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ABSTRACT. We study the asymptotic behavior of fractional Gagliardo-type energies with a
periodic, bounded, and bounded away from zero coefficient depending on both variables, in
the joint limit of the vanishing fractional exponent s — 0" and the vanishing period ¢ — 0%.
Assuming that €2 converges to some \ € [1,+00], which holds up to subsequences, we prove
that the energies, rescaled by s, I-converge in the weak topology of L?(R%) to a multiple of the
square of the L? norm, whose constant is given by an effective coefficient a defined through
a cell problem. The coefficient ay results from the competition between the averaging of long-
range interactions, which drives the Maz’ya—Shaposhnikova limit, and the nonlocal energy of
microscopic oscillations at finite range. It interpolates between the harmonic mean (A = 1)
and the arithmetic mean (A = +o0) of a coefficient obtained by averaging interactions “at
infinity”. The proof relies on Riemann—Lebesgue-type lemmas for singular kernels, on a blow-
up argument for the lower bound, and on the logarithmic-scaling properties of the energies. The
case 1 < p < oo is also discussed.
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1. INTRODUCTION

The Maz’ya—Shaposhnikova formula describes the asymptotic behaviour of the Gagliardo
seminorm as the fractional exponent s tends to zero. More precisely, if for s € (0,1) the
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Gagliardo seminorm of u: R? — R is given by

u(y)?
gy = dx dy,
REREY /Rd /Rd Ix—y\d“s o

then, for every u € H*°(R?) for some sg € (0, 1),

Sl_igﬁr $ [Uﬁ[s(ugd) = Ud—IHUH%z(Rd)v (1.1)
where 041 is the (d — 1)-dimensional Hausdorff measure of the unit sphere S¥~! [15]. Hence,
although the seminorm is defined through nonlocal interactions between pairs of points, its
asymptotic behaviour as s — 07 is a zero-order functional.

In recent years, the Maz’ya—Shaposhnikova formula has been extended to several settings
beyond its original Euclidean formulation. In metric measure spaces, volume growth at infinity
(and, in particular, the asymptotic volume ratio) plays a central role in the construction of
suitable convolution kernels [12} 13]. Such conditions are guaranteed, for example, by generalized
Bishop—Gromov inequalities [14]. Moreover, necessary and sufficient conditions for the validity
of a Maz’ya—Shaposhnikova limit for general convolution kernels are established in [9]: such
conditions amount to a control on the escape of kernel mass to infinity and the attenuation
of short-range interactions. Related asymptotics have been obtained for fractional perimeters
[8, [10], for fractional energies associated with the Ornstein—-Uhlenbeck semigroup [5], and for
heat-kernel-based fractional perimeters on Riemannian manifolds [6].

The I'-convergence counterpart, of has been established in two regimes. In [7], functions
are extended by zero outside a bounded domain, so that their value at infinity is zero. In
[8], localized Gagliardo seminorms, such as those defining fractional perimeters, are considered
for functions that need not be globally square-integrable: the limit functional describes the
interaction between the values of u in  and its values at infinity, thus connecting with
the asymptotics of fractional perimeters. In the Euclidean setting, the same work establishes
I'-convergence in the weak-L?(£2) topology for prescribed exterior data that need not vanish at
infinity. In both cases the behaviour of u at infinity is fixed a priori, and the I'-limit only acts
on its values in a bounded region.

In this paper, we investigate how is affected by periodic heterogeneities in the interaction
kernel. We consider fractional energies whose interactions are weighted by a periodic coefficient
depending on the spatial variables and bounded from above and below by positive constants.
The resulting problem combines two limiting processes, the vanishing of the fractional exponent
and the homogenization of the oscillating coefficient. Interactions at distances larger than the
macroscopic scale see the behaviour of u at infinity, as in . Interactions at distances between
the period € and the macroscopic scale see oscillations as periodic perturbations with zero mean
of the frozen macroscopic profile of u, with an effect reminiscent of [16|, where a Maz'ya—
Shaposhnikova formula is given for interactions in the torus. Since, as s — 0T, the kernel
distributes its mass uniformly over logarithmic scales, the relative weight of these two ranges is
governed by 25 = e2sllogel,

Our main result characterizes this interplay through a family of effective coefficients ay,
defined by a cell-minimization problem, and establishes the corresponding I'-convergence of the
energies in the weak topology of L?(R%). The parameter A := lim. e~ 2% € [, +00] measures
the balance between the two ranges of interactions: for A = 1 only the behavior at infinity
contributes, whereas as A increases, the periodic interactions penalize the oscillations of the
corrector more and more. The case A\ = +o0o corresponds to a separation of scales: the limit is
obtained by first letting € — 0 and then taking the Maz’ya—Shaposhnikova limit s — 0. The
precise statement is the following.
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Theorem 1.1 (A homogenized Maz’ya—Shaposhnikova theorem). Let a: RY x R — R be a
Borel function such that there exist 0 < a < B for which o < a(x,y) < B for all x,y € RY, and
L-periodic; that is, a(x + k,y + j) = a(x,y) for all k,j € Z¢. Let € > 0 and s = s(¢) € (0,1).

“ lu(z) —u(y )’2
ac y u(x
dx dy 1.2
/Rd/Rd g’ 5 |z —y |d 2s (1-2)

be defined in L?(RY). If lim. ,os = 0 and
lim ™2 = X\ € [1, +oc],
e—0
then -
I-lim F.(u) = —2
e—0

for all u € L? (Rd), where the I'-limit is computed with respect to the sequential weak topology of
L*(RY), ay is given by

—int { [ [ ate)+ i + ot
A—1) /Q /Q o) lple) — o) Pdody s o € 1(@) and [

Q

(oo = Q/Q/Qa(x,y)dxdy, (1.4)

where Q = (0,1)¢ is the unit cube in R?, and o4_1 is the (d — 1)-Hausdor{f measure of the unit
sphere S¥1 in RY.

aAHUH%;(Rd)a

o(x)de = 0} (1.3)
if A < 400, while

The counterpart of I'-convergence of the Maz’ya—Shaposhnikova formula is recovered as a
particular case of our theorem, when we take the coefficient a equal to the constant 1, in which
case the minimizer for the problem in is ¢ = 0 independently of A, and we have a) = 2.

Theorem [I.1] can be proved for Gagliardo seminorms with an arbitrary p > 1. We restrict
ourselves to the case p = 2 to focus on the novelties of this work and not to carry another
parameter through the proofs. The asymptotic results hold unchanged as in the p version of the
Magz’ya—Shaposhnikova formula, upon defining A as the limit of e7*F and using the power p in
the definition of ay (see Theorem [5.1]).

For a non-constant, the form of the coefficient ay highlights a new nonlocal homogenization
phenomenon in competition with the effect of the interactions “with points at inﬁnity” that
drive the Maz’ya—Shaposhnikova limit. This can be explained by comparing Theorem [I.1] with
the Maz’ya—Shaposhnikova limit for a (smooth) function u, whose support is contained in a ball
Bpg,- In the latter case, the limit of s[u]? Ha(RY) as s — 0, using the symmetry between integration

inx and y and noting that all interactions in Br can be neglected, is the same as that of

: — u(y)|? < . / 1 9
lim 23/ / drdy = ( lim 2s ————d¢ u(x)|” dx
520 JBg, JRI\Bg ’9? -yl =0 Jpa\ gy, [§]728 Bg [t

0
for any R > Ry. Since the limit is independent of R, a direct computation gives the result.
In the presence of an oscillating coefficient, the I'-limit can be different from the pointwise
limit of F;(u) at u fixed. Examining a sequence u. weakly converging to u, we have two issues:
1) the term given by “interactions going to infinity” is now of the form

o fo GG D) (8 D) i ae
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By first integrating in y, we see that this double integral is asymptotically equivalent as s — 0
to an oscillating integral with a 1-periodic coefficient. A Riemann—Lebesgue type lemma allows
one to see that such an integral is indeed of the form

(] (a(26) + (e 2) e ot (15)

A clarifying example is when a(z,y) = ag(z) (or its symmetric equivalent version 3(ag(z) +
ap(y)), for which this integral is

OJ_ X
gi-t (ao(—) +ao)!u5|2dw,
2 BRO g

with ag = fQ ap(&)d¢ representing the contribution “averaged at infinity”;
2) due to the presence of oscillations, the interactions at finite distance are not negligible any
more. We have an additional term giving a non-vanishing contribution in the limit, which is of

the form 2
z Y\ |ue(@) — ue(y)|

° al - dz dy. L6

//{8§|x—y|§1} (6 5) |z — y|dt2s (1.6)

The conditions on s and ¢ defining A, and a use of a second Riemann—Lebesgue type lemma give
the double-integral contribution to the definition of ay.

It is interesting to compare Theorem u with the limit taken as s — 17 in the spirit of
the Bourgain—Brezis—Mironescu formula [1]. The asymptotic behaviour of the corresponding
F., with the scaling factor s replaced by 1 — s in (L.2), has been described in [3] (see also
[2]), showing a behaviour dual to ours: the relevant oscillations in that case are those at scale
smaller than e, which are negligible in Theorem [I.I} These small-scale oscillations lead to a
quadratic functional in Vu, obtained by homogenizing a quadratic functional with coeflicient
a(z,x), concentrated on the diagonal; that is, due to interactions at distance less than ¢, as
opposed to the coefficient @ (see Definition that derives from averaging interactions at
infinity. An additional contribution in the BBM limit is given by interactions at scales between
e and 1 (as in item (2) above). In contrast to the case s — 0, in these interactions only the
average of the oscillations matters, and they do not influence the homogenization on a lower
scale. The overall limit is a convex combination of the two contributions, with the small-scale
contribution now weighted by the limit of e2(1=5),

We remark that in this paper we do not prove a compactness statement, which amounts to
a uniform bound in L?. This, on a bounded domain €, is proved through a fractional Hardy
inequality |7, |8], but it fails on the whole R?. On the other hand, if we restrict our attention to
functions belonging to L?(Q2) and extended to zero outside of 2, such a compactness statement
is available because a(x,y) > a > 0. The proof of the theorem remains unchanged in this
constrained case, so that it may be applied to the convergence of minimum problems as in [7].

Structure of the paper and core technical ideas. The whole paper is devoted to the
proof of Theorem The key observation is that, due to the oscillations forced by the periodic
coefficient, in the limit s — 0 we may only have weak convergence in L?. This led us to study
the contribution of term , which is usually negligible in the Maz’ya-Shaposhnikova regime.
Indeed, it works precisely as a penalization of the oscillations, with a coefficient due to the mass
of the kernel at the scales between € and 1, forcing strong convergence in the case A = +o0.
This is in accordance with the separation-of-scale analysis for functionals F;, for which we have
strong L? compactness when we let ¢ — 0 first. The techniques used here are similar but
complementary to those in [3]. In particular, certain Riemann-Lebesgue type lemmas suit very
well the framework of singular kernels of the kind |z —y|~972%. Indeed, these kernels are smooth
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away from the diagonal and their contributions at medium range interactions can be precisely
quantified.

Section [2]is devoted to the collection of several preparatory results on the average behaviour
of double integrals of general interest. It should be noted that, since the kernel spreads its mass
uniformly over logarithmic scales, most of the lemmas can be applied in both the I'-liminf and
the I'-limsup inequalities. Section |3| contains the details of the I'-liminf portion of Theorem
To prove it, we employ a Fonseca—Miiller type of blow up. What is new is that the contributions
to reconstruct the cell formula come from two different regions of the space. Therefore, in order
to recognize a competitor for the infimization problem defining ay, one has to perform the same
modifications both at the medium- and long-range interactions level. Remarkably, also in the
case of a constant, this allows us to prove the I'-liminf inequality without relying on a fractional
Hardy inequality (see [7]). Section contains the I'-limsup argument. The techniques are similar
to those of the previous section, and one can see in a more transparent way the role of each
contribution (even of those that are negligible). More precisely, in the delicate term (that is,
the contribution coming from )7 we make use of the fact that (d — 1)-dimensional sets have
zero fractional capacity for s < 5 to change the boundary data and periodize the oscillations.
Finally, in Section [5] we briefly illustrate the changes for the case of general p > 1.

2. NOTATION AND PRELIMINARIES

Throughout the paper d > 1 is a positive integer. The norm of a point z € R? is denoted
by |z]; for R > 0 we set Br := {y € R%: |y| < R}. The Lebesgue measure of a set A C R? is
denoted by |A|. We use the standard notation for Lebesgue and Sobolev spaces.

Let a: R? x R? — R be a Borel function that is 1-periodic; i.e.,
alx+ky+j)=a(z,y) for all k,j € 2%, 2,y € R,
and such that there exist «, 8 with 0 < o < 8 < 400 such that
a<a(z,y) < pforall z,y € RY.

We let Q == (0,1)¢ denote the unit cell of periodicity and define the contracted function
(@)= [ (alw.0) + () dy (2.1

Let € > 0 and let s = s(¢) € (0,1) be such that s — 0 as ¢ — 0; in all formulas we drop the
explicit dependence of s on €. We assume that the limit

lime™2 = X\ € [1, +o] (2.2)

e—0

exists, which is not restrictive up to extraction of a subsequence.
For every ¢ > 0, we define F.: L*(R?%) — [0, +-00] as

Hf y lu(z) — u(y)?
= —d d 2.3
S/Rd /Rd g’ E |z — y|d+2s Ty, (2:3)

with domain the fractional Sobolev space H*(RY).

Remark 2.1. In logarithmic scale ¢ = log |z —y|, the measure s|h|~%~2% dh becomes o415 e~ 2% dt,
which is asymptotically uniform as s — 0. Hence, the scales t > 0, responsible for the
interactions with infinity, carry mass 241, while the scales loge < t < 0, corresponding to the

region in (1.6), carry mass

Od—1/_—92s 0d—1 _
5 (e 1) = 5 (A—1).
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On the latter scales, the macroscopic profile is essentially frozen, u(y) ~ u(x), whereas y/¢ is
equidistributed in Q. Testing F. on u.(z) = u(x)(1 + ¢(z/e)), the corresponding energy is
therefore the periodic functional of [16], weighted by a and evaluated on the corrector ¢. For
a periodic function, as in [16], the two ranges of scales play the same role, since its values at
infinity are distributed as its values on the periodicity cell. The separation between the scale
¢ and the macroscopic scale splits them. Hence, the coefficient ay in Theorem interpolates
between homogenization at infinity and homogenization on the torus.

2.1. The effective coefficients ay. For every ) € [1,+00], every z € R and every ¢ € L%(Q),
we set

Az, p) = /Q a(@)]z + p(@)P da + (A — 1) /Q /Q a(e,9)lo(@) — o) P dedy,  (2.4)

where @° is defined in (2.1). For A = 400, we use the convention (+00)-0 = 0, so that A, (2, ¢)
is finite only if ¢ is constant since a > a > 0. We then define

ay = inf {AA(I, )¢ € L2(Q) and /

Q
that is, formula (1.3]) or ((1.4)) in the case A = +o00. The test functions for the problem defining
ay will be used to construct periodic recovery sequences. The function ¢ € L?(Q) will then be
identified with its 1-periodic extension. Note that

inf {A)\(z, ©):p € L*(Q) and /Q

o(x)dr = O}; (2.5)

o(z)de = O} = ay2?

by positive 2-homogeneity. The definition of ay allows us to define Fy: L2(R?) — [0, +00) as

Od—
Fy(u) = d2 = axllull} s zays (2.6)

where oq_1 = H41(S%1). We note a slight abuse of notation with respect to FL.

Remark 2.2 (dependence on A). The map A — ay is continuous, increasing and concave (an
infimum of affine functions of \), and interpolates between the harmonic and the arithmetic
mean of a“.

Indeed, if A =1, then it is well known that the minimization gives the harmonic mean of a%;

that is X B
“= </Q dc(:c)dx) ’

If A\ = 400, then the only test function ¢ € L?(Q) with Ay (1,¢) < +oc is ¢ = 0. Therefore,

a+oo—/Q/Q(a(:):,y)+a(y,x))d:cdy—/Qac(x) dx—2/Q/Qa(:1:,y) dody.  (27)

that is, the average of a® (or twice the average of a).

Remark 2.3 (symmetric coefficients). The replacement of a(z, y) by its symmetric part %(a(m, y)+
a(y, x)), which satisfies the same bounds and periodicity assumptions, does not change F. nor
ay. Hence, from now on we assume, without loss of generality, that a is symmetric. In such a
case, we define

W (z) = /Q a(z,y) dy.
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Then we have a® = 2a¥, and we may use 2a¥ for the contracted function instead of @°. In this

case, reads
AM%@—2Af%@k+¢@WdW+Q—U[;éM%MWWW—ﬂwVMﬂy

Remark 2.4 (coefficient depending on one variable). We consider a(z,y) of the form %(ao(a:) +

ao(y)), with ag: R? — R a 1-periodic, bounded Borel function and satisfies ap > a > 0 a.e.
This corresponds (in the non-symmetric setting) to considering the coefficient ag(x/¢) alone in
F.. Then the coefficient a) can be explicitly computed for every A € [1,+o0]. Note that, by
Remark this is the symmetric kernel equivalent to the choice a(x,y) = ag(z) discussed in
Section |1} By , the contracted function is

a‘(z) = ap(z) + ao, where @ = /Qag(ﬁ) dg, (2.8)

while, expanding the square and using that fQ o(z)dz = 0, for every test function ¢ in (2.5) we

have
//ﬁmWﬂmngmwz/fwwmwm (2.9)
QJIQ Q

that is, the nonlocal term in (2.4)) is local. Hence, if A < 400, by (2.9) and after completing the
square, (2.4]) reads

9) = [ @) (114 @l + (- Dlpt)l) o

= )\/Qac(x)‘go(a:) + %‘Qd:c + (1 - %) /Qac(x) dx,

so that (2.5) reduces to minimizing the first term under the constraint fQ (¢(z) + §)dz = 1.
This amounts to saturating a Cauchy—Schwarz inequality, which produces the unique minimizer

oa(z) = i(af&) - 1>, where a; = </Q ajé)>_1 (2.10)

is the harmonic mean of @, and

ay = <1§\)/Qac(a:)dx+1a1: (1fl)a+oo+la1, (2.11)

A A A

where we used and . With the convention % =0 for A = +o0, both and
hold for A = +oo also, in accordance with

Thus, for such kernels, a) is the convex combination, with parameter %, of the harmonic mean
a1 and the arithmetic mean a4, = 2ag of the contracted function.

2.2. Asymptotics of double integrals. The analysis of the asymptotic behaviour of F; will
be based on the study of double integrals defined in sets of different types. To this end, in this
section we gather some asymptotic estimates that could be of independent interest for variational
problems on fractional Sobolev spaces.

The first result gives an estimate of the contribution when interactions are restricted between
two scales.

Lemma 2.5. For every s € (0, 1), every measurable set A C RY with |A| < +o0, every 0 < ry <
ro and every u € L>®(RY), it holds

u(z) — u(y 9
// () = wWF 3 iy < 99, Ul g AL (72 = 772), (2.12)
{ri<lo—yl<rs} |7 =Yl
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where 041 is as in [2.6)). In particular, if (us) € L>®°(RY) is a bounded sequence and r1 == r1(¢),
ro == 1r9(e) satisfy 0 <1 < ry and

: —2s 25
L
then
lims// Jue() Zigsﬂ dy dz = 0. (2.13)
e—0 {ri<lz—y|<ra} |x - |
Proof. Using |u(z) — u(y)|? < 4[jul|? (ray and integrating in polar coordinates, we obtain
— T2
/ / futz) Q;;)' dy d < As|ul|? o oy | A] 70— 1/ 1728 gy,
{ri<|z—y|<ra2} lz —yl r1
which gives (2.12]).
Applying (2.12)), with u = u., we see that the quantity in the limit in (2.13]) is bounded by
204-1sup, Hu5|]2LOO(Rd)|A| (rf - 23) which vanishes as e — 0. O

The following lemma regards the contribution of interactions in a neighbourhood of a set X
of finite (d — 1)-dimensional Minkowski content.

Lemma 2.6. Let ¥ C R? be a closed set such that there exist C,¢ > 0 such that
|{z € R? : dist(z, %) < TH <Cr for every T € (0, £]. (2.14)
Then, for every s € (0,1/2) and every u € L>®(R%), it holds

|U(.Z') - U(y)|2 9 861_25
i 5. dydr < 4og 1 Cl|ul|] -
//{(x,y)eRded:dist(z,2)§|z_y|<g} ]:p — y|d+25 H HL (R%) 1— 25

Proof. Set 7(x) = dist(z,X) and f(t) = (72 — €_25)+ for t > 0. Note that |X| = 0 by (2.14).
For every x ¢ %, using |u(z) — u(y)|? < 4HuH2w(Rd) and integrating in polar coordinates, we get

u(z) — u(y)? 2 ¢ —1-2
s ————=—dy < A||ullF /iy Od—15 t S dt
/T(ac)§|$—y<€} |z — y|dt2s L@ (x)

= 20d,1HuH%m(Rd)f(T(x)),

(2.15)

A

where the integral is understood to be 0 if 7(z) > ¢. Since f is decreasing on (0, ¢] and vanishes
on [¢,4+00), by Cavalieri’s principle and (2.14)) we have

+oo
/ (@) dx:/ {r e R : r() < £(6)}| de
R 0
+oo
< C/ !
51 2s
_C/ ) —2s’

where f~1 denotes the inverse of f restricted to (0,/). Integrating the previous estimate in x

gives (215). -
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2.3. Averaging interactions for singular kernels. This section is devoted to the proof of
two Riemann-Lebesgue type lemmas. In some sense, they are dual to [3, Lemma 2.5], where
the case s — 1 is treated, and can be proven in a similar way.

Given a Borel function b: R? x R* — R which is 1-periodic, we set

b::/Q/Qb(:U,y)dxdy.

For e > 0 and k € Z¢ we let Qe = E(k—i— [0, 1)d) denote the cubes of the partition of R¢ induced
by the lattice eZ% and, for A C R?, we set 0.4 = {x € R? : dist(z,0A) < Vde}.

Lemma 2.7 (Averaging interactions at scales larger than €). Letb € LL (R?xR%) be 1-periodic.
Then there exists C = Cy > 0 such that

( ) 0d—1 —2s —2s
{ce<|z—y|<l} ‘x - y’d+28 dyde b 2 ((C€> ! )‘A“

< C|Ib]l 12y (o)™ (5(1 +e YA+ (14 c—l)d|aQEA|) (2.16)

for every s € (0,1), every ¢, > 0, every € > 0 such that ce < £ and 4v/de < £, and every Borel
set A C R with |A| < +oo.

Proof. In the following, C' = Cy > 0 may change from line to line. Set

s
k(x,y) = [T A= (AxRY)N{es < |z —y| <L}

Integrating in polar coordinates, we get
/ k(z,y)dydx = 0‘12_1 ((ce)™2 —£72%)]4], (2.17)
A

so that the left-hand side of (2.16)) equals the absolute value of

/A (b(g’ %) - 5);1(3;7@ dy dz.
We cover A by the sets

Al,s = U {Qe,j X Qe,k : Qe,j X Qs,k C A7 Qa,j C A}')
Mg = AN (0-A x RY),
A3’5 = A\ (Al,e U Agﬁ).

By the 1-periodicity of b, for all j, k € Z¢ we have

e

Since the sets Ao and A3, are not unions of products of cubes, we estimate the corresponding
contributions by covering them with products of cubes, and using (2.18) on each of them.

Let Qcj x Qcx C A1, fix (Z,7) € Qcj X Qe k, and set

mj = inf{|z — y|_d_1_25 (z,y) € Qej X Qe i}

Since b is l—periodic we have

/ / =2z —5) k(x,y dydav—/ /st — = B)(H(%y)—“(f@)) dydzx.

Ly —b’dyd:c—anHb Bl o2 < 2620b]l 1 (g2 (2.18)
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For z # y we have |V, yk(z,y)| < V2(d + 2)s|lz — y|~"172%. Moreover, any two points
(z,9), (2",Y) € Qej X Qe satisfy |2' —y/| > ce and

eyl I~y 2Ve < (14 2V o' -y < 2VA(L+e )

so that, by the mean-value theorem,

d+3
D esmyy, for (z,y) € Qe j X Qe ks

In@,y) = k(@.5)| < C1+c
where we used that d + 14 2s < d + 3 since s < 1. Hence, by (2.18) and using 52dm]—k <
an’j st,k |z — y|~%~172% dy dz, summing over the cubes of A;. and integrating in polar coordi-
nates we obtain

/ALE (b(g’ g) _5)"”'(%24) dy dx

“+o00
<0(1+c—l)d+3ssyyb||L1(Q2)|Ayad_l/ 1225 gy

ce

_1\d+4 —2s
<O+ )bl pig2) s (ce) 72| Al

Let now Q. ; X Q¢ intersect Ay ;UA3 .. Since A C {|x—y| > ce} and Hl‘—y|—|x’—y’|‘ < 2Vde
for (z,y), (',y') € Qcj X Qe k., we have
sup Kk < s max {c5,|x—y‘ _Qﬁg}—d—%
(QE,jXQE,k)nA

for every (z,y) € Qcj X Qe (2.19)

If Q. j X Q. intersects Ay ., then Q). ; intersects 0. A, so that Q. ; C 0a-A; moreover, |z —y| <
0+ 2v/de on Qcj X Qe - Hence, by (2.18) and (2.19)), the contribution of A . is at most

211102 / / s max {ce, o — y| - 2vde)
2c A J{|z—y|<t+2Vd e}

Integrating in polar coordinates, and using that t < (1+2vdc™')(t—2Vde) for t > (c+2Vd)e,
the inner integral is bounded by

s dy dx.

d o0
0418 (cs)d%((c”d\/a)g) +(1+ 2\/&(:1)d‘laglls/+ 124 < O(14 ¢ ) (ee) %,
ce
so that the contribution of As . is bounded by C(1 + c_l)deHB(Qz)(ce)_25\825A|.

If Q- x Q. intersects Az, at a point (z,y), then 2 € A and dist(z,0A4) > Vide, so that
Q- € A. Since (z,y) ¢ A1, the set Q. X Q. contains a pair (z,y) with |2/ —y/| < ce or
2’ —y'| > €. As||z—y|— |2’ —y/|| < 2Vde and |[z—y| < £, we get that either |z —y| < (c+2Vd)e
on Qe j X Q¢ i, Or 0—2v/de < lx—y| < (+2v/de on Qe,j X Q¢ - In the first case, the supremum in
([@2-19) is at most s(ce)~%2%; in the second case, since £ —2v/de > £/2, it is at most s(£/2)~9~25.
Hence, by (£2.18), the contribution of A3, is at most

2(10]| 112 |4 (s(ca)_d_zs wa((c+2Vd)e) ! + s(£/2) % 041 4de (2e)d—1)

< Cllb]l 102 s((l + o) ee) 2 4 fﬂs) 1A,

14
where wy denotes the volume of the unit ball. Since ¢ < £ and £~2% < (ce)~2%, the right-hand
side is bounded by C(1 + cfl)d+4|]b||L1(Q2) s (ce)2%| A, and (2.16]) follows. O

Observation 2.8. Note that, if b € L>(Q?), since [b][11(g2) < [|bll = (g2), estimate (2.16) holds
a fortiori with [|b|| o (g2) in place of [[b]|11(g2)-
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Lemma 2.9 (Averaging long-range interactions). Let s € (0,1) and € > 0. Let a¥ be as in
Remark|[2.3. Then there exists C = Cyq > 0 such that

2
7’u(x)’ dy dx — Jd_lR_2s/ay(m>|U($)|2 dx
A 9

]Rd\BR 5 £ ’fﬂ—y|d+23 2

R ufFa0qy (2:20)

for every p > 0, every Borel set A C B,, every u € L*(A) and every R > max{2p, Vde}.

Proof. In the following, C' = Cy > 0 may change from line to line. Set x(y) := s|y|~¢72% and

Ty
J = 2 dyd
S/AMJU)' /Rd\BRa<€ €>Iy|d+25 e

We first replace |x — y| with |y|. Let x € A and |y| > R. For every 6§ € [0,1] we have
ly — 0z] > |yl — p > |y|/2, since R > 2p. Hence, by the mean-value theorem applied to
z > |2|7%72% on the segment joining y — = and y,

<(d+2)p(|yl/2)

where we used again that d + 14 2s < d + 3 since s < 1. Using a < 8 and integrating in polar
coordinates, we get

—d— —d— —d—1-2 —d—1—
|d25_‘y|d23 SSCp|y|d12s,

‘Ix—y

Ju(z)?

+oo
2 —2-2
5 £ mdydx — J‘ < CﬁSpHU”[g(A)O'd_l/]; t St

Rd\BR (2.21)

P 25
< CBs B |lulfa(a)

We now average in y. Fix x € A and set g(y) := a(x/e,y/e). Integrating in polar coordinates,

we have
Od—1 —_ s,
/ r(y) dy = =5 Rl
R4\ Bp

/]Rd\BR 9()r(y)dy = %R% W(;) - /Rd\BR <9<y) —~ ay@))n(y) dy.

Note that |g — a@¥(z/¢)| < B. We partition R?\ By into the sets

Fl,a = U {Qs,k : Qe,k - Rd \ BR}7 F2,e = (Rd \ BR) \F1,5~

Let Q. € ' and fix ¥ € Q. k. Since a is 1-periodic in the second variable, we have

/ g(y)dy = @ (g)

e,k

/Q (o=@ (%)t an= /Q (o=@ (2)) st - ) .

For y # 0 we have |Vk(y)| < (d + 2)s|y|~?1725. Moreover, any two points y,y’ € Q. satisfy
ly/| > R >+/de and |y| < || + Vde < 2|3/|. Hence, by the mean-value theorem,

k(y) — k(7)| < Cesly|" 7% for y € Qe

so that

so that
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where we used again that d + 1 4 2s < d + 3 since s < 1. Summing over the cubes of I'; . and
integrating in polar coordinates, we obtain

‘/FLE (g(y) —a <§>>n(y) dy

If y € T'yc, the cube Q. j containing y intersects Bg, so that |y| < R+ Vde. Hence, integrating
in polar coordinates,

R4+Vde €
/ k(y)dy < adls/ 712 4t <Vdog1seR7* =Cs ER*QS.
FQ JE

+
SCﬂasadl/ 2 25dt<Cﬁs R 2,
R

R

Using |g — a¥(z/e)| < B once more, we conclude that

[ 5 Tt (2) < s

for every x € A. Multiplying by |u(z)|? and integrating over A, we get

J— "d‘lR?S/ ay(f)|u(:c)|2dx
2 A 3
which, together with (2.21]), gives ([2.20)). O

3. LIMINF INEQUALITY

€ —4ZS8
< C/BSER 2 H“H%%A),

In this section we prove that for all u € L?(R%) and for all sequences u. € L?(R?) weakly
converging to u in L?(R?) we have

liminf F.(u:) > F)\(u).
e—0

To this end, we use a variant of the Fonseca—Miiller blow-up method [4, 11]. This allows us to
reduce to competitors defined on small cubes and converging to a constant value. From these, a
periodization-by-convexity argument gives a lower bound in terms of F(u) by comparison with
the problems defining a.

3.1. Localization, truncation and blow-up. Let u € L?(R?) and let (u.) € L?(R?) be such
that u. converges weakly to u in L?(R?), and F.(u.) < E for every € > 0 and some fixed E > 0.
Up to subsequences, we assume that the limit lim._, F: (uc) exists and that |u.| converges weakly
to v in L2(R?) for some v € L2(R?). We also fix a ball B C R? and a parameter R := R(¢) such
that

lim R = +o0, lim R™2% = 1. (3.1)
e—0 e—0
For every M € N we set
uM = max { min{ue, M}, -M}, (3.2)
so that, pointwise,
2
u
W <M, @) - ) < ) -l -l < D @3)

Up to subsequences, we assume that for every M € N there exists &y € L? (Rd), such that ué”
converges weakly to &y7 in L2(R?). By the last inequality in (3.3)) and by the lower semicontinuity
of the L'(B) norm with respect to the weak convergence in L?(B),

1
1€ — ullLr(m) < MSUP luae 72 (Rd)?

so that £y — w in L'(B) and, up to a subsequence, almost everywhere in B, as M — -+oc.
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For € small enough we have B C Bp, so that, by the symmetry of ¢ and by the nonnegativity
of the integrand, F.(u.) > pup(B), where pp. is the measure defined, for every Borel set

A CRY by
{E y |ue () — Us(y)|2
KB, = 28/ / dy dx
o BNA Rd\BR 5 5 |z — y|d+2s

x y |u5 ) us(y)P
dy dx. 3.4
+S/BmA/ e’ 5 |z — yl|d+2s e 34

The sequence (up.) is equibounded, so that, up to subsequences, up. — pp in duality with
Cy(RY), and, since B is open,

lim inf F_(u;) > hmlnf pBe(B) > up(B) > / du—B(m) dzx. (3.5)
e—0 B dﬁd
Let Q,(z) denote the closed hypercube of side p centred at . By the Lebesgue differentiation
theorem and by a diagonal argument, for £%-almost every zo € B we may choose p = p(g) — 0
so that
dMB( ) lim KB, (Qp(CUO))
dcd a—)O pd
Since p is free to tend to 0 as slowly as desired, we fix zy to be, in addition, a Lebesgue point
of v and of &y for every M € N, and a point at which £y — u as M — +o0o, and we further
require that

< +o0. (3.6)

lim p =1, lim sp —d—, N =

Pen, (3.7)
e—0 e—0 £
and that
1 1

lim d/ lue| dz = v(xg), lim / uM dx = €y (xg) for every M € N, (3.8)

=0 p Qp(wo) =0 p Qp(z0)
From now on we drop the dependence on x¢ and simply write Q,; note that @, C B for € small
enough, since B is open. By (3.5 and (3.6)), the I'-liminf inequality follows once we produce a

lower bound for

KB Qp 23/ / $ y lus () — us(y)|2 dy dz
Rd\BR

5 g | y|d+2s
x y |ue(z) — us(y )|2 B
" / / g’ 8 |x — y|d+25 dy dz = Il,a + IQ,@- (3.9)

3.2. The periodic competitor. We fix M € N and a parameter § := §(¢) > 0 such that
1) €

lim — = 0, lim = = 0, lim 62 =1, (3.10)
e—=0p e—0 0 e—0
and, for w € L*(Q,), we set
_ 2
/ / x, Q) [wiz) = w(y)|” ﬁé’ﬁ' dy dz, (3.11)
S {le— y|>5} e e/ |r—y|
so that, discarding nonnegative contributions and using (3.3|),
Lo > Go(ul). (3.12)

We now replace u by an e-periodic function, in three steps: we flatten uM

extend it by p-periodicity, and we average its translates by eZ¢.

near 0Q,, we
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Lemma 3.1 (Periodic competitor). Let S := Q,\Q,—s, where Q,_s denotes the closed hypercube
of side p — § centred at xg, and let

1
Ce = — / uM (z) di, oM =M Xq, s + ¢ Xs,
S| Js
extended to RY by p-periodicity. Let N be as in ([3.7) and

1
M . M M . M
We = Nd E : UE,k? va,k = ( + Sk;)'

1 M 1 M
= wy (z)dr = — uy (z) dx, (3.13)
P Ja, rJa,

Ge(wl') < Gg(uy)+4dad_1ﬂM2(g25_(\/gp)2s)i

+2ad_1BM2<<g)_25 - (Vap)™), (3.14)

and

/Qp ay@) lwM ()| de < /Qp ay@) lue (2)[2 dz + d BM2p*16. (3.15)

Proof. By construction w is e-periodic and, since [uM| < M and |c.| < M, also [vM| < M
and |wM| < M. By the definition of c. we have |, 2 vMdy = pr uMdzx, while the p-periodicity

of vM gives pr oM = pr vM for every k € Z%; averaging over k gives (3.13)).
We prove (3.14). We first compare v} with u2. Splitting the domain of integration in

€

G-(vM) according to whether z and y belong to Q,—s or to S, the contribution of Q,_5 X Q,—s
is at most Ga(ué\/f ), the contribution of S x S vanishes because véw is constant on S, and, using
oM (z) —vM(y)| < 2M, a < B and |S| < d p?~16, the contribution of the remaining pairs is at
most

8BM? Ve 5
b | i |S] Ud_l/ 71725 dt < ddog_1SM? (5_28 — (\/gp)_%)f.
p P

£

We then compare w} with vM. Since a is 1-periodic, the integrand of G is invariant under
the simultaneous translation (x,y) — (x+¢k, y+¢ck); hence, setting Q" := Q,+¢k and assuming
without loss of generality that ek € [0, p)¢, we obtain

M M 2
G UM _ S/ / a E’ Yy ’ve (I‘) Ve (y)| dy da.
8( a,k) pd , N{lo—y| >} (5 5) |.T _ y|d+2s

We write Q' = Uae{O,l}d Ay with A, == Q' N (Q, + po); the sets A, — po are then pairwise
disjoint subsets of @), covering it, and we split the double integral accordingly. Since p/e € N
(recall (3.7)) and v} is p-periodic, the integrand is invariant under (z,y) — (z + po,y + po), so
that the contributions of the sets A, X A, add up to at most G, (vé\/l ). If instead 0 # 7, z € A,

and y € A,, the segment joining x and y meets Ujezd 0(Q, + pj), on whose §/2-neighbourhood
M

vM is constant; hence v (z) = vM (y) whenever |z — y| < §/2, and the contributions of the sets

Ay x A; with 0 # 7 add up to at most

=] =2t ((5) - (V)

p 5/2<e—y|<Vip} 1T —
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Since G. is convex, averaging over k € {0,..., N — 1}¢ gives ([3.14)).
Finally we prove (3.15)). Since |u}| < |u.| pointwise, it is enough to prove it with u} in place
of ue. As vM =uM on Qp—s and lwM| < M, using @¥ < 8 and |S| < d p?='6 we get

/Qpay(Z)wéw(w)ﬁde/Qp ay( )!u (@) dx + d gM?p s,

Moreover @V is 1-periodic, so that, arguing as above but without the contributions of the sets
Ay x Ar with o # 7, we obtain pr Ey(:b/€)|vé\§€|2dx = pr a¥(z/e)|vM|? dx for every k € Z%
the convexity of ¢ — t? concludes the proof. U

3.3. Lower bounds in the cell. We set
1
Ve = pd/ wé\/[(x) dz, we(z) = wé\/l(sz) — Ve, (3.16)
Qp

so that ¢ is 1-periodic with zero mean on @, |ve| < M and ||¢e||foo(ray < 2M. By (3.13) and

B3).

lim v, = &pr(x0). (3.17)

e—0

Moreover, since = — @¥(z/e)|wM (z)|? is e-periodic and Q,, is the union of N periodicity cells,
1
d/ 7 () ju ) ? e = / @ ()|ve + oo ()| de. (3.18)
PrJQ, & Q

Long-range interactions. Expanding the square in I ., see (3.9)), and dropping the nonnegative
term containing |u(y)|?, we get

(2,2) Juet)?
I, 7dd—J
/p/Rd\BR ) e e

_ s us<x> -(y)
/ /Rd\BR cle md y du. (3.19)

Let r > 0 be a fixed radius such that B C B,. For ¢ small enough we have R > 2r, so that
lz —y| > |y|/2 for every € B and y € R?\ Bg and, integrating in polar coordinates, one
obtains

where

dy —d—4
———— < (CyR s for every x € B.
_ d+4s —
R4\ B |z —y|?

Indeed, unlike its L' norm, the L? norm of the kernel vanishes as R — +oo. Hence, by a < f3,
applying the Cauchy—Schwarz inequality in y, and since the resulting bound is uniform in z, it
follows that

_d_ 1
] < CaBs R4 | 2y pd/ e (2)| de,
Qp
which vanishes as ¢ — 0 by (3.8, since s — 0 and R — +o00. Applying :Lemma 2.9| with
A =Q, C B, and u = u,, which is admissible for € small enough, and then (3.15)) and (3.18),
we conclude that

1)
L.> ad_1R_25/ @ (2)|ve + e (2))? dz — 0d-1ﬁdM2; —J. — K., (3.20)
Q

where K. := 2?353%}3—25”%”%2(% vanishes as ¢ — 0 by (3.7).
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Short-range interactions. We set b.(z,y) = a(x,y)|p:(z) — ¢e(y)|?, which is a 1-periodic
function with 0 < b, < 168M? and

wmmwzmzééwaw%w%@mez%wwaw (3.21)

where the last inequality follows from a > « and from fQ ¢ = 0. Since wM(z) — wM(y) =

@e(x/€) —pe(y/€), and since y € Q, whenever x € Q,_o5 and |z —y| < ¢, discarding nonnegative

contributions in Ga(wé‘/[ ) and applying with b = b., A = Q,—25, ¢ = 1 and outer

radius 4, we get

09:Q

p

Since |Qp—as]/p? — 1, [02:Qp—25| < Cap?~te and b. < 168M?, combining (3.12), (3.14) and
(3.22) we obtain

Le > ZEL(Ee = 07)b (1+0(1))

~C M2 <5_2$ (s+ % + i) + (g)fzs - (\/Ep)‘25>, (3.23)

Ge(wl) > Ud; (7 —07%) bs‘Q;d%’ — Caboe™ <2d+45 +2d

where C' = C(d, o, B).

3.4. Conclusion. Now, we divide the two cases A < +o0o and A = +oo, which are treated
separately.
The case A < +o0o. Here e72* — ) is bounded and ¢72* — §72% — X\ — 1, so that the error

term in (3.23)) vanishes by (3.7)) and (3.10)), and
ez 7501 [ [ alwg)leo) - e )P dedy + o) ase o,
QRJQ

2
Gathering this estimate with (3.9) and (3.20)), and recalling (2.4) and that R~ — 1, we get
1Be(Q Od—
gpg 0) > d2 L Ay (e, p2) + 0(1) as ¢ — 0. (3.24)

The case A = +o00. Here we discard Io. > 0 in (3.9)), and we only use (3.23|) to rule out the
oscillations of w. Indeed, £25672° — 0, so that £2° (5_25 — 5_25) — 1; multiplying (3.23) by
£2%, and using that £ (5_28 — 5_25) < 1 and that Iy, < pp(Q,)/p? is bounded by (3.6]), we

obtain S 5
%5(1 +o(1)) < 5251275+CM2<5+ £4e +523> Y
pop

therefore b, — 0 and, by (3.21)), ¢. — 0 in L?(Q). Since |v.| < M and @¥ < f3, this gives
/ () ve + pe(2) dz = |e]? / (2) dz + o(1) = @ v + o(1),
Q Q

so that, by and ,
KB, (Qp)
ol
where we used .

Conclusion. In both cases, since Ay(z,2¢) = 22A)\(1,¢), we have inf, Ay(z,p) = arz?, so
that

0d—1

5 Ay oolve|? + 0(1) as e — 0,

> oq1alve|* +o(l) =

15 (Qp) s Jd—
pt T2

Layve? +0(1) ase—0.
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Hence, by (3.6) and (3.17), and letting M — +o0,

d _
diﬁi(xo) > Udz L ay [u(zo)[? for £%-almost every zy € B. (3.25)
Integrating (3.25]) over B and recalling (3.5)), we obtain
liminf F.(u.) > 25 ay / lu(z)|? da.
B

e—0 2

Since B is an arbitrary ball, taking an increasing sequence of balls invading R, by monotone
convergence we conclude that

N 0d—1
>
hgl_gglf Fo(ug) > 5

GAHUH2L2(Rd) = Fy\(u),
which is the I'-liminf inequality.

4. LIMSUP INEQUALITY

The limit functional F) is continuous with respect to the strong topology of L?(R?); therefore,
by a diagonal argument it suffices to prove the existence of a recovery sequence, for every u in
a strongly dense subset of L?(R%). In our case, we consider the functions u € L?*(R?) whose
support is essentially contained in a cube and which are piecewise constant on dyadic cubes of
arbitrarily small side length. Without loss of generality, we may assume that u is supported in
the reference cube [0,1]% and that there exists n € N such that

u= > wXg,, (4.1)
keKn
where u € R, Q= 27"(k +[0,1)?) and K,, == {k € Z%: Q4 C [0,1]%} = {0,...,2" — 1}<.
We fix § > 0, and let ¢ € L?(Q) with zero mean be such that

AN(1,¢) < ay + 6. (4.2)

The function ¢ is extended to R? by 1-periodicity. Note that, by a density argument, we
may assume ¢ € C*®(R%) and that if A = 400, then ¢ = 0 (see Remark [2.2). We then set
L = Lip(p) maxger,, |ur| < 4oo.

We define the recovery sequence as

ue(w) = u(x) (1+ go(g)) z € R% (4.3)

2
First, note that ue = u, and there exists C' > 0, independent of e, such that [tel oo (ray < C.
Moreover, for every k € K,,, the restriction of u. — u to @ is smooth and

Up L
IV e~ )l = Vel ey < Z (1.4

We also point out that ue € H'(R?) for every t € (0,1/2).
We fix a parameter R := R(¢) > 0 such that

lim R = 400, lim R~ =1.

e—0 e—0
We also set
Y= U OQ.

keKy,
Note that > depends only on w, and that it satisfies

{z € R? : dist(z, X)) < T} < Csr for every 7 € (0,1], (4.5)



18 ANDREA BRAIDES ©, MARCO PICERNI ©, AND ALEC JACOPO ALMO SCHIAVONI PIAZZA

where Cx; > 0 depends only on d and u. We decompose the interactions into several regions
and discuss separately the contributions. Given a measurable set A C R? x R?, we consider the

localized functional ,
:v y lv(z) —v(y)|
dx dy. 4.
= [f oG D) - e (45)

For e small enough so that [0, 1]d C Bg, we divide R? x R? into the following sets
A= {(z,y) € RYxR%: 2 ¢ Bpory¢ Br},
Moo= |J {(z,9) € Qr x Q1 : [ —y| <1},

ke K,
Ase={(z,y) € Bp x Br: |z —y| > 1},
Ase:={(z,y) € Be x Bp: |z —y| <1} \ Agp.

We note that Ay, does not depend on e, but we include the index to simplify the notation
throughout. For every £ > 0 small enough and every v € L%(R?), it holds

4
= Fo(v,Age). (4.7)
k=1

We show that the contributions coming from sets A3 . and A4, are asymptotically negligible.

We first consider Az .. Since u. vanishes outside [0, 1]¢, only pairs (x,y) € A3 with z € [0, 1]
or y € [0,1]% contribute, and for such pairs we have 1 < |z —y| < 2R. Hence, using the symmetry
of a, a < 8 and with A = [0,1]¢, r; = 1 and 75 = 2R, we obtain

|ue () — uc(y)|?
Fe(ue, A e) < Qﬁs/ / dy dx
(e, Ase) 01)4 J{1<la—yl<2ry T —ylTT

< 4B04_1 sup HueH%oo(Rd)(l — (2R)_25).
£

Since R72* — 1 and (u.) is bounded in L>(R?), it follows that
lim sup F(us, A3z .) = 0. (4.8)

e—0

We now consider Ay .. Again, only pairs (z,y) € Ay with 2 € [0,1]¢ or y € [0,1] contribute.
For such pairs,  and y do not belong to the same cube @y, so that the segment that joins them
intersects ¥ and dist(x, ¥) < | —y| < 1. Therefore, by and [Lemma 2.6} for & small enough
so that s < 1/2, we get

|ue () — ue(y)?
F, u,A4,)§ﬂs// dy dx
(e, Aac (dist(z,5)<Jo—y|<1} T — y|4T2

_5
1—2s
Since s — 0 and (u¢) is bounded in L>®(RY), it follows that
lim sup F(ue, Ay ) = 0. (4.9)

e—0

< 4804_1Cx sup ”us ||%00(Rd)
€

We now consider Aj .. Since u. vanishes outside [0, 1]¢ and [0, 1] C Bg, by the symmetry of

a we have
1 2
Fo(ue,Aic) =2 Z s|uk|2/ / 9: Yy Mdydm.
keRn Rd\BR 5 5 |z — y| o2
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For ¢ small enough, we have R > max{2v/d,Vde}. Hence, applying with A = Q C
Bf,p:\/gandu:ug,weget

\f—i—s

25”“6”%2(]1@1)7

Fu(ue, Are) —0aa B Y Jugf? / (D)4 o(2)] ] < 20485

keKn

where Cy is the constant given by Since s — 0, R — +o0o, R72 — 1 and (u.) is
bounded in L2(R?), it follows that

iy (e ) =ur 3 ff? | @(E)[1-+9(%)[ te) =0

keKy,

Finally, since the function x + @¥(x)|1 + ¢(z)|? is 1-periodic and bounded, by the Riemann—
Lebesgue lemma, we obtain

. Od—
i P Ar) = 5L ST (Qul 2 / V@)L + (@) da

keKn

- Ud271 (2/ay($)|1+s0(x)|2dx>||u||%2(Rd). (4.10)
Q

We finally consider Ay .. We first assume that A < 4+o00. For z,y € Q we have u.(z) —u.(y) =
up(p(x/e) — o(y/e)); therefore, enlarging the domain of integration in y, we get

2
x xr/e)— I3
F(us, Age) < s|uk|2/ / 7g)l¢< ) =W/ g,
ek Qk J{|a— y|<1} 6 € |z —y

We split the inner integral into the contributions of {|z —y| <&} and {e < |z —y| < 1}.
Since |ug||p(z/e) — p(y/e)| < L|z — y|/e, integrating in polar coordinates we get

_ 2 €
s]ukz/ / ﬂff’y) lp(z/e) 95%3/5” dydz < ﬁLQE_ZSUd—l/ =25 gy
keK,, ke JA{|lz— y\<a} € ¢ |.%' - y| 0

_ ﬁ;d—;LQ g2,
— 48

which vanishes as € — 0, since s — 0 and €72° = \ < +o0.

Now, we set b(x,y) == a(z,y)|p(x) — ©(y)|?, which is a 1-periodic Borel function with 0 < b <

489112 gy and
b= / / a(e,y)lo(@) — o)) de dy.
QRJIQ

Applying with A = Qg, ¢ = 1 and outer radius 1, together with [Observation 2.8| for
€ small enough we get

z y\lelz/e) — o(y/e)? Od—1, 25  \7
s a\—, = 5 ydx < e ™ —1)b|Qk]
/Qk/{s<|my|<1} (5 5> |x_y|d+2 2 ( )
+ 4Cdr3”90||%oo(md) 5728(2d+45|Qk| + 2d|32an|),
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where Cy is the constant given by Since s — 0, e72 — A, and [02:Qr| — 0, it
follows that

. g,
limsup Fr(ue o) < 7L ST ugIQel 1// (2, 9)l (@) — o(y)|? de dy

e—0 keK,
TJ—
= - a(ﬂfay)ls@(ﬂf)—W(y)|2d$dy||u||i2(ﬂgd)- (4.11)
2 QJQ

If A = 400, then ¢ = 0, so that Fy(us, A2.) = 0 and (4.11]) holds with the convention (4+00)-0 =

0.
Gathering (4.7), (4.8), (4.9), (4.10) and (4.11)), and recalling (2.4)), we obtain
4
lim sup F;(u.) < limsup ( e(ue, A1 g) + Fx(ue, A26 + thsupF (te, Age)
e—0 e—0 =3 e—0
Od—1
< 9 A)\(L(P)HUH%%W)-
By (4.2), we conclude that
. Od—
lim sup Fx (ue) < Fx(u) + =5 6[ull}» ga)- (4.12)
e—0 2

By the arbitrariness of § — 0 and a diagonal argument, this gives the the I-limsup inequality.

5. THE CASE OF A GENERAL 1 < p < o0

In this section, we briefly comment on the modifications needed to prove the analogue of
Theorem [I.1]in the case of 1 < p < oo. The preparatory results of Section [2.2 hold for general p,
mutatis mutandis, and similarly for the strategies carried out in the I'-liminf/limsup inequalities.
The only role of p = 2 is played in the I'-liminf inequality, for expanding |u(z) — u(y)|?> and
consequently proving an estimate of the form

25// l‘y‘uz—:() ()’2dydl‘>28// xy ’us()’dd$+0()
]Rd\BR 5 5 |y|d+2s Rd\BR 5 5 |y|d+2s

(5.1)
where B C R? is a fixed ball and R > 1. Indeed, expanding the square and throwing away
the contribution from |u(y)|?, one obtains an error where u(y) appears to be raised to a lower
power. This allows us to bound it by using that the L?-norm of the singular kernels s|y|=92
in the region R?\ Bg goes to zero as R — +oo and s — 0.

In the case of a general p, there is a natural replacement of this procedure. Indeed, for every
t,7 € R it holds

e =P = 1tP| < Gy el + 7). Gy o= pmax{1, 272},

so that, integrating Hus () —us(y)|P — ]ug(:c)|p’ against s|y|~?~*P, the error in the analog of (5.1)
is bounded by

e (2) [P~ ue ()] |ue(y)[P
2BC, s// dy dx + 28C, s// dy dx.
R4\ Bp |y|d+sp R4\Bg |y| s

In the formula above, the second term is bounded by Cp 4,5 R~47*P sup,- [[uell?, (

Rd)? which is
infinitesimal, while it can be shown that the first term goes to zero by improving the integrability
of the kernels as in the case p = 2, using a bound in some L't9 with § > 0 instead of LZ.

Finally, the complete statement in the general case is as follows.
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Theorem 5.1 (Homogenized Maz’ya-Shaposhnikova). Let a: R¢xR? — R be a Borel 1-periodic
function such that there exist O < « < B for which o < a(x,y) < B for all z,y € R, Let
l1<p<oo,e>0ands:=s() e . Let

93 y lu(z) — u(y)|?
= dz d 2
P p(u /R/R s ) deay (52)
be defined in LP(RY). If lim. ,os = 0 and

lime P = X € [1, 4+0o0],

e—0
then

Od—1

: _ P

F'il_l)l(l)F&p(u) - uHLp(]Rd)v

for all u € LP(R?), where the I'-limit is computed with respect to the sequential weak topology of
LP(RY), and ay,, is given by

oy = int{ [ [ @t + oty + oo dy
A1) [ [ atelete) - P dedy o € 7Q) and | o) dz =0} (53)

if A < 400, while
Afoop = 2/ / a(z,y)dz dy. (5.4)
QJQ
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