A GEOMETRIC LOWER BOUND
FOR THE CLAMPED PLATE EIGENVALUE PROBLEM
IN LOW DIMENSIONS AND EXTENSIONS
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ABSTRACT. We show that the spectrum of the Dirichlet-biLaplacian can be quantitatively bounded
from below in terms of the inradius only, for a general open set in dimensions 2 and 3. For the same
dimensions, we also extend this result to fractional powers s of the Laplacian, with N/2 < s < 2.
The resulting estimate comes with a constant having the correct asymptotic behavior as s ap-
proaches the two endpoints N/2 and 2. The proofs exploit capacitary techniques in the vein of
Maz’ya.
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1. INTRODUCTION

1.1. Scope of the paper. For an open set Q C RY, we want to consider the following quantity

s 2. . _
() A =it 18l * lellzae =1}

The symbol A stands for the usual Laplacian operator. By definition, it coincides with the sharp
constant in the following higher order Poincaré inequality

C / l? dx < / |Ap|? d, for every ¢ € C§°(Q2).
Q Q

The constant A(Q) also coincides with the bottom of the spectrum of the Dirichlet-biLaplacian on
Q, i.e. the fourth order differential operator

¢ (AP0 = (=A)o (=D,

coupled with the homogeneous boundary conditions

(1.2) Y= g—f =0, on ON.
As usual, we denote by v the unit outer normal vector.

Such an operator is better understood from a variational point of view, at least for our purposes.
To this aim, let us take W;?(Q), i.e. the closure of C§°() in the second order Sobolev space

W22(2). Then the Dirichlet-biLaplacian of ¢ € W () is defined in a weak sense by

(—=A)2p,1p) = /QALp Ay dax, for every ¢ € C5°(2).

The homogeneous conditions (1.2) are encoded (again in a weak sense) in the membership of ¢ to
the space W3 (Q).

When the infimum in (1.1) is attained on the closure space Wg'*(€2), we have that A(£2) coincides
with the smallest eigenvalue of the Dirichlet-biLaplacian on €2, i.e. it is the smallest real number A
such that the following boundary value problem

0
(=A)*u=Au, inQ, withu = 8—u =0, on 09,
v
admits a non-trivial weak solution u € Wg*(Q). We refer to [21, Chapter 11] for more details on
this problem, which is usually called clamped plate eigenvalue problem.
The main scope of this paper is to investigate the validity of the following geometric lower bound

(1.3) é (7}0)4 < A(Q),

under minimal assumptions on the open set 2. Here rq is the inradius of the open set €2, defined
by

ro = {r > 0 : 3 an open ball of radius r contained in Q}

The power —4 on the inradius in (1.3) reflects the dimensionality of the constant A, i.e. the latter
obeys the following scaling law

A(tQ) = Af).
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1.2. One step back. In order to give some context, we briefly recall that if we replace (1.1) with
the first order sharp Poincaré constant

(14) M@= _int {190l ¢ el =1}

this same problem is well-studied. In the plane, i.e. for N = 2, it is known that

(15) - (1>2 <AQ),

rQ
under very mild topological assumptions. More precisely, such a lower bounds holds:

o for simply connected sets. This result sometimes goes under the name of Makai-Hayman
inequality, see [20] and [26] for the original result. We also point out [2,4,5] for some
refinements or alternative proofs of this result;

e more generally, for open sets with a prescribed number of “holes”, see [17,29,32]. We also
refer to [11, Theorem 1.2] for an extension of this result to more general first order Poincaré
constant. In this case, the constant C' in (1.4) must depend on the number of “holes” and
eventually blows-up, as the latter diverges.

On the contrary, for dimensions N > 3 the lower bound (1.5) can not hold, unless some stronger
geometric assumptions are imposed on the open sets. For example, the lower bound (1.5) holds for
convex sets (see [22, Théoreme 8.1] and [24, Theorem 2.1]) or for open sets satisfying a suitable
“fatness condition” of the complement RY \ Q (see [10, Corollary 5.6]). We refer to the introduction
of [11] for further comments on this problem.

We also recall that the aforementioned results in dimension N = 2 have been recently extended
to the fractional case by the first and third authors. More precisely, let us introduce the following
fractional sharp Poincaré constant

s _ : 2 . —
V(@)= _inf {[w]WS,Q(RN) elza = 1} . for0<s<l,

where!
— ) o
[p]? We2(RY) //]RNXRN |$ T g dx dy, for every ¢ € C5°(Q),
is the Gagliardo-Slobodeckii seminorm. Then in [8] and [7] it has been proved that for 1/2 < s <1

it holds
1 1 2s
— | — <A (Q
Cs (TQ) — ( )7

for all Q C R? open set satisfying the same topological assumptions as in the case of (1.5). The
range of 1/2 < s < 1 it optimal, since for s < 1/2 the lower bound can not hold (see [8, Theorem

Functions in C§° () are always considered extended by zero to the complement R¥ \ Q.
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1.3]). Moreover, the constant Cj is such that?

1 1
CsNila aSS\(§ and CSN1_87 ass/‘l,

s — —

2
and this asymptotic behavior is optimal (see [7, Theorem 1.2]).

1.3. Scope of the paper (reprise). In light of this discussion, it is quite natural to extend
our initial goal of proving (1.3). Namely, we will consider the same issue for the whole family of
Poincaré-type constants interpolating between A(Q2) and A(Q2), so to admit intermediate higher
orders of fractional differentiability. In other words, if for 1 < s < 2 we define the following
quantities
s L : 2 . _

(1.6) (@)= inf {96l ey : Iellzaey =1},
we want to discuss whether it is possible to bound from below this constant in terms of rq only or
not. Thus, by observing that
A*(Q)

$2s 7
we inquire about the validity of the inequality

é (:9)2 < A9),

for some constant C = C(N, s) > 0, not depending on Q. Again, we would like to admit the largest
possible class of open sets.

(1.7) A°(tQ) = for every t > 0,

Remark 1.1 (Echoes of real interpolation). The interpolative nature of A® is better appreciated
by observing that for every ¢ € C§°(€2) we have

1
[Vsﬂﬁazsflﬂ(m) ~ 9 s ||A<P||%2(Q)a as s /2,

and 1
[Velty 2@y ~ P IVelia@, — ass\ 1,

see Proposition 2.3 below. These are plain consequences of the so-called Bourgain-Brezis-Mironescu
and Maz’ya-Shaposhnikova formulas, respectively.

Remark 1.2. Even if we will not use this fact, we point out that both the constants \*(2) and
A*(Q) are connected with suitable eigenvalue problems, for fractional powers of the Laplacian —A.
Indeed, when such infima are attained on the relevant Sobolev spaces obtained as closures of C§°(£2),
they coincide with the first eigenvalue of

(=A)’u = A\, in Q,
with homogeneous nonlocal Dirichlet conditions. We refer the reader to the survey paper [30] for a

gentle introduction to the properties of the operator (—A)®, when 1 < s < 2. The case 0 < s < 1is
nowadays much more studied, we refer for example to [16, Chapter 2| for a friendly introduction.

2Throughout the whole paper, the writing “f ~ g as ¢ — z¢”, means that

0 < liminf M < lim sup M < 4o0.
z—zo g(x) z—zo g(x)



CLAMPED PLATE EIGENVALUE PROBLEM IN LOW DIMENSIONS 5

1.4. Main results. After this premise, we can present the main results of our paper. We will show
that, for dimension N = 2 and N = 3, it is possible to prove the desired geometric lower bound for
both A and A®. This holds for every open set having finite inradius. In the fractional case, we will
need the restriction

N
§<5<2.

This range is optimal, i.e. for s < N/2 the lower bound can not hold in general, without imposing
further topological /geometric assumptions on the sets (see Section 8). The core of this result is the
fact that points have positive capacity in this regime. This means that the following quantities

Cap,({0}; Q1) := gaeci?"f(Ql) {||A@|\%2(RN) : ¢ =1 in a neighborhood of {O}} :
and (for 1 < s < 2)
Cap,({0}; Q1) := we(}?"f(Ql) {[V(p]%/[/s—l,z(RN) : ¢ =1 in a neighborhood of {0}} )

are both positive, for N € {2,3} and N/2 < s < 2. Here ); is the N—dimensional open cube
(—1,1)N.

For ease of presentation, we will give two separate statements for the clamped case and for the
fractional case 1 < s < 2.

Theorem 1.3. Let N € {2,3}. For every open set Q C RN with rq < +o00, we have

(1.8) ! <1>4 < AQ),

e \re
for a constant €, = C1(N) > 0.

In the fractional case, it is useful to better precise the nature of the constant entering in the
lower bound. Our result reads as follows.

Theorem 1.4. Let N € {2,3} and N/2 < s < 2. For every open set  C RN with rq < 400, we
have

(1.9) Cap,({0}; Q1) (1

2s
< A%(Q
62 TQ) — ( )7

for a constant Co = Co(N, s) > 0 having the following asymptotic behavior
Gy ~ 1, as s \(N/2 and s /2.

We will show in Section 8 that the dependence on s of the left-hand side of (1.9) is sharp, in the
asymptotic regimes s \, N/2 and s 2. This will be an important feature of our estimate.

1.5. Some comments on the proofs. The idea of the proof is the same, for both Theorem
1.3 and Theorem 1.4. As already said, the key fact is that points have positive capacity. The
latter, together with the finiteness of the inradius, imply that our open sets have a “uniformly fat
complement”. We will be more precise on this point in a moment.

At first, we wish to explain our choice of presenting the two results separately. There are two
good reasons, in our opinion. Firstly, a reader interested in the classical clamped plate eigenvalue
problem could not be interested in all the technicalities and subtle points that go with the fractional
case. Secondly, the overall strategy of the proof is better appreciated by starting with the case of
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A, which is quite simple. In this way, the reader interested in the fractional case, should better
appreciate the kind of novelties and complications introduced by this generalization.

We now proceed to explain the proof in the local case, i.e. for Theorem 1.3. By following [27,
Theorem 15.4.2.1], we tile the space with cubes having an edge length L. By calling {Q;}jcz~ these
cubes, for each function ¢ € C§°(Q2) we can obviously write

||<P||2L2(Q) = Z ”‘:0”%2(Qi)'
iezZN
If we choose the edge length L > rq, by definition of inradius we know that in each @; there is a
point z; € RN \ Q. Consequently, our function vanishes in a neighborhood of such a point. We can
then exploit a suitable Maz’ya-Poincaré inequality on each cube (see Lemma 6.1), thanks to the
fact that in dimensions N € {2, 3} points have positive capacity. For second order derivatives, the
relevant inequality takes the following form

Capz({l"i};Qi)/ 2 / 2 1 / 2
1.1 —_— < A — \Y, .
(1.10) gt [ telars [ 8gldss g [ Vel as

We observe that the “undesired” term containing V¢ must be there at this stage, i.e. for smooth
functions defined on a cube and vanishing only in a neighborhood of a point, one can not have the
previous inequality (1.10) without such a term on the right-hand side.

By summing up all the contributions, one then obtains

Capy({zi}; Qi 1
5 G lnh Q) e 2 S [ /Q Apfdr + /Q | |W|2dx}

iezN iezN

1
:/ |Agp\2dx+ﬁ / IVo|? da.
Q Q

This is still not the end of the story: we need to bound uniformly the capacity of the points xj,
on the left-hand side; more importantly, we need to remove the L? norm of V¢ on the right-hand
side. The first issue is easily handled, it is sufficient to choose the edge length to be L = arq, for
« sufficiently large. This permits to say that

1 _ Capy({zi}; Qi)

A~ N s
re L

by using some basic properties of the capacity. As for the second issue, i.e. the presence of the L?
norm of V¢, we can observe that ¢ is compactly supported on €2, thus we have the classical identity

/|Vap|2dx:—/g0A<pdx.
Q Q

Thus, we can simply interpolate V¢ between ¢ and Ap (with a universal constant independent of
Q). A standard use of Young’s inequality then leads to

1
el < / Apf? de,
e} Q

as desired. This gives the desired lower bound on A(9Q).

When coming to the fractional case, i.e Theorem 1.4, apparently (almost) nothing changes. It
would be sufficient to repeat the above arguments, by replacing the Maz’ya-Poincaré inequality
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(1.10) with a suitable fractional counterpart, i.e. Something of the type

Caps({w}Q>/ 2 <// [Veo(x) — Ve (y)|? 1 / ,
" da o | 7y|1v+2(5 ) dm+L23_2 o |V|® dx.

Now, the main difficulty is carefully keeping track of the dependence on s of the relevant constants
and assure that they exhibit the correct asymptotic behavior, in the two regimes s 2 and
s \y N/2. This guarantees that, even if we do not identify the sharp constants, we produce an
estimate with the correct order of magnitude in terms of s.

We thus try to proceed as in the local case and use the previous fractional Maz’ya-Poincaré
inequality: after summing up all the contributions and using that, with a judicious choice of L, we

have
Caps({O}'Ql) Cap,({zi}; @)
7,25 LN ’
Q

we can obtain this time

Cap,({0}; @1) Q1) [Veo(z) = Ve(y) 1 2
(L.11) T 12zs ”L2 @ ~ Z // |z — |N+2(s i) d$+L23—2 /Q|V<p| dx.

iczN iXQi

Here we encounter a subtle point: the first term on the right-hand side does not coincide with the
full Gagliardo-Slobodeckii seminorm of Vu. Actually, it is a smaller quantity keeping into account
only the short-range interactions in @);. In other words, we are discarding all the contributions

coming from
// Vo) - Vew)®
Qix (RN\Qx) |z —y[NH2 (-1

Of course, one could use the following brutal estimate

// [Veo(a // V() = Vel
Qi |95—3/|N+2 5= 1 RN xRN |$—y\N+2 s=1) .

However, in dimension N = 2, when s comes closer and closer to N/2 = 1, we see that for

p € G5 (Q)
2
// ||VSD_ N+V2(ps( 1) dx ~ / IV|? d, as s \y 1,
IEZN IXQI z ‘ Q

[Ve(z) — Veoy)? 1 / 2
de ~ —— V|* dz, as s \( 1.
S B e~ 2 19

N «

iezZN

while

This difference is due to the non-integrability of the singular kernel |z — y| at infinity”, i.e
when x and y are far away (such a possibility is ruled out in the first case, since z,y € @;). This
comparison shows that there may be a first “scale defect”, in the resulting estimate.

Unfortunately, this is not the unique delicate point: also the second term in the right-hand side
of (1.11) may be problematic. Indeed, if we wish to reabsorb the L? norm of V¢ in the left-hand
side through an interpolation estimate, we have to take into account the presence of the factor
Cap,({0}; Q1) in the left-hand side of (1.11). Thus, after absorption, this will let appear on the
right-hand side a term of the type

1

Cap, ({0}; Q1)
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coupled with the Gagliardo-Slobodeckii seminorm of V. The final outcome would be again an
estimate with a “scale defect”, as s approaches the critical regime N/2, where points start to be
removable.

In order to fix these issues, we need to proceed much more carefully and prove an ad hoc Maz’ya-
Poincaré inequality, which prevents the formation of these “scale defects”. In particular, we prove
an estimate of the following type

Caps({x} Qi) 2 [Vo(z) — Ve(y )|2 Cap,({zi}; Qi) ;95 o 2
— 1zs / lp|” dz <// RN z—y ‘N+2s 1) dzx + L / |Vl du,

L2s Qi

see Corollary 6.4 below. Observe the presence of an “asymmetric” Gagliardo-Slobodeckii seminorm
of Vy (an idea taken from [12]), as well as the appearing of the modulating factor Cap,({zi}; Qi)
in front of the L? norm of the gradient. This inequality permits to circumvent the problems
highlighted above and provide the desired lower bound on A®, with the correct asymptotic behavior
of the relevant constant.

1.6. Plan of the paper. We start by presenting the main notation, definitions and basic results
in Section 2. We then present in Section 3 a collection of Poincaré-type inequalities, which will
be useful throughout the paper. As usual, we pay due attention to the quality of the constants
involved, i.e. on their dependence on the fractional parameter s. Section 4 contains some results
about (fractional) capacities, in particular we discuss the removability issues for points, according
to the value of s. This is complemented by the results of Section 5, which prove in particular a
quantitative lower bound on the capacity of points. This is obtained by means of a higher order
Morrey inequality (see Proposition 5.1 below). With Section 6 we arrive at the core of the matter:
we present the Maz’ya-Poincaré—type inequalities which are the cornerstones lying at the basis of
Theorems 1.3 and 1.4. In particular, the crucial result will be Theorem 6.3 (and expecially its
Corollary 6.4). The proof of the main results can then be found in Section 7. Finally, in Section 8
we give some examples showing the optimality of our estimates, in the asymptotic regimes s 2
and s \, N/2. The paper is concluded by a technical appendix, containing a technical fact obtained
through real interpolation techniques.
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2. PRELIMINARIES

2.1. Notation. The euclidean open ball of RV of radius r and centered at x will be denoted by
B, (zg) = {JC eRN : |z — x| < r}.

When zy = 0, we omit to specify the center. The N —dimensional open hypercube of radius r and
centered at xy will be denoted by
N

Qr(xo)zﬂ(xg—r,xé—i—r), where zo = (2, ..., zd).
i=1
Also in this case, when o = 0 we omit to specify the center.

If E C RY is a measurable set, the notation |E| stands for its N —dimensional Lebesgue measure.
As usual, the symbol wy indicates the volume of the unit ball. For a couple of vectors x, y € RY,
their scalar product is (z,y). For ¢ € Ll (RY) and a measurable set E C RY with positive finite
measure, we set

1
av(p; F) :—fgodx—m/godx.
E E

The partial derivatives of a differentiable function ¢ will be denoted by ¢,,, for i € {1,...,N}.
Accordingly, we will write ¢, to indicate the components of the Hessian matrix D2y of .

2.2. Some functional spaces. For an open set £ C R, we denote by W22 (E) the Sobolev space
{peL2(B) : Vpe L(B) and D*p € L3(E)},
endowed with the norm
lellwez(e) = llellzae) + IVell L2 + 1D*0l L2 (s),
where

N
|wmm:zémwm

ij=1
We also define Wg'*(E) to be the closure of C§°(E) in W22(E). The following facts are well-known.
Lemma 2.1. For every p € C°(RY) we have that

(2.1) ||D2<P||L2(]RN) = HASO||L2(RN)>
and
(2.2) IV@lla@yy < \/Illa@n 1@l 2@).

In particular, for every E C RN open set the following norm
o = llellzze) + 1Al L2(m),
is an equivalent one on Wj*(E).

Proof. The identity (2.1) easily follows by exchanging the order of differentiation and integrating
by parts twice. As for the interpolation inequality: since u € C§°(R¥), by integrating by parts and
using Hélder’s inequality, we have

/ Nﬂ%m:—/'¢MMx§wmmmwAmpmm
RN ]RN
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which gives the desired conclusion. O

In what follows, we will use the following notation

[¢1W1,2<E>=(/E |w|2dx) and [so]wza(E):(/E |Aso|2dm)

We now introduce our main notation in the context of fractional Sobolev spaces. We refer to [18]
and [25] for a general overview and for further references. Let 0 < 0 < 1 and let £ C RY be an
open set. We recall the definition of Gagliardo-Slobodeckii seminorm, given by

)|2 )é
by = drdy)
lweae) (//” -y |N+20 y

for a (possibly vector valued) ¢ € L _(E). For 1 < s < 2, we then consider the Sobolev-Slobodeckil
space defined by

W*2(E) = {gp € L*(E) : Vy € L*(E) and [Vo|wa-12(p) < —|—oo},
endowed with the norm
lellwsz2e) = llelleze) + IVellrze) + [Veolws-12.m).
We also set WOSZ(E) to be the closure of C§°(E) in the space W*2(R¥). As in the local case, one
can prove that
o= lell2 ey + [Velws—1 @y,

is an equivalent norm on WOS -2 (E) (this is a consequence of Proposition 2.2 below). Finally, for
later reference, we observe that we have
N
[Vﬁﬂ]?/vafl,z(E) = Z[%i]%wflvzwy

=1

2.3. Basic facts on the Fourier transform. We recall some properties on the Fourier transform,
for which we refer to [23, Chapter VII, Section 9].
For every ¢ € C$°(RY), the symbol Fy] stands for the Fourier transform of ¢ given by

Fle](§) = @ ;)g /RN o(x) e 1@ dg, for £ e RV,

We recall that
Flpa, () =16 F[0(€),  for E€RY, i€ {1,..., N},
and
Flpwiap] (€) = =& & Flp] (), for € RY, i,k e{l,...,N}.
By the inversion formula, we have
o) = (2;)1; /RN Fl](€) et &0 de, for z € RV,

We also recall the following Plancherel identities

@3 [ ePr= oy [ fmaf e [ velar= o [ | ae
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and

/]RN Al de = (271)1\7 /RN € ‘?[w]‘zdf.

For the fractional seminorm, we have

( )|2 _ 1 1 2s
@4) // \z—y|N+2s d""”dy‘@w)wi/w d

where

4 é@@—1fd N
2.5 = e =1
(2.5) /RN [N +2s z

In particular,
(2.6) As~1—s, fors 71 and As ~ s, for s N\, 0.
By (2.4), the following Plancherel identity holds true for 1 < s < 2

2
Epwdg 0<s<l1,

|2, () — 0, (V)] 11 / - ,
: . drdy = S (=D 1F[p, 112 d
//RNX]RN \x7y|N+2 PR m)N A,y Jan €l |Flez, ]| dE
1 1 . 2

T (2mN A, /RN e ?M‘ de.

In particular, by summing over i € {1,..., N}, we get
1 1 2
2 = 2s
(2-7) [@}Ws,z(RN) - W AS,1 /]RN |§| 97[30]‘ df, 1<s<2.

The following interpolation inequalities, which are analogous to (2.2), will be useful.

11

Proposition 2.2. Let 1 < s < 2. For every ¢ € C5°(RY) and every § > 0 the following inequalities

hold
s—1 AS,1
(2.8) IVolZa@ny <0 ( ) lpll7 2wy + 2 51 (P12 vy
and
g1 1 s
(2.9) [Elfye-r2@ny < A lell72 @y + 3 <S_1> [z vy

The constant As_1 1is given by (2.5). In particular,
(2.10) A1 ~2—3s, fors "2 As 1 ~s—1 fors\, 1.

Proof. By (2.3), we can write

oY [ vetdo= [ e 1TI©P ¢

= [ lePIslerde [ eIl P de
{lgl<nm} {1&1>M}

<0 [ iR e ar [ (e il de
{lgI<a} {lgl>M}



12 BIANCHI, BOZZOLA, AND BRASCO

for M > 0. In particular, by taking § > 0 and choosing
s—1

)

M =/6

s
we can infer that

eny [ vetar<s (57) [ ster

for every § > 0. By observing that

() [Leemaeras

s—1
S ( 1> 1S Increasing and converges to2ass / 2,
s —

this yields (2.8), by (2.3) and (2.7).

To prove (2.9), we proceed similarly. By (2.4) we can write

2
@2mN A //]R - xy|N+2(<s)|1>d dy = /]R LePETY TR dg

< M2 / Fll(©) de
{l¢|<M}

+M? €17 |10l ()1 dg
{lel>My

By taking § > 0 and choosing M as before, we easily get the conclusion. (|

2.4. Asymptotics. For the higher order seminorms previously introduced, we will need the fol-
lowing result. This is an easy consequence of the so-called Bourgain-Brezis-Mironescu and Maz’ya-
Shaposhnikova formulas for fractional seminorms of order 0 < o < 1.

Proposition 2.3. Let Q CRY be an open set. For every u € C§°(Q), we have

. WN
(2.11) lim(2 = 5) el = 5 [ 8¢l do,
and
(2.12) h\‘rri(s -1 [gp}%vs,z(RN) = Nuwn / |Vl da.
s Q

Proof. Let ¢ € C§°(Q), we extend it by zero to the whole RY. For i € {1,..., N}, we apply to
each partial derivative @,, the Bourgain-Brezis-Mironescu’s Theorem, see [13], [18, Corollary 3.20]
or [25, Theorem 7.39] for instance. This yields

im (2 — 8) [0)30.2mn hm 2—3) [z, (2) — r.(y) " dz dy
s,/'2 we2(R ) s/‘2 RN xRN |.Z'— |N+2(6 1)

o) g )
Zi =01 [[, o BT e ety

N
wN 2
=5 E_ / Vg, |” da.

By recalling the identity (2.1), we get (2.11).
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Similarly, for the limit as s goes to 1 it is sufficient to appeal to [28 Theorem 3]

_ 2 _ . |2, () — @a, (y)|?
i{%(s e ]WS,Z(]RN) = il\‘ml s—1) //]RNx]RN z — |N+2(9 10 dx dy
= Nwn / Pa; 2
This establishes (2.12), as well. O
Corollary 2.4. Let Q CRY be an open set. There holds
(2.13) lim/rs;lp(Q —s)A°(Q) < W7N A(Q) and lim\silp(s — 1A () < Nwy A(Q).

Proof. By using (2.11) and recalling the definition (1.6) of A®, for every ¢ € C§°(Q) with unit L2
norm we can infer that

. . w
limsup(2 — s) A5(Q2) < limsup(2 — s) [S@]%/‘/SQ(RN) = 7]\7 ||A<p||i2(9).

s,2 5,2
This yields the first limit in (2.13), by the arbitrariness of ¢. The proof of the other limit is similar
and left to the reader. O

3. A COLLECTION OF POINCARE INEQUALITIES

We start with the following consequence of Proposition 2.2, which will be useful. These inequal-
ities can be seen as “intermediate” Poincaré inequalities, where the maximal order of (fractional)
differentiability controls some lower order derivatives.

Proposition 3.1. Let 1 < s < 2 and let @ C RY be an open set. Then for every ¢ € C§°(Q) we

have
s =5 s+1 3
(A@) 7 IVeliae < T (25 401) " [olivean:
and
1 21
s B §°T %
(3.1) (AsflA (Q)) [(,0]%;[/.9_1,2(RN) < m [(p]%/V.S,Q(RN)7

where the constant As_1 is given by (2.5).

Proof. We can suppose that A*(2) > 0, otherwise there is nothing to prove. In order to prove the
first inequality, it is sufficient to use the estimate

1
(3.2) ||80||2L2(Q) < m [w]%/vsﬂ(RN)’

n (2.8) and then choose

1
B

5= (2 s A, AS(Q))
there.
The proof of the second inequality is similar, we just need to use (3.2) in (2.9) and choose this

time )
5= ((5—31)2 Ay AS(Q)> -
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We leave the details to the reader. O
The next result permits to relate the two constants A and A®.

Proposition 3.2. Let 1 < s <2 and let Q CRY be an open set. Then we have
1 s
A A(9) > ()\(Q)) ,
where As_1 s still given by (2.5).

Proof. Let us suppose that A\(Q2) > 0, otherwise there is nothing to prove. Let ¢ € C5°(R2) and
combine the first order Poincaré inequality

AGD‘/IWdeSE/vafd%
Q Q

with the inequality (2.8). This gives

s—1 AS,]_
N el <3 (250 ) Il +2 5253 b

which holds for every § > 0. We choose

52 s
2 s—1
so to get

)\(Q) )\Q) 1-s s—1 s—1
el <2 (250) (5] Aaloesn,

We can simplify the common term A(2) on both sides. By arbitrariness of ¢, recalling the definition
(1.6) of A*(Q2), after some manipulations we get

(A(Q))s < gl+s (5;1>1 A1 A*(Q).

We can now simply bound for every 1 < s < 2

s—1 z—1
(s—l) < lim (m—l) _1,
S N1 X

in order to get the estimate. This concludes the proof. |

The next simple Poincaré-type inequality will be used somewhere in the paper. The proof can
be found for example in [3, Lemma 3.2].

Lemma 3.3 (Poincaré-type inequality). Let 0 < o < 1 and let xg € RN and r > 0. For every
© € WH2(B,.(z0)), we have

C —
[elive2(5, (o) < <1—o) O IVl Le (s, (o))
for some C = C(N) > 0.

The following (possibly) asymmetric Poincaré-Wirtinger inequality will play a crucial role. It
generalizes [7, Lemma 3.5], the latter being concerned with the case d = D. The idea of using
asymmetric seminorm is taken from [12, Section 4].
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Proposition 3.4 (Fractional Poincaré-Wirtinger inequality). Let0 < o <1 and0 < d < D < +00.
For every ¢ € C*(Qp(xo)), we have

() — #(y)?
o = av(s Qutao)) [ @) < Wo (1= ) 2 ] o e dy.
(Qa(ro)) Qu(w0)x@p(zo) [T — YN T2

where
Wi
o+ (1—-0) (1-((2d)/D)*7),’

for a constant Wy > 0 depending on the dimension only.

(3.3) W =W (N,o0,d/D) =

Proof. As in [7], we will need the following K —functional

K(t7 90) = UGngl(lgd(ﬂCo)) {H@ B UHL?(Qd(zO)) + vaHL?(Qd(zo))]

Without loss of generality, we may assume that zo = 0. Let v € W2(Qq), by Minkowski and
Jensen inequalities, for every 0 < ¢ < d we have

tlle —av(e; Qa)llz2(qa) <t (llp — vll2(gu) + llv — av(v; Qa)llL2(q.))
+1 ||av(v; Qd) - av(np; Qd)”Lz(Qd)
<2t —vlr2(Qu) + tlv —av(v; Qa)ll2(Qu)

1
< 2d max {m, 1} (||<p =0l p2(Qq) +1 ||V11||L2(Qd))

where in the last line we used the classical Poincaré-Wirtinger inequality. In particular, by arbi-
trariness of v € W12(Q,) we get

t2 || — av(u;Qd)H%g(Qd) <anyd*K(t, )%, for 0 <t <d,

where ay is a dimensional constant. Thus, we can infer

J2(1-0) d
2 2 1-20
_ . = - : t dt
o= av(3 @l 37—y = e = (63 @l aca [
d 2
cayer [ (HE) 4
o to t

d 2
. K(t, o dt
(3.4) I (i Qu)ltrcqy < 2av (1 =) [ <<t>) &

which in turn implies

If D < 2d, by joining the previous estimate and Proposition A.1 we get the claimed inequality,

with constant

W — QCLNAN

)

o
where Ay > 0 is the constant in (A.1).
If D > 2d, with a similar reasoning as above, for every d < t < D/2 we have

lo — av(e; Qo) 72(q,) < an K(t,9)?,
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with the same dimensional constant ax > 0. This yields

lp — av(e; Qa)llZ2q,) 2d\?7\ o P at
55 20 1-— ) *||<P*aV(S0»Qd)HL2(Qd) p ti+20

D2 rK(t > dt
o [ (B
d
We rewrite it as follows

2d\*7 P2 Kt 0)\ dt
(35 llo- (e @a)Eaan (1—(D) )SZaN0d2” [ (Heay e
p to t

We now multiply (3.4) by o, multiply (3.5) by 1 — ¢ and then we sum up. We thus get

o+(1—o) (1 o )] le = av(e; Qa)llZ2(q.)
D2 rK(t,0)\? dt
§4aNJ(1—a)d2U/ ( (’SD)> —.
0 to t
We then get the claimed estimate from Proposition A.1, this time with constant
2d 20 -
W=dany Ayx [c+(1—0) (1— (D) )1
This concludes the proof. O
Remark 3.5. In the particular case D = d, by observing that
W=W(N,o,1) = m,
o
the previous inequality boils down to
o(z) — p(y)

o — av(; Qalw0)) 2o uiony < W (1= 0)d2° // 1P@) = oW 4 4,
1#(Qa(=o)) Qa(xo)xQa(xo) |x - y|N+2U

which coincides with [7, Lemma 3.5].
On the other hand, by letting D diverge to +oo in Proposition 3.4 and observing that

lim W= Wy,
D—+oo

one can easily get the following result, which is a particular case of [12, Lemma 4.2], with cubes in
place of balls.
Corollary 3.6. Let 0 <o < 1,d >0 and zo € RN. For every ¢ € C5°(RY) we have

lp(2) — o(y)]?
o —yeze

i = (3 Qo)) 2 e < Wi s (1= 027 ]

Qa(xo) xRN

where Wy > 0 is the same dimensional constant of Proposition 3.4.
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4. CAPACITIES

Definition 4.1. Let £ C RY be an open set and 1 < s < 2. For every compact set ¥ C E, we
define

Cap,(S: E) :=  inf { 2 cp=1] 'hbhdfz}.
ap,( ) weé%‘)(]s) [Plye2@y) @ in a neighborhood o

Observe that in the limite case s = 2, with the notation introduced in Section 2 we have

[L,O]%VQ,Z(RN) = /RN |Ap|? dr = /E |Ap|? de, for every ¢ € C3°(E).
Thus, in this case we obtain the classical relative capacity of order 2, as in [27, Chapter 13].

It is not difficult to see that the following monotonicity relation holds

(4.1) Cap,(X; E') > Capy(%; E), if XCE CE,
and
(4.2) Cap,(%; E) > Cap,(X'; E), if Y CY CE.

We start with a simple comparison result among different capacities.

Proposition 4.2. Let 1 < s < 2 and let E C RY be an open set. For every ¥ C E compact set,
we have

2—s
(4.3) ()\(E)) (s—1) (2 — 5) Cap, (X; E) < Cy Capy(3; E),
where C > 0 depends on the dimension N, only.

Proof. Let ¢ € C§°(FE) be such that ¢ = 1 in a neighborhood of ¥. In order to prove the first claimed
estimate, we can assume that A(E) > 0. By using the interpolation inequality of [15, Corollary 2.2]
applied to each ¢,,, we obtain

N N
Cn 2(2-s 2(s—1
ol aqun) = Xl livaam < gy (ggy 2 Iend 3Gy 170w GR3)
c N
N s—2 2
< ———\F Vg
_(5—1)(2—8) ( ) ;” Pa; L2(RN)
Cn —2 2
=———MNE)*“||A .
In the second inequality we used the definition of A\(E), while in the last equality we used again
(2.1). By the arbitrariness of ¢, we get (4.3). O

Points have zero s—capacity for 1 < s < N/2. This is the content of the next result.
Proposition 4.3. Let N > 3. For every 1 < s < min{2, N/2}, 2o € RN and r > 0 we have
Cap,({zo}; Qr(z0)) = 0.
Proof. Without loss of generality, we can assume zg = 0 and r = 1. Let ¢ € C§°(Q1) be such that
0<p<1, ¢=lonBy, IVel? +|Ap| < C,
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then we set i (z) = @(kx). Thus, we have ), € C5°(Q1/) and ¢ =1 on By /(). Moreover, by a
change of variable we easily get

2

— kZS—N [@]Wsﬂ(]RN)-

(4.4) [@k]%vsﬂ(uw)
Below, we discuss separately the cases 1 < s < N/2 and s = N/2. Observe that, under our
assumptions, the latter can only occur if N = 3 (and consequently s = 3/2) or N = 4 (and
consequently s = 2).

Case 1 < s < N/2. This case is simpler. Each ¢y, is admissible in the definition of capacity of {0}.
Thus, by (4.4) we directly have

Caps({O}; Ql) < [@k}Ws,Z(RN) =0.

lim
k—+oo
Borderline case N = 3 and s = 3/2. In this case, by (4.4) the sequence {¢} }ken is only bounded
in W#*2(R?). Thus, we can only infer the weak convergence of {¢ ren to 0 and we cannot directly
apply the previous argument. In order to upgrade the convergence, we can proceed in an elementary
way as in the proof of [8, Theorem 1.3]: we will use Mazur’s Lemma, see for example [14, Theorem
B.3.3 & Remark B.3.3]. We set

Vor(z) — Ver(y)

Fk<xay) = |x_y|2

, for k € N,

and observe that

||Fk||L2(]R3><]R3) = [VSOk}W%,z(RS), for k € N.
By construction,

F, =0 in L*(R* xR%R3),  ask ~+oo.

By Mazur’s Lemma, for every k € N, there exist

k

{am(k)}, _, €0,1], (k) =1,

vgle

such that the sequence of convex combinations

Fk(‘ray) = am(k)Fm(Iay)v

M=

m=1

strongly converges to the null function in L?(R? x R3;R?), as k diverges to +oc. By defining

k
Dy (x) := Z am (k) om(z), forxeQ, keN,

m=1

we then obtain a sequence of smooth functions compactly supported in €2 and such that

k k
Op(z) = Y am(k) om(z) =Y am(k) =1,  forz € By,
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By construction, we also have

k
i [2ulyy g2y = BV Ry 4oy = i lz () Vm| .
m=1 W2 %(R3)
k
= lim Z:l (k) Fo (0, y) =0.

L2(R3 xR3)
We can now use the functions @y, to test the definition of capacity of {0}. This gives
Caps ({0}; Q1) <

This concludes the proof, in this case.

GHm Lorly 2 ga) =0

Borderline case N =4 and s = 2. For every € > 0, by the monotonicity relations (4.1) and (4.2)
we have

—1
Cap,({0}; Q1) < Cap,(Be; Q1) < Capy(B; B1) < C (log &1:) :

The rightmost estimate follows from [27, Proposition 13.1.2.2]. By letting £ go to 0, we get the
desired conclusion. O

Remark 4.4. The previous result is also contained in [1, Example 2.5], but the borderline case
s = N/2 is not considered there.

The following simple result concerns the asymptotic behavior of the fractional capacity of a
point, in the “critical” regime s \, N/2. Due to our restriction 1 < s < 2, this may happen only
for dimension N =2 and N = 3.

Lemma 4.5. Let N € {2,3}, for every o € RN and r > 0 we have:
o if N=3
lim Cap,({zo}; Q- (x0)) = 0;
s\(%

e if N=2
(s —1) Cap,({zo}; @r(z0)) = 0.

lim

sN\(1
Proof. We can suppose for simplicity that g = 0 and r = 1. We take ¢ € C5°(Q1) which coincides
with 1 in a neighborhood of {0}. We thus get

Cap,({0}; Q1) < [@lfye2(@y)-
In dimension N = 2, by multiplying the previous inequality by (s — 1) and then using Proposition
2.3 we get
lim sup(s — 1) Cap, ({0}; Q1) < lim(s — 1) [eliye2@ry = Nwy / Vo|? da.
sN\(1 s 1
By taking the infimum over ¢, we then obtain

lim\silp(s —1) Cap,({0}; Q1) < Nwy Cap,; ({0};Q1) = 0.

Observe that we used that points have zero relative capacity in VVO1 2 for dimension N > 2 (see for
example [27, Section 2.2.4, page 148]).
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The case N = 3 is similar, we just have to observe that

: 2 12
sll\,Il%[w]Ws’Q(R” = [Pl gy
for every ¢ € C§°(R3). This just follows from the Dominated Convergence Theorem. We thus
obtain this time

. . < 3 2 , _ 2 '
lll;n\‘sélp Caps({0}7 Ql) = gll\l"l’% [SD:IWS (RN) [SD]W%VQ(RN)

By taking the infimum over ¢, we now obtain
lim sup Cap, ({0}; Q1) < Capy ({0};Q1).
s\%
By observing that the last capacity is zero, see Proposition 4.3, we conclude. (]

Remark 4.6. We notice that the case N = 2 is a little bit delicate: when s approaches N/2 = 1 we
have a superposition of two different effects. On the one hand, the fractional capacity should tend
to 0, because we are approaching a situation where points are negligible; on the other hand, we are
boosting the non-integrable (at infinity) singularity in the kernel |z — y|V 2 (s=1) of the Gagliardo-
Slobodeckil seminorm. Thus, the renormalizing factor (s — 1) is needed (recall Proposition 2.3).

The next removability result would be a consequence of [1, Proposition 2.6]. We provide a
different proof, which is more direct and does not rely on Caffarelli-Silvestre-type formulas. We
also include the limit case s = N/2, which is not considered in [1].

Proposition 4.7 (Removability of points). Let N > 3 and let 1 < s < min{2, N/2}, with s # 2.
Let Q CRYN be an open set, for every xo € Q we have

W32(Q) = Wi\ {zo}).
In particular, we have

AP (Q) = A*(Q\ {zo}).

Proof. By definition, we clearly have WOS’Q (N\{zo}) C W()”(Q) In order to get the reverse inclusion,
thanks to the density of smooth functions, it is sufficient to prove that for every u € C§°(Q) there
exists a sequence {uy, }neny C CF(2\ {x0}) such that

(45) nli)n;o ||un - u||L2(Q) = nlgréo[Vun - Vu]stl(RN) =0.

Indeed, we recall that
e = llellrz@) + [Velws-1@ny),
is an equivalent norm on WOS 2(Q).
Since ) is open, there exists r > 0 such that Q,.(x¢) € Q. By Proposition 4.3, there exists a
sequence {@n}nen C C§°(Qr(x0)) such that each ¢, coincides with 1 in a neighborhood of {zg}
and

By using the definition of A® and Proposition 3.1 on the bounded set Q,.(xg), we have
A (Qr(20)) ||<Pn||2L2(Q) < [‘Pn]%Vsﬂ(RN)»

and
s—1

s B s+1 s
A% (Qr(20)) ”v‘an%ﬁ(Q) < 25451 [‘pn]%/VSJ(RN)?
S

-
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w =

21
S S °
(As,lA (Qr(mo))> [Pliys-12m) < o120 D [Plvs 2wy

Thus, we have
(4.7) Jim {lonllz2@) = Hm [pn]we-r2@y) = lim [[Vin[|L2(9) = 0,

as well. We then define
un = u(l = @n) € C5°(2\ {z0}).
We start by estimating the difference u,, — v in L? norm: we have

/ i — uf? de = / on 2 Jul? d < [Jul2 / Venl? da.
Q Q Q

By recalling that v € C§°(2) and relying on (4.7), we get that the previous difference goes to 0, as
n diverges to co. This establishes the first limit in (4.5).
We now estimate the seminorm of the difference u,, — u as follows:

[Un - u]%Vsz(RN) = [U (pn]%}ys,z(Rw) = [u ngn + Pn vu]%/VSflJ(RN)

(4.8) 2 2
S 2 [(pn VU]WS,LQ(RN) + 2 ['U/ Vsﬁn]wsfl,z(RN).

Through some lengthy, yet standard, manipulations, we can separately estimate both terms as

follows:
) ) |Vu(z) — Vu(y)|?
[Pn V21 2z < 2 / en(@) (/ v gy ) @

+2 ||vu||2L°°(Q) [Wnﬁ/vs—l 2(RN)

2(s—1 2(2—s
< m (/ |90n|2d$> | D?u ||Lgo(9))|\VUHL£o(Q)

+2 ||VU||L°<>(Q) [‘PH}WS*L?(RN)'

Observe that we used [9, Lemma 2.6] to estimate the norm of the incremental ratio of Vu. By
recalling that u € C§°(2) and using both (4.6) and (4.7), we obtain

lim [, Vu]ys2@yy = 0.
n—oo
The other term is quite similar. We have

[u V@n]?ﬁ/rlﬂ(uw) <2 ||U\|%oc(n) [V(pn]%/vS*le(]RN)

+2 /RN Viou ()P (/RN M@) da

< 2|ullf 0y [Veonlie—1.2@mm)

C / ) > o) ,
o (e _1) Vool dr ) |[Vull; e
2-s)(s—1) < Ql | IVull, Q) || ||LOO(Q)

We used again [9, Lemma 2.6], this time applied directly to u. Still by (4.6) and (4.7), we get
lim [u V(pn]ws L2(RN) = =0,

n—oo

as well. By using these informations in (4.8), we get

nll_}rr;o[un - u]WS,Z(RN) =0.
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This concludes the proof of (4.5), thus proving the desired equality of the spaces.
The equality of the Poincaré constants A*(2\ {x0}) and A*(Q2) now easily follows from the
equality of the spaces. O

5. SOME EXPEDIENT HIGHER ORDER MORREY INEQUALITIES

The main result of this section is a lower bound on the relevant capacity of a singleton, in the
case s > N/2. This will be obtained as a consequence of a Morrey—type inequality, that we are now
going to present.

For 0 < a < 1, we introduce the Zygmund seminorm

2
[plea®ny == sup  sup M, for p € Cg°(RY),
xRN heRN\{0} ‘h|
where we set
Sip(r) := () — 2p(x + h) + ¢(x +2h).
We then have the following Morrey inequalities. As usual, we want to track the dependence on s
of the relevant constants.

Proposition 5.1. Let N € {2,3} and N/2 < s < 2. There exists two constants Oy, > 0 and
Cn > 0 such that for every ¢ € C§°(RY) we have

(5.1) [410]2@57%(]1@1\7) <Ons [‘P]%Vsa(RN)a

and
N N

2s T2
Il ny < On (Ons leliyeany) ™" (I0ln)

Moreover, the constant On s has the following asymptotic behaviors

025 ~ 1, as s \( 1,
(5.2) Ons~2—s, ass /2, and
0 1 N 3
s o3 PP Ny
Proof. We split the proof by discussing separately the case 1 < s < 2 and the case s = 2.

Case 1 < s < 2. In view of establishing (5.1), we first observe that

1 ) ) .
o) = g [ TG [0 -2 040 4 itr12n0] g

1 iz i i
= 7(270% /RN Flp)(€) e (@,€) [1 — 968 4o <2h75>} de,

thanks to the inversion formula. Thus, by Holder’s inequality, we have

1 2 \? |1_261<h,5>+ei<2h,s>|2
62 Zs\F d d
|Ghip(a)]| < 2t (/RN €] M(ﬁ)] E) (/RN TR ¢l

which holds for every x, h € RY. By (2.7), this yields

|1 — 26l (16) 4 (1200 |2
R *

[N

N

(5.3) 8rp(@)] < [lyez@m) (Asl /RN
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where the constant A;_ is given by (2.5). In order to estimate the right-hand side of the previous
inequality, for every a > 0 we write

[1— 26 M) 4 ¢ (218) ,2 1 — 26l he) 4 i (200 ‘2
/ 2s df = 2s dg
RN €] {le|<a} €]
1— 26 (h&) 4 ci(2he)|?
o e lrof
(1€[>a} [3

a +oo
< NLLJN <h|4/ pN+372s dp+ 16 / pN7172s dp)
0 a

|h|4 aN+472s 16aN25)

=N
wN<N+4—2s 25— N

For the integral over {|¢| < a} we used that
‘1 _9eihe) 4 ei(Zh,g)’ < |n? €2,
while for the integral over {|¢| > a} we used that
’1 26 (O +ei<2h’§>‘ <4

By choosing a = |h|~!, we infer that

1— 26 (R 4 ci2he)]?
/ | € € | dfﬁ CN ‘h|28_N.
RN 2S—N

€2
By (5.3), this yields

|0h ()|

. cn Ag_
ThzeN S O [Plivee@ry,  with fy o= =0

2s— N’

for every x,h € RY with h # 0, and so (5.1) follows. The claimed asymptotic behavior of the
constant Oy s now follows from (2.6).

We still need to prove the interpolation inequality for the L> norm. By (5.1) and the triangle
inequality, we have

lo(@)] < lp(x) = 20(x + h) + @(z + 2h)| + 2 |p(x + h)| + |p(x + 2h)]
< R~ /O s w2 @y + 2|l + B)| + p(z + 2 b)),

for every x,h € RY. We fix £ > 0 and we integrate the previous inequality with respect to h € By.
We then obtain

Nuw N
o 0¥ [ (@)] < 3 8 B [elweag + 2 [

5 + 5 By(z)

By using simple manipulations and Hélder’s inequality, we can in turn infer

1
lo(y)| dy + o / lo(y)| dy.
BQg(éE)

_N 1
lp(x)] < C\/Ons 72 [W]WSvQ(RN) +C£7% ”‘P”L?(RN)a
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for a constant C = C(N) > 0. The previous estimate holds for every x € RY and every £ > 0. If
we choose

/= ||80||L2(1RN) ’
VON s [Plws2@mn)
we can then obtain the desired inequality.
Case s = 2. We could repeat verbatim the previous arguments. Otherwise, we can multiply the
previous inequalities valid for 0 < s < 2 by the factor (2 — s) and take the limit as s 2. By

Proposition 2.3 and by (5.2), we get the claimed estimates for a positive constant 6y depending
only on N. 0

Remark 5.2. As a straightforward consequence of the previous Morrey-type estimates, we get that
for every open set Q2 C RY the following continuous embedding holds

We(Q) = €2 (@),

for N € {2,3} and N/2 < s < 2. Here, we indicated by GS_N/Z(Q) the following non-homogeneous
Zygmund space

N
2

€2 (@ = {¢ € Chowna(@ : [Pl ) < +00, 0 =0 0n 00},

and Chound (ﬁ) is the set of continuous and bounded functions on . The latter is a Banach space,
when endowed with the norm

s—N —
el iy = Il + [l gy for cvery 9 € €5 F @),

We refer to [33] for more details on the Zygmund space.

As a straightforward consequence of the previous result, we have the following lower bound for
the relative capacity of a point.

Corollary 5.3. Let N € {2,3} and N/2 < s < 2. Let E CRY be an open bounded set. For every
xg € E, we have
diam(E)N—2s

(5.4) o

< Cap,({zo}; E),

where Oy s is the same constant as in (5.1)

Proof. For every ¢ € C$°(E) such that ¢(x) = 1 in a neighborhood of x, let us take h € RY such
that |h| > diam(FE). In particular, we get that o +h ¢ E and g +2h € E. From (5.1), we thus
get

1< |p(zo)]* < [B* N On s [lye2mm)-

By the arbitrariness of ¢ and || > diam(E), we get (5.4). O

6. MAZ'YA-POINCARE INEQUALITIES

6.1. The case s = 2. In this case, the following simple Poincaré inequality for functions vanishing
in a neighborhood of a compact set will be the key tool to prove the main theorem. The estimate
is a bit rough, but it will be largely sufficient. This is a particular case of [27, Theorem 14.1.2].
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Lemma 6.1. Let ¥ C RY be a compact set. Let Qq(yo) € RY be a cube containing ¥ and set
60 := dist(X, 0Qa(vo))-
Then for every u € C*°(Qu(yo)) such that u =0 in a neighborhood of ¥, we have

. 2
Cap (2 Qalyo)) / fuf? dar < C/ Auf? dr + & <d> / Vuf? de,
d Qa(vo) Qa(vo) 02 \0/) JQawo)

where C = C(N) > 0.

Proof. Without loss of generality, we can assume that

(61) [ luPdo=1Qutm) and av(uiQu(w) 20,
Qa(yo)

Let n € C§°(Qa—s5/4(y0)) be a cut-off function such that

C
0<n<l,  m=1 onQuglw)  |Vif*+[An <,

for some universal constant C' > 0. Then we can use n (1 —u) as a test function for the capacity of
¥ relative to Qq(yo). We get

Caps (5: Qulyn)) < /Q NCCERIRE

:/ |(1—w) An —2(Vn, Vu) —n Aul? dz
Qa(yo)

§3/ |1—u|2|A77|2d33+6/ Vil [Vuf? da
Qa(yo) Qa(yo)

+3 / n* | Aul? d.
Qa(yo)

In particular, by using the properties of the cut-off function 7, we obtain

C C
(6.2) Capy(2; Qa(vo)) < 5 / 11— ul? da + 52 |Vu|?dz + C |Aul? da.
Qa(yo) Qa(yo) Qa(yo)

In order to conclude, we just need to control the L? norm of 1 — u. We proceed as follows

/ |1 —u|2dx <2 / lav(u; Qa(yo)) —u|2dx+2 / |1 — av(u; Qd(yo))|2 dx

(6.3) Qa(yo) Qa(yo) Qa(yo)

<2 [ (s Qul) ~ uf® do +21Quluo)] 11~ av(as Qaluo)) .
Qa(yo)

Then we observe that

VIQa(yo)l 11 — av(u; Qa(yo))| = ‘H’U’HLQ(Qd(yO)) — [lav(u; Qa(yo)) 22 (Qutyo)) |»

thanks to the normalization condition (6.1). By using the triangle inequality, we thus get

V1Qa(wo)| 11 — av(u; Qa(yo))| < llu — av(u; Qa(yo)) | L2(Qa(yo))-

We can use this estimate in (6.3) and obtain

/ 11— uf? do < 4 flu— av(u; Qa(Yo)) 172 (Qu(ye)-
Qa(yo)
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A further application of Poincaré-Wirtinger inequality gives

4
/ 11— u|?de < — d? / |Vul|? d.
Qa(yo) HN Qa(yo)

By finally inserting this estimate in (6.2) and recalling the normalization condition (6.1), we even-
tually get the desired inequality. O

6.2. The case 1 < s < 2. This case will be much more delicate. We start with the following
auxiliary result: this is nothing but a fractional variant of (a particular case of) [27, Theorem
14.1.3]. We give all the details, in order to carefully keep track of the quality of the relevant
constants.

Lemma 6.2. Let 1 < s < 2 and let ¥ C RY be a compact set. Let Qq(yo) € RY be a cube
containing ¥ and set

§ == dist(Z, 0Qa(yo))-

Let u € C*(Qa(yo)) be such that

(6.4) av(u: Quyo)) >0, maxu(x) < e 1L Qul))

oex |Qa(yo)|
for some ¢ € (0,1). Then, the following Poincaré—type inequality holds

Cap, (3; Qa(y
(1—¢)? (dN (%)) Ot lul*dz < C [uﬁ/VS’2(Qd(yU))
a\yo

d\? 1 1 )
+C (5) T /Qd(yo)lwl dz,

for a constant C = C(N) > 0.

Proof. Without loss of generality, we can assume that yo = 0 and

(6.5) ullZ2(q, = 1Qal = (2d)™.

Let ¢ € C3°(RY) be such that 0 <1 < 1 and

(6.6) v=1onQ, s, Y =0 on RN\QUF%, |Vy|? + | D?*yp| < ‘;ig,
Let ¢ € (0,1) be as in the statement, we set V := (u —¢)/(1 —¢). Then, V € C*(Qg) and V <0
on X, thanks to (6.4) (recall the normalization (6.5)). This entails that the function (1 — V) is

admissible in the definition of Cap,(X;Q4). By the triangle inequality, we get

(6.7) Cap, (3 Qa) < 2 [(1 - V) V4] ivs,m(RN) +2 V(1 - V)]iVS,I,Q(RN) =127, + 27,

and we estimate each term separately. For J;, we add and subtract (1 — V(y)) Vi (z) and split the
seminorm, thus we get

7, < // [(V(y) = V(2)) Vib(z) + (1 = V(y)) (Vi(z) — V(y))
- MQaxQa

|z — y|N+2(6-1)

1-V 2
. 0= VW) VWP,
®N\QuxQ, s [Tyt (s=1)

=: 51’1 + 31’2.

dzx dy+
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We also used that (1 — V') V4 identically vanishes on Qg \ Q4—s/4, by the properties of ). By the
elementary inequality (a + b)? < 2 (a® 4 b%) and [9, Lemma 2.6], we have

Ji1 <2 ||V¢||2Loo(RN) [V]%/VS*”(Qd)

C 2(s—1) 2 (2—s)
— N -V|? H
+ (8 _ 1) (2 _ 8) || V||L2(Qd) || ess( )”Lac (RNV) ||v’l/]||LOO(RN)
C , C 1

2
B 52 (1—¢)2 [U]stl*z(Qd) + (s—1)(2—5s) 525 11— V||L2(Qd)’

for a dimensional constant C' > 0, where in the last line we used the properties of 1) and the
definition of V.
To estimate J; 2, we observe that

RY\ Qq C RV \ Bs/4(y), for every y € Qd_%.

By using spherical coordinates, this yields
/ dx < / dx
w\Q, [T — YN T Jenp, )l — y VT2

(6.8) = /SN_I </Oo 9‘2“‘1)—1@) dHN " (w)

B Nwy % 2(s—1)
S 2(s—1) \¢ ’

for every y € (Q4_s5/4- By using this estimate and the properties of 1, we then infer that

Nuwy 2D V(y) Vo (y)*
91,2§22( —0) () // . |x— y[NF2G-1) dy

1
C 1 2
< = 1—
<< (3_1) 11— Vilzegu,

for a suitable constant C'= C(N) > 0. By keeping the two estimates together, we get

c ) c 1 )
(69) 31 < 5171 + 3172 < m [U]stLz(Qd) + m @ ”1 — VHLQ(Qd),

possibly for a different constant C' = C(N) > 0. We still need to estimate the L? norm of
1-u

1-V = .
v 1—¢

We proceed as follows

1
1= Vlz2Qu) < 1 (||1 — av(u; Qa)llL2(Qu) + llav(u; Qa) — ullr2(q.))
= (VIGal It~ (s Qa)l + llav(us Qu) — wl2cau))
1
= (|l 20 = llav(w: Qa)ll 2| + llav(us Qo) = ull 2@,
2
< 77 lav(w; Qa) — ullr2qu),
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where in the second equality we used (6.4) and (6.5). The last L? norm can be finally estimated by
the L? norm of Vu, thanks to the classical Poincaré-Wirtinger inequality. By spending the resulting
estimate in (6.9), we get

C [U}%/Vs—l,z(Q) 1 d\? 1 9
(6.10) I < ESE ( 52 CEAE G-1)(2—3) (5) 52(s—1) HVUHLz(Qd) )

for a constant C'= C(N) > 0.

Going back to (6.7), we still need to estimate Jo. We proceed similarly as before. We add and
subtract ¥ (y) VV (z), split the double integral and use the properties of the cut-off ¥, so to infer
that

5, = // (U (y) = (@) VV(2) + 4 (y) (VV(y) = VV (@) dy
QaxXQa

|.1: 7y‘N+2(sfl)
(6.11) / 5 2 dzx
+2 Y(y)|* [VV (y ——— | dy
Qd7§ | ( )| | ( )| RN\Qy |1, _ y|N+2 (s—1)
1

=: 32’1 + 32’2.
Again by elementary inequalities and [9, Lemma 2.6], we get

2 C 1 2 2
n1E oy ((s s e IVulien + [V“]W“’2<Qd)) ’

where we used (6.6) and the fact that VV = Vu/(1 —¢). For the “strongly nonlocal” term Jz 2, we
use again (6.8) and the fact that |1)| < 1, so to obtain

2 C 1

2
Ja2 < (122 5-1)(2=s) 526D [Vullzz(g.)-
By spending the previous estimates in (6.11), we get
C 1 1 ) )
(6.12) J2 < (1—¢)? ((5 —1)(2—s) 6261 IVullz2 g, + [VU}WSLQ(QM) ’

for some C'= C(N) > 0. We can now use (6.10) and (6.12) in (6.7). We also multiply both sides
by (1 —¢)2. This yields

2
Qe
52
c 4\’ 1 1 Vul|2 C [Vu)?
+0\5) Goeos e Wulizen + CVulw:-12)

for a suitable constant C'= C'(N) > 0. We also used that d/§ > 1.

In order to conclude, we need to (carefully) estimate the first term on the right-hand side, i.e.
the fractional (s — 1) seminorm of u. Here, we can use Lemma 3.3. More precisely, we proceed as
follows: we extend u to the whole space, by means of the extension operator £, in [7, Corollary
3.2]. For notational simplicity, we set @ := €qg,(u). We recall that @ is locally Lipschitz and it
satisfies in particular the following estimate

(1—¢)*Cap, (%;Qq) < C
(6.13)

D 4 N
(6.14) Mo ov (7)o
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for every 0 < 0 < 1 and D > d. The dimensional constant apy can be made explicit. Since
Qa4 € By, € Q xg> by using Lemma 3.3 for w in the ball B 4, and by using (6.14) with
D = /N d we obtain

1. 5 1 1 Cuy

7 [ivran < 5 @y ) < 2 5—5 VN IVl

d\* Cn 2N+2 1 2
= <6) 2-s an N d2(s—1) IVulzz(ga)-
By spending this estimate in (6.13) and using that
1 < 1 1 1 2

s Gone-s M men T Een S Eeen

Q\/ﬁd)

we get

d\* 1 1
2 ) 2 a 2
(1 —E) Caps (Zan) < C[vu]wstz(Qd) +C <5> (S— 1)(2—8) 52(s—1) ||quL2(Qd)7

for a constant C' > 0, depending on the dimension only. This eventually yields the desired conclu-
sion, by taking into account (6.5) and possibly redefining the constant C. O

We can now prove the Maz’ya-Poincaré inequality that will be needed to get the main result,
in the case 1 < s < 2. This is the fractional version of Lemma 6.1: the crucial difference is the
constant in front of the L? norm of the gradient, which now depends on the capacity of the Dirichlet
region. This will be essential in order to get the sharp dependence on the parameter s, in the result
of Theorem 1.4. For future reference, we prove it for a general compact set 3, even if we will use
it only for singletons.

Theorem 6.3 (Refined fractional Maz'ya-Poincaré inequality). Let 1 < s < 2 and let ¥ C RY be
a compact set. Let Qq(yo) C RN be a cube containing ¥ and set

0 :=dist(X, 0Q4(v0))-

Let 0 <d < D < 400 and let u € C*(Qp(yo)) be such that w =0 in a neighborhood of X. Then,
we have

Caps (E, Qd(yo)) / |'LL‘2 de < C Caps (27 Qd(yo)) / |V’LL|2 dx
an Qa(yo) B N2 Qa(yo)

2s o 2
+CW+D) <d> Jl Vulr) - Vul
Y Qa(y0)xQp(yo) |z =yl

where C' = C(N) >0 and W =W (N, s,d/D) > 0 is the constant given by (3.3).

Proof. We can suppose that % has positive s—capacity, otherwise there is nothing to prove. Again,
without loss of generality, we can assume that yo = 0 and that v satisfies

1
(6.15) VullL20,) < SUNd ullL2(Qa)-
Indeed, if
1
IVullL2Qa) 2 svNd lull2(Qa),

then the desired estimate would trivially follows with C' = 64 N. For = € RY, we set
Slu](x) := (av(Vu; Qq); ) and v:=wu— Slul.
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We can assume that
(6.16) av(v; Qq) > 0,

up to replace u with —u. We want to show that v satisfies the assumptions of Lemma 6.2.
We need some preliminary estimates. Observe that by Cauchy-Schwarz and Jensen inequalities,

we have
N 2\ 2
2vV/Nd
(6.17) sup |S[u](z)| <2VNd ][ Uy, dT < ———— IVullz2 (@) -
sup | | ; ” oo @)

We used that
diam(Qq) = 2V N d.

By using (6.17), together with the normalization (6.15), we also get that
1
150l 2 0., < V/IQal sup [STul()] < 2VN d|[Vull iy < = lulli2(u).
(Qa) 2€Qy 4
Thus, by the triangle inequality, this in particular gives

1
el z2i@a) < Iollz@a) + 151l 2, < IWlle2i@a + 7 Tullzz@a)s

which in turn implies

4
(6.18) lullz2@a) < 3 10llz2(Qu)-

We are ready to show that v verify the assumptions of Lemma 6.2. By using (6.17) and (6.18), the
normalization (6.15) and the fact that v = 0 on X, we infer that

lullz@@u 1 [Ivllz2Qu

ViR 3 ViQd

By recalling also (6.16), we can finally infer that v satisfies the assumptions of Lemma 6.2, with
e =1/3. This yields

4 Cap,(%;Qq) 2
9 Td\!u = Slulll 20,

(6.19) < Clu— Sz,

d\? 1 1 2
+C (5) (s—1)(2—s) 626D HV(“_S[“D HLz(Qd)'

max |o(x)] = max |S[u)(z)| < sup [S[u](z)] <

8
m
O
Y
B~ =

We now observe that

[u - S[’LLH Wo2(Qq) = [V(u - S[UD] We=1.2(Qq) = [VU]WS—LQ(QUZ) = [U]WS=2(Qd)7
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thanks to the fact that S[u] is a linear function, thus V.S[u] is a constant vector. Thus, from (6.19)
we easily get

ps(2; Qa) I -
dN

Vu(z) — Vuly)|?
(6.20) <C//deQD |x_y|zv+2<é o dedy
2

1 1
e (6) o=y 2o IV E =S,

The constant C' only depends on the dimension N. Moreover, by applying the “asymmetric”
Poincaré-Wirtinger inequality of Proposition 3.4 with the choice 0 = s — 1, we can estimate the
last term as follows

©\>J>

ul HLZ(QH)

IV (u = St [0y = Z i, — av (w3 Qa) |2

2
_ _ 2 (s—1) [Vu(z) — Vu(y)|
<W(s=1)(2-s)d //deQD o |N+2(S ) dz dy.

Here W = W(N, s,d/D) > 0 is the same constant defined in (3.3). By spending this information in
(6.20) and using that d/§ > 1, we get

4 Cap,(2;Qq) 2s |Vu(z) — Vu(y)|?
(6.21) §T||u |}L2(Q) C(W+1) //deD |1:fy\N+2 1 dady.

We are ready to conclude: by the triangle inequality and the two estimates (6.17) and (6.21), we
get

2 2
”u”%ﬁ(Qd) < 2||S[u]||L2(Qd) ]||L2(Qd)

<2|Qq| sup ‘S[u](m)’Q—l—QHu—Su
€Qq

+2Hu—$’u

2
M2z
S 8Nd2 ||Vu||L2(Qd)

9 dN ( ) // |Vu(x) — Vu(y)|?
T A— dady,
2 Capumag © W oaxon 17— \NHS n 4y

which yields the claimed estimate. ([l

We recall that the constant W entering in the previous Maz’ya-Poincaré inequality is given by
W
o+ (1-0) (1-(2d)/D)*"),’
where Wy > 0 only depends on the dimension. In particular, observe that
d Wi
li WI(N,s, = | =———=Wy.
Do ( ’S’D) ct(l-—o) 'V

Thus, by taking the limit as D goes to +00 in Theorem 6.3 and using the above observation, we
easily get the following

W (N,0,d/D) =
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Corollary 6.4. Let 1 < s < 2 and let ¥ C RY be a compact set. Let Qq(yo) C RY be a cube
containing % and set

0 :=dist(X, 0Q4(v0))-
For every u € C°(RY) such that w =0 in a neighborhood of 3, we have

Cap, (2;Qa(yo)) / ul? da < CCaPs (2; Qa(yo)) / Vul? de
daN Qayo) N an-—2 Qa(yo)

2s _ 2
@) v,
o Qulyo) xRN |z —y|[N+2(=D)

7. PROOF OF THE MAIN RESULTS

for a constant C = C(N) > 0.

7.1. Proof of Theorem 1.3. We assume that rq < 400, otherwise there is nothing to prove. We
take a tiling of the space (up to a set of measure zero) made of disjoint hypercubes {Q;};c,~ With
sides 3rq. More precisely, we define

(7.1) Qi = Q3,,(61),  foricz".
By construction, for every i € ZN we have B, rq(61) € Qi and, thanks to the fact that 2rq > rq,
by definition of inradius there exists a point z; € Ba,,(61) \ 2. Moreover, still by construction we
clearly have

6i = dist(xi;aQi) Z rQ.-
Let u € C§°(2) \ {0}, extended by zero outside 2. According to the previous discussion, for every
i € Z" by Lemma 6.1 we have

Capy ( {x} Q) / lul? doz < C/ |Au|2da:—|— / |Vu|? dr,

37"Q

for a constant C = C(N) > 0. Recall that the capacity of a point is positive (see Lemma 5.3).
Moreover, we can uniformly bound it from below as follows

Capy({wi}; Qi) > Capy({wi}; Qs g (21)) = (570) "~ Cap,({0}; Qu),
since Q; C Qs ({7i}), for every i € ZY. We can thus obtain

1\* c
<> / lu|? de < C / |Aul*dx + — / |Vu|? dr,
rQ Qi Qi ra Jaou

possibly for a different constant C = C'(N) > 0. By summing all the contributions, we infer that
4
1
() Wl = () 5 Wlhaiay <€ X I8y + 5 3 I9ulicay
iezZN iezN 2 jezn

=C ||AU||%2(Q) + z HVUH%2(Q)'
Q

We now need to reabsorb the inradius contained in the right-hand side. This can be done by using
the interpolation inequality (2.2) and Young’s inequality. More precisely, we can infer that

lulZeey 2
c / IVl de < C Jull 2oy | Aullpzqey < a2 4 D2 auZ, g
Q 27“Q 2
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4
1 /1 9 C? 5
3 <m> ullz2(q) < (C+ 2) [Au|[72(q)-

By arbitrariness of u € C§°(£2), we get the desired result (1.8).

This entails that

Corollary 7.1. Let N € {2,3}. For every open set 2 C RN we have
A >0 = rqg<+oo.

Proof. The implication <= simply follows from Theorem 1.3.
For the converse implication, let B,.(z9) C Q be a ball. By the monotonicity of A with respect
to inclusion of sets and the scaling law (1.7), we obtain

A(By)

rd

AQ) <

Since we are now assuming A(€2) > 0, this can be rewritten as

rs ([ﬁ)))i

By arbitrariness of r, we get that rq < +00. More precisely, we have the following estimate

s (AA%))i

This concludes the proof. ([l

7.2. Proof of Theorem 1.4. Again, we assume that ro < 400, otherwise the estimate is trivially
true. We then consider the same tiling {Q; };cz~ given by (7.1). Exactly as before, for every i € ZV
there exists a point z; € Ba,, (61) \ £ such that

5i = dist(:ci;é)Qi) Z rQ-.
Thus, if uw € C§°(Q2) \ {0} we can apply this time Corollary 6.4 on each hypercube Q; and get

el |Vu(z) = Vu(y)|?
i v dxd
Tg = 2|| UHL?(Q)JrCapS {331} Qi) //,me |z — y[N+26-1) ray,

for every i € ZV, where C' = C(N) > 0. Observe that points have positive relative capacity, thanks
to the fact that s > N/2 (see again Corollary 5.3). Moreover, as before we can estimate it from
below

Cap, ({zi}; Q1) > Cap,({zi}; Q5 1y (21)) = (5re)" 7?* Cap,({0}; Q1)

By using this estimate, we get

2s
1 2 2-2s 2 [Vu(z) — Vu(y)|?
— <
<TQ) ||u||L2(Q,) — CTQ ||vu||L2( Caps {O} Ql XRN |l' _ |N+2(S 1) dl’ dy)
for every i € ZV, possibly for a different constant C' = > 0. We now sum up all the

contributions of the hypercubes, so to get

¢ >

1 2s
(7.2) () ull 2y < Crey I Vullfei) + 5 —a [Ulive 2@n
Il < C i IVuliis + ooy (iveem:

TQ
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Observe that we crucially exploited the fact that

[Vu(z) — Vuly)P?
Z // XRN |.'I;— |N+2(5 1) d d _[ ]W.s 2(]RN)7

iezZN

thanks to the fact that the hypercubes are tiling the space and that

(Qi xRM)N(Q; xRY) =0,  fori#].
We now apply the interpolation inequality (2.8) in the right-hand side of (7.2), so to get for every
0>0

1\* - <51> ) <2CAS_1 C > )
— ull720y K Crg %0 | —— ) ||ull5200y + + U2 )
G Rt e L e e e (DR

In order to reabsorb the L? norm, we choose

__L s
201y s—1
This permits to infer that
2s
1 /1 S}
7.3 - (= 2 < _ “Ns a2 )
( ) 2 (TQ) ||UI|L2(Q Caps ({0} Ql) [U]stz(]RN)

where we set for simplicity

O i= ((20)28 (S‘ 1>S vy Cap, ({0}:Q1) +C> .

S

In order to get the desired estimate with a good asymptotic control on the relevant constant, we
can estimate from above the s—capacity of {0} by Proposition 4.2. Thus, we have

o (s—1\7! A1 Cy Cap, ({0}; Q1) .
@N,s S (2 C) < s > (2 — 8) (S _ 1) ()\<Ql))278 + C = GNVS.

This is enough to get from (7.3) the seeked lower bound on A*(f2), with constant given by

Cap, ({0};@1)
2CnNs )

The claimed asymptotic behavior now follows from that of As_1, given by (2.10). This easily gives
Cns~1, —as s\yN/2 and s "2,

The proof is concluded.
Corollary 7.2. Let N € {2,3} and N/2 < s < 2. For every open set  C RN we have
AM)>0 = rq<+oo.

Proof. The proof is exactly the same as that of Corollary 7.1. (]

8. ASYMPTOTIC OPTIMALITY

This section is devoted to discuss the optimality of the lower bound of Theorem 1.4, with respect
to the fractional differentiability parameter s.
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8.1. Failure for N = 3 and s < 3/2. In dimension N = 3, if the order of fractional differentiation
s is below or equal to the critical threshold 3/2, then the inequality (1.9) fails, for general open
sets. This is due to the fact that points are removable, as shown in Proposition 4.7.

By using this last result, it is now very easy to produce a counter-example to the validity of the
lower bound of Theorem 1.4, for s < 3/2 and N = 3. We can simply take

Q= Q1 N (R3\ Z3), for every k € N.
Then we observe that
for every k > 2,
while by using iteratively Proposition 4.7 and the scaling law (1.7), for every 1 < s < 3/2 we have
A*(Qk) = A (Qr) = K25 A%(Qu).
Thus, we easily get

lim 73 A*(Qy) = 0.
k—o0 ’

8.2. Asymptotics for s /2. We show here that the dependence on s in the lower bound of (1.9)
is optimal, in the regime “s converging to 2”.

Indeed, let 2 C RY be an open set with finite inradius, where N € {2,3}. We multiply both
sides of (1.9) by (2 — s), so to get

(2 —s) Cap,({0}; @) (1

GQ T
We observe that by Corollary 5.3 we have

(2 —5) Cap,({0}; Q1) >

2s
) < (2 - 5) A%(9).

(2VN)N=2s,

2—s
HN,S
Moreover, by (5.2) we recall that

2= ~1, as s 2,
0N,s
so that )
2 — : 1\*°_ 11
5,72 Cy rQ C L)

On the other hand, by Corollary 2.4 we have
limsup(2 — s) A%(Q) < X A(Q).
s 2 2

By using these two limits, we retrieve the lower bound of Theorem 1.3 from (1.9).

8.3. Asymptotics for s N\, N/2. Finally, we prove that the asymptotic behavior of the lower
bound is optimal, also in the regime “s converging to N/2”. This is much more delicate.

Theorem 8.1. Let N € {2,3} and let us consider the open set Q. = RN \ (2Z"), having inradius

ro =V N. Then we have
A*(Q)

8.1 limsup ——————— < 4o00.
®.1) sovy2 Capg({0}; Q1)

In particular, the dependence on s of the inequality (1.9) is sharp.
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Proof. In order to prove the claimed asymptotics, we will need to judiciously estimate from above
A#(€Q). This will be done by constructing a suitable sequence of test functions (depending on s),
along the lines of what done in the proof of [7, Theorem 1.2, point (3)]. However, the fact that now
s > 1 will cause some (nontrivial) additional issues.

1. Set-up. By definition of capacity as a infimum, for every N/2 < s < 2 there exists a function
(s € C§°(Q1) such that

(8.2) (s =1 in a neighborhood of {0} and  [(Jfye2(@ry < 2Cap,({0};Qn).

Observe that we used that points has positive capacity, in this regime. For every n € N\ {0}, we
define the following smooth multi-funnel function

bnaelt) =1- 3 ¢, (mgi) .

i€e2ZNNQn

By construction t,, s € C(RM) and it identically vanishes in a neighborhood of every point
ic (2Z)N NQ,. Moreover, by construction and by Proposition 5.1, we have

N

2s 1— 2
sl < 1+ G e@n < 14+ Cn (Vons Glwea@) ™ (Illia@n) 7>

where 0y s has the asymptotic behaviors (5.2). We report it here for the reader’s convenience

Oy s~ 1, as s \( 1,

)

Ons~2—s, ass /2 and
0 1 N 3
~——, ass \ .
MDY 2
By using Poincaré inequality to estimate the L? norm of ¢, and the second property in (8.2), we
get

1—-N

83)  [nselim@e <1+Cv (Vona )™ (Al(Ql)> \/Cap, ({0} Q).

We also take a function u € C§°(Q1) with [lul[z2(g,) = 1 and define

Up(x) :=u (E> ) for n € N\ {0}.

n
Then the function

Un Yn,s.e € C5°(Qn N Q) C C°(Q),
and so it is a feasible competitor to test the definition of A*(2). In particular, by Minkowski’s
inequality we get

2 [un vwn,s,&]%{/s—lﬂ(RN) +2 [wn,s,a vun]%{/s—lﬂ(RN)

A*(Q)
Hun mevEHZLQ(Qn)

8.4
®4) Ji+7J;

o ||Un dJn,s,eH%?(Qn) .

We need to estimate J1,J5 and the denominator separately.
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2. Estimate of J;. For the first one, by adding and subtract Vi), s - (z) un(y), we get

91 <4 unllie(g,) [V¥nselivsr2@v)
2 |(un(-r) - un(y))|2
+4/ ‘V'(/Jn,s,e<x)| (/RN |$ _ y|N+2 (s—1) dy ) dx

n

<4 ||u||%°°(Q1) [vwn,s,a]%/vs—l,z(]RN)

C 2(s—1) 2(2—s)

2
+ (S . 1) (2 o S) ”vwn,s,EHlﬂ(Qn) Hvun”LOO(RN) ||u||L0°(Q1)7

with C = C(N) > 0. We used
2 2
[ullzoe @iy = lunllz=(q.),
and [9, Lemma 2.7] to estimate the incremental quotient of u,. In order to estimate the L? norm
of V), s, we can use a change of variable to write
. 2
7(« ()

2
(@Qn) = Z /
Q- (1)
:(2n—1)N6N_2/ Ve,
Q1

i€ZNNQ.,
Then the last term can be estimated by using Proposition 3.1, which gives

s+1 :
IV6 a0 < sxnggny (25 A1 4%(@1) " [Gliveoqany

dx

Finally, by recalling (8.2), we obtain

0 =

s+1

s (254 0Q0) 2 Cap, (01

||an,s,6||%2(Qn) <(2n- 1)N N2

By further observing that
s—1 — 925
IVunll7 8 @0y = 272" | Vul L=(ou),
and using that s > N/2, we get
01 < C Vs eliyote@mm)

2s

w =

+C( )NNQn2

froy (A1 47(@)” Can ({03 Q0)

for some C' = C(N, [|ul|c1g7)) > 0.
We still need to estimate the first term in the right-hand side term of the previous inequality.
We first rewrite it as follows

[Vn,s,ely a2 gy :i [(%’S’E)%}we L2(E) i 2 (CS <;1>)m

i=1 i=1 |ieZNNQ,

2
¢ Ws—1,2(RN)

Then, by using that the functions {(s((z —1)/€)}ieazv have disjoint supports, it is not difficult to
see that for every i € {1,..., N} we have

> e (F))mam ((2), rm, (< (),

ieZNNQ., i
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We can thus exploit the submodularity of Gagliardo-Slobodeckii seminorms (see [19, Theorem 3.2])
to infer that

2 2
> (=) <2 |, («(5))
e € = i€ZNNQn € = B
iIEZNNQn ‘1 ws—1.2@®N) il we—12(RN)
2
. c—1i
+2 | min <§S< ))
i€ZVNNQ, g z stva(RN)
. 2
<2 Y [(@(‘_1)) ]
i€ZVNNQ., € Ti Ws=1,2(RN)
This, in turn, permits to infer that
N . 2
c—1i
[an,s,s]%vs—l,z(RN) < QZ Z l(cs (€)> ]
1=1ieZNNQ, Ti] Ws—1.2(RN)
N . 2
-—1i
= ¥ 3 l((F) ]
iezZNnQ,, i=1 T; Ws=1.2(RN)

. 2
c—1
=2 > [Ws (JLS_M(RN)

icZNNQ,
=22n - )N N2 V(e @r
<42n— 1N N2 Cap,({0}; Q).
This finally entails that

85  9,<C (20— 1) N2 Cap. ({0}:01) [ (%)2572 ﬁ( o1 A (Ql))i].

3. Estimate of J,. By adding and subtract vy, s () Vu, (y), we can estimate

32 S 4 HvunH%oo(Q") [wn,s,a]%}[/s—lj(]RN)

(8.6) Vn () — Vua ),
+4 /]RN |1/Jn,s,€(x)|2 </]RN |x _ y|N+2 (s—1) dy) d.

The first term on the right-hand side can be estimated by observing that

[wn,s,s}{%vsfla(RN) = Z Cs <;l)

i€2zZNNQ.,

2

Ws—1,2(RN)

and then observing, similarly as above, that

T —1 T —1 . T —1
> @(E): max Cs<€>+.z%lg11 Cs<€>,
€22V NQ, 2T 0Qn LT NCn
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thanks to the fact that the functions {(s((x —1i)/¢)}icazn have pairwise disjoint supports. We can
thus exploit again the submodularity of Gagliardo-Slobodeckii seminorms to infer that

o\ 72 o\ 72
o <z[ max ()} H[ min ()}
[77/1 8 ,s]W L2(RN) = CINRO., ¢ - Wz eI MO, ¢ - W2

. 2
<2 ) [cs (‘ﬂ =220~ DN N2V R,

19 s—
i€ZNNQ,, We=1.2(RN)

In turn, by (3.1) of Proposition 3.1 we can estimate

o=

1
s

1 1
2 2
el < (A As(ﬂ)) oo e

By using that z — 2* is bounded from below by a positive constant, we get that
32_l
m§07 fOreVery1<S<2,

for some universal constant C' > 0. This permits to infer that

o=

1 1 B
2 _ 1\N _N—-2(s—1) 2
[Wnselivsro@my) <C@n—1)"e (As_l As(ﬂ)> [Csliez )

<20@n-pYer 2o () can,((0)iQu)

By using this estimate in (8.6) and the fact that

1
IVunlieu) = -5 IVulliz(@,):

we get

o< cen-ne s (5 (1 ) emtonan

n
2
2 [Vn(2) = Vun (y)|*
+4 /]RN |7//n,s,s($)| (/]RN |£L' _ y|N+2 (s—1) dy dl’,

for a constant C'= C(N, [lul|c1g7)) > 0. In order to estimate the last term, we proceed as follows

2
2 |vun(x> — vun(y)|2
/]RN V5,6 ()] (./RN |z — y|N+2(s=1) dy )| dv

S ”wn,s,EH%W(RN) [vun]f/vsflj(RN)
2
) [VU]

Ws=12(RN)

(8.7)

c N-2s 2 2(2—s) s—1)
< [PEDICES)] n [¥n,s.ell o @y lullz2(g,) IV ||L2(Q1
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where we used [15, Corollary 2.2], in the last estimate. For the L° norm, we can use the estimate
(8.3). In conclusion, we obtain

o< C (20— 1)V N2 (2 (1411 Atm> " Cap,({0}:@1)

(8.8) .

+ #nN—Qs
(2—35)(s—1)

for some C = C(N, ||u||cl(@)) > 0.

1+ (91\/,5)% (AS(lQl)) o Caps({o}éQl)] )

4. Estimate of the denominator. We now need to estimate the L? norm of u, Yn,s,e from
below. By observing that

> o) =0 wrecry o),

iezZVNnQ., i€e2ZNNQ,

with a change of variable we infer
2

ny —1i
(89 funthnaclZaio,y = 1 /Q wP (1- 3 43( . ) o= [ Jubay

1 i€2ZNNQ, e
where we set
i
A = £ — .
£ Ql\ U Qn (n>
i€2ZNNQ,

Observe also that

. 2 _ 2 _
(3.10) 35’%/,45 juf2dy = /Q uf2dy = 1,

by the Dominated Convergence Theorem.

5. Collecting the estimates. We now collect all the previous estimates. By using (8.5), (8.8)
and (8.9) in (8.4), we infer for N/2 < s < (3N)/4

AS(Q) C 9 25—2 1 ) %
s tovan ST [ () wgy (@) |

C Noo. (€ 2( 11 )i
b N ——
lulZzias (n) A AS(Q)

SO ey (1 1>i
HUHQLZ(AE) n As—1 A5(Q)
C 1 1
[ull22(4.) (s —1) Cap, ({0};Q1) n?* A*(Q1)

Before passing to the limit as s goes to N/2, we polish a little bit the previous estimate. At first,
we further use Corollary 5.3 to estimate

1 _ O 1
(5= 1) Cap, (0} Q1) ~ 5—1 @VN)N 2+

11—

1
+

Ve bn0® (g ) Capa(00:Q)

] |
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Then, we also estimate A®*(Q1) from below, by means of Proposition 3.2. The resulting upper bound
takes the following form for N/2 < s < (3N)/4

AR O v | L (YR A (s 1
Cap, ({0} Q1) ~ flullZaa, ) ’ (n> (A(QJ)S ( o (Ql))
C E 2 1 N—-2s
" [ull32 4, (n) Q1) {5 “}
(8.11) .
+ g o 1"‘(91\7,3)% A1 Cap,({0}; Q1)

[ullFga,) s —1 n2

3

¢ Zﬂ%i(s,n,a)7

2
HUHN(AE) i=1

possibly for a different constant C' = C(N, ||ullc1gy)) > 0.

6. Passing to the limit. We would like to take the limit as s goes to N/2 and shrink the radius
of the holes € to 0, at the same time. In doing this, we have to pay attention to those terms in the
right-hand side of (8.11) which could be problematic. These are the following

1

6N_257 GN,sv Ca’ps({o}an) and ma
the last two only for dimension N = 2. We will see that if we let the holes shrink sufficiently
fast and let the number of holes n diverges sufficiently fast, we will be able to guarantee that the

right-hand side of (8.11) has a finite limit, thus eventually proving the result.
We thus need to choose € and n, suitably depending on s. We take

1\ =%
€= <> so that lim e=0 and £V725=2
2 S\N/2

As for n, we have to distinguish two cases:

o if N =2, we take®
1 2s
(92,5)1+5

By recalling the asymptotic behavior (5.2) of 65 s as s \, 1, we obtain in particular that

lim n = +o0.
sN\(1

In turn, we have

eN25—2 N2
lim (7) < 400 and lim (7) =0.
s\ \n

3For every a € N, we define
la] =max{n € Z : n < a}.
By definition, we always have |a] +1 > a.
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By using these facts, the asymptotics for A;_; given by (2.6) and Proposition 2.3, we get

limsup Ry (s,m,e) < C and lim sup Ry (s,n,¢e) < C,
sN\(1 sN\(1

for some C' = C(N, [|lul|c1@7)) > 0. We need to control the term R3(s,n,e): we have by
construction

1 (s —1)2
s S 0
(02,5) "=
so that
1 =%
Ras,1,) < (5= 1) (620) |1+ (000)} | Cap, ({0}:Q1)

(s —1) Cap,({0}; @1)

(s—1) (92,5) + W

‘We now recall that

Os~1, ass\(1 and

s

lim (s — 1) Cap,({0}; Q1) =0,
sN\(1
where the second fact follows from Lemma 4.5. Together with the asymptotic behavior of
A,_1, this finally gives

lim sup R3(s,n,e) = 0.

sN\(1

By using these three limits and taking into account (8.10), from (8.11) we eventually get
the desired conclusion (8.1) for N = 2;

if N = 3, we observe that the term 1/(s — 1) in R3(s,n,e) is no more singular in the limit
as s goes to 3/2. We can thus take

n= Q(GS,S)HSSJ + 1)215 :

which still diverges to +00, as s goes to 3/2. Thus, we have again

limsup Ry (s,n,e) < C and lim sup Ra(s,n,e) < C.
sN\(1 sN\(1

As for the third term, we have this time

3 3
T

O3) ,
5{3(57n75)ﬁ(3> 14 (63,)2° Lls Cap,({0}; Q1)

sl (r@)

Cap, ({0}; Q1)
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By recalling that (we use again Lemma 4.5)

935N

3
s~y g 885Ny and Sli\H%Caps({O};QO:

we can easily get

lim R3(s,n,e) = 0.
Q\Q

in the case N = 3, as well. This is enough to conclude.

The proof is over, at last. O

APPENDIX A. A REAL INTERPOLATION ESTIMATE

In this section, we prove a technical estimate which was needed in order to obtain the fractional
Poincaré-Wirtinger inequality of Proposition 3.4. This was an essential ingredient of the cornerstone
estimate of Theorem 6.3.

The result contains a K —functional and exploits typical real interpolation techniques. We refer
the reader to the classical book [6] for more details on interpolation theory.

Proposition A.1. Let 0 <o <1 and 0 <d < D < +oco. For every u € C1(Qp(z0)), we have

max{d,D/2} K(t 2 dt _ 2
PP e G (TEET
0 t t Qd(wo)XQD(;vo) |.’I; - y|

where we set

Kw)i= i [l ol @y + 190120 |

Proof. The proof proceeds along the lines of [7, Proposition 3.3], up to some minor modifications.
Without loss of generality, we can assume that xqg = 0. It will be useful to distinguish two cases:
either D > 2d or D < 2d.

If D > 2d, we can infer that Qp,2(z) € Qp, for z € Q4. This yields

2 _ 2 2
ay f[ GO e [ ([ RO e [,
QaxQp |x_y| 7 d Qpy2(x) |z =yl 7 Qpy2 I 7

where we set

Uh) = (/Q luz + h) — u<x)2da:> C forheQop

We also define
1

_— UdHNL, for 0 < p < D/2.
fHN_l(an) 0Q, /

U(o) ==
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Then, by Jensen’s inequality, the Coarea Formula® and (A.2), we get

4 2 g N-1 e
U(o)? —— < —— U= dH — 5=
/0 (o) o120 = QNN/O (/aQQ ) oN+2o

1 U(h)?
(A.3) = -
28N Jap,. \|h||N+2
1 U(h) L u(y)l?
< — < dx dy.
9N Qb2 |h|N+20 2N QuxOb |x_y‘N+20

We consider the function
N+1
¢($) = QT (1 - H-T”ZOO)_._, for z € RN?

and observe that this is Lipschitz function vanishing outside Q1, with supp (/) = Q; and 1Vl @~y =
1. Thus, the rescaled function given by

Yi(x) = %Nlb (%) : for t > 0,

has support coinciding with @, and 19¢]| L1 (mrvy = 1. This entails that ¢, * u € W12(Qy), for every
0 <t< D/2, and so

(A4) K(tu) < Ju =+ ulpign + V(W 5 0)lliaiqn,  for0<t< D/2.

To estimate the first quantity, by Minkowski’s integral inequality and by Fubini’s Theorem, we get

llw = s * ul| L2 () = (/Qd 2d$>;
(A.5) < / t ( /Q d |u<x>—u<x—y>2dx)éwt<y>dy

— / U(—y) vy (y) dy = / Ul(y) ¢ (y) dy,

t t

(u(z) = u(z = y)) ¥i(y) dy

t

4We use the Coarea Formula in the following form

D/2
/ F\Vf\dac:/ </ FSHN_l(:Jc)> do,
JQp,2 0 {y: f(y)=e}

N} |zi|. We observe that |V f(z)| = 1 for almost

.....

with f given by the Lipschitz function f(z) = ||z|l¢cc = max;ey
every € RN and that {y : f(y) = o} = 9Q,.
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thanks to the fact that ¢;(—y)) = ¥:(y). For the last term, we use Coarea Formula as before, so

that
Uly) doly) dy = / ( U ) vely) dﬂfN*) do
Q¢ 0 0Q,

_N+1 1 [ No1
= de d
TN tN/()(/{jQQU(y)< 1%
N+1 1 [y N-1
< H 0 Ul(y) dH d
=N N (0Q,) HN-1(0Q,) 5@ 00, e
N(N+1) [T—
<MD [0 de
0
where in the last inequality we used that HNVN=1(0Q,) < HN=1(0Q,) = 2NN V-1, for 0 < p < t.
From (A.5), we thus get

N(N+1) [T—
lu— s *ullL2(0,) < (t)/o Ulo) do.

To estimate the second term in (A.4), it is useful to notice that th Vi (y) dy = 0, thanks to the
Divergence Theorem. This permits to rewrite

V(@ u)(x) = (Vi) x ule) = o Vi (y) (u(z —y) —u(x)) dy,

for every z € Q4 and every 0 < t < D/2. By arguing as for (A.5), this yields

IV (0 % u) || 2(Qu) = </Qd 2dx>§
< /t </ lu(z —y) —u(z )|2doc)é IVee(y)| dy

N+1 N + 1)
— 2N tN+1 / U / U
By spending the previous estimates in (A.4), we get

2N(N+1) [t—
%/ U(g)do, for0<t<D/2.
0

By Hardy’s inequality, see for example [31, Teorema 1], and by (A.3), this entails that
2

[T () convsny [(3 [ Tode) 5

< A // N(2)‘2d dy,
QdXQD |‘/I’._y| 2o

where we set Ay = N2 (N + 1)2/2V=2. This concludes the proof, in the case D > 2d.

o Vi (y) (w(z —y) —u(x)) dy

K(t,u) <
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If D < 2d, we take into account the extension operator €q,, provided by [7, Corollary 3.2], and set
@ := £, (u), which is defined on the whole RY. In particular, % = u on Q4 and we have

u(y)|?
atz) —uy) ;- dy<// k) = w50 ay
//2d><Q2d |x_y|N+2 QaxQqa |x—y|N+20

By taking this estimate into account, we can thus minorize the rightmost term in (A.1) as follows

u(y)? 1 / / u(z) — u(y)|?
——=dxdy > — ——=dy | dx
//deQD |z — |N+2" Cn Quia) |z —ylN+2e

h 2
// il + 1) ~H@) 4 g,
QaxQa |h‘ 7

where in the first inequality we used that Qq(z) C Q24, for € Q4. As in the previous case, we set

1
3
V(h) = </ |u(x + h) — ﬂ(x)|2dx> ) for h € Qq,
Qa
thus the previous inequality can be rewritten as

|u(z) —u(y)]® 1 / V(h)?
//dXQD |x_y‘N+20 dr dy > CN |h|N+2odh

Similarly as above, we also set
— 1

V(o) = ———— VdHN L for 0 < o < d.
(= 357000) Joa,

By spending the last inequality and by arguing as in (A.3), we get

(A.6) /dV(Q)2 a // ulz) —uI* dy
: 0 14120 — 2N QuxQp “T*y|N+2U .

Since ¥y * u € W12(Qy), by definition of K —functional we have

(A7) K(t,u) < |lu—v x| 12, + IV x 1) 12(g,), for0<t<d.

Then, by using that u = & on Q4 and reasoning as in (A.5), we infer that

2 % t
_ N(N+1) [t
= b * | 2(Qu) = (/ dy dw) Si( - )/ V(o) do,
Qa 0

and that

IV (e * )| 120 = </Q

By spending the previous estimates in (A.7), we get

(u(x) — ulz —y)) ¥i(y)

t

Vihi(y) (u(z —y) —u(z)) dy
Q:

2d3:> 2 < NN+ /tV(Q)dQ.

K(tu) < 2NVHD

¢
< ; / V(o) do, for 0 <t <d.
0
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We can now conclude as before: by Hardy’s inequality and by (A.6)
2

J() seveenr [ v d@) ti

2 nd _ 2
0-+1 0 t1+20 0uxQp |$— ‘N-‘rQU

where we set Ay = Oy N2 (N+1)2/2V =2, This yields the claimed estimate in this case, as well. [

IN

As an easy consequence of the previous result, we get the following “asymmetric” estimate.

Corollary A.2. Let0 <o <1,d>0 and xg € RY. For every u € C5°(RY), we have

/0+oo <K(;7U)> //Qd (o) xRN W dx dy,

where Ay is the same constant as in Proposition A.1 and the K—functional is still defined by

K(tw)= _ min {Hu = Vllz2(Qutao)) + |\W|\L2<Qd(xo>>]-

Proof. For every D > d we clearly have

_ 2 _ 2
I M) —vF 4, < ] o) ~ w0l
Qa(r0)xQp(z0) 1T =Yl 7 Qu(wo) xRN [T =Y 7

By using this fact in (A.1), we can conclude by letting D diverge to 400 and appealing to the
Monotone Convergence Theorem. O
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