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FOR THE MUMFORD–SHAH FUNCTIONAL

WITH DIRICHLET BOUNDARY CONDITIONS
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Abstract. We classify boundary blow-ups of minimizers of the Mumford–Shah functional
on bounded planar domains with Dirichlet boundary conditions. At every point where the
discontinuity set meets the boundary of the domain, we prove that the discontinuity set of each

blow-up is the tangent line to the boundary at that point. This settles the conjecture formulated
by the author in 2024.

1. Introduction

The Mumford–Shah functional was introduced in [MS89] as a variational model for image
segmentation. Its two unknowns are a function and a set across which the function may be
discontinuous. The competition between the Dirichlet energy of the function and the length of
this set gives rise to a free discontinuity problem: the set is itself determined by minimization. In
this paper we consider the functional with prescribed Dirichlet boundary conditions and study the
geometry of the discontinuity set near the boundary.

Let Ω ⊂ R2 be a bounded domain with boundary of class C1,γ , and let g ∈ C1,γ(∂Ω) for some
γ ∈ (0, 1). An admissible pair consists of a closed set K ⊂ Ω and a function u ∈ W 1,2(Ω \ K)
whose trace agrees with g on ∂Ω \K. We consider minimizers of

E(K,u) =

∫
Ω\K

|∇u|2 +H1(K) (1.1)

among all such pairs, where H1 denotes one-dimensional Hausdorff measure. The first term
penalizes spatial variation of u away from K, while the second measures the length of K. In
particular, the length term includes K ∩ ∂Ω, whereas the boundary datum is imposed only on
∂Ω \ K. Thus the choice of K also determines the portion of the boundary on which u must
attain the prescribed values. Existence of minimizers for this Dirichlet problem was established by
Carriero and Leaci [CL90].

This problem also arises in the variational approach to brittle fracture under antiplane deforma-
tion [FM98, BFM08]. Here u represents the displacement, g the prescribed boundary displacement,
and K the fracture set. The two terms in the functional account for stored elastic energy and the
energy required to create the fracture.

We call K the discontinuity set. As in [Dea24], we work with normalized minimizers, meaning
that

H1(K ∩Bρ(x)) > 0 for every x ∈ K and ρ > 0,

where Bρ(x) is the open Euclidean ball of radius ρ centered at x. This condition removes portions
of the closed set that are invisible to its length measure. No smoothness of K is part of the
admissibility conditions. The regularity problem is to determine its local geometry from minimality.

At interior points, the Mumford–Shah conjecture describes K as a locally finite union of C1

arcs, with possible free endpoints and triple junctions at angles of 120◦. The author proved this
conjecture in [Dea26]. A central tool in the interior theory is to magnify a minimizer around a point
and classify the resulting limits, called blow-ups. Epsilon-regularity theorems then turn sufficiently
good approximation by one of these limiting configurations into regularity at smaller scales. For
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contributions to the regularity and classification theory, see [DGCL89, DMMS92, Dav96, Bon96,
AP97, AFP97, AFP99, Leg99, BD01, DL02, Lem11, LF13, DLF13, BL14, DPF14, Lem15, LM18,
AM19, DLFG21, Fis22, Zha25, LL26]. A comprehensive account is given in [DLF25].

At points of K ∩ ∂Ω, the prescribed boundary values enter the limiting problem. The corre-
sponding classification is the subject of the present paper.

Boundary blow-ups. Fix x ∈ K ∩∂Ω. For r > 0, consider the rescaled domain, set, and function

Ωx,r =
Ω− x

r
, Kx,r =

K − x

r
, vx,r(y) =

u(x+ ry)− g(x)√
r

.

The exponent 1/2 is chosen so that, under this rescaling, both the Dirichlet energy and the length
are multiplied by r−1. Let Tx∂Ω denote the tangent space to ∂Ω at x, and let Hx be the half-plane
bounded by Tx∂Ω on the interior side of Ω. As r ↓ 0, the rescaled domains converge locally to Hx.
The subtraction of g(x) and the regularity of g ensure that the rescaled boundary data tend locally
to zero.

A boundary blow-up at x is a limiting pair (K0, u0) obtained along a sequence rj ↓ 0. The
compactness theory of [Dea24] gives local Hausdorff convergence of the sets Kx,rj and convergence of
the functions on complementary components, after subtraction of componentwise additive constants
when necessary. The precise convergence is recalled in Section 2. After a rotation, we may take
Hx = U := {y2 > 0}, so that ∂U = R×{0}. The limiting set K0 is a closed subset of U containing
the origin, and u0 is locally Sobolev on U \K0, with zero trace on ∂U \K0. On components joined
to the lower half-plane through ∂U \K0, this trace fixes the additive normalization.

These limiting pairs are generalized minimizers of the half-plane problem in the sense of [Dea24,
Definition 2.5]; the precise definition is recalled in Section 2.

Previous results and the main theorem. The boundary regularity theorem of [Dea24] shows
that if x ∈ K ∩ ∂Ω and K is sufficiently close to the tangent line x+ Tx∂Ω to ∂Ω at x in a small
ball centered at x, then K is a C1,α graph in a smaller ball, for some α ∈ (0, 1). This makes the
classification of boundary blow-ups the natural next step. The same work conjectured that every
such blow-up has discontinuity set Tx∂Ω and established partial classifications, including the cases
in which the limiting Dirichlet energy vanishes or the limiting discontinuity set is connected.

Our main result, Theorem 2.1, settles this conjecture by classifying all normalized generalized
minimizers (K,u) on U whose discontinuity set meets ∂U . We prove that, for some c ∈ R,

K = ∂U, u ≡ c in U.

In particular, for every minimizer of (1.1) and every x ∈ K ∩ ∂Ω, each boundary blow-up has
discontinuity set Tx∂Ω. This identifies the limiting geometry at every such point and supplies the
classification required by the boundary epsilon-regularity theory.

Proof strategy. For a generalized minimizer (K,u) on U , translate a point of K ∩ ∂U to the
origin and consider

KR =
K

R
, uR(y) =

u(Ry)√
R

.

A limit of these pairs along a sequence R → ∞, with the same convergence and additive normal-
izations as above, is called a blow-down. Boundary epsilon-regularity gives rigidity at infinity: if
a blow-down has discontinuity set ∂U , then K = ∂U (Theorem 3.2). A monotonicity argument
provides the circle-intersection criterion of Proposition 4.1. This criterion yields the classification
when R2 \K is disconnected (Theorem 5.1).

It remains to treat the case in which R2 \ K is connected. Normal domain variations then
define a nonnegative Radon measure µ on ∂U , and a linear energy bound gives finite total mass
(Lemma 6.1). Away from K, this measure has density equal to the square of the normal derivative
of u. Identifying ∂U with R, the measures associated with the rescaled pairs satisfy µR(A) = µ(RA)
for Borel sets A ⊂ R. Their mass therefore tends to zero on every compact boundary interval away
from the origin as R → ∞.

For a blow-down (K∞, u∞), the density formula and harmonic compactness yield zero Neumann
data on boundary intervals disjoint from K∞. Together with the inherited zero Dirichlet data,



BOUNDARY BLOW-UPS FOR THE MUMFORD–SHAH FUNCTIONAL 3

unique continuation would give u∞ = 0 on U \K∞ if R2 \K∞ were connected. The classification
of elementary generalized minimizers [Dea24, Theorem 2.13] would then give K∞ = ∂U , a
contradiction. Hence R2 \K∞ is disconnected for every blow-down (Lemma 6.2). The classification
in that case gives a flat blow-down, and rigidity at infinity concludes the proof.

Section 2 fixes the variational setting and states the main theorem. Sections 3–5 establish rigidity
at infinity, the circle-intersection criterion, and the classification when R2 \ K is disconnected.
Section 6 constructs the measure on the boundary and completes the proof.

2. Definitions and main result

The half-plane problem. We set U = {x2 > 0} and recall the definition of generalized minimizer
from [Dea24, Definition 2.5]. An admissible pair consists of a closed set K ⊂ U and a function

u ∈ W 1,2
loc (U \K), with zero trace on ∂U \K, such that the local energy

E(K,u;O) :=

∫
O∩(U\K)

|∇u|2 dx+H1(K ∩O)

is finite for every bounded open set O ⊂ R2.
We call an admissible pair (K,u) a generalized minimizer on U if

E(K,u;O) ≤ E(J, v;O)

for every bounded open set O ⊂ R2 and every admissible pair (J, v) that agrees with (K,u) outside
O and preserves the separation of exterior points. More precisely, any two points in R2 \ (O ∪K)
belonging to distinct connected components of R2 \ K must also belong to distinct connected
components of R2 \ J .

As for the original minimizers, all generalized minimizers are normalized: H1(K ∩Br(z)) > 0
for every z ∈ K and r > 0. Moreover, K is H1-rectifiable, by the interior argument in [DLF25,
Appendix D, Step 1] and the inclusion K ∩ ∂U ⊂ ∂U . We write Kx,r = (K − x)/r and ux,r(y) =

r−1/2u(x+ ry).
A generalized minimizer is called elementary if∫

U\K
|∇u|2 dx = 0.

This is the terminology of [Dea24, Definition 2.12].

Rescaling and limiting pairs. For every x ∈ ∂U , the rescalings defined above preserve the
half-plane variational problem and satisfy

E(Kx,r, ux,r;O) =
1

r
E(K,u;x+ rO).

A blow-up is a subsequential limit along scales rj ↓ 0; a blow-down is a subsequential limit along
scales rj ↑ ∞. Throughout the paper, convergence of pairs is understood in the sense of [Dea24,
Proposition 2.3 and Theorem 2.9]. In particular, if (Kj , uj) → (K∞, u∞), then Kj → K∞ locally in
the Hausdorff distance, and the functions converge in C∞

loc on each connected component of U \K∞,
after subtracting suitable componentwise additive constants when necessary. On components
connected to the lower half-plane through ∂U \K∞, no constants need to be subtracted, since the
zero Dirichlet condition already fixes the normalization. On these components, the convergence
also holds locally in C1 up to ∂U \K∞.

Main result. The classification in Theorem 2.1 below follows from Lemma 6.1 and Theorems 5.1
and 3.2.

Theorem 2.1 (Classification of generalized minimizers meeting the boundary). Let (K,u) be a
normalized generalized minimizer on U = {x2 > 0}. If K ∩ ∂U ̸= ∅, then

K = ∂U, u ≡ c in U

for some c ∈ R.
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3. Rigidity at infinity

First we remark that the epsilon-regularity theorem presented in [Dea24, Theorem 1.1] is true
also for generalized minimizers. Its proof is a simple adaptation of the proof given there. The
corresponding statement is the following.

Theorem 3.1 (Epsilon-regularity for generalized minimizers). There exist constants η, ε, α ∈ (0, 1)
with the following property. Assume

(i) (K,u) is a generalized minimizer on U = {x2 > 0} and x ∈ K ∩ ∂U ,

(ii) r−1distH(K ∩B2r(x), ∂U ∩B2r(x)) + r
1
2 < ε.

Then K ∩Bηr(x) is the graph of a C1,α function.

As a consequence of the epsilon-regularity theorem, we obtain the following rigidity result.

Theorem 3.2 (Rigidity at infinity). Let (K,u) be a generalized minimizer on U = {x2 > 0} with
0 ∈ K. Suppose that rn ↑ ∞ and K0,rn → ∂U locally in the Hausdorff distance as n → ∞. Then
K = ∂U .

Proof. Let η, ε, α be given by Theorem 3.1 and set r = 1
4ε

2. Define (Kn, un) := (K0,rn , u0,rn).
Since Kn → ∂U locally in the Hausdorff distance, we have

r−1distH(Kn ∩B2r, ∂U ∩B2r) + r
1
2 < ε

for sufficiently large n ∈ N. Moreover, (Kn, un) is a generalized minimizer on U and 0 ∈ Kn ∩ ∂U
for every n ∈ N. Therefore, by Theorem 3.1, Kn ∩ Bηr is the graph of a C1,α function. This
implies that K ∩Bηrrn is the graph of a C1,α function for sufficiently large n ∈ N, and hence K is
connected. Therefore, by [Dea24, Proposition 2.15], K = ∂U . □

4. A circle-intersection criterion

Proposition 4.1. Let (K,u) be a generalized minimizer on U = {x2 > 0} with 0 ∈ K. Suppose
that there exists R > 0 such that H0(K ∩ ∂Br) ≥ 2 for all r > R. Then K = ∂U .

Proof of Proposition 4.1. Let rn ↑ ∞ as n → ∞ and define (Kn, un) := (K0,rn , u0,rn) for all
n ∈ N. By [Dea24, Theorem 2.9], there is (K∞, u∞) generalized minimizer on U such that, up to
subsequences, (Kn, un) converges to (K∞, u∞) in the sense of the theorem.

Then, by Lemma 4.2, (K∞, u∞) is elementary. Therefore, since 0 ∈ K∞ ∩ ∂U , K∞ = ∂U by
[Dea24, Theorem 2.13]. In particular, K0,rn → ∂U locally in the Hausdorff distance and Theorem
3.2 implies that K = ∂U . □

We now prove the auxiliary lemma used above.

Lemma 4.2. Let (K,u) satisfy the assumptions of Proposition 4.1. Let rj ↑ ∞ and suppose that
the rescalings (K0,rj , u0,rj ) converge to (K∞, u∞) in the sense of [Dea24, Theorem 2.9]. Then
(K∞, u∞) is elementary.

Proof. Define, for r > 0,

F (r) :=
2

r

∫
Br∩U\K

|∇u|2 + 1

r
H1(K ∩Br).

By [Dea24, Proposition 2.10], F is nondecreasing on (R,∞). The standard energy upper bound
(cf. [Dea24, Proposition 8.1]) gives l∞ := limr→∞ F (r) < ∞. Moreover, the proof of [Dea24,
Proposition 2.10] yields

F ′(ρ) ≥ 1

ρ

∫
∂Bρ∩U\K

|∂νu|2 dH1 (4.1)

for a.e. ρ > R.
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Set Kj = K0,rj and uj = u0,rj , and fix 0 < a < b. For j large enough that arj > R, integrating
(4.1) between arj and brj (the singular part of the distributional derivative of F is nonnegative),
then applying the coarea formula [AFP00, Section 2.12, equation (2.74)] and rescaling, gives∫

(Bb\Ba)∩(U\Kj)

1

|x|

∣∣∣∣ x|x| · ∇uj(x)

∣∣∣∣2 dx ≤ F (brj)− F (arj) −→ 0. (4.2)

Local uniform convergence of the gradients away from K∞ [Dea24, Proposition 2.3], together with
Fatou’s lemma and the arbitrariness of a, b, therefore gives

x

|x|
· ∇u∞(x) = 0 for a.e. x ∈ U \K∞.

Integrating by parts, using the weak Euler–Lagrange equation and the zero Dirichlet condition
on ∂U \K∞, we obtain, for a.e. ρ > 0,∫

Bρ∩(U\K∞)

|∇u∞|2 =

∫
∂Bρ∩(U\K∞)

u∞ ∂νu∞ dH1 = 0.

Thus (K∞, u∞) is elementary. □

5. Disconnected complement

Theorem 5.1. Let (K,u) be a generalized minimizer on U = {x2 > 0} with 0 ∈ K. Suppose that
R2 \K is not connected. Then K = ∂U .

Proof. Let Ω∗ be the connected component of R2 \ K containing the lower half-plane. Since
R2 \K is not connected, there exists C connected component of R2 \K different from Ω∗. The
argument in the proof of [DLF25, Lemma 4.3.1] also applies here and shows that C is unbounded.
In particular, since C ̸= ∅, there is R > 0 such that C ∩ Br ≠ ∅ for every r > R. Since C is
connected and unbounded, we must have C ∩ ∂Br ̸= ∅ for all r > R. Observe that we cannot have
H0(K ∩ ∂Br) ≤ 1 for some r > R, otherwise ∂Br connects C and Ω∗. Hence H0(K ∩ ∂Br) ≥ 2 for
all r > R. We conclude by Proposition 4.1. □

6. Proof of the main theorem

We prove Theorem 2.1 using the results above. The key step is to represent the first variation
under normal domain variations by a finite nonnegative measure on ∂U . Under rescaling, its
mass tends to zero on compact boundary intervals away from the origin. Compactness and the
classification when R2 \K is disconnected then give a flat blow-down, to which rigidity at infinity
applies.

Lemma 6.1 (A finite measure on the boundary). Let (K,u) be a normalized generalized minimizer
on U such that R2 \K is connected. There is a finite nonnegative Radon measure µ on R such that∫

U\K
Tu : D(e2φ) dx+

∫
K

(τ ⊗ τ) : D(e2φ) dH1 =

∫
R
φ(s, 0) dµ(s) (6.1)

for every φ ∈ C1
c (R2), where Tu = |∇u|2I − 2∇u⊗∇u and τ is an approximate unit tangent to K.

On each open interval I ⊂ R with I × {0} ⊂ ∂U \K,

µ I = |∂2u(s, 0)|2 ds. (6.2)

For r > 0, let µr be the measure associated with the rescaled pair (K0,r, u0,r) through (6.1). Then

µr(A) = µ(rA) for every Borel set A ⊂ R. (6.3)

Proof. The standard half-ball comparison (cf. [Dea24, Proposition 8.1]) gives

E(K,u;BR) ≤ (π + 2)R (R > 0). (6.4)

Extend u by zero to the lower half-plane and denote the extension by û. The zero trace
gives û ∈ W 1,2

loc (R2 \K). Since R2 \K is connected, the separation condition in the definition of
generalized minimizer is vacuous.
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For φ ∈ C1
c (R2) with φ(s, 0) ≥ 0, set

X = φe2, Φt = Id+tX.

For |t|∥DX∥∞ < 1, the map Φt is a C1 diffeomorphism of R2, and Φt(U) ⊂ U for t ≥ 0. The pair

Kt = Φt(K), wt = (û ◦ Φ−1
t )|U

is admissible. The transported zero extension vanishes in the lower half-plane.
Changing variables in the Dirichlet integral and applying the area formula [AFP00, Theorem 2.91]

to the length term, minimality shows that the left-hand side of (6.1), denoted by A(φ), is
nonnegative. If φ|∂U = 0, applying this inequality to φ and −φ gives A(φ) = 0. By linearity, A
therefore depends only on the restriction of φ to ∂U . By the Riesz representation theorem [AFP00,
Corollary 1.55], the induced positive linear functional on C1

c (R) is represented by a locally finite
nonnegative Radon measure µ.

To prove finiteness on the whole line, take 0 ≤ χ ∈ C1
c (B2) equal to one on B1 and set

χR(x) = χ(x/R). Applying (6.1) with φ = χR and using (6.4), we obtain

µ([−R,R]) ≤ C

R

(∫
B2R∩(U\K)

|∇u|2 dx+H1(K ∩B2R)

)
≤ C. (6.5)

Letting R ↑ ∞ gives µ(R) < ∞.
On a boundary interval I×{0} ⊂ ∂U \K, harmonic boundary regularity and u = 0 give ∂1u = 0.

Hence

(Tu(−e2)) · e2 = |∂2u|2 on I × {0}.
Using div Tu = 0, integration by parts in (6.1), with test functions supported near I × {0} and
away from K, yields (6.2). Finally, inserting φ(·/r) into (6.1) and changing variables in the bulk
and surface terms proves (6.3); the critical factor r−1/2 in u0,r leaves no additional factor in front
of µ(rA). □

Lemma 6.2 (Separation in a blow-down). Let (K,u) be a normalized generalized minimizer on U
with 0 ∈ K such that R2 \K is connected. For every blow-down (K∞, u∞) obtained from [Dea24,
Theorem 2.9], R2 \K∞ is disconnected.

Proof. Let Rj ↑ ∞ give the blow-down, and write Kj = K0,Rj
and uj = u0,Rj

. The limit is
a normalized generalized minimizer, 0 ∈ K∞, and the functions converge without subtracting
constants on components accessible from the lower half-plane, as in [Dea24, Proposition 2.3 and
Theorem 2.9].

Let I ⊂ R be a compact interval such that I × {0} ⊂ ∂U \K∞ and set d = dist(I, 0) > 0. A
neighborhood of I × {0} is disjoint from Kj for large j. The measure of Lemma 6.1 satisfies∫

I

|∂2uj(s, 0)|2 ds = µ(RjI) ≤ µ({s : |s| ≥ dRj}) −→ 0. (6.6)

Here the convergence follows from µ(R) < ∞. By [Dea24, Proposition 2.3(i) and Theorem 2.9],
uj → u∞ in C1 up to I × {0}. Combining this with (6.6) and the zero Dirichlet condition gives

u∞ = ∂2u∞ = 0 on I × {0}.

Let Ω∗ be the component of R2 \K∞ containing the lower half-plane, and let V be a component
of U \K∞ contained in Ω∗. A path in Ω∗ from V to the lower half-plane first meets ∂U at a point
outside K∞. A small ball there is disjoint from K∞ and its upper half belongs to V . Thus V
reaches an interval of the preceding kind. After shrinking the ball, both u∞ and ∂2u∞ vanish on
its diameter. The extension of u∞ by zero to the lower half-ball is therefore weakly harmonic in
the whole ball. Since it vanishes on the lower half-ball, unique continuation gives u∞ = 0 on the
upper half-ball and then throughout V .

If R2 \K∞ were connected, every upper component would be of this kind, so u∞ = 0 on U \K∞.
Thus (K∞, u∞) is elementary. Since 0 ∈ K∞ ∩ ∂U , [Dea24, Theorem 2.13] gives K∞ = ∂U ,
contradicting the connectedness of R2 \K∞. □
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Proof of Theorem 2.1. Translate a point of K ∩ ∂U to 0. To prove K = ∂U , suppose by contra-
diction that K ̸= ∂U . Then Theorem 5.1 implies that R2 \K is connected. Extract a blow-down
(K∞, u∞) using [Dea24, Theorem 2.9]. By Lemma 6.2, R2 \K∞ is disconnected. Since 0 ∈ K∞,
Theorem 5.1 gives K∞ = ∂U . Therefore K0,Rj

→ ∂U locally in the Hausdorff distance for some
Rj ↑ ∞, and Theorem 3.2 yields K = ∂U , a contradiction. Since K = ∂U is connected, [Dea24,
Proposition 2.15] gives ∇u = 0 in U , and hence u is constant. □
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13 (1996), no. 4, 485–528. doi:10.1016/S0294-1449(16)30111-1.
[BD01] A. Bonnet and G. David, Cracktip is a global Mumford–Shah minimizer, Astérisque 274 (2001), vi+259
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