THE BERNSTEIN PROBLEM IN HIGHER DIMENSIONAL HEISENBERG GROUPS

GIANMARCO GIOVANNARDI AND SIMONE VERZELLESI

ABSTRACT. In every sub-Riemannian Heisenberg group H", with n > 2, we prove the existence of a global
perimeter minimizer whose boundary is a smooth, non-characteristic, entire intrinsic graph but it is not a
vertical hyperplane.

1. INTRODUCTION

After the seminal work of Bernstein in R? [5], the Euclidean Bernstein problem consists in the characteri-
zation global minimizers of the perimeter. Thanks to a long combined effort [1, 6, 21, 25, 55], it is known that
global perimeter minimizers are half-spaces provided that n < 7. On the other hand, counterexamples are
available for every n > 8. The classical approach to the problem relies on the monotonicity of the perimeter
density and on the characterization of of singular minimal cones. A stronger formulation of the problem, the
stable Bernstein problem, consists in the characterization of complete, minimal, stable hypersurfaces. Com-
bining the original contributions [22, 24, 47, 52] with very recent results [4, 9, 13, 14, 15, 37, 40], the stable
Bernstein problem is fully solved, and its outcomes agree with those of the standard Bernstein problem.

The sub-Riemannian Bernstein problem substantially fits into the more general task of understanding
minimal surfaces within sub-Riemannian structures [10, 11, 12, 19, 23, 31, 33, 36, 43, 44, 48, 49, 54]. This
research area is particularly relevant in the prototypical model of the sub-Riemannian Heisenberg group H".
We recall that the latter is R2**!, from now on equipped with coordinates (z,y,t) = (1,...,Tn, Y1, - - Yn, 1),
endowed with an appropriate (non-abelian) group law realizing it as stratified Lie group. Accordingly, its
Lie algebra is generated by its horizontal layer, and the relevant metric features of H™ are recorded by
its horizontal distribution H, endowed with a suitable left-invariant sub-Riemannian metric. Owing to the
above structure, H" carries a natural notion of horizontal perimeter. The sub-Riemannian Bernstein problem
consists then in the characterization of global minimizers of the horizontal perimeter.

There are two important obstruction to the application of the Euclidean strategy. The first one is the
lack of an appropriate monotonicity formula [18]. The second one is the existence of not flat-minimal cones,
both smooth [11, 36, 51] and with low regularity [41, 49].

Nevertheless, by means of ad hoc techniques, the Bernstein problem in H! is well-understood. In this
setting, rigidity of a (sufficiently smooth) hypersurface S is nevertheless conditioned by the presence of the
so-called characteristic points, i.e. those points p € S for which the tangent space 7,5 coincides with the
horizontal distribution #,. Danielli, Garofalo, Nhieu and Pauls [20] and Hurtado, Ritoré and Rosales [38])
(cf. [10, 11, 51, 19]) proved that a complete, two-sided, connected, stable C?-surface in H! is a wvertical
plane (without characteristic points), a horizontal plane (with one characteristic point) or the hyperbolic
paraboloid t = x1y; (with a line of characteristic points). A wvertical hyperplane in H™ is an Euclidean
hyperplane which is parallel to the t-axis. It is identified in [46] as the natural flat object, due to the
vanishing of its sub-Riemannian second fundamental form. The hyperbolic paraboloid, which is a cone for
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the intrinsic geometry of H", can be easily lifted to provide smooth, non-flat, minimal, characteristic cones

(1.1) {(@,y,0) €H" : t = (&)}

for any n > 2 [46]. A relevant class of surfaces without characteristic points, from now on non-characteristic,
is that of intrinsic graphs as introduced by Franchi, Serapioni and Serra Cassano in [26]. In this setting,
Barone Adesi, Serra Cassano and Vittone [3] had previously shown that entire, stable intrinsic graphs
associated to a C2-function are vertical planes. Stability plays a decisive role, because Danielli, Garofalo
and Nhieu exhibited examples of entire, minimal, unstable intrinsic graphs [17]. In the non-characteristic
setting, the same conclusion was achieved by Galli and Ritoré [28] in the class of non-characteristic, complete,
two-sided, connected, stable C'-surfaces. The Cl-regularity assumption was later improved to Euclidean
Lipschitz regularity by Nicolussi Golo and Serra Cassano [42] and by the first author and Ritoré [34], and
to Euclidean Sobolev regularity by Nicolussi Golo, Serra Cassano and Vedovato [35]. The best possible
regularity to guarantee the above rigidity in H! is still an open problem [58].

Besides the above-mentioned characteristic counterexamples, very little is known in the higher dimensional
case. In [3], the authors provide a negative answer for n > 5 in the class of entire, smooth, non-characteristic
intrinsic graphs, by lifting the Euclidean graphical counterexamples available in R"*! when n > 8. However,
the purely Euclidean character of these counterexamples suggested the non-optimality on the dimensional
threshold n > 5. The only partial positive result, obtained by the authors and Pinamonti in [32], classifies
complete, minimal, stable, non-characteristic hypersurfaces in H2. The rigidity statement of [32] relies
however on three assumptions, providing some a priori structure on both the second fundamental form h%
and on the fundamental function o (cf. Section 2.3). Namely, rigidity holds in H? provided that

(P1) h(J(v),B) =0 for every B € I'(H'TS),

(P2) Ba =0 for every B € '(H'TS),

(P3) J(w)a+a* >0,

as well as

(1.2) c"(SNB,(p) =0 (TQ”H) as r— oo for some p € S.

We refer to Section 2 for the relevant definitions. Condition (1.2) is natural, because it is satisfied by bound-
aries of perimeter minimizers. Therefore, an important open problem left by [32] consists in understanding
wether rigidity holds beyond (P1), (P2) and (P3), and how such properties are related to minimality.

In this paper, we answer both questions, exhibiting smooth, non-characteristic counterexamples to rigidity,
and hence providing a definitive negative answer to the higher dimensional Bernstein problem.

Theorem 1.1. For every n > 2, there exists S C H" satisfying the following properties.

1. S is a smooth, connected, embedded, two-sided, complete hypersurface without boundary;

2. S is non-characteristic;

3. S is the boundary of a global perimeter minimizer. In particular, S is minimal, stable and satisfies
the area growth conditions (1.2) for every p € S.

. S is an entire, smooth intrinsic graph along Xi;

5. S is not a vertical hyperplane;

6. S does not verify any of (P1), (P2), (P3).

The counterexamples provided by Theorem 1.1 can be constructed starting from the following observation:
the reason why the hypersurface S in (1.1) does not provide an appropriate counterexample to rigidity is
that S, although bounding a global perimeter minimizer, does have characteristic points. Therefore, the
idea is to look for suitable perturbations of (1.1) which are capable of removing its characteristic points,
while of course preserving minimality. The natural choice is to consider t-graphs of the form

(1.3) S ={(z,y,t) e H" : t = (z,y) +u(z)},

for a suitable function v € C*°(R™). The fact that u is independent of x is helpful both in simplifying
the expression of the mean curvature of S and in detecting its characteristic points. Indeed, by elementary
computations carried out in Section 2, and denoting by H the (horizontal) mean curvature, then

S

V| Dul? + 4|z |?

D
HH:—div< u ), So =A{(z,y,t) € S : x =0, Du(x) = 0}.
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Therefore, since entire minimal ¢-graphs are automatically boundaries of global perimeter minimizers, we
reduced the problem to finding a smooth solution, with non-vanishing gradient, to the above n-dimensional
equation. Such solution is provided by the following result.

Theorem 1.2. For every n > 2, there exists u € C*®°(R™) such that

D 0
(1.4) div “ =0, L>1  onR™
V| Dul? + 4|x|? Jz1
Moreover, u is odd in x1 and invariant under orthogonal transformations of xa, ..., Ty.

We point out that the positive lower bound on the first partial derivative of w not only guarantees that
S is non-characteristic, but ensures in addition that S is an entire, smooth intrinsic graph.

The proof of Theorem 1.2 is based on a compactness argument relying on a well-established Riemannian
approximation technique, and can be summarized in the following four steps.

1. First, we solve the Dirichlet problem associated with an appropriate regularization of (1.4), namely

VIDul? + 4|z]2 + &2

Here Bp is the standard Euclidean ball, ¢ € (0, 1] is the regularization parameter, and K is a positive
constant. The choice of the boundary contrition is tailored to provide the relevant positive lower
bound on the first partial derivative.

2. Then, we provide local C'-estimates for solutions to (1.5) which are independent of R > 0, € € (0, 1].
Precisely, height estimates are established by exhibiting suitable uniform barriers, which are available
provided that a precise choice of K is made. Instead, gradient estimates follows combining a gradient
maximum principle with interior gradient estimates, in the style of [48], away from the origin.

3. A careful (but elementary) analysis of the linearized operator associated with (1.5) allows to provide
a uniform positive lower bound for the first partial derivative of solutions to (1.5).

4. Finally, we let R — oo and € — 0. By a compactness argument, we find a locally Lipschitz continuous
limit of solutions to (1.5), say u. By standard regularity theory for elliptic equations, the regularity
of u is improved outside the origin. Accordingly, u inherits from the approximating sequence the
positive lower bound on its first partial derivative. In turn, such property allows to exploit the
regularity results of [8] to show that w is smooth at the origin, and eventually that it solves (1.4).

D
(1.5) div ( “ ) =0 on Bg, u=Kx; on 0Bpg.

We point out that solutions to (1.4) are not available when n = 1. Indeed, it is easy to see that

/!
u :
<4+<>) -0

does not admit entire solutions of class C? and such that ' > 1. Because of the positive answers to the
Bernstein problem available in H!, this observation is therefore not surprising.
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2. PRELIMINARIES

2.1. Heisenberg groups. Fix n > 1. The n-th Heisenberg group (H",-) is R?"*! with the group law

n
(2.1) pp = (zyt) @y t) = [z+2y+y t+t+) 2y —29)) |,
j=1

where p = (z,y,t) = (1,...,Zn,Y1,...,Yn,t). This group law realizes H" as stratified Lie group. Its
horizontal distribution H is generated by the left-invariant vector fields

0 0 0 0 .

A vector field which is tangent to H at every point is called horizontal. According to the above definitions,
(x,y,t) are exponential coordinates of the first kind, namely

n n
(1, Tpy Y1y - -5 Yn, t) = €XP (Z$¢Xi+zini+tT) )

i=1 i=1
Setting Zopy1 =T = %, then Z1,...,Zop41 is a global frame of left-invariant vector fields. The only
nontrivial commutation relations among 721, ..., Za,4+1 are

X;,Yi] = —2T, i=1,...,n.
The complex structure J : I'(TH") — I'(TH") is the unique C°°(H")-linear map which satisfies
J(X;) =Y JY;) =-X; and J(T) =0, i=1,...,n.

The triple (H",#,J) is a prototypical pseudohermitian manifold (cf. [10, Appendix]). For any ¢ > 0,
we denote by (-,-)_ the unique Riemannian metric on H" such that (Xi,...,X,,Y1,...,Y;,eT) is a global
orthonormal frame. Denote by Ric® the induced Ricci tensor. We may let (-,-); = (-, ). Restricting any of
the above metrics to H endows H" with a sub-Riemannian structure (H", H, (-, )| ). The pseudohermitian
connection V (cf. [50]) is the unique metric connection with torsion

VaB - VBA - [A,B]=2(J(A),B)T, A, B eI'(TH").
In addition, H" carries a homogeneous structure provided by intrinsic dilations (cf. [7]). Namely, we set
Sx(z,y,t) = Az, Ay, \?t) for every A > 0, (z,y,t) € H".

In this way, ) is a Lie group isomorphism of H" for any A > 0. The Riemannian volume induced by (-, ) is
the Haar measure of the group, i.e. the standard Lebesgue measure. It satisfies the homogeneity condition

16x(E)| = \9|E| for every £ C H" measurable, A > 0,

where @ := 2n + 2 is known as homogeneous dimension of (H",-) (cf. [53]).

2.2. Perimeter and perimeter minimizers. Let 2 C H" be an open set. If & C H" is measurable, its
(horizontal) perimeter in Q [26, 27, 29]) is defined by

Pu(E,Q) :=sup {/ div(A)dL? 0 A €T (Q,H), (A, A) < 1} ,
E

where T'.(2, H) is the class of horizontal vector fields which are compactly supported in 2. We say that F
has locally finite perimeter if Pg(E, Q) < +o0o whenever {2 is bounded. Finally, we recall [53] that an locally
finite perimeter set E is an global perimeter minimizer whenever

for any 2 € H" and for any H-Caccioppoli set F' such that EAF & ().
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2.3. Hypersurfaces. Let S C H" be a smooth, connected, embedded, two-sided hypersurface without
boundary. Recall that p € S is called a characteristic point if H, = T,5. The set of characteristic points
of S is denoted by Sy. If Sy = ), we say that S is non-characteristic. At non-characteristic points, the
horizontal tangent space HT'S is the smooth, (2n — 1)-dimensional distribution defined by

NT,S =H,NT,S, peS\S

When n > 2 and S is non-characteristic, [2] grants that the notion of completeness can be equivalently given
by the restriction of the ambient metric on S or by the intrinsic metric of S, provided that the latter are
induced by the Euclidean, Riemannian or sub-Riemannian structure of H". Therefore, we can talk about
completeness without ambiguity. Denote by N the Riemannian unit normal to S, and by N7 its orthogonal

projection onto H. Then, the horizontal unit normal
N*
V=
NP

is well-defined on S\ Sy, and is the unique, up to sign, horizontal unit vector field orthogonal to HT'S.
Notice that p is a characteristic point if and only if [N*| = 0. The fundamental function o is defined on
S\ Sp as the unique smooth function such that

S=T—-avel(T9).
Denote by H'T'S the distribution defined by
H'T,S = HT,SNJ(HT,S), peS\So.

Then, H'TS is a (2n — 2)-dimensional sub-bundle of HT'S, and the latter can be orthogonally decomposed
as HT'S = H'TS & span J(v). In the first Heisenberg group, H'T'S = {0}. It is easy to check that

1 o (N, T)

N = v+ ; a= .
Vita?  V14a? INP|

The horigontal second fundamental form h™ and the symmetric horizontal second fundamental form (cf.
[32, 50]) h* are defined on S\ Sy respectively by

(A, B) + h*(B, A)

2 )

where AM(A) := Vov is the horizontal shape operator. The forms h* and h* are related (cf. [32]) by
WYA,B)=h"(A,B)+a(J(A),B), A,BeT(HTS).

(A, B) = (A*(A),B), A" (A,B) = A, B cT(HTS),

The horizontal mean curvature is then defined on S\ Sy by

H" = trace h™ = trace h*.

We say that S is minimal if H" = 0 on S\ Sp. Finally, the relevant sub-Riemannian surface measure o7

is defined (cf. [16, 39]) by

1
2.2 oMi=—v—0
22) Vita?’
where o is the Riemannian surface measure induced by (-,-). In the following, if S is a hypersurface as
in Section 2.3, we assign an upper index € to the geometric quantities associated with S and induced by
(-,-)o- In particular, we denote by IN® its unit normal, by h® its second fundamental form, by H¢ its mean
curvature, by V=° its gradient and by A% its Laplace-Beltrami operator. In particular, we recall [57] that

1 n cx T
14 El.
Vi4e2a?2  V1+e2a?

By (2.3), the Jacobi-type identity satisfied by the vertical component of the normal of a minimal (with
respect to (-,-).) hypersurface, provided by [48, (1.5)], reads as

(2.3) N =
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According to [57, Lemma 3.7], the curvature term in (2.4) admits the explicit expression

M2+ 4J(W)a+ 2n+2)a? 282 [VHSal® et (Sa)?
1+ e2a? (1+e2a2)®  (1+e2a2)°

(2.5)  |h¥]* 4 Ric®(N®, N°¥) = on S\ Sp.

2.4. General t-graphs. A (smooth) t-graph in H" is a hypersurface of the form
S=A{t=f(z,y) : (x,y) €U},
where U C R?" is an open set and f € C*°(Q). It is well-known [31, 48] that p = (z,y,t) € Sp if and only if
Df(x,y) + F(z,y) =0,  F(z,y) = (-y,2).

The (upward) e-Riemannian normal and horizontal normal of S are

o 2n D, f + F; € B Dif + F
N __Z; (\/\Df+F|2+e2> st <\/]Df+FP+52> o _Z (IDf+F!>

where the latter is clearly defined only when Df + F # 0. Moreover, the Rlemanman and sub-Riemannian
mean curvatures of .S and the fundamental function read respectively as

: Df+F 2 . ( Df+F ) 1
H® = —div , H'=—-div| ———= ], o= —.
(\/|Df+F|2+€2> [Df + F| IDf + F|
If p € C*°(Q), we identify it as a function on S by ¥(z,y, f(z,y)) = ¢¥(x,y), and we extend it vertically by
U(x,y,t) = ¥(x,y). Accordingly, defining
(Df+F)i(Df +F);

tj

— Uiy ) ) = 17 . 72 )
9¢ =% = DL PRy &2 J !
then [48, (3.8)] yields
D, Df + F)?
2.6 vesy|® = Dyt — 2% .

Moreover, when H® = 0, [48, (3.8)] implies

2(Dy, J(Df + F))
[Df + FJ? + &

(2.7) A=y = Z g D4y —

3,j=1

2.5. A special class of t-graphs. Next, we specialize the above setting when f € C°°(£2 x R™) has the
specific form

fxy) =(z,y) +ulz), z€Q yeR”,
where 2 C R" is an open set. Notice that
(2.8) Df(z,y) = (y + Du(z),z),  Df(z,y)+ F(z,y) = (Du,2z).

In particular,
|Df + F|* = |Dul® + 4]z,

whence
(2.9) So ={(z,y,t) € S : x =0, Du(x) = 0}.
By the above formulas, and adopting the shortcuts
(2.10) W= /IDu? + 4z, W= /|Dul® +4Jz|> + €2,
then
[ u — (2 £ (W - (2
(2.11) NE:_;(VIQ)Xi_;(Wa)KJr(Wé)gT’ u:—;(W)Xi—;<W)Yi,

and moreover

D D 1
(2.12) Hf = —div v . H"=—div “ . a=—.
V| Dul? + 4]z|? + €2 /| Du|? + 4|x|? w
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Finally, if ¢ € C*°(Q) is extended by ¥ (x,y) = 1(z), and if ¢ is regarded as a function over S, (2.6) yields

D), Du)?
(2.13) [veSyl|* = |Dw|2—<‘”’W2”>-

When in addition H® = 0, (2.7) grants

4 (D, x)

(D* Du,Du)  4(D1, x)
w2 '

S 2
(2.14) Ay = Zg Dy + 2 + =

1,5=1

= Ay —

2.6. X;-intrinsic graphs. Another relevant class of hypersurfaces is that of intrinsic graphs [26]. To this
aim, set W := {z; =0} C H". A (smooth) intrinsic graph along X; is a hypersurface of the form
S ={w-exp(p(w)Xy):we U},

where U C W is an open set and ¢ € C*°(U). We say that S is entire if U = W. The following results
provides a simple criterion to prove that hypersurface is an entire intrinsic graph.

Proposition 2.1. Let G € C*°(H"), and set S = {G =0}. If X1G > 1 on H", then S is an entire, smooth
intrinsic graph along Xi.

Proof. The map (w, s) — w - exp(sX7) is a smooth diffeomorphism from W x R onto H". By assumption,
recalling [56, Lemma 2.12.1] and for every w € W,

Therefore, s — G(w - exp(sX1)) is strictly increasing and tends to oo as s — £oo. Hence it vanishes at
a unique p(w) € R. To prove smoothness, fix wg € W. The map (w,s) — G(w - exp(sX1)) is smooth,
vanishes at (wg, ¢(wp)), and has nonzero derivative with respect to s at that point. Therefore, the implicit
function theorem provides an open neighborhood Uy € W of wy and a function ¢y € C°°(Uy) such that

¢o(wo) = ¢(wo) and
G(w - exp(po(w)X1)) =0 for every w € Up.

For every w € Uy, both ¢g(w) and p(w) are zeros of s — G(w-exp(sXi)). By the uniqueness proved above,
wo = ¢ on Up. Therefore p € C°°(W), and the thesis follows. O

3. PROOF OF THE MAIN RESULTS
Throughout this section, we fix n > 2.
3.1. The regularized equation. For 0 < e < 1, set
Du - (|IDuf? + 4|z|* + €?)Au — (D*u Du, Du) — 4(Du, x)
VIDul? + 4z 2 + 52> N (|Dul? + 4]z|? + €2)2

31) Q%= div ( :
(3.2) Neu = (|Dul? + 4)z|* + 82)% Q°u = (|Dul* + 4|z|* + %) Au — (D*u Du, Du) — 4(Du, z).

When ¢ > 0, both operators are classically well-defined. Moreover, Q°u = 0 if and only if N°u = 0. In
the following, we always assume € € (0, 1]. For z,p € R", set

(3.3) A(x,p) = (Ipf* + 4|z + ) —p@p,  blx,p) = —4(p, ).
Then
Neu = Z A (x, Du)D uij + b(z, Du).
4,j=1
Notice that
(34) 8%/1],6 = Sl"iéjk» 8p1A§k = 2p15jk - pjéik - pkéij, i,j, k= 1, R N

For future purposes, for o € [0, 1], define also

Tu = ZA (2, Du)D?u;j + ob(z, Du),
i,j=1
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and define Q%7 accordingly. Clearly Q%! = Q° and N®! = N*. Following the notation of [30], denote by
X (z,p) and A®(x,p) the lowest and the highest eigenvalues of A®(x,p). It is simple to check that
A*(z,p) _ [p]* + 4|z + €2

3.5 A° =4z* +e%  A° = [p|*> + 4|z|* + €2 = = :
Therefore, according to the definitions in [30, Chapter 10], Q% and N®7 are second-order, quasi-linear
elliptic operators. Moreover, for any bounded domain Q C R" and for any u € C?(2) N C(Q) such that
Du is bounded on , then Q% and N*? are uniformly elliptic with respect to u over Q. Accordingly, the
following comparison principle holds.

Proposition 3.1. Let Q@ C R" be a bounded domain. Let u,v € C?(Q) N C(Q). Assume Q°u > 0,
Q%0 < 0on Q. Ifu<<v ondQ, then u < v on Q. In particular, if Q°u, 9%°v =0 on Q and u = v on
00, then u=v on Q. The same conclusions hold when Q%7 is replaced by N<°.

Proof. Since u € C1(Q2), Q57 and N7 are locally uniformly elliptic with respect to u, in the sense of [30,
Chapter 10]. The thesis then follows by [30, Theorem 10.1]. O

3.2. The regularized Dirichlet problems on balls. In this section, we solve the Dirichlet problem
associated with QF, when the domain is a ball and the boundary datum has a very specific shape. Throughout
the paper, we denote by Br = Br(0) the Euclidean ball centered at 0.

Proposition 3.2. Let R, K > 0 and ¢ € (0,1]. The problem
(3.6) Q°u=0 on Bg, u=Kx; ondBg

has a unique solution u € C*°(BR). Moreover, u is odd in x1, and invariant under orthogonal transforma-
tions of xa,..., Ty.

Proof. First, we show existence. We rely on the well-known Leray-Schauder fixed point approach. To this
aim, Fix any o € (0,1). By [30, Theorem 13.8], (3.6) is solvable in C?®(Bpg) provided that solutions to

(3.7) N®%4 =0 on Bg, u=ocKz, on OBp
are bounded in C*(Bg) uniformly in v and o € [0,1]. Fix any such solution. When ¢ = 0, then u = 0 solves

(3.7), and it is the unique solution by Proposition 3.1. Therefore, we assume that o > 0.
Step 1. We first show that u € C*°(Bg). Indeed, setting A®(z) = A°(x, Du(x)), then u satisfies

n
(38) Z .AE(:L‘)Z‘]‘D2UZ‘]‘ - 4U<Du,x) =0 on BR.
ij=1
The latter, is a second-order linear equation without zero-order terms. Since u € C?%(BR), then (3.5)
implies that (3.8) is uniformly elliptic, and that A, € CY%(Bpg). Therefore, [30, Theorem 6.19] grants
u € C3%(BR). Bootstrapping the above argument, u € C°°(BR).

Step 2. Next, we derive uniform estimates in C'(Bpg). First, notice that the constant functions —K R
and KR are solutions to the equation. Moreover, —KR < u < KR on dBg. Then, Proposition 3.1 yields
—KR<u< KRon Bg, ie. |uf < KR on Bg.

Step 3. In order to achieve boundary gradient estimates, we exhibit an upper and a lower barrier realizing

the boundary datum. Accordingly, set by == o Kx1 + (R? — |z|?). Clearly, by = b_ = u on dBr. We show
that N57b, < 0. Indeed, since

Db, = (0K — 221, —2xs,...,—2x,), Db_ = (0K 4 2x1,229,...,22,), D?b, =—2I,, D%_=2I,,
then
Neob, ) on(1Db, 2 + 4]z f? + €2) + 2| Dby |2 — do(Db,, z)
= —2(n —1)|Dby|? — 40(Dby, z) — 8n|z|> — 2ne?

2 2

2

+< ? —8n> |z|? — 2ne?
n—1

or

= —2(n—1) ‘Db+ +

n—1
< 0.



THE BERNSTEIN PROBLEM IN HIGHER DIMENSIONAL HEISENBERG GROUPS 9

Similarly,
Neob_ D an (Db + 4)af? + £2) — 2/Db_[? — 4o(Db_, z)
=2(n —1)|Db_|* — 40(Db_, x) + 8n|xz|* + 2ne?
2 2
20 9 9
— 2
T +<8n n_1>|x| + 2ne

or

=2(n—1) 'Db -

n_
= 0.

Therefore, Proposition 3.1 yields b_ < u < by on Bpg. Since both barriers coincide with u on dBp and
|Dby| < K 4+ 2R on Bpg, we conclude that |Du| < K + 2R on 0Bp.

Step 4. To conclude, we show that

(3.9) max |Du|? < max {Iglgx\Du]Q 4R2}

Br

By contradiction, assume (3.9) does not hold. Let # € Bgr be a point where (3.9) fails. Then, we may
assume that 7 is an interior maximum point of w. For notational simplicity, set w = |Du|?. Therefore

n n
(3.10) Dw = 2D*uDu = 2 (Z UTiUis - - - Zunu> =0, D*w<0  ati.
=1 3

In particular,

(3.11) (w+ 4z + ) Au 2 4o(Du,z)  at 7

By direct computation, at z,

(3.12) 9;(Du,x) = Ui+zuijl’j, 0; A5y, = 0; (A5, (z, Du)) (.10 820k — WijUp — Uik U i=1,...,n.
j=1

Therefore, at Z,

0 3D Z 0; (N®%u)
i=1

10),(3. Z ]kujkul—i— Z A]kuwkuz—élaw
J,k=1 1,7,k=1

(3:10),(31 )8Au Du, x) Z Ajk Uijk U — dow,
1,5,k=1

whence

n
(3.13) Z Ay wijr u; = 4ow — 8Au(Du, x) at I.
i.jk=1
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Noticing that trace (A° - D*w) < 0 at & by (3.10), then, at Z,

ZA Wi

1,j=1

= > A0 (ujru)

i k=1

n n
€ €
= E Aijuijkuk + E Aijujkuik
1,5,k=1 1,J,k=1

82 )4aw 8Au(Du, ) Z Awu]kuzk

i,j,k=1
(3.1

1

D gow - 8Au(Du, z) + (w + 4|z|* + €)?| D?u|?.

In particular, 40w — 8 Au(Du,x) < 0 at . On the other hand, at z,

(3.11) 8(Du, r)?
4 — 8Au(D 4 _
7w u{Du,z) 7 ( w + 4]z|? + £2

8|
=>4 l1—-———
7w < w + 4|x|? + 2
4 w — 4|x|? + &2
=dow | —5—5 ),
w + 4|x|? + 2

Since o > 0 and w(%) > 4R? by the choice of &, then 40w —8Au(Du,z) > 0 at &, a contradiction. Therefore
(3.9) holds. Combining the previous step, we conclude that (3.6) is solvable in C2 *(BR).

Step 5. Let u € C*%(Bg) solve (3.6). By Step 1, u € C*(Bg). Moreover, u is unique by Proposition 3.1.

Since x — —u(—x1,x2,...,Z,) solves (3.6) as well, then u is odd in z1 by uniqueness. Similarly, it is simple
to check that x — u(x1, R(z2,...,x,)) solves (3.6) for any orthogonal transformation R of xa, ..., z,. Again,
the thesis follows by uniqueness. O

We point out that Step 4 in the previous proof holds regardless of the given boundary condition in (3.6).
Accordingly, its very same proof provides the following estimate, which will be used in the next sections.

Proposition 3.3. Let 0 < o < R, € € (0,1]. Let u € C*(BR) satisfy Q°u =0 on Bg. Then
(3.14) max | Du|* < max {max |Dul?, 40 }
B, 0B

3.3. Uniform height estimates. We provide height estimates for the solutions to (3.6), uniformly with
respect to R > 0 and ¢ € (0, 1], provided that a precise boundary condition is prescribed. Accordingly, set

(n—12+4—(n—1) . ‘_{3, n=2,

!
4 5, n=3

(3.15) v =

and choose the boundary slope
(3.16) K(R) = C,(1+ R?)".

Proposition 3.4. For every R > 0 and ¢ € (0, 1], the solution u € C*°(BRr) of (3.6) with K = K(R) as in
(3.16) satisfies

(3.17) 1 <u(z) <2(47Cp) % x1(1+ |z]?)? on Br N {z1 > 0}.

The proof of Proposition 3.4 will follow by exhibiting an upper and a lower barrier for N¢ which are
uniform with respect to ¢ € (0,1] and R > 0, and which are compatible with the boundary condition
dictated by (3.16). In the following computations, we use

(3.18) 4y*+2n—-1)y=1, 0<y<3i  0<vy<iifn>3  2(1—-(n+1))=(1-27)>~
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Proposition 3.5. Let h: Ry — R be a smooth function. Set v(z) = x1h(|z|?). Then

N¢v Av
= C*(|z*) + 21D(|z]?), —
X X1

(3.19) =2(n+2)0 +4)z*n”  on {z; > 0},

where
C%(s) = 4s(h* + 4s + eH)R" + [2(n — 1)h* + 8(n + 1)s + 2(n + 2)e?|h’ — 8sh(h')? — 4h,
D(s) := 8nh(h')* + 8(n — 1)s(h)> — 4h>n".

In particular, if h >0, k' > 0 and h" <0, then D > 0 and

(3.20) Ce < AQC Y <Cf 4D
1
where
(3.21) C® + sD = 4s(4s + )" 4 [8(n + 1)s + 2(n + 2)e*|h/ — 4h + 2(n — 1)(h + 2sh")2}/.

Proof. Direct differentiation gives
Dv = hey + 2211z,
D%y = 2h'(e1 @z + 2 ® ey +x11,) + 4o bz @
|Dv|? = h? + dathh/ + 42}z (W)?,  (z, Dv) = 21 (h + 2|z*}).
Tracing the second equation gives the Laplacian in (3.19). Moreover,
(D?v Dv, Dv) = 4h'vy (z, Dv) 4 2z, |Dv|? + 4x1h" (x, Dv)?.
Therefore, the rest of the claims easily follow. O

Proposition 3.6. For every n > 2 and for every e € (0,1], the smooth function
’1‘2 Y
satisfies

(3.22) NeU <0, 4772 (1 + |22 < U(x) < 221 (1 + |2]?)? on {x1 > 0}.
Proof. Set h(s) =1+ (1+s/4)Y andt =1+ s/4 > 1. In the following, for the sake of notational simplicity,
we let s = |z|2. Thus

h// — '7(7 B 1)

72 <0.
16 <

B = %ﬂ—l >0,
Since z? < s, (3.19), (3.20) and (3.21) give
NeU
I
By (3.18), the first three terms combine as

165°h" +8(n + 1)sh/ —4h = —4 — 4772[1 + (1 — 29)%(t — 1)] < —4.

< 165%R" + 8(n + 1)sh’ — 4h + €2[4sh” + 2(n + 2)h'] + 2(n — 1)(h + 2sh/)2}/.

Indeed, expansion in ¢ — 1 cancels its quadratic coefficient, while the linear coefficient is 8(n + 1)y — 8 =
—4(1 — 27)2. Next, (n — 1)y < 1/2 and v < 1/3 imply

(n+2)y

e2[dsh” +2(n+2)h'] < 2(n + 2)W < 5

23
1
Finally, h + 2sh’ < (2 + 2v)t”, whence

2(n — 1)(h + 25h')2H < ("_21)7(

Here (2+27)? < (8/3)? < 8 and 3y —1 < 0. Consequently N°U/x; < —4+3/4+2 < 0. The growth bounds
follow from (1+s)/4<1+s/4<1+sand 1< (1+s). O

2+ 2977 < 2.
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Proposition 3.7. For every n > 3 and for every e € (0,1], the smooth function

14+25)7 -1
u (z) = oh(laf?),  h(s) =14 LF2TL
2y
satisfies
€ 27 2
(3.23) Neu_ >0, r1 <u_(z) < ﬂxl(l + |z[?)Y on {z1 > 0}.

Proof. We have h(0) =1, i/ = (14 2s)Y"1 > 0 and A" = 2(y — 1)(1 + 25)7"2 < 0. Thus D > 0 in (3.19).
Therefore we get (3.20) for v = u_. Since
Neu_ = Nu_ + 2 Au_,

and (3.19) yields
Au_

I

=2(1+425)2[n 42+ (2n + 47)s] > 0,

we have A;—i” > CY. If CY > 0, this proves the strict subsolution inequality. For this calculation set t = 14 2s

and ¢ =1 — 2v, so that h = (7 — ¢)/(27). Direct substitution gives

29CY = de — 47721 + A (t — 1))

(324 20 = (n = 1) — =27+ DF + (= Dt - D).

The first line collects 16s2h” + 8(n + 1)sh’ — 4h; the second collects 4sh?h” + 2(n — 1)h%h' — 8sh(h’)?, each
multiplied by 2. The defining relation 4y% + 2(n — 1)y = 1 gives

1
— =444y +2(n—3), 2n-3)y=1—4y—4y%
5

We first simplify the second line of (3.24). Let R := %t'Y*Q(t“Y — ¢) B, where
B=(n—-1)# —c)t=2((v+1)t" + (v = 1c)(t - 1).

Then B =20+ (n — 3)t (" — ¢) with

O =tt"—c)— (v+ "+ (v = 1))t —1) = =" + (v + 1)t —qet + (v — De.
Multiplying by ¢¥ — ¢ and collecting terms gives the identity
(L) (=)0 =" —c)> —~(t—1) (> = &2).
Indeed, the left-hand side equals —yt27 T + (y 4+ 1)t?7 — 2¢t7 + vc?t + (1 — )c?, and the right-hand side
expands to the same expression. Hence
2+ (n—3)t
—

R= 2t — ) =2t — 1) 2t — ).

The first line of (3.24) is 4c—4t7"?[1+¢*(t—1)]. In the sum with R the terms in ¢* combine as —4¢?+2¢? =
—2¢2, so
2+ (n—3)t

(3.25) OO = de— 4772 — 22t — 1) 2 =2t — 1)t 4 ot

172 — ¢)?.

Next we isolate the dependence on n — 3. Since % =848y +4(n—3),
24 (n—3)t
Y

Only the piece 4(n —3) t7=2(t¥ — ¢)? is rewritten, so that its (n — 3)-part has a manifestly nonnegative form.
Using t7 — c =t7 — 1 4 2v, we have

(7 =)= (7 —1)> =yt —1) =y [4) —t — 3 +4v],

D2 =) = B8+ 8NV =) + (n=3) |40 =) + LTI - ¢)?].

and therefore
An=3) 2t =) =4(n = 3) O 2[(t7 = 1)? +(t —1)] +4(n = 3)y[4P 2 -1 — (3 —4y) 17 2].
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Inserting this into (3.25) and expanding (t7 — ¢)? = 27 — 2¢t” + ¢?, the coefficients of the powers of ¢ in the
part not containing (n — 3) are:
-2 for 371,
24+ (8+8y)=10+8y for 3772
—16(1 +7)c+16(n —3)y = —8(1 +27) for 772
—2¢% —4(n —3)y = —4(1 —4y) for 771
44+ (10 +8y)c2 —4(n—3)y(3—4y) =0 for 72
4c=4(1—2y) for O

The vanishing of the coefficient of ¢7~2 follows from (10+87)c? = 10—32y+872+3273 = 4(n—3)y(3—47)+4.
We thus obtain

2900 = 4(1 — 2y) — 26371 4 (10 + 89)t3772 — 8(1 4 29)t2772 — 4(1 — 4y)t7 !
3.26 1
(3:26) +(n —3) {4757_2[(157 R e (2 ) Nl (2 I 27)2} .
¥
The expression in braces is > 0 because ¢t > 1 and v > 0. then we have
2900 > 4(1 — 27y) — 263771 4 (10 + 89)t3772 — 8(1 + 29)t2772 — 4(1 — 4y)t7 !
Setting ¢ = t77!, so that ¢? = t>7=2 we get
29CY > 2(1 —#2771) +2(1 — 49)(1 — ¢)? + (10 + 8) t*72(¢7 — 1),

which is checked by comparing coefficients: the constant term is 2 4+ 2(1 — 4) = 4(1 — 2); the coefficient
of ¢ is —4(1 — 47); the coefficient of ¢ is 2(1 — 4v) — (10 + 8y) = —8(1 + 27). All three summands are
nonnegative, since 3y < 1, vy < i (this is another place where n > 3 is used), v > 0 and ¢ > 1. Hence

27C° > 0.
The other assertions are immediate from the formula. O

In the previous proof, the constraint n > 3 was essential to discard the last non-negative contribution in
(3.26). Accordingly, the case n = 2 must be treated separately.

Proposition 3.8. Let n =2 and § = 3y — 2. For every e € (0,1], the smooth function
u_(z) = z1(1 + 8z*)7 + 323 (1 + 8|z|?)°

satisfies
(3.27) Neu_ >0, rp <u_ < 3z(1+ |23, on {z1 > 0}.
Proof. Since n = 2, a direct computation yields

309 31 11
3.28 4yt 42y =1, — <y < —, —— << —1.
(3.28) T 1000 =7 = 100 10

When z1 > 0, u_ > x1 by definition. Since

(3.29) Neu_ = Nou_ +*Au_,

we estimate separately the signs of the two differential operators.

Step 1. Fix z € R? with 2; > 0. Define V(s) = (1 + 8s)” and W (s) = (1 + 8s)?, so that

u—(x) = 21V (jef*) + 323W (|2]?),
Then,
(u_)y =V + 223V + 922W + 627 W',
(u_)g = 2z 29(V' + 323W'),
(3.30) (u_)11 = 62,V + 423V" + 182, W + 4223 W' 4 1225W",
(u_)og = 221V’ + 4z 23V" + 623 W' + 122323 W ",
(u_)12 = 229V" + daxo V" + 1823w W' + 1222 W,
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We claim that
(3.31) N%%_ > 0.
Notice that
NOu_ = ((u-)3 + 4la?) (u)in + ()7 + 4z f?) (u-)az — 2(u_)1(u-)a(u-)12 — 4(z1(u-)1 + z2(u)2).

Set
a?

z=1+8z)7Y, n=2"%, w=(1-2)n 7= ER
Notice that z,17 > 0. Define the following polynomials with respect to z :

a(z) = (32y — 12)22 + (27 — 807)z + 64~ — 19,
— L1[(234y — 99)2% + (173 — 448+)2% + (194 — 82)z + 527],

=3[(2y —15)z + 16y + 11],

= 3(z — 1)[(348y — 99)z + 34 — 6],
= —5[(80y — 1)z + 13 — 48],

= 20 (2 — 1)[(612y — 199)z + 46 — 1267].

(2)
(2)
(2)
Ca(z) = =2 [(14y + T)z + 1 — 329],
(2)
(2)
(2) = &

Define

P(z,w,7) = (1 = 7)a + b4+ w(rCy + 72D1) + w*(72Cy + 73 Dy) + w*(r3C3 + 71 D3).
Notice that P is a polynomial function with respect to (z,w, 7). A direct computation shows that
_t(=2) o (1-7)(1-2)

3.32 2 —
( ) Iy 3z Iy 32 )

and
(3.33) W =2V, V' =8v2V, V" = 64y (y — 1)22V, W' = 85zW, W =646(5 — 1)22W.
Combining these identities with (3.28) and (3.30), a lengthy computation grants

Y
(3.34) Z N = P(z,w,7) +4[2 — 67 + (67 — 1)z] (1 — 2y + 2yz — Z) :
rin Y
First, we show that the last term in (3.34) is non-negative. Indeed,
(3.35) 4[2 = 67+ (6y —1)z] >0,

since z > 0, and 2 — 6y > 0 and 6y — 1 > 0 by (3.28). Moreover, since 2y < 1 by (3.28), then zn~! = 2?7 is
concave as a function of z. Therefore, it is bounded above by the tangent line to its graph at (1,1). Namely,

(3.36) fogl- 2y + 2vz.
n
Combining (3.35) and (3.36),
27
(3.37) —N%u_ > P(z,w,T).
11

In order to conclude the proof of (3.31), we provide a lower bound for P. To this aim, notice that 0 < z < 1.
Moreover, since 1 — 2y > 0 by (3.28), then 0 < n < 1. In addition, 0 < 7 < 1. Finally, since 2 — 6y > 0,
then 73271 = 22767 < 1, whence z > 3. Therefore,

1

7

Therefore, we are left to provide a positive lower bound for P when (z,w,7) € [0, 1] X [0, %} x [0,1]. Notice
that (z,w, 7) are now simply meant as three independent variables, thus regardless of their original definition.

Step 2 We claim that

0<w<n—nt=nl-n)+n*1-n"<

(3.38) P(z,w,7) > min{P(z,w,0), P(z,w,1)} in [0,1] x [0, ﬂ x [0, 1].
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In order to show (3.38) it suffices to prove that, for any fixed z, w, the polynomial 7 — P(z,w, ) is concave.
To this aim, we show that P, < 0. Indeed,
P.. = 2wD; + 2w?Cy + 67w’ Dy + 67w3Cs + 1272w Dy
= 2w [Dl + wCy + 3Trw(Dy + wCs + 27'wD3)].

Since w, T > 0, it suffices to show that

(3.39) Ei(z,w) == Di(z) + wCs(z) < 0, Ey(z,w,7) == Da(z) + wCs(z) + 27wD3(z) < 0.
First, (3.28) grants that
(3.40) D1 <0, Dy<0.

Moreover, notice that E; can be written as
1
FEi = (1 — 2w)D1 + 2w <D1 + 202) .

The first term is non-positive by (3.40). Moreover, (3.28) yields

1 27(9y — 4 1 2790y — 333 1
Di(1) + 502(1) = (;) <0, Di(1)+ §c§(1) = 7176 >0, D+ 505 = 360y — 126 < 0.
Therefore,
1 1
(3.41) Dy + 502 < Di(1) + 502(1) < 0.

Combining (3.40) and (3.41), we conclude that the first inequality in (3.39) holds. For the second inequality,
as above, we rewrite Fy as

1
Ey = (1 —2w)Dsy + 2w (Dz + 503 +TD3> .

The first term is non-positive by (3.40). We deal with the second one. It can be written as
1 1 1
D2+§C3+TD3: (1—7‘) <D2+2C3) +T<D2—|—2C3—|-D3> .

We therefore check its signs at 7 = 0,1. By (3.28), it is simple to verify that both z-polynomials in the
previous expression are quadratic, convex polynomials, both with negative values at 0 and at 1. By convexity,
they are negative for every z € [0, 1]. Therefore, we conclude that

1
Dy + 503 + 7D3 <0,

whence (3.39) holds. Therefore P, < 0, and (3.38) holds.
Step 3. By (3.38), we are left to estimate P(z,w,0) and P(z,w,1). Notice that P(z,w,0) = a(z). By
(3.28), a is concave, and moreover a(0) > 0 and a(1) > 0. Therefore P(z,w,0) = a(z) > 0. Next, we prove

that P(z,w,1) > 0. In this regard, we claim that
1 1
(3.42) P(z,w,1) > min {P(z, 0,1),P (z, 3 1> } in [0, 1] x [0, 2] .

First, notice that
P(z,w,1) =b+w(C1 + Dy) + w2(02 + D9) + w3(03 + Ds).
Hence,
wa(z, w, 1) = 2(02 + DQ) + 611}(03 + Dg)
Recalling the definition of § and exploiting (3.28), it is not difficult to show that

Co Dy = 334251 — 2)] [9y — 4+ 633(1 — 2)],

276
Cy+ D3 = S5 [3+20(1 - 2)]°.

The second expression is clearly negative by (3.28). For the first one, (3.28) grants that
34+25(1—2)>3+20>0, 9y —44+676(1 —2) <9y—4<0.
Therefore P, (z,w,1) < 0, and (3.42) follows.
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Step 4. By (3.42), it suffices to estimate P(z,0,1) and P (z, 3,1). Notice that P(z,0,1) = b(z). By (3.28),

297
V(2) = (97y — 41) + (173 — 4487)z + <3517 — 2> 22 < —10+ 36z(1 —2) < —1.
Therefore

P(2,0,1) =b(z) > b(1) =4(4y—1) > 0.

Finally, we estimate P (z, %, 1). Since

1 1 1 1
P(515:1) =020+ 5(C+ D1) + {(Cat D) + §(Ca-+ Da),

then P (z, %, 1) has the explicit expression
1

512

We claim that P (z 1 1) > P (1 1 1). Notice that

[42970 — 12999 + (20264 — 696527)2 + (8531 — 19727)2 4 (59904 — 25344)2°].

012

Therefore,

1 1 1-—
P <z, 3 1> - P (1, 3 1> = 5Tzz [11720 — 3451 + (16813 — 579327)z + (25344 — 599047)27].

By (3.28),
117207 — 3451 16813 — 57932 25344 — 59904~
_— > > —3 >

1
512 4’ 512 ’ 512

1 1 1 )
- - — > — — > 0.
P(z,2,1> P<1,2,1>/(1 z)<4 3z+12z>/0

1 1 312507 — 9548
P = 1 2 P 1, = 1 = ,
<z’ 2’ ) < 2 ) 512 >0

where the last inequality follows again from (3.28). Combining this information with (3.38) and (3.42), we
conclude that P > 0. In view of (3.37), (3.31) follows.

Step 5. In order to conclude the proof of the differential inequality in (3.27), it suffices to show that
Au_ >0 in view of (3.29) and (3.31). To this aim, by the above computations,

Au_
T
Therefore, by (3.32) and (3.33)

AL_W = 64y +32y(y — 1)(1 — 2) + n[18 + 4857(1 — z) + 126(5 — 1)7(1 — 2)?]

12.

Therefore,

In conclusion,

=8V’ + 4|zPV" + 18W + 4823W' + 1223 |« |* W

r12i—
=329[24+ (v - 1)1 — 2)] + n(18 + 1267(1 — 2)[4 + (6 — 1)(1 — 2)]).
Since 0 <1—2<1andd <1, we have
44 (0—-1)(1—-2)=3+>0,
so that, since 6 <0 and 7 < 1,

Au_

p— > 32924 (v —1)(1 —2)] + (18 +126(1 — 2)[4 + (6 — 1)(1 — 2)]).

Since the above expression is affine in 7 it is bounded below by the minimum between its values at n = 0
and n = 1. First, at n = 0, (3.28) yelds

3292+ (v = 1)(1—2)] = 329(1+~) =8+16y > 12> 0.
Moreover, at n = 1,

329 [2+ (7 — 1)(1 — 2)] + 18+ 126(1 — 2)[4 + (8 — 1)(1 — 2)] = 29 — T4y + (3727 — 110)z + 126(6 — 1)2>.
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Again by (3.28), all the three coefficients are non-negative. Therefore, since 0 < z < 1, we conclude that
Au_ > 0. Therefore, the differential inequality in (3.27) follows. Finally, since 2y — 2 < —1,

— =143 48221+ Blf 3
z1(1 4+ 8|z|2) ! S0 14 8)zf?

5-
Since (1+8|z|?)” < 87(1+]|z]?)7 < 2(1+]|z|?)7, this proves the upper bound in (3.27). The thesis follows. [

U

We exploit the above barriers to prove Proposition 3.4.

Proof of Proposition 3.4. Let u be a solution to (3.6), with ¢ € (0,1], R > 0 and K = K(R) as in (3.16).
Let u_ be the lower barrier of Proposition 3.7 or Proposition 3.8, according to wether n > 3 or n = 2. In
both cases,

(3.43) r1 <u_(z) < Cpay (14 |z?)7 in {z1 >0}, Neu_ >0 in {z1 > 0},

where C), is as in (3.15). Let U be as in Proposition 3.6, and set
1

A= (47C,) T2 > 1, up(z) = N2U (E) .

Since !
Du(z) = ADU (;) . D%uy(x)=DU (;) :

then

(3.44) Neuy (z) = A2 (N%U) (%) <0  on{z >0}

By Proposition 3.6, because 0 < eA~! < 1. Moreover, by (3.22) and by definition fo A,
(3.45) Crz1(14 |2%)7 < ugy(z) < 22z (1 + |z2)7 in {z; > 0}.
Set = BrN{zy > 0}. Notice that 9Q = (Br N {z1 = 0}) U(0Br N {z1 > 0}). The choice of K, combined
with (3.43), (3.45) and the oddness of w in 1, yields

u_ =0=wu=uy on BgN{z; =0}, u_ < Cp(1+ R2)7x1 = K(R)x1 =u < ug on 0B N {x; > 0}.
Therefore,

Neu_ > Nu > N°uy on 9, u_ <u<ug on dN.

By Proposition 3.1, we conclude that u— < u < us on €, whence (3.17) follows by (3.43) and (3.45). O

3.4. Uniform interior gradient estimates. In this section, we provide interior gradient estimates for
solutions to Q°u = 0, uniformly with respect to € € (0, 1], on domains which are detached from the origin.
Our approach follows closely that of [48, Theorem 1.2]. The main difference consists of the uniform control
on the Riemannian curvature terms provided by (2.5).

Proposition 3.9. Let 0 < o1 < 02 < R. Let u € C*°(BR) satisfy Q°u =0 on Bg. Letr,1 >0 and & € Bg
be such that

Br(2) C{or < lz| <02},  |ul <m on Br(2).
Then there exists C = C(n,v1, 01, 02,7), whence independent of € € (0,1] and R > 0, such that
(346) |DU(£’)’ < C(n,’h; 01, QQ?T)'

Proof. Let S be the t-graph of (z,y) + u(z) in H" over B x R™. Since u solves Q°u = 0, H® = 0 by (2.12).

Step 1. Define ¢ € C*°(B,(z)) by

r—
o(z) = u(:i‘)—l—l—(%—u(.%)—{-l)‘ = | .

By construction, (u — ¢)(Z) =1 and u — ¢ < 0 on 0B, (Z). Let 72 = v2(71,7) > 0 be such that

ol <720 [Dpl <2, (D*pw,0) <qfv]? for any v € R, on B.(&).
Fix K > 0 to be specified later, and set
n(s) = (e — 1)e KOn+r), seR.
By definition of 41 and -, then
(3.47) 0<n((u—¢)y) <1 on B, (z), n((u—¢)y) =0 on dB(T).
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Define
O :=n((u—p)y)We on B.(), M = max ®,
B, (&)
where W, is defined in (2.10). By (3.47), ® = 0 on 0B,(z). Therefore, since (u — ¢)(Z) = 1, then
®(2) > 0, the maximum M is achieved at some T € B,(Z). In particular, (u — )(E) > 0 at z, whence
® = n(u — ¢)We locally near z. Recalling the identification of Section 2.4, define ¥ € C*°(S) by

U(z,y) = W(z) =nlu—p) - MW .
By construction, for any y € R", (Z,y) is a local maximum point of ¥, whence
(3.48) veSw(z) =0,  ASSW(z) <0.

Therefore, since

_1 (23),(2.11) a
3.49 w1l S . —
(349 E NiEe=ry
then, at T,
0> A>T
(3.50) =1"(u—@)|VE(u—@)* + ' (u— ) A (u— @) — MAS® (W)
(2.4)

= (= @)IVES (w = @) + 1 (u = @) A (u — ) + MW (1] + Ric*(N*, N9) ).

Step 2. We claim (without intention to be sharp) that

(3.51) M < Mo = 4/2 + 803 + 4~3.

Suppose not. We show that appropriate lower bounds in (3.50) and a suitable choice of K lead to a
contradiction. First, we bound the gradient term. Since n((u — ¢)(Z)) < 1 by (3.47) and ¥(z) = 0 by
construction, the choice of z yields My < M < W.. Therefore

(3.52)  4|D(u — ¢)|* = 2|Dul|® — 4|Dp|* > |Du|* + 2 4 803 + 473 — 4|z|* —? — 4| D> > |Dul*>  at z
and
(3.53) |Dul? > 24 803 + 472 —4lz)® — &% > 402 +1 > 4|z + % at z,

whence, at T,

s > (219) (|Dul? + ]2 + €3 D(u — @)[2 = (D(u — ), Du)’
|V ' (u - 90)‘ = W2
13
4]x|? +62> 9
2| =z ) 1P(u—9)
(i
(3.54) G52 (|Duf?\ (4fzf* + 2
- w2 4
(3;) 4|z|* + &
8
>4,
2
Step 3. Next, we bound the second-order term. To this aim, observe that
. 2.8 ui(x)u;(z _ .
Gy D 5y — SO 2 0 Du()),  ij=1,..m

We(z)?

Therefore, since O°u = 0,

we w2

A5y, (2.14) Z A DQuU 4(Du,z)y  8(Du,x) S _9
8 7‘] 1
Moreover, by definition of 7o,
(D*¢ Du,Du)  4(Dyp,z)
w2 w2

é(n+1)72+%<(n+1)’72+%
1

(2.14)

AE’S(p A(P _
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Therefore,

1
(3.55) AT (u— ) > —2 — (n +1+ Q) V2.
1

Step 4. Finally, we bound the curvature term. Notice that S is non-characteristic over {p; < |z| < g2} x R™.
The following quantities are tacitly evaluated at Z. Since

) (3.49) J(v)a

—1
(3.56) aWeJ(v) (W T 202

we discard the non-negative terms in (2.5), obtaining

_ ) _ J(w)a '\ (3.56) _
1 €2 15 € € > 1 1 )
MW, <|h | + Ric®(N°,N )) > AMW, 15 22 =" 4MaJ(v) (WS )

Noticing that

then
MW (11 4 Rief (N N%) ) > o (u = ) (40T () (s — ).

By (2.11) and (2.12), and arguing as in Step 3,

8 (Du,z) 8 (Dyp,x) 279
4aJ(u)(u - SO) = W2 - W2 2 -2 — E,
In conclusion, and noticing that ' > 0,
2
(3.57) MWt ( |h¥|* + Ric® (N7, fo)) > 1/ (u— ) (_2 _ 72) ,
01

Step 5. Choose

Since 1/, n"” > 0 and " = K7/, we combine (3.50) with (3.54), (3.55) and (3.57). Therefore, at Z,

027" (u—¢)| V5 (u— ) + 7' (u— @) A (u — )

n
> -9 () o) (~4- (nr1+2) )
=1'(u—¢) (KQQ%— - <n+1+g31>72>

=n'(u—)
>0,

MW < he)? + RicE(NE,Na))

€

a contradiction. Hence (3.51) holds. By definition of M, recalling that (u — ¢)(Z) = 1, we conclude that
5 (3.51)
(I)(l’) < M < M() .
n(1) ~ n(1) n(1)
The thesis follows. O

|Du(#)| < Wa(i) =

3.5. Uniform positive lower bounds on the first partial derivative. Throughout this section, we fix
€ (0,1], R > 0, K = K(R) as in (3.16), and the solution u € C*°(Bpg) given by (3.6). We provide the
following positive lower bound for wu;.

Proposition 3.10. It holds that
(3.58) up =1 on Bg.
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We prove Proposition 3.10 in several steps, combining Proposition 3.4 with several applications of ele-
mentary maximum-principle-related techniques for the linearized operator associated with A, Accordingly,
set

n
(3.59) Lo@:= Y A%(z,Du)ijD*p;; + (2Au Du — 2D*u Du — 4z, Dyp) .
ij=1
Throughout this section, we write A° = A®(x, Du). By Section 3.1, Lf is a linear, second-order, uniformly

elliptic operator over Bg. In the following, we denote by ey, ..., e, the canonical basis of R". At a fixed
point z € Bg, we adopt the notations

] — 1 —
r=r(x) =25+ -+ 22, er = ep(x) = . 2%1‘@7 up == (Du, e,) = . Z;czuz
1= 1=

Notice that e, and u, are defined only when r ## 0. Nevertheless, by invariance with respect to xo, ..., Ty,
u, extends continuously to 0 on r = 0. Accordingly, with abuse of notation we will write u, = 0 on when
r = 0. When instead r > 0, since u is invariant under orthogonal transformations of xo, ..., z,,

(3.60) Du(z) = ui(x)er + ur(z)er(z).

In particular, for any fixed Z such that r(Z) > 0, there are constant vector fields 73,...,7, such that
e1,er(&),73,...,Ty is a orthonormal basis at & and

(3.61) (Du(z), ) =0 i=3,...,n.

Moreover, if i = 3,...,n is fixed, (3.60) and the fact that (e;,7;) = 0 yield

(Du(z), ;) = ur(z){er(x), 1) = up(x) {2 73) locally near Z.

r(z)

Differentiating the previous identity, recalling that 7; is constant, gives

2 ;= ur () T,T; ur () 7; locally near ¥ 2u(z@) T =
(3.62) D u(m)n—D(r(x))( ) Ti) + r(z) " locally ; D*u(%) 7

In particular, 73,...,7, are eigenvectors of D?u(%), with common eigenvalue (%) 'u,(Z). We first collect
some basic features of L.

Proposition 3.11. The following facts hold on Bpg.

(3.63) Lfu = 8(x, Du) — 2(4|z|* + €2) Au,
(3.64) LEx; = 2u;Au — 2(D*u Du); — 4z, i=1,...,n,
(3.65) Lfu; = 4u; — 8x; Au,
(3.66) LE(pp) = LY+ VL9 +2 > A5y,
ij=1

(3.67) Lz, Du) = 16(z, Du) — (16|z|* + 2¢%)Au.,

5 ﬂ _ . 2& -
(3.68) c (r)_ (n=2W2%  r>0i=2..n,
(3.69) Louy = duy — 8rAu+ (n — 2)W§%, r>0.

Proof. The proof of (3.63) is a simple consequence of N°u = 0. The proof of (3.64) follows directly by
(3.59). We prove (3.65). To this aim, recalling that N¢u = 0,

0=20; (N°u)
n n n n
= Z 611A§ku]k + Z GplAjkuﬂujk + Z Ajk(uz)]k —4du,; — 4ijuij
Jik=1 Jik,l=1 Jik=1 J=1

n
@4 8x;Au + 2(Du, Duy) Au — 2(D*u Du, Du;) + Z Ay (wi)ji — 4ui — 4(x, Duy)

Jh=1
= Lu; — 4u; + 8x;Au.
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This proves (3.65). In addition, (3.66) follows directly by linearity of £° and the product rule for derivatives.
Next, we prove (3.67). Accordingly,

(x, Du) Zﬁ Tiu;)

n n
(déb) Z a:iﬁg(ui) + Z uiﬁa(xi) + 2 Z Ajkdijuik
i=1 i=1 ijk=1
Q2 A/ Q pE n
(3.64),(3.65) 4z, Du) — 8|x|* Au + 2| Du|? Au — 2(D*u Du, Du) — 4(x, Du) + 2 Z A5 g
ik=1

w

(3.6)

=" 16(x, Du) — (16|z|? + 2¢2)Auw.
We prove (3.68). Fix i =2,...,n. For j,k =2,...,n, a direct computation gives

(3.70) 0; (ﬁ) -

r

5ij ﬂj‘iaj‘j

r r3
and

x; 5ij1'k + (Sikl'j + 5jk$i 3SUi:L‘jxk
Dy (*) - 3 + 5
r r
All first and second derivatives involving differentiation with respect to 1 vanish. Consequently,

= i T ar?
E:xjaj<i>:7z_ 5 =0,
; r r r

Jj=1

A(ﬁ) _ (n+1) 372 _ (n—2)x
r 3 o rd 7
and
T\ 3x;r? 3zt _

Z l']l'kajk ( ) — 3 + e 0.

7,k=2
Hence, recalling that (3.60) implies
(371) U = w? ujk—ak <x )ur+ 8kura Jk=2,...,n

r r

then

a5 () =2 () =% 35w (3) =02

Jik=1 k=2
Moreover, recalling again (3.60),

(3.72) ZZuku]k = 9;(|Dul?) = 7} o (| Dul?).
Therefore, combining (3.71) and (3.72)

2(Au)u; — 2 g Uy — 4 = ] (2(Auw)u, — Or(|Dul?) — 4r) .
T
k=1

In conclusion,

<2Au Du — 2D*uDu — 4z, D (%>> = <2(Au) — 8T(|Du| > Zx] (—) =

Finally, we prove (3.69). First,

Lo, (3.:66) ﬁgulJrZuzﬁa( >+22 ( )Uzk

=2 =2 1=2 j,k=1
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By (3.65) and (3.68),

n
Z ﬂﬁeui = Z i (4u; — 8z;Au) = 4u, — 8rAu,

7 -2 T T
Zuiﬁg (x—) S, /LA 3)W€ xiu; = —(n — 2)W2u—.
i=2 " " =2

Moreover, for i = 2,...,n, (3.70) and (3.71) yield

2 : % 2 : % % ) )
- T - r T T T T
7=1 2

Jj= Jj=2
Therefore,
n n n
X; Zg
=2 j,k=1 i,j=2
Since
N\ 2
(21
: r
=2
then .
%, (%) =
T T
=2
Therefore
WS S 0 ) S S0 - £ 0.6

Therefore, noticing that

n n 2 n

ZT; 2 5ij a:ixj _n—l 2 2 1 22_71—2
S @) =X (V) st Al =
i.j=2 i.j=2 =

we conclude by (3.73) and (3.74) that

23" 3 45,0, (%) wip = 2(n — 2)W§%

i=2 j k=1

Combining the above computations, (3.69) follows. O
The following basic properties of u follow easily by its construction.

Proposition 3.12. It holds that
(3.75) u< Kay in Bp N {x1 > 0}.

(3.76) Du= Kej + d(z)% on OBg, where d(z) == <D(u — K1), %> >0 ondBgN{x >0}
Proof. First, notice that

Ne¢Kzy = —-4Kx1 <0 on Br N {z; > 0}, uw= Kz on 8(BRﬂ{x1>O}).

The last identity follows by (3.6) and because u(0, z2,...,x,) = 0 by oddness. Therefore, the comparison
principle [30, Theorem 3.3] (cf. (3.8) and the subsequent observation) yields (3.75). Next, we prove (3.76).
Since u — Kx1 = 0 on 0Bp, its tangential derivative vanish there, and, when z; > 0, its outward radial
derivative is non-negative by (3.75). Therefore

D(u— Kz1) = <D(u ~ K1), %> %, d(z) = <D(u ~ K1), %> >0, 2€dBrn{z >0}
The thesis follows. 0

We begin with the first monotonicity results.
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Proposition 3.13. It holds that

(3.77) w; = T;ul — T1u; > 0 in Bp N {x; > 0}, 1=2,...,m
and

(3.78) ru; — z1uy >0 in BN {r > 0}.

Proof. Fix i = 2,...,n. A direct computation yields

(3.79) Lfw; =0 on BrN{z; > 0}.

Indeed,

n n
3.66
[,Ewi (J:() ) xiﬁsul + ulﬁsxi - xlﬁsui - uiﬁsxl + 2 Z A;kézkulj -2 Z A?kélkum

jk=1 jk=1

(3.64).(3.65) dx;u — 8x12;Au + 2uu;Au — 2(D2u Du)juy — dziuy

n n
—4zu; + 811 Au — 2uiu; Au + 2(D2u Du)iu; + dxyu; + 2 Z Ajiulj -2 Z A;lu@-j
j=1

j=1
=0.
When z; = 0, w; = 0, because u is even in z; and thus u; is odd on x; . On the other hand, (3.76) grants
(3.80) w; = Kx; >0 on OBr N{z; > 0}.

Therefore, the weak maximum principle [30, Theorem 3.1] yields w; > 0 on BgRN{z; > 0}. If by contradiction
there exists £ € BrRN{x; > 0} such that w;(Z) = 0, then by the previous step Z is an interior global minimum
of w;. Therefore, the strong maximum principle [30, Theorem 3.5] implies that w; = 0 on B N {z; > 0}, a
contradiction with (3.80). Therefore, (3.77) follows. Eventually, (3.78) is a direct consequence of (3.77) and
the invariance of u with respect to o, ..., Ty. (I

With the next result, we provide a sign to (Du, z) over the half-ball Bg N {x; > 0}.
Proposition 3.14. It holds that
(3.81) (x,Du) >0 in B N {x; > 0}.
Proof. Notice that, by oddness of z1 — u(z1,...,x,),
uj(0,22,...,2,) =0 j=2,...,n.

Therefore, (Du,z) = 0 when {x; = 0}. On the other hand, (3.76) gives (z, Du) = Kz + dR > 0 on
dBr N {x1 > 0}. Suppose by contradiction that (3.81) fails. Therefore, there exists & =€ Br N {z1 > 0}
such that (Du,z) has a negative local minimum at . Assume first that » > 0 at Z. In the forthcoming

computations, evaluation at  is tacitly assumed. Let 73,...,7, be as in (3.61). Define
r1e1 +re, re1 — Ti1ep
€y = —— eg = ——.
’ ol o]

Notice that ey, eg, 73,..., 7, is still an orthonormal basis. Moreover,

.D — (3.78)
(3.82) a:= (Du,e,) = <x| ’u) <0, b= (Du,eg) = w 0, |Dul? = a® + b*.

x x
A direct computation grants

ra— xb
(3.83) U = ——— < 0.
0
Since Z is an interior minimum point for (x, Du), then D(z, Du) = 0, whence
1 1 a b
D*ux=—-D D?*ve,= —D*uz=——D D? =—— D%ue,, .
uUx u, ue, ] ux ] U, < ueg,eg> 2] < uey 69> ]
Combining the above computations with (3.62) grants
n—2)u a®  2ab?
(3.84) Au = —ﬁ + (D%ueg, eq) + (#, (D?*u Du, Du) = ol Tl + b?(D?u ey, eg).
x r x x
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Therefore, (3.6) rewrites as

a(b?* — 4]z|? — £?)

]

(3.85) + (a® 4 4)2* + €*)D*u(eq, ep) + (n — 2)W€2% = 4(x, Du).

In particular, isolating (D?u eg, eg) in (3.84) and substituting it into (3.85) yields

242 (3.82),(3.83)
(3.86) (a2 + 4]z + £2)Au = 4(z, Du) — “(“’T) — (=2 ST 4, Du).
X T
Therefore, recalling that (xz, Du) < 0 at z,
4{x, D 4{x, D
nyo Mo Du) Al Du)
a? +4lz)2 +e2 7 4|x|? + &2
Consequently, (3.67) implies
4(z, D 8e%(z, D
(3.87) 5, Du) < 16(z, Du) — (16]a]? + 2:?) & Dw) 87z, Du)

4z|2+e2  4lz|?2 + €2

On the other hand, since Z is a local minimum point of (Du, x), then £°(z, Du) > 0, a contradiction. Finally,
we are left to deal with the case r = 0. In this case, Du = uje; and (x, Du) = x1u; < 0, whence u; < 0.
Moreover, since D(x, Du) = 0, then uj1z; = —uy. Thus (3.6) yields

3

(ud + 422 + €2)Au = 4(x, Du) + viuy; = 4(zx, Du) — U 4(x, Duy).
z1
Therefore, arguing as in (3.87), we get a contradiction. The thesis follows. O

Next, we prove monotonicity of u along e, in the half-ball B N {z; > 0}.
Proposition 3.15. It holds that
(3.88) up =0 in BN {x1 > 0}.
Proof. Fix x € Bgr N {xz1 > 0} N {r > 0}. By the discussion before Proposition 3.13, (3.6) rewrites as
(3.89) (u? + 4|z|* + e®)uy + (ud + 4)z* + e)upr + (n — Q)Wf% — 2uquyuy, = 4(x, Du).

Since u(0,z2,...,zy) = 0, then u, = 0 when 1 = 0. Moreover, we already know that u, = 0 when r = 0.
Finally, on 0B N {x1 > 0}, u, = drR~! > 0 by (3.76). Assume by contradiction that (3.88) fails. Then,
there exists £ € Br N {x1 > 0} N {r > 0} which is a minimum point for u, and such that u,(Z) < 0. In
particular, u1,(Z) = u,-(Z) = 0. Moreover, by (3.62),
(3.90) D=y o+ (- 2)"
Therefore, (3.89) implies

(u? 4 4)z* + £*)Au = 4(x, Du) — (n — 2)1@& >0 at T,

T

where the last inequality follows from (3.81) and u,(Z) < 0. Therefore, since Z is an interior minimum point
of u, and L¢ is elliptic,

0< £ "2 du, — SrAu+ (n-2W2L <0 at 7,
T

a contradiction. The thesis follows. O

As a consequence of Proposition 3.13 and Proposition 3.15, we gain strict monotonicity of u along z; in
Bgr N {x; > 0} and strict positivity of (Du,z) on the same region.

Proposition 3.16. It holds that
(3.91) up >0, (Du,z) >0 in Bg N {x1 > 0}.
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Proof. Fix x € Bp N {x; > 0}. Assume first that » > 0. In this case, the first inequality follows combining
(3.78) with (3.88), while the second inequality follows by the first one and by (3.88), since (Du,z) =
x1uq + ru,. Instead, assume that r = 0, whence x = (21,0,...,0). Let we be as in Proposition 3.13. Notice
that x belongs to the flat portion of the boundary of Br N {x2 > 0}, and the interior unit normal is exactly
e9 at . We know by (3.77) that wy > 0 on BrN{xze > 0}. Moreover, we saw in the proof of Proposition 3.13
that we = 0 at x. Since Lf is uniformly elliptic, we apply the Hopf Lemma [30, Lemma 3.4] to infer

Oy (w2) (2) = u1(x) — zrug2(x) > 0.

The proof is concluded if uga(z) > 0. To this aim, by definition of u, and recalling that ug(z) = 0,

. u2(21,0,0,...,0 o up(21,6,0,...,0) (3:88)
U22($1,0,O,...,0):6£rg+ 2(1 ; ):52%14_ (z1 ; ) >

The thesis follows. |

0.

The proof of Proposition 3.10 is based on the following lower bound.
Proposition 3.17. It holds that
(3.92) ziu; —u =0 in BN {x1 > 0}.
Proof. Set v = z1u; — u. By (3.63), (3.64), (3.65) and (3.66),

n
L0 =x1Lu1 + u1 L5771 + 2 ZA%UU — 8(z, Du) + 2(4|z|? + £%) Au
i=1

n n
=1 (4w — 8z1Au) + g <2u1Au -2 Zuliui — 43:1) +2 ZA%UU — 8(z, Du) + 2(4)z]* + £2) Au
i=1 i=1
n
= 822 Au + 2uiAu — 4uy Z wyiu; + 2W2u1y — 8(z, Du) + 2(4|z|* + £2) Au
i=1
n
= 2W€2u11 — 4y Zuuui — 8(x, Du) + Q(U% +4r? + 52) Au.
i=1
Exploiting (3.6),
n n
(3.93) Ly = 2W52u11 — 4wy Z UU; — 2VV€2 Au + 2 Z Ui jUU; + 2(u% +4r? + 52) Au..
i=1 ij=1

Therefore, when 7 > 0 and recalling (3.60),

n
L5 =2(u? + 4|lz|* + *)ury — 8T Au — 2u Au+ 2 Z Ui Uil

ij—=2
(3.94) = 2(u? + 4z + %) ur1 — 8z Au — 202 Au + 2u2u,,
. 3
(3.90) 2(4|g;|2 + 52)u11 —8z2Au —2(n — 2)&
,

Notice that v = 0 when 27 = 0. Moreover, on 9Br N {1 > 0}, (3.76) gives v = de?R~! > 0. Assume by
contradiction that (3.92) fails. Then, there exists £ € Bg N {z1 > 0} which is a minimum point for v and
such that v(Z) < 0. Assume first 7(Z) > 0. Then v; = v, = 0 at &, whence u1; = 0 and xjuy, = u, at Z.
The combination of two facts with (3.89) and (3.90) grants

) 2 3
(3.95) (W2 + 4lz]? + e2)Au = 4z, Du) + “2Ur ()l at 7,
I T
and moreover, by (3.94),
w3
(3.96) Lo = —8x3Au —2(n — 2)77” at Z.
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Therefore, since T is an interior minimum point of v and L° is elliptic, (3.95) and (3.96) yield

82 2uu? ud [ ud 4+ 4r? 2
3.97 Lv=—r—"1 ([ 4x,D r)—2n—-2)— | L— ") <o,
(3.97) v u? + 4|z)? + €2 < (z, Du) + T ) (n=2) r <u%+4|z|2+82>

where the last inequality follows combining (3.88) and (3.91). This is a contradiction. Finally, assume that

r(z) = 0. In this case, recall that u;(Z) =0 for i = 2,...,n by invariance along o, ..., z,. Moreover, again
by minimality of Z, u11(Z) = 0. Therefore (3.6) yields
(3.98) (u? + 422 + £2)Au = dayu; > 0 at 7,

the last inequality following by (3.91). Therefore, (3.93) and (3.98) grant
Loy = —8x31Au < 0,
again a contradiction. The thesis follows. [l
Finally, we prove Proposition 3.10.

Proof of Proposition 3.10. Let @ € Bpg. Since x1 — wui(x1,...,2,) is even and continuous, it suffices to
assume z1 > 0. Combining (3.17) and (3.92),

TiUL = U = .

Since x1 > 0, the thesis follows dividing by ;. ([

3.6. Proof of Theorem 1.2. Let (R;)ien, be any diverging sequence of radii. Set (¢;)ien, € (0,1] be
any vanishing sequence of approximating parameters. Let K; = K(R;) be as in (3.16). Let u’ € C*(Bg,)
be the solution to (3.6) given by Proposition 3.2. Fix j € Ni. Up to a subsequence, we assume that
Bj € Bg, for any i. Since x1 u'(x1,...,2,) is odd, the combination of Proposition 3.3, Proposition 3.4
and Proposition 3.9 yields a C'-bound for u’ on Bj; that is uniform with respect to i. Combining Ascoli-
Arzeld theorem with a standard diagonal procedure with respect to j, there exists u € Lip,.(R™) such that
u’ — wu locally uniformly on R™. Define

Fei(ap) = (F'(@p)s- o Fi(ap)) = N - —
pl* + 4|x|° + €

so that
Q%u' = div F¥ (z, Du').
Notice that

dxppe ; Okt DkPe
3 apk]:ze (-'E,p) = 2 2 3 -
(IpP? + 4lef? + 2) VIPE Iz 22 (pf2 4 dfaf? +€2)
Therefore, for any fixed j € N, j > 2, OF satisfies the assumptions of [30, Theorem 13.2] on

1
P =9 —— <j+1
= { o <lel <1},

with structural constants that depend on j but that are independent of i. Therefore, since we already have
a uniform C'-control of u’ on Bj1, [30, Theorem 13.2] yields a uniform C' LB_control of u! on P;. Moreover,
we recall that u; satisfies the linear, second-order, uniformly elliptic equation

axk]:;z(map) = -

3"
2

n
(3.99) Z Ay (x) (D2ui)k€ —4(Du',z) =0 on Pj, A%i(z) = A% (z, Du').
k=1

Since |z| > j~% on Pj, (3.5) and the uniform C1#-bounds on u! yield a uniform ellipticity constant and a
uniform C%”-bound on the coefficients of (3.99). Therefore, classical Schauder estimates as in [30, Theorem
6.2] grant a uniform C?#-bound for u’ on Pj_;. Therefore, we apply again Ascoli-Arzela theorem on Pj_1,
concluding that u € Cfo’f(R” \ {0}) N Lipj,(R™) and that u® — u locally in C?(R™\ {0}). In particular,
when z # 0, we let i — oo in Q%u’(x) = 0, concluding that

(3.100) div < |Duﬁi 4|x|2> =0 inR"\{0}.
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Away from 0, one argues verbatim as in the proof of Proposition 3.2 to show that u solves a linear, second-
order, uniformly elliptic equation, and conclude as in that case that u € C*°(R™ \ {0}). Fix x € R™\ {0}.
Since, by Proposition 3.10, (u)1(z) > 1 for any i sufficiently large, then C!-convergence ensures that
ui(x) = 1. To conclude, we are left to show that z is smooth at 0. Indeed, in this case, (3.100) extends to
0 by continuity, and u1(0) > 1 for the same reason. In order to conclude that v € C*°(R"), we rely on the
regularity results of [8]. Accordingly, for any i, define g’ : R?® — R and G’ : H” — R by

g'(w,y) = (wy) +u'(@),  glay) = (z,y) +ulz)  G(z,y1):=g(z,y) —t
Since Q%u’ = 0, (2.12) grants that, for 4 sufficiently large,
Dg' + F
\/|IDg + 2+ 22

div =0 on By,

where I is defined in Section 2.4. Moreover, by the above considerations, (¢*); is bounded in C'(By),
uniformly with respect to ¢, and converges to g uniformly on B;. Moreover,

X1G =y + (u) —y = (u) =1,

where the last inequality holds by Proposition 3.10. Therefore, one argues verbatim as in the proof of [8,
Corollary 1.3] to conclude that g € C°°(B;). By definition of g, u € C*°(R"), and the thesis follows.

3.7. Proof of Theorem 1.1. Let u be as in Theorem 1.2. Define S C H" by
S = {(w.y.t) €H" ¢ t = (a,y) +u()}.

Clearly, S is smooth, connected, embedded, two-sided, complete, without boundary. Since u; > 1, (2.9)
implies that S is non-characteristic. Moreover, by (2.12), Theorem 1.2 grants that S is minimal. Since S
is a t-graphs, [3, Example 2.6] (cf. [3, Theorem 2.3]) implies that S is the boundary of a global perimeter
minimizer. In particular, S is stable, and satisfies (1.2) e.g. by [45, Theorem 2.2]. In addition, notice that
S = {G = 0}, where G(z,y,t) = (z,y) + u(z) —t. Since u; > 1, then X1G = u; > 1. Therefore, by
Proposition 2.1, S is an entire, smooth intrinsic graph. Since S is a t-graph, it is not a vertical hyperplane.
Finally, we show that S does not satisfy (P1), (P2) and (P3). Since w is odd in z1, then v = 0 on {z; = 0},
and u; = 0 on {71 = 0} for any i = 2,...,n. Define the curve z : R — R?" by z(r) = (z(r),0) € R*", with
x(r) = (0,7,0...,0). The quantities below are evaluated at z(r). By Section 2.5,

U1X1 + QTYQ

2rXo — u1Y; 1
(3.101) V=, J(u):w, o= —, W2 = ul 4 412
Define 2rX Y; X9 +2rY;
rXp —ui¥s uypAg + arxy
B=——1-—"—+ JB) = —F.
w ’ (B) w

Both vector fields have unitary norm. By (3.101), both belongs to H'T'S over z(r). Denote by d% differen-
tiation along z(r). Since
aw ujuiz +4r

dr W
then
v _ i(ﬂ)XJri 2r Y- —MB
TV =W e \W) T T e \w ) 2 T T W ‘
Therefore,
4 _
WH(I(v),B) = 2l ri2)

w3
On the other hand, notice that, since u; > 1,

li_r% ur(z(r)) —ruia(z(r)) = u1(0) > 1,
so that h’(J(v),B) # 0 sufficiently close to (but away from) 0. Therefore, (P1) fails. In addition,

(3.102) J(B)a = %% (vt) ,

o d [ 1 1 dyvr
3.103 J 2_2ra (1 _ .
(3-103) Wata® =17, (W) e (W?)
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On the other hand, since W? = uf + 4r? > 4r%, then

11 1
(3.104) 0< 3 <5 —0, o<%<ﬂ—>o as 1 — +oo.

Assume by contradiction that (P2) holds. Since u; > 1, (3.102) implies that W is constant over z(r), a

contradiction with (3.104). Then (P2) fails. Finally, assume by contradiction that (P3) holds. Then, by
(3.103), r/W? is non-decreasing on (0, 4+oc), contradicting (3.104). Thus (P3) fails, and the thesis follows.
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