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Abstract. We study, through a Γ-convergence procedure, the asymptotic behaviour of a general
class of nonlocal energies defined on functions taking values in a finite set Y = {y1, . . . , yN} ⊂ Rm.
These energies are written in terms of double integrals accounting for pairwise interactions in
an open set Ω, weighted by a kernel Kε. If the latter is controlled from above and below by
suitable non-negative radial kernels with unit mass concentrating at the origin, then, up to
subsequences, the Γ-limit has domain BV (Ω;Y ) and is given by a local surface energy. We show
that the locality of the Γ-limit is not guaranteed if the concentration of mass fails. For a class of
reference energies, we obtain a more explicit representation of the limit energy, also for non-radial
kernels, recovering the limits of isotropic and anisotropic fractional perimeters. We also prove a
homogenization result for periodic kernels.
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1 Introduction

Over the last two decades, increasing attention has been devoted to variational models involving
nonlocal energies, which depend on interactions between points at a finite distance, providing a
natural framework for phenomena that cannot be adequately described by purely local energies.
Such phenomena arise, for instance, in the description of phase transitions with long-range
interactions [1, 21, 28, 32], in nonlocal minimal surfaces [20], in image processing [17, 26], and in
continuum mechanics through peridynamic theory [15].

A prototypical example of such energies is given by functionals of the form∫
Ω

∫
Ω

f(x, y, u(x), u(y)) dx dy
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where Ω is an open set of Rd and f accounts for the interaction between pairs of points and
depends on their relative position and on the states of the system at both points.

A central question is whether, and in which form, a local description is recovered when the
range of the interactions becomes infinitesimal. The problem was first investigated by Bourgain,
Brezis, and Mironescu in their celebrated paper [18], where they studied the asymptotic behaviour
of the Gagliardo seminorm [u]W s,p(Ω), as s → 1−, showing that

(1− s)[u]W s,p(Ω) = (1− s)

∫
Ω

∫
Ω

|u(y)− u(x)|p

|y − x|d+sp
dx dy

approximates, up to a multiplicative constant, the p-th power of the Lp norm of ∇u for p > 1
and u ∈ W 1,p(Ω), and the total variation |Du|(Ω) for p = 1 and u ∈ BV (Ω) (see also [23]). The
result was subsequently extended in [30] in terms of Γ-convergence.

For energies with superlinear growth, a general asymptotic analysis as ε → 0 of families of
functionals of the form ∫

Ω

∫
Ω

fε(x, y, u(y)− u(x)) dx dy, (1.1)

under concentration of the energies on x = y, has been recently provided in [2], leading to a
general class of energies whose Γ-limits are local integral functionals on Sobolev space of the
form ∫

Ω

f(x,∇u) dx.

This result has been applied, among others, to periodic and stochastic homogenization, to per-
forated domains (see for instance [10, 14, 24, 33]), and, very recently, to the derivation of lower-
dimensional models for nonlocal thin films [11]. The same approach has also been extended to
energies leading to free discontinuity functionals [13].

In this paper we consider the case in which the order parameter u takes only finitely many
values; i.e. u : Ω → Y = {y1, . . . , yN} ⊂ Rm, so that every admissible configuration is a partition
of Ω into the phases {u = yi}, for every i = 1, . . . , N . Such a description is the natural setting
whenever the system can only be represented by a finite number of states. Typical examples are
the components of a mixture of immiscible fluids, as in the vector-valued Cahn–Hilliard theory
[12], the admissible orientations of a small droplet of a liquid crystal [34], and the spin values
of a magnetic system of Ising type [3, 4]. The local theory for this kind of phenomena typically
involves interfacial energies of the form∫

Su

φ
(
x, u+, u−, νu

)
dHd−1, (1.2)

where Su is the jump set of u, νu is the measure-theoretic normal to Su, and u± are the traces
of u on the two sides of Su. A general variational analysis, studying integral representation,
lower semicontinuity, relaxation, and homogenization of this kind of energies, was developed by
Ambrosio and Braides [6, 7].

The question we address here is to understand how such interfacial energies emerge from
nonlocal models. In the discrete setting, this problem was investigated in [4] for Ising-type
energies of spin systems on a lattice. In the continuum setting, this kind of nonlocal-to-local
analysis was developed in [8], where the asymptotic behaviour of the s-fractional perimeters
as s → 1− was studied. In particular, it was shown that (1 − s)[χE ]W s,1(Ω) Γ-converges to
ωd−1P (E,Ω), where P (·,Ω) denotes the classical De Giorgi perimeter. More recently, in [5] the
authors considered energies on partitions depending on the Riesz s-fractional gradient, for real-
valued functions taking finitely many values, and proved that, as s → 1−, the Γ-limit is a local
interfacial energy as in (1.2).
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In this paper, we consider a general class of functionals of the form (1.1) defined on L1(Ω;Y ),
where fε : Ω × Ω × Y × Y → [0,+∞] is a Borel function such that fε(x, y, u, u) = 0. The last
condition encodes the fact that uniform configurations minimize the energy. Setting

Kε(x, y, u, v) :=

{
0 if u = v

fε(x, y, u, v)
|y−x|
|v−u| if u ̸= v,

the integrand fε can be written as

fε(x, y, u, v) = Kε(x, y, u, v)
|v − u|
|y − x|

and, in turn,

Fε(u) =

∫
Ω

∫
Ω

Kε(x, y, u(x), u(y))
|u(y)− u(x)|

|y − x|
dx dy.

We assume that the kernels Kε are comparable with a family of radial kernels ρε with unit mass
concentrating at the origin, namely

C1ρε(y − x) ≤ Kε(x, y, u, v) ≤ C2ρε(y − x) for every u, v ∈ Y, u ̸= v

(see Section 3 for the precise assumptions). Our main result, Theorem 3.1, establishes com-
pactness and integral representation for this class of energies. Namely, we prove that, up to
subsequences, the functionals Fε Γ-converge, as ε → 0+, to a functional of the form

F (u) =


∫
Su

φ
(
x, u+, u−, νu

)
dHd−1 if u ∈ BV (Ω;Y ),

+∞ otherwise.

When Kε(x, y, u, v) = ρε(y − x), the Γ-limit has a more explicit representation in terms of a
measure µ associated to the kernels ρε (see Theorem 4.1). Our analysis covers both kernels of
fractional type, isotropic and anisotropic, thus including the fractional perimeters considered in
[8] and their anisotropic versions studied in [29, 25] (see Examples 4.7–4.10). As a consequence
of our Γ-convergence results, in Section 6 we prove the convergence of minimum problems with
Dirichlet boundary conditions and with prescribed volume fractions of the phases (Theorems 6.3
and 6.4).

The proof of Theorem 3.1, carried out in Section 5, relies on an abstract method originally
exploited in the homogenization theory for multiple integrals [22, 16]. It amounts to applying a
localization argument which allows us to regard our functionals and their Γ-limits as defined on
functions and sets and then to prove that all the assumptions of an integral representation result
for functionals defined on partitions proved in [19] are fulfilled (see Theorem 2.4). A key point is
to show that the Γ-limit is the restriction of a measure, and in particular that it is subadditive
(see Proposition 5.3). In this respect, the hypothesis of mass concentration at the origin (3.4)
plays a crucial role in showing that the nonlocality of the approximating functionals disappears
in the limit.

An application of our result is the homogenization of nonlocal energies on partitions, which
we address in Section 7. We consider kernels of the form

Kε(x, y, u, v) = ε−dK(x/ε, y/ε, u, v),

with K 1-periodic with respect to simultaneous translations of the two spatial variables (see
(7.1)), so that the heterogeneity of the medium and the range of the interactions are of the same
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order ε. We prove that the family of functionals Fε Γ-converges, as ε → 0+, to a homogeneous
interfacial energy, whose density is defined by an asymptotic nonlocal cell formula (see Theorem
7.2).

Finally, in Section 8 we show that the condition (3.4) is essential to recover the locality of
the Γ-limit. Indeed we exhibit two examples where (3.4) fails and the Γ-limit is the sum of an
interfacial energy and of a genuinely nonlocal term.

2 Notation and Preliminaries

In what follows, given x, y ∈ Rd we denote by ⟨x, y⟩ the standard scalar product in Rd and we
set |x| =

√
⟨x, x⟩. Given k ∈ N, we denote by Hk the k-dimensional Hausdorff measure, by σk

the k-dimensional Hausdorff measure of the unit sphere Sk := {x ∈ Rk+1 : |x| = 1} in Rk+1,
and by ωk the volume of the unit ball in Rk. We denote by A(Ω) the class of open subsets in
Ω and by Areg(Ω) the family of open subsets of Ω with Lipschitz boundary. For any ν ∈ Sd−1,
fix an orthonormal basis {ν1, . . . , νd−1, ν} of Rd, and let Qν := {x ∈ Rd : |⟨x, νi⟩| < 1/2, for i =
1, . . . , d−1, |⟨x, ν⟩| < 1/2} be the unit cube centered at the origin with two of its faces orthogonal
to ν. Given r > 0 and x0 ∈ Rd, we set Qν(x0, r) := x0 + rQν , the cube centered at x0, with
side length r, and oriented in the direction ν. Unless otherwise stated, C will always denote a
generic strictly positive constant that may change from line to line.
For the reader’s convenience, we recall the definition of BV (Ω;Y ) and the compactness result
related to this space, which can be deduced by the corresponding properties of sets of finite
perimeter (see [6, 9, 27]).

Definition 2.1. Let Y ⊂ Rm be a finite set whose elements are denoted by y1, . . . , yN . We
denote by BV (Ω;Y ) the class of Borel functions u : Ω → Y whose level sets {u = yi} are sets of
finite perimeter in Ω. We denote by Su the Borel set

Su =
⋃

yi∈Y

∂∗{u = yi} =
⋃

yi,yj∈Y,yi ̸=yj

∂∗{u = yi} ∩ ∂∗{u = yj},

where, for a set E ⊂ Rd, of finite perimeter we denote by ∂∗E the essential boundary of E.
Moreover, for Hd−1-almost every x ∈ Su there exists a unit vector νu(x) ∈ Sd−1 such that

lim
r→0+

r−d|{z ∈ Br(x) : ⟨z − x, νu(x)⟩ > 0, u(z) ̸= yi}| = 0

and
lim

r→0+
r−d|{z ∈ Br(x) : ⟨z − x, νu(x)⟩ < 0, u(z) ̸= yj}| = 0.

We set yi = u+(x) and yj = u−(x). The triplet (u+, u−, νu) is defined Hd−1-almost everywhere
on Su, and it is uniquely determined, up to a change of sign of νu and an interchange of u+, u−.

Theorem 2.2 (Compactness). Let uk ∈ BV (Ω;Y ) such that

sup
k

Hd−1(Suk
) < +∞.

Then there exists a subsequence (not relabeled) and u ∈ BV (Ω;Y ) such that uk → u in L1.

We recall a characterization of measures as set functions due to De Giorgi and Letta (1977) (see
[16, Theorem 10.2]).

4



Theorem 2.3. Let α : A(Ω) → [0,+∞] be an increasing set function. The following statements
are equivalent:

(i) α is the restriction to A(Ω) of a Borel measure on Ω;

(ii) α is subadditive, superadditive and inner regular;

(iii) the set function
β(E) = inf{α(U) : U ∈ A(Ω), E ⊆ U}

defines a Borel measure on Ω.

The following integral representation result for functionals defined on partitions has been proved
in [19, Theorem 3].

Theorem 2.4. Let F : BV (Ω;Y )×A(Ω) → [0,+∞) satisfy for every (u,A) ∈ BV (Ω;Y )×A(Ω)
the following hypotheses:

(i) F (u, ·) is the restriction to A(Ω) of a Radon measure;

(ii) F (u,A) = F (v,A) whenever u = v a.e. on A ∈ A(Ω);

(iii) F (·, A) is L1(Ω;Rm) lower semicontinuous;

(iv) there exist C1, C2 > 0 such that

C1H
d−1(Su ∩A) ≤ F (u,A) ≤ C2H

d−1(Su ∩A).

Then for every u ∈ BV (Ω;Y ) and A ∈ A(Ω)

F (u,A) =

∫
Su∩A

φ(x, u+, u−, νu) dH
d−1,

with

φ(x0, a, b, ν) = lim sup
r→0+

m(ux0,a,b,ν , Qν(x0, r))

rd−1
(2.1)

for all x0 ∈ Ω, a, b ∈ Y, ν ∈ Sd−1, where

ux0,a,b,ν(x) :=

{
a if ⟨x− x0, ν⟩ > 0

b if ⟨x− x0, ν⟩ ≤ 0
(2.2)

and for any (v,A) ∈ BV (Ω;Y )×A(Ω),

m(v,A) := inf{F (w,A) : w ∈ BV (Ω;Y ), w = v in a neighborhood of ∂A}.

In the sequel, we will use the notation ua,b,ν to denote the function defined in (2.2) with x0 = 0.
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3 Setting of the problem and main result

Let Ω ⊂ Rd be a bounded open set with Lipschitz boundary and Y ⊂ Rm be a finite set endowed
with the discrete topology. Given ε > 0, let Kε : Ω× Ω× Y × Y → [0,+∞] be a Borel function
and let Fε : L

1(Ω;Y ) → [0,+∞] be defined by

Fε(u) =

∫
Ω

∫
Ω

Kε(x, y, u(x), u(y))
|u(y)− u(x)|

|y − x|
dx dy. (3.1)

We fix the following set of hypotheses on Kε(x, y, u, v): there exists a family of Borel functions
ρε : Rd → [0,+∞) satisfying 

ρε(·) is radial ∀ε > 0,∫
Rd

ρε(z) dz = 1 ∀ε > 0,

lim
ε→0

∫
|z|>η

ρε(z) dz = 0 ∀η > 0,

(3.2)

(3.3)

(3.4)

such that for a.e. x, y ∈ Ω and for every (u, v) ∈ Y × Y with u ̸= v, it holds:

(H1) (Coerciveness) ∃C1 > 0 such that

Kε(x, y, u, v) ≥ C1ρε(y − x),

(H2) (Growth) ∃C2 > 0 such that

Kε(x, y, u, v) ≤ C2ρε(y − x).

We also define a localized version of our energies. For any A ∈ A(Ω) and for u ∈ L1(A;Y ) we
set

Fε(u,A) :=

∫
A

∫
A

Kε(x, y, u(x), u(y))
|u(y)− u(x)|

|y − x|
dx dy.

Notice that, when A = Ω, the localized functional agrees with the functional defined in (3.1),
namely Fε(u,Ω) = Fε(u). We will denote by F ′(·, A) and F ′′(·, A) the Γ-lim inf

ε→0
and Γ-lim sup

ε→0
of

Fε(·, A) with respect to the L1(A;Rm) strong topology, respectively.
We now state the main result of the paper.

Theorem 3.1. Let Fε be defined by (3.1), with Kε(x, y, u, v) satisfying (H1)-(H2). Then for any
sequence εj → 0 there exist a subsequence εjk and a function φ : Ω× Y × Y × Sd−1 → [0,+∞)
such that the functionals Fεjk

Γ-converge with respect to the L1(Ω;Rm) strong topology to the

functional F : L1(Ω;Y ) → [0,+∞] defined by

F (u) :=


∫
Su

φ(x, u+, u−, νu) dH
d−1 if u ∈ BV (Ω;Y )

+∞ otherwise.
(3.5)

Moreover, for every u ∈ BV (Ω;Y ) and A ∈ Areg(Ω), it holds

Γ(L1) - lim
k

Fεjk
(u,A) = F (u,A) :=

∫
Su∩A

φ(x, u+, u−, νu) dH
d−1.
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Remark 3.2. Given R > 0 set

FR
ε (u,A) =

∫
{(x,y)∈A×A:|y−x|≤R}

Kε(x, y, u(x), u(y))
|u(y)− u(x)|

|y − x|
dx dy.

We note that for every u ∈ L1(A;Y ), by (H2) it holds∫
{(x,y)∈A×A:|y−x|>R}

Kε(x, y, u(x), u(y))
|u(y)− u(x)|

|y − x|
dx dy

≤ C2

∫
{(x,y)∈A×A:|y−x|>R}

ρε(y − x)
|u(y)− u(x)|

|y − x|
dx dy

≤ C

R
|A|
∫
|z|>R

ρε(z) dz.

Hence, by (3.4),

0 ≤ lim
ε→0

sup
u∈L1(A;Y )

(Fε(u,A)− FR
ε (u,A)) ≤ lim

ε→0

C

R
|A|
∫
|z|>R

ρε(z) dz = 0.

We deduce that Fε and FR
ε share the same asymptotic behavior. In particular, Theorem 3.1 still

holds if we replace Fε by FR
ε .

We postpone the proof of Theorem 3.1, as it will be a consequence of some propositions which
show that our limit functionals satisfy all the hypotheses of Theorem 2.4. To this end, we also
introduce the special class of functionals Gε(·, A) : L1(A;Y ) → [0,+∞] defined as

Gε(u,A) :=

∫
A

∫
A

ρε (y − x)
|u(y)− u(x)|

|y − x|
dx dy, (3.6)

whose asymptotic behaviour as ε → 0 will be examined in Section 4. When A = Ω, we simply
write Gε(u) in place of Gε(u,Ω).
Note that, by (H1) and (H2), for any A ∈ A(Ω) and u ∈ L1(A;Y ) it holds

C1Gε(u,A) ≤ Fε(u,A) ≤ C2Gε(u,A). (3.7)

4 The Γ-limit of a class of reference energies

Since, by (3.7), our family of nonlocal functionals Fε are estimated by the functionals Gε defined
in (3.6), we first examine the asymptotic behaviour of the latter. Our analysis strongly relies on
the Γ-convergence analysis developed in [30] for functionals of the form (3.6), that in our case
are defined in L1(Ω;Y ).
We associate with the kernel ρε : Rd → [0,+∞) the measure µε on Sd−1 defined by

µε(E) :=

∫
R+E

ρε(z) dz for each E ⊂ Sd−1,

where R+E := {qx : q ≥ 0 and x ∈ E} is the cone generated by E with respect to the origin.
Note that

µε(E) =

∫
E

∫ +∞

0

ρε(tσ)t
d−1 dt dHd−1(σ).
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Therefore,

µε = aε(·)Hd−1⌊Sd−1 , aε(σ) :=

∫ +∞

0

ρε(tσ)t
d−1 dt. (4.1)

Moreover, if ρε is radial, then µε =
µε(S

d−1)

σd−1
Hd−1⌊Sd−1 .

If ρε satisfies (3.3), the family (µε) is bounded in M(Sd−1) (the space of Radon measures on

Sd−1), so there exists a sequence εj → 0 and µ ∈ M(Sd−1) such that µεj
∗
⇀ µ in M(Sd−1). In

particular, µ ≥ 0 on Sd−1 and µ(Sd−1) = 1.

Theorem 4.1. Let A ∈ Areg(Ω) and Gε(u,A) be defined by (3.6) with ρε : Rd → [0,+∞)
satisfying (3.4). Suppose that the measures µε weakly∗ converge to a measure µ ∈ M(Sd−1) such
that span(supp(µ)) = Rd. Then

Γ(L1) - lim
ε→0

Gε(u,A) =


∫
Su∩A

|u+ − u−|φ(νu) dHd−1 if u ∈ BV (A;Y )

+∞ otherwise,
(4.2)

where

φ(ν) =

∫
Sd−1

|⟨ν, σ⟩| dµ(σ). (4.3)

Moreover, if u ∈ BV (A;Y ),

Γ(L1) - lim
ε→0

Gε(u,A) = lim
ε→0

Gε(u,A). (4.4)

Remark 4.2. Under the assumptions of Theorem 4.1, we see that, for ε small enough,

0 < c1 ≤
∫
Rd

ρε(z) dz ≤ c2,

for some positive constants c1, c2 independent on ε. Indeed,∫
Rd

ρε(z) dz = µε(S
d−1) → µ(Sd−1) ∈ (0,+∞).

It would not be restrictive to assume that ρε satisfies (3.3), up to replacing ρε with ρ̃ε :=
1

µε(Sd−1)
ρε.

Remark 4.3. Given µ as in Theorem 4.1, consider the function fµ : Rm×d → [0,+∞) defined
by

fµ(M) :=

∫
Sd−1

|Mσ| dµ(σ). (4.5)

We note that fµ is convex, continuous, and positively one-homogeneous. Moreover, if fµ(M) = 0
then Mσ = 0 for µ-a.e. σ. By continuity, this holds for every σ ∈ suppµ. Since span(suppµ) =
Rd, it follows that M = 0. Therefore, by the compactness of the unit sphere in Rm×d, there
exists α > 0 such that

α|M | ≤
∫
Sd−1

|Mσ| dµ(σ) ∀M ∈ Rm×d. (4.6)

In particular
0 < α ≤ φ(ν) ∀ν ∈ Sd−1.

Note, moreover, that
φ(ν) ≤ µ(Sd−1) ∀ν ∈ Sd−1.
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Remark 4.4. If ρε is radial and (3.3) is satisfied, then suppµ = Sd−1. Hence, the spanning
condition in Theorem 4.1 is automatically satisfied, and (4.6) follows.

Motivated by the cone condition in [30, Section 1.3], we give a more general sufficient condition

for span(suppµ) = Rd. Suppose that µε
∗
⇀ µ as ε → 0. Assume that there exist linearly

independent vectors v1, . . . , vd ∈ Rd and δ > 0 such that

lim sup
ε→0

∫
Cδ(vi)

ρε(z) dz > 0 for every i = 1, . . . , d,

where, for v ∈ Rd \ {0},

Cδ(v) :=

{
w ∈ Rd \ {0} :

〈
v

|v|
,
w

|w|

〉
> 1− δ

}
.

Set
Ei

δ := Cδ(vi) ∩ Sd−1, i = 1, . . . , d.

We require δ to be sufficiently small that every choice σi ∈ Ei
δ, i = 1, . . . , d, yields linearly

independent vectors. By weak∗ convergence,

µ(Ei
δ) ≥ lim sup

ε→0
µε(Ei

δ)

≥ lim sup
ε→0

µε(E
i
δ) = lim sup

ε→0

∫
Cδ(vi)

ρε(z) dz > 0.

Thus, suppµ intersects each Ei
δ and therefore contains a basis of Rd. Consequently, the spanning

condition holds, and (4.6) follows.

Remark 4.5. The previous theorem also includes the case ρε(z) =
1

εd
ρ
(z
ε

)
, where ρ ∈

L1(Rd; [0,+∞)) and ∫
Rd

ρ(z) dz = 1.

Then

φ(ν) =

∫
Rd

ρ(z)

|z|
|⟨ν, z⟩| dz,

Proof of Theorem 4.1.

Γ-liminf inequality. Let uε ∈ L1(A;Y ) be such that uε → u in L1(A;Rm) and

lim inf
ε→0

Gε(uε, A) < +∞.

We have to prove that u ∈ BV (A;Y ) and

lim inf
ε→0

Gε(uε, A) ≥
∫
Su∩A

|u+ − u−|
∫
Sd−1

|⟨νu, σ⟩| dµ(σ) dHd−1. (4.7)

Let ϑ ∈ C∞
c (Rd) be a nonnegative radial function such that∫

Rd

ϑ(x) dx = 1, suppϑ ⊂ B1,
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and set

ϑδ(x) :=
1

δd
ϑ
(x
δ

)
, (4.8)

for δ > 0. We define
Aδ := {x ∈ A : dist(x, ∂A) > δ}

and

uε,δ(x) := ϑδ ∗ uε(x) =

∫
A

ϑδ(x− y)uε(y) dy, x ∈ Aδ.

For simplicity, let us identify Gε(·, A) with its extension to the whole L1(A;Rm). By applying
Jensen’s inequality and a change of variable, the following inequality holds

Gε(uε, A) ≥ Gε(uε,δ, Aδ),

(see [30, Lemma 4]). Let A′ ⋐ A. For δ > 0 sufficiently small, we have A′ ⋐ Aδ. Then

Gε(uε, A) ≥ Gε(uε,δ, A
′).

Since uε → u in L1(A;Rm), we have

uε,δ → uδ := ϑδ ∗ u as ε → 0 in C2(A′;Rm).

Therefore, applying [30, Proposition 1 and Remark 7], we get

lim
ε→0

Gε(uε,δ, A
′) =

∫
A′

∫
Sd−1

|∇uδ(x)σ| dµ(σ) dx =

∫
A′

fµ(∇uδ) dx (4.9)

where fµ is defined as in (4.5). Consequently, by (4.6),

lim inf
ε→0

Gε(uε, A) ≥ lim inf
ε→0

Gε(uε,δ, A
′)

=

∫
A′

∫
Sd−1

|∇uδ(x)σ| dµ(σ) dx

≥ α

∫
A′

|∇uδ(x)| dx.

Since uδ → u in L1(A′;Rm), the lower semicontinuity of the total variation yields

|Du|(A′) ≤ lim inf
δ→0

∫
A′

|∇uδ(x)| dx ≤ 1

α
lim inf
ε→0

Gε(uε, A) < +∞,

from which we infer that u ∈ BV (A;Y ) by the arbitrariness of A′ ⋐ A. Since fµ is convex and
positively one-homogeneous, the L1-lower-semicontinuous envelope of the functional

Fµ(u) =


∫
A′

fµ(∇u) dx, u ∈ C2(A′;Rm)

+∞, otherwise,

is given by

Fµ(u) =


∫
A′

fµ

(
dDu

d|Du|

)
d|Du| =

∫
Sd−1

|Duσ|(A′) dµ(σ) u ∈ BV (A′;Rm)

+∞, otherwise,
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where Du denotes the distributional derivative of u. Hence, by (4.9), passing to the limit as
δ → 0, we obtain

lim inf
ε→0

Gε(uε, A) ≥
∫
Sd−1

|Duσ|(A′) dµ(σ). (4.10)

Since u ∈ BV (A;Y ), we have Du = (u+ − u−)⊗ νu H
d−1⌞Su. Therefore, for every σ ∈ Sd−1,

|Duσ|(A′) =

∫
Su∩A′

|u+ − u−||⟨νu, σ⟩| dHd−1.

Hence, by Fubini’s theorem,∫
Sd−1

|Duσ|(A′) dµ(σ) =

∫
Su∩A′

|u+ − u−|
∫
Sd−1

|⟨νu, σ⟩| dµ(σ) dHd−1.

Combining this with (4.10), we obtain

lim inf
ε→0

Gε(uε, A) ≥
∫
Su∩A′

|u+ − u−|
∫
Sd−1

|⟨νu, σ⟩| dµ(σ) dHd−1,

from which we get (4.7), by the arbitrariness of A′ ⋐ A.

Γ-limsup inequality and pointwise limit. It suffices to prove that for every u ∈ BV (A;Y ),

lim sup
ε→0

Gε(u,A) ≤
∫
Su∩A

|u+ − u−|
∫
Sd−1

|⟨νu, σ⟩| dµ(σ) dHd−1. (4.11)

Let then u ∈ BV (A;Y ) and consider an extension ū ∈ BV (Rd;Rm) such that |Dū|(∂A) = 0 (see
[9, Proposition 3.21]). Consider the function Φ : σ ∈ Sd−1 7→ |Duσ|(A). Since u ∈ BV (A;Y ),

Φ(σ) =

∫
Su∩A

|u+ − u−| |⟨νu, σ⟩| dHd−1. (4.12)

Note that Φ is continuous on Sd−1. For q > 0 set

Wq := {y ∈ Rd : dist(y,A) < q}, ω(q) := |Dū|
(
W 2q \A

)
.

The function ω is nondecreasing and, since
⋂

q>0

(
W 2q \A

)
= A \A = ∂A and |Dū|(Rd) < +∞,

lim
q→0+

ω(q) = |Dū|(∂A) = 0. (4.13)

By the change of variables z = y − x, we have

Gε(u,A) =

∫
A

∫
A

ρε(y − x)
|u(y)− u(x)|

|y − x|
dx dy

=

∫
Rd

∫
A∩(A−z)

ρε(z)
|u(x+ z)− u(x)|

|z|
dx dz.

For z ̸= 0 we define

g(z) :=

∫
A∩(A−z)

|u(x+ z)− u(x)|
|z|

dx,

and we set g(0) = 0. Then, we may rewrite the energy as

Gε(u,A) =

∫
Rd

ρε(z)g(z) dz, (4.14)
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and we claim that

g(z) ≤ Φ

(
z

|z|

)
+ ω(|z|), ∀z ̸= 0. (4.15)

Indeed, fix z ̸= 0 and set Az := A ∩ (A− z). For every x ∈ Az and t ∈ [0, 1] it holds

dist(x+ tz, A) ≤ t|z| < 2|z|,

that is
Az + tz ⊂ W2|z|. (4.16)

Since ū = u in A and x, x+ z ∈ A for every x ∈ Az, it holds

|z| g(z) =
∫
Az

|ū(x+ z)− ū(x)| dx ≤ |z|
∣∣∣∣Dū

z

|z|

∣∣∣∣ (W 2|z|
)
. (4.17)

Although this estimate is standard, we include a proof for completeness. Set ūδ := ϑδ ∗ ū, where
ϑδ are the mollifiers introduced in (4.8). By (4.16), the change of variable y = x+tz and Fubini’s
theorem it holds∫

Az

|ūδ(x+ z)− ūδ(x)| dx ≤ |z|
∫ 1

0

∫
Az

∣∣∣∣∇ūδ(x+ tz)
z

|z|

∣∣∣∣ dx dt ≤ |z|
∫
W2|z|

∣∣∣∣∇ūδ(y)
z

|z|

∣∣∣∣ dy.
(4.18)

Since ∇ūδ = ϑδ ∗Dū and ϑδ ≥ 0, we have∣∣∣∣∇ūδ(y)
z

|z|

∣∣∣∣ ≤ ∫
Rd

ϑδ(y − w) d

∣∣∣∣Dū
z

|z|

∣∣∣∣ (w)
for every y; integrating over W2|z| and using Fubini’s theorem,∫

W2|z|

∣∣∣∣∇ūδ
z

|z|

∣∣∣∣ dy ≤
∫
Rd

(∫
W2|z|

ϑδ(y − w) dy
)
d

∣∣∣∣Dū
z

|z|

∣∣∣∣ (w) ≤ ∣∣∣∣Dū
z

|z|

∣∣∣∣ (W2|z| +Bδ

)
. (4.19)

Hence, combining (4.18) and (4.19)∫
Az

|ūδ(x+ z)− ūδ(x)| dx ≤ |z|
∣∣∣∣Dū

z

|z|

∣∣∣∣ (W2|z| +Bδ

)
.

We now let δ → 0. Since ū ∈ L1(Rd;Rm), we have ūδ → ū in L1(Rd;Rm), and therefore the
left-hand side converges to ∫

Az

|ū(x+ z)− ū(x)| dx.

On the other hand, the sets W2|z| +Bδ decrease to⋂
δ>0

(W2|z| +Bδ) = W 2|z|

and |Dū|(Rd) < +∞, so that∣∣∣∣Dū
z

|z|

∣∣∣∣ (W2|z| +Bδ) →
∣∣∣∣Dū

z

|z|

∣∣∣∣ (W 2|z|).
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This proves (4.17). Moreover, since Dū⌊A= Du,∣∣∣∣Dū
z

|z|

∣∣∣∣ (W 2|z|
)
=

∣∣∣∣Du
z

|z|

∣∣∣∣ (A) +

∣∣∣∣Dū
z

|z|

∣∣∣∣ (W 2|z| \A
)
≤ Φ

(
z

|z|

)
+ ω(|z|). (4.20)

Combining (4.17) and (4.20) and dividing by |z|, we get (4.15). We also have

g(z) ≤ C |A|
|z|

for every z ̸= 0. (4.21)

By Remark 4.2 there exist C > 0 and ε0 > 0 such that∫
Rd

ρε(z) dz ≤ C,

for every ε < ε0. Fix η > 0. By (4.14), (4.15), the monotonicity of ω and (4.21), for ε < ε0 we
get

Gε(u,A) ≤
∫
Rd

ρε(z) Φ
( z

|z|

)
dz + C ω(η) +

C |A|
η

∫
|z|>η

ρε(z) dz. (4.22)

Passing to polar coordinates and using (4.1),∫
Rd

ρε(z) Φ
( z

|z|

)
dz =

∫
Sd−1

Φ(σ)

∫ +∞

0

ρε(tσ)t
d−1 dt dHd−1(σ) =

∫
Sd−1

Φ(σ) dµε. (4.23)

Since Φ is continuous and µε
∗
⇀ µ, combining (3.4), (4.22), (4.23) we get

lim sup
ε→0

Gε(u,A) ≤
∫
Sd−1

Φ(σ) dµ+ C ω(η).

Letting η → 0+, by (4.12), (4.13), together with Fubini’s theorem,

lim sup
ε→0

Gε(u,A) ≤
∫
Sd−1

Φ(σ) dµ =

∫
Su∩A

|u+ − u−|
∫
Sd−1

|⟨νu, σ⟩| dµ(σ) dHd−1,

which is (4.11).

By Theorem 4.1 and Remarks 4.3 and 4.4, we immediately deduce the following corollary.

Corollary 4.6. Let Gε(u,A) be defined by (3.6) with ρε : Rd → [0,+∞) satisfying (3.2), (3.3)
and (3.4). If Γ- lim inf

ε→0
Gε(u,A) is finite, then u ∈ BV (A;Y ). Moreover, there exist two positive

constants α and β such that for every A ∈ Areg(Ω) and u ∈ BV (A;Y )

αHd−1(Su ∩A) ≤ Γ(L1) - lim inf
ε→0

Gε(u,A) ≤ Γ(L1) - lim sup
ε→0

Gε(u,A) ≤ βHd−1(Su ∩A).

We conclude this section with four explicit examples that show that the limiting surface
energy density in Theorem 4.1 may be either isotropic or anisotropic. The first two examples
involve radial kernels, which yield isotropic densities, while the last two show how anisotropic
densities can arise.
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Example 4.7 (Scaled fractional perimeters). We first recall a notion of fractional perimeter
appropriately defined in order to deal with nonlocal contributions only inside the target set Ω.

Let E ⊂ Ω be a measurable set and 0 < s < 1. The fractional s-perimeter of E inside Ω is
denoted by Ps(E,Ω) and it is defined as follows:

Ps(E,Ω) :=

∫
E

∫
Ec∩Ω

1

|y − x|d+s
dx dy.

Note that Ps(E,Ω) is half of the fractional Sobolev space seminorm |χE |W s,1(Ω), where χE

denotes the characteristic function of E. We recall that if E is a set of finite perimeter in Ω,
then Ps(E,Ω) is also finite, since in general BV (Ω) ⊂ W s,1(Ω) for any s ∈ (0, 1).

The asymptotic analysis as s → 1− of (1 − s)Ps(E,Ω) has been performed in [8], where the
authors prove that the Γ-limit is the functional ωd−1P (E,Ω), with P (E,Ω) denoting the classical
De Giorgi’s perimeter. This family of scaled perimeters can be recast in our notation and the
result in [8] is covered by Theorem 4.1. Indeed, let s = 1− ε and set

Gε(u) = εP1−ε({u = 1},Ω) = ε

2

∫
Ω

∫
Ω

|u(y)− u(x)|
|y − x|d+1−ε

dx dy.

Note that, setting D = diam(Ω), Gε(u) can be written as

Gε(u) =
ε

2

∫
Ω

∫
Ω

|u(y)− u(x)|
|y − x|d+1−ε

χ[0,D](|y − x|) dx dy.

which is of the form (3.6) with

ρε(z) =
ε

2

1

|z|d−ε
χ[0,D](|z|).

Note that, for every η > 0,∫
|z|>η

ρε(z) dz =
εσd−1

2

∫ D

η

tε−1 dt =
σd−1

2
tε
∣∣∣∣D
η

=
σd−1

2
(Dε − ηε) → 0,

hence (3.4) is satisfied. Moreover,

µε(S
d−1) =

∫
Rd

ρε(z) dz =
σd−1

2
tε
∣∣∣∣D
0

=
σd−1

2
Dε.

Hence,

µε =
Dε

2
Hd−1⌊Sd−1

∗
⇀ µ =

1

2
Hd−1⌊Sd−1

and, by (4.3),

φ(ν) =
1

2

∫
Sd−1

|⟨ν, σ⟩| dHd−1(σ) = ωd−1.

Example 4.8 (Scaled volume of an ε-neighborhood of the interface). Set

Gε(u) =
1

εd+1

∫
{(x,y)∈Ω×Ω: |y−x|≤ε}

|u(y)− u(x)| dx dy.

Note that Gε is of the form (3.6) with

ρε(z) =
|z|
εd+1

χ[0,ε](|z|).
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In this case (3.4) is trivially satisfied and

µε(S
d−1) =

∫
Rd

ρε(z) dz =
σd−1

εd+1

∫ ε

0

td dt =
σd−1

d+ 1

Hence,

µε =
1

d+ 1
Hd−1⌊Sd−1= µ

and, by (4.3),

φ(ν) =
1

d+ 1

∫
Sd−1

|⟨ν, σ⟩| dHd−1(σ) =
2ωd−1

d+ 1
.

Example 4.9 (Anisotropic finite-range interactions). Let d ≥ 2, C > 0, and consider ρε(z) =
1

εd
χBε

(z)a

(
z

|z|

)
, where Bε is the ball centered at the origin with radius ε and

a(σ) := 1 + C|⟨σ, e1⟩|.

In this case

µε = µ =
1

d
a(·)Hd−1⌊Sd−1 ,

thus

φ(ν) =
1

d

∫
Sd−1

(1 + C|⟨σ, e1⟩|) |⟨σ, ν⟩| dHd−1(σ).

A straightforward computation shows that φ(e1) ̸= φ(e2), and hence the resulting surface energy
is anisotropic.

Example 4.10 (Anisotropic fractional perimeters). For s ∈ (0, 1), let ks : Rd \ {0} → (0,+∞)
be a measurable function satisfying, for some constant c ≥ 1 independent of s,

ks(−z) = ks(z) for every z ̸= 0, (4.24)

ks(λz) = λ−d−sks(z) for every λ > 0, z ̸= 0, (4.25)

1

c

1

|z|d+s
≤ ks(z) ≤

c

|z|d+s
for every z ̸= 0, (4.26)

and assume that ks → k pointwise in Rd \ {0} as s → 1−, for some measurable function k :
Rd \ {0} → (0,+∞). For u = χE ∈ L1(Ω; {0, 1}), the anisotropic s-perimeter of E associated
with ks, restricted to the interactions inside Ω, is

Pks
(u) :=

∫
E∩Ω

∫
Ec∩Ω

ks(y − x) dx dy =
1

2

∫
Ω

∫
Ω

ks(y − x) |u(y)− u(x)| dx dy,

where the equality follows from (4.24). These energies have been studied in [29, 25]. In this
example we show that they fall within our framework.

Set ε := 1− s and D := diam(Ω). Since |y − x| ≤ D for every x, y ∈ Ω, the rescaled energies
εPk1−ε are of the form (3.1), i.e. εPk1−ε = Gε, with

ρε(z) =
ε

2
k1−ε(z) |z|χ[0,D](|z|),

which is not radial in general. By (4.25), for every σ ∈ Sd−1 we have

aε(σ) =

∫ +∞

0

ρε(tσ) t
d−1 dt =

ε

2
k1−ε(σ)

∫ D

0

tε−1 dt =
Dε

2
k1−ε(σ),
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so that, by (4.1),

µε =
Dε

2
k1−ε(·)Hd−1⌊Sd−1 .

In the same way, for every η ∈ (0, D), by (4.26) we get∫
{|z|>η}

ρε(z) dz =
Dε − ηε

2

∫
Sd−1

k1−ε(σ) dH
d−1(σ) ≤ c σd−1

2
(Dε − ηε) → 0 as ε → 0,

hence (3.4) is satisfied. Moreover, by (4.26) we have 1/c ≤ k1−ε ≤ c on Sd−1 for every ε; since
k1−ε → k pointwise and Dε → 1, the Dominated Convergence Theorem yields

µε
∗
⇀ µ =

1

2
kHd−1⌊Sd−1 as ε → 0.

Since k ≥ 1/c on Sd−1, suppµ = Sd−1 and the spanning condition of Theorem 4.1 is satisfied.
Applying Theorem 4.1 with A = Ω, and computing (4.3) with the measure µ above, we

conclude that the Γ-limit of εPk1−ε
is of the form (4.2) with

φ(ν) =
1

2

∫
Sd−1

|⟨ν, σ⟩| k(σ) dHd−1(σ). (4.27)

Note that we recover the Γ-convergence result stated in [25, Theorem 1.3]. Indeed, in that
theorem the energy density of the limit energy is given by

d+ 1

2

∫
Bk

|⟨x, ν⟩| dx,

withBk := {x ∈ Rd\{0} : k(x) > 1}∪{0}. By (4.25) the limit kernel satisfies k(λz) = λ−d−1k(z),
so that

Bk = {tσ : σ ∈ Sd−1, 0 ≤ t < k(σ)
1

d+1 };

hence, passing to polar coordinates in the previous formula, we get (4.27).
Finally, for ks(z) = |z|−d−s we have k ≡ 1 on Sd−1, and we recover Example 4.7.

5 Proof of Theorem 3.1

The next two propositions establish that, under hypotheses (H1) and (H2), for every A ∈ Areg(Ω),
F ′(u,A) and F ′′(u,A) are finite only on BV (A;Y ) and satisfy hypothesis (iv) of Theorem 2.4.
We omit the proofs, since they are a straightforward consequence of (3.7) and Corollary 4.6.

Proposition 5.1. Let Kε(x, y, u, v) satisfy (H1) and let A ∈ A(Ω). If u ∈ L1(Ω;Y ) is such that
F ′(u,A) is finite, then u ∈ BV (A;Y ) and

F ′(u,A) ≥ c1 H
d−1(Su ∩A),

for some positive constant c1 independent of u and A.

Proposition 5.2. Let Kε(x, y, u, v) satisfy (H2) and let A ∈ Areg(Ω). Then, for every u ∈
BV (A;Y ), it holds

F ′′(u,A) ≤ c2 H
d−1(Su ∩A),

for some positive constant c2 independent of u and A.
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In the following propositions, we show that F ′′(·, ·) satisfies hypotheses (i) and (ii) of Theorem
2.4.

Proposition 5.3. Let Kε(x, y, u, v) satisfy (H1)-(H2) and let A,B,A′ ∈ Areg(Ω) be given with
A′ ⋐ A. Then for any u ∈ BV (Ω;Y )

F ′′(u,A′ ∪B) ≤ F ′′(u,A) + F ′′(u,B).

Proof. Without loss of generality we may assume F ′′(u,A) and F ′′(u,B) are finite. Let uε, vε
be such that uε → u, vε → u in L1(Ω;Rm) and

lim sup
ε→0

Fε(uε, A) = F ′′(u,A), lim sup
ε→0

Fε(vε, B) = F ′′(u,B).

Recall that the distance function dist(x,A′) is 1-Lipschitz. For t ∈ [0, d̄], we define

At := {x ∈ A : dist(x,A′) ≤ t},

and the family of functions
ŵε,t = χAtuε + (1− χAt)vε.

Note that

|D1
zŵε,t(x)| ≤ |D1

zuε(x)|+ |D1
zvε(x)|+ |D1

zχAt(x)||uε(x)− vε(x)|, (5.1)

where for a generic function w : Ω → Rm and z ∈ Rd \ {0}, we adopt the notation

D1
zw(x) :=

w(x+ z)− w(x)

|z|
.

Let d̄ := dist(A′, Ac), η ∈ (0, d̄) and set Nη :=

⌊
d̄

η

⌋
. Given φ : R → [0, 1] defined by

φ(t) :=


0 if t ≤ 0

t if 0 < t < 1

1 if t ≥ 1

and k ∈ {1, . . . , Nη − 1}, let φk
η(x) be the cut-off function between Akη and A(k+1)η defined as

φk
η(x) := φ

(
dist(x,A′)

η
− k

)
.

Note that φk
η ≡ 0 on Akη, φk

η ≡ 1 on A \A(k+1)η and

∥∇φk
η∥∞ ≤ ∥∇ dist(x,A′)∥∞

η
=

1

η
,

which yields that for every z ∈ Rd \ {0}

|D1
zφ

k
η| ≤ ∥∇φk

η∥∞ ≤ 1

η
. (5.2)
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Moreover, by the definition of φk
η(x), for every t ∈ (0, 1) we have

Aη(t+k) = {x ∈ A : dist(x,A′) ≤ η(t+ k)} = {x ∈ A : φk
η(x) ≤ t},

∂Aη(t+k) = {x ∈ A : dist(x,A′) = η(t+ k)} = {x ∈ A : φk
η(x) = t}.

By the Coarea formula, the fact that |∇dist(x,A′)| = 1 and the change of variable t = s−kη
η , we

get

|A(k+1)η \Akη| =
∫
{kη≤dist(x,A′)≤(k+1)η}

|∇dist(x,A′)| dx

=

∫ (k+1)η

kη

Hd−1(∂As) ds

= η

∫ 1

0

Hd−1(∂Aη(t+k)) dt.

(5.3)

We set gkη(t) := Hd−1(∂Aη(t+k)) and

V k
η :=

{
t ∈ (0, 1) : gkη(t) > 2

∫ 1

0

gkη(s) ds

}
, Ek

η := (0, 1) \ V k
η .

We note that ∫ 1

0

gkη(s) ds ≥
∫
V k
η

gkη(s) ds ≥ |V k
η | 2

∫ 1

0

gkη(s) ds.

Hence, we have that |V k
η | ≤ 1/2 and |Ek

η | ≥ 1/2. By (5.3), ∀t ∈ Ek
η we get

Hd−1(∂Aη(t+k)) ≤ 2

η
|A(k+1)η \Akη|. (5.4)

We define

Ck
η :=

(
A(k+1)η \Akη

)
∩B and Sk

η := (Ck
η +Bη) ∩B = {x ∈ B : dist(x,Ck

η ) < η},

where Bη is the open ball centered at the origin with radius η > 0. Note that∫ 1

0

|D1
zχ{φk

η≤t}(x)| dt = |D1
zφ

k
η(x)|.

Hence we have ∫
|z|≤η

ρε(z)

∫
Sk
η

|D1
zφ

k
η(x)||uε(x)− vε(x)| dx dz =

∫ 1

0

hk
ε,η(t) dt, (5.5)

where

hk
ε,η(t) :=

∫
|z|≤η

ρε(z)

∫
Sk
η

|D1
zχ{φk

η≤t}(x)||uε(x)− vε(x)| dx dz.

Since hk
ε,η ≥ 0 and |Ek

η | ≥ 1/2, there exists tkε,η ∈ Ek
η such that

hk
ε,η(t

k
ε,η) ≤

1

|Ek
η |

∫
Ek

η

hk
ε,η(t) dt ≤ 2

∫ 1

0

hk
ε,η(t) dt. (5.6)
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Setting

A
k

ε,η := Aη(tkε,η+k) = {x ∈ A : φk
η(x) ≤ tkε,η},

by (5.5) and (5.6) we obtain∫
|z|≤η

ρε(z)

∫
Sk
η

|D1
zχA

k
ε,η

(x)||uε(x)− vε(x)| dx dz ≤

≤ 2

∫
|z|≤η

ρε(z)

∫
Sk
η

|D1
zφ

k
η(x)||uε(x)− vε(x)| dx dz.

(5.7)

Moreover, since tkε,η ∈ Ek
η , by (5.4) we also have

Hd−1(∂A
k

ε,η) ≤
2

η
|A(k+1)η \Akη|. (5.8)

Finally, we define the family of functions wk
ε,η as

wk
ε,η := ŵε,η(tkε,η+k).

Not that for every fixed η > 0

wk
ε,η → u as ε → 0 in L1(Ω;Rm)

uniformly with respect to the choice of k.

We define the set of interactions that cross ∂A
k

ε,η as follows

Sk
z,η :=

{
x ∈ (A′ ∪B) ∩ ((A′ ∪B)− z) : χ

A
k
ε,η

(x) ̸= χ
A

k
ε,η

(x+ z)
}
.

On the complement of Sk
z,η the function wk

ε,η coincides either with uε or with vε. Since A′ ⊂
A

k

ε,η ⊂ A, the corresponding energetic contribution is bounded by Fε(uε, A) +Fε(vε, B). Hence,

Fε(w
k
ε,η, A

′ ∪B) ≤ Fε(uε, A) + Fε(vε, B)

+

∫
Rd

∫
Sk
z,η

Kε(x, x+ z, wk
ε,η(x), w

k
ε,η(x+ z))|D1

zw
k
ε,η(x)| dx dz.

(5.9)

It is straightforward to check that, for every z ∈ Rd such that |z| < η,

Sk
z,η ⊂ Sk

η ∩ (Sk
η − z). (5.10)

Since A
k

ε,η has finite perimeter, we have

|Sk
z,η| ≤

∫
Rd

|χ
A

k
ε,η

(x+ z)− χ
A

k
ε,η

(x)| dx ≤ |z|Hd−1(∂A
k

ε,η). (5.11)

Then, ∫
Rd

∫
Sk
z,η

Kε(x, x+ z, wk
ε,η(x), w

k
ε,η(x+ z))|D1

zw
k
ε,η(x)| dx dz

=

∫
|z|≤η

∫
Sk
z,η

Kε(x, x+ z, wk
ε,η(x), w

k
ε,η(x+ z))|D1

zw
k
ε,η(x)| dx dz

+

∫
|z|>η

∫
Sk
z,η

Kε(x, x+ z, wk
ε,η(x), w

k
ε,η(x+ z))|D1

zw
k
ε,η(x)| dx dz

= I |z|≤η
ε + I |z|>η

ε
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By (H1)-(H2), (5.2), (5.7), (5.1), (5.10) and the uniform bound (3.3) we estimate I
|z|≤η
ε as follows

I |z|≤η
ε ≤

∫
|z|≤η

∫
Sk
η∩(Sk

η−z)

Kε(x, x+ z, wk
ε,η(x), w

k
ε,η(x+ z))|D1

zw
k
ε,η(x)| dx dz

≤ C2

C1
[Fε(uε, S

k
η ) + Fε(vε, S

k
η )] + C2

∫
|z|≤η

ρε(z)

∫
Sk
η

|D1
zχA

k
ε,η

(x)||uε(x)− vε(x)| dx dz

≤ C2

C1
[Fε(uε, S

k
η ) + Fε(vε, S

k
η )] + 2C2

∫
|z|≤η

ρε(z)

∫
Sk
η

|D1
zφ

k
η(x)||uε(x)− vε(x)| dx dz

≤ C2

C1
[Fε(uε, S

k
η ) + Fε(vε, S

k
η )] +

C

η

∫
|z|≤η

ρε(z)

∫
Sk
η

|uε(x)− vε(x)| dx dz

≤ C2

C1
[Fε(uε, S

k
η ) + Fε(vε, S

k
η )] +

C

η

∫
Sk
η

|uε(x)− vε(x)| dx.

(5.12)

On the other hand, by (H2), (5.8), and (5.11) we get

I |z|>η
ε =

∫
|z|>η

∫
Sk
z,η

Kε(x, x+ z, wk
ε,η(x), w

k
ε,η(x+ z))|D1

zw
k
ε,η(x)| dx dz

≤ C

∫
|z|>η

ρε(z)
1

|z|
Hd−1(∂A

k

ε,η)|z| dz

≤ C

η
|A(k+1)η \Akη|

∫
|z|>η

ρε(z) dz,

(5.13)

where we also used the boundedness of wk
ε,η. Now we note that

Nη−1⋃
k=0

(
A(k+1)η \Akη

)
⊂ A \A′ (5.14)

and
Nη−1⋃
k=1

Sk
η ⊂ A ∩B. (5.15)

Since, for every x ∈ A∩B we have #{k : x ∈ Sk
η} ≤ 3, by (5.9), (5.12), (5.13), (5.14) and (5.15)

we get that for η sufficiently small

Iε,η :=
1

Nη − 1

Nη−1∑
k=1

Fε(w
k
ε,η, A

′ ∪B)

≤ Fε(uε, A) + Fε(vε, B) +
3

Nη − 1

[
C2

C1

(
Fε(uε, A ∩B) + Fε(vε, A ∩B)

)
+

C

η

∫
A\A′

|vε(x)− uε(x)| dx+
C

η
|A \A′|

∫
|z|>η

ρε(z) dz

]

≤ Fε(uε, A) + Fε(vε, B) + Cη + C∥vε − uε∥L1(A\A′) + C|A \A′|
∫
|z|>η

ρε(z) dz.

(5.16)
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Indeed, for η sufficiently small, we have

Nη − 1 ≥ d

2η
,

and the energies Fε(uε, A ∩ B) and Fε(vε, A ∩ B) are uniformly bounded. Then, there exists
kεη ∈ {1, . . . , Nη − 1} such that

Fε(w
kε
η

ε,η, A
′ ∪B) ≤ Iε,η.

Setting wε,η := w
kε
η

ε,η, for every fixed η > 0, we have wε,η → u in L1 as ε → 0. Then, passing to
the limit in (5.16) and using the decay property (3.4), we obtain

F ′′(u,A′ ∪B) ≤ lim sup
ε→0

Fε(wε,η, A
′ ∪B) ≤ F ′′(u,A) + F ′′(u,B) + Cη.

Letting η → 0, the desired conclusion follows.

Proof of Theorem 3.1. Taking into account Proposition 5.2 and 5.3, one can infer that for
any u ∈ BV (Ω;Y ), F ′′(u, ·) is inner regular and subadditive on Areg(Ω) (see as a reference
for this procedure [16, Proposition 11.5 and 11.6]). By the compactness property of the Γ-
convergence and arguing as in [16, Theorem 10.3], noting that only the inner regularity of F ′′

is needed, for every sequence εj → 0 there exists a subsequence εjk → 0 such that, for any
(u,A) ∈ BV (Ω;Y )×Areg(Ω) there exists

Γ- lim
k→∞

Fεjk
(u,A) =: F (u,A).

Moreover, by setting

F (u,A) := sup{F (u,A′) : A′ ∈ Areg(Ω), A′ ⋐ A}, (5.17)

we can extend F (u, ·) to A(Ω) and verify that all properties satisfied by F ′(u, ·) and F ′′(u, ·), as
stated in Propositions 5.1, 5.2 and 5.3 still hold for F (·, ·) in (5.17). Since in Proposition 5.1 we
proved that the domain of the Γ-limit is BV (Ω;Y ), we have

Γ(L1) - lim
k

Fεjk
(u) = +∞

for u ∈ L1(Ω, Y )\BV (Ω;Y ). So far, it suffices to check that, for every (u,A) ∈ BV (Ω;Y )×A(Ω),
F (u,A) satisfies all the hypotheses of Theorem 2.4. Note that Fε(u, ·) is superadditive, and this
property is preserved in the limit. Thus, we can apply Theorem 2.3 and we get hypotheses (i)
in Theorem 2.4. By Propositions 5.1 and 5.2 we get (iv), while (ii) is trivially satisfied. Finally,
hypothesis (iii) is a consequence of the lower semicontinuity of the Γ-limit. Therefore all the
assumptions of Theorem 2.4 are satisfied, and the conclusion follows.

6 Convergence of minimum problems.

In this section, we prove the convergence of minimum problems involving energies as in (3.1) to
the corresponding minimum problem involving the limiting energy. We first consider boundary
value problems and subsequently extend the analysis to minimum problems with prescribed
volume fraction.
Our analysis relies on two compactness results proved in [31], for d ≥ 2 and d = 1, respectively,
which ensure the coerciveness of our family of functionals. The statements of these results are
provided below and are slightly rephrased for our purposes.
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Theorem 6.1. [31, Theorem 1.2] Assume d ≥ 2. Let Gε(u) be defined by (3.6) with ρε : Rd →
[0,+∞) satisfying (3.2), (3.3), and (3.4). If (uε) ⊂ L1(Ω;Rm) is a bounded sequence such that

sup
ε

Gε(uε) < +∞,

then (uε) is relatively compact in L1(Ω;Rm). Assume that uεj → u in L1(Ω;Rm), then u ∈
BV (Ω;Rm).

If d = 1, we need to impose an additional condition on the kernels ρε in order to have
compactness. More precisely, given ρε ∈ L1(R), we shall assume that ρε is defined for every
x ∈ R as

ρε(x) =

 lim
r→0

1

2r

∫ x+r

x−r

ρε(y) dy if x is a Lebesgue point of ρε

+∞ otherwise.

(6.1)

Given θ0 ∈ (0, 1) and setting

ρε,θ0(x) := inf
θ0≤θ≤1

ρε(θx) ∀x ∈ R,

we will consider the following hypothesis: there exists α0 > 0 such that∫
R
ρε,θ0 ≥ α0 > 0 ∀ε > 0. (6.2)

Theorem 6.2. [31, Theorem 1.3] Assume d = 1 and Ω = (a, b). Let Gε(u) be defined by (3.6)
with ρε : R → [0,+∞) defined as in (6.1) and satisfying (3.2), (3.3), and (3.4). Assume there
exist θ0 ∈ (0, 1) and α0 > 0 such that (6.2) is satisfied. If (uε) ⊂ L1((a, b);Rm) is a bounded
sequence such that

sup
ε

Gε(uε) < +∞,

then (uε) is relatively compact in L1((a, b);Rm); moreover, if uεj → u in L1((a, b);Rm), then
u ∈ BV ((a, b);Rm).

6.1 Boundary value minimum problems

Given u0 ∈ BV (Ω;Y ), let A ∈ Areg(Ω) and for any η > 0 set

Aη = {x ∈ A : dist(x, ∂A) > η}

and
mη

ε(u0, A) := inf{Fε(u,A) : u ∈ L1(A;Y ), u = u0 on A \Aη}. (6.3)

We observe that mη
ε(u0, A) is increasing in η. Moreover mη

ε(u0, A) is uniformly bounded. Indeed,

mη
ε(u0, A) ≤ Fε(u0, A)

which is uniformly bounded by (3.7), (4.4) and Corollary 4.6.

Theorem 6.3. Let Kε(x, y, u, v) satisfy (H1)-(H2). If d = 1, assume there exist θ0 ∈ (0, 1)
and α0 > 0 such that (6.2) is satisfied. Given a sequence εj → 0, let (εjk) and F (u,A) be as in
Theorem 3.1. Then it holds

lim
η→0

lim inf
k→+∞

mη
εjk

(u0, A) = lim
η→0

lim sup
k→+∞

mη
εjk

(u0, A) = m(u0, A),

where mη
ε(u0, A) is defined by (6.3) and

m(u0, A) = inf{F (u,A) : u ∈ BV (A;Y ), u = u0 in a neighborhood of ∂A}.
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Proof. Let η > 0 be fixed and let uk ∈ L1(A;Y ) such that uk = u0 on A \Aη and

Fεjk
(uk, A) ≤ mη

εjk
(u0, A) +

1

k
. (6.4)

Since mη
εjk

(u0, A) is uniformly bounded, by Theorems 6.1 and 6.2 there exists a subsequence (not

relabeled) such that uk converges strongly in L1(A;Rm) to some u ∈ BV (A;Y ). In particular,
u = u0 in A \Aη. By Theorem 3.1 and (6.4) we get

m(u0, A) ≤ F (u,A) ≤ lim inf
k→+∞

Fεjk
(uk, A) ≤ lim inf

k→+∞
mη

εjk
(u0, A),

and then, taking the limit as η → 0, it follows

m(u0, A) ≤ lim
η→0

lim inf
k→+∞

mη
εjk

(u0, A).

It remains to prove the reverse inequality. To this end, let δ > 0 and choose u ∈ BV (A;Y ) such
that

F (u,A) ≤ m(u0, A) + δ (6.5)

and u = u0 in a neighborhood of ∂A. Hence, there exists η0 > 0 such that u = u0 in A \ Aη0 .
Let uk ∈ L1(A;Y ) be such that uk → u strongly in L1(A;Rm) and

lim
k→+∞

Fεjk
(uk, A) = F (u,A).

We may argue as in the proof of Proposition 5.3 in order to modify the values of uk in A \ Aη

without increasing the energy too much. More precisely, given η ∈ (0, η0), we can select open
sets Ak ∈ Areg(Ω) such that Aη ⋐ Ak ⋐ Aη/2 and the functions

vk = χAk
uk + (1− χAk

)u0

satisfy

(i) vk = u0 on A \Aη/2;

(ii) vk → u strongly in L1(A;Rm);

(iii) Fεjk
(vk, A) ≤ Fεjk

(uk, A) + Fεjk
(u0, A \Aη) + Cη + C∥uk − u0∥L1(A\Aη) + o(1).

By (3.7), (4.4) and Corollary 4.6, we get

lim sup
k→+∞

mη/2
εjk

(u0, A) ≤ lim sup
k→+∞

Fεjk
(vk, A)

≤ F (u,A) + CHd−1(Su0 ∩ (A \Aη)) + Cη.

By (6.5), we infer that

lim
η→0

lim sup
k→+∞

mη
εjk

(u0, A) ≤ F (u,A) ≤ m(u0, A) + δ

and the conclusion follows by the arbitrariness of δ.
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6.2 Minimum problems with prescribed volume fraction

Given l = (l1, l2, . . . , lN ) ∈ (0, 1)N such that
∑N

i=1 l
i = 1, we set

Vl(Ω;Y ) := {u ∈ L1(Ω;Y ) : |{u = yi}| = li|Ω|, i = 1, . . . , N}

and define F l
ε : L1(Ω;Y ) → [0,+∞] as

F l
ε(u) =

{
Fε(u) if u ∈ Vl(Ω;Y )

+∞ otherwise,

with Fε as in (3.1). The following Γ-convergence theorem holds.

Theorem 6.4. Let Kε(x, y, u, v) satisfy (H1)-(H2). If d = 1 and Ω = (a, b), assume in addition
that

Kε(x, y, u, v) = Kε(y − x, u, v).

Let lε, l ∈ (0, 1)N such that
∑N

i=1 l
i
ε =

∑N
i=1 l

i = 1 and lε → l as ε → 0. Given εj → 0, let

εjk and F (·) as in Theorem 3.1. Then F
lεjk
εjk

Γ-converges with respect to the L1(Ω;Rm) strong

topology to the functional F l : L1(Ω;Y ) → [0,+∞] defined by

F l(u) =

{
F (u) if |{u = yi}| = li|Ω|,∀i = 1, . . . , N

+∞ otherwise.

Proof. For the sake of notation, in what follows we drop the dependence on the sequence jk. Let
uε ∈ Vlε(Ω;Y ) converge to u ∈ BV (Ω;Y ) strongly in L1(Ω;Rm) such that

lim inf
ε→0

Fε(uε) < +∞.

Then, u ∈ Vl(Ω;Y ) and by Theorem 3.1 the Γ-liminf inequality follows; i.e.

lim inf
ε→0

F lε
ε (uε) ≥ F l(u).

We now prove the Γ-limsup inequality. Thanks to the density result stated in [4, Theorem A.1,
Remark A.2], it is enough to consider u ∈ BV (Ω;Y ) such that |{u = yi}| = li|Ω| and whose
jump set Su is polyhedral. Let uε be a recovery sequence for F (u). Arguing as in Proposition
5.3, we can find δ > 0 and a suitable neighborhood of Su, Aε, such that, for ε sufficiently small,
Aε ⊂ Sδ := {x ∈ Ω : dist(x, Su) ≤ δ} and the sequence of functions

ũε := χAε
uε + (1− χAε

)u,

is still a recovery sequence for F (u). In particular ũε ≡ u in Ω \ Sδ. To get the conclusion, it is
enough to replace ũε with a new sequence ūε ∈ Vlε(Ω;Y ) such that ūε → u in L1(Ω;Rm) and

Fε(ūε) ≤ Fε(ũε) + o(1).

For simplicity, assume N = 3. Let us first construct ūε in the case d ≥ 2. We set

l̃iε :=
|{ũε = yi}|

|Ω|
, riε :=

(
|l̃iε − liε||Ω|

ωd

)1/d

.
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Since ũε → u in L1(Ω;Rm), we have

riε → 0 as ε → 0 ∀i ∈ {1, 2, 3}. (6.6)

Moreover, since Su is polyhedral and

|{u = yi}| = li|Ω| > 0 for every i = 1, 2, 3,

there exist r̄ > 0 and xi ∈ Ω \ Sδ, i = 1, 2, 3, such that

B(xi, r̄) ⊂ {u = yi} ∩ (Ω \ Sδ) = {ũε = yi} ∩ (Ω \ Sδ).

By (6.6), we may assume that
3∑

i=1

riε < r̄.

If l̃ε = lε, we simply set ūε = ũε. Otherwise, there are two components of lε − l̃ε that have
opposite sign. Assume, for example, that l1ε > l̃1ε and l2ε < l̃2ε . If l

3
ε > l̃3ε , we set

ūε(x) =


ũε if x ̸∈ B̃1

ε ∪ B̃3
ε

y1 if x ∈ B̃1
ε ,

y3 if x ∈ B̃3
ε ,

where B̃1
ε and B̃3

ε are disjoint balls of radius r1ε and r3ε , respectively, and B̃1
ε ∪ B̃3

ε ⊂ B(x2, r̄). If
l3ε < l̃3ε , we set

ūε(x) =

{
ũε if x ̸∈ B(x2, r

2
ε) ∪B(x3, r

3
ε)

y1 if x ∈ B(x2, r
2
ε) ∪B(x3, r

3
ε).

The case l3ε = l̃3ε is treated analogously by using only one correcting ball. In all cases, we
have ūε ∈ Vlε(Ω;Y ) and ūε → u in L1(Ω;Rm). Moreover, setting Jε := Sūε

∩ (Ω \ Sδ) and
Jz
ε := {x = y + tz : y ∈ Jε, |t| ≤ 1} ∩ Ω, by (H2), (6.6) and taking into account that, by (3.4),

interactions between points at distance of order 1 are negligible, we get

Fε(ūε) ≤ Fε(ũε) + C

∫
Rd

ρε(z)

|z|
|Jz

ε | dz

≤ Fε(ũε) + CHd−1(Jε)

∫
Rd

ρε(z) dz

≤ Fε(ũε) + C

3∑
i=1

(riε)
d−1 = Fε(ũε) + o(1),

which yields the conclusion. The previous construction does not apply in the case d = 1
since Hd−1(Jε) is not negligible as ε → 0. In this case, note that the additional assumption
Kε(x, y, u, v) = Kε(y − x, u, v) yields that

Fε(u,A) = Fε(u(·+ τ), A− τ), ∀τ ∈ R. (6.7)

We then exploit this property and construct ūε by suitably ‘locally’ shifting ũε. Let Su =
{x1, . . . , xM} ⊂ (a, b). We may assume that δ is sufficiently small so that min

h,k∈{1,...,M}
h̸=k

|xk −xh| >
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4δ and min
k∈{1,...,M}

|xk − a| ∧ |xk − b| > 2δ. We then set

ūε(x) =

ũε(x) if x ̸∈
M⋃
k=1

(xk − 2δ, xk + 2δ)

ũε(x+ τkε ) if x ∈ (xk − 2δ, xk + 2δ), k ∈ {1, . . . ,M},

where τε := (τ1ε , . . . , τ
M
ε ) → 0 as ε → 0 and it is suitably chosen so that ūε ∈ Vlε(Ω;Y ). By (6.7)

and using again that, by (3.4), interactions between points at distance of order 1 are negligible,
we get

Fε(ūε) =

M∑
k=1

Fε(ūε, (xk − 2δ, xk + 2δ)) + o(1) = Fε(ũε) + o(1),

which yields the conclusion.

As a consequence of Theorem 6.4, the compactness results stated in Theorems 6.1 and 6.2,
and the main properties of Γ-convergence, we get the following result.

Theorem 6.5. Let the hypotheses of Theorem 6.4 be satisfied. If d = 1, assume there exist
θ0 ∈ (0, 1) and α0 > 0 such that (6.2) holds true. Then, it holds

lim
k→+∞

min{Fεjk
(u) : |{u = yi}| = liεjk

|Ω|, ∀i ∈ {1, . . . , N}}

=min{F (u) : |{u = yi}| = li|Ω|, ∀i ∈ {1, . . . , N}}.

Moreover, if uεjk
is a converging sequence such that |{uεjk

= yi}| = liεjk
|Ω| for every i ∈

{1, . . . , N} and

lim
k→+∞

Fεjk
(uεjk

) = lim
k→+∞

min{Fεjk
(u) : |{u = yi}| = liεjk

|Ω|, ∀i ∈ {1, . . . , N}},

then its limit is a minimizer for min{F (u) : |{u = yi}| = li|Ω|, ∀i ∈ {1, . . . , N}}.

7 Homogenization.

In this section, we study the homogenization of the functionals Fε defined in (3.1) under a
periodicity assumption in the space variable of the kernels Kε. Assume that Kε(x, y, u, v) =
1

εd
K
(x
ε
,
y

ε
, u, v

)
, where K(·, ·, u, v) : Rd × Rd → [0,+∞) is 1-periodic with respect to simulta-

neous translations of the two spatial variables, namely

K(x+ h, y + h, u, v) = K(x, y, u, v) for every x, y ∈ Rd, u, v ∈ Y, and h ∈ Zd. (7.1)

The analog of assumptions (H1) and (H2) is given by the following set of hypotheses on the
function K: there exists a radial Borel function ρ : Rd → [0,+∞) such that∫

Rd

ρ(z) dz = 1 (7.2)

and for a.e. (x, y) ∈ Rd × Rd and for every (u, v) ∈ Y × Y it holds:

(H1’) (Coerciveness) ∃C1 > 0 such that

K(x, y, u, v) ≥ C1ρ(y − x)
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(H2’) (Growth) ∃C2 > 0 such that

K(x, y, u, v) ≤ C2ρ(y − x).

Setting

ρε(z) =
1

εd
ρ
(z
ε

)
,

it is straightforward to verify that if (H1’) and (H2’) hold, then Kε satisfies assumptions (H1)
and (H2).

Throughout the section we will use the change of variable z = y−x. For any open set A ⊂ Rd

and z ∈ Rd we set
Az = A ∩ (A− z) = {x ∈ A : x+ z ∈ A}.

Then, the localized energy in (3.1) can be written as

Fε(u,A) =
1

εd

∫
Rd

∫
Az

K

(
x

ε
,
x+ z

ε
, u(x), u(x+ z)

)
|u(x+ z)− u(x)|

|z|
dx dz. (7.3)

Remark 7.1. Set

K̂ (x, z, u, v) := K (x, x+ z, u, v) K̂ε (x, z, u, v) := Kε (x, x+ z, u, v) .

In particular,

K̂ε(x, z, u, v) =
1

εd
K̂
(x
ε
,
z

ε
, u, v

)
.

By the periodicity assumption onK, the function K̂ is 1-periodic with respect to the first variable
and then K̂ε satisfies

K̂ε(x+ εh, z, u, v) = K̂ε(x, z, u, v), for every h ∈ Zd. (7.4)

Moreover, by (H1’) and (H2’),

C1ρ(z) ≤ K̂ (x, z, u, v) ≤ C2ρ(z), C1ρε(z) ≤ K̂ε (x, z, u, v) ≤ C2ρε(z). (7.5)

With this notation, (7.3) can be written as

Fε(u,A) =

∫
Rd

∫
Az

K̂ε(x, z, u(x), u(x+ z))
|u(x+ z)− u(x)|

|z|
dx dz.

The following theorem holds.

Theorem 7.2. Let Fε be defined by (3.1) and let Kε(x, y, u, v) =
1

εd
K
(x
ε
,
y

ε
, u, v

)
, where

K(·, ·, u, v) satisfies (7.1). If (H1’) and (H2’) hold, then the functionals Fε Γ-converge with
respect to the L1(Ω;Rm) strong topology, as ε → 0+, to the homogenized functional Fhom :
L1(Ω;Y ) → [0,+∞] defined by

Fhom(u) =


∫
Su

φhom(u
+, u−, νu) dH

d−1 if u ∈ BV (Ω;Y )

+∞ otherwise.

where

φhom(a, b, ν) = inf
0<η<1

lim sup
T→+∞

1

T d−1
inf

{
F1(u, TQν) :

u ∈ L1(TQν ;Y ),
u = ua,b,ν on TQν \ (1− η)TQν

}
,

(7.6)

with ua,b,ν defined as in (2.2).
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Proof. By Theorem 3.1, given a sequence εj → 0+, we can extract a subsequence εjk such that
the functionals Fεjk

Γ-converge to a functional F defined as in (3.5) and for any u ∈ BV (Ω;Y )
and A ∈ Areg(Ω)

Γ(L1) - lim
k

Fεjk
(u,A) =

∫
Su∩A

φ(x, u+, u−, νu) dH
d−1.

For simplicity we write ε instead of εjk , and all the limits as ε → 0 are understood along this
subsequence. In order to prove Theorem 7.2 we first show that φ does not depend on x. More
precisely, for every fixed x0, z0 ∈ Ω, a, b ∈ Y and ν ∈ Sd−1, we have

φ(x0, a, b, ν) = φ(z0, a, b, ν).

By (2.1), to get the claim it is enough to prove that, for every r > 0 such that Qν(x0, r) ∪
Qν(z0, r) ⊂ Ω, it holds

m(ux0,a,b,ν , Qν(x0, r)) = m(uz0,a,b,ν , Qν(z0, r)).

Given δ > 0, let w ∈ BV (Qν(x0, r);Y ) such that w = ux0,a,b,ν in Qν(x0, r) \Qν(x0, (1− η)r) for
some η ∈ (0, 1) and

F (w,Qν(x0, r)) ≤ m(ux0,a,b,ν , Qν(x0, r)) + δ. (7.7)

For x ∈ Qν(z0, r), we consider the function w̃(x) := w(x+ x0 − z0). We note that w̃ = uz0,a,b,ν

in Qν(z0, r) \ Qν(z0, (1 − η)r). Let uε be a recovery sequence for F (w,Qν(x0, r)). We define
τε ∈ Rd such that, for each i = 1, . . . , d the i-th component of τε is given by

τ iε =

⌊
xi
0 − zi0
ε

⌋
ε

and, for x ∈ Qν(z0, r), ũε(x) := uε(x+ τε). Let r
′ < r. For ε sufficiently small Qν(z0, r

′) + τε ⊂
Qν(x0, r). Since uε → w in L1(Qν(x0, r)), it holds that ũε → w̃ in L1(Qν(z0, r

′)). Since
(Qν(z0, r

′))z + τε = (Qν(z0, r
′)+ τε)z, by the change of variables x′ = x+ τε and (7.4) we obtain

Fε(ũε, Qν(z0, r
′)) =

∫
Rd

∫
(Qν(z0,r′))z

K̂ε

(
x, z, ũε(x), ũε(x+ z)

) |ũε(x+ z)− ũε(x)|
|z|

dx dz

=

∫
Rd

∫
(Qν(z0,r′)+τε)z

K̂ε

(
x′ − τε, z, uε(x

′), uε(x
′ + z)

) |uε(x
′ + z)− uε(x

′)|
|z|

dx′ dz

= Fε(uε, Qν(z0, r
′) + τε) ≤ Fε(uε, Qν(x0, r))

Then,

F (w̃, Qν(z0, r
′)) ≤ lim inf

ε→0
Fε(ũε, Qν(z0, r

′)) ≤ lim
ε→0

Fε(uε, Qν(x0, r)) = F (w,Qν(x0, r)).

Therefore, using the inner regularity

F (w̃, Qν(z0, r)) = sup
r′<r

F (w̃, Qν(z0, r
′)) ≤ F (w,Qν(x0, r)). (7.8)

Since w̃ is an admissible function for the minimum problem m(uz0,a,b,ν , Qν(z0, r)), using (7.7)
and (7.8), the following chain of inequalities holds

m(uz0,a,b,ν , Qν(z0, r)) ≤ F (w̃, Qν(z0, r)) ≤ F (w,Qν(x0, r)) ≤ m(ux0,a,b,ν , Qν(x0, r)) + δ.
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By the arbitrariness of δ, it follows

m(uz0,a,b,ν , Qν(z0, r)) ≤ m(ux0,a,b,ν , Qν(x0, r)).

Reversing the role of x0 and z0 we get the equality.
We now prove that φ coincides with the density in (7.6). Let mη

ε(ua,b,ν , A) be defined as in
(6.3). Observe that, if A = Q is a d-cube, Theorem 6.3 is still valid if we assume that the test
functions in the definitions of mη

ε(ua,b,ν , Q) satisfy u = ua,b,ν on Q \ (1− η)Q. By Theorem 6.3
and rescaling the functionals, we obtain

φ(a, b, ν) = lim sup
r→0+

1

rd−1
m(ua,b,ν , rQν)

= lim sup
r→0+

1

rd−1
lim
η→0

lim sup
k→+∞

mη
εjk

(ua,b,ν , rQν)

= lim sup
r→0+

1

rd−1
inf

0<η<1
lim sup
k→+∞

inf

{
Fεjk

(u, rQν) :
u ∈ L1(rQν ;Y ),
u = ua,b,ν on rQν \ (1− η)rQν

}
= lim sup

r→0+
inf

0<η<1
lim sup
k→+∞

1

T d−1
k

inf

{
F1(u, TkQν) :

u ∈ L1(TkQν ;Y ),
u = ua,b,ν on TkQν \ (1− η)TkQν

}
where Tk =

r

εjk
. For any fixed T > 0 we set

m(T, η) := inf{F1(u, TQν) : u ∈ L1(TQν ;Y ), u = ua,b,ν on TQν \ (1− η)TQν},

m′(η) := lim inf
T→+∞

1

T d−1
m(T, η), m′′(η) := lim sup

T→+∞

1

T d−1
m(T, η).

Since

m′(η) ≤ lim inf
Tk→+∞

1

T d−1
k

m(Tk, η) ≤ lim sup
Tk→+∞

1

T d−1
k

m(Tk, η) ≤ m′′(η),

to get the conclusion it is enough to prove that

inf
0<η<1

m′(η) = inf
0<η<1

m′′(η). (7.9)

The equality (7.9) follows once we prove that, for every η ∈ (0, 1),

m′′(η) ≤ m′(η) + Cη. (7.10)

In what follows we consider the case d ≥ 2. The proof can be easily adapted to the case d = 1
and it is left to the reader.

Let Bν := {ν1, . . . , νd} be an orthonormal basis of Rd such that νd = ν and

Qν =

d⊕
j=1

(
−1

2
,
1

2

)
νj .

Let S ≫ T and fix δ > 0. Let ūT ∈ L1(TQν ;Y ) such that

ūT = ua,b,ν on TQν \ (1− η)TQν

and
F1(ūT , TQν) ≤ m(T, η) + δT d−1. (7.11)
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We introduce the auxiliary length

ℓT,η := T +
ηT

2
+ 2

√
d

and let Πν := {x ∈ Rd : ⟨x, ν⟩ = 0} be the hyperplane orthogonal to ν. Consider the lattice

ΛT,η :=
{
zk = ℓT,η

d−1∑
j=1

kjν
j : k = (k1, . . . , kd−1) ∈ Zd−1

}
⊂ Πν .

For every k ∈ Zd−1, choose yk ∈ Zd such that

|yk − zk| ≤
√
d. (7.12)

In particular, since zk ∈ Πν ,
|⟨yk, ν⟩| = |⟨yk − zk, ν⟩| ≤

√
d. (7.13)

We set

IS,T :=
{
k ∈ Zd−1 : |kj |ℓT,η ≤ (1− η)S − T − 2

√
d

2
for every j = 1, . . . , d− 1

}
and

NS,T := #IS,T .

For every k ∈ IS,T , we define
Qk := yk + TQν .

By (7.12), (7.13), and the definition of IS,T , we have

Qk ⊂ (1− η)SQν ∩
{
x ∈ Rd : |⟨x, ν⟩| ≤ T

2
+

√
d

}
∀ k ∈ IS,T . (7.14)

Moreover, the cubes Qk are pairwise disjoint. Indeed, for every k, h ∈ IS,T such that k ̸= h,
there exists j ∈ {1, . . . , d− 1} such that |kj − hj | ≥ 1. Hence,

|⟨yk − yh, ν
j⟩| = |⟨zk − zh, ν

j⟩+ ⟨yk − zk, ν
j⟩ − ⟨yh − zh, ν

j⟩|
≥ |⟨zk − zh, ν

j⟩| − |⟨yk − zk, ν
j⟩| − |⟨yh − zh, ν

j⟩|

≥ ℓT,η − 2
√
d

= T +
ηT

2
,

from which it follows that

dist(Qk, Qh) ≥
ηT

2
, for every k ̸= h. (7.15)

Arguing analogously, we infer that

dist

(
Qk,

⋃
h∈IS,T

h̸=k

Qh

)
≤ ηT

2
+ 4

√
d ≤ ηT (7.16)
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for T large enough. By the definition of IS,T , we also have

NS,T =
(
2
⌊ (1− η)S − T − 2

√
d

2ℓT,η

⌋
+ 1
)d−1

.

Consequently,

lim
S→+∞

NS,T

Sd−1
=

(
1− η

ℓT,η

)d−1

and therefore, since ℓT,η ≥ T ,

lim
S→+∞

NS,TT
d−1

Sd−1
= (1− η)d−1

(
T

ℓT,η

)d−1

≤ 1; (7.17)

i.e.

NS,T ≤ C
Sd−1

T d−1
. (7.18)

We now define uS ∈ L1(SQν ;Y ) by

uS(x) :=

{
ūT (x− yk) if x ∈ Qk for k ∈ IS,T ,

ua,b,ν(x) otherwise.

Since the cubes Qk are pairwise disjoint, uS is well defined. Moreover, by (7.14), the function
uS coincides with ua,b,ν on

SQν \ (1− η)SQν .

Hence uS is admissible for m(S, η), and thus

m(S, η) ≤ F1(uS , SQν). (7.19)

We decompose F1(uS , SQν) as

F1(uS , SQν) = F cell
S,T + F rem

S,T ,

where
F cell
S,T =

∑
k∈IS,T

F1(uS , Qk)

denotes the contribution of the cubesQk and F rem
S,T the remaining contribution. By the periodicity

of K̂1 in its first variable (see (7.4) for ε = 1) and the fact that yk ∈ Zd, for every k ∈ IS,T we
have

F1(uS , Qk) = F1(ūT , TQν).

Therefore, by (7.11), we get

F cell
S,T ≤ NS,T

(
m(T, η) + δT d−1

)
. (7.20)

We now estimate F rem
S,T by distinguishing interactions of length at most ηT/4 from the remaining

ones. Namely,
F rem
S,T = F sr

S,T + F lr
S,T ,

where

F sr
S,T := F

ηT
4

1 (uS , SQν)−
∑

k∈IS,T

F
ηT
4

1 (uS , Qk)
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and

F lr
S,T :=(F1(uS , SQν)− F

ηT
4

1 (uS , SQν))−
∑

k∈IS,T

(F1(uS , Qk)− F
ηT
4

1 (uS , Qk)).

We estimate F sr
S,T . Set

US,T :=
⋃

k∈IS,T

Qk

and let us first estimate the interactions between points in

Uη
S,T := {x ∈ Rd : dist(x, US,T ) ≤ ηT}.

Suppose that x, x + z ∈ Uη
S,T . We recall that, by (7.15), if |z| ≤ ηT/4, the points x and x + z

cannot belong to two distinct cubes. Hence, the points x and x + z whose interactions are not
taken into account in F cell

S,T are such that both points lie outside US,T or one of them lies in⋃
k∈IS,T

(Qk \ (yk + (1− η)TQν)). In the first case,

uS(x) = ua,b,ν(x), uS(x+ z) = ua,b,ν(x+ z).

If these two values are different, the segment [x, x + z] intersects Πν . By (7.16) and (7.18), the
energetic contribution of these interactions is bounded by

C

(
S

T

)d−1

T d−2Tη

∫
|z|≤ ηT

4

ρ(z) dz ≤ CSd−1η. (7.21)

Suppose now that x ∈ Qk \ (yk + (1− η)TQν) and x+ z /∈ US,T . Then

uS(x) = ua,b,ν(x− yk), uS(x+ z) = ua,b,ν(x+ z).

If these two values are different, then

⟨x− yk, ν⟩ and ⟨x+ z, ν⟩

have opposite signs, from which we easily infer that

|⟨x, ν⟩| ∨ |⟨x− yk, ν⟩| ≤ |⟨yk, ν⟩|+ |⟨z, ν⟩| ≤
√
d+ |z|. (7.22)

Moreover, for T sufficiently large, the segment [x, x+ z] cannot leave Qk through one of the two
faces orthogonal to ν. Indeed, this would require

|⟨x− yk, ν⟩| ≥
T

2
− |z|,

which is incompatible with (7.22) for T sufficiently large, since |z| ≤ ηT/4. Therefore, the
segment must intersect one of the lateral faces of Qk. Taking into account also (7.22), we infer
that there exists j ∈ {1, . . . , d− 1} such that, setting

Dk :=

{
ξ ∈ Qk : ⟨ξ − yk, ν

j⟩ = ±T

2
, |⟨ξ, ν⟩| ≤

√
d+ 2|z|

}
,

we have
[x, x+ z] ∩Dk ̸= ∅.
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Hence,
x ∈ {x = x′ + tz, x′ ∈ Dk, |t| ≤ 1}

whose measure is bounded by
CT d−2(

√
d+ |z|)|z|.

By (7.18) and since |z| ≤ ηT/4, the energetic contribution of these interactions is bounded by

C

(
S

T

)d−1

T d−2

∫
|z|≤ ηT

4

ρ(z)(
√
d+ |z|) dz ≤ CSd−1

(
1

T
+ η

)
. (7.23)

The remaining interactions in F sr
S,T , which have not been taken into account so far, are those

between points x and x+ z such that the segment [x, x+ z] intersects Πν at distance of order Sη
from ∂(SQν). Arguing as above the energetic contribution of these interactions is bounded by

CSd−1η

∫
|z|≤ ηT

4

ρ(z) dz ≤ CSd−1η. (7.24)

Hence, combining (7.21) and (7.23), (7.24), we get

F sr
S,T ≤ CSd−1η. (7.25)

We now estimate F lr
S,T . For every z ∈ Rd,

|{x ∈ (SQν)z : x ∈ US,T or x+ z ∈ US,T }| ≤ 2|US,T | = 2NS,TT
d.

Therefore, by (7.5), the energetic contribution of the pairs of points such that one of them is in
US,T is bounded by

CNS,TT
d

∫
|z|> ηT

4

ρ(z)

|z|
dz. (7.26)

If both points are outside US,T , then

uS(x) = ua,b,ν(x), uS(x+ z) = ua,b,ν(x+ z).

For every z ∈ Rd,

|{x ∈ (SQν)z : ua,b,ν(x) ̸= ua,b,ν(x+ z)}| ≤ CSd−1|z|. (7.27)

Consequently, combining (7.26) and (7.27)

F lr
S,T ≤ CNS,TT

d

∫
|z|> ηT

4

ρ(z)

|z|
dz + CSd−1

∫
|z|> ηT

4

ρ(z) dz.

Since ∫
|z|> ηT

4

ρ(z)

|z|
dz ≤ 4

ηT

∫
|z|> ηT

4

ρ(z) dz

and

NS,T ≤ C

(
S

T

)d−1

,

we obtain

F lr
S,T ≤ CSd−1

η

∫
|z|> ηT

4

ρ(z) dz + CSd−1

∫
|z|> ηT

4

ρ(z) dz. (7.28)
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Combining (7.19), (7.20), (7.25), and (7.28), we find

m(S, η) ≤ NS,T

(
m(T, η) + δT d−1

)
+ CSd−1η

+
CSd−1

η

∫
|z|> ηT

4

ρ(z) dz + CSd−1

∫
|z|> ηT

4

ρ(z) dz.

Dividing by Sd−1, we obtain

1

Sd−1
m(S, η) ≤ NS,TT

d−1

Sd−1

(
1

T d−1
m(T, η) + δ

)
+ Cη

+
C

η

∫
|z|> ηT

4

ρ(z) dz + C

∫
|z|> ηT

4

ρ(z) dz.

Letting first S and then T tend to +∞, by (7.2) and (7.17) we get

lim sup
S→+∞

1

Sd−1
m(S, η) ≤ lim inf

T→+∞

1

T d−1
m(T, η) + δ + Cη.

By the arbitrariness of δ we get (7.10).

8 Approximation of nonlocal functionals

In this section we show that if the decay condition (3.4) is not satisfied, then the Γ-limits of
energies as in (3.1) may be nonlocal. We provide two examples.

Example 8.1. Fix r ∈ (0, 1) and assume Ω ⊂ Rd such that diam(Ω) > 1 − r. Consider the
family of functionals

Gε(u) = Gsr
ε (u) +Gnl(u) : =

1

εd+1

∫
{(x,y)∈Ω×Ω: |y−x|≤ε}

|u(y)− u(x)| dx dy

+

∫
{(x,y)∈Ω×Ω: 1−r≤|y−x|≤1+r}

|u(y)− u(x)| dx dy.

Note that, for 0 < ε < 1 − r, Gε is of the form (3.6) with A = Ω, ρε(z) = ρ̃ε(|z|) and ρ̃ε :
[0,+∞) → [0,+∞) defined by

ρ̃ε(t) =


t

εd+1
if 0 ≤ t ≤ ε

t if 1− r ≤ t ≤ 1 + r

0 otherwise.

We find that ρε is uniformly bounded in L1(Rd), whereas (3.4) fails. Indeed, by passing to polar
coordinates, ∫

Rd

ρε(z)dz =
σd−1

d+ 1

[
1 + (1 + r)d+1 − (1− r)d+1

]
,

while, given ε < η ≤ 1− r,∫
|z|>η

ρε(z) dz =
σd−1

d+ 1

[
(1 + r)d+1 − (1− r)d+1

]
> 0.
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As shown in Example 4.8, Gsr
ε Γ-converges with respect to the strong L1(Ω;Rm) topology to the

local functional

Gsr(u) :=


2ωd−1

d+ 1

∫
Su

|u+ − u−| dHd−1 u ∈ BV (Ω;Y )

+∞ otherwise.
(8.1)

We note that Gnl is continuous with respect to the strong convergence in L1(Ω;Rm). Indeed,
through the change of variable z = y − x, Gnl(u) can be written as

Gnl(u) =

∫
B1+r\B1−r

∫
{x∈Ω : x+z∈Ω}

|u(x+ z)− u(x)| dx dz.

Hence, given u, v ∈ L1(Ω;Rm), we have

|Gnl(v)−Gnl(u)| ≤
∫
B1+r\B1−r

∫
{x∈Ω : x+z∈Ω}

|v(x+ z)− u(x+ z)| dx dz

+

∫
B1+r\B1−r

∫
{x∈Ω : x+z∈Ω}

|v(x)− u(x)| dx dz

≤ 2 |B1+r \B1−r|∥v − u∥L1(Ω;Rm).

Then, the stability of Γ- convergence under continuous perturbations yields

Γ(L1)- lim
ε→0

Gε(u) = Gsr(u) +Gnl(u).

Hence, the first term is a local, perimeter-type energy, whereas the second is genuinely nonlocal.

Example 8.2. Let 0 < s < 1 and consider the family of functionals

Ĝε(u) = Gsr
ε (u) + Ĝnl(u) : =

1

εd+1

∫
{(x,y)∈Ω×Ω: |y−x|≤ε}

|u(y)− u(x)| dx dy

+

∫
Ω

∫
Ω

|u(y)− u(x)|
|y − x|d+s

dx dy.

As in the previous example, Ĝε is of the form (3.6) with A = Ω, ρε(z) = ρ̂ε(|z|) and ρ̂ε :
[0,+∞) → [0,+∞) defined by

ρ̂ε(t) := χ[0,D](t)
1

td+s−1
+


t

εd+1
if 0 ≤ t ≤ ε

0 if t > ε,

where D := diam(Ω). Note that, if Y = {0, 1}, Ĝnl(u) is twice the s-fractional perimeter of
{u = 1} inside Ω. Also in this case ρε is uniformly bounded in L1(Rd), whereas (3.4) fails.
Indeed, ∫

Rd

ρ̂ε(z) dz = σd−1

[
1

d+ 1
+

D1−s

1− s

]
,

while, if ε < η < D, we have∫
|z|>η

ρ̂ε(z) dz =
σd−1

1− s

(
D1−s − η1−s

)
> 0.
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We now prove that Ĝε
Γ−→ Gsr + Ĝnl in the strong L1(Ω;Rm) topology, where Gsr is defined

in (8.1), but we cannot argue as in the previous example. Indeed, by Fatou’s Lemma, we can
easily infer that Ĝnl(u) is lower semicontinuous with respect to strong L1(Ω;Rm) convergence,
but it is not continuous.

From the lower semicontinuity of Ĝnl we immediately deduce that the Γ-liminf inequality
holds true. Indeed, for every uε → u in L1(Ω;Rm), we have

lim inf
ε→0

Ĝε(uε) ≥ lim inf
ε→0

Gsr
ε (uε) + lim inf

ε→0
Ĝnl(uε) ≥ Gsr(u) + Ĝnl(u).

We now prove the Γ-limsup inequality. If u /∈ BV (Ω;Y ) there is nothing to prove, since Gsr(u) =
+∞. If u ∈ BV (Ω;Y ), we take uε ≡ u. By Theorem 4.1, applied with A = Ω and the kernel of
Example 4.8, we have limε→0 G

sr
ε (u) = Gsr(u). Hence, since Ĝnl does not depend on ε,

lim sup
ε→0

Ĝε(u) = lim
ε→0

Gsr
ε (u) + Ĝnl(u) = Gsr(u) + Ĝnl(u).
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