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Entropy-regularized optimal transport (EOT) has become a key tool in op-
timal transport, providing both theoretical insight and efficient computation
via the Sinkhorn algorithm. We study the first-order I'-expansion of EOT as
the regularization parameter ¢ vanishes, by rewriting EOT as the minimiza-
tion of a relative entropy with respect to a Gibbs measure P, associated with
the duality gap energy. Using a mild extension of the Laplace method, we
prove the convergence of the Gibbs measures and derive this I'-expansion for
non-degenerate ground costs, under suitable assumptions on the duality gap,
the contact set and the marginals. This yields at the same time an entropic
selection principle and an expansion of the EOT cost up to o(e) for this class
of ground costs, generalizing existing results.
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1 Introduction

Optimal transport (OT) has emerged as a central research topic at the intersection of
probability theory, partial differential equations, and optimization, with applications in
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fields such as economics, machine learning, and image processing. The monographs of
Villani [ ] and Santambrogio | | provide comprehensive accounts of its mathe-
matical foundations. Applications to economics are developed in | ], while [ ]
surveys computational methods and applications to data science. Large discrete trans-
port problems can nevertheless be expensive to solve, and high-dimensional statistical
estimation presents additional difficulties.

These computational challenges have renewed interest in entropy-regularized opti-
mal transport (EOT). Entropic regularization leads to a strictly convex problem whose
discrete solution can be computed by iterative matrix scaling, following the work of
Sinkhorn [ ; ]. Tts use for large-scale transport was popularized by Cuturi
[ | and developed through iterative Bregman projections in | |. Convergence
results for the Sinkhorn algorithm range from the matrix-scaling analysis of Franklin and
Lorenz | | to continuous and multi-marginal settings [ ; |, and complexity
guarantees for approximate discrete OT are established in [ |. Statistical benefits
at fixed regularization have also been quantified for Sinkhorn divergences | | and
entropic transport costs | |, with bounds that depend on the regularization param-
eter. We refer to | ; | for broader perspectives on EOT and its applications.

EQOT also has a probabilistic interpretation through the Schrédinger problem and
variational problems for stochastic processes | ; ], where ¢ plays the role of
a noise or temperature parameter. It is therefore natural to investigate the behavior
of the optimal plans and values as ¢ tends to zero. The zero-noise connection with
quadratic OT was established by Mikami | ], and variational convergence was sub-
sequently developed in | ; ] in the two-marginal case, and in | ] in the
multi-marginal case, including singular repulsive costs. Convergence of the associated
potentials is studied in | ], and a complementary geometric approach is given by
Bernton, Ghosal, and Nutz | |, who describe concentration of the entropic op-
timizers through large-deviation estimates and relate the rate function to Kantorovich
potentials.

Finer asymptotics of the optimal value have been studied in several settings. For
the quadratic cost, a next-order variational convergence of the entropic cost, viewed
as a function of one marginal, arises in the connection between large deviations and

Wasserstein gradient flows [ ; ; ]. Pal | | identifies the next
asymptotic term for smooth strictly convex displacement costs under suitable regularity
and elliptic assumptions on the potentials, while Conforti and Tamanini [ ] ob-

tain differentiation formulas and a second-order expansion in the Schrédinger setting.
For general C? non-degenerate ground costs ¢ (i.e. such that the mixed Hessian D?cyc
is invertible), Carlier, Pegon, and Tamanini | | establish the leading correction
%6 log(1/¢) + O(g), which is extended to the multi-marginal setting by Nenna and Pegon
[ ]. A different approach based on quantization of measures yields further conver-
gence bounds in | ]. The separate behavior of the transport and entropy terms
appearing in the total EOT cost, together with quantitative convergence of the plans, is
studied by Malamut and Sylvestre | ]

When the unregularized problem admits several minimizers, whether the entropic
plans converge and, if so, which optimal plan is selected is an open problem in general.



For discrete problems, the work of Cominetti and San Martin | | on exponential
penalties in linear programming establishes convergence to the entropy-minimizing op-
timal solution, with exponential convergence rates, and non-asymptotic quantitative
bounds were later obtained by Weed | |. In the continuous setting, a direct en-
tropy selection argument still applies when an optimal plan has finite relative entropy
[ ], but the main difficulty arises when every optimal plan is singular with respect
to the product of the marginals, so that the relative entropy is infinite on the entire
optimal set.

For the Euclidean distance cost on the real line, which is neither C'! nor non-degenerate,
the set of admissible destinations of a typical source z is a one-dimensional segment,
called a transport ray. In this case, Di Marino and Louet | | identify an entropic se-
lection through a renormalized I'-limit under suitable integrability assumptions. Ley
[ | obtains complementary convergence results for less regular marginals under
a componentwise mutual-singularity condition. In higher dimensions, selection along
transport rays is studied by Aryan and Ghosal | | and more recently by Nutz and
Zhong | |, who establish a variational characterization of the selected plan as a
constrained relative-entropy minimizer with geometry-dependent reference measures on
transport rays.

Main contributions and strategy. The main purpose of this paper is to derive an en-
tropic selection principle, through a I'-convergence approach, when the ground cost ¢
is non-degenerate but not necessarily twisted. In this situation, the set of admissible
destinations of a typical source x is a locally finite set but need not be a singleton. We
first consider the case of two marginals (j1, j2) on the flat torus T¢, to avoid boundary
issues, then explain how to handle the case of RY. We assume that the contact set ¥,

defined as the zero set of the duality gap energy F def o D1 D Py, (V1,P,) being a pair
of Kantorovich potentials, is a d-dimensional C1' submanifold. This is a strong assump-
tion: under non-degeneracy alone, McCann, Pass and Warren | | only guarantee
that ¥ is contained in a d-dimensional locally Lipschitz submanifold. We impose it to
keep technicalities under control, since the construction of a recovery sequence is already
delicate in the C1! setting, leaving the general case for future work.

Under our assumptions, the normal Hessian Hess™ E of E, defined on ¥ as the Hessian
of FE restricted to the normal space of X, is positive definite. Roughly speaking, the
Gibbs measure P, = Z_ le—E/e 11 ® pa behaves like a Gaussian with covariance matrix
e(Hess™ F)~! in the normal fibers to the manifold, and concentrates on ¥ as & — 0.
We extend the results of Hwang [ |, who proves convergence towards a probability
measure Py with an explicit density with respect to the volume measure on X, from C? to
C1! regularity, and to compactly supported marginals on R, in which case ¥ need not
be compact. We then prove that the relative entropy with respect to the concentrating
Gibbs probabilities, which coincides with the entropy-regularized functional up to an
additive constant and a factor ¢ (see Proposition 2.1), I'-converges under the original
marginal constraints to the relative entropy with respect to this limiting probability.
Since there always exists an optimal plan with finite limiting entropy, the limit problem



has a unique minimizer, which is the selected optimal plan, and the entropic plans
converge to it.

The principal difficulty lies in the construction of a recovery sequence for the I'-lim sup,
which must approximate the relevant Gaussian profile in the normal fibers while satis-
fying the marginal constraints exactly. We first perturb an arbitrary admissible plan
with finite limiting entropy by a varying Gaussian kernel in the normal fibers, so as
to obtain an approximate recovery sequence that converges in energy but only satisfies
the marginal constraints in the limit. The most delicate step is then to estimate how
much these constraints are violated along the sequence. Roughly speaking, the center-
ing of the normal kernels makes the first-order contributions cancel, so that the squared
Wasserstein distance between the marginals of the perturbed plans and the prescribed
ones is o(e), although the normal variance is of order . Thanks to this estimate, the
shadow construction of | | finally allows us to correct the marginals while preserving
convergence in energy.

To state the resulting I'-expansion, in the sense of Braides and Truskinovsky [ ,

we consider the functionals defined on P(£2), where Q e Td T4, by

def.
Fe(v) = /ch7+6Ent(vlu1®u2)+><n(,,,1,m)(7) (e >0),

def.
FO)(y) /Q A7+ Xi1(us ) (1),

where II(pu1, u2) denotes the set of couplings v € P(Q2) having py and pe as marginals,
and x denotes the indicator function in the sense of convex analysis. Writing p; = p; dz,
we also define the first-order functional

def. d
= Ent(y|Po) + Xr1(uy p0) (7) — log Zo — B log(27),

FO ()

where Py is the probability measure on ¥ given by

dPo(z1, x2) def. 1 p1(x1)p2(x2)
Zo \/det Hess E(z1, 22)

dH s (1, 22),

where 7—[|d2 denotes the d-dimensional Hausdorff measure restricted to 3 and Z; is the
normalizing constant.

Theorem A (TI-expansion and entropic selection). Assume that (H1)-(Hj) of Sec-
tion 2.2 hold. In particular, My = My = T%, ¢ is non-degenerate near 3, and ¥ is
a d-dimensional C%' submanifold. Then the following holds.

(i) (T-expansion) The functionals F. admit the first-order I'-expansion

Fe— gglog(l/a‘) LFO 470 4 o(e), (1.1)

which means that (F. — min F(0)) /e — Zlog(1/e) I'-converges to FWO) for the weak
convergence of probability measures.



As a consequence:

(i) (Asymptotics of the cost) The minimum of FV) is finite, and

min 7, = min F©) + gelog(l/s) + emin F + o(e). (1.2)

(iii) (Entropic selection) The unique minimizer . of F. converges weakly, as € — 0,
to the unique minimizer o of Ent(- | Po) among all optimal transport plans, which
is also the unique minimizer of FO).

We then treat compactly supported marginals on R? and illustrate the selection prin-
ciple for the non-twisted cost of | , Example 3.1]. The extension to N marginals
is stated separately under an explicit normal-rank condition. Finally, we apply it to a
repulsive harmonic problem with three marginals on the circle.

Organization of the paper. Section 2 introduces the transport problems, our assump-
tions, and the geometry of the contact set. Section 3 deals with the contact set and
its tubular neighborhood, and states the geometric Laplace method. Section 4 con-
structs the recovery sequence, proves the constrained I'-convergence, and derives the
I'-expansion and its consequences. Section 5 gives the proof of the geometric Laplace
method in the case of the flat torus and the Euclidean space, and provides the multi-
marginal extension of our results, together with some examples.

2 Entropic Optimal Transport, assumptions and geometry of
the contact set

2.1 Preliminaries on Entropic Optimal Transport

We consider two compact metric spaces M7 and Mo, endowed with probability measures
w1 and pg, and a continuous cost function ¢ : 2 — R, where Q def. My x Msy. Typical
examples are closed Riemannian manifolds, such as the flat torus of Section 2.2, or
compact subsets of R%, as in Section 5.1. The Monge Kantorovich optimal transport
problem reads

it { [ e a6 7 € M) (o)

5

where et
(a1, i2) = {5 € P(Q) | (projag, )4y = i for every i = 1,2}
denotes the set of probability measures on €2 having p; and pg as marginals.
It is well known that the optimal transport problem admits a dual formulation, for
which strong duality holds and maximizers exist as soon as M;, My are compact and ¢

is continuous (see | , Chapter 1]). The dual problem is given by

sup {/ o1 duy +/ w2 duo ’ 01 ® @2 < ¢, p; € C(M;) fori= 1,2} ,  (Dual)
(p1,92) My Mo



where (o1 @ p2)(x1,z2) et v1(z1) + p2(x2). Any pair (P;,Ps) attaining the supremum
in (Dual) is called a pair of Kantorovich potentials. Given such a pair, we define' the
duality gap energy F : Q@ — R, and the contact set respectively by

Edg'c—al D P, and y 4 {xe€Q:E(x) =0}

Since F is continuous and nonnegative, strong duality yields the following characteriza-
tion of optimality:

7 € (1, p2) is a solution of (OT) <= spt(¥) C X. (2.1)
For any € > 0, the entropy-regularized two-marginal optimal transport problem is

defined by

it { [ o) a0 + e Bty 1 ) | 9 € M, o)} o)

where, for v € P(Q2) and a probability measure v on §2, the relative entropy is given by

d
ot / log <d’y(x)> dy(x) if vy <,
But(y|v) % { Jo  \dv

+o00 otherwise.

We use the same notation when v is a nonnegative Borel measure which is not a proba-
bility (e.g. a Hausdorff measure), whenever the integral is well defined.
We start by making the following observation.

Proposition 2.1. Fore > 0, let P, be the Gibbs probability measure defined by

def. 1 E def. bz
oot Lo E o 2% [ o5 a e
5 Q

Then, for every v € (1, pi2),

/ cdy+eEnt(y |1 ® p2) = OT (p1, p2) + € Ent(y | P:) —elog Z¢, (2.2)
Q

where OT (u1, po) denotes the value of (OT). In particular, problem (OT.) has the same
minimizers as

iI’}f {Ent (v] Pe) ’ v € (s, ,U,2>} , (EOT.)

Proof. Let v € II(pu1,p2). Since v has marginals p; and pug, strong duality gives
Jo @1 ® Pody = OT (1, pu2), hence [,edy = OT(u1,p2) + [o Edy. Moreover, since
E is bounded, the measures P, and p11 ® po are equivalent, with bounded log-density

dP. _ E
log diep) — & log Z., so that

“Bnt(y i @ pa) = < Butly | Po) — | Bdy - clog Z,
Q

both sides being possibly infinite. Summing the two identities gives (2.2). O

'E may depend on the choice of Kantorovich potentials, but the I'-expansion result actually will not.



2.2 Main assumptions and geometry of the contact set

We first consider two marginals on flat tori. A Euclidean extension is given in Section 5.1.

(H1) Fori = 1,2, M; = T% with the flat product metric. The cost c is continuous, and we
fix optimal continuous Kantorovich potentials %, @,. The cost is C? and satisfies
the non-degeneracy (or infinitesimal twist) condition on an open neighborhood
U C Q of the contact set >:

D2 ¢(2): Tp,My —s Ty, M, is invertible for every z = (x1,x2) € U.

12

(H2) The duality gap E(x1,72) = c(x1,72) — $y(21) — P5(22) > 0 belongs to C*1(Q).

(H3) The contact set ¥ = {E = 0} is a nonempty C'>! submanifold without boundary,

of dimension d. We denote by k g > 1 its codimension in €.

(H4) The marginals have densities p; = p; d voly,, with p; Lipschitz and 0 < a < p; <
B < oo on M, fori=1,2.

Remark 2.1 (About assumption (H3)). Under (H1)—-(H2), the implicit function theorem

shows that § {2 € U : V, E(2) = 0} is a d-dimensional C*! submanifold, since
Dy, (Ve E) = D2, cis invertible. As ¥ C S, (H3) amounts to ¥ being relatively open
in S (compare with | |, where ¥ is shown to lie in a Lipschitz submanifold).
Moreover, (H3) implies that ¥ = {VE = 0} in a neighborhood of X, by the positive
definiteness of the normal Hessian (see Proposition 2.2). Requiring this equality globally
would however not be natural: {VE = 0} contains the maximum points of E and need
not be a d-dimensional submanifold. For the bilinear cost ¢(z1,z2) = —(x1,x2) in the
Euclidean setting, F(x1,x2) = u(x1) + u*(x2) — (z1,x2) with u convex is convex in each
variable, so that S = ¥ and (H2) implies (H3).

We set p(x1,x2) = p1(x1)p2(z2) and u® = p1 @ pg = p dvolg. For z € ¥, the normal

Hessian is

H.E Y Hesst E(z) = Hess E(2) |y, N.X = (TLY)L.

Proposition 2.2. Under (H1)-(H3),
ker Hess E(z) = T,X (z € ¥),

and both coordinate projections projﬁi : Y — M; are local CY' diffeomorphisms. More-
over, there exist constants 0 < A < A < oo such that

Mol? < H.E(v,v) < AJv]? (z €%, ve N,Y). (2.3)

Proof. Since E > 0 and E = 0 on X, we have VE = 0 on ¥, and Hess E(z) is positive
semidefinite there. Differentiating VE = 0 along ¥ gives 7,3 C ker Hess E(z). The
separated form of the potentials implies D?CIIQE = ngc near X: this identity also
follows directly by taking mixed differences, without initially assuming differentiability of



the potentials. Thus the mixed block of Hess E/(z) has rank d, so rank Hess E(z) > d. The
preceding kernel inclusion and dim 7,3 = d give the reverse inequality. Consequently,
ker Hess E(z) = T, 3.

The differential of p1r0j§41 at z is the restriction of (u,v) — wu to T,X, whose kernel
consists of the vectors (0,v) € T, = ker Hess E(z). For such a vector, the first compo-
nent of Hess E(2)[(0,v)] = 0 reads D2 , c(z)v = 0, whence v = 0. Thus Dprojjzwl(z) is
injective, hence an isomorphism since dim 7,3 = d = dim M7, and the inverse function
theorem shows that plroj%/[1 is a local CM! diffeomorphism. The same argument applies
to proj%/b. Finally, positive semidefiniteness and the kernel identity ker Hess E'(z) = T,%
make the restriction H,E of Hess E(z) to N,X = (T,X)* positive definite. Continuity
of the Hessian and the normal spaces, together with compactness of ¥, gives (2.3). [

Remark 2.2 (Vertical and horizontal branches for the two-marginal problem). By Propo-
sition 2.2, both projections proj%/[1 and projﬁ2 are local diffeomorphisms. In particu-
lar, ¥ has neither vertical nor horizontal branches, that is, points z € ¥ such that
rank (D projyy, (2)) < d, respectively rank(D projy, (2)) < d.

3 Convergence of the Gibbs measure

3.1 Tubular coordinates around the contact set

By (H3), ¥ is a compact C''-submanifold of Q, and thus has positive reach in the

sense of Federer | |. Consequently, there exists 79 > 0 such that, setting, for every
0<r<rg,
def. def. .
N ={(z,v):z€ 3, ve NX, |v| <r}, Y, = {xeQ:dist(x,X) < r},

the nearest-point projection projy. : ¥,, — X is well defined and Lipschitz, and the
map (z,v) — z + v is a bi-Lipschitz bijection from N,¥ onto ¥,, with inverse x
(projs;(x),x — projs;(x)). Here the addition is understood componentwise and modulo
Z% on each torus factor.

Lemma 3.1 (Lipschitz normal frame). Under (H1)-(H3), there exists a Lipschitz map
n=(n1,...,ng) : B — Rk such that, for every z € X, the columns nyi(z),...,ng(2)
form an orthonormal basis of N,3.

Proof. By Proposition 2.2, the projection plroj]%1 is a local C1! diffeomorphism, so that,
locally, ¥ is the graph of a C'! map x; + x5. Identifying the tangent spaces of the
flat tori with R?, this means that, for every z € ¥, T,% = {(u, B(2)u) : u € R%} for
some matrix B(z) € R™4, where z — B(z) is locally Lipschitz, hence Lipschitz on ¥ by
compactness. Hence N, = {(~B(z) "w,w) : w € R%}, that is, the columns of

N(z) = (‘BI(dZ)T> € Rk



form a basis of N,%. Since their Gram matrix N(z)" N(z) = I;+B(2)B(2)" is symmetric
positive definite, we obtain an orthonormal basis of N,Y by setting

n(z) def N(z)(Iqg+ B(Z)B(Z)T)_l/Q, so that n(z) "'n(z) = I.

The map n is Lipschitz, as B is. O

We fix such a frame n. For every z € ¥ and s € R*, we thus have

k
n(z)s = spny(z) € N. 3.
p=1

Through the isometry n(z) : R¥ — N,¥, we write H,E(s, s) for H,E(n(z)s,n(z)s), so
that (2.3) holds for every s € R¥, and det H,E for the determinant of the k x k matrix
with entries H,FE(n,(z),nq(z)), which does not depend on the choice of the orthonormal
frame. Denoting by B, the open ball of radius 7 centered at 0 in R¥, we define the
tubular parametrization

D(z, ) e n(z)s, z€X, seB,,

which, by the above, is a bi-Lipschitz bijection from ¥ x B, onto X, for every 0 < r < ryg.
Moreover, since z = projs(®(z,s)), we have

dist(®(z, s),X) = |s for every (z,s) € ¥ X By, (3.1)

which will be used repeatedly in the sequel. Since n is Lipschitz, it is differentiable along
¥ at H%a.e. point, by Rademacher’s theorem. For such z € ¥ and p € {1,...,k}, we
denote by

Gp(z) : T.X — T3

the linear operator determined by the tangential component of Dn,(z), namely
pI‘Oszz(DTLp(Z)[X]) = GP(Z)Xv X € TZEa

where proj. 5, denotes the orthogonal projection of R%4 onto T.%. For s € R*, we set
def. b
el.
G(z,s) = Z spGp(2).
p=1

Lemma 3.2. Under (H1)-(H3), for H%-a.e. z € ¥ and every s € B,,, the map ®
is differentiable at (z,s), and its Jacobian Jg(z,s), that is, the absolute value of the
determinant of D®(z,s) : T,X x R¥ — R%? in orthonormal bases, is

Jo(z,8) = ’det(Idez +G(z, s))‘
Moreover, there exists C > 0 such that
1G(z,9)|| < Cls]

for H-a.e. z € ¥ and every s € RF.



Proof. Fix z € ¥ at which n is differentiable along ¥. Since ®(z,s) = z 4 n(z)s is affine
in s, the map ® is differentiable at (z, s) for every s € B, and, for X € T,% and t € R¥,

k
D®(z,8)[X,t] = X + Y 5,Dny(2)[X] +n(2)t = (X + G(2,9)X) + Q(2,5)X +n(2)t,

p=1

where Q(z, s) X def. projNZE(ZI;:l spDny(2)[X]) € N,X. Hence, decomposing the target
space as R? = T,% @ N.X, the operator D®(z,s) : T.X x R¥ — T,% @ N.¥ has the
block lower triangular form

. Idr, s +G(z,s) Oge_, ;
Do(z,5) = ( Qs n() E) '

Let (e1,...,eq) be an orthonormal basis of T,%. By Lemma 3.1, the vectors ey, ..., eq,
n1(2),...,nx(2) form an orthonormal basis of R??, in which the block n(z) has matrix
Ij,. Computing Jg(z,s) in this basis and in the orthonormal basis of T, x R* formed
by (e1,...,eq) and the canonical basis of R¥, we obtain Jg(z, s) = |det(Idr.s +G(2, 5))|.
Finally, denoting by Lip(n) the Lipschitz constant of n, we have ||Gp(2)|| < ||Dny(2)| <
Lip(n) for every p, whence [G(z, 8)]| < S5, |sy| |Gy (2)]| < VELip(n)]s. =

Since ® is a bi-Lipschitz bijection from X x B, onto ., the area formula gives, for
every 0 < r < rg and every nonnegative Borel function f on 3,

fdvolg = / F(®(2,5)) To(z,s) ds AH(2). (3.2)
P X JBr

After decreasing ro, we may assume that Crog < 1/2, so that ||G(z, s)|| < 1/2 for H%-a.e.
z € ¥ and every s € B,,. In particular, det(Idy,x +G(z,s)) > 0, and expanding the
determinant gives

Jo(z,8) =1+ L(z,8)+0(s]?),  L(zs) CtrG(zs), (3.3)

where the remainder is uniform in z. The function L(z,-) is linear, hence odd, and
|L(z,s)| < dC|s|. In particular,

Jo(z,V/Es) = 1+ eL(z,8) + O(e|s|?)  whenever /2|s| < rg. (3.4)

3.2 Geometric Laplace’s method

Proposition 3.3. Under (H1)-(H3), there exist constants T > 0 and 0 < C < C < 400
such that, for every € Q satisfying dist(z, X) < r, one has

Cdist(z, X)? < E(z) < Cdist(x, %)%

10



Proof. Let 19 > 0 be as in Section 3.1, and let x € X,,. Then x = ®(z,s) with
z = projy(x) and a unique s € B,,, and |s| = dist(x,X) by (3.1). Since z is a minimum
point of £ > 0, one has E(z) = 0 and VE(z) = 0, so that a Taylor expansion of E gives

E(x)= %HZE(S,S) +R(z,9), R(z,8) = O(|s|*) ass—0,

uniformly with respect to z € ¥, since E belongs to C%1(2). By (2.3), Als|? <
H,E(s,s) < Als|>. Taking r < ro small enough, we have |R(z,s)| < 2]5\2 whenever
z € ¥ and |s| < r. Consequently,

A 3A

1 dist(x,%)? < B(x) < 1 dist(x, 2)?,
and the conclusion follows by setting C' def % and O % 37. O
Theorem 3.4. Under (H1)-(H}), as e — 0, the Gibbs measure P, converges weakly to
a probability measure Py, given by

def.

1 -
dPy(z) = Z)(detHzE) Y2 p(z)dH(2),  ZoZ

Moreover, Z. = (2re)*/?(Zy + o(1)).

/ (det H.E) Y2 p(2) d?—[‘dx(z).
b

Remark 3.1. We postpone the proof to Section 5.1.1. It follows the general strategy of
[ ], with the various steps of the geometric Laplace method made explicit, in a
slightly different setting: the proof is formulated so as to cover the case of compactly
supported marginals in R%, and requires only C%!-regularity of the duality gap E and
CYl-regularity of the contact set X.

Remark 3.2. A connection between the geometric Laplace method and optimal transport
has already been established by Léger and Vialard in [ ], under stronger regularity
assumptions and assuming that the contact set is the graph of a C3-diffeomorphism.
These assumptions allow them to derive a first-order geometric Laplace expansion. In
contrast, our purpose is only to identify the leading-order limit, under weaker regularity
assumptions and without requiring the contact set to be globally a graph.

4 The I'-expansion of Entropic Optimal Transport

Throughout this section, we assume (H1)—(H4), and we consider the functionals defined
on P(£2) by
def. def.
G=(7) = Ent(v|Pe) + X11(u ) (1) Go(7) = Ent(v|Po) + X1y o) (7). (4.1)
By Proposition 2.1 and Theorem 3.4, the functionals F., F(© and F1) of Theorem A

satisfy

- minFO k1 k
Te T Piog D = 0.~ Toa 2 — & log(2m) + o(1),

3 (4.2)

k
F =Gy —log Zy — 5 log(27),
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where the o(1) does not depend on ~. Hence, the first-order I'-expansion of Theorem A
amounts to the I'-convergence of G, to Gy as ¢ — 0, for the weak convergence of proba-
bility measures, that is, to the following two inequalities:

o (P-liminf inequality) for every 7 € P(Q) and every family (7:)->0 in P(2) such
that 7. =~ as ¢ — 0,
hran_jélf Ge(7e) = Go(7); (4.3)

o (I-limsup inequality) for every 7 € P(2), there exists a family (7:)e>0 in P(£2),
called a recovery sequence for 7, such that 7. — % as ¢ — 0 and

lim sup G (7:) < Go(7)- (4.4)

e—0

The I'-lim inf inequality (4.3) follows directly from the convergence of the Gibbs mea-
sures. The core of the section is the I'-lim sup inequality (4.4), that is, the construction
of a recovery sequence: we first perturb a given plan in the normal directions to X
(Section 4.1), and then correct its marginals (Section 4.2). Both inequalities, and then
Theorem A, are proved in Section 4.3. Finally, Section 4.4 contains the proof of the key
estimate on the marginals of the perturbed plans.

4.1 The recovery sequence: a normal perturbation approach

To prove the I'-lim sup inequality (4.4), we fix 7 such that Go(5) < oo (otherwise, . def- ¥
is a recovery sequence), that is, ¥ € II(u1, p2) with Ent(5|Pg) < oo, and we look for
plans . € II(u1, p2) such that 4. — 7 and limsup,_,qG:(7:) < Go(7). We proceed in
two steps: we first spread 7 in the normal directions according to the Gaussian profile
of the Gibbs measure, which gives the right entropy but not the right marginals, and we
then correct the marginals in Section 4.2.

Since 7 < Py < Hfz, we write § = ﬁ?—lflz. We fix a truncation radius R > 1 for the
rescaled normal variable s, the distance to ¥ being /2|s|, and we take £ small enough
so that \/eR < rg, with ry as in Section 3.1; R will be sent to infinity at the end of the
proof. Recall that H,E = Hess™ E(z) is the normal Hessian of E at z € ¥ (Section 2.2),
seen as a quadratic form on R¥ through the normal frame n(z) (Section 3.1).

For z € X, let

def. 1B (3) einE(S’S)ﬂ def. / _H.E
= R Z = ® (875)/2 d
Kg(z,s) Zn(3) , Rr(2) . e s,

be the density of the centered Gaussian measure on RF with covariance H, E~!, truncated

to Bgr and renormalized. By (2.3), Zr(z) > ¢ def fBl e Msl/2ds > 0 for R > 1, so that

the moments of these kernels are bounded uniformly in z € ¥ and R > 1: for every
p=0,

ef. 1 _
/ |s|P KRr(z,s)ds < M, det. / |s|Pe AsP/2 45 < 0. (4.5)
Br ¢ JRE
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Setting P.(z, s) et P(z,/es), we have ¥ = (P.) (7 ® dy). Replacing the Dirac mass in

the normal variable by this truncated Gaussian, we define the normal perturbation of 7
by

% R (@) (Kr(z, ) ds d7(2)). (4.6)
that is, [, fd¥er = [y [a, f Ves)) Kgr(z,s)dsd¥y(z) for every nonnegative Borel
function f on Q. Since K R( ) is a probablhty density, ¥, r is a probability measure,
concentrated on X zp. In the original normal variable n = \/€s, its profile in each normal
fiber is the Gaussian with covariance e H, E~!, truncated at distance /2R from X, which
mimics the Gibbs measure P, near ¥, since E(®(z,7)) ~ $H.E(n,n). By (3.2), Y.,r is
absolutely continuous with respect to volg, with a density pe r vanishing outside X zp
and given in tubular coordinates by

p(z) Kr(z,5)
ek/2 Jg(2,+/€5)

Since p; > a > 0, the marginals fi; . g, i = 1,2, of 4. g are absolutely continuous with
respect to p;. They differ from p; in general, and are corrected in Section 4.2. Finally,
the image of Kr(z,s)ds d¥(z) under the map (z, s) — (z, -(z, s)) is a coupling of 7 and
Ye.r, and the distance between z and ®.(z,s) = z + /e n(z)s is at most \/e|s| < /eR,
so that

for #H%a.e. z € ¥ and every s € Bg.  (4.7)

ﬁE,R(q)<za \/gs)) =

Wo(Fe.r,¥) < VeR — 0 (e — 0). (4.8)

In particular, since the marginals of 7 are u; and the projections 2 — M; are 1-Lipschitz,
we also have Wa (i ¢ g, i) < VR for i = 1,2.

Lemma 4.1 (Entropy of the normal perturbation). For every fited R > 1, as e — 0,

Zoo(2)

Eut (7] P2) — Eut(7|Po) + be(7),  be(h) = [ s 25 dyf), (49)
s Zr(2)
where Zoo :f Jaw e H=E9/2 45 = (27)%/2(det H,E)~Y/2. Moreover, bg(7) > 0 and
SUPyep(s )bR( ) — 0 as R — oo.

Proof. By (4.7), and since P. has density Z;le_E/Ep with respect to volg, where p is
the density of y1 ® p2, we have, for H%a.e. z € ¥ and every s € B,

tog (72 (@(z vEs) ) = log p(2) + log (p) ~lorp(@(e. Vo)

_1 £8,\/€S
n E(®(z, ves)) — sH.E(VEs, Ves) —log Jao(z,Ves).

e

As in the proof of Proposition 3.3, a Taylor expansion of F gives

B@()) = SHB(0) + R, RG] < Clal®
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Since Ent(Je,r | Pe) = [ log dg%fdﬁa R, we may compute this integral in tubular co-
ordinates by (4.6), that is, integrate the above identity against Kg(z,s)ds d¥(z). We
obtain

o O P = /ZIOgP(z)V(dZ) + /z log (M;(::)) ¥(dz)
: /E/B (108 (=, Vas)) - FEVED

g

+ log Jo(z, \/Es))KR(z, s)ds7¥(dz).

These integrals are finite: since Ent(5|Py) < oo and the density of Py with respect to
7—[|d2 is bounded from above and below by positive constants, we have fz |logp| dy < oc.

Since |R(z,/es)| < Ce®?|s|?, since log p is Lipschitz (p being Lipschitz and bounded
below by a positive constant), and since | log J3(z, /es)| < Cy/e|s| by (3.4), the double
integral in the last line differs from fz log p d¥ by at most

C\@/E /BR(|S| + |s]*) Kr(z,8) ds7(dz) < Cy/e — 0,

by (4.5). Moreover, by Theorem 3.4, Z. = (2m¢)*/2(Zy + o(1)), so that, uniformly in z,

Z. om)k/2Z, Zoo(2
o8 (i) =108 gy o) = o8 (VARTLE) g Z255 4ol

Combining these identities yields

Ent (7. r | Po) — /Z log Zézv(dz)—i— /E log (Zo+/det H.E) 7(d2)

Finally, the Gaussian tail estimate

0 < Zou(2) — Znl2) < /

A
exp (—]32) ds — 0 (R — o)
Is|>R 2

is uniform in z. Together with Zg(z) > ¢ > 0, this shows that bg > 0 tends to zero
uniformly over probability measures on ¥, and proves the claim. O
4.2 Correction of the marginals

The normal perturbation 7. r has the expected entropy (Lemma 4.1), but not the pre-
scribed marginals. To correct them, we use the shadow construction of | ]: each
perturbed marginal is transported to the prescribed one by an optimal transport map,

14



and the product of these maps is applied to the plan, as illustrated in the diagram be-
low. In [ |, the construction is carried out more generally with optimal transport
plans; here it is simpler, since the perturbed marginals are absolutely continuous, so that
optimal transport maps exist.

~ v ~
M1 K2
T T
M1 K2
Definition 4.1 (Shadow | , Definition 3.1]). Let w;, 1 € P(M;) with fi; < volyy,,

and let T; denote the optimal transport map from p; to u; for the quadratic cost, ¢ = 1, 2.
Then, for a given ¥ € II(f1, fi2), its shadow ~y € II(py, po) is defined by
def. ~
v = (T1>T2)#'7-

The interest of this construction is that it turns a plan with good properties but
mismatched marginals into a plan with the prescribed marginals, which remains close
to the original one. More precisely, the distance between the shadow and the original
plan depends only on the distance between the marginals, and its relative entropy is
controlled by that of the original plan, as stated in the following lemma.

Lemma 4.2 (Properties of the shadow [ , Lemma 3.2]). Given 5 € II(fu1, fi2) and
its shadow v € II(p1, p2), one has
2
WQ(’Ya ,:“)/)2 - Z WQ(Mi? ﬁZ)Q
i=1

Furthermore, the relative entropy of the shadow is bounded by that of the original plan:

Ent (7| p1 ® p2) < Ent (V|1 @ fi2) .

We denote by . r the shadow of 7. g. By Lemma 4.2 and (4.8), Wa(ye,r, Ve,r) <
\/%R, so that ~. r still converges to . However, to remain a recovery sequence, it
must also have the same limit energy. It turns out that passing to the shadow adds at
most an energy term.

Proposition 4.3 (Entropy of the shadow). For every R > 1 and € > 0 with \/eR < 1o,

- 1 -
Ent (.| Pe) < But(o | P2)+ 2 [ B d(rer = 7o) (4.10)
Q

Proof. In this proof, we write v = 7. g, ¥ = Je,r and 1; = 1, g. Recall that P, = f. u®,
where f. def. Z-te= P/ (Proposition 2.1). By Lemma 4.1, Ent(¥| P.) < oo, hence
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Ent(¥ | u®) < Ent(y| Pe) —log Z. < oo since E > 0. Hence the marginal entropies
Ent(fi; | ;) are finite by projection, and so are all the quantities below. By a change
of reference measure, Ent(-| P.) = Ent(- | u®) — [, log f- d(-) on probability measures.
Together with Lemma 4.2, this gives

Ent (v| Pc) = Ent (y| %) — /Qlogfa dy
< Eut (7] 0 ) — [ ogf. dy
Q

—Ent (7] P.)+ [ logf. d(7 - )
Q
T Bnt (7| /i @ fia) — Ent (7] 4%)
Since fi; < p; (Section 4.1), there exist Borel functions a; : M; — [0,00) such that

i = aj jii, so that i1 ® fis = a1(x1)as(w2) u®. Consequently,

Ent (7| fir ® ia) — Ent (7| ) = / log (a1 (21)as(2)) d3(x1, 22)
Q
2 2
:—Z/ logai dﬁz:_ZEnt(ﬁz|Mz)§07
i=1YM; i=1

where the last inequality follows from the nonnegativity of the relative entropy between
probability measures. Finally, since log f. = —F/e¢ — log Z. and both plans have total
mass one,

Ent(VPE)SEntW\Pe)/logfad(v y) = Ent (7| P.) /Edv 7).
Q

d

The additional term in (4.10) tends to 0 as soon as Wa(fiic r, pti) = o(y/€) (Proposi-
tion 4.5 below). The following estimate is therefore the cornerstone of the construction
of the recovery sequence.

Theorem 4.4 (Marginal estimate). For each fized R > 1, the marginals of the normal
perturbation (4.6) satisfy

Wa(liie,r: i) = or(VeE)  (i=1,2), ase—0, (4.11)
where the subscript indicates that the rate of convergence may depend on R.

The proof is given in Section 4.4.
We now verify that the additional term in (4.10) vanishes in the limit.

Proposition 4.5 (Energy of the correction). For every fized R > 1,

1
g /Ed(’)/&R—?g,R) —0 as € — 0.
Q
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Proof. Let T: g def. (T, T5), where Tj is the optimal transport map from fi; . g to p;. By

definition of the shadow, 7. r = (1%, r) #7e,r- Set

2
def. [ . _ _
AZp= /QChSt(X,Te,R(X))Z Ve, r(%) = > W3 (i, s i)

i=1
The pushforward identity gives

é /Q Ed(ven—Fon) - % /Q (E(T..p(x)) = E(x)) d7e.p(x).

We identify Q with T2¢ = R2?/Z24  denote by [y] € Q the class of y € R??, and by
EY E([-]) the Z??-periodic lift of E, which belongs to C*!(R??) by (H2). We set

def. =~
Cg = sup |D’E(y)|| < oo,
ycR2d

where || - || denotes the operator norm.

We first estimate the gradient by the distance to ¥. Let y € R??. Since ¥ is compact,
there exists § € R2? such that [j] € ¥ and |y — g| = dist([y], ¥). Since VE() = 0, the
fundamental theorem of calculus gives

~ 1 ~
!VE@N=lAlﬁE@+ﬂy—@My—wdt§Cbm%mm2) (4.12)

Now, for each x € Q, choose X € R?? with [X] = x, and a shortest displacement vy € R2?
such that
[x + vx] = T; (%), |ux| = dist(x, Tz r(x)).

By the fundamental theorem of calculus,

~ 1 ~
E(T.r(x)) —E(x)=EXx+uvx) —EX)= /0 (VE(X + Tvx), vx) dT.

For every 7 € [0, 1], the triangle inequality gives dist([x + Tvx], ¥) < dist(x, X) + 7|vx].
Together with (4.12), we obtain

|E(T- r(x)) — E(x)| < Cpdist(x, T p(x)) dist(x, X) + Cg dist(x, Te g(x))%.  (4.13)

Integrating (4.13) with respect to 7. r and applying the Cauchy—Schwarz inequality gives

1/2
< CE?ff’R ( / dist(x, ¥)? dﬁg,R(x)>
Q

CpA2
+ - 6,R.

1
€

t/E«%R—%m
Q
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Recalling the definition (4.6) of 4. r and using (3.1), we have

/ dist(x, ¥)? d. r(x) = 6/ / 5|2 KRr(z,s)ds7(dz) < Mye,
Q > JBRr

by (4.5). Hence

1
€

A A2
oft | 53) . (4.14)

E € _~5 <
/Q d(Ve,r 'Y,R)‘ C<ﬁ 5

For fixed R, Theorem 4.4 gives A; p = or(y/€), so that both terms on the right-hand
side tend to zero. ]

4.3 Proof of Theorem A

Proof of Theorem A. Step 1. The I'-liminf inequality (4.3). Let 7. — 7. If 7 ¢
II(p1, p2), then, since II(u1, o) is closed, ve ¢ II(ui1, p2) for e small enough, so that
G:(7:) = +00. Otherwise, the joint lower semicontinuity of the relative entropy, together
with the convergence P, — Pg given by Theorem 3.4, yields

. o o Bt (| Pe) — ().
lim inf G: (7z) = lim inf Ent (7. [P:) > Ent (7] Po) = Go(7)

Step 2. The I'-limsup inequality (4.4). Let 7 € P(Q2) with Gy(§) < oo (otherwise
there is nothing to prove). For R > 1 and € > 0 with /eR < rg, let 4. g be the normal
perturbation of 7 defined in (4.6), and . r € II(u1, p2) its shadow. We first fix R. By
Lemma 4.1, Proposition 4.3 and Proposition 4.5,

limsup Gc(e,r) = limsup Ent (7. r | Pe) < Go(¥) + br(7),

e—0 e—0

while Lemma 4.2 and (4.8) give
Wa(vz.7,7) < Wa( ¥z, Fe.r) + Wa(F2p,7) < (V2+ 1)VER — 0 (e = 0),

so that 7. g — 7, since W5 metrizes the weak convergence on the compact set 2. Hence
(7e,R)e is a recovery sequence for 7 up to the error br(7), which tends to 0 as R — oo
by Lemma 4.1. As is standard in I'-convergence, this suffices to obtain a recovery
sequence by a diagonal argument (see, e.g., | ]), which we recall for completeness.
Choose R; 1 oo and, inductively, €; | 0 such that, for every 0 < € < ¢;, we have
VER; < 10, Wa(ver;»7) < 1/4, and Ge(7e.r,) < Go(7) + b, (F) + 1/j. Then . = 7.,
for €11 < e < ¢j defines a recovery sequence for 7.

Step 3. Conclusion. By (4.2), (1.1) follows from the I'-convergence of G. to Gy
established in Steps 1 and 2, since adding to G. constants converging as € — 0 does
not affect T-convergence. The infimum of F() is finite. Indeed, since relative entropies
are nonnegative, F1) > —log Z, — glog(Qw), and it suffices to show that every optimal
transport plan 7 satisfies Ent(5 | Pg) < co. By (2.1), such a plan satisfies (2 \ ¥) = 0.
For every Borel set A C X, since proj,,, is 1-Lipschitz, we have

F(A) < p1(projyy, (A)) < BH (projyy, (A)) < BHU(A),
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so that ¥ < 3 Hflz. Since the density of Py with respect to H‘dE is bounded from below

by a positive constant, by (H4) and the continuity of Hess™ F on the compact set 3, the
density of 7 with respect to Py is bounded, hence Ent(7|Pgy) < oo. Compactness and
convergence of minima under I'-convergence then give (1.2).

For (iii), note that, by Proposition 2.1, F. and G, have the same minimizers, and so
do FM and Gy. Since P(Q) is weakly compact and the functionals G., Gy are lower
semicontinuous, strictly convex on their domains and not identically +o00, they admit
unique minimizers 7. and vy. By the fundamental theorem of I'-convergence (see, e.g.,
[ 1), every cluster point of (7:)e>0 as € — 0 minimizes Gy, hence . — 7. Finally,
since Go(70) < 0o, we have vy < Py, so that spt(yp) C ¥ and 7y is an optimal transport
plan by (2.1), hence the unique minimizer of Ent(-|Py) among all optimal transport
plans. O

4.4 Proof of Theorem 4.4

Throughout this section, R > 1 is fixed, and we write K = Kg, 7. = Y., and ji;. =
fie,r- Recall that, by (4.6), the kernel K does not depend on e.

Let us first explain where the difficulty lies. If ¥ is flat and Hess™ F is constant along
Y, the normal directions and the kernel K(z,-) do not depend on z, so that 7. is the
convolution of 7 with a fixed truncated Gaussian of variance of order ¢, supported on the
normal space. Each marginal fi; . is then the convolution of p; with the projection 7. of
this Gaussian, which is a centered kernel of variance of order €. For a general probability
measure g, Wo(u, pxn.) = O(y/€), which is not enough for our purpose, since we need
o(y/€). This improves to O(e(**9)/2) if ;; has a C™Y density bounded from below, with
0 € (0, 1], the first-order contributions cancelling out by symmetry. In general, however,
> is not flat, and several branches of ¥, that is, pieces of ¥ on which the projection
onto M; is a diffecomorphism, may lie above the same point of M;. The first issue is
mild, since ¥ is locally almost flat. The second one is more serious: fi;. is the sum of
the contributions of the branches, each obtained by regularizing the partial marginal
of 7 carried by the branch, and, although these partial marginals sum up to u;, their
densities need not inherit the regularity of j;: they are merely L'. We therefore need
to handle L' densities regularized along a non-flat manifold. To explain the strategy,
we first consider the flat case with one-dimensional marginals, and show in Section 4.4.1
that Wa(u, % ne) = o(1/€) as soon as p has an L' density. The argument relies again
on the symmetry of the Gaussian kernel.

4.4.1 A model case: one-dimensional marginals and flat contact set

To illustrate the proof of Theorem 4.4, we first consider one-dimensional marginals and a
flat contact set. As explained above, the marginals of the normal perturbation are then
convolutions of the original marginals with a fixed truncated Gaussian kernel, and we
estimate the Wasserstein distance between a measure p on R and its convolution with
such a kernel, assuming only that p is absolutely continuous, that is, has an L' density.
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A similar approach was introduced in one dimension in | ]. Here we adapt and
clarify it before extending it to higher dimensions.

Proposition 4.6 (One-dimensional flat case). Let p € P(R) be absolutely continuous
with respect to the Lebesgue measure, with finite second moment. For R > 0 and € > 0,
let

def. 1 _z2 def. 2
nele) = ﬁCRe ) L{jaj<v2RY}: k= /—Re e

Then [ic A 1% 1. satisfies
Wa(p, fiz) = VRo(vE) (e —0),

where the o(y/€) depends only on p, and not on R.

Proof. Throughout the proof, we still denote by u the density of . For ¢ € [0,1], let

def. 1 _ -
pre = px (v ty/er)y {CRG TP g<py d |

where convolution and push-forward are understood as operations on measures, so that
Ho,e = Wy Ule = ﬁsv and, for every t € [07 1]a

I .
fite(z) = . /RM(fU — ty/ez)e 2 dz,

Step 1. Computing the flux. For ¢ € C°(R) and ¢ € [0, 1],
d d1 (B >

— [ ¢pdppe = —— t —#/2dyd
dtchb e = J o /R/R<f>(y+ Vez)u(y)e ydz

L N S
= an L Lo iEve pe tayaz = [ o meawa,

R

where, by the change of variables y = x — t\/ez,
1 R
my () def. = / Vezu(x — t\/gz)e_ZQ/2 dz.
CR J-R

Differentiation under the integral sign is justified since ¢’ is bounded, p € L' and
ff“R |z\e‘z2/2 dz < oo. Thus Opire + 0 my . = 0 in the sense of distributions. Note that
mg,. = 0 by symmetry of the Gaussian kernel.

Let us estimate the total variation || myc ||7v = J5 | mye | dz. The flux depends linearly
on u: for f € L'(R), let

CR

R
my [ f](x) def. 1/ Vez flx — 75\@,2)6_22/2 dz, so that mg . = my [u].
R
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We will use the following bounds on the moments of the truncated Gaussian, which are
uniform in R and follow from an integration by parts and the Cauchy—Schwarz inequality:

1 (R 2Re /2

| e FRe=1-2C <, (4.15)
CR J_R CR

1R 1R, e, Y
— |zle™*/2dz < (/ 2o /2 dz) <1 (4.16)
CR J—-R CR J-R

By Fubini’s theorem, the translation invariance of the Lebesgue measure and (4.16), we
get
Imeelflll < Velfllr  for every f e LY(R).

If moreover f € C}(R), we write, with x, def s\/ez,
¢
flo— tvEz) = f(o) — [ VEas(a) ds.
0

Since the kernel is centered, that is, [ ?R ze /2 dy = 0, the term containing f(x) cancels,

so that, by (4.15),
e [T, —22/2 L
Il = [ |5 [ 272 [ ) dsas
R|CR J-R 0

Now let (u*)gen be a sequence in C}(R) such that pF — pin L. Writing my. =
my [ — pk] + my [1¥], we obtain, for every k € N and ¢ € [0, 1],

do <tell fllpr < el fllp-

| mee |y

NG < lw = w¥ll g + Vel ()|

Define, for r > 0,
def. . _k ky\/
w(r) S inf Ll =l Y i}

For each fixed k, 0 < limsup,qw(r) < ||u — p*||z1, and letting k& — oo shows that
w(r) — 0 as 7 — 0. Therefore

[ mee||Tv
sup ————

t€[0,1] \/g

Step 2. Estimate of Wa(u,ic). By Step 1, the curve (pe)ejo,1) of probability
measures with finite second moments solves, together with (mt7g)te[071], the continuity
equation, and it is weakly continuous, with p9. = p and g1 . = fic. Since |z| < R in the
definition of m¢ ., we have

<wVE) — 0 (e 0). (4.17)

R R
|mg e (z)] < \f / p(x — t\@z)6722/2 dz = VeR i e(x) for a.e. x € R.
R -R

21



Thus my . < ¢, and the velocity field

dm
Ut def. TMe  satisfies lvie| < VER  puc-ae.
dﬂt,a
By the Benamou—Brenier formula (see, e.g., | 1), with (pe.e, Vie)iefo,1] as a competi-
tor, and by (4.17), we get

5 (s Jic) //Ma\ dpp e dt = //]vt5|d|mt5]dt

< VeR sup || my.||rv < eRw(ve
t€[0,1]

Hence Wy (i, i) < VR /w(\/€) /€, which concludes the proof, since w depends only on
L O

4.4.2 General statement

Before turning to the proof, we introduce some notation and a technical lemma. We

fix i € {1,2} and write M oy =T = R?/Z?. Every open ball of T? with radius

less than 1/2 is the isometric image of a Euclidean ball under the canonical projection
R? — T?. All the points involved in the computations below lie in such balls, which we
identify with the corresponding Euclidean balls, so that sums, segments and convexity
are understood in R%. In this section and in Section 5, C' denotes a positive constant
that does not depend on €, whose value may change from line to line, and we write a < b
when a < Cb.

By Proposition 2.2, dim ¥ = d and the projection proj% : ¥ — M is a local Chl-
diffeomorphism. More precisely, there exist a finite index set .J, an open covering (Uj;)jes
of ¥, and open sets V; € M, which we may assume convex and contained in balls of
radius 1/4, such that, for every j € J,

proj]({j U — 'V
a Cbl-diffeomorphism. We denote its inverse by

def. U\
o = (prOJMJ) V, — Uj.

As in Lemma 3.2, the Jacobian Jr of a map F' between d-dimensional manifolds (here,
open subsets of R or of ¥) denotes the absolute value of the determinant of DF in
orthonormal bases. Let (x;);jes be a partition of unity on ¥ subordinate to the covering
(Uj)jes, that is, each x; : ¥ — [0, 1] is continuous with compact support in U; (recall
that 3 is compact), and -, ;x; = 1 on X,

Lemma 4.7. Let V. C R? be an open set and f : V — R?® be 1-Lipschitz. There exists
Cy > 2, depending only on d, such that, for 0 < 7 < 1/Cy, the map ¥, (x) el x+71f(x) is

a bi-Lipschitz homeomorphism from V' onto the open set 1-(V'), and k, def. V=1 satisfies
||‘-7w7— - 1||L°°(V) + ||u7n7. — 1||L°°(’¢17—(V)) < CdT-

22



Proof. Since f is 1-Lipschitz and 7 < 1, we have (1 — 1)z —y| < |, (x) —¢-(y)| < (1 +
T)|z —y| for x,y € V. Thus 9, is a bi-Lipschitz homeomorphism onto its image, which is
open by the invariance of domain theorem. By Rademacher’s theorem, f is differentiable
a.e.on V, with |Df|| <1, and Dy, = Id+7Df there. Since the determinant is Lipschitz
on the set of matrices B with ||B|| < 1, there exists Cy such that |det(Id+B) — 1| <
Cq||B|| for such B. Applying this to B = 7D f(x) gives | Ty, — 1| < Cqr a.e. on V.
Finally, since the Lipschitz maps 1, and x, map negligible sets to negligible sets, for a.e.
y € ¥, (V), k; is differentiable at y and . is differentiable at x,(y), so that J., (y) =
1/Jy, (k+(y)) by the chain rule. Hence the same bound holds for 7, , up to enlarging
Cy. O

Proof of Theorem 4.4. Let € > 0 be small enough so that \/eR < 1/4. All the displace-
ments considered below are bounded by /R, so that, starting from Vj, they stay in a
ball of radius 1/2, where the identification with R? holds. Recall that 7 = E”H‘dz. We
define the d x k matrix (recall that k = d)

def. . .
Az) = (PTOJM (n1(2)), ..., projy (”k(z)))
Equivalently, A(z)s = Zlgzl $p Projas (np(2)). Therefore,
projur ®(2, s) = projy (2 + n(z)s) = projy(2) + A(2)s.

Since K(z,-) is even, we have, for every z € ¥,

/ sK(z,s)ds =0. (4.18)
Br

M projy (z) =

Figure 1: Normal perturbation of z € ¥ and its projection onto M.

Step 1. Construction of the interpolation. As in Section 4.4.1, we interpolate
between p and iz by letting the variance of the normal perturbation grow from 0 to &:
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for t € [0, 1], we let puc def ;2. be the marginal of the normal perturbation 7,2,, with
the convention 7y def 7. In other words, by (4.6), for every ¢ € C'(M),

[ odie= [ [ ofproin (e tvE) K (z.s) dsdn(e), (4.19)
M s JBg

so that po. = p and p1 e = fie.
To compute ¢, we use the charts ;. For j € J and x € V}, we write

Aj(@) E Aley (@), Kjz,s) E K(ay(x),s).

Inserting >-;c;x; = 1 in (4. 19) then changing variables z = a;(x) in each term by the
area formula, and using proj,,(®(a;(z),t/es)) = x + t/eA;j(x)s, we get

/ b =Y / /B 15(2) 0 (projas (®(z, 1v/s))) K (2, 5) ds p(=) dM(2)

jeJ

/ bl + tVEA; (@)s) K, 5) ds
jeJ Br

x xj(j(2)) (e (@) T, (x) dvoly (x)
= Z/ o (Est z)) p;(z)Kj(x, s) dsdvoly(x),

jeJ

where, for s € Bp, t € [0,1] and z € Vj, we have set

Ia@ E e tvEA @), pie) D X)) plag (@) Ta, (@).

Here C‘g,&t(:n) is the projection onto M of the point ®(«a;(x),ty/es), obtained by moving
the point oj(z) € ¥ lying above z in the normal direction (see Figure 1), and p; is the
density, with respect to volys, of the partial marginal (proj,,)«(x;7), concentrated on
V;. Hence

pe=d 1o plE ((5,2) = (@), (0 (2)Kj(w, 5) ds dvoly (x)).  (4.20)
jeJ

Equivalently, M{E = fBR(Cg,s,t)#(ijj(V s)volpr) ds, which is the form used below.
Step 2. Construction of the flux. For every ¢ € C'(M), by (4.20),

G/ um:dtz/ 2 )i (2) K ,5) ds dvolag (o)

jeJ

/ 5 (Vo(s4(2)), 8th,s,t($)>p]( VK (z, s) dsdvoly(z)
jeJ R
—Z/ VETOE 1)), 43 (2)5)ps () ) ds dvolay (2)
jeJ

~ [ (vo.dm),
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where the differentiation under the integral sign is justified since V¢ is bounded and
10:¢, s ¢(x)| = VElAj(z)s| < v/eR, and where the flux m¢, € M(M;TM) is the vector
measure defined by

tsdif \[Z/ Lst) K;(-,5)Ajs volyr) ds.

JjeJ
Integrating in time against a test function in C((0,1)) yields
Oupire +divmg. =0 in D'((0,1) x M).

Step 3. Gaussian symmetry. As in Section 4.4.1, the flux depends linearly on the
densities p;. For j € J, s € Bg and f € L}(V;), let

‘ L et f(x)Kj(x,8)A(x)s, x €V,
Fyslf](x) = {0’ eV

so that, by definition of the flux,

mts

= Csst jS[pJ]VOIM)d
]EJ Br

By (4.18) fB j,s|pj]l ds = 0. Subtracting this in each term, we obtain

U= [ (@ 10) (Filpl ol ds = SRl (421

jeJ jeJ

where, for f € L'(V}),

j def. i
A [ (s =14) (Bl volan) ds.
R
Step 4. Estimate of the displacement term. Fix j € J. We estimate the total
variation of I} _[f] in two ways.

(a) For f € L'(V;). Since the push-forward operation does not increase the total
variation and |A(z)s| < |n(z)s| = |s|, (4.5) gives

Il <2 [ 1F g ds
R
32/‘/ |f($)\/B |5/ (w, 5) ds dvoly (x) < 2Mi|| fllpiqvy.
J R

dof

(b) For f € CL(V;) supported in a ﬁxed compact set S C V;. Write Fj F; s[f].
Fix t € [0,1] and s € Bg, and write ¢ & ¢Z ,, & & ¢~ and W " ((V}). Since
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|¢(x) — x| < /R, we may choose ¢ > 0 sufficiently small, depending only on S (and not
on f, s and t), so that
SeWw and ¢(S) eV;.

By the area formula, the density of (4 (Fvolas) is Fs o k Jx 1w, and, since spt(Fy) C S,
the above inclusions show that Fs o x 1y and F§ are both supported in W N V;. Hence

|G (Fs volar) — Fsvolas ||y < 1T = Ul oo (w) / |Fs o k| dvolps
w
-I-/ |Fs ok — Fs|dvolys.
wnv;
By Lemma 4.7, applied with 7 det. t\/e|s|Lj and f def. Ajs/(|s|Lj), where Lj is a Lipschitz
constant of A; on the convex set V; (recall that n is Lipschitz and «; is Cb1), we

have, for ¢ small enough, || T — 1||zecw) + |Tc — [z (v;) < CV/els|, and in particular
1/2 < Jx, Je < 2 a.e. Since, by the area formula (change of variables y = x(x)),

/ |Fs o k| dvolys < 2/ |Fs o k| T dvolyr = 2| Fsll vy,
w w !

the first term is at most C'v/€[s| || Fs[|L1(v;)- For the second term, recall that Fj is defined
on M and vanishes outside V;. By the area formula (change of variables x = ((y)),

/ |Fs ok — Fs|dvolys < 2/ |Fs 0 ¢ — Fs|dvolyr < 4/els|[[VE|[ v
wnv; v ’

To prove the last inequality, assume first that Fy is C1. Since u Cg’s,ut(y) =y+
ut\/eA;(y)s parametrizes the segment from y to ((y) and |A;(y)s| < |s|, we have

1 .
F(C(y) - Faly)| < vl /0 VEAC ()| du,

and we conclude by the area formula (change of variables z = Cg’ s.ut(y)), since the inverse

of Ci sut Nas Jacobian at most 2 by Lemma 4.7 (applied with ut in place of ¢). In general,
F is only Lipschitz on M, since A; and Kj(-, s) are Lipschitz on Vj (see below) and f has
compact support in V;. We then apply the above to mollifications of F§, which converge
to Fy in WH(M), and pass to the limit, using that fvj lg o ¢|dvola < 2[|gl[z1(ar) for

g€ Ll(M), since J, < 2. Altogether,

¢4 (Fy volar) = Fyvolu ||y < CVELs| (1Eslla vy + IV EsllLivy) -
It remains to bound the L' norms of Fy and VF;. By (2.3) and since Zr > ¢, we
have Kj(z,s) < cleAsl?/2, Moreover, x +— H, (4)E is Lipschitz (since E € C*! nis

Lipschitz and «; is Ch1), hence so are  — Zg(a;(z)) and K (-, s), and differentiating
a.e. Kj(z,s) = 1gg(s) e_HO‘j(”‘)E(S’S)/Z/ZR(aj(x)) with respect to x gives |V K;(z,s)| <
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C(1 + |s)2)e /2 for ae. x € Vj. Since Fy = f K;(-,s) Ajs, with |A;s| < |s| and A;
Lipschitz, the product rule yields

“als|?
1Full vy < Ce M2 s £ g

IVE ) < Ce 2 (18119 llzacry) + (sl + 51l

Integrating with respect to s € Bg, we obtain, uniformly in ¢ € [0, 1],

IE [ Alllry < OVa(Mz + M) (Il + 19 F ;)

where My and M, are defined in (4.5).

Conclusion. Since x; has compact support in Uj;, p; vanishes outside the compact
set projs(sptx;) € Vj. By mollification, there exist a compact set S; C V; and a
sequence (pg-k))keN in CL(V;), all supported in S}, such that ||p; — pg-k)||L1(Vj) — 0 as
k — co. Applying (b) with S = S;, there exists eg > 0, independent of k, such that, for

0 < e <¢gp and every k € N, writing I{E[pj] = I{E[pj — pg-k)] + I;E[p§ )] (a) and (b) give

j k k k
up I clpsllrv < 20l = Py iy + OV (11051 + 1905 vy ) -
For r > 0, set

f. k
wi(r) € it {2Mllo; = o7 liawy) + 7€ (107 vy + 19057 vy )}

and w(r) et > jegwi(r). Since pg-k) — pj in LY(V}), we have w(r) — 0 as 7 — 0: one

first fixes k sufficiently large so that the first term is arbitrarily small, and then lets
r — 0. Combining this with (4.21) yields, for 0 < e < g,

sup 1TV 5™ up 1 [yl < () = of1).
tef0,1]  VE jeJ telo,1]

Step 5. Benamou—Brenier estimate. Recall from Step 2 and (4.20) that

fZ/ Cast pj ( S)Ajs VO]M) ds,

JjeJ

/ 7w (0K () volar) ds.

jeJ

Since |A4;(z)s| < |n(aj(x))s| = |s| < R, we get |my . | < /eR . Thus my . < py e, and
the velocity field

d
Vte def. d;lts € L®(ue; TM) satisfies |vpe| < VER  pyc-ae.
t,e
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Since (p4e,vr,c) satisfies the continuity equation, with po. = p and p1 = fie, the
Benamou—Brenier formula (see, e.g., | ]) yields

1 1
W2(u, fie) < /0 /Mm,ng dpy. dt = /O /M\vt,s| dm,.. | dt

<+VeR Sup] | mee [Ty
1

By Step 4, sup;c(o,1) | Mo lTv < Vew(y/e) for 0 < e < e, hence

W3 (n, fie) < eRw(VE).

Since w(r) — 0 as r — 0, this gives Wa(u, fic) = or(1/2). O

5 Extension to generalized framework and examples

In this section, we extend Theorem A to compactly supported marginals on R? (Sec-

tion 5

.1), where we also prove Theorem 3.4, and to N > 2 marginals (Section 5.2). We

illustrate these extensions with the quadratic cost, the non-twisted cost of [ ,
Example 3.1], and a repulsive harmonic cost with three marginals on the circle.

5.1 Compactly supported marginals on R?

In accordance with Section 2, where M7 and My are compact, we take for M; compact
convex subsets of R? containing the supports of the marginals in their interior, and we
replace (H1)—(H4) by the following assumptions.

(H1’)

(H2)

(H3)

(H4)

For i = 1,2, M; C R% is a compact convex set, and 2 = M; x M. The cost ¢ is
continuous on (2, and we fix continuous Kantorovich potentials @;,®5. The cost is
C? on int 2 and non-degenerate on an open neighborhood U C int 2 of ¥ N int €2

D2 .. c(z) is invertible for every z € U.

The duality gap E = ¢ — %, @ §5 > 0 belongs to C%!(int Q); in particular, Hess F
is bounded on int (2.

The set ¥ Nint ) is a nonempty C! submanifold of int Q without boundary, of

. . def. . . .
dimension d. As before, k ‘=" d denotes its codimension.

For ¢ = 1,2, u; = p; dx, where p; vanishes outside a compact set K; C int M;, is

Lipschitz on Kj;, and satisfies 0 < a < p; < § on K;. Moreover, setting IC def

K1 x K, we have HY(X N OK) = 0.

We set p(z1,x2) et p1(x1)p2(z2), so that u® = 3 @ pe = pda = pl dx. Compared
with the torus, the new features are that ¥ may extend beyond K and cross its boundary,
and that u® is discontinuous across 9K.
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5.1.1 Convergence of the Gibbs measure and the geometric Laplace’s method

This section is devoted to the proof of the convergence of the Gibbs measure in the
case of compactly supported marginals on R?. The result slightly extends the setting
considered in | |, since the metric and tubular neighborhoods of the contact set
need not coincide. The same proof, with £ =w = Q (so that 1x =1, ¥ Nw = X, and
Lemma 5.2 follows from Section 3.1), gives Theorem 3.4 on the torus.

Theorem 5.1 (Convergence of the Gibbs measure). Under assumptions (H1’)-(H}’),

*

Pa — Po, (51)

where
1

Py =
0 Zo

dH%(2).

(det Hess ™t E)_l/Qpl;chE and  Zy :/ p1(21)p2(22)

=K \/det Hess™ E(z)

Moreover, Z. = (2re)*/2(Zy + o(1)).

Before turning to the proof, we first establish a preliminary result. We fix an open
set w such that K € w € int Q. Since ¥ N@ is a compact subset of the C'! submanifold
Y Nint , the constructions of Section 3.1 and the estimates of Propositions 2.2 and 3.3
hold on ¥ N, with uniform constants. For > 0 small enough, we denote by

— P(ENw)xBy)={z+v:z€XNw, ve N, |v]<r}
the tubular neighborhood of radius r of ¥Nw, not to be confused with the r-neighborhood
Y, ={x € Q:dist(x,X) <r} of 3.

Lemma 5.2. Under assumptions (H1’)-(H/’), there exists ro > 0 such that, for every
0<r<ro,
KN, C7T.

Consequently,
reL\T, = dist(z,X)>r

Proof. Setn def dist(KC,R?¥\w) > 0. Since ¥ is a C! submanifold, it has locally positive
reach. By compactness of ¥ Nw, there exists 9 € (0,7n) such that the nearest-point
projection projy, is uniquely defined on K N%,. Let 0 <7 < rg and x € KN X,. Then
| x — projy(x)| = dist(x,3) < r. Since x € K and ry < 7, it follows that projy(x) € w.
Moreover, X — projs(x) € Npyoj.(x)2- Hence x = projy(x) + (x — projx(x)) € Tr. O

The following figure illustrates the geometric reason for enlarging the base of the
tubular neighborhood from ¥NK to ¥ Nw. This enlargement ensures that every point of
K lying outside the tubular neighborhood is uniformly separated from the whole contact
set:

xeK\T, = dist(z,X)>r.

This is what allows us to decompose the integrals in the proof below.
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~_

If the tubular neighborhood were constructed only around ¥ N K, the shaded regions
could contain points of K that remain close to portions of ¥ lying outside K. Thus, the
distance to ¥ would not be controlled solely by lying outside ®((X N K) x B,).

Proof. Let 9 be as in Lemma 5.2. We fix r € (0, 7] such that the bounds of Proposi-
tion 3.3 hold on 7, and R > 0 so that Ry/e < r for € small enough. Let ¢ € C(£2) and
introduce the unnormalized Gibbs measure

E
dP, = (2me)*/2 exp (—€> du®,

so that P, = P, / P.(Q). We decompose  as

/qbdlsgz/ ¢dﬁ€+/ ¢dﬁ€+/ »dP,
Q X Z\Zpye O\Z,

Rye

:/ <;5d|55+/ ¢d55+/ pdP,
Thye T\ Thye O\,

Y1 k(D) + Ioe r(0) + T3.2(6),

where, for the second equality, we used that P.is supported on K and that KNX, = KN7T,
for 0 < p <7, by Lemma 5.2 and since 7, C ¥,. We analyze these three terms separately.

Step 1. Estimate on 7j 2+ Using the tubular coordinates induced by ®, we write
E(z,s) for E(®(z,s)) and define

a(z,5) = H(®(2, ) p(D(2, 5))Ta (2, 8)Li(P(2, 5)),

for H?® LF-a.e. (z,5) € (ZNw) x B,.. Note that |a] < 82| ¢|l«C, where C;; bounds Jg
on (X Nw) x B,. By the area formula (3.2),

$er(e) = (27T5)_k/2/ / e EE9)/50 (2, 5) ds d’HfZ(z).
Ew JBg =
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Since E(z) = 0 and VE(z) = 0 for z € ¥, and since E € C?*! we have
1
E(z,s) = §HZE(3,3) + R(z,s), |R(z,5)| < Cls|® forall (z,5) € (XNw) x B,.

Performing the change of variables s = /e, ds = ek/2dn, and then relabeling the
normal variable, we obtain

I - r(¢) = (2n) W/m /B e o= B(:8) = R(2:VE8) o (5, VEs) ds dH {5 (2). (5.2)

As e — 0, we have |R(z,1/Es)|/e < Cyz|s]®> — 0 and Ja(2,E5) — Ja(2,0) = 1
by Lemma 3.2. Moreover, ®(z,+/es) — z and 1x is locally constant on R??\ 9K, so
that, p being continuous on K, (plx)(®(z,ves)) — (pli)(z) for every z € 3\ OK; since
HULNOK) = 0, we get a(z, /es) = ¢(2)p(2)1x(2) for Hi® LF-a.e. (z,5) € (XNw) xBg.
Since the integrand of (5.2) is bounded by eCVER’ 82||¢|| o Cy < 262||¢||0cCs for € small
enough, and H%(X Nw) is finite, the dominated convergence theorem gives

lim Iy . p(¢) = (2m)~*/2 ¢(z)p(z)/ e H=E(59)/2 44 d?—l|2( z).
e—=0 sNK Br

Next, since (2m)7%/2 [, e H=E(9/2ds = (det HZE)_I/2

theorem gives

, the dominated convergence

GJim lim 1 g(6) = . $(2)(det H.E) ™ p(z) dH ik (2).

Step 2. Estimate on 7, \ Tryz- Asin Step 1, the area formula and the change of
variables s = /e n give

Lo (8)] < (21) 28| lloo cj/

/ BVE/e 4s dmhy (2).
SNw J R< s |<r/f

By Proposition 3.3 and (3.1), E(z, yes) > C dist(®(z, v/es), E) = Cels|? for |s| < r/+/c.

Hence, uniformly in ¢,

Lo r(8)] < (27)7F/26%|¢]|Cr HA(Z Nw) / e €kl ds ——— 0,
Rk\BR R—+o00

as the tail of an integrable Gaussian. This proves that the contribution of 7; \ Tg z is
negligible.

Step 3. Estimate on Q\X,. If £\ X, = () there is nothing to do. Otherwise, K\ 3,
is a compact set which does not meet 3, so that E > 0 on it, and we denote

5dif min F > 0.
K\Z,

Since P, is supported on K and p®(K) = 1,

[3(0)] < (27e) /2| g oce™/F —> 0.
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Conclusion. Set L(¢) et S @(2) (det HZE)fl/Z,o(z) d?—[‘dz(z). Since [, ¢ dP. does

not depend on R, Steps 1-3 give, for every R > 0,

lim sup
e—0

/quadﬁs—uwl <

lim Il,s,R(¢) - L(¢) =+ sup |12,5,R(¢)|,
e—0 €
and the right-hand side tends to 0 as R — 4o00. In other words,

[N (det Hess™ E) 71/2p1;¢H|dZ.

Taking ¢ = 1, we get ﬁE(Q) = (2me)~%/2Z. — Z,, which is the asymptotics of Z..
Moreover, Zy > 0: an optimal plan is concentrated on ¥ N X, so that p is concentrated
on proj,., (X N K), and since 1 is absolutely continuous and proj,,, is 1-Lipschitz,
0 < L4projy, (ENK)) < HYENK). Thus

« 1 ~1/2 d
P. == X — (detHess™ E 1cHis,
€ PE(Q) ZO( ) pPLK p>

The previous figure provides a schematic illustration of the different neighborhoods in-
volved in the proof. The compact set K is contained in the intermediate neighborhood
w, which is itself contained in £2. The contact set ¥ may extend beyond X, and the tubu-
lar neighborhoods considered in the proof are therefore constructed around the larger
portion ¥ Nw.

5.1.2 First-order entropic selection

Theorem 5.3 (Compactly supported Euclidean marginals). Assume the hypotheses
(H1’)-(H}’) are satisfied and define

def.
FO(y) /Q Y+ Xt (V) Fely) = /Q cdy -+ Bnt(yn ® ) + Xit(er ) (7)-
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Then, with Py and Zy given by Theorem 5.1,

k r k
Fo = gelog(1/e) £ FOte(But (- |Po) + Xty o) () ~108 Z0 = 5 10g(27) ) +0(c). (5.3)
Moreover, the following asymptotics of the energy holds

min F, = min F© + gslog(l/s) +eCy + o(e), (5.4)

where Cy el Ny e17(y1y ) ENE(Y [ Po) — log Zo — K log(2m), and the minimizer of F.
converges weakly to the unique minimizer of Ent(- |Pg) on II(u1, u2).

Proof. We follow the proof of Theorem A given in Section 4, and only indicate the
changes. By compactness of ¥ N @, the tubular coordinates, the normal ellipticity and
the quadratic detachment hold on ¥ Nw with uniform constants (see Section 5.1.1), and
Theorem 5.1 replaces Theorem 3.4. In particular, the I'-liminf inequality (Step 1 of
Section 4.3) is unchanged, and so is Step 3, since optimal plans are concentrated on
>N K, where the density of Py with respect to ’Hf’z is bounded from below.

It remains to adapt the I'-limsup inequality (Step 2 of Section 4.3). We fix 7 €
IT(p, po) with Ent(5 | Py) < oo, which is concentrated on X N C ¥ Nw, and R > 1,
and we define the normal perturbation 7. g, its marginals ;. g and its shadow 7. g as
in Sections 4.1 and 4.2.

Step 1. The marginals. The marginal estimate of Theorem 4.4 still holds: its proof
only uses inverse charts of proj%&, which exist on ¥ Nw by Proposition 2.2 and finitely
many of which cover the compact set 3 N K, and the integrability of the chart densities
of . The energy estimate of Proposition 4.5 still holds as well: since €) is convex, the
segments used in its proof stay in int 2, and (4.12) holds with ¥ replaced by ¥ N @.
Indeed, a nearest point y of y € int{) in the compact set ¥ N @ lies in int 2, so that
VE(y) = 0, and the segment [y, y] lies in int Q, whence |VE(y)| < Cg dist(y, ¥Nw) with

Cg def. SUPint HDQEH < oo by (H2’). Hence, for fixed R,

_ ) 1 _
Wa(fiie,r, 1) = or(ve) (i=1,2)  and - /E d(Ve,r — Ye.r) = or(1).

Step 2. The entropy. The entropy upper bound is the point to adapt since, as we
wrote it, Ent(J. g | P:) = 400 in this case: 7. g charges Q\ K, where P, vanishes. We
therefore consider the entropy with respect to the modified marginals:

def. o _
I.p = Ent (3o g | fi1e.r @ Jize.R) -

Since d P, = Zgle_E/6 d(p1 ® p2), the shadow inequality (Lemma 4.2) and Step 1 give,
for fixed R,

1
Ent('Ya,R | Pe) = Ent(')’a,R ‘ & /1«2) +log Z. + g /E d'Ya,R
1 - 1 _
< IE,R +log Z: + g /E d('Ys,R - 'Ys,R) + g / E d'Ye,R

1 ~
<I.r+ z /E dYe,r +1og Z. + or(1).
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It remains to show that

e—0

1 ~
lim sup {IE,R + 8/E d¥e,r +1og Z.| < Ent(7|Po) + br(7). (5.5)

Since |®(z,+/es) — z| < \/eR for s € B and 7 is concentrated on K, for /eR < 1
the measures 7. r and ;. r are concentrated on the fixed compact sets Kt def. {x

dist(x, ) < 1} and K} def {z : dist(z, K;) < 1}. For an absolutely continuous proba-
bility measure v concentrated on a bounded set, we denote by Ent(v) det Ent(v| L) its

entropy with respect to the Lebesgue measure. Since i1 . r ® fi2 r has the product of
the marginal densities as density, we have

I&R = Ent(’NyE’R) — Ent(ﬁl,e,R) — Ent(ﬁ2757R),

all these entropies being finite, since 7. r has finite entropy and all the measures are
concentrated on fixed bounded sets. Hence

1 N ~ 1 _ 2 _
IE,R_’_E /E d7€,R+10g Ze = (Ent(’YE,R)"‘g /E d’YE,R"‘lOg ZE)—ZEHt (Mi,E,R)) (56)

i=1

and we pass to the limit in the two terms of the right-hand side in the next two steps.

Step 3. The first term of (5.6). Let p. r be the density (4.7) of 4. g, and recall
that Kg(z,s) = Zr(2) " te #=E(5)/2 on By. Writing E(®(2,n)) = 2H.E(n,n) +R(z,7)
with |R(z,n)| < C|n|?, the quadratic terms cancel, and, for H%a.e. z € ¥ N K and
s € Bg,

R(z,/€8)

Z.
log(Z-c”/* j. ) (®(z, V/Es)) = log p(2) + log - — log Ja (2, VES).

Ek/QZR(Z)
We integrate this identity against Kr(z,s)ds dy(z), which gives the first term of (5.6)
by (4.6). The integral of the last two terms is bounded by C\/e(M; + Ms3) — 0, by (3.4)
and (4.5). Moreover, since Z. = (2m¢)*/?(Zy+0(1)) by Theorem 5.1, we have, uniformly
in z, with Z,, as in Lemma 4.1,

= log(Zm/det HZE> + log 2:((;) +o(1).

Since [y, [logp| d¥ < oo (because Ent (7| Pg) < co) and Py has density Zy'(det HLE)™1/?p(2)
with respect to Hiiz on XN K, we obtain

log

k2 ZR(2)

1
lim (Ent(%ﬁ) + = / E 3. r + log ZE> = / lo
e—0 e b

= Ent(7|Po) + Ent(p1) + Ent(u2) + br(%),

Zopy/det H,E _ _ _
gwfdv+ log pd7y + br(7)
by

where we used that 7 has marginals p1, 12 and p = p1®ps, so that [log pdy = Ent(u)+
Ent(ua).
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Step 4. The marginal entropies in (5.6). By (4.8), ;. r — pi as € = 0, and all
these measures are concentrated on the compact set K;. Since Ent(-) = Ent(- | Lix1) on
such measures, and the relative entropy with respect to a finite measure is weakly {ower
semicontinuous, we get

lim inf Ent (f1; . g) > Ent(u;), i=1,2.
e—0 7

Conclusion. Plugging Steps 3 and 4 into (5.6) gives (5.5), hence

limsup Ent(vy.,r | P:) < Ent(¥|Po) + br(7).

e—0

The diagonal argument of Step 2 of Section 4.3 then provides a recovery sequence, and
the remaining conclusions follow as in the proof of Theorem A. O

The purpose of the following proposition is to show that, in the quadratic case, we
recover the known asymptotic expansion of EOT (see, for instance, Pal | -

Proposition 5.4. Assume (H1')-(H}’) hold. If moreover c(z1,z2) = 3|lz1 — a|?,

then, denoting by ~. the minimizer of F., by 7 the optimal plan, and by Ent(u;) o

Ent(p; | £9) = [ p;log p; dx,

Fo(ve) = FO®F) + gslog(l/s) - %(Ent(m) + Ent(u2) + dlog(?w)) + o(e).

Proof. By Brenier’s theorem, in the quadratic case the optimal plan 7 is unique and
given by 7 = (id, T") 1, where T is the Brenier map between j1 and pp. Consequently,
7 is supported on the graph {(x1,T(x1))|x1 € spt u1} C ¥ and the tangent space of ¥

is
Id
Ty 1(21)) 2 = Img (DT(M)) '

Hence, the Hessian of the duality gap is given by

Id —D?%, (z1) —1d
—1Id Id —D?3y(T (1))

_<DT(x1) —1d )
“\ -1d DT(@)!)

where we used that T = Id =V, (from V., F = 0 on ¥) and that Id —D?g,(T(z1)) =
DT(x1)~!, obtained by differentiating the identity x1 = T(z1) — V@o(T(z1)) (from
Vi, E = 0 on X). We define n(z;), the matrix whose columns form an orthonormal
basis of the normal space N, 1(,))%, as

Hess E(z1,T(z1)) = (

n(zy) % (—D%:i(m)) (Id +DT(21)2) /2.
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The reduced Hessian of E in the normal directions is therefore
Hess E(x1, T(x1))
= n(xy) " Hess E(z1, T(x1))n(x1)
= (DT(21)? + 1d)"/2(DT(21)* + 2DT (1) + DT(21) ™) (DT (21)? + 1d) /2
= DT(x1) + DT (1) !
For pi-almost every x1, with 9 = T'(z1) the Monge-Ampére equation gives

pi(z1) _ pi(z1)

det DT (1) = p2(T(z1))  pa(z2)

and therefore

1/2
det (Hess™ E(zy, 51:2))_1/2 = (pl(ml)) det (1d +DT(551)2)_1/2'
p2(z2)

Consequently, writing p for the density of 7 with respect to ’HT]’E, we obtain

_ p(z1, x2) _
Ent(7]Po) = /zlog (Zo—l det (1d + DT (z1)2) 2 pl(x1)3/2p2(x2)1/2) Bz, z2)
= Ent (7| Hgk) — 5 Ent(n) — 5 Bnt(n)
+ ;/log det (Id +DT (x1)?) dps (1) + log Zo.
We now compute Ent(7 | 7—[|d2) using the graph structure of . Since ¥ is parametrized

by z1 +— (z1,T(z1)), whose differential ( ) has Gram matrix Id +DT(z1)?, the

Id
DT(JZl)
area formula gives

dHE = det (1d+DT(21)%)"? day.

Hence
p(z1,T(x1)) = p1(z1) det (1d +DT($1)2)71/2.

Therefore
Ent (7 | ’H‘dz) = /logp dy = /log (pl(xl) det (Id +DT(331)2)_1/2> dpg (z1)

= Ent(u1) — ;/log det (Id +DT(21)?) du (21).

Plugging this into the previous identity, the log det terms cancel and we get

3 1
Ent(7|Pg) — log Zy = Ent (1) — 3 Ent(u1) — 3 Ent(usg)
1
—5 (Ent(m) + Ent(s2)).
Finally, we conclude by Theorem 5.3. O
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Remark 5.1. Our result is consistent with the one of Pal | ], up to the choice of
the reference measure. Pal regularizes the transport cost with Ent(~), that is, with the
entropy relative to the Lebesgue measure, and obtains the limit +2 (Ent(u1) 4+ Ent(u2)).
Since the marginals of ~ are fixed,

Ent (v|p1 ® p2) = Ent(y) — Ent(u1) — Ent(u2),

so that, up to normalizing constants, the two results differ exactly by

— Ent(u1) — Ent(u2),

which gives the value obtained above.

5.1.3 The McCann—-Pass—Warren cost

We illustrate Theorem 5.3 with the non-twisted cost of | , Example 3.1]. In
this paragraph, the points of R? x R? are denoted by (x1,z2), with 21 = (u,v;) and
x9 = (ug,v3), and

Z (6U1 _ 6“2)2 Z 0

[\)
[\
DN =

c(xy,x2) el gurtuz cos(v; —v9) +

Equality holds if and only if u; = ug and cos(v; —v2) = —1, that is, if and only if (z1, z2)
belongs to one of the planes

def. def. . .
Y = {(z1,Tj(z1)) : 21 € RQ}, Tj(xz1) = (u1,v1 + (25 + 1)7), jeZ.

Since D?Elxzc(xl, x9) = etrtuz ( _C‘;isnae ig;g) with 6 = v — vg, the cost is non-degenerate

everywhere, but it is not twisted, since infinitely many planes X, lie above each ;.

Marginals and optimal plans. Let p1 = ps be the uniform probability measure on

At [0,1] x [0,47], that is, p1 = p2 = ﬁlA. The map

(1) def. | (ur,v1 +m) if vy € [0,7) U [27, 37),
' (up,v1 —m) if vy € [m,27) U [3m, 4],

preserves 1 and satisfies S(x1) € {To(x1),T-1(x1)}, so that the plan (Id, S)xp belongs
to II(u1, n2) and is concentrated on {c¢ = 0}. Hence it is optimal, OT(u1, 2) = 0, and

©; = P, = 0 are Kantorovich potentials, the dual value being 0. We take for M; = Ms a

closed ball containing a neighborhood of K1 = Ky A Then B =cand ¥ = Qnu; &y,

so that every element of II(u1, u2) concentrated on |J; X; is optimal. The optimal plan
is not unique: for instance, the map x; — (uj,v; + 7) if v < 37w, 1 — (ug,v; — 37)
otherwise, also preserves p; and induces another optimal plan. Indeed, above each
z1 € A lie exactly two points Tj(z1) € A (for almost every x1), and the optimal plans
are the couplings which split the mass of 1 between them.
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Assumptions. Assumptions (H1)—(H4’) hold: ¢ is smooth and non-degenerate, E = c,
Y is a union of affine planes, p; is constant on K; = A, and H2(XNOK) = 0, since LNIK
is contained in a finite union of lines. Hence Theorem 5.3 applies.

The limit Gibbs measure. At z = (z1,22) € 3, we have u; = ug and v; —vy € T+27Z,
whence D2 , F(z) = D2, E(z) = ¢*I, and D% , E(z) = —e*I,. Denoting by
(e1,e2) the canonical basis of R?, the vectors (e1, —e1)/v/2 and (e2, —e2)/v/2 form an
orthonormal basis of N,Y, in which H,E = 2e*“1]5, so that det H.F = 4e*1 . Since
x1 — (21,Tj(z1)) has Jacobian 2, we have ’H|E = (1d,T;)4(2£%). Moreover, for every

a€l0,1] and a.e. b € R,
1
> pi(ab+ (2 +m) =3 pr(a,b— (25 + 1)7) = o, (5.7)
T
JjeZ JjeZ

since the interval [0, 47] has length 47, and thus contains exactly two points of b+7+27Z
for a.e. b. Therefore

e~ 1 —2u, 1—e?
Zy = Z , p1(x1)p2(Tj(x1)) 2dzy = L€ pi(x1)dey = ;
R

iz o a7
and 5
W _
dPo(a1,22) = T— 5 € 24 py (1) pa(wa) dHfs (21, 22).
y (5.7), the marginals of Py have densities %e‘mipi(azi), i = 1,2, so that Py ¢
(1, p2).

The selected plan.

Proposition 5.5. As ¢ — 0, the entropic optimal plans converge weakly to

def. . 1
dvo(x1, x2) =24 np1(x1)p2(r2) d7'l|22(951, r2), that is, Y = EHEEO(AxA)'

Proof. By (5.7) and ’H‘E = (Id, T})#(2£?), the marginals of vy have densities
> 2mpi(z)pa(Tj(z1)) = pr(xr)  and D 2mpi (T} ' (w2))pa(w2) = pa(w2),
jeEZ jezZ

so that o € II(u1, pe). Moreover, v and Py are equivalent, with
—2

def. 1 — €
) é; 62u1

—=(z1,72) = g(wa 5 ;

dPg
which only depends on z;. Hence, for every v € II(u1, u2) such that Ent(y|Pg) < oo
Ent(y|Po) = Ent(y[~0) + /logg(m) dy(z1, z2) = Ent(y|10) + /10g9(U1) dp (1)

= Ent (7 |v0) + Ent(yo | Po).

Thus 7 is the unique minimizer of Ent(-|Pg) on II(u;, pu2), and the conclusion follows
from Theorem 5.3. O
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Since dPy/ d”;’-l|2E is the product of a function of z; and a function of x2, vy is equiv-
alently the unique minimizer of Ent(- |H|22) on IT(p1, p2). In other words, the entropic

selection splits the mass of each z; € A equally between the two points Tj(z1) € A,
whereas the limit Gibbs measure Py is not a coupling of ©1 and po.

5.2 The extension to multi-marginal framework

Let N >2and, fori=1,...,N, let M; = T and Wi = p;volyr,, where p; is Lipschitz

and a < p; < 3. We set (2 det N M;, p(z) def N pi(z) and p® et N i = pvolg,

and we denote by II(u1,...,un) the set of probability measures on 0 with marginals
Ui, ..., un. The cost ¢ is continuous, and we fix continuous Kantorovich potentials
Py, --,@x such that the duality gap F def. o SN B;(2i) > 0 belongs to C*1(Q), and
such that ¥ & {E = 0} is a CY! submanifold of Q without boundary, of dimension d,
satisfying

rank Hess E(z) = (N — 1)d for every z € X. (5.8)

The Gibbs measures P,, the constants Z. and the functionals F., F(©, F(1) are defined as
in Sections 1 and 2, with II(uq, ..., un) in place of TI(u1, p2), and with the codimension
4 (N —1)d of ¥ in place of d.

For two marginals, (5.8) follows from the non-degeneracy of ¢ (Proposition 2.2). For
N > 3, it has to be imposed: since 7,3 C ker Hess E(z) and dimT,% = d, it amounts
to ker Hess E(z) = T,X, that is, to the positive definiteness of H,FE. Without it, some
normal directions would be degenerate and would contribute differently to the asymp-
totics.

Theorem 5.6 (Multi-marginal I'-expansion). Under these assumptions, the conclusions
of Theorem 3./ and of Theorem A hold, with k in place of d in (1.1)—(1.2), and with
dPy(2) = Zlo (det HLE) V2 p(2) M (), 20" / (det H.E)™"/2 p(z) dH(2).
b
Proof. The proofs of Sections 3 and 4 and of Section 5.1.1 use the two-marginal structure
at three places only.

(i) Normal ellipticity. In Proposition 2.2, (2.3) is deduced from the non-degeneracy
of ¢. Here, it follows from (5.8), the positive semidefiniteness of Hess E' on ¥, and the
compactness of X.

(ii) Local normal frames. A C!! submanifold admits local Lipschitz orthonormal
frames of its normal bundle; see the Gram—Schmidt construction in | , Section 2.3.1,
arXiv version]. We choose a finite cover (U,), of ¥ by relatively compact patches with
such frames n,, and a subordinate Lipschitz partition of unity (x4)q. For r > 0 suffi-
ciently small, the maps

®4(25) L 2 4+ na(2)s, zeU,, s€B,,

are bi-Lipschitz tubular parametrizations, by the positive-reach property used in Sec-
tion 3.1. Since the frames are Lipschitz, the proof of Lemma 3.2 applies on each patch,
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and (3.3) holds almost everywhere, with uniform bounds over the finite cover. The area
formula then gives

/ET hdvolg = za:/Ua Xa(2) /BT h(®u(z,5))Ta, (2,5) ds dH(2)

for every nonnegative Borel function h. We apply the three-region Laplace argument to
each integral in this sum. The weights x, depend only on z, and the resulting limits
sum to the desired integral because ), xq = 1.

On overlaps, ny(2) = 14(2)Ogp(2) with Ogp(z) € O(k). The coordinate change (z, s) —
(2, Oap(2)s) has absolute Jacobian one almost everywhere, even though O, depends on
z. It also preserves the normal Gaussian measure and Bg, that is

Hy = 0J,HyOup, Ki(2,5) = Ko(2, Ogps),

where H,(z) is the matrix of the normal Hessian in the local orthonormal frame n,(z).
Thus the local normal perturbations agree on overlaps and define the recovery measure
in Section 4.1. In the Euclidean case, we use a finite cover of the compact portion ¥ Nw
appearing in the Laplace proof.

With (i) and (ii), the proofs of Theorem 3.4 (Section 5.1.1), of Lemma 4.1, Proposi-
tion 4.3, Proposition 4.5, and of Steps 1 and 3 of Section 4.3 apply verbatim, with sums
over i € {1,..., N}; recall that Step 3 only uses that proj,,, is 1-Lipschitz.

(iii) Marginal estimate. The proof of Theorem 4.4 uses local inverses of plroj%/[i7
which, for N > 3, may have critical points (vertical branches). Let 7 be the plan

fixed in Step 2 of Section 4.3. We fix ¢ and R > 1, and write p def proj&,, n def 75

and fie et fier. Let C def {# € ¥ : rank Dp(z) < d}. By Sard’s theorem, p(C) is

Lebesgue-negligible, so that 7(C) < u(p(C)) = 0. Given n > 0, we choose an open
set V' O p(C) such that u(V) < 1, and we split ¥ = 7° + 79, with 7° def FLp~ (V).
Accordingly, u = pb + p9 and fic = il + jig, where p°, p9 and b, jig are the i-th
marginals of 3%, 79 and of their normal perturbations, defined by (4.6). On the compact
set ©\p~1(V), pis a local diffeomorphism, and the proof of Theorem 4.4, which only uses
that the chart densities are integrable, gives W3 (u9, i) = o, (), where W is extended
to measures of equal mass. On the other hand, since |p(®(z,/es)) — p(2)| < /¢ls|, the
map (z,8) — (p(z),p(®(2,/€5))) pushes Kg(z,s)ds dj°(z) forward to a coupling of j°
and fi¥ with quadratic cost at most

[ sPRRG) asdr?e) < M2 (S) = Moo p(V) < My,
s JBg

by (4.5). Gluing the two couplings, we get W3 (u, fic) < 0,(g) + Maen. Letting e — 0,

then n — 0, gives Wa(u, fic) = or(y/€), which completes the proof. O
Combining this proof with Section 5.1, Theorem 5.6 extends to IV compactly supported
marginals on R?, under the analogue of (H1")—(H4") in which K et N K;, and the

non-degeneracy of ¢ is replaced by (5.8) on ¥ N int 2.
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5.2.1 Multi-marginal optimal transport with repulsive harmonic cost

We apply Theorem 5.6 to the special case of three marginals on the circle. Let N = 3,
d=1,and M; = S' C R? for i = 1,2,3. We use the uniform probability u = (27)~ H\Sl
and set p; = p. Here d is the intrinsic dimension of each marginal space. The contact set
computed below is a disjoint union of two circles, so dim ¥ = 1 = d and its codimension
in (S')? is k = 2. We consider the harmonic repulsive cost

The associated multi-marginal optimal transport problem is

inf /(51)N c(x) dy(x). (5.9)

YEI (1)

Proposition 5.7. Problem (5.9) is equivalent to

N
inf 5.10
WEH(M17M27M3)/ ‘ Zl ( )
Proof. We start by expanding the cost in the following way:
Soolm—aP= Y (P el - 2w a)
1<i<j<N 1<i<j<N
N
= (N_I)Z‘$i|2_2 Z <$i,l’j>.
i=1 1<i<j<N
On the other hand, | %, 2% = SV |2s>42 3 <ic je v (@i, @5). Therefore, ZKKJ.SN |2zi—
z;|? = Nz =1 2N, a:z\2 Since x; € S', one has |z;| = 1, and hence 3" |z;]? =

N. Consequently, c(x) = | N 22 — N2, Thus, for every v € H(,ul),

/m e(x) dy(x /Sl)Nyi;xz

Since N? is independent of v, minimizing the original cost is equivalent to minimizing
N 9
[
(SHN Ti=1

We denote by ¢ the cost of (5.10).

dy(x

dy(x)
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Geometry of the contact set The dual problem associated with (5.10) is

sup {Z/ i) dpi(x;) ’Z% x;) < (%) VXG(SI)?’}. (5.11)

()34

Proposition 5.8. A family of optimal Kantorovich potentials for the dual problem (5.11)
s given by

P =Py =93 =0.
Proof. There exists a coupling v € IT(u1, 2, u3) concentrated on {x € (S')? | 21 + 2o +
w3 = 0}, for instance ¥ = (F)gp1, with F(z) = (z, Rar /37, R_35/37). One can easily
check that 7 € II(p1, p2, #3) and € = 0 on its support. Thus the value of (5.10) is null

and therefore the admissible dual family (@, @,, ?3) = (0,0,0) attains the primal value
and is a family of optimal Kantorovich potentials. ]

Proposition 5.9. The contact set is a compact manifold without boundary
Y= {(vaQTr/Sxa R—27r/3$) | T € Sl} U {(‘Ta R—27r/3xa R27r/3m) | S Sl}a
where Ry denotes the rotation of angle 6.

Proof. By definition, ¥ = {E = 0}. Here E = ¢ which is equivalent to 1 = —z9 — z3.
Moreover, we have |za + 3|% = |z2|2 + |23|2 + 2(z2, 23) = 2 + 2(x2, 3), and thus, using
|22 + 23] = |71] = 1, (2, 23) = —4. It implies that 29 = Ri9r /373 and thus

Y= {(x7R27r/3‘r7R727r/3x) ‘ T € Sl} U {($7 R727r/3x7R27r/3x) ‘ T € Sl}

oy Uy,

Finally, the maps Fy : € S! — Fy(x) = (2, Rion/3T, Ryon/32) € (S1)? are smooth
embeddings. Therefore ¥, and Y_ are diffeomorphic to S'. Since S' is compact and
without boundary, ¥ is a compact manifold without boundary. ]

Entropic selection principle

Proposition 5.10. The limiting Gibbs measure has the explicit expression

1
PO = 5(’Y+ + 7—))

where v+ = (Fi)gp and Fy are the two parametrizations above. Moreover, Py is the
selected transport plan.

Proof. We verify the normal-rank hypothesis and apply the Gibbs formula of Theo-
rem 5.6:

N
1
Po = Z—O(det Hess™ E)~1/2 H pﬂ-l|12.
i=1
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We compute the normal Hessian and the normalization. For ¢ = 1,2, 3, introduce the
geodesics

vi(T) = exp,, (Tv;),

def.

where v; € T,,S!. We also introduce S(7) = v1(7) + va(7) + v3(7), then we have

LB (). (). 15(7) = 2(87), S(7).
and 2
B (), va(r), (7)) = 28(7), S(7)) +2AS(7)P
Thus, for 7 = 0, since S(0) = 0, we obtain
diQE(yl(T), va(r),vs(7))| = 2fvr +vp + vgl?,
dr -

and denoting V' = (v1, v, v3) we have

Hess E(x)[V, V] = 2|vy + vo + v3]*.

0 -1

so that e; is a unit tangent vector to S at x;. Then

def.
Let ¢; = Jx;, where

E, = (e1,0,0), Ey = (0, e2,0), Es5 =(0,0,e3)
is an orthonormal basis of Ty (S')3. We obtain
Hess E(x)[E;, E;| = 2, Hess E(x)[E;, Ej] = 2(e;, e) = 2(z;,z;) = —1,
for ¢ # j, since x € ¥. Hence

2 -1 -1
[Hess E(x)]=| -1 2 -1

Moreover,
TxY = span{E; + Es + E3},

and therefore
Ny¥E ={aE, +bEy+cE3|a+b+c=0}.

On this normal space, the above matrix acts as 31d. Thus

Hess™ E(x) = 31dy,x,
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Thus rank Hess E = 2 = (N — 1)d, as required by Theorem 5.6, and det Hess™ E = 9.
The induced arclength must also be included in the normalization: the maps Fi have
speed v/3 when the unit circle is parametrized by arclength. Hence

g4mV/3 1
3 2V3n2

HY(DL) = 27V/3, Zy = (2m)

Consequently,
1
Po = A \fH|E (’7—!— + - )

Since Ent(- | Pg) is nonnegative and Py € II(y;), we conclude that the selected transport
plan is Py. O

5.2.2 Repulsive harmonic cost in R?

Let N > 3, d > 1, and consider the repulsive harmonic cost

def.
c(x) E — Z |33i71:j|2, x = (x1,...,xN) € (Rd)N

1<i<j<N

For i = 1,...,N, let p; = p;dx, where p; vanishes outside a compact set K; C R?

with £4(0K;) = 0, and is bounded and continuous on K;. We take for M; a closed

ball containing a nelghborhood of K;, and we set oY H M;, p(x) et L pi(zi) and

d f
= > [ wdpi(z). We assume:

(M) There exists i9 € {1,..., N} such that p;, is the law of b — 37, ., X;, where the
random variables X;, i # ig, are independent with laws u;.

Under (M), the law s of (X1, ..., Xn), where Xj, def. b—> i+, Xi, belongs to (g1, .oy i)
and is concentrated on the affine subspace

5, 4 {x e (RHN . i\f:xz = b},

i=1
of dimension (N — 1)d and codimension k& = d. Since

N 2 N def. |b|2
= i —bl + > pi(x), ©,(z) = —N|z|” +2(b,z) — —,
Sw-b) + Y w@)  Bl@) D Nl 2(b,2) - o
i=1 i=1

the functions @, are Kantorovich potentials, ys is optimal, the duality gap is E(x) =
| >z — b%, and ¥ = ¥, N €. The normal space to ¥ is spanned by the orthonormal
vectors (ep,...,ep)/VN,p=1,...,d, so that

def. (8y...,9)

O(z,8) = z+ N

defines global normal coordinates: ® is an isometry from ¥ x R? onto (R)Y, Jp = 1,
dist(®(z,s), %) = |s| and E(®(z,s)) = N|s|?. In particular, H,E = 2N I;, and the
remainder R of the Taylor expansion of F vanishes.

d
z € X, s €RY,
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Theorem 5.11 (Repulsive harmonic cost in RY). Assume (M). Then the conclusions of
Theorem 3.4 and of Theorem A hold, with II(u1,...,un) in place of (u1, p2), k = d,

and
(N—1)d

def.  PMpy, def. —d/2/ (N-1)d
pp = g o pdH .
be pd'H(N_l)d ( ) 5,

Moreover, the selected plan is vyr, and
. d d
min F, = OT (1, ..., uN) + islog(l/a) — E(Ent(uio) + 3 logﬂ) + o(e),

where Ent(u,) el [ piy log pi, da.

Proof. We follow the proofs of Theorems 5.1 and 5.3, with 3 in place of the d-dimensional
contact set: these proofs do not use the dimension of the contact set, and they are simpler
here, since the normal coordinates are global and F is exactly quadratic in them.

Step 1. Gibbs measures and I'-liminf. The proof of Theorem 5.1 applies with
HWN=Dd in place of H*, R =0, Jp = 1 and 7, = %,.. Its assumption HN-D4(2,NOK) =
0, where K = [, K;, follows from L£L¥(0K;) = 0: for j # i, parametrizing ¥ by the
coordinates (7);, the set 3y N{x; € OK;} is the image of a negligible set by a Lipschitz

map. Moreover, Zy > 0, since p > 0 yy-a.e. and vy < Hgfl)d (see Step 2). Since

det H,E = (2N)% is constant, this gives P. — Py and Z. = (2me)¥?(Zy + 0(1)), and the
I’-lim inf inequality follows as in Step 1 of Section 4.3.
Step 2. A finite-entropy optimal plan. Parametrizing ¥, by (2;)i+,, whose

surface Jacobian is N2, we get vy = N~%/2 [Liziy pi(i) ’ngl)d. Hence

dyumr Cu def. _d/g/ (N—1)d
dPg ( ) Pig (xio) > ’ ( )

and Ent(vyas | Po) = log Cps — Ent(pi,) < oo, since p;, is bounded with compact support.
This replaces Step 3 of Section 4.3, where the bound 7 < 5H|dz used dim ¥ = d.

Step 3. The marginals. Fix 7 € II(u1, ..., un) with Ent(7|Pg) < oo, and R > 1.
Since H,E = 2N I does not depend on z, neither does the kernel Kr(z,s) = Kg(s) x
e_N|S|21|3R(s). Hence, by (4.6), 4¢,g is the law of Z + /e/N (S,...,S5), where Z ~ 7
and S ~ Kp are independent, and its i-th marginal is

- def.
Hie,R = i * Te, n. = law of y/e/N S.

Writing \/e/N S = /2/(2N2) §', where S’ = v/2N S has density proportional to e~ 1¥'*/2
on B s55p, we are in the setting of Proposition 4.6, with £/(2N?) and v2NR in place
of ¢ and R. Its proof applies verbatim in RY, and gives Wa(fi; c g, it;) = or(v/€).

Step 4. Energy and entropy. The rest of the proof of Theorem 5.3 is unchanged.
The energy estimate of Proposition 4.5 holds, since |VE(y)| = 2N dist(y, ) for ev-
ery y € (R)N. In Step 3 of the proof of Theorem 5.3, the remainder and Jacobian
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terms vanish, and [ |logp|dy < oo follows from Ent(¥|Pg) < oo and [|logp|dy <
> [ pillog pil dz < oo,

Step 5. Selection and value. By (5.12), dvyys/dPy only depends on z;,. Hence,
for every v € II(p1, . .., pn) with Ent(y|Pg) < oo, as in the proof of Proposition 5.5,

C
Ent(y[Po) = Ent(y[ym) + /10g pr dpiy = Ent(y |yar) + Ent(yas | Po),
io
so that 77 is the unique minimizer of Ent(- | Py) on II(ug, ..., un), that is, the selected
plan. Finally, since Cy; = 2927,

d d
min ) = Ent(ya | Po) — log Zo — 5 log(2m) = — Ent(u;,) — 3 log T,

and the expansion of min F; follows from Theorem A. O

Remark 5.2. Condition (M) only involves the marginals: it means that p;, is the image
of pq -+ % pjy—1 % fjg4+1 * - - - * un by  +— b— z; in particular, p;, is then automatically
continuous. Since a convex combination of plans concentrated on ¥, with bounded
densities is again such a plan, all the conclusions of Theorem 5.11, except the explicit
selected plan and value, remain valid when (p1,...,un) is a convex combination of N-
tuples of marginals satisfying (M) with the same b. For N = 2, (M) means that ps is
the image of 41 by x — b — x, and the cost is equivalent to |z; + x2|?: the expansion
above is then consistent with Proposition 5.4, after the change of variables zg +— —x9
and the rescaling € — /2.

Acknowledgments. L.N., P.P. and L.T. acknowledge the support of the FMJH Pro-
gram PGMO and the ANR project GOTA (ANR-23-CE46-0001). B.P. is pleased to ac-
knowledge the support of Natural Sciences and Engineering Research Council of Canada
Discovery Grant number 04864-2024. The authors used Al-assisted tools to help check
proofs and ensure consistency of notation, and take full responsibility for the final
manuscript.

References

[Ada+11] S. Adams et al. “From a large-deviations principle to the Wasserstein gradi-
ent flow: A new micro-macro passage”. In: Communications in Mathematical
Physics 307.3 (2011), pp. 791-815. DOI: 10.1007/s00220-011-1328-4.

[AG25] S. Aryan and P. Ghosal. “Entropic Selection Principle for Monge’s Optimal
Transport”. In: arXiv preprint arXiv:2502.16370 (2025).

[ANR17]  J. Altschuler, J. Niles-Weed, and P. Rigollet. “Near-linear time approxima-
tion algorithms for optimal transport via Sinkhorn iteration”. In: Advances
in Neural Information Processing Systems. Vol. 30. 2017.

[Ben+15] J.-D. Benamou et al. “Iterative Bregman projections for regularized trans-
portation problems”. In: SIAM Journal on Scientific Computing 37.2 (2015),
Al1111-A1138.

46


https://doi.org/10.1007/s00220-011-1328-4

[BGN22]

[BTOS)]

[Car+17]

[CDS25]

[CPT23]

[CS94]

[CT21]

[Cut13]
[Dal93]

[DG20]

[DL18]

[DLR13]

[EMR15]

E. Bernton, P. Ghosal, and M. Nutz. “Entropic optimal transport: Geom-
etry and large deviations”. In: Duke Mathematical Journal 171.16 (2022),
pp. 3363-3400.

A. Braides and L. Truskinovsky. “Asymptotic expansions by I'-convergence”.
In: Continuum Mechanics and Thermodynamics 20.1 (2008), pp. 21-62.

G. Carlier et al. “Convergence of entropic schemes for optimal transport and
gradient flows”. In: SIAM Journal on Mathematical Analysis 49.2 (2017),
pp. 1385-1418.

M. Colombo, S. Di Marino, and F. Stra. “First order expansion in the semi-
classical limit of the Levy—Lieb functional”. In: Archive for Rational Me-
chanics and Analysis 249.6 (2025), pp. 1-57.

G. Carlier, P. Pegon, and L. Tamanini. “Convergence rate of general entropic
optimal transport costs”. In: Calculus of Variations and Partial Differential
Equations 62.4 (2023), p. 116.

R. Cominetti and J. San Martin. “Asymptotic analysis of the exponential
penalty trajectory in linear programming”. In: Mathematical Programming
67 (1994), pp. 169-187.

G. Conforti and L. Tamanini. “A formula for the time derivative of the
entropic cost and applications”. In: Journal of Functional Analysis 280.11
(2021), p. 108964.

M. Cuturi. “Sinkhorn distances: Lightspeed computation of optimal trans-
port”. In: Advances in neural information processing systems 26 (2013).

G. Dal Maso. An Introduction to I'-Convergence. Vol. 8. Progress in Nonlin-
ear Differential Equations and their Applications. Boston: Birkh&user, 1993.

S. Di Marino and A. Gerolin. “An Optimal Transport Approach for the
Schrodinger Bridge Problem and Convergence of Sinkhorn Algorithm”. In:
Journal of Scientific Computing 85.2 (Oct. 19, 2020), p. 27. 1SSN: 1573-7691.
DOI: 10.1007/s10915-020-01325-7.

S. Di Marino and J. Louet. “The entropic regularization of the Monge prob-
lem on the real line”. In: SIAM Journal on Mathematical Analysis 50.4
(2018), pp. 3451-3477.

M. H. Duong, V. Laschos, and M. Renger. “Wasserstein gradient flows from
large deviations of many-particle limits”. In: ESAIM: Control, Optimisation
and Calculus of Variations 19.4 (2013), pp. 1166-1188. DOI: 10.1051/cocv/
2013049.

M. Erbar, J. Maas, and M. Renger. “From large deviations to Wasserstein
gradient flows in multiple dimensions”. In: Electronic Communications in
Probability 20.89 (2015), pp. 1-12. DOL: 10.1214/ECP.v20-4315.

47


https://doi.org/10.1007/s10915-020-01325-7
https://doi.org/10.1051/cocv/2013049
https://doi.org/10.1051/cocv/2013049
https://doi.org/10.1214/ECP.v20-4315

[EN22]

[EN24]

[Fed59]

[FL89)

[Gall6]

[Gen+19]

[GKR20]

[Hwa80]
[Léo12]

[Léol4]

[Ley25]
[LV23]

[Mik04]

[Mik90]

[Min15]

S. Eckstein and M. Nutz. “Quantitative stability of regularized optimal trans-
port and convergence of sinkhorn’s algorithm”. In: STAM Journal on Math-
ematical Analysis 54.6 (2022), pp. 5922-5948.

S. Eckstein and M. Nutz. “Convergence rates for regularized optimal trans-
port via quantization”. In: Mathematics of Operations Research 49.2 (2024),
pp. 1223-1240.

H. Federer. “Curvature measures”. In: Transactions of the American Math-
ematical Society 93.3 (1959), pp. 418-491.

J. Franklin and J. Lorenz. “On the scaling of multidimensional matrices”.
In: Linear Algebra and its applications 114-115 (1989), pp. 717-735. DOL:
10.1016/0024-3795(89)90490-4.

A. Galichon. Optimal Transport Methods in Economics. Princeton University
Press, 2016. DoOI1: 10.23943/princeton/9780691172767.001.0001.

A. Genevay et al. “Sample Complexity of Sinkhorn Divergences”. In: Proceed-
ings of the Twenty-Second International Conference on Artificial Intelligence
and Statistics. Vol. 89. Proceedings of Machine Learning Research. PMLR,
2019, pp. 1574-1583.

A. Gerolin, A. Kausamo, and T. Rajala. “Multi-marginal entropy-transport
with repulsive cost”. In: Calculus of Variations and Partial Differential Equa-
tions 59.3 (2020), p. 90. DOI: 10.1007/500526-020-01735-3.

C.-R. Hwang. “Laplace’s method revisited: weak convergence of probability
measures”. In: The Annals of Probability (1980), pp. 1177-1182.

C. Léonard. “From the Schrodinger problem to the Monge-Kantorovich
problem”. In: Journal of Functional Analysis 262.4 (2012), pp. 1879-1920.

C. Léonard. “A Survey of the Schréodinger Problem and Some of Its Con-
nections with Optimal Transport”. In: Discrete and Continuous Dynamical
Systems 34.4 (2014), p. 1533. DOI: 10.3934/dcds.2014.34.1533.

A. Ley. “Entropic selection for optimal transport on the line with distance
cost”. In: arXiv preprint arXiv:2512.05282 (2025).

F. Léger and F.-X. Vialard. “A geometric Laplace method”. In: Pure and
Applied Analysis 5.4 (2023), pp. 1041-1080.

T. Mikami. “Monge’s problem with a quadratic cost by the zero-noise limit
of h-path processes”. In: Probability Theory and Related Fields 129.2 (2004),
pp. 245-260. DOL: 10.1007/s00440-004-0340-4.

T. Mikami. “Variational Processes from the Weak Forward Equation”. In:
Communications in mathematical physics 135.1 (1990), pp. 19-40.

E. Minguzzi. “Convex neighborhoods for Lipschitz connections and sprays”.
In: Monatshefte fiir Mathematik 177.4 (2015), pp. 569-625. DOI: 10.1007/
s00605-014-0699~-y. arXiv: 1308.6675 [math.DG].

48


https://doi.org/10.1016/0024-3795(89)90490-4
https://doi.org/10.23943/princeton/9780691172767.001.0001
https://doi.org/10.1007/s00526-020-01735-3
https://doi.org/10.3934/dcds.2014.34.1533
https://doi.org/10.1007/s00440-004-0340-4
https://doi.org/10.1007/s00605-014-0699-y
https://doi.org/10.1007/s00605-014-0699-y
https://arxiv.org/abs/1308.6675

[MN19] G. Mena and J. Niles-Weed. “Statistical bounds for entropic optimal trans-
port: sample complexity and the central limit theorem”. In: Advances in
Neural Information Processing Systems. Vol. 32. 2019.

[MPW12] R.J.McCann, B. Pass, and M. Warren. “Rectifiability of optimal transporta-
tion plans”. In: Canadian Journal of Mathematics 64.4 (2012), pp. 924-934.

[MS25] H. Malamut and M. Sylvestre. “Convergence rates of the regularized optimal
transport: Disentangling suboptimality and entropy”. In: STAM Journal on
Mathematical Analysis 57.3 (2025), pp. 2533-2558.

[NP25] L. Nenna and P. Pegon. “Convergence rate of entropy-regularized multi-
marginal optimal transport costs”. In: Canadian Journal of Mathematics
77.3 (2025), pp. 1072-1092.

[Nut21] M. Nutz. “Introduction to entropic optimal transport”. In: Lecture notes,
Columbia University (2021).

[NW22] M. Nutz and J. Wiesel. “Entropic optimal transport: Convergence of po-
tentials”. In: Probability Theory and Related Fields 184.1 (2022), pp. 401—
424.

[NZ26] M. Nutz and C. Zhong. “Entropic regularization of Monge’s problem”. In:
arXiv preprint arXiv:2604.21578 (2026).

[Pal24] S. Pal. “On the difference between entropic cost and the optimal transport
cost”. In: The Annals of Applied Probability 34.1B (2024), pp. 1003-1028.
DOIL: 10.1214/23-AAP1983.

[PC19] G. Peyré and M. Cuturi. Computational optimal transport: With applications
to data science. Now Foundations and Trends, 2019.

[San15] F. Santambrogio. Optimal Transport for Applied Mathematicians. Vol. 87.
Progress in Nonlinear Differential Equations and Their Applications. Calcu-
lus of variations, PDEs, and modeling. Cham: Springer International Pub-
lishing, 2015. 1SBN: 978-3-319-20828-2. DOI: 10.1007/978-3-319-20828-2.

[Sin64] R. Sinkhorn. “A Relationship Between Arbitrary Positive Matrices and Dou-
bly Stochastic Matrices”. In: The Annals of Mathematical Statistics 35.2
(June 1964), pp. 876-879. 1SsN: 0003-4851, 2168-8990. DOIL: 10.1214/aoms/
1177703591.

[Sin67] R. Sinkhorn. “Diagonal Equivalence to Matrices with Prescribed Row and
Column Sums”. In: The American Mathematical Monthly 74.4 (1967), pp. 402—
405.

[Vil08] C. Villani. Optimal transport: old and new. Vol. 338. Springer, 2008.

[Weel8]  J. Weed. “An explicit analysis of the entropic penalty in linear program-
ming”. In: Proceedings of the 31st Conference On Learning Theory. Vol. 75.
Proceedings of Machine Learning Research. PMLR, 2018, pp. 1841-1855.

49


https://doi.org/10.1214/23-AAP1983
https://doi.org/10.1007/978-3-319-20828-2
https://doi.org/10.1214/aoms/1177703591
https://doi.org/10.1214/aoms/1177703591

	Introduction
	Entropic Optimal Transport, assumptions and geometry of the contact set
	Preliminaries on Entropic Optimal Transport
	Main assumptions and geometry of the contact set

	Convergence of the Gibbs measure
	Tubular coordinates around the contact set
	Geometric Laplace's method

	The Γ-expansion of Entropic Optimal Transport
	The recovery sequence: a normal perturbation approach
	Correction of the marginals
	Proof of Theorem A
	Proof of the marginal estimate
	A model case: one-dimensional marginals and flat contact set
	General statement


	Extension to generalized framework and examples
	Compactly supported marginals on Rd
	Convergence of the Gibbs measure and the geometric Laplace's method
	First-order entropic selection
	The McCann–Pass–Warren cost

	The extension to multi-marginal framework
	Multi-marginal optimal transport with repulsive harmonic cost
	Repulsive harmonic cost in Rd



