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Entropy-regularized optimal transport (EOT) has become a key tool in op-
timal transport, providing both theoretical insight and efficient computation
via the Sinkhorn algorithm. We study the first-order Γ-expansion of EOT as
the regularization parameter ε vanishes, by rewriting EOT as the minimiza-
tion of a relative entropy with respect to a Gibbs measure Pε associated with
the duality gap energy. Using a mild extension of the Laplace method, we
prove the convergence of the Gibbs measures and derive this Γ-expansion for
non-degenerate ground costs, under suitable assumptions on the duality gap,
the contact set and the marginals. This yields at the same time an entropic
selection principle and an expansion of the EOT cost up to o(ε) for this class
of ground costs, generalizing existing results.
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1 Introduction
Optimal transport (OT) has emerged as a central research topic at the intersection of
probability theory, partial differential equations, and optimization, with applications in
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fields such as economics, machine learning, and image processing. The monographs of
Villani [Vil08] and Santambrogio [San15] provide comprehensive accounts of its mathe-
matical foundations. Applications to economics are developed in [Gal16], while [PC19]
surveys computational methods and applications to data science. Large discrete trans-
port problems can nevertheless be expensive to solve, and high-dimensional statistical
estimation presents additional difficulties.

These computational challenges have renewed interest in entropy-regularized opti-
mal transport (EOT). Entropic regularization leads to a strictly convex problem whose
discrete solution can be computed by iterative matrix scaling, following the work of
Sinkhorn [Sin64; Sin67]. Its use for large-scale transport was popularized by Cuturi
[Cut13] and developed through iterative Bregman projections in [Ben+15]. Convergence
results for the Sinkhorn algorithm range from the matrix-scaling analysis of Franklin and
Lorenz [FL89] to continuous and multi-marginal settings [DG20; EN22], and complexity
guarantees for approximate discrete OT are established in [ANR17]. Statistical benefits
at fixed regularization have also been quantified for Sinkhorn divergences [Gen+19] and
entropic transport costs [MN19], with bounds that depend on the regularization param-
eter. We refer to [PC19; Nut21] for broader perspectives on EOT and its applications.

EOT also has a probabilistic interpretation through the Schrödinger problem and
variational problems for stochastic processes [Mik90; Léo14], where ε plays the role of
a noise or temperature parameter. It is therefore natural to investigate the behavior
of the optimal plans and values as ε tends to zero. The zero-noise connection with
quadratic OT was established by Mikami [Mik04], and variational convergence was sub-
sequently developed in [Léo12; Car+17] in the two-marginal case, and in [GKR20] in the
multi-marginal case, including singular repulsive costs. Convergence of the associated
potentials is studied in [NW22], and a complementary geometric approach is given by
Bernton, Ghosal, and Nutz [BGN22], who describe concentration of the entropic op-
timizers through large-deviation estimates and relate the rate function to Kantorovich
potentials.

Finer asymptotics of the optimal value have been studied in several settings. For
the quadratic cost, a next-order variational convergence of the entropic cost, viewed
as a function of one marginal, arises in the connection between large deviations and
Wasserstein gradient flows [Ada+11; DLR13; EMR15]. Pal [Pal24] identifies the next
asymptotic term for smooth strictly convex displacement costs under suitable regularity
and elliptic assumptions on the potentials, while Conforti and Tamanini [CT21] ob-
tain differentiation formulas and a second-order expansion in the Schrödinger setting.
For general C2 non-degenerate ground costs c (i.e. such that the mixed Hessian D2

xyc
is invertible), Carlier, Pegon, and Tamanini [CPT23] establish the leading correction
d
2ε log(1/ε)+O(ε), which is extended to the multi-marginal setting by Nenna and Pegon
[NP25]. A different approach based on quantization of measures yields further conver-
gence bounds in [EN24]. The separate behavior of the transport and entropy terms
appearing in the total EOT cost, together with quantitative convergence of the plans, is
studied by Malamut and Sylvestre [MS25].

When the unregularized problem admits several minimizers, whether the entropic
plans converge and, if so, which optimal plan is selected is an open problem in general.
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For discrete problems, the work of Cominetti and San Martín [CS94] on exponential
penalties in linear programming establishes convergence to the entropy-minimizing op-
timal solution, with exponential convergence rates, and non-asymptotic quantitative
bounds were later obtained by Weed [Wee18]. In the continuous setting, a direct en-
tropy selection argument still applies when an optimal plan has finite relative entropy
[Nut21], but the main difficulty arises when every optimal plan is singular with respect
to the product of the marginals, so that the relative entropy is infinite on the entire
optimal set.

For the Euclidean distance cost on the real line, which is neither C1 nor non-degenerate,
the set of admissible destinations of a typical source x is a one-dimensional segment,
called a transport ray. In this case, Di Marino and Louet [DL18] identify an entropic se-
lection through a renormalized Γ-limit under suitable integrability assumptions. Ley
[Ley25] obtains complementary convergence results for less regular marginals under
a componentwise mutual-singularity condition. In higher dimensions, selection along
transport rays is studied by Aryan and Ghosal [AG25] and more recently by Nutz and
Zhong [NZ26], who establish a variational characterization of the selected plan as a
constrained relative-entropy minimizer with geometry-dependent reference measures on
transport rays.

Main contributions and strategy. The main purpose of this paper is to derive an en-
tropic selection principle, through a Γ-convergence approach, when the ground cost c
is non-degenerate but not necessarily twisted. In this situation, the set of admissible
destinations of a typical source x is a locally finite set but need not be a singleton. We
first consider the case of two marginals (µ1, µ2) on the flat torus Td, to avoid boundary
issues, then explain how to handle the case of Rd. We assume that the contact set Σ,
defined as the zero set of the duality gap energy E def.= c−φ1 ⊕φ2, (φ1, φ2) being a pair
of Kantorovich potentials, is a d-dimensional C1,1 submanifold. This is a strong assump-
tion: under non-degeneracy alone, McCann, Pass and Warren [MPW12] only guarantee
that Σ is contained in a d-dimensional locally Lipschitz submanifold. We impose it to
keep technicalities under control, since the construction of a recovery sequence is already
delicate in the C1,1 setting, leaving the general case for future work.

Under our assumptions, the normal Hessian Hess⊥E of E, defined on Σ as the Hessian
of E restricted to the normal space of Σ, is positive definite. Roughly speaking, the
Gibbs measure Pε = Z−1

ε e−E/εµ1 ⊗ µ2 behaves like a Gaussian with covariance matrix
ε(Hess⊥E)−1 in the normal fibers to the manifold, and concentrates on Σ as ε → 0.
We extend the results of Hwang [Hwa80], who proves convergence towards a probability
measure P0 with an explicit density with respect to the volume measure on Σ, from C2 to
C1,1 regularity, and to compactly supported marginals on Rd, in which case Σ need not
be compact. We then prove that the relative entropy with respect to the concentrating
Gibbs probabilities, which coincides with the entropy-regularized functional up to an
additive constant and a factor ε (see Proposition 2.1), Γ-converges under the original
marginal constraints to the relative entropy with respect to this limiting probability.
Since there always exists an optimal plan with finite limiting entropy, the limit problem
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has a unique minimizer, which is the selected optimal plan, and the entropic plans
converge to it.

The principal difficulty lies in the construction of a recovery sequence for the Γ-lim sup,
which must approximate the relevant Gaussian profile in the normal fibers while satis-
fying the marginal constraints exactly. We first perturb an arbitrary admissible plan
with finite limiting entropy by a varying Gaussian kernel in the normal fibers, so as
to obtain an approximate recovery sequence that converges in energy but only satisfies
the marginal constraints in the limit. The most delicate step is then to estimate how
much these constraints are violated along the sequence. Roughly speaking, the center-
ing of the normal kernels makes the first-order contributions cancel, so that the squared
Wasserstein distance between the marginals of the perturbed plans and the prescribed
ones is o(ε), although the normal variance is of order ε. Thanks to this estimate, the
shadow construction of [EN22] finally allows us to correct the marginals while preserving
convergence in energy.

To state the resulting Γ-expansion, in the sense of Braides and Truskinovsky [BT08],
we consider the functionals defined on P(Ω), where Ω def.= Td × Td, by

Fε(γ) def.=
ˆ

Ω
cdγ + εEnt(γ |µ1 ⊗ µ2) + χΠ(µ1,µ2)(γ) (ε > 0),

F (0)(γ) def.=
ˆ

Ω
c dγ + χΠ(µ1,µ2)(γ),

where Π(µ1, µ2) denotes the set of couplings γ ∈ P(Ω) having µ1 and µ2 as marginals,
and χ denotes the indicator function in the sense of convex analysis. Writing µi = ρi dx,
we also define the first-order functional

F (1)(γ) def.= Ent(γ | P0) + χΠ(µ1,µ2)(γ) − logZ0 − d

2 log(2π),

where P0 is the probability measure on Σ given by

dP0(x1, x2) def.= 1
Z0

ρ1(x1)ρ2(x2)√
det Hess⊥E(x1, x2)

dHd
|Σ(x1, x2),

where Hd
|Σ denotes the d-dimensional Hausdorff measure restricted to Σ and Z0 is the

normalizing constant.

Theorem A (Γ-expansion and entropic selection). Assume that (H1)–(H4) of Sec-
tion 2.2 hold. In particular, M1 = M2 = Td, c is non-degenerate near Σ, and Σ is
a d-dimensional C1,1 submanifold. Then the following holds.

(i) (Γ-expansion) The functionals Fε admit the first-order Γ-expansion

Fε − d

2ε log(1/ε) Γ= F (0) + εF (1) + o(ε), (1.1)

which means that (Fε − min F (0))/ε− d
2 log(1/ε) Γ-converges to F (1) for the weak

convergence of probability measures.
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As a consequence:

(ii) (Asymptotics of the cost) The minimum of F (1) is finite, and

min Fε = min F (0) + d

2ε log(1/ε) + εmin F (1) + o(ε). (1.2)

(iii) (Entropic selection) The unique minimizer γε of Fε converges weakly, as ε → 0,
to the unique minimizer γ0 of Ent(· | P0) among all optimal transport plans, which
is also the unique minimizer of F (1).

We then treat compactly supported marginals on Rd and illustrate the selection prin-
ciple for the non-twisted cost of [MPW12, Example 3.1]. The extension to N marginals
is stated separately under an explicit normal-rank condition. Finally, we apply it to a
repulsive harmonic problem with three marginals on the circle.

Organization of the paper. Section 2 introduces the transport problems, our assump-
tions, and the geometry of the contact set. Section 3 deals with the contact set and
its tubular neighborhood, and states the geometric Laplace method. Section 4 con-
structs the recovery sequence, proves the constrained Γ-convergence, and derives the
Γ-expansion and its consequences. Section 5 gives the proof of the geometric Laplace
method in the case of the flat torus and the Euclidean space, and provides the multi-
marginal extension of our results, together with some examples.

2 Entropic Optimal Transport, assumptions and geometry of
the contact set

2.1 Preliminaries on Entropic Optimal Transport
We consider two compact metric spaces M1 and M2, endowed with probability measures
µ1 and µ2, and a continuous cost function c : Ω → R, where Ω def.= M1 × M2. Typical
examples are closed Riemannian manifolds, such as the flat torus of Section 2.2, or
compact subsets of Rd, as in Section 5.1. The Monge–Kantorovich optimal transport
problem reads

inf
γ

{ˆ
Ω
c(x) dγ(x)

∣∣∣ γ ∈ Π(µ1, µ2)
}
, (OT)

where
Π(µ1, µ2) def.=

{
γ ∈ P(Ω)

∣∣∣ (projMi
)#γ = µi for every i = 1, 2

}
denotes the set of probability measures on Ω having µ1 and µ2 as marginals.

It is well known that the optimal transport problem admits a dual formulation, for
which strong duality holds and maximizers exist as soon as M1, M2 are compact and c
is continuous (see [San15, Chapter 1]). The dual problem is given by

sup
(φ1,φ2)

{ˆ
M1

φ1 dµ1 +
ˆ
M2

φ2 dµ2
∣∣∣ φ1 ⊕ φ2 ≤ c, φi ∈ C(Mi) for i = 1, 2

}
, (Dual)
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where (φ1 ⊕ φ2)(x1, x2) def.= φ1(x1) + φ2(x2). Any pair (φ1, φ2) attaining the supremum
in (Dual) is called a pair of Kantorovich potentials. Given such a pair, we define1 the
duality gap energy E : Ω → R+ and the contact set respectively by

E
def.= c− φ1 ⊕ φ2 and Σ def.= {x ∈ Ω : E(x) = 0}.

Since E is continuous and nonnegative, strong duality yields the following characteriza-
tion of optimality:

γ ∈ Π(µ1, µ2) is a solution of (OT) ⇐⇒ spt(γ) ⊆ Σ. (2.1)

For any ε > 0, the entropy-regularized two-marginal optimal transport problem is
defined by

inf
γ

{ˆ
Ω
c(x) dγ(x) + εEnt(γ |µ1 ⊗ µ2)

∣∣∣ γ ∈ Π(µ1, µ2)
}
, (OTε)

where, for γ ∈ P(Ω) and a probability measure ν on Ω, the relative entropy is given by

Ent(γ | ν) def.=


ˆ

Ω
log

(dγ
dν (x)

)
dγ(x) if γ ≪ ν,

+∞ otherwise.

We use the same notation when ν is a nonnegative Borel measure which is not a proba-
bility (e.g. a Hausdorff measure), whenever the integral is well defined.

We start by making the following observation.

Proposition 2.1. For ε > 0, let Pε be the Gibbs probability measure defined by

Pε
def.= 1

Zε
exp

(
−E

ε

)
µ1 ⊗ µ2, Zε

def.=
ˆ

Ω
exp

(
−E(x)

ε

)
d(µ1 ⊗ µ2)(x).

Then, for every γ ∈ Π(µ1, µ2),ˆ
Ω
cdγ + εEnt(γ |µ1 ⊗ µ2) = OT(µ1, µ2) + εEnt(γ | Pε) − ε logZε, (2.2)

where OT(µ1, µ2) denotes the value of (OT). In particular, problem (OTε) has the same
minimizers as

inf
γ

{
Ent

(
γ
∣∣ Pε

) ∣∣∣ γ ∈ Π(µ1, µ2)
}
, (EOTε)

Proof. Let γ ∈ Π(µ1, µ2). Since γ has marginals µ1 and µ2, strong duality gives´
Ω φ1 ⊕ φ2 dγ = OT(µ1, µ2), hence

´
Ω cdγ = OT(µ1, µ2) +

´
ΩE dγ. Moreover, since

E is bounded, the measures Pε and µ1 ⊗ µ2 are equivalent, with bounded log-density
log d Pε

d(µ1⊗µ2) = −E
ε − logZε, so that

εEnt(γ |µ1 ⊗ µ2) = εEnt(γ | Pε) −
ˆ

Ω
E dγ − ε logZε,

both sides being possibly infinite. Summing the two identities gives (2.2).
1E may depend on the choice of Kantorovich potentials, but the Γ-expansion result actually will not.
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2.2 Main assumptions and geometry of the contact set
We first consider two marginals on flat tori. A Euclidean extension is given in Section 5.1.

(H1) For i = 1, 2, Mi = Td, with the flat product metric. The cost c is continuous, and we
fix optimal continuous Kantorovich potentials φ1, φ2. The cost is C2 and satisfies
the non-degeneracy (or infinitesimal twist) condition on an open neighborhood
U ⊂ Ω of the contact set Σ:

D2
x1x2c(z) : Tx2M2 −→ Tx1M1 is invertible for every z = (x1, x2) ∈ U.

(H2) The duality gap E(x1, x2) = c(x1, x2) − φ1(x1) − φ2(x2) ≥ 0 belongs to C2,1(Ω).

(H3) The contact set Σ = {E = 0} is a nonempty C1,1 submanifold without boundary,
of dimension d. We denote by k def.= d ≥ 1 its codimension in Ω.

(H4) The marginals have densities µi = ρi d volMi , with ρi Lipschitz and 0 < α ≤ ρi ≤
β < ∞ on Mi, for i = 1, 2.

Remark 2.1 (About assumption (H3)). Under (H1)–(H2), the implicit function theorem
shows that S def.= {z ∈ U : ∇x1E(z) = 0} is a d-dimensional C1,1 submanifold, since
Dx2(∇x1E) = D2

x1x2c is invertible. As Σ ⊆ S, (H3) amounts to Σ being relatively open
in S (compare with [MPW12], where Σ is shown to lie in a Lipschitz submanifold).
Moreover, (H3) implies that Σ = {∇E = 0} in a neighborhood of Σ, by the positive
definiteness of the normal Hessian (see Proposition 2.2). Requiring this equality globally
would however not be natural: {∇E = 0} contains the maximum points of E and need
not be a d-dimensional submanifold. For the bilinear cost c(x1, x2) = −⟨x1, x2⟩ in the
Euclidean setting, E(x1, x2) = u(x1) + u∗(x2) − ⟨x1, x2⟩ with u convex is convex in each
variable, so that S = Σ and (H2) implies (H3).

We set ρ(x1, x2) = ρ1(x1)ρ2(x2) and µ⊗ = µ1 ⊗ µ2 = ρ d volΩ. For z ∈ Σ, the normal
Hessian is

HzE
def.= Hess⊥E(z) = HessE(z)|NzΣ, NzΣ = (TzΣ)⊥.

Proposition 2.2. Under (H1)–(H3),

ker HessE(z) = TzΣ (z ∈ Σ),

and both coordinate projections projΣMi
: Σ → Mi are local C1,1 diffeomorphisms. More-

over, there exist constants 0 < λ ≤ Λ < ∞ such that

λ|v|2 ≤ HzE(v, v) ≤ Λ|v|2 (z ∈ Σ, v ∈ NzΣ). (2.3)

Proof. Since E ≥ 0 and E = 0 on Σ, we have ∇E = 0 on Σ, and HessE(z) is positive
semidefinite there. Differentiating ∇E = 0 along Σ gives TzΣ ⊆ ker HessE(z). The
separated form of the potentials implies D2

x1x2E = D2
x1x2c near Σ: this identity also

follows directly by taking mixed differences, without initially assuming differentiability of
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the potentials. Thus the mixed block of HessE(z) has rank d, so rank HessE(z) ≥ d. The
preceding kernel inclusion and dimTzΣ = d give the reverse inequality. Consequently,
ker HessE(z) = TzΣ.

The differential of projΣM1
at z is the restriction of (u, v) 7→ u to TzΣ, whose kernel

consists of the vectors (0, v) ∈ TzΣ = ker HessE(z). For such a vector, the first compo-
nent of HessE(z)[(0, v)] = 0 reads D2

x1x2c(z)v = 0, whence v = 0. Thus D projΣM1
(z) is

injective, hence an isomorphism since dimTzΣ = d = dimM1, and the inverse function
theorem shows that projΣM1

is a local C1,1 diffeomorphism. The same argument applies
to projΣM2

. Finally, positive semidefiniteness and the kernel identity ker HessE(z) = TzΣ
make the restriction HzE of HessE(z) to NzΣ = (TzΣ)⊥ positive definite. Continuity
of the Hessian and the normal spaces, together with compactness of Σ, gives (2.3).

Remark 2.2 (Vertical and horizontal branches for the two-marginal problem). By Propo-
sition 2.2, both projections projΣM1

and projΣM2
are local diffeomorphisms. In particu-

lar, Σ has neither vertical nor horizontal branches, that is, points z ∈ Σ such that
rank(D projΣM1

(z)) < d, respectively rank(D projΣM2
(z)) < d.

3 Convergence of the Gibbs measure
3.1 Tubular coordinates around the contact set
By (H3), Σ is a compact C1,1-submanifold of Ω, and thus has positive reach in the
sense of Federer [Fed59]. Consequently, there exists r0 > 0 such that, setting, for every
0 < r ≤ r0,

NrΣ
def.= {(z, v) : z ∈ Σ, v ∈ NzΣ, ∥v∥ < r} , Σr

def.= {x ∈ Ω : dist(x,Σ) < r},

the nearest-point projection projΣ : Σr0 → Σ is well defined and Lipschitz, and the
map (z, v) 7→ z + v is a bi-Lipschitz bijection from NrΣ onto Σr, with inverse x 7→
(projΣ(x),x − projΣ(x)). Here the addition is understood componentwise and modulo
Zd on each torus factor.

Lemma 3.1 (Lipschitz normal frame). Under (H1)–(H3), there exists a Lipschitz map
n = (n1, . . . , nk) : Σ → R2d×k such that, for every z ∈ Σ, the columns n1(z), . . . , nk(z)
form an orthonormal basis of NzΣ.

Proof. By Proposition 2.2, the projection projΣM1
is a local C1,1 diffeomorphism, so that,

locally, Σ is the graph of a C1,1 map x1 7→ x2. Identifying the tangent spaces of the
flat tori with Rd, this means that, for every z ∈ Σ, TzΣ = {(u,B(z)u) : u ∈ Rd} for
some matrix B(z) ∈ Rd×d, where z 7→ B(z) is locally Lipschitz, hence Lipschitz on Σ by
compactness. Hence NzΣ = {(−B(z)⊤w,w) : w ∈ Rd}, that is, the columns of

N(z) def.=
(

−B(z)⊤

Id

)
∈ R2d×k
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form a basis ofNzΣ. Since their Gram matrixN(z)⊤N(z) = Id+B(z)B(z)⊤ is symmetric
positive definite, we obtain an orthonormal basis of NzΣ by setting

n(z) def.= N(z)
(
Id +B(z)B(z)⊤)−1/2

, so that n(z)⊤n(z) = Ik.

The map n is Lipschitz, as B is.

We fix such a frame n. For every z ∈ Σ and s ∈ Rk, we thus have

n(z)s =
k∑
p=1

spnp(z) ∈ NzΣ.

Through the isometry n(z) : Rk → NzΣ, we write HzE(s, s) for HzE(n(z)s, n(z)s), so
that (2.3) holds for every s ∈ Rk, and detHzE for the determinant of the k × k matrix
with entries HzE(np(z), nq(z)), which does not depend on the choice of the orthonormal
frame. Denoting by Br the open ball of radius r centered at 0 in Rk, we define the
tubular parametrization

Φ(z, s) def.= z + n(z)s, z ∈ Σ, s ∈ Br0 ,

which, by the above, is a bi-Lipschitz bijection from Σ×Br onto Σr for every 0 < r ≤ r0.
Moreover, since z = projΣ(Φ(z, s)), we have

dist
(
Φ(z, s),Σ

)
= |s| for every (z, s) ∈ Σ × Br0 , (3.1)

which will be used repeatedly in the sequel. Since n is Lipschitz, it is differentiable along
Σ at Hd-a.e. point, by Rademacher’s theorem. For such z ∈ Σ and p ∈ {1, . . . , k}, we
denote by

Gp(z) : TzΣ −→ TzΣ
the linear operator determined by the tangential component of Dnp(z), namely

projTzΣ
(
Dnp(z)[X]

)
= Gp(z)X, X ∈ TzΣ,

where projTzΣ denotes the orthogonal projection of R2d onto TzΣ. For s ∈ Rk, we set

G(z, s) def.=
k∑
p=1

spGp(z).

Lemma 3.2. Under (H1)–(H3), for Hd-a.e. z ∈ Σ and every s ∈ Br0, the map Φ
is differentiable at (z, s), and its Jacobian JΦ(z, s), that is, the absolute value of the
determinant of DΦ(z, s) : TzΣ × Rk → R2d in orthonormal bases, is

JΦ(z, s) =
∣∣∣det

(
IdTzΣ +G(z, s)

)∣∣∣.
Moreover, there exists C > 0 such that

∥G(z, s)∥ ≤ C|s|

for Hd-a.e. z ∈ Σ and every s ∈ Rk.
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Proof. Fix z ∈ Σ at which n is differentiable along Σ. Since Φ(z, s) = z+ n(z)s is affine
in s, the map Φ is differentiable at (z, s) for every s ∈ Br0 , and, for X ∈ TzΣ and t ∈ Rk,

DΦ(z, s)[X, t] = X +
k∑
p=1

spDnp(z)[X] + n(z)t =
(
X +G(z, s)X

)
+Q(z, s)X + n(z)t,

where Q(z, s)X def.= projNzΣ
(∑k

p=1 spDnp(z)[X]
)

∈ NzΣ. Hence, decomposing the target
space as R2d = TzΣ ⊕ NzΣ, the operator DΦ(z, s) : TzΣ × Rk → TzΣ ⊕ NzΣ has the
block lower triangular form

DΦ(z, s) =
(

IdTzΣ +G(z, s) 0Rk→TzΣ
Q(z, s) n(z)

)
.

Let (e1, . . . , ed) be an orthonormal basis of TzΣ. By Lemma 3.1, the vectors e1, . . . , ed,
n1(z), . . . , nk(z) form an orthonormal basis of R2d, in which the block n(z) has matrix
Ik. Computing JΦ(z, s) in this basis and in the orthonormal basis of TzΣ × Rk formed
by (e1, . . . , ed) and the canonical basis of Rk, we obtain JΦ(z, s) =

∣∣det
(
IdTzΣ +G(z, s)

)∣∣.
Finally, denoting by Lip(n) the Lipschitz constant of n, we have ∥Gp(z)∥ ≤ ∥Dnp(z)∥ ≤
Lip(n) for every p, whence ∥G(z, s)∥ ≤

∑k
p=1 |sp| ∥Gp(z)∥ ≤

√
k Lip(n)|s|.

Since Φ is a bi-Lipschitz bijection from Σ × Br onto Σr, the area formula gives, for
every 0 < r ≤ r0 and every nonnegative Borel function f on Σr,

ˆ
Σr

f d volΩ =
ˆ

Σ

ˆ
Br

f
(
Φ(z, s)

)
JΦ(z, s) ds dHd(z). (3.2)

After decreasing r0, we may assume that Cr0 ≤ 1/2, so that ∥G(z, s)∥ ≤ 1/2 for Hd-a.e.
z ∈ Σ and every s ∈ Br0 . In particular, det

(
IdTzΣ +G(z, s)

)
> 0, and expanding the

determinant gives

JΦ(z, s) = 1 + L(z, s) +O(|s|2), L(z, s) def.= trG(z, s), (3.3)

where the remainder is uniform in z. The function L(z, ·) is linear, hence odd, and
|L(z, s)| ≤ dC|s|. In particular,

JΦ(z,
√
εs) = 1 +

√
εL(z, s) +O(ε|s|2) whenever

√
ε|s| < r0. (3.4)

3.2 Geometric Laplace’s method
Proposition 3.3. Under (H1)–(H3), there exist constants r > 0 and 0 < C ≤ C < +∞
such that, for every x ∈ Ω satisfying dist(x,Σ) ≤ r, one has

C dist(x,Σ)2 ≤ E(x) ≤ C dist(x,Σ)2.
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Proof. Let r0 > 0 be as in Section 3.1, and let x ∈ Σr0 . Then x = Φ(z, s) with
z = projΣ(x) and a unique s ∈ Br0 , and |s| = dist(x,Σ) by (3.1). Since z is a minimum
point of E ≥ 0, one has E(z) = 0 and ∇E(z) = 0, so that a Taylor expansion of E gives

E(x) = 1
2HzE(s, s) + R(z, s), R(z, s) = O

(
|s|3

)
as s → 0,

uniformly with respect to z ∈ Σ, since E belongs to C2,1(Ω). By (2.3), λ|s|2 ≤
HzE(s, s) ≤ Λ|s|2. Taking r < r0 small enough, we have |R(z, s)| ≤ λ

4 |s|2 whenever
z ∈ Σ and |s| ≤ r. Consequently,

λ

4 dist(x,Σ)2 ≤ E(x) ≤ 3Λ
4 dist(x,Σ)2,

and the conclusion follows by setting C def.= λ
4 and C

def.= 3Λ
4 .

Theorem 3.4. Under (H1)–(H4), as ε → 0, the Gibbs measure Pε converges weakly to
a probability measure P0, given by

dP0(z) = 1
Z0

(detHzE)−1/2 ρ(z) dHd
|Σ(z), Z0

def.=
ˆ

Σ
(detHzE)−1/2 ρ(z) dHd

|Σ(z).

Moreover, Zε = (2πε)k/2(Z0 + o(1)).

Remark 3.1. We postpone the proof to Section 5.1.1. It follows the general strategy of
[Hwa80], with the various steps of the geometric Laplace method made explicit, in a
slightly different setting: the proof is formulated so as to cover the case of compactly
supported marginals in Rd, and requires only C2,1-regularity of the duality gap E and
C1,1-regularity of the contact set Σ.
Remark 3.2. A connection between the geometric Laplace method and optimal transport
has already been established by Léger and Vialard in [LV23], under stronger regularity
assumptions and assuming that the contact set is the graph of a C3-diffeomorphism.
These assumptions allow them to derive a first-order geometric Laplace expansion. In
contrast, our purpose is only to identify the leading-order limit, under weaker regularity
assumptions and without requiring the contact set to be globally a graph.

4 The Γ-expansion of Entropic Optimal Transport
Throughout this section, we assume (H1)–(H4), and we consider the functionals defined
on P(Ω) by

Gε(γ) def.= Ent(γ | Pε) + χΠ(µ1,µ2)(γ), G0(γ) def.= Ent(γ | P0) + χΠ(µ1,µ2)(γ). (4.1)

By Proposition 2.1 and Theorem 3.4, the functionals Fε, F (0) and F (1) of Theorem A
satisfy

Fε − min F (0)

ε
− k

2 log 1
ε

= Gε − logZ0 − k

2 log(2π) + o(1),

F (1) = G0 − logZ0 − k

2 log(2π),
(4.2)
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where the o(1) does not depend on γ. Hence, the first-order Γ-expansion of Theorem A
amounts to the Γ-convergence of Gε to G0 as ε → 0, for the weak convergence of proba-
bility measures, that is, to the following two inequalities:

• (Γ-lim inf inequality) for every γ ∈ P(Ω) and every family (γε)ε>0 in P(Ω) such
that γε ⇀ γ as ε → 0,

lim inf
ε→0

Gε(γε) ≥ G0(γ); (4.3)

• (Γ-lim sup inequality) for every γ ∈ P(Ω), there exists a family (γε)ε>0 in P(Ω),
called a recovery sequence for γ, such that γε ⇀ γ as ε → 0 and

lim sup
ε→0

Gε(γε) ≤ G0(γ). (4.4)

The Γ-lim inf inequality (4.3) follows directly from the convergence of the Gibbs mea-
sures. The core of the section is the Γ-lim sup inequality (4.4), that is, the construction
of a recovery sequence: we first perturb a given plan in the normal directions to Σ
(Section 4.1), and then correct its marginals (Section 4.2). Both inequalities, and then
Theorem A, are proved in Section 4.3. Finally, Section 4.4 contains the proof of the key
estimate on the marginals of the perturbed plans.

4.1 The recovery sequence: a normal perturbation approach

To prove the Γ-lim sup inequality (4.4), we fix γ such that G0(γ) < ∞ (otherwise, γε
def.= γ

is a recovery sequence), that is, γ ∈ Π(µ1, µ2) with Ent(γ | P0) < ∞, and we look for
plans γε ∈ Π(µ1, µ2) such that γε ⇀ γ and lim supε→0 Gε(γε) ≤ G0(γ). We proceed in
two steps: we first spread γ in the normal directions according to the Gaussian profile
of the Gibbs measure, which gives the right entropy but not the right marginals, and we
then correct the marginals in Section 4.2.

Since γ ≪ P0 ≪ Hd
|Σ, we write γ = ρHd

|Σ. We fix a truncation radius R ≥ 1 for the
rescaled normal variable s, the distance to Σ being

√
ε|s|, and we take ε small enough

so that
√
εR < r0, with r0 as in Section 3.1; R will be sent to infinity at the end of the

proof. Recall that HzE = Hess⊥E(z) is the normal Hessian of E at z ∈ Σ (Section 2.2),
seen as a quadratic form on Rk through the normal frame n(z) (Section 3.1).

For z ∈ Σ, let

KR(z, s) def.= 1BR
(s) e−HzE(s,s)/2

ZR(z) , ZR(z) def.=
ˆ

BR

e−HzE(s,s)/2 ds,

be the density of the centered Gaussian measure on Rk with covariance HzE
−1, truncated

to BR and renormalized. By (2.3), ZR(z) ≥ c
def.=
´

B1
e−Λ|s|2/2 ds > 0 for R ≥ 1, so that

the moments of these kernels are bounded uniformly in z ∈ Σ and R ≥ 1: for every
p ≥ 0, ˆ

BR

|s|pKR(z, s) ds ≤ Mp
def.= 1

c

ˆ
Rk

|s|pe−λ|s|2/2 ds < ∞. (4.5)
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Setting Φε(z, s)
def.= Φ(z,

√
εs), we have γ = (Φε)#(γ ⊗ δ0). Replacing the Dirac mass in

the normal variable by this truncated Gaussian, we define the normal perturbation of γ
by

γ̃ε,R
def.= (Φε)#

(
KR(z, s) ds dγ(z)

)
, (4.6)

that is,
´

Ω f dγ̃ε,R =
´

Σ
´

BR
f(Φ(z,

√
εs))KR(z, s) ds dγ(z) for every nonnegative Borel

function f on Ω. Since KR(z, ·) is a probability density, γ̃ε,R is a probability measure,
concentrated on Σ√

εR. In the original normal variable η =
√
εs, its profile in each normal

fiber is the Gaussian with covariance εHzE
−1, truncated at distance

√
εR from Σ, which

mimics the Gibbs measure Pε near Σ, since E(Φ(z, η)) ≃ 1
2HzE(η, η). By (3.2), γ̃ε,R is

absolutely continuous with respect to volΩ, with a density p̃ε,R vanishing outside Σ√
εR

and given in tubular coordinates by

p̃ε,R
(
Φ(z,

√
εs)
)

= ρ(z)KR(z, s)
εk/2 JΦ(z,

√
εs)

for Hd-a.e. z ∈ Σ and every s ∈ BR. (4.7)

Since ρi ≥ α > 0, the marginals µ̃i,ε,R, i = 1, 2, of γ̃ε,R are absolutely continuous with
respect to µi. They differ from µi in general, and are corrected in Section 4.2. Finally,
the image of KR(z, s) ds dγ(z) under the map (z, s) 7→ (z,Φε(z, s)) is a coupling of γ and
γ̃ε,R, and the distance between z and Φε(z, s) = z +

√
ε n(z)s is at most

√
ε|s| ≤

√
εR,

so that
W2(γ̃ε,R, γ) ≤

√
εR −→ 0 (ε → 0). (4.8)

In particular, since the marginals of γ are µi and the projections Ω → Mi are 1-Lipschitz,
we also have W2(µ̃i,ε,R, µi) ≤

√
εR for i = 1, 2.

Lemma 4.1 (Entropy of the normal perturbation). For every fixed R ≥ 1, as ε → 0,

Ent (γ̃ε,R | Pε) −→ Ent(γ | P0) + bR(γ), bR(γ) =
ˆ

Σ
log Z∞(z)

ZR(z) dγ(z), (4.9)

where Z∞(z) def.=
´

Rk e
−HzE(s,s)/2 ds = (2π)k/2(detHzE)−1/2. Moreover, bR(γ) ≥ 0 and

supγ∈P(Σ) bR(γ) → 0 as R → ∞.

Proof. By (4.7), and since Pε has density Z−1
ε e−E/ερ with respect to volΩ, where ρ is

the density of µ1 ⊗ µ2, we have, for Hd-a.e. z ∈ Σ and every s ∈ BR,

log
(dγ̃ε,R

d Pε
(Φ(z,

√
εs))

)
= log ρ(z) + log

(
Zε

εk/2ZR(z)

)
− log ρ(Φ(z,

√
εs))

+
E(Φ(z,

√
εs)) − 1

2HzE(
√
εs,

√
εs)

ε
− log JΦ(z,

√
εs).

As in the proof of Proposition 3.3, a Taylor expansion of E gives

E(Φ(z, η)) = 1
2HzE(η, η) + R(z, η), |R(z, η)| ≤ C|η|3.

13



Since Ent(γ̃ε,R | Pε) =
´

Ω log dγ̃ε,R

d Pε
dγ̃ε,R, we may compute this integral in tubular co-

ordinates by (4.6), that is, integrate the above identity against KR(z, s) ds dγ(z). We
obtain

Ent (γ̃ε,R | Pε) =
ˆ

Σ
log ρ(z)γ(dz) +

ˆ
Σ

log
(

Zε
εk/2ZR(z)

)
γ(dz)

−
ˆ

Σ

ˆ
BR

(
log ρ(Φ(z,

√
εs)) − R(z,

√
εs)

ε

+ log JΦ(z,
√
εs)
)
KR(z, s) ds γ(dz).

These integrals are finite: since Ent(γ | P0) < ∞ and the density of P0 with respect to
Hd

|Σ is bounded from above and below by positive constants, we have
´

Σ | log ρ| dγ < ∞.
Since |R(z,

√
εs)| ≤ Cε3/2|s|3, since log ρ is Lipschitz (ρ being Lipschitz and bounded

below by a positive constant), and since | log JΦ(z,
√
εs)| ≤ C

√
ε|s| by (3.4), the double

integral in the last line differs from
´

Σ log ρ dγ by at most

C
√
ε

ˆ
Σ

ˆ
BR

(
|s| + |s|3

)
KR(z, s) ds γ(dz) ≤ C

√
ε −→ 0,

by (4.5). Moreover, by Theorem 3.4, Zε = (2πε)k/2(Z0 + o(1)), so that, uniformly in z,

log
(

Zε
εk/2ZR(z)

)
= log (2π)k/2Z0

ZR(z) + o(1) = log
(
Z0
√

detHzE
)

+ log Z∞(z)
ZR(z) + o(1).

Combining these identities yields

Ent (γ̃ε,R | Pε) −→
ˆ

Σ
log ρ(z)

ρ(z)γ(dz) +
ˆ

Σ
log

(
Z0
√

detHzE
)
γ(dz)

+
ˆ

Σ
log Z∞(z)

ZR(z) γ(dz)

= Ent (γ | P0) + bR(γ).

Finally, the Gaussian tail estimate

0 ≤ Z∞(z) − ZR(z) ≤
ˆ

|s|≥R
exp

(
−λ

2 |s|2
)

ds −→ 0 (R → ∞)

is uniform in z. Together with ZR(z) ≥ c > 0, this shows that bR ≥ 0 tends to zero
uniformly over probability measures on Σ, and proves the claim.

4.2 Correction of the marginals
The normal perturbation γ̃ε,R has the expected entropy (Lemma 4.1), but not the pre-
scribed marginals. To correct them, we use the shadow construction of [EN22]: each
perturbed marginal is transported to the prescribed one by an optimal transport map,
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and the product of these maps is applied to the plan, as illustrated in the diagram be-
low. In [EN22], the construction is carried out more generally with optimal transport
plans; here it is simpler, since the perturbed marginals are absolutely continuous, so that
optimal transport maps exist.

µ1

µ̃1 µ̃2

µ2

γ̃

T1 T2

Definition 4.1 (Shadow [EN22, Definition 3.1]). Let µi, µ̃i ∈ P(Mi) with µ̃i ≪ volMi ,
and let Ti denote the optimal transport map from µ̃i to µi for the quadratic cost, i = 1, 2.
Then, for a given γ̃ ∈ Π(µ̃1, µ̃2), its shadow γ ∈ Π(µ1, µ2) is defined by

γ
def.=

(
T1, T2

)
#γ̃.

The interest of this construction is that it turns a plan with good properties but
mismatched marginals into a plan with the prescribed marginals, which remains close
to the original one. More precisely, the distance between the shadow and the original
plan depends only on the distance between the marginals, and its relative entropy is
controlled by that of the original plan, as stated in the following lemma.

Lemma 4.2 (Properties of the shadow [EN22, Lemma 3.2]). Given γ̃ ∈ Π(µ̃1, µ̃2) and
its shadow γ ∈ Π(µ1, µ2), one has

W2(γ, γ̃)2 =
2∑
i=1

W2(µi, µ̃i)2.

Furthermore, the relative entropy of the shadow is bounded by that of the original plan:

Ent (γ |µ1 ⊗ µ2) ≤ Ent (γ̃ | µ̃1 ⊗ µ̃2) .

We denote by γε,R the shadow of γ̃ε,R. By Lemma 4.2 and (4.8), W2(γε,R, γ̃ε,R) ≤√
2εR, so that γε,R still converges to γ. However, to remain a recovery sequence, it

must also have the same limit energy. It turns out that passing to the shadow adds at
most an energy term.

Proposition 4.3 (Entropy of the shadow). For every R ≥ 1 and ε > 0 with
√
εR < r0,

Ent (γε,R | Pε) ≤ Ent(γ̃ε,R | Pε) + 1
ε

ˆ
Ω
E d(γε,R − γ̃ε,R). (4.10)

Proof. In this proof, we write γ = γε,R, γ̃ = γ̃ε,R and µ̃i = µ̃i,ε,R. Recall that Pε = fε µ
⊗,

where fε
def.= Z−1

ε e−E/ε (Proposition 2.1). By Lemma 4.1, Ent(γ̃ | Pε) < ∞, hence
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Ent(γ̃ |µ⊗) ≤ Ent(γ̃ | Pε) − logZε < ∞ since E ≥ 0. Hence the marginal entropies
Ent(µ̃i |µi) are finite by projection, and so are all the quantities below. By a change
of reference measure, Ent(· | Pε) = Ent(· |µ⊗) −

´
Ω log fε d(·) on probability measures.

Together with Lemma 4.2, this gives

Ent (γ | Pε) = Ent
(
γ |µ⊗)−

ˆ
Ω

log fε dγ

≤ Ent (γ̃ | µ̃1 ⊗ µ̃2) −
ˆ

Ω
log fε dγ

= Ent (γ̃ | Pε) +
ˆ

Ω
log fε d(γ̃ − γ)

+ Ent (γ̃ | µ̃1 ⊗ µ̃2) − Ent
(
γ̃ |µ⊗) .

Since µ̃i ≪ µi (Section 4.1), there exist Borel functions ai : Mi → [0,∞) such that
µ̃i = ai µi, so that µ̃1 ⊗ µ̃2 = a1(x1)a2(x2)µ⊗. Consequently,

Ent (γ̃ | µ̃1 ⊗ µ̃2) − Ent
(
γ̃ |µ⊗) = −

ˆ
Ω

log
(
a1(x1)a2(x2)

)
dγ̃(x1, x2)

= −
2∑
i=1

ˆ
Mi

log ai dµ̃i = −
2∑
i=1

Ent (µ̃i |µi) ≤ 0,

where the last inequality follows from the nonnegativity of the relative entropy between
probability measures. Finally, since log fε = −E/ε − logZε and both plans have total
mass one,

Ent (γ | Pε) ≤ Ent (γ̃ | Pε) −
ˆ

Ω
log fε d(γ − γ̃) = Ent (γ̃ | Pε) + 1

ε

ˆ
Ω
E d(γ − γ̃).

The additional term in (4.10) tends to 0 as soon as W2(µ̃i,ε,R, µi) = o(
√
ε) (Proposi-

tion 4.5 below). The following estimate is therefore the cornerstone of the construction
of the recovery sequence.

Theorem 4.4 (Marginal estimate). For each fixed R ≥ 1, the marginals of the normal
perturbation (4.6) satisfy

W2(µ̃i,ε,R, µi) = oR(
√
ε) (i = 1, 2), as ε → 0, (4.11)

where the subscript indicates that the rate of convergence may depend on R.

The proof is given in Section 4.4.
We now verify that the additional term in (4.10) vanishes in the limit.

Proposition 4.5 (Energy of the correction). For every fixed R ≥ 1,

1
ε

∣∣∣∣ˆ
Ω
E d(γε,R − γ̃ε,R)

∣∣∣∣ −→ 0 as ε → 0.
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Proof. Let Tε,R
def.= (T1, T2), where Ti is the optimal transport map from µ̃i,ε,R to µi. By

definition of the shadow, γε,R = (Tε,R)#γ̃ε,R. Set

∆2
ε,R

def.=
ˆ

Ω
dist(x, Tε,R(x))2 dγ̃ε,R(x) =

2∑
i=1

W 2
2 (µ̃i,ε,R, µi).

The pushforward identity gives

1
ε

ˆ
Ω
E d(γε,R − γ̃ε,R) = 1

ε

ˆ
Ω

(
E(Tε,R(x)) − E(x)

)
dγ̃ε,R(x).

We identify Ω with T2d = R2d/Z2d, denote by [y] ∈ Ω the class of y ∈ R2d, and by
Ẽ

def.= E([ · ]) the Z2d-periodic lift of E, which belongs to C2,1(R2d) by (H2). We set

CE
def.= sup

y∈R2d

∥D2Ẽ(y)∥ < ∞,

where ∥ · ∥ denotes the operator norm.
We first estimate the gradient by the distance to Σ. Let y ∈ R2d. Since Σ is compact,

there exists ȳ ∈ R2d such that [ȳ] ∈ Σ and |y − ȳ| = dist([y],Σ). Since ∇Ẽ(ȳ) = 0, the
fundamental theorem of calculus gives

|∇Ẽ(y)| =
∣∣∣∣∣
ˆ 1

0
D2Ẽ

(
ȳ + t(y − ȳ)

)
(y − ȳ) dt

∣∣∣∣∣ ≤ CE dist([y],Σ). (4.12)

Now, for each x ∈ Ω, choose x̃ ∈ R2d with [x̃] = x, and a shortest displacement vx ∈ R2d

such that
[x̃ + vx] = Tε,R(x), |vx| = dist(x, Tε,R(x)).

By the fundamental theorem of calculus,

E(Tε,R(x)) − E(x) = Ẽ(x̃ + vx) − Ẽ(x̃) =
ˆ 1

0

〈
∇Ẽ(x̃ + τvx), vx

〉
dτ.

For every τ ∈ [0, 1], the triangle inequality gives dist([x̃ + τvx],Σ) ≤ dist(x,Σ) + τ |vx|.
Together with (4.12), we obtain

|E(Tε,R(x)) − E(x)| ≤ CE dist(x, Tε,R(x)) dist(x,Σ) + CE dist(x, Tε,R(x))2. (4.13)

Integrating (4.13) with respect to γ̃ε,R and applying the Cauchy–Schwarz inequality gives

1
ε

∣∣∣∣ˆ
Ω
E d(γε,R − γ̃ε,R)

∣∣∣∣ ≤ CE∆ε,R

ε

(ˆ
Ω

dist(x,Σ)2 dγ̃ε,R(x)
)1/2

+
CE∆2

ε,R

ε
.
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Recalling the definition (4.6) of γ̃ε,R and using (3.1), we have
ˆ

Ω
dist(x,Σ)2 dγ̃ε,R(x) = ε

ˆ
Σ

ˆ
BR

|s|2KR(z, s) ds γ(dz) ≤ M2 ε,

by (4.5). Hence
1
ε

∣∣∣∣ˆ
Ω
E d(γε,R − γ̃ε,R)

∣∣∣∣ ≤ C

(
∆ε,R√
ε

+
∆2
ε,R

ε

)
. (4.14)

For fixed R, Theorem 4.4 gives ∆ε,R = oR(
√
ε), so that both terms on the right-hand

side tend to zero.

4.3 Proof of Theorem A
Proof of Theorem A. Step 1. The Γ-lim inf inequality (4.3). Let γε ⇀ γ. If γ /∈
Π(µ1, µ2), then, since Π(µ1, µ2) is closed, γε /∈ Π(µ1, µ2) for ε small enough, so that
Gε(γε) = +∞. Otherwise, the joint lower semicontinuity of the relative entropy, together
with the convergence Pε ⇀ P0 given by Theorem 3.4, yields

lim inf
ε→0

Gε(γε) ≥ lim inf
ε→0

Ent (γε | Pε) ≥ Ent (γ | P0) = G0(γ).

Step 2. The Γ-lim sup inequality (4.4). Let γ ∈ P(Ω) with G0(γ) < ∞ (otherwise
there is nothing to prove). For R ≥ 1 and ε > 0 with

√
εR < r0, let γ̃ε,R be the normal

perturbation of γ defined in (4.6), and γε,R ∈ Π(µ1, µ2) its shadow. We first fix R. By
Lemma 4.1, Proposition 4.3 and Proposition 4.5,

lim sup
ε→0

Gε(γε,R) = lim sup
ε→0

Ent (γε,R | Pε) ≤ G0(γ) + bR(γ),

while Lemma 4.2 and (4.8) give

W2(γε,R, γ) ≤ W2(γε,R, γ̃ε,R) +W2(γ̃ε,R, γ) ≤ (
√

2 + 1)
√
εR −→ 0 (ε → 0),

so that γε,R ⇀ γ, since W2 metrizes the weak convergence on the compact set Ω. Hence
(γε,R)ε is a recovery sequence for γ up to the error bR(γ), which tends to 0 as R → ∞
by Lemma 4.1. As is standard in Γ-convergence, this suffices to obtain a recovery
sequence by a diagonal argument (see, e.g., [Dal93]), which we recall for completeness.
Choose Rj ↑ ∞ and, inductively, εj ↓ 0 such that, for every 0 < ε ≤ εj , we have
√
εRj < r0, W2(γε,Rj , γ) ≤ 1/j, and Gε(γε,Rj ) ≤ G0(γ) + bRj (γ) + 1/j. Then γε

def.= γε,Rj

for εj+1 < ε ≤ εj defines a recovery sequence for γ.
Step 3. Conclusion. By (4.2), (1.1) follows from the Γ-convergence of Gε to G0

established in Steps 1 and 2, since adding to Gε constants converging as ε → 0 does
not affect Γ-convergence. The infimum of F (1) is finite. Indeed, since relative entropies
are nonnegative, F (1) ≥ − logZ0 − k

2 log(2π), and it suffices to show that every optimal
transport plan γ satisfies Ent(γ | P0) < ∞. By (2.1), such a plan satisfies γ(Ω \ Σ) = 0.
For every Borel set A ⊆ Σ, since projM1 is 1-Lipschitz, we have

γ(A) ≤ µ1
(
projM1(A)

)
≤ βHd(projM1(A)

)
≤ βHd(A),
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so that γ ≤ βHd
|Σ. Since the density of P0 with respect to Hd

|Σ is bounded from below
by a positive constant, by (H4) and the continuity of Hess⊥E on the compact set Σ, the
density of γ with respect to P0 is bounded, hence Ent(γ | P0) < ∞. Compactness and
convergence of minima under Γ-convergence then give (1.2).

For (iii), note that, by Proposition 2.1, Fε and Gε have the same minimizers, and so
do F (1) and G0. Since P(Ω) is weakly compact and the functionals Gε, G0 are lower
semicontinuous, strictly convex on their domains and not identically +∞, they admit
unique minimizers γε and γ0. By the fundamental theorem of Γ-convergence (see, e.g.,
[Dal93]), every cluster point of (γε)ε>0 as ε → 0 minimizes G0, hence γε ⇀ γ0. Finally,
since G0(γ0) < ∞, we have γ0 ≪ P0, so that spt(γ0) ⊆ Σ and γ0 is an optimal transport
plan by (2.1), hence the unique minimizer of Ent(· | P0) among all optimal transport
plans.

4.4 Proof of Theorem 4.4
Throughout this section, R ≥ 1 is fixed, and we write K = KR, γ̃ε = γ̃ε,R and µ̃i,ε =
µ̃i,ε,R. Recall that, by (4.6), the kernel K does not depend on ε.

Let us first explain where the difficulty lies. If Σ is flat and Hess⊥E is constant along
Σ, the normal directions and the kernel K(z, ·) do not depend on z, so that γ̃ε is the
convolution of γ with a fixed truncated Gaussian of variance of order ε, supported on the
normal space. Each marginal µ̃i,ε is then the convolution of µi with the projection ηε of
this Gaussian, which is a centered kernel of variance of order ε. For a general probability
measure µ, W2(µ, µ ∗ ηε) = O(

√
ε), which is not enough for our purpose, since we need

o(
√
ε). This improves to O(ε(1+θ)/2) if µ has a C1,θ density bounded from below, with

θ ∈ (0, 1], the first-order contributions cancelling out by symmetry. In general, however,
Σ is not flat, and several branches of Σ, that is, pieces of Σ on which the projection
onto Mi is a diffeomorphism, may lie above the same point of Mi. The first issue is
mild, since Σ is locally almost flat. The second one is more serious: µ̃i,ε is the sum of
the contributions of the branches, each obtained by regularizing the partial marginal
of γ carried by the branch, and, although these partial marginals sum up to µi, their
densities need not inherit the regularity of µi: they are merely L1. We therefore need
to handle L1 densities regularized along a non-flat manifold. To explain the strategy,
we first consider the flat case with one-dimensional marginals, and show in Section 4.4.1
that W2(µ, µ ∗ ηε) = o(

√
ε) as soon as µ has an L1 density. The argument relies again

on the symmetry of the Gaussian kernel.

4.4.1 A model case: one-dimensional marginals and flat contact set

To illustrate the proof of Theorem 4.4, we first consider one-dimensional marginals and a
flat contact set. As explained above, the marginals of the normal perturbation are then
convolutions of the original marginals with a fixed truncated Gaussian kernel, and we
estimate the Wasserstein distance between a measure µ on R and its convolution with
such a kernel, assuming only that µ is absolutely continuous, that is, has an L1 density.
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A similar approach was introduced in one dimension in [CDS25]. Here we adapt and
clarify it before extending it to higher dimensions.

Proposition 4.6 (One-dimensional flat case). Let µ ∈ P(R) be absolutely continuous
with respect to the Lebesgue measure, with finite second moment. For R > 0 and ε > 0,
let

ηε(x) def.= 1√
ε cR

e−x2/(2ε) 1{|x|≤
√
εR}, cR

def.=
ˆ R

−R
e−z2/2 dz.

Then µ̃ε
def.= µ ∗ ηε satisfies

W2(µ, µ̃ε) =
√
Ro(

√
ε) (ε → 0),

where the o(
√
ε) depends only on µ, and not on R.

Proof. Throughout the proof, we still denote by µ the density of µ. For t ∈ [0, 1], let

µt,ε
def.= µ ∗ (x 7→ t

√
εx)#

[ 1
cR
e−x2/21{|x|≤R} dx

]
,

where convolution and push-forward are understood as operations on measures, so that
µ0,ε = µ, µ1,ε = µ̃ε, and, for every t ∈ [0, 1],

µt,ε(x) = 1
cR

ˆ R

−R
µ(x− t

√
εz)e−z2/2 dz.

Step 1. Computing the flux. For ϕ ∈ C∞
c (R) and t ∈ [0, 1],

d
dt

ˆ
R
ϕ dµt,ε = d

dt
1
cR

ˆ R

−R

ˆ
R
ϕ(y + t

√
εz)µ(y)e−z2/2 dy dz

= 1
cR

ˆ R

−R

ˆ
R
ϕ′(y + t

√
εz)

√
εz µ(y)e−z2/2 dy dz =

ˆ
R
ϕ′(x)mt,ε(x) dx,

where, by the change of variables y = x− t
√
εz,

mt,ε(x) def.= 1
cR

ˆ R

−R

√
εz µ(x− t

√
εz)e−z2/2 dz.

Differentiation under the integral sign is justified since ϕ′ is bounded, µ ∈ L1 and´ R
−R |z|e−z2/2 dz < ∞. Thus ∂tµt,ε + ∂xmt,ε = 0 in the sense of distributions. Note that
m0,ε = 0 by symmetry of the Gaussian kernel.

Let us estimate the total variation ∥mt,ε ∥TV =
´

R |mt,ε | dx. The flux depends linearly
on µ: for f ∈ L1(R), let

mt,ε[f ](x) def.= 1
cR

ˆ R

−R

√
εz f(x− t

√
εz)e−z2/2 dz, so that mt,ε = mt,ε[µ].
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We will use the following bounds on the moments of the truncated Gaussian, which are
uniform in R and follow from an integration by parts and the Cauchy–Schwarz inequality:

1
cR

ˆ R

−R
z2e−z2/2 dz = 1 − 2Re−R2/2

cR
≤ 1, (4.15)

1
cR

ˆ R

−R
|z|e−z2/2 dz ≤

(
1
cR

ˆ R

−R
z2e−z2/2 dz

)1/2

≤ 1. (4.16)

By Fubini’s theorem, the translation invariance of the Lebesgue measure and (4.16), we
get

∥mt,ε[f ]∥L1 ≤
√
ε∥f∥L1 for every f ∈ L1(R).

If moreover f ∈ C1
c (R), we write, with xs

def.= x− s
√
εz,

f(x− t
√
εz) = f(x) −

ˆ t

0

√
εzf ′(xs) ds.

Since the kernel is centered, that is,
´ R

−R ze
−z2/2 dz = 0, the term containing f(x) cancels,

so that, by (4.15),

∥mt,ε[f ]∥L1 =
ˆ

R

∣∣∣∣∣ εcR
ˆ R

−R
z2e−z2/2

ˆ t

0
f ′(xs) ds dz

∣∣∣∣∣ dx ≤ tε∥f ′∥L1 ≤ ε∥f ′∥L1 .

Now let (µk)k∈N be a sequence in C1
c (R) such that µk → µ in L1. Writing mt,ε =

mt,ε[µ− µk] + mt,ε[µk], we obtain, for every k ∈ N and t ∈ [0, 1],

∥mt,ε ∥TV√
ε

≤ ∥µ− µk∥L1 +
√
ε∥(µk)′∥L1 .

Define, for r > 0,
ω(r) def.= inf

k∈N

{
∥µ− µk∥L1 + r∥(µk)′∥L1

}
.

For each fixed k, 0 ≤ lim supr↓0 ω(r) ≤ ∥µ − µk∥L1 , and letting k → ∞ shows that
ω(r) → 0 as r → 0. Therefore

sup
t∈[0,1]

∥mt,ε ∥TV√
ε

≤ ω(
√
ε) −→ 0 (ε → 0). (4.17)

Step 2. Estimate of W2(µ, µ̃ε). By Step 1, the curve (µt,ε)t∈[0,1] of probability
measures with finite second moments solves, together with (mt,ε)t∈[0,1], the continuity
equation, and it is weakly continuous, with µ0,ε = µ and µ1,ε = µ̃ε. Since |z| ≤ R in the
definition of mt,ε, we have

|mt,ε(x)| ≤
√
εR

cR

ˆ R

−R
µ(x− t

√
εz)e−z2/2 dz =

√
εRµt,ε(x) for a.e. x ∈ R.
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Thus mt,ε ≪ µt,ε, and the velocity field

vt,ε
def.= dmt,ε

dµt,ε
satisfies |vt,ε| ≤

√
εR µt,ε-a.e.

By the Benamou–Brenier formula (see, e.g., [San15]), with (µt,ε, vt,ε)t∈[0,1] as a competi-
tor, and by (4.17), we get

W 2
2 (µ, µ̃ε) ≤

ˆ 1

0

ˆ
R

|vt,ε|2 dµt,ε dt =
ˆ 1

0

ˆ
R

|vt,ε| d|mt,ε | dt

≤
√
εR sup

t∈[0,1]
∥mt,ε ∥TV ≤ εRω(

√
ε).

Hence W2(µ, µ̃ε) ≤
√
R
√
ω(

√
ε)

√
ε, which concludes the proof, since ω depends only on

µ.

4.4.2 General statement

Before turning to the proof, we introduce some notation and a technical lemma. We
fix i ∈ {1, 2} and write M def.= Mi = Td = Rd/Zd. Every open ball of Td with radius
less than 1/2 is the isometric image of a Euclidean ball under the canonical projection
Rd → Td. All the points involved in the computations below lie in such balls, which we
identify with the corresponding Euclidean balls, so that sums, segments and convexity
are understood in Rd. In this section and in Section 5, C denotes a positive constant
that does not depend on ε, whose value may change from line to line, and we write a ≲ b
when a ≤ Cb.

By Proposition 2.2, dim Σ = d and the projection projΣM : Σ → M is a local C1,1-
diffeomorphism. More precisely, there exist a finite index set J , an open covering (Uj)j∈J
of Σ, and open sets Vj ⊆ M , which we may assume convex and contained in balls of
radius 1/4, such that, for every j ∈ J ,

projUj

M : Uj −→ Vj

is a C1,1-diffeomorphism. We denote its inverse by

αj
def.=

(
projUj

M

)−1
: Vj −→ Uj .

As in Lemma 3.2, the Jacobian JF of a map F between d-dimensional manifolds (here,
open subsets of Rd or of Σ) denotes the absolute value of the determinant of DF in
orthonormal bases. Let (χj)j∈J be a partition of unity on Σ subordinate to the covering
(Uj)j∈J , that is, each χj : Σ → [0, 1] is continuous with compact support in Uj (recall
that Σ is compact), and

∑
j∈J χj = 1 on Σ.

Lemma 4.7. Let V ⊆ Rd be an open set and f : V → Rd be 1-Lipschitz. There exists
Cd ≥ 2, depending only on d, such that, for 0 < τ ≤ 1/Cd, the map ψτ (x) def.= x+τf(x) is
a bi-Lipschitz homeomorphism from V onto the open set ψτ (V ), and κτ

def.= ψ−1
τ satisfies

∥Jψτ − 1∥L∞(V ) + ∥Jκτ − 1∥L∞(ψτ (V )) ≤ Cdτ .
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Proof. Since f is 1-Lipschitz and τ < 1, we have (1 − τ)|x− y| ≤ |ψτ (x) −ψτ (y)| ≤ (1 +
τ)|x−y| for x, y ∈ V . Thus ψτ is a bi-Lipschitz homeomorphism onto its image, which is
open by the invariance of domain theorem. By Rademacher’s theorem, f is differentiable
a.e. on V , with ∥Df∥ ≤ 1, and Dψτ = Id +τDf there. Since the determinant is Lipschitz
on the set of matrices B with ∥B∥ ≤ 1, there exists Cd such that | det(Id +B) − 1| ≤
Cd∥B∥ for such B. Applying this to B = τDf(x) gives |Jψτ − 1| ≤ Cdτ a.e. on V .
Finally, since the Lipschitz maps ψτ and κτ map negligible sets to negligible sets, for a.e.
y ∈ ψτ (V ), κτ is differentiable at y and ψτ is differentiable at κτ (y), so that Jκτ (y) =
1/Jψτ (κτ (y)) by the chain rule. Hence the same bound holds for Jκτ , up to enlarging
Cd.

Proof of Theorem 4.4. Let ε > 0 be small enough so that
√
εR < 1/4. All the displace-

ments considered below are bounded by
√
εR, so that, starting from Vj , they stay in a

ball of radius 1/2, where the identification with Rd holds. Recall that γ = ρHd
|Σ. We

define the d× k matrix (recall that k = d)

A(z) def.=
(

projM
(
n1(z)

)
, . . . ,projM

(
nk(z)

))
.

Equivalently, A(z)s =
∑k
p=1 sp projM

(
np(z)

)
. Therefore,

projM Φ(z, s) = projM (z + n(z)s) = projM (z) +A(z)s.

Since K(z, ·) is even, we have, for every z ∈ Σ,
ˆ

BR

sK(z, s) ds = 0. (4.18)

Φ(z,
√
εs)

z = αj(x)

projΣM (z) = x ζj
ε,s,1(x)

Σ

Ω

M

Figure 1: Normal perturbation of z ∈ Σ and its projection onto M .

Step 1. Construction of the interpolation. As in Section 4.4.1, we interpolate
between µ and µ̃ε by letting the variance of the normal perturbation grow from 0 to ε:
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for t ∈ [0, 1], we let µt,ε
def.= µ̃t2ε be the marginal of the normal perturbation γ̃t2ε, with

the convention γ̃0
def.= γ. In other words, by (4.6), for every ϕ ∈ C1(M),ˆ

M
ϕ dµt,ε =

ˆ
Σ

ˆ
BR

ϕ
(
projM (Φ(z, t

√
εs))

)
K(z, s) ds dγ(z), (4.19)

so that µ0,ε = µ and µ1,ε = µ̃ε.
To compute µt,ε, we use the charts αj . For j ∈ J and x ∈ Vj , we write

Aj(x) def.= A(αj(x)), Kj(x, s)
def.= K(αj(x), s).

Inserting
∑
j∈J χj = 1 in (4.19), then changing variables z = αj(x) in each term by the

area formula, and using projM (Φ(αj(x), t
√
εs)) = x+ t

√
εAj(x)s, we getˆ

M
ϕ dµt,ε =

∑
j∈J

ˆ
Uj

ˆ
BR

χj(z)ϕ
(
projM (Φ(z, t

√
εs))

)
K(z, s) ds ρ(z) dHd(z)

=
∑
j∈J

ˆ
Vj

ˆ
BR

ϕ
(
x+ t

√
εAj(x)s

)
Kj(x, s) ds

× χj(αj(x)) ρ(αj(x)) Jαj (x) d volM (x)

=
∑
j∈J

ˆ
Vj

ˆ
BR

ϕ
(
ζjε,s,t(x)

)
ρj(x)Kj(x, s) ds d volM (x),

where, for s ∈ BR, t ∈ [0, 1] and x ∈ Vj , we have set

ζjε,s,t(x) def.= x+ t
√
εAj(x)s, ρj(x) def.= χj(αj(x)) ρ(αj(x)) Jαj (x).

Here ζjε,s,t(x) is the projection onto M of the point Φ(αj(x), t
√
εs), obtained by moving

the point αj(x) ∈ Σ lying above x in the normal direction (see Figure 1), and ρj is the
density, with respect to volM , of the partial marginal (projM )#(χjγ), concentrated on
Vj . Hence

µt,ε =
∑
j∈J

µjt,ε, µjt,ε
def.=

(
(s, x) 7→ ζjε,s,t(x)

)
#
(
ρj(x)Kj(x, s) ds d volM (x)

)
. (4.20)

Equivalently, µjt,ε =
´

BR
(ζjε,s,t)#(ρjKj(·, s) volM ) ds, which is the form used below.

Step 2. Construction of the flux. For every ϕ ∈ C1(M), by (4.20),
d
dt

ˆ
M
ϕ dµt,ε = d

dt
∑
j∈J

ˆ
Vj

ˆ
BR

ϕ(ζjε,s,t(x))ρj(x)Kj(x, s) dsd volM (x)

=
∑
j∈J

ˆ
Vj

ˆ
BR

〈
∇ϕ(ζjε,s,t(x)), ∂tζjε,s,t(x)

〉
ρj(x)Kj(x, s) dsd volM (x)

=
∑
j∈J

ˆ
Vj

ˆ
BR

√
ε
〈
∇ϕ(ζjε,s,t(x)), Aj(x)s

〉
ρj(x)Kj(x, s) dsd volM (x)

=
ˆ
M

⟨∇ϕ,dmt,ε⟩ ,
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where the differentiation under the integral sign is justified since ∇ϕ is bounded and
|∂tζjε,s,t(x)| =

√
ε|Aj(x)s| ≤

√
εR, and where the flux mt,ε ∈ M(M ;TM) is the vector

measure defined by

mt,ε
def.=

√
ε
∑
j∈J

ˆ
BR

(ζjε,s,t)# (ρjKj(·, s)Ajs volM ) ds.

Integrating in time against a test function in C1
c ((0, 1)) yields

∂tµt,ε + divmt,ε = 0 in D′((0, 1) ×M).

Step 3. Gaussian symmetry. As in Section 4.4.1, the flux depends linearly on the
densities ρj . For j ∈ J , s ∈ BR and f ∈ L1(Vj), let

Fj,s[f ](x) def.=

f(x)Kj(x, s)Aj(x)s, x ∈ Vj ,

0, x /∈ Vj ,

so that, by definition of the flux,

mt,ε√
ε

=
∑
j∈J

ˆ
BR

(ζjε,s,t)#
(
Fj,s[ρj ] volM

)
ds.

By (4.18),
´

BR
Fj,s[ρj ] ds = 0. Subtracting this in each term, we obtain

mt,ε√
ε

=
∑
j∈J

ˆ
BR

(
(ζjε,s,t)# − Id

)
(Fj,s[ρj ] volM ) ds =

∑
j∈J

Ijt,ε[ρj ], (4.21)

where, for f ∈ L1(Vj),

Ijt,ε[f ] def.=
ˆ

BR

(
(ζjε,s,t)# − Id

)
(Fj,s[f ] volM ) ds.

Step 4. Estimate of the displacement term. Fix j ∈ J . We estimate the total
variation of Ijt,ε[f ] in two ways.

(a) For f ∈ L1(Vj). Since the push-forward operation does not increase the total
variation and |A(z)s| ≤ |n(z)s| = |s|, (4.5) gives

∥Ijt,ε[f ]∥TV ≤ 2
ˆ

BR

∥Fj,s[f ]∥L1(Vj) ds

≤ 2
ˆ
Vj

|f(x)|
ˆ

BR

|s|Kj(x, s) ds d volM (x) ≤ 2M1∥f∥L1(Vj).

(b) For f ∈ C1
c (Vj) supported in a fixed compact set S ⊆ Vj. Write Fs

def.= Fj,s[f ].
Fix t ∈ [0, 1] and s ∈ BR, and write ζ

def.= ζjε,s,t, κ
def.= ζ−1 and W

def.= ζ(Vj). Since
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|ζ(x) −x| ≤
√
εR, we may choose ε > 0 sufficiently small, depending only on S (and not

on f , s and t), so that
S ⋐W and ζ(S) ⋐ Vj .

By the area formula, the density of ζ#(Fs volM ) is Fs ◦ κJκ1W , and, since spt(Fs) ⊆ S,
the above inclusions show that Fs ◦ κ1W and Fs are both supported in W ∩ Vj . Hence

∥∥ζ#(Fs volM ) − Fs volM
∥∥

TV ≤ ∥Jκ − 1∥L∞(W )

ˆ
W

|Fs ◦ κ| d volM

+
ˆ
W∩Vj

|Fs ◦ κ− Fs| d volM .

By Lemma 4.7, applied with τ def.= t
√
ε|s|Lj and f def.= Ajs/(|s|Lj), where Lj is a Lipschitz

constant of Aj on the convex set Vj (recall that n is Lipschitz and αj is C1,1), we
have, for ε small enough, ∥Jκ − 1∥L∞(W ) + ∥Jζ − 1∥L∞(Vj) ≤ C

√
ε|s|, and in particular

1/2 ≤ Jκ,Jζ ≤ 2 a.e. Since, by the area formula (change of variables y = κ(x)),
ˆ
W

|Fs ◦ κ| d volM ≤ 2
ˆ
W

|Fs ◦ κ| Jκ d volM = 2∥Fs∥L1(Vj),

the first term is at most C
√
ε|s| ∥Fs∥L1(Vj). For the second term, recall that Fs is defined

on M and vanishes outside Vj . By the area formula (change of variables x = ζ(y)),
ˆ
W∩Vj

|Fs ◦ κ− Fs| d volM ≤ 2
ˆ
Vj

|Fs ◦ ζ − Fs| d volM ≤ 4
√
ε|s| ∥∇Fs∥L1(Vj).

To prove the last inequality, assume first that Fs is C1. Since u 7→ ζjε,s,ut(y) = y +
ut

√
εAj(y)s parametrizes the segment from y to ζ(y) and |Aj(y)s| ≤ |s|, we have

|Fs(ζ(y)) − Fs(y)| ≤
√
ε|s|
ˆ 1

0

∣∣∇Fs(ζjε,s,ut(y)
)∣∣ du,

and we conclude by the area formula (change of variables x = ζjε,s,ut(y)), since the inverse
of ζjε,s,ut has Jacobian at most 2 by Lemma 4.7 (applied with ut in place of t). In general,
Fs is only Lipschitz on M , since Aj and Kj(·, s) are Lipschitz on Vj (see below) and f has
compact support in Vj . We then apply the above to mollifications of Fs, which converge
to Fs in W 1,1(M), and pass to the limit, using that

´
Vj

|g ◦ ζ| d volM ≤ 2∥g∥L1(M) for
g ∈ L1(M), since Jκ ≤ 2. Altogether,∥∥ζ#(Fs volM ) − Fs volM

∥∥
TV ≤ C

√
ε|s|

(
∥Fs∥L1(Vj) + ∥∇Fs∥L1(Vj)

)
.

It remains to bound the L1 norms of Fs and ∇Fs. By (2.3) and since ZR ≥ c, we
have Kj(x, s) ≤ c−1e−λ|s|2/2. Moreover, x 7→ Hαj(x)E is Lipschitz (since E ∈ C2,1, n is
Lipschitz and αj is C1,1), hence so are x 7→ ZR(αj(x)) and Kj(·, s), and differentiating
a.e. Kj(x, s) = 1BR

(s) e−Hαj (x)E(s,s)/2
/ZR(αj(x)) with respect to x gives |∇xKj(x, s)| ≤
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C(1 + |s|2)e−λ|s|2/2 for a.e. x ∈ Vj . Since Fs = f Kj(·, s)Ajs, with |Ajs| ≤ |s| and Aj
Lipschitz, the product rule yields

∥Fs∥L1(Vj) ≤ Ce−λ|s|2/2|s|∥f∥L1(Vj),

∥∇Fs∥L1(Vj) ≤ Ce−λ|s|2/2
[
|s|∥∇f∥L1(Vj) + (|s| + |s|3)∥f∥L1(Vj)

]
.

Integrating with respect to s ∈ BR, we obtain, uniformly in t ∈ [0, 1],

∥Ijt,ε[f ]∥TV ≤ C
√
ε(M2 +M4)

(
∥f∥L1(Vj) + ∥∇f∥L1(Vj)

)
,

where M2 and M4 are defined in (4.5).
Conclusion. Since χj has compact support in Uj , ρj vanishes outside the compact

set projM (sptχj) ⊆ Vj . By mollification, there exist a compact set Sj ⊆ Vj and a
sequence (ρ(k)

j )k∈N in C1
c (Vj), all supported in Sj , such that ∥ρj − ρ

(k)
j ∥L1(Vj) → 0 as

k → ∞. Applying (b) with S = Sj , there exists ε0 > 0, independent of k, such that, for
0 < ε ≤ ε0 and every k ∈ N, writing Ijt,ε[ρj ] = Ijt,ε[ρj − ρ

(k)
j ] + Ijt,ε[ρ

(k)
j ], (a) and (b) give

sup
t∈[0,1]

∥Ijt,ε[ρj ]∥TV ≤ 2M1∥ρj − ρ
(k)
j ∥L1(Vj) + C

√
ε
(
∥ρ(k)

j ∥L1(Vj) + ∥∇ρ(k)
j ∥L1(Vj)

)
.

For r > 0, set

ωj(r)
def.= inf

k≥1

{
2M1∥ρj − ρ

(k)
j ∥L1(Vj) + rC

(
∥ρ(k)

j ∥L1(Vj) + ∥∇ρ(k)
j ∥L1(Vj)

)}
,

and ω(r) def.=
∑
j∈J ωj(r). Since ρ(k)

j → ρj in L1(Vj), we have ω(r) → 0 as r → 0: one
first fixes k sufficiently large so that the first term is arbitrarily small, and then lets
r → 0. Combining this with (4.21) yields, for 0 < ε ≤ ε0,

sup
t∈[0,1]

∥mt,ε ∥TV√
ε

≤
∑
j∈J

sup
t∈[0,1]

∥Ijt,ε[ρj ]∥TV ≤ ω(
√
ε) = o(1).

Step 5. Benamou–Brenier estimate. Recall from Step 2 and (4.20) that

mt,ε =
√
ε
∑
j∈J

ˆ
BR

(ζjε,s,t)# (ρjKj(·, s)Ajs volM ) ds,

µt,ε =
∑
j∈J

ˆ
BR

(ζjε,s,t)#(ρjKj(·, s) volM ) ds.

Since |Aj(x)s| ≤ |n(αj(x))s| = |s| ≤ R, we get |mt,ε | ≤
√
εRµt,ε. Thus mt,ε ≪ µt,ε, and

the velocity field

vt,ε
def.= dmt,ε

dµt,ε
∈ L∞(µt,ε;TM) satisfies |vt,ε| ≤

√
εR µt,ε-a.e.
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Since (µt,ε, vt,ε) satisfies the continuity equation, with µ0,ε = µ and µ1,ε = µ̃ε, the
Benamou–Brenier formula (see, e.g., [San15]) yields

W 2
2 (µ, µ̃ε) ≤

ˆ 1

0

ˆ
M

|vt,ε|2 dµt,ε dt =
ˆ 1

0

ˆ
M

|vt,ε| d|mt,ε | dt

≤
√
εR sup

t∈[0,1]
∥mt,ε ∥TV.

By Step 4, supt∈[0,1] ∥mt,ε ∥TV ≤
√
ε ω(

√
ε) for 0 < ε ≤ ε0, hence

W 2
2 (µ, µ̃ε) ≤ εRω(

√
ε).

Since ω(r) → 0 as r → 0, this gives W2(µ, µ̃ε) = oR(
√
ε).

5 Extension to generalized framework and examples
In this section, we extend Theorem A to compactly supported marginals on Rd (Sec-
tion 5.1), where we also prove Theorem 3.4, and to N ≥ 2 marginals (Section 5.2). We
illustrate these extensions with the quadratic cost, the non-twisted cost of [MPW12,
Example 3.1], and a repulsive harmonic cost with three marginals on the circle.

5.1 Compactly supported marginals on Rd

In accordance with Section 2, where M1 and M2 are compact, we take for Mi compact
convex subsets of Rd containing the supports of the marginals in their interior, and we
replace (H1)–(H4) by the following assumptions.

(H1’) For i = 1, 2, Mi ⊂ Rd is a compact convex set, and Ω = M1 × M2. The cost c is
continuous on Ω, and we fix continuous Kantorovich potentials φ1, φ2. The cost is
C2 on int Ω and non-degenerate on an open neighborhood U ⊂ int Ω of Σ ∩ int Ω:
D2
x1x2c(z) is invertible for every z ∈ U .

(H2’) The duality gap E = c− φ1 ⊕ φ2 ≥ 0 belongs to C2,1(int Ω); in particular, HessE
is bounded on int Ω.

(H3’) The set Σ ∩ int Ω is a nonempty C1,1 submanifold of int Ω without boundary, of
dimension d. As before, k def.= d denotes its codimension.

(H4’) For i = 1, 2, µi = ρi dx, where ρi vanishes outside a compact set Ki ⊂ intMi, is
Lipschitz on Ki, and satisfies 0 < α ≤ ρi ≤ β on Ki. Moreover, setting K def.=
K1 ×K2, we have Hd(Σ ∩ ∂K) = 0.

We set ρ(x1, x2) def.= ρ1(x1)ρ2(x2), so that µ⊗ = µ1 ⊗ µ2 = ρ dx = ρ1K dx. Compared
with the torus, the new features are that Σ may extend beyond K and cross its boundary,
and that µ⊗ is discontinuous across ∂K.
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5.1.1 Convergence of the Gibbs measure and the geometric Laplace’s method

This section is devoted to the proof of the convergence of the Gibbs measure in the
case of compactly supported marginals on Rd. The result slightly extends the setting
considered in [Hwa80], since the metric and tubular neighborhoods of the contact set
need not coincide. The same proof, with K = ω = Ω (so that 1K ≡ 1, Σ ∩ ω = Σ, and
Lemma 5.2 follows from Section 3.1), gives Theorem 3.4 on the torus.

Theorem 5.1 (Convergence of the Gibbs measure). Under assumptions (H1’)–(H4’),

Pε
∗−⇀ P0, (5.1)

where

P0 = 1
Z0

(det Hess⊥E)−1/2ρ1KHd
|Σ and Z0 =

ˆ
Σ∩K

ρ1(z1)ρ2(z2)√
det Hess⊥E(z)

dHd(z).

Moreover, Zε = (2πε)k/2(Z0 + o(1)).

Before turning to the proof, we first establish a preliminary result. We fix an open
set ω such that K ⋐ ω ⋐ int Ω. Since Σ ∩ω is a compact subset of the C1,1 submanifold
Σ ∩ int Ω, the constructions of Section 3.1 and the estimates of Propositions 2.2 and 3.3
hold on Σ ∩ ω, with uniform constants. For r > 0 small enough, we denote by

Tr
def.= Φ((Σ ∩ ω) × Br) = {z + v : z ∈ Σ ∩ ω, v ∈ NzΣ, |v| < r}

the tubular neighborhood of radius r of Σ∩ω, not to be confused with the r-neighborhood
Σr = {x ∈ Ω : dist(x,Σ) < r} of Σ.

Lemma 5.2. Under assumptions (H1’)–(H4’), there exists r0 > 0 such that, for every
0 < r ≤ r0,

K ∩ Σr ⊂ Tr.

Consequently,
x ∈ K \ Tr =⇒ dist(x,Σ) ≥ r.

Proof. Set η def.= dist(K,R2d\ω) > 0. Since Σ is a C1,1 submanifold, it has locally positive
reach. By compactness of Σ ∩ ω, there exists r0 ∈ (0, η) such that the nearest-point
projection projΣ is uniquely defined on K ∩ Σr0 . Let 0 < r ≤ r0 and x ∈ K ∩ Σr. Then
| x − projΣ(x)| = dist(x,Σ) < r. Since x ∈ K and r0 < η, it follows that projΣ(x) ∈ ω.
Moreover, x − projΣ(x) ∈ NprojΣ(x)Σ. Hence x = projΣ(x) +

(
x − projΣ(x)

)
∈ Tr.

The following figure illustrates the geometric reason for enlarging the base of the
tubular neighborhood from Σ∩K to Σ∩ω. This enlargement ensures that every point of
K lying outside the tubular neighborhood is uniformly separated from the whole contact
set:

x ∈ K \ Tr =⇒ dist(x,Σ) ≥ r.

This is what allows us to decompose the integrals in the proof below.
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Σ

Φ((Σ ∩ K) × Br)

K

Ω

If the tubular neighborhood were constructed only around Σ ∩ K, the shaded regions
could contain points of K that remain close to portions of Σ lying outside K. Thus, the
distance to Σ would not be controlled solely by lying outside Φ((Σ ∩ K) × Br).

Proof. Let r0 be as in Lemma 5.2. We fix r ∈ (0, r0] such that the bounds of Proposi-
tion 3.3 hold on Tr, and R > 0 so that R

√
ε < r for ε small enough. Let ϕ ∈ C(Ω) and

introduce the unnormalized Gibbs measure

d P̃ε = (2πε)−k/2 exp
(

−E

ε

)
dµ⊗,

so that Pε = P̃ε / P̃ε(Ω). We decompose Ω as
ˆ

Ω
ϕ d P̃ε =

ˆ
ΣR

√
ε

ϕ d P̃ε +
ˆ

Σr\ΣR
√

ε

ϕ d P̃ε +
ˆ

Ω\Σr

ϕ d P̃ε

=
ˆ

TR
√

ε

ϕ d P̃ε +
ˆ

Tr\TR
√

ε

ϕ d P̃ε +
ˆ

Ω\Σr

ϕ d P̃ε

def.= I1,ε,R(ϕ) + I2,ε,R(ϕ) + I3,ε(ϕ),

where, for the second equality, we used that P̃ε is supported on K and that K∩Σρ = K∩Tρ
for 0 < ρ ≤ r, by Lemma 5.2 and since Tρ ⊂ Σρ. We analyze these three terms separately.

Step 1. Estimate on TR√
ε. Using the tubular coordinates induced by Φ, we write

E(z, s) for E(Φ(z, s)) and define

a(z, s) def.= ϕ
(
Φ(z, s)

)
ρ(Φ(z, s))JΦ(z, s)1K(Φ(z, s)),

for Hd ⊗ Lk-a.e. (z, s) ∈ (Σ ∩ω) × Br. Note that |a| ≤ β2∥ϕ∥∞CJ , where CJ bounds JΦ
on (Σ ∩ ω) × Br. By the area formula (3.2),

I1,ε,R(ϕ) = (2πε)−k/2
ˆ

Σ∩ω

ˆ
BR

√
ε

e−E(z,s)/εa(z, s) ds dHd
|Σ(z).
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Since E(z) = 0 and ∇E(z) = 0 for z ∈ Σ, and since E ∈ C2,1, we have

E(z, s) = 1
2HzE(s, s) + R(z, s), |R(z, s)| ≤ C|s|3 for all (z, s) ∈ (Σ ∩ ω) × Br.

Performing the change of variables s =
√
ε η, ds = εk/2 dη, and then relabeling the

normal variable, we obtain

I1,ε,R(ϕ) = (2π)−k/2
ˆ

Σ∩ω

ˆ
BR

e− 1
2HzE(s,s)− 1

ε
R(z,

√
εs)a(z,

√
εs) ds dHd

|Σ(z). (5.2)

As ε → 0, we have |R(z,
√
εs)|/ε ≤ C

√
ε|s|3 → 0 and JΦ(z,

√
εs) → JΦ(z, 0) = 1

by Lemma 3.2. Moreover, Φ(z,
√
εs) → z and 1K is locally constant on R2d \ ∂K, so

that, ρ being continuous on K, (ρ1K)(Φ(z,
√
εs)) → (ρ1K)(z) for every z ∈ Σ \∂K; since

Hd(Σ∩∂K) = 0, we get a(z,
√
εs) → ϕ(z)ρ(z)1K(z) for Hd⊗Lk-a.e. (z, s) ∈ (Σ∩ω)×BR.

Since the integrand of (5.2) is bounded by eC
√
εR3

β2∥ϕ∥∞CJ ≤ 2β2∥ϕ∥∞CJ for ε small
enough, and Hd(Σ ∩ ω) is finite, the dominated convergence theorem gives

lim
ε→0

I1,ε,R(ϕ) = (2π)−k/2
ˆ

Σ∩K
ϕ(z)ρ(z)

ˆ
BR

e−HzE(s,s)/2 dsdHd
|Σ(z).

Next, since (2π)−k/2 ´
Rk e

−HzE(s,s)/2 ds =
(
detHzE

)−1/2, the dominated convergence
theorem gives

lim
R→+∞

lim
ε→0

I1,ε,R(ϕ) =
ˆ

Σ∩K
ϕ(z)

(
detHzE

)−1/2
ρ(z) dHd

|Σ(z).

Step 2. Estimate on Tr \ TR√
ε. As in Step 1, the area formula and the change of

variables s =
√
ε η give∣∣I2,ε,R(ϕ)
∣∣ ≤ (2π)−k/2β2∥ϕ∥∞CJ

ˆ
Σ∩ω

ˆ
R≤|s|<r/

√
ε
e−E(z,

√
εs)/ε ds dHd

|Σ(z).

By Proposition 3.3 and (3.1), E(z,
√
εs) ≥ C dist

(
Φ(z,

√
εs),Σ

)2 = Cε|s|2 for |s| < r/
√
ε.

Hence, uniformly in ε,∣∣I2,ε,R(ϕ)
∣∣ ≤ (2π)−k/2β2∥ϕ∥∞CJ Hd(Σ ∩ ω)

ˆ
Rk\BR

e−C|s|2 ds −−−−−→
R→+∞

0,

as the tail of an integrable Gaussian. This proves that the contribution of Tr \ TR√
ε is

negligible.
Step 3. Estimate on Ω\Σr. If K \Σr = ∅ there is nothing to do. Otherwise, K \Σr

is a compact set which does not meet Σ, so that E > 0 on it, and we denote

δ
def.= min

K\Σr

E > 0.

Since P̃ε is supported on K and µ⊗(K) = 1,∣∣I3,ε(ϕ)
∣∣ ≤ (2πε)−k/2∥ϕ∥∞e

−δ/ε −−−→
ε→0

0.
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Conclusion. Set L(ϕ) def.=
´

Σ∩K ϕ(z)
(
detHzE

)−1/2
ρ(z) dHd

|Σ(z). Since
´

Ω ϕ d P̃ε does
not depend on R, Steps 1–3 give, for every R > 0,

lim sup
ε→0

∣∣∣∣ˆ
Ω
ϕ d P̃ε −L(ϕ)

∣∣∣∣ ≤
∣∣∣∣limε→0

I1,ε,R(ϕ) − L(ϕ)
∣∣∣∣+ sup

ε

∣∣I2,ε,R(ϕ)
∣∣,

and the right-hand side tends to 0 as R → +∞. In other words,

P̃ε
∗−⇀
(
det Hess⊥E

)−1/2
ρ1KHd

|Σ.

Taking ϕ ≡ 1, we get P̃ε(Ω) = (2πε)−k/2Zε → Z0, which is the asymptotics of Zε.
Moreover, Z0 > 0: an optimal plan is concentrated on Σ ∩ K, so that µ1 is concentrated
on projM1(Σ ∩ K), and since µ1 is absolutely continuous and projM1 is 1-Lipschitz,
0 < Ld(projM1(Σ ∩ K)) ≤ Hd(Σ ∩ K). Thus

Pε = P̃ε
P̃ε(Ω)

∗−⇀ 1
Z0

(
det Hess⊥E

)−1/2
ρ1KHd

|Σ,

which proves the claim.

Σ
TR

√
ε

Σr ∩ K

K

ωΩ

The previous figure provides a schematic illustration of the different neighborhoods in-
volved in the proof. The compact set K is contained in the intermediate neighborhood
ω, which is itself contained in Ω. The contact set Σ may extend beyond K, and the tubu-
lar neighborhoods considered in the proof are therefore constructed around the larger
portion Σ ∩ ω.

5.1.2 First-order entropic selection

Theorem 5.3 (Compactly supported Euclidean marginals). Assume the hypotheses
(H1’)–(H4’) are satisfied and define

F (0)(γ) def.=
ˆ

Ω
cdγ+χΠ(µ1,µ2)(γ), Fε(γ) =

ˆ
Ω
cdγ+ εEnt(γ|µ1 ⊗µ2) +χΠ(µ1,µ2)(γ).
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Then, with P0 and Z0 given by Theorem 5.1,

Fε− k

2ε log(1/ε) Γ= F (0) +ε
(
Ent (· | P0)+χΠ(µ1,µ2)(·)− logZ0 − k

2 log(2π)
)

+o(ε). (5.3)

Moreover, the following asymptotics of the energy holds

min Fε = min F (0) + k

2ε log(1/ε) + εC0 + o(ε), (5.4)

where C0
def.= minγ∈Π(µ1,µ2) Ent(γ | P0) − logZ0 − k

2 log(2π), and the minimizer of Fε

converges weakly to the unique minimizer of Ent(· | P0) on Π(µ1, µ2).
Proof. We follow the proof of Theorem A given in Section 4, and only indicate the
changes. By compactness of Σ ∩ ω, the tubular coordinates, the normal ellipticity and
the quadratic detachment hold on Σ ∩ω with uniform constants (see Section 5.1.1), and
Theorem 5.1 replaces Theorem 3.4. In particular, the Γ-lim inf inequality (Step 1 of
Section 4.3) is unchanged, and so is Step 3, since optimal plans are concentrated on
Σ ∩ K, where the density of P0 with respect to Hd

|Σ is bounded from below.
It remains to adapt the Γ-lim sup inequality (Step 2 of Section 4.3). We fix γ ∈

Π(µ1, µ2) with Ent(γ | P0) < ∞, which is concentrated on Σ ∩ K ⊂ Σ ∩ ω, and R ≥ 1,
and we define the normal perturbation γ̃ε,R, its marginals µ̃i,ε,R and its shadow γε,R as
in Sections 4.1 and 4.2.

Step 1. The marginals. The marginal estimate of Theorem 4.4 still holds: its proof
only uses inverse charts of projΣMi

, which exist on Σ ∩ ω by Proposition 2.2 and finitely
many of which cover the compact set Σ ∩ K, and the integrability of the chart densities
of γ. The energy estimate of Proposition 4.5 still holds as well: since Ω is convex, the
segments used in its proof stay in int Ω, and (4.12) holds with Σ replaced by Σ ∩ ω.
Indeed, a nearest point ȳ of y ∈ int Ω in the compact set Σ ∩ ω lies in int Ω, so that
∇E(ȳ) = 0, and the segment [ȳ, y] lies in int Ω, whence |∇E(y)| ≤ CE dist(y,Σ∩ω) with
CE

def.= supint Ω ∥D2E∥ < ∞ by (H2’). Hence, for fixed R,

W2(µ̃i,ε,R, µi) = oR(
√
ε) (i = 1, 2) and 1

ε

ˆ
E d(γε,R − γ̃ε,R) = oR(1).

Step 2. The entropy. The entropy upper bound is the point to adapt since, as we
wrote it, Ent(γ̃ε,R | Pε) = +∞ in this case: γ̃ε,R charges Ω \ K, where Pε vanishes. We
therefore consider the entropy with respect to the modified marginals:

Iε,R
def.= Ent (γ̃ε,R | µ̃1,ε,R ⊗ µ̃2,ε,R) .

Since d Pε = Z−1
ε e−E/ε d(µ1 ⊗ µ2), the shadow inequality (Lemma 4.2) and Step 1 give,

for fixed R,

Ent(γε,R | Pε) = Ent(γε,R |µ1 ⊗ µ2) + logZε + 1
ε

ˆ
E dγε,R

≤ Iε,R + logZε + 1
ε

ˆ
E d(γε,R − γ̃ε,R) + 1

ε

ˆ
E dγ̃ε,R

≤ Iε,R + 1
ε

ˆ
E dγ̃ε,R + logZε + oR(1).
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It remains to show that

lim sup
ε→0

[
Iε,R + 1

ε

ˆ
E dγ̃ε,R + logZε

]
≤ Ent(γ | P0) + bR(γ). (5.5)

Since |Φ(z,
√
εs) − z| ≤

√
εR for s ∈ BR and γ is concentrated on K, for

√
εR ≤ 1

the measures γ̃ε,R and µ̃i,ε,R are concentrated on the fixed compact sets K1 def.= {x :
dist(x,K) ≤ 1} and K1

i
def.= {x : dist(x,Ki) ≤ 1}. For an absolutely continuous proba-

bility measure ν concentrated on a bounded set, we denote by Ent(ν) def.= Ent(ν | L) its
entropy with respect to the Lebesgue measure. Since µ̃1,ε,R ⊗ µ̃2,ε,R has the product of
the marginal densities as density, we have

Iε,R = Ent(γ̃ε,R) − Ent(µ̃1,ε,R) − Ent(µ̃2,ε,R),

all these entropies being finite, since γ̃ε,R has finite entropy and all the measures are
concentrated on fixed bounded sets. Hence

Iε,R+1
ε

ˆ
E dγ̃ε,R+logZε =

(
Ent(γ̃ε,R)+1

ε

ˆ
E dγ̃ε,R+logZε

)
−

2∑
i=1

Ent (µ̃i,ε,R) , (5.6)

and we pass to the limit in the two terms of the right-hand side in the next two steps.
Step 3. The first term of (5.6). Let p̃ε,R be the density (4.7) of γ̃ε,R, and recall

that KR(z, s) = ZR(z)−1e−HzE(s,s)/2 on BR. Writing E(Φ(z, η)) = 1
2HzE(η, η) + R(z, η)

with |R(z, η)| ≤ C|η|3, the quadratic terms cancel, and, for Hd-a.e. z ∈ Σ ∩ K and
s ∈ BR,

log
(
Zεe

E/ε p̃ε,R
)(

Φ(z,
√
εs)
)

= log ρ(z) + log Zε
εk/2ZR(z)

+ R(z,
√
εs)

ε
− log JΦ(z,

√
εs).

We integrate this identity against KR(z, s) ds dγ(z), which gives the first term of (5.6)
by (4.6). The integral of the last two terms is bounded by C

√
ε(M1 +M3) → 0, by (3.4)

and (4.5). Moreover, since Zε = (2πε)k/2(Z0 +o(1)) by Theorem 5.1, we have, uniformly
in z, with Z∞ as in Lemma 4.1,

log Zε
εk/2ZR(z)

= log
(
Z0
√

detHzE
)

+ log Z∞(z)
ZR(z) + o(1).

Since
´

Σ | log ρ| dγ < ∞ (because Ent(γ | P0) < ∞) and P0 has density Z−1
0 (detHzE)−1/2ρ(z)

with respect to Hd
|Σ on Σ ∩ K, we obtain

lim
ε→0

(
Ent(γ̃ε,R) + 1

ε

ˆ
E dγ̃ε,R + logZε

)
=
ˆ

Σ
log Z0 ρ

√
detHzE

ρ
dγ +

ˆ
Σ

log ρdγ + bR(γ)

= Ent(γ | P0) + Ent(µ1) + Ent(µ2) + bR(γ),

where we used that γ has marginals µ1, µ2 and ρ = ρ1⊗ρ2, so that
´

log ρdγ = Ent(µ1)+
Ent(µ2).
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Step 4. The marginal entropies in (5.6). By (4.8), µ̃i,ε,R ⇀ µi as ε → 0, and all
these measures are concentrated on the compact set K1

i . Since Ent(·) = Ent(· | L|K1
i
) on

such measures, and the relative entropy with respect to a finite measure is weakly lower
semicontinuous, we get

lim inf
ε→0

Ent (µ̃i,ε,R) ≥ Ent(µi), i = 1, 2.

Conclusion. Plugging Steps 3 and 4 into (5.6) gives (5.5), hence

lim sup
ε→0

Ent(γε,R | Pε) ≤ Ent(γ | P0) + bR(γ).

The diagonal argument of Step 2 of Section 4.3 then provides a recovery sequence, and
the remaining conclusions follow as in the proof of Theorem A.

The purpose of the following proposition is to show that, in the quadratic case, we
recover the known asymptotic expansion of EOT (see, for instance, Pal [Pal24]).

Proposition 5.4. Assume (H1’)–(H4’) hold. If moreover c(x1, x2) = 1
2 |x1 − x2|2,

then, denoting by γε the minimizer of Fε, by γ the optimal plan, and by Ent(µi)
def.=

Ent(µi | Ld) =
´
ρi log ρi dxi,

Fε(γε) = F (0)(γ) + d

2ε log(1/ε) − ε

2
(
Ent(µ1) + Ent(µ2) + d log(2π)

)
+ o(ε).

Proof. By Brenier’s theorem, in the quadratic case the optimal plan γ is unique and
given by γ = (id, T )#µ1, where T is the Brenier map between µ1 and µ2. Consequently,
γ is supported on the graph {(x1, T (x1)) |x1 ∈ sptµ1} ⊆ Σ and the tangent space of Σ
is

T(x1,T (x1))Σ = Img
(

Id
DT (x1)

)
.

Hence, the Hessian of the duality gap is given by

HessE
(
x1, T (x1)

)
=
(

Id −D2φ1(x1) − Id
− Id Id −D2φ2(T (x1))

)

=
(
DT (x1) − Id

− Id DT (x1)−1

)
,

where we used that T = Id −∇φ1 (from ∇x1E = 0 on Σ) and that Id −D2φ2(T (x1)) =
DT (x1)−1, obtained by differentiating the identity x1 = T (x1) − ∇φ2(T (x1)) (from
∇x2E = 0 on Σ). We define n(x1), the matrix whose columns form an orthonormal
basis of the normal space N(x1,T (x1))Σ, as

n(x1) def.=
(

−DT (x1)
Id

)
(Id +DT (x1)2)−1/2.
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The reduced Hessian of E in the normal directions is therefore

Hess⊥E
(
x1, T (x1)

)
= n(x1)⊤ HessE

(
x1, T (x1)

)
n(x1)

= (DT (x1)2 + Id)−1/2
(
DT (x1)3 + 2DT (x1) +DT (x1)−1

)
(DT (x1)2 + Id)−1/2

= DT (x1) +DT (x1)−1

For µ1-almost every x1, with x2 = T (x1) the Monge-Ampère equation gives

detDT (x1) = ρ1(x1)
ρ2(T (x1)) = ρ1(x1)

ρ2(x2)
and therefore

det
(

Hess⊥E(x1, x2)
)−1/2 =

(
ρ1(x1)
ρ2(x2)

)1/2
det

(
Id +DT (x1)2)−1/2

.

Consequently, writing ρ for the density of γ with respect to Hd
|Σ, we obtain

Ent(γ | P0) =
ˆ

Σ
log

 ρ(x1, x2)
Z−1

0 det
(

Id +DT (x1)2)−1/2
ρ1(x1)3/2ρ2(x2)1/2

dγ(x1, x2)

= Ent
(
γ | Hd

|Σ

)
− 3

2 Ent(µ1) − 1
2 Ent(µ2)

+ 1
2

ˆ
log det

(
Id +DT (x1)2) dµ1(x1) + logZ0.

We now compute Ent(γ | Hd
|Σ) using the graph structure of Σ. Since Σ is parametrized

by x1 7→ (x1, T (x1)), whose differential
(

Id
DT (x1)

)
has Gram matrix Id +DT (x1)2, the

area formula gives
dHd

|Σ = det
(

Id +DT (x1)2)1/2 dx1.

Hence
ρ(x1, T (x1)) = ρ1(x1) det

(
Id +DT (x1)2)−1/2

.

Therefore

Ent
(
γ | Hd

|Σ

)
=
ˆ

log ρ dγ =
ˆ

log
(
ρ1(x1) det

(
Id +DT (x1)2)−1/2) dµ1(x1)

= Ent(µ1) − 1
2

ˆ
log det

(
Id +DT (x1)2) dµ1(x1).

Plugging this into the previous identity, the log det terms cancel and we get

Ent(γ | P0) − logZ0 = Ent(µ1) − 3
2 Ent(µ1) − 1

2 Ent(µ2)

= −1
2
(

Ent(µ1) + Ent(µ2)
)
.

Finally, we conclude by Theorem 5.3.
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Remark 5.1. Our result is consistent with the one of Pal [Pal24], up to the choice of
the reference measure. Pal regularizes the transport cost with Ent(γ), that is, with the
entropy relative to the Lebesgue measure, and obtains the limit +1

2
(

Ent(µ1)+Ent(µ2)
)
.

Since the marginals of γ are fixed,

Ent (γ |µ1 ⊗ µ2) = Ent(γ) − Ent(µ1) − Ent(µ2),

so that, up to normalizing constants, the two results differ exactly by

− Ent(µ1) − Ent(µ2),

which gives the value obtained above.

5.1.3 The McCann–Pass–Warren cost

We illustrate Theorem 5.3 with the non-twisted cost of [MPW12, Example 3.1]. In
this paragraph, the points of R2 × R2 are denoted by (x1, x2), with x1 = (u1, v1) and
x2 = (u2, v2), and

c(x1, x2) def.= eu1+u2 cos(v1 − v2) + e2u1

2 + e2u2

2 ≥ 1
2 (eu1 − eu2)2 ≥ 0.

Equality holds if and only if u1 = u2 and cos(v1 −v2) = −1, that is, if and only if (x1, x2)
belongs to one of the planes

Σj
def.= {(x1, Tj(x1)) : x1 ∈ R2}, Tj(x1) def.=

(
u1, v1 + (2j + 1)π

)
, j ∈ Z.

Since D2
x1x2c(x1, x2) = eu1+u2

(
cos θ sin θ

− sin θ cos θ

)
with θ = v1 − v2, the cost is non-degenerate

everywhere, but it is not twisted, since infinitely many planes Σj lie above each x1.

Marginals and optimal plans. Let µ1 = µ2 be the uniform probability measure on
A

def.= [0, 1] × [0, 4π], that is, ρ1 = ρ2 = 1
4π1A. The map

S(x1) def.=
{

(u1, v1 + π) if v1 ∈ [0, π) ∪ [2π, 3π),
(u1, v1 − π) if v1 ∈ [π, 2π) ∪ [3π, 4π],

preserves µ1 and satisfies S(x1) ∈ {T0(x1), T−1(x1)}, so that the plan (Id, S)#µ1 belongs
to Π(µ1, µ2) and is concentrated on {c = 0}. Hence it is optimal, OT(µ1, µ2) = 0, and
φ1 = φ2 = 0 are Kantorovich potentials, the dual value being 0. We take for M1 = M2 a
closed ball containing a neighborhood of K1 = K2

def.= A. Then E = c and Σ = Ω∩
⋃
j Σj ,

so that every element of Π(µ1, µ2) concentrated on
⋃
j Σj is optimal. The optimal plan

is not unique: for instance, the map x1 7→ (u1, v1 + π) if v1 < 3π, x1 7→ (u1, v1 − 3π)
otherwise, also preserves µ1 and induces another optimal plan. Indeed, above each
x1 ∈ A lie exactly two points Tj(x1) ∈ A (for almost every x1), and the optimal plans
are the couplings which split the mass of x1 between them.
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Assumptions. Assumptions (H1’)–(H4’) hold: c is smooth and non-degenerate, E = c,
Σ is a union of affine planes, ρi is constant on Ki = A, and H2(Σ∩∂K) = 0, since Σ∩∂K
is contained in a finite union of lines. Hence Theorem 5.3 applies.

The limit Gibbs measure. At z = (x1, x2) ∈ Σ, we have u1 = u2 and v1 −v2 ∈ π+2πZ,
whence D2

x1x1E(z) = D2
x2x2E(z) = e2u1I2 and D2

x1x2E(z) = −e2u1I2. Denoting by
(e1, e2) the canonical basis of R2, the vectors (e1,−e1)/

√
2 and (e2,−e2)/

√
2 form an

orthonormal basis of NzΣ, in which HzE = 2e2u1I2, so that detHzE = 4e4u1 . Since
x1 7→ (x1, Tj(x1)) has Jacobian 2, we have H2

|Σj
= (Id, Tj)#(2L2). Moreover, for every

a ∈ [0, 1] and a.e. b ∈ R,∑
j∈Z

ρ1
(
a, b+ (2j + 1)π

)
=
∑
j∈Z

ρ1
(
a, b− (2j + 1)π

)
= 1

2π , (5.7)

since the interval [0, 4π] has length 4π, and thus contains exactly two points of b+π+2πZ
for a.e. b. Therefore

Z0 =
∑
j∈Z

ˆ
R2

e−2u1

2 ρ1(x1)ρ2(Tj(x1)) 2 dx1 = 1
2π

ˆ
R2
e−2u1ρ1(x1) dx1 = 1 − e−2

4π ,

and
dP0(x1, x2) = 2π

1 − e−2 e
−2u1ρ1(x1)ρ2(x2) dH2

|Σ(x1, x2).

By (5.7), the marginals of P0 have densities 2
1−e−2 e

−2uiρi(xi), i = 1, 2, so that P0 /∈
Π(µ1, µ2).

The selected plan.
Proposition 5.5. As ε → 0, the entropic optimal plans converge weakly to

dγ0(x1, x2) def.= πρ1(x1)ρ2(x2) dH2
|Σ(x1, x2), that is, γ0 = 1

16πH2
|Σ∩(A×A).

Proof. By (5.7) and H2
|Σj

= (Id, Tj)#(2L2), the marginals of γ0 have densities∑
j∈Z

2πρ1(x1)ρ2(Tj(x1)) = ρ1(x1) and
∑
j∈Z

2πρ1(T−1
j (x2))ρ2(x2) = ρ2(x2),

so that γ0 ∈ Π(µ1, µ2). Moreover, γ0 and P0 are equivalent, with

dγ0
dP0

(x1, x2) = g(u1) def.= 1 − e−2

2 e2u1 ,

which only depends on x1. Hence, for every γ ∈ Π(µ1, µ2) such that Ent(γ | P0) < ∞,

Ent(γ | P0) = Ent(γ | γ0) +
ˆ

log g(u1) dγ(x1, x2) = Ent(γ | γ0) +
ˆ

log g(u1) dµ1(x1)

= Ent(γ | γ0) + Ent(γ0 | P0).

Thus γ0 is the unique minimizer of Ent(· | P0) on Π(µ1, µ2), and the conclusion follows
from Theorem 5.3.
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Since dP0/ dH2
|Σ is the product of a function of x1 and a function of x2, γ0 is equiv-

alently the unique minimizer of Ent(· | H2
|Σ) on Π(µ1, µ2). In other words, the entropic

selection splits the mass of each x1 ∈ A equally between the two points Tj(x1) ∈ A,
whereas the limit Gibbs measure P0 is not a coupling of µ1 and µ2.

5.2 The extension to multi-marginal framework
Let N ≥ 2 and, for i = 1, . . . , N , let Mi = Td and µi = ρi volMi , where ρi is Lipschitz
and α ≤ ρi ≤ β. We set Ω def.=

∏N
i=1Mi, ρ(z) def.=

∏N
i=1 ρi(zi) and µ⊗ def.=

⊗N
i=1 µi = ρ volΩ,

and we denote by Π(µ1, . . . , µN ) the set of probability measures on Ω with marginals
µ1, . . . , µN . The cost c is continuous, and we fix continuous Kantorovich potentials
φ1, . . . , φN such that the duality gap E def.= c−

∑N
i=1 φi(xi) ≥ 0 belongs to C2,1(Ω), and

such that Σ def.= {E = 0} is a C1,1 submanifold of Ω without boundary, of dimension d,
satisfying

rank HessE(z) = (N − 1)d for every z ∈ Σ. (5.8)

The Gibbs measures Pε, the constants Zε and the functionals Fε, F (0), F (1) are defined as
in Sections 1 and 2, with Π(µ1, . . . , µN ) in place of Π(µ1, µ2), and with the codimension
k

def.= (N − 1)d of Σ in place of d.
For two marginals, (5.8) follows from the non-degeneracy of c (Proposition 2.2). For

N ≥ 3, it has to be imposed: since TzΣ ⊆ ker HessE(z) and dimTzΣ = d, it amounts
to ker HessE(z) = TzΣ, that is, to the positive definiteness of HzE. Without it, some
normal directions would be degenerate and would contribute differently to the asymp-
totics.

Theorem 5.6 (Multi-marginal Γ-expansion). Under these assumptions, the conclusions
of Theorem 3.4 and of Theorem A hold, with k in place of d in (1.1)–(1.2), and with

dP0(z) = 1
Z0

(detHzE)−1/2 ρ(z) dHd
|Σ(z), Z0

def.=
ˆ

Σ
(detHzE)−1/2 ρ(z) dHd(z).

Proof. The proofs of Sections 3 and 4 and of Section 5.1.1 use the two-marginal structure
at three places only.

(i) Normal ellipticity. In Proposition 2.2, (2.3) is deduced from the non-degeneracy
of c. Here, it follows from (5.8), the positive semidefiniteness of HessE on Σ, and the
compactness of Σ.

(ii) Local normal frames. A C1,1 submanifold admits local Lipschitz orthonormal
frames of its normal bundle; see the Gram–Schmidt construction in [Min15, Section 2.3.1,
arXiv version]. We choose a finite cover (Ua)a of Σ by relatively compact patches with
such frames na, and a subordinate Lipschitz partition of unity (χa)a. For r > 0 suffi-
ciently small, the maps

Φa(z, s)
def.= z + na(z)s, z ∈ Ua, s ∈ Br,

are bi-Lipschitz tubular parametrizations, by the positive-reach property used in Sec-
tion 3.1. Since the frames are Lipschitz, the proof of Lemma 3.2 applies on each patch,
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and (3.3) holds almost everywhere, with uniform bounds over the finite cover. The area
formula then gives

ˆ
Σr

h d volΩ =
∑
a

ˆ
Ua

χa(z)
ˆ

Br

h
(
Φa(z, s)

)
JΦa(z, s) ds dHd(z)

for every nonnegative Borel function h. We apply the three-region Laplace argument to
each integral in this sum. The weights χa depend only on z, and the resulting limits
sum to the desired integral because

∑
a χa = 1.

On overlaps, nb(z) = na(z)Oab(z) with Oab(z) ∈ O(k). The coordinate change (z, s) 7→
(z,Oab(z)s) has absolute Jacobian one almost everywhere, even though Oab depends on
z. It also preserves the normal Gaussian measure and BR, that is

Hb = O⊤
abHaOab, Kb(z, s) = Ka(z,Oabs),

where Ha(z) is the matrix of the normal Hessian in the local orthonormal frame na(z).
Thus the local normal perturbations agree on overlaps and define the recovery measure
in Section 4.1. In the Euclidean case, we use a finite cover of the compact portion Σ ∩ω
appearing in the Laplace proof.

With (i) and (ii), the proofs of Theorem 3.4 (Section 5.1.1), of Lemma 4.1, Proposi-
tion 4.3, Proposition 4.5, and of Steps 1 and 3 of Section 4.3 apply verbatim, with sums
over i ∈ {1, . . . , N}; recall that Step 3 only uses that projM1 is 1-Lipschitz.

(iii) Marginal estimate. The proof of Theorem 4.4 uses local inverses of projΣMi
,

which, for N ≥ 3, may have critical points (vertical branches). Let γ be the plan
fixed in Step 2 of Section 4.3. We fix i and R ≥ 1, and write p def.= projΣMi

, µ def.= µi

and µ̃ε
def.= µ̃i,ε,R. Let C def.= {z ∈ Σ : rankDp(z) < d}. By Sard’s theorem, p(C) is

Lebesgue-negligible, so that γ(C) ≤ µ(p(C)) = 0. Given η > 0, we choose an open
set V ⊃ p(C) such that µ(V ) < η, and we split γ = γb + γg, with γb

def.= γ p−1(V ).
Accordingly, µ = µb + µg and µ̃ε = µ̃bε + µ̃gε, where µb, µg and µ̃bε, µ̃gε are the i-th
marginals of γb, γg and of their normal perturbations, defined by (4.6). On the compact
set Σ\p−1(V ), p is a local diffeomorphism, and the proof of Theorem 4.4, which only uses
that the chart densities are integrable, gives W 2

2 (µg, µ̃gε) = oη(ε), where W2 is extended
to measures of equal mass. On the other hand, since |p(Φ(z,

√
εs)) − p(z)| ≤

√
ε|s|, the

map (z, s) 7→ (p(z), p(Φ(z,
√
εs))) pushes KR(z, s) ds dγb(z) forward to a coupling of µb

and µ̃bε with quadratic cost at most

ε

ˆ
Σ

ˆ
BR

|s|2KR(z, s) ds dγb(z) ≤ M2 ε γ
b(Σ) = M2 ε µ(V ) ≤ M2 ε η,

by (4.5). Gluing the two couplings, we get W 2
2 (µ, µ̃ε) ≤ oη(ε) + M2εη. Letting ε → 0,

then η → 0, gives W2(µ, µ̃ε) = oR(
√
ε), which completes the proof.

Combining this proof with Section 5.1, Theorem 5.6 extends toN compactly supported
marginals on Rd, under the analogue of (H1’)–(H4’) in which K def.=

∏N
i=1Ki, and the

non-degeneracy of c is replaced by (5.8) on Σ ∩ int Ω.
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5.2.1 Multi-marginal optimal transport with repulsive harmonic cost

We apply Theorem 5.6 to the special case of three marginals on the circle. Let N = 3,
d = 1, and Mi = S1 ⊂ R2 for i = 1, 2, 3. We use the uniform probability µ = (2π)−1H1

|S1

and set µi = µ. Here d is the intrinsic dimension of each marginal space. The contact set
computed below is a disjoint union of two circles, so dim Σ = 1 = d and its codimension
in (S1)3 is k = 2. We consider the harmonic repulsive cost

c(x) def.= −
∑

1≤i<j≤N
|xi − xj |2.

The associated multi-marginal optimal transport problem is

inf
γ∈Π(µi)

ˆ
(S1)N

c(x) dγ(x). (5.9)

Proposition 5.7. Problem (5.9) is equivalent to

inf
γ∈Π(µ1,µ2,µ3)

ˆ
(S1)N

∣∣∣ N∑
i=1

xi
∣∣∣2 dγ(x). (5.10)

Proof. We start by expanding the cost in the following way:∑
1≤i<j≤N

|xi − xj |2 =
∑

1≤i<j≤N

(
|xi|2 + |xj |2 − 2⟨xi, xj⟩

)

= (N − 1)
N∑
i=1

|xi|2 − 2
∑

1≤i<j≤N
⟨xi, xj⟩.

On the other hand, |
∑N
i=1 xi|2 =

∑N
i=1 |xi|2+2

∑
1≤i<j≤N ⟨xi, xj⟩. Therefore,

∑
1≤i<j≤N |xi−

xj |2 = N
∑N
i=1 |xi|2 −|

∑N
i=1 xi|2. Since xi ∈ S1, one has |xi| = 1, and hence

∑N
i=1 |xi|2 =

N . Consequently, c(x) = |
∑N
i=1 xi|2 −N2. Thus, for every γ ∈ Π(µi),

ˆ
(S1)N

c(x) dγ(x) =
ˆ

(S1)N

∣∣∣ N∑
i=1

xi
∣∣∣2 dγ(x) −N2.

Since N2 is independent of γ, minimizing the original cost is equivalent to minimizing
ˆ

(S1)N

∣∣∣ N∑
i=1

xi
∣∣∣2 dγ(x).

We denote by c the cost of (5.10).
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Geometry of the contact set The dual problem associated with (5.10) is

sup
(φi)3

i=1

{ 3∑
i=1

ˆ
S1
φi(xi) dµi(xi)

∣∣∣ 3∑
i=1

φi(xi) ≤ c(x) ∀ x ∈ (S1)3
}
. (5.11)

Proposition 5.8. A family of optimal Kantorovich potentials for the dual problem (5.11)
is given by

φ1 = φ2 = φ3 = 0.

Proof. There exists a coupling γ ∈ Π(µ1, µ2, µ3) concentrated on {x ∈ (S1)3 | x1 + x2 +
x3 = 0}, for instance γ = (F )#µ1, with F (x) = (x,R2π/3x,R−2π/3x). One can easily
check that γ ∈ Π(µ1, µ2, µ3) and c = 0 on its support. Thus the value of (5.10) is null
and therefore the admissible dual family (φ1, φ2, φ3) = (0, 0, 0) attains the primal value
and is a family of optimal Kantorovich potentials.

Proposition 5.9. The contact set is a compact manifold without boundary

Σ = {(x,R2π/3x,R−2π/3x) | x ∈ S1} ⊔ {(x,R−2π/3x,R2π/3x) | x ∈ S1},

where Rθ denotes the rotation of angle θ.

Proof. By definition, Σ = {E = 0}. Here E = c which is equivalent to x1 = −x2 − x3.
Moreover, we have |x2 + x3|2 = |x2|2 + |x3|2 + 2⟨x2, x3⟩ = 2 + 2⟨x2, x3⟩, and thus, using
|x2 + x3| = |x1| = 1, ⟨x2, x3⟩ = −1

2 . It implies that x2 = R±2π/3x3 and thus

Σ = {(x,R2π/3x,R−2π/3x) | x ∈ S1} ⊔ {(x,R−2π/3x,R2π/3x) | x ∈ S1}
def.= Σ+ ⊔ Σ−.

Finally, the maps F± : x ∈ S1 7→ F±(x) = (x,R±2π/3x,R∓2π/3x) ∈ (S1)3 are smooth
embeddings. Therefore Σ+ and Σ− are diffeomorphic to S1. Since S1 is compact and
without boundary, Σ is a compact manifold without boundary.

Entropic selection principle

Proposition 5.10. The limiting Gibbs measure has the explicit expression

P0 = 1
2(γ+ + γ−),

where γ± = (F±)#µ and F± are the two parametrizations above. Moreover, P0 is the
selected transport plan.

Proof. We verify the normal-rank hypothesis and apply the Gibbs formula of Theo-
rem 5.6:

P0 = 1
Z0

(det Hess⊥E)−1/2
N∏
i=1

ρiH1
|Σ.
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We compute the normal Hessian and the normalization. For i = 1, 2, 3, introduce the
geodesics

νi(τ) = expxi
(τvi),

where vi ∈ TxiS
1. We also introduce S(τ) def.= ν1(τ) + ν2(τ) + ν3(τ), then we have

d
dτ E

(
ν1(τ), ν2(τ), ν3(τ)

)
= 2⟨Ṡ(τ), S(τ)⟩,

and
d2

dτ2E
(
ν1(τ), ν2(τ), ν3(τ)

)
= 2⟨S̈(τ), S(τ)⟩ + 2|Ṡ(τ)|2.

Thus, for τ = 0, since S(0) = 0, we obtain

d2

dτ2E
(
ν1(τ), ν2(τ), ν3(τ)

)∣∣∣
τ=0

= 2|v1 + v2 + v3|2,

and denoting V = (v1, v2, v3) we have

HessE(x)[V, V ] = 2|v1 + v2 + v3|2.

Let ei
def.= Jxi, where

J =
(

0 −1
1 0

)
,

so that ei is a unit tangent vector to S1 at xi. Then

E1 = (e1, 0, 0), E2 = (0, e2, 0), E3 = (0, 0, e3)

is an orthonormal basis of Tx(S1)3. We obtain

HessE(x)[Ei, Ei] = 2, HessE(x)[Ei, Ej ] = 2⟨ei, ej⟩ = 2⟨xi, xj⟩ = −1,

for i ̸= j, since x ∈ Σ. Hence

[HessE(x)] =

 2 −1 −1
−1 2 −1
−1 −1 2

 .
Moreover,

TxΣ = span{E1 + E2 + E3},

and therefore
NxΣ = {aE1 + bE2 + cE3 | a+ b+ c = 0} .

On this normal space, the above matrix acts as 3 Id. Thus

Hess⊥E(x) = 3 IdNxΣ,
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Thus rank HessE = 2 = (N − 1)d, as required by Theorem 5.6, and det Hess⊥E = 9.
The induced arclength must also be included in the normalization: the maps F± have
speed

√
3 when the unit circle is parametrized by arclength. Hence

H1(Σ±) = 2π
√

3, Z0 = (2π)−3 4π
√

3
3 = 1

2
√

3π2 .

Consequently,
P0 = 1

4π
√

3
H1

|Σ = 1
2(γ+ + γ−).

Since Ent(· | P0) is nonnegative and P0 ∈ Π(µi), we conclude that the selected transport
plan is P0.

5.2.2 Repulsive harmonic cost in Rd

Let N ≥ 3, d ≥ 1, and consider the repulsive harmonic cost

c(x) def.= −
∑

1≤i<j≤N
|xi − xj |2, x = (x1, . . . , xN ) ∈ (Rd)N .

For i = 1, . . . , N , let µi = ρi dx, where ρi vanishes outside a compact set Ki ⊂ Rd

with Ld(∂Ki) = 0, and is bounded and continuous on Ki. We take for Mi a closed
ball containing a neighborhood of Ki, and we set Ω def.=

∏
iMi, ρ(x) def.=

∏
i ρi(xi) and

b
def.=

∑
i

´
x dµi(x). We assume:

(M) There exists i0 ∈ {1, . . . , N} such that µi0 is the law of b −
∑
i ̸=i0 Xi, where the

random variables Xi, i ̸= i0, are independent with laws µi.

Under (M), the law γM of (X1, . . . , XN ), whereXi0
def.= b−

∑
i ̸=i0 Xi, belongs to Π(µ1, . . . , µN )

and is concentrated on the affine subspace

Σb
def.=

{
x ∈ (Rd)N :

N∑
i=1

xi = b
}
,

of dimension (N − 1)d and codimension k = d. Since

c(x) =
∣∣∣ N∑
i=1

xi − b
∣∣∣2 +

N∑
i=1

φi(xi), φi(x) def.= −N |x|2 + 2⟨b, x⟩ − |b|2

N
,

the functions φi are Kantorovich potentials, γM is optimal, the duality gap is E(x) =
|
∑
i xi − b|2, and Σ = Σb ∩ Ω. The normal space to Σb is spanned by the orthonormal

vectors (ep, . . . , ep)/
√
N , p = 1, . . . , d, so that

Φ(z, s) def.= z + (s, . . . , s)√
N

, z ∈ Σb, s ∈ Rd,

defines global normal coordinates: Φ is an isometry from Σb × Rd onto (Rd)N , JΦ ≡ 1,
dist(Φ(z, s),Σb) = |s| and E(Φ(z, s)) = N |s|2. In particular, HzE = 2N Id, and the
remainder R of the Taylor expansion of E vanishes.
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Theorem 5.11 (Repulsive harmonic cost in Rd). Assume (M). Then the conclusions of
Theorem 3.4 and of Theorem A hold, with Π(µ1, . . . , µN ) in place of Π(µ1, µ2), k = d,
and

P0
def.=

ρH(N−1)d
|Σb´

Σb
ρdH(N−1)d , Z0

def.= (2N)−d/2
ˆ

Σb

ρ dH(N−1)d.

Moreover, the selected plan is γM , and

min Fε = OT(µ1, . . . , µN ) + d

2ε log(1/ε) − ε
(
Ent(µi0) + d

2 log π
)

+ o(ε),

where Ent(µi0) def.=
´
ρi0 log ρi0 dx.

Proof. We follow the proofs of Theorems 5.1 and 5.3, with Σb in place of the d-dimensional
contact set: these proofs do not use the dimension of the contact set, and they are simpler
here, since the normal coordinates are global and E is exactly quadratic in them.

Step 1. Gibbs measures and Γ-lim inf. The proof of Theorem 5.1 applies with
H(N−1)d in place of Hd, R ≡ 0, JΦ ≡ 1 and Tr = Σr. Its assumption H(N−1)d(Σb∩∂K) =
0, where K =

∏
iKi, follows from Ld(∂Ki) = 0: for j ̸= i, parametrizing Σb by the

coordinates (xl)l ̸=j , the set Σb∩{xi ∈ ∂Ki} is the image of a negligible set by a Lipschitz
map. Moreover, Z0 > 0, since ρ > 0 γM -a.e. and γM ≪ H(N−1)d

|Σb
(see Step 2). Since

detHzE = (2N)d is constant, this gives Pε ⇀ P0 and Zε = (2πε)d/2(Z0 + o(1)), and the
Γ-lim inf inequality follows as in Step 1 of Section 4.3.

Step 2. A finite-entropy optimal plan. Parametrizing Σb by (xi)i ̸=i0 , whose
surface Jacobian is Nd/2, we get γM = N−d/2∏

i ̸=i0 ρi(xi) H(N−1)d
|Σb

. Hence

dγM
dP0

(x) = CM
ρi0(xi0) , CM

def.= N−d/2
ˆ

Σb

ρ dH(N−1)d, (5.12)

and Ent(γM | P0) = logCM − Ent(µi0) < ∞, since ρi0 is bounded with compact support.
This replaces Step 3 of Section 4.3, where the bound γ ≤ βHd

|Σ used dim Σ = d.
Step 3. The marginals. Fix γ ∈ Π(µ1, . . . , µN ) with Ent(γ | P0) < ∞, and R ≥ 1.

Since HzE = 2N Id does not depend on z, neither does the kernel KR(z, s) = KR(s) ∝
e−N |s|21BR

(s). Hence, by (4.6), γ̃ε,R is the law of Z +
√
ε/N (S, . . . , S), where Z ∼ γ

and S ∼ KR are independent, and its i-th marginal is

µ̃i,ε,R = µi ∗ ηε, ηε
def.= law of

√
ε/N S.

Writing
√
ε/N S =

√
ε/(2N2)S′, where S′ =

√
2N S has density proportional to e−|s′|2/2

on B√
2NR, we are in the setting of Proposition 4.6, with ε/(2N2) and

√
2NR in place

of ε and R. Its proof applies verbatim in Rd, and gives W2(µ̃i,ε,R, µi) = oR(
√
ε).

Step 4. Energy and entropy. The rest of the proof of Theorem 5.3 is unchanged.
The energy estimate of Proposition 4.5 holds, since |∇E(y)| = 2N dist(y,Σb) for ev-
ery y ∈ (Rd)N . In Step 3 of the proof of Theorem 5.3, the remainder and Jacobian
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terms vanish, and
´

| log ρ| dγ < ∞ follows from Ent(γ | P0) < ∞ and
´

| log ρ| dγ ≤∑
i

´
ρi| log ρi| dx < ∞.

Step 5. Selection and value. By (5.12), dγM/ dP0 only depends on xi0 . Hence,
for every γ ∈ Π(µ1, . . . , µN ) with Ent(γ | P0) < ∞, as in the proof of Proposition 5.5,

Ent(γ | P0) = Ent(γ | γM ) +
ˆ

log CM
ρi0

dµi0 = Ent(γ | γM ) + Ent(γM | P0),

so that γM is the unique minimizer of Ent(· | P0) on Π(µ1, . . . , µN ), that is, the selected
plan. Finally, since CM = 2d/2Z0,

min F (1) = Ent(γM | P0) − logZ0 − d

2 log(2π) = − Ent(µi0) − d

2 log π,

and the expansion of min Fε follows from Theorem A.

Remark 5.2. Condition (M) only involves the marginals: it means that µi0 is the image
of µ1 ∗ · · · ∗ µi0−1 ∗ µi0+1 ∗ · · · ∗ µN by x 7→ b− x; in particular, ρi0 is then automatically
continuous. Since a convex combination of plans concentrated on Σb with bounded
densities is again such a plan, all the conclusions of Theorem 5.11, except the explicit
selected plan and value, remain valid when (µ1, . . . , µN ) is a convex combination of N -
tuples of marginals satisfying (M) with the same b. For N = 2, (M) means that µ2 is
the image of µ1 by x 7→ b − x, and the cost is equivalent to |x1 + x2|2: the expansion
above is then consistent with Proposition 5.4, after the change of variables x2 7→ −x2
and the rescaling ε 7→ ε/2.
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