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Abstract. We show that the spectrum of the Dirichlet-biLaplacian can be quantitatively bounded

from below in terms of the inradius only, for a general open set in dimensions 2 and 3. For the same
dimensions, we also extend this result to fractional powers s of the Laplacian, with N/2 < s < 2.

The resulting estimate comes with a constant having the correct asymptotic behavior as s ap-
proaches the two endpoints N/2 and 2. The proofs exploit capacitary techniques in the vein of

Maz’ya.
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1. Introduction

1.1. Scope of the paper. For an open set Ω ⊆ RN , we want to consider the following quantity

(1.1) Λ(Ω) := inf
ϕ∈C∞0 (Ω)

{
‖∆ϕ‖2L2(Ω) : ‖ϕ‖L2(Ω) = 1

}
.

The symbol ∆ stands for the usual Laplacian operator. By definition, it coincides with the sharp
constant in the following higher order Poincaré inequality

C

ˆ
Ω

|ϕ|2 dx ≤
ˆ

Ω

|∆ϕ|2 dx, for every ϕ ∈ C∞0 (Ω).

The constant Λ(Ω) also coincides with the bottom of the spectrum of the Dirichlet-biLaplacian on
Ω, i.e. the fourth order differential operator

ϕ 7→ (−∆)2ϕ = (−∆) ◦ (−∆)ϕ,

coupled with the homogeneous boundary conditions

(1.2) ϕ =
∂ϕ

∂ν
= 0, on ∂Ω.

As usual, we denote by ν the unit outer normal vector.
Such an operator is better understood from a variational point of view, at least for our purposes.

To this aim, let us take W 2,2
0 (Ω), i.e. the closure of C∞0 (Ω) in the second order Sobolev space

W 2,2(Ω). Then the Dirichlet-biLaplacian of ϕ ∈W 2,2
0 (Ω) is defined in a weak sense by

〈(−∆)2ϕ,ψ〉 =

ˆ
Ω

∆ϕ∆ψ dx, for every ψ ∈ C∞0 (Ω).

The homogeneous conditions (1.2) are encoded (again in a weak sense) in the membership of ϕ to

the space W 2,2
0 (Ω).

When the infimum in (1.1) is attained on the closure space W 2,2
0 (Ω), we have that Λ(Ω) coincides

with the smallest eigenvalue of the Dirichlet-biLaplacian on Ω, i.e. it is the smallest real number Λ
such that the following boundary value problem

(−∆)2u = Λu, in Ω, withu =
∂u

∂ν
= 0, on ∂Ω,

admits a non-trivial weak solution u ∈ W 2,2
0 (Ω). We refer to [21, Chapter 11] for more details on

this problem, which is usually called clamped plate eigenvalue problem.
The main scope of this paper is to investigate the validity of the following geometric lower bound

(1.3)
1

C

(
1

rΩ

)4

≤ Λ(Ω),

under minimal assumptions on the open set Ω. Here rΩ is the inradius of the open set Ω, defined
by

rΩ =
{
r > 0 : ∃ an open ball of radius r contained in Ω

}
.

The power −4 on the inradius in (1.3) reflects the dimensionality of the constant Λ, i.e. the latter
obeys the following scaling law

Λ(tΩ) =
Λ(Ω)

t4
.
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1.2. One step back. In order to give some context, we briefly recall that if we replace (1.1) with
the first order sharp Poincaré constant

(1.4) λ(Ω) = inf
ϕ∈C∞0 (Ω)

{
‖∇ϕ‖2L2(Ω) : ‖ϕ‖L2(Ω) = 1

}
,

this same problem is well-studied. In the plane, i.e. for N = 2, it is known that

(1.5)
1

C

(
1

rΩ

)2

≤ λ(Ω),

under very mild topological assumptions. More precisely, such a lower bounds holds:

• for simply connected sets. This result sometimes goes under the name of Makai-Hayman
inequality, see [20] and [26] for the original result. We also point out [2, 4, 5] for some
refinements or alternative proofs of this result;

• more generally, for open sets with a prescribed number of “holes”, see [17, 29, 32]. We also
refer to [11, Theorem 1.2] for an extension of this result to more general first order Poincaré
constant. In this case, the constant C in (1.4) must depend on the number of “holes” and
eventually blows-up, as the latter diverges.

On the contrary, for dimensions N ≥ 3 the lower bound (1.5) can not hold, unless some stronger
geometric assumptions are imposed on the open sets. For example, the lower bound (1.5) holds for
convex sets (see [22, Théorème 8.1] and [24, Theorem 2.1]) or for open sets satisfying a suitable
“fatness condition” of the complement RN \Ω (see [10, Corollary 5.6]). We refer to the introduction
of [11] for further comments on this problem.

We also recall that the aforementioned results in dimension N = 2 have been recently extended
to the fractional case by the first and third authors. More precisely, let us introduce the following
fractional sharp Poincaré constant

λs(Ω) = inf
ϕ∈C∞0 (Ω)

{
[ϕ]2W s,2(RN ) : ‖ϕ‖L2(Ω) = 1

}
, for 0 < s < 1,

where1

[ϕ]2W s,2(RN ) =

¨
RN×RN

|ϕ(x)− ϕ(y)|2

|x− y|N+2 s
dx dy, for every ϕ ∈ C∞0 (Ω),

is the Gagliardo-Slobodeckĭı seminorm. Then in [8] and [7] it has been proved that for 1/2 < s < 1
it holds

1

Cs

(
1

rΩ

)2 s

≤ λs(Ω),

for all Ω ⊆ R2 open set satisfying the same topological assumptions as in the case of (1.5). The
range of 1/2 < s < 1 it optimal, since for s ≤ 1/2 the lower bound can not hold (see [8, Theorem

1Functions in C∞0 (Ω) are always considered extended by zero to the complement RN \ Ω.
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1.3]). Moreover, the constant Cs is such that2

Cs ∼
1

s− 1

2

, as s↘ 1

2
and Cs ∼ 1− s, as s↗ 1,

and this asymptotic behavior is optimal (see [7, Theorem 1.2]).

1.3. Scope of the paper (reprise). In light of this discussion, it is quite natural to extend
our initial goal of proving (1.3). Namely, we will consider the same issue for the whole family of
Poincaré–type constants interpolating between λ(Ω) and Λ(Ω), so to admit intermediate higher
orders of fractional differentiability. In other words, if for 1 < s < 2 we define the following
quantities

(1.6) Λs(Ω) := inf
ϕ∈C∞0 (Ω)

{
[∇ϕ]2W s−1,2(RN ) : ‖ϕ‖L2(Ω) = 1

}
,

we want to discuss whether it is possible to bound from below this constant in terms of rΩ only or
not. Thus, by observing that

(1.7) Λs(tΩ) =
Λs(Ω)

t2 s
, for every t > 0,

we inquire about the validity of the inequality

1

C

(
1

rΩ

)2 s

≤ Λ(Ω),

for some constant C = C(N, s) > 0, not depending on Ω. Again, we would like to admit the largest
possible class of open sets.

Remark 1.1 (Echoes of real interpolation). The interpolative nature of Λs is better appreciated
by observing that for every ϕ ∈ C∞0 (Ω) we have

[∇ϕ]2W s−1,2(RN ) ∼
1

2− s
‖∆ϕ‖2L2(Ω), as s↗ 2,

and

[∇ϕ]2W s−1,2(RN ) ∼
1

s− 1
‖∇ϕ‖2L2(Ω), as s↘ 1,

see Proposition 2.3 below. These are plain consequences of the so-called Bourgain-Brezis-Mironescu
and Maz’ya-Shaposhnikova formulas, respectively.

Remark 1.2. Even if we will not use this fact, we point out that both the constants λs(Ω) and
Λs(Ω) are connected with suitable eigenvalue problems, for fractional powers of the Laplacian −∆.
Indeed, when such infima are attained on the relevant Sobolev spaces obtained as closures of C∞0 (Ω),
they coincide with the first eigenvalue of

(−∆)su = λu, in Ω,

with homogeneous nonlocal Dirichlet conditions. We refer the reader to the survey paper [30] for a
gentle introduction to the properties of the operator (−∆)s, when 1 < s < 2. The case 0 < s < 1 is
nowadays much more studied, we refer for example to [16, Chapter 2] for a friendly introduction.

2Throughout the whole paper, the writing “f ∼ g as x→ x0”, means that

0 < lim inf
x→x0

f(x)

g(x)
≤ lim sup

x→x0

f(x)

g(x)
< +∞.
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1.4. Main results. After this premise, we can present the main results of our paper. We will show
that, for dimension N = 2 and N = 3, it is possible to prove the desired geometric lower bound for
both Λ and Λs. This holds for every open set having finite inradius. In the fractional case, we will
need the restriction

N

2
< s < 2.

This range is optimal, i.e. for s ≤ N/2 the lower bound can not hold in general, without imposing
further topological/geometric assumptions on the sets (see Section 8). The core of this result is the
fact that points have positive capacity in this regime. This means that the following quantities

Cap2({0};Q1) := inf
ϕ∈C∞0 (Q1)

{
‖∆ϕ‖2L2(RN ) : ϕ ≡ 1 in a neighborhood of {0}

}
,

and (for 1 < s < 2)

Caps({0};Q1) := inf
ϕ∈C∞0 (Q1)

{
[∇ϕ]2W s−1,2(RN ) : ϕ ≡ 1 in a neighborhood of {0}

}
,

are both positive, for N ∈ {2, 3} and N/2 < s < 2. Here Q1 is the N−dimensional open cube
(−1, 1)N .

For ease of presentation, we will give two separate statements for the clamped case and for the
fractional case 1 < s < 2.

Theorem 1.3. Let N ∈ {2, 3}. For every open set Ω ⊆ RN with rΩ < +∞, we have

(1.8)
1

C1

(
1

rΩ

)4

≤ Λ(Ω),

for a constant C1 = C1(N) > 0.

In the fractional case, it is useful to better precise the nature of the constant entering in the
lower bound. Our result reads as follows.

Theorem 1.4. Let N ∈ {2, 3} and N/2 < s < 2. For every open set Ω ⊆ RN with rΩ < +∞, we
have

(1.9)
Caps({0};Q1)

C2

(
1

rΩ

)2 s

≤ Λs(Ω),

for a constant C2 = C2(N, s) > 0 having the following asymptotic behavior

C2 ∼ 1, as s↘ N/2 and s↗ 2.

We will show in Section 8 that the dependence on s of the left-hand side of (1.9) is sharp, in the
asymptotic regimes s↘ N/2 and s↗ 2. This will be an important feature of our estimate.

1.5. Some comments on the proofs. The idea of the proof is the same, for both Theorem
1.3 and Theorem 1.4. As already said, the key fact is that points have positive capacity. The
latter, together with the finiteness of the inradius, imply that our open sets have a “uniformly fat
complement”. We will be more precise on this point in a moment.

At first, we wish to explain our choice of presenting the two results separately. There are two
good reasons, in our opinion. Firstly, a reader interested in the classical clamped plate eigenvalue
problem could not be interested in all the technicalities and subtle points that go with the fractional
case. Secondly, the overall strategy of the proof is better appreciated by starting with the case of
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Λ, which is quite simple. In this way, the reader interested in the fractional case, should better
appreciate the kind of novelties and complications introduced by this generalization.

We now proceed to explain the proof in the local case, i.e. for Theorem 1.3. By following [27,
Theorem 15.4.2.1], we tile the space with cubes having an edge length L. By calling {Qi}i∈ZN these
cubes, for each function ϕ ∈ C∞0 (Ω) we can obviously write

‖ϕ‖2L2(Ω) =
∑
i∈ZN

‖ϕ‖2L2(Qi)
.

If we choose the edge length L > rΩ, by definition of inradius we know that in each Qi there is a
point xi ∈ RN \Ω. Consequently, our function vanishes in a neighborhood of such a point. We can
then exploit a suitable Maz’ya-Poincaré inequality on each cube (see Lemma 6.1), thanks to the
fact that in dimensions N ∈ {2, 3} points have positive capacity. For second order derivatives, the
relevant inequality takes the following form

(1.10)
Cap2({xi};Qi)

LN

ˆ
Qi

|ϕ|2 dx .
ˆ
Qi

|∆ϕ|2 dx+
1

L2

ˆ
Qi

|∇ϕ|2 dx.

We observe that the “undesired” term containing ∇ϕ must be there at this stage, i.e. for smooth
functions defined on a cube and vanishing only in a neighborhood of a point, one can not have the
previous inequality (1.10) without such a term on the right-hand side.

By summing up all the contributions, one then obtains∑
i∈ZN

Cap2({xi};Qi)

LN
‖ϕ‖2L2(Qi)

.
∑
i∈ZN

[ˆ
Qi

|∆ϕ|2 dx+
1

L2

ˆ
Qi

|∇ϕ|2 dx
]

=

ˆ
Ω

|∆ϕ|2 dx+
1

L2

ˆ
Ω

|∇ϕ|2 dx.

This is still not the end of the story: we need to bound uniformly the capacity of the points xi,
on the left-hand side; more importantly, we need to remove the L2 norm of ∇ϕ on the right-hand
side. The first issue is easily handled, it is sufficient to choose the edge length to be L = α rΩ, for
α sufficiently large. This permits to say that

1

r4
Ω

.
Cap2({xi};Qi)

LN
,

by using some basic properties of the capacity. As for the second issue, i.e. the presence of the L2

norm of ∇ϕ, we can observe that ϕ is compactly supported on Ω, thus we have the classical identityˆ
Ω

|∇ϕ|2 dx = −
ˆ

Ω

ϕ∆ϕdx.

Thus, we can simply interpolate ∇ϕ between ϕ and ∆ϕ (with a universal constant independent of
Ω). A standard use of Young’s inequality then leads to

1

r4
Ω

‖ϕ‖2L2(Ω) .
ˆ

Ω

|∆ϕ|2 dx,

as desired. This gives the desired lower bound on Λ(Ω).

When coming to the fractional case, i.e Theorem 1.4, apparently (almost) nothing changes. It
would be sufficient to repeat the above arguments, by replacing the Maz’ya-Poincaré inequality
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(1.10) with a suitable fractional counterpart, i.e. something of the type

Caps({xi};Qi)

LN

ˆ
Qi

|ϕ|2 dx .
¨
Qi×Qi

|∇ϕ(x)−∇ϕ(y)|2

|x− y|N+2 (s−1)
dx+

1

L2 s−2

ˆ
Qi

|∇ϕ|2 dx.

Now, the main difficulty is carefully keeping track of the dependence on s of the relevant constants
and assure that they exhibit the correct asymptotic behavior, in the two regimes s ↗ 2 and
s ↘ N/2. This guarantees that, even if we do not identify the sharp constants, we produce an
estimate with the correct order of magnitude in terms of s.

We thus try to proceed as in the local case and use the previous fractional Maz’ya-Poincaré
inequality: after summing up all the contributions and using that, with a judicious choice of L, we
have

Caps({0};Q1)

r2 s
Ω

.
Caps({xi};Qi)

LN
,

we can obtain this time

(1.11)
Caps({0};Q1)

L2 s
‖ϕ‖2L2(Ω) .

∑
i∈ZN

¨
Qi×Qi

|∇ϕ(x)−∇ϕ(y)|2

|x− y|N+2 (s−1)
dx+

1

L2 s−2

ˆ
Ω

|∇ϕ|2 dx.

Here we encounter a subtle point: the first term on the right-hand side does not coincide with the
full Gagliardo-Slobodeckĭı seminorm of ∇u. Actually, it is a smaller quantity keeping into account
only the short-range interactions in Qi. In other words, we are discarding all the contributions
coming from ¨

Qi×(RN\Qi)

|∇ϕ(x)−∇ϕ(y)|2

|x− y|N+2 (s−1)
dx.

Of course, one could use the following brutal estimate∑
i∈ZN

¨
Qi×Qi

|∇ϕ(x)−∇ϕ(y)|2

|x− y|N+2 (s−1)
dx ≤

¨
RN×RN

|∇ϕ(x)−∇ϕ(y)|2

|x− y|N+2 (s−1)
dx.

However, in dimension N = 2, when s comes closer and closer to N/2 = 1, we see that for
ϕ ∈ C∞0 (Ω) ∑

i∈ZN

¨
Qi×Qi

|∇ϕ(x)−∇ϕ(y)|2

|x− y|N+2 (s−1)
dx ∼

ˆ
Ω

|∇ϕ|2 dx, as s↘ 1,

while ¨
RN×RN

|∇ϕ(x)−∇ϕ(y)|2

|x− y|N+2 (s−1)
dx ∼ 1

s− 1

ˆ
Qi

|∇ϕ|2 dx, as s↘ 1.

This difference is due to the non-integrability of the singular kernel |x − y|N “at infinity”, i.e.
when x and y are far away (such a possibility is ruled out in the first case, since x, y ∈ Qi). This
comparison shows that there may be a first “scale defect”, in the resulting estimate.

Unfortunately, this is not the unique delicate point: also the second term in the right-hand side
of (1.11) may be problematic. Indeed, if we wish to reabsorb the L2 norm of ∇ϕ in the left-hand
side through an interpolation estimate, we have to take into account the presence of the factor
Caps({0};Q1) in the left-hand side of (1.11). Thus, after absorption, this will let appear on the
right-hand side a term of the type

1

Caps({0};Q1)
,
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coupled with the Gagliardo-Slobodeckĭı seminorm of ∇ϕ. The final outcome would be again an
estimate with a “scale defect”, as s approaches the critical regime N/2, where points start to be
removable.

In order to fix these issues, we need to proceed much more carefully and prove an ad hoc Maz’ya-
Poincaré inequality, which prevents the formation of these “scale defects”. In particular, we prove
an estimate of the following type

Caps({xi};Qi)

L2 s

ˆ
Qi

|ϕ|2 dx .
¨
Qi×RN

|∇ϕ(x)−∇ϕ(y)|2

|x− y|N+2 (s−1)
dx+

Caps({xi};Qi)

L2 s
L2 s−2

ˆ
Qi

|∇ϕ|2 dx,

see Corollary 6.4 below. Observe the presence of an “asymmetric” Gagliardo-Slobodeckĭı seminorm
of ∇ϕ (an idea taken from [12]), as well as the appearing of the modulating factor Caps({xi};Qi)
in front of the L2 norm of the gradient. This inequality permits to circumvent the problems
highlighted above and provide the desired lower bound on Λs, with the correct asymptotic behavior
of the relevant constant.

1.6. Plan of the paper. We start by presenting the main notation, definitions and basic results
in Section 2. We then present in Section 3 a collection of Poincaré–type inequalities, which will
be useful throughout the paper. As usual, we pay due attention to the quality of the constants
involved, i.e. on their dependence on the fractional parameter s. Section 4 contains some results
about (fractional) capacities, in particular we discuss the removability issues for points, according
to the value of s. This is complemented by the results of Section 5, which prove in particular a
quantitative lower bound on the capacity of points. This is obtained by means of a higher order
Morrey inequality (see Proposition 5.1 below). With Section 6 we arrive at the core of the matter:
we present the Maz’ya-Poincaré–type inequalities which are the cornerstones lying at the basis of
Theorems 1.3 and 1.4. In particular, the crucial result will be Theorem 6.3 (and expecially its
Corollary 6.4). The proof of the main results can then be found in Section 7. Finally, in Section 8
we give some examples showing the optimality of our estimates, in the asymptotic regimes s ↗ 2
and s↘ N/2. The paper is concluded by a technical appendix, containing a technical fact obtained
through real interpolation techniques.
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2. Preliminaries

2.1. Notation. The euclidean open ball of RN of radius r and centered at x0 will be denoted by

Br(x0) =
{
x ∈ RN : |x− x0| < r

}
.

When x0 = 0, we omit to specify the center. The N−dimensional open hypercube of radius r and
centered at x0 will be denoted by

Qr(x0) =

N∏
i=1

(
xi0 − r, xi0 + r

)
, where x0 = (x1

0, . . . , x
N
0 ).

Also in this case, when x0 = 0 we omit to specify the center.
If E ⊆ RN is a measurable set, the notation |E| stands for its N−dimensional Lebesgue measure.

As usual, the symbol ωN indicates the volume of the unit ball. For a couple of vectors x, y ∈ RN ,
their scalar product is 〈x, y〉. For ϕ ∈ L1

loc(RN ) and a measurable set E ⊆ RN with positive finite
measure, we set

av(ϕ;E) :=

 
E

ϕdx =
1

|E|

ˆ
E

ϕdx.

The partial derivatives of a differentiable function ϕ will be denoted by ϕxi , for i ∈ {1, . . . , N}.
Accordingly, we will write ϕxixj to indicate the components of the Hessian matrix D2ϕ of ϕ.

2.2. Some functional spaces. For an open set E ⊆ RN , we denote by W 2,2(E) the Sobolev space{
ϕ ∈ L2(E) : ∇ϕ ∈ L2(E) and D2ϕ ∈ L2(E)

}
,

endowed with the norm

‖ϕ‖W 2,2(E) = ‖ϕ‖L2(E) + ‖∇ϕ‖L2(E) + ‖D2ϕ‖L2(E),

where

‖D2ϕ‖2L2(E) =

N∑
i,j=1

ˆ
E

|ϕxixj |2 dx.

We also define W 2,2
0 (E) to be the closure of C∞0 (E) in W 2,2(E). The following facts are well-known.

Lemma 2.1. For every ϕ ∈ C∞0 (RN ) we have that

(2.1) ‖D2ϕ‖L2(RN ) = ‖∆ϕ‖L2(RN ),

and

(2.2) ‖∇ϕ‖L2(RN ) ≤
√
‖ϕ‖L2(RN ) ‖∆ϕ‖L2(RN ).

In particular, for every E ⊆ RN open set the following norm

ϕ 7→ ‖ϕ‖L2(E) + ‖∆ϕ‖L2(E),

is an equivalent one on W 2,2
0 (E).

Proof. The identity (2.1) easily follows by exchanging the order of differentiation and integrating
by parts twice. As for the interpolation inequality: since u ∈ C∞0 (RN ), by integrating by parts and
using Hölder’s inequality, we haveˆ

RN
|∇ϕ|2 dx = −

ˆ
RN

ϕ∆ϕdx ≤ ‖ϕ‖L2(RN ) ‖∆ϕ‖L2(RN ),
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which gives the desired conclusion. �

In what follows, we will use the following notation

[ϕ]W 1,2(E) =

(ˆ
E

|∇ϕ|2 dx
) 1

2

and [ϕ]W 2,2(E) =

(ˆ
E

|∆ϕ|2 dx
) 1

2

.

We now introduce our main notation in the context of fractional Sobolev spaces. We refer to [18]
and [25] for a general overview and for further references. Let 0 < σ < 1 and let E ⊆ RN be an
open set. We recall the definition of Gagliardo-Slobodeckĭı seminorm, given by

[ϕ]Wσ,2(E) :=

(¨
E×E

|ϕ(x)− ϕ(y)|2

|x− y|N+2σ
dx dy

) 1
2

,

for a (possibly vector valued) ϕ ∈ L2
loc(E). For 1 < s < 2, we then consider the Sobolev-Slobodeckĭı

space defined by

W s,2(E) =
{
ϕ ∈ L2(E) : ∇ϕ ∈ L2(E) and [∇ϕ]W s−1,2(E) < +∞

}
,

endowed with the norm

‖ϕ‖W s,2(E) = ‖ϕ‖L2(E) + ‖∇ϕ‖L2(E) + [∇ϕ]W s−1,2(E).

We also set W̃ s,2
0 (E) to be the closure of C∞0 (E) in the space W s,2(RN ). As in the local case, one

can prove that

ϕ 7→ ‖ϕ‖L2(E) + [∇ϕ]W s−1(RN ),

is an equivalent norm on W̃ s,2
0 (E) (this is a consequence of Proposition 2.2 below). Finally, for

later reference, we observe that we have

[∇ϕ]2W s−1,2(E) =

N∑
i=1

[ϕxi ]
2
W s−1,2(E).

2.3. Basic facts on the Fourier transform. We recall some properties on the Fourier transform,
for which we refer to [23, Chapter VII, Section 9].

For every ϕ ∈ C∞0 (RN ), the symbol F[ϕ] stands for the Fourier transform of ϕ given by

F[ϕ](ξ) =
1

(2π)
N
2

ˆ
RN

ϕ(x) e−i 〈x,ξ〉 dx, for ξ ∈ RN .

We recall that

F[ϕxi ](ξ) = i ξi F[ϕ](ξ), for ξ ∈ RN , i ∈ {1, . . . , N},
and

F[ϕxixk ](ξ) = −ξi ξk F[ϕ](ξ), for ξ ∈ RN , i, k ∈ {1, . . . , N}.
By the inversion formula, we have

ϕ(x) =
1

(2π)
N
2

ˆ
RN

F[ϕ](ξ) ei 〈x,ξ〉 dξ, for x ∈ RN .

We also recall the following Plancherel identities

(2.3)

ˆ
RN
|ϕ|2 dx =

1

(2π)N

ˆ
RN

∣∣∣F[ϕ]
∣∣∣2 dξ, ˆ

RN
|∇ϕ|2 dx =

1

(2π)N

ˆ
RN
|ξ|2

∣∣∣F[ϕ]
∣∣∣2 dξ.
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and ˆ
RN
|∆ϕ|2 dx =

1

(2π)N

ˆ
RN
|ξ|4

∣∣∣F[ϕ]
∣∣∣2 dξ.

For the fractional seminorm, we have¨
RN×RN

|ϕ(x)− ϕ(y)|2

|x− y|N+2 s
dx dy =

1

(2π)N
1

As

ˆ
RN
|ξ|2 s

∣∣∣F[ϕ]
∣∣∣2 dξ, 0 < s < 1,(2.4)

where

(2.5) As =

(ˆ
RN

∣∣ei 〈x,ξ〉 − 1
∣∣2

|x|N+2 s
dx

)−1

.

In particular,

(2.6) As ∼ 1− s, for s↗ 1 and As ∼ s, for s↘ 0.

By (2.4), the following Plancherel identity holds true for 1 < s < 2¨
RN×RN

|ϕxi(x)− ϕxi(y)|2

|x− y|N+2 (s−1)
dx dy =

1

(2π)N
1

As−1

ˆ
RN
|ξ|2 (s−1) |F[ϕxi ]|

2
dξ

=
1

(2π)N
1

As−1

ˆ
RN
|ξ|2 (s−1) ξ2

i

∣∣∣F[ϕ]
∣∣∣2 dξ.

In particular, by summing over i ∈ {1, . . . , N}, we get

(2.7) [ϕ]2W s,2(RN ) =
1

(2π)N
1

As−1

ˆ
RN
|ξ|2 s

∣∣∣F[ϕ]
∣∣∣2 dξ, 1 < s < 2.

The following interpolation inequalities, which are analogous to (2.2), will be useful.

Proposition 2.2. Let 1 < s < 2. For every ϕ ∈ C∞0 (RN ) and every δ > 0 the following inequalities
hold

(2.8) ‖∇ϕ‖2L2(RN ) ≤ δ
(
s− 1

s

)
‖ϕ‖2L2(RN ) + 2

As−1

δs−1
[ϕ]2W s,2(RN ),

and

(2.9) [ϕ]2W s−1,2(RN ) ≤
δs−1

As−1
‖ϕ‖2L2(RN ) +

1

δ

(
s

s− 1

)
[ϕ]2W s,2(RN ).

The constant As−1 is given by (2.5). In particular,

(2.10) As−1 ∼ 2− s, for s↗ 2, As−1 ∼ s− 1 for s↘ 1.

Proof. By (2.3), we can write

(2π)N
ˆ
RN
|∇ϕ|2 dx =

ˆ
RN
|ξ|2 |F[ϕ](ξ)|2 dξ

=

ˆ
{|ξ|≤M}

|ξ|2 |F[ϕ](ξ)|2 dξ +

ˆ
{|ξ|>M}

|ξ|2 |F[ϕ](ξ)|2 dξ

≤M2

ˆ
{|ξ|≤M}

|F[ϕ](ξ)|2 dξ +M2−2 s

ˆ
{|ξ|>M}

|ξ|2 s |F[ϕ](ξ)|2 dξ,
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for M > 0. In particular, by taking δ > 0 and choosing

M =

√
δ
s− 1

s
,

we can infer that

(2π)N
ˆ
RN
|∇ϕ|2 dx ≤ δ

(
s− 1

s

) ˆ
RN
|F[ϕ](ξ)|2 dξ +

1

δs−1

(
s

s− 1

)s−1 ˆ
RN
|ξ|2 s |F[ϕ](ξ)|2 dξ,

for every δ > 0. By observing that

s 7→
(

s

s− 1

)s−1

is increasing and converges to 2 as s↗ 2,

this yields (2.8), by (2.3) and (2.7).

To prove (2.9), we proceed similarly. By (2.4) we can write

(2π)N As−1

¨
RN×RN

|ϕ(x)− ϕ(y)|2

|x− y|N+2 (s−1)
dx dy =

ˆ
RN
|ξ|2 (s−1) |F[ϕ](ξ)|2 dξ

≤M2 s−2

ˆ
{|ξ|≤M}

|F[ϕ](ξ)|2 dξ

+M−2

ˆ
{|ξ|>M}

|ξ|2 s |F[ϕ](ξ)|2 dξ

By taking δ > 0 and choosing M as before, we easily get the conclusion. �

2.4. Asymptotics. For the higher order seminorms previously introduced, we will need the fol-
lowing result. This is an easy consequence of the so-called Bourgain-Brezis-Mironescu and Maz’ya-
Shaposhnikova formulas for fractional seminorms of order 0 < σ < 1.

Proposition 2.3. Let Ω ⊆ RN be an open set. For every u ∈ C∞0 (Ω), we have

(2.11) lim
s↗2

(2− s) [ϕ]2W s,2(RN ) =
ωN
2

ˆ
Ω

|∆ϕ|2 dx,

and

(2.12) lim
s↘1

(s− 1) [ϕ]2W s,2(RN ) = N ωN

ˆ
Ω

|∇ϕ|2 dx.

Proof. Let ϕ ∈ C∞0 (Ω), we extend it by zero to the whole RN . For i ∈ {1, . . . , N}, we apply to
each partial derivative ϕxi the Bourgain-Brezis-Mironescu’s Theorem, see [13], [18, Corollary 3.20]
or [25, Theorem 7.39] for instance. This yields

lim
s↗2

(2− s) [ϕ]2W s,2(RN ) =

N∑
i=1

lim
s↗2

(2− s)
¨

RN×RN

|ϕxi(x)− ϕxi(y)|2

|x− y|N+2 (s−1)
dx dy

=

N∑
i=1

lim
σ↗1

(1− σ)

¨
RN×RN

|ϕxi(x)− ϕxi(y)|2

|x− y|N+2σ
dx dy

=
ωN
2

N∑
i=1

ˆ
RN
|∇ϕxi |2 dx.

By recalling the identity (2.1), we get (2.11).
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Similarly, for the limit as s goes to 1 it is sufficient to appeal to [28, Theorem 3]

lim
s↘1

(s− 1) [ϕ]2W s,2(RN ) =

N∑
i=1

lim
s↘1

(s− 1)

¨
RN×RN

|ϕxi(x)− ϕxi(y)|2

|x− y|N+2 (s−1)
dx dy

= N ωN

N∑
i=1

ˆ
RN
|ϕxi |2 dx.

This establishes (2.12), as well. �

Corollary 2.4. Let Ω ⊆ RN be an open set. There holds

(2.13) lim sup
s↗2

(2− s) Λs(Ω) ≤ ωN
2

Λ(Ω) and lim sup
s↘1

(s− 1) Λs(Ω) ≤ N ωN λ(Ω).

Proof. By using (2.11) and recalling the definition (1.6) of Λs, for every ϕ ∈ C∞0 (Ω) with unit L2

norm we can infer that

lim sup
s↗2

(2− s) Λs1(Ω) ≤ lim sup
s↗2

(2− s) [ϕ]2W s,2(RN ) =
ωN
2
‖∆ϕ‖2L2(Ω).

This yields the first limit in (2.13), by the arbitrariness of ϕ. The proof of the other limit is similar
and left to the reader. �

3. A collection of Poincaré inequalities

We start with the following consequence of Proposition 2.2, which will be useful. These inequal-
ities can be seen as “intermediate” Poincaré inequalities, where the maximal order of (fractional)
differentiability controls some lower order derivatives.

Proposition 3.1. Let 1 < s < 2 and let Ω ⊆ RN be an open set. Then for every ϕ ∈ C∞0 (Ω) we
have (

Λs(Ω)
) s−1

s ‖∇ϕ‖2L2(Ω) ≤
s+ 1

s

(
2 sAs−1

) 1
s

[ϕ]2W s,2(RN ),

and

(3.1)
(
As−1 Λs(Ω)

) 1
s

[ϕ]2W s−1,2(RN ) ≤
s2− 1

s

(s− 1)2 (1− 1
s )

[ϕ]2W s,2(RN ),

where the constant As−1 is given by (2.5).

Proof. We can suppose that Λs(Ω) > 0, otherwise there is nothing to prove. In order to prove the
first inequality, it is sufficient to use the estimate

(3.2) ‖ϕ‖2L2(Ω) ≤
1

Λs(Ω)
[ϕ]2W s,2(RN ),

in (2.8) and then choose

δ =
(

2 sAs−1 Λs(Ω)
) 1
s

,

there.
The proof of the second inequality is similar, we just need to use (3.2) in (2.9) and choose this

time

δ =

(
s

(s− 1)2
As−1 Λs(Ω)

) 1
s

.
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We leave the details to the reader. �

The next result permits to relate the two constants λ and Λs.

Proposition 3.2. Let 1 < s < 2 and let Ω ⊆ RN be an open set. Then we have

As−1 Λs(Ω) ≥ 1

8

(
λ(Ω)

)s
,

where As−1 is still given by (2.5).

Proof. Let us suppose that λ(Ω) > 0, otherwise there is nothing to prove. Let ϕ ∈ C∞0 (Ω) and
combine the first order Poincaré inequality

λ(Ω)

ˆ
Ω

|ϕ|2 dx ≤
ˆ

Ω

|∇ϕ|2 dx,

with the inequality (2.8). This gives

λ(Ω) ‖ϕ‖2L2(Ω) ≤ δ
(
s− 1

s

)
‖ϕ‖2L2(Ω) + 2

As−1

δs−1
[ϕ]2W s,2(RN ),

which holds for every δ > 0. We choose

δ =
λ(Ω)

2

s

s− 1
,

so to get

λ(Ω)

2
‖ϕ‖2L2(Ω) ≤ 2

(
λ(Ω)

2

)1−s (
s− 1

s

)s−1

As−1 [ϕ]2W s,2(RN ).

We can simplify the common term λ(Ω) on both sides. By arbitrariness of ϕ, recalling the definition
(1.6) of Λs(Ω), after some manipulations we get(

λ(Ω)
)s
≤ 21+s

(
s− 1

s

)s−1

As−1 Λs(Ω).

We can now simply bound for every 1 < s < 2(
s− 1

s

)s−1

≤ lim
x↘1

(
x− 1

x

)x−1

= 1,

in order to get the estimate. This concludes the proof. �

The next simple Poincaré–type inequality will be used somewhere in the paper. The proof can
be found for example in [3, Lemma 3.2].

Lemma 3.3 (Poincaré-type inequality). Let 0 < σ < 1 and let x0 ∈ RN and r > 0. For every
ϕ ∈W 1,2(Br(x0)), we have

[ϕ]2Wσ,2(Br(x0)) ≤
(

C

1− σ

)
r2 (1−σ) ‖∇ϕ‖2L2(Br(x0)),

for some C = C(N) > 0.

The following (possibly) asymmetric Poincaré-Wirtinger inequality will play a crucial role. It
generalizes [7, Lemma 3.5], the latter being concerned with the case d = D. The idea of using
asymmetric seminorm is taken from [12, Section 4].
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Proposition 3.4 (Fractional Poincaré-Wirtinger inequality). Let 0 < σ < 1 and 0 < d ≤ D < +∞.

For every ϕ ∈ C∞(QD(x0)), we have

‖ϕ− av(ϕ;Qd(x0))‖2L2(Qd(x0)) ≤Wσ (1− σ) d2σ

¨
Qd(x0)×QD(x0)

|ϕ(x)− ϕ(y)|2

|x− y|N+2σ
dx dy,

where

(3.3) W = W (N, σ, d/D) =
WN

σ + (1− σ) (1− ((2 d)/D)2σ)+

,

for a constant WN > 0 depending on the dimension only.

Proof. As in [7], we will need the following K−functional

K(t, ϕ) := min
v∈W 1,2(Qd(x0))

[
‖ϕ− v‖L2(Qd(x0)) + ‖∇v‖L2(Qd(x0))

]
.

Without loss of generality, we may assume that x0 = 0. Let v ∈ W 1,2(Qd), by Minkowski and
Jensen inequalities, for every 0 < t ≤ d we have

t ‖ϕ− av(ϕ;Qd)‖L2(Qd) ≤ t
(
‖ϕ− v‖L2(Qd) + ‖v − av(v;Qd)‖L2(Qd)

)
+ t ‖av(v;Qd)− av(ϕ;Qd)‖L2(Qd)

≤ 2 t ‖ϕ− v‖L2(Qd) + t ‖v − av(v;Qd)‖L2(Qd)

≤ 2 d max

{
1
√
µN

, 1

} (
‖ϕ− v‖L2(Qd) + t ‖∇v‖L2(Qd)

)
where in the last line we used the classical Poincaré-Wirtinger inequality. In particular, by arbi-
trariness of v ∈W 1,2(Qd) we get

t2 ‖ϕ− av(u;Qd)‖2L2(Qd) ≤ aN d
2K(t, ϕ)2, for 0 < t ≤ d,

where aN is a dimensional constant. Thus, we can infer

‖ϕ− av(ϕ;Qd)‖2L2(Qd)

d2 (1−σ)

2 (1− σ)
= ‖ϕ− av(ϕ;Qd)‖2L2(Qd)

ˆ d

0

t1−2σ dt

≤ aN d2

ˆ d

0

(
K(t, ϕ)

tσ

)2
dt

t
,

which in turn implies

(3.4) ‖ϕ− av(ϕ;Qd)‖2L2(Qd) ≤ 2 aN (1− σ) d2σ

ˆ d

0

(
K(t, ϕ)

tσ

)2
dt

t
.

If D ≤ 2 d, by joining the previous estimate and Proposition A.1 we get the claimed inequality,
with constant

W =
2 aN AN

σ
,

where AN > 0 is the constant in (A.1).
If D > 2 d, with a similar reasoning as above, for every d < t ≤ D/2 we have

‖ϕ− av(ϕ;Qd)‖2L2(Qd) ≤ aN K(t, ϕ)2,
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with the same dimensional constant aN > 0. This yields

‖ϕ− av(ϕ;Qd)‖2L2(Qd)

2σ d2σ

(
1−

(
2 d

D

)2σ
)

= ‖ϕ− av(ϕ;Qd)‖2L2(Qd)

ˆ D/2

d

dt

t1+2σ

≤ aN
ˆ D/2

d

(
K(t, ϕ)

tσ

)2
dt

t
.

We rewrite it as follows

(3.5) ‖ϕ− av(ϕ;Qd)‖2L2(Qd)

(
1−

(
2 d

D

)2σ
)
≤ 2 aN σ d

2σ

ˆ D/2

d

(
K(t, ϕ)

tσ

)2
dt

t
.

We now multiply (3.4) by σ, multiply (3.5) by 1− σ and then we sum up. We thus get[
σ + (1− σ)

(
1−

(
2 d

D

)2σ
)]
‖ϕ− av(ϕ;Qd)‖2L2(Qd)

≤ 4 aN σ (1− σ) d2σ

ˆ D/2

0

(
K(t, ϕ)

tσ

)2
dt

t
.

We then get the claimed estimate from Proposition A.1, this time with constant

W = 4 aN AN

[
σ + (1− σ)

(
1−

(
2 d

D

)2σ
)]−1

.

This concludes the proof. �

Remark 3.5. In the particular case D = d, by observing that

W = W (N, σ, 1) =
WN

σ
,

the previous inequality boils down to

‖ϕ− av(ϕ;Qd(x0))‖2L2(Qd(x0)) ≤WN (1− σ) d2σ

¨
Qd(x0)×Qd(x0)

|ϕ(x)− ϕ(y)|2

|x− y|N+2σ
dx dy,

which coincides with [7, Lemma 3.5].

On the other hand, by letting D diverge to +∞ in Proposition 3.4 and observing that

lim
D→+∞

W = WN ,

one can easily get the following result, which is a particular case of [12, Lemma 4.2], with cubes in
place of balls.

Corollary 3.6. Let 0 < σ < 1, d > 0 and x0 ∈ RN . For every ϕ ∈ C∞0 (RN ) we have

‖ϕ− av(ϕ;Qd(x0))‖2L2(Qd(x0)) ≤WN σ (1− σ) d2σ

¨
Qd(x0)×RN

|ϕ(x)− ϕ(y)|2

|x− y|N+2σ
dx dy,

where WN > 0 is the same dimensional constant of Proposition 3.4.
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4. Capacities

Definition 4.1. Let E ⊆ RN be an open set and 1 < s ≤ 2. For every compact set Σ ⊆ E, we
define

Caps(Σ;E) := inf
ϕ∈C∞0 (E)

{
[ϕ]2W s,2(RN ) : ϕ ≡ 1 in a neighborhood of Σ

}
.

Observe that in the limite case s = 2, with the notation introduced in Section 2 we have

[ϕ]2W 2,2(RN ) =

ˆ
RN
|∆ϕ|2 dx =

ˆ
E

|∆ϕ|2 dx, for every ϕ ∈ C∞0 (E).

Thus, in this case we obtain the classical relative capacity of order 2, as in [27, Chapter 13].

It is not difficult to see that the following monotonicity relation holds

(4.1) Caps(Σ;E′) ≥ Caps(Σ;E), if Σ ⊆ E′ ⊆ E,

and

(4.2) Caps(Σ;E) ≥ Caps(Σ
′;E), if Σ′ ⊆ Σ ⊆ E.

We start with a simple comparison result among different capacities.

Proposition 4.2. Let 1 < s < 2 and let E ⊆ RN be an open set. For every Σ ⊆ E compact set,
we have

(4.3)
(
λ(E)

)2−s
(s− 1) (2− s) Caps (Σ;E) ≤ CN Cap2(Σ;E),

where CN > 0 depends on the dimension N , only.

Proof. Let ϕ ∈ C∞0 (E) be such that ϕ ≡ 1 in a neighborhood of Σ. In order to prove the first claimed
estimate, we can assume that λ(E) > 0. By using the interpolation inequality of [15, Corollary 2.2]
applied to each ϕxi , we obtain

[ϕ]2W s,2(RN ) =

N∑
i=1

[ϕxi ]
2
W s−1,2(RN ) ≤

CN
(s− 1) (2− s)

N∑
i=1

‖ϕxi‖
2 (2−s)
L2(RN )

‖∇ϕxi‖
2 (s−1)

L2(RN )

≤ CN
(s− 1) (2− s)

λ(E)s−2
N∑
i=1

‖∇ϕxi‖2L2(RN )

=
CN

(s− 1) (2− s)
λ(E)s−2 ‖∆ϕ‖2L2(E).

In the second inequality we used the definition of λ(E), while in the last equality we used again
(2.1). By the arbitrariness of ϕ, we get (4.3). �

Points have zero s−capacity for 1 < s ≤ N/2. This is the content of the next result.

Proposition 4.3. Let N ≥ 3. For every 1 < s ≤ min{2, N/2}, x0 ∈ RN and r > 0 we have

Caps({x0};Qr(x0)) = 0.

Proof. Without loss of generality, we can assume x0 = 0 and r = 1. Let ϕ ∈ C∞0 (Q1) be such that

0 ≤ ϕ ≤ 1, ϕ ≡ 1 on B 1
2
, |∇ϕ|2 + |∆ϕ| ≤ C,
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then we set ϕk(x) = ϕ(k x). Thus, we have ϕk ∈ C∞0 (Q1/k) and ϕ ≡ 1 on B1/(2k). Moreover, by a
change of variable we easily get

(4.4) [ϕk]2W s,2(RN ) = k2 s−N [ϕ]2W s,2(RN ).

Below, we discuss separately the cases 1 < s < N/2 and s = N/2. Observe that, under our
assumptions, the latter can only occur if N = 3 (and consequently s = 3/2) or N = 4 (and
consequently s = 2).

Case 1 < s < N/2. This case is simpler. Each ϕk is admissible in the definition of capacity of {0}.
Thus, by (4.4) we directly have

Caps({0};Q1) ≤ lim
k→+∞

[ϕk]W s,2(RN ) = 0.

Borderline case N = 3 and s = 3/2. In this case, by (4.4) the sequence {ϕk}k∈N is only bounded
in W s,2(R3). Thus, we can only infer the weak convergence of {ϕk}k∈N to 0 and we cannot directly
apply the previous argument. In order to upgrade the convergence, we can proceed in an elementary
way as in the proof of [8, Theorem 1.3]: we will use Mazur’s Lemma, see for example [14, Theorem
B.3.3 & Remark B.3.3]. We set

Fk(x, y) :=
∇ϕk(x)−∇ϕk(y)

|x− y|2
, for k ∈ N,

and observe that

‖Fk‖L2(R3×R3) = [∇ϕk]
W

1
2
,2(R3)

, for k ∈ N.

By construction,

Fk ⇀ 0 in L2(R3 × R3;R3), as k ↗ +∞.

By Mazur’s Lemma, for every k ∈ N, there exist

{
αm(k)

}k
m=1

⊆ [0, 1],

k∑
m=1

αm(k) = 1,

such that the sequence of convex combinations

F̃k(x, y) :=

k∑
m=1

αm(k)Fm(x, y),

strongly converges to the null function in L2(R3 × R3;R3), as k diverges to +∞. By defining

Φk(x) :=

k∑
m=1

αm(k)ϕm(x), for x ∈ Ω, k ∈ N,

we then obtain a sequence of smooth functions compactly supported in Ω and such that

Φk(x) =

k∑
m=1

αm(k)ϕm(x) =

k∑
m=1

αm(k) = 1, for x ∈ B 1
k
.
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By construction, we also have

lim
k→∞

[Φk]
W

3
2
,2(RN )

= lim
k→∞

[∇Φk]
W

1
2
,2(RN )

= lim
k→∞

[
k∑

m=1

αm(k)∇ϕm

]
W

1
2
,2(R3)

= lim
k→∞

∥∥∥∥∥
k∑

m=1

αm(k)Fm(x, y)

∥∥∥∥∥
L2(R3×R3)

= 0.

We can now use the functions Φk to test the definition of capacity of {0}. This gives

Cap 3
2
({0};Q1) ≤ lim

k→+∞
[ϕk]

W
N
s
,2(R3)

= 0.

This concludes the proof, in this case.

Borderline case N = 4 and s = 2. For every ε > 0, by the monotonicity relations (4.1) and (4.2)
we have

Cap2({0};Q1) ≤ Cap2(Bε;Q1) ≤ Cap2(Bε;B1) ≤ C
(

log
1

ε

)−1

.

The rightmost estimate follows from [27, Proposition 13.1.2.2]. By letting ε go to 0, we get the
desired conclusion. �

Remark 4.4. The previous result is also contained in [1, Example 2.5], but the borderline case
s = N/2 is not considered there.

The following simple result concerns the asymptotic behavior of the fractional capacity of a
point, in the “critical” regime s ↘ N/2. Due to our restriction 1 < s < 2, this may happen only
for dimension N = 2 and N = 3.

Lemma 4.5. Let N ∈ {2, 3}, for every x0 ∈ RN and r > 0 we have:

• if N = 3

lim
s↘ 3

2

Caps({x0};Qr(x0)) = 0;

• if N = 2

lim
s↘1

(s− 1) Caps({x0};Qr(x0)) = 0.

Proof. We can suppose for simplicity that x0 = 0 and r = 1. We take ϕ ∈ C∞0 (Q1) which coincides
with 1 in a neighborhood of {0}. We thus get

Caps({0};Q1) ≤ [ϕ]2W s,2(RN ).

In dimension N = 2, by multiplying the previous inequality by (s− 1) and then using Proposition
2.3 we get

lim sup
s↘1

(s− 1) Caps({0};Q1) ≤ lim
s↘1

(s− 1) [ϕ]2W s,2(RN ) = N ωN

ˆ
Q1

|∇ϕ|2 dx.

By taking the infimum over ϕ, we then obtain

lim sup
s↘1

(s− 1) Caps({0};Q1) ≤ N ωN Cap1({0};Q1) = 0.

Observe that we used that points have zero relative capacity in W 1,2
0 , for dimension N ≥ 2 (see for

example [27, Section 2.2.4, page 148]).
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The case N = 3 is similar, we just have to observe that

lim
s↘ 3

2

[ϕ]2W s,2(R3) = [ϕ]2
W

3
2
,2(RN )

,

for every ϕ ∈ C∞0 (R3). This just follows from the Dominated Convergence Theorem. We thus
obtain this time

lim sup
s↘ 3

2

Caps({0};Q1) ≤ lim
s↘ 3

2

[ϕ]2W s,2(RN ) = [ϕ]2
W

3
2
,2(RN )

.

By taking the infimum over ϕ, we now obtain

lim sup
s↘ 3

2

Caps({0};Q1) ≤ Cap 3
2
({0};Q1).

By observing that the last capacity is zero, see Proposition 4.3, we conclude. �

Remark 4.6. We notice that the case N = 2 is a little bit delicate: when s approaches N/2 = 1 we
have a superposition of two different effects. On the one hand, the fractional capacity should tend
to 0, because we are approaching a situation where points are negligible; on the other hand, we are
boosting the non-integrable (at infinity) singularity in the kernel |x− y|N+2 (s−1) of the Gagliardo-
Slobodeckĭı seminorm. Thus, the renormalizing factor (s− 1) is needed (recall Proposition 2.3).

The next removability result would be a consequence of [1, Proposition 2.6]. We provide a
different proof, which is more direct and does not rely on Caffarelli-Silvestre–type formulas. We
also include the limit case s = N/2, which is not considered in [1].

Proposition 4.7 (Removability of points). Let N ≥ 3 and let 1 < s ≤ min{2, N/2}, with s 6= 2.
Let Ω ⊆ RN be an open set, for every x0 ∈ Ω we have

W̃ s,2
0 (Ω) = W̃ s,2

0 (Ω \ {x0}).
In particular, we have

Λs(Ω) = Λs(Ω \ {x0}).

Proof. By definition, we clearly have W̃ s,2
0 (Ω\{x0}) ⊆ W̃ s,2

0 (Ω). In order to get the reverse inclusion,
thanks to the density of smooth functions, it is sufficient to prove that for every u ∈ C∞0 (Ω) there
exists a sequence {un}n∈N ⊆ C∞0 (Ω \ {x0}) such that

(4.5) lim
n→∞

‖un − u‖L2(Ω) = lim
n→∞

[∇un −∇u]W s−1(RN ) = 0.

Indeed, we recall that
ϕ 7→ ‖ϕ‖L2(Ω) + [∇ϕ]W s−1(RN ),

is an equivalent norm on W̃ s,2
0 (Ω).

Since Ω is open, there exists r > 0 such that Qr(x0) b Ω. By Proposition 4.3, there exists a
sequence {ϕn}n∈N ⊆ C∞0 (Qr(x0)) such that each ϕn coincides with 1 in a neighborhood of {x0}
and

(4.6) lim
n→∞

[ϕn]W s,2(RN ) = 0.

By using the definition of Λs and Proposition 3.1 on the bounded set Qr(x0), we have

Λs(Qr(x0)) ‖ϕn‖2L2(Ω) ≤ [ϕn]2W s,2(RN ),

and (
Λs(Qr(x0))

) s−1
s ‖∇ϕn‖2L2(Ω) ≤

s+ 1

s

(
2 sAs−1

) 1
s

[ϕn]2W s,2(RN ),
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(
As−1 Λs(Qr(x0))

) 1
s

[ϕ]2W s−1,2(RN ) ≤
s2− 1

s

(s− 1)2 (1− 1
s )

[ϕ]2W s,2(RN ).

Thus, we have

(4.7) lim
n→∞

‖ϕn‖L2(Ω) = lim
n→∞

[ϕn]W s−1,2(RN ) = lim
n→∞

‖∇ϕn‖L2(Ω) = 0,

as well. We then define

un = u (1− ϕn) ∈ C∞0 (Ω \ {x0}).
We start by estimating the difference un − u in L2 norm: we haveˆ

Ω

|un − u|2 dx =

ˆ
Ω

|ϕn|2 |u|2 dx ≤ ‖u‖2L∞(Ω)

ˆ
Ω

|∇ϕn|2 dx.

By recalling that u ∈ C∞0 (Ω) and relying on (4.7), we get that the previous difference goes to 0, as
n diverges to ∞. This establishes the first limit in (4.5).

We now estimate the seminorm of the difference un − u as follows:

[un − u]2W s,2(RN ) = [uϕn]2W s,2(RN ) = [u∇ϕn + ϕn∇u]2W s−1,2(RN )

≤ 2 [ϕn∇u]2W s−1,2(RN ) + 2 [u∇ϕn]2W s−1,2(RN ).
(4.8)

Through some lengthy, yet standard, manipulations, we can separately estimate both terms as
follows:

[ϕn∇u]2W s−1,2(RN ) ≤ 2

ˆ
RN
|ϕn(x)|2

(ˆ
RN

|∇u(x)−∇u(y)|2

|x− y|N+2 (s−1)

)
dx

+ 2 ‖∇u‖2L∞(Ω) [ϕn]2W s−1,2(RN )

≤ C

(2− s) (s− 1)

(ˆ
Ω

|ϕn|2 dx
)
‖D2u‖2 (s−1)

L∞(Ω) ‖∇u‖
2 (2−s)
L∞(Ω)

+ 2 ‖∇u‖2L∞(Ω) [ϕn]2W s−1,2(RN ).

Observe that we used [9, Lemma 2.6] to estimate the norm of the incremental ratio of ∇u. By
recalling that u ∈ C∞0 (Ω) and using both (4.6) and (4.7), we obtain

lim
n→∞

[ϕn∇u]W s,2(RN ) = 0.

The other term is quite similar. We have

[u∇ϕn]2W s−1,2(RN ) ≤ 2 ‖u‖2L∞(Ω) [∇ϕn]2W s−1,2(RN )

+ 2

ˆ
RN
|∇ϕn(x)|2

(ˆ
RN

|u(x)− u(y)|2

|x− y|N+2 (s−1)
dy

)
dx

≤ 2 ‖u‖2L∞(Ω) [∇ϕn]2W s−1,2(RN )

+
C

(2− s) (s− 1)

(ˆ
Ω

|∇ϕn|2 dx
)
‖∇u‖2 (s−1)

L∞(Ω) ‖u‖
2 (2−s)
L∞(Ω) .

We used again [9, Lemma 2.6], this time applied directly to u. Still by (4.6) and (4.7), we get

lim
n→∞

[u∇ϕn]2W s−1,2(RN ) = 0,

as well. By using these informations in (4.8), we get

lim
n→∞

[un − u]W s,2(RN ) = 0.



22 BIANCHI, BOZZOLA, AND BRASCO

This concludes the proof of (4.5), thus proving the desired equality of the spaces.
The equality of the Poincaré constants Λs(Ω \ {x0}) and Λs(Ω) now easily follows from the

equality of the spaces. �

5. Some expedient higher order Morrey inequalities

The main result of this section is a lower bound on the relevant capacity of a singleton, in the
case s > N/2. This will be obtained as a consequence of a Morrey–type inequality, that we are now
going to present.

For 0 < α ≤ 1, we introduce the Zygmund seminorm

[ϕ]Ċα(RN ) := sup
x∈RN

sup
h∈RN\{0}

|δ2
hϕ(x)|
|h|α

, for ϕ ∈ C∞0 (RN ),

where we set

δ2
hϕ(x) := ϕ(x)− 2ϕ(x+ h) + ϕ(x+ 2h).

We then have the following Morrey inequalities. As usual, we want to track the dependence on s
of the relevant constants.

Proposition 5.1. Let N ∈ {2, 3} and N/2 < s ≤ 2. There exists two constants θN,s > 0 and
CN > 0 such that for every ϕ ∈ C∞0 (RN ) we have

(5.1) [ϕ]2
Ċ
s−N

2 (RN )
≤ θN,s [ϕ]2W s,2(RN ),

and

‖ϕ‖2L∞(RN ) ≤ CN
(
θN,s [ϕ]2W s,2(RN )

) N
2 s
(
‖ϕ‖2L2(RN )

)1− N
2 s

.

Moreover, the constant θN,s has the following asymptotic behaviors

(5.2) θN,s ∼ 2− s, as s↗ 2, and


θ2,s ∼ 1, as s↘ 1,

θ3,s ∼
1

2 s− 3
, as s↘ 3

2
.

Proof. We split the proof by discussing separately the case 1 < s < 2 and the case s = 2.

Case 1 < s < 2. In view of establishing (5.1), we first observe that

δ2
hϕ(x) =

1

(2π)
N
2

ˆ
RN

F[ϕ](ξ)
[
ei 〈x,ξ〉 − 2 ei 〈x+h,ξ〉 + ei 〈x+2h,ξ〉

]
dξ

=
1

(2π)
N
2

ˆ
RN

F[ϕ](ξ) ei 〈x,ξ〉
[
1− 2 ei 〈h,ξ〉 + ei 〈2h,ξ〉

]
dξ,

thanks to the inversion formula. Thus, by Hölder’s inequality, we have

∣∣δ2
hϕ(x)

∣∣ ≤ 1

(2π)
N
2

(ˆ
RN
|ξ|2 s

∣∣∣F[ϕ](ξ)
∣∣∣2 dξ) 1

2

(ˆ
RN

∣∣1− 2 ei 〈h,ξ〉 + ei 〈2h,ξ〉
∣∣2

|ξ|2 s
dξ

) 1
2

,

which holds for every x, h ∈ RN . By (2.7), this yields

|δ2
hϕ(x)| ≤ [ϕ]W s,2(RN )

(
As−1

ˆ
RN

∣∣1− 2 ei 〈h,ξ〉 + ei 〈2h,ξ〉
∣∣2

|ξ|2 s
dξ

) 1
2

,(5.3)
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where the constant As−1 is given by (2.5). In order to estimate the right-hand side of the previous
inequality, for every a > 0 we write

ˆ
RN

∣∣1− 2 ei 〈h,ξ〉 + ei 〈2h,ξ〉
∣∣2

|ξ|2 s
dξ =

ˆ
{|ξ|≤a}

∣∣1− 2 ei 〈h,ξ〉 + ei 〈2h,ξ〉
∣∣2

|ξ|2 s
dξ

+

ˆ
{|ξ|>a}

∣∣1− 2 ei 〈h,ξ〉 + ei 〈2h,ξ〉
∣∣2

|ξ|2 s
dξ

≤ N ωN

(
|h|4

ˆ a

0

ρN+3−2 s dρ+ 16

ˆ +∞

a

ρN−1−2 s dρ

)
= N ωN

(
|h|4 aN+4−2 s

N + 4− 2 s
+

16 aN−2 s

2 s−N

)
.

For the integral over {|ξ| ≤ a} we used that∣∣∣1− 2 ei 〈h,ξ〉 + ei 〈2h,ξ〉
∣∣∣ ≤ |h|2 |ξ|2,

while for the integral over {|ξ| > a} we used that∣∣∣1− 2 ei 〈h,ξ〉 + ei 〈2h,ξ〉
∣∣∣ ≤ 4.

By choosing a = |h|−1, we infer that

ˆ
RN

∣∣1− 2 ei 〈h,ξ〉 + ei 〈2h,ξ〉
∣∣2

|ξ|2 s
dξ ≤ cN

2 s−N
|h|2 s−N .

By (5.3), this yields

|δ2
hϕ(x)|2

|h|2 s−N
≤ θN,s [ϕ]2W s,2(RN ), with θN,s :=

cN As−1

2 s−N
,

for every x, h ∈ RN with h 6= 0, and so (5.1) follows. The claimed asymptotic behavior of the
constant θN,s now follows from (2.6).

We still need to prove the interpolation inequality for the L∞ norm. By (5.1) and the triangle
inequality, we have

|ϕ(x)| ≤ |ϕ(x)− 2ϕ(x+ h) + ϕ(x+ 2h)|+ 2 |ϕ(x+ h)|+ |ϕ(x+ 2h)|

≤ |h|s−N2
√
θN,s [ϕ]W s,2(RN ) + 2 |ϕ(x+ h)|+ |ϕ(x+ 2h)|,

for every x, h ∈ RN . We fix ` > 0 and we integrate the previous inequality with respect to h ∈ B`.
We then obtain

ωN `
N |ϕ(x)| ≤ N ωN

N

2
+ s

`
N
2 +s

√
θN,s [ϕ]W s,2(RN ) + 2

ˆ
B`(x)

|ϕ(y)| dy +
1

2N

ˆ
B2`(x)

|ϕ(y)| dy.

By using simple manipulations and Hölder’s inequality, we can in turn infer

|ϕ(x)| ≤ C
√
θN,s `

s−N2 [ϕ]W s,2(RN ) + C
1

`
N
2

‖ϕ‖L2(RN ),
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for a constant C = C(N) > 0. The previous estimate holds for every x ∈ RN and every ` > 0. If
we choose

` =

(
‖ϕ‖L2(RN )√

θN,s [ϕ]W s,2(RN )

) 1
s

,

we can then obtain the desired inequality.

Case s = 2. We could repeat verbatim the previous arguments. Otherwise, we can multiply the
previous inequalities valid for 0 < s < 2 by the factor (2 − s) and take the limit as s ↗ 2. By
Proposition 2.3 and by (5.2), we get the claimed estimates for a positive constant θN depending
only on N . �

Remark 5.2. As a straightforward consequence of the previous Morrey-type estimates, we get that
for every open set Ω ⊆ RN the following continuous embedding holds

W̃ s,2
0 (Ω) ↪→ C

s−N2
0 (Ω),

for N ∈ {2, 3} and N/2 < s ≤ 2. Here, we indicated by C
s−N/2
0 (Ω) the following non-homogeneous

Zygmund space

C
s−N2
0 (Ω) =

{
ϕ ∈ Cbound(Ω) : [ϕ]

Ċ
s−N

2 (RN )
< +∞, ϕ = 0 on ∂Ω

}
,

and Cbound(Ω) is the set of continuous and bounded functions on Ω. The latter is a Banach space,
when endowed with the norm

‖ϕ‖
C
s−N

2 (Ω)
:= ‖ϕ‖L∞(Ω) + [ϕ]

Ċ
s−N

2 (RN )
, for every ϕ ∈ C

s−N2
0 (Ω).

We refer to [33] for more details on the Zygmund space.

As a straightforward consequence of the previous result, we have the following lower bound for
the relative capacity of a point.

Corollary 5.3. Let N ∈ {2, 3} and N/2 < s ≤ 2. Let E ⊆ RN be an open bounded set. For every
x0 ∈ E, we have

(5.4)
diam(E)N−2 s

θN,s
≤ Caps({x0};E),

where θN,s is the same constant as in (5.1)

Proof. For every ϕ ∈ C∞0 (E) such that ϕ(x0) ≡ 1 in a neighborhood of x0, let us take h ∈ RN such
that |h| > diam(E). In particular, we get that x0 + h 6∈ E and x0 + 2h 6∈ E. From (5.1), we thus
get

1 ≤ |ϕ(x0)|2 ≤ |h|2 s−N θN,s [ϕ]2W s,2(RN ).

By the arbitrariness of ϕ and |h| > diam(E), we get (5.4). �

6. Maz’ya-Poincaré inequalities

6.1. The case s = 2. In this case, the following simple Poincaré inequality for functions vanishing
in a neighborhood of a compact set will be the key tool to prove the main theorem. The estimate
is a bit rough, but it will be largely sufficient. This is a particular case of [27, Theorem 14.1.2].



CLAMPED PLATE EIGENVALUE PROBLEM IN LOW DIMENSIONS 25

Lemma 6.1. Let Σ ⊆ RN be a compact set. Let Qd(y0) ⊆ RN be a cube containing Σ and set

δ := dist(Σ, ∂Qd(y0)).

Then for every u ∈ C∞(Qd(y0)) such that u ≡ 0 in a neighborhood of Σ, we have

Cap2(Σ;Qd(y0))

dN

ˆ
Qd(y0)

|u|2 dx ≤ C
ˆ
Qd(y0)

|∆u|2 dx+
C

δ2

(
d

δ

)2 ˆ
Qd(y0)

|∇u|2 dx,

where C = C(N) > 0.

Proof. Without loss of generality, we can assume that

(6.1)

ˆ
Qd(y0)

|u|2 dx = |Qd(y0)| and av(u;Qd(y0)) ≥ 0.

Let η ∈ C∞0 (Qd−δ/4(y0)) be a cut-off function such that

0 ≤ η ≤ 1, η ≡ 1 on Qd− δ2
(y0), |∇η|2 + |∆η| ≤ C

δ2
,

for some universal constant C > 0. Then we can use η (1− u) as a test function for the capacity of
Σ relative to Qd(y0). We get

Cap2(Σ;Qd(y0)) ≤
ˆ
Qd(y0)

|∆ (η (1− u))|2 dx

=

ˆ
Qd(y0)

|(1− u) ∆η − 2 〈∇η,∇u〉 − η∆u|2 dx

≤ 3

ˆ
Qd(y0)

|1− u|2 |∆η|2 dx+ 6

ˆ
Qd(y0)

|∇η|2 |∇u|2 dx

+ 3

ˆ
Qd(y0)

η2 |∆u|2 dx.

In particular, by using the properties of the cut-off function η, we obtain

(6.2) Cap2(Σ;Qd(y0)) ≤ C

δ4

ˆ
Qd(y0)

|1− u|2 dx+
C

δ2

ˆ
Qd(y0)

|∇u|2 dx+ C

ˆ
Qd(y0)

|∆u|2 dx.

In order to conclude, we just need to control the L2 norm of 1− u. We proceed as followsˆ
Qd(y0)

|1− u|2 dx ≤ 2

ˆ
Qd(y0)

|av(u;Qd(y0))− u|2 dx+ 2

ˆ
Qd(y0)

|1− av(u;Qd(y0))|2 dx

≤ 2

ˆ
Qd(y0)

|av(u;Qd(y0))− u|2 dx+ 2 |Qd(y0)| |1− av(u;Qd(y0))|2.
(6.3)

Then we observe that√
|Qd(y0)| |1− av(u;Qd(y0))| =

∣∣∣‖u‖L2(Qd(y0)) − ‖av(u;Qd(y0))‖L2(Qd(y0))

∣∣∣,
thanks to the normalization condition (6.1). By using the triangle inequality, we thus get√

|Qd(y0)| |1− av(u;Qd(y0))| ≤ ‖u− av(u;Qd(y0))‖L2(Qd(y0)).

We can use this estimate in (6.3) and obtainˆ
Qd(y0)

|1− u|2 dx ≤ 4 ‖u− av(u;Qd(y0))‖2L2(Qd(y0)).
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A further application of Poincaré-Wirtinger inequality givesˆ
Qd(y0)

|1− u|2 dx ≤ 4

µN
d2

ˆ
Qd(y0)

|∇u|2 dx.

By finally inserting this estimate in (6.2) and recalling the normalization condition (6.1), we even-
tually get the desired inequality. �

6.2. The case 1 < s < 2. This case will be much more delicate. We start with the following
auxiliary result: this is nothing but a fractional variant of (a particular case of) [27, Theorem
14.1.3]. We give all the details, in order to carefully keep track of the quality of the relevant
constants.

Lemma 6.2. Let 1 < s < 2 and let Σ ⊆ RN be a compact set. Let Qd(y0) ⊆ RN be a cube
containing Σ and set

δ := dist(Σ, ∂Qd(y0)).

Let u ∈ C∞(Qd(y0)) be such that

(6.4) av(u;Qd(y0)) ≥ 0, max
x∈Σ

u(x) ≤ ε
‖u‖L2(Qd(y0))√
|Qd(y0)|

,

for some ε ∈ (0, 1). Then, the following Poincaré–type inequality holds

(1− ε)2 Caps (Σ;Qd(y0))

dN

ˆ
Qd(y0)

|u|2 dx ≤ C [u]2W s,2(Qd(y0))

+ C

(
d

δ

)2
1

(s− 1) (2− s)
1

δ2 (s−1)

ˆ
Qd(y0)

|∇u|2 dx,

for a constant C = C(N) > 0.

Proof. Without loss of generality, we can assume that y0 = 0 and

(6.5) ‖u‖2L2(Qd) = |Qd| = (2 d)N .

Let ψ ∈ C∞0 (RN ) be such that 0 ≤ ψ ≤ 1 and

(6.6) ψ = 1 on Qd− δ2
, ψ = 0 on RN \Qd− δ4 , |∇ψ|2 + |D2ψ| ≤ a2

N

δ2
,

Let ε ∈ (0, 1) be as in the statement, we set V := (u− ε)/(1− ε). Then, V ∈ C∞(Qd) and V ≤ 0
on Σ, thanks to (6.4) (recall the normalization (6.5)). This entails that the function (1 − V )ψ is
admissible in the definition of Caps(Σ;Qd). By the triangle inequality, we get

Caps(Σ;Qd) ≤ 2
[
(1− V )∇ψ

]2
W s−1,2(RN )

+ 2
[
ψ∇(1− V )

]2
W s−1,2(RN )

=: 2 I1 + 2 I2,(6.7)

and we estimate each term separately. For I1, we add and subtract (1− V (y))∇ψ(x) and split the
seminorm, thus we get

I1 ≤
¨
Qd×Qd

|(V (y)− V (x))∇ψ(x) + (1− V (y)) (∇ψ(x)−∇ψ(y))|2

|x− y|N+2 (s−1)
dx dy+

+ 2

¨
(RN\Qd)×Q

d− δ
4

|(1− V (y))∇ψ(y)|2

|x− y|N+2 (s−1)
dx dy

=: I1,1 + I1,2.
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We also used that (1− V )∇ψ identically vanishes on Qd \Qd−δ/4, by the properties of ψ. By the

elementary inequality (a+ b)2 ≤ 2 (a2 + b2) and [9, Lemma 2.6], we have

I1,1 ≤ 2 ‖∇ψ‖2L∞(RN ) [V ]2W s−1,2(Qd)

+
C

(s− 1) (2− s)
‖1− V ‖2L2(Qd) ‖Hess(ψ)‖2 (s−1)

L∞(RN )
‖∇ψ‖2 (2−s)

L∞(RN )

≤ C

δ2 (1− ε)2
[u]2W s−1,2(Qd) +

C

(s− 1) (2− s)
1

δ2s
‖1− V ‖2L2(Qd),

for a dimensional constant C > 0, where in the last line we used the properties of ψ and the
definition of V .

To estimate I1,2, we observe that

RN \Qd ⊆ RN \Bδ/4(y), for every y ∈ Qd− δ4 .

By using spherical coordinates, this yieldsˆ
RN\Qd

dx

|x− y|N+2 (s−1)
≤
ˆ
RN\Bδ/4(y)

dx

|x− y|N+2 (s−1)

=

ˆ
SN−1

(ˆ ∞
δ
4

%−2 (s−1)−1 d%

)
dHN−1(ω)

=
N ωN

2 (s− 1)

(
4

δ

)2 (s−1)

,

(6.8)

for every y ∈ Qd−δ/4. By using this estimate and the properties of ψ, we then infer that

I1,2 ≤ 2
N ωN

2 (s− 1)

(
4

δ

)2 (s−1) ¨
Q
d− δ

4

|(1− V (y))∇ψ(y)|2

|x− y|N+2 (s−1)
dy

≤ C

δs

(
1

s− 1

) 1
2

‖1− V ‖L2(Qd),

for a suitable constant C = C(N) > 0. By keeping the two estimates together, we get

(6.9) I1 ≤ I1,1 + I1,2 ≤
C

δ2 (1− ε)2
[u]2W s−1,2(Qd) +

C

(s− 1) (2− s)
1

δ2s
‖1− V ‖2L2(Qd),

possibly for a different constant C = C(N) > 0. We still need to estimate the L2 norm of

1− V =
1− u
1− ε

.

We proceed as follows

‖1− V ‖L2(Qd) ≤
1

1− ε
(
‖1− av(u;Qd)‖L2(Qd) + ‖av(u;Qd)− u‖L2(Qd)

)
=

1

1− ε

(√
|Qd| |1− av(u;Qd)|+ ‖av(u;Qd)− u‖L2(Qd)

)
=

1

1− ε

(∣∣∣‖u‖L2(Qd) − ‖av(u;Qd)‖L2(Qd)

∣∣∣+ ‖av(u;Qd)− u‖L2(Qd)

)
≤ 2

1− ε
‖av(u;Qd)− u‖L2(Qd),
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where in the second equality we used (6.4) and (6.5). The last L2 norm can be finally estimated by
the L2 norm of ∇u, thanks to the classical Poincaré-Wirtinger inequality. By spending the resulting
estimate in (6.9), we get

(6.10) I1 ≤
C

(1− ε)2

(
[u]2W s−1,2(Qd)

δ2
+

1

(s− 1) (2− s)

(
d

δ

)2
1

δ2 (s−1)
‖∇u‖2L2(Qd)

)
,

for a constant C = C(N) > 0.
Going back to (6.7), we still need to estimate I2. We proceed similarly as before. We add and

subtract ψ(y)∇V (x), split the double integral and use the properties of the cut-off ψ, so to infer
that

I2 =

¨
Qd×Qd

|(ψ(y)− ψ(x))∇V (x) + ψ(y) (∇V (y)−∇V (x))|2

|x− y|N+2 (s−1)
dx dy

+ 2

ˆ
Q
d− δ

4

|ψ(y)|2 |∇V (y)|2
(ˆ

RN\Qd

dx

|x− y|N+2 (s−1)

)
dy

=: I2,1 + I2,2.

(6.11)

Again by elementary inequalities and [9, Lemma 2.6], we get

I2,1 ≤
2

(1− ε)2

(
C

(s− 1) (2− s)
1

δ2 (s−1)
‖∇u‖2L2(Qd) + [∇u]2W s−1,2(Qd)

)
,

where we used (6.6) and the fact that ∇V = ∇u/(1− ε). For the “strongly nonlocal” term I2,2, we
use again (6.8) and the fact that |ψ| ≤ 1, so to obtain

I2,2 ≤
2

(1− ε)2

C

(s− 1) (2− s)
1

δ2 (s−1)
‖∇u‖2L2(Qd).

By spending the previous estimates in (6.11), we get

(6.12) I2 ≤
C

(1− ε)2

(
1

(s− 1) (2− s)
1

δ2 (s−1)
‖∇u‖2L2(Qd) + [∇u]2W s−1,2(Qd)

)
,

for some C = C(N) > 0. We can now use (6.10) and (6.12) in (6.7). We also multiply both sides
by (1− ε)2. This yields

(1− ε)2 Caps (Σ;Qd) ≤ C
[u]2W s−1,2(Qd)

δ2

+ C

(
d

δ

)2
1

(s− 1) (2− s)
1

δ2 (s−1)
‖∇u‖2L2(Qd) + C [∇u]2W s−1,2(Qd),

(6.13)

for a suitable constant C = C(N) > 0. We also used that d/δ ≥ 1.
In order to conclude, we need to (carefully) estimate the first term on the right-hand side, i.e.

the fractional (s− 1) seminorm of u. Here, we can use Lemma 3.3. More precisely, we proceed as
follows: we extend u to the whole space, by means of the extension operator EQd in [7, Corollary
3.2]. For notational simplicity, we set ũ := EQd(u). We recall that ũ is locally Lipschitz and it
satisfies in particular the following estimate

(6.14) [ũ]2Wσ,2(QD) ≤ αN
(
D

d

)4N

[u]2Wσ,2(Qd),
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for every 0 < σ ≤ 1 and D > d. The dimensional constant αN can be made explicit. Since
Qd ⊆ B√N d ⊆ Q√N d, by using Lemma 3.3 for ũ in the ball B√N d and by using (6.14) with

D =
√
N d we obtain

1

δ2
[u]2W s−1,2(Qd) ≤

1

δ2
[ũ]2W s−1,2(B√N d) ≤

1

δ2

CN
2− s

(
√
N d)2 (2−s) ‖∇ũ‖2L2(Q√N d)

≤
(
d

δ

)2
CN

2− s
αN N

2N+2 1

d2 (s−1)
‖∇u‖2L2(Qd).

By spending this estimate in (6.13) and using that

1

2− s
≤ 1

(s− 1) (2− s)
and

1

δ2 (s−1)
+

1

d2 (s−1)
≤ 2

δ2 (s−1)
,

we get

(1− ε)2 Caps (Σ;Qd) ≤ C [∇u]2W s−1,2(Qd) + C

(
d

δ

)2
1

(s− 1)(2− s)
1

δ2 (s−1)
‖∇u‖2L2(Qd),

for a constant C > 0, depending on the dimension only. This eventually yields the desired conclu-
sion, by taking into account (6.5) and possibly redefining the constant C. �

We can now prove the Maz’ya-Poincaré inequality that will be needed to get the main result,
in the case 1 < s < 2. This is the fractional version of Lemma 6.1: the crucial difference is the
constant in front of the L2 norm of the gradient, which now depends on the capacity of the Dirichlet
region. This will be essential in order to get the sharp dependence on the parameter s, in the result
of Theorem 1.4. For future reference, we prove it for a general compact set Σ, even if we will use
it only for singletons.

Theorem 6.3 (Refined fractional Maz’ya-Poincaré inequality). Let 1 < s < 2 and let Σ ⊆ RN be
a compact set. Let Qd(y0) ⊆ RN be a cube containing Σ and set

δ := dist(Σ, ∂Qd(y0)).

Let 0 < d ≤ D < +∞ and let u ∈ C∞(QD(y0)) be such that u ≡ 0 in a neighborhood of Σ. Then,
we have

Caps (Σ;Qd(y0))

dN

ˆ
Qd(y0)

|u|2 dx ≤ C Caps (Σ;Qd(y0))

dN−2

ˆ
Qd(y0)

|∇u|2 dx

+ C (W + 1)

(
d

δ

)2 s ¨
Qd(y0)×QD(y0)

|∇u(x)−∇u(y)|2

|x− y|N+2 (s−1)
dx dy,

where C = C(N) > 0 and W = W (N, s, d/D) > 0 is the constant given by (3.3).

Proof. We can suppose that Σ has positive s−capacity, otherwise there is nothing to prove. Again,
without loss of generality, we can assume that y0 = 0 and that u satisfies

(6.15) ‖∇u‖L2(Qd) <
1

8
√
N d
‖u‖L2(Qd).

Indeed, if

‖∇u‖L2(Qd) ≥
1

8
√
N d
‖u‖L2(Qd),

then the desired estimate would trivially follows with C = 64N . For x ∈ RN , we set

S[u](x) := 〈av(∇u;Qd);x〉 and v := u− S[u].
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We can assume that

(6.16) av(v;Qd) ≥ 0,

up to replace u with −u. We want to show that v satisfies the assumptions of Lemma 6.2.
We need some preliminary estimates. Observe that by Cauchy-Schwarz and Jensen inequalities,

we have

sup
x∈Qd

∣∣S[u](x)
∣∣ ≤ 2

√
N d

(
N∑
i=1

∣∣∣∣ 
Qd

uxi dx

∣∣∣∣2
) 1

2

≤ 2
√
N d√
|Qd|

‖∇u‖L2(Qd).(6.17)

We used that

diam(Qd) = 2
√
N d.

By using (6.17), together with the normalization (6.15), we also get that

∥∥S[u]
∥∥
L2(Qd)

≤
√
|Qd| sup

x∈Qd

∣∣S[u](x)
∣∣ ≤ 2

√
N d ‖∇u‖L2(Qd) <

1

4
‖u‖L2(Qd).

Thus, by the triangle inequality, this in particular gives

‖u‖L2(Qd) ≤ ‖v‖L2(Qd) +
∥∥S[u]

∥∥
L2(Qd)

< ‖v‖L2(Qd) +
1

4
‖u‖L2(Qd),

which in turn implies

(6.18) ‖u‖L2(Qd) <
4

3
‖v‖L2(Qd).

We are ready to show that v verify the assumptions of Lemma 6.2. By using (6.17) and (6.18), the
normalization (6.15) and the fact that u = 0 on Σ, we infer that

max
x∈Σ
|v(x)| = max

x∈Σ

∣∣S[u](x)
∣∣ ≤ sup

x∈Qd

∣∣S[u](x)
∣∣ ≤ 1

4

‖u‖L2(Qd)√
|Qd|

<
1

3

‖v‖L2(Qd)√
|Qd|

.

By recalling also (6.16), we can finally infer that v satisfies the assumptions of Lemma 6.2, with
ε = 1/3. This yields

4

9

Caps(Σ;Qd)

dN
∥∥u− S[u]

∥∥2

L2(Qd)

≤ C
[
u− S[u]

]2
W s,2(Qd)

+ C

(
d

δ

)2
1

(s− 1) (2− s)
1

δ2 (s−1)

∥∥∇ (u− S[u])
∥∥2

L2(Qd)
.

(6.19)

We now observe that[
u− S[u]

]
W s,2(Qd)

=
[
∇(u− S[u])

]
W s−1,2(Qd)

= [∇u]W s−1,2(Qd) = [u]W s,2(Qd),
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thanks to the fact that S[u] is a linear function, thus ∇S[u] is a constant vector. Thus, from (6.19)
we easily get

4

9

Caps(Σ;Qd)

dN
∥∥u− S[u]

∥∥2

L2(Qd)

≤ C
¨
Qd×QD

|∇u(x)−∇u(y)|2

|x− y|N+2 (s−1)
dx dy

+ C

(
d

δ

)2
1

(s− 1) (2− s)
1

δ2 (s−1)

∥∥∇ (u− S[u])
∥∥2

L2(Qd)
.

(6.20)

The constant C only depends on the dimension N . Moreover, by applying the “asymmetric”
Poincaré-Wirtinger inequality of Proposition 3.4 with the choice σ = s − 1, we can estimate the
last term as follows∥∥∇ (u− S[u])

∥∥2

L2(Qd)
=

N∑
i=1

‖uxi − av(uxi ;Qd)‖2

≤W (s− 1) (2− s) d2 (s−1)

¨
Qd×QD

|∇u(x)−∇u(y)|2

|x− y|N+2 (s−1)
dx dy.

Here W = W(N, s, d/D) > 0 is the same constant defined in (3.3). By spending this information in
(6.20) and using that d/δ ≥ 1, we get

4

9

Caps(Σ;Qd)

dN
∥∥u− S[u]

∥∥2

L2(Qd)
≤ C (W + 1)

(
d

δ

)2 s ¨
Qd×QD

|∇u(x)−∇u(y)|2

|x− y|N+2 (s−1)
dx dy.(6.21)

We are ready to conclude: by the triangle inequality and the two estimates (6.17) and (6.21), we
get

‖u‖2L2(Qd) ≤ 2
∥∥S[u]

∥∥2

L2(Qd)
+ 2

∥∥u− S[u]
∥∥2

L2(Qd)

≤ 2 |Qd| sup
x∈Qd

∣∣S[u](x)
∣∣2 + 2

∥∥u− S[u]
∥∥2

L2(Qd)

≤ 8N d2 ‖∇u‖L2(Qd)

+
9

2

dN

Caps(Σ;Qd)
C (W + 1)

(
d

δ

)2 s ¨
Qd×QD

|∇u(x)−∇u(y)|2

|x− y|N+2 (s−1)
dxdy,

which yields the claimed estimate. �

We recall that the constant W entering in the previous Maz’ya-Poincaré inequality is given by

W (N, σ, d/D) =
WN

σ + (1− σ) (1− ((2 d)/D)2σ)+

,

where WN > 0 only depends on the dimension. In particular, observe that

lim
D→+∞

W

(
N, s,

d

D

)
=

WN

σ + (1− σ)
= WN .

Thus, by taking the limit as D goes to +∞ in Theorem 6.3 and using the above observation, we
easily get the following
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Corollary 6.4. Let 1 < s < 2 and let Σ ⊆ RN be a compact set. Let Qd(y0) ⊆ RN be a cube
containing Σ and set

δ := dist(Σ, ∂Qd(y0)).

For every u ∈ C∞0 (RN ) such that u ≡ 0 in a neighborhood of Σ, we have

Caps (Σ;Qd(y0))

dN

ˆ
Qd(y0)

|u|2 dx ≤ C Caps (Σ;Qd(y0))

dN−2

ˆ
Qd(y0)

|∇u|2 dx

+ C

(
d

δ

)2 s ¨
Qd(y0)×RN

|∇u(x)−∇u(y)|2

|x− y|N+2 (s−1)
dx dy,

for a constant C = C(N) > 0.

7. Proof of the main results

7.1. Proof of Theorem 1.3. We assume that rΩ < +∞, otherwise there is nothing to prove. We
take a tiling of the space (up to a set of measure zero) made of disjoint hypercubes {Qi}i∈ZN with
sides 3 rΩ. More precisely, we define

(7.1) Qi := Q3 rΩ(6 i), for i ∈ ZN .

By construction, for every i ∈ ZN we have B2 rΩ(6 i) ⊆ Qi and, thanks to the fact that 2 rΩ > rΩ,
by definition of inradius there exists a point xi ∈ B2 rΩ(6 i) \ Ω. Moreover, still by construction we
clearly have

δi := dist(xi; ∂Qi) ≥ rΩ.

Let u ∈ C∞0 (Ω) \ {0}, extended by zero outside Ω. According to the previous discussion, for every
i ∈ ZN by Lemma 6.1 we have

Cap2({xi};Qi)

(3 rΩ)N

ˆ
Qi

|u|2 dx ≤ C
ˆ
Qi

|∆u|2 dx+
C

r2
Ω

ˆ
Qi

|∇u|2 dx,

for a constant C = C(N) > 0. Recall that the capacity of a point is positive (see Lemma 5.3).
Moreover, we can uniformly bound it from below as follows

Cap2({xi};Qi) ≥ Cap2({xi};Q5 rΩ(xi)) = (5 rΩ)N−4 Cap2({0};Q1),

since Qi ⊆ Q5 rΩ({xi}), for every i ∈ ZN . We can thus obtain(
1

rΩ

)4 ˆ
Qi

|u|2 dx ≤ C
ˆ
Qi

|∆u|2 dx+
C

r2
Ω

ˆ
Qi

|∇u|2 dx,

possibly for a different constant C = C(N) > 0. By summing all the contributions, we infer that(
1

rΩ

)4

‖u‖2L2(Ω) =

(
1

rΩ

)4 ∑
i∈ZN

‖u‖2L2(Qi)
≤ C

∑
i∈ZN

‖∆u‖2L2(Qi)
+
C

r2
Ω

∑
i∈ZN

‖∇u‖2L2(Qi)

= C ‖∆u‖2L2(Ω) +
C

r2
Ω

‖∇u‖2L2(Ω).

We now need to reabsorb the inradius contained in the right-hand side. This can be done by using
the interpolation inequality (2.2) and Young’s inequality. More precisely, we can infer that

C

ˆ
Ω

|∇u|2 dx ≤ C ‖u‖L2(Ω) ‖∆u‖L2(Ω) ≤
‖u‖2L2(Ω)

2 r2
Ω

+
C2

2
r2
Ω ‖∆u‖2L2(Ω).
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This entails that

1

2

(
1

rΩ

)4

‖u‖2L2(Ω) ≤
(
C +

C2

2

)
‖∆u‖2L2(Ω).

By arbitrariness of u ∈ C∞0 (Ω), we get the desired result (1.8).

Corollary 7.1. Let N ∈ {2, 3}. For every open set Ω ⊆ RN , we have

Λ(Ω) > 0 ⇐⇒ rΩ < +∞.

Proof. The implication ⇐= simply follows from Theorem 1.3.
For the converse implication, let Br(x0) ⊆ Ω be a ball. By the monotonicity of Λ with respect

to inclusion of sets and the scaling law (1.7), we obtain

Λ(Ω) ≤ Λ(B1)

r4
.

Since we are now assuming Λ(Ω) > 0, this can be rewritten as

r ≤
(

Λ(B1)

Λ(Ω)

) 1
4

.

By arbitrariness of r, we get that rΩ < +∞. More precisely, we have the following estimate

rΩ ≤
(

Λ(B1)

Λ(Ω)

) 1
4

.

This concludes the proof. �

7.2. Proof of Theorem 1.4. Again, we assume that rΩ < +∞, otherwise the estimate is trivially
true. We then consider the same tiling {Qi}i∈ZN given by (7.1). Exactly as before, for every i ∈ ZN
there exists a point xi ∈ B2 rΩ(6 i) \ Ω such that

δi := dist(xi; ∂Qi) ≥ rΩ.

Thus, if u ∈ C∞0 (Ω) \ {0} we can apply this time Corollary 6.4 on each hypercube Qi and get

‖u‖2L2(Qi)

rNΩ
≤ C

rN−2
Ω

‖∇u‖2L2(Qi)
+

C

Caps ({xi} ;Qi)

¨
Qi×RN

|∇u(x)−∇u(y)|2

|x− y|N+2(s−1)
dxdy,

for every i ∈ ZN , where C = C(N) > 0. Observe that points have positive relative capacity, thanks
to the fact that s > N/2 (see again Corollary 5.3). Moreover, as before we can estimate it from
below

Caps({xi};Qi) ≥ Caps({xi};Q5 rΩ(xi)) = (5 rΩ)N−2 s Caps({0};Q1).

By using this estimate, we get(
1

rΩ

)2 s

‖u‖2L2(Qi)
≤ C r2−2 s

Ω ‖∇u‖2L2(Qi)
+

C

Caps ({0} ;Q1)

¨
Qi×RN

|∇u(x)−∇u(y)|2

|x− y|N+2(s−1)
dx dy,

for every i ∈ ZN , possibly for a different constant C = C(N) > 0. We now sum up all the
contributions of the hypercubes, so to get(

1

rΩ

)2 s

‖u‖2L2(Ω) ≤ C r
2−2 s
Ω ‖∇u‖2L2(Ω) +

C

Caps ({0} ;Q1)
[u]2W s,2(RN ).(7.2)
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Observe that we crucially exploited the fact that∑
i∈ZN

¨
Qi×RN

|∇u(x)−∇u(y)|2

|x− y|N+2(s−1)
dx dy = [u]2W s,2(RN ),

thanks to the fact that the hypercubes are tiling the space and that(
Qi × RN

)
∩
(
Qj × RN

)
= ∅, for i 6= j.

We now apply the interpolation inequality (2.8) in the right-hand side of (7.2), so to get for every
δ > 0(

1

rΩ

)2 s

‖u‖2L2(Ω) ≤ C r
2−2 s
Ω δ

(
s− 1

s

)
‖u‖2L2(Ω) +

(
2C As−1

(r2
Ω δ)

s−1
+

C

Caps ({0} ;Q1)

)
[u]2W s,2(RN ).

In order to reabsorb the L2 norm, we choose

δ =
1

2C r2
Ω

s

s− 1
.

This permits to infer that

1

2

(
1

rΩ

)2 s

‖u‖2L2(Ω) ≤
ΘN,s

Caps ({0} ;Q1)
[u]2W s,2(RN ).(7.3)

where we set for simplicity

ΘN,s :=

(
(2C)2 s

(
s− 1

s

)s−1

As−1 Caps ({0} ;Q1) + C

)
.

In order to get the desired estimate with a good asymptotic control on the relevant constant, we
can estimate from above the s−capacity of {0} by Proposition 4.2. Thus, we have

ΘN,s ≤

(2C)s−1

(
s− 1

s

)s−1
As−1

(2− s) (s− 1)

CN Cap2 ({0} ;Q1)(
λ(Q1)

)2−s + C

 =: CN,s.

This is enough to get from (7.3) the seeked lower bound on Λs(Ω), with constant given by

Caps ({0} ;Q1)

2CN,s
.

The claimed asymptotic behavior now follows from that of As−1, given by (2.10). This easily gives

CN,s ∼ 1, as s↘ N/2 and s↗ 2,

The proof is concluded.

Corollary 7.2. Let N ∈ {2, 3} and N/2 < s < 2. For every open set Ω ⊆ RN , we have

Λs(Ω) > 0 ⇐⇒ rΩ < +∞.

Proof. The proof is exactly the same as that of Corollary 7.1. �

8. Asymptotic optimality

This section is devoted to discuss the optimality of the lower bound of Theorem 1.4, with respect
to the fractional differentiability parameter s.
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8.1. Failure for N = 3 and s ≤ 3/2. In dimension N = 3, if the order of fractional differentiation
s is below or equal to the critical threshold 3/2, then the inequality (1.9) fails, for general open
sets. This is due to the fact that points are removable, as shown in Proposition 4.7.

By using this last result, it is now very easy to produce a counter-example to the validity of the
lower bound of Theorem 1.4, for s ≤ 3/2 and N = 3. We can simply take

Ωk = Qk ∩ (R3 \ Z3), for every k ∈ N.
Then we observe that

rΩk =

√
3

2
, for every k ≥ 2,

while by using iteratively Proposition 4.7 and the scaling law (1.7), for every 1 < s ≤ 3/2 we have

Λs(Ωk) = Λs(Qk) = k−2 s Λ2(Q1).

Thus, we easily get

lim
k→∞

r2 s
Ωk

Λs(Ωk) = 0.

8.2. Asymptotics for s↗ 2. We show here that the dependence on s in the lower bound of (1.9)
is optimal, in the regime “s converging to 2”.

Indeed, let Ω ⊆ RN be an open set with finite inradius, where N ∈ {2, 3}. We multiply both
sides of (1.9) by (2− s), so to get

(2− s) Caps({0};Q1)

C2

(
1

rΩ

)2 s

≤ (2− s) Λs(Ω).

We observe that by Corollary 5.3 we have

(2− s) Caps({0};Q1) ≥ 2− s
θN,s

(2
√
N)N−2 s.

Moreover, by (5.2) we recall that

2− s
θN,s

∼ 1, as s↗ 2,

so that

lim inf
s↗2

(2− s) Caps({0};Q1)

C2

(
1

rΩ

)2 s

≥ 1

C

1

r2
Ω

.

On the other hand, by Corollary 2.4 we have

lim sup
s↗2

(2− s) Λs(Ω) ≤ ωN
2

Λ(Ω).

By using these two limits, we retrieve the lower bound of Theorem 1.3 from (1.9).

8.3. Asymptotics for s ↘ N/2. Finally, we prove that the asymptotic behavior of the lower
bound is optimal, also in the regime “s converging to N/2”. This is much more delicate.

Theorem 8.1. Let N ∈ {2, 3} and let us consider the open set Ω = RN \ (2ZN ), having inradius

rΩ =
√
N . Then we have

(8.1) lim sup
s↘N/2

Λs(Ω)

Caps({0};Q1)
< +∞.

In particular, the dependence on s of the inequality (1.9) is sharp.
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Proof. In order to prove the claimed asymptotics, we will need to judiciously estimate from above
Λs(Ω). This will be done by constructing a suitable sequence of test functions (depending on s),
along the lines of what done in the proof of [7, Theorem 1.2, point (3)]. However, the fact that now
s > 1 will cause some (nontrivial) additional issues.

1. Set-up. By definition of capacity as a infimum, for every N/2 < s < 2 there exists a function
ζs ∈ C∞0 (Q1) such that

(8.2) ζs ≡ 1 in a neighborhood of {0} and [ζs]
2
W s,2(RN ) < 2 Caps({0};Q1).

Observe that we used that points has positive capacity, in this regime. For every n ∈ N \ {0}, we
define the following smooth multi-funnel function

ψn,s,ε(x) := 1−
∑

i∈2ZN∩Qn

ζs

(
x− i

ε

)
.

By construction ψn,s,ε ∈ C∞(RN ) and it identically vanishes in a neighborhood of every point
i ∈ (2Z)N ∩Qn. Moreover, by construction and by Proposition 5.1, we have

‖ψn,s,ε‖L∞(RN ) ≤ 1 + ‖ζs‖L∞(Q1) ≤ 1 + CN

(√
θN,s [ζs]W s,2(RN )

) N
2 s (‖ζs‖L2(Q1)

)1− N
2 s ,

where θN,s has the asymptotic behaviors (5.2). We report it here for the reader’s convenience

θN,s ∼ 2− s, as s↗ 2 and


θ2,s ∼ 1, as s↘ 1,

θ3,s ∼
1

2 s− 3
, as s↘ 3

2
.

By using Poincaré inequality to estimate the L2 norm of ζs and the second property in (8.2), we
get

(8.3) ‖ψn,s,ε‖L∞(RN ) ≤ 1 + CN

(√
θN,s

) N
2 s

(
1√

Λs(Q1)

)1− N
2 s √

Caps({0};Q1).

We also take a function u ∈ C∞0 (Q1) with ‖u‖L2(Q1) = 1 and define

un(x) := u
(x
n

)
, for n ∈ N \ {0}.

Then the function

un ψn,s,ε ∈ C∞0 (Qn ∩ Ω) ⊆ C∞0 (Ω),

and so it is a feasible competitor to test the definition of Λs(Ω). In particular, by Minkowski’s
inequality we get

Λs(Ω) ≤
2 [un∇ψn,s,ε]2W s−1,2(RN ) + 2 [ψn,s,ε∇un]2W s−1,2(RN )

‖un ψn,s,ε‖2L2(Qn)

=:
I1 + I2

‖un ψn,s,ε‖2L2(Qn)

.

(8.4)

We need to estimate I1, I2 and the denominator separately.
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2. Estimate of I1. For the first one, by adding and subtract ∇ψn,s,ε(x)un(y), we get

I1 ≤ 4 ‖un‖2L∞(Qn) [∇ψn,s,ε]2W s−1,2(RN )

+ 4

ˆ
Qn

|∇ψn,s,ε(x)|2
(ˆ

RN

|(un(x)− un(y))|2

|x− y|N+2 (s−1)
dy

)
dx

≤ 4 ‖u‖2L∞(Q1) [∇ψn,s,ε]2W s−1,2(RN )

+
C

(s− 1) (2− s)
‖∇ψn,s,ε‖2L2(Qn) ‖∇un‖

2 (s−1)

L∞(RN )
‖u‖2 (2−s)

L∞(Q1),

with C = C(N) > 0. We used

‖u‖2L∞(Q1) = ‖un‖2L∞(Qn),

and [9, Lemma 2.7] to estimate the incremental quotient of un. In order to estimate the L2 norm
of ∇ψn,s,ε, we can use a change of variable to write

‖∇ψn,s,ε‖2L2(Qn) =
∑

i∈ZN∩Qn

ˆ
Qε(i)

∣∣∣∣∇(ζs(x− i

ε

))∣∣∣∣2 dx
= (2n− 1)N εN−2

ˆ
Q1

|∇ζs|2 dx.

Then the last term can be estimated by using Proposition 3.1, which gives

‖∇ζs‖2L2(Q1) ≤
s+ 1

sΛs(Q1)

(
2 sAs−1 Λs(Q1)

) 1
s

[ζs]
2
W s,2(RN ).

Finally, by recalling (8.2), we obtain

‖∇ψn,s,ε‖2L2(Qn) ≤ (2n− 1)N εN−2 s+ 1

sΛs(Q1)

(
2 sAs−1 Λs(Q1)

) 1
s

2 Caps({0};Q1).

By further observing that

‖∇un‖2 (s−1)

L∞(RN )
= n2−2 s ‖∇u‖L∞(Q1),

and using that s > N/2, we get

I1 ≤ C [∇ψn,s,ε]2W s−1,2(RN )

+ C (2n− 1)N εN−2 n2−2 s

Λs(Q1)

(
As−1 Λs(Q1)

) 1
s

Caps({0};Q1),

for some C = C(N, ‖u‖C1(Q1)) > 0.

We still need to estimate the first term in the right-hand side term of the previous inequality.
We first rewrite it as follows

[∇ψn,s,ε]2W s−1,2(RN ) =

N∑
i=1

[(
ψn,s,ε

)
xi

]2
W s−1,2(E)

=

N∑
i=1

 ∑
i∈ZN∩Qn

(
ζs

(
· − i

ε

))
xi

2

W s−1,2(RN )

.

Then, by using that the functions {ζs((x− i)/ε)}i∈2ZN have disjoint supports, it is not difficult to
see that for every i ∈ {1, . . . , N} we have∑

i∈ZN∩Qn

(
ζs

(
· − i

ε

))
xi

= max
i∈ZN∩Qn

(
ζs

(
· − i

ε

))
xi

+ min
i∈ZN∩Qn

(
ζs

(
· − i

ε

))
xi

.
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We can thus exploit the submodularity of Gagliardo-Slobodeckĭı seminorms (see [19, Theorem 3.2])
to infer that ∑

i∈ZN∩Qn

(
ζs

(
· − i

ε

))
xi

2

W s−1,2(RN )

≤ 2

[
max

i∈ZN∩Qn

(
ζs

(
· − i

ε

))
xi

]2

W s−1,2(RN )

+ 2

[
min

i∈ZN∩Qn

(
ζs

(
· − i

ε

))
xi

]2

W s−1,2(RN )

≤ 2
∑

i∈ZN∩Qn

[(
ζs

(
· − i

ε

))
xi

]2

W s−1,2(RN )

.

This, in turn, permits to infer that

[∇ψn,s,ε]2W s−1,2(RN ) ≤ 2

N∑
i=1

∑
i∈ZN∩Qn

[(
ζs

(
· − i

ε

))
xi

]2

W s−1,2(RN )

= 2
∑

i∈ZN∩Qn

N∑
i=1

[(
ζs

(
· − i

ε

))
xi

]2

W s−1,2(RN )

= 2
∑

i∈ZN∩Qn

[
∇ζs

(
· − i

ε

)]2

W s−1,2(RN )

= 2 (2n− 1)N εN−2 s [∇ζs]2W s−1,2(RN )

≤ 4 (2n− 1)N εN−2 s Caps({0};Q1).

This finally entails that

I1 ≤ C (2n− 1)N εN−2 s Caps ({0} ;Q1)

[
1 +

( ε
n

)2 s−2 1

Λs(Q1)

(
As−1 Λs(Q1)

) 1
s

]
.(8.5)

3. Estimate of I2. By adding and subtract ψn,s,ε(x)∇un(y), we can estimate

I2 ≤ 4 ‖∇un‖2L∞(Qn) [ψn,s,ε]
2
W s−1,2(RN )

+ 4

ˆ
RN
|ψn,s,ε(x)|2

(ˆ
RN

|∇un(x)−∇un(y)|2

|x− y|N+2 (s−1)
dy

)2

dx.
(8.6)

The first term on the right-hand side can be estimated by observing that

[ψn,s,ε]
2
W s−1,2(RN ) =

 ∑
i∈2ZN∩Qn

ζs

(
· − i

ε

)2

W s−1,2(RN )

and then observing, similarly as above, that∑
i∈2ZN∩Qn

ζs

(
x− i

ε

)
= max

i∈ZN∩Qn
ζs

(
x− i

ε

)
+ min

i∈ZN∩Qn
ζs

(
x− i

ε

)
,
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thanks to the fact that the functions {ζs((x− i)/ε)}i∈2ZN have pairwise disjoint supports. We can
thus exploit again the submodularity of Gagliardo-Slobodeckĭı seminorms to infer that

[ψn,s,ε]
2
W s−1,2(RN ) ≤ 2

[
max

i∈ZN∩Qn
ζs

(
· − i

ε

)]2

W s−1,2(RN )

+ 2

[
min

i∈ZN∩Qn
ζs

(
· − i

ε

)]2

W s−1,2(RN )

≤ 2
∑

i∈ZN∩Qn

[
ζs

(
· − i

ε

)]2

W s−1,2(RN )

= 2 (2n− 1)N εN−2 (s−1) [ζs]
2
W s−1,2(RN ).

In turn, by (3.1) of Proposition 3.1 we can estimate

[ζs]
2
W s−1,2(RN ) ≤

(
1

As−1

1

Λs(Ω)

) 1
s s2− 1

s

(s− 1)2 (1− 1
s )

[ζs]
2
W s,2(RN ).

By using that x 7→ xx is bounded from below by a positive constant, we get that

s2− 1
s

(s− 1)2 (1− 1
s )
≤ C, for every 1 < s < 2,

for some universal constant C > 0. This permits to infer that

[ψn,s,ε]
2
W s−1,2(RN ) ≤ C (2n− 1)N εN−2 (s−1)

(
1

As−1

1

Λs(Ω)

) 1
s

[ζs]
2
W s,2(RN )

≤ 2C (2n− 1)N εN−2 (s−1)

(
1

As−1

1

Λs(Ω)

) 1
s

Caps({0};Q1).

By using this estimate in (8.6) and the fact that

‖∇un‖2L∞(Qn) =
1

n2
‖∇u‖2L∞(Q1),

we get

I2 ≤ C (2n− 1)N εN−2 s
( ε
n

)2
(

1

As−1

1

Λs(Ω)

) 1
s

Caps({0};Q1)

+ 4

ˆ
RN
|ψn,s,ε(x)|2

(ˆ
RN

|∇un(x)−∇un(y)|2

|x− y|N+2 (s−1)
dy

)2

dx,

(8.7)

for a constant C = C(N, ‖u‖C1(Q1)) > 0. In order to estimate the last term, we proceed as follows

ˆ
RN
|ψn,s,ε(x)|2

(ˆ
RN

|∇un(x)−∇un(y)|2

|x− y|N+2 (s−1)
dy

)2

dx

≤ ‖ψn,s,ε‖2L∞(RN )

[
∇un

]2
W s−1,2(RN )

= nN−2 s ‖ψn,s,ε‖2L∞(RN )

[
∇u
]2
W s−1,2(RN )

≤ C

(2− s) (s− 1)
nN−2 s ‖ψn,s,ε‖2L∞(RN ) ‖u‖

2 (2−s)
L2(Q1) ‖∇u‖

2 (s−1)
L2(Q1),



40 BIANCHI, BOZZOLA, AND BRASCO

where we used [15, Corollary 2.2], in the last estimate. For the L∞ norm, we can use the estimate
(8.3). In conclusion, we obtain

I2 ≤ C (2n− 1)N εN−2 s
( ε
n

)2
(

1

As−1

1

Λs(Ω)

) 1
s

Caps({0};Q1)

+
C

(2− s) (s− 1)
nN−2 s

[
1 + (θN,s )

N
2 s

(
1

Λs(Q1)

)1− N
2 s

Caps({0};Q1)

]
,

(8.8)

for some C = C(N, ‖u‖C1(Q1)) > 0.

4. Estimate of the denominator. We now need to estimate the L2 norm of un ψn,s,ε from
below. By observing that∑

i∈ZN∩Qn

ζs

(
x− i

ε

)
= 0, for x ∈ RN \

⋃
i∈2ZN∩Qn

Qε(i),

with a change of variable we infer

‖unψn,s,ε‖2L2(Qn) = nN
ˆ
Q1

|u(y)|2
1−

∑
i∈2ZN∩Qn

ζs

(
n y − i

ε

)2

dy ≥ nN
ˆ
Aε

|u|2dy,(8.9)

where we set

Aε := Q1 \
⋃

i∈2ZN∩Qn

Q ε
n

(
i

n

)
.

Observe also that

(8.10) lim
ε→0

ˆ
Aε

|u|2dy =

ˆ
Q1

|u|2dy = 1,

by the Dominated Convergence Theorem.

5. Collecting the estimates. We now collect all the previous estimates. By using (8.5), (8.8)
and (8.9) in (8.4), we infer for N/2 < s ≤ (3N)/4

Λs(Ω)

Caps ({0};Q1)
≤ C

‖u‖2L2(Aε)

εN−2 s

[
1 +

( ε
n

)2 s−2 1

Λs(Q1)

(
As−1 Λs(Q1)

) 1
s

]

+
C

‖u‖2L2(Aε)

εN−2 s
( ε
n

)2
(

1

As−1

1

Λs(Ω)

) 1
s

+
C

‖u‖2L2(Aε)

( ε
n

)2
(

1

As−1

1

Λs(Ω)

) 1
s

+
C

‖u‖2L2(Aε)

1

(s− 1) Caps ({0};Q1)

1

n2 s

[
1 + (θN,s )

N
2 s

(
1

Λs(Q1)

)1− N
2 s

Caps({0};Q1)

]
.

Before passing to the limit as s goes to N/2, we polish a little bit the previous estimate. At first,
we further use Corollary 5.3 to estimate

1

(s− 1) Caps ({0};Q1)
≤ θN,s
s− 1

1

(2
√
N)N−2 s

.
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Then, we also estimate Λs(Q1) from below, by means of Proposition 3.2. The resulting upper bound
takes the following form for N/2 < s ≤ (3N)/4

Λs(Ω)

Caps ({0};Q1)
≤ C

‖u‖2L2(Aε)

εN−2 s

1 +
( ε
n

)2 s−2 As−1(
λ(Q1)

)s (As−1 Λs(Q1)
) 1
s


+

C

‖u‖2L2(Aε)

( ε
n

)2 1

λ(Q1)

[
εN−2 s + 1

]

+
C

‖u‖2L2(Aε)

θN,s
s− 1

1

n2 s

1 + (θN,s )
N
2 s

 As−1(
λ(Q1)

)s
1− N

2 s

Caps({0};Q1)


=:

C

‖u‖2L2(Aε)

3∑
i=1

Ri(s, n, ε),

(8.11)

possibly for a different constant C = C(N, ‖u‖C1(Q1)) > 0.

6. Passing to the limit. We would like to take the limit as s goes to N/2 and shrink the radius
of the holes ε to 0, at the same time. In doing this, we have to pay attention to those terms in the
right-hand side of (8.11) which could be problematic. These are the following

εN−2 s, θN,s, Caps({0};Q1) and
1

s− 1
,

the last two only for dimension N = 2. We will see that if we let the holes shrink sufficiently
fast and let the number of holes n diverges sufficiently fast, we will be able to guarantee that the
right-hand side of (8.11) has a finite limit, thus eventually proving the result.

We thus need to choose ε and n, suitably depending on s. We take

ε =

(
1

2

) 1
2 s−N

so that lim
s↘N/2

ε = 0 and εN−2 s = 2.

As for n, we have to distinguish two cases:

• if N = 2, we take3

n =

(⌊
(θ2,s )

1+ 1
s

(s− 1)2

⌋
+ 1

) 1
2s

.

By recalling the asymptotic behavior (5.2) of θ2,s as s↘ 1, we obtain in particular that

lim
s↘1

n = +∞.

In turn, we have

lim
s↘1

( ε
n

)2 s−2

< +∞ and lim
s↘1

( ε
n

)2

= 0.

3For every α ∈ N, we define

bαc = max{n ∈ Z : n ≤ α}.
By definition, we always have bαc+ 1 ≥ α.
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By using these facts, the asymptotics for As−1 given by (2.6) and Proposition 2.3, we get

lim sup
s↘1

R1(s, n, ε) ≤ C and lim sup
s↘1

R2(s, n, ε) ≤ C,

for some C = C(N, ‖u‖C1(Q1)) > 0. We need to control the term R3(s, n, ε): we have by
construction

1

n2s
≤ (s− 1)2

(θ2,s )
1+ 1

s

,

so that

R3(s, n, ε) ≤ (s− 1)
(
θ2,s

)− 1
s

1 + (θ2,s )
1
s

 As−1(
λ(Q1)

)s
1− 1

s

Caps({0};Q1)


=

(s− 1)
(
θ2,s

)− 1
s

+

 As−1(
λ(Q1)

)s
1− 1

s

(s− 1) Caps({0};Q1)

 .
We now recall that

θ2,s ∼ 1, as s↘ 1 and lim
s↘1

(s− 1) Caps({0};Q1) = 0,

where the second fact follows from Lemma 4.5. Together with the asymptotic behavior of
As−1, this finally gives

lim sup
s↘1

R3(s, n, ε) = 0.

By using these three limits and taking into account (8.10), from (8.11) we eventually get
the desired conclusion (8.1) for N = 2;

• if N = 3, we observe that the term 1/(s− 1) in R3(s, n, ε) is no more singular in the limit
as s goes to 3/2. We can thus take

n =

(⌊(
θ3,s

)1+ 3
2s

⌋
+ 1

) 1
2s

,

which still diverges to +∞, as s goes to 3/2. Thus, we have again

lim sup
s↘1

R1(s, n, ε) ≤ C and lim sup
s↘1

R2(s, n, ε) ≤ C.

As for the third term, we have this time

R3(s, n, ε) ≤

(
θ3,s

)− 3
2 s

s− 1

1 + (θ3,s )
3

2 s

 As−1(
λ(Q1)

)s
1− 3

2 s

Caps({0};Q1)


=

1

s− 1

(θ3,s

)− 3
2 s

+

 As−1(
λ(Q1)

)s
1− 3

2 s

Caps({0};Q1)

 .
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By recalling that (we use again Lemma 4.5)

θ3,s ∼
1

2 s− 3
, as s↘ 3

2
and lim

s↘ 3
2

Caps({0};Q1) = 0,

we can easily get

lim
s↘ 3

2

R3(s, n, ε) = 0.

in the case N = 3, as well. This is enough to conclude.

The proof is over, at last. �

Appendix A. A real interpolation estimate

In this section, we prove a technical estimate which was needed in order to obtain the fractional
Poincaré-Wirtinger inequality of Proposition 3.4. This was an essential ingredient of the cornerstone
estimate of Theorem 6.3.

The result contains a K−functional and exploits typical real interpolation techniques. We refer
the reader to the classical book [6] for more details on interpolation theory.

Proposition A.1. Let 0 < σ < 1 and 0 < d ≤ D < +∞. For every u ∈ C1(QD(x0)), we have

(A.1)

ˆ max{d,D/2}

0

(
K(t, u)

tσ

)2
dt

t
≤ AN

¨
Qd(x0)×QD(x0)

|u(x)− u(y)|2

|x− y|N+2σ
dx dy,

where we set

K(t, u) := min
v∈W 1,2(Qd(x0))

[
‖u− v‖L2(Qd(x0)) + ‖∇v‖L2(Qd(x0))

]
.

Proof. The proof proceeds along the lines of [7, Proposition 3.3], up to some minor modifications.
Without loss of generality, we can assume that x0 = 0. It will be useful to distinguish two cases:
either D ≥ 2 d or D < 2 d.

If D ≥ 2 d, we can infer that QD/2(x) ⊆ QD, for x ∈ Qd. This yields

¨
Qd×QD

|u(x)− u(y)|2

|x− y|N+2σ
dx dy ≥

ˆ
Qd

(ˆ
QD/2(x)

|u(x)− u(y)|2

|x− y|N+2σ
dy

)
dx =

ˆ
QD/2

U(h)2

|h|N+2σ
dh,(A.2)

where we set

U(h) =

(ˆ
Qd

|u(x+ h)− u(x)|2dx
) 1

2

, for h ∈ QD/2.

We also define

U(%) :=
1

HN−1(∂Q%)

ˆ
∂Q%

U dHN−1, for 0 < % ≤ D/2.
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Then, by Jensen’s inequality, the Coarea Formula4 and (A.2), we get

ˆ D/2

0

U(%)2 d%

%1+2σ
≤ 1

2NN

ˆ D/2

0

(ˆ
∂Q%

U2 dHN−1

)
d%

%N+2σ

=
1

2NN

ˆ
QD/2

U(h)2

‖h‖N+2σ
`∞

dh

≤ 1

2N

ˆ
QD/2

U(h)2

|h|N+2σ
dh ≤ 1

2N

¨
Qd×QD

|u(x)− u(y)|2

|x− y|N+2σ
dx dy.

(A.3)

We consider the function

ψ(x) :=
N + 1

2N
(1− ‖x‖`∞)+ , for x ∈ RN ,

and observe that this is Lipschitz function vanishing outsideQ1, with supp(ψ) = Q1 and ‖ψ‖L1(RN ) =
1. Thus, the rescaled function given by

ψt(x) :=
1

tN
ψ
(x
t

)
, for t > 0,

has support coinciding with Qt and ‖ψt‖L1(RN ) = 1. This entails that ψt ∗ u ∈W 1,2(Qd), for every
0 < t < D/2, and so

K(t, u) ≤ ‖u− ψt ∗ u‖L2(Qd) + t ‖∇(ψt ∗ u)‖L2(Qd), for 0 < t < D/2.(A.4)

To estimate the first quantity, by Minkowski’s integral inequality and by Fubini’s Theorem, we get

‖u− ψt ∗ u‖L2(Qd) =

(ˆ
Qd

∣∣∣∣ˆ
Qt

(u(x)− u(x− y))ψt(y) dy

∣∣∣∣2 dx
) 1

2

≤
ˆ
Qt

(ˆ
Qd

|u(x)− u(x− y)|2 dx
) 1

2

ψt(y) dy

=

ˆ
Qt

U(−y)ψt(y) dy =

ˆ
Qt

U(y)ψt(y) dy,

(A.5)

4We use the Coarea Formula in the following form

ˆ
QD/2

F |∇f | dx =

ˆ D/2

0

(ˆ
{y : f(y)=%}

F HN−1(x)

)
d%,

with f given by the Lipschitz function f(x) = ‖x‖`∞ = maxi∈{1,...,N} |xi|. We observe that |∇f(x)| = 1 for almost

every x ∈ RN and that {y : f(y) = %} = ∂Q%.
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thanks to the fact that ψt(−y)) = ψt(y). For the last term, we use Coarea Formula as before, so
that ˆ

Qt

U(y)ψt(y) dy =

ˆ t

0

(ˆ
∂Q%

U(y)ψt(y) dHN−1

)
d%

=
N + 1

2N
1

tN

ˆ t

0

(ˆ
∂Q%

U(y)
(

1− %

t

)
dHN−1

)
d%

≤ N + 1

2N
1

tN

ˆ t

0

HN−1(∂Q%)

(
1

HN−1(∂Q%)

ˆ
∂Q%

U(y) dHN−1

)
d%

≤ N (N + 1)

t

ˆ t

0

U(%) d%,

where in the last inequality we used that HN−1(∂Q%) ≤ HN−1(∂Qt) = 2NN tN−1, for 0 < % ≤ t.
From (A.5), we thus get

‖u− ψt ∗ u‖L2(Qd) ≤
N (N + 1)

t

ˆ t

0

U(%) d%.

To estimate the second term in (A.4), it is useful to notice that
´
Qt
∇ψt(y) dy = 0, thanks to the

Divergence Theorem. This permits to rewrite

∇(ψt ∗ u)(x) = (∇ψt) ∗ u(x) =

ˆ
Qt

∇ψt(y) (u(x− y)− u(x)) dy,

for every x ∈ Qd and every 0 < t < D/2. By arguing as for (A.5), this yields

‖∇(ψt ∗ u)‖L2(Qd) =

(ˆ
Qd

∣∣∣∣ˆ
Qt

∇ψt(y) (u(x− y)− u(x)) dy

∣∣∣∣2 dx
) 1

2

≤
ˆ
Qt

(ˆ
Qd

|u(x− y)− u(x)|2dx
) 1

2

|∇ψt(y)| dy

≤ N + 1

2N tN+1

ˆ
Qt

U(−y) dy ≤ N (N + 1)

t2

ˆ t

0

U(%) d%.

By spending the previous estimates in (A.4), we get

K(t, u) ≤ 2N (N + 1)

t

ˆ t

0

U(%) d%, for 0 < t < D/2.

By Hardy’s inequality, see for example [31, Teorema 1], and by (A.3), this entails that
ˆ D/2

0

(
K(t, u)

tσ

)2
dt

t
≤ (2N (N + 1))2

ˆ D/2

0

(
1

t

ˆ t

0

U(%) d%

)2
dt

t1+2σ

≤
(

2N (N + 1)

σ + 1

)2 ˆ D/2

0

U(t)2 dt

t1+2σ

≤ AN
¨
Qd×QD

|u(x)− u(y)|2

|x− y|N+2σ
dx dy,

where we set AN = N2 (N + 1)2/2N−2. This concludes the proof, in the case D > 2 d.
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If D < 2 d, we take into account the extension operator EQd , provided by [7, Corollary 3.2], and set
ũ := EQd(u), which is defined on the whole RN . In particular, ũ = u on Qd and we have

1

CN

¨
Q2 d×Q2 d

|ũ(x)− ũ(y)|2

|x− y|N+2σ
dx dy ≤

¨
Qd×Qd

|u(x)− u(y)|2

|x− y|N+2σ
dx dy

By taking this estimate into account, we can thus minorize the rightmost term in (A.1) as follows

¨
Qd×QD

|u(x)− u(y)|2

|x− y|N+2σ
dx dy ≥ 1

CN

ˆ
Qd

(ˆ
Qd(x)

|ũ(x)− ũ(y)|2

|x− y|N+2σ
dy

)
dx

=
1

CN

¨
Qd×Qd

|ũ(x+ h)− ũ(x)|2

|h|N+2σ
dx dh.

where in the first inequality we used that Qd(x) ⊆ Q2 d, for x ∈ Qd. As in the previous case, we set

V (h) :=

(ˆ
Qd

|ũ(x+ h)− ũ(x)|2 dx
) 1

2

, for h ∈ Qd,

thus the previous inequality can be rewritten as
¨
Qd×QD

|u(x)− u(y)|2

|x− y|N+2σ
dx dy ≥ 1

CN

ˆ
Qd

V (h)2

|h|N+2σ
dh.

Similarly as above, we also set

V (%) :=
1

HN−1(∂Q%)

ˆ
∂Q%

V dHN−1, for 0 < % ≤ d.

By spending the last inequality and by arguing as in (A.3), we get

ˆ d

0

V (%)2 d%

%1+2σ
≤ CN

2N

¨
Qd×QD

|u(x)− u(y)|2

|x− y|N+2σ
dx dy.(A.6)

Since ψt ∗ ũ ∈W 1,2(Qd), by definition of K−functional we have

K(t, u) ≤ ‖u− ψt ∗ ũ‖L2(Qd) + t ‖∇(ψt ∗ ũ)‖L2(Qd), for 0 < t < d.(A.7)

Then, by using that u = ũ on Qd and reasoning as in (A.5), we infer that

‖u− ψt ∗ ũ‖L2(Qd) =

(ˆ
Qd

∣∣∣∣ˆ
Qt

(ũ(x)− ũ(x− y))ψt(y) dy

∣∣∣∣2 dx
) 1

2

≤ N (N + 1)

t

ˆ t

0

V (%) d%,

and that

‖∇(ψt ∗ ũ)‖L2(Qd) =

(ˆ
Qd

∣∣∣∣ˆ
Qt

∇ψt(y) (ũ(x− y)− ũ(x)) dy

∣∣∣∣2 dx
) 1

2

≤ N (N + 1)

t2

ˆ t

0

V (%) d%.

By spending the previous estimates in (A.7), we get

K(t, u) ≤ 2N (N + 1)

t

ˆ t

0

V (%) d%, for 0 < t < d.
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We can now conclude as before: by Hardy’s inequality and by (A.6)

ˆ d

0

(
K(t, u)

tσ

)2
dt

t
≤ (2N (N + 1))2

ˆ d

0

(
1

t

ˆ t

0

V (%) d%

)2
dt

t1+2σ

≤
(

2N (N + 1)

σ + 1

)2 ˆ d

0

V (t)2 dt

t1+2σ
≤ AN

¨
Qd×QD

|u(x)− u(y)|2

|x− y|N+2σ
dx dy,

where we set AN = CN N
2 (N+1)2/2N−2. This yields the claimed estimate in this case, as well. �

As an easy consequence of the previous result, we get the following “asymmetric” estimate.

Corollary A.2. Let 0 < σ < 1, d > 0 and x0 ∈ RN . For every u ∈ C∞0 (RN ), we have
ˆ +∞

0

(
K(t, u)

tσ

)2
dt

t
≤ AN

¨
Qd(x0)×RN

|u(x)− u(y)|2

|x− y|N+2σ
dx dy,

where AN is the same constant as in Proposition A.1 and the K−functional is still defined by

K(t, u) = min
v∈W 1,2(Qd(x0))

[
‖u− v‖L2(Qd(x0)) + ‖∇v‖L2(Qd(x0))

]
.

Proof. For every D ≥ d we clearly have¨
Qd(x0)×QD(x0)

|u(x)− u(y)|2

|x− y|N+2σ
dx dy ≤

¨
Qd(x0)×RN

|u(x)− u(y)|2

|x− y|N+2σ
dx dy.

By using this fact in (A.1), we can conclude by letting D diverge to +∞ and appealing to the
Monotone Convergence Theorem. �
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