Nonlocal-to-local variational limits of energies on partitions
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Abstract. We study, through a I'-convergence procedure, the asymptotic behaviour of a general
class of nonlocal energies defined on functions taking values in a finite set Y = {y1,...,yn} C R™.
These energies are written in terms of double integrals accounting for pairwise interactions in
an open set 2, weighted by a kernel K.. If the latter is controlled from above and below by
suitable non-negative radial kernels with unit mass concentrating at the origin, then, up to
subsequences, the I'-limit has domain BV (2;Y") and is given by a local surface energy. We show
that the locality of the I'-limit is not guaranteed if the concentration of mass fails. For a class of
reference energies, we obtain a more explicit representation of the limit energy, also for non-radial
kernels, recovering the limits of isotropic and anisotropic fractional perimeters. We also prove a
homogenization result for periodic kernels.
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1 Introduction

Over the last two decades, increasing attention has been devoted to variational models involving
nonlocal energies, which depend on interactions between points at a finite distance, providing a
natural framework for phenomena that cannot be adequately described by purely local energies.
Such phenomena arise, for instance, in the description of phase transitions with long-range
interactions [I}, 21, (28] 2], in nonlocal minimal surfaces [20], in image processing [17, 26], and in
continuum mechanics through peridynamic theory [I5].

A prototypical example of such energies is given by functionals of the form

/ F (@, u(z), u(y)) de dy
QJQ



where € is an open set of R¢ and f accounts for the interaction between pairs of points and
depends on their relative position and on the states of the system at both points.

A central question is whether, and in which form, a local description is recovered when the
range of the interactions becomes infinitesimal. The problem was first investigated by Bourgain,
Brezis, and Mironescu in their celebrated paper [18], where they studied the asymptotic behaviour
of the Gagliardo seminorm [u]yys» (), as s — 17, showing that

(1 — )[u] (1-s) [uly) = wl@)” 4
Wer(Q) = |y_l.‘d+sp Y

approximates, up to a multiplicative constant, the p—th power of the LP norm of Vu for p > 1
and u € W1P(Q), and the total variation |Du|(Q) for p = 1 and u € BV (Q) (see also [23]). The
result was subsequently extended in [30] in terms of I'-convergence.

For energies with superlinear growth, a general asymptotic analysis as € — 0 of families of

functionals of the form
[ [ tevutn) = uta de ay (L.1)

under concentration of the energies on z = y, has been recently provided in [2], leading to a
general class of energies whose I'-limits are local integral functionals on Sobolev space of the
form

/Q f(z, Vu)dz.

This result has been applied, among others, to periodic and stochastic homogenization, to per-
forated domains (see for instance [10, [14}, 24] B3]), and, very recently, to the derivation of lower-
dimensional models for nonlocal thin films [I1]. The same approach has also been extended to
energies leading to free discontinuity functionals [13].

In this paper we consider the case in which the order parameter u takes only finitely many
values; i.e. u: Q@ =Y = {y1,...,yn} C R™, so that every admissible configuration is a partition
of  into the phases {u = y;}, for every i« = 1,..., N. Such a description is the natural setting
whenever the system can only be represented by a finite number of states. Typical examples are
the components of a mixture of immiscible fluids, as in the vector-valued Cahn-Hilliard theory
[12], the admissible orientations of a small droplet of a liquid crystal [34], and the spin values
of a magnetic system of Ising type [3, [4]. The local theory for this kind of phenomena typically
involves interfacial energies of the form

/S Lp(x,u+,u_,uu) dH, (1.2)

where S, is the jump set of u, v, is the measure-theoretic normal to S, and u® are the traces
of u on the two sides of S,,. A general variational analysis, studying integral representation,
lower semicontinuity, relaxation, and homogenization of this kind of energies, was developed by
Ambrosio and Braides [0, [7].

The question we address here is to understand how such interfacial energies emerge from
nonlocal models. In the discrete setting, this problem was investigated in [4] for Ising-type
energies of spin systems on a lattice. In the continuum setting, this kind of nonlocal-to-local
analysis was developed in [§], where the asymptotic behaviour of the s-fractional perimeters
as s — 17 was studied. In particular, it was shown that (1 — s)[xg|ws1(q) ['-converges to
wg—1P(E,Q), where P(-, ) denotes the classical De Giorgi perimeter. More recently, in [5] the
authors considered energies on partitions depending on the Riesz s-fractional gradient, for real-
valued functions taking finitely many values, and proved that, as s — 17, the I'-limit is a local

interfacial energy as in (|1.2)).



In this paper, we consider a general class of functionals of the form (1.1)) defined on L!(Q;Y),
where f.: Q@ x Q@ xY xY — [0,400] is a Borel function such that f.(x,y,u,u) = 0. The last
condition encodes the fact that uniform configurations minimize the energy. Setting

0 ifu=wv
fela,y,u,0) =2 iy £ 0,
[v—ul

Ks(xa yﬂhv) = {

the integrand f. can be written as

lv—ul
5:1;’ )u7’U :K€ ‘,1:7 ’u7’U
fe(@,y,u,v) (z,y )|y7;v|
and, in turn,
|u(y) — u(z)|
K (x,y, , dx d
// ysu(e),u(y) ————— 7] y.

We assume that the kernels K. are comparable with a family of radial kernels p. with unit mass
concentrating at the origin, namely

Crpe(y —x) < Kc(x,y,u,v) < Cope(y — ) for every u,v €Y, u#wv

(see Section [3] for the precise assumptions). Our main result, Theorem establishes com-
pactness and integral representation for this class of energies. Namely, we prove that, up to
subsequences, the functionals F. I'-converge, as ¢ — 0, to a functional of the form

/ @(m,qu,u*,Vu) dH1 ifu e BV(Q;Y),
F(u) =4 /s,

+00 otherwise.

When K (z,y,u,v) = p:(y — x), the T-limit has a more explicit representation in terms of a
measure 4 associated to the kernels p. (see Theorem . Our analysis covers both kernels of
fractional type, isotropic and anisotropic, thus including the fractional perimeters considered in
[8] and their anisotropic versions studied in [29], 25] (see Examples [£.7H4.10). As a consequence
of our I'-convergence results, in Section [§] we prove the convergence of minimum problems with
Dirichlet boundary conditions and with prescribed volume fractions of the phases (Theorems
and .

The proof of Theorem [3.1} carried out in Section [5] relies on an abstract method originally
exploited in the homogenization theory for multiple integrals [22] [16]. It amounts to applying a
localization argument which allows us to regard our functionals and their I-limits as defined on
functions and sets and then to prove that all the assumptions of an integral representation result
for functionals defined on partitions proved in [19] are fulfilled (see Theorem [2.4)). A key point is
to show that the I'-limit is the restriction of a measure, and in particular that it is subadditive
(see Proposition . In this respect, the hypothesis of mass concentration at the origin ((3.4)
plays a crucial role in showing that the nonlocality of the approximating functionals disappears
in the limit.

An application of our result is the homogenization of nonlocal energies on partitions, which
we address in Section [l We consider kernels of the form

Ke(x,y,u,v) = e K (x/e,y/e,u,v),

with K 1-periodic with respect to simultaneous translations of the two spatial variables (see
(7.1)), so that the heterogeneity of the medium and the range of the interactions are of the same



order e. We prove that the family of functionals F, I'-converges, as € — 0T, to a homogeneous
interfacial energy, whose density is defined by an asymptotic nonlocal cell formula (see Theorem
72).

Finally, in Section |8 we show that the condition (3.4) is essential to recover the locality of
the I'-limit. Indeed we exhibit two examples where fails and the I'-limit is the sum of an
interfacial energy and of a genuinely nonlocal term.

2 Notation and Preliminaries

In what follows, given z,y € R? we denote by (x,y) the standard scalar product in R? and we
set || = \/(x,x). Given k € N, we denote by H* the k-dimensional Hausdorff measure, by oy,
the k-dimensional Hausdorff measure of the unit sphere S* := {z € R¥*! : |z| = 1} in RF+L,
and by wy the volume of the unit ball in R*. We denote by A(£2) the class of open subsets in
Q) and by A™8(Q2) the family of open subsets of  with Lipschitz boundary. For any v € S91,
fix an orthonormal basis {v!,...,v4 71 v} of RY, and let Q, := {z € R%: |{z,v?)| < 1/2, fori =
1,...,d—1, {z,v)| < 1/2} be the unit cube centered at the origin with two of its faces orthogonal
to v. Given r > 0 and zo € R%, we set Q. (zo,r) := xo + rQ,, the cube centered at xy, with
side length 7, and oriented in the direction v. Unless otherwise stated, C' will always denote a
generic strictly positive constant that may change from line to line.

For the reader’s convenience, we recall the definition of BV (;Y") and the compactness result
related to this space, which can be deduced by the corresponding properties of sets of finite
perimeter (see [0, @, 27]).

Definition 2.1. Let Y C R™ be a finite set whose elements are denoted by y1,...,yn. We
denote by BV (§;Y) the class of Borel functions u : 2 — Y whose level sets {u = y;} are sets of
finite perimeter in 2. We denote by S, the Borel set

Su=Jofu=uwt= | ofu=wnofu=y).

Y €Y Yi,Y; €Y, ¥i AY;

where, for a set E C R, of finite perimeter we denote by 0*F the essential boundary of E.
Moreover, for H4~1-almost every = € S,, there exists a unit vector v, (x) € S4~! such that

lim 7~ 4{z € B,(2) : (z — 2, v (z)) > 0,u(2) # yi}| =0

r—0+
and
lim r~{z € B.(2) : (z — x,v,(x)) < 0,u(z) # y;}| = 0.

r—0

We set y; = ut(x) and y; = v~ (). The triplet (u™,u™,1,,) is defined H?~-almost everywhere
on Sy, and it is uniquely determined, up to a change of sign of v, and an interchange of u™, u™.

Theorem 2.2 (Compactness). Let up, € BV (Q;Y) such that

sup H1(S,,) < +oc.
k

Then there exists a subsequence (not relabeled) and u € BV (;Y) such that uy, — u in L.

We recall a characterization of measures as set functions due to De Giorgi and Letta (1977) (see
[16, Theorem 10.2]).



Theorem 2.3. Let a: A(Q) — [0, +00] be an increasing set function. The following statements
are equivalent:

(i) « is the restriction to A(Q) of a Borel measure on );
(i) o is subadditive, superadditive and inner regular;

(iii) the set function
B(E) =inf{a(U):U € A(Q),E CU}

defines a Borel measure on ).

The following integral representation result for functionals defined on partitions has been proved
in [19, Theorem 3].

Theorem 2.4. Let F': BV(;Y) x A(Q2) — [0, +00) satisfy for every (u, A) € BV(;Y) x A(Q)
the following hypotheses:

(i) F(u,-) is the restriction to A(Q) of a Radon measure;
(ii) F(u,A) = F(v, A) whenever u=v a.e. on A € A(Q));
(iii) F(-, A) is L'(Q;R™) lower semicontinuous;

(iv) there exist C1,Cy > 0 such that

CLHTH (S, N A) < F(u, A) < CoH ' (Su N A).
Then for every u € BV(;Y) and A € A(QY)
F(u,A) = / oz, u, u”, vy) dH,
S.NA

with

: m(u 20,a,b,V 5 Qu(x()a T))
o(xg,a,b,v) = llrrr_1>s01ip 0.9 s (2.1)

or all zg € Q,a,b € Y, v € S¥ 1, where
f ) ) )

_Ja if(xr—x0,v) >0
’LL:co,a,b,u<-'17) = {b zf <x 2. 1/> <0 (22)

and for any (v, A) € BV(;Y) x A(),
m(v, A) := inf{F(w, A) : w € BV(;Y),w = v in a neighborhood of 0A}.

In the sequel, we will use the notation u, p, to denote the function defined in (2.2)) with z¢ = 0.



3 Setting of the problem and main result

Let ©Q C R be a bounded open set with Lipschitz boundary and Y € R™ be a finite set endowed
with the discrete topology. Given e >0, let K. : Q@ x Q2 x Y x Y — [0, +oc] be a Borel function
and let F. : L*(;Y) — [0, +00] be defined by

W= [ [ Kty utau () ) =@y g, (3.1)
QJQ

ly — |
We fix the following set of hypotheses on K. (x,y,u,v): there exists a family of Borel functions
R? — [0, +00) satisfying

pe(+) is radial Ve > 0, (3.2)

/ pe(2)dz =1 Ve > 0, (3.3)
Rd

811_r>1(1) o pe(z)dz =0 Vn >0, (3.4)

such that for a.e. z,y € Q and for every (u,v) € Y x Y with u # v, it holds:
(H1) (Coerciveness) 3Cy > 0 such that

KE(xaya U,’U) Z ClpE(y - .’17),

H2) (Growth) 3C5 > 0 such that

Ks(m7ya 'Ll,,’U) < C2Ps(y - l’)

We also define a localized version of our energies. For any A € A(Q) and for u € L'(4;Y) we

set
=(u, A) //K z,y,u(z), (y))u(I;_z( [uly) —ulm)l dy.

Notice that, when A = €, the localized functional agrees with the functional defined in ,
namely F, (u Q) = F.(u). We will denote by F'(-, A) and F"'(-, A) the I'- hm mf and I-lim sup of

e—0
F.(-, A) with respect to the L*(A4;R™) strong topology, respectively.
We now state the main result of the paper.

Theorem 3.1. Let F. be defined by (3.1), with K.(x,y,u,v) satisfying (H1)-(H2). Then for any
sequence €; — 0 there exist a subsequence €5, and a function ¢ : I XY XY x Sa=1 [0, +00)
such that the functionals F,, T'-converge with respect to the L'(Q;R™) strong topology to the

functional F : L*(Q;Y) — [0, +o0] defined by

/ (@, ut,u”,v,)dHY ifue BV(Q;Y)
Su

F(u) = (3.5)

+00 otherwise.

Moreover, for every uw € BV (;Y) and A € A*8(Q)), it holds

(L") -lim F., (u,A) = F(u,A) := oz, ut,u™,v,) dHIL
k g SunA



Remark 3.2. Given R > 0 set

i) = [ Ko,y u@), u(y) =4 gy gy,
{(z,y)€AX A:|y—z|<R} ly — |

We note that for every u € L'(A;Y), by (H2) it holds

u(y) — u(x
/ K5($7y’u(x)’“(y))wd:v dy
{(z,y)EAX A:|y—z|>R}

ly — |
u(y) — u(w
SCQ/ ps(y—x)7| W) — ul ”dwdy
{(z,y)EAX A:|y—z|>R} ly — z|

C
<Sur e

R >R

Hence, by (3.4]),
0<lim sup (Fi(u,A)— FE(u, A)) < lim Q|A\ pe(z)dz = 0.
— e 0yueni(ary) i TR |z|>R

We deduce that F. and F¥ share the same asymptotic behavior. In particular, Theoremstill
holds if we replace F. by FZI.

We postpone the proof of Theorem [3.1] as it will be a consequence of some propositions which
show that our limit functionals satisfy all the hypotheses of Theorem To this end, we also
introduce the special class of functionals G (-, A) : L}(A;Y) — [0, +00] defined as

Gotw )= [ [ ptw=) W dz dy, (3.6)

whose asymptotic behaviour as ¢ — 0 will be examined in Section [d] When A = Q, we simply
write G¢(u) in place of G.(u, ).
Note that, by (H1) and (H2), for any A € A(Q) and u € L'(A;Y) it holds

C1Go(u, A) < Fu(u, A) < CoGe(u, A). (3.7)

4 The I'-limit of a class of reference energies

Since, by , our family of nonlocal functionals F. are estimated by the functionals G, defined
in , we first examine the asymptotic behaviour of the latter. Our analysis strongly relies on
the I'-convergence analysis developed in [30] for functionals of the form , that in our case
are defined in L'(Q;Y).

We associate with the kernel p. : R? — [0, +00) the measure p. on S9! defined by

pe(E) = / pe(z)dz  for each E C S%71,
Ry E

where RiF := {gqz : ¢ > 0 and = € E} is the cone generated by F with respect to the origin.
Note that

+oo
pe(E) = /E /0 pe(to)t?= 1 dt dH (o).



Therefore,

+oo
e = ag(-) HYY ga-n, ac(o) := / pe(to)td=1 dt. (4.1)
0
d—1
Moreover, if p. is radial, then p. = mﬂ'{‘kl | ga—1.
Od—1

If p. satisfies (3.3)), the family (y.) is bounded in M(S?~1) (the space of Radon measures on
5471, so there exists a sequence €; — 0 and p € M(S?"!) such that s, o in M(S41). In
particular, g > 0 on S9! and pu(S%1) = 1.

Theorem 4.1. Let A € A™8(Q) and G.(u, A) be defined by (3.6) with p. : RY — [0, +00)
satisfying ([3.4]). Suppose that the measures p. weakly* converge to a measure p € M(S9™1) such
that span(supp(u)) = R%. Then

/ lut —u"|p(v) dHY ifu € BV(A4;Y)
S.NA

(LY - lim G (u, A) = (4.2)

400 otherwise,
where
o) = [ 10)ldu(o). (43)
gd—1
Moreover, if u € BV(A;Y),
[(LY) -1im G, (u, A) = lim G (u, A). (4.4)
e—0 e—0
Remark 4.2. Under the assumptions of Theorem we see that, for € small enough,

0<c S/ pe(2)dz < ca,
R

for some positive constants ¢y, co independent on . Indeed,
[ ooy = e(571) = u(51) € (0, 400).
R

It would not be restrictive to assume that p. satisfies (3.3)), up to replacing p. with g, :=
1

pe(ST1)
Remark 4.3. Given p as in Theorem consider the function f,, : R™*4 — [0, +00) defined
by

o) s= [ el duto). (4.5)

We note that f, is convex, continuous, and positively one-homogeneous. Moreover, if f,(M) =0
then Mo = 0 for p-a.e. 0. By continuity, this holds for every o € supp u. Since span(supp ) =
R?, it follows that M = 0. Therefore, by the compactness of the unit sphere in R™*4, there
exists a > 0 such that

ol M| g/ \Mo|du(c) VM € R™*4. (4.6)
gd—1
In particular

0<a<p) Vv e §41

Note, moreover, that
o(v) < u(SY) Vv e 5471



Remark 4.4. If p. is radial and is satisfied, then supppu = S?~'. Hence, the spanning
condition in Theorem is automatically satisfied, and follows.

Motivated by the cone condition in [30, Section 1.3], we give a more general sufficient condition
for span(supp ) = R?.  Suppose that s, X as € — 0. Assume that there exist linearly
independent vectors vy, ...,vqy € R? and § > 0 such that

e—0

1imsup/ pe(2)dz >0 for every i = 1,....,d,
C,;(vi)
where, for v € R?\ {0},

Cs(v) == {weRd\{O}:<” lww|>>1—a}.

o]’

Set 4
El = Cs(v;) NS, i=1,...,d

We require § to be sufficiently small that every choice o; € Eg, i =1,...,d, yields linearly
independent vectors. By weak* convergence,

u(EE) > limsup pe (EY)

e—0
> limsup p(E}) = limsup/ pe(z)dz > 0.
e—=0 e—0 Cs(vi)

Thus, supp p intersects each Eg and therefore contains a basis of R?. Consequently, the spanning
condition holds, and (4.6) follows.

Remark 4.5. The previous theorem also includes the case p:(2) = —p (E), where p €
5 €

LY(R% [0, +00)) and

/ p(z)dz = 1.

R4

= MVZ z
ow) = [ Fw e

Then

Proof of Theorem[{.1}
I-liminf inequality. Let u. € L'(4;Y) be such that u. — u in L*(A4;R™) and

lim inf G (ue, A) < +o00.
e—0
We have to prove that u € BV(A;Y) and

liminf G (ue, A) > /
e—0

| [ o) du(r) ot (4.7)
S.NA Sd—1

Let ¥ € C°(R%) be a nonnegative radial function such that

Ha)dx =1, supp ¥ C Bj,
R4



and set )
xr
Ds() 1= =50 (5) , (4.8)

for 6 > 0. We define
As = {z € A:dist(z,04) > 0}

and
e 5(z) = D5 * ue() = / (e — yu(y)dy, € As.
A

For simplicity, let us identify G.(-, A) with its extension to the whole L!(A;R™). By applying
Jensen’s inequality and a change of variable, the following inequality holds

Ge(ue, A) > G (ue 5, As),
(see [30, Lemma 4]). Let A" € A. For § > 0 sufficiently small, we have A" € As. Then
Ge(ue, A) > Ge(ue 5, A).
Since u. — u in L'(A;R™), we have
Ues > Us :=Vs*u ase—0 in Cz(f; R™).

Therefore, applying [30, Proposition 1 and Remark 7], we get
hm Ge(uc5,A") = / / |Vus(x)o| du(o) de = / fu(Vus) dx (4.9)
rJgd—1

where f, is defined as in (4.5). Consequently, by (4.6),
liminf G, (ue, A) > liminf Ge(ue 5, A")
e—0 e—0

_ / /S Vus(2)o| du(o) de

204/ [Vus(x)| d.
AI

Since us — u in L*(A’;R™), the lower semicontinuity of the total variation yields
. 1. .
IDul(A') < lim /A V()| dar < Tim ot G o, 4) < +00,

from which we infer that u € BV (A4;Y) by the arbitrariness of A’ € A. Since f, is convex and
positively one-homogeneous, the L'-lower-semicontinuous envelope of the functional

fu(Vu)dz, ue C?(A/;R™)
Fu(“) = v

400, otherwise,

is given by

() / Iu (ddgu|> d| D :/SH |Duc|(A")dp(o) ue BV(A;R™)
Fo(u) =

400, otherwise,

10



where Du denotes the distributional derivative of u. Hence, by (4.9), passing to the limit as
6 — 0, we obtain

liminf G (u., A) > / |Duol|(A") du(o). (4.10)
e—0 gd—1

Since u € BV(4;Y), we have Du = (ut —u™) ® v, H4"1LS,,. Therefore, for every o € S41,

|Dual|(A") :/S ) lut — u||(vy, o) dFHEE,
WNA’

Hence, by Fubini’s theorem,

| ipueldnte) = [t =l [ o) dado) aset .
ga-1 SunA!
Combining this with (4.10), we obtain

hmlnfG (e, )2/ lut —u~ \/ (Vu, 0| du(o) dHIL,
SunA’

from which we get (4.7), by the arbitrariness of A’ € A.
I-limsup inequality and pointwise limit. It suffices to prove that for every u € BV (A;Y),

limsquE(mA)S/ lut —u |/ (Vy, 0| dp(o) dHEL. (4.11)
S.nA

e—0

Let then u € BV (A;Y) and consider an extension 4 € BV (R%; R™) such that |Di|(0A) = 0 (see
[9, Proposition 3.21]). Consider the function ® : 0 € S~! — |Duo|(A). Since u € BV (A;Y),

®(0) = / lut —u™| |(vy, o) | dFHE (4.12)
SuNA
Note that ® is continuous on S%~1. For ¢ > 0 set
W, = {y e R : dist(y, A) < ¢}, w(q) == |Du|(Waq \ A4).

The function w is nondecreasing and, since [, (Waq\A) = A\ A = 04 and |Du|(RY) < +oo,
lir&w(q) = |Du|(0A) = 0. (4.13)

q—r

By the change of variables z = y — x, we have

S(u, A) = //pg ~ 1) ; Zf”ddy

:// B L LI
Rd JAN(A—2) |z

- ju(z +2) —u(z)]
9(z) = /An(A—z) |2| o

and we set g(0) = 0. Then, we may rewrite the energy as

For z # 0 we define

G:(u, A) = /Rd pe(2)9(z) dz, (4.14)

11



and we claim that
z

g(z) < ® ( ) +w(lz]), Vz#0. (4.15)

Indeed, fix z # 0 and set A, := AN (A — z). For every z € A, and t € [0,1] it holds

2|

dist(z + tz, A) < t|z] < 2|#|,

that is
A, +tzC W2|Z|. (4.16)
Since & =w in A and x,z 4+ z € A for every z € A, it holds
_ _ _ z S
|zl g(z) = /A la(z + z) — a(x)| dx < |z Duz|‘ (Wayz)- (4.17)

Although this estimate is standard, we include a proof for completeness. Set ug := ¥4 * 4, where
Js are the mollifiers introduced in (4.8). By (4.16)), the change of variable y = z+tz and Fubini’s
theorem it holds

1
/ i (z + 2) — 119 ()| da < |z\/ / Vu(;(x—l-tz)zl dedt < |2 Viis(y) = ’ dy.
A 0 JA, |2] W)z |
(4.18)
Since Vugs = 95 * Du and 95 > 0, we have
_ z _Zz
vast) | < [ vst-wa|pat| @)
|2 R4 |2]

for every y; integrating over Wy, and using Fubini’s theorem,

oo LA
Wz |2] Rd Wy

Hence, combining (4.18]) and (4.19))

Isly —w)dy) d ’Du ;’ (w) < ‘Du |z|‘ (Wajs) + Bs). (4.19)

Iz]

/ las(e + 2) — a5(2)| da < |4
A,

Du ;‘ (W2|Z‘ + B(s).

We now let § — 0. Since u € L*(R%R™), we have i — @ in L'(R% R™), and therefore the
left-hand side converges to

/Az iz + 2) — ()] dz.

On the other hand, the sets Wy, + Bs decrease to

ﬂ (Waz) + Bs) = Wy
5>0

and |Da|(RY) < +o0, so that

z z N
‘D’L_L |Z|‘ (W2|Z| + Bg) — ‘Dﬁ |Z‘ (WQ‘Z‘).
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This proves (4.17). Moreover, since Du| 4= Du,

Dﬂ|z|’(W2|z|):‘Du|z|‘(A) ‘ ||’ W2|z|\A)<cI>< >+w(z|). (4.20)

Combining (4.17)) and (4.20)) and dividing by |z|, we get (4.15). We also have
Cl4]

||

g(z) < for every z # 0. (4.21)

By Remark [4.2] there exist C' > 0 and €y > 0 such that
/ pe(z)dz < C,
for every ¢ < gp. Fix n > 0. By (4.14]), (4.15), the monotonicity of w and (4.21)), for ¢ < g¢ we

get
Ge(u,A)g/ (2) D (| |>dz+C’w C|A|/>n (4.22)

Passing to polar coordinates and using (4.1)),

+oo
/ ) () dz _/ @(U)/ o (to )14 dt 3 () :/ B(o)dpe.  (4.23)
R || Sd-1 0 gd-1
Since ® is continuous and g, — u, combining (3.4), (#.22), ([@.23) we get

lim sup Ge(u, A) < / Do) dp+ Cw(n).
Sd—1

e—=0

Letting n — 0%, by ([.12), ([4.13)), together with Fubini’s theorem,

nmsupegw,A)s/ (o) dyi = / jut — |/ v, 0| dp(r) 3,
Sd—1 SuNA

e—0

which is (4.11]).

By Theorem [£.1] and Remarks [£.3] and [£:4] we immediately deduce the following corollary.
Corollary 4.6. Let G.(u, A) be defined by (3.6) with p. : R* — [0, +00) satisfying (3.2)), (3.3)
and (3.4). If T'-lim i(I)lf G:(u, A) is finite, then u € BV (A;Y). Moreover, there exist two positive
E—r
constants o and 8 such that for every A € A™9(Q) and u € BV (A4;Y)
a XS, NA) <T(L') -lim inf Gz (u, A) < (LY -limsup Ge (u, A) < BHIH(S, N A).
e—

e—0

We conclude this section with four explicit examples that show that the limiting surface
energy density in Theorem may be either isotropic or anisotropic. The first two examples
involve radial kernels, which yield isotropic densities, while the last two show how anisotropic
densities can arise.
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Example 4.7 (Scaled fractional perimeters). We first recall a notion of fractional perimeter
appropriately defined in order to deal with nonlocal contributions only inside the target set €).

Let E C Q be a measurable set and 0 < s < 1. The fractional s-perimeter of E inside 2 is
denoted by Ps(F, ) and it is defined as follows:

1
P.(E,Q ::// — drdy.
( ) £ Jeenq [y — x|dts Y

Note that P,(E,€2) is half of the fractional Sobolev space seminorm |xg|ws1(q), Where xg
denotes the characteristic function of E. We recall that if E is a set of finite perimeter in €,
then P(E, Q) is also finite, since in general BV (Q) C W*1(Q) for any s € (0,1).

The asymptotic analysis as s — 1~ of (1 — s)Ps(E, Q) has been performed in [8], where the
authors prove that the I'-limit is the functional wg—1 P(E, ), with P(E, Q) denoting the classical
De Giorgi’s perimeter. This family of scaled perimeters can be recast in our notation and the
result in [§] is covered by Theorem Indeed, let s =1 — € and set

Gotw) =epc(fu=1,0) =5 [ [P,

Note that, setting D = diam(Q2), G<(u) can be written as

_€ |u(y) — u(z)]
Ge(u) = 5/9 o WX[O,D}(“J — x|) dz dy.

which is of the form (3.6 with

e 1

= §|Z|T,€X[0,D](|Z|)-

pe(2)

Note that, for every n > 0,

D D
/ pe(z)dz = 241 / = tdt = 25| = 2l (pe ) S0,
|z[>n 2 n 2 n 2
hence (3.4)) is satisfied. Moreover,
o by
pe(51) = / pe(2)dz = =57 = =D".
R 2 |, 2

Hence,
D¢ . 1
e = 7:}6*%3&14 w= iz}cd*ws“

and, by (4.3),
1
o(v) = 5/ (v, o) dHI (o) = w1
gd—1
Example 4.8 (Scaled volume of an e-neighborhood of the interface). Set

1

Ge(u) = Y lu(y) — u(z)| dz dy.

/{(%y)eﬂxﬂ: ly—=z|<e}
Note that G. is of the form (3.6) with
||

pe(2) = —gr Xl (121):

14



In this case (3.4)) is trivially satisfied and

R d+1
Hence,
1 _
He = rﬂﬁd ILSd 1= p
and, by (4.3),
1 _ 2wq-1
- j_cd 1 — )
o) = i [, lmollde o) = F4]

Example 4.9 (Anisotropic finite-range interactions). Let d > 2, C' > 0, and consider p.(z) =

1
—XB. (z)a <Z|>, where B, is the ball centered at the origin with radius € and
€ z

a(o) := 1+ C|(o,e1)|-

In this case 1
pe = = a()H T gor,
thus

o) = [ @+ Climen) o) ar (o).

A straightforward computation shows that ¢(e1) # p(ea), and hence the resulting surface energy
is anisotropic.

Example 4.10 (Anisotropic fractional perimeters). For s € (0,1), let ky: R?\ {0} — (0, +00)
be a measurable function satisfying, for some constant ¢ > 1 independent of s,

ks(—z) = ks(2) for every z # 0, (4.24)
ks(A2) = A9k, (2) for every A > 0, z #£ 0, (4.25)
1 1 c

pRpTE < ks(z) < EEs for every z # 0, (4.26)

and assume that ks — k pointwise in R? \ {0} as s — 17, for some measurable function k :
RZ\ {0} — (0,4+00). For u = xg € L'(£;{0,1}), the anisotropic s-perimeter of E associated
with kg, restricted to the interactions inside €2, is

P [ h-adedy = [ [ k) lut) - @) dedy

where the equality follows from (4.24). These energies have been studied in [29, 25]. In this
example we show that they fall within our framework.

Set € :=1— s and D := diam(2). Since |y — 2| < D for every x,y € €2, the rescaled energies
ePy, . are of the form , ie. ePy, . = G, with

€
pe(z) = 5 ki-c(2) 2] xq0,01 (I21),

which is not radial in general. By (4.25)), for every o € S?~! we have
400 c D Ds
as(o) = / pe(to) ttdt = 3 k/’lfe(‘7>/ =t dt = > k1—c(0),
0 0

15



so that, by (4.1)),
DE
pe = = ke () HT 5ot

In the same way, for every n € (0, D), by (4.26) we get

COg—1

/ pe(2)dz = / k(o) dH¥ (o) < (DF—n°) =0 ase—0,
{lz1>n} 2 Jsem 2

hence (3.4)) is satisfied. Moreover, by (.26 we have 1/c < k;_. < c on S9! for every ¢; since
ki_. — k pointwise and D® — 1, the Dominated Convergence Theorem yields

* 1
/,Lg_\/J:§kg{d_1|_Sd—l as e — 0.

Since k > 1/c on S9!, supp = S9! and the spanning condition of Theorem [4.1|is satisfied.
Applying Theorem with A = Q, and computing (4.3) with the measure p above, we
conclude that the I'-limit of e Py, _ is of the form (4.2) with

o) =5 [ 1)l k(o) ds! (o), (1.27)

Note that we recover the I'-convergence result stated in [25, Theorem 1.3]. Indeed, in that
theorem the energy density of the limit energy is given by

d+1

(z, v)| da,
2 B

with By := {x € RN\{0} : k(z) > 1}U{0}. By (4.25) the limit kernel satisfies k(A2) = A=471k(2),
so that )
B ={to:0e 8" 0<t<k(o)m1};

hence, passing to polar coordinates in the previous formula, we get (4.27]).
Finally, for ky(z) = |2|797* we have k = 1 on S%!, and we recover Example

5 Proof of Theorem [3.1]

The next two propositions establish that, under hypotheses (H1) and (H2), for every A € A™2(),
F'(u, A) and F"(u, A) are finite only on BV (A;Y") and satisfy hypothesis (iv) of Theorem
We omit the proofs, since they are a straightforward consequence of (3.7) and Corollary

Proposition 5.1. Let K.(x,y,u,v) satisfy (H1) and let A € A(Q). Ifu € L*(;Y) is such that
F'(u, A) is finite, then u € BV(A;Y) and

F'(u, A) > ¢; HH(S, N A),

for some positive constant c1 independent of u and A.

Proposition 5.2. Let K. (z,y,u,v) satisfy (H2) and let A € A™8(Q). Then, for every u €
BV (A;Y), it holds
F'"(u, A) < co HY7H(S, N A),

for some positive constant co independent of u and A.
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In the following propositions, we show that F”(-,-) satisfies hypotheses (i) and (ii) of Theorem
Z4

Proposition 5.3. Let K.(x,y,u,v) satisfy (H1)-(H2) and let A, B, A’ € A™8(Q) be given with
A’ € A. Then for any u € BV(Q;Y)
F"(u,A"UB) < F"(u, A) + F" (u, B).

Proof. Without loss of generality we may assume F”'(u, A) and F”(u, B) are finite. Let u,,ve
be such that u. — u, v. — u in L'(Q;R™) and

limsup F(ue, A) = F"(u, A), limsup F.(v., B) = F"(u, B).

e—0 e—0

Recall that the distance function dist(x, A’) is 1-Lipschitz. For ¢ € [0, d|, we define
Al = {z € A dist(x, A') < t},

and the family of functions
We,t = X AtUes + (1 — XAt)'Ue~

Note that
| D2tet(2)] < |DJue ()| + |Dive(2)] + [Dixar (@) [ue (z) — ve ()], (5.1)
where for a generic function w : Q — R™ and z € R?\ {0}, we adopt the notation

Dlu(z) = W

- - d
Let d := dist(A’, A°), n € (0,d) and set N, := {J . Given ¢ : R — [0, 1] defined by
n

0 ift<0
o(t):={t if0o<t<l1
1 ift>1

and k€ {1,..., N, — 1}, let wf] (z) be the cut-off function between A*" and A*+1)7 defined as

%@%=w(®M2Aq—@-

Note that ¢ =0 on A¥7, ok =1o0n A\ AR+ 404q

_ IV dist(z, 4)]loe _ 1

||V%0k |OO = =
2 U U
which yields that for every z € R%\ {0}
1
[Dzesl < IVeplloe < - (5.2)
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Moreover, by the definition of ¢ (), for every ¢ € (0,1) we have

AR — Lo e Az dist(z, A) <nt+k)}={zecA: @g(m) < t},
DANHR) — (0 e A dist(x, A)=nt+k)}={zecA: @’;(as) =t}.

By the Coarea formula, the fact that |V dist(z, A’)] = 1 and the change of variable ¢t = %, we
get

| AL\ ghn) — / |V dist(z, A")| da
{kn<dist(z,A’)<(k+1)n}

(k+1)n
_ / HI1(DA%) ds (5.3)
kn

1
= / HI=L QAR .
0
We set gh(t) := HH(9AMHR)) and

V= {t €(0,1): gp(t) > 2/195(3) ds} , Er=(0,1)\ V).

We note that

1 1
k k k k
/0 gn(s)ds > /Vnk gn(s)ds > |V, |2/O gn(s) ds.
Hence, we have that [V,F| < 1/2 and |E}| > 1/2. By (5.3), Vt € E} we get
j_cdfl(aAn(tka)) < 2|A(k+1)77 \ Akn| (54)
n

We define
Cf; = (A(k+1)7’ \ Ak") NnB and SS = (C’f; + B,)N B = {z € B:dist(z, C,’;) <n},

where B, is the open ball centered at the origin with radius n > 0. Note that

1
| 1D cn@)lde = Do)l

Hence we have

/z<np€(z) /S’; IDiw’;(x)llus(w—ve(x)\da:dz:/ hE(t)dt, (5.5)

0

where

o= [ o) [ DI egzn @)lln) — ool drd
z|<n b

Since hf, >0 and |E}| > 1/2, there exists ¥, € E} such that

1 1
RE (tF <7/ BE (dt<2 | B* (¢)dt. 5.6
en(te,) < EE] S en(t)dt < ; () (5.6)
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Settin,
) A = AT — (g e Az ol(x) < tF )}
g = , ={z tpp (T A

€

by (5.5)) and (5.6 we obtain

/zéan(Z) /5:7; |DZXZZ” ()]ue(x) — ve(z)| daxdz <

(5.7)
<2 0) [ IDIA@Ilun() - vu(o)] dudz,
[2|<n Sk
Moreover, since t’;n € E’nC , by (5.4) we also have
d—1/q7% 2 4kt E
HENOAL,) < 5|A( N\ Ak, (5.8)
Finally, we define the family of functions w?, as

We,n 1= We ek, +h)-
Not that for every fixed n > 0
wfw —wu ase—0 in L'(QR™)
uniformly with respect to the choice of k.
We define the set of interactions that cross QZZ,] as follows

Sk = {x €(WUB)N(AUB)=2) ixp (@) # xr (a4 z)} :

On the complement of S¥ = the function wf, coincides either with u. or with v.. Since A’ C

e
Z’;n C A, the corresponding energetic contribution is bounded by F_(uc, A) + F. (v, B). Hence,

F.(w*  A'"UB) < F.(u., A) + F.(v., B)

e
5.9
+ [ ] K zd @ty o+ Dkt @) deds.
Rd J Sk
It is straightforward to check that, for every z € R? such that |z| < 7,
k k k
Sz CSyN(S, —2). (5.10)
Since Zim has finite perimeter, we have

—

85,12 [ Dgs (0 2) = xpe @] da < [af360 1O, (5.11)
Rd £, €,

Then,

L[ Fewataud, @0ty @+ 9)Dkek, @) ded:
z,m
-/ Ko, + 2wl (), 0k (o 2) [ Dbt () do de
|z|<n J Sk,

+ / / K. (z,z+ z, 11)?,](96)7 wf’n(x + z))|D;w§n(x)| dx dz
|z|>n /5%

z,m

- IE\ZISTI + ]E\Z\>7I
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By (H1)-(H2), (5.2), (5.7), (5.1), (5.10) and the uniform bound (3.3]) we estimate Iizlgn as follows
[l s/ / Ko(0,z+ 2wk, (2), 0, (z + 2))|Dhuk, (2)| de dz
|<n JSEN(Sk—z

< GilF (e )+ Rl S5 4.0 [ pg<>/ Dhxge (@)llue(z) - ve(w)] dodz

lz|<n
C
<O (uE,Sk)—i—F(UE,Sn)]—f—ZCg/ / DLk (@) e () — ve ()| da ds
Cl |z|<n
<& Fe(ue, S5) + Fe(ve, S C/ / |ue(2) — ve ()| da dz
G aien’ T Sy
CQ k
< A [Fe(ue, Sy) + Fe(ve, )] + |ue(z) — ve ()| da.
Gy n Sk
(5.12)
On the other hand, by (H2), ., and ( we get
= [ [ Kok, (o) 0k, o+ 2)Dlel, (o) dodz
|z|>n JSE
<C pe(2)— L g 1(aA 2zl dz (5.13)
|z|>n |Z|
C\ Akt k
< Z[AGHm\ Ak [ (2 dz,
n |z|>n
where we also used the boundedness of wfm. Now we note that
Ny,—1
U (A(’““)"\A’”’) CA\A (5.14)
k=0
and
N,—1
U SicAnB. (5.15)
k=1

Since, for every x € AN B we have #{k : z € S,’?} <3, by (5.9, (5.12)), (5.13)), (5.14) and (5.15)

we get that for n sufficiently small

N, -1
1 n
L,=— S L A'UB
R Nn—]. kz::l ( 5177 U )
3 Cy
< Fo(ue, A) + Fo(v., B) + ( (uE,AﬂB)+F(v€,AﬂB)>
N, Cy
(5.16)
C C
+ — |ve(2) — ue ()] dx + *|A \ Al pe(2) dzl
A\A |z[>n
< Fe(ue, A) 4+ F.(ve, B) + Cn + Cllve — ue| p1(a\ar) —|—C|A\A’|/ (2)dz.
|>77
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Indeed, for n sufficiently small, we have
Nn -1 Z ia
2n
and the energies F.(u., AN B) and F.(v., AN B) are uniformly bounded. Then, there exists
k; € {1,..., N, — 1} such that

Fo(win, A'UB) < I..,.

kE
Setting we , := we, for every fixed n > 0, we have w,, — u in L' as ¢ — 0. Then, passing to
the limit in (5.16]) and using the decay property (3.4), we obtain

F"(u, A" U B) < limsup F.(we,,, A" UB) < F"(u,A) + F"(u, B) + Cn.
e—0

Letting n — 0, the desired conclusion follows. O

Proof of Theorem Taking into account Proposition and one can infer that for
any u € BV(Q;Y), F"(u,-) is inner regular and subadditive on A™8(Q)) (see as a reference
for this procedure [16, Proposition 11.5 and 11.6]). By the compactness property of the I'-
convergence and arguing as in [16, Theorem 10.3], noting that only the inner regularity of F"

is needed, for every sequence £; — 0 there exists a subsequence €;, — 0 such that, for any
(u, A) € BV(;Y) x A™8(Q) there exists

I- lim F;, (u,A)=: F(u, A).
k—o0 k

Moreover, by setting
F(u,A) :=sup{F(u,A") : A’ € A*8(Q), A" € A}, (5.17)

we can extend F(u,-) to A(Q) and verify that all properties satisfied by F’(u,-) and F"(u,-), as

stated in Propositions and still hold for F(-,-) in (5.17)). Since in Proposition we
proved that the domain of the I-limit is BV (;Y), we have

(LY -lim F, (u) = 400

foru € L*(Q,Y)\BV(£;Y). So far, it suffices to check that, for every (u, A) € BV (;Y) x A(Q),
F(u, A) satisfies all the hypotheses of Theorem Note that F¢(u,-) is superadditive, and this
property is preserved in the limit. Thus, we can apply Theorem and we get hypotheses (7)
in Theorem By Propositions and [5.2| we get (iv), while (i) is trivially satisfied. Finally,
hypothesis (iii) is a consequence of the lower semicontinuity of the I'-limit. Therefore all the
assumptions of Theorem [2.4] are satisfied, and the conclusion follows. ]

6 Convergence of minimum problems.

In this section, we prove the convergence of minimum problems involving energies as in (3.1) to
the corresponding minimum problem involving the limiting energy. We first consider boundary
value problems and subsequently extend the analysis to minimum problems with prescribed
volume fraction.

Our analysis relies on two compactness results proved in [31], for d > 2 and d = 1, respectively,
which ensure the coerciveness of our family of functionals. The statements of these results are
provided below and are slightly rephrased for our purposes.
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Theorem 6.1. [71, Theorem 1.2] Assume d > 2. Let G.(u) be defined by (3.6) with p. : RY —
[0, +00) satisfying (3.2)), (3.3), and (3.4). If (uc.) C LY(Q;R™) is a bounded sequence such that

sup Ge(ue) < +o00,
€
then (ug) is relatively compact in L'(Q;R™). Assume that ue, — u in L*(;R™), then u €
BV (£;R™).

If d = 1, we need to impose an additional condition on the kernels p. in order to have
compactness. More precisely, given p. € L!(R), we shall assume that p. is defined for every
z € R as

1 x+r
lim — / pe(y)dy if z is a Lebesgue point of p. 6.1)
+00 otherwise.
Given 6y € (0,1) and setting

Pe.po () 1= 00i<nef<1 pe(0x) Vx €R,

we will consider the following hypothesis: there exists ag > 0 such that
/ Peby > g >0 Ve>0. (6.2)
R

Theorem 6.2. [51, Theorem 1.3] Assume d =1 and Q = (a,b). Let G-(u) be defined by (3.6)

with pe : R — [0,400) defined as in nd satisfying , , and . Assume there
ezist Oy € (0,1) and o > 0 such that (6.2)) is satisfied. If (u.) C L'((a,b);R™) is a bounded
sequence such that
sup Ge (ue) < +00,
€

then (uc) is relatively compact in L*((a,b); R™); moreover, if us, — w in L'((a,b);R™), then
u € BV ((a,b);R™).
6.1 Boundary value minimum problems
Given ug € BV (Q;Y), let A € A*8() and for any 1 > 0 set
A" ={x € A: dist(z,04) > n}

and

m!(ug, A) == inf{F.(u,A) :u € L*(A;Y),u = ug on A\ A"}. (6.3)
We observe that m2(ug, A) is increasing in 7. Moreover m(ug, A) is uniformly bounded. Indeed,

ml(ug, A) < F(ug, A)

which is uniformly bounded by , and Corollary

Theorem 6.3. Let K. (z,y,u,v) satisfy (H1)-(H2). If d = 1, assume there exist 8y € (0,1)
and ag > 0 such that (6.2)) is satisfied. Given a sequence €; — 0, let (g5,) and F(u, A) be as in
Theorem [31. Then it holds

lim liminf m} (ugp, A) = lim limsupm. (ug, A) = m(ug, A),
n—0 k—+o0 Tk =0 psto0o Tk

where m1(ug, A) is defined by (6.3) and
m(ug, A) = inf{F(u, A) : u € BV(A;Y),u = ug in a neighborhood of 0A}.
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Proof. Let n > 0 be fixed and let uj, € L'(A;Y) such that ux, = up on A\ A" and

1
(ug, A) < m! (uo, A) + T (6.4)

Since m, (up, A) is uniformly bounded, by Theorems|6.1|and there exists a subsequence (not

k

relabeled) such that wuy, converges strongly in L!(A;R™) to some u € BV (A;Y). In particular,
u =g in A\ A". By Theorem [3.1and (6.4) we get

m(ug, A) < F(u, A) <liminf F._ (ug, A) < liminf m! (ug, A),
k—+oo Ik Ik

k—-+o0

F,

Ejk

and then, taking the limit as n — 0, it follows

m(ug, A) < lim lim inf m
)
n—0 k—+oco

(UO, A)

n
Ejk

It remains to prove the reverse inequality. To this end, let 6 > 0 and choose v € BV (A;Y) such
that
F(u,A) <m(ug,A)+ ¢ (6.5)

and 4 = ug in a neighborhood of JA. Hence, there exists 19 > 0 such that u = ug in A\ A",
Let uy, € LY(A;Y) be such that uy — u strongly in L'(A; R™) and

lim F.; (uk,A) = F(u, A).

k——+oo

We may argue as in the proof of Proposition [5.3]in order to modify the values of u in A\ A”
without increasing the energy too much. More precisely, given 1 € (0,7), we can select open
sets Ay € A™8(Q) such that A" € Aj, € A"/? and the functions

Uk = Xa,uk + (1= Xxa,)uo
satisfy
(i) vp = up on A\ A"/?;
(i) vk — u strongly in L'(A4;R™);
(i) £, (vk, A) < Fe,, (ug, A) + Fe; (uo, A\ A7) + Cn + Cllug, — uo|| L1 (a\any + o(1).
By , and Corollary we get

lim sup m?/ 2 (ug, A) < lim sup Fe, (vg, A)
k—+o00 Tk k—+o00 k

< F(u, A) + CHITL(S,, N (A\ A)) + C1.

By (6.5), we infer that

lim limsupm? (ug, A) < F(u, A) < m(ug, A) + 9
120 fsioo

and the conclusion follows by the arbitrariness of §. O
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6.2 Minimum problems with prescribed volume fraction
Given [ = (I',12,...,1N) € (0,1)™ such that N, I = 1, we set

VY) i ={uec LYQY): {u=y} =19, i=1,...,N}
and define F! : L'(€;Y) — [0, +oc] as

Fl(u) = F.(u) ifue V(YY)
© 400 otherwise,

with F; as in (3.1). The following I'-convergence theorem holds.

Theorem 6.4. Let K (x,y,u,v) satisfy (H1)-(H2). Ifd =1 and Q = (a,b), assume in addition
that
Ks(xa Yy, u, U) = Ks(y —Z,U, U)'

Let I.,1 € (0,1)N such that lelé = Zi\;l I'=1andl. — 1 ase — 0. Given g; — 0, let

le
€j, and F(-) as in Theorem . Then Fe;* T-converges with respect to the L'(;R™) strong
topology to the functional F': L'(Q;Y) — [0, +oc] defined by

Fl(u) = Fu) if {lu=y}=019QVi=1,...,N
+oo  otherwise.

Proof. For the sake of notation, in what follows we drop the dependence on the sequence ji. Let
ue € Vi=(Q;Y) converge to u € BV (Q;Y) strongly in L'(£; R™) such that

lign_jglf F,(ues) < +o0.

Then, u € V/(Q;Y) and by Theorem the I'-liminf inequality follows; i.e.

lign_jglf Fl (ug) > Fl(u).

We now prove the I'-limsup inequality. Thanks to the density result stated in [4, Theorem A.1,
Remark A.2], it is enough to consider u € BV (;Y) such that |[{u = y;}| = [}|Q| and whose
jump set S, is polyhedral. Let u. be a recovery sequence for F'(u). Arguing as in Proposition
we can find § > 0 and a suitable neighborhood of S,,, A, such that, for ¢ sufficiently small,
A; C S5 :={x € Q:dist(z,S,) <} and the sequence of functions

Ue 1= XA Ue + (1 — xa,)u,

is still a recovery sequence for F'(u). In particular 4. = u in 2\ Ss. To get the conclusion, it is
enough to replace . with a new sequence . € V'<(2;Y) such that @. — u in L'(€;R™) and

F.(u.) < F.(t:) + o(1).

For simplicity, assume N = 3. Let us first construct @. in the case d > 2. We set

7 o 1/d
oo We=wdl o (le—Lli)
£ |Q| ) £ Wd
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Since . — u in L'(2;R™), we have
i =0 ase—0 Vie{l,23}. (6.6)
Moreover, since S, is polyhedral and
Hu=y}| =1Q >0  foreveryi=1,2,3,
there exist 7 > 0 and x; € Q\ S5, ¢ = 1,2, 3, such that
B(zi,7) C{u=yi} N (Q\S5) = {ie =5} N (2\ Ss).

By , we may assume that

Ifl, = le, we simply set 4. = u.. Otherwise, there are two components of [ — I. that have
opposite sign. Assume, for example, that [} > I} and 12 < 2. If [2 > [2, we set

4. ifz¢ BluB?
U.(v) =<y ifxe Bl
Y3 ifxeB?,

where Bal and Bg are disjoint balls of radius 7! and r2, respectively, and le U BS C B(xo,7). If
12 <13, we set
() = {ﬂg if & B(wa,72) U B(z3,72)
y1 if x € B(xe,7?) U B(x3,72).

The case I3 = l~§’ is treated analogously by using only one correcting ball. In all cases, we
have @i, € Vie(;Y) and 4. — w in L'(;R™). Moreover, setting J. := Sz N (2\ Ss) and
JE={x=y+tz:y e J,|t| <1} NQ, by (H2), and taking into account that, by (3.4),
interactions between points at distance of order 1 are negligible, we get

p=(z
2|

Fu(@i.) < Fu(ii.) + c/ )77 dz
Rd

< Fu(iie) + CHIL(JL) /R po(2) dz

3
< Fu(iie) + O Y_(r)*™" = Fu(iie) + o(1),
i=1
which yields the conclusion. The previous construction does not apply in the case d = 1

since H?~1(.J.) is not negligible as ¢ — 0. In this case, note that the additional assumption
K. (z,y,u,v) = K.(y — x,u,v) yields that

F.(u,A)=F.(u(-+7),A—7), VreR (6.7)

We then exploit this property and construct @. by suitably ‘locally’ shifting @.. Let S, =
{z1,...,2p} C (a,b). We may assume that § is sufficiently small so that . I{nin iy |z — x| >
ke{l

.....
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[RRRE)

46 and  min |zk —a| A|zg — b > 26. We then set
ke{1,...,M}
M
B Ue () ifx ¢ U (z — 20, ) + 20)

k=1
Gc(z +7F) ifx € (v — 28,71 +26), ke {1,..., M},

where 7. := (7},...,7M) = 0 as ¢ — 0 and it is suitably chosen so that u. € V'<(Q;Y). By (6.7)
and using again that, by (3.4]), interactions between points at distance of order 1 are negligible,
we get

M
Fo(ue) =Y Fe(tie, (x5 — 26, 2% + 26)) + o(1) = F(iie) + o(1),
k=1
which yields the conclusion. O

As a consequence of Theorem the compactness results stated in Theorems [6.1] and
and the main properties of I'-convergence, we get the following result.

Theorem 6.5. Let the hypotheses of Theorem be satisfied. If d = 1, assume there exist
0o € (0,1) and ag > 0 such that (6.2) holds true. Then, it holds

kli)ar_loomin{FEjk (u): {u=wi}| = l;jk |Q, Vie{1,...,N}}

=min{F(v): [{u=1y} =1"9Q|, Vie{l,...,N}}.

Moreover, if u., is a converging sequence such that {u;, = yi}| = léjkm\ for every i €
{1,...,N} and
kEIJPOOFE“ (ue;, ) = kEToomin{FEjk (w): {u=y;}| = IZ;, |Q, Vi e {1,...,N}},

then its limit is a minimizer for min{F(u) : |[{u =y, }| = 1}Q|, Vi € {1,...,N}}.

7 Homogenization.

In this section, we study the homogenization of the functionals F. defined in (3.1)) under a
periodicity assumption in the space variable of the kernels K.. Assume that K.(z,y,u,v) =
1
—K (i y,u,v) , where K (-, u,v) : R? x R? — [0, 4+00) is 1-periodic with respect to simulta-
€ €
neous translations of the two spatial variables, namely

K(z+ h,y + h,u,v) = K(z,y,u,v) for every 2,5 € R, w,v € Y, and h € Z%. (7.1)

The analog of assumptions (H1) and (H2) is given by the following set of hypotheses on the
function K: there exists a radial Borel function p : R? — [0, +00) such that

/ p(z)dz=1 (7.2)
R4

and for a.e. (z,y) € RY x R? and for every (u,v) € Y x Y it holds:
(HY’) (Coerciveness) 3C1 > 0 such that

K(xayﬂhv) > Clp(y - l‘)
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(H2’) (Growth) 3C5 > 0 such that
K(z,y,u,v) < CQp(y - I)

Setting
1 z
pe(2) = p (g) ,
it is straightforward to verify that if (H1’) and (H2’) hold, then K. satisfies assumptions (H1)
and (H2).

Throughout the section we will use the change of variable z = y— 2. For any open set A C R¢
and z € R? we set
A, =AN(A—2z)={zcA:z+z€ A}
Then, the localized energy in (3.1 can be written as
(u, A) sd/ / <x x+z,u(x),u(x+z)> |u(x+z)—u(x)|dxdz. (7.3)
Rd

2|

Remark 7.1. Set
I?(w,zgu,v) =K (z,2+ z,u,v) K. (z,z,u,v) = K (z,2+ z,u,v) .

In particular,

~ 1 ~/2x 2

K. (x,z,u,v) = E—dK <g, g,u,v) )
By the periodicity assumption on K, the function K is 1-periodic with respect to the first variable
and then K. satisfies

IA(E(:U +eh, z,u,v) = I?E(.%‘, Z,u,0), for every h € Z°. (7.4)

Moreover, by (H1’) and (H2’),

~

Cip(z) < I?(x,z,u,v) < Cop(z), Chpe(z) < K¢ (z,2,u,v) < Capc(2). (7.5)
With this notation, (7.3 can be written as

L (u, A) /]Rd/ K.(z,z,u(z), u(z +z))|u(x+z)_u(x)|dxdz.

2|

The following theorem holds.

1
Theorem 7.2. Let F. be defined by (3.1) and let K.(z,y,u,v) = —K (E,ym,v), where
€ e e
K(-,- u,v) satisfies (7.1). If (H1") and (H2’) hold, then the functionals F. T'-converge with
respect to the L'($;R™) strong topology, as € — 0%, to the homogenized functional Fiom :

LY(Q;Y) — [0, +00] defined by

/ Chom(uT,u”, 1) dHEY ifu e BV(Q;Y)
Fhom(u) = Sau

+00 otherwise.
where
ue LYTQ,;Y),

1
©“hom (@, b,v) = inf limsup Ta=T inf {Fl(u, TQ,) : W= ttap on TQ\ (1= )T Qy } ,

0<n<l 7400

with uep, defined as in (2.2).
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Proof. By Theorem given a sequence ¢; — 07, we can extract a subsequence ¢;, such that
the functionals F,; I'-converge to a functional F' defined as in (3.5) and for any u € BV ((;Y)
and A € A™8(Q)

I(LY)-lim F, (u,A) :/ o(z,ut u, v,) dHIL
k " SunA

For simplicity we write € instead of €;,, and all the limits as ¢ — 0 are understood along this
subsequence. In order to prove Theorem we first show that ¢ does not depend on z. More
precisely, for every fixed xg, 20 € Q, a,b €Y and v € S% 1, we have

SD(‘/L.O’ a, b> V) = SD(ZO, a, b, V).
By (2.1)), to get the claim it is enough to prove that, for every r > 0 such that Q,(zq,r) U
Q. (z0,7) C Q, it holds
m(uzo,a,b,u7 QV("EO, ’I”)) = m(uzU,a’byy, QV (20, r))

Given 6 > 0, let w € BV (Q,(x0,7);Y) such that w = ug, 4,6, in Qu(20,7) \ Qu(xo, (1 —n)r) for
some n € (0,1) and
F(U}, QV(J:O7 T)) S m(uwo,a,b,ua QV (J?Q, ’I")) + d. (77)

For x € Q, (29, r), we consider the function w(z) := w(x + xo — 20). We note that @ = u, ¢.b.
in Qu(z0,7) \ Qu(20, (1 —n)r). Let u. be a recovery sequence for F(w,Q,(zo,r)). We define
7. € R? such that, for each i = 1,...,d the i-th component of 7. is given by

% %
: X zZ
SR Bk
9

and, for x € Q,(20,7), Uc(x) := uc(x + 7). Let v’ < r. For e sufficiently small Q,(zo,7’) + 7. C
Q. (zo,r). Since u. — w in LY(Q,(xo,7)), it holds that 7. — w in L! (Q,,(zo, "}). Since
(Qu(20,7")). +7- = (Qu,(20,7") + 7)., by the change of variables 2’ = x + 7. and (7.4) we obtain

Fe(te, Qu (20,7 / / a: z ue(x),ﬂg(x—kz)) [ie(z + 2) = e ()] dx dz
R4 J(Q(20,7")) |Z|

’ _ ’
:/ / Kg<a:’—Tg,z,ua(a:'),ug(x’+z)) [uc(a’ + 2) uE(x”da:’dz
R4 J(Q,(z0,r")+Te

2|
= Fs(ustu(zwr/) +7e) < Fe(ue, Qu(o,7))

Then,
F(w,Q,(z0,7")) < limiéqf F. (e, Qu(20,7")) < 1inr(1) F.(ue, Qu(x0,7)) = F(w, Q. (x0,7)).
E—r E—r

Therefore, using the inner regularity

F(w,Qu(20,7)) = sup F(w,Qy(20,7")) < F(w, Qu(x0,7)). (7.8)

r'<r

Since w is an admissible function for the minimum problem m(u. a5, Qv (20,7)), using (7.7)
and (|7.8]), the following chain of inequalities holds

M(Uzg,a,b,0, Qu(20,7)) < F(w, Qu(20,7)) < Flw, Qu(xo,7)) < m(Usg,a,p,0, Qu(zo,r)) + 0.
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By the arbitrariness of 9, it follows

m<uzo,a,b,1/7 QV(ZO7 T)) S m(uwo,a,b,ua QV (370; ’I"))

Reversing the role of xy and zy we get the equality.

We now prove that ¢ coincides with the density in (7.6)). Let m2(uqp,.,A) be defined as in
. Observe that, if A = @ is a d-cube, Theorem till valid if we assume that the test
functions in the definitions of mJ?(ug.p,., Q) satisfy v = uqgp,, on Q \ (1 —n)Q. By Theorem
and rescaling the functionals, we obtain

1
p(a,b,v) =limsup ——m(uapv, 7Qv)
r—0+ 7

= limsup —— lim limsupm?. (uap.v, rQ.)
r—0+ T N0 b0 Ik
. . . : ue L'(rQ,;Y)
=1 —— inf lims fF.. DE s
ot T o BT { STy o QU (- ),
. . . 1, uwe Ll (TkQ Y)
=limsup inf limsup —— inf< Fi(u,T.Q,) : v
r~>0+p 0<n<1 k%+o£) T;f_l { 1o TeQ) u=uqpy on TpQy \ (1 —n)TrQy

r
where T}, = —. For any fixed T' > 0 we set
€k

m(T,n) = inf{F (v, TQ,) : u € Ll(TQl,; Y),u=1ugp, on TQ, \ (1 —n)TQ,},

1
m/(n) := lim inf Wm(T7 n), m”(n) :=limsup

——m(T,n).
T—+o0 T—+0co Tdilm( 77])

Since

1 1
m/(n) < liminf m(Ty,n) < limsup ——m(Tk,n) < m”(n),
(n) < A e (Tk,m) < fim sup T (T, m) < m”(n)

to get the conclusion it is enough to prove that

inf m/(n) = inf m"(n). (7.9)

0<n<1 0<n<1
The equality (7.9) follows once we prove that, for every n € (0,1),
m” (n) < m’(n) + Cn. (7.10)

In what follows we consider the case d > 2. The proof can be easily adapted to the case d = 1
and it is left to the reader.

Let B, := {v!,...,v%} be an orthonormal basis of R¢ such that ¢ = v and
d
=D <1 1> )
) 272
Jj=1

Let S>> T and fix § > 0. Let 4y € L' (TQ,;Y) such that

ur = Ua,b,v on TQV \ (]— - n)TQl/

and
Fy(ar, TQ,) < m(T,n) + 6T 1. (7.11)
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We introduce the auxiliary length

T
lr ::T+%+2\/3

and let IV := {x € R%: (z,v) = 0} be the hyperplane orthogonal to v. Consider the lattice

d—1
AT)»,, = {Zk = ng Zk‘jyj k= (]{,‘1, .. .,k‘d_l) S Zd_l} c I1”.

j=1
For every k € Z3~1, choose y;, € Z% such that
lyp — 2| < V. (7.12)

In particular, since 2 € IT”,
yrs )] = [{yr = 21, v)| < V. (7.13)

We set

(1—n)S—T-2Vd

IsT = {k ez4 1 |kl lr, < for every j =1,...,d — 1}

2
and
Ng1 :=#Is .
For every k € Isr, we define
Qr =y +TQ,.

By (7.12), (7.13)), and the definition of Is r, we have
T
QkC(l—n)SQyﬁ{xeRd: [{z,v)] < 2—1—\/[1} Vkelsr. (7.14)

Moreover, the cubes @) are pairwise disjoint. Indeed, for every k,h € Isr such that k # h,
there exists j € {1,...,d — 1} such that |k; — h;| > 1. Hence,
|<yk - yh7yj>| = |<Zk - Zh7yj> + <yk - Zk:al/j> - <yh - Zh7yj>|
> [z — 2, ") = uk — 20, 07)] = [y — 20, V7))
2 gT,r] - 2\/a
nT
= T _—
+ 5

from which it follows that
. nT
dist(Qg, Qr) > 5 for every k # h. (7.15)

Arguing analogously, we infer that

T
dist (Qk, U Qh> < ”7 +4Vd < T (7.16)
hels T
h#k
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for T large enough. By the definition of Is 7, we also have

Nsr = (2{( );TUT - 2\[J )

Consequently,

lim Nso _ (1-n -t
55 Yoo Sd—1 ZT’W

and therefore, since {7, > T,
i Ng T4 1 g T a1
= = — JR— <1: .
Shrf G (1-mn) T 1; (7.17)

ie.
d—1

Td—1

Ngr <C (7.18)

We now define ug € L'(SQ,;Y) by

ﬂT(x — yk) if z € Qg for k € IS,T7
ug(z) :=

Uq, b, () otherwise.
Since the cubes @ are pairwise disjoint, ug is well defined. Moreover, by (7.14), the function
ug coincides with uq 4, on
SQu\ (1 =n)SQ..

Hence ug is admissible for m(S, n), and thus
m(S,m) < Fi(us, SQy). (7.19)
We decompose Fi(ug, SQ,) as
Fi(ug, SQ,) = FEl + Fiem,

where

F&t =Y Fi(us,Qx)

k€ls,T
denotes the contribution of the cubes Q) and Fg7' the remaining contribution. By the periodicity

of K in its first variable (see (7.4) for e = 1) and the fact that y;, € Z4, for every k € Is T we
have

Fi(us, Qr) = Fi(ur, TQ,).
Therefore, by ([7.11), we get
F& < Nsp (m(T,n) +6T971) . (7.20)

We now estimate Fg’f by distinguishing interactions of length at most 17/4 from the remaining
ones. Namely,
F§F = F§'p + FSr,

where

Fs'r *F1 (us,9Qu) — Y R US,Qk)

kels, T
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and

nT nT
1 1

F{p =(Fi(us, SQ,) — F, * (us, 5Qy)) — Z (F1(us, Qi) — F1* (us, Q).
kels, T
We estimate F§'p. Set
Usr = U Qk
kels T

and let us first estimate the interactions between points in
Ul :={z e R : dist(z,Us,r) < T}

Suppose that z,z + 2z € Ug)T. We recall that, by (7.15)), if |2| < nT/4, the points x and x + z
cannot belong to two distinct cubes. Hence, the points  and x + z whose interactions are not
taken into account in FE are such that both points lie outside Ug s or one of them lies in

Uke[sz (Qr\ (ye + (1 = ﬁ)TQU)). In the first case,
US(JL‘) = ua,b,u(x), US(JZ + Z) = umb,y(x + z)

If these two values are different, the segment [z, z + z] intersects IIV. By (7.16) and (7.18), the
energetic contribution of these interactions is bounded by

C (i)dl 7421y /z<n4T p(z)dz < CS4 1y, (7.21)
Suppose now that z € Qi \ (yx + (1 —n)TQ,) and z + z ¢ Usr. Then
us(z) = vapo(® —yr),  us(z+2)=uapu(z+2).
If these two values are different, then
(x —yg,v) and (r+ z,v)
have opposite signs, from which we easily infer that

[, )|V (2 = yis )] < [y )]+ [(z,0)] < Vd + 2. (7.22)

Moreover, for T sufficiently large, the segment [z, z + z] cannot leave Q) through one of the two
faces orthogonal to v. Indeed, this would require

T
o= ) 2 T~ ),
which is incompatible with (7.22) for T sufficiently large, since |z| < nT/4. Therefore, the

segment must intersect one of the lateral faces of Q. Taking into account also (7.22)), we infer
that there exists j € {1,...,d — 1} such that, setting

Dui={eeQus te-mrd) = £1. 6] < v+ 201},

we have
[x,2 + 2] N Dy, # 0.
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Hence,
re{r=1a"+tz, ' € Dy, |t| <1}

whose measure is bounded by
CT2(Vd + |2))|z].

By (7.18) and since |z| < nT'/4, the energetic contribution of these interactions is bounded by

a2 (HTUF2 p(2)(Vd +|z])dz < CS*} 1+n : (7.23)
r /|z|<1T r

The remaining interactions in F§', which have not been taken into account so far, are those
between points z and z + z such that the segment [z, x + 2] intersects IT” at distance of order Sn
from 9(5Q,). Arguing as above the energetic contribution of these interactions is bounded by

CSd_ln/ p(z)dz < CS4 1y, (7.24)
|2l < 2
Hence, combining and , , we get
F§hp < 0S4, (7.25)
We now estimate F¢ .. For every z € RY,

{zx e (SQu).:x€Usroraz+zeUsr} <2/Usr|= 2NSVTTd.

Therefore, by (7.5)), the energetic contribution of the pairs of points such that one of them is in
Us,t is bounded by

CNsrT° / PE) g, (7.26)

2[>22 |2]

If both points are outside Ug 7, then
us(z) = uqp (), us(x + 2) = ugp(x + 2).
For every z € R?,
H{z € (SQL). : Uapo () # Uapr(z + 2)}| < CSTL2). (7.27)
Consequently, combining and

FYr < CNgqT* / PE) g, + 08t / p(2) dz.

a>12 2] 2> 2L
Since A
/ p(z) dz < — p(z)dz
EEE-E T Jjps2r
and i1
N
NS,T < c <T> )
we obtain
csi-1
Flr, < / p(z)dz + C84! / p(z) dz. (7.28)
’ n |2|>2L |2|>2F
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Combining (7.19)), ((7.20)), (7.25)), and (7.28]), we find

m(S,n) < Ngr (m(T, n) + (STd*l) + 0841y

d—1
+ os / . p(z)dz + C’Sdil/ p(z) dz.
z >77T

T
n |z|> -

Dividing by S¢~!, we obtain

1 NS7TTd71 1
FW(S, n) < a1 Ta 1 m(T,n) +4d | +Cn
C
+ — ) p(z)dz+C . p(z) dz.
n |z|>2- |z]> -

Letting first S and then T tend to +oo, by (7.2)) and (7.17)) we get

1
li ——m(S,n) < liminf T 0+ Cn.
im sup ey m(S,m) < Jiminf 7= m(T,m) + 0+ O
By the arbitrariness of § we get (|7.10). O

8 Approximation of nonlocal functionals

In this section we show that if the decay condition ([3.4) is not satisfied, then the I'-limits of
energies as in (3.1)) may be nonlocal. We provide two examples.

Example 8.1. Fix 7 € (0,1) and assume  C R? such that diam(Q2) > 1 —r. Consider the
family of functionals

Gow) = G () + G (u) : = —

= lu(y) — u(z)| dz dy

/{u,y)eszxﬂ: ly—a|<e}

+ uly) ~ u(e)] dody.
{(z,9)€xQ: 1—r<|y—z|<1+r}

Note that, for 0 < ¢ < 1 —r, G, is of the form (3.6) with A = Q, p.(2) = p:(|z|) and pe :
[0,4+00) — [0, 4+00) defined by

) oy fo<t<e
pe(t) = Q¢ ifl—r<t<l+r
0 otherwise.

We find that p. is uniformly bounded in L'(R?), whereas (3.4)) fails. Indeed, by passing to polar
coordinates,

~/]Rd pe(z)dz = ;jjll []_ +(1+ T)d+1 - (1- ,r,)d+1] ’

while, given e <n <1—r,

J L A (R e (e e R
[2|>n
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As shown in Example G*" T-converges with respect to the strong L*(£; R™) topology to the
local functional

2wq—1
G (u) := d+1
+00 otherwise.

T dH! BV(Q;Y
/S\u u”|d u € BV(Q;Y) (8.1)

u

We note that G™ is continuous with respect to the strong convergence in L'(€2;R™). Indeed,
through the change of variable z = y — z, G™(u) can be written as

G (u) = / / |u(z + 2) — u(x)| dr dz.
Biy,\Bi—, J{z€Q : 24+2€Q}

Hence, given u,v € L'(Q;R™), we have

6w - 6" )| <

Bi4r\B1ir

—|—/ / |v(z) — u(x)| dx dz
Bi4r\Bi—r J{z€Q : 24+2€Q}

< 2[Bigr \ Bi—r[llv — ull L2 (@m)-

/ [v(x + 2) —u(z + z)| de dz
{z€Q : z+2€Q}

Then, the stability of I'- convergence under continuous perturbations yields
D(LY-lim Ge(u) = G*" (u) + G™ (u).
e—0

Hence, the first term is a local, perimeter-type energy, whereas the second is genuinely nonlocal.

Example 8.2. Let 0 < s < 1 and consider the family of functionals

Cw) = G (u) + G (w) : = —

= Ju(y) - u(x)| dz dy

/{(@wy)eﬂxﬂi ly—z|<e}
b [ [y,
aJa

ly — a[d+s

As in the previous example, G, is of the form (3.6) with 4 = Q, p.(z) = p-(|z|) and p. :
[0,4+00) — [0, 4+00) defined by

t
1 — H0<t<e
ﬁs(t) = X[O,D] (t)T + €d+1 -
=l ift> e,

where D := diam(f2). Note that, if Y = {0,1}, G™(u) is twice the s-fractional perimeter of
{u = 1} inside Q. Also in this case p. is uniformly bounded in L'(R?), whereas (3.4) fails.
Indeed,
1 Dl—s
0:(2)dz =041 | 7=+ —— |,
[z =a 1[d+1+1_8]



We now prove that G, L G5 + G™ in the strong L1(£;R™) topology, where G*" is defined
in , but we cannot argue as in the previous example. Indeed, by Fatou’s Lemma, we can
casily infer that G™ (u) is lower semicontinuous with respect to strong L!(£;R™) convergence,
but it is not continuous.

From the lower semicontinuity of G we immediately deduce that the I'-liminf inequality
holds true. Indeed, for every u. — u in L'(Q;R™), we have

lim inf G, (uz) > liminf G27 (u.) + lim inf G™ (ue) > G*(u) + G™ (u).
e—0 e—0 e—0

We now prove the T'-limsup inequality. If u ¢ BV (;Y") there is nothing to prove, since G*"(u) =

+oo. If u € BV(Q;Y), we take u, = u. By Theorem applied with A = €2 and the kernel of

Example we have lim._,o G2"(u) = G*"(u). Hence, since G™ does not depend on ¢,

lim sup G- (u) = lin% G (1) + G (u) = G (u) + G (u).
e—

e—0
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