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Abstract. We prove that a two-dimensional Almgren-minimizing set in three dimensions
which is sufficiently close in Hausdorff distance to a tetrahedral cone contains an interior
tetrahedral point. As a consequence, we obtain quantitative regularity near tetrahedral
cones and we complete the classification of entire Almgren-minimizers in R3.

1. Introduction

Two-dimensional Almgren-minimizing sets provide a variational model for soap films. A
celebrated theorem by Taylor [Alm76, Tay76], see also [Dav09, Dav10], shows that these
sets are locally C1,α-diffeomorphic to a plane P , a triple junction Y , or a tetrahedral cone
T , and that these three models are the only Almgren-minimizing cones in three dimensions.
Taylor’s theorem is a local statement in that the description holds at a sufficiently small
scale around each point, and this scale may depend on the point.

Figure 1. A triple junction Y and a tetrahedral cone T .

A full ε-regularity theorem asks for a stronger property: being close to one of these cones
{P, Y, T} in Hausdorff distance at one scale should imply that the set is a C1,α version of the
same cone at a fixed smaller scale. Such a property is known near planes and triple junctions
[Dav09, Dav10]. In these cases, closeness to the cone in Hausdorff distance guarantees the
existence of a point of the same type in a smaller ball, and the regularity theory then gives
the desired quantitative description.

For tetrahedral cones, the missing ingredient is precisely this existence property. Regu-
larity near a point already known to be T follows from Taylor’s theorem; what remained
open was to obtain the existence of such a point from Hausdorff closeness alone, without
any a priori topological assumption on the set; see [Dav13, Remark 4.78].
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In this work we prove that an Almgren-minimizing set sufficiently close to a tetrahedral
cone in a ball contains a tetrahedral point in a smaller ball. This problem is explicitly stated
in several places in the literature: [Dav13, Remark 4.78], [Dav08, Section 4.c], [Dav09,
Remark 18.43], [CES22, Remarks 8.4 and 8.5], and the discussion below [Lia16, eq. (1.11)].
Our main theorem provides the missing ingredient and yields an ε-regularity theorem near
tetrahedral cones.

The existence of T points of Theorem 1.1 also completes the classification of entire
two-dimensional Almgren-minimizing sets in R3. Blow-down limits of such sets are minimal
cones, and the cases of planar and triple-junction blow-downs have already been classified;
see [Lia14, Dav13]. In the remaining case of a tetrahedral blow-down, our existence theorem
gives a point whose density agrees with that of the blow-down. The monotonicity formula
then forces the set itself to be a tetrahedral cone.

We now state our main existence theorem. Let

dx,r(E,F ) = 1
r

max
{︄

sup
z∈E∩Br(x)

dist(z, F ), sup
z∈F∩Br(x)

dist(z, E)
}︄

be the normalized (local) Hausdorff distance between closed sets.
Theorem 1.1. There exists a universal ε0 > 0 with the following property. Let U ⊂ R3

be open, x ∈ U and r > 0 such that Br(x) ⊂ U . Let E ⊂ U be a closed, reduced, two-
dimensional Almgren minimal set. Assume there exists a tetrahedral cone Tx centered at x
such that

dx,r(E, Tx) < ε0.

Then E ∩Br/4(x) contains a T point.
Note that we do not assume any topological condition on E (cf. [Dav09, Proposition

18.1]) nor the existence of a singular point; in particular, x need not belong to E.

Classification of entire minimizers. Theorem 1.1 and the work of [Tay76, Dav09, Dav10]
immediately imply the classification of global Almgren-minimizing sets in R3. This fact
is known for Mumford-Shah minimal sets [Dav09, Theorem 1.9] and for size-minimizing
currents [Mor89, Theorem 4.1], and the only case that remained open for Almgren-minimal
sets is that of sets with blow-down equal to a tetrahedral cone.

Indeed, consider
θE(p, 0) := lim

r↓0
θE(p, r), θE(∞) := lim

r→∞
θE(p, r), θT := H2(T ∩B1),

where θE(p, r) := r−2H2(E ∩ Br(p)) is the density ratio in the monotonicity formula,
and suppose that an entire minimal set E ⊂ R3 has a tetrahedral blow-down. Applying
Theorem 1.1 in a large ball we get the existence of a tetrahedral point pT ∈ E. Since the
densities of E at pT and at infinity are both equal to θT , the monotonicity formula gives

θT = θE(pT , 0) ≤ θE(pT , r) ≤ θE(∞) = θT , for every r > 0.
Hence, the density ratio is constant, and the equality case of the monotonicity formula
implies that E is a tetrahedral cone. Hence, our result completes the classification of entire
Almgren-minimal sets in R3.
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Theorem 1.2. Let E ⊂ R3 be a closed, reduced, two-dimensional Almgren minimal set in
R3. Then, E is either a plane, a triple-junction cone, or a tetrahedral cone.
Regularity near tetrahedral cones. Theorem 1.1 also supplies the missing hypothesis in the
existing regularity theory near T . Once a tetrahedral point has been found, the estimates
in [Tay76, Dav09, Dav10] yield a C1,α parametrization on a smaller ball.
Corollary 1.3. Let U ⊂ R3 be open with 0 ∈ U and B2r ⊂ U , and let E ⊂ U be a reduced
two-dimensional Almgren-minimal set in U . Let T be the tetrahedral cone centered at the
origin. There exist universal ε0 > 0 and α ∈ (0, 1) such that if

d0,2r(E, T ) < ε0,

then there is a C1,α diffeomorphism Φ : B2r → Φ(B2r) satisfying E ∩Br = Φ(T ∩B2r) ∩Br

and ∥Φ − id ∥L∞(B2r) ≲ r.

Remark 1.4. Theorem 1.1 extends to almost-minimal sets with gauge function h(t) ≤ Ctβ,
β > 0, provided the gauge is sufficiently small at the scale under consideration. Precisely,
for every β > 0 there exists εβ > 0 such that, under the remaining hypotheses of Theorem
1.1, dx,r(E, Tx) + Crβ < εβ implies that E ∩Br/4(x) contains a T -point. In the normalized
contradiction argument, the additional almost-minimality error in the final area comparison
vanishes. For clarity of presentation, we state and prove the theorem only for minimal sets.
The history of possible counterexamples. The existence of a tetrahedral point does not
follow from the boundary topology and the known local structure alone. Examples of sets
that coincide with T on the 1-skeleton of the tetrahedron and have singularities only of
type Y have been known for many years [LM94, Mor95, Huf11, BPP18]; see Figure 2.

Figure 2. A set spanning the 1-skeleton of the tetrahedron and with singularities
only of type Y .

This type of possible counterexample was later removed in [Lia14], where the author shows
that an Almgren-minimizing set with such a property must have the resulting singular
curves knotted with respect to their boundary. These surfaces are harder to visualize
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(attempt in Figure 3) and, as already pointed out in [Lia14], it was believed to be unlikely
that an Almgren-minimizing set with such a topology exists. Indeed, by our Theorem 1.1 a
set with this topology cannot be Almgren-minimizing.

Figure 3. A set whose boundary is topologically the 1-skeleton of a tetrahedron,
with singularities only of type Y , and with knotted singular curves. Here A, B, C, D
are the vertices of the tetrahedron and three sheets meet at each of these vertices.

1.1. Outline of the proof. We argue by contradiction, following an idea in [Lia14]. The
absence of tetrahedral points forces all interior singularities of E to be of type Y . Hence
there is a regular curve in the complement of E joining two distinct faces of the tetrahedron,
at a positive distance from E.

If the curve is unknotted, the argument in [Lia14] allows one to construct a deformation
sending the portion of E inside the tetrahedron into two boundary faces (together with the
remaining edges of the tetrahedral 1-skeleton). This target has a strictly smaller area than
the T cone inside the tetrahedron, yielding a contradiction since Hausdorff convergence
implies the convergence of the masses.

Nevertheless, we will show in Proposition 3.2 that for general and simple topological
reasons, the knottedness of the curve poses no obstacle to the existence of a Lipschitz map
sending the portion of E inside the tetrahedron into the same boundary target as in [Lia14];
see also [CES22, Remark 8.5]. Hence, we can conclude without any additional hypothesis.
Remark 1.5. Our technique also provides a conditional result on the uniqueness problem
with prescribed tetrahedral boundary data; see e.g. [MNR26, Appendix D]. This is done in
Theorem A in the Appendix and assumes in addition that the minimal set is a C1 version
of T in a neighborhood of the prescribed boundary T ∩ ∂Q, namely the 1-skeleton of the
tetrahedron. This assumption fixes the topology near the boundary. To remove it, one
should know a precise structure theorem for Almgren-minimizing sets near the boundary,
which seems to be a very delicate problem [DLG26].
AI usage statement. The authors used OpenAI’s GPT-6 Astra in developing this work.
The algebraic construction for the existence of r : M → A in the proof of Proposition 3.2



TETRAHEDRAL POINTS AND CLASSIFICATION OF ALMGREN-MINIMIZING SETS IN R3 5

was suggested by GPT-6 Astra, while the geometric construction was found by the authors.
The authors assume full responsibility for the correctness of the work. Access to the model
was provided through OpenAI’s ChatGPT for Academic Researchers program.

2. Preliminaries

We begin by reviewing the definition of Almgren-minimal set and the results of [Tay76,
Dav09, Dav10] which will be necessary in the proof. For a friendly introduction to Almgren-
minimal sets and Taylor’s theorem we refer to [Dav13].

Definition 2.1 (Almgren-minimal set). Let U ⊂ R3 be open. We say that a relatively
closed set E ⊂ U is Almgren minimal if E has locally finite H2 measure in U and the
inequality

H2(E ∩ V ) ≤ H2(φ(E) ∩ V )
holds for every open set V ⋐ U and every Lipschitz map φ : U → U with W ∪ φ(W ) ⋐ V ,
where W := {x | φ(x) ̸= x}.

We also say that E is reduced if

H2(E ∩Br(x)) > 0, for every x ∈ E and r > 0.

Remark 2.2. This is a minor variation of Almgren’s original definition, also used in
[Lia14, DLG26], and it is slightly different from [Dav09, Definition 4.8 and Proposition
4.10] which requires the existence of a path of maps {φt}t∈[0,1] starting from the identity
to the final deformation. In a convex domain, any compactly supported final Lipschitz
map induces such a family since its straight-line homotopy remains within that domain.
In a general domain, this homotopy may leave the domain. Our proof also applies to the
homotopy-based definition: the competitors constructed below admit homotopies supported
in a ball compactly contained in the domain.

The tetrahedral cone. We now recall the geometry of the tetrahedral cone. Let v1, v2, v3, v4
be the vertices of the regular tetrahedron centered at the origin with circumradius one.
Thus,

|vi| = 1, vi · vj = −1
3 (i ̸= j), v1 + v2 + v3 + v4 = 0.

Let
Q = conv{v1, v2, v3, v4}

be the solid tetrahedron, and let Fi = conv{vj : j ≠ i} be the closed triangular face of ∂Q
opposite to vi. For i ̸= j, we let

Gij = ∂Q \
(︂
relint(Fi) ∪ relint(Fj)

)︂
.

The Almgren-minimizing cone T is the cone from the origin over the six edges of Q:

T =
⋃︂

1≤i<j≤4
{svi + tvj : s, t ≥ 0} .
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The cone T has six faces. Its Y -point set, denoted by TY , consists of the four singular rays
with the origin removed; the origin is the unique T point. The rays point towards the
vertices {v1, . . . , v4}, and

TY ∩Q =
4⋃︂
i=1

{tvi : 0 < t ≤ 1}.

The six conical triangles inside Q each have area
√

2/3. Therefore

H2(T ∩Q) = 2
√

2.

On the other hand each face Fi has area H2(Fi) = 2
√

3/3. Therefore

H2(Gij) = 4
√

3
3 < 2

√
2 = H2(T ∩Q).

This is the strict inequality that we will exploit in the proof.

Regularity of Almgren-minimizing sets. The next lemma records the main consequences
of [Dav09, Dav10, DDT08] we will need. It is a consequence of the C1,α regularity of
Almgren-minimizing sets near planes and triple junctions proved in [Tay76, Dav09, Dav10],
along with a gluing procedure for such diffeomorphisms as described in [DDT08, Section
10], for example. The measure convergence (2.1) uses the lower and upper semicontinuity
results in [Dav09, Lemmas 3.3 and 3.12].

Lemma 2.3. Let Ek ⊂ B4 be closed, reduced, two-dimensional Almgren-minimal sets with
Ek → T locally in Hausdorff distance in B4. There exists α ∈ (0, 1) such that, for all
sufficiently large k, there exists an ambient C1,α diffeomorphism Φk : R3 → R3 satisfying

Φk = id on B1/8 ∪
(︂
R3 \B2

)︂
,

∥Φk − id∥L∞(R3) + ∥DΦk − I∥L∞(R3) → 0,

Φ−1
k (Ek) ∩

(︂
B3/2 \B1/4

)︂
= T ∩

(︂
B3/2 \B1/4

)︂
.

Set Xk := Φ−1
k (Ek) ∩Q and Qk := Φk(Q). Then Xk = T ∩Q in a neighborhood of ∂Q and

H2(Xk) → H2(T ∩Q) = 2
√

2, H2(Ek ∩Qk) → 2
√

2. (2.1)

Moreover, for some C > 0 independent of k,

dist(z, T ∩ ∂Q) ≤ C dist(z, ∂Q), for every z ∈ Xk.

3. Proof of Theorem 1.1

We begin by recalling the argument of [Dav09, Proposition 18.1] and [Lia14, pp. 210-211],
which says that the nonexistence of T -points forces the existence of a curve joining two
faces of ∂Q.
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Lemma 3.1. Let X ⊂ Q be closed set which agrees with T ∩Q in a neighborhood of ∂Q.
Suppose that, at every point of X ∩ int(Q), the set X is locally diffeomorphic to a plane or
a triple junction. Then there exist i ̸= j and a C1 embedded curve

γ : [0, 1] −→ Q \X
such that

γ(0) ∈ relint(Fi), γ(1) ∈ relint(Fj), γ((0, 1)) ⊂ int(Q).
Moreover, γ may be chosen to meet the faces transversally.

Proof. Let XY denote the set of triple-junction points of X ∩ int(Q) and let Σ = XY ∪
{v1, v2, v3, v4} be the corresponding compact embedded C1 one-dimensional manifold with
boundary ∂Σ = {v1, v2, v3, v4}. For each i ∈ {1, 2, 3, 4} let Vi be the connected component
of Q \ X containing relintFi. At any point x ∈ XY , since X is modeled on the triple
junction near x we see that there are at most three connected components of Q \X which
touch the point x. Moreover, this set of connected components is locally constant along the
1-manifold Σ.

Now pick a vertex vi. Near vi, the 1-manifold Σ consists of a simple curve γi. Since
∂Σ = {v1, v2, v3, v4}, the curve γi must connect vi to another vertex vk for i ̸= k. Near
vi, the connected components of Q \ X consist of the set {Vℓ : ℓ ≠ i}, while near vk the
connected components of Q \X consist of the set {Vℓ : ℓ ≠ k}. Constancy along γi implies
{Vℓ : ℓ ≠ i} = {Vℓ : ℓ ≠ k}. It follows that Vi belongs to this common set, and hence there
is an index ℓ ≠ i such that Vi = Vℓ. If we set j = ℓ, then the common component Vi = Vj is
path-connected and so we obtain our desired curve γ. □

The following proposition is the main ingredient in our proof of Theorem 1.1.

Proposition 3.2. Let X ⊂ Q be compact with X ∩ ∂Q = T ∩ ∂Q. Suppose there is an
embedded C1 curve γ : [0, 1] → Q \X such that, for some i ̸= j,

γ(0) ∈ relint(Fi), γ(1) ∈ relint(Fj), γ((0, 1)) ⊂ int(Q),
and γ meets these faces transversally. Suppose also that, for some C > 0,

dist(z, T ∩ ∂Q) ≤ C dist(z, ∂Q) for every z ∈ X.

Then, there is a Lipschitz map f : R3 → R3 such that
f = id on R3 \ int(Q), f(Q) ⊂ Q, f(X) ⊂ Gij.

Proof. Since γ is disjoint from X, there is a sufficiently small tubular neighborhood N of
γ such that N ∩X = ∅, N has the same topology of γ, and N ∩ ∂Q is the union of two
disks centered at the endpoints of γ and contained in the respective faces. Define

M = Q \ intQN, A = M ∩ ∂Q.

Hence M is the complement of int(N) in Q and A is ∂Q minus two disks. We claim that
there exists a Lipschitz map r : M → A such that r|A = id. We give two distinct proofs.

Algebraic construction. The key observation is that M is a knot complement; in particular,
H1(M ;Z) ∼= Z and H0(M ;Z) = Z; see [Rol03, Section 3A]. In our situation we can
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construct the isomorphisms as follows. First, H1(M ∩ N ;Z) is naturally isomorphic to
H1(A;Z) ∼= Z via the two boundary circles of M ∩N . Meanwhile, we have the isomorphism
H1(M ∩N ;Z) ∼= H1(M ;Z) induced by the inclusion. This latter fact may be seen by the
Mayer-Vietoris sequence

H2(Q;Z) −→ H1(M ∩N ;Z) −→ H1(M ;Z) ⊕H1(N ;Z) −→ H1(Q;Z),
and the observation that Q and N are topological 3-balls. Composing these two isomor-
phisms and the abelianization of the fundamental group, we obtain the group homomorphism

π1(M) −→ H1(M ;Z) −→ H1(A) ∼= π1(A). (3.1)
Since A is a K(Z, 1) and M is connected, by [Hat02, Proposition 1B.9] the homomorphism
in (3.1) is induced by a continuous map r0 : M → A such that r0|A is homotopic to the
identity idA. Applying the homotopy extension property to the pair (M,A) we obtain a
continuous map r : M → A such that r|A = idA. By approximating the continuous map r
with Lipschitz maps equal to the identity on A, we may assume that r is Lipschitz (see for
instance [LV77, Theorem 5.17]).

Geometric construction. Up to a bi-Lipschitz map, we can identify A with [0, 1] × S1,
using coordinates (h, θ), with the angular orientation chosen so that each circle {t} × S1

has linking number +1 with any oriented closed extension of γ. By Lemma 3.3 there exists
u ∈ C1(M ; S1) with degree one on each circle {t} × S1 ⊂ A. We additionally arrange that
u|A = θ. Indeed, the complex quotient θu−1|A has degree zero on every circle {t} × S1,
and therefore admits a Lipschitz lift ψ : A → R, such that θ = eiψu on A. By McShane’s
extension theorem, extend ψ to a Lipschitz function Ψ : M → R. Replacing u by eiΨu, we
obtain a Lipschitz map satisfying u ≡ θ on A.

Again, by McShane’s theorem followed by a truncation to [0, 1], extend the height
function h|A to a Lipschitz function ˜︁h : M → [0, 1]. Under the above identification, the map
r : M → A defined by r(x) = (˜︁h(x), u(x)) is Lipschitz and satisfies r(a) = (h(a), θ(a)) = a
for every a ∈ A. Thus r is the desired Lipschitz retraction.

M = Q \ intQ N

γ

N

A = M ∩ ∂Q

A ≃ [0, 1] × S1

0

1

˜︁h(x)

[0, 1]

u(x)
S1

x r = (˜︁h, u)

r(x)

˜︁h|A = h, u|A = θ =⇒ r|A = idA.

Figure 4. Construction of the retraction r : M → A from the map u.
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Once we have the existence of such r : M → A, we can proceed as in [Lia14, p. 211]
to construct the desired map f . To be precise, let p : A → Gij be the Lipschitz map
which projects radially away from the centers of the two disks of ∂Q ∩N . Since X ⊂ M ,
we can define the Lipschitz map g = (p ◦ r)|X which fixes T ∩ ∂Q and maps X into Gij.
We can then extend g to a Lipschitz map g : X ∪ ∂Q → ∂Q by setting g|X = g and
g|∂Q = id∂Q. Since g|T∩∂Q = idT∩∂Q the map is well-defined, and one can check that the
condition dist(z, T ∩ ∂Q) ≤ C dist(z, ∂Q) for z ∈ X ensures that g is Lipschitz.

We can now apply McShane’s theorem to g to obtain a Lipschitz function R3 → R3

agreeing with g on X ∪ ∂Q. Composing with the nearest-point projection to the convex set
Q and extending by the identity outside of Q, we obtain the desired Lipschitz map f . □

The main topological input to this construction is the following fact.

Lemma 3.3. Let M,Q, and γ be as in the proof of Proposition 3.2. Then there is a map
u ∈ C1(M ; S1) such that, for every closed loop ℓ : S1 → M , we have

deg(u ◦ ℓ) = link(ℓ, ˆ︁γ),

where ˆ︁γ is any oriented closed extension of γ outside Q with ˆ︁γ ∩Q = γ([0, 1]).

Proof. For the closed curve ˆ︁γ, it is classical that there is a smooth map u : R3 \ ˆ︁γ → S1

whose degree along each loop equals its linking number with ˆ︁γ; see for example [BM21,
Theorem 3.3] or [ABO03, Theorem 4.4]. The restriction u|M has the desired property. □

We may now prove Theorem 1.1.

Proof of Theorem 1.1. If the theorem is false, after translating, dilating, and rotating we
obtain a sequence of reduced two-dimensional Almgren-minimizing sets Ek in Uk ⊃ B8 such
that d0,8(Ek, T ) → 0 and with Ek ∩B2 containing no tetrahedral point.

Apply Lemma 2.3 to Ek ∩ B4 and set Xk := Φ−1
k (Ek) ∩ Q and Qk := Φk(Q). For all

sufficiently large k, we have that Qk ⊂ B2. Since Ek ∩ B2 contains no T point, Taylor’s
theorem implies that every point of Ek ∩Qk is locally diffeomorphic to a plane or a triple
junction.

Thus Xk satisfies the hypotheses of Lemma 3.1. Applying that lemma and then Propo-
sition 3.2, we obtain Lipschitz maps fk : R3 → R3 and distinct indices ik, jk ∈ {1, 2, 3, 4}
satisfying

fk = id on R3 \ int(Q), fk(Q) ⊂ Q, fk(Xk) ⊂ Gik,jk .

If we set φk = Φk ◦ fk ◦ Φ−1
k , then φk(Qk) = Qk and φk(Ek) is an Almgren competitor for

Ek agreeing with Ek outside of Qk. Moreover by the construction of fk,

φk(Ek) ∩Qk = Φk(fk(Xk)) ⊂ Φk(Gik,jk).

Applying minimality, we obtain

H2(Ek ∩Qk) ≤ H2(φk(Ek) ∩Qk) ≤ H2(Φk(Gik,jk))
≤ (1 + ∥DΦk − I∥L∞)2 H2(Gikjk).
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By Lemma 2.3, H2(Ek ∩Qk) → 2
√

2 and ∥DΦk − I∥L∞ → 0. Since H2(Gikjk) = 4
√

3/3 for
every k, passing to the limit gives

2
√

2 ≤ 4
√

3
3 < 2

√
2,

contradiction. □

Appendix

The following is the partial result on the uniqueness of T with prescribed boundary
datum that can be deduced from our Proposition 3.2.
Theorem A. Let E ⊂ Q be a reduced, two-dimensional Almgren-minimal set in int(Q) with
E ∩ ∂Q = T ∩ ∂Q =: Γ and H2(E) < +∞. Assume that there exists a C1 diffeomorphism
Ψ : R3 → R3 and an open neighborhood U of ∂Q such that

Ψ(Q) = Q, Ψ(Γ) = Γ, E ∩ U = Ψ(T ∩Q) ∩ U. (A.1)
Then E ≡ T ∩Q.
Proof. Taylor’s theorem and the boundary hypothesis give a piecewise C1 surface, smooth
on each open sheet. Let ν denote its outward unit conormal along the six open edges of Γ.
Interior stationarity, the divergence theorem on E, and cancellation of the conormals along
the singular curves give∫︂

E
divE Z dH2 =

∫︂
Γ
Z · ν dH1 for every Z ∈ C1

c (R3;R3).

In particular, E is strongly stationary with respect to Γ in the sense of [GY06]. Taking
Z(x) = x near Q yields

2H2(E) =
∫︂

Γ
x · ν dH1.

Let m be the midpoint of an edge of Q. The normal section of Q along this edge is a
wedge with inward bisector −m and half-angle

β = 1
2 arccos(1/3), |m| = 1/

√
3, cos β =

√︂
2/3.

The boundary hypothesis (A.1) implies that −ν lies strictly inside this wedge. Since x−m
is tangent to the edge for x ∈ Γ, we get

x · ν = m · ν > |m| cos β =
√

2/3.

Each edge has length
√︂

8/3, and hence

H2(E) > 1
2 · 6

√︄
8
3 ·

√
2

3 = 4
√

3
3 = H2(Gij). (A.2)

Suppose now that E has no interior T point. The set X = Ψ−1(E) satisfies the hypotheses
of Lemma 3.1. Since Ψ permutes the faces of Q, the image of the curve supplied by that
lemma joins two distinct faces in Q \ E. Moreover, the boundary hypothesis (A.1) gives

dist(z,Γ) ≤ C dist(z, ∂Q) for every z ∈ E.
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Proposition 3.2 therefore gives a Lipschitz map f : R3 → R3 satisfying

f = id on R3 \ int(Q), f(Q) ⊂ Q, f(E) ⊂ Gij.

We approximate f by admissible deformations in the interior of Q. Set d(x) = dist(x, ∂Q),
and choose a Lipschitz function χ : [0,∞) → [0, 1] equal to 0 on [0, 1] and to 1 on [2,∞).
For 0 < δ < 1, set ηδ(x) := χ(d(x)/δ), define

fδ(x) = (1 − ηδ(x))x+ ηδ(x)(1 − δ)f(x),

and extend fδ by the identity outside Q. This map fixes a neighborhood of ∂Q and maps
int(Q) into itself. Its straight-line homotopy is therefore admissible. Since f = id on ∂Q,

|f(x) − x| ≤ (Lip(f) + 1)d(x).

Thus |(1 − δ)f(x) − x| ≤ Cδ on the transition layer {δ ≤ d ≤ 2δ}, and consequently
Lip(fδ) ≤ C1 independently of δ. Minimality and the area estimate for Lipschitz maps give

H2(E) ≤ H2(fδ(E)) ≤ (1 − δ)2H2(Gij) + C2
1H2(E ∩ {d ≤ 2δ}).

The last term tends to zero because H2(E) < ∞ and H2(E ∩ ∂Q) = 0. Letting δ ↓ 0
contradicts the mass lower-bound (A.2). Hence there exists a T point p ∈ E ∩ int(Q).

Let Cp(Γ) be the cone from p over Γ. By [GY06, Corollary 1 and Example 2] we get

θT = θE(p) ≤ 1
2Ctot(Γ) = θT ,

where Ctot(Γ) is the total curvature of Γ as in [GY06, eq. (2)]. By the equality case of
[GY06, Theorem 1], E = Cp(Γ) is the cone over Γ from p.

Since p is a T point, the unit vectors

ui = vi − p

|vi − p|
∈ S2, ri = |vi − p| > 0,

satisfy ui · uj = −1/3 for i ≠ j. All edges of Q have the same length, so, for distinct i, j, k,

0 = |vi − vj|2 − |vi − vk|2 = (rj − rk)
(︃
rj + rk + 2

3ri
)︃
,

and hence rj = rk. This clearly implies p = 0, thus E = C0(Γ) = T ∩Q. □
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