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A semi-discrete scheme for horizontal mean curvature flow
in the Heisenberg group

Annalisa Cesaroni* Matteo Novaga' and Paola Pozzi*

Abstract

The horizontal mean curvature flow is a geometric evolution associated with the horizon-
tal perimeter in sub-Riemannian spaces. In this paper, we introduce a minimizing movement
scheme for this flow in the first Heisenberg group H, and prove the existence of a flat flow
which is locally 1/2-Hélder continuous in time, with respect to the L'-distance. The con-
struction applies to arbitrary bounded sets of finite horizontal perimeter and does not require
smoothness or symmetry of the initial datum.
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1 Introduction

The Heisenberg group is the simplest noncommutative Carnot group and provides a basic setting
for the study of geometric variational problems in sub-Riemannian geometry [8, 28 29]. Its
geometry is determined by a two-dimensional, nonintegrable horizontal distribution and by the
associated Carnot—Carathéodory distance. The horizontal perimeter measures the variation of
characteristic functions along the horizontal directions. The theory of sets of finite horizontal
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perimeter, including rectifiability and compactness, supplies the measure-theoretic framework for
these problems [22] [§]. The group H has homogeneous dimension 4: the volume scales with degree
4, whereas the horizontal perimeter scales with degree 3.
For a smooth surface 3; = F;, horizontal mean curvature flow prescribes, at non-characteristic
points, the velocity
9p(t) = —Hu(p(t), Er)vu(p(t)),

where vy is the horizontal outer unit normal and Hy = divgry is its horizontal divergence. A
distinctive difficulty is the presence of characteristic points, at which the tangent plane coincides
with the horizontal distribution. At such points the horizontal normal is not defined, even when
the surface is smooth in the Fuclidean sense. Thus, besides the possible formation of singularities
during the evolution, the geometry itself introduces a degeneracy in the classical motion law.

Related difficulties already arise in the stationary theory. Danielli, Garofalo, Nhieu and Pauls
[13] show that stability restores a Bernstein-type rigidity: the only stable C? entire H-minimal
graphs with empty characteristic locus are vertical planes. For the isoperimetric problem, existence
of minimizers in Carnot groups was established by Leonardi and Rigot [25]. Pansu balls are the
natural candidate minimizers in H, and their role is supported by classification results under axial
symmetry, Euclidean convexity, or C? regularity assumptions [30, B3I, [36]. In particular, Monti
and Rickly [3T] characterize convex isoperimetric sets without imposing additional smoothness or
symmetry. Calibration methods also yield isoperimetric comparisons with Pansu balls [35]. These
results provide useful geometric models and variational tools for the evolution problem considered
here.

Several weak approaches to horizontal mean curvature flow have been developed. In the level-
set formulation, the evolving sets are represented as sublevel sets of a function satisfying, away
from points where its horizontal gradient vanishes,

VHU

Ut = |V]H1u| diV]HI W .

Capogna and Citti [7] extended the viscosity approach to Carnot groups, proving existence and
comparison results under suitable restrictions. Ferrari, Liu and Manfredi [I8] established existence,
uniqueness and stability for axisymmetric viscosity solutions in H, and obtained an explicit evo-
lution starting from a Kordnyi sphere. Baspinar and Citti [4] proved comparison and uniqueness
results in step-two Carnot groups and in the roto-translation group by relating viscosity solutions
to Riemannian approximations; their comparison theorem is formulated for continuous solutions
which are constant outside a compact set. A paper by Bombardieri, Fogagnolo and Franceschi [6]
exploring qualitative properties of level set viscosity solutions with mean-convex initial data is in
preparation. Stochastic control representations provide another approach to the level-set equation
[16], with further developments in [15], 23] concerning optimal controls and approximating flows.
More recently, Citti, Dirr, Dragoni and Grande [12] derived horizontal mean curvature motion
through a formal asymptotic expansion of a nonlocal mean-field equation under Heisenberg di-
lations. Their analysis at non-characteristic points and numerical experiments provide a further
approximation of the flow, motivated also by models of visual processing.

Our approach in this paper is variational. We adapt the time-discrete construction introduced
in the Euclidean setting by Almgren, Taylor and Wang [I] and Luckhaus and Sturzenhecker
[26]. This construction has been developed for a variety of geometric evolutions, including forced,
anisotropic and inhomogeneous mean curvature flows; see, for instance, [Bl [10]. Given a time step
h > 0 and a bounded set E of finite horizontal perimeter, we consider minimizers of

TP = Pa(P)+ 1 [ dso)do

where dg denotes the signed Carnot—Carathéodory distance, negative in E. Up to a constant
independent of F', this functional can be written as

Pa(P) + 5 [ 1so)ldp



The second term penalizes the displacement from the preceding set, while minimization decreases
the horizontal perimeter. Iterating the scheme, with a consistent choice of maximal or minimal
minimizers, defines a piecewise constant evolution Fj,(t).

The use of the Carnot—Carathéodory distance is closely related to the geometry of the pre-
scribed motion. Arcozzi and Ferrari [2] [3] studied metric normals and the regularity and hori-
zontal Hessian of the signed distance to a smooth surface. In particular, for a C® boundary, at
non-characteristic points one has

VHdE = UVn, diVHVHdE = HH.

These identities motivate the relation between the discrete variational problem and the horizontal
mean curvature flow. They also indicate why consistency is delicate near characteristic points,
where a regular tubular description by the signed distance is unavailable.

An important ingredient of our analysis is a class B of bounded C?, axially symmetric sets
which are strictly starshaped with respect to the group of dilations, horizontally mean convex, and
have bounded horizontal mean curvature; see Definition |3.27] Extending the horizontal normal
along the foliation generated by dilations, we construct a calibration and prove that these sets are
outward minimizing. More precisely, if Hyg > § > 0 on the non-characteristic part of 9B, B € B,
Proposition [3.28) gives

Pa(F) > Pa(B) +-|F\ B, BCF,
F

where Ag is the smallest dilation parameter needed to contain F, with A\p = +o0o for unbounded
F'. The class includes Kordnyi balls, with 6 = 0, and Pansu balls of parameter R, with § = 2/R.
In particular, Pansu balls give uniform confinement of the discrete evolutions. We also establish
order preservation for the extremal minimizers and preservation of outward minimality under the
hypotheses of Proposition [£.4] For strictly mean convex members of B, Proposition [£.5] gives
a quantitative one-step contraction estimate. The symmetry assumptions enter these geometric
constructions, but are not imposed on the sets evolved by the scheme.
We then prove estimates for general discrete minimizers F' € T}, (E) of the functional Jp,. The

displacement bound

sup |dg| < 7\/H

EAF

is complemented by two-sided volume density estimates and horizontal perimeter bounds in
Carnot—Carathéodory balls centred on the interface, at radii up to a fixed multiple of v/h. Their
respective orders, r* and 72, reflect the homogeneous dimension of H. Combining these bounds
with a volume-distance comparison and the discrete perimeter dissipation yields compactness as
h — 0.

Our main result, Theorem gives a sequence h; — 0 along which the discrete evolutions
converge in L' at every positive time to a bounded set F(t) of finite horizontal perimeter. The
limiting evolution satisfies

[EAEW) <Clt—t'[Y2, ¢’ >0, [t—t]<1,

where C' depends only on the initial horizontal perimeter and the isoperimetric constant. If the
initial set also satisfies |OF| = 0, the same estimate holds up to ¢ = 0, with E(0) = E. We call
such a subsequential limit a flat flow. Its uniqueness and its agreement with smooth horizontal
mean curvature flow or with the viscosity level-set evolution are not established here.

The paper is organized as follows. Section 2 recalls the geometry of H and its distance functions.
Section 3| collects the relevant facts about horizontal perimeter and mean curvature and develops
the calibration argument for outward minimizing sets. Section 4 introduces the scheme, proves the
density and displacement estimates, and constructs the flat flow, before discussing the remaining
consistency questions.

Aknowledgments A.C and M.N. are members of the Gruppo Nazionale per I’Analisi Matem-
atica, la Probabilita e le loro Applicazioni (GNAMPA) of the Istituto Nazionale di Alta Matematica
(INdAM).



2 The Heisenberg group

We briefly recall relevant definitions and refer to [8, Chapter 2] for more details. The Heisenberg
group H is the Lie group R?® with the usual differentiable structure and composition given by

1
(1,91, 21) © (T2, Y2, 22) = (T1 + 22, Y1 + Y2, 21 + 22 + 5(501112 — T2y1))-

The dilations of parameter A > 0 in H are defined as

5x(p) = 6x(z,y,2) = Az, Ay, A?2).

The Haar measure on H is the Lebesgue measure in R3. The left translation L, : H — H is
defined simply as L,(q) = poq = (1 +22,41 +y2,21 + 22+ %(xlyQ —x2y1)), where p = (21,41, 21),
q = (22,Y2,22). A straightforward calculation gives that for any p, ¢, ¢ in H, and X € [0,1], we
have that L,(Ag+ (1 —X)q) = AL,y(q) + (1 — A\)L,(g), yielding that Euclidean convex sets remain
Euclidean convex after left-translation.

If |E| denotes the Lebesgue measure of any measurable set E, we have |L,(E)| = |E|. Moreover
it holds |6 (E)| = A*|E|. In the following we will denote

E* = 6,(E).

We introduce the left invariant vector fields at every point p = (z,y,2) € H

o= (L0-0) ver=(013) T =001

which will be identified with the differential operators
x
X(p) =0~ 50 Y(p)=0,+30. T(p)=0.. M

The horizontal distribution H in every point p = (x,y, z) € H is generated by the vector fields
X(p),Y (p), that is H(p) = Ker[d. — 3(2d, — y9,)]. The horizontal distribution is nonintegrable
since the Lie brackets of X, Y satisfy [X (p), Y (p)] = T(p).

A curve v : [0,1] — H is horizontal if at every s € [0, 1], it holds

1 1
V3(s) = —572(5)’71(5) + 571(5)W§(3)-
Hence, given a planar curve (7;,72) in R? and an initial point 2y = 73(0), there exists a unique
lift to a horizontal curve (y1,72,73) : [0, 1] — H where

1

Y3(s) = 73(0) + 3 /OS —72(8)71(8) + v1(8)va(s)ds. (2)

In particular note that the height |v5(1) — v3(0)| equals the area spanned by the planar curve

(71(8)572(8)) for s € [07 1]
We define the Carnot-Carathéodory distance among 2 points p,q € H as follows:

dec(p,q) = inf{T |3~:[0,T] — Rg,s.t.'y(O) =p,~v(T) =q,
1
D+ () <1 % == +nn)k ()

It holds that dcc(p,q) = doc(w o p,w o q) for all w € H, so in particular dec(p,q) = doc (g™t

p,0) = dcc(0,p7 o q) where ¢~ ! = (—x, —y, —2) if ¢ = (2,v, 2), see [8, Section 2.2].
A sub-Riemannian metric on H is determined by any choice of inner product on the horizontal
subbundle H. In this way it is possible to define the length of horizontal curves and equip H with

the structure of a metric length space.

e}



We fix a Riemannian metric g on H such that the vector fields X (p), Y (p), T(p) are orthonormal
at every point p = (z,y, 2):

1+y?/4  —axy/d  y/2
gp = —zy/4 1+22/4 —z/2 |. (4)
y/2 —z/2 1

Note that detg, = 1, so the volume form coincides with the standard one. Note also that X'g, =
(1,0,0) and Y*g, = (0,1,0), whereas T"g, = (%, —%,1).
We define the length of a horizontal curve + : [0,1] — H as

L) = [ 01 XGE) + () o Y2 = [/ + Gyeas

where 7' - X(7) = (7') g, X (7).

Remark 2.1 (Geodesics). Recalling if we fix (0,0,0) and p = (x1,y1,21) in H, the problem
of finding a horizontal curve of minimal length connecting 0 and p coincides with the problem
of finding a curve in the plane of minimal length connecting (0,0) and (z1,y1) among the curves
such that the signed area of the region S delimited by the curve and the segment joining (0, 0) and
(21,y1) is fixed and equal to z;. Therefore a length minimizing curve between 0 and p is the lift of
a circular arc joining the origin with (x1,y1), whose convex hull has signed area z;. If p = (0,0, 21)
there are infinitely many geodesics (which are all the lifts of circles of area |z1| passing through the
origin), whereas if 22 +? # 0 it is possible to show that there exists a unique geodesic connecting
0 and p (see [8 §2.3] for further details and a representation formula).

Definition 2.2 (Pansu sphere). We consider the geodesic «y : [0, 2r] — H joining 0 and (0,0, 7 R?)
which are parametrized as

7(s) = (R(1 — cos s), —Rsin s, R*(s — sin s) /2).

The curvature of the planar projection of the geodesic is 1/R. Rotating such a geodesic about the
z-axis produces a surface of revolution which is called the Pansu sphere.

The Pansu sphere is conjectured to be the isoperimetric set, see [33].

2.1 DMetric structure

In the previous section we introduced the Carnot—Carathéodory distance on H. There are other
possible definitions of distance. For p,q € H we have:

e Carnot—Carathéodory distance
dec(p,q) = inf{L(7) | 7 :[0,1] — H' is horizontal, 7(0) = p,~(1) = ¢}; (5)
This distance is left invariant and 1-homogeneous with respect to dilations.

e deo(p,q) :==|[p7! 0 ¢lls, Where the box norm || - [|o is given by
[Plloe = max{(a? +57)%,2|2| 7}
o dior(p,q) = |lp~! o q|| kor, where the Koranyi norm || - || xor is given by

Ipllrcor = (122 + y°|? + 16]2(%) /%,



The above distances are all equivalent ([29, page 5]), i.e. there exists an absolute constant C' > 0
such that

Cd. (pv Q) < dCC(pa q) < Cild- (pv Q) Vp,q € Ha for d =dy ord = de“v (6)

hence they induce the same topological structure.
Based on this equivalence, we have the following relation that will be useful later on: for every
A >0,

dec(p, 5xp) < Clplloe masx (A = 11, /R 1) (7)
Indeed by 1-homogeneity and (@ we have, renaming the constant C from line to line,
doc(p,xp) = dec(0,p™ " 0 6xp) < Cllp™" 0 6apllee = Cll(A = Dz, (A = 1)y, (A = 1)2)|oo

— O'max (|/\ 1V 2 2/ m@) < C[p]| o max (\)\ TRV e 1|)

where p = (2,y, 2).
The relation to the Euclidean one is explained in the following

Proposition 2.3. [22, Prop.2.1] For any bounded subset @ C H there exist positive constants
c1(92), c2(92) such that

1
c1(@)lp — alrs < dec(p.q) < c2(D)lp — dlgs
for p,q € Q. In particular, the topologies defined by doc and by the Fuclidean distance coincide.

It is possible to associate to every distance above the corresponding family of balls. In particular
we will consider the C'C balls

Bee(p,r) ={¢€H : dcc(p.q) <t} (8)
Note that
|Bee(p,r)| = r*|Boe(0,1)]
for any p € H and r > 0. For p € H and sets A, B C H let us introduce the distance between p
and the set A and the Hausdorfl distance between A, B:

dist(p, A) := qigg dee(p, Q) dist(A, B) = max {sug dist(a, B), iug dist(b, A)} . 9)
ac S

Given E C H open bounded set we define the signed distance to be

dn(p) = {dcc@,E» pEH\E,

—dco(p,H\ E), pcE. (10)

The signed distance function is a Lipschitz map with respect to the metric structure in H, |dg(p) —
dr(q)| < Cdece(p, q), hence only locally Holder continuous with respect to the Euclidean distance
by Prop. and the equivalence of the above norms [29].

The metric space (H, do¢) is complete and locally compact. By the definition of deoc, it is also
a length space, and also a geodesic space, namely for all p, g € H there exists a horizontal curve
with v(0) = p and (1) = ¢, such that dcc(p, ¢) = L(7), see [29], [8, Chapter 2.

For any measurable set F and ¢ € [0, 1] we define F(t) to be the set of points where the volume
density of F' equals t, i.e.

. |FnBee(p,r)| }
Ft) = cH : lim ——————~— =¢
®) {p r—=0  |Bce(p, )

In the following we identify any measurable set with the representative given by the set of Lebesgue
points of the characteristic functions, i.e. with F(1).

The essential boundary 0°F of F' is defined by 0°F := H \ (F(1) U F'(0)). A set B is said to
be C* if its boundary OB is C* in the classical (euclidean) sense.

We introduce the definition of sets which are strictly starshaped with respect to the origin,
which will be useful to construct foliations of the space H, see [19] [I7].



Definition 2.4. We say that a C' bounded open set B which contains 0, is strictly starshaped
with respect to 0 (with respect to the group of dilations) if

VpedB Z(p)-N(p) >0, (11)

where N(p) is the outer Euclidean normal, and for p = (x,y,2), Z(p) = (x,y,22) is the vectorial
field generated by the dilations.

In particular strictly starshaped sets fibrate all the space by dilations B* = 6, B.

Lemma 2.5. Let B a C' bounded open set which contains 0 and which is strictly starshaped
with respect to the origin according to the previous definition. Then H = Ux>oB* and for every
p € H\ {0} there exists a unique \ such that p € OB*.

Proof. Obviously dop = 0 for every p.

Let us assume that B = {p, F(p) <0}, B = {p, F(p) = 0} for some C! function F : H — R
with |[VF| # 0 on 0B. Therefore the condition that B is strictly starshaped reads VF(p)-Z(p) > 0
for all p € 0B.

First of all we observe that for every g € H\{0} there exist A > 0 and p € B such that d\p = q.
Let us define h(\) := dxq for A € [0,400). Then h(0) =0 € B and h(1) = q. Moreover since B is
bounded there exists Ag > 0 such that h()\g) & B. Therefore F(h(0)) < 0, whereas F(h(\g)) > 0,
and the function A — F(h())) is continuous: this implies that there exists A € (0, \g) such that
F(h()\)) = 0. Hence 65g =p € B, and ¢ = (5%p.

Next we prove that such A > 0 and p € B are unique. Assume by contradiction that there
exists p1,p2 € 0B, A1, A2 such that ¢ = 0y, p1 = Jdx,p2. Without loss of generality we may fix
0< i—i < 1. Note that 5%])1 = po.

2
Now we claim that for every p € B it holds that dyp € B for all A < 1, that is F(dxp) < 0.
If the claim is true, we conclude from éx, p1 = p2 with p1,ps € B and i—; < 1 that necessarily
A2

i—; =1, and then also p; = ps.

We are left to prove the claim. Let us define g(\) := F(dxp). We have that g(1) = 0 and g(0) <
0 (since 0 is in B). We compute ¢’'(A\) = VF(0xp) - +Z(6xp). In particular ¢’(1) > 0. Therefore
there exists 6 > 0 such that g(\) < 0 for every A € (1 —4,1). Let’s assume by contradiction that
there exists Ao = sup{\ < 1 s.t. g(A) > 0}. Then 0 < Ay < 1 — 4. By continuity g(A\o) = 0 and
then dy,p € 0B, and g(A) < 0 for A € (Ag,1). Recall that ¢'(Ag) = VF(dr,p) - /\%Z(Csxop) > 0 since
Ixop € OB. This contradicts the fact that g(Ag) = 0 and g(A) < 0 for A > ¢ and so, we conclude
that for every p € 0B, it holds that dy\p € B for every A € [0, 1).
O

2.2 Differential structure

We will indicate the Levi-Civita connection in (H, g) as D, see [8, Chapter 2]. Upon recalling
we have that

1
Dx(X)=0 Dx(Y)=3T Dx(T)= —5Y (12)
1 1
Dy(X) = —5T Dy(Y)=0 Dy(T)= 73X (13)
1
Dr(X) = —iY Dr(Y) = %X Dr(T) =0. (14)
For a vector field U we define
J(U) := Dy (2T). (15)
Hence by the Lie bracket condition we have that J(X) = -Y, J(Y) = X and J(T) = 0. Thus J
defines an isometry on the horizontal distribution and J? = —Id.



Given a C* function f : H — R we define the horizontal gradient at p = (x,y, 2) as
Vif = XfX Y Y = (0:f = S0.5)X + 9,f + 50.)Y. (16)
We point out that
varn = (o § L) V0

and that we are identifying a vector £ = (£1,&2) in the horizontal distribution H(p) with a vector

¢ € R? through

1 0
£ = 0 1 |-e
—y/2 x/2

Given a C! vector field U : H — H, we may express it using both the basis (X,Y,T) and the
standard basis of vector fields in R3 (with e3 = T') at every point p € H:

Up) = i X + usY + usT = ur(1,0,0) + us(0, 1,0)" + (—gul n qu n ug) (0,0, 1)t.

We define the horizontal projection of U on the horizontal distribution #, that is: at p =
(z,y, 2z), we have
Un(p) = 1 X + uaY. (17)

Definition 2.6. We have that a vector field is horizontal iff U = Uy, that is uz = 0. In particular
observe that every function in C*(R3,R?) can be associated in a unique way to a horizontal vector
field in H.

We define the divergence in H as follows: given a C! vector field we have that
divyU = DxU - X +DyU -4 Y + DpU -4 T.

Note that DxU -y X = DxU - X+U -y DxX = X(U-,X) = X(w1), and analogously DyU -, Y =
Y (u2) and DpU -y T = T'(ug). Therefore

divyU = X (u1) + Y (u2) + T'(u3) = Opus + Oyus — %azul + g@zug 4 0,us.
The horizontal divergence of a vector field will be given by
divgU = X(U1) + Y(UQ) (18)
and it coincides with the divergence of its horizontal projection
. . Yy X
divgU = legUH = Oyuq + ayUQ — 582’11,1 + 582’11,2

In particular if a vector field is horizontal we have that div,U = divgU. In terms of the standard
FEuclidean divergence divgs observe that

diVRSUH = diV]R3 (ulX + ’LLQY) = X(ul) + Y(UQ)
therefore we can also state that
diVRSUH = diVHUH = dngUH. (19)

In the following we denote the Euclidean divergence divgs simply by div.



3 Horizontal perimeter and mean curvature

We collect here the most relevant notions on the geometry of manifolds in H; for more details we
refer to [8, Chapter 4] and [36]. We consider a C! surface ¥ enclosing an open set E, i.e.

OF =%.

Moreover, we assume that it has regular points, that is, it can be locally written as the 0 level set
of a C! function with non vanishing gradient, and E = {p | f(p) < 0} for some f € C*.

We denote by N(p) = ‘gﬁz ;I the euclidean exterior normal to the surface ¥ at a point p =
(z,y,2). We recall that at p there holds

Xf=0f —30.f  Y[=0,/+30:.] Tf=0.[.

Following [8, Chapter 4], we define:

er1: = Ys X - X/ Y (20)
(Xf)2+(Yf)? (Xf)2+(Yf)?
ey = ) X/ X+ s Y/ Y
VX2 + TN VEN+E N VXN + TV + (V)
L EPEO o
VX2 + )2+ (Tf)?

We observe that

Xf=X(p) -Vflp) Yf=Yp) -Vip Tf=T({p) V).

Using this it is straightforward to check that

1
NG) = e WO < XA 9] =0
| (X )2 (v fy?
62'N =
W= Uamrrarreamv | v eay U yxmea

VXD PTS] =0,

Therefore {e1,es} is a basis of the tangent space to ¥ at the point p. Moreover one can verify
that the basis {eq, es} is orthonormal with respect to the Riemannian metric g, that is e; -5 e1 =
l=e3-ge2, and e; -4ge3 =0.
We define the Riemannian normal at p to X as follows:
Ny(p) = X/ X+ Y/ Y+ ) T
VXY 2T VXY N2HT? VX2 + Y2+ (TF)?

Note that Ny -ge1 =0 = Ny -4 ea. So (Ng,eq1,ez) form a basis of the tangent bundle of (H, g) at
p, whereas (e1, ez) form a basis of the tangent bundle of ¥ at p. Let

VPN : X vy
N = R e ) = e v e e O 0
22

Definition 3.1. The singular points in ¥ are the points p such that Ny(p) = 0, that is the points
where N(p)- X (p) =0 and N(p)-Y(p) = 0. This implies that N(p) is orthogonal to the horizontal
bundle H(p) and therefore the horizontal bundle H(p) and the euclidean tangent space to ¥ at p
coincide. We denote the set of singular points as Y.



Remark 3.2. The set X is closed and has empty interior in ¥. Moreover, for a C? surface 3, it
is known that the Hausdorff dimension of 3y with respect to the Riemannian distance in H is less
than or equal to 1. We refer to [36] Section 2] for more details and references.

The exterior horizontal normal to ¥ at p € ¥\ ¥ is the normalization of Ny with respect to
the g metric:

VX + (Y f)? VX )+ (Y f)? Vaf(®)ls  |Nuly(p)
Note that for every p € ¥\ Xg
exlp) = J(valp)) (24)
e2(p) = (NggT) vulp) — |NulgT (25)

In particular {e;, v} forms an orthonormal basis of the horizontal bundle H(p) at every p € ¥\ .

Remark 3.3 (Horizontal normal of planes). We consider the euclidean plane {(z,y, 2) | z = k}. It
is easy to see that the only characteristic point is (0,0, k) and that the horizontal normal coincides
with

—y x

= X Y.
) = e N e

More generally if we consider a non-vertical plane {(x,y,z) | ax + by + z = k} then the only
characteristic point is (—2b,2a, k) and the horizontal normal is given by

(a—y/2)X + (b+2/2)Y
Via—y/2)7 + (b +2/2)>
Finally the vertical planes {(z,y, z) | az + by = k} have no singular points and

_aX +0bY
vu(p) = \/ﬁ'

v (p) =

3.1 Horizontal mean curvature

To introduce the notion of mean curvature we assume now that the surface ¥ = 9F is of class C?.
Recalling , we have that
{VH(p)7 €1 (p), T}

forms an orthonormal basis of the tangent bundle of the Riemannian space (H,g) at every p €
DIRPIN

Moreover, we already observed that e;(p) belongs to the tangent space to X. The integral
curves of e; in ¥\ ¥y are called characteristic curves and foliate the regular part of ¥.

Since |vm|y, = 1, it holds D, vu g va = 0, and since vy - T = 0 and D7T = 0, we get that
Drvy T = —D7T -4 vg = 0. Therefore

divgru(p) = Dyt g vin + Drve g T + De, Vit g €1 = De, Vi -g €1 = —De, €1 - V. (26)
Recall that an equivalent formulation of this divergence using the basis {X,Y, T} is given by

divorp(p) = Dxvm-gX +Drvm-gT+ Dyvm-gY

_ Xf Y f o |
R X( (Xf)2+(Yf)2>+Y< (Xf)2+(yf)2> divarm(p).  (27)

We consider the vector ey in the tangent bundle, defined in . As observed in the previous
section the tangent bundle of ¥ at p has orthonormal basis given by {e1, e2}. Then the Riemannian
mean curvature of ¥ at p € ¥ is defined as the tangential divergence of the normal Ny:

Hy(p,X) = divs(Ny) = De, Ny -g €1 + De, Ny -4 €. (28)
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We compute now the tangential divergence of the horizontal normal vy, Note that D.,T =
1J(e1) = —3uvm, therefore D, T -4 e; = 0. So, recalling the definition of vy, we get

|NitlgDe, v g €1 = De, Ny g e1 — (T'+g Ng)(De, T -g e1) = De, Ny -4 €1.

On the other hand, since {e1, T, vy} forms an orthonormal basis of the tangent bundle of (H, g),
and De,vy -g v = 0 (due to the fact that |vg|, = 1) we have that

D, = (De,vi g e1)e1 + (Deyvm g T)T.
Observe that, due to the definition of J,

1 1 1
Devy T = =D, T g v = —iJ(eg) g VH = —562 g J(vm) = —562 ger = 0.

Therefore De,vm = (De,vu -g €1)e1, and then

. 1
divs(vm) = De, v -g €1 + Deyvi g €2 = Deyv g €1 = ———De, Ny -g €1.
|NH|g
We define the horizontal mean curvature of ¥ at p € ¥\ X as the tangential divergence of the
horizontal normal, written above, that is

. 1 .
H]Hl(pa E) = leZ(VH) = WDETZVQ g €1 = De, vy g1 = legVH(P)~ (29)
g

It coincides with the divergence of vy (see (27)).

Remark 3.4. The horizontal mean curvature is —1 homogeneous with respect to dilations and

constant with respect to left translations, i.e. Hg(dx(p),0x(E)) = +Hu(p, E) and that for every

q € H, Hu(Lq(p), Lq(E)) = Hu(p, E).

We recall from [2], [3], the following result relating the horizontal gradient and horizontal di-
vergence of the signed distance function from a smooth set to the horizontal normal and horizontal
curvature.

Theorem 3.5. Let E C H be a bounded C* open set (in Euclidean sense), for k > 2, and let dg
be the signed distance function from E as defined in (with respect to the Carnot—Carathéodory
distance doc ). Then the following hold:

1. dg and Vudg are of class C*~1 in Euclidean sense in an open neighborhood of OF \ Yo,
where ¥ is the set of singular points in OE. Moreover at every p € OE \ X, there holds
Vude(p) = va(p) and |Vadg(p)| = 1.

2. Let k > 3. At every p € OE \ Xy, it holds that
Vudg(p) =vu(p) and divaVudg(p) = Hu(p, E).

Proof. For the proof we refer to [2] Theorem 1.1, Corollary 6.2], [3, Theorem 1.1, Corollary 4.1]. O

Remark 3.6. Using and , the horizontal mean curvature of ¥ = {f = 0}, boundary of
E={f <0}, at pe X\ Xy can be expressed as

HH(p,E)—X< (Xf)2+(Yf)2>+Y< (Xf)2+(Yf)2>

_ v g Vuf®Vaf\ oo }
= Vadly! [(I N )(VH” ’
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where I, is the identity matrix in R?, [V f|, = /(X f)2 + (Y f)2, Vuf = (X[, Y f) (recall (16))
and (VZf)* is the matrix

L XXf S(XYf+YX])
(V&) = ( WXYF+YXY) ’ YYf )

Moreover, with the notation X; := X, X5 :=Y we can also write

2
Hu(p, BE)|[Vafly= ) (%‘ - w
g

i,j=1

) XX, f.

For axially symmetric sets we have a more explicit formula for the horizontal mean curvature.

Remark 3.7 (Horizontal mean curvature for axially symmetric sets). Let ¥ be an axially sym-
metric surface, that is ¥ = {(z,y,2) | |2| = f(/22 +y?)} for some f € C?. The singular set is
given by 3¢ C {(0,0,£/(0))}. The horizontal outer normal to E = {(z,y, 2) | |2] < f(v/22 +y?)}
can be easily computed at a point p = (x,y, 2), with r = /22 +y2 > 0 and z > 0, as

1 z

alp) = e (<007 = ) X+ (-F 0]+ 3) Y. (30)

So the horizontal mean curvature at p € ¥\ ¥g (with z > 0) can be computed as follows (for
details see [8, Section 4.3]):

L2 (r) + 1)

Hy(p, E) = — [(f'(r)2 + 7'2/4]3/2

(31)

For a comparison, the euclidean counterparts, again at a point p = (x,y, z), with r = \/22 + y2 > 0
and z > 0 are given by the euclidean outer normal

1 ! —f(r)y,r
V) = e (< 0= 7). (32)

and euclidean principal curvatures and euclidean mean curvature

f"(r) f'(r)

—_— ko(p, B) = ——————7
(1t (f/(r)?)} BB = = )

kl(p7E) = -

3.2 Horizontal mean convex sets

We introduce the definition of horizontal mean convex set and horizontal strictly mean convex set.

Definition 3.8. We say that a C? set B is horizontal mean convex with constant § > 0, if
Hy(p,B) > ¢ for every p € OB\ (0B)g, where (0B)y denotes the set of singular points of the
boundary.

If § > 0, then B is called horizontal strictly mean convex with constant J.

Remark 3.9. If E is an axially symmetric set (as described in Remark and it is (euclidean)
convex, then it is horizontal mean convex. Indeed, since f” <0 and f’ < 0, we deduce using
that Hy(p, E) > 0.

In the following we collect some examples of horizontal mean convex and strictly mean convex
sets.

12



Remark 3.10. [Hyperplanes] Recalling the formulas for the horizontal normal provided in Re-
markwe apply and away from g to show that every plane has zero horizontal mean
curvature. Every horizontal plane {p | z = k} has zero horizontal mean curvature since

_ Yy _r )=
HH(p,{Z<k})az<\/m>+ay<\/m> 0

The same argument gives that the planes {p | ax + by + z = k} has zero mean curvature since

o, a—1y/2 ) 8y< b+x/2 ) _
<\/(a—y/2)2+(b+x/2)2 " Via—y/2)? + (b +z/2)? '

The vertical planes {p | ax + by = k} have constant horizontal normal, so they have trivially zero
horizontal mean curvature.
Therefore all hyperplanes are horizontal mean convex sets.

Remark 3.11. [Balls] We compute the horizontal mean curvature of some different balls, based
on the previous formula (31)), see [8, Section 4.3].

1. Let us consider the boundary of euclidean ball Bg(0,R) = {(z,y,2)|2? + y* + 22 < R?}.

Then
2(4+ R?)

/2 +y2(4+22)3/2.

Note that the horizontal curvature explodes at the singular points (0,0, +R). In particular
. . . . . 2
a euclidean ball is a horizontal strictly mean convex with constant RV

2. The Koranyi ball B (0,R) = {(z,y,2)|(z? + y*)? + 162> < R'} has curvature at p €
OBk (0, R) \ {(0,0,£R?/4) given by

His(p, Byc(0, B)) = 22V (34)

The Koranyi ball is convex and moreover it is horizontal mean convex (but not strictly mean
convex) since 0 < Hy(p, Bk (0, R)) < £ for all p € 0Bk (0, R) \ (0Bk (0, R))o.

Note that the euclidean principal curvatures (see (33))) are given by

HH(pv BE(Ov R)) =

472(3R* — %) r?

kl(poK(O?R)) = (4(R4 . 7"4) +T6)%7 k2(paBK(OaR)) = (4(R4 _ 7"4) +7’6)%

where 7 = /22 + y2. The euclidean principal curvatures vanish for r — 0.

3. The boundary of the Carnot—Carathéodory ball centered at 0, that is dBcc(0, R), can be
parametrized recalling that a length minimizing curve between 0 and (z,y, z) is the lift
of a circular arc joining the origin in R? with (z,y), whose convex hull has area z (see
Remark . The parametrization is given by

5 o
Va2 +y? = - sin(cR/2) z= M

2c2?

The points with maximal and minimal height (that is the points such that % (c) = 0), cor-
respond to cR = +m and have coordinates (z,y, z) with y/z2 + y2 = % < R,and z = :i:%i.
The points on the plane {z = 0} corresponds to ¢ = 0, and satisfy /22 + y2 = R, whereas

the points on the z-axis correspond to ¢ = £(27)/R and have coordinate (0,0, +R?/(4r)).
It is possible to compute explicitly

1 c sincR — cRcoscR
Hu(p, Boo (0, B)) = 2 2sin(cR/2) sin(cR/2) — cRcos(cR/2)/2 (35)
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Note that if p = (z,y,0) € 8Bcc(0, R), then ¢ = 0 and Hy(p, Bco(0,R)) = %. At points
of maximal and minimal height, cR = +x and Hy(p, Bcc(0,R)) = %. On the other
hand, if p = (x,y,2) € 0Bcc(0, R) satisfies \/m — 0, then ¢ — (%)_ and we obtain
Hy(p, Bee(0,R)) — —o0.

Thus, the Carnot—Carathéodory ball is not horizontal mean convex.

3.2.1 Pansu ball

The Pansu sphere, as introduced in Definition [2.2]is the surface obtained by rotating around the
z-axis the geodesics connecting 0 with (0,0, 7R?). In order to center the sphere in the origin, the
set is vertically translated and dilated. So, we will consider the Pansu sphere of parameter R as
the surface obtained by rotating around the z-axis the geodesics connecting (0,0, —wR?/8) with
(0,0, 7R?/8), which coincides with the singular points of the sphere. By recalling the description
of geodesic in Remark it is possible to show (see e.g. [35]) that the Pansu ball is defined as

BE = {(z,,2) | |z] < fr(v/2? +y?)} (36)

where

1, ro1 1, roor r2
fr(r) = ZR arccos — + 17‘\/ R?—1r2 = ZR (arccos = +—=4/1- R2> .

The horizontal mean curvature of dBp is constant:

2
Hy(p, BY) = I (37)
Note that 6,z BE = B} or equivalently B = 6z B}, and the boundary of the Pansu ball is C?
but not C? ([8]). The Pansu ball is a convex set which is horizontal strictly mean convex.
Observe that for the Pansu ball the euclidean principal curvatures can be computed using

obtaining

(4(R% — r2) +r4)2

4r(2R? —r?)

39 k vBR =
A(R2 —12) + 1) 2(p, Bp)

kl(pv Bg) =

where r = \/22 + y2. In particular the euclidean principal curvatures vanish for r — 0.

In [36] Theorem 6.1] an Alexandrov theorem in H is proved about the Pansu spheres: they
are the only C? immersed compact connected surfaces with positive constant horizontal mean
curvature and the regular part of every Pansu sphere is foliated by horizontal geodesics of curvature
equal to the constant curvature of the sphere.

Remark 3.12. Observe that by the Ball-box theorem there exists Ay < 1, Ay > 1 such that
By C Boe(0,R) € B,

3.3 Horizontal perimeter and functions of bounded variations

It is possible to adapt the definition of functions of bounded variation to the case of H, see [22],
[8, Chapter 5]. We define the notion of horizontal variation for a measurable function f : H — R:

Vara(fiQ) = sup{ [ saasip| o € Cl@.B), <¢1>2+<¢2>2§1}
~ w { | Fdivgtudp | 6 € CHRR), ol < 1},

where Q C H denotes an open set. Recall that for ¢ € C*(£2,R?), it holds divie = X (¢1)+Y (¢2),
and for ¢ € C*(Q,R?) it holds div,¢y = divéy (cp. with )
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Definition 3.13. Let Q C H be an open set and f: Q C H — R. Then f € BVg(Q) if f € LY(Q)
and if Varg(f; Q) < 4o0.

Let M be the class of all measurable sets in H. A set E € M has finite H perimeter in Q if
Py(E,Q) := Varg(xg; Q) < +oo, where xg is the characteristic function. More explicitly:

Py(E;Q) = sup /dingb dp. (38)
PECL(QUR?),|$|<1VE

If Q@ = H we denote Py(E;H) = Py(FE). Moreover E is a H-Caccioppoli set in Q if xg €
BV(H)(Q). We will denote

P:={FeM: xpecBV(H))}. (39)

The perimeter functional Py is lower semicontinuous with respect to the LlOC convergence ([8]
Proposition 5.6]).

Remark 3.14. If F is a set of finite perimeter then HE,-(0°F\ F(1/2)) = 0, where Hg denotes
the s-dimensional Hausdorff measure obtained from doc (see [25, Proposition 1.23]).
If E, E' are measurable sets, then

Py(E,Q) = Pg(H\ E,Q), (40)
Py(E,Q) = Py(E', Q) whenever |(EAE)YNQ| =0 (41)

where EAE' = (E\ E')U (E'\ E) is the symmetric difference between E and E'.
The sets E and E' are said to be equivalent if |[EAE'| = 0.

For regular sets, the horizontal perimeter has an explicit integral representation in terms of
the underlying Riemannian geometry. We recall the divergence theorem for the Riemannian space
(H, g). Let M C H a C' submanifold with boundary, and U a C! vector field then

/ dingdpz/ U .4 Nydo, (42)
M oM

where N, is the Riemannian outer normal at dM and do is the Riemannian area element on OM.

Proposition 3.15 (Area of a surface). If E is set of class C', then

Pu(E;Q) = sup ¢-g Ngdo = / v g Ngdo = / | Nu|gdo (43)
HECL(QR2),|$|<1 JOE OENQ DENQ
where Ny is defined in (22)) and do is the Riemannian area element on OF.
In terms of Euclidean unit normal N = % and standard 2-dimensional Hausdorff measure

H? we have

VXS + (V) dH>. (44)

oBNQ IVf |
For the proof we refer to [8, Proposition5.7] or [29, Proposition 3.1].

Pu(E;Q) = / v - N(p)dH?(p
OENQ

Remark 3.16 (Invariance properties of the perimeter). The horizontal perimeter by its very
definition is invariant with respect to any isometry of H which leaves invariant the horizontal
distribution. So in particular it is invariant with respect to left translations that is

Pa(E;Q) = Pa(Lp(E); Lp(€))

and rotations around the z-axis . Indeed since X,Y are left invariant, then (divm¢) o L, =
(divme o Lyp). Moreover, let 6 € (0,27) and Ry the associated rotation around the z-axis of angle
0, then

Pu(E) = Pu(ReE).
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Remark 3.17. The horizontal perimeter is homogeneous of degree 3 with respect to dilations of
sets, see [8, Lemma 5.5] that is for all A > 0,

PH((S)\E; (5,\9) = )\SPH(E; Q)

The horizontal perimeter is also subadditive, see [§]. The proof of this fact follows the same
arguments as for the standard perimeter.

Lemma 3.18. For E, F € P we have
Also in the Heisenberg group we may formulate the classical isoperimetric problem:

in  Pa(E). 16
e, Tl (46)

Existence of isoperimetric sets is proved in [25] (see also [21], [29]).

Theorem 3.19 (Isoperimetric inequality). If F is any set with finite H-perimeter then either F
or H\ F is a H-Caccioppoli set and there exists a universal constant C > 0 such that

Py(F) > Cmin(|F|, [H\ F|)**. (47)
Proof. See [25, Theorem 2.2]. O

Remark 3.20. The Pansu sphere BE as introduced in Definition is conjectured to be the
solution to the isoperimetric problem [33]. We have that

3

1
GT R Pa(Bp) = onR

Bp|=

so the isoperimetric constant is conjectured to be
4/
C = i
33/4

The conjecture was proved in the class of axially symmetric sets in [30], in the convex setting in
[31], in the smooth setting [36], and in the axially symmetric cylinders [35].

Theorem 3.21 (CC-Balls are domains of isoperimetry). There exists a constant C > 0 such that
for any measurable set E and any ball Boco(p,r) (as in (§)) such that 0 # E N Bee(p,r) there
holds

Pa(E N Boc(p,r), Beo(p,r)) = Cmin{|E N Bee(p,r)|, |Bee(p,r) \ EI}/.
Proof. See [25, Theorem 2.15 and Definition 2.13]. O
Finally let us recall an important compactness theorem.

Theorem 3.22 (Compactness in BVjy). Let (E;) be a sequence of measurable set with sup,; Pu(E;) <
oc. Then, up to passing to a subsequence, (E;) converges in L}, .(H) to a measurable set Eo, with
finite H-perimeter.

Moreover, if there exists a bounded open set ) such that E; C Q) for all i, then E; converges
up to subsequences in L'(H) to E., C Q with finite H-perimeter.

Proof. See [8, Theorem 8.4]. O
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3.4 Outward minimizing sets

In this section we introduce the notion of outward minimizing sets and we provide some relevant
examples. Upon recalling we give the following

Definition 3.23. Let Q C H' be an open set. We say that a set E € P, E C Q, is outward
minimizing in S if

Pu(E) < Pa(F)  forall F€P with ECF C Q. (48)

An equivalent characterization of the outward minimality is the following:

Lemma 3.24. The set E € P is outward minimizing in Q if and only if
Pu(ENG) < Py(G) forall G C Q,G € P. (49)

Moreover if E,, is a sequence of outward minimizing sets in Q, and E,, — E in L*(Q), then E is
outward minimizing in §Q.

Proof. One can argue exactly as in [T4, Lemma 2.5] using . For sake of completeness we report
it here. If condition holds, then we apply it to G 2 E and get immediately Py(E) < Py(G).
On the other hand, assume F outward minimizing. Since £ U G 2 FE by outward minimality
Py(E) < Pa(EUG). By {@5), Pa(ENG) + Pu(EUG) < Pu(G) + Pu(E). So, putting together
the two inequalities we get Pu(ENG)+ Pu(E) < Pu(ENG)+ Pu(EUG) < Pu(G) + Py(F), and
SO .

The stability under L' convergence is a consequence of the characterization of outward mini-
mality given in and of the lower semicontinuity of Py with respect to L' convergence, see [9]
Proposition 2.7]. O

We recall that outward minimizing sets satisfy an upper density estimate.

Lemma 3.25 (Upper density estimate). Let E € P be an outward minimizing set in H. There
ezist a constant 8 > 0 such that for all p € H, r > 0 there holds

P]HI(Ea BCC(p7 T)) S 97‘3

where Bec(p,r) is defined in (8).

Proof. The proof follows exactly as in [25, Lemma 4.1] by substituting the property that F is an
isoperimetric set with the property that Py(F) < Pg(E U Beoe(p,r)) for all r > 0. O

We provide next some relevant examples of outward minimizing sets in the Heisenberg group,
using a calibration argument (see [35], and [36]).
First of all we recall the definition of area-minimizing surface.

Definition 3.26. A surface ¥ is area-minimizing if any region M C X satisfies Py(M) < Py(M')
for any other C' compact surface M’ with OM = OM’.

In [36, Theorem 4.17] it is proved that if an immersed surface is area-minimizing then its
horizontal mean curvature is zero (or constant under a volume constraint) and the characteristic
curves (with are the integral curves of J(vg)) meet orthogonally the singular curves (if there are
any). Moreover it is proved that every non vertical plane in H is globally area minimizing, whereas
in [13] vertical Euclidean planes are characterized as the only C? area-minimizing entire graphs
in H with empty singular set. In particular, by arguing first for smooth sets and then proceeding
by regularization, this implies that for every set £ € P with finite H perimeter and for every
half-space II it holds

Pr(ENT) < Py(E).
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3.4.1 A family of outward minimizing sets

We introduce a class of smooth sets, and we show, by using a calibration type argument, that
they are outward minimizers.

Definition 3.27. We denote by B the class of open bounded sets B C H of class C? which are az-
tally symmetric (with respect to the z-axis), strictly starshaped w.r.t. 0 according to Deﬁnition

horizontal mean convex according to Definition |3.8, and moreover satisfy the following regqularity
condition: there exists Hy = Ho(B) > 0 such that

HH(p,B) < Hy VpeaB\(aB)o

The most important example in the class B is the Pansu ball of parameter R > 0, centered

at the origin, described in Section Moreover by Remark [3.11} Koranyi balls with radius R
are in the class B. On the other hand the Euclidean ball of radius R is strictly starshaped with
respect to 0 and horizontal strictly mean convex with constant § = R\/ﬁ, but does not satisfy

the upper bound on the curvature.

Proposition 3.28. Let B € B, horizontal mean convex with constant 6 > 0. Let B* := 6B, for
A > 0. Then B is an outward minimizing set in H, that is for any F € P such that B C F it holds

Pa(F) 2 Pa(B) + 2= |F\ B (50)

where Ap := inf{\ | F C B*} > 1, with \p = +o00 if F is unbounded. Moreover for general F C H

)

Ba(F) 2 Pa(FOVB) + Loy

[F'\ B (51)

Remark 3.29. Proposition applies to the Pansu ball BE with § = % and to the Koranyi
ball with radius R with 6 = 0.

Proof. First of all we observe that if B is C? and axially symmetric, then the singular set (9B)
is contained in the z-axis as proved in [37), Section 4]. We divide the proof of the first statement
in several steps.

Step 1: definition of the homogeneous gauge. Since B is strictly starshaped w.r.t. 0 as in
Definition then the family of dilations 6y B := B> for A > 0 produce a foliation of H as proved
in Lemma [2.5] We may associate to B an homogeneous gauge: for p # 0 let us define

pB(p) be the unique positive number such that p € oBPB P, (52)

and set pp(0) = 0. Thus B* = {pp < A\} and pg(d\p) = A\ps(p). The function pp is a continuous
strictly positive function, homogeneous of degree 1 with respect to dilations. By compactness of
the unit euclidean sphere we have that the map p — p%(m is locally integrable at 0, by passing
to spherical coordinates and using the fact that the homogeneous dimension in H is 4, so greater
than 1.

Step 2: extension of the outer horizontal unit normal. Away from the z-axis define the

horizontal vector field .
rB(P
Us(p) =vig " (p) (53)
BrB®)

where vj7 (q) is the horizontal exterior normal to B*2(®) at ¢ € 9B?5P). An explicit expression
for Up can be computed using . In particular this vector field is C'' away from the z-axis.
Therefore, away from the z-axis we have, recalling and Remark

§
< divg U = Hu(p, B*2®)) < .
pe(p) ~ 5(p) = Hulp ) pB(p)

Uslg =1, (54)
We observe that p — divyg U(p) is locally integrable at 0.
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Step 3: calibration argument: for every G € P there holds

PGz/divUpde/ 55
u(G) G uUs(p) c pB(D) (55)
Moreover equality holds when G = B*, X > 0:

Pu(B = [ divgUg(p)dp. (56)

BX

The calibration argument is based on [35, Theorem 3.1]. We consider two family of smooth
functions ¢(p), ¥(p) : H — [0, 1], defined as follows.
Let us fix a smooth function ¢. : R? — [0, 1] such that

be(z,y) =0 for \/a2 +y2? < € and /22 + y2 > ﬁ +1,

Pe(z,y) =1 foreg\/mgﬁ,
Vel < 2/€ for €2 < \/m <e,
Vel <2 elsewhere.

It is straightforward to observe that we may extend ¢. to be a smooth function on H, by setting
(xa Y, Z) S d)E(Ia Z-,I)- Moreover V¢, = Vi, and |VH¢E‘ = |v¢s|g'
Now we consider a smooth function 1. : R — [0, 1] such that

1 1
= < — = > —
Ye(z) =1, for |z| < 7 Ye(z) =0, for |z] > 7 +1

with [¢/] < 2. Also in this case we may extend 1. to be a smooth function on H, by setting
2 2
(x,y,2) € H 1e(z). Moreover |Vyte|, = [¢L] %.
Therefore, the vector field Ug.1). is still horizontal, and it is C!, compactly supported, iden-

tically 0 on the singular set R(0,0,1). Therefore by definition of perimeter we obtain that for
every G € P:

Pa(G) 2 [ diva(Unob)(p)dp.
G
At any point p = (x,y, z) with z # 0 we have
divig(Up¢etbe) (p) (57)
- (bawediVHUB + wa[(UB>lam¢a + (UB)281/¢5] + ¢5 [_%<UB)1 + %(UB)Q] wé(z)

First of all we assume G C Cs = {(z,y, 2) |2® +y? < 5%, |2| < s} for some s > 0. We claim that

lim [ divg(Ugodepe)dp = lim/ o divgUpdp. (58)
e—0 a e—0 G
Note that if the claim holds true, we infer . Indeed Py(G) > lim_q fG divg(Upoetb )dp and
moreover lim._,q f G oW divgUpdp = f G divgUpdp by the dominated convergence theorem since
ngiVHUB (S L.
To prove the claim we recall the formula . First of all we observe that

. Yy x /
tiy | - {_5((}3)1 ¥ 5(UB)z} UL(2)dp =0 (59)

e—0

due to the dominated convergence theorem, since xg € L', ¢- [-4(Up)1 + 5(Up)2] ¥L(t)xq is
uniformly bounded since G C Cs and is converging to 0. Next, we have that

/ [(UB)lazasa+(UB)28y¢5]¢edp’ < / IV(6e)| edp < / . Zabdp + / 5. 2bdp  (60)
G G G € G
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where A. = {p |2 < /22 +y? <€} and B. = {p |ﬁ <Va24y2 <L 7+ 1}. Since 2xp. 1. — 0

and g € L', we infer by dominated convergence that
hm XBE 2dp = 0. (61)

On the other hand passing to cylindrical coordinates

X419

€ 1
lim XA wedp < / 27rr/ fdzdr = lim rg—ﬂ ( + 1> dr =0. (62)

e—0 771 € e—=0 J2 € \ﬁ

Therefore, by (57 . . . , . the claim and thus is proved for G' bounded.

If G is not bounded, observe that by coarea formula [8] Theorem 6. 11] there exists s — +o0 such
that Pg(Gr) — PH(G), where G, = G N Bee(0, si) (an outline of this step is given for instance
n [27, Remark 3.12]). Since lim,, [, divaUg(p)dp > [ dive Up(p)dp by Fatou’s lemma, and
Pu(Gr) = Pu(G), we conclude (55)) also for G.

On the other hand, equality (56) is obtained by the Gauss Green formula for C? sets , and
the area formula , recalling (19) and that Up = v on B* \ R(0,0, 1) for every A > 0:

lim divy(Upoetpe)dp = lim/ Yepet -g Ngdo = / | Nyt|do = P (B*). (63)
e—0 BX e—0 oBX 5B
Step 4: B is outward minimizing and holds. Let us define A := inf{\| F C B*}, with
Ar = +oo if such A does not exist.
Recall that away from the z-axis we have that divyg Ug(p) > %() Therefore, if F' C B)‘ then

for every p € F which is not on the z-axis, since pg(p ) < A, there holds divy Ug(p) > o (p) > fs\

Let now F' € P be such that FF O B. Then by (55| , and recalling that divyg Ug(p) > 5F
for p € F'\ B, we obtain

: . . J
Py(F) > / divyg Up(p)dp :/ divy UB(p)dp+/ divg Ug(p)dp > Pu(B) + —|F \ B|.
P B F\B AF

The second statement follows easily using the submodularity . If F O B, then
coincides with . Assume that F' 2 B. Let E = FU B. Then Ag = max{\p, 1}, so we apply
to E observing that |F \ B| = |F'\ B| and obtain

]

= Pu(F0B) + Pu(B) + Loy

IF\ B.

4 The minimizing movement scheme

4.1 Definition and basic properties

We introduce the following set valued operator T}, for h > 0: given a measurable set ) # £ € M
let
E — T, (F) = argmin{J,(F) , F € M}

where
TF) 1= PaF) + ;[ de)dn (64)

and dg is the signed distance introduced in associated with the Carnot—Carathéodory distance
dcc defined in .
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Remark 4.1. Note that the results presented in Sections [I.1] and [£.2] hold for any choice of
distance function presented in Section 2.1} Nonetheless, from now on we will use only the Carnot—
Carathéodory distance doc. This choice is motivated by the analysis we will present in Section [4.3

Notice that in view of the functional Jj, is submodular, meaning that
Jn(F1 N Fy) 4+ Jp(Fy U Fy) < Jp(Fy) + Jn(Fs)

for any Fy, Fy € P.

In general the minimizers of the functional J, in are not unique (see Proposition
below). With a slight abuse of notation we will denote by T, (E) a generic minimizer of Jy, i.e.
an element F € Ty, (E).

Remark 4.2. Observe that

/FdE(p)dp—/EdE(p)dp=/F\E dE(p)dp—/E\F dE(p)dp=/EM dist(p, OE)dp.

In particular

T(F)i= PulB)+ 5 [ dist.0B)dp = In(F) = 1 [ deto)i, (65)

so Jp(-) and J¢(-) share the same minimizers.

We verify some standard properties of the operator T), (cp. with [II, Section 6] where the
euclidean case is treated).

Proposition 4.3. Let E € P be bounded, so that Py(E) < co and E C BE for some R > 0,
where BE is the Pansu ball of parameter R.

1. There exists at least one bounded H-Caccioppoli set which solves the minimization problem
minge Jp(F). Moreover every minimizer is contained in BE and there exists a minimal

T, (E) and a mazimal solution T} (E) (with respect to inclusion) and T;f (E) C Bilj‘?.

2. If EC E' CH for E' € P bounded set, then for all F € Ty(E) there exists F' € Ty(E")
such that F C F'. Moreover: Tif (E) C T (E").

3. If F € Ty(E) and RyE = E with Ry a rotation around the z-axis of angle 0, then also
RoF € Ty(E). Therefore, if E is rotationally symmetric with respect to the z-axis, i.e.
RoE = E for every 6 € (0,2m) then T;(E) is rotationally symmetric with respect to the
z-azis, that is T; (E) = RyT; (E) for all 6.

4. If F € Tp(E), then Pu(F) < Pu(E).

Proof. 1. By Proposition for every F' C P there holds Py(F N BE) < Py(F). Moreover,

since dg(z) > 0 for € H\ BE, we obtain that [, dg(p)dp > [,z de(p)dp. Therefore
P

Jn(F) > J(BE N F), with strict inequality if |F\ BE| > 0.
This implies that every minimizer of Jj, necessarily satisfies |F'\ BE| = 0, and so F' C Fﬁ.
Now, we are reduced to minimize Jj,(F) on sets F C BE, F € P. First of all we note that
mint dr(x) = —k <0, so for every F' C Bif.?, Jn(F) > %fF dg(p)dp > —@ > _kl%?,l‘
We consider a minimizing sequence F,,: in particular for every n, since dg > 0 on H\ F and

dg > —k on FE, it holds

1 k
00 > Ju(E) > Ju(F,) > Pa(F,) + 7/ dp(p)dp > Pa(F,) — +|E|.
h Jenr, h
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Therefore Py(F,,) are equibounded and by the compactness theorem in the space of BVy
functions (see Theorem , we have that up to passing to a subsequence F,, — F in L!
(which means, xr, — xr in L), and liminf,, Py(F,) > Py (F) since the perimeter functional
is lower semicontinuous with respect to L}, convergence of (characteristic functions of) sets.

Note that up to passing to a subsequence we have xp, — xr for a.e. p.

Then observe that by Fatou lemma, it holds

n

liminf/ XrF, dgdp 2/ xrdgdp liminf/ (dexr, + k)dp > / (dexr + k)dp
H\E H\E " E E

Therefore we conclude that F' is a minimizer.

If we consider F; € Ty(E), for ¢ = 1,2, then Fy U F» and Fy N F» are both minimizers, by
the submodularity of Jj.

For the last statement see [I1 Proposition 6.1].

In the rest of the proof with a slight abuse of notation we will denote as T},(F) a minimizer
of Jh.

. Assume E CC E', so that dg(p) > dp/(p) for all p € H.

By minimality of T, (E) we have

Pa(Th(E) N T () + de(p)dp > Pa(Tu(E) + ~ [ dp(p)dp.  (66)

E T;L(E)QT;L(E/) E T;L(E)
In a similar way, by minimality of T, (E’) we have
1 1
Pa(T(E) VT (E) + 1 | dep)dp = Pa(Th(E) + 5 [ deo)dp. (07
T}, (E)UT), (E') Th(E")

Summing the two inequalities and using the sub-additivity of the perimeter we obtain

di (p)dp > /

dg(p)dp + / dg/(p)dp
Th (E)

T (E/)

de(p)dp + /

/Th(E)ﬁTh(E') Tn (E)UTH(E')

from which we deduce that

/ (dp (p) — di(p))dp > 0
Th(E)\Tr(E")

but, since dg:(p) — dg(p) < 0 then T}, (E) \ Th(E’) = 0. Hence Ty (E) C Th(E').

The statement for £ C F’ is achieved by a perturbation argument as explained in [T}
Lemma 6.2].

. By Remark [3.16] we know that
Py(F) = Py(RoF).

Moreover, we have that

/ dg(p)dp = —/ xReF(p)dist(nH\E)der/ XR,F(p)dist(p, E)dp
RoF E H\E

_ /E xr(@)dist(Roq, Ro(H \ E))dq + / xr(a)dist(Roq, ReE)dq

H\ E
_ / dp(g)dg
F

where we have used that dist(Rep, Rgq) = dist(p, q).
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4. Using minimality of T}, (E) and E as a competitor we obtain

Al 4y [ dsoyip < Pa(e) + 3 [ dso)ip

Observe that

1 1
*/ de(p)dp — f/ dE(p)dp=/ dE(p)dp—/ dr(p)dp < 0.
hJe h Jr,(E) E\T) (E) TW(E)\E

from which we conclude.

We provide a description of the scheme for outward minimizing sets.

Proposition 4.4. Let E € P be a bounded outward minimizing in H with |0F| = 0. Then
1. T),(E) C E, that is every minimizer F € T}, (E) satisfies F C E,
2. every minimizer in Ty (E) is outward minimizing in H.

Proof. Note that if |0E| = 0, then dg(p) > 0 for a.e. p € H\ E.

1. Let F' be a minimizer of Jj in . If F is an outward minimizing set, then by the charac-
terization in Lemma we have that Pg(F N E) < Py(F). Moreover

/ dE(p)dpS/dE(p)dp
FNE F

with strict inequality if F'\ E has positive measure. Therefore if |F'\ E| > 0, it holds that
Jn(F N E) < Jp(F), which implies that F' cannot be a minimizer of J,. This implies that
necessarily every minimizer T, (FE) is contained in E.

2. Let G € P with F' C G, where F' € T(E). Then, using G N E as a competitor we get,
recalling that FF C ENG and dg <0 in E,

Py(F)

IN

1 1
Ps(ENG) + — de(p)dp — 7/ dg(p)dp
h Jena h JF

1
PH(EHG)—kf/ dp(p)dp < Pe(ENG) < Pa(G)
h Jene\F

where the last inequality is a consequence of the fact that E is outward minimizing in H and
of the characterization proved in Lemma |3.24

O

We present an estimate on the one time step of the scheme for sets B in the class B introduced in
Definition [3.27 and which are also horizontal strictly mean convex. The following Proposition [4.5)
applies in particular to Pansu balls. Observe that T} (B) might no longer belong to B. For A > 0
recall that B := 6,(B).

Proposition 4.5. Let B € B be horizontal strictly mean conver with constant 6 > 0, and let
A =inf{\ >0 s.t. |T,(B)\ B =0}}.

Then there exist hg = ho(diam(B), ), C = C(diam(B),0), such that for all 0 < h < hg there

holds
N0 < V/1-—Ch2.
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()A°

(i) \°

Proof. First of all we observe that by Proposition [3.28 the set B is outward minimizing, therefore
by Propositionwe have that Tj,(B) C B. Let A € (0,1) and B C B: note that B” is still open,
bounded, C?, axially symmetric and horizontal mean convex by Remark with Hy(p, BY) > %.
Since Ty (B) C B obviously A° < 1. Using Proposition applied to B* and to Tj(B), and the
fact that T;,(B) C B, we obtain that

Pu(Ti(B) N BY) < Pu(Ti(B)) — 8|Tw(B) \ BY. (68)

By minimality of T}, (B), using as a competitor T},(B) N B* we obtain

1
Pa(Th(B) < P (B0 BN~ [ du(p)dp. (69)
Twh(B)\B*
Then by 7 we infer that
1 1
S\Th(B)\ B < —+ / dp(p)dp = + / dist(p, OB)dp (70)
h Jr, B\ B> h Jr, () B>

where in the last equality we used the fact that T (B) C B.
Note that if p € T, (B) \ B* then 6;,,p € B, and so, recalling we have

dist(p, OB) < doc(p, 61 /ap) < C diam(B) max (|)\‘1 1, VA2 - 1\) .

We substitute in and we get, for every A € (0,1) such that |T,(B) \ B*| # 0,

0

< CHOmB) o (1371 =11 7 =) = CEE) s (-, T R) .

Note that if A < A? then |T},(B) \ B*| # 0 and holds. We have two possibilities:

1.
<1

N[ =

In this case
Tyw(B) C BY/?

and we conclude.

: For % <A<, reads

V2 VI = s (-0, VT) 2 gt (72)

In light of the previous inequality we set hg < 2\/50 M Furthermore we conclude by

252
lettlng A — )\0 m . that \/ﬁ 20dzam(B)’ that is (}\O) W
O

4.2 The scheme for unbounded sets

Here we extend the time discrete scheme to the case of unbounded sets E' with compact boundaries.
More generally we assume that the set £ in is such that Py(F) < oo and E° is bounded.
Recalling , the idea is to define the evolution as the complement of the evolution of the
complementary set. More precisely, using Proposition we set

TE(E) .= H\ T,7 (E°).

In particular note that if E;, E; € M are such that Py(E;) < oo, and Ef are bounded, then it
follows from Proposition [.3)(2.) that

Ei C By = T (Ey) C T (Bo).
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Lemma 4.6. Let Ey, E5 € M be such that Py(E;) < 00, i=1,2. If Ey C E3 and ESUE; C B}@
for a sufficiently large R > 0, then T,it(El) C ThjE (E2).

Proof. Since Pansu balls are outward minimizing sets we have by Proposition (and Proposi-

tion [4.3)) that
+ c + R R
T,-(E5) C T, (Bp) C Bp.

The proof now follows the arguments given in [I1, Lemma 6.10], which we report here for com-
pleteness. Since T} (E$) is the minimal solution of

min{PH(F)Jr}lL/ dpsdp : FGM},
F

we have (using the change of variable ' := H \ F = F*, the fact that Py(H \ F) = Pu(F), and
dgs = —dg,) that T)" (E») = H\ T, (E5) is the maximal solution of

~ 1 1 . 1
min PH(F)Jrf/ dEde,,/ dp,dp : F e M ff/ dg,dp.

Note that if F¢ C B, then [, dp,dp — [z dp,dp = [ dp, X prdp. Therefore, since T,F(BEp)° C
P

BE, we conclude that T} (Es) is also the maximal solution of
_ 1 _ _
Inin{PH(F)+h/dE2XB§dp : FeM, FccBg}. (73)
F
Analogously one can show that 7, (Fs) is the minimal solution of .

Since dg,xpr < dp, and since T,?E(El) U TE(By), T (1) N T (By) are admissible sets in ([3).
one can argue as in Proposition (2.) to infer that T (Fy) C TiF (Es). O

4.3 Density estimates

In this section, we provide density estimates for minimizing solutions to (64). The arguments are
quite classical (we refer to [26], [32], [I0] and reference therein) and we provide sketch of the main
proofs with adaptations to our setting.

We start recalling the following important result, which provides a relation between the H-
perimeter of a set F' on the boundary of a ball and the derivative of its volume.

Lemma 4.7. ([25, Lemma 1.19]) Let F be a set with finite H-perimeter, p € H fized, and define
i (74)
Pu(F'\ Bee(p,r),0Bcc(p,1)) = Pa(F \ Bee(p,r)) — Pa(F,H\ Bee(p, 7).
For r >0 let m(r) :== |F N Boc(p,r)|. Then for a.e. v > 0, there holds
PH(F N BCC(pa T), aBCC(pv T)) < m'(r),
Pu(F\ Boc(p,r),0Bcc(p,r)) < m'(r).

We recall a technical Lemma (see e.g. [32] Lemma 4.4]). We provide a short sketch of the
proof.

{PH(F N Beoc(p;r),0Bcc(p,r)) := Pa(F N Bee(p,r)) — Pa(F, Beo(p, 7))

Lemma 4.8. Let F be a set of finite H-perimeter.
(1) Assume that |Beco(p,7m) \ F| > 0 for all v > 0 and that there exist R > 0, pu > 0 such that

Py(F) < Pu(F U Bee(p, 7)) + plBee(, )\ F| ¥V 0<r <R (75)
Then, there exist o > 0,C > 0 depending only on the isoperimetric constant such that

|Boo(p,r) \ F| > or* ¥ O<r<min{R7i}. (76)
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(i) Assume that |Beo(p,r) N F| > 0 for all v > 0 and that there exist R > 0, p > 0 such that
Py(F) < Pu(F \ Bee(p, 1)) + p|Bee(p,r) NF| ¥V 0<r <R (77)

Then, there exist o > 0,C > 0 depending only on the isoperimetric constant such that

|Beo(p,r) N E|>ort v O<r<min{R,S}. (78)

— ). . C .
For p =20 1in , , we set min {R, ﬂ} = R.
Proof. (i) Recalling and for F¢, since H\ (F°N Boe(p,s)) = F U Bee(p,s) and F°N
Beo(p,s) = Bee(p, s) \ F, we observe that

Pa(F'UBce(p,s)) = P(F,H\ Bec(p,s)) + Pa(Boc(p, s) \ F,0Bcco(p, s))
<Pu(F,H) — Pu(F, Bcco(p, ) + Pu(Beco (b, s) \ F,0Bcoc (b, 8))
=Pu(F) — Pu(F€, Beo (D, s)) + Pa(Bee(p, s) \ F,0Bcc(p, 8))
=Pu(F) — Pa(F° N Bee(p,s)) + Pa(F° N Bee(p, 5), 0Bec(B, s)) + Pa(Boc(p, s) \ F,0Boc(p, s))
=Pu(F) — Pa(Bcc(p, s) \ F) + 2Pu(Bece (b, s) \ F,0Bcc (b, 8)).- (79)

From and we obtain for all s < R,
Pu(Beo(p, s) \ F) < 2Pu(Boc(p, ) \ F,0Bac (P, s)) + plBoe (p, s) \ F-
We set |Bee (D, s) \ F| = |Bee(p,s) N F¢| =: m(s). So, by Lemma and the isoperimetric
inequality we get for a.e. s < R:
Cm(s)T < 2m’(s) + pm(s).

Since 0 < m(s) < |Bee(0,1)]s* we get m(s) < |Bae(0,1)|3sm(s)~4: then substituting in the
previous inequality we conclude

Cm(s)} < (€ sulBec0,1)F) m(s)? < 2m(s

for s < min{R, —<——1}, when p > 0, for s < R when p = 0. By direct integration, we get
2|Bcc(0,1)[2 #
the claim.

(ii) Recalling (74), we have that

Pu(F \ Bee(p,s)) = Pu(F,H \ Boe(p, ) + Pa(F'\ Bee(p, s),0Bcc (b, s))
< Pu(F H) — Pa(F, Bec(p, s)) + Pa(F \ Bee (b, s), 0Bec (b, 5))
= Pu(F) — Pu(F N Bee(p, s)) + Pu(F N Bee(p, s),0Bcec (b, s))
+ PH(F \ BCC (ﬁ, 8), aBCC (ﬁ, S)) (80)

The claim follows in a similar way to part (i), using now and .

The next result is an adaptation to our setting of [10, Lemma 3.5], and it is an estimate
independent of the time step h.

Lemma 4.9. Let E € P be bounded. Let F € Ty(E). Then there exists a constant o > 0
(depending only on the isoperimetric constant in ) with the following property:

(1) if |F N Bee(p,s)| >0 for all s >0 and EN Boo(p,ro) =0 for some g then

|F N Beo(p,s)| > os? Vs < rp. (81)
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(i) if |Bece (D, ) \ F| > 0 for all s > 0 and Boc(p,r0) C E for some rg, then

|Boc(p, s) \ F| > os* Vs < 1. (82)

Proof. (i) From the minimality of F' we obtain for any s > 0 that

1 1

Pu(F) + % /F dr(p)dp < Pu(F \ Bee(p,s)) + 7 /F\Bcc(;ﬁ,s) dg(p) dp.

Using that dg is positive on F'N Boe(p, s) C E€ we infer that
Py(F) < Pu(F \ Bee(p, s)).

The claim now follows from Lemma i) with 4 = 0.
To prove (ii) one argues in a similar way: first use the minimality of F' and test against
F U Bee(p, s). Since dg is negative on Beoo(p,s) C E (for s € (0,79)) we obtain

Py(F) < Pa(F U Beo(p, s))-
Application of Lemma i) with g = 0 yields the claim. O

We provide some uniform bounds between the boundary of a minimizing set and the boundary
of the reference set.

Proposition 4.10. (L% —estimate) There exists a constant v > 0 depending only on the isoperi-
metric constant such that for any bounded E € P and F € T,(E) there holds

sup |dg| < yVh. (83)
ENAF

4Py (Bcc(0,1)) 2

e }, where o is the

Proof. The proof follows [32, Proposition 3.2]. We set v = max{

constant depending only on the isoperimetric constant appearing in Lemma
We argue by contradiction.
Let p € E\ F, and assume that

dg(p) < —yVh. (84)
This implies that Boe(p,r) C E for all r < %\/ﬁ Using the minimality of F' we obtain

1

Pu(F) < Pa(F U Beoc(p,r)) + 7
Boo (pr)\F

dp(p)dp

From and r < 2v/h we infer that

1 1 ¥
- dp(p)dp < +(r —yVh)|Bec(p,r) \ F| < ——=|Boc(p,r) \ F|
h Bee (p,r)\F h 2v/h
so that we obtain
. Y ~
Py(F) < Pg(FUB ,7)) — ——=|B ;1)\ F. 85
i (F) < Pa( cc(pr)) 2\/ﬁ| cc(@,r)\ Fl (85)
Since p ¢ F, then |Boe(p,7) \ F| > 0 for all » and we may apply Lemma (i) with =0 to get
h
|Boo(p,r) \ F| > or® for0 <r< %
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On the other hand, from and we have
Y A ~
2 |Boc(p,r)\ F| < Ba(F U Boe(p,r)) — Pu(F
2\/E| cc (P, ) \ F| < Pa( cc(p,r)) — Pu(F)
< Pu(Bcce(p,r)) — Pa(F' N Boo(p,r))
< Pa(Bee(p, 7)) = Pa(Beo(0,1))r".

Combining the last two inequalities and recalling the choice of v, we get for 0 < r < VT‘/E

. 2vh ovh
or* < |Beo(p,r) \ F| < Pa(Boo(0, 1))77“3 < Trg

which gives a contradiction as soon as 4 < # <r< #

The case p € F'\ F is treated in a similar way. Assume by contradiction that |dg(p)| = dg(p) >
vVh, so that Bee(p,r) C H\ E for any r < 2v/h. Using the minimality of ' and testing against
F\ Bee(p,r) we obtain for r < %\/E

! di(p) dp < Pa(F\ Bec(.1) = 2=IF 1 Bec (.7,

PH(F) < P]HI(F \ BCC(ﬁaT)) 2\f

h FNBcco (ﬁ,T)

Using Lemma [4.§](ii) with 4 = 0 we have
|F N Bee(p,r)| > or? for0<r< %\/ﬁ
On the other hand, as above by the previous inequality and ,

jﬁw N Boe(p,r)] < Pa(F\ Boe(p,r)) — Pu(F) = Pa(F° U Bee (p, 7)) — Pa(F°)

< Py(Beoo(p, ) — Pa(F° N Boo(p, 7)) < Pa(Bee(0,1))r

As before, we get a contradiction as soon as 4 < A%/E <r< # O

Finally we provide density estimates, using Lemma and the L estimate (83).

Proposition 4.11. Let E € P be bounded and let F' € T, (E).
There exists positive constants o, 8, ©, depending only on the isoperimetric constant such
that the following holds: for any p € O°F there holds

min{|Beo (p, ) \ Fl,|Boc(p,r) N F[} > or?, (86)
0r® < Py(F, Boo(p,r)) < Or® (87)
for all r € (0, C\/E), where C' only depends on the isoperimetric constant.

Remark 4.12. Note that by the density estimate, for every F € Tp,(F),
F(l) = {p € H,EIT > Oa |Bcc(p,7') \F| = O} F(O) = {p € H73T > 07 |BCC(paT) ﬂF| = 0},

so they are open set, moreover there holds that |0°F| = 0 and 9°F = 0F(1) = 9F(0), see [25]
Theorem 3.4]. Therefore for every F' € Tj,(E) we have an open representative which is F'(1) and
a closed representative which is F'(1). From now on we choose the maximal solution of to be
closed and the minimal to be open.

Proof. Since p € 9°F =H\ (F(1) U F(0)) we have that

min{|BC’C(]§7T)\F‘7‘BCC(]37T)OF‘}>O VT>O7
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so that Lemma [4.8| can be applied. Moreover, by we have that |dg(p)| < yv/h (indeed if for
some p € 9°F, by contradiction we have |dg(p)| > vVh, then in every neighborhood of p we would
have a subset of EAF of positive measure where does not hold).

Let us fix 7 < yvh. Now we use the minimality of F, testing against the competitor F' U
Bee(p,r) and F \ Bee(p,r) to obtain

Pa(F) < Pa(F U Beo(:1) + 5 Jpee g r @dp < Pa(F U Boc(p,7)) + 2| Boo(b,7) \ P
Pu(F) < Pu(F'\ Bee(p,r)) — %IBCC(I}J‘)QF dpdp < Pu(F \ Bee(p,7)) + %‘BCC@’ r) N F.
Therefore by Lemma ith = %, we conclude for every r < %\/ﬁ
37

The first inequality in (87]) follows from Theorem
To show the last inequality we proceed as follows. From we deduce

Pu(F U Bcc(p,r)) = Pa(F,H\ Boc(p,7)) + Pa(F U Beoc(p, ), 0Bcc(p, 7))
< Py(F,H) — Pu(F, Bec(p,r)) + Pa(F U Beco(p, ), 0Bec(p,r))-
and from the inequality we conclude that

. . . 2 .
Pu(F,Bco(p,r)) < Pu(F U Beoc(p,r),0Bcc(p,r)) + i|BCC(p7 r)\ Fl.

Vh
On the other hand by and Lemma we deduce that for a.e. 7 > 0:

Pu(F U Bce(p,r),0Bec(p,r)) = Pu(F°\ Beo(p, ), 0Bec(p,r))
< & (1P Boc(hr)) = 3 (1Bec(s,n)] - (F 0 Boeyr)))
= 497 Bee(0.1)] ~ - ((F 1 Boc(p.)]) < 47 Boc(0,1)

since the map r — |(F N Beoe (P, r))| is nondecreasing in r. It follows that,

. 2
Pu(F, Beo(p.r) < 47°|Boc (0,1)| + —=r'| Bec(0, 1)

Vh

and the claim follows using r < %\/ﬁ O

We are going now to recall an L' estimate that holds for sets which satisfy density estimates.

Lemma 4.13 (Volume-distance comparison). Let F' € P bounded and with the following property:
there exists @ > 0 and 1o < 1 such that for all p € O(F (1)) and r < 1o there holds

Pu(F, Boc(p, 7)) = Pa(F(1), Boo(p, 7)) > 0r°. (88)
Then for any G € P and any l > 0 we have

5% I 2
|[FAG| <wcclmax{1,3}PH(F)+/ doc(p, 0F (1)) dp,
0 To U Jrac
where wee = |Boo(p, 1)].

Remark 4.14. Note that due to Proposition E € P bounded, and Proposition [4.3(1) then
every F' € Ty (E) is bounded and satisfies with 6 depending only on universal constants and
To < C\/E

Therefore Lemma implies that there exists a constant C' > 0 depending only on the
isoperimetric constant and on wee such that for all [ < rg < Cv/h and for all F € Ty(E) there
holds

IFAG| < C (lPH(F) + %/F doo(p, OF (1) dp> . (89)

NG
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Proof. We follow [5], Proposition 3.3]. Define

V.= {p € FAG : dcc(p,aF(l)) < ;}, W = {p e FAG : dcc(p,aF(l)) >

N |~
—

so that |[FAG| < |[V| + |W]. We have

2 2

i [ decwor@ydy= ] [ deetp 0P M) dp= W,

U Jrac Uw

Next, by the compactness of F (1) and the definition of V, there exists a finite family of disjoint
balls Beeo(pj,1) with p; € OF (1), such that V' C UL, Beeo(pj, 51), due to the covering theorem in
[24, Theorem 1.2]). If I > rg recalling the property . we get

V| < Z |Beo(pj, 51)| = chc(51)4 =
j=1 =1 0 j=1

m ( 4 5[)4

i (F, Boc(pj; o)) < WCCﬁPH(Fa UL, Bee(py,mo)) < wee 03

To To

Py (F)

7j=1

where we have used the fact that the balls Boco(pj,r0) C Bee(pj,!) are disjoint. If I < g we
obtain similarly

VI <> |Bee(p;, 51)| = WCC* 2913

j=1
54 & 54 m 51
Swee5 ZPH(F, Beoc(pj,l)) < WCC7PIHI(Fa UTL, Beo(p), 1)) < MCCTPH(F)
=1
and the claim follows. O

4.4 The flat flow

We define the following discrete time scheme. Take a bounded set E € P, and consider any T}, (E)
minimizer of . Then we construct the following piecewise constant flows of sets

E te[0,h)
Th(E) t € [h,2h)

€[0,7] — Ep(t)  En(t) = T, (Th(E)) =: T2(E) t € [2h, 3h)

In order to have a unique selection, we choose each T*(E) to be (T*(E))* (equivalently we could
choose T*(E) to be (T*(E))™). Note that by Proposition item 4. the map t — Py(Fr(t)) is
monotone nonincreasing, that is
PH(Eh(t)) S PH(Eh(S)) 0 S S S t. (90)
Moreover Ej,(t) is bounded for ¢ > 0 by Proposition [4.3|(1) independently of h.
Remark 4.15. Recalling Remark [£.2] we infer that
1

Pa(m(E) + 3 [ ey OB < () (91)

By Lemma and in particular by in Remark [4.14] , we obtain for | < Cv/h, where C is a
constant depending only on the isoperimetric constant, the following holds for any k € N:

ITFH(E)ATF™(E)| < ClPy(T*(E)) + % /T s (8] dist(p, 0T (E)) dp
< ClPy(Ty (E)) + %h(PH(T,f(E)) — PH(TW(E))). (92)
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Remark 4.16. For sets A, B, C there holds: AAC C (AAB)U (BAC).
We provide the existence of the flat flow, as the time step h — 0, starting from E bounded.

Theorem 4.17. Let E € P be a bounded set. There exists a sequence h; — 0, and a constant
C > 0 only depending on isoperimetric constant and on py = Py(E), such that the iteration
scheme t — Ej,(t) converges to a map t — E(t) € P, E(t) bounded and such that

|[E@)AE({) <Ot —t)"2 Vit €(0,00), [t—t]<]1. (93)
In addition, if |OE| = 0, then holds also for any t,t' € [0,00), |t — /| < 1.

Proof. Let 0 <t <t such that 0 <t —t <1 and let us fix 0 < h <t/ —t with L%J > 1, where
for r > 0 we denote |r| := max{n € N,n < r}. Let us introduce k,m € N, such that k = [£] > 1

and k+m = L%J > 1. We introduce the following notation
[t]n := kh, [t']n :== (k +m)h, h<mh=1[t']p—[tln <[t —t'|+h<20t—1|

Note that by definition Ej,(t) = Ep([t]n) = TF(E), and E,(t') = En([t']n) = TE+T™(E).

We choose [ = M—CL% < CVh, where C is the constant in ([92), so that ml < C|t — '|'/2,
Now, we use estimate (92), Remark |4.16] and the fact that Pu(T*(E)) < Pu(E) = po (see (90)),
to get

|En () AEL ()] = |TFHE)ATE™(EB) <> |10 (B) AT H(E)

c
< Clpom + —h(Pa(T*(E)) - Pa(T*"™(E)))
< CPpolt — t'[1/2 + 2po|t — /"% = (C®po + 2po) [t — ¢'|'/2. (94)

By the a priori bounds given by , and by the fact that Ej(t) is bounded uniformly in h, we
may apply Theorem to get that for all ¢ > 0, there exists a subsequence (depending on t)
hy — 0 such that Ej,(t) converges in L' to some E(t). Using a simple diagonalization argument
we can find a sequence h; — 0 such that

_llm Ep, (t) =: E(t) vVt € QN (0, 00).

From we infer that
|[E@)AE)] < (C%po +2po)|t — /|2 Vit e QN (0,00), |t —t'| < 1. (95)
Using again Theorem and we extend univocally E(t) to (0, 00) such that
|[E)AE()] < (Cpo + 2po)|t —t'|Y2 Vi, € (0,00), |t —t'| < 1

holds, yielding .
Finally let us consider the continuity of E(t) at the initial time ¢t = 0. Obviously E}(0) = E for

any h > 0. Notice that by we have

/ dist(xz,0F)dp < h; Pg(F) — 0 for h; — 0.
En, (hi)AE

On the other hand by Theorem for a subsequence of h; (still denoted as h; for simplicity) we
have that xg, (n,) — XB in L'(H) for some B € P. By Fatou’s lemma we get

/ dist(p, 0E)dp < lim inf dist(p,OF)dp < liminf h; Py(E) = 0.
EAB ¢ JEAEy, (hs) !

This implies that dist(p, 0F) = 0 for a.e. p € B\ E and p € E \ B, which implies that B C E.
Moreover Since |[0E| = 0, it follows that xg = xp that is XE\Ey, (h;) — 0 In L'(H). Finally given
t € (0,1) we compute

| En, () AE| < |Ep, () AE, (hi)| + | En, (hi) AE| < Clt = hil /2 + | EAE, ()|
and passing to the limit we obtain |E(t)AE| < C|t|'/? as claimed. O
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4.5 Remarks on the consistency of the scheme

Following [7, [18, 4] a family of surfaces ¢t € [0,T) — X; = OE;, where ¥, is a surface in H, given
by the boundary of a C? set E; C H for every t € [0,T), evolves by horizontal mean curvature
flow if all its non-singular points p(t) € 3; \ (3¢)o move according to the velocity

Op(t) = —Hu(p(t), E)va(p(t)) (96)

where vy (p(t)) is the horizontal exterior normal to E; at the point p(t). If ¥; can be described as
the 0-level set of a function u, that is 3, = {(¢,p) € [0,T) x H : u(t,p) = 0}, differentiation with
respect to time of the equation 0 = u(t, p(t)) yields (recalling and (23))

0 = uy(t, p(t)) + Vu(t, p(t)) - dep(t)
= ui(t,p(t)) = Vu(t, p(t)) - Hu(p(t), Ex)

XuX +YuY
Aurtru¥

Vru(p(t))
[Viu(p(t))lg
(Xu)? + (Yu)?

=u; — HgVu -
Ut v [Viulg

|VHU|g
= w(t,p(t)) — Hu(p(t), )| Vau(p(t))|y-

Therefore away from the singular points u is a solution to the PDE

Ut

There are very few explicit examples of smooth evolutions by horizontal mean curvature flow.
A first trivial observation is the following. Every family of axially symmetric cylinders of the form
Cr)e={p=(z,y,2), \/:102 + 42 = \/r2 — 2t} is an evolution by horizontal mean curvature flow for
every t € [0, é) Indeed in every point of C(r); = OE(r); = 0{p = (x,y,2), /22 + 32 < V2 — 2t}
the horizontal mean curvature coincides with the euclidean mean curvature.

A less trivial example is the evolution of the Kordnyi sphere, obtained in [I8, Section 3.1].
Recalling the definition given in Remark the Koranyi sphere is

OBk (0,R) = {(z,y,2), (2*>+9°%)* +162> = R"}
and its evolution by horizontal mean curvature is
OB%(0,R) = {(z,y,2), (2% +y*)? +162% + 12t(x® + y*) + 12t* = R*}.

for t € {O, %) It is interesting to observe that despite the fact that Bk (0, R) € B (see Def-

inition [3.27), the sets B4 (0, R) for ¢t € (0, %) do not belong to B since the horizontal mean

curvature

2 2
His(p, (Bro)i(0, 1)) = — )+ 6
V2 +y2V/1 4 2412
is positive but unbounded and 8, B (0, R) = BX* (0, AR) holds.

In general we cannot expect to have smooth solutions to the horizontal mean curvature flow, so
weak notions of the evolutions have been introduced, mainly in the setting of level set formulation
and viscosity solutions [7, [I8]. We recall also some results providing optimal control interpretation
of the evolution by horizontal mean curvature flow, [16, 15 23]. In particular in [I8] existence
and uniqueness of the viscosity solution to the level set equation associated to the horizontal
mean curvature flow has been provided in the class of axially symmetric sets. More recently [4]
establishes a general uniqueness theorem and comparison principle for viscosity solutions to the
horizontal mean curvature flow, overcoming limitations near characteristic points by proving that
continuous viscosity solutions can be derived as uniform limits of approximating Riemannian flows.
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In this paper we provide the construction of the flat flow, Theorem which can be inter-
preted as another weak formulation of the horizontal mean curvature flow.

A natural question that we leave open is the consistency of the scheme we propose, that is
the flat flow, with the smooth evolution by horizontal mean curvature flow and with other weak
formulation of the flow, in particular with level set viscosity solutions.

The first problem would be the consistency with respect to smooth evolutions. First of all, we
observe that due to Theorem [3.5] we may define the evolution by horizontal mean curvature flow
for smooth sets as follows.

Definition 4.18. We say that a family of surfaces t — ¥y = OE;, where E(t) are bounded C®
sets is a smooth horizontal mean curvature flow if

atdE(t) (p) = diVHVHdE(t)(p> Vp € X(t) \ Xo(1),

where X (t) is the set of singular points in X(t) and dg is the signed distance function from E as
defined in (with respect to the Carnot—Carathéodory distance doc ).

We may define also smooth strict sub-and superflow of evolutions: a family X(t) = 9E(t),
where E(t) denotes a C? bounded set in H, is a strict superflow (resp. subflow) of the smooth
horizontal mean curvature flow in [to,?;] if there exists A D Usep, 4,12(t), such that dp) is

C*(A\ Usefto,1,1Z0(t)), and 6 > 0 for which

6tdE(t) > diVHVHdE(t) +0 (resp. 8tdE(t) < diVHVHdE(t) — 5)

for pE A \ Ute[tmtl]Eo(t), te [t07t1].
We expect that if X(t) = 0FE(t) is a smooth superflow, (resp. subflow) then there exists hg
such that for all h < hg, t € [to,t1 — h], it holds

E(t+h) C Th(E(t)) (resp. E(t+h) D Th(E()))-

Such a result could be obtained in the case of evolving smooth surfaces without characteristic
points, by adapting the calibration argument used in Proposition Nonetheless the validity of
a general result is at the moment unclear to us. We recall also that in [12] a new approximation and
regularization of horizontal mean curvature flow, similar to the Bence-Merriman-Osher algorithm,
has been proposed, and a consistency result in that case was obtained for smooth non-characteristic
evolutions.
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