we may compute a Taylor expansion of 14 () near ¢t = 0 finding
ne(t) = (—kt+Ot*))0s + 0y, Ax(t) = (26t + O(t?)) 05 + 0.
Computing the Taylor first-order expansion of A4 (t) yields
AL (t) = 3kt + O(t?).

Since k # 0, Lemma D.5 implies that the points 4 (t) are cuspidal edges for ¢t # 0 and swallowtails
for ¢ = 0. In particular the points pL are swallowtails.

We now prove the assertion on double points. Suppose there are distinct pairs (s, @), (t,7) € I x St
such that F(s, ¢) = F°(t,v). Equation (130) implies that

</a,b (5,w,¢) *Ja,b (ta N(t,'(/))7w>



and then Proposition 8.3 implies s = ¢. Equality of the length components, i.e., L(s,¢) = L(t, 1),
then gives N (s,¢) = N(s,v), and equality of the remaining two components (z(s, ¢),y(s,¢)) =
(z(t, ), y(t, ¥)) yields
pa(8)(cos ¢ — cosp) = 0, pp(8)(sin g — sineh) = 0.
Thus, since ¢ # ¢ and, for s € I, py(s) > 0 while p,(s) = 0 if and only if s = s,, we must have s = s,
and 1) = m — ¢ modulo 27. Conversely, such pairs have the same image under F°, and they are distinct
exactly when ¢ # +m/2. This proves equation (127) and that every point in F°(Doub(F°, N)) has
exactly two preimages, in particular it shows that, for ¢ # 1, one has
FO(Saad)):FO(ScHd)) — 1/1:71'—¢

Note that these distinct preimages are regular points by the first part of the proof (cf. (134)), because
they are distinct if and only if ¢ # £7. It remains to show

0 0 3

Ao ) I (Tiswt)N) + disg n-0) 7 (Tsu.m-e) V) = TyR?,

where ¢ = FY(sq,¢) = F(sq,m — ¢) and ¢ # +5. We are going to show that the (Euclidean)
normals of the two planes are linearly independent. By (128), for every (s,¢) € N, the covector
(sin(s/2) cos ¢, sin(s/2) sin¢,1) € T*R* annihilates the tangent plane d(s ¢ F°(T(5,4N) C TR3. Thus
the normal direction in R? to the latter plane is spanned by

V(s,p) = (sin(s/2) cos ¢, sin(s/2) sin ¢, 1).
Evaluating the normal at (s, ¢) and (sq, ™ — ¢) we find

< cos ¢ sin ¢ 1) < cos ¢ sin ¢ 1>
V(s = ; ; ) Visgm—¢) = | — ) ) )
(s0:) vV1i+a? V1+a? (sam=9) V1i+a? V1+a?

which are linearly independent for every ¢ # 7, as claimed. O

We conclude the section by showing how the latter theorem, combined with classical stability theory,
allows to compute the double point locus of F¢, for e sufficiently small, as a smooth perturbation of
the double locus for the model FY. We then use Lemma 9.4 to obtain the self intersections of .%.

Corollary 9.7. There exist ¢g > 0 and a smooth function f : [0,e0] x S' — (84 — 6,54 + 0), with
£(0,¢) = s, such that, setting V=W, (I x (0,e0] x S'), we have

Doub(Z,V) = {¥,'(f(c,¢),e,¢) : 0 <ec <&, pE€S'}.
Proof. By Theorem 9.6, the assumptions of Lemma D.6 are verified for the Legendrian front F°. Thus,

applying Lemma D.6 and Corollary D.7 to the smooth family of Legendrian fronts F¢, we find g9 > 0,
a smooth map f : [0,&9] x S — I and two smooth curves ¢4 : [0,0] — S* such that

T
Doub(F=, 1 x 8') = {(f(e,9),9) : ¢ € S \ px(e)},  f(0,9) = sa, ¢x(0)=+5.  (137)
Combining Lemma 9.4 with (137) and taking the closure in V' yield the result. O

10. COMPUTATION OF THE CUT TIME. PROOF OF THEOREM 1.5

Now that we have an explicit description of Doub(.%#,V) in terms of the double locus of the per-
turbation F¢ of the reduced front F°, we exploit Lemma 7.4 to compute the cut time: we intersect
Doub(.%,V) with the fibers of the projection map 7, and compute the infimum of the length function
along this intersection.

Lemma 10.1. There exists R > 0 such that I x Bj; C V. Defining
Ty (q) := inf{l(z) : 2 € Doub(Z#,V), n(z) = ¢}, Vg€ By,
then, the infimum is attained at a unique parameter s = o(p,0), where
o :[0,R] x S* = (84 — 6,84 +9)
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is a smooth function satisfying o(0,9) = s,. Moreover,

U(ﬂ» 19) Sa 2
Ty (p,0) = =2, L0, -0t 138
v(p,9) o) 2"t (%) as p (138)
Proof. By Lemma 9.3, the function (s, p, ¢) := v/ Z(s,p, d) is smooth at p = 0, where it vanishes.

By compactness of I x S, we may choose R > 0 so small that I x Bj C V. Since y(s,p,¢) =
(s,e(s, p, d), @), Corollary 9.7 implies that a point (s, p,¢) € V belongs to Doub(#,V) if and only if
s = f(e(s,p.6), 8). Thus,

Doub(Z,V) = {(s,p,¢) €V : s = f(e(s,p,6),¢) = 0} .
We define the function
L:V =R, L(s,p,0) ::s—f(e(s,p,z?+s/2),19+s/2).

Then, since 7 (s, p,#) = (p, ¢ — 3) by Remark 7.7, the intersection Doub(.%#, V) N 7 1(p, ) is charac-
terized by the equation L(s, p,¥) = 0. Since £(s,0,¢) = 0 and f(0, $) = s4, we have

L(s,0,9) = s — sq, 0sL(s,0,9) = 1.

It follows that, there exists R > 0 sufficiently small such that 9s£ > 0 on I x [0, R] x St, and L(-, p,?)
has opposite signs at the endpoints of I, for every (p, ) € [0, R]xS'. Thus, for every (p,9) € [0, R] xS?,
L(s,p,¥) = 0 has a unique solution s = o(p,?¥). The non-vanishing s-derivative allows us to apply
the implicit function theorem, deducing smoothness of o, including at p = 0, where ¢(0,9) = s4.
Therefore the intersection Doub(.#,V) N 7~1(p, ) consists of a single point, i.e.,

Doub(# V) 1 9,0) = { () 0 + 750 )

Hence, evaluating the length function ¢ at such point, using Remark 7.7, gives
a(p, V)
hO (p7 19)

The Taylor expansion (138) follows from expansions:

TV(pa 19) =

1
o(p.9) =5, +0(p)  and = £+ 00",
as p — 0T. This concludes the proof. d

We can now prove the main result showing that Ty coincides with the cut time, sufficiently close
to a characteristic point.

Proof of Theorem 1.5. By Lemma 7.4, and since Doub(.%, V') C Doub(.%#), we have

teut(q) = inf{l(z) : z € Doub(.%), m(z) = q} < Tv(q), q € Bj. (139)
We prove that equality holds in a smaller punctured ball B)S. First, there exists 0 < r < R such that
2 sup Ty (q) < dsr(Br, S\ Br). (140)

qeB,

Indeed, the left-hand side tends to zero as r — 0% by (138), while the right-hand side stays bounded
below by a positive constant. Second, fix ¢ € B and set ty := teut(q). By Remark 7.3 there exist
minimizing normal geodesics from S, based at distinct points ¢y, ¢/, € S, with the same endpoint and
length ¢,,, such that

(tnv Qn) — (t07 Q); tn = teut (Qn) = tcut(q;)'
Setting s, = tnho(qn) and s, = t,ho(q,), we claim that, eventually

{(snan)}, { (s g} C V- (141)
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Indeed, the triangle inequality, together with the inequality (139), gives

n—oo

dsr(q,¢,) < dsr(q, qn) + 2t, = 2ty < 2Ty (q).

Then, by (140), for n large, dsr(q,q),) < dsgr(Br, S\ Bg) and therefore ¢, € Bj. Also, ¢, € By
because ¢, — ¢ by construction. Moreover, combining (139) with (138),we obtain

Sp = hO(Qn)tn - hO(qn)tcut(Qn) S hO(qn)TV(Qn) = U(qn) < Sq + 67

and the same exact inequality holds for s),. Thus (s,,qn), (s,,q,) € [0, sq + 6] x Bj;. Proposition 9.1
finally implies that s,, s/, € I, therefore

{(snan)}, {(sn,4n)} € T x Bg.

By Lemma 10.1, R can be chosen sufficiently small so that I x Bj; C V, hence (141) holds for large n.
Since, (sn,qn) and (s}, q,,) are double points, for large n it holds

(Snyqn), (s, q),) € Doub(Z#,V).
The definition of Ty then gives
Ty (q) <UmL(sp, qn) = Um L(t,ho(qn), qn) = limt,, = teut(q)- (142)
n n n
Since ¢ was arbitrarily chosen in B C Bj;, the two inequalities (139) and (142) combined give
tcut(Q) =Ty (Q)a Vg € sz<

Expressing the result in polar coordinates (p,¥) we find that that the cut time restricted to the
punctured ball BX ~ (0, 7] x S! satisfies

teut(p,9) =Tv (p,9), Y (p,9) € (0,7] x S*.

In particular by Lemma 10.1 the cut time is smooth on such domain and smoothly extends to p = 0.
Moreover Lemma 10.1 also gives

Sa
teut(p, V) = % + p*Reut (p, ),

where s, = ™ — 2arctan(a) and Re,, € C°°(RT x S1). This concludes the proof, observing that, under
the assumption a > b, cop = Sq/2. O

Part III. Appendix
APPENDIX A. HORIZONTAL PLANE AND HOMOGENEOUS SURFACES

A.l. Direct computations for the horizontal plane. We derive (7) by means of a direct compu-
tation. First we combine (3) with our knowledge of the cut time and Jacobian (6) to obtain

27 min{e,tcus (r,0)}
vol(Tg,(€)) = / / / Js, (t,r,0)dtdrdf

min{e,wr/2}
:z/ / |:’I“2 (1+Cos <%)>+trsm(2 )] dtdr.
2 /o Jo T r

For 0 < ¢ < mR/2, we may exchange the order of integration in ¢ and r finding

vol(Tpa(€)) = g/:[(t) dt,  I(t) = /2:; [rz <1 + cos (2:>) + trsin (2:” dr.

For t > 0, two integrations by parts in r yield

3 9 2 ) 2 R )
I(t) = }?)) (1—&—005(;)) —l—%sin (é) +tg/2t/ﬂcos (:) dr.
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To evaluate the remaining integral, we define Si(x) := fogc

d 2t (2t 2t
— [r cos <> + 2t Si (ﬂ = cos <) .
dr T r r
R 2 2 2 1
/Qt/-rr cos (:) dr = Rcos (é) + 2t Si (Rt> + 2t <7r - Si(w)) .

Substituting into the expression for I(t) and expanding at ¢ = 0, using Si(z) = x + O(x?), gives

I(t) = 23i3 + ? (i —Si(w)) +0 (2) .

Finally, integrating with respect to ¢, we obtain

3 _ : 5
vol(Tp,(€)) = W? €+ ! 7{281(7r)€4 +0 <;) , e—0t.

(sinu)/u du and we observe that

Consequently,

A.2. The curvature forms of homogeneous surfaces. Here we explicitly compute the curvature
forms introduced in Definition 4.16 for homogeneous surfaces Sg 5, 1 +ab # 0, in the coordinates (p, )
of (47). First observe that, as a consequence of Corollary 4.18 it holds

0§, = P> O a (5,1, 9)|s=odp A V. (143)
Lemma A.1. In the coordinates of Remark 7.7 it holds

6Ea,b(37 P ¢)
det ( 35, 9)

where me(s) := spl(s) — pe(s), for ¢ € {a,b}, and p.(s) is defined in Lemma 8.1.

) = 9PN, 0), A5, 6) = po(5)mals) co & + pa(s)mp(s)sin® 6, (144)

Proof. By the first identity of (104) and standard trigonometric identities, we have
qe(s) = s+ 2sin(s/2)pc(s), cos(s/2)p.(s) — 2sin(s/2)p.(s) = 1.

Consequently, a direct computation yields
Pe(8)a0(s) — 2pc(5)qe(s) = 2pe(s) — 2spe(s) = —2me(s).
Therefore, differentiating (98) and computing the Jacobian determinant gives
OF, p(s,u,v
ot (25D ) ) (6104 5) = 200590602 + ) ()5 2 (5Dn())
= —2(pp(8)ma(s)u® + pa(s)mp(s)v?).

Finally, evaluating the latter equation at (u,v) = (pcos ¢, psin @), and using the fact that the change
of variables (u,v) = (pcos ¢, psin ¢) has Jacobian determinant p, we prove (144). O

Lemma A.2. The normalized Jacobian of Sq 1 s

Jan(s,1,9) = [(1 +ab) + (1 — ab)(cos(2s) + ssin(2s))

4(1 + ab) (145)
+ (a +b)(scos(2s) —sin(2s)) + s(a — b) cos(20 + 25)} .

Proof. By Section 7.2 and Remark 7.7, we have the identity

_ 2t t
eXpJS_a,b(t7p? V) =1 Yo Eap <p7P>19 + p) .
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The map 1 has Jacobian determinant 8(1+ab), whereas the map (¢, p, 9) — (%, p, 0+ %) has Jacobian
determinant 2/p. Thus Lemma A.1 and the chain rule give

2
Ty (£, py9) = —ﬁ/\ (2;,19 + ;) :
Therefore, equation (143) implies that
A(2s,9 + s)
2(1+ab) -~
Substituting m.(s) = spL(s) — pc(s), and the expression of p.(s) from (99), into (144) yields (145). O

Jaﬁb(s, 1,19) = —

Proposition A.3. Let (p,9) be the coordinates on S, introduced in (47). Then, for every n € N,
the n-th curvature form of the homogeneous surface S, has the expression

o) = p2m (An cos(209) + B, sin(29) + cn) dp A dY,
where, for n > 1, we have defined
(—1)ln/2lgn—3 (0,n(a —b),(2 —n)(1 —ab)), n even,

A, B, ) =
( ) 1+ ab (n(a—b),0,(n—2)(a+b), n odd.

For n =0, the coefficients are (Ag, By, Co) = (0,0, M)

Proof. Substituting the identity cos(29 +2s) = cos(219) cos(2s) — sin(2¢) sin(2s) into (145), we see that
the Jacobian J, (s, 1,7) splits as a sum of three functions

1
4(1 1 ab)
where the functions A, B, C are given by

A(s) = (a — b)scos(2s), B(s) = —(a — b)ssin(2s), C(s) = C"(s) + C°%(s),
where C¢¢" C°? are nothing but the even and odd parts of C(s), i.e.

C""(s) = (1 + ab) + (1 — ab)(cos(2s) + ssin(2s)), Co%(s) = (a +b) (scos(2s) — sin(2s)).

Thus, by (143) and direct differentiation of (146), the statements of the propositions hold with
_ AM)(0) B . B™(0) _ c™(0)
" 41+ ab)’ " 4(1+ab)’ " 41+ ab)

The function A is odd, while B is even. Then, for n even (resp. odd) only the n-th derivative of B and
Ceven (resp. A and C°%9) are non vanishing. Taking full Taylor expansions of the elementary functions
A, B,Ce*", C°% and extracting the n-th derivatives yields the claimed expressions of A,,, B,,C,. O

Jap(s,1,9) = (A(s) cos(29) + B(s) sin(29) + C(s)), (146)

Ezample A.4. The first five curvature forms of S, ; are
2

Ugl)’b = m dp N dv,

o) = m«a — b) cos(20) — (a+b)) dp A d,
nga)’b = —fT_abb sin(29) dp A dd,

C’(si),b _ _3(a—D) E:fs_ﬁi)): (a+ D) dp A do.

Ugi),b _ 4(2(a — b)(iii(ii;pt (ab—1)) dp N db.
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APPENDIX B. ON LOGARITHMIC EXPANSIONS. PROOF OF LEMMA 5.8

The goal of this section is to prove Lemma 5.8. We first observe that whenever a function has an
expansion involving logarithmic coefficients, these are uniquely determined.

Lemma B.1. Let F : (0,1) — R be a function. Assume that there exist kg € N and coefficients
{anaﬁn}nz_ko C R such that

N
F(e) = Z €™ (an + Bnloge) + o(eN), e— 0", (147)

’nsz‘[]

for every integer N > —ko. Then the coefficients a,, By, are uniquely determined by F.

Proof. Suppose two families of coefficients {a,, 3,} and {an,Bn} satisfy (147), and let m be the
smallest index such that (auy,, Bm) # (Qm, Bm). Then, the function F satisfies (147) with N = m, for
both families of coefficients, hence taking the difference of the two expansions and dividing by €™ gives

1 =~ _ ~ " _ ~ o(e™
0= o < Z " ((an — ain) + (Bn — Bn) loge) + o(e )) = (Qm — am) + (B — Bm) loge + %,
n=—ko
where the last equality follows by our choice of m. It follows that
(Cm — @) + (B — Bim) loge = o(1).
Since loge — —oo, it must be 3, = Em, and then a,,, = a,,, contradicting the choice of m. O

The previous lemma shows that the statement Lemma 5.8 is well-posed. Secondly, we prove an
auxiliary result that is needed in the proof of Lemma 5.8.

Lemma B.2. Let F : R? — R be a smooth function. Then, there exist {fx,gr}3o C C(R) such
that, for every N € N, there exists Ryy1 € C°°(R?) such that

N
F(z,y) = > (29)" (fr(y) + zgx(x)) + (29)" ' Ry 11 (2,y). (148)
k=0

Proof. We proceed by induction, first proving the statement for NV = 0. Since F' is smooth, both F
and its partial derivatives are absolutely continuous and we can write

Fla,y) — F(0,y) — F(z,0) + F(0,0) = /Ox 0, F(t, y)dt — /O 0, F(t, 0)dt

x Y 1 1
= / / 0y0,F(t, s)dsdt = zy/ / 0y0. F(xt, ys)dsdt .
0o Jo 0 Jo

Ri(z,y)

Setting fo(y) = F(0,y) and go(z) = 1 (F(x,0)—F(0,0)), which are smooth (extending go by continuity
setting go(0) = 0, F(0,0)), we can write

F(z,y) = fo(y) + zgo(z) + (xy) R (2, y). (149)

We now prove (148) for N + 1, assuming it holds for N. Since Ry 1 is smooth, using (149), we deduce
the existence of two smooth functions fyi1,g9n+1 € C®(R) such that

Ryii(z,y) = v (y) + 2gns1(2) + 2yRyy2(z,y),

for some smooth remainder Ry 2. Substituting the latter expression into (148), we conclude. g
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Proof of Lemma 5.8. By Lemma B.2, for every N > 0 we can write
N

Gs,r) = D (sr)* (fulr) + sgi(s)) + ()N Ry (s,7),

k=0
for suitable smooth functions fx, gk, Ry1+1. We now set

G1i(s,r) = (sr)kfk(r), Ga (s, 1) := k“?"kgk( ), Gs n(s, 1) = (sr)NHRNH(s,r).

Let G, (¢) be the integral (64) computed with G; ;, in place of G. It is sufficient to prove the lemma for
each and every one of these functions G; ;(¢). Indeed, if the lemma holds for G; i (¢), G2 1(€), Gi n(€),
for k=0,..., N, with coeflicients v,,(G; «), 8rn(Gi ) computed as in (65) with G, in place of G, then
by linearity of the mappings G — v,(G) and G — Bn(G) we have

Z (G11(e) + G2x(e)) + Gs N (e 25"22 Gik)+ Bn(G zk)10g5)+0(5N)7
k=0 —0  k=0i=1
N

=Y " (m(G) + Ba(@) loge) + o(™).

n=0
We first focus on Gy (s, 7) = (s ) Jr(r):

Gi k(e / Gi1x(e/r,r) r—e/ felr r—z—:/ Sfe(r dr—e/fk

Then, a Taylor expansion of fj at zero gives an expansion with no logarithms, whose non-zero coeffi-
cients are

0 éj)(O)
= d . = — ] > .
Y6(G1k) /o fr(r)dr, Yetj+1(G1k) Gror j=0
These agree with (65). Indeed, for n > 1, the term
1 [ 907Gy k(0,7)
Fp5—>0+ (n'/; Td'l" (150)
is non-zero only when n = k, in which case it is for ® fu(r) dr. The second term, which is
1 Lor=1Gy k(s,0)
Fpé*}(ﬁ’ ((n . 1)| A Sn+1 dS (151)
is non-zero only when n = k + j + 1, for some j > 0, and then equals
(5) 1 (5)
x (0) / i x (0)
F s ds = — .
s G+ 1!

The mixed derivative defining /3, vanishes for every n. Next, we focus on Ga i (s,7) = (s7)*sgx(s).
The change of variables s = ¢/r gives

1
Gox(e) = eF 1 / 9x(5) ds.
/To

S

Adding and subtracting gx(0) from the numerator of 9’“( we obtain the identity

1 e/ro
—gx(0 —gx(0
Go(e) = ekt (/ M ds + g(0) log ro — g1 (0) loge) _ €k+1/ M ds
0 0
The integrand in the last term is smooth. A Taylor expansion therefore gives, for k > 0 and j > 1

9y (0)

glirg’

! s) — 0
Yit1(Ga k) = / M ds + gi(0) log 7o, Vi+it+1(G2k) = —
0

Br+1(Gax) = —gx(0),
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with all remaining coefficients equal to zero. These are precisely the coefficients obtained by applying
(65) to Gax(s,7) = (s1)¥sgx(s). Indeed, the term (151) is non-zero only for n = k + 1, when it equals
fol M ds, while for n = k +j + 1, j > 0, the term (150) is

4 (o) o 9x(0)logro, j =0,
Ik —j—1 .
——~Fp +/ r 77 dr = (4)
T e O sy

jirg’
The mixed derivative defining £, (G2 k) in (65) is non-zero only for n = k+1, when its value is —gx(0).
Finally for the function G n(s,7) = (sr)V "' Rn41(s,r) we have

Gzn(e) = 5N+1/ i Ryii(e/r,r)dr = O(eN+1),

Thus v, (Gs.n) = Bn(Gsn) = 0 for n = 0,...,N. These coefficients therefore coincide with those
obtained by applying (65) to Gs,n, since all derivatives appearing therein vanish when vanish when
applied to (s7)N+t1Ry. ;. O

ApPpPENDIX C. DISTRIBUTIONS ON MANIFOLDS

We review some basic facts about distributions on manifolds, following the monograph [GKOSO01].
Let M be a smooth oriented manifold of dim M = n. Fix k € NU {co} and an atlas {(Vi, ¥a) taca
for M. Then, given a € A, we introduce a locally convex topology on C*(V,,) via the following notion
of convergence: a sequence {u;};en C C*(V,,) converges to zero if and only if, for every K C 1, (V)
compact and for every v € N*, |v| <k,

9" (uyoph) 2y uniformly on K.
Such a topology exists and is generated by the following family of semi-norms on C*(V,,): denote by
{K2%}en an exhausting, increasing sequence of compact subsets of 1,,(V,, ), and define
Psmal(u) = sup |3 (uoy (x))], VueC¥(Va), (152)

2K, |v|<

where s € N, 0 < s < k, and m € N. In turn, this allows to define a topology on the space C*(M):
observe that a sequence {u;};en C C¥(M) converges to zero if and only if u; — 0 in C*¥(V,,), for every
a € A. Equipped with this topology, C*(M) is a separable Fréchet space and, for every K C M
compact, the set Cf,K(M) = {u € CF(M) : supp(u) C K} C C¥(M) is a Fréchet subspace. Hence,
letting { K;}ien be an exhausting, strictly increasing sequence of compact subsets of M, we have
CE(M) = | Cé ., (M),
ieN
and we endow C¥(M) with the inductive limit topology T with respect to the countable collection of
Fréchet subspaces {Cf k,(M)}ien. Finally, we can give the following definition of a distribution on M.

Definition C.1. A distribution (respectively of order k) on M is a continuous linear functional on
the locally convex space C2°(M) (respectively C¥(M)). We denote the space of distributions by D'(M)
(respectively D (M)). Given T € D'(M), we denote its action on a function u by (T, u) or T (u).

The following criterion for a linear functional on C*(M) to be a distribution is immediate from the
definition of the topology 7.

Lemma C.2. Letk € N and let T : C°(M) — R be a linear functional. Then the following conditions
are equivalent:
(i) T is a distribution of order at most k;
(ii) For every compact K C M, the restriction T‘C?"K(M) is continuous with respect to the topology
induced by C¥ 1 (M);
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(iti) For every compact K C M, there exist s,{,m € N, with s <k, a constant cx > 0, and indices
Qag,...,oyp such that

< ) e :
|T(u)| < cx AX, Ps.m.o (u), Vu € Oy (M);

(iv) T admits a unique continuous linear extension T : C*(M) — R.

For every open set Q@ C M, denote by D’(€Q) the space of distributions on €2, namely the continuous
linear functionals on C¢°(€2). Given Q2 C Q, denote by Ty = T|C°°(§) the restriction of T to €.
Proposition C.3. Let {Q;}icr be an open cover of a smooth manifold M, and let T : C(M) — R
be a linear functional. Fix an integer k > 0. If T|q, € D'(S%;) of order at most k, for every i € I, then
T is a distribution on M of order at most k.

Proof. For a given K C M compact, there is a finite sub-cover {€2;, }é\’:1 for K and a partition of unity
{x;}}Z, subordinated to it. Then, setting T; := T|q, € D'(%;), we write

N N N
T =T xu|=> T0uu) =Y Ti(gu), Yue (M) (153)
j=1 j=1 j=1
We claim that, for every j =1,..., N, C2% (M) > u — Tj;(x;u) admits a unique continuous extension

to the Fréchet space C(’i r(M). By assumption, T, € D'(€;;) is a distribution of order at most k.
Hence, by Lemma C.2, it admits a continuous extension

T;, : C¥(,) = R.
In particular, setting K; := K N supp x;, the restriction
Tjlox )
is continuous. We now observe that the multiplication map by x;, defined as
Mj: CE (M) = CE e (M), u— xju,

is continuous in the suitable Fréchet topologies, as a consequence of Leibniz’ rule. Hence, we deduce
that T;; o M is the (unique) continuous extension of C2% (M) > u — Ti, (x,u) to CQK(M), which is
then a distribution of order at most k£ by Lemma C.2, as claimed. Since the sum of distributions is
a distribution as well, we infer that T|c:oK( M) 1s continuous with respect to the topology induced by

Ck (M), as a consequence of (153). By the arbitrariness of K and using Lemma C.2, we conclude
that 7" is a distribution of order at most k. O
C.1. The support of a distribution. The next result is a consequence of [GKOS01, Thm. 3.1.7].

Lemma C.4. Let M be a smooth manifold, let Q@ C M be an open set and let {2;}icr be an open
cover for Q. Assume that there is a family {T;};c1 such that, for alli € I, T, € D'(€;) and

Tilo,ne, = Tilo.ne;, Vi,j el

Then, there exists a unique distribution T € D'(Q) such that T|q, = T;, for all i € I.

By the previous lemma, it follows that, given T' € D’(Q), there is a largest open Q7 C Q on which
T vanishes (i.e. T|q, = 0).

Definition C.5 (Support of a distribution). Let M be a smooth manifold, let @ C M be an open set
and let T € D'(QQ). Then, the support of T is the closed set given by

supp(T) :=Q\ Qr = Q\ {x € Q: T|y, =0, for some neighborhood V,, C Q of x}.
We say that T is compactly supported if supp(T) is compact.
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C.2. A distribution on characteristic surfaces. We analyze a prototypical functional appearing
when dealing with volumes of half-tubes around characteristic surfaces in the Heisenberg group.

Proposition C.6. Let S = 92 C H! be a smooth, oriented, embedded surface. Assume that X(S)
consists only of geometrically stable characteristic points and let B C S be one of the balls of Lemma 5.2
with polar coordinates (r,0). Let T : C*°(S) — R be the linear functional given, in coordinates (r,6),

by
27

T(p)= | 07¢(0,0)¢(0,0)d0, Vo€ C(S),
0
for some k € N and ¢ € C*°(RT x S). Then, T € D'(S), it has at most order k and supp(T) C {p}.

Proof. We prove that T € D’(S). This is straightforward if & = 0, hence we assume that & > 1.
Firstly, observe that if supp(p) N B = @, then T'(¢) = 0, hence we check the continuity of T' on every
K C B compact. Let 1) : V C S — R? be a coordinate chart such that B C V and on (B), we use
the (smooth) polar coordinates £ : R} x S} — R? on ¢(B), centered at (0,0). By Lemma 5.2, it holds
teus(§(r, 0)) = r. Secondly, as a consequence of Faa di Bruno’s formula, there are ¢ o € N such that

9" (0 0£)(0,0) Z D kaDI(0)[02€(0,6),...,029(0,0)], (154)
J=1 aeN]
|a|=k
where DIp(0) : (R?)7 — R is the j-th Fréchet derivative of ¢ at 0 € (B), viewed as a symmetric
multilinear map and N% is the set of j-tuples with entries > 1. Thus, recalling that &, ¢ are smooth
functions on RT x S, using (154), we estimate, for every ¢ € Cf,K(S),

i i
Tig) <2y Y ck,awfso(pﬂ(g . [0£€(0.0) +1) 160, Mletst) < Cr prs(9),
=L aen; PR

fes?
la|=Fk

where py, 5 is the semi-norm (152) (associated to the chart ¢ and to the compact set ¢(B)). Since
K was arbitrary, by Lemma C.2 we infer that T is a distribution of order at most k, as claimed.
Finally, (154) implies that supp(7) C {p}, since, for every ¢ € C*°(S), with p ¢ supp(y), we have
T(p) =0. O

C.3. Swapping finite parts and integrals. We prove the technical step needed in Lemma 6.5 to
prove that T}, is a distribution, namely that integrals can be exchanged with finite parts.

Lemma C.7. Let rg > 0, let n > 0 be an integer, and let f € C°°([0,r9] x S'). Then the following
finite parts exist and satisfy

" f(5,0)
Foss ([ 2P avas) = [ wopge ([T 15D s} an

Proof. Computing a Taylor expansion of f gives

Y 9% £(0,0
=> fu®)s* + 5" R(s,0),  fu(0) = %,
k=0 !
where R is smooth. Integrating term by term yields
"0 f(s,0) £.(6 .
s snil Z 57’C — fn(0)log s + C(0) + O(9),

where C' is the following smooth functlon

0 n—1
C(9) = i f(5.0) - 8%1 o /1(0)s" ds =) %’ffel){r’g—" + fn(8) log 7o,
k=0




63

and the remainder O(4) is uniform in §, by compactness of S'. Thus the finite part for each fixed @ is
C(0). Integrating the expansion in 6, its constant term is fsl C(0) db, proving the identity. O

APPENDIX D. LEGENDRIAN FRONTS

In this section, we give some details around Legendrian fronts. Let ¢,p € R", £ € R, and, in
coordinates (g, /,p) € R+ consider the smooth 1-form

a:=dl —p-dg.
We define the front projection as the map 7 : R?"*1 — R"™1 714(q, €, p) = (¢, ).

Definition D.1. Let M be a smooth manifold of dim(M) = n, possibly with boundary. A smooth map
F: M — R"! is called a Legendrian front if there exists a smooth immersion F : M — R*™+1 such
that

F*a =0, F:wfoﬁ.
The map F is called a Legendrian lift of F.

Since, in the main body of the paper, we mostly encounter Legendrian fronts defined on 2-dimensio-
nal manifolds, we restrict our analysis to this situation. Let F' : M — R? be a smooth Legendrian
front. We denote by Crit(F') := {q € M : ker(d,F') # {0}} the set of critical points. Then, following
the notations of [KRS™05], a critical point ¢ € M of F is called non-degenerate if, in local coordinates
(u,v) near g, the map

G = 0,F x 0,F : M — R?
satisfies rank(d,G) = 1. This condition is independent of the choice of coordinates.
Remark D.2. Write F = (z,y,/¢) € R and let (p,,p,) € R? be the components of the momenta of F.
Since, F' is a Legendrian lift of F', it holds
dl = p, dx + py dy. (155)

Set W := det(d(x,y)/d(u,v)). Then the contact identity (155) gives G = W(—py, —py,1). At a
singular point ¢ € M, we have W(q) = 0 and hence

dyG = (—pa(q), —py(q), 1) dgW.
Thus ¢ is non-degenerate if and only if d,W # 0.

Let us recall the models of non-degenerate singularities for 2-dimensional Legendrian fronts.

Ezample D.3 (Cuspidal edge). The smooth map F.. : R?> — R3 defined as
Fee(u,v) = (u, v%, v%),
is a Legendrian front. The critical set and double points locus are
Crit(Fe.) = {(u,0) € R?}, Doub(F,.) = 0.
Example D.4 (Swallowtail). The smooth map Fy; : R> — R? defined as
Fy(u,v) = (4u3 + 2uv, v, 3u* + u2v)
is a Legendrian front. The critical set and double points locus are
Crit(Fy) = {(u, —6u?) € R? : u € R}, Doub(Fy;) = {(u, —2u?) € R? : u # 0}.
A point ¢ in the domain of a Legendrian front F' is called a cuspidal edge (resp. swallowtail) if there

exists a chart centered at ¢ and target coordinates in which F' has the normal form Example D.3
(resp. Example D.4).
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Lemma D.5 ([KRST05, Prop. 1.3]). Let ¢ € M be a non-degenerate singular point of a smooth
Legendrian front F : M? — R3. Then Crit(F) is a smooth curve near q, and dF has rank one along
it. Let v : (—to,to) = M, to > 0, be a regular parametrization of this curve with v(0) = q, and let n(t)
be a smooth non-vanishing vector field along v spanning ker d. ) F. Set

A(t) = det(¥(t),n(t)),
where the determinant is computed in local coordinates on M. Then:

(1) q is a cuspidal edge if and only if A(0) # 0,
(2) q is a swallowtail if and only if A(0) =0 and A’(0) # 0.

D.1. Stability lemmas. We now prove a stability lemma for families of Legendrian fronts. We say
that a family of maps F° : M — R3 is a smooth family of Legendrian fronts, if it admits a smooth
family of Legendrian lifts ¢ : M — R® (cf. Definition D.1).

The following lemma is a well known consequence of the theory of Legendrian singularities (see
[AGZV12, § 20 and § 21]). We include a proof for completeness.

Lemma D.6. Let F : M — R® be a Legendrian front and let 2 := Doub(F). Assume that

i) every point in F(D) has exactly two distinct preimages in M, which are regular points whose
image tangent spaces are transverse,

ii) 9D is a compact subset of M \ OM and every point in 2\ 2 is a swallowtail.

Then, for every F© : M — R3 smooth family of fronts such that FO = F, there exists g > 0, and
smooth families of diffeomorphisms

hEIM—>M, kEIR3—>R3, h():idM, k‘():idRS,
and an open neighborhood U of 9 such that
Féoh,=k.oF° on U, 0<e<eo. (156)

Proof. Up to replacing the maps F*¢ by their restriction to a suitable compact neighborhood of 2, we
may assume without loss of generality that M is compact. The assumptions on & imply F~!(F(Z)) =
2. Indeed, a point outside Z with the same image as a point of Z is itself a double point, and thus
belongs to 2. Moreover, for every y € F(Z\ 2), the fiber F~1(y) is a singleton, since (Z\ 2)NZ = .
Therefore, for every y € F(2), the fiber F~!(y) lies in & and consists either of one swallowtail or
of two regular points whose image tangent spaces intersect transversely. We now claim that for any
y € F(2) and g > 0 sufficiently small, there exist two open neighborhoods Vy, Vye C R3 of y, and
two open neighborhoods U, U, . C M \ M of F~!(y), and diffeomorphisms

Py.e : Uy — Uy’s, ,(/)y’g : V;J — Vy}g, Py,0 = Ide7 ’(/Jy,o = Idvy € € [0,60], (157)
depending smoothly on e such that the following equality holds
Feop,.=1yc0F° on U,. (158)

If F~1(y) is a pair of distinct regular double points whose image tangent spaces are transverse, the
claim follows by standard transversality theory. If F~1(y) is a single swallowtail see [AGZV12, § 21]
for existence for every fixed e, and [Ish05, Thm. 4.1] applied to the lifts F* for smoothness in . A
standard partition of unity argument can be used to patch together the diffeomorphisms of (158).
First, we define the vector fields

X = —(Oepye) 0wyt €D(TU,L),  YE = (0by.) oyt € T(TV,.).
Differentiating the local identity (158) and composing with ¢, ! yields
O.F° =dF°X; +Y o F°,  onU,.. (159)

By compactness of the parameter interval [0, £o], and by continuity of the diffeomorphisms (157) with
respect to €, it is possible to construct independent of e refinements U, C U, . and V, C V, . over
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which the fields X and Y, are well defined and (159) holds. Since U, is a neighborhood of the unique
FO-preimages of y, up to shrinking V, we have (F°)~1(V,) C U,. By compactness of M and continuity
of F¢ with respect to €, up to shrinking V), we may assume that (F©)~1(V,) C U, for all y € F°(2).
Summarizing we have

UyCUper  VyCVyeo  (F)IV) CUy  ¥yeFUD),  celoa  (160)
By compactness of 7, we may take finitely many {V; := V,, }} covering F°(Z) and we denote
Xf:X;, Yf:Yyi.

We now choose nonnegative functions p; € C2°(V;) such that >, p; = 1 on a neighborhood of F(2)

and we define

X7 =3 (pio FOXE, YE =3 7,
i=1 i=1

Note that, since p; € C°(V;) and by (160), X¢ is a smooth vector field defined globally on M, which
is zero outside of |J,U;, while Y is a smooth vector field on R* which is zero outside of | J, V;. In
particular X¢ and Y¢ are non-autonomous vector fields with uniformly compact support for € € [0, gg].
Let V C |J; Vi be a neighborhood of F(Z) over which >, p; = 1. Since 2 C (F¢)~*(V) for all
€ € [0,e0], by compactness of the parameter interval [0, o], and by continuity of F¢ with respect to &,
we can find U C |J;U; open neighborhood of  such that & C (F¢)~1(V) for all € € [0, &0]. Multiplying
the local equations (159) by p; o F° and summing over ¢ we obtain

0. F° =dF*X®4+Y*®oF®, onU. (161)
Let h. and k. be the time-dependent flows defined by
O:he = —X° o h,, Ock. = Y% ok, ho =idy, ko = idgs.

The uniformly compact supports of X, and Y. ensure that the flows are defined, on the entire M and
R?, throughout the whole parameter interval [0,e0]. They are smoothly varying diffeomorphisms and
they are the identity outside fixed compact sets. Let U C U be an open neighborhood of 2 with the
property that for any ¢ € U, h.(q) remains in U for every ¢ € [0,e0]. Then, equation (161) holds
evaluated at h.(q) for every ¢ € [0, gp]. Consequently

(P 0 () = (0F° — dF*X) o hulq) = Y* o (F* o hu(0)).

de
Thus, both F¢ o h.(q) and k. o F°(q) solve the same ODE with initial value F°(¢q). In other words
Feoh.(q) = k.o F°gq) for all ¢ € U. O

Corollary D.7. Let M = I x S', where I C R is an interval. Let F : M — R3 be a Legendrian front
satisfying the hypotheses of Lemma D.6 with

9 = {80} X (Sl \ {¢(1)7 .. 7@52})5
where sq € int I, and (so,9Y) € {so} x S! are the swallowtails of F. Let F¢ : M — R® be a smooth

family of Legendrian fronts, with FO = F. Then, up to shrinking the interval I, there exists a smooth
function f :[0,e0] x S* — I such that

Doub(F¢,I x S') = {(f(c,9),¢) : ¢ € S'\{¢5,...,95}}, e€[0,e0],
where £ — ¢ € St is smooth and f(0,$) = so.
Proof. Let U; be a neighborhood of 2 whose closure is contained in the neighborhood U of validity
of (156). By reducing I and &p, we may arrange that
he(2) C I xS*Ch(U;)) 0<e<e.
Then, injectivity of h. and k. together with (156), gives
Doub(F¢,I x S') = h.(2).
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Indeed, every double pair of F¢ in I x S* pulls back through h. to a double pair of F in U;, and both
members of every double pair on Z are mapped into I x S'. We write h.(so, ¢) = (r(¢, ¢), g(e, ¢)) for
the components of h. restricted to s = sg. Since ¢(0, $) = ¢, the maps g. = g(e, -) are diffeomorphisms
of S! for small €, with smoothly varying inverses. Thus the map f defined by

fle,¢) :=1(e,97(9))

is smooth and satisfies

he(2) ={(f(e,0),¢) : ¢ € Sl} \ {Re(s0, ¢(1))’ ooy he(s0, ¢2)}7 f(0,¢) = so.
Setting ¢f := g(e, #?) we conclude the proof. O
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