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Abstract. We establish a new Steiner-type formula for smooth surfaces in the sub-Riemannian
Heisenberg group. The main novelty is that we admit characteristic points, whose presence produces
nontrivial singularities both of the distance from the surface and of its tubular neighborhood.

Such singularities are reflected in the Steiner formula: the expansion up to a given order N ≥ 4
of the volume of the ε-tubular neighborhood TS(ε) of a surface S is no longer polynomial, in general,
taking the form

vol(TS(ε)) =
3∑

j=1

αjεj +
N∑

n=4

(αn + βn log ε) εn + o(εN ), as ε → 0+.

More precisely, under a geometric stability condition on characteristic points, we prove that the first
three coefficients are integrals over S of locally integrable curvature densities, coinciding with those
known in the non-characteristic case [BFF+15, BB24].

A new phenomenon appears at order 4, equal to the homogeneous dimension of the Heisenberg
group, where logarithmic terms may occur. We show that the higher-order coefficients are naturally
described by a distributional analogue of Federer’s curvature measures, whose logarithmic components
are supported on the characteristic set. We compute the fourth-order coefficients explicitly.

The proof is based on different ingredients of independent interest: (i) an explicit formula for
the cut time of homogeneous surfaces, (ii) a fine analysis of the normal exponential map through
blow-ups, (iii) the study of the stability of the surface cut locus under perturbations.
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1. Introduction

A classical result in integral geometry is Steiner’s formula [Ste40, Wey39, Gra04]. In its Euclidean
form, it describes the volume of a small neighborhood of a regular domain as a polynomial in the radius.
If Ω ⊂ Rn is a bounded domain with smooth boundary S = ∂Ω, and Ωε denotes its ε-neighborhood,
then there is ε0 > 0 such that

vol(Ωε) = vol(Ω) +
n∑
k=1

ak(S)εk, ∀ ε ∈ [0, ε0],

The coefficients ak(S), also known as Minkowski quermassintegrals, can be expressed as integrals over
S of symmetric homogeneous polynomials of its principal curvatures.

A closely related statement is the so-called half-tube formula. If S ⊂ Rn is a compact embedded
hypersurface, boundary of a regular domain S = ∂Ω, one may consider the half-tube of radius ε > 0

TS(ε) = Ωε \ Ω,

which is the set of points whose distance from S is at most ε, lying outside of Ω. In this case the
half-tube formula reduces to the non-constant part of Steiner’s formula:

vol(TS(ε)) =
n∑
k=1

ak(S)εk, ∀ ε ∈ [0, ε0].

In the simplest case of a surface S embedded in R3, the half-tube formula for small radii is written as

vol(TS(ε)) = ε

ˆ
S

dA− ε2
ˆ
S

HdA+ ε3

3

ˆ
S

KdA, (1)

where H and K are the mean and Gaussian curvature of S and dA is the Riemannian area measure.
If the ambient space is an n-dimensional Riemannian manifold, the Riemannian volume of TS(ε) is

no longer, in general, a polynomial in ε. Nevertheless, it admits an asymptotic expansion in powers
of ε, as ε → 0. The coefficients are expressed in terms of the Riemannian curvature of the ambient
manifold and of the extrinsic geometry of the submanifold; see, for instance, [Gra04].

Tube formulae have been studied beyond the smooth setting. Federer’s theory of sets of positive
reach provides a powerful framework in which Steiner-type formulae continue to hold [Fed59] and
coefficients can be interpreted as the total mass of the so-called curvature measures.

1.1. The sub-Riemannian setting. In the sub-Riemannian setting, the study of embedded surfaces
and of the volumes of their tubular neighborhoods has recently begun to attract new attention. For
general results on embedded surfaces in contact sub-Riemannian manifolds see e.g. [BBC22, BB23,
ABBR25, ABPT26, Bel26], while for volumes of tubes around non-characteristic submanifolds see
[BFF+15, Rit21, BB24, BRR26]. One of the main motivations is to understand whether curvature-
like invariants of submanifolds can be recovered from the coefficients of the corresponding asymptotic
expansions.
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This theme is particularly interesting even in the simplest case of a surface S embedded in the
sub-Riemannian Heisenberg group H1, which is R3 endowed with the contact distribution

D = span{X1, X2}, X1 := ∂x − y

2∂z, X2 := ∂y + x

2∂z,

and the sub-Riemannian metric g is defined by promoting the pair X1, X2 to an orthonormal frame.
The main source of difficulty in extending Steiner formula to the sub-Riemannian setting is given

by the presence of characteristic points, namely points at which the horizontal distribution is tangent
to the surface. These points define the characteristic set

Σ(S) := {p ∈ S : TpS = Dp}.

As we observe in Section 3, in any neighborhood of a characteristic point there is at least one point
reached by more than one minimizing geodesic. Thus, the presence of characteristic points forces the
surface S to have zero (sub-Riemannian) reach in the sense of Federer, falling outside the positive
reach framework.

For a compact surface S embedded in the Heisenberg group H1, under the assumption that S is
non-characteristic, i.e., Σ(S) = ∅, a formula analogous to (1) was obtained in [BFF+15]. Their formula
takes the form

vol(TS(ε)) =
∞∑
n=1

an(S) εn,

with coefficients expressed as integrals of the so called curvature forms, introduced below.
In this paper we obtain a Steiner type formula for smooth compact surfaces with non-degenerate,

geometrically stable characteristic points, with these conditions specified below. The essential issue in
computing the half-tube volume integral is that characteristic points produce non trivial singularities
both of the distance from the surface and of its tubular neighborhood, as we now explain.

1.2. The tube integral and the curvature forms. Let S = ∂Ω ⊂ H1 be a smooth embedded surface
oriented towards the complement of Ω. We denote by distS the signed sub-Riemannian distance from
Ω, positive outside of it, and for ε > 0, consider the positive half-tube

TS(ε) = {q ∈ H1 : 0 < distS(q) ≤ ε}.

At every p ∈ S \ Σ(S) there is a unique unit-speed normal geodesic γp starting from p, which for
sufficiently short times is valued in H1 \ Ω and realizes the distance from S. The normal exponential
map is then defined as

exp⊥
S : R+ × S \ Σ(S) → H1, exp⊥

S (t, p) := γp(t). (2)

Although smooth on its domain, the normal exponential map does not admit a smooth extension
across the characteristic set (see Section 4). This is consistent with the fact that no unit-speed geodesic
realizing the distance from S starts at a characteristic point (see Lemma 3.3). The maximal interval
of length-minimality of a normal geodesic defines the cut time

tcut(p) := sup{t > 0 : distS(γp(t)) = t}, p ∈ S \ Σ(S).

Since every point in H1 \ Ω is reached by at least one minimizing geodesic, we can parametrize the
tube as

TS(ε) = {exp⊥
S (t, p) : p ∈ S \ Σ(S), 0 < t ≤ min{ε, tcut(p)}}.

The same formula, with S replaced by a compact subset U ⊂ S, defines the localized half-tube
TU (ε), consisting of points reached by minimizers based in U ⊂ S. In Section 3 we show that such
parametrization is actually a diffeomorphism outside of a negligible set. The change of variables
formula then gives

vol(TU (ε)) =
ˆ
U\Σ(S)

ˆ min{ε,tcut(p)}

0
JS(t, p) dt ∧ dp, (3)
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where we have denoted
JS(t, p) dt ∧ dp := (exp⊥

S )∗(dx ∧ dy ∧ dz), p ∈ S \ Σ(S).
Note that, by the change of variable formula, JS(t, p) is the Jacobian determinant of the normal
exponential map computed in the coordinates (t, p) ∈ R+ × (S \ Σ(S)).

If U is non-characteristic, the cut time is uniformly bounded below. Thus, for all sufficiently small
ε, the minimum in (3) can be replaced by ε. Then, as rigorously established in [BFF+15, BRR26], a
Steiner formula for non-characteristic surfaces can be obtained by Taylor expanding JS(t, p) in time
along the normal geodesics and integrating term by term. More explicitly, writing

σ
(n)
S := ∂nt JS(0, p)dp, p ∈ S, n ∈ N, (4)

using U \ Σ(S) = U and min{tcut(p), ε} = ε, and exchanging the order of integration in (3) one finds

vol(TU (ε)) =
∞∑
n=1

εnan(U), an(U) := 1
n!

ˆ
U

σ
(n−1)
S . (5)

We call σ(n)
S ∈ Λ2(S \ Σ(S)) the n-th curvature form. In particular, σ(0)

S = σH is the horizontal area
form. If N denotes the horizontal gradient of the signed distance from S, which restricts to S to the
sub-Riemannian unit normal, then

σ
(n)
S = divn(N)σH ,

where divn(N) is the n-th divergence of N (cf. Section 4.3). Following [BB24], the first three curvature
forms can be expressed explicitly as

σ
(0)
S = σH , σ

(1)
S = −H σH , σ

(2)
S = (−N(H) + H2)σH ,

where H is the sub-Riemannian mean curvature.
In the presence of characteristic points, however, in computing the half-tube volume one encounters

two new main difficulties.
(1) The singular behavior of exp⊥

S (t, p) as p approaches Σ(S) is reflected in a singular behavior
of the integrand JS(t, p) dt ∧ dp. Computing the volume asymptotics thus requires control of
these singularities and of their contribution to the integral.

(2) The cut time tcut(p) tends to zero as p approaches Σ(S) (cf. Corollary 3.11). Hence, for any
fixed ε > 0, the minimum cannot be replaced by ε uniformly near the characteristic set. The
cut time therefore determines a nontrivial integration domain whose dependence on ε must be
controlled.

We face these difficulties for surfaces having non-degenerate characteristic points (cf. Definition 2.2).
We start by analyzing the simplest example, the horizontal plane in the Heisenberg group.

1.2.1. The horizontal plane. Let us consider the surface S0 in H1 given by
S0 := {(x, y, z) ∈ H1 : z = 0},

whose only characteristic point is the origin and it is non-degenerate (see Lemma 2.5). For such model
surface, the Jacobian determinant of the normal exponential map and the cut time can be computed
explicitly. In polar coordinates defined by (x, y) = (r cos θ, r sin θ) we have

JS0(t, r, θ) = r2

4

[
1 + cos

(
2t
r

)
+
(
t

r

)
sin
(

2t
r

)]
, tcut(r, θ) = π

2 r. (6)

These formulas are derived in Lemma A.2 and Theorem 1.1 and agree with [RR21, Thm. 1.8], where
the authors compute explicitly the distance from S0. In particular, denoting BR = {(x, y, 0) ∈ S0 :
x2 + y2 ≤ R2} and applying (3) with U = BR, we obtain the following asymptotics as ε → 0+ for the
volume of the localized half-tube

vol(TBR
(ε)) =

(
πR3

3

)
ε+ Cε4 + o(ε4), C = 1 − π Si(π)

12 < 0. (7)
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To compare this expansion with the non-characteristic formula (5), we have computed the first four
curvature forms

σ
(0)
S0

= r2

2 dr ∧ dθ, σ
(1)
S0

= σ
(2)
S0

= σ
(3)
S0

= 0. (8)

For n = 1, 2, 3, the coefficient of εn has the same expression as in (5)

an(BR) = 1
n!

ˆ
BR

σ
(n−1)
S , n = 1, 2, 3.

However, at order four, this rule fails: the coefficient of ε4 is nonzero although σ(3)
S0

vanishes identically.
Moreover, the constant C < 0 is independent of the radius R, i.e., of the size of the localizing domain,
suggesting a curvature contribution concentrated at the characteristic point. We stress that Q = 4 is
the homogeneous dimension of H1.

1.3. Homogeneous surfaces. The example of the horizontal plane shows that, beyond order ε3, the
half-tube volume contains contributions that are not captured by the usual curvature integrals. To
better understand this phenomenon, we study the localized half-tube volume for a more general class
of models, the homogeneous surfaces. Given a, b ∈ R, we define

Sa,b :=
{

(x, y, z) ∈ H1 : z = 1
4(ax2 + by2)

}
.

These surfaces have a characteristic point at the origin, which is non-degenerate when 1 + ab ̸= 0, see
Lemma 2.5. The horizontal plane is recovered by taking a = b = 0. These surfaces are homogeneous,
namely they are invariant under the Heisenberg dilations

δε : H1 → H1, δε(x, y, z) := (εx, εy, ε2z), ε > 0.

This property yields a scaling identity for the normal exponential map, useful to address the two
difficulties (1) and (2) described above.

1.3.1. The tube integrand of homogeneous surfaces. On a surface Sa,b with a non degenerate charac-
teristic point, i.e., with 1 + ab ̸= 0, we introduce adapted polar coordinates (ρ, ϑ) defined by

(ax+ y, by − x) = (ρ cosϑ, ρ sinϑ). (9)

For ε > 0, since Sa,b is invariant under dilations, δε maps its outward normal geodesics to outward
normal geodesics, dilating their base point and their length by ε. In terms of the normal exponential
map (2), in the coordinates (t, ρ, ϑ), this fact translates to

δε(exp⊥
Sa,b

(t, ρ, ϑ)) = exp⊥
Sa,b

(εt, ερ, ϑ). (10)

Taking Jacobian determinants of both sides of (10) with ε > 0 fixed, then setting ε = 1/ρ and
multiplying both sides by ρ4 we find

JSa,b
(t, ρ, ϑ) = ρ2JSa,b

(t/ρ, 1, ϑ). (11)

where JSa,b
(t, ρ, ϑ) denotes the Jacobian determinant of exp⊥

Sa,b
(t, ρ, ϑ) computed with respect to the

coordinates (t, ρ, ϑ). The function JSa,b
(τ, 1, ϑ) depends smoothly on (τ, ϑ), and its explicit expression

is computed in Lemma A.2. Thus, the singular behavior of the Jacobian as ρ approaches 0 is encoded
in the ratio t/ρ. Differentiating (11) with respect to t we may compute the n-th curvature form (4)

σ
(n)
Sa,b

= ρ2−nϕ(a,b)
n (ϑ)dρ ∧ dϑ, ϕ(a,b)

n (ϑ) := ∂nt JSa,b
(0, 1, ϑ). (12)

The angular coefficients ϕ(a,b)
n (ϑ) are computed explicitly in Proposition A.3. Equation (12) shows

that, in general, due to the factor ρ2−n, for n ≥ 3 the form σ
(n)
Sa,b

is not locally integrable near the
characteristic point, explaining why, in the presence of characteristic points, the coefficients of the
half-tube expansion cannot be obtained through the ordinary curvature integrals appearing in (5).
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1.3.2. The cut time of homogeneous surfaces. The cut time is classically characterized in terms of
critical points and loss of injectivity of the normal exponential map. We prove such a characterization
for surfaces in the Heisenberg setting in Section 3.1, and we compute explicitly the cut time for
homogeneous surfaces. The following result is established in Part II of the paper.

Theorem 1.1. Let Sa,b be a homogeneous surface with a non-degenerate characteristic point, then

ta,bcut(x, y) =
(π

2 − arctan
(
max{a, b}

))√
(ax+ y)2 + (by − x)2.

We note that, setting a = b = 0 we recover the cut time of the horizontal plane displayed in (6).
Denoting ca,b = π

2 − arctan
(
max{a, b}

)
, in the polar coordinates of (9), the above result rewrites as

ta,bcut(ρ, ϑ) = ca,b ρ. (13)

We see that the cut time is linear in ρ, and it is thus smooth in polar coordinates (ρ, ϑ).

1.3.3. The half-tube volume of homogeneous surfaces. Combining the analysis of the tube integrand
with the regularity of the cut time, we obtain the following Steiner formula for homogeneous surfaces,
proved in Part I. The expansion reveals a phenomenon absent in the case of the plane: when a+ b ̸= 0,
the leading correction beyond order ε3 is proportional to ε4 log ε.

Theorem 1.2 (Steiner formula for homogeneous surfaces). Let Sa,b be a homogeneous surface with a
non-degenerate characteristic point, i.e., 1+ab ̸= 0, and let U ⊂ Sa,b be compact and having the origin
in its interior. Then there exist real coefficients αn(U), n ≥ 4, such that, for every integer N ≥ 4

vol(TU (ε)) =
3∑

n=1

εn

n!

ˆ
U

σ
(n−1)
Sa,b

+ π(a+ b)
12|1 + ab|

ε4 log ε+
N∑
n=4

εnαn(U) + o(εN ). (14)

We stress that the coefficient of such logarithmic term depends only on a, b and is independent of the
localization set U , suggesting a curvature contribution concentrated at the characteristic point. For
the horizontal plane, corresponding to a = b = 0, this ε4 log ε correction vanishes.

1.3.4. Derivation of the ε4 log ε correction. We now briefly explain how this logarithmic term arises,
postponing the analysis of the higher-order coefficients (including the explanation of the ε4 term in
the example of the horizontal plane) to the following subsections 1.4 and 1.5.

For R > 0, in polar coordinates (9) we set BR = {ρ ≤ R} ⊂ Sa,b. We compute the localized
half-tube volume around BR. According to (11) and (13), the Jacobian and the cut time satisfy

JSa,b
(t, ρ, ϑ) = ρ2JSa,b

(t/ρ, 1, ϑ), ta,bcut(ρ, ϑ) = ca,bρ. (15)

To simplify the exposition, in the following we assume that the coordinates (ρ, ϑ) are positively oriented
(see Remark 4.6 for details on orientation), and that ca,b = 1, so that ta,bcut(ρ, ϑ) = ρ. An application of
equation (3) using (15) gives

vol(TBR
(ε)) =

ˆ 2π

0

ˆ R

0

ˆ min{ε,ρ}

0
ρ2JSa,b

(t/ρ, 1, ϑ) dt dρ dϑ. (16)

Thus, making the change of coordinates t = uρ and defining the smooth function

Φ(v) :=
ˆ 2π

0

ˆ v

0
JSa,b

(u, 1, ϑ) du dϑ,

equation (16) becomes

vol(TBR
(ε)) =

ˆ ε

0
ρ3Φ(1) dρ+

ˆ R

ε

ρ3Φ
(
ε

ρ

)
dρ.
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The first integral is proportional to ε4. The logarithmic term arises from the second integral. To see
this, note that only monomials of the kind ρ3vk, k ≥ 0, appear in the Taylor expansion of ρ3Φ(v).
After setting v = ε/ρ, for every k ≥ 0 the contribution of such monomial to the integral is

εk
ˆ R

ε

ρ3−k dρ.

A logarithm appears precisely when k = 4, in which case this expression becomes
ε4(logR− log ε

)
.

For rigorous Taylor expansions, with suitable remainder estimates, see Lemma 5.8.

1.4. The general case. We now consider a general smooth oriented embedded surface S = ∂Ω ⊂ H1.
Let p ∈ Σ(S) be a non-degenerate characteristic point. After applying an isometry of H1, we may
assume that p is the origin and that S is locally given by

S =
{

(x, y, z) ∈ H1 : z = 1
2u(x, y)

}
, u(x, y) = 1

2(ax2 + by2) +O
(
|(x, y)|3

)
, (17)

where u is smooth near the origin and a, b ∈ R. Note that the quadratic part of (17) defines the
homogeneous surface Sa,b. Thus, homogeneous surfaces are not merely examples for which the tube
geometry can be computed explicitly: they also provide local approximations to general surfaces in
the vicinity of their non-degenerate characteristic points.

1.4.1. The tube integrand of a general surface. Since S can be seen as a smooth perturbation of Sa,b,
it is possible to express the Jacobian JS(t, ρ, ϑ) of the normal exponential map of S as a smooth
perturbation of JSa,b

(t, ρ, ϑ). In particular we prove that

JS(t, ρ, ϑ) = ρ2(JSa,b
(t/ρ, 1, ϑ) + ρRJ(t/ρ, ρ, ϑ)

)
, (18)

where JSa,b
(τ, ρ, ϑ) and RJ(τ, ρ, ϑ) are smooth (see Proposition 4.13 and Remark 4.14). As in the

homogeneous case, the singularities of the Jacobian are encoded in the ratio t/ρ. Such singularities
are reflected in the curvature forms.
Proposition 1.3. For every integer n ≥ 0, the n-th curvature form of S satisfies

σ
(n)
S = ρ2−n (ϕa,bn (ϑ) + ρψn(ρ, ϑ)

)
dρ ∧ dϑ,

where ϕa,bn is the angular coefficient of the homogeneous model and ψn is smooth, including at ρ = 0.

As a consequence, the curvature forms σ(n)
S are, in general, locally integrable near the characteristic

point if and only if n = 0, 1, 2.

1.4.2. Cut time and stability. The natural idea to compute the cut time for a general surface S is
to exploit homogeneous approximations: since S is a perturbation of Sa,b near the origin, exp⊥

S is a
perturbation of exp⊥

Sa,b
. However, the latter fact does not by itself ensure that tcut can be smoothly

approximated by ta,bcut. To obtain such a result, we must also establish stability of the critical points
and self intersections of the map exp⊥

Sa,b
, within a suitable class of mappings.

A fine analysis of the normal exponential maps of homogeneous models, carried out in Part II of
the paper, shows that the cut-locus configuration of Sa,b is stable under perturbations only if a ̸= b.
This motivates the following definition.
Definition 1.4. A characteristic point p ∈ Σ(S) is called geometrically stable if it is non-degenerate
and the parameters of its homogeneous approximation satisfy a ̸= b.

We remark that geometric stability is a generic property of characteristic points: an arbitrarily small
smooth perturbation of a characteristic surface makes its characteristic points geometrically stable.

The following theorem, which computes the cut time near a geometrically stable characteristic point,
is the second main result of Part II of the paper.
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Theorem 1.5. Let S = ∂Ω ⊂ H1 be a smooth oriented embedded surface. Let p ∈ Σ(S) be a geomet-
rically stable characteristic point, and let Sa,b be its homogeneous approximation. Then there exists a
neighborhood of p where, in polar coordinates (9), the cut time is smooth and satisfies

tcut(ρ, ϑ) = ca,bρ+ ρ2Rcut(ρ, ϑ), (19)

where ca,b = π/2 − arctan(max{a, b}) and Rcut ∈ C∞(R+ × S1) is a smooth remainder.

The proof of this theorem relies on a regularization of the exponential map inspired by [Agr96] (see
also [ABB20, Chapter 19]), and on the theory of Legendrian singularities [AGZV12, § 6].

1.4.3. The half-tube volume in the general case. Combining the analysis of the tube integrand with
the regularity of the cut time, we obtain the following Steiner formula, which is established in Part I.

Theorem 1.6 (Steiner formula for characteristic surfaces). Let S = ∂Ω ⊂ H1 be a smooth embedded
surface, whose characteristic points are geometrically stable. Let U ⊂ S be a compact set having all its
characteristic points in its interior. Then there exist real coefficients αn(U), βn(U), n ≥ 4, such that,
for every integer N ≥ 4, as ε → 0+,

vol(TU (ε)) =
3∑

n=1

εn

n!

ˆ
U

σ
(n−1)
S +

N∑
n=4

εn
(
αn(U) + βn(U) log ε

)
+ o(εN ). (20)

The first three coefficients retain the same expression as in the non-characteristic case, in accordance
with the fact that the corresponding curvature forms remain locally integrable at characteristic points.
We see that, differently from the homogeneous case, also corrections of the form εn log ε for n > 4 may
appear (we stress once again that Q = 4 is the homogeneous dimension of H1). This is due to the
correction terms ρRJ and ρ2Rcut in the identities (18) and (19).

We additionally remark that, in contrast with the non-characteristic case, Theorem 1.6 shows that,
in general, the volume around a characteristic surface is not analytic in ε.

1.5. Curvature distributions. A natural question is whether the coefficients αn(S), βn(S) in (20)
are also the total masses of suitably defined curvature measures. Following Federer’s viewpoint [Fed59],
we investigate this question by localizing the tube volume through the metric projection onto S.

Outside the negligible cut locus, every q ∈ H1 \ cut(S) has a unique nearest point on S, denoted
p(q). Equivalently, p(q) is the initial point of the unique minimizing normal geodesic from S to q. The
metric projection pε := p|TS(ε) : TS(ε) → S is smooth outside the cut locus and admits a measurable
extension across it. Any such extension defines the same push-forward measure

µε := (pε)#
(
vol |TS(ε)

)
.

For φ ∈ C∞(S), its pairing is the weighted tube volume

⟨µε, φ⟩ :=
ˆ
S

φ dµε =
ˆ

TS(ε)
(φ ◦ pε) d vol . (21)

The interpretation à la Federer of the asymptotics of the family of measures µε shows that the coef-
ficients are curvature distributions, rather than curvature measures. To describe the resulting coeffi-
cients, we first specify the regularization of the divergent curvature integrals. For n ≥ 4, the integralˆ

{tcut>δ}
φσ

(n−1)
S

has an expansion, as δ → 0+, consisting of negative powers of δ, a possible logarithm, a constant term,
and o(1), see Lemma 6.4. The constant term of this expansion is the finite part, denoted by〈

Fp(σ(n−1)
S ), φ

〉
.

The next theorem is the final main result of Part I of the paper.
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Theorem 1.7 (Curvature distributions). Let S = ∂Ω ⊂ H1 be a smooth embedded surface, whose
characteristic points are geometrically stable. Then, there exist distributions αn, βn ∈ D′(S), such
that, for every φ ∈ C∞

c (S) and every integer N ≥ 4, as ε → 0+,

⟨µε, φ⟩ =
3∑

n=1

εn

n!

ˆ
S

φσ
(n−1)
S +

N∑
n=4

εn
(
αn(φ) + βn(φ) log ε

)
+ o(εN ). (22)

Moreover, for every n ≥ 4 it holds

(1) the distribution αn has order at most n− 3. In addition, there is a distribution Tn ∈ D′(S) of
order at most n− 4 such that

αn(φ) = 1
n! ⟨Fp(σ(n−1)

S ), φ⟩ + Tn(φ), suppTn ⊂ Σ(S);

(2) the distribution βn is of order at most n− 4 and suppβn ⊂ Σ(S).

Finally, if S is homogeneous, the results hold requiring only non-degenerate characteristic points.

Note that if Σ(S) = ∅ then the finite part coincides with the integral
´
S
φσ

(n−1)
S and the support of

Tn and βn is empty, thus we recover the non characteristic expansion (5).
For n = 4 the distributions β4 and T4 in (22) have order 0. In Section 6.5, we compute them

explicitly showing that they depend only on the homogeneous approximation of S at the characteristic
points.

Proposition 1.8. Let S = ∂Ω ⊂ H1 be a smooth embedded surface, whose characteristic points
are geometrically stable. Let p ∈ Σ(S) and let Sa,b be its oriented homogeneous approximation. Let
φ ∈ C∞

c (S) such that suppφ ∩ Σ(S) = {p}, then
β4(φ) = βa,b φ(p), T4(φ) = τa,b φ(p),

where βa,b and τa,b are constants depending only on the parameters a, b. Finally, if S is homogeneous,
the results hold requiring only non-degenerate characteristic points.

Both constants can be explicitly computed. The first one coincides with the coefficient of ε4 log ε found
for the homogeneous expansion, i.e.,

βa,b = π(a+ b)
12|1 + ab|

.

The second one has a more involved expression, but can nonetheless be computed when a = b = 0 (cf.
Proposition 6.7). One has

τ0,0 = 1 − π Si(π)
12 ,

while the finite part of σ(3)
S0

is identically zero, cf. (8), recovering the coefficient of the ε4 correction for
the horizontal plane described in Section 1.2.1.

1.6. Organization of the paper. Section 2 recalls preliminaries on the Heisenberg group and on
characteristic points. In Part I, Section 3 establishes formula (3) for the tube volume. In Section 4,
we study the normal exponential map and the curvature forms, proving Proposition 1.3. This analysis
leads to the volume expansion in Section 5, which contains the proof of Theorems 1.2 and 1.6, and its
distributional refinement in Section 6, where we prove Theorem 1.7. The results of Part I are obtained
assuming the validity of the results of Part II, which is devoted to the cut time.

In Section 7, we introduce and study the extended exponential map. In Section 8, we focus on the
homogeneous case proving Theorem 1.1. Finally, in Sections 9 and 10, we show how the theory of
Legendrian singularities can be used to prove the perturbative result on the cut time of Theorem 1.5.
Part III contains appendices which include explicit computations for homogeneous surfaces in Ap-
pendix A, the technical results on logarithmic expansions and their coefficients in Appendix B, the
required facts about distributions in Appendix C, and Legendrian fronts in Appendix D.
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2. Preliminaries: the Heisenberg group, surfaces and characteristic points

Recall that the Heisenberg group, denoted with H1, is a Lie group, whose underlying smooth manifold
is R3 and has group law

(x, y, z) ⋆ (x′, y′, z′) =
(
x+ x′, y + y′, z + z′ + 1

2(−y, x) ·
(
x′

y′

))
, (x, y, z), (x′, y′, z′) ∈ R3. (23)

Defining the following left-invariant frame of vector fields

X1 = ∂x − y

2∂z, X2 = ∂y + x

2∂z, X0 = ∂z, (24)

we endow H1 with the sub-Riemannian structure (D, g), where D is generated by the frame {X1, X2}
and g is obtained by declaring X1, X2 orthonormal. Note that the dual frame associated with
X1, X2, X0 is given by the 1-forms

ν1 = dx, ν2 = dy, ν0 = dz + 1
2(ydx− xdy). (25)

The differential form ν0 is the so called (normalized) contact form. In this setting, we say that a curve
γ : [0, T ] → H1 is horizontal if it is absolutely continuous and for a.e. t ∈ [0, T ],

γ̇(t) ∈ Dγ(t) = span{X1, X2}|γ(t).

For such curves we define the length as ℓ(γ) =
´ T

0 ∥γ̇(t)∥gdt. Note that the length of a horizontal curve
is invariant by reparametrization. The sub-Riemannian distance dSR between two points p, q ∈ H1 is
defined as

dSR(p, q) = inf {ℓ(γ) : γ ∈ Cp,q}
where Cp,q denotes the set of horizontal curves connecting p, q. By Chow-Rashevsky theorem, dSR is
finite, continuous and induces the manifold topology. We conclude this preliminary section recalling
that dSR is 1-homogeneous with respect to the (anisotropic) dilations given by

δε : H1 → H1, δε(x, y, z) = (εx, εy, ε2z), (26)

for every ε > 0. More precisely, dSR(δε(p), δε(q)) = εdSR(p, q), for every p, q ∈ H1 and every ε > 0.
For further details we refer to [ABB20].

2.1. Geodesics and exponential map. In this subsection we recall some basic facts concerning
geodesics of the Heisenberg group. We say that a curve γ : [0, T ] → H1 is length-minimizing (or a
minimizing geodesic) if it is parametrized by constant speed and

dSR(γ(0), γ(T )) = ℓ(γ).

A geodesic is a curve γ : [0, T ] → H1 that is locally length-minimizing. We define the linear Hamiltonian
functions associated to the frame {X0, X1, X2} as follows

hi : T ∗H1 → R, hi(λ) = ⟨λ,Xi⟩, i = 0, 1, 2.

Then, the sub-Riemannian Hamiltonian of H1 is the smooth function H ∈ C∞(T ∗H1), defined as

H = 1
2
(
h2

1 + h2
2
)
.
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Denoting with σ ∈ Ω2(T ∗H1) the standard symplectic form, we define the Hamiltonian vector field
H⃗ ∈ vec(T ∗H1) as the symplectic gradient of H, i.e.,

ιH⃗σ = dH.

Note that the functions (x, y, z, h1, h2, h0) define global coordinates on T ∗H1. In these coordinates,
the Hamiltonian vector field can be explicitly expressed as

H⃗ = h0(h1∂h2 − h2∂h1) + h1X1 + h2X2.

The Hamiltonian system associated to H is then
λ̇(t) = H⃗(λ(t)), (27)

for λ : [0, T ] → T ∗H1. Solutions to (27) are called normal extremals and are contained in a fixed level
set of H. In particular, they are parametrized by arc-length if, for every t ∈ [0, T ],

2H(λ(t)) = 1.
Their projections are locally length-minimizing curves [ABB20, Thm. 4.65]. Conversely, since in the
Heisenberg group there are no non-trivial abnormal geodesics, any length-minimizing curve γ is the
projection of a normal extremal γ(t) = π ◦ λ(t). The exponential map of H1 is then

exp : T ∗H1 → H1, exp(λ) = π ◦ eH⃗(λ),

where eH⃗ : T ∗H1 → T ∗H1 is the flow of H⃗ at time t = 1 and π : T ∗H1 → H1 is the standard projection.
For a fixed p ∈ H1, we also define the exponential map at p, expp : T ∗

pH1 → H1, defined as the
restriction of exp to the fiber T ∗

pH1. By the left-invariance, it is enough to study the exponential map
at the identity, indeed it holds:

expp(λ) = Lp ◦ exp0 ◦L∗
p(λ), ∀λ ∈ T ∗

pH1, (28)

where Lp : H1 → H1 is the left multiplication by p. By direct integration of (27), one can easily
compute exp0 : T ∗

0 R3 → H1 (see e.g. [BR19, Sec. 7.1]): given λ = h1ν1 +h2ν2 +h0ν0 ∈ T ∗
0 H1 and t ∈ R,

we have

exp0(tλ) =
(
h1 sin(h0t) + h2(cos(h0t) − 1)

h0
,
h1(1 − cos(h0t)) + h2 sin(h0t)

h0
, (h2

1 + h2
2)h0t− sin(h0t)

2h2
0

)
.

(29)

2.2. Surfaces and characteristic points. We study surfaces embedded in H1 and their local struc-
ture near characteristic points.

2.2.1. Characteristic points. Let S ⊂ H1 be a smooth embedded orientable surface. For a given p ∈ S,
we say that f ∈ C∞(H1) is a locally defining function for S near p, if there exists an open neighborhood
U ⊂ H1 of p such that f |U is a submersion and S ∩ U = f−1(0) ∩ U .

Definition 2.1. A point p ∈ S is called a characteristic point if Dp = TpS. Moreover we set
Σ(S) := {p ∈ S : Dp = TpS}, S× := S \ Σ(S).

It is not difficult to show that, since D is a contact distribution, the characteristic set is a closed
subset of S contained in an embedded curve (see, e.g., [BBC22, Lemma 2.4]; for a more general
discussion on the size of the characteristic set, we refer to [Bal03] and references therein). In addition,
there exists a smooth vector field X tangent to S, called the characteristic vector field, such that

spanR{X|q} =
{

Dq ∩ TqS q ∈ S×,

{0} q ∈ Σ(S).

In particular, given a smooth differential form ω ∈ Ω2(S) inducing the orientation of S, the character-
istic vector field is defined by the equation

ιXω = ν0|S ,
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where ν0 is the contact form introduced in (25). Note that the characteristic vector field is not unique:
it depends on the choice of ω. However all characteristic vector fields differ by a never vanishing
multiplicative factor.

In terms of a locally defining function f , a point p ∈ S is characteristic if and only if the horizontal
gradient ∇f of f is zero at p, i.e., if dpf vanishes on vectors of Dp. Recall that, given a smooth function
f : H1 → R, its horizontal gradient is defined as the unique horizontal vector field ∇f satisfying the
following equality, for every horizontal vector field Y

g(∇f, Y ) = df(Y ).
It is then natural to introduce HessH(f) the horizontal Hessian of f , which in the orthonormal frame
{X1, X2} is expressed as

HessH(f) =
(
X1X1(f) X2X1(f)
X1X2(f) X2X2(f)

)
.

Definition 2.2. Let f ∈ C∞(H1) be a locally defining function near p ∈ Σ(S). Then, we say that p is
a non-degenerate characteristic point if and only if det HessH(f)|p ̸= 0.

We stress that the notion of non-degenerate characteristic point does not depend on the choice of
the locally defining function f and on the choice of the orthonormal frame [BBC22, BB23, BBP25].
Furthermore, non-degenerate characteristic points are necessarily isolated, see for instance [BB23]. For
a study of degenerate characteristic points see e.g. [Ros23, BBP25].

We now study the local structure of a surface S near a characteristic point p ∈ Σ(S). Since left-
translations are isometries of H1, it is not restrictive to assume that p = (0, 0, 0).

Lemma 2.3. Let S ⊂ H1 be a smooth, oriented, embedded surface with a characteristic point at
p = (0, 0, 0). Then, a locally defining function for S near p is given by

f(x, y, z) = z − 1
2u(x, y) (30)

where u ∈ C∞(R2). Moreover, up to an isometry of H1, there exist a, b ∈ R such that

u(x, y) = 1
2(ax2 + by2) + o(x2 + y2), as (x, y) → (0, 0). (31)

Proof. Let p : R3 → R2 be the map p(x, y, z) = (x, y). Observe that p|S : S → R2 is a local
diffeomorphism near p = (0, 0, 0). Indeed, since p ∈ S is assumed to be characteristic, by (24)

TpS = Dp = span{X1, X2}|p = span{∂x, ∂y}, (32)
therefore dpp|S is the identity. Let B ⊂ R2 be a small enough neighborhood of the origin in R2 and let

φ : B → S, φ = (p|S)−1.

Then, being φ ◦ p|S equal to the identity, we can write φ(x, y) = (x, y, 1
2u(x, y)) for some smooth

function u : B → R. Hence, the claim (30) follows. We now show (31). Since p = (0, 0, 0) ∈ Σ(S), it
must hold f(0, 0, 0) = 0, which implies u(0, 0) = 0. Additionally, (32) forces ∇u(0, 0) = 0. Therefore
u is quadratic at the origin

u(x, y) = 1
2(ax2 + by2 + cxy) + o(x2 + y2).

Up to a rotation in the (x, y)-plane, which is an isometry of H1, we may diagonalize the (standard)
Hessian of u, which results in c = 0. □

Remark 2.4. As a byproduct of the previous lemma we find an explicit embedding of S around a
characteristic point. Namely, if p = (0, 0, 0) ∈ Σ(S), then there is a neighborhood U ⊂ H1 of p and
a smooth embedding Φ : B → H1, where B ⊂ R2 is a neighborhood of the origin in R2, such that
Φ(B) = U ∩ S. In addition, Φ(x, y) = (x, y, 1

2u(x, y)), where u ∈ C∞(R2) has the expansion (31).

The non-degeneracy of a characteristic point can be expressed through the numbers a, b in (31).
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Lemma 2.5. Let S ⊂ H1 be a smooth, oriented, embedded surface with a characteristic point at the
origin p = (0, 0, 0). Then p is non-degenerate if and only if ab+ 1 ̸= 0.

Proof. We apply Definition 2.2 to the locally defining function given in Lemma 2.3:

det
(
X1X1(f) X2X1(f)
X1X2(f) X2X2(f)

)∣∣∣∣
p

= det
(

−a
2 − 1

2
1
2 − b

2

)
= 1

4(ab+ 1).

It follows that p is non-degenerate if and only if ab+ 1 ̸= 0. □

Hence, a characteristic point p is a stable singularity of the characteristic vector field X if and only
if ab+ 1 ̸= 0. We also introduce the notion of geometric stability of a characteristic point, that we are
going to need in what follows.

Definition 2.6. Let S ⊂ H1 be a smooth embedded surface with a characteristic point at the origin
p = (0, 0, 0) and locally expressed as in (30)-(31). Then p is called geometrically stable if the following
inequalities hold

ab+ 1 ̸= 0, a ̸= b.

Observe that, according to Lemma 2.5, a geometrically stable characteristic point is non-degenerate.
As we show in Part II, the extra condition a ̸= b is related to the stability of the cut locus of the surface
near the characteristic point.

2.2.2. Homogeneous surfaces. We introduce a family of surfaces that constitute models for character-
istic surfaces in the Heisenberg group.

Definition 2.7. We define the oriented homogeneous surface Sa,b of parameters a, b ∈ R as

Sa,b :=
{

(x, y, z) ∈ H1 : z = 1
4(ax2 + by2)

}
⊂ H1,

oriented towards the side {z > (ax2 + by2)/4}.

Note that the surface Sa,b is smooth, orientable and embedded. If ab + 1 ̸= 0, it has a single
characteristic point at the origin p = (0, 0, 0) which is non-degenerate, while if ab + 1 = 0 it contains
the following curve of degenerate characteristic point {(x, y, z) ∈ Sa,b : y = −ax}. Finally, it holds:

δr(Sa,b) = Sa,b, ∀ r > 0, (33)

where δr is the dilation of (26). These properties follow by the definition of Sa,b and of Lemma 2.5.

Part I. The volume of the half-tube around characteristic surfaces

In this part, we delve into the study of characteristic surfaces, and tubes around them. From now
on, we will always consider surfaces that are smooth, embedded and bound an open set Ω ⊂ H1. In
this way, S = ∂Ω is without boundary.

3. The half-tube and the sub-Riemannian distance from a surface

We fix a surface S ⊂ H1 and we study the distance from S. Since S bounds a regular domain
Ω ⊂ H1, so that S = ∂Ω, we introduce the signed distance function:

distS : H1 → R, distS(p) =
{

infq∈S dSR(p, q), p ∈ H1 \ Ω,
− infq∈S dSR(p, q), p ∈ Ω,

where dSR denotes the sub-Riemannian distance.
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Remark 3.1. The distance from S is 1-Lipschitz with respect to the sub-Riemannian distance. Indeed
if p, q lie on the same side of H1 \ S, the triangle inequality gives |distS(p) − distS(q)| ≤ dSR(p, q).
Otherwise, for p and q on opposite sides of S, every horizontal curve γ joining p to q meets S, so

|distS(p) − distS(q)| = |distS(p)| + |distS(q)| ≤ length(γ),
and taking the infimum over γ proves the claim.

We can now define the (positive) half-tube.

Definition 3.2. Let S = ∂Ω ⊂ H1 be an embedded smooth surface, and fix ε > 0. Then, the (positive)
half-tube of size ε > 0 around S is the set

TS(ε) := {p ∈ H1 : 0 < distS(p) ≤ ε}.

To better describe the set TS(ε) let us introduce some terminology. We say that a horizontal curve
γ : [0, T ] → H1 is a minimizing geodesic from S if it is a unit speed length-minimizing curve, such that

γ(0) ∈ S, distS(γ(t)) = t, ∀ t ∈ [0, T ].
If γ(0) = p, we say that the minimizing geodesic γ is based at p. If γp is a minimizing geodesic from S
based at p, by [AS10, Thm. 12.4] there exists an initial covector λ⊥(p) ∈ T ∗

pH1 satisfying the following
normalization and transversality conditions

2H(λ⊥(p)) = 1, ⟨λ⊥(p), TpS⟩ = 0, (34)
and such that the following equality is satisfied

γp(t) = expp(tλ⊥(p)). (35)

We refer to λ⊥ as the normal covector of S. Note that, for a fixed p ∈ S which is non-characteristic, the
two conditions given in (34) determine λ⊥(p) up to a sign. The additional requirement that the signed
distance is positive along γp fixes the sign of λ⊥(p). Furthermore, if p is a characteristic point, then
TpS = Dp, therefore the two conditions in (34) are incompatible since ⟨λ,Dp⟩ = 0 implies H(λ) = 0.
Therefore, we have the following.

Lemma 3.3. Every nonconstant minimizing geodesic from S is based at S× = S \ Σ(S).

Conversely, if a unit-speed horizontal curve can be written as in (35) for some initial covector
satisfying (34) then it is a minimizing geodesic up to its cut time.

Definition 3.4. Let S = ∂Ω ⊂ H1 be an embedded smooth surface, and let p ∈ S×. Then, the cut
time of the unique minimizing geodesic from S based at p is

tcut(p) := sup{T > 0 : distS(γp(t)) = t, ∀ t ∈ [0, T ]}.
The cut locus of S is the set of points where minimizing geodesics from S lose minimality, namely

cut(S) := {γp(tcut(p)) : p ∈ S×, tcut(p) < ∞} ⊂ H1,

Recalling that H1 is complete, the half-tube around S can then be explicitly described once the
normal exponential map and the cut time are known. Indeed, the following equality holds

TS(ε) = {exp⊥
S (t, p) : p ∈ S×, 0 < t ≤ min{ε, tcut(p)}}, (36)

where we define the normal exponential map on the complement of the characteristic set S× = S\Σ(S)
exp⊥

S : R+ × S× → H1, exp⊥
S (t, p) = expp(tλ⊥(p)).

Remark 3.5. The normal exponential map is a smooth map between oriented manifolds. Indeed,
endowing R+ × S× with the product orientation, the following map is an isomorphism of oriented
vector bundles

d exp⊥ |{0}×S× : T (R+ × S×)|{0}×S → TH1|S ,
and exp⊥

S is an orientation preserving immersion close to {0} × S×.
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Remark 3.6. The characterization given in (36) permits us to define the (positive) half-tube around
an open set U ⊂ S as follows

TU (ε) = {exp⊥
S (t, p) : p ∈ U ∩ S×, 0 < t ≤ min{ε, tcut(p)}},

namely, the set of points in the half-tube reached by minimizing geodesics from S based at U . All our
results on the tube around S will hold also for its local counterpart.

With the final goal of achieving a formula for the volume of the tube, we further investigate the
general properties of the cut time function.

3.1. General properties of the cut time function. Let S = ∂Ω ⊂ H1 be a smooth, embedded,
oriented surface. Let us define the notion of Maxwell time of a point p ∈ S× as

tMax(p) = inf{t > 0 : ∃ p̄ ∈ S× \ {p} s.t. exp⊥
S (t, p) = exp⊥

S (t, p̄)},
and the notion of focal time (or conjugate time) of a point p ∈ S× as

tfoc(p) = inf{t > 0 : d(t,p) exp⊥
S is not surjective}.

We have the following classical characterization of the cut time function. We include the proof for
the sake of completeness.

Theorem 3.7. For every p ∈ S×, it holds tcut(p) = min{tfoc(p), tMax(p)}.

Proof. We first prove the lower bound tcut(p) ≥ min{tfoc(p), tMax(p)} and it is not restrictive to assume
tcut(p) < ∞. Fix p ∈ S× and let γ(t) = exp⊥

S (t, p), t ∈ R+ := [0,+∞). Take a monotone decreasing
sequence of positive real numbers {εn} convergent to 0, and set

qn = γ(tcut(p) + εn).
By definition of cut time

distS(qn) < tcut(p) + εn.

By completeness of the Heisenberg group, we can now find a sequence {σn} of constant speed geodesics
realizing the distance between S and {qn}, i.e.,

σn : [0, 1] → H1, σn(0) ∈ S, σn(1) = qn, ℓ(σn) = distS(qn).
The σn’s are parametrized by constant speed, and their lengths are uniformly bounded. Therefore by
the Ascoli-Arzelà theorem, up to sub-sequences, there exists a limit

σ = lim
n
σn,

in the uniform topology. Moreover σ is Lipschitz and
ℓ(σ) ≤ lim inf

n→∞
ℓ(σn) = lim inf

n→∞
distS(qn) = distS(σ(1)).

It follows that σ is a length minimizing curve and therefore it is smooth. We reparametrize σ by unit
speed, thus σ : [0, tcut(p)] → H1, ℓ(σ) = tcut(p). If σ ̸= γ then, σ is a length minimizer realizing the
distance from S, thus there exists p̄ ∈ S×, p̄ ̸= p such that

σ(t) = exp⊥
S (t, p̄), σ(tcut(p)) = γ(tcut(p)).

It follows that tcut(p) ≥ tMax(p). If otherwise σ = γ, then, up to reparametrizing σn by constant
speed, there exists pn ∈ S× converging to p such that

σn(t) = exp⊥
S (t, pn), ∀ t ∈ [0,distS(qn)].

By definition of qn and σn we have
exp⊥

S (distS(qn), pn) = exp⊥
S (tcut(p) + εn, p).

Therefore the map exp⊥
S coincides on the two sequences (distS(qn), pn) ̸= (tcut(p) + εn, p) with the

common limit (tcut(p), p). It follows that d(tcut(p),p) exp⊥
S is not injective (thus non surjective) and

therefore tcut(p) ≥ tfoc(p).
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We now prove the upper bound tcut(p) ≤ min{tfoc(p), tMax(p)}, for every p ∈ S×. The proof of
tcut(p) ≤ tMax(p) is similar to the case where S is a point, given for instance in [RS17, Lem. 9]. Assume
by contradiction that there exists ε > 0 such that tcut(p) ≥ tMax(p) + ε. By definition of tMax(p), there
is τ ∈ [tMax(p), tMax(p) + ε) which is a Maxwell time, i.e., we can find p̄ ∈ S×, p̄ ̸= p such that
exp⊥

S (τ, p̄) = exp⊥
S (τ, p). Therefore the curve

σ(t) : [0, tMax(p) + ε] → H1, σ(t) :=
{

exp⊥
S (t, p̄), 0 ≤ t ≤ τ,

exp⊥
S (t, p), τ ≤ t ≤ tMax(p) + ε,

is continuous, piecewise smooth, but not real-analytic. Furthermore, since tcut(p) ≥ tMax(p) + ε, σ is a
length minimizing curve. This gives a contradiction, since minimizing geodesics must be real-analytic.

Finally, to prove that tcut(p) ≤ tfoc(p), one has to show that a geodesic from S, based at p, is no
longer minimizing after its first focal (or conjugate) point. This can be deduced studying the second
variation of the length as done in [ABB20, Ch. 8] for sub-Riemannian minimizing geodesics from a
point, in absence of abnormal minimizers. The case of minimizers from a surface has been proved in
[GGPT03, Thm. 4.3]. □

Remark 3.8. Theorem 3.7 says that cut points are either focal points or points reached by at least
two minimizers. This dichotomy is classical in Riemannian geometry, see e.g. [dC92], and proved
in [ABB20, Ch. 8] for sub-Riemannian minimizing geodesics from a point, in absence of abnormal
minimizers. Here we extend such a result for minimizers from a surface S in the Heisenberg group.

We now show that tcut(p) > 0 for every p ∈ S×. This fact is already contained in [BRR26, Thm.
1.1], however our proof is different and gives additional information on tfoc and tMax.

Corollary 3.9. For every p ∈ S×, it holds tfoc(p), tMax(p) > 0. In particular, tcut(p) > 0.

Proof. We show that both tfoc(p) and tMax(p) are strictly positive. By definition of the normal expo-
nential map, exp⊥

S |t=0 : S× → H1 coincides with the inclusion of S× in H1. Furthermore exp⊥
S∗ ∂t|t=0

is transverse to S×, therefore d(0,p) exp⊥
S is injective and tfoc(p) > 0. Now assume by contradiction

that tMax(p) = 0. Then there exists tn > 0, tn → 0, and pn in S× \ {p} such that
exp⊥

S (tn, pn) = exp⊥
S (tn, p).

Note that pn → p, indeed
dSR(pn, p) ≤ dSR(pn, exp⊥

S (tn, p)) + dSR(exp⊥
S (tn, p), p)

= dSR(pn, exp⊥
S (tn, pn)) + dSR(exp⊥

S (tn, p), p) ≤ 2tn.

Therefore, in any neighborhood of (0, p) there exists (tn, pn) such that exp⊥
S (tn, p) = exp⊥

S (tn, pn),
contradicting the fact that d(0,p) exp⊥

S is injective. □

Corollary 3.10. Let U ⊂ S be an open set and T : U → R be a continuous function such that
T (q) ≤ tcut(q) for all q ∈ U . Then defining U = {(t, q) ∈ R+ × U : t < T (q)} the restriction

exp⊥
S

∣∣
U : U → H1

is a diffeomorphism onto its image.

Proof. Indeed, assume that there exists (t, p), (t̄, p̄) ∈ U such that
exp⊥

S (t, p) = exp⊥
S (t̄, p̄) =: x.

Since t < tcut(p) and t̄ < tcut(p̄), then t = t̄ = distS(x). But then, by Theorem 3.7, t ≥ tMax(p) ≥
tcut(p), which is a contradiction. This shows that exp⊥

S is injective on U . In addition, since tcut(p) ≤
tfoc(p) for every p ∈ S× by Theorem 3.7, then exp⊥

S |U is an immersion. Thus, exp⊥
S |U is an injective

immersion between manifolds of the same dimension and hence a diffeomorphism onto its image. □

An important consequence of Theorem 3.7 is the continuity of the cut time function.
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Corollary 3.11. The cut time function tcut : S× → (0,∞] is continuous. Moreover, extending tcut by
zero on Σ(S), then tcut : S → [0,∞] is continuous.

Proof. The first part of the statement can be shown following the same arguments as [ABB20, Prop.
8.76] in which one proves separately the upper and the lower semicontinuity. The second part of the
statement instead follows if we prove that, for every p ∈ Σ(S) and for every sequence {pn}n∈N ⊂ S×

converging to p, it holds
tcut(pn) n→∞−−−−→ 0.

Assume by contradiction that there is a subsequence tcut(pn) ≥ ε > 0, for every n ∈ N. By definition
of tcut, this means that, for every n ∈ N, the unique minimizing geodesic from S based at pn satisfies

distS(γpn
(t)) = t, ∀ t ∈ [0, ε]. (37)

By a standard Ascoli-Arzelà argument, up to extracting a subsequence, the sequence of curves {γpn|[0,ε]}
converges to γ̄ : [0, ε] → H1. By (37) and by the continuity of distS , γ̄ is a minimizing geodesic from S.
Moreover, it is based at limn→∞ γpn

(0) = limn→∞ pn = p, which is a contradiction with Lemma 3.3. □

In turn, the continuity of the cut time implies that the cut locus has zero Lebesgue measure in H1.

Corollary 3.12. The cut locus of S is negligible.

Proof. As the cut time is a continuous function, cf. Corollary 3.11, its graph over S×, namely the set

Γ := {(tcut(p), p) : p ∈ S×, tcut(p) < ∞} ⊂ R+ × S×,

has zero Lebesgue measure. Furthermore, the cut locus of S satisfies the identity:

cut(S) = {exp⊥
S (tcut(p), p) : p ∈ S×, tcut(p) < ∞} = exp⊥

S (Γ).

Since exp⊥
S is a smooth function on R+ ×S×, we conclude that cut(S) has zero Lebesgue measure. □

3.2. A formula for the volume of the tube. We can now prove the formula for the volume of
TU (ε) localized in an open set U ⊂ S. Recall that, in H1 there is a canonical measure, which we denote
by vol, given by the bi-invariant Haar measure. This measure coincides with the Lebesgue measure
L 3 and can be described in terms of the dual frame (25) as

vol(A) =
ˆ
A

ν0 ∧ ν1 ∧ ν2,

for every Lebesgue-measurable subset A ⊂ H1.

Theorem 3.13. Let S = ∂Ω ⊂ H1 be a smooth, oriented, embedded surface. Let U ⊂ S be a Borel
subset, then

vol(TU (ε)) =
ˆ
U

ˆ min{ε,tcut}

0
exp⊥∗

S (ν0 ∧ ν1 ∧ ν2). (38)

Proof. Assume U ⊂ S is open. Set Tε := {(t, p) ∈ R+ × S× : p ∈ S× ∩ U, 0 < t < min{ε, tcut(p)}}. By
Corollary 3.10 exp⊥

S |Tε is a diffeomorphism onto its image. Now, observe that, by construction, we
have

TU (ε) \ exp⊥
S (Tε) = {exp⊥

S (min{tcut(p), ε}, p) : p ∈ S× ∩ U}.
The latter set is the image through the smooth map exp⊥

S of the graph of the continuous map p 7→
min{tcut(p), ε}, therefore it is negligible. Thus,

vol(TU (ε)) = vol(exp⊥
S (Tε)) =

ˆ
exp⊥

S
(Tε)

ν0 ∧ ν1 ∧ ν2.

According to Remark 3.5, exp⊥
S is orientation preserving close to {0} × S×. Since exp⊥

S |Tε
is an

embedding, and Tε intersects every open neighborhood of {0} × U , we deduce that exp⊥
S |Tε

is an
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orientation preserving diffeomorphism onto its image, therefore we may apply the change of variable
formula, finding

vol(TU (ε)) =
ˆ
Tε

exp⊥∗(ν0 ∧ ν1 ∧ ν2) =
ˆ
U

ˆ min{ε,tcut(p)}

0
exp⊥∗

S (ν0 ∧ ν1 ∧ ν2),

where the last equality follows from Fubini’s Theorem. Finally, if U ⊂ S is a Borel set, it is enough to
approximate it by open sets and exploit (38) and dominated convergence theorem to conclude. □

Remark 3.14. A consequence of the above theorem is that if U, V ⊂ S are disjoint Borel subsets we
have

vol(TU∪V (ε)) = vol(TU (ε)) + vol(TV (ε)).

Notation 3.15. Given a C1 map φ : M → Rn, where M is a smooth n-dimensional manifold, and local
coordinates (x1, . . . , xn), we fix the following notation for the Jacobian determinant of φ evaluated at
the point p ∈ M of coordinates (y1, . . . , yn) as

det
(
∂φ(x1, . . . , xn)
∂(x1, . . . , xn)

)∣∣∣∣
(y1,...,yn)

:= det
(
∂x1φ(y1, . . . , yn), . . . , ∂xn

φ(y1, . . . , yn)
)
.

We omit the evaluation whenever (y1, . . . , yn) = (x1, . . . , xn).

Remark 3.16. Let (x, y) be an oriented pair of local coordinates on S, then computing the pullback of
exp⊥∗

S (ν0 ∧ ν1 ∧ ν2) with respect to the coordinates (t, x, y) ∈ R+ × S× gives

vol(TU (ε)) =
ˆ
U

ˆ min{ε,tcut(p)}

0
det
(
∂ exp⊥

S (t, x, y)
∂(t, x, y)

)
dtdxdy.

4. Normal exponential map and curvature forms near characteristic points

We now study the normal exponential map near a non-degenerate characteristic point p of S.
Making use of the results of Section 2.2.1 on the local structure of S near p, and in particular of the
embedding of Remark 2.4, we may assume that p = (0, 0, 0) and that

S =
{

(x, y, z) ∈ H1 : z = 1
2u(x, y)

}
, (39)

where u ∈ C∞(R2) satisfies the following for some a, b ∈ R

u(x, y) = 1
2(ax2 + by2) + o(x2 + y2), as (x, y) → (0, 0). (40)

We stress that we work under the non-degenerate assumption ab + 1 ̸= 0. We orient S so that its
positive side is {z > 1

2u(x, y)}. To compute the normal exponential map for a surface of the form (39),
we first compute its positive normal covector λ⊥.

Lemma 4.1. Let hi : S× → R, for i = 0, 1, 2, be the components of λ⊥ with respect to the dual frame
given by (25), i.e. hi = ⟨λ⊥, Xi⟩. Then the following equalities hold

h0 = 2√
(∂xu+ y)2 + (∂yu− x)2

, h1 = −h0

2 (∂xu+ y), h2 = −h0

2 (∂yu− x).

Proof. Let f(x, y, z) = z − u(x, y)/2. First observe that, thanks to (34) the covector λ⊥(p) is parallel
to df |p and the fact that H is homogeneous of degree two gives the normalization

λ⊥(p) = df |p√
2H(df |p)

. (41)
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We then write df with respect to the dual frame (25) as follows

df = dz − ∂xu

2 dx− ∂yu

2 dy = dz + 1
2(ydx− xdy) − 1

2(ydx− xdy) − ∂xu

2 dx− ∂yu

2 dy

= ν0 − 1
2(∂xu+ y)ν1 − 1

2(∂yu− x)ν2.

(42)

We now compute the denominator in (41)√
2H(df) =

√
⟨df,X1⟩2 + ⟨df,X2⟩2 = 1

2

√
(∂xu+ y)2 + (∂yu− x)2. (43)

Plugging (42) and (43) into (41) and decomposing λ⊥ = h0ν0 + h1ν1 + h2ν2, we obtain the result. □

Example 4.2. For a, b ∈ R with ab+ 1 ̸= 0, consider the homogeneous surface

Sa,b =
{

(x, y, z) ∈ H1 : z = 1
4(ax2 + by2)

}
.

Substituting the explicit expression of the defining function u into the formulae of Lemma 4.1, we find

h0 = 2√
(ax+ y)2 + (by − x)2

, h1 = −(ax+ y)√
(ax+ y)2 + (by − x)2

, h2 = −(by − x)√
(ax+ y)2 + (by − x)2

.

Remark 4.3. We stress that, while h1(x, y), h2(x, y) remain bounded, h0(x, y) diverges as (x, y) →
(0, 0), indeed from the asymptotic expansion (40) we see that

h0(x, y) = 2√
(ax+ y)2 + (by − x)2

+O(1).

Notice in particular that the quantity h−2
0 is smooth in a neighborhood of the characteristic point.

Similar expansions hold for h1 and h2, indeed denoting r =
√
x2 + y2 we have

h1(x, y) = −(ax+ y)√
(ax+ y)2 + (by − x)2

+O(r), h2 = −(by − x)√
(ax+ y)2 + (by − x)2

+O(r),

where the remainders are smooth in polar coordinates.

We now compute the normal exponential map for a general S in terms of the normal covector. In
the following proposition, for s ∈ R we employ the notation

R(s) =
(

cos(s) sin(s)
− sin(s) cos(s)

)
. (44)

In the next statement, to lighten the notation, we use the shorthand hi = hi(x, y), for i = 0, 1, 2.

Proposition 4.4. Let h0, h1, h2 be the components of the normal covector and let (X,Y, Z) be the
components of the normal exponential map in coordinates, i.e.,

exp⊥
S : R+ × R2 \ {(0, 0)} → H1, exp⊥

S = (X,Y, Z).
Then, the first two components are(

X(t, x, y)
Y (t, x, y)

)
=
(
x
y

)
+ 1
h0

[
R(−π/2) + R(π/2 − h0t)

](h1
h2

)
(45)

whereas the third one reads

Z(t, x, y) = u(x, y)
2 + h0t− sin(h0t)

2h2
0

+ 1
2h0

(
x y

) [
Id + R (π − h0t)

](h1
h2

)
. (46)

Proof. For fixed (x, y) ∈ R2 \ {(0, 0)}, let q = (x, y, 1
2u(x, y)). Let Lq : H1 → H1 denote the left-

translation by q. By (28), it holds

exp⊥
S (t, x, y) = expq(tλ⊥(x, y)) = Lq ◦ exp0 ◦L∗

q(tλ⊥(x, y)),
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where exp0 : T ∗
0 H1 → H1 is the exponential map at the identity. Since the dual frame (25) is left-

invariant, the computation of L∗
q(λ⊥(x, y)) is straightforward and gives

L∗
q(λ⊥(x, y)) = h0(x, y)dz + h1(x, y)dx+ h2(x, y)dy.

Combining the latter with the explicit expression of exp0, given in (29), we may compute exp⊥
S . More

precisely, collecting the first two components into a single R2-valued vector and using h2
1 + h2

2 = 1, we
find

Lq ◦ exp0 ◦L∗
q(tλ⊥(x, y)) =

(
x, y,

u(x, y)
2

)
⋆

(
1
h0

(
R(−π

2 ) + R(π2 − h0t)
)(h1

h2

)
,
h0t− sin(h0t)

2h2
0

)
.

Recalling that the group law is given by (23), we compute the first two coordinates of the above
multiplication, finding (45). To prove (46), we compute

Z = u(x, y)
2 + h0t− sin(h0t)

2h2
0

+ 1
2h0

(−y, x) · (R(−π/2) + R(π/2 − h0t))
(
h1
h2

)
= u(x, y)

2 + h0t− sin(h0t)
2h2

0
+ 1

2h0
(x, y) · R(π/2) (R(−π/2) + R(π/2 − h0t))

(
h1
h2

)
= u(x, y)

2 + h0t− sin(h0t)
2h2

0
+ 1

2h0
(x, y) · (Id + R(π − h0t))

(
h1
h2

)
.

□

The above proposition shows that exp⊥
S (t, x, y) does not extend smoothly to the origin (x, y) = (0, 0),

since, by Remark 4.3, h0(x, y) diverges as (x, y) → (0, 0). Nevertheless, the resulting singularity can be
removed changing the time parameter t, or equivalently, by a suitable reparametrization of the normal
geodesics from S.

Proposition 4.5. Let S ⊂ H1 be the surface of (39), then the following map is smooth:

E : R+ × R2 → H1, E(s, x, y) := exp⊥
S

(
s

h0(x, y) , x, y
)
.

Proof. We write the normal exponential map of S componentwise as exp⊥
S = (X,Y, Z) and observe

that E(s, x, y) = (X,Y, Z)|(s/h0,x,y). Then by Proposition 4.4 and Lemma 4.1 we have(
X
Y

)∣∣∣∣
(s/h0,x,y)

=
(
x
y

)
− 1

2

[
R(−π/2) + R(π/2 − s)

](∂xu+ y
∂yu− x

)
,

from which we see that the first two components are smooth and well defined at (0, 0). Similarly for
the third component we find

Z(s/h0, x, y) = u(x, y)
2 + s− sin(s)

2h2
0

− 1
4
(
x y

) [
Id + R (π − s)

](∂xu+ y
∂yu− x

)
.

By Lemma 4.1, the function h−2
0 extends smoothly to (x, y) = (0, 0), therefore also the third component

is smooth. This shows that the map E is well-defined and smooth on R+ × R2. □

4.1. Normal exponential map for homogeneous surfaces. Let Sa,b be a homogeneous surface.
The normal exponential of Sa,b inherits the homogeneity property (33). To better describe the latter
property, we introduce a pair of polar coordinates adapted to Sa,b: define (ρ, ϑ) ∈ R+ × S1 such that(

ρ cosϑ
ρ sinϑ

)
=
(
ax+ y
by − x

)
. (47)

Remark 4.6. Under the assumption 1 + ab ̸= 0, the above polar coordinates are well-defined. The
parametrization (ρ, ϑ) 7→ (x, y) determined by (47) has Jacobian determinant ρ/(1 + ab). Hence, it is
orientation-reversing when 1 + ab < 0.
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As a consequence of Example 4.2, in such coordinates, the components of the normal covector λ⊥ are

h0 = 2
ρ
, h1 = − cosϑ, h2 = − sinϑ. (48)

We use the notation exp⊥
Sa,b

(t, ρ, ϑ) for the normal exponential map expressed in coordinates (47).

Lemma 4.7. Let a, b ∈ R such that ab+1 ̸= 0 and let Sa,b ⊂ H1 be the homogeneous surface as defined
in Definition 2.7. Then, for every (t, ρ, ϑ) ∈ R+ × (0,+∞) × S1 it holds

exp⊥
Sa,b

(t, ρ, ϑ) = δε(exp⊥
Sa,b

(t/ε, ρ/ε, ϑ)),

where δε is the dilation defined in (26).

Proof. Fix ε > 0 and p = (ρ, ϑ) ∈ Sa,b. A standard computation shows that

δ−1
ε (exp⊥

Sa,b
(t, ρ, ϑ)) = δ−1

ε

(
expp(tλ⊥(p))

)
= expδ−1

ε (p)(tε
−2δ∗

ε (λ⊥(p))). (49)

Now, in polar coordinates, we compare λ⊥(p) and δ∗
ε (λ⊥(p)) using (48):

δ∗
ε (λ⊥(p)) = δ∗

ε

(
2
ρ
ν0 − cosϑν1 − sinϑν2

)∣∣∣∣
p

=
(

2
ρ
ε2ν0 − ε cosϑν1 − ε sinϑν2

)∣∣∣∣
δ−1

ε (p)

= ε

(
2ε
ρ
ν0 − cosϑν1 − sinϑν2

)∣∣∣∣
δ−1

ε (p)
= ελ⊥(δ−1

ε (p)).

Substituting the latter identity into (49), we obtain

δ−1
ε (exp⊥

Sa,b
(t, ρ, ϑ)) = expδ−1

ε (p)(tε
−1λ⊥(δ−1

ε (p))) = exp⊥
Sa,b

(t/ε, ρ/ε, ϑ),

which is the claimed identity. □

Remark 4.8. Let Ea,b(s, ρ, ϑ) be the map defined in Proposition 4.5 associated to the surface Sa,b,
expressed in the coordinates of (47). By definition of Ea,b and by (48) we have

Ea,b(s, ρ, ϑ) = exp⊥
Sa,b

( sρ2 , ρ, ϑ) = δε(exp⊥
Sa,b

( sρ2ε ,
ρ
ε , ϑ)) = δε(exp⊥

Sa,b
( s
h0(ρ/ε,ϑ) ,

ρ
ε , ϑ)) = δε(Ea,b(s, ρε , ϑ)).

We conclude the section with an approximation lemma for the normal exponential map of a general
surface S, in terms of the normal exponential map of Sa,b. In particular, we show that the singularities
of exp⊥

S at a characteristic point p behave, at first order, as the ones of the homogeneous model at p.

Lemma 4.9. Let S = ∂Ω ⊂ H1 be a smooth, oriented, embedded surface with a non-degenerate
characteristic point at p = (0, 0, 0) and let a, b ∈ R be the numbers identified by Lemma 2.3. Then,
there exists a smooth function RS : R+ × (0,∞) × R+ × S1 → H1 such that, in coordinates (47),

exp⊥
S (t, ρ, ϑ) = δε(exp⊥

Sa,b
(t/ε, ρ/ε, ϑ) + εRS(t/ε, ρ/ε, ρ, ϑ)).

for every (t, ρ, ϑ) ∈ R+ × (0,+∞) × S1.

Proof. Firstly, observe that the statement makes sense since (47) are well-defined coordinates on
S, being p a non-degenerate characteristic point. Secondly, by the homogeneity properties of the
Hamiltonian, we have that

δ−1
ε (exp⊥

S (t, ρ, ϑ)) = π ◦ etH⃗
(
ε−2δ∗

ε (λ⊥(ρ, ϑ))
)

= π ◦ e t
ε H⃗
(
ε−1δ∗

ε (λ⊥(ρ, ϑ))
)
.

Now, combining Lemma 4.1 with the Taylor expansion of u of Lemma 2.3 and with (48), we deduce
that, in polar coordinates, it holds

h0(ρ, ϑ) = 2
ρ

+H0(ρ, ϑ), h1(ρ, ϑ) = − cosϑ+ ρH1(ρ, ϑ), h2(ρ, ϑ) = − sinϑ+ ρH2(ρ, ϑ),

where Hi ∈ C∞(R+ × S1), for i = 0, 1, 2. Since the dual frame {ν0, ν1, ν2} satisfies
δ∗
εν0 = ε2ν0, δ∗

εν1 = εν1, δ∗
εν2 = εν2,
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in coordinates p = (ρ, ϑ), we obtain

ε−1δ∗
ελ

⊥
S (p) =

[(
2ε
ρ

+ εH0(ρ, ϑ)
)
ν0 + (− cosϑ+ ρH1(ρ, ϑ))ν1 + (− sinϑ+ ρH2(ρ, ϑ))ν2

]∣∣∣∣
δ−1

ε (p)

= λ⊥
Sa,b

(ρ/ε, ϑ) + εG(ρ/ε, ρ, ϑ),

for some smooth covector G. Since the flow etH⃗ at a fixed time t is a smooth function on T ∗H1, we
compute

π ◦ e t
ε H⃗
(
ε−1δ∗

ε (λ⊥(p))
)

= π ◦ e t
ε H⃗
(
λ⊥
Sa,b

(ρ/ε, ϑ) + εG(ρ/ε, ρ, ϑ)
)

= π ◦ e t
ε H⃗
(
λ⊥
Sa,b

(ρ/ε, ϑ)
)

+
ˆ 1

0

d

ds

[
π ◦ e t

ε H⃗
(
λ⊥
Sa,b

(ρ/ε, ϑ) + sεG(ρ/ε, ρ, ϑ)
)]
ds

= exp⊥
Sa,b

(t/ε, ρ/ε, ϑ) + εRS(t/ε, ρ/ε, ρ, ϑ).

where RS is the smooth map defined implicitly by the last identity. This concludes the proof. □

Remark 4.10. An analogous statement of Lemma 4.9 holds also for the map E, namely there exists a
smooth function RE : [0,∞)3 × S1 → H1 such that, in coordinates (47),

E(s, ρ, ϑ) = δε(Ea,b(s, ρ/ε, ϑ) + εRE(s, ρ/ε, ρ, ϑ)).
for every (s, ρ, ϑ) ∈ R+ × R+ × S1. Observe that the regularity of RE is guaranteed by the regularity
of E, proved in Proposition 4.5.

4.2. The Jacobian determinant of the normal exponential map near characteristic points.
We now study the singularities of the Jacobian determinant of the normal exponential map near a
non-degenerate characteristic point.

Definition 4.11. A smooth map ξ : [0, r0) × S1 → R2 is called a system of polar coordinates centered
at the origin if ξ(0, θ) = (0, 0), its restriction to (0, r0) × S1 is a diffeomorphism onto a punctured
neighborhood of the origin, and

det
(
∂ξ(r, θ)
∂(r, θ)

)
= r D(r, θ),

where D is smooth and non-vanishing on [0, r0) × S1. If in addition D is positive, then the system of
polar coordinates is called positive.

Remark 4.12. Let ξ be a system of polar coordinates and χ : R+ × S1 → R+ × S1 a diffeomorphism,
then ξ ◦ χ is also a system of polar coordinates. If in addition ξ is positive and ∂θχ2(0, θ) > 0, then
ξ ◦ χ is also positive.

On an oriented surface, a (positive) system of polar coordinates centered at a point is defined
through an (orientation-preserving) smooth chart sending that point to the origin. In the sequel, for
a smooth function F : R2 → R we abbreviate F ◦ ξ(r, θ) by F (r, θ).

Proposition 4.13. Let S = ∂Ω ⊂ H1 be a smooth embedded oriented surface with a non-degenerate
characteristic point p ∈ Σ(S). Fix a system of polar coordinates (r, θ) on S centered at p and denote

JS(t, r, θ) = det
(
∂ exp⊥

S (t, r, θ)
∂(t, r, θ)

)∣∣∣∣
(t,r,θ)

, (t, r, θ) ∈ R+ × (0,+∞) × S1.

Then, there exists a smooth function JS : R+ × R+ × S1 → R such that
JS(t, r, θ) = r2JS(t/r, r, θ), (t, r, θ) ∈ R+ × (0,+∞) × S1. (50)

Proof. By the chain rule and multiplicativity of the determinant, the validity of the statements is
independent of the system of polar coordinates. Therefore we may prove the proposition for a particular
set of polar coordinates. Let (x, y) be coordinates near p such that S has locally the form (39), and
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let (ρ, ϑ) be the polar coordinates defined in (47). We first prove the statement for a S = Sa,b
(cf. Definition 2.7), with a, b ∈ R such that ab+ 1 ̸= 0. By Lemma 4.7 we have

exp⊥
Sa,b

(t, ρ, ϑ) = δε(exp⊥
Sa,b

(t/ε, ρ/ε, ϑ)), ∀ (t, ρ, ϑ) ∈ R+ × R+ × S1, ε > 0.

For a fixed ε > 0, taking the Jacobian determinant of both sides of the above identity yields

JSa,b
(t, ρ, ϑ) = ε2JSa,b

(t/ε, ρ/ε, ϑ).

Evaluating at ε = ρ we find
JSa,b

(t, ρ, ϑ) = ρ2JSa,b
(t/ρ, 1, ϑ).

In this case the proof can be concluded setting JSa,b
(u, ρ, ϑ) := JSa,b

(u, 1, ϑ), which is a smooth
function. For a general surface S, thanks to Lemma 4.9, we have

exp⊥
S (t, ρ, ϑ) = δε(exp⊥

Sa,b
(t/ε, ρ/ε, ϑ) + εRS(t/ε, ρ/ε, ρ, ϑ)).

Taking the Jacobian determinant of both sides yields

JS(t, ρ, ϑ) = ε4(ε−2JSa,b
(t/ε, ρ/ε, ϑ) + ε−1R(t/ε, ρ/ε, ρ, ϑ)).

for a suitable smooth function R : R+ × (0,+∞) × R+ × S1 → R. Substituting ε = ρ we are left with

JS(t, ρ, ϑ) = ρ2(JSa,b
(t/ρ, 1, ϑ) + ρR(t/ρ, 1, ρ, ϑ)).

We conclude the proof setting JS(u, ρ, ϑ) := JSa,b
(u, 1, ϑ) + ρR(u, 1, ρ, ϑ). □

Remark 4.14. The proof of Proposition 4.13 in shows that, in the coordinates (ρ, ϑ) of (47) it holds

JS(u, ρ, ϑ) = JSa,b
(u, 1, ϑ) + ρRJ(u, ρ, ϑ),

where RJ : R+ × R+ × S1 → R is a smooth function.

4.3. Curvature forms: iterated divergences of the distance. We relate the determinant of the
normal exponential map to the iterated divergences of the sub-Riemannian distance from S. As a
byproduct, we are able to describe the singularities of these divergences on the characteristic set.

Recall that, given a smooth vector field X on H1, its divergence with respect to the Lebesgue volume
form ν0 ∧ ν1 ∧ ν2, is defined as the unique smooth function satisfying

LX(ν0 ∧ ν1 ∧ ν2) = div(X)ν0 ∧ ν1 ∧ ν2,

where LX denotes the Lie derivative in the direction of X. In particular, if X ∈ Γ(TH1) is a horizontal
vector field, namely X = u1X1 + u2X2, for some u1, u2 ∈ C∞(H1), then

div(X) = X1(u1) +X2(u2).

For every n ∈ N, the n-th iterated divergence of X is defined as the unique smooth function satisfying

LnX(ν0 ∧ ν1 ∧ ν2) = divn(X)ν0 ∧ ν1 ∧ ν2,

with the convention that div0(X) = 1.

Proposition 4.15. Let S = ∂Ω ⊂ H1 be a smooth, embedded, oriented surface and let distS : H1 → R
be the signed distance from S. Given a pair of local coordinates (x, y) on S, set

JS(t, x, y) = det
(
∂ exp⊥

S (t, x, y)
∂(t, x, y)

)∣∣∣∣
(t,x,y)

.

Then, distS is smooth on a neighborhood of S× = S \ Σ(S) and,

divn(∇distS)|(x,y) = ∂nt JS(0, x, y)
JS(0, x, y) , (x, y) ∈ S \ Σ(S),

where ∇distS is the horizontal gradient of distS.
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Proof. Let p ∈ S× and let U ⊂ S× be a compact neighborhood of p ∈ S×. By Corollary 3.9 there
exists ε0 > 0 such that tcut(q) > ε0, for all q ∈ U . Corollary 3.10 then implies that the restricted map

[0, ε0] × U → H1, (t, q) 7→ exp⊥
S (t, q),

is a diffeomorphism onto its image. By definition of tcut, it holds
distS(exp⊥

S (t, q)) = t, ∀ (t, q) ∈ [0, ε0] × U (51)
which then shows that distS is smooth on a neighborhood of p (notice that this covers only half a
neighborhood of p; a similar argument can be done for t negative). Furthermore, differentiating (51)
with respect to t and using the definition of the horizontal gradient we find

g(∇distS , exp⊥
S∗ ∂t) = ⟨d(distS), exp⊥

S∗ ∂t⟩ = ⟨exp⊥∗
S d(distS), ∂t⟩ = ⟨dt, ∂t⟩ = 1. (52)

Note that exp⊥
S∗ ∂t has norm 1, because it is the velocity of the arc-length parametrized geodesic

t 7→ exp⊥
S (t, q). Moreover, |∇distS | = 1, indeed Remark 3.1 implies that |∇distS | ≤ 1, which combined

with (52) implies |∇distS | = 1. Since both exp⊥
S∗ ∂t and ∇distS have norm 1, (52) implies that

∇distS = (exp⊥
S )∗∂t. (53)

Since the iterated divergences of a vector field with respect to a given volume form are diffeomorphism
invariant, computing the divergence of ∇distS = exp⊥

S∗ ∂t with respect to the volume form ν0 ∧ ν1 ∧ ν2
is equivalent to computing the divergence of ∂t with respect to the volume form

exp⊥∗
S (ν0 ∧ ν1 ∧ ν2) = JS(t, x, y)dt ∧ dx ∧ dy. (54)

Now, the n-th Lie derivative along X = ∂t of a volume form above is

LnX(JS(t, x, y)dt ∧ dx ∧ dy) = ∂nt JS(t, x, y)dt ∧ dx ∧ dy = ∂nt JS(t, x, y)
JS(t, x, y) JS(t, x, y)dt ∧ dx ∧ dy.

We deduce that
divn(∇distS)|exp⊥

S
(t,x,y) = ∂nt JS(t, x, y)

JS(t, x, y) .

Evaluating at t = 0, since exp⊥
S (0, x, y) = (x, y), we conclude the proof. □

Definition 4.16. Let S = ∂Ω ⊂ H1 be a smooth oriented embedded surface. The sub-Riemannian
area form of S is defined, outside of the characteristic set of S, as

σH = ιN (ν0 ∧ ν1 ∧ ν2).
where N = ∇distS is the sub-Riemannian unit normal. Given n ∈ N, the n-th curvature form is
defined, outside of the characteristic set of S, as

σ
(n)
S := divn(∇distS)σH .

Lemma 4.17. Under the hypotheses and notation of Proposition 4.15, for n ≥ 1 it holds

σH = JS(0, x, y)dx ∧ dy, σ
(n)
S = ∂nt JS(0, x, y)dx ∧ dy.

Proof. The form σH is computed contracting (54) with the vector field (53) and evaluating at t = 0.
The expression of σ(n)

S is obtained by multiplying σH by divn(∇distS) (cf. Proposition 4.15). □

We are now in position to describe the singularities of σ(n)
S at characteristic points.

Corollary 4.18. Let S = ∂Ω ⊂ H1 be a smooth embedded oriented surface with a non-degenerate
characteristic point p ∈ Σ(S). Fix a system of polar coordinates (r, θ) centered at p, and set

ϕn(r, θ) := ∂nt JS(0, r, θ), (r, θ) ∈ R+ × S1, n ≥ 0. (55)
where JS is the function of Proposition 4.13. Then ϕn ∈ C∞(R+ × S1) and

σ
(n)
S = r2−nϕn(r, θ)dr ∧ dθ. (56)
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In particular, if (ρ, ϑ) are the polar coordinates of (47) we have

ϕn(ρ, ϑ) = ∂nt JSa,b
(0, 1, ϑ) +O(ρ), (57)

and the remainder is identically zero in the homogeneous case S = Sa,b.

Proof. To prove (56), we apply Lemma 4.17 in the polar coordinates (r, θ) centered at p and then
compute derivatives ∂nt JS(0, r, θ) by applying ∂nt to both sides of (50) and evaluating the result at
t = 0. Equation (57) then follows from Remark 4.14. □

Corollary 4.19. Let S = ∂Ω ⊂ H1 be a smooth embedded oriented surface whose characteristic points
are non degenerate. Then

(i) For n = 0, 1, 2, the forms σ(n)
S is locally integrable on S,

(ii) Given p ∈ Σ(S) and letting a, b ∈ R defined by (31), for every n ≥ 3, if a ̸= b, the form σ
(n)
S

is not locally integrable on S.

Proof. Since the curvature forms are smooth outside of the characteristic set (cf. Lemma 4.17), it is
sufficient to control integrability only near characteristic points. Item (i) is then a direct consequence
of (56). Concerning item (ii), it follows from (56) combined with (57) and Proposition A.3 that

σ
(n)
S = ρ2−n(An cos(2ϑ) +Bn sin(2ϑ) + Cn +O(ρ))dρ ∧ dϑ. (58)

Moreover, Proposition A.3 ensures that, for a ̸= b and n ≥ 1, An and Bn cannot vanish simultaneously.
Thus the form (58) is not locally integrable at ρ = 0 for n ≥ 3 and a ̸= b. □

5. The volume of the half-tube. Proof of Theorems 1.2 and 1.6

In this section, we prove Theorem 1.6. Our starting point is the formula

vol(TU (ε)) =
ˆ
U

ˆ min{ε,tcut(p)}

0
exp⊥∗

S (ν0 ∧ ν1 ∧ ν2),

established in Theorem 3.13. The integrand, namely the Jacobian determinant of the normal expo-
nential map, has been analyzed in the previous sections. The remaining ingredient is the behavior of
the cut time, described by Theorems 1.1 and 1.5. Although the proofs of these theorems appear later,
in Part II, they do not rely on any results from the present section. We apply these theorems here to
derive the volume asymptotics.

5.1. Steiner formula for non-characteristic surfaces. With the results collected so far, we give
a streamlined proof of the Steiner tube formula for non-characteristic surfaces, originally obtained in
[BFF+15].

Lemma 5.1. Let S = ∂Ω ⊂ H1 be a smooth oriented embedded surface, and let U ⊂ S be an open
relatively compact subset, such that U ∩ Σ(S) = ∅, then infp∈U tcut(p) > 0 and for any 0 < ε <
infp∈U tcut(p) it holds

vol(TU (ε)) =
∞∑
n=0

εn+1

(n+ 1)!

ˆ
U

σ
(n)
S .

Proof. By Corollary 3.9, for any non characteristic q ∈ S, tcut(q) > 0. Since U does not intersect the
characteristic set, and tcut is continuous by Corollary 3.11, there exists ε0 > 0 such that tcut(q) ≥ ε0
for all q ∈ U. Let ε < ε0, and letting (x, y) be oriented coordinates on U , by Remark 3.16, in the
notation of Proposition 4.15 we have

vol(TU (ε)) =
ˆ
U

ˆ min{ε,tcut(p)}

0
JS(t, x, y) dtdxdy =

ˆ ε

0

(ˆ
U

JS(t, x, y) dxdy
)
dt.
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Since U is relatively compact and does not contain characteristic points, the exponential map is smooth,
and real-analytic in t, therefore

JS(t, x, y) =
∞∑
n=0

tn

n!∂
n
t JS(0, x, y).

We may substitute the above expression in the formula for the volume, and exchange the sum with
the integral, since the series is uniformly convergent in compact subsets of R+ × S× (this can be seen
from the explicit expression of the exponential map given in (29), see also [BRR26]), we find

vol(TU (ε)) =
∞∑
n=0

ˆ ε

0

tn

n!

(ˆ
U

∂nt JS(0, x, y) dxdy
)
dt =

∞∑
n=0

εn+1

(n+ 1)!

ˆ
U

σ
(n)
S ,

where in the last equation we integrated with respect to t and used Lemma 4.17. □

5.2. The half-tube around small sub-level sets of tcut. When characteristic points are present,
the cut time is not uniformly bounded below, see Corollary 3.11, and the behavior of the volume of
the half-tube depends on the shape of the sub-level sets of the cut time.

Lemma 5.2. Let S = ∂Ω ⊂ H1 be a smooth oriented embedded surface containing only geometrically
stable characteristic points. Let U ⊂ S be a compact set having all its characteristic points in its
interior. There exists r0 > 0 such that

B(r0) := {q ∈ U ∩ S : tcut(q) ≤ r0},
contains all the characteristic points of U . Moreover B(r0) is a union of finitely many, disjoint, smooth
embedded compact balls, each one containing exactly one characteristic point, and each one admitting
a positive system of polar coordinates (r, θ) ∈ [0, r0] × S1 such that

tcut(r, θ) = r. (59)

Proof. Since geometrically stable characteristic points are non-degenerate, they are isolated (see for
instance [BBP25, Thm. 1.1]). Thus, being U compact, U ∩ Σ(S) = {p1, . . . , pk}. By Corollaries 3.9
and 3.11, tcut(p) = 0 if and only if p ∈ U ∩Σ(S). Therefore, U ∩Σ(S) ⊂ B(r0), for every r0 > 0, and in
addition, by the continuity of the cut time, for every neighborhood V of U ∩ Σ(S) there exists r0 > 0
sufficiently small such that B(r0) ⊂ V . We take V to be a union of disjoint balls Bi containing the
characteristic point pi, i = 1, . . . , k, each and every one of them supporting polar coordinates (ρ, ϑ)
such that Theorem 1.5 holds. In such coordinates the function tcut(ρ, ϑ) is smooth and satisfies

tcut(ρ, ϑ) =
(π

2 − arctan (max{a, b})
)
ρ+ o(ρ), as ρ → 0+.

Thus, by the inverse function theorem, there exists ρ0 > 0 such that the following map
[0, ρ0] × S1 → R+ × S1, (ρ, ϑ) 7→ (tcut(ρ, ϑ), ϑ) =: (r, θ)

is a smooth diffeomorphism onto its image, which contains [0, r0] × S1 (up to reducing r0 > 0). This
gives polar coordinates (r, θ), such that tcut(r, θ) = r, defined on the whole [0, r0] × S1. Moreover, up
to changing θ 7→ −θ, we may assume that (r, θ) are positively oriented polar coordinates. Finally, the
existence of such polar coordinates (r, θ) implies that, for each i = 1, . . . , k, Bi∩B(r0) = {(r, θ) ∈ Bi :
r ≤ r0} is a smooth closed ball. □

Remark 5.3. The above lemma also holds for homogeneous surfaces, with the only requirement that
their characteristic point is not degenerate, i.e., for Sa,b with 1+ab ̸= 0. Indeed in such case Theorem 1.1
gives tcut(ρ, ϑ) = ca,bρ, where ca,b > 0. Thus (r, θ) := (ca,bρ, ϑ) are polar coordinates in which the cut
time coincides with the radius, well defined on every ball Br0 = {ca,bρ ≤ r0}, for r0 > 0. To ensure
positive orientation of the pair (r, θ) we make the additional change θ 7→ sign(1 + ab)θ, cf. Remark 4.6.

We now compute the asymptotics of the volume of the half-tube around a small neighborhood of a
geometrically stable characteristic point.
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Lemma 5.4. Let S = ∂Ω ⊂ H1 be a smooth oriented embedded surface containing only geometrically
stable characteristic points and let B ⊂ S be one of the balls of Lemma 5.2 with the coordinates (r, θ)
of (59). Then, the function Φ : R2 → R defined by

Φ(s, r) := r3
ˆ 2π

0

ˆ s

0
JS(u, r, θ)dudθ, (60)

where JS is defined in (50) is smooth. Furthermore, for 0 ≤ ε ≤ r0, the following formula holds

vol(TB(ε)) =
ˆ ε

0
Φ(1, r)dr +

ˆ r0

ε

Φ
(ε
r
, r
)
dr. (61)

Proof. The smoothness of Φ defined in (60) is a direct consequence of Proposition 4.13. We now show
(61). Recall that, according to Lemma 5.2, in coordinates (r, θ), we have B = {(r, θ) : 0 ≤ r ≤
r0, 0 ≤ θ ≤ 2π} and tcut(r, θ) = r. Thus, starting from the identity (38), we express the integrals in
coordinates (t, r, θ), using the notation of Proposition 4.13:

vol(TB(ε)) =
ˆ
B

ˆ min{ε,tcut}

0
exp⊥∗(ν0 ∧ ν1 ∧ ν2) =

ˆ 2π

0

ˆ r0

0

ˆ min{ε,r}

0
JS(t, r, θ)dtdrdθ

=
ˆ r0

0
r3
ˆ 2π

0

ˆ min{ ε
r ,1}

0
JS(u, r, θ)dudθdr,

where, in the last equality, we have performed the change of coordinates t = ur, used (50) and
exchanged the order of integration in r and θ. Therefore, by definition of Φ(s, r) we have

vol(TB(ε)) =
ˆ r0

0
Φ
(

min
{ε
r
, 1
}
, r
)
dr =

ˆ ε

0
Φ(1, r)dr +

ˆ r0

ε

Φ
(ε
r
, r
)
dr.

□

Remark 5.5. In the case of a non-degenerate homogeneous surface Sa,b, the above lemma holds on the
balls B = Br0 = {ca,bρ < r0}, for r0 > 0. Applying the change of variables (r, θ) = (ca,bρ,±ϑ) we find

JSa,b
(u, r, θ) = JSa,b

(u, θ) = ±
(

1
ca,b

)3
JSa,b

(ca,bu, 1,±θ),

where ± = sign(1 + ab) and JSa,b
(t, ρ, ϑ) is the Jacobian of the normal exponential map computed

with respect to the coordinates (t, ρ, ϑ), and ca,b = π/2 − arctan(max{a, b}). In particular

Φa,b(s, r) = r3
ˆ 2π

0

ˆ s

0
JSa,b

(u, θ)du dθ. (62)

The asymptotics of the first integral in (61), as ε → 0+ is a standard Taylor expansion as the
function Φ(1, ·) is smooth. In order to describe the asymptotic structure of the second integral in (61),
we introduce the finite part.

Definition 5.6 (Finite part of a function). Let f : (0,+∞) → R be a smooth function satisfying

f(δ) =
M∑
j=1

cjδ
−j + cℓ log δ + c0 + o(1), as δ → 0+. (63)

Then, we call c0 the finite part of f and write Fpδ→0+ f(δ) := c0.

Remark 5.7. The definition of finite part of a function is well-posed, indeed the coefficients of the
expansion (63) are uniquely determined by f , as a consequence of Lemma B.1. Moreover, observe that
Fpδ→0+ f(δ) is linear in f and agrees with the limit limδ→0+ f(δ) whenever the latter exists.

The proof of the next lemma is deferred to Appendix B.
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Lemma 5.8. Let r0 > 0 and let G : [0, 1] × [0, r0] → R be smooth. Set

G(ε) =
ˆ r0

ε

G
(ε
r
, r
)
dr. (64)

There are uniquely determined real coefficients γn, βn such that, for every integer N ≥ 0,

G(ε) =
N∑
n=0

εn
(
γn + βn log ε

)
+ o(εN ), ε → 0+.

Moreover, γ0 =
´ r0

0 G(0, r) dr, β0 = 0, and, for n ≥ 1,

γn = Fpδ→0+

(
1
n!

ˆ r0

δ

∂nsG(0, r)
rn

dr + 1
(n− 1)!

ˆ 1

δ

∂n−1
r G(s, 0)
sn+1 ds

)
,

βn = −∂ns ∂
n−1
r G(0, 0)
n!(n− 1)! .

(65)

We are in position to obtain the asymptotic expansion of the volume of the half-tube around a
characteristic point.

Proposition 5.9. Let S = ∂Ω ⊂ H1 be a smooth oriented embedded surface whose characteristic points
are geometrically stable, and let B be one of the balls of Lemma 5.2. There are uniquely determined
real coefficients αn(B), βn(B), n ≥ 4, such that, for every integer N ≥ 4,

vol(TB(ε)) =
3∑

n=1

εn

n!

ˆ
B

σ
(n−1)
S +

N∑
n=4

εn
(
αn(B) + βn(B) log ε

)
+ o(εN ), as ε → 0+.

In the polar coordinates (r, θ) of Lemma 5.2, where tcut(r, θ) = r, the logarithmic coefficients are

βn(B) = − 1
n!(n− 4)!

ˆ 2π

0
∂n−4
r ϕn−1(0, θ) dθ, n ≥ 4,

where ϕn ∈ C∞(R+ × S1) is the smooth function defined in Corollary 4.18.

Proof. By Lemma 5.4, we have the identity

vol(TB(ε)) =
ˆ ε

0
Φ(1, r) dr +

ˆ r0

ε

Φ(ε/r, r) dr, 0 < ε ≤ r0. (66)

Due to the factor r3 in (60), the first integral in (66) has a Taylor expansion starting at order four.
Thus, for every N ≥ 4, it holds:

ˆ ε

0
Φ(1, r) dr =

N∑
n=4

ωnε
n + o(εN ), as ε → 0+.

An application of Lemma 5.8, with Φ in place of G, to the second integral implies the existence of real
coefficients γn, βn for n ∈ N, such that, for every N ≥ 0, we have

ˆ r0

ε

Φ(ε/r, r) dr =
N∑
n=0

εn(γn + βn log ε) + o(εN ), as ε → 0+.

Additionally, Lemma 5.8 gives the explicit expression of the coefficients: for n = 0 we have

γ0 =
ˆ r0

0
Φ(0, r) dr = 0, β0 = 0.

For γn, with n = 1, 2, 3, due to the factor r3 in (60), ∂n−1
r Φ(s, 0) = 0 and, using (65), we find

γn = Fpδ→0+

(
1
n!

ˆ r0

δ

∂ns Φ(0, r)
rn

dr + 1
(n− 1)!

ˆ 1

δ

∂n−1
r Φ(s, 0)
sn+1 ds

)
= Fpδ→0+

(
1
n!

ˆ r0

δ

∂ns Φ(0, r)
rn

dr

)
.
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Recalling the definition of Φ in (60), we may use Corollary 4.18, and in particular (55), to obtain

∂ns Φ(0, r) = r3
ˆ 2π

0
ϕn−1(r, θ)dθ. (67)

Therefore

γn = 1
n! Fpδ→0+

(ˆ r0

δ

ˆ 2π

0
r3−nϕn−1(r, θ)dθdr

)
= 1
n!

ˆ r0

0

ˆ 2π

0
r3−nϕn−1(r, θ)dθdr = 1

n!

ˆ
B

σ
(n−1)
S ,

where, in the last equality, we used that the n-th curvature form satisfies σ(n)
S = r2−nϕn(r, θ) dr ∧ dθ,

cf. Corollary 4.18. Similarly, the formula for βn in (65) gives zero for n < 4 while, for n ≥ 4, gives

βn = −∂ns ∂
n−1
r Φ(0, 0)

n!(n− 1)! = − 1
n!(n− 1)!∂

n−1
r

(
r3
ˆ 2π

0
ϕn−1(r, θ)dθ

)∣∣∣∣
r=0

= − 1
n!(n− 1)!

(
n− 1

3

)
3!
ˆ 2π

0
∂n−4
r ϕn−1(0, θ)dθ

= − 1
n!(n− 4)!

ˆ 2π

0
∂n−4
r ϕn−1(0, θ)dθ.

Therefore, we may conclude the proof setting

αn(B) :=


1
n!

ˆ
B

σ
(n−1)
S , n = 1, 2, 3,

ωn + γn, n ≥ 4,

βn(B) := βn = − 1
n!(n− 4)!

ˆ 2π

0
∂n−4
r ϕn−1(0, θ)dθ, n ∈ N, n ≥ 4.

□

Remark 5.10. Collecting the observation of Remark 5.3 and Remark 5.5 we see that the proof of the
previous proposition applies to non-degenerate homogeneous surfaces Sa,b as well. In particular, the
expression of Φa,b in (62) shows that the functions ϕn(r, θ) of (67) are actually independent of r, i.e.
ϕn(r, θ) = ϕn(θ) in the homogeneous case. Therefore βn(B) ̸= 0 necessarily implies n = 4.

5.3. Steiner’s formula for characteristic surfaces. Collecting the results of the previous sections
we may prove Theorem 1.6.

Proof of Theorem 1.6. We apply Lemma 5.2 to the set U and find r0 > 0 such that B(r0) is a finite
union of disjoint embedded balls B1, . . . Bk centered at the (finitely many) characteristic points of U .
Therefore U is the disjoint union of U \B(r0), B1, . . . , Bk and, as a consequence, using Remark 3.14,
we have

vol(TU (ε)) = vol(TU\B(r0)(ε)) +
k∑
i=1

vol(TBi
(ε)).

Since the closure of the set U \ B(r0) does not contain characteristic points, the asymptotics of ε 7→
vol(TU\B(r0)(ε)), as ε → 0+, follows by Lemma 5.1 and it holds:

vol(TU\B(r0)(ε)) =
∞∑
n=1

εn

n!

ˆ
U\B(r0)

σ(n−1). (68)

On the other hand, the asymptotics of ε 7→ vol(TBi(ε)), as ε → 0+, for i = 1, . . . , k, is a conse-
quence of Proposition 5.9. More precisely, for every i = 1, . . . , k, there is a collection of real numbers
{αn(Bi), βn(Bi)}n∈N such that, given N ∈ N, it holds

vol(TBi
(ε)) =

3∑
n=1

εn

n!

ˆ
Bi

σ(n−1) +
N∑
n=4

εn(αn(Bi) + βn(Bi) log ε) + o(εN ), as ε → 0+. (69)
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Combining (68) and (69), we find coefficients {αn(U), βn(U)}n∈N,n≥4 such that (20) holds. Note that
these coefficients are uniquely determined by Lemma B.1. □

We prove the analogue statement for non-degenerate homogeneous surfaces.

Proof of Theorem 1.2. In light of the observations contained in Remark 5.3, Remark 5.5 and Re-
mark 5.10 we may repeat verbatim the proof of Theorem 1.6 deducing the validity of (20) in the
homogeneous case as well. Moreover, by Remark 5.10, βn(U) ̸= 0 implies n = 4. We may compute
β4(U) applying (65) with G(s, r) = Φa,b(s, r), with the latter computed in Remark 5.5, finding

β4 = − sign(1 + ab)
24

ˆ 2π

0
∂3
sJa,b(s, 1, sign(1 + ab)θ)|s=0dθ.

The Jacobian Ja,b(s, ρ, ϑ) is computed explicitly in Lemma A.2. In particular, integration with respect
to θ has the effect of canceling the term s(a− b) cos(2ϑ+ 2s) in (145), while multiplying the remaining
piece by 2π, leaving us with

β4 = −π
48|1 + ab|

∂3
s

[
(1 + ab) + (1 − ab)

(
cos(2s) + s sin(2s)

)
+ (a+ b)

(
s cos(2s) − sin(2s)

)]∣∣∣
s=0

.

The function (1 +ab) + (1 −ab)
(
cos(2s) + s sin(2s)

)
is even so it has vanishing third derivative at zero.

The remaining term (a+ b)
(
s cos(2s) − sin(2s)

)
has third derivative at zero −4(a+ b). This confirms

the value of β4 in (14). □

6. Distributional character of higher-order coefficients. Proof of Theorem 1.7

Recall that the metric projection of S is the (possibly multivalued) map

p : H1 → S, p(q) = arg min
p∈S

dSR(p, q).

In particular, p(q) is the starting point of a geodesic realizing the distance from q to S, i.e.,

|distS(q)| = dSR(q, p), ∀ p ∈ p(q).

By Theorem 3.7 and Corollary 3.12, the set TS(ε)\cut(S) has full measure in TS(ε), and the restriction

pε := p|TS(ε)\cut(S) : TS(ε) \ cut(S) → S

is a smooth function, since, for every p ∈ S× and every t ∈ (0, tcut(p)), it satisfies

pε ◦ exp⊥
S (t, p) = p. (70)

This also implies that the push-forward measure (pε)# vol is well-defined and we have

vol(TS(ε)) =
ˆ
S

d(pε)# vol = (pε)# vol(S).

Now, for a given U ⊂ S and φ ∈ C∞(U), we study the asymptotic expansion, at ε = 0, of the function:

ε 7→ volφ(TU (ε)) :=
ˆ
U

φd(pε)# vol =
ˆ

TU (ε)
(φ ◦ pε)d vol .

Note that, for U = S, volφ(TS(ε)) coincides with the pairing ⟨µε, φ⟩ defined in (21). The next theorem
can be proven following the arguments of Section 5. We sketch its proof for the reader’s convenience.

Theorem 6.1. Let S = ∂Ω ⊂ H1 be a smooth, oriented, embedded surface. Assume that Σ(S) consists
only of geometrically stable characteristic points. Let φ ∈ C∞

c (S). Then, there exist real numbers
{αn(φ), βn(φ)}n∈N ⊂ R such that, for every N ≥ 4,

volφ(TS(ε)) = α1(φ)ε+ α2(φ)ε2 + α3(φ)ε3 +
N∑
n=4

εn(αn(φ) + βn(φ) log ε) + o(εN ), (71)
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as ε → 0+. Moreover, letting σ(n)
S be the curvature forms of Definition 4.16, we have

αn(φ) = 1
n!

ˆ
S

φσ
(n−1)
S , n = 1, 2, 3.

Finally, if S is homogeneous, the results hold requiring only non-degenerate characteristic points.

Proof. Firstly, combining Theorem 3.13 and the identity (70), we may write

volφ(TS(ε)) =
ˆ
S

φ(p)
ˆ min{ε,tcut(p)}

0
exp⊥∗

S (ν0 ∧ ν1 ∧ ν2), (72)

Then, we consider a compact set U ⊂ S, having its characteristic points in its interior, such that
suppφ ⊂ U (note that this set always exists since Σ(S) consists of isolated points). Then, we have

volφ(TS(ε)) = volφ(TU (ε)).
We now split U as in the proof of Theorem 1.6 and then, by Remark 3.14, we can split the volume
accordingly:

volφ(TU (ε)) = volφ(TU\B(r0)(ε)) +
k∑
i=1

volφ(TBi
(ε)), (73)

where we recall that B(r0), defined in Lemma 5.2 (see Remark 5.3 for the non-degenerate homogeneous
case), is the finite union of the balls Bi, each of which contains a single characteristic point. Note that
U \B(r0) does not contain characteristic points, thus infU\B(r0) tcut > 0. This means that, exploiting
(72), one can easily adapt the proof of Lemma 5.1 to the weighted volume to obtain that the term
volφ(TU\B(r0)(ε)) in (73) has the expansion:

volφ(TU\B(r0)(ε)) =
∞∑
n=0

εn+1

(n+ 1)!

ˆ
U\B(r0)

φσ
(n)
S . (74)

For ease of notation, set B := Bi, for some i = 1, . . . , k, and let (r, θ) be the polar coordinates identified
by Lemma 5.2. To discuss the term volφ(TB(ε)) in (73), using the notation of Proposition 4.13, we
define

Φφ : R+ × R+ → R, Φφ(s, r) := r3
ˆ 2π

0
φ(r, θ)

ˆ s

0
J (u, r, θ)du dθ. (75)

As in the case where φ ≡ 1, Φφ is smooth and, repeating the proof of Lemma 5.4 (or Remark 5.5 for
the non-degenerate homogeneous case), one can show that, for 0 ≤ ε ≤ r0, it holds

volφ(TB(ε)) =
ˆ ε

0
Φφ(1, r)dr +

ˆ r0

ε

Φφ
(ε
r
, r
)
dr. (76)

Reasoning as in the proof of Proposition 5.9 (see Remark 5.10 for the analogous statement for non-
degenerate homogeneous surfaces), the first integral in (76) is a smooth function at ε = 0, hence it
admits a standard Taylor expansion. The second integral in (76) can be discussed using Lemma 5.8,
with G = Φφ therein. Combining these two ingredients, for a fixed N ∈ N, we obtain the expansion:

volφ(TB(ε)) =
N∑
n=0

εn (γn + βn log ε) + o(εN ), as ε → 0+, (77)

for a collection of real numbers {γn, βn}n∈N. Finally, combining (74) with (77) applied for each ball
Bi, i = 1, . . . , k, we obtain (71). The characterization of the first three coefficients of (71) can be
obtained as in Proposition 5.9. □

Corollary 6.2. Under the hypotheses and notations of Theorem 6.1, assume that supp(φ)∩Σ(S) = ∅.
Then, for every n ≥ 1 it holds

αn(φ) = 1
n!

ˆ
S

φσ
(n−1)
S , βn(φ) = 0.
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Proof. Observe that supp(φ) is a compact set that does not contain characteristic points. Hence, we
may choose r0 > 0 so small that B(r0) ∩ supp(φ) = ∅. The result then follows from (74). □

6.1. The finite part of a curvature form. In light of the non-integrable behavior of the high-order
curvature forms at characteristic points (cf. Corollary 4.19), we now introduce a notion of regularization
of their (potentially) divergent integrals. The regularization procedure is performed using the cut time.

Definition 6.3 (Finite part of a curvature form). Let S = ∂Ω ⊂ H1 be a smooth embedded surface
and let σ(n)

S be its n-th curvature form, for n ∈ N. The finite part of σ(n)
S is the functional Fp(σ(n)

S )
on C∞

c (S) defined by

⟨Fp(σ(n)
S ), φ⟩ := Fpδ→0+

(ˆ
{tcut>δ}

φσ
(n)
S

)
, ∀φ ∈ C∞

c (S).

The next lemma shows that the finite part of a curvature form is well-defined and defines a distri-
bution on S, as long as Σ(S) contains only geometrically stable points.

Lemma 6.4. Assume that Σ(S) consists of geometrically stable characteristic points. Then, for every
n ∈ N and every φ ∈ C∞

c (S), the function

δ 7→
ˆ

{tcut>δ}
φσ

(n)
S

has an expansion of the form (63) as δ → 0+. Moreover, for every n ≥ 2, the finite part of a curvature
form is a distribution on C∞

c (S) of order at most n− 2. Finally, if S is homogeneous, the results hold
requiring only non-degenerate characteristic points.

Proof. For n ≤ 2, Corollary 4.19 gives local integrability of σ(n)
S , hence, given φ ∈ C∞

c (S),

∃ lim
δ→0+

ˆ
{tcut>δ}

φσ
(n)
S =

ˆ
S

φσ
(n)
S .

Hence, taking into account Remark 5.7, the finite part of σ(n)
S is well-defined and coincides with

the evaluation of the integral. For n ≥ 3, let 0 < δ < r0 be small enough for Lemma 5.2 to hold
(cf. Remark 5.3 for the homogeneous case). Thenˆ

{tcut>δ}
φσ

(n)
S =

ˆ
{δ<tcut<r0}

φσ
(n)
S +

ˆ
{tcut≥r0}

φσ
(n)
S . (78)

The second integral of (78) is independent of δ so it contributes with a constant to the asymptotic
expansion of

´
{tcut>δ} φσ

(n)
S . We now deal with the first integral of (78). By Lemma 5.2, by additivity

of the integral, the latter splits into |Σ(S) ∩ suppφ| summands of the form

δ 7→
ˆ

{δ<tcut<r0}∩B
φσ

(n)
S , (79)

where B is one of the disjoint balls of Lemma 5.2. Therefore, it is sufficient to show that the finite
part of one of such terms is well-defined and a distribution on C∞

c (S). To deal with (79), we use the
coordinates (r, θ) of Lemma 5.2, in which tcut(r, θ) = r. Corollary 4.18 then gives

ˆ
{δ<tcut<r0}∩B

φσ
(n)
S =

ˆ r0

δ

ˆ 2π

0
φ(r, θ)r2−nϕn(r, θ)dθdr =

ˆ r0

δ

r2−naφ,n(r)dr, (80)

where we have denoted

aφ,n(r) :=
ˆ 2π

0
φ(r, θ)ϕn(r, θ)dθ. (81)
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Now, the function aφ,n is smooth at r = 0, thus it admits a Taylor expansion, up to any order N ∈ N,
of the form:

aφ,n(r) =
N∑
k=0

a
(k)
φ,n(0)
k! rk + rN+1Rφ,N+1(r), as r → 0+,

where Rφ,N+1 is a smooth function on R+. Adding and subtracting to aφ,n in (80) its Taylor polynomial
up to order n− 3, we obtain:

ˆ r0

δ

r2−naφ,n(r)dr =
ˆ r0

δ

Rφ,n−2(r)dr +
n−3∑
k=0

ˆ r0

δ

a
(k)
φ,n(0)
k! r2−n+kdr. (82)

Integrating the second summand in (82), term by term, yields
n−3∑
k=0

ˆ r0

δ

a
(k)
φ,n(0)
k! r2−n+kdr =

n−4∑
k=0

a
(k)
φ,n(0)(r3−n+k

0 − δ3−n+k)
k!(3 − n+ k) + a

(n−3)
φ,n (0)
(n− 3)! log

(r0

δ

)
.

Concerning the first summand of (82), by smoothness of Rφ,n−2(r), we haveˆ r0

δ

Rφ,n−2(r)dr =
ˆ r0

0
Rφ,n−2(r)dr + o(1).

Therefore, the function (79) has an expansion of the kind (63), and its finite part, denoted by

⟨TB , φ⟩ :=
ˆ r0

0
Rφ,n−2(r)dr +

n−4∑
k=0

a
(k)
φ,n(0)r3−n+k

0
k!(3 − n+ k) + a

(n−3)
φ,n (0)
(n− 3)! log r0,

defines a distribution on C∞
c (S). Indeed, for every k, a(k)

φ,n (cf. (81)) depends linearly and continuously
on φ by Proposition C.6, hence

C∞
c (S) ∋ φ 7→

n−4∑
k=0

a
(k)
φ,n(0)r3−n+k

0
k!(3 − n+ k) + a

(n−3)
φ,n (0)
(n− 3)! log r0,

is a distribution of order at most n − 3. On the other hand, by Lagrange remainder theorem one
deduces that the mapping

C∞
c (S) ∋ φ 7→

ˆ r0

0
Rφ,n−2(r)dr = 1

(n− 3)!

ˆ r0

0

ˆ 1

0

ˆ 2π

0
(1 − t)n−3∂n−2

s (φ(s, θ)ϕn(s, θ)) |s=trdθdtdr.

(83)
is linear. While arguing as in the proof of Proposition C.6, we infer the continuity of (83) in the
Cn−2-topology. Finally, TB defines a distribution of order at most n− 2, as claimed. □

6.2. Expression of the coefficients around a characteristic point. In this section, we give an
explicit expression of the coefficients of Theorem 6.1, relating them to the finite part of the curvature
forms. Recall that, given p ∈ Σ(S) a geometrically stable characteristic point and φ ∈ C∞

c (S), then,
in coordinates (r, θ) of Lemma 5.2, the function Φφ(s, r) defined in (75) is smooth. More precisely,
letting JS(u, r, θ) be the function of Proposition 4.13, we can write

Φφ(s, r) = r3
ˆ 2π

0
φ(r, θ)

ˆ s

0
JS(u, r, θ) dudθ. (84)

Recall the notation (81):

aφ,n−1(r) =
ˆ 2π

0
φ(r, θ)ϕn−1(r, θ)dθ, ϕn(r, θ) = ∂ns JS(s, r, θ)|s=0,

where the function ϕn satisfies (cf. (55))

σ
(n)
S = r2−nϕn(r, θ) drdθ.

For the next lemma, recall the notion of finite part of a function, given in Definition 5.6, and of a
curvature form, given in Definition 6.3.



34 D. BARILARI, E. BELLINI, AND T. ROSSI

Lemma 6.5. Under the hypotheses of Theorem 6.1, assume that supp(φ) ⊂ B, where B is one of the
balls of Lemma 5.2. Then, for every n ∈ N, n ≥ 4, in the coordinates of Lemma 5.2, it holds

αn(φ) = 1
n!
〈
Fp(σ(n−1)

S ), φ
〉

+ TBn (φ), βn(φ) = −
a

(n−4)
φ,n−1(0)
n!(n− 4)! (85)

where TBn is a distribution on B of order n− 4 and has the explicit expression

TBn (φ) = hφ,n(1)
n

+ Fpδ→0+

(ˆ 1

δ

hφ,n(s)
sn+1 ds

)
, hφ,n(s) := ∂n−1

r Φφ(s, 0)
(n− 1)! .

Proof. Fix φ ∈ C∞
c (S), with supp(φ) ⊂ B, and n ≥ 4. We recall the splitting (76) and compute the

contributions of the two integrals appearing therein separately. The function Φφ(s, r) is r3 times a
smooth function. Therefore, for N ≥ 4, a standard Taylor expansion of Φφ and integration give
ˆ ε

0
Φφ(1, r) dr =

N∑
n=4

εn

n! ∂
n−1
r Φφ(1, 0) +O(εN+1) =

N∑
n=4

εn
hφ,n(1)
n

+O(εN+1), as ε → 0+. (86)

For the second integral in (76), we apply Lemma 5.8 with G = Φφ. Formula (65) then gives

γn = Fpδ→0+

(
1
n!

ˆ r0

δ

∂ns Φφ(0, r)
rn

dr +
ˆ 1

δ

hφ,n(s)
sn+1 ds

)
, βn = −∂n−1

r ∂ns Φφ(0, 0)
n!(n− 1)! . (87)

Using (81) we find, for every sufficiently small δ > 0,ˆ r0

δ

∂ns Φφ(0, r)
rn

dr =
ˆ r0

δ

ˆ 2π

0
φ(r, θ)r3−nϕn−1(r, θ)dθdr =

ˆ
{tcut>δ}

φσ
(n−1)
S ,

where the last equality uses suppφ ⊂ B. Thus, by Definition 6.3, we deduce that

Fpδ→0+

(ˆ r0

δ

∂ns Φφ(0, r)
rn

dr

)
= ⟨Fp(σ(n−1)

S ), φ⟩.

Adding the contribution of order εn of the two integrals in (76), which are, respectively, the coefficient
of order εn in (86) and γn in (87), we obtain

αn(φ) = 1
n!
〈
Fp(σ(n−1)

S ), φ
〉

+ Fpδ→0+

(ˆ 1

δ

hφ,n(s)
sn+1 ds

)
+ hφ,n(1)

n
,

which is the asserted formula for αn(φ). Finally, the only contribution to order εn log(ε) is given by
βn in (87), which, using (81), rewrites as

βn(φ) = − 1
n!(n− 1)! ∂

n−1
r

(
r3aφ,n−1(r)

)∣∣
r=0 = −

a
(n−4)
φ,n−1(0)
n!(n− 4)! .

Hence, the proof is complete if we show that Tn ∈ D′(B) of order at most n − 4. Note that, by
definition of hφ,n and by (84), there exist smooth functions Jk(s, θ) such that

hφ,n(s) = ∂n−1
r Φφ(s, 0)

(n− 1)! =
n−4∑
k=0

ˆ 2π

0
∂krφ(0, θ)Jk(s, θ)dθ,

The upper index is n− 4 because exactly three of the n− 1 derivatives with respect to r have to fall
on the factor r3 for the result to be nonzero. Therefore

Fpδ→0+

(ˆ 1

δ

hφ,n(s)
sn+1 ds

)
=
n−4∑
k=0

ˆ 2π

0
∂krφ(0, θ) Fpδ→0+

(ˆ 1

δ

Jk(s, θ)
sn+1 ds

)
dθ

=:
n−4∑
k=0

ˆ 2π

0
∂krφ(0, θ)Ĵk(θ)dθ,

where the swapping of the finite part and the integral is justified by Lemma C.7. The latter sum
defines a distribution of order n − 4, by direct application of Proposition C.6. Finally, the fact that
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φ 7→ hφ,n(1) is a distribution of order n − 4 follows by computing hφ,n(1) using (84) and applying
Proposition C.6. □

6.3. Curvature distributions. Proof of Theorem 1.7. We are now in position to study in detail
the structure of the coefficients of the expansion of volφ(TS(ε)). The first three coefficients of the
expansion are given by the curvature measures σ(n−1)

S , for n = 1, 2, 3. For n ≥ 4, the coefficients
no longer define curvature measures, but rather curvature distributions. For further details around
distributions on manifolds, we refer to Appendix C.

Proof of Theorem 1.7. We firstly observe that volφ(TS(ε)) is linear with respect to φ. Since, by The-
orem 6.1, ε 7→ volφ(TS(ε)) admits an expansion of the form (147), its coefficients are uniquely deter-
mined, by Lemma B.1. Consequently, we deduce that αn(·) and βn(·) are linear functionals on C∞

c (S).
We now show that they are distributions of the claimed orders, starting from αn(·). By Lemma 5.2
(cf. Remark 5.3 for the homogeneous case), there exists a collection of (possibly) countably many dis-
joint embedded balls {Bi}i∈N centered at the characteristic points of S (cover S with countably many
compact sets satisfying the hypothesis of the lemma, and apply the latter to each one). We define
U = S \ Σ(S). Then, {U, int(Bi)}i∈N is an open cover for S. By Proposition C.3, αn is a distribution
of order at most n− 3 if we show that restrictions αn|U := αn|C∞

c (U), αn|int(Bi) := αn|C∞
c (int(Bi)) are

local distributions of the same order. Now, by Corollary 6.2, observe that

αn|U (φ) = 1
n!

ˆ
U

φσ
(n−1)
S , ∀φ ∈ C∞

c (U),

thus αn|U ∈ D′(U) of order 0, and in particular it is continuous in Cn−3
c (U). We are left to check the

claim for αn|int(Bi), for every i ∈ N. Fix i ∈ N and set B := int(Bi), then, by Lemma 6.5, we have

αn|B(φ) = 1
n! ⟨Fp(σ(n−1)

S ), φ⟩ + T in(φ), ∀φ ∈ C∞
c (B),

where we recall that T in ∈ D′(B) of order at most n− 4, supported at the unique characteristic point
of B. On the other hand, the finite part of a curvature form Fp(σ(n−1)

S ) is a distribution on S of order
at most n− 3, by Lemma 6.4. Therefore, we conclude that αn|B ∈ D′(B) of order ≤ n− 3 as claimed.
The proof of item (i) is then completed, setting

Tn(φ) :=
∑
i∈N

T in(φ) ∀φ ∈ C∞
c (S).

Note that, for every fixed φ ∈ C∞
c (S), the above series is a finite sum. Indeed, Σ(S) consists of

geometrically stable characteristic points, which must be isolated. In addition the order of Tn is at
most n − 4 and supp(Tn) ⊂

⋃
i∈N supp(T in) ⊂ Σ(S). Similarly for βn(·), combining Corollary 6.2 and

Lemma 6.5, we have

βn|U = 0, βn|B(φ) = − 1
n!(n− 4)!

ˆ 2π

0
∂n−4
r (φ(r, θ)ϕn−1(r, θ)) |r=0dθ.

Proposition C.6 and Proposition C.3 then imply that βn(·) is a distribution of order at most n − 4
supported at the characteristic set. □

6.4. More on the logarithmic coefficients. The coefficient βn(·) is a distribution of order at most
n−4, supported on the characteristic set. For φ ∈ C∞

c (S) whose support contains a single characteristic
point p, Lemma 6.5 allows one to compute βn(φ) explicitly as

βn(φ) = − 1
n!(n− 4)! ∂

n−4
r

(ˆ 2π

0
φ(r, θ)ϕn−1(r, θ) dθ

)∣∣∣∣
r=0

, (88)

where (r, θ) are positive polar coordinates centered at p such that tcut(r, θ) = r. Since iterated
derivatives with respect to r = tcut appear, one may think that βn depends on high order derivatives
of the cut time function. However, remarkably enough, the value of the right hand side of (88) is
independent of the polar coordinates used to compute it.
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Proposition 6.6. Under the hypotheses of Theorem 1.7, let p ∈ Σ(S) and let U ⊂ S be an open set
such that U ∩ Σ(S) = {p}. For every systems of positive polar coordinates (r, θ) centered at p we have

βn(φ) = − 1
n!(n− 4)! ∂

n−4
r

(ˆ 2π

0
φ(r, θ)ϕn−1(r, θ) dθ

)∣∣∣∣
r=0

, ∀φ ∈ C∞
c (U), n ≥ 4,

where ϕn is defined in Corollary 4.18. In particular the right-hand side is independent of the choice of
the positive polar coordinates centered at p.

Proof. Fix n ≥ 4 and set m = n− 4. In the chosen coordinates, write

φσ
(n−1)
S = r−m−1f(r, θ) dr ∧ dθ, f(r, θ) = φ(r, θ)ϕn−1(r, θ).

A Taylor expansion at r = 0 gives

f(r, θ) =
m∑
j=0

rjfj(θ) +O(rm+1), fj(θ) = 1
j!∂

j
rf(0, θ).

We define Lr(φ) as the coefficient of log δ in the expansion as δ → 0+ of the function

Ir(δ) :=
ˆ

{r>δ}
φσ

(n−1)
S .

Integrating the Taylor expansion term by term gives

Ir(δ) =
m−1∑
j=0

δj−m

m− j

ˆ 2π

0
fj(θ) dθ − log δ

ˆ 2π

0
fm(θ) dθ +O(1), δ → 0+,

where the sum is empty when m = 0. In particular, the coefficient of log δ is

Lr(φ) = −
ˆ 2π

0
fm(θ) dθ = − 1

(n− 4)! ∂
n−4
r

(ˆ 2π

0
φ(r, θ)ϕn−1(r, θ) dθ

)∣∣∣∣
r=0

.

By equation (85) of Lemma 6.5, if (r, θ) are the polar coordinates of Lemma 5.2, then Lr(φ) coincides
with n!βn(φ). It remains to show that Lr(φ) is independent of the choice of polar coordinates. Let
(r̃, θ̃) be another positively oriented smooth polar coordinate system. The radial component of the
coordinate change has the form

r̃ = r a(r, θ), a(0, θ) > 0,

with a smooth up to r = 0. By the implicit function theorem, the curve r̃ = δ can be written in the
old coordinates (r, θ) as r = δb(δ, θ), where b is smooth and positive. Thus, for sufficiently small δ,

Ir(δ) − I
r̃
(δ) =

ˆ 2π

0

ˆ δb(δ,θ)

δ

r−m−1f(r, θ) dr dθ.

For each Taylor term, the radial integral is

ˆ δb(δ,θ)

δ

rj−m−1 dr =

δj−m
b(δ, θ)j−m − 1

j −m
, j < m,

log b(δ, θ), j = m.

Since b is smooth and positive, these expressions have asymptotic expansions containing only integer
powers of δ. The Taylor remainder contributes O(δ). Hence the difference contains no logarithmic
term, proving Lr(φ) = L

r̃
(φ). □
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6.5. The local coefficients of ε4 log ε and ε4. The lowest-order correction beyond order ε3 in the
expansion of Theorem 1.7 is given by

β4(φ)ε4 log ε+
(

1
24 ⟨Fp(σ(3)), φ⟩ + T4(φ)

)
ε4,

where the distributions β4 and T4 are of order zero and supported on the characteristic set. We
explicitly compute these distributions showing that, at a given characteristic point p, they only depend
on the parameters a, b of the local homogeneous approximation.

Proposition 6.7. Under the hypotheses of Theorem 1.7, let p ∈ Σ(S) and let U ⊂ S be an open set
such that U ∩ Σ(S) = {p}. Then

β4|U = π(a+ b)
12|1 + ab|

δp, T4|U = τa,bδp,

where τa,b ∈ R depends only on the parameters a, b of the homogeneous approximation. In particular

τ0,0 = 1 − π Si(π)
12 .

Proof. We first prove the formula for β4. Let φ ∈ C∞
c (U). By Proposition 6.6, given positive polar

coordinates centered at p

β4(φ) = −φ(p)
24

ˆ 2π

0
ϕ3(0, θ) dθ.

We may compute this integral in the positive adapted polar coordinates (ρ, sign(1+ab)ϑ) of (47). Note
that the factor sign(1 + ab) ensures that these coordinates are positively oriented, see Remark 4.6. By
Corollary 4.18, and in particular by equation (57), and by Example A.4 we obtainˆ 2π

0
±ϕ3(0,±ϑ) dϑ =

ˆ 2π

0
±ϕ(a,b)

3 (1,±ϑ) dϑ

= − 1
|1 + ab|

ˆ 2π

0

(
a+ b+ 3(a− b) cos(2ϑ)

)
dϑ = −2π(a+ b)

|1 + ab|
.

We now move to the formula for T4. It is sufficient to compute T4|B , where B is the ball of Lemma 5.2
(cf. Remark 5.3 for the homogeneous case) centered at p. Given φ ∈ C∞

c (B), Lemma 6.5 gives

T4|B(φ) = TB4 (φ) = hφ,4(1)
4 + Fpδ→0+

(ˆ 1

δ

hφ,4(s)
s5 ds

)
, hφ,4(s) = ∂3

rΦφ(s, 0)
3! ,

where Φφ(s, r) is defined in (84), i.e.

Φφ(s, r) = r3
ˆ 2π

0
φ(r, θ)

ˆ s

0
JS(u, r, θ)du dθ,

whereas (r, θ) are the polar coordinates of Lemma 5.2, and JS(t, r, θ) = r2JS(t/r, r, θ) is the Jacobian
determinant of exp⊥

S (t, r, θ) (cf. Proposition 4.13). The function hφ,4 can then be explicitly computed:

hφ,4(s) = φ(p)
ˆ 2π

0

ˆ s

0
JS(u, 0, θ) du dθ. (89)

Let now J̃S(t, ρ, ϑ) be the Jacobian determinant of the normal exponential map computed with respect
to the polar coordinates (ρ, ϑ) of (47). By Remark 4.14 and Theorem 1.5, we have

J̃S(t, ρ, ϑ) = ρ2
(
JSa,b

(
t

ρ
, 1, ϑ

)
+ ρRJ

(
t

ρ
, ρ, ϑ

))
, tcut(ρ, ϑ) = ca,bρ+O(ρ2),

with smooth remainders. The change to cut time coordinates (r, θ) = (tcut(ρ, ϑ),±ϑ), with

± = sign(1 + ab),
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has a smooth inverse (ρ, ϑ) = (q(r, θ),±θ), with q(r, θ) = r/ca,b + O(r2). Its Jacobian determinant is
±∂rq, since the angular coordinate is unchanged. Hence

JS(t, r, θ) = ±J̃S(t, q(r, θ),±θ) ∂rq(r, θ).

Evaluating at t = ur and dividing by r2 gives

JS(u, r, θ) = ±
(q
r

)2
∂rq(r, θ)

[
JSa,b

(
ur

q(r, θ) , 1,±θ
)

+ q(r, θ)RJ
(

ur

q(r, θ) , q(r, θ),±θ
)]

.

Since q(r, θ)/r extends smoothly with value c−1
a,b at r = 0, and ∂rq(0, θ) = c−1

a,b we obtain

JS(u, 0, θ) = ±c−3
a,bJSa,b

(ca,bu, 1,±θ).

Substituting the latter result in (89) yields

hφ,4(s) = φ(p)ha,b4 (s), ha,b4 (s) := ±c−3
a,b

ˆ 2π

0

ˆ s

0
JSa,b

(ca,bu, 1,±θ) du dθ

Finally we have

TB4 (φ) = φ(p)
[
ha,b4 (1)

4 + Fpδ→0+

(ˆ 1

δ

ha,b4 (s)
s5 ds

)]
=: φ(p)τa,b.

We see from its definition that the quantity τa,b is a constant depending on a, b alone.
For a = b = 0 we have c0,0 = π/2, sign(1 + ab) = +, and

JS0,0 = r2

4

[
1 + cos

(
2t
r

)
+
(
t

r

)
sin
(

2t
r

)]
,

therefore we may compute h0,0
4 (s) explicitly as

h0,0
4 (s) = 4

π2

ˆ s

0

[
1 + cos (πu) +

(πu
2

)
sin (πu)

]
du = 4

π2

[
s− s

2 cos(πs) + 3
2π sin(πs)

]
.

In particular, using the shorthand h := h0,0
4 ,

h(1)
4 = 3

2π2 , h(s) = 8
π2 s− π2

30 s
5 +O(s7).

Thus the finite part is

Fpδ→0+

ˆ 1

δ

h(s)
s5 ds = lim

δ→0+

[ˆ 1

δ

h(s)
s5 ds− 8

3π2δ3

]
= − 3

2π2 + 1
12 − π

12 Si(π),

Therefore

τ0,0 = h(1)
4 + Fpδ→0+

ˆ 1

δ

h(s)
s5 ds = 1 − π Si(π)

12 .

□

Part II. Cut time analysis

This part of the paper is entirely devoted to the study of the cut time function, both in the
homogeneous case and near geometrically stable characteristic points (see Definition 2.6). We first
compute the cut time for a homogeneous surface. We then apply the theory of Legendrian singularities
to show that, the cut time near a geometrically stable characteristic point can be obtained as a
perturbation of the one of the homogeneous model. Legendrianity needs to be taken into account
because the singularities of the normal exponential map at the cut locus are not stable in the class of
smooth mappings.
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Notation 6.8. Throughout this part, given a map f : M → N between smooth manifolds M and N ,
and given U ⊂ M , we set

Doub(f, U) = {x ∈ U : ∃x′ ∈ U, x′ ̸= x, f(x) = f(x′)}.

Whenever U = M we simply write Doub(f,M) = Doub(f).

7. The extended exponential map

The first step is to characterize the cut time of a smooth oriented embedded surface S = ∂Ω, in
terms of the double points of the extended exponential map, defined as

F : R+ × S× → H1 × R, F (t, q) := (exp⊥
S (t, q), ℓ(t, q)), ℓ(t, q) := t.

Note that ℓ(t, q) is the length of the normal geodesic from S starting at q at time t.

Remark 7.1. For (t, q) ∈ R+ × S× let λ(t, q) := etH⃗(λ⊥(q)). Then, Pontryagin maximum principle
implies that

dℓ(t, q) − ⟨λ(t, q), d exp⊥
S (t, q)⟩ = 0. (90)

Therefore ker dℓ ⊃ ker d exp⊥
S . Thus, critical points of F = (exp⊥

S , ℓ) coincide with those of exp⊥
S .

The next lemma shows that the double point locus of F contains all relevant information concerning
the cut time: a cut point is either a double point or an accumulation of double points.

Lemma 7.2. Let S = ∂Ω ⊂ H1 be a smooth, oriented, embedded surface and let q ∈ S×. If tcut(q) <
+∞, then

(tcut(q), q) ∈ Doub(F ).

Proof. Put t0 = tcut(q) and x = exp⊥
S (t0, q). If x is reached by more than one minimizing geodesic,

then (t0, q) ∈ Doub(F ), and there is nothing to prove. We therefore assume that the minimizing
geodesic reaching x is unique. We first show that every neighborhood of x contains a point reached by
more than one minimizing geodesic. Suppose otherwise that each point y of an open neighborhood V
of x has a unique minimizer. Let β := p|V : V → S be the restriction to V of the metric projection on
S, which assigns to a point y ∈ V the base point of the (unique) minimizing geodesic from S reaching
it. Since β is single-valued by the assumptions, a standard argument shows that it is a continuous
map. Up to shrinking V , we may also assume that V ∩ S = ∅ and β(V ) ⊂ S×. Define

Λ : V → (0,∞) × S×, Λ(y) = (distS(y), β(y)).
The function Λ is continuous, by construction, and injective, since exp⊥

S ◦Λ = IdV . Then, Brouwer’s
invariance of domain implies that Λ(V ) is open and thus, since Λ(x) = (t0, q), there exists η > 0 such
that (t0 + η, q) ∈ Λ(V ). Therefore, there exists yη ∈ V such that Λ(yη) = (t0 + η, q). Applying exp⊥

S

to both sides of the latter equality, and recalling that exp⊥
S ◦Λ = IdV , we find

yη = exp⊥
S (t0 + η, q), distS(yη) = t0 + η.

Thus, the normal geodesic from q is minimizing beyond t0, a contradiction. This shows that there
is a sequence {xn}n∈N ⊂ H1 such that xn → x and each xn is reached by at least two minimizing
geodesics from S. Let qn ∈ p(xn) be the base point of one of them and set tn = distS(xn). Then,
by construction, the pair (tn, qn) belongs to Doub(F ). Moreover, by the continuity of distS , tn =
distS(xn) → distS(x) = t0, while the compactness of minimizers, together with uniqueness at x, gives
qn → q. Therefore (tn, qn) → (t0, q), which proves the assertion. □

Remark 7.3. The proof of Lemma 7.2 provides pairs of minimizing normal geodesics with the same
endpoint and length tn, based at qn ̸= q′

n, such that
(tn, qn) → (tcut(q), q).

Since both geodesics are minimizing and meet at the same length it holds tn = tcut(qn) = tcut(q′
n).
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We define the canonical projection map as

π : R+ × S× → S×, π(t, q) = q.

The next lemma characterizes the cut time at p ∈ S as the infimum of the length function along the
intersection Doub(F ) ∩ π−1(p).

Lemma 7.4. Let S = ∂Ω ⊂ H1 be a smooth, oriented, embedded surface. Then, for every p ∈ S×,

tcut(p) = inf
{
ℓ(t, q) : (t, q) ∈ Doub(F ), π(t, q) = p

}
. (91)

Proof. Let T (p) denote the right hand side of (91). Since ℓ(t, q) = t and π(t, q) = q we have

T (p) = inf
{
t > 0 : (t, p) ∈ Doub(F )

}
. (92)

Let {(tn, pn)} ⊂ Doub(F ) converging to (T (p), p). Then, for every n ∈ N, tMax(pn) ≤ tn. Con-
sequently, by Theorem 3.7, tcut(pn) ≤ tn. Passing to the limit in the latter inequality we find
tcut(p) ≤ T (p). On the other hand, if tcut(p) < +∞ then by (92) and Lemma 7.2 we have tcut(p) ≥ T (p),
while if tcut(p) = +∞ the latter inequality is obvious. □

7.1. Reparametrization of geodesics. Given a smooth surface S = ∂Ω ⊂ H1 and p ∈ Σ(S), making
use of the embedding of Remark 2.4, we may assume that p = (0, 0, 0) and that

S =
{

(x, y, z) ∈ H1 : z = 1
2u(x, y)

}
, u ∈ C∞(R2). (93)

The surface S is oriented towards {z > u(x, y)/2}. As observed in Section 4.1, the analysis of the
normal exponential map is simplified by introducing the parameter s = h0(q)t. Indeed, although the
map (t, q) 7→ exp⊥

S (t, q) is singular at characteristic points, the reparametrized map

E : R+ × S× → H1, E(s, q) = exp⊥
S

(
s

h0(q) , q
)
,

is well defined and admits a smooth extension through the latter, as proved in Proposition 4.5. We
shall therefore study the normal exponential map using the coordinates (s, q). We retain the symbol
π for the canonical projection

π : R+ × S× → S×, π(s, q) = q.

In these coordinates, the length function reads

ℓ : R+ × S× → R, ℓ(s, q) = s

h0 ◦ π(s, q) = s

h0(q) . (94)

Here and in what follows, we use the same symbol ℓ for the length function expressed in the new
coordinates. Similarly, to avoid introducing additional notation, we retain the symbol F for the
extended exponential map and write

F : R+ × S× → H1 × R, F (s, q) =
(
E(s, q), ℓ(s, q)

)
.

Remark 7.5. For all q ∈ S×, the curve s 7→ E(s, q) is a reparametrization of the normal geodesic
from S based at q, indeed E(s, q) = γq(s/h0(q)). In particular, reparametrizing normal lift of γq, the
conclusion of Remark 7.1 remains valid:

dℓ(s, q) = ⟨λ(s, q), dE(s, q)⟩, λ(s, q) = e(s/h0(q))H⃗(λ⊥(q)), ∀ (s, q) ∈ R+ × S×.
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7.2. A change of coordinates. We record here a useful change of coordinates which simplifies the
expression of F . Recall that, given S ⊂ H1 of the form (93), the defining function u ∈ C∞(R2) has
the asymptotic expansion

u(x, y) = 1
2(ax2 + by2) + o(x2 + y2), as (x, y) → 0,

for a, b ∈ R, see Lemma 2.3. Moreover, from now on we assume that p ∈ Σ(S) is non-degenerate,
namely ab + 1 ̸= 0. For the sake of simplifying the formulae of the current part of the paper, we
introduce the following notational convention.

Notation 7.6. Let Φ: M → N be a map between smooth manifolds, and let

φ : U ⊂ Rm → M, ψ : V ⊂ Rn → N

be local parametrizations inducing coordinates (x1, . . . , xm) on M and (y1, . . . , yn) on N , respectively.
Assume that Φ(φ(U)) ⊂ ψ(V ). By a slight abuse of notation, we write

Φ(x1, . . . , xm) :=
(
ψ−1 ◦ Φ ◦ φ

)
(x1, . . . , xm)

for the coordinate representation of Φ. Thus, the source coordinates are indicated by the arguments
of Φ, whereas the target chart is suppressed from the notation and will be specified whenever needed.

First, we identify S with R2, by means of the diffeomorphism

R2 → S, (x, y) 7→ (x, y, 1
2u(x, y)).

Then, on the domain of E, which with the above identification is R+ × R2, we introduce coordinates
defined by the following diffeomorphism

φ : R+ × R2 → R+ × R2, φ(s, u, v) = (s, x(s, u, v), y(s, u, v)),

where we have denoted(
x(s, u, v)
y(s, u, v)

)
= 1

1 + ab

(
b −1
1 a

)(
cos( s2 ) sin( s2 )

− sin( s2 ) cos( s2 )

)(
u
v

)
. (95)

On the codomain of E, which is H1, we introduce coordinates induced by the diffeomorphism

ψ : H1 → H1, ψ(x, y, z) = (ax+ y, by − x, 8(z − (ax2 + by2)/4)). (96)

The non-degeneracy condition ab + 1 ̸= 0 ensures that both maps are diffeomorphisms. We will be
studying the normal exponential map in these new coordinates, i.e.

ψ ◦ E ◦ φ : R+ × R2 → H1.

In accordance with our convention of Notation 7.6 on coordinates changes, we will denote

E(s, u, v) = ψ ◦ E ◦ φ(s, u, v), (97)

and similarly, for the extended exponential map,

F (s, u, v) = (ψ ◦ E ◦ φ(s, u, v), ℓ ◦ φ(s, u, v)).

Remark 7.7. We specify the canonical projection in coordinates (s, u, v). According to Notation 7.6,

π(s, u, v) = 1
1 + ab

(
b −1
1 a

)
R( s2 )

(
u
v

)
,

where R(·) is the rotation matrix defined in (44). Additionally, letting (ρ, ϑ) be the polar coordinates
on S defined in (47), if we perform, in the domain, the change of coordinates (s, u, v) 7→ (s, ρ, ϕ), where

(u, v) = (ρ cosϕ, ρ sinϕ),

and, on the target, we use the coordinates (ρ, ϑ), the canonical projection rewrites as

π(s, ρ, ϕ) = (ρ, ϕ− s
2 ).
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Analogously, by (94), the length function has the expression

ℓ(s, ρ, ϕ) = s

h0 ◦ π(s, ρ, ϕ) = s

h0(ρ, ϕ− s
2 ) .

Note that, by Remark 4.3, (s, ρ, ϕ) 7→ ℓ(s, ρ, ϕ) extends smoothly to ρ = 0.

Remark 7.8. According to Lemma 7.4, the cut time, in coordinates (s, ρ, ϕ) of Remark 7.7, can be
characterized as

tcut(ρ, ϑ) = inf{ℓ(s, ρ′, ϕ) : (s, ρ′, ϕ) ∈ Doub(F ), π(s, ρ′, ϕ) = (ρ, ϑ)}.

Since in these coordinates it holds π(s, ρ, ϕ) = (ρ, ϕ− s/2) we have

tcut(ρ, ϑ) = inf
{
ℓ
(
s, ρ, ϑ+ s

2

)
:
(
s, ρ, ϑ+ s

2

)
∈ Doub(F )

}
.

8. The cut time of a homogeneous surface. Proof of Theorem 1.1

Given a, b ∈ R, we now study the cut time function of the homogeneous surface Sa,b, cf. Defini-
tion 2.7. We assume that a, b satisfy the non-degeneracy condition ab + 1 ̸= 0, which we recall is
equivalent to requiring that the origin is a non-degenerate characteristic point. Note that the map
(x, y, z) 7→ (−y, x, z) is an isometry of H1 mapping Sa,b to Sb,a. For this reason, it is not restrictive to
(and thus we will) assume that, in the remainder of the section, it holds

a ≥ b.

We denote the normal exponential map (97) for the surface Sa,b with Ea,b. Similarly, the length
function is denoted by ℓa,b and the extended exponential map by Fa,b = (Ea,b, ℓa,b).

Lemma 8.1. In the coordinates (s, u, v) of Section 7.2, the following holds

Ea,b(s, u, v) =
(
pa(s)u, pb(s)v, qa(s)u2 + qb(s)v2) , ℓa,b(s, u, v) = s

2
√
u2 + v2, (98)

where, for c ∈ {a, b} and s ∈ R+ we have defined

pc(s) = cos
(
s
2
)

− c sin
(
s
2
)
, qc(s) = s+ sin s− c(1 − cos s). (99)

Proof. We first perform the change of coordinates in the domain. Let us introduce the notation

A =
(
a 1

−1 b

)
, ξ =

(
x
y

)
, w =

(
u
v

)
. (100)

Then, by definition of φ, and in particular by (95) we have

ξ = A−1R( s2 )w, (101)

where R(·) is the orthogonal matrix of (44). Consequently Aξ = R( s2 )w, that is(
ax+ y
by − x

)
= R( s2 )

(
u
v

)
.

Since R(·) is orthogonal, denoting ρ =
√
u2 + v2 we find

ρ =
√

(ax+ y)2 + (by − x)2.

Therefore, substituting our findings in the expressions of h0, h1, h2 of Example 4.2 we find

h0 = 2
ρ
,

(
h1
h2

)
= −1

ρ
R( s2 )w. (102)
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We write the normal exponential map componentwise as Ea,b = (X,Y, Z). By definition of the map
Ea,b, combining Proposition 4.4 with (100) and (102) we find(

X
Y

)
=
(
x
y

)
+ 1
h0

[
R
(

−π

2

)
+ R

(π
2 − s

)](h1
h2

)
= ξ − 1

2

[
R
(

−π

2

)
+ R

(π
2 − s

)]
R( s2 )w

= ξ − 1
2

[
R
(

−π

2 + s

2

)
+ R

(π
2 − s

2

)]
w = ξ − sin s

2 w =
[
A−1R

(s
2

)
− sin s2 Id

]
w,

where we have used the property R(α)R(β) = R(α+ β) in the third equality and the identity
1
2

[
R
(

−π

2 + θ
)

+ R
(π

2 − θ
)]

= sin θ Id,

in the fourth one. Now, for c ∈ {a, b}, let pc(s) be defined as in (99). Expanding the matrix product[
A−1R

(
s
2
)

− sin s
2 Id

]
w gives(

X
Y

)
◦ φ(s, u, v) = 1

1 + ab

(
bpa(s) −pb(s)
pa(s) apb(s)

)(
u
v

)
= A−1

(
pa(s)u
pb(s)v

)
. (103)

We now compute the third component of Ea,b. Recalling that Sa,b is the graph of (half) ua,b(x, y) =
1
2 (ax2 + by2), equation (46) gives

Z = 1
4(ax2 + by2) + s− sin s

2h2
0

+ 1
2h0

ξT [Id + R(π − s)]
(
h1
h2

)
.

Note that the symmetric part of A is the diagonal matrix diag(a, b), hence

ax2 + by2 = ξTAξ = ξTR( s2 )w,

where we have used the identity Aξ = R( s2 )w obtained from (101). Moreover, by (102) it holds

s− sin s
2h2

0
= s− sin s

8 (u2 + v2), 1
2h0

(
h1
h2

)
= −1

4R( s2 )w.

It follows that the component Z can be rewritten using the notation (100) as

Z = 1
4ξ

TR( s2 )w + s− sin s
8 (u2 + v2) − 1

4ξ
T [Id + R(π − s)]R( s2 )w

= 1
4ξ

TR( s2 )w + s− sin s
8 (u2 + v2) − 1

4ξ
TR( s2 )w − 1

4ξ
TR(π − s

2 )w

= s− sin s
8 (u2 + v2) − 1

4ξ
TR(π − s

2 )w = s− sin s
8 wTw + 1

4ξ
TR

(
− s

2
)
w.

Substituting ξ = A−1R( s2 )w we are left with

Z = s− sin s
8 wTw + 1

4w
T
[
R
(
− s

2
)
A−TR

(
− s

2
)]
w.

In particular, Z is a quadratic form in w, hence we may replace N(s) := R
(
− s

2
)
A−TR

(
− s

2
)

by its
symmetric part which is

1
2(N(s) +N(s)T ) = 1

2(1 + ab)

(
(b− a) + (a+ b) cos s+ 2 sin s 0

0 (a− b) + (a+ b) cos s+ 2 sin s

)
.

Replacing N(s) with its symmetric part and expanding, we find

Z ◦ φ(s, u, v) = M11(s)u2 +M22(s)v2,

where we have denoted

M11(s) = (1 + ab)s+ (1 − ab) sin s+ (b− a) + (a+ b) cos s
8(1 + ab) ,

M22(s) = (1 + ab)s+ (1 − ab) sin s+ (a− b) + (a+ b) cos s
8(1 + ab) .
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Summarizing we have

Ea,b ◦ φ(s, u, v) = (X,Y, Z) ◦ φ(s, u, v) =
(
A−1

(
pa(s)u
pb(s)v

)
,M11(s)u2 +M22(s)v2

)
.

We now perform the change of coordinates in the codomain, finding

ψ ◦ Ea,b ◦ φ(s, u, v) =
((

aX + Y
bY −X

)
◦ φ(s, u, v), 8

(
Z − aX2 + bY 2

4

)
◦ φ(s, u, v)

)
.

Using equation (103), referring to notation (100), we obtain(
aX + Y
bY −X

)
◦ φ(s, u, v) = A

(
X
Y

)
◦ φ(s, u, v) = AA−1

(
pa(s)u
pb(s)v

)
=
(
pa(s)u
pb(s)v

)
,

which corresponds to the first two components of Ea,b as claimed in (98). Finally, for the third
component of Ea,b, a standard computation gives

8
(
Z − aX2 + bY 2

4

)
◦ φ(s, u, v) =

(
8M11(s) − 2b pa(s)2

1 + ab

)
u2 +

(
8M22(s) − 2a pb(s)2

1 + ab

)
v2.

Expanding the squares of pc(s) and using the trigonometric identities

2 sin2 s
2 = 1 − cos s, 2 cos2 s

2 = 1 + cos s, 2 sin s
2 cos s2 = sin s,

we find

8M11(s) − 2b pa(s)2

1 + ab
= qa(s), 8M22(s) − 2a pb(s)2

1 + ab
= qb(s),

where qc(s) for c ∈ {a, b} is as in (99). This concludes the proof of (98) for the map Ea,b. In a similar
fashion, combining (102) with (94), we find the expression of the length function as well. □

Remark 8.2. We record here a few useful facts about the functions pc, qc defined in (99). Firstly, a
standard computation shows the validity of the following identities

qc(s) = s+ 2 sin( s2 )pc(s), sin( t2 )pc(s) − sin( s2 )pc(t) = sin( t−s2 ). (104)

Thus, setting P (s) = diag(pa(s), pb(s)) and w = (u, v), we may write the third component of Ea,b as

Za,b(s, w) = s|w|2 + 2 sin( s2 )⟨P (s)w,w⟩.

Secondly, for any c ∈ R, the first positive root of pc is

sc := π − 2 arctan(c),

and it is isolated. In particular, pc is positive in the interval [0, sc) and, if a ≥ b, then sb ≥ sa.

With the final goal of characterizing the cut time of a homogeneous surface, we study the double
points of its extended exponential map.

Proposition 8.3. Let Fa,b be the extended exponential map of Sa,b. If Fa,b(s, w) = Fa,b(t, w̃) for
some (s, w), (t, w̃) ∈ (R+ × R2 \ {0}), then s = t. Moreover

Doub
(
Fa,b, [0, sa] × (R2 \ {0})

)
= {sa} × (R2 \ {0}), (105)

where the closure is taken in R+ ×
(
R2 \ {0}

)
.

Proof. Letting w = (u, v) and w̃ = (ũ, ṽ), we study the equation Fa,b(s, w) = Fa,b(t, w̃). As a
consequence of Lemma 8.1 and taking into account Remark 8.2, the latter equation becomes

P (s)w = P (t)w̃, Za,b(s, w) = Za,b(t, w̃), s|w| = t|w̃|. (106)

First, we claim that any solution of (106) satisfies s = t. On the hand, if one among t and s is zero,
equality of lengths and the non-vanishing of w, w̃ imply s = t = 0. Then, since P (0) = id, the first
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equality of (106) gives w = w̃. On the other hand, if t, s > 0, applying Remark 8.2 to the second
equality of (106), we find

0 = Za,b(t, w̃) − Za,b(s, w) = t|w̃|2 − s|w|2 + 2 sin( t2 )⟨P (s)w, w̃⟩ − 2 sin( s2 )⟨P (t)w̃, w⟩
= t|w̃|2 − s|w|2 + 2

〈(
sin( t2 )P (s) − sin( s2 )P (t)

)
w, w̃

〉
= t|w̃|2 − s|w|2 + 2 sin( t−s2 )⟨w, w̃⟩.

The last equality follows by applying the second identity of (104) to each diagonal entry of P (·).
Dividing by |w||w̃| and using s|w| = t|w̃|, we obtain

t− s = 2 sin( t−s2 ) ⟨w, w̃⟩
|w||w̃|

.

By Cauchy-Schwarz inequality, for s ̸= t, the right-hand side has absolute value strictly less than
|t − s|. Hence, it must be s = t, concluding the proof the claim. We now prove (105). Let (s, w),
(t, w̃) ∈ [0, sa] × R2 \ {0} be distinct points such that F (s, w) = F (t, w̃). Then, by the first part of
the proof, we know that s = t. Now, if s < sa, P (s) is invertible, so the equality P (s)w = P (t)w̃ of
(106) forces w = w̃, which is impossible. Therefore, we must have s = sa and w ̸= w̃. This implies
that Doub(Fa,b, [0, sa]× (R2 \{0})) ⊂ {sa}× (R2 \{0}). Conversely, observe that a direct computation
using Lemma 8.1 shows that, for every (u, v) ∈ R2 \ {0}, it holds

Fa,b(sa, u, v) = Fa,b(sa,−u, v),

which means that {sa} × (R2 \ {u = 0}) ⊂ Doub(Fa,b, [0, sa] × (R2 \ {0})). □

We can now prove the main result of the section.

Proof of Theorem 1.1. We work in coordinates (s, ρ, ϕ) given in Remark 7.7. In these coordinates, the
length function reads as ℓ(s, ρ, ϕ) = sρ/2 (recall that h0 = 2/ρ for Sa,b by (48)). Applying Remark 7.8,
the cut time is

tcut(ρ, ϕ) = ρ

2 inf
{
s : (s, ρ, ϕ+ s

2 ) ∈ Doub(Fa,b)
}
. (107)

By Proposition 8.3, the double locus of Fa,b : R+ × (R2 \ {0}) → H1 × R+ satisfies

{sa} × (R2 \ {0}) ⊂ Doub(Fa,b) ⊂ [sa,∞) × (R2 \ {0}),

where we recall that the closure is taken in R+ × R2 \ {0}. Thus, the infimum in (107) equals sa, and
so

tcut(ρ, ϕ) = ρ

2sa = ρ
(π

2 − arctan(a)
)

= ρ
(π

2 − arctan(max{a, b})
)
,

where the latter equality uses the hypothesis a ≥ b. We conclude the proof recalling the definition of
ρ in (47). □

9. Approximations of the double point locus

Let S = ∂Ω ⊂ H1 be a smooth, embedded, oriented surface and let p ∈ Σ(S) be a geometrically
stable characteristic point, cf. Definition 2.6. In this section, we show how one can describe the double
locus of the extended exponential map of S close to p, in terms of the homogeneous approximation.
As before we assume that p = (0, 0, 0) and we describe S locally as in (93), namely as the graph of a
function u ∈ C∞(R2) given by Lemma 2.3. The geometric stability of p is encoded in the conditions

ab+ 1 ̸= 0, a ̸= b.

As before, without loss of generality, we may additionally assume a > b.
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9.1. Localization of the double points of the extended exponential map. Let F = (E, ℓ) be
the extended exponential map of S ⊂ H1, expressed in coordinates (s, ρ, ϕ) of Section 7.2. Observe
that in these polar coordinates F (s, ρ, ϕ) is a smooth map, including at ρ = 0, indeed

F (s, ρ, ϕ) = (E(s, ρ, ϕ), ℓ(s, ρ, ϕ)),
and E(s, ρ, ϕ) extends smoothly to ρ = 0 by Proposition 4.5, while ℓ(s, ρ, ϕ) extends smoothly by
Remark 7.7. We have already shown that the map E can be approximated by the corresponding map
Ea,b, cf. Remark 4.10. The same result holds for the length function. Hence, after applying the change
of coordinates of Section 7.2, it holds:

E(s, ρ, ϕ) = δε (Ea,b(s, ρ/ε, ϕ) + εRE(s, ρ/ε, ρ, ϕ)) , ∀ (s, ρ, ϕ) ∈ R+ × R+ × S1, (108)
where RE : (R+)3 × S1 → R3 is a smooth function and δε(x, y, z) = (εx, εy, ε2z) as in (26). Moreover,
the formula for the length obtained in Remark 7.7, together with Remark 4.3 gives

ℓ(s, ρ, ϕ) = s

h0(ρ, ϕ− s
2 ) = sρ

2 + ρ2Rℓ(s, ρ, ϕ). (109)

In particular, the latter two equations show that F is a smooth perturbation of Fa,b = (Ea,b, ℓa,b).
For the next proposition, recall the quantity sa = π − 2 arctan(a), defined in Remark 8.2. Moreover,
in coordinates (ρ, ϕ), for ρ0 > 0, we set

B×
ρ0

:= {q = (ρ, ϕ) ∈ S : 0 < ρ ≤ ρ0}
to be a punctured ball around the characteristic point p = (0, 0, 0).

Proposition 9.1. For every δ > 0 sufficiently small, there exists ρ0 > 0 such that
Doub(F , [0, sa + δ] ×B×

ρ0
) = Doub(F , [sa − δ, sa + δ] ×B×

ρ0
).

Proof. Fix δ > 0. We must show that there exists ρ0 > 0 such that, for every (s, w) ∈ Doub(F , [0, sa+
δ] × B×

ρ0
), it holds s ≥ sa − δ. Assume, by contradiction, that this is not the case. Hence, we find a

collection of distinct pairs
(sn, wn) := (sn, ρn, ϕn), (tn, w̃n) := (tn, ρ̃n, ϕ̃n), n ∈ N,

such that
0 ≤ sn ≤ sa − δ, 0 ≤ tn ≤ sa + δ, F (sn, wn) = F (tn, w̃n), (110)

and it holds ρn, ρ̃n → 0 as n → ∞, with ρn, ρ̃n ̸= 0. For every n ∈ N, setting rn :=
√
ρ2
n + ρ̃2

n, we
normalize both wn, w̃n as

ζn :=
(
ρn
rn
, ϕn

)
, ζ̃n :=

(
ρ̃n
rn
, ϕ̃n

)
,

so that |ζn|2 + |ζ̃n|2 = 1, where the moduli stand for the radial coordinates. Given ε > 0, define
Fε(s, ρ, ϕ) = (Eε(s, ρ, ϕ), ℓε(s, ρ, ϕ)) := (δ−1

ε E(s, ερ, ϕ), ε−1ℓ(s, ερ, ϕ)),
for every (s, ρ, ϕ) ∈ R+ ×R+ ×S1. Observe that, for all ε > 0, the homogeneity property of Lemma 4.7
rewrites for the map Ea,b in coordinates (s, ρ, ϕ) as

δεEa,b(s, ρ, ϕ) = Ea,b(s, ερ, ϕ), ∀ (s, ρ, ϕ) ∈ R+ × R+ × S1.

Thus, by (108), as ε → 0, Fε C
1-converges to Fa,b, uniformly on compact sets of R+ × R+ × S1. The

equality in (110) may be written as

Frn
(sn, ζn) = Frn

(tn, ζ̃n), ∀n ∈ N. (111)

By compactness, up to extracting a subsequence, there exist (s, ζ), (t, ζ̃) ∈ R+ × R+ × S1 such that
(sn, ζn) → (s, ζ) and (tn, ζ̃n) → (t, ζ̃). Uniform convergence of the rescaled maps then implies that

Fa,b(s, ζ) = Fa,b(t, ζ̃), and |ζ|2 + |ζ̃|2 = 1. (112)

We claim that neither |ζ| nor |ζ̃| vanishes. Indeed, if by contradiction one of the two vanishes, say
|ζ| = 0, then, by (112), ζ̃ ̸= 0 and Fa,b(t, ζ̃) = Fa,b(s, 0) = 0. Now, if t > 0, the length coordinate
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is ℓa,b(t, ζ̃) = t|ζ̃|/2, meaning that |ζ̃| = 0. If t = 0, the first two components of Fa,b(t, ζ̃) equal ζ̃,
meaning that the latter vanishes. In both cases, we get a contradiction. Now Proposition 8.3 gives
s = t. Moreover, since s ≤ sa − δ < sa, Proposition 8.3 also implies that ζ = ζ̃. Thus, both sequences
converge to the same limit

z = (s, ζ) := lim
n→∞

(sn, ζn) = lim
n→∞

(tn, ζ̃n), with |ζ| = 1√
2

and 0 ≤ s ≤ sa − δ.

On the other hand, by Corollary 3.10, Ea,b|[0,sa)×R2\{0} is a diffeomorphism onto its image, hence,
dzEa,b is invertible. Thus, we can find a small compact ball V centered at z and a constant C > 0
such that

|Ea,b(z1) − Ea,b(z2)| ≥ C|z1 − z2|, ∀ z1, z2 ∈ V.

Since, as ε → 0, Eε → Ea,b in C1(V ), for every z1, z2 ∈ V we find
|(Eε − Ea,b)(z1) − (Eε − Ea,b)(z2)| ≤ sup

V
∥dEε − dEa,b∥ |z1 − z2| = o(1)|z1 − z2|.

Consequently, for every z1, z2 ∈ V , we can estimate

|Eε(z1) − Eε(z2)| ≥
∣∣∣|Ea,b(z1) − Ea,b(z2)| − |(Eε − Ea,b)(z1) − (Eε − Ea,b)(z2)|

∣∣∣
≥
∣∣∣|Ea,b(z1) − Ea,b(z2)| − o(1)|z1 − z2|

∣∣∣
≥ (C − o(1))|z1 − z2| ≥ C

2 |z1 − z2|,

for sufficiently small ε. Thus Eε is injective on the same neighborhood V for all such ε. This contradicts
the existence of the two distinct sequences (sn, ζn) ̸= (tn, ζ̃n) approaching z, and satisfying (111), for
sufficiently large n ∈ N. □

Remark 9.2. Since F is a smooth perturbation of Fa,b, using Proposition 9.1, one may be tempted to
conclude that the closure of the double point locus of F is a smooth perturbation of the corresponding
set of the homogeneous model Fa,b. However, the latter contains critical points of Fa,b which are not
stable under arbitrary smooth perturbations. Indeed, due to the validity of (90), F is a Legendrian
front (cf. Section D), and thus its critical points are unstable in the class of all smooth maps (see
[Ish05]). Thus it is natural to study the stability of F in the class of Legendrian fronts.

9.2. Reduction to a family of Legendrian fronts. We now describe the Legendrian structure of
F (see Appendix D). Using the coordinates (s, ρ, ϕ) of Section 7.2 and writing F = (X,Y, Z, ℓ), by
Remark 7.5, for ρ > 0 we have

dℓ = PX dX + PY dY + PZ dZ, (113)
where (PX , PY , PZ) are the components of the normal lift in the target coordinates (X,Y, Z). Although
F extends smoothly to ρ = 0, its Legendrian lift in these coordinates does not. More precisely one can
show that PZ(s, ρ, ϕ) ∼ ρ−1 as ρ → 0+. This suggests restricting F to level sets of Z. On each such
level, the pullback of dZ vanishes, so the singular component PZ disappears from the contact identity
(113). Moreover, this reduction preserves all double point information: if two distinct source points
have the same image under F , then they necessarily have the same value of Z.

In the next lemma we formalize this construction by describing the level sets Z = ε2. Given δ, ρ0 > 0
determined by Proposition 9.1, we study the following restriction of the extended exponential map to
the set [sa − δ, sa + δ] ×B×

ρ0
. To lighten the notation we set

I := [sa − δ, sa + δ].

We identify B×
ρ0

with (0, ρ0] × S1, using the polar coordinates (ρ, ϕ) ∈ (0, ρ0] × S1.

Lemma 9.3. For every δ > 0 small enough there exists ρ0 > 0 such that the following map

ΨZ : I × [0, ρ0] × S1 → I × R+ × S1, ΨZ(s, ρ, ϕ) =
(
s,
√
Z(s, ρ, ϕ), ϕ

)
, (114)
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is a diffeomorphism onto its image. In particular its image contains I × [0, ε0] × S1 for ε0 > 0 small
enough, and on the latter domain its inverse satisfies

Ψ−1
Z (s, ε, ϕ) =

(
s,

ε√
qa(s) cos2 ϕ+ qb(s) sin2 ϕ

+ o(ε), ϕ
)
, as ε → 0+. (115)

Proof. We first show that Z(s, ρ, ϕ) is non-negative in I × [0, ρ0] × S1. Combining Lemma 8.1 with
(108), applied with ε = ρ, we have

Z(s, ρ, ϕ) = ρ2(qa(s) cos2 ϕ+ qb(s) sin2 ϕ+ ρRz(s, ρ, ϕ)), (116)

where Rz(s, ρ, ϕ) is a smooth function, including at ρ = 0. Using the definitions of qa, qb given in
Lemma 8.1, a direct evaluation gives

qa(sa) = sa > 0, qb(sa) = sa + 2(a− b)
1 + a2 > 0, (117)

where for the second inequality we have used the assumption a ≥ b. Thus, for δ > 0 small enough, qa, qb
remain strictly positive on the interval I. Consequently, for ρ0 > 0 small enough, Z is non-negative
on I × [0, ρ0] × S1. Moreover, combining (116) and (117), together with the computation

∂ρ
√
Z
∣∣
ρ=0 =

√
qa(s) cos2 ϕ+ qb(s) sin2 ϕ,

we deduce that, for ρ0 > 0 sufficiently small, ∂ρ
√
Z > 0 on I × [0, ρ0] × S1. Therefore, (114) is an

injective immersion on a compact manifold and hence a diffeomorphism onto its image. Applying Ψ−1
Z

from the right to both sides of (116) yields

ε2 = ρ2 ◦ Ψ−1
Z (s, ε, ϕ)(qa(s) cos2 ϕ+ qb(s) sin2 ϕ) +O(ρ3 ◦ Ψ−1

Z (s, ε, ϕ)), as ε → 0+.

From the latter equation we deduce that ρ ◦ Ψ−1
Z (s, ε, ϕ) = O(ε), uniformly with respect to s, ϕ.

Therefore,

ρ2 ◦ Ψ−1
Z (s, ε, ϕ)(qa(s) cos2 ϕ+ qb(s) sin2 ϕ) = ε2 +O(ε3), as ε → 0+.

Inverting the above equality for ρ2 ◦ Ψ−1
Z (s, ε, ϕ) yields (115). □

Using the previous lemma, we restrict F to a fixed level set {Z = ε2}. When restricted, the
remaining components (X,Y, ℓ) of F are of order ε. This justifies the following definition. For every
ε ∈ (0, ε0], we define

F ε : [sa − δ, sa + δ] × S1 → R2 × R, F ε(s, ϕ) = 1
ε

(X,Y, ℓ) ◦ Ψ−1
Z (s, ε, ϕ).

The double point locus of F may be traced back from the one of the family of maps {F ε}ε∈(0,ε0].

Lemma 9.4. For every ε0 > 0 small enough, setting V := Ψ−1
Z (I × (0, ε0] × S1), we have

Doub(F , V ) = {Ψ−1
Z (s, ε, ϕ) : (s, ϕ) ∈ Doub(F ε, I × S1), ε ∈ (0, ε0]}.

Proof. Fix ε > 0. The third component of F (Ψ−1
Z (s, ε, ϕ)) is ε2. Deleting from F ◦ Ψ−1

Z this constant
component and dividing the remaining components by ε gives F ε. Consequently,

F
(
Ψ−1
Z (s, ε, ϕ)

)
= F

(
Ψ−1
Z (s′, ε, ϕ′)

)
⇐⇒ F ε(s, ϕ) = F ε(s′, ϕ′).

Since Ψ−1
Z is injective by Lemma 9.3, the two points Ψ−1

Z (s, ε, ϕ) and Ψ−1
Z (s′, ε, ϕ′) are distinct precisely

when (s, ϕ) ̸= (s′, ϕ′). This proves the claimed description of Doub(F , V ). □
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9.3. The limiting front and its Legendrian lift. We show that the maps F ε are actually Legen-
drian fronts, including at ε = 0. In the following, we have denoted

N : I × S1 → R+, N (s, ϕ) =
√
qa(s) cos2 ϕ+ qb(s) sin2 ϕ.

Lemma 9.5. There exists a sufficiently small ε0 > 0 such that the maps F ε form a smooth family of
two-dimensional Legendrian fronts for 0 ≤ ε ≤ ε0, with

F 0(s, ϕ) = 1
N (s, ϕ)

(
pa(s) cosϕ, pb(s) sinϕ, s2

)
, ∀ (s, ϕ) ∈ I × S1. (118)

Their Legendrian lifts may be chosen smoothly in (s, ϕ, ε), and the limiting lift is

F̃ 0(s, ϕ) =
(
F 0(s, ϕ),− sin( s2 ) cosϕ,− sin( s2 ) sinϕ

)
. (119)

Proof. Equation (108) with ε = ρ and (109) imply that
(X(s, ρ, ϕ), Y (s, ρ, ϕ), ℓ(s, ρ, ϕ)) = ρ(pa(s) cosϕ, pb(s) sinϕ, s/2) + ρ2R(s, ρ, ϕ), (120)

where R : I×R+ ×S1 → R3 is smooth. Lemma 9.3, and in particular (115), shows that, in coordinates
(s, ε, ϕ), it holds

ρ(s, ε, ϕ) = ε√
qa(s) cos2 ϕ+ qb(s) sin2 ϕ

+ o(ε) = ε

N (s, ϕ) + o(ε), as ε → 0+. (121)

Substituting the latter equation into (120) we deduce that F ε extends smoothly to ε = 0, indeed:

F ε(s, ϕ) = 1
N (s, ϕ) (pa(s) cosϕ, pb(s) sinϕ, s/2) +O(ε), as ε → 0+.

Moreover, from the latter equation, we see that F 0 is given by (118). We now show that these
maps are fronts by computing their Legendrian lifts. By Remark 7.5, the extended exponential map
F = (X,Y, Z, ℓ) satisfies

dℓ− PXdX − PY dY − PZdZ = 0, (122)
where (PX , PY , PZ) are the momentum components of the normal lift

λ(s, ρ, ϕ) = e(s/h0(q))H⃗(λ⊥(q)), q = π(s, ρ, ϕ),
i.e., the evolution of λ⊥ along the Hamiltonian flow, in the coordinates of Section 7.2. We now
explicitly compute these momentum components. Let (h1, h2, h0) be the components of λ⊥ with
respect to the coframe (25) and recall that the evolution of the momentum of λ⊥, with respect to
the coframe (25), has first two components equal to R(−s)(h1, h2)T , while its third component is
constantly equal to h0. In the coordinates of Section 7.2, and in particular using (96), we have
(X,Y, Z) = (ax+ y, by − x, 8(z − (ax2 + by2)/4)), and thus

ν0 = 1
8 dZ + 1

2(Xν1 + Y ν2),
(
ν1
ν2

)
=
(
a 1

−1 b

)−1(
dX
dY

)
.

A standard computation then shows that(
PX
PY

)
= 1

1 + ab

(
b 1

−1 a

)[
R(−s)

(
h1
h2

)
+ h0

2

(
X
Y

)]
, PZ = h0

8 . (123)

Thanks to Remark 4.3, we may express the components (h1, h2, h0) of the initial covector λ⊥ in terms
of the source coordinates (s, ρ, ϕ), finding

h0 = 2
ρ

+H0(s, ρ, ϕ),
(
h1
h2

)
= −R(s/2)

(
cosϕ
sinϕ

)
+ ρ

(
H1(s, ρ, ϕ)
H2(s, ρ, ϕ)

)
,

where the remainders H0, H1, H2 : I × R+ × S1 → R are smooth. Substituting the latter expansions
and (120) into (123), we find that the components of the normal lift λ satisfy(

PX
PY

)
= − sin(s/2)

(
cosϕ
sinϕ

)
+ ρP (s, ρ, ϕ), (124)
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where P : I × R+ × S1 → R2 is smooth. We now pass to the source coordinates (s, ε, ϕ) given by
Lemma 9.3. For every (s, ε, ϕ) ∈ I × [0, ε0] × S1, where ε0 > 0 is identified by Lemma 9.3, we define

ιε(s, ϕ) := Ψ−1
Z (s, ε, ϕ) =

(
s, ρ(s, ε, ϕ), ϕ

)
,

where ρ(s, ε, ϕ) is given in (121). Recall that, by construction, it holds Z ◦ ιε = ε2 and the family of
maps F ε satisfies

F ε(s, ϕ) =
(
X

ε
,
Y

ε
,
ℓ

ε

)
◦ ιε(s, ϕ), ∀ (s, ϕ) ∈ I × S1, ε ∈ (0, ε0].

Then, define the family of lifts F̃ ε by

F̃ ε(s, ϕ) = (F ε, PX ◦ ιε, PY ◦ ιε) (s, ϕ), ∀ (s, ϕ) ∈ I × S1, ε ∈ (0, ε0].

Substituting (121) into (124) shows that the family of lifts also extends smoothly to ε = 0, with

F̃ 0(s, ϕ) :=
(
F 0(s, ϕ),− sin(s/2) cosϕ,− sin(s/2) sinϕ

)
, ∀ (s, ϕ) ∈ I × S1. (125)

We now show that F̃ ε is a Legendrian lift of F ε, for every ε ∈ [0, ε0]. We fix ε > 0 and we compute:

(F̃ ε)∗(dℓ− PXdX − PY dY
)

= 1
ε
ι∗ε
(
dℓ(s, ρ, ϕ) − PX(s, ρ, ϕ)dX(s, ρ, ϕ) − PY (s, ρ, ϕ) dY (s, ρ, ϕ)

)
= 1
ε
ι∗ε(PZ(s, ρ, ϕ) dZ(s, ρ, ϕ)) = 0,

where we have used (122) and the fact that ι∗εdZ(s, ρ, ϕ) = d(Z ◦ ιε)(s, ϕ) = d(ε2) = 0 since ε is fixed.
By smoothness of F̃ ε at ε = 0, the same contact identity holds at ε = 0. Finally, to conclude the proof,
we need to show that F̃ ε is an immersion for all sufficiently small ε. Since {F̃ ε}ε∈[0,ε0] is a smooth
family of maps defined on a compact domain, it is sufficient to show that F̃ 0 is an immersion. Write
P 0
X , P

0
Y for the momentum components of F̃ 0, i.e. the last two components in (125). Then, we have

det
(
∂(P 0

X , P
0
Y )

∂(s, ϕ)

)
= 1

2 sin(s/2) cos(s/2), ∀ (s, ϕ) ∈ I × S1. (126)

After possibly shrinking δ, the interval [sa − δ, sa + δ] lies in (0, 2π), so the determinant in (126) is
nonzero except possibly at s = π. At s = π, an explicit computation shows that, for every ϕ ∈ S1,

∂s

(
P 0
X

P 0
Y

) ∣∣∣∣
s=π

= 0, ∂ϕ

(
P 0
X

P 0
Y

) ∣∣∣∣
s=π

=
(

sinϕ
− cosϕ

)
.

On the other hand, an elementary computation shows that q′
c(π) = 0, which implies ∂sN (π, ϕ) = 0,

and hence

∂s

(
s

2N (s, ϕ)

)∣∣∣∣
s=π

= 1
2N (π, ϕ) > 0.

This implies that F̃ 0 is an immersion and concludes the proof. □

The crucial fact which allows us to compute the cut time for a general surface, is that the limit
front F 0 is stable in the class of Legendrian fronts.

Theorem 9.6. Let N = I × S1, let C = {sa} × S1 and let p± = (sa,±π
2 ). Then, it holds

Doub(F 0, N) = C \ {p+, p−}, (127)

where the points p± are swallowtails. Moreover, every point in F 0(C\{p+, p−}) has exactly two distinct
preimages in N , which are regular points whose image tangent spaces are transverse, i.e., for every
q ∈ F 0(C \ {p+, p−}), there exist z1, z2 ∈ C such that

(F 0)−1(q) = {z1, z2}, and dz1F
0(Tz1N

)
+ dz2F

0(Tz2N
)

= TqR
3.
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Proof. We begin by determining the type of critical points of F 0, proving in particular that the points
p± = (sa,±π

2 ) are swallowtails. Throughout the proof, we fix the following notation

F 0 = (x, y, L), Fa,b = (Ea,b, ℓa,b).
First, we note that, by Lemma 9.5, F 0 is a Legendrian front. In particular, the momentum components
of its lift, computed in (119), and the corresponding contact identity are

(P 0
X , P

0
Y ) = − sin(s/2)(cosϕ, sinϕ), dL = P 0

X dx+ P 0
Y dy. (128)

It follows that rank(d(s,ϕ)F
0) = rank(d(s,ϕ)(x, y)), and thus the critical points of F 0 are given by

Crit(F 0) =
{

(s, ϕ) ∈ I × S1 : det
(
∂(x, y)
∂(s, ϕ)

)
= 0
}
. (129)

To compute such determinant, note that, by Lemma 8.1 and (118), in coordinates (s, ρ, ϕ), we have
the equality

Fa,b

(
s,

ρ

N (s, ϕ) , ϕ
)

=
(
ρx(s, ϕ), ρy(s, ϕ), ρ2, ρL(s, ϕ)

)
, ∀ ρ > 0, (s, ϕ) ∈ I × S1. (130)

In particular, defining C(s, ρ, ϕ) := (s, ρ/N (s, ϕ), ϕ), from the above equation we obtain

det
(
∂(Ea,b ◦ C) (s, ρ, ϕ)

∂(s, ρ, ϕ)

)∣∣∣∣
ρ=1

= det

∂sx(s, ϕ) x(s, ϕ) ∂ϕx(s, ϕ)
∂sy(s, ϕ) y(s, ϕ) ∂ϕy(s, ϕ)

0 2 0

 = −2 det
(
∂(x, y)
∂(s, ϕ)

)
. (131)

On the other hand, the Jacobian determinant of the coordinate change C(s, ρ, ϕ) is 1/N (s, ϕ). There-
fore, using the chain rule to factorize the left hand side of (131) we deduce

det
(
∂(x, y)
∂(s, ϕ)

)
= − 1

2N (s, ϕ) det
(
∂Ea,b (s, ρ, ϕ)
∂(s, ρ, ϕ)

)∣∣∣∣
ρ= 1

N (s,ϕ)

.

The Jacobian determinant of Ea,b in coordinates (s, ρ, ϕ) is given in Lemma A.1:

det
(
∂Ea,b(s, ρ, ϕ)
∂(s, ρ, ϕ)

)
= −2ρ3Λ(s, ϕ), Λ(s, ϕ) = pb(s)ma(s) cos2 ϕ+ pa(s)mb(s) sin2 ϕ,

where mc(s) = sp′
c(s) − pc(s), for c ∈ {a, b}, cf. Lemma 8.1 for the definition of the functions pc, qc.

Combining the previous identities, we finally obtain

det
(
∂(x, y)
∂(s, ϕ)

)
= Λ(s, ϕ)

N (s, ϕ)4 , (132)

which, according to (129), implies that
Crit(F 0) =

{
(s, ϕ) ∈ I × S1 : Λ(s, ϕ) = 0

}
.

We now study the equation Λ(s, ϕ) = 0. A direct evaluation gives

pa(sa) = 0, pb(sa) = a− b√
1 + a2

, p′
a(sa) = −

√
1 + a2

2 , p′
b(sa) = − 1 + ab

2
√

1 + a2
. (133)

Therefore, we obtain:

Λ(sa, ϕ) = − (a− b)sa
2 cos2 ϕ = 0 ⇐⇒ ϕ = ±π

2 , (134)

since a > b by the geometric stability assumption. This shows that Λ(p±) = 0. We want to apply the
implicit function theorem at such points. A standard computation gives

∂sΛ(p±) = p′
a(sa)mb(sa), ∂ϕΛ(p±) = 0, ∂2

ϕΛ(p±) = −(a− b)sa. (135)

We claim that p′
a(sa)mb(sa) > 0. Indeed, since a > b, pb(s) > 0 for s ∈ [0, sa] (cf. Remark 8.2), while

mb(0) = −1, m′
b(s) = sp′′

b (s) = −s

4pb(s).
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Thus, m′
b(s) < 0 and consequently mb(sa) < 0. The assertion follows as p′

a(sa) < 0 by (133). The
implicit function theorem therefore shows that the critical set of F 0 near p± is parametrized by smooth
curves γ± : [−t0, t0] → I × S1, with t0 > 0, defined by

γ±(t) :=
(
σ±(t),±π/2 + t

)
, σ±(0) = sa.

Moreover, by compactness of S1 and (134), up to shrinking δ, we may assume that Λ(p) ̸= 0, for every
p ∈ N \Im(γ±). Differentiating the defining identity Λ(σ±(t),±π/2+t) = 0 and using (135), we obtain

σ′
±(0) = 0, σ′′

±(0) = −
∂2
ϕΛ(p±)
∂sΛ(p±) = (a− b)sa

p′
a(sa)mb(sa) .

Consequently, the parametrization of the critical set of F 0 on I × S1 is

γ±(t) =
(
sa + κt2 +O(t3),±π

2 + t
)
, κ := (a− b)sa

2p′
a(sa)mb(sa) > 0, (136)

for every t ∈ [−t0, t0]. Differentiating (132) with respect to s, and recalling that Λ(p±) = 0, we obtain

∂s det
(
∂(x, y)
∂(s, ϕ)

)∣∣∣∣
p±

= ∂sΛ(p±)
N (p±)4 ̸= 0.

Since ∂sΛ(p±) ̸= 0, p± are non-degenerate singular points in light of Remark D.2. In particular the
kernel of dF 0 is necessarily one-dimensional along γ±(t) (see Lemma D.5), and thus spanned by a non-
vanishing vector field η±(t). We now compute these vector fields. Recall that L(s, ϕ) = s/(2N (s, ϕ)) >
0. Then, the quotient y/L and its differential are

y

L
= 2pb(s) sinϕ

s
, d

( y
L

)
= 2
s2

(
mb(s) sinϕds+ spb(s) cosϕdϕ

)
.

Since mb(sa) sin(±π
2 ) = ±mb(sa) ̸= 0, cf. (133), the latter differential is nonzero near p±, meaning

that ker d(y/L) is one-dimensional along the critical curves. Moreover, it can also be written as a
linear combination of dy and dL, so that ker dF 0 ⊂ ker d(y/L). Since, along the critical curves, both
kernels are one-dimensional, they must coincide. It follows that

η±(t) =
(

−spb(s)
mb(s)

cotϕ∂s + ∂ϕ

)∣∣∣∣
γ±(t)

.

Now according to Lemma D.5, in order to understand the type of critical points composing the critical
set, it is sufficient to compute the determinant

∆±(t) := det (γ̇±(t), η±(t)) .

Using equation (136) and observing that
sapb(sa)
mb(sa) = −κ, cot(±π/2 + t) = −t+O(t3),

we may compute a Taylor expansion of η±(t) near t = 0 finding

η±(t) =
(
−κt+O(t2)

)
∂s + ∂ϕ, γ̇±(t) =

(
2κt+O(t2)

)
∂s + ∂ϕ.

Computing the Taylor first-order expansion of ∆±(t) yields

∆±(t) = 3κt+O(t2).

Since κ ̸= 0, Lemma D.5 implies that the points γ±(t) are cuspidal edges for t ̸= 0 and swallowtails
for t = 0. In particular the points p± are swallowtails.

We now prove the assertion on double points. Suppose there are distinct pairs (s, ϕ), (t, ψ) ∈ I × S1

such that F 0(s, ϕ) = F 0(t, ψ). Equation (130) implies that

Fa,b

(
s,

1
N (s, ϕ) , ϕ

)
= Fa,b

(
t,

1
N (t, ψ) , ψ

)
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and then Proposition 8.3 implies s = t. Equality of the length components, i.e., L(s, ϕ) = L(t, ψ),
then gives N (s, ϕ) = N (s, ψ), and equality of the remaining two components (x(s, ϕ), y(s, ϕ)) =
(x(t, ψ), y(t, ψ)) yields

pa(s)(cosϕ− cosψ) = 0, pb(s)(sinϕ− sinψ) = 0.
Thus, since ϕ ̸= ψ and, for s ∈ I, pb(s) > 0 while pa(s) = 0 if and only if s = sa, we must have s = sa
and ψ = π−ϕ modulo 2π. Conversely, such pairs have the same image under F 0, and they are distinct
exactly when ϕ ̸= ±π/2. This proves equation (127) and that every point in F 0(Doub(F 0, N)) has
exactly two preimages, in particular it shows that, for ϕ ̸= ψ, one has

F 0(sa, ϕ) = F 0(sa, ψ) ⇐⇒ ψ = π − ϕ.

Note that these distinct preimages are regular points by the first part of the proof (cf. (134)), because
they are distinct if and only if ϕ ̸= ±π

2 . It remains to show

d(sa,ϕ)F
0(T(sa,ϕ)N

)
+ d(sa,π−ϕ)F

0(T(sa,π−ϕ)N
)

= TqR
3,

where q = F 0(sa, ϕ) = F 0(sa, π − ϕ) and ϕ ̸= ±π
2 . We are going to show that the (Euclidean)

normals of the two planes are linearly independent. By (128), for every (s, ϕ) ∈ N , the covector
(sin(s/2) cosϕ, sin(s/2) sinϕ, 1

)
∈ T ∗R3 annihilates the tangent plane d(s,ϕ)F

0(T(s,ϕ)N) ⊂ TR3. Thus
the normal direction in R3 to the latter plane is spanned by

ν(s,ϕ) =
(
sin(s/2) cosϕ, sin(s/2) sinϕ, 1

)
.

Evaluating the normal at (sa, ϕ) and (sa, π − ϕ) we find

ν(sa,ϕ) =
(

cosϕ√
1 + a2

,
sinϕ√
1 + a2

, 1
)
, ν(sa,π−ϕ) =

(
− cosϕ√

1 + a2
,

sinϕ√
1 + a2

, 1
)
,

which are linearly independent for every ϕ ̸= ±π
2 , as claimed. □

We conclude the section by showing how the latter theorem, combined with classical stability theory,
allows to compute the double point locus of F ε, for ε sufficiently small, as a smooth perturbation of
the double locus for the model F 0. We then use Lemma 9.4 to obtain the self intersections of F .

Corollary 9.7. There exist ε0 > 0 and a smooth function f : [0, ε0] × S1 → (sa − δ, sa + δ), with
f(0, ϕ) = sa, such that, setting V = Ψ−1

Z (I × (0, ε0] × S1), we have

Doub(F , V ) =
{

Ψ−1
Z (f(ε, ϕ), ε, ϕ) : 0 < ε ≤ ε0, ϕ ∈ S1} .

Proof. By Theorem 9.6, the assumptions of Lemma D.6 are verified for the Legendrian front F 0. Thus,
applying Lemma D.6 and Corollary D.7 to the smooth family of Legendrian fronts F ε, we find ε0 > 0,
a smooth map f : [0, ε0] × S1 → I and two smooth curves ϕ± : [0, ε0] → S1 such that

Doub(F ε, I × S1) = {(f(ε, ϕ), ϕ) : ϕ ∈ S1 \ ϕ±(ε)}, f(0, ϕ) = sa, ϕ±(0) = ±π

2 . (137)

Combining Lemma 9.4 with (137) and taking the closure in V yield the result. □

10. Computation of the cut time. Proof of Theorem 1.5

Now that we have an explicit description of Doub(F , V ) in terms of the double locus of the per-
turbation F ε of the reduced front F 0, we exploit Lemma 7.4 to compute the cut time: we intersect
Doub(F , V ) with the fibers of the projection map π, and compute the infimum of the length function
along this intersection.

Lemma 10.1. There exists R > 0 such that I ×B×
R ⊂ V . Defining

TV (q) := inf{ℓ(z) : z ∈ Doub(F , V ), π(z) = q}, ∀q ∈ B×
R ,

then, the infimum is attained at a unique parameter s = σ(ρ, θ), where
σ : [0, R] × S1 → (sa − δ, sa + δ)
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is a smooth function satisfying σ(0, ϑ) = sa. Moreover,

TV (ρ, ϑ) = σ(ρ, ϑ)
h0(ρ, ϑ) = sa

2 ρ+O(ρ2), as ρ → 0+. (138)

Proof. By Lemma 9.3, the function ε(s, ρ, ϕ) :=
√
Z(s, ρ, ϕ) is smooth at ρ = 0, where it vanishes.

By compactness of I × S1, we may choose R > 0 so small that I × B×
R ⊂ V . Since ΨZ(s, ρ, ϕ) =

(s, ε(s, ρ, ϕ), ϕ), Corollary 9.7 implies that a point (s, ρ, ϕ) ∈ V belongs to Doub(F , V ) if and only if
s = f(ε(s, ρ, ϕ), ϕ). Thus,

Doub(F , V ) =
{

(s, ρ, ϕ) ∈ V : s− f
(
ε(s, ρ, ϕ), ϕ

)
= 0
}
.

We define the function

L : V → R, L(s, ρ, ϑ) := s− f
(
ε(s, ρ, ϑ+ s/2), ϑ+ s/2

)
.

Then, since π(s, ρ, ϕ) = (ρ, ϕ− s
2 ) by Remark 7.7, the intersection Doub(F , V ) ∩ π−1(ρ, ϑ) is charac-

terized by the equation L(s, ρ, ϑ) = 0. Since ε(s, 0, ϕ) = 0 and f(0, ϕ) = sa, we have

L(s, 0, ϑ) = s− sa, ∂sL(s, 0, ϑ) = 1.

It follows that, there exists R > 0 sufficiently small such that ∂sL > 0 on I × [0, R] × S1, and L(·, ρ, ϑ)
has opposite signs at the endpoints of I, for every (ρ, ϑ) ∈ [0, R]×S1. Thus, for every (ρ, ϑ) ∈ [0, R]×S1,
L(s, ρ, ϑ) = 0 has a unique solution s = σ(ρ, ϑ). The non-vanishing s-derivative allows us to apply
the implicit function theorem, deducing smoothness of σ, including at ρ = 0, where σ(0, ϑ) = sa.
Therefore the intersection Doub(F , V ) ∩ π−1(ρ, ϑ) consists of a single point, i.e.,

Doub(F , V ) ∩ π−1(ρ, ϑ) =
{(

σ(ρ, ϑ), ρ, ϑ+ σ(ρ, ϑ)
2

)}
.

Hence, evaluating the length function ℓ at such point, using Remark 7.7, gives

TV (ρ, ϑ) = σ(ρ, ϑ)
h0(ρ, ϑ) .

The Taylor expansion (138) follows from expansions:

σ(ρ, ϑ) = sa +O(ρ) and 1
h0(ρ, ϑ) = ρ

2 +O(ρ2),

as ρ → 0+. This concludes the proof. □

We can now prove the main result showing that TV coincides with the cut time, sufficiently close
to a characteristic point.

Proof of Theorem 1.5. By Lemma 7.4, and since Doub(F , V ) ⊂ Doub(F ), we have

tcut(q) = inf{ℓ(z) : z ∈ Doub(F ), π(z) = q} ≤ TV (q), q ∈ B×
R . (139)

We prove that equality holds in a smaller punctured ball B×
r . First, there exists 0 < r < R such that

2 sup
q∈Br

TV (q) < dSR(Br, S \BR). (140)

Indeed, the left-hand side tends to zero as r → 0+ by (138), while the right-hand side stays bounded
below by a positive constant. Second, fix q ∈ B×

r and set t0 := tcut(q). By Remark 7.3 there exist
minimizing normal geodesics from S, based at distinct points qn, q′

n ∈ S, with the same endpoint and
length tn, such that

(tn, qn) → (t0, q), tn = tcut(qn) = tcut(q′
n).

Setting sn = tnh0(qn) and s′
n = tnh0(q′

n), we claim that, eventually

{(sn, qn)}, {(s′
n, q

′
n)} ⊂ V. (141)
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Indeed, the triangle inequality, together with the inequality (139), gives

dSR(q, q′
n) ≤ dSR(q, qn) + 2tn

n→∞−−−−→ 2t0 ≤ 2TV (q).

Then, by (140), for n large, dSR(q, q′
n) < dSR(Br, S \ BR) and therefore q′

n ∈ B×
R . Also, qn ∈ B×

R

because qn → q by construction. Moreover, combining (139) with (138),we obtain
sn = h0(qn)tn = h0(qn)tcut(qn) ≤ h0(qn)TV (qn) = σ(qn) < sa + δ,

and the same exact inequality holds for s′
n. Thus (sn, qn), (s′

n, q
′
n) ∈ [0, sa + δ] ×B×

R . Proposition 9.1
finally implies that sn, s′

n ∈ I, therefore

{(sn, qn)}, {(s′
n, q

′
n)} ⊂ I ×B×

R .

By Lemma 10.1, R can be chosen sufficiently small so that I ×B×
R ⊂ V , hence (141) holds for large n.

Since, (sn, qn) and (s′
n, q

′
n) are double points, for large n it holds

(sn, qn), (s′
n, q

′
n) ∈ Doub(F , V ).

The definition of TV then gives

TV (q) ≤ lim
n
ℓ(sn, qn) = lim

n
ℓ(tnh0(qn), qn) = lim

n
tn = tcut(q). (142)

Since q was arbitrarily chosen in B×
r ⊂ B×

R , the two inequalities (139) and (142) combined give

tcut(q) = TV (q), ∀q ∈ B×
r .

Expressing the result in polar coordinates (ρ, ϑ) we find that that the cut time restricted to the
punctured ball B×

r ≃ (0, r] × S1 satisfies

tcut(ρ, ϑ) = TV (ρ, ϑ), ∀ (ρ, ϑ) ∈ (0, r] × S1.

In particular by Lemma 10.1 the cut time is smooth on such domain and smoothly extends to ρ = 0.
Moreover Lemma 10.1 also gives

tcut(ρ, ϑ) = ρsa
2 + ρ2Rcut(ρ, ϑ),

where sa = π− 2 arctan(a) and Rcut ∈ C∞(R+ × S1). This concludes the proof, observing that, under
the assumption a > b, ca,b = sa/2. □

Part III. Appendix

Appendix A. Horizontal plane and homogeneous surfaces

A.1. Direct computations for the horizontal plane. We derive (7) by means of a direct compu-
tation. First we combine (3) with our knowledge of the cut time and Jacobian (6) to obtain

vol(TBR
(ε)) =

ˆ 2π

0

ˆ R

0

ˆ min{ε,tcut(r,θ)}

0
JS0(t, r, θ) dt dr dθ

= π

2

ˆ R

0

ˆ min{ε,πr/2}

0

[
r2
(

1 + cos
(

2t
r

))
+ tr sin

(
2t
r

)]
dt dr.

For 0 < ε < πR/2, we may exchange the order of integration in t and r finding

vol(TBR
(ε)) = π

2

ˆ ε

0
I(t) dt, I(t) :=

ˆ R

2t/π

[
r2
(

1 + cos
(

2t
r

))
+ tr sin

(
2t
r

)]
dr.

For t > 0, two integrations by parts in r yield

I(t) = R3

3

(
1 + cos

(
2t
R

))
+ tR2

6 sin
(

2t
R

)
+ t2

3

ˆ R

2t/π
cos
(

2t
r

)
dr.
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To evaluate the remaining integral, we define Si(x) :=
´ x

0 (sin u)/u du and we observe that

d

dr

[
r cos

(
2t
r

)
+ 2t Si

(
2t
r

)]
= cos

(
2t
r

)
.

Consequently,
ˆ R

2t/π
cos
(

2t
r

)
dr = R cos

(
2t
R

)
+ 2t Si

(
2t
R

)
+ 2t

(
1
π

− Si(π)
)
.

Substituting into the expression for I(t) and expanding at t = 0, using Si(x) = x+O(x3), gives

I(t) = 2R3

3 + 2t3

3

(
1
π

− Si(π)
)

+O

(
t4

R

)
.

Finally, integrating with respect to t, we obtain

vol(TBR
(ε)) = πR3

3 ε+ 1 − π Si(π)
12 ε4 +O

(
ε5

R

)
, ε → 0+.

A.2. The curvature forms of homogeneous surfaces. Here we explicitly compute the curvature
forms introduced in Definition 4.16 for homogeneous surfaces Sa,b, 1+ab ̸= 0, in the coordinates (ρ, ϑ)
of (47). First observe that, as a consequence of Corollary 4.18 it holds

σ
(n)
Sa,b

= ρ2−n∂ns Ja,b(s, 1, ϑ)|s=0dρ ∧ dϑ. (143)

Lemma A.1. In the coordinates of Remark 7.7 it holds

det
(
∂Ea,b(s, ρ, ϕ)
∂(s, ρ, ϕ)

)
= −2ρ3Λ(s, ϕ), Λ(s, ϕ) := pb(s)ma(s) cos2 ϕ+ pa(s)mb(s) sin2 ϕ, (144)

where mc(s) := sp′
c(s) − pc(s), for c ∈ {a, b}, and pc(s) is defined in Lemma 8.1.

Proof. By the first identity of (104) and standard trigonometric identities, we have

qc(s) = s+ 2 sin(s/2)pc(s), cos(s/2)pc(s) − 2 sin(s/2)p′
c(s) = 1.

Consequently, a direct computation yields

pc(s)q′
c(s) − 2p′

c(s)qc(s) = 2pc(s) − 2sp′
c(s) = −2mc(s).

Therefore, differentiating (98) and computing the Jacobian determinant gives

det
(
∂Ea,b(s, u, v)
∂(s, u, v)

)
= pb(s)

(
pa(s)q′

a(s) − 2p′
a(s)qa(s)

)
u2 + pa(s)

(
pb(s)q′

b(s) − 2p′
b(s)qb(s)

)
v2

= −2
(
pb(s)ma(s)u2 + pa(s)mb(s)v2).

Finally, evaluating the latter equation at (u, v) = (ρ cosϕ, ρ sinϕ), and using the fact that the change
of variables (u, v) = (ρ cosϕ, ρ sinϕ) has Jacobian determinant ρ, we prove (144). □

Lemma A.2. The normalized Jacobian of Sa,b is

Ja,b(s, 1, ϑ) = 1
4(1 + ab)

[
(1 + ab) + (1 − ab)

(
cos(2s) + s sin(2s)

)
+ (a+ b)

(
s cos(2s) − sin(2s)

)
+ s(a− b) cos(2ϑ+ 2s)

]
.

(145)

Proof. By Section 7.2 and Remark 7.7, we have the identity

exp⊥
Sa,b

(t, ρ, ϑ) = ψ−1 ◦ Ea,b
(

2t
ρ
, ρ, ϑ+ t

ρ

)
.
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The map ψ has Jacobian determinant 8(1+ab), whereas the map (t, ρ, ϑ) 7→ ( 2t
ρ , ρ, ϑ+ t

ρ ) has Jacobian
determinant 2/ρ. Thus Lemma A.1 and the chain rule give

JSa,b
(t, ρ, ϑ) = − ρ2

2(1 + ab)Λ
(

2t
ρ
, ϑ+ t

ρ

)
.

Therefore, equation (143) implies that

Ja,b(s, 1, ϑ) = −Λ(2s, ϑ+ s)
2(1 + ab) .

Substituting mc(s) = sp′
c(s) − pc(s), and the expression of pc(s) from (99), into (144) yields (145). □

Proposition A.3. Let (ρ, ϑ) be the coordinates on Sa,b introduced in (47). Then, for every n ∈ N,
the n-th curvature form of the homogeneous surface Sa,b has the expression

σ
(n)
Sa,b

= ρ2−n
(
An cos(2ϑ) +Bn sin(2ϑ) + Cn

)
dρ ∧ dϑ,

where, for n ≥ 1, we have defined

(An, Bn, Cn) = (−1)⌊n/2⌋2n−3

1 + ab


(
0, n(a− b), (2 − n)(1 − ab)

)
, n even,(

n(a− b), 0, (n− 2)(a+ b)
)
, n odd.

For n = 0, the coefficients are (A0, B0, C0) =
(

0, 0, 1
2(1+ab)

)
.

Proof. Substituting the identity cos(2ϑ+2s) = cos(2ϑ) cos(2s)− sin(2ϑ) sin(2s) into (145), we see that
the Jacobian Ja,b(s, 1, ϑ) splits as a sum of three functions

Ja,b(s, 1, ϑ) = 1
4(1 + ab)

(
A(s) cos(2ϑ) +B(s) sin(2ϑ) + C(s)

)
, (146)

where the functions A,B,C are given by
A(s) = (a− b)s cos(2s), B(s) = −(a− b)s sin(2s), C(s) = Ceven(s) + Codd(s),

where Ceven, Codd are nothing but the even and odd parts of C(s), i.e.

Ceven(s) = (1 + ab) + (1 − ab)
(
cos(2s) + s sin(2s)

)
, Codd(s) = (a+ b)

(
s cos(2s) − sin(2s)

)
.

Thus, by (143) and direct differentiation of (146), the statements of the propositions hold with

An := A(n)(0)
4(1 + ab) , Bn := B(n)(0)

4(1 + ab) , Cn := C(n)(0)
4(1 + ab) .

The function A is odd, while B is even. Then, for n even (resp. odd) only the n-th derivative of B and
Ceven (resp. A and Codd) are non vanishing. Taking full Taylor expansions of the elementary functions
A,B,Ceven, Codd and extracting the n-th derivatives yields the claimed expressions of An, Bn, Cn. □

Example A.4. The first five curvature forms of Sa,b are

σ
(0)
Sa,b

= ρ2

2(1 + ab) dρ ∧ dϑ,

σ
(1)
Sa,b

= ρ

4(1 + ab)
(
(a− b) cos(2ϑ) − (a+ b)

)
dρ ∧ dϑ,

σ
(2)
Sa,b

= − a− b

1 + ab
sin(2ϑ) dρ ∧ dϑ,

σ
(3)
Sa,b

= −3(a− b) cos(2ϑ) + (a+ b)
(1 + ab)ρ dρ ∧ dϑ,

σ
(4)
Sa,b

=
4
(
2(a− b) sin(2ϑ) + (ab− 1)

)
(1 + ab)ρ2 dρ ∧ dϑ.
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Appendix B. On logarithmic expansions. Proof of Lemma 5.8

The goal of this section is to prove Lemma 5.8. We first observe that whenever a function has an
expansion involving logarithmic coefficients, these are uniquely determined.

Lemma B.1. Let F : (0, 1) → R be a function. Assume that there exist k0 ∈ N and coefficients
{αn, βn}n≥−k0 ⊂ R such that

F (ε) =
N∑

n=−k0

εn(αn + βn log ε) + o(εN ), ε → 0+, (147)

for every integer N ≥ −k0. Then the coefficients αn, βn are uniquely determined by F .

Proof. Suppose two families of coefficients {αn, βn} and {α̃n, β̃n} satisfy (147), and let m be the
smallest index such that (αm, βm) ̸= (α̃m, β̃m). Then, the function F satisfies (147) with N = m, for
both families of coefficients, hence taking the difference of the two expansions and dividing by εm gives

0 = 1
εm

(
m∑

n=−k0

εn
(
(αn − α̃n) + (βn − β̃n) log ε

)
+ o(εm)

)
= (αm − α̃m) + (βm − β̃m) log ε+ o(εm)

εm
,

where the last equality follows by our choice of m. It follows that

(αm − α̃m) + (βm − β̃m) log ε = o(1).

Since log ε → −∞, it must be βm = β̃m, and then αm = α̃m, contradicting the choice of m. □

The previous lemma shows that the statement Lemma 5.8 is well-posed. Secondly, we prove an
auxiliary result that is needed in the proof of Lemma 5.8.

Lemma B.2. Let F : R2 → R be a smooth function. Then, there exist {fk, gk}∞
k=0 ⊂ C∞(R) such

that, for every N ∈ N, there exists RN+1 ∈ C∞(R2) such that

F (x, y) =
N∑
k=0

(xy)k(fk(y) + xgk(x)) + (xy)N+1RN+1(x, y). (148)

Proof. We proceed by induction, first proving the statement for N = 0. Since F is smooth, both F
and its partial derivatives are absolutely continuous and we can write

F (x, y) − F (0, y) − F (x, 0) + F (0, 0) =
ˆ x

0
∂xF (t, y)dt−

ˆ x

0
∂xF (t, 0)dt

=
ˆ x

0

ˆ y

0
∂y∂xF (t, s)dsdt = xy

ˆ 1

0

ˆ 1

0
∂y∂xF (xt, ys)dsdt︸ ︷︷ ︸
R1(x,y)

.

Setting f0(y) = F (0, y) and g0(x) = 1
x (F (x, 0)−F (0, 0)), which are smooth (extending g0 by continuity

setting g0(0) = ∂xF (0, 0)), we can write

F (x, y) = f0(y) + xg0(x) + (xy)R1(x, y). (149)

We now prove (148) for N +1, assuming it holds for N . Since RN+1 is smooth, using (149), we deduce
the existence of two smooth functions fN+1, gN+1 ∈ C∞(R) such that

RN+1(x, y) = fN+1(y) + xgN+1(x) + xyRN+2(x, y),

for some smooth remainder RN+2. Substituting the latter expression into (148), we conclude. □
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Proof of Lemma 5.8. By Lemma B.2, for every N ≥ 0 we can write

G(s, r) =
N∑
k=0

(sr)k
(
fk(r) + sgk(s)

)
+ (sr)N+1RN+1(s, r),

for suitable smooth functions fk, gk, RN+1. We now set
G1,k(s, r) := (sr)kfk(r), G2,k(s, r) := sk+1rkgk(s), G3,N (s, r) := (sr)N+1RN+1(s, r).

Let Gi,k(ε) be the integral (64) computed with Gi,k in place of G. It is sufficient to prove the lemma for
each and every one of these functions Gi,k(ε). Indeed, if the lemma holds for G1,k(ε), G2,k(ε), Gi,N (ε),
for k = 0, . . . , N , with coefficients γn(Gi,k), βn(Gi,k) computed as in (65) with Gi,k in place of G, then
by linearity of the mappings G 7→ γn(G) and G 7→ βn(G) we have

G(ε) =
N∑
k=0

(G1,k(ε) + G2,k(ε)) + G3,N (ε) =
N∑
n=0

εn
N∑
k=0

3∑
i=1

(
γn(Gi,k) + βn(Gi,k) log ε

)
+ o(εN ),

=
N∑
n=0

εn
(
γn(G) + βn(G) log ε

)
+ o(εN ).

We first focus on G1,k(s, r) = (sr)kfk(r):

G1,k(ε) :=
ˆ r0

ε

G1,k(ε/r, r) dr = εk
ˆ r0

ε

fk(r) dr = εk
ˆ r0

0
fk(r) dr − εk

ˆ ε

0
fk(r) dr.

Then, a Taylor expansion of fk at zero gives an expansion with no logarithms, whose non-zero coeffi-
cients are

γk(G1,k) =
ˆ r0

0
fk(r) dr, γk+j+1(G1,k) = −

f
(j)
k (0)

(j + 1)! , j ≥ 0.

These agree with (65). Indeed, for n ≥ 1, the term

Fpδ→0+

(
1
n!

ˆ r0

δ

∂nsG1,k(0, r)
rn

dr

)
(150)

is non-zero only when n = k, in which case it is
´ r0

0 fn(r) dr. The second term, which is

Fpδ→0+

(
1

(n− 1)!

ˆ 1

δ

∂n−1
r G1,k(s, 0)

sn+1 ds

)
(151)

is non-zero only when n = k + j + 1, for some j ≥ 0, and then equals

f
(j)
k (0)
j! Fpδ→0+

ˆ 1

δ

s−j−2 ds = −
f

(j)
k (0)

(j + 1)! .

The mixed derivative defining βn vanishes for every n. Next, we focus on G2,k(s, r) = (sr)ksgk(s).
The change of variables s = ε/r gives

G2,k(ε) = εk+1
ˆ 1

ε/r0

gk(s)
s

ds.

Adding and subtracting gk(0) from the numerator of gk(s)
s we obtain the identity

G2,k(ε) = εk+1
(ˆ 1

0

gk(s) − gk(0)
s

ds+ gk(0) log r0 − gk(0) log ε
)

− εk+1
ˆ ε/r0

0

gk(s) − gk(0)
s

ds

The integrand in the last term is smooth. A Taylor expansion therefore gives, for k ≥ 0 and j ≥ 1

γk+1(G2,k) =
ˆ 1

0

gk(s) − gk(0)
s

ds+ gk(0) log r0, γk+j+1(G2,k) = −
g

(j)
k (0)
j! j rj0

,

βk+1(G2,k) = −gk(0),
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with all remaining coefficients equal to zero. These are precisely the coefficients obtained by applying
(65) to G2,k(s, r) = (sr)ksgk(s). Indeed, the term (151) is non-zero only for n = k+ 1, when it equals´ 1

0
gk(s)−gk(0)

s ds, while for n = k + j + 1, j ≥ 0, the term (150) is

g
(j)
k (0)
j! Fpδ→0+

ˆ r0

δ

r−j−1 dr =


gk(0) log r0, j = 0,

−
g

(j)
k (0)
j! j rj0

, j ≥ 1.

The mixed derivative defining βn(G2,k) in (65) is non-zero only for n = k+1, when its value is −gk(0).
Finally for the function G3,N (s, r) = (sr)N+1RN+1(s, r) we have

G3,N (ε) = εN+1
ˆ r0

ε

RN+1(ε/r, r) dr = O(εN+1).

Thus γn(G3,N ) = βn(G3,N ) = 0 for n = 0, . . . , N . These coefficients therefore coincide with those
obtained by applying (65) to G3,N , since all derivatives appearing therein vanish when vanish when
applied to (sr)N+1RN+1. □

Appendix C. Distributions on manifolds

We review some basic facts about distributions on manifolds, following the monograph [GKOS01].
Let M be a smooth oriented manifold of dimM = n. Fix k ∈ N ∪ {∞} and an atlas {(Vα, ψα)}α∈A
for M . Then, given α ∈ A, we introduce a locally convex topology on Ck(Vα) via the following notion
of convergence: a sequence {ul}l∈N ⊂ Ck(Vα) converges to zero if and only if, for every K ⊂ ψα(Vα)
compact and for every ν ∈ Nn, |ν| ≤ k,

∂ν(ul ◦ ψ−1
α ) l→∞−−−→ 0 uniformly on K.

Such a topology exists and is generated by the following family of semi-norms on Ck(Vα): denote by
{Kα

m}m∈N an exhausting, increasing sequence of compact subsets of ψα(Vα), and define
ps,m,α(u) := sup

x∈Kα
m, |ν|≤s

∣∣∂ν (u ◦ ψ−1
α (x)

)∣∣ , ∀u ∈ Ck(Vα), (152)

where s ∈ N, 0 ≤ s ≤ k, and m ∈ N. In turn, this allows to define a topology on the space Ck(M):
observe that a sequence {ul}l∈N ⊂ Ck(M) converges to zero if and only if ul → 0 in Ck(Vα), for every
α ∈ A. Equipped with this topology, Ck(M) is a separable Fréchet space and, for every K ⊂ M
compact, the set Ckc,K(M) := {u ∈ Ck(M) : supp(u) ⊂ K} ⊂ Ck(M) is a Fréchet subspace. Hence,
letting {Ki}i∈N be an exhausting, strictly increasing sequence of compact subsets of M , we have

Ckc (M) =
⋃
i∈N

Ckc,Ki
(M),

and we endow Ckc (M) with the inductive limit topology τ with respect to the countable collection of
Fréchet subspaces {Ckc,Ki

(M)}i∈N. Finally, we can give the following definition of a distribution on M .

Definition C.1. A distribution (respectively of order k) on M is a continuous linear functional on
the locally convex space C∞

c (M) (respectively Ckc (M)). We denote the space of distributions by D′(M)
(respectively D′

k(M)). Given T ∈ D′(M), we denote its action on a function u by ⟨T, u⟩ or T (u).

The following criterion for a linear functional on Ckc (M) to be a distribution is immediate from the
definition of the topology τ .

Lemma C.2. Let k ∈ N and let T : C∞
c (M) → R be a linear functional. Then the following conditions

are equivalent:
(i) T is a distribution of order at most k;

(ii) For every compact K ⊂ M , the restriction T |C∞
c,K

(M) is continuous with respect to the topology
induced by Ckc,K(M);
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(iii) For every compact K ⊂ M , there exist s, ℓ,m ∈ N, with s ≤ k, a constant cK > 0, and indices
α1, . . . , αℓ such that

|T (u)| ≤ cK max
1≤i≤ℓ

ps,m,αi
(u), ∀u ∈ C∞

c,K(M);

(iv) T admits a unique continuous linear extension T̃ : Ckc (M) → R.

For every open set Ω ⊂ M , denote by D′(Ω) the space of distributions on Ω, namely the continuous
linear functionals on C∞

c (Ω). Given Ω̃ ⊂ Ω, denote by T |Ω̃ := T |
C∞

c (Ω̃) the restriction of T to Ω̃.

Proposition C.3. Let {Ωi}i∈I be an open cover of a smooth manifold M , and let T : C∞
c (M) → R

be a linear functional. Fix an integer k ≥ 0. If T |Ωi ∈ D′(Ωi) of order at most k, for every i ∈ I, then
T is a distribution on M of order at most k.

Proof. For a given K ⊂ M compact, there is a finite sub-cover {Ωij }Nj=1 for K and a partition of unity
{χj}Nj=1 subordinated to it. Then, setting Ti := T |Ωi

∈ D′(Ωi), we write

T (u) = T

 N∑
j=1

χju

 =
N∑
j=1

T (χju) =
N∑
j=1

Tij (χju), ∀u ∈ C∞
c,K(M). (153)

We claim that, for every j = 1, . . . , N , C∞
c,K(M) ∋ u 7→ Tij (χju) admits a unique continuous extension

to the Fréchet space Ckc,K(M). By assumption, Tij ∈ D′(Ωij ) is a distribution of order at most k.
Hence, by Lemma C.2, it admits a continuous extension

T̃ij : Ckc (Ωij ) → R.

In particular, setting Kj := K ∩ suppχj , the restriction

T̃ij |Ck
c,Kj

(M)

is continuous. We now observe that the multiplication map by χj , defined as

Mj : Ckc,K(M) → Ckc,Kj
(M), u → χju,

is continuous in the suitable Fréchet topologies, as a consequence of Leibniz’ rule. Hence, we deduce
that T̃ij ◦Mj is the (unique) continuous extension of C∞

c,K(M) ∋ u 7→ Tij (χju) to Ckc,K(M), which is
then a distribution of order at most k by Lemma C.2, as claimed. Since the sum of distributions is
a distribution as well, we infer that T |C∞

c,K
(M) is continuous with respect to the topology induced by

Ckc,K(M), as a consequence of (153). By the arbitrariness of K and using Lemma C.2, we conclude
that T is a distribution of order at most k. □

C.1. The support of a distribution. The next result is a consequence of [GKOS01, Thm. 3.1.7].

Lemma C.4. Let M be a smooth manifold, let Ω ⊂ M be an open set and let {Ωi}i∈I be an open
cover for Ω. Assume that there is a family {Ti}i∈I such that, for all i ∈ I, Ti ∈ D′(Ωi) and

Ti|Ωi∩Ωj = Tj |Ωi∩Ωj , ∀ i, j ∈ I.

Then, there exists a unique distribution T ∈ D′(Ω) such that T |Ωi = Ti, for all i ∈ I.

By the previous lemma, it follows that, given T ∈ D′(Ω), there is a largest open ΩT ⊂ Ω on which
T vanishes (i.e. T |ΩT

= 0).

Definition C.5 (Support of a distribution). Let M be a smooth manifold, let Ω ⊂ M be an open set
and let T ∈ D′(Ω). Then, the support of T is the closed set given by

supp(T ) := Ω \ ΩT = Ω \ {x ∈ Ω : T |Vx
= 0, for some neighborhood Vx ⊂ Ω of x}.

We say that T is compactly supported if supp(T ) is compact.
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C.2. A distribution on characteristic surfaces. We analyze a prototypical functional appearing
when dealing with volumes of half-tubes around characteristic surfaces in the Heisenberg group.

Proposition C.6. Let S = ∂Ω ⊂ H1 be a smooth, oriented, embedded surface. Assume that Σ(S)
consists only of geometrically stable characteristic points and let B ⊂ S be one of the balls of Lemma 5.2
with polar coordinates (r, θ). Let T : C∞(S) → R be the linear functional given, in coordinates (r, θ),
by

T (φ) =
ˆ 2π

0
∂krφ(0, θ)ϕ(0, θ)dθ, ∀φ ∈ C∞(S),

for some k ∈ N and ϕ ∈ C∞(R+ × S1). Then, T ∈ D′(S), it has at most order k and supp(T ) ⊂ {p}.

Proof. We prove that T ∈ D′(S). This is straightforward if k = 0, hence we assume that k ≥ 1.
Firstly, observe that if supp(φ) ∩ B = ∅, then T (φ) = 0, hence we check the continuity of T on every
K ⊂ B compact. Let ψ : V ⊂ S → R2 be a coordinate chart such that B ⊂ V and on ψ(B), we use
the (smooth) polar coordinates ξ : R+

r × S1
θ → R2 on ψ(B), centered at (0, 0). By Lemma 5.2, it holds

tcut(ξ(r, θ)) = r. Secondly, as a consequence of Faà di Bruno’s formula, there are ck,α ∈ N such that

∂kr (φ ◦ ξ)(0, θ) =
k∑
j=1

∑
α∈Nj

0
|α|=k

ck,αD
jφ(0) [∂α1

r ξ(0, θ), . . . , ∂αj
r ξ(0, θ)] , (154)

where Djφ(0) : (R2)j → R is the j-th Fréchet derivative of φ at 0 ∈ ψ(B), viewed as a symmetric
multilinear map and Nj0 is the set of j-tuples with entries ≥ 1. Thus, recalling that ξ, ϕ are smooth
functions on R+ × S1, using (154), we estimate, for every φ ∈ Ckc,K(S),

|T (φ)| ≤ 2π
k∑
j=1

∑
α∈Nj

0
|α|=k

ck,α|Djφ(p)|
(

sup
ℓ=1,...,k
θ∈S1

|∂ℓrξ(0, θ)| + 1
)j

∥ϕ(0, ·)∥C(S1) ≤ CB pk,ψ(φ),

where pk,ψ is the semi-norm (152) (associated to the chart ψ and to the compact set ψ(B)). Since
K was arbitrary, by Lemma C.2 we infer that T is a distribution of order at most k, as claimed.
Finally, (154) implies that supp(T ) ⊂ {p}, since, for every φ ∈ C∞(S), with p /∈ supp(φ), we have
T (φ) = 0. □

C.3. Swapping finite parts and integrals. We prove the technical step needed in Lemma 6.5 to
prove that Tn is a distribution, namely that integrals can be exchanged with finite parts.

Lemma C.7. Let r0 > 0, let n ≥ 0 be an integer, and let f ∈ C∞([0, r0] × S1). Then the following
finite parts exist and satisfy

Fpδ→0+

(ˆ r0

δ

ˆ
S1

f(s, θ)
sn+1 dθ ds

)
=
ˆ

S1
Fpδ→0+

(ˆ r0

δ

f(s, θ)
sn+1 ds

)
dθ.

Proof. Computing a Taylor expansion of f gives

f(s, θ) =
n∑
k=0

fk(θ)sk + sn+1R(s, θ), fk(θ) := ∂ks f(0, θ)
k! ,

where R is smooth. Integrating term by term yields
ˆ r0

δ

f(s, θ)
sn+1 ds =

n−1∑
k=0

fk(θ)
n− k

δk−n − fn(θ) log δ + C(θ) +O(δ),

where C is the following smooth function

C(θ) =
ˆ r0

0

f(s, θ) −
∑n
k=0 fk(θ)sk

sn+1 ds−
n−1∑
k=0

fk(θ)
n− k

rk−n
0 + fn(θ) log r0,
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and the remainder O(δ) is uniform in θ, by compactness of S1. Thus the finite part for each fixed θ is
C(θ). Integrating the expansion in θ, its constant term is

´
S1 C(θ) dθ, proving the identity. □

Appendix D. Legendrian fronts

In this section, we give some details around Legendrian fronts. Let q, p ∈ Rn, ℓ ∈ R, and, in
coordinates (q, ℓ, p) ∈ R2n+1, consider the smooth 1-form

α := dℓ− p · dq.

We define the front projection as the map πf : R2n+1 → Rn+1, πf (q, ℓ, p) = (q, ℓ).

Definition D.1. Let M be a smooth manifold of dim(M) = n, possibly with boundary. A smooth map
F : M → Rn+1 is called a Legendrian front if there exists a smooth immersion F̃ : M → R2n+1 such
that

F̃ ∗α = 0, F = πf ◦ F̃ .

The map F̃ is called a Legendrian lift of F .

Since, in the main body of the paper, we mostly encounter Legendrian fronts defined on 2-dimensio-
nal manifolds, we restrict our analysis to this situation. Let F : M → R3 be a smooth Legendrian
front. We denote by Crit(F ) := {q ∈ M : ker(dqF ) ̸= {0}} the set of critical points. Then, following
the notations of [KRS+05], a critical point q ∈ M of F is called non-degenerate if, in local coordinates
(u, v) near q, the map

G = ∂uF × ∂vF : M → R3

satisfies rank(dqG) = 1. This condition is independent of the choice of coordinates.

Remark D.2. Write F = (x, y, ℓ) ∈ R3 and let (px, py) ∈ R2 be the components of the momenta of F̃ .
Since, F̃ is a Legendrian lift of F , it holds

dℓ = px dx+ py dy. (155)

Set W := det
(
∂(x, y)/∂(u, v)

)
. Then the contact identity (155) gives G = W (−px,−py, 1). At a

singular point q ∈ M , we have W (q) = 0 and hence

dqG = (−px(q),−py(q), 1) dqW.

Thus q is non-degenerate if and only if dqW ̸= 0.

Let us recall the models of non-degenerate singularities for 2-dimensional Legendrian fronts.

Example D.3 (Cuspidal edge). The smooth map Fce : R2 → R3 defined as

Fce(u, v) = (u, v2, v3),

is a Legendrian front. The critical set and double points locus are

Crit(Fce) = {(u, 0) ∈ R2}, Doub(Fce) = ∅.

Example D.4 (Swallowtail). The smooth map Fst : R2 → R3 defined as

Fst(u, v) =
(
4u3 + 2uv, v, 3u4 + u2v

)
is a Legendrian front. The critical set and double points locus are

Crit(Fst) = {(u,−6u2) ∈ R2 : u ∈ R}, Doub(Fst) = {(u,−2u2) ∈ R2 : u ̸= 0}.

A point q in the domain of a Legendrian front F is called a cuspidal edge (resp. swallowtail) if there
exists a chart centered at q and target coordinates in which F has the normal form Example D.3
(resp. Example D.4).
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Lemma D.5 ([KRS+05, Prop. 1.3]). Let q ∈ M be a non-degenerate singular point of a smooth
Legendrian front F : M2 → R3. Then Crit(F ) is a smooth curve near q, and dF has rank one along
it. Let γ : (−t0, t0) → M , t0 > 0, be a regular parametrization of this curve with γ(0) = q, and let η(t)
be a smooth non-vanishing vector field along γ spanning ker dγ(t)F . Set

∆(t) = det
(
γ̇(t), η(t)

)
,

where the determinant is computed in local coordinates on M . Then:
(1) q is a cuspidal edge if and only if ∆(0) ̸= 0,
(2) q is a swallowtail if and only if ∆(0) = 0 and ∆′(0) ̸= 0.

D.1. Stability lemmas. We now prove a stability lemma for families of Legendrian fronts. We say
that a family of maps F ε : M → R3 is a smooth family of Legendrian fronts, if it admits a smooth
family of Legendrian lifts F̃ ε : M → R5 (cf. Definition D.1).
The following lemma is a well known consequence of the theory of Legendrian singularities (see
[AGZV12, § 20 and § 21]). We include a proof for completeness.

Lemma D.6. Let F : M → R3 be a Legendrian front and let D := Doub(F ). Assume that
i) every point in F (D) has exactly two distinct preimages in M , which are regular points whose

image tangent spaces are transverse,
ii) D is a compact subset of M \ ∂M and every point in D \ D is a swallowtail.

Then, for every F ε : M → R3 smooth family of fronts such that F 0 = F , there exists ε0 > 0, and
smooth families of diffeomorphisms

hε : M → M, kε : R3 → R3, h0 = idM , k0 = idR3 ,

and an open neighborhood U of D such that
F ε ◦ hε = kε ◦ F 0 on U, 0 ≤ ε ≤ ε0. (156)

Proof. Up to replacing the maps F ε by their restriction to a suitable compact neighborhood of D , we
may assume without loss of generality that M is compact. The assumptions on D imply F−1(F (D)) =
D . Indeed, a point outside D with the same image as a point of D is itself a double point, and thus
belongs to D . Moreover, for every y ∈ F (D \D), the fiber F−1(y) is a singleton, since (D \D)∩D = ∅.
Therefore, for every y ∈ F (D), the fiber F−1(y) lies in D and consists either of one swallowtail or
of two regular points whose image tangent spaces intersect transversely. We now claim that for any
y ∈ F (D) and ε0 > 0 sufficiently small, there exist two open neighborhoods Vy, Vy,ε ⊂ R3 of y, and
two open neighborhoods Uy, Uy,ε ⊂ M \ ∂M of F−1(y), and diffeomorphisms

φy,ε : Uy → Uy,ε, ψy,ε : Vy → Vy,ε, φy,0 = IdUy
, ψy,0 = IdVy

ε ∈ [0, ε0], (157)
depending smoothly on ε such that the following equality holds

F ε ◦ φy,ε = ψy,ε ◦ F 0, on Uy. (158)
If F−1(y) is a pair of distinct regular double points whose image tangent spaces are transverse, the
claim follows by standard transversality theory. If F−1(y) is a single swallowtail see [AGZV12, § 21]
for existence for every fixed ε, and [Ish05, Thm. 4.1] applied to the lifts F̃ ε for smoothness in ε. A
standard partition of unity argument can be used to patch together the diffeomorphisms of (158).
First, we define the vector fields

Xε
y = −(∂εφy,ε) ◦ φ−1

y,ε ∈ Γ(TUy,ε), Y εy = (∂εψy,ε) ◦ ψ−1
y,ε ∈ Γ(TVy,ε).

Differentiating the local identity (158) and composing with φ−1
y,ε yields

∂εF
ε = dF εXε

y + Y εy ◦ F ε, on Uy,ε. (159)
By compactness of the parameter interval [0, ε0], and by continuity of the diffeomorphisms (157) with
respect to ε, it is possible to construct independent of ε refinements Uy ⊂ Uy,ε and Vy ⊂ Vy,ε over
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which the fields Xε
y and Y εy are well defined and (159) holds. Since Uy is a neighborhood of the unique

F 0-preimages of y, up to shrinking Vy we have (F 0)−1(Vy) ⊂ Uy. By compactness of M and continuity
of F ε with respect to ε, up to shrinking Vy we may assume that (F ε)−1(Vy) ⊂ Uy for all y ∈ F 0(D).
Summarizing we have

Uy ⊂ Uy,ε, Vy ⊂ Vy,ε, (F ε)−1(Vy) ⊂ Uy, ∀ y ∈ F 0(D), ε ∈ [0, ε0]. (160)

By compactness of D , we may take finitely many {Vi := Vyi}n1 covering F 0(D) and we denote
Xε
i = Xε

yi
, Y εi = Y εyi

.

We now choose nonnegative functions ρi ∈ C∞
c (Vi) such that

∑
i ρi = 1 on a neighborhood of F (D)

and we define

Xε =
n∑
i=1

(ρi ◦ F ε)Xε
i , Y ε =

n∑
i=1

ρiY
ε
i ,

Note that, since ρi ∈ C∞
c (Vi) and by (160), Xε is a smooth vector field defined globally on M , which

is zero outside of
⋃
i Ui, while Y ε is a smooth vector field on R3 which is zero outside of

⋃
i Vi. In

particular Xε and Y ε are non-autonomous vector fields with uniformly compact support for ε ∈ [0, ε0].
Let V ⊂

⋃
i Vi be a neighborhood of F (D) over which

∑
i ρi = 1. Since D ⊂ (F ε)−1(V) for all

ε ∈ [0, ε0], by compactness of the parameter interval [0, ε0], and by continuity of F ε with respect to ε,
we can find U ⊂

⋃
i Ui open neighborhood of D such that U ⊂ (F ε)−1(V) for all ε ∈ [0, ε0]. Multiplying

the local equations (159) by ρi ◦ F ε and summing over i we obtain
∂εF

ε = dF εXε + Y ε ◦ F ε, on U . (161)
Let hε and kε be the time-dependent flows defined by

∂εhε = −Xε ◦ hε, ∂εkε = Y ε ◦ kε, h0 = idM , k0 = idR3 .

The uniformly compact supports of Xε and Yε ensure that the flows are defined, on the entire M and
R3, throughout the whole parameter interval [0, ε0]. They are smoothly varying diffeomorphisms and
they are the identity outside fixed compact sets. Let U ⊂ U be an open neighborhood of D with the
property that for any q ∈ U , hε(q) remains in U for every ε ∈ [0, ε0]. Then, equation (161) holds
evaluated at hε(q) for every ε ∈ [0, ε0]. Consequently

d

dε

(
F ε ◦ hε(q)

)
=
(
∂εF

ε − dF εXε
)

◦ hε(q) = Y ε ◦ (F ε ◦ hε(q)).

Thus, both F ε ◦ hε(q) and kε ◦ F 0(q) solve the same ODE with initial value F 0(q). In other words
F ε ◦ hε(q) = kε ◦ F 0(q) for all q ∈ U . □

Corollary D.7. Let M = I × S1, where I ⊂ R is an interval. Let F : M → R3 be a Legendrian front
satisfying the hypotheses of Lemma D.6 with

D = {s0} × (S1 \ {ϕ0
1, . . . , ϕ

0
k}),

where s0 ∈ int I, and (s0, ϕ
0
i ) ∈ {s0} × S1 are the swallowtails of F . Let F ε : M → R3 be a smooth

family of Legendrian fronts, with F 0 = F . Then, up to shrinking the interval I, there exists a smooth
function f : [0, ε0] × S1 → I such that

Doub(F ε, I × S1) =
{

(f(ε, ϕ), ϕ) : ϕ ∈ S1 \ {ϕε1, . . . , ϕεk}
}
, ε ∈ [0, ε0],

where ε 7→ ϕεi ∈ S1 is smooth and f(0, ϕ) ≡ s0.

Proof. Let U1 be a neighborhood of D whose closure is contained in the neighborhood U of validity
of (156). By reducing I and ε0, we may arrange that

hε(D) ⊂ I × S1 ⊂ hε(U1) 0 ≤ ε ≤ ε0.

Then, injectivity of hε and kε together with (156), gives
Doub(F ε, I × S1) = hε(D).
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Indeed, every double pair of F ε in I × S1 pulls back through hε to a double pair of F 0 in U1, and both
members of every double pair on D are mapped into I × S1. We write hε(s0, ϕ) = (r(ε, ϕ), g(ε, ϕ)) for
the components of hε restricted to s = s0. Since g(0, ϕ) = ϕ, the maps gε = g(ε, ·) are diffeomorphisms
of S1 for small ε, with smoothly varying inverses. Thus the map f defined by

f(ε, ϕ) := r(ε, g−1
ε (ϕ))

is smooth and satisfies

hε(D) = {(f(ε, ϕ), ϕ) : ϕ ∈ S1} \ {hε(s0, ϕ
0
1), . . . , hε(s0, ϕ

0
k)}, f(0, ϕ) = s0.

Setting ϕεi := g(ε, ϕ0
i ) we conclude the proof. □
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