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Abstract

The squared Wasserstein distance with respect to a fixed target measure is not a convex
function along Wasserstein geodesics over RY when d > 2. Still, in dimension d = 1, this
function is 2-geodesically convex. We prove that the square of the sliced Wasserstein dis-
tance (which is a distance constructed averaging one-dimensional Wasserstein distances) is
A-geodesically convex (possibly with A < 0) on sets of measures satisfying upper bounds on
their density, when the target measure satisfies some given geometric conditions. We also
present some consequences of this result in the study of the sliced Wasserstein flow.

Contents
1 Introduction and main results 2
2 Preliminaries 4
21 Notation . . . .. ... . . e 4
2.2 Preliminary results in optimal transport . . . . .. ... ... ... .. .. L. 4
2.3 Sliced-Wasserstein distance and sliced-Wasserstein flow . . . . . ... .. ... .. 7
3 Lipschitz bounds on v imply A-geodesic convexity of .7, 8
4 Lipschitz bounds on v[p] 9
4.1 Lipschitz bounds if the projections of v are bounded from below . . . . . . .. .. 9
4.2 Remarks about measures with projections bounded from below . . . .. ... .. 10
4.3 Lipschitz bounds when v satisfies Assumption (4.6) . ... ... ... ....... 11
4.4 Examples of measures satisfying (4.6) . . ... ... ... ... .. .. ... . ... 12
5 Proof of Theorem 4.4 15
6 Uniqueness of the SWF 22

*Dipartimento di Matematica “Tullio Levi-Civita”, Universita degli Studi di Padova, Via Trieste, 63, 35131 Padova PD, Italy.
cozzi@math.unipd.it

tUniversité Lyon 1, Ecole Centrale de Lyon, INSA Lyon, Université Jean Monnet, CNRS, ICJ, UMR 5208, Villeurbanne, France,
santambrogio@math.univ-lyonl. fr



1 Introduction and main results

Optimal transport is one of the richest fields in analysis, thanks to which many remarkable results
in different areas of mathematics were achieved in the last decades. The Monge problem, first
formulated in his “Mémoire sur la Théorie des Déblais et des Remblais”, aimed at minimizing the
average displacement needed for moving a certain distribution of mass (source) to a different
prescribed configuration (target): given two probability densities p,v € P(R?), a Borel map
T:R? — R? is said to be a transport map from p to v if the nonlinear constraint

v(A) = p(T(A))

is satisfied for any Borel set A. In this case we write Typ = v, and we say T is the “optimal
transport map” for the Monge problem with source p and target v, provided

[ e, nape) = inf [ 5,000

#

where c(x, y) is a positive cost function. When c(x,y) = |x — yf, with p > 1, the p—th root of
the infimum above defines a distance between probability measures, called the p-Wasserstein
distance, and denoted by W,,.

Wasserstein distances enjoy many properties that make them a useful tool in theoretical
research, as they metrize the space of probability measures with finite p-moments and provide it
of a geodesic space structure. At the same time, they are widely used in applications, being one
of the most common choices as a cost for machine learning. However, computing Wasserstein
distances in dimensions d > 2 can be a computationally expensive task. This is the reason why
many alternatives to the Wasserstein distance have been introduced in the literature.

One of them is the following: let p and v be probability measures in R?, both with finite
second moments. For any unit direction 9 € $~! we can define p® = (n%)sp and v = (%),
where 7%:R? — R is the canonical projection on the line 9R and the symbol # indicates the
push-forward of the measure. We define

1
2

SWa(p,v) = ( JC W%(ps,vs)do(S)) ) (1.1)

Here f stands for the averaged integral, i.e., fE dm = ﬁ fE dm, and do is the surface measure

on the sphere. We reserve o for this (d — 1)-dimensional measure and write H* for the k-
dimensional Hausdorff measure on other integration domains. It is well known that (1.1)
defines a distance over P»(IRY), the space of probability measures with finite second moments
on IRY, called sliced Wasserstein distance: this is comparable with the usual Wasserstein distance
W,, but it presents many advantages for applications, since it relies only on one-dimensional
transport constructions [KNSBR19; NDCKSS20; PS23; RM23].

Fix a target measure v € P»(RY). The main result of the present paper concerns the convexity
of the functional

1
F.(p) = 3SWi(p, )

along Wasserstein geodesics, under certain assumptions on v.
Here is an informal statement of the main result, which will then be presented as Theorem
4.4:



Theorem 4.4. Let M > 0, K = {p € Z2(RY):||plli=< M}, and v € P5(R?). Assume that v satisfies
the technical assumption (4.6). For any po, p1 € K, let p; be the constant-speed Wasserstein geodesic
connecting them. Then, it holds

A
F(pr) < (1 =1 F(po) + tF(p1) — Et(l - HW3(po, p1),

with ,
A== M,
where c is a constant only depending on v and not on py, p1, € K.

This is in contrast with what happens for the Wasserstein distance W, which, rather, is in
general not expected to be convex along geodesics when d > 2 [AGS05]. We stress here that, in
general, A is not expected to be positive and the convexity degenerates (i.e., A goes to —o0) as
the L bound M for the set K increases, as well as when we change the constants appearing in
the precise formulation of the assumptions needed on v, namely in equation (4.6).

An interesting application of this result concerns the study of the sliced Wasserstein flow
(SWF), which is the isotropic and continuous-in-time version of the Iterative Distribution Transfer
(IDT),first proposed in [PKDO07]. This is an algorithm based on a sequence of one-dimensional
optimal matchings between projections of two given measures along different axes, chosen
randomly at each time step.

More precisely: fix a time step T > 0. Starting from a probability density po, choose randomly
an orthonormal basis {ey, ..., e;}, and consider the projections (7'(? 0o, - - - ,nj;" po) =: (pé, e, pg).
Let (T', ..., T%) be the optimal transport map (for the quadratic cost) between (p}, ..., pf) and
(nglv, e, n;“v) =: (v1,...,v4). We now want to move each point x € spt py in the direction ¢;
of a displacement given by the displacement of the map T' at the point x - ¢;, and combine
these displacements for all the elements of the randomly chosen basis. To this aim, consider
oPT(x) := Y9 (Ti(x - ¢;) — x - ¢;)e; and define pt = (id + 10)po. Heuristically, one expects p? to be
“closer” than pg to v. Finally, we iterate the construction, obtaining a sequence {p;}x=0. When
k — +00, one expects (or hopes) to recover the target probability v.

Starting from this, Bernot proposed the sliced Wasserstein flow operating the following two
modifications: first, instead of choosing a random orthonormal basis, at each iteration, we
consider the collection of all projections {p3}sesi1 and {v*}gegi-1. Denoting by T* the optimal
transport map between pJ and v°, we define the isotropic version of the velocity field v/°T.
Namely, we compute

v[pol(x) := JE“(TS(JC -9) —x-9)8da(9), (1.2)

and define p] := (id + 7v(x))spo. We iterate the construction obtaining a sequence {p7 }i~o. The
second difference from the IDT algorithm consists in considering the continuous-in-time analog
of this construction, that is, we take the limit as T — 0* of the aforementioned sequence. Thus,
we obtain an absolutely continuous curve (p;)s>o that solves

{atp +V - (polp]) =0, (1.3)

p(0) = po,
This flow is expected to be an evolution which lets p; approach the target v, but it only

relies on one-dimensional constructions, avoiding the growth of computational costs when the
dimension d of the space is large (curse of dimensionality).



In Section 2.3 we will show that the sliced Wasserstein flow with target measure v corresponds
to the Wasserstein gradient descent for the functional .#,. This fact is relevant since it allows
to apply the theory of Wasserstein gradient flows to the study of the SWE. In particular, the
existence of solutions to the SWF was proved by Bonnotte in his PhD thesis [Bon13] by JKO
methods [San17]. In the same work he also proved bounds for the L norm along the flow (see
Theorem 2.6 below) and addressed some questions regarding the long time asymptotics and
uniqueness of the flow. Regarding the first of these two questions, we can mention [CS25], where
the authors proved that, if v is the Gaussian measure, the flow converges to v. Other results in
this directions have been obtained in [VKM25]. For what concerns uniqueness of solutions, as
a byproduct of Theorem 4.4, in this paper we are able to obtain the following

Corollary 1.1. Ifv € 2, satisfies (4.6) and py € P2(R?) N L*(IRY), then the sliced Wasserstein flow is
well-posed in L®(IRY), i.e., there exists a unique solution {p}so such that t = ||p¢llL is locally bounded.

This is just an example of the consequences of our A—geodesic convexity result. Among
others, we cite the fact that it also implies the convergence at a rate T in W, distance of the
corresponding JKO scheme to the continuous solution (from the theory developed in [AGS05])
and the fact that the functional SW7 can then be used in the flow interchange technique (see
[MMS09]), but we do not develop these directions in details.

The paper is structured as follows: in Section 2, we report the main results needed from the
theory of optimal transport, as well as some results related to the sliced Wasserstein distance
and the sliced Wasserstein flow. In Section 3, we will show how to obtain the geodesic convexity
of #,, once Lipschitz bounds on the velocity field v are known. In Section 4, then, we will
derive these very Lipschitz bounds, first on the class of probability measures with bounds in L?
under very strong assumptions on v. Then, we will state and comment the main result, Theorem
4.4, which requires more natural assumptions on v but holds under L* bounds: its proof will
be presented in Section 5. Finally, in the last Section we will prove Corollary 1.1 and, more
generally, discuss the uniqueness for the Sliced Wasserstein Flow.

2 Preliminaries

2.1 Notation

For a function u : R? — R smooth enough, we denote by Vu its gradient and D?u its Hessian
matrix. Moreover, for a map T : R? - RR?, its Jacobian matrix is denoted by DT. We denote
by “id” the identity map. When referring to the target measure v, we will denote by Ny(r) =
v¥((=o0, 7]), where v° = ngv. Similarly, for a generic distribution p, we use the notation Ry(r) =
p%((—o0,r]). We will often make an abuse of notation using p,v as a symbol both for the

probability measures or their densities, when no confusion can arise. We will denote by B (x)
the d-dimensional Euclidean ball centered at x with radius r. When there is no ambiguity, we will
write B,(x), and possibly just B, when x = 0. Throughout the paper “spt ” stands for the support
of a measure, i.e., the smallest closed set on which it is concentrated. Finally, for any p > 1, we
denote by p’ the Holder conjugate exponent: 1/p + 1/p’ = 1. We denote by w; = L%(B1(0)) the
volume of the unit ball in RY; thus ¢(5%!) = dwy.

2.2 Preliminary results in optimal transport

Given any open subset Q ¢ RY, we denote by #2(Q) the set of probability measures with support
contained in Q. For p > 1, we denote by £7,(Q) the set of probability measures on Q) with finite



moment of order p (in case Q is unbounded), so that we have #7,(Q) = {u € Z(Q) : f [xPPdu <
+00}.

Given p, v € 2(Q), wessay that T is a transport map from u to v, and that v is the push-forward
of u via T (and we write v = Tyu), if for every Borel set A C () we have

v(A) = w(T™1(A)

or, equivalently, if for any Borel map ¢: Q) — R it holds

fﬁmmm=f¢mmwm
Q Q

Definition 2.1. Let y,v € &2 (Q) and let ¢ : QO X QO — R be a continuous cost function . The map
T:R? — R is said to be an optimal transport map for the cost c if it solves the problem

msin {f c(x, S(x))du(x), S Borel map such that Syu = v}. (2.1)
Q

The map ¢ : R? — R is said to be a Kantorovich potential if it solves the problem

rg%iﬁ@@@+£¢@wm} 22)

where ¢°(x) := inf g {c(x, y) — P(y)}- ’
LetITy := {y € P(QXQ):py =, p;y = v}, where p'(x1, x2) = x;. We define the p-Wasserstein
distance from p to v to be

v ;
Wy (u,v) = ( f lx1 — xaf’ dn(xl,xz)) = inf ( f x1 — xaf’ dy(xl,xz)) :
QxQ VeIl \Jaxa

It is well known that W, defines a distance over &7,(Q) for any p > 1 (see, for example, [San15,
Chapter 5]).

Remark 2.1. The problems (2.1) and (2.2) do not always admit a solution. However, when they
exist, the two quantities defined by (2.1) with “min” replaced by “inf”, and (2.2) with “max”
replaced by “sup” coincide. Moreover, when a solution T to the Monge problem exists, then the
joint density 7 appearing in the definition of W, is the measure concentrated on gr(T) C Q X (),
where grT denotes the graph of T, namely grT = {(x, T(x)) € QX Q:x € Q}. As a consequence, if
T is an optimal transport map and ¢ is the Kantorovich potential for the associated problem, it
holds

Wﬁ(y,v):LIT(x)—xlpdy:L(p(x)dy(x)+L<p”(x)dv(x).

We are interested in the case Q = R? and c(x, y) = 3|x — y/*. In this setting we have a relation
between the optimal T and the optimal ¢ (which is differentiable almost everywhere with respect
to the source measure, when it is absolutely continuous) which is

T(x) = x — Vp(x). (2.3)

In particular, we have T = Vu where u(x) = %lez —@(x), and one can check that u is convex. This
is summarized in the following celebrated theorem.



Theorem 2.2 (Brenier’s theorem, see [Bre87]). Let u, v be two absolutely continuous probability
measures in 2(RY). A map T:R? — R such that Tyu = v is optimal for the optimal transport problem
(2.1) with the cost c(x,y) = 3|x — yI* if and only if there exists a convex function u: R — R such that
T = Vu a.e. Moreover if this is the case, then u must satisfy the Monge-Ampére equation

v(Vu(x)) det D*u(x) = p(x)
a.e. on R

For the one-dimensional problem, we are able to characterize optimal transport maps. A
detailed analysis of the one-dimensional case is available in [San15], Chapter 2.

Theorem 2.3 (Brenier’s theorem in d = 1). Let u, v be two probability densities with finite second
moments. Then there exists a unique non-decreasing transport map from u to v, which is optimal and
given by

T(x) = FSV (Fu),
where Fy,(x) = p((—oo, x]) and F"1(y) = inf{t € R: F(t) > y}.

The metric space (% (R%), W,) is a geodesic space, namely: given any two elements po, p1 €
P5(RY), there exists a curve p;: [0, 1] > Z(R?) connecting them with the property that

Wa(ps, pt) = It —=sIWa(po, p1) forany0<s<t<1. (2.4)

Definition 2.2. A curve satisfying (2.4) is called constant speed geodesic from pg to p1.
A functional .Z: 2,(R%) — R is A-geodesically convex if for every two points py, p1 € Z(RY)
there exists a constant speed geodesic p(t) connecting p(0) = py and p(1) = p; such that

Flp) < (1= DF (o) + t7(pr) = 511 = Wpo, ). @5

The case in which A > 0 is generally referred to as strong convexity, whereas for A = 0 we
recover the usual definition of convexity. If t = % (p;) is twice differentiable, (2.5) is equivalent

to
2

d
@j(()t) > AW3(po, p1)-

The convexity of a functional over the space of probability measures, though not being essential
for proving the well posedness of the associated gradient flow in the Wasserstein space, is
the typical assumption under which uniqueness and contractivity results may be obtained (cf.
[AGS05; San17]).

Throughout this paper, we will make use several times of the following two results.

Theorem 2.4. [San15, Theorem 5.27] Let po, p1 € P2(RY) with po absolutely continuous with respect
to the Lebesque measure, and suppose there exists an optimal transport map T for the quadratic cost
c(x,y) = |x — yP?, i.e., a solution of (2.1). Then, the unique geodesic p;:[0,1] = 2»(IR?) from p(0) = po
to p(1) = p1 is given by
pt = (T)spo,
where
Ti(x) = (1 - t)x + tT(x)
for any x € spt po. Then T} is injective for t € [0,1) and the curve (p;)so solves
atpt +V- (pZU) = 0,

where wy(x) = (T —id) o T;!(x).



2.3 Sliced-Wasserstein distance and sliced-Wasserstein flow

Given two probability measures y,v € Z,(IR%), we define their sliced Wasserstein distance as
in (1.1). As said in the introduction, the sliced Wasserstein distance does not coincide with the
classical W,. However, the two distances generate the same topology (see [BG21]). Moreover,
whenever spt i, spt v C B(0, R), there exist an exponent @ > 0 and constant C(R) > 0 such that
it holds C(R)Wa(p,v) < SW3(u,v) < Wi(u,v) (see [Bonl3, Chapter 5] and [CFMW25]). Many
properties, which highlight surprising differences in the behavior of SW, compared to W, have
been studied in [PS23]. We also mention the possibility of defining a p-sliced distance SW,, via

1/p
SW, = ( Jg A (n3>#v>da<9>) ,

which is sometimes more convenient for sharp comparisons with the standard Wasserstein
distances (see [CFMW?25]). Also, a distance of the form

}7
SWha(u,v) = ( Jgd ; WZ(MS,VS))

can be introduced, with a particular interest when g = +o0, in which case one wants to maximal
Wasserstein distance among projections.

In this Section we want also to show that the velocity field associated with the SWF corre-
sponds to the velocity field of the gradient descent for the functional .%,. Namely, we claim that
v[p:](x) as defined in (1.2) coincides with the negative gradient of the first variation of .%,:

5.F,
op

Indeed, since the first variation of the functional p - 1 W3(p, v) is the Kantorovich potential for
the transport problem from u to v (see [San15], proposition 7.17), we get

5.F, ~ 10W3(p°,v) _ s
o)) = | 3 g Mo = £ o 9)a(o),

where we denoted by ¢° the Kantorovich potential between p® = (n°)sp and v° = (%)uv.
Using also (2.3), this in turn leads to

a7
i) =- £ @69 = £ (T 9) - x-9) 8o,
6p Gi-1 Gi-1

which is precisely the velocity field defined in (1.2). Therefore the SWF with target v and source
po corresponds to a solution of (1.3)

We conclude this section recalling the main result on the Sliced Wasserstein Flow, obtained
by viewing it as the gradient flow of SW2, which provides existence together with L? estimates
for the solutions:

-V (p) = JC (To(x-9) —x-9)3do(I) for any x € sptp.
Gd-1

-V

Theorem 2.5. [Bon13, Theorem 5.5.3] Let v € 22,(R%), p € [1,+00]. Given an absolutely continuous
probability measure py € P, (IRY), there exists a continuous curve (p)e=0 solution of (1.3). Moreover, for
each time t > 0, the measure p; has a density in LV and

lpell < € Va7 | pollLs- (2.6)

Remark 2.6. In [Bonl13], the above result is proved under the assumption that v is strictly

positive and supported in B(0, 1). However, since the estimate obtained does not depend on this
condition, by approximation we can deduce the theorem in the form in which we presented it.



3 Lipschitz bounds on v imply A-geodesic convexity of .7,

In this section, we show how to derive the geodesic convexity of .%, when the velocity field v is
Lipschitz continuous in space. Lipschitz bounds on v will in turn be obtained in Section 4.

Lemma 3.1. Let v[p] be defined by (1.2). Assume that K C 2,(IRY) is a geodesically convex set and that
forany p € K

Lip (U[p] + %i) <L

Then p — #,(p) is A-geodesically convex on K for A = 5 —

Proof. Let po, p1 be two probability densities in K, and let (p;)s0 C K be the Wasserstein geodesic
connecting them. Let T be the optimal transport map from pg to p; and T; := (1 —t)id +¢T. Then,
by Theorem 2.4 p; solves

dipr + div(wipr) = 0,

where w;(x) := (T —id) o T;}(x) . We have

d 5.7, 0.7,
Eyv(Pt):fw(Pt)a’tpt:fva(ﬁ)t)‘wtpt=—fU[Pt]'tht,

2
;?fv(Pt) =— f&tU[Pt] CWepr — fv[pt] . &t(wtpt) ) o
=1

=l =l
The term I, can be estimated as follows; let v be a time independent vector field, with the

property that
HD(E(x) ; g) <L

Loa
Then,

— f 5p = g [ 5T id)T7 @) Tapn
BT )+ (T6) = 90 = [ (169 =) DATL) (1) -
- f (1) =0-D 5+ ) T - po - 5 [ 176 - afpo
< (L— %)flT(x)—xlz 00.
Taking 7 = o[p;], we obtain

L=~ f olpi - aiwp) = (3 - L) WGpo, o). (32)



On the other hand, we claim that I; is negative. Indeed,

= [oeto-wp= [0 £ Tustx- 994000) oipua

=f8t[ Ngl(Rtls(x-S))Sda(S)]-wtpt dx
g1

o ys<stt(]/)dy Jo(9) d
fJg vS(wx gy 0 o)

ys<xs div(w;p;) z:ly‘9 (S
- w o X.
-/ Jg ATy o)

By Fubini, we change the order of integration and perform the integration on level sets x - 9 = c:

—+00 1 .
- Jgdl fm m (fy«%c div(wepy) dy) (LS_CS - WPt dx) dcdo(9)

+00 (3.3)
1 2
- JEM Im —VS(Tt,S(C))(fx-S—CS - WPy dx) do(9)dc <0.
Combining (3.1), (3.2) and (3.3), we obtain
2 1
ﬁfv(Pt) > (o_i - L) Wa(po, p1)-
O

4 Lipschitz bounds on v[p]

In this Section, we present two results, both giving bounds to the Lipschitz constant of v. First,
we state and prove Lemma 4.1. This result shows that .%, is a A-convex functional on the set
of measures with bounded L¥ norm if v has projections bounded away from zero. Then, we
state Theorem 4.4, which instead proves A-convexity on the set of measures with bounded L
norm, provided that v satisfies a certain weaker condition, involving bounds on the density of
v itself and not of its projections. Indeed, we will see that lower bounds on the projections are
very demanding: if v is bounded from below and above on a bounded domain, most of the
densities of its projections will vanish on the boundary of their support, because the measure
of the section tends to 0. Even more strikingly, the existence of measures with lower bounds on
the densities of the projections is very restrictive, and is essentially a two- or three-dimensional
affair. The precise conditions on v will then be the object of study in the last part of this Section,
where we will present some remarks and provide examples.

4.1 Lipschitz bounds if the projections of v are bounded from below

Lemma 4.1. Let v[p] be defined by (1.2), v € Po(R?), and K = {p € Z2(R%):|lpllr< M}, for some
p >d, M > 0. Assume that, for almost every § € $%1, the support of v° is an interval Iy, and that
¥ > ¢p > 0 almost everywhere on Iy. Then, there exists L = L(co, M, p, d) such that, for any p € K,

Lip (v[p] + %i) <L

and F, is A-geodesically convex on K with A = 3 — L.



Proof. Deriving the relation (see Theorem 2.3)
Ns(Ts(r)) = Rs(r) for any r € spt p°,

we deduce that 0
o PO
B0 = 5w,y

Therefore,

Dolp](x) + %‘ - ‘ Jgd_l Ty(x- 9)9® s' < Jgd_l ‘T’S(x : S)|da(8)

G 1L

< ff}” VS(TS(X- \9)) dU(S) < % f(y] P (x S) dO'(S)

) lf f f p(x + e dr a2 do(9) = G- D@ [P
Co Jsgi-1 Je.9=0 Jo

dwco e —yl 7"

where we used [CS25, Lemma 5.1] to obtain the last equality. Moreover, if p € L? for p > d’, we

have
p(y) dy < f p(y) dy + f p(y) dy
e =yl B X~ Yl Bo oy X = vl

1 1 “.1)

1 % Pl 4_q 1

< —d Fd = <c(d,p)RV + .

([ o) (L] +xzcamestoney

Optimizing over R > 0, we choose R = ||p||£:7 (cd,p)(=1+d/ p’))‘%, thus obtaining
v oG
R P BT (c(d, pXd—p )) L aw
dwgco R X =Yl dwgco d-p v

forany p € K. Since K is geodesically convex (see, for example [San15, Chapter 7]), we can apply
Lemma 3.1 and deduce the claim. o

4.2 Remarks about measures with projections bounded from below

We collect here some remarks regarding measures v € P, (IR?) satisfying the condition (appearing
in Lemma 4.1) that v°(r) > ¢y > 0 for a.e. O € $¢'. We will also focus on the case where the v*
are the uniform measure on a same interval.

Remark 4.2. We do not expect that measures with the property that v° > ¢ > 0 for a.e. 9 € §¢7!
exist in R? for d > 3. We will show in this remark that this is the case when we strengthen
condition (4.8) replacing it with the following property (which in turn implies (4.8)): for almost
every 9 € $7°! there exists an interval I such that

vW>¢ onlg

W=0 onR\I 43)

C:= ﬂ {x-9e€ly} isuniformly convex
91
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Indeed, for any 9 € 57!, let ry = sup -x-9 and xs € JC be the boundary point such that
x99 =rg. Then, consider Sy, = {x € C:|x- 9 —ry|< €}, which is a slice of size ¢ > 0 containing x;
initsboundary. Since, by assumption, C is uniformly convex and smooth (notice that without the
assumption it would just be convex), givenany ¢ > 0, forany ball B, z(xs), itholds Sy . C B z(xs).
By (4.3), we have that v(Ss,) 2 ¢, and hence v(B z(x3)) 2 ¢. We now consider a collection of
points {y;} C dC such that |y; — y;|> 2 ve. The number of such points is of the order (Ve) @D,
since dC is a d — 1 dimensional surface. Define (9C), = {x € R%: dist(dC, x) < ¢}. Considering the
above argument for any ball B (y;) we obtain that

_d-1 _d-1
3 3

1=9(C) 2 W((@0)) > Y vByy)z Y ez e™,

i=1 i=

[y

where we denoted by > inequalities holding up to multiplication by a dimensional constant. By
arbitrariness of ¢, we deduce that it is necessary to assume d < 3. Moreover, when d = 3, we
also observe that v must give positive mass to JC.

Remark 4.3. The measure v with uniform projections (i.e., v°(r) = x[-1/2,1/2)(r) for any 8 € §¢°1)
satisfies (4.3): by Remark 4.2 such a measure only exists when d = 2,3, and in this case the
set C mentioned there coincides with the closed ball of radius 1/2 centered at the origin. More
precisely, for d = 3 the measure v is the uniform probability measure on the sphere of radius
1/2, and for d = 2 it is an absolutely continuous measure with density v(x) = -

— for
ny1/4 — |x|?

|x|< 1/2, and zero outside this ball. One can check that in this case we have

SW%(p, V) |x[? W4i-1 1 d
= | pgr@dx- f f pPp(WY)lx — yldxdy + - forany p € Po(R").

For V(p) = [ V(x)dp(x) and W(p) = [[ W(x - y)dp(x) dp(y), we have that
5V oW
E(P) = V(x), 5(9) =2W=p.

Hence, the velocity field of the associated SWF is

olple) = =5 + ZEEVW « p(a) (44)
where
W(z) = |z]. (4.5)

4.3 Lipschitz bounds when v satisfies Assumption (4.6)

As usual, in the following result we set v° := (11%)sv (and identify it with its density) and denote
by Ny(r) the cumulative distribution of v°, i. e., Ny (r) = f_y - v¥(s) ds.

Theorem 4.4. Let M > 0, K = {p € Z2(R%):||pllr=< M}, and v € P5(RY). Assume that there exist
0<a<(d-1)/d,« > 0such that

V2 (r) = x (min{Ng(r), 1 — Ny(r)})" forae. S € S9! and every r € R. (4.6)
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Then, %, is A-geodesically convex on K with

1D
A= d (1— ;le)KMd,

where c(d) is a constant depending only on d.

We postpone the proof of Theorem 4.4 in Section 5. Rather, here we provide some remarks
on condition (4.6).

Remark 4.5. If v satisfies (4.6), then v must be compactly supported. Indeed, since Nj = v*,
assumption (4.6) is equivalent to

N§(r) > x min{(1 — N(r))*, N(r)"}.
Moreover, since lim,_, ;. N(#) = 1, for r large enough this leads to
N4 (r) > x(1 = Ny (r))". 4.7)

This in turn gives (1 — N)!™® < —c < 0, and it is not possible to have a nonnegative solution of
this differential inequality on an unbounded domain for a < 1.

Remark 4.6. We could relax assumption (4.6) by asking that v¥(r) > xg(min{Ny(r), 1 — Na(r)})
where g(t) satisfies the following properties:

1. g(ct) > c*g(t), for some o € R,

2. g(t%) €L .

4.4 Examples of measures satisfying (4.6)

Example 4.7. (Projections bounded from below) Let v be compactly supported with the property
that spt v¥ is an interval I for any 9 € 5?1, and there exists k > 0 such that

V(1) = o
for almost any 9 € $7-1, r € Iy. Then one trivially has
vs(r) 2 coNg(r), (4.8)
since Ny(r) < 1, for any a € [0,(d — 1)/d).

Example 4.8. (Prescribed behavior near the boundary of their convex support) The following
Lemma, whose proof is presented at the end of this list, holds true

Lemma 4.9. Let v € 25(R?) be such that spt (v) C C C R? where C is a uniformly convex, smooth set.

Foranyr >0, let C, := {x € C:dist(x,dC) < r}. Assume there exist ro,c1,c; > 0and 1 > B > —1 with
S+p d-1
Glip, d

, (4.9)

such that the restriction of v to C,, is absolutely continuous with respect to Lebesgue measure, with
density satisfying

c1 dist(x, dC)Pr < v(x) < ¢ dist(x,dC)P>  forany x € C,,. (4.10)
Then, v satisfies (4.6).
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Example 4.10. (Densities bounded on their convex support) We can take 51 = f, = 0 in Example
4.8. Therefore, assumption (4.6) is satisfied by measures with support contained in a smooth
and uniformly convex domain C for which there exist 7o > 0 and 0 < ¢; < ¢, such that

1 <v(x)<cp foranyx € Cy.

Proof of Lemma 4.9. In the following, the symbols “X” and “<” will denote inequalities holding
up to constants only depending on the dimension, on the set C and on 7.

Given any 9 € 577!, denote by ¥ = infier{v®(t) > 0}, 7 = sup, {v*(t) > 0}.

We distinguish three cases:

1. re @ +ry,1d —ro),
2. re(,rd +r),

3. re(rd —ryrd).

In each of these three domains, we will provide estimates from below for v¥, and estimates from
above for N®, in the order, thus finally deducing the desired comparison.
Estimates from below for 1°:

1. Up to reducing the value of rj if needed, for r € (r° + 1, ri — 1), the set Ss(r,1y) := {x €
C:x-d=rv, %ro < dist(x, dC) < ro} has (d — 1)—measure which is at least cry. This provides,

by (4.10),
V() = f V() = f V) 21"
xeC: x-9=r Ss(r,no)

2. Forr e (r%,7° + ry) one has

vi(r) = f v(x) = f v(x) = ¢ f dist(aC, x)P.
xeC:x-9=r xEC,O:x-S=V xGC,U:wa:V

By the smoothness of C, for any r € (%, 7% + 1), there exists a (d — 1) dimensional ball Bg_l)
with radius |r — r®|"2< R < |r — 2|2 such that Bg_l) c Cy, N{x -9 =r}. On every point of
this ball we have dist(dC, x) < |r — |, but if we restrict to a ball of radius R/2 we also have
dist(dC, x) 2 |r — r°]. We then obtain

V() 2o f r — rfl’f% clr = PP+ s (4.11)
B

R/2
3. On (r} — 1y, 7), we can repeat the same argument and obtain
V) 2 alr - PrT. 4.12)

Estimates from above for Ny, 1 — Nj:

1. Forr € (r¥ + ro, 73 — rp) it trivially holds

Ng(r) <1, 1-Ny(r)<1.
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2. We start from an estimate from above on v°. For r € (+%,7° + 1), we have that

VW) <o f dist(x, dC)* dx,
xeCx-S=r

where we used that for suchanr wehave C,, N{x- 3 =1} =CnN{x -3 =r}. If f 2 0, then
one has that dist(x, dC) < |r — ¥| for any x € C,, N {x - 9 = r}. Moreover, by the uniform
convexity of C, for any r € (r%,7° + 1), there exists a (d — 1) dimensional ball Bg_l) with
radius |r — r*[12< R g |r —r* Y2 such thatCNi{x- 9 =71} C Bg_l). Thus

d-1
vi(r) < sz Ir — 2P dx < sz Ir =P dx < colr — 2247 (4.13)
xeCix-9=r Bﬁf’”

If instead, p» < 0, we need a more refined argument, since upper bounds on the distance
to JC are not anymore what we need, and we cannot restrict to a smaller ball on which
we can easily estimate from below such a distance, as we did when we were bounding v°
from below. We note that the function x > dist(x, dC) is concave (see Lemma 4.12 below).
This function takes value 0 on the relative boundary of CN {x : x- ¥ = r}. Moreover, there
isapoint yp € CN {x : x- 9 = r} such that dist(yo, IC) 2 |r — 73|, that can be taken to be the
projection onto the hyperplane {x : x -8 = r} of the point xy € JC realizing the infimum
in infycyc x - 9. This means, by concavity, that for every x € CN{x : x93 = r} w have
dist(x,dC) 2 |r — r[u(x), where the value u(x) is defined as follows: let y(x) be a point in
the relative boundary of C N {x : x - 9 = r} such that the segment [y, y(x)] passes through
x, and define u(x) := |x — y(x)|/|yo — y(x)|.

We then obtain
() < f Ir — 2 P2u(x)P.
xeCix-9=r

We then notice that we have |Vu|> 1/R, where R is the radius of the ball Bf{l (yo) containing
Cni{x : x-9 =r}and then

1 1
f u(x)? <R f u(x)2|Vul= R f tP2Per({u > t})dt < R - R%2 f th2dr.
xeC:x-S=r xeCx-9=r 0 0

Here we used first the coarea formula and then the fact that the sets {u > t} are convex sets
homothetical to CN{x : x-9 = r}, so that their perimeter is smaller than the one of the ball
containing the latter set. Finally, we use , > —1 for the finiteness of the integral, and we
then obtain

V(@) < lr =PRI > |r — rflﬁ”%l.

Using the previous estimates, we deduce

9

r r—7
L c )
Ny(r) = f vs(s)ds < f CzSTlJrﬁ2 ds < ) 2 |r — rf|%1+l32‘
- 0 T th

3. Forr e (r —ry, 1)), one similarly has

C2 9 il
1 —Ns(?’) < Eh’_'_ —1’| 2 ng.
2

Comparing v¥ and Ny:
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1. On (r® + g, 1Y — 10), it holds

V() 2 ﬁlci T ﬁli oo min(Ns(r), 1 - No()*,

for any a € (0, (d — 1)/d);

2. On (r°,7% + r9), denoting by « a constant only depending on v, it holds

] dlapy
v3(r) 2 kNg(r) T = xmin{Ny(r), 1 — Ny(r)} T 2.

3. On (¥ —ry,7Y), one similarly has

Slapy
v3(r) 2 kxmin{Ns(r), 1 — Ns(r)} 5 2.

Imposing condition (4.9), we obtain the claim. ]

Remark 4.11. From the proof of Lemma 4.9 we deduce that, in the case when p; = >, = §,
assumption (4.6) is satisfied as soon as max {—1, —‘%} <B< ”%1.

Lemma 4.12. Let K be convex, and let R(x) = dist(x, dK). Then R is concave on K.

Proof. Given x,y € K, we have B(x,R(x)), B(y,R(y)) ¢ K. Then, by convexity of K, we have
B(tx + (1 = t)y, tR(x) + (1 — )R(y)) C K, which shows R(tx + (1 — t)y) > tR(x) + (1 — )R(y), hence
the concavity of R. |

5 Proof of Theorem 4.4

We will prove the following Theorem, which is a sufficient condition to obtain Theorem 4.4:

Proposition 5.1. Let K = {p € Z5(RY): [|pll~< M}, for some M > 0. If v satisfies (4.6), then there
exists a constant c(d) > 0 depending only on d, such that

, id c(d)
Lip (U[p] + E) < —<1 - a_d) .

=

Mi =L (5.1)

-1
for any p € K. In particular, F, is A-geodesically convex on K for A = 3 — L.

Proof. Thanks to Lemma 3.1 and the fact that the set K is geodesically convex, we just need to
prove that (5.1) holds true for any p € K and any v satisfying assumption (4.6). By definition of
v[p,v], fixing a point x € spt p, we have (the first inequality is obtained as in the proof of Lemma
4.1)

id p°(x-9)
DU[p](X) + E‘ < Jgd_l m dG(S)

1 pO(x - 9)
SK ng (min{Ng(Ts(x - 9)), 1 — Ng(Ts(x - 9))})* do(9)

_1 ps(x -9)
Tk Jgn (min{Rs(x - 9),1 — Ry(x - 9)})* do(9),
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where in the last equality, we used again the relation
Ns(Ts(r)) = Rs(r) for any r € spt p‘g.

Denoting by x*(9) = x {Rs(x~8)51/2](‘9) and x~(9) = X(rs(x-9)21/2)(9), we obtain

. S) + 1 pS(x . 9) B
DU[P (x) + _' g1 Rs(x S)aX ®) d(f(\g) + E ﬁ_l m){ ) dO‘(S)
1 ps(x ) S(x . ‘9)
<- g1 m do(9) + o m do(9) (5.2)

2 pP(x-9)
_; JLS:H Rs(x . \9)“ dG(S)I

where the last equality was obtained by symmetry. For any e € $?~!, define

my(e) = fom plx + er)r 2 dr. (5.3)

We have that, for any 9 € 7!
P9 = [ mdne,
e-9=0

Ry(x-9) = fs 0f0+w p(x+er)rd_1 drdo(e).

Here and below, integrals over equators {e € $7! : e- 9 = 0} and their subsets are taken with
respect to %2, while integrals over hemispheres use 0. When d = 2, H? is counting measure.
Applying (5.4) in (5.2), we obtain
d<2J[ [ o mx(e) dH 2 (e)
gi-1 (

. fg.SSO fo px +er)yri-tdr da(e))

(5.4)

Do[p](x) +

_do(9). (5.5)

d ‘ T x
Consider now

q(M, my(e)) := Oglfllng{ fo‘ ‘U(T)Td_l dr: fo‘ |u(1’)1’d_2 dr = mx(e)}.

The above infimum is achieved by u(r) = Mxr)(r). Here, necessarily,

(@ = Dmye)\™
R= ()

since
+00 R M
my(e) = Mf X0 R)(r)r"l_2 dr = Mf P 2dr = ——R"L
O ’ 0 d - 1
Therefore,

(M, () = M™71 wmx(e)ﬁ (5.6)
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Recalling (5.3), and thanks to (5.6), we are able to estimate the denominator on the right hand
side of (5.5), obtaining

: * M () dH2
Do[p](x) +% SZd—MMJC fes oM (e) (e) ()
d-1rix Jsit (j; <0 mf1 (e) dg(e)) -
c(d) M JC [} oo Mx(e) AH(e) o .
Sd 1 da 7

([ ozomx(e)do(e))™
where ¢(d) > 0 denotes a constant depending only on d (the term (d—1) # can indeed be bounded
uniformly for 0 < o < (d — 1)/d).

We first present the proof in dimension d = 2, for the reader’s convenience. Next, we will
generalize the same argument to any dimension.
Proof in dimension d = 2

Since in this case it holds

JC f oo Mx(€) AHT2(e) 4(5) = JC 1,(9 + 10/2) + my(9 — 11/2)
Gd-1 Gl

(©do@)"" (L2 modo@)

da(9),

e S<0
the idea is to estimate this integral in the variable 3 writing the numerator as a derivative of the
denominator. Fix an orthonormal basis (e, e;) of R?>. We parametrize sl defining O(eq, e2,t) =

e1cos t+ep sint. Define A(ey, ex,t) = {e € 897 :e-O(eq, 2, 1) < 0}, and A*(e1, ex, 1) = Aler, e2,1) N{e €
$4-1:¢. e, > 0}. Define also

Perer () = f my(e) do(e).
A+(€1,£’2 t)

The function ¢ is positive, decreasing for t € [0, 71/2) U [31t/2, 21) and increasing in [1t/2, 37t/2).
Moreover it holds

6(61/ €2, t) = 6(61/ —e7, _t)/

enes(F) < f my(e) do(e),
4 Aley,ea,t) ) ( ) (58)

0%, 0, O F|@s, o, ()] = f my(e) dAH2(e).

e-0(e1,e2,t)=0

Incidentally, let us note that two of the above identities have been obtained by exploiting
the symmetries in our construction when considering an orthonormal basis with a different
orientation with respect to the fixed one. This trick, even if more involved, will be the same at
the core of the identities in Lemma 5.2, needed for the construction in dimension d > 3.
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We return to the proof in dimension d = 2. By our definitions and (5.8), we have

f [ male) deH- 2<e> f f s MO FHZ)
Sl es<0mx(6)d0(6) A(e ezt)mx(e)do(e))
270 270
_ f 9%, ¢, ()] _dr+ f g, e, (=) _at
VPR CLLC) " ([ (0 d0(@) (5.9)

< fzn |(Pé1,€2(t)| dt + fzn |(P;1,—Ez(_t)| dt
0 (Peyer(t) )za 0 ((Pel,_f—’Z(_t))za
1 1-2a 1 1-2a
< 75TV [eh 2]+ r=5 TV [0l 2],

Where TV stands for the total variation. Using the piecewise monotone behavior of t = @, ., (f),

we have TV [9031 322“] <2 (maxte[o,Zn) @el,eZ(t))l_za. Then, by [CS25, Lemma 5.1] it holds

Py
tg[})azx)(pem(t)<ff p(x +er)drdo(e) = | =l dy. (5.10)

Applying estimate (4.2) with p = oo to the right hand side of (5.10), we deduce the existence of
a constant ¢ such that
hax P, o) <cMz, (5.11)

and the estimate does not depend on the chosen basis (e;, e;). Combining (5.7), (5.9) and (5.11),
we conclude the proof of Proposition 5.1 when d = 2.
Proof in dimension d > 3

Define E to be the (2d—3)—dimensional set in R? given by couples (ey, €2) € $71x$%! such that
e1 -e; = 0, and endow it with the restriction of H2=3. For any given triplet (ey, e2, t) € E x [0, 27),
define O(e1, e, t) = e1 cost + ey sint. For fixed ¢, the fibres of (e1, e;) = O(e1, 2, t) carry H2; the
fibres of the full map O : E X [0,2r1) — $%! carry H“!. All these measures are induced by the
Euclidean product metric. As before, define

Aley, e t)={e e gl O(e1,eo,t) <0},
A*(e1,ex,1) = Aler,e2,1) N{e €8 e-e, >0},
dA(e1,e2,1) = le € 89 e O(eq, €2, 1) = 0},

9" Aer, e, 1) = dA(e1,ex,1) N{e € $ e e, > 0).

Since no ambiguity can occur, we will simplify the notation, removing the dependence on ¢;, t.
We introduce again the function

Pey e (1) 32[ my(e) do(e).
A+

Notice that ¢, .,(t) is a positive function, decreasing for t € [0, 7/2) U [37t/2,27) and increasing
in [11/2,37/2). For the rest of the proof, we will make use of the following

Lemma 5.2. Let my, @, O be defined as above, and (e1, e;,t) € E X [0,27]. Then,
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1. There exists a function h:IR?> — R such that, for any t € [0,27), and for any ey, e, € E, it holds

f m(e)h(e - e1, € - e2) AH ()| = |}, ., (1)
JtA
2. Fixt €[0,2m). The value of

f h(e-er,e-e2) dAH (e, e2)
0(ey,e2,H)=9,e:¢2>0

is constant with respect to (e, d) € E.

3. There exists a dimensional constant c(d) such that, for any two given measurable functions f, g it
holds

f(elr 62/ t) 2d-3
d — =~ AH ,e2)dt,
Jgd 1 <9> =@ ], oo 36612 D) (er,e2)

where

79 = f Fler ez, ) dH (o1, e, 1)
O(eq,e2,t)=3}

We postpone the proof of Lemma 5.2. Combining the results therein contained, we can now
conclude the proof of Proposition 5.1. Fix t € [0,2m). Using the fact that, for any (e;, e, t) €
E x [0,2m] it holds

Peren(l) < f my() do(e),
A

together with point (1) of Lemma 5.2, one obtains

f 90O s s ffa+Am(6)he ceepirice |
E

da da

Par O £ (fim@do@)™

Integrating both sides with respect to t € [0,27), we get

- hie - e d d-2
f f [ @4 o ()] S e, e dt > f fa+A m(e)h(e - ey, e 82):{ (e) APy ) |
E (Qeye(£) 5 EX[02m) ([, m(e)doe))"

Applying point (3) of Lemma 5.2 to the right hand side of the above expression, we deduce

27 ’ t
f —| (PEMZ( )b!a, d?‘[zd73 (61, 62) dt
0 E ((pé’l,ﬁ’z (t))E

L oo MO 010 ) 20
> c(d) —= AH Y (ey, ez, t) do(9)
d-1 da
S (e1,e2,1):0(eq,e2,t)=9 (_LSSO m(e) do_(e))d—l

1 Lm0 5€) fiy o yotnir-s sz M€ - 1€ e2)AH e 2,0 dH2(e)
da_
s (L_SSO moe) dg(e))dfl

= c(d)

do(9)].
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Finally, by point (2) of Lemma 5.2, we infer that

<€) dAH2(e) 2
f foam@aHZe o f f b O s, o
G-

da da

(oo mete) dote)™ (Peyea (D)

C(d) max |(pe1 eZ(t)' i AH?3(e1, e2).

< d
a
1- o5 JeteO2m)

On the other hand, using again [CS25, Lemma 5.1] together with the estimate proved in (4.2)
with p = co, we have

e -2 P(y) 1/d
max Qg () < o p(x +er)r"“drdo(e) = N dy < cgMHe.

te(0,2m) alx =yl
Therefore, it holds
_ da
f maxie, o O dH ey, e0) < f TAH? B (e, 0) < c(d)MiTET. (5.12)
Finally, using estimate (5.12) in (5.7), we obtain
d 1
Do[p](x) + — ' Ldl Mz,
-1)x
which concludes the proof of Proposition 5.1. |

Proof of Lemma 5.2. Here we prove the results contained in Lemma 5.2:
1. Fix (e1,e2) € E,t € [0,2m). For any e € $7-1 define feere,(t) =€ O(e1, 2, ). We have that

d d
GPe®= 4 [ m@can o fn o

=— f M(€)00(fe,er,e,(t))(—€ - €1 5int + € - €, cos t) do(e)
{e-e2>0}

Imposing fee, ., () = 0 (in order to have a non-zero integrand), we can write cosf,sinf in
terms of e - e;, ¢ - €5, obtaining

NGIE

f my(e)h(e - e1, e - e2) AH 2 (e)
e-0(ey,e2,t)=0Ne-e2>0

for the function h = —e - ey sint + e - e; cos t.

2. Fixt € [0,2n) and (¢/,¥") # (¢, ), withe -9 = ¢ - ¥’ = 0. One can always find R € O(d)
such that Re = ¢’ and RY = ¥’. Indeed, there always exists an isometry sending a given
orthonormal basis into another. Define now e; = Re; and e) = Rep; we deduce that
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O(e}, €5, 1) = RO(e1, e2,t) = RS = ¥'. Therefore

| W o1, o) dHI2er, 00) =
{(e1,€2):0(e1,e2,t)=9 ¢’ €2 >0}
= f h(e- R 'er,e- R er) dAH2(e1, e2)
{(e1,€2):0(e1,62,t)=9" ¢’ €220}

h(e- R 'e1,e- R™'er) dAH(e1, 1)

f{;R1 e1,R1ey):0(R-1ey,R1e,t)=9,e:R~1e,>0}

= f hie - ey, e-e) dAH2(er, e0).
{(e1,€2):0(e1 ,€2,1)=9,e-62>0}

We also notice that the integral in the lines above is not zero: since e-e; cost+e-e;sint =0,
recalling i = —e - e sint + e - e; cos t,it follows that

h(e-e1,e-e) = sgn(cost)y(e-e1)* + (e ex)?.

. We will identify any point p € E X [0,27) with a point (e;, €2, t) € R? x R? x [0, 27). For any
(v,w,a) € Ty(E X [0,2m)) and for some 6 > 0, consider a curve
y:(=6,0) » R x RY x R
T = (y1(7), y2(7), 73(7)),

with the property that y(0) = p € E x [0,2m), 1(0) = v,75(0) = w and y}(0) = a. Without
loss of generality, we can assume thate; = (1,0,...,0) and e, = (0,1,0,...,0). In order to
compute Dy, ., 1y O [(v, w,a)], with (v, w,a) € T, 0, »(E X [0,27)), we write

DO, e, 1)(v,w,a) = vcost + wsint + a(—e; sint + e; cos t).
Thus, the differential is represented in ambient coordinates by the matrix
DO = (cos tid sintid C(t)) ,
where
C(t) = (—sint,cost,O, ... ,O)T.

Let n = —e; sint + e, cos t, and complete (e1, e2) to an orthonormal basis (ey, .. ., e4). A basis
for T, ¢, yM is given by the following 2d — 2 orthonormal vectors: for j = 3,...,d, consider

(e2,—€1,0)
VE 7
& =1(e;,0,0), &;=1(0,¢;0).

él = 52 = (O/ O/ 1)/

We have D[] = n/ V2, DO[&,] = 1n,DO[&;] = coste;, De[gj] = sinte;. Therefore, with
respect to the orthonormal basis (1, e3, ...,¢;) which spans the tangent space to $4-1 we
deduce

DODE" = diag(%,l,...,l),
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and hence [;10 = V3/2. By the coarea formula (see [Magl2]), we have that for any
integrable measurable ¢: E X [0,21) — R, it holds

f Jo(p, D (p, AR (p)dt = f ( S, ) dH (p, ) do(9).
Ex[0,27) s-1 \Jo-1(9)

Taking
(1)
go0(p 1)
we obtain the claim.
This concludes the proof of Lemma 5.2 ]

6 Uniqueness of the SWF

In this section we furnish the proof of Corollary 1.1 using Theorem 4.4. We also provide an
alternative proof under the assumption that the projections of the target measure v are bounded
from below. Finally, we show a third argument which applies if v is the measure having uniform
projections: we stress again that this can happen only if 4 = 2, 3 as a consequence of Remark 4.3.

We first recall the differentiation formulas for Wasserstein distances that will be used later.
These results are discussed in [San15], Chapter 5.

Lemma 6.1. Let p € [1,+00) and let (p;())e=0, 1 = 1,2, be locally absolutely continuous curves in time
with values in (2,(R), W,), consisting of probability measures absolutely continuous with respect to
Lebesgue measure and solving

dipi +V - (piw;) = 0.

Then t — Wz (p1(t), p2(t)) is locally absolutely continuous, and the following identities hold for almost
every t.
If @ = @y is a Kantorovich potential from p1(t) to p2(t) for the cost %Ix — y|P, then we have

%iwp(pl(t) p2(t) = fV(p ~wrdpi(t) + fV(pC ~wo dpa(t). (6.1)

This can be re-written with transport maps. If p > 1 and T = T, is the optimal transport map from p1(t)
to pa(t) for the same cost, then

%in(m(f) palt) = f = TP = T()) - (wi(t, x) — walt, T dpr (),

where |z|P~2z is understood to be zero at z = 0.
If p =1, we choose @ to be 1-Lipschitz, so that ¢ = —q; for any optimal transport map T for the cost
|x — yl, we have

d
W10, p20) = [ V- = 0 Ttpi ()
We now go on with some proofs of uniqueness for the Sliced Wasserstein Flow.

Proof of Corollary 1.1. The existence of a solution is proved in [Bonl3] together with local (in
time) L* bounds. Let (pi(f))w0 for i = 1,2 be two solutions of the sliced Wasserstein flow (1.3),
and let T > 0. Let M be a constant such that p;(t,x) < M for a.e. x and every ¢ € [0, T] and
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i =1,2. By Theorem 4.4 we know that, under assumption (4.6) .%, is A-geodesically convex on
K ={p : p £ M) for some A € R. We then use formula (6.1) and a well-known estimate due to
geodesic convexity (see [San17], Lemma 4.12), to obtain

d
%Wﬁ(pl(t), p2()) < —2AW3(p1(H), pa(h),

. Uniqueness then follows by Gronwall inequality which proves pi(t) = p»(t) if p1(0) = p2(0) (see
[AGS05]). O

Remark 6.2. We provide here an alternative proof of the uniqueness of the SWF, which does
not use Theorem 4.4, by computing the variation of the distance W; between two solutions.
We assume that, for almost every 9 € %91 the support of v¥ is an interval I, and that there
exists x > 0, independent of 9, such that v* > « almost everywhere on I5. The assumption on
v implies that it is compactly supported, and this uniqueness result also concerns compactly
supported solutions. Let p1, p» be compactly supported solutions of (1.3). We will denote by T, ¢
the optimal transport map from p; to p, and the associated Kantorovich potential, respectively.
Moreover, we will denote by T; the optimal transport map from p; to v, and by Tf the one from
p? tov®. By Lemma 6.1, for almost every ¢,

3 Wi (18, pa(t) = f POrp1 — rpa) = f Vo - (olprlpr — olpalp2)

ZfV(P - (@[p1] = vlp2] 0 T)p1,
Then, recalling that Lip(¢) < 1,

dWa(pa(t), p2(h) = fV(P “(vlp1] = vlp2]) dp1 + fV(P “(vlp2] = vlp2] o T)dp1
6.2)

Sfjgdl |Tig(x - 9) — Tzs(x-8)|dp1(x) do(9) +Lip(v[pz])f|T(X) — x|dps.

[-1]
9

Thanks to the assumption v¥ > x (which in turn implies that N}, ' is x~!—Lipschitz continuous

for every 9), we have

|To1(x- 9) = Too(x- 9)| = INT IRy 5(x - 9)) = NS Ry 5(x - 9))

1 (6.3)
< E |R1,9(X . \9) - Rz,s(x . \9)) .
We recall that, for any 1,y € 2(RR) it holds
1
Wil ) = [ IR0 - R0l = [ R0~ Rl (6.4
0 R

Moreover, since p; € L and it is compactly supported, we can provide an upper bound to p}.
Combining (6.2), (6.3) and (6.4), together with the fact that p‘f € L*, we obtain

dWi(p1(t), p2(t)) S% Jg f|R1,9(7) — Ra,5(r)| dp} (r) do(9) + Lip(0) Wi (p1 (1), p2(t)
d-1 R

C
S;W1(Pl(f)/ p2(t))

for some constant C > 0 that is fixed once T > 0 is. By Gronwall lemma, we deduce again the
uniqueness of SWE.
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Remark 6.3. As shown in [CS25, Section 4.1], if in (1.3) both the initial datum pg and the target
measure v have bounded support, then the solution p; also has this property for any t > 0. Under
this assumption, and if the target measure v has uniform projections (namely, v¥(r) = x(-1/21/2)(r)
for any 9 € $%1), then the uniqueness of solutions to (1.3) can be proved following a strategy
presented in [LST24]. Indeed, repeating verbatim the computations made in the proof of [LST24,
Theorem 4.1], for any pj, p» compactly supported solutions of the SWF with target measure v,
and for p > 1, the following estimate holds. Here we fix a finite time interval [0, T] and choose
R > 0 so that the supports of both solutions lie in Bg throughout this interval; Lip, denotes the
Lipschitz constant on this ball.

1/p
%iwp@l(t) pa(t) < Lipy, (vlp1) f IT,(x) — 2P dpy + Wiy(pu, 02~ ( f folp1] — olpalP(T,()) dpr

=l =l

Then, for I, recalling W(z) = |z| and setting a; = w4-1/(dw,), we have
. 1
Lipy (0[p1(H)]) < R aglD*W * p1 (D)l ()
Lo

1
S agdlD* Wil @y llp1 (Il

On the other hand, for I, following again the argument presented in [LST24], we have that for
any g > 1it holds

1
I < agWh(p1, p)ID* Wi g, lo2 ()1l -
Choose 1 < p < py <dand setq = po/(po — p), so that pg" = po. We deduce

1d
;;—Wp(m(t) ,p2t) <L+ 1o
1
< Wy (pa(8), Pz(t))[ + adIID2W|ILp0(BZR>(IIp1(t)llm,+||pz(t)||i§”)].
By (4.5) we observe that |ID*W|< |z| e Lfgc for any py < d, hence p) > d’. Applying again the
Gronwall lemma, and thanks to Theorem 2.6, we can conclude that p; = p».
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