Sobolev maps into the projective line
with bounded total variation

Domenico Muccs

Abstract. Variational problems for Sobolev maps with bounded total variation that take values into the 1-dimensional
projective space are studied. We focus on the different features from the case of Sobolev maps with bounded conformal
p-energy that take values into the p-dimensional projective space, for p > 2 integer, recently studied in [19].

In the last decades there has been a growing interest in the study of variational problems for maps defined

between manifolds. The most relevant problem is perhaps the one concerned with harmonic maps defined in

three dimensional domains Q that are constrained to take values into the two-dimensional unit sphere S2.
In this framework, one considers the Dirichlet energy

1
D(u, ) := 5 /Q | Dul? da

of Sobolev maps into S?, i.e., in the class
Wh2(Q,8%) == {u € WH2(Q,R?) : |u(x)] =1 forae. z€Q}.

According to the continuum description in the Ericksen-Leslie theory, the unitary vector field wu(x)
describes mathematically the configuration of a liquid crystal which occupies the domain €.

The general form of the energy density of a liquid crystal was derived independently by Oseen and
Frank, compare e.g. [13, Vol. II, Sec. 5.1] and the references therein. For a particular choice of the physical
constants, the energy of a nematic liquid crystal reduces to the Dirichlet energy above.

It is well-known that in the classical Sobolev approach to the theory of harmonic maps, the weak limit pro-
cess destroys energy concentration, the so called bubbling-off phenomenon, and does not preserve geometric
properties such as the degree, showing e.g. creation of cavitations.

For this reason, using tools from Geometric measure theory, variational problems concerning harmonic
maps into the sphere have been tackled in a satisfactory way in any dimension n by means of the theory of
Cartesian currents of Giaquinta-Modica-Soucek [13], see also [15].

In a similar way, an exhaustive variational theory of liquid crystals has been developed in [10].

The same authors in [11] considered the conformal p-energy

1
D, (u,B") := oz ) | Dul|? dx
of WlP_-mappings from the unit ball B" with values into the unit p-sphere SP, for any integer exponent
p > 2, i.e., in the class

WP(B™,SP) := {u € W'P(B",RPT) : |u(x)| =1 for a.e. x € B"}.

Physical evidence shows that in general the ends of the molecules of a nematic liquid cannot be distin-
guished. This means that the vector field u should actually take values into the projective plane RP?.

The Dipole problem for harmonic maps with values into RP? was studied in 1986 by Brezis-Coron-Lieb
[6]. However, the lack of orientability of RP? causes a lot of trouble in the analysis of a variational theory.

In [19], we considered the p-energy of mappings that take values into the p-dimensional projective space
RP?, obtained by identification of antipodal points in SP. For this reason, we saw the projective p-space
RP? as an embedded submanifold RP? of some Euclidean space

RP = g,(8%),  gp: 8 - BN, N(p) = PFURED) (0.1)



and we correspondingly worked with the Sobolev class
WP (B" RPP) := {u € W'P(B",RVN®)) | u(z) € RP? for a.e. € B"}.

Notice that RP? is a smooth, compact, connected submanifold of RV(®) without boundary. Moreover,
RPP is orientable if and only if p is odd. We also have g,(—y) = g, (y), whereas

|Du| = | Dv| if u=gyouv for some v e WH?(B" SP).
Our key result in [19] is the following property, that holds true in any dimension n, see also [5].

Theorem 0.1 Let p > 2 integer. For every u € WLP(B"™ RP?) there exist exactly two Sobolev maps
v1,v2 € WHP(B™,SP) such that gyov; = u a.e. in B"™. Moreover, vy = —v; and Dy(v;, B") = Dy (u, B").

Using this property, we extended some of the results from [6]. More precisely, we dealt with the concepts
of singularity, degree, D-fields, flat norm, and minimal connections for W1 P-maps with values in RP?. We
then analyzed the relaxed p-energy and proved a strong density property. We also introduced a notion of
optimally connecting measure for the singularity of maps in W1?(B" RP?). Moreover, for p = 2, in [19] we
similarly considered the analogous problems concerning the liquid crystal energy of maps in W12(B3 RP?).

In this paper we focus on the class of W l-maps into the projective line RP!. The function gp in (0.1),
in the case p = 1 reduces to the mapping g; : S! — R3

V2 o, V2
gl(yl,yz) = (72112, 72/22, Z/lyz) . (0-2)

Theorem 0.1 is false in the case p = 1, see Example 1.2 below. In fact, its proof relies on the lifting
theorem [22, p. 34], and on the simply-connectedness of the unit p-sphere 3P = SP, for p > 2.
For this reason, we now give the following

Definition 0.2 For Q@ = B™ or XP, we denote by Wl’p(Q,RPp) the subclass of maps u € WHP(Q, RP?)
for which there exists a Sobolev map v € WHP(Q,SP) such that g, ov = u.

Theorem 0.1 yields that Whe = WP for every p > 2, whereas for p = 1 the strict inclusion Wil C
WLl holds, a part from the case Q = Bl. As a consequence, the properties proved in [19] that are based
on Theorem 0.1 fail to hold in the case p = 1.

For example, if p is odd, and ¥* is a copy of SP, the degree of a continuous W' *-map u from XP into
the oriented submanifold RP? is defined by

1
dengp (u) = 5/2 u#prp
»

where wgrpr is a normalized volume p-form on RPP, so that prp wrpr = 1. Therefore, the double of the
degree tells the time the image of ¥ by u winds around RPP, with orientation prescribed by the sign.

According to the statements from [6, Sec. VIII-B-a], Theorem 0.1 yields that deggps(u) € Z in the case
p >3 odd. However, for p =1, in general we have deggp:(u) € % Z, compare [6, Sec. VIII-B-b].

MAIN RESULTS. In this paper we shall prove that for every Sobolev map v € WH(B™ RP!) there exists
a function v € BV(B",S') such that g ov = u. Moreover, v is a special function of bounded variation in
SBV(B",S'), with jump set of finite size, H" 1(J,) < 00, see [3].

As to maps u in WH(3!, RP'), for which in general deggp:(u) € § Z, we shall prove that

degpp1(u) €Z <= ue€ WUL(S! RPY),  see Definition 0.2

Similarly, for maps « in WH1(B2 RP!) that are smooth outside a discrete set of points (u), we shall
prove that u belongs to Wl’l(BQ,RPl) if and only if the degree of u around each singular point in X (u)
is integer. This last property about the degree means that small circles around each point of ¥(u) are
wrapped by u around the target manifold RP! an even number of times.



More generally, in higher dimension n > 2, the singularities of Sobolev maps u € W11(B" RP!) are
identified by the current P(u) € D,,_2(B™) acting on compactly supported smooth forms ¢ as

n

(Pu),p) = / do ANuPwgpr , © € D"%(B").

We recall that a current I' € D,,_5(B") is said to be an integral flat chain if there exists an integer
multiplicity (say i.m.) rectifiable current L € R,,_1(B") such that (0L)L B™ =T.

By the coarea formula, it turns out that P(u) is an integral flat chain, i.e., we can always find an i.m.
rectifiable current L € R,,_1(B™) that encloses the singularity of u, see Proposition 3.2 below.

According to Definition 0.2 we shall prove, Theorem 9.1, that for every u € W11 (B" RP?)

— 1
u € WHY(B", RP') <= the current 3 P(u) is an integral flat chain, too.

PLAN OF THE PAPER. In Sec. 1, we collect some preliminary facts and a counterexample to the validity
of Theorem 0.1 for p = 1. In Sec. 2, we deal with D-fields, degree, and singularities of W!-'-maps with
values into RP!, whereas in Sec. 3 we study a related Dipole problem. In Sec. 4, we shall introduce a class of
Cartesian currents in B™ x RP!, proving some basic properties. In Sec. 5, we discuss a notion of optimally
connecting measure of the singular set of W !'-maps with values into RP', and we find an explicit formula
for the relaxed total variation energy.

In order to prove the main results, in Sec. 6 we start by showing the existence of liftings of Cartesian
currents in B"™ x RP!, extending a result proved in [12] for the case B™ x S!, compare also [7] for the case
n = 2. In Sec. 7, we recall the structure properties of the class of Cartesian currents in B" x S', and we
introduce a suitable current integration on the jump set of functions of bounded variation v € BV (B",S!). In
Sec. 8, we then analyze some properties of the currents G, carried by the graph of BV-maps in BV (B",S!)
that satisfy g; ov =u € WhH(B™ RP!). Finally, in Sec. 9 we prove the main results stated above.

1 Maps into the projective line

For p > 1 integer, the real projective space RP? is defined by the quotient space RP? = SP/ ~,, where SP
is the unit sphere in RP*!
SPi={y e R"*! 1 Jy| =1}

the equivalence relation being y ~, § < y =y or y = —y. We equip RP? with the natural metric
induced on equivalence classes. We also denote by [y], the elements of RP? and by P, : S* — RP? the
canonical projection P,(y) := [y],. Recall that RP* is orientable if and only if p is odd.

Let ¥P = SP C RP*!. The main feature that distinguishes the case p =1 is related to the fact that %P
is simply connected if and only if p > 2. In fact, the lifting theorem [22, p. 34] gives:

Proposition 1.1 (Lifting theorem). If p > 2, for every continuous function U : X — RP? there exists
a continuous function v :X? — SP such that Pyov="U.

This property is clearly false for p = 1, see Example 1.2 below.

EMBEDDING OF RP'. The function gy in (0.1), in the case p = 1 reduces to the mapping g; : S* — R3
defined by (0.2), that clearly induces an embedding

gi:RP' —RP',  RP':=g(S) CRY,  Gillyh) = a:(y).
Therefore, RP! is the closed arc
2 1
RP! = {z: (21,22,23) ER® | 21 + 29 = g, |z —C| = 5}
where C := (v/2/4,/2/4,0), and |z| = v/2/2 for every z € RP!, so that

1
HYRP!) =7 = 3 HY(SY).



Moreover, we equip RP! with the induced orientation, in such a way that corresponding current [RP!]
satisfies
g1x[S'] =2[RP'].

Let B™(xz,r) denote the n-ball in R™ centered at z and with radius » > 0, and denote B[ := B™(0,r)
and B" := B"(0,1). For X = C>, C° Wl BV, L', and for B C R" a Borel set, we define the classes

X(B,S') :={ve X(B,R?) : |v(x)| =1 for a.e. z € B},
X(B,RPY) := {u € X(B,R?) : u(x) € RP! for a.e. x € B},

where RP! is equipped with the induced metric from R2. We also denote by
D (w, B) = / |\ Duw(x)| dz
B

the total variation of a map w in WH1(B,S!) or in WH1(B,RP!). For B = B", we finally set
D;(w) := Dy(w, B").

Notice that if u: B — RP! is given by u = gy ov for some map v € WH1(B,St), we have u € W1 (B, RP!)
and |Du| = |Dv|. In particular, for every v € W11(B,S!) we infer that

Di(g1 ov,B) =Dy(v, B).

Let now ) = S! or RP!. By Schoen-Uhlenbeck density theorem [20], the class of smooth maps in
WLEL(BLY) is strongly dense in Wh(B!,Y). This is false in the case of higher dimension n > 2. For this
reason, Bethuel [4] introduced the classes R$°(B™,Y) and RY(B",)) of maps w € Wh(B",)) that are
smooth, respectively continuous, outside a smooth closed singular subset ¥ (w) of B™ of dimension (n—2),
e.g., a discrete set for n = 2. He also proved that for any n > 2, the classes R°(B™,Y) and R{(B",))
are strongly dense in WHY(B™, ).

Example 1.2 Let X! = S! and consider the function 7 : £ — R?

\/5 \/§ Z2 .
W(x1,22) = (7”*“7?51) it 7l
(0,1) it x = 1.

Clearly v is a function of bounded variation in BV (X!,S!), see Sec. 7 below; however, ¥ is not a Sobolev
function in W11(X1,SY), due to the discontinuity at the point (—1,0).
Since 22 = 1—2a? for (z1,72) € ¥, the corresponding function % := g; 0?0 : £ — R3, see (0.2), satisfies

onan) = (L2014 an), Y20 - ), 2)

1 1 V(xl,xQ)GEl.

Therefore, u belongs to the Sobolev class W11(31, RP!). Moreover, u is continuous and winds around the
embedded manifold RP' once.
Correspondingly, the continuous function U : £! — RP* given by U := g1 1% winds around RP! once,
hence both u and U are homotopically non-trivial. This also gives that Proposition 1.1 is false, for p = 1.
Consider now the homogeneous extensions

u(x) = ﬂ(i) , o(x) = i(i) , r = (z1,12) € B*\ {0}.
|z ||
Clearly, 7 belongs to the class BV (B?,S') but not to W1(B2,S!), and ¢ o¥ = u. Moreover, u is

a Sobolev map in W11(B2 RP!), but it does not belong to the class W11(B2,RP!), see Definition 0.2.
Therefore, Theorem 0.1 is false, too, for p = 1.

Remark 1.3 Since Sobolev maps in W1 1(B! RP!) are continuous, by the lifting theorem, and arguing as
in [19], we readily check that in the case p = 1, Theorem 0.1 holds true in low dimension n = 1. As we have
seen, it is false in higher dimension n > 2.



In [19] we also introduced the class

Fp i ={ue W (B?,RPP)NC® | wu is constant on OBP
and homotopically non-trivial },

the homotopy to be intended with fixed boundary datum on 0BP, and we proved that
inf{Dy (u) | u € F,} = 2H?(RP?)
for every p > 2 integer. According to Example 1.2, it is readily checked that for p =1 we instead have:

inf{D(u) | u € F1} = H*(RP').

2 D-fields, degree, and singularities

In this section we discuss the notions of D-field, degree, and singularities of W!!-maps that take values into
the projective line RP!. We first recall some notation concerning maps into the unit circle S*.

MAPS INTO S'. Let wg denote the volume 1-form on S!
wer = y'dy® — ydy'
so that [S'](ws1) := [ wsr = 2m. Following [13], to every Sobolev function v € Wh!(B",S'), where

n > 2, we associate the (n — 2)-dimensional current P(v) € D,_(B™) acting on compactly supported
smooth (n — 2)-forms ¢ € D""2(B") as

(P(v), ) = %/Bn dp N v¥ws: . (2.1)

We also define the (n — 1)-current D(v) € D,,—1(B™) by

for every v € D"~1(B"), so that clearly
P(v) = 0D(v) on D" (B"). (2.2)
The above can be stated in terms of the so called D-field of Brezis-Coron-Lieb [6]. In fact, for every
v e WhHY(B" S!) we have

n

vFwg = g v X v, da’ (2.3)
i=1
where ,
1 2 v
vt w ; v
vXvg, i=det| 7 5 ), v=(vv?), vl o=
vmqﬂ, Uxi ‘ 5‘12

In dimension n = 2, the D-field of v € W11(B2,S!) is defined by
D(v) := (v X Vg, =0 X ¥y, ) € L'(B? R?).
Remark 2.1 In higher dimension n > 3, the (n— 1)-vector field D(v) can be defined as the dual to v#wg:,
(1, D(v)(@)) dz 1= Avtug (z) Ve APTIRM),

where dx := dx' A--- Adz™. More precisely, D(v) may be identified with *v#wgi, where * is the Hodge
operator.



If v e Whi(B™,S!) is smooth, for a.e. @ € B" the (n — 1)-vector D(v)(z) € A,—1R" is tangent to
the naturally oriented level hypersurfaces {z € B"™ | v(z) = v(z)}. More precisely, when normalized, the
(n — 1)-vector D(v)(z) orients the slices of the current [ B"] by the map v at v(x) € St

For maps v € WH(B™ S!) we thus have

1

T or

DW= 5= [ (nDE)ds ¥y e DB,

In particular, in dimension n = 2, formula (2.2) yields to:
P(v)=0 <= DivD(v)=0 on B?,

where Div denotes the distributional divergence.

THE VOLUME FORM. In [19] we introduced for p > 3 odd a (normalized) volume p-form wgrps on RPP.
For p =1, it reads as

1
(gl 1)#‘*}31 )

WRpP! ‘= —
7r
where §; is the one-to-one map given by the restriction of g; to the semi-circle St := {y € S | 4? > 0}.
We then compute:
_ V2 .31 37,2 1,2\ 7.3 _ (1.2 .3 1
WRPL = (=2%dz' + 2°dz? + (2" — 27) dz?) Vz=(z,2°2") e RP". (2.4)
T

Denote by j: R — S! and 3 : R — RP! the lifting maps
~ 2 2
j(t) := (cost,sint), Jjt) = (% cos? t, g sin? ¢, costsint) , (2.5)
so that R R
J=gqi107, j#[[(o,27T)]]=[[Sl]], j#[[(077r)]]:[[RP1]]'
By (2.4) we readily obtain:

1 -~ 1
g#prl = —Wwst, j#prl = - dt, j#wg1 = dt, (26)
™ ™
so that -
[[RPl ]](U.)Rpl) = j#[[ (O,?T) ]](prl) = / j#prl =1. (27)
0
D-FIELDS. For any u € WH1(B® RP!), and for i = 1,...,n, we denote
L (ul —u?)  u? 1.2 3 ;. ow
D;(u) := V2 det ((ul —a2), Wb ) u=(u,u’,u’), ul, = pr (2.8)

Proposition 2.2 Let u € WH1(B" RPY) be such that u = gy ov for some v € WHY(B" S'). Then
D;(u) =v X vy, Vi=1,...,n.

PRrROOF: By (0.2), we have:

2
(u —u?) = g((UI)Q ~ (0?)?) . ul — u2),, = v2 (vl — v?02)
u? = vlv? = ud =l + ol
This gives
1,2 3
ul —u u
det <((1 U,2)i u3 > —7|’U|2'UX’U$1
Since |v| = 1, the claim follows. O

Recall that the assumption in Proposition 2.2 is not satisfied in general. However, we check:



n

(Z D;(u) dwi) for every uw € Wh(B" RP).

i=1

3

Proposition 2.3 u#wpp1 =
PROOF: By (2.4), we compute

uwppr = ( ud d(ut —u?) + (ub —u?) dug)

This gives the claim, by (2.8). O

Definition 2.4 The D-field of a Sobolev map v € WH(B2 RP') is the vector field ®(u) € L'(B? R?)
defined in components by D(u) = (Da(u), —D1(u)), according to (2.8).

Remark 2.5 In higher dimension n > 3, the (n — 1)-vector field D (u) of maps v € WH1(B", RP!) can be
defined by the dual to 7u#wgp1,

(1, D)) dz = g A mubene () Vi€ ALY,
ie., by *mufwgp:.
According to [6], this property justifies our definition.
Proposition 2.6 Let u € WH(B™ RPY) be such that uw= g1 ov for some v € WHY(B2,SY). Then

u¥wppr = 1 ’U#wsl and D(u) = D(v). (2.9)

PROOF: By (2.6) we obtain

#

u"” Wrpr =V #

#(g#(prl)) = —v7wg .

In dimension n = 2, the claim follows from Proposition 2.2, see (2.3). In higher dimension, it is a consequence
of our definitions, see Remarks 2.1 and 2.5. O

DEGREE. The degree of a continuous map U : ¥' — RP', where X! is a copy of S!, is well-defined
by identifying S' with the unit circle in C and using the function z + 22, compare [6, Sec. VIII-B-b)].
Therefore, differently to what happens in the case p > 3 odd, the degree of maps into RP' in general

belongs to %Z.

We define the degree of a map u € WH1 (X1 RPY) by
1
27
where D(u) is the D-field of any smooth extension in W11 (2, RP!) of u to a neighborhood of ¥! in R?
see Definition 2.4, and v is the outward unit normal to £'. By Proposition 2.3, in fact, we deduce that

1 1
degrp: (u) = 5 /21 uFwgpr € 5 L. (2.10)

degrp: (u) :== . D(u) - vdH",

Example 2.7 Taking u = u, see Example 1.2, we compute
1
~# _ ld 2 2d 1
uTwrpr = o (z'dx® — x=dx™)

so that
1

~ 1 ~ 1 1
degpp: (u) = 3 /21 " wppr = 3 3= E1(;101d;v2 — 2%dat) = 3 (2.11)

Therefore, the double of the degree, 2 deggp:(u) € Z, tells the times the function u : ¥! — RP! winds
around RP!, with orientation prescribed by the sign.



In a similar way, if u belongs to R{(B? RP!), and S(u) = {a; | j = 1,...,m} is the discrete set of its
singularities, the degree of u at a singular point a; is well-defined by

1

— / D(u) - Vo, dH

27 OB2(a,r)

for 7 > 0 small, where v, , is the outward unit normal to dB?(a,r). By Proposition 2.3 we have:

1 1
degppi(u,a;) = 7/ uwrpr € = 7. (2.12)
OB2(a,r) 2

deggpi (u,aj) =

2
Again, the double of the degree, 2 deggpi(u,a;) € Z, tells the times the function wppz2(q,,r), for r small,

winds around RP!, with orientation prescribed by the sign, and in general deggp:(u,a;) belongs to %Z.

SINGULARITY. According to (2.1), to any map u € W1'(B" RP!), where n > 2, we associate the current
P(u) € D,,_5(B") acting on forms ¢ € D"~2(B") as

(P(u), ) :=/ dp N u¥wgpr (2.13)

n

and the (n — 1)-current D(u) € D,,_1(B") given by
(D(u),7) = / v A uFopp:

for every v € D"~1(B™), so that again we have
P(u) = OD(u) on D"*(B"). (2.14)
Notice that by (2.9) and the definitions (2.1) and (2.13), we readily infer:

Proposition 2.8 Let v € Wh1(B" RPY), where n > 2. Assume that there exists a Sobolev function
v e Wh(B",SY) such that g ov =wu. Then 1P(u) = P(v).

In dimension n = 2, by Proposition 2.3 and Definition 2.4 we deduce that for any u € WhH(B" RP!)

1
(P(u),p) = = Dy -D(u) dx Y € C(B?). (2.15)
B2
Therefore, for every open set 2 C B? we have
Plu)Q2=0 <« Div®u)LQ)=0. (2.16)

In higher dimension n > 3, the D-field D (u) € L'(B", A,_1R") of u € WH1(B" RP!) being defined as
in Remark 2.5, we deduce that

™ 1 n— n
B =1 [ o) vyeD B, (217)
Example 2.9 Taking e.g. u =T, see Example 1.2, we have ¥(u) = {0} and
1 /2t z?
T wrpt = %<? A ?dxl) , p=|(z', z%)|.
By (2.13) we then obtain
_ 1 1
(P@),p)=5= | — (Dp-x)dz=—p(0)
2T B2 P

1
P(ﬂ) = _(50 5 dengl (H7 O) = 5 . (2.18)



For maps u in RY(B2 RP!) as above, the degrees of u at the singular points aj are related to the
current P(u) € Dy(B?) as follows:

Proposition 2.10 Let u € RY(B?,RP') and Y(u) ={a; | j =1,...,m} the singular set of u. Then

UL 1
P(u) ==Y 2A;8,, <= deggpi(u,a;) =A; € 52 Vi (2.19)
j=1

PROOF: Since the argument is local, we may and do assume that u has only one singular point at the origin.

In this case, we have to show that
P(u) = =2 deggp:(u,0) do . (2.20)

By (2.15), for any ¢ € C2°(B?) we compute

(P(w).0) =+ lim /A D D(u) dz,

T e—0*t

where A, := B?\ B2. Integrating by parts, since u is smooth on A, for 0 < e < 1, we obtain

AE

/ Dy -D(u)de = / © (D1 (u) dot + Do(u) dz?) —/ pdiv®D(u) dz,
A, a+ A,
where div®(u) is the divergence of D (u). The test function ¢ being compactly supported in B2, we have

/ @(@1(u)dm1+©2(u)dm2):—/ o (D1(u) da’ + Do(u) da?)
o+ A, oB2

Moreover, since P(u)L A. =0, by (2.16) we deduce that
/ pdiv®(u)dx =0.
Ae

By the smoothness of ¢, using Proposition 2.3 and (2.12) we then obtain

—(P(u),p) = 1 lim © (D1 (u) dz' + Dy (u) dz?)

T e—0t oB2

1
= (0)- lim —/ (D1 (u) dz' + Do (u) dz?)
e—0t+t T OB?2

= ¢(0)- lim / uFwrpt = ¢(0) - 2 deggp: (u,0)
e—0t Jop2
and hence (2.20), as required. O
Example 2.11 If u(z) := u(%) for some v € WH1(ZE RPY), then w € Wh1(B2? RP!). By (2.16) and
x

(2.20) we then obtain:

P(u) = —2 deggp: (1, 0) o, degrp1 (,0) = deggp: (u) - (2.21)

3 Minimal connections and dipoles

In this section we discuss the Dipole problem of W''-maps u with values in RP!. For this reason, we first
recall some notation about minimal connections.

INTEGRAL FLAT CHAINS AND MINIMAL CONNECTIONS. Let n > 2 and Q C R”open.



Definition 3.1 A current T' € D,,_5(2) is an integral flat chain if there exists an i.m. rectifiable current
LeR,_1(0) such that (OL)LQ =T.

For any current T" € D,,_5(2) we also denote by

mro) = inf{M(D)|D €D, 1(Q), (@D)LQ=T}

mi.a(T) mf{M(L) | L € Rur(Q), (OL)LQ =T} (3.1)

the real and integral mass of T' relative to Q, respectively. Therefore, m; o(I') < oo if and only if I' is an
integral flat chain. In this case, moreover, Federer-Fleming’s closure theorem [9] yields that the minimum
in (3.1) is always attained, and an i.m. rectifiable current L € R,,_1(Q2) is an integral minimal connection
of T' allowing connections to the boundary of Q if (OL)LQ =T and M(L) = m; (), see [13, Vol. II,
Sec. 4.2.6].

For example, the current P(u) € D,,_o(B") of the singularities of a Sobolev map u in € Whi(B™ RP!),
see (2.13), is an integral flat chain.

Proposition 3.2 Let uw € WH1(B", RP!), where n > 2. Then
7 -m; pn(P(u)) < Dy(u, B") < c0.

PROOF: By the coarea formula [2], we have
Dy(u,B") = / H* w1 (2)) dH (2) .
RP!

We then find 2z € RP! such that the i.m. rectifiable current L, € R,,_1(B")

—

Lo=1w2),1,€), €)= peul(z),
acting on forms v € D"~1(B") as
L) = [ 0l T@)drn ),
w1 (2)

has finite mass 1
M(L,) =H"" u"'(2)) < p D;(u,B") < .
Finally, by (2.14) and (2.17), or by (2.15) for n = 2, we deduce that (0L,)L B™ = P(u). O

THE DIPOLE PROBLEM. We let n =2 and fix a; € R? for i =1,...,m. As in [6, Sec. VIII-B-b)], the
dipole problem involves the class

Fi:={ue L. (R2RPY) : |Du|e L (R?), ue C®R2\{a;|i=1,...,m}),

u is constant at infinity, degpp:(u,a;) =4, Vi}

where to each point a; we assign a non-zero number Ai € %Z, and we set fo = — 2111 Ai 0a;, SO that
2T is an i.m. rectifiable current in Rq(R?).

Proposition 3.3 The class .7-:1 is non-empty if and only if the compatibility condition
% < 1
> A =0, A e 57\ {0} (3.2)
i=1

is satisfied. If (3.2) holds, moreover, we have

inf{D; (u,R?) |u € F1} =7 m;p(2T) . (3.3)
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PROOF: By (2.19) it turns out that P(u) = 2T for every u € F;. Therefore, the first statement follows
from the fact that the maps in F; are constant at infinity. If (3.2) holds, we have m; g2 (2 Ty) < oo, see
(3.1), and we can find an integral minimal connection for 2f0, i.e., an i.m. rectifiable current Lo € Rq(R?)
such that OLy = 2Ty and M(Lg) = m; g2 (2 o). Moreover, arguing as in [19], for every ¢ > 0 we find a
map u. € F; such that Dj(ue, R2) < HY(RP') - M(Lo) 4 ¢. This proves the inequality ”<” in (3.3).

To prove the converse inequality, we follow the proof of Thm. 1 in [13, Vol. II, Sec. 4.2.10]. More precisely,
let R:=[R2\{a;|i=1,...,m}]. For every u € Fi, similarly to Proposition 3.2, consider the slices of the
current R at points z € RP1!,

(Ryu,z) == 7(u(2),1,C),

Z) being the unit (n — 1)-vector field orienting u™'(2) in the natural way. Therefore, (R,u,z) € Ri(R?)
and O(R,u,z) = 2T for Hl-a.e. z € RP!, so that by the definition of Lg we get

H (v (2)) = M((R,u, 2)) > M(Lg) .

Moreover, by the coarea formula,

M((R,u,2)) dH (=) = [ H'(u'(2))dH (z) = / |\ Du(z)) dz
RP! RP! R2

We have thus obtained

D, (u, R?) > M(Lo) dH'(z) = HY(RPY) - m; g2(2T)
RP?!

for every u € .7?1, as required. O

4 Cartesian currents in B® x RP!

In this section we introduce a class of Cartesian currents in B™ x RP!, proving some basic properties.

GRAPHS. If u : B — RP! is smooth, the graph current G, in R,(B™ x RP!) is defined by the
integration of compactly supported smooth n-forms w in B™ x RP' over the naturally oriented n-manifold
given by the graph G, of u, i.e.,

Gy(w) = / w, w € D"(B" x RP).

u

We thus have
Gu(w) = / (Id > u)#w Yw e D"(B"™ x RP!), (4.1)

where (Id >t u)(z) := (z,u(z)). Following [13, Vol. I, Sec. 3.2], the i.m. rectifiable current G, € R, (B"™ x
RP!) carried by the graph of a function u € W11(B" RP!) is well-defined in the a.e. approximate sense
by (4.1). Therefore, the area formula yields

M(G) = / VIF|Dup da.
Moreover, for n > 2, the current P(u) of the singularity, see (2.13), satisfies

(P(u), ) = Guldp A wrpr) = 0Gyu (¢ A wrpr) (4.2)

for every ¢ € D"2(B"), as Gy(¢ A dwgrp1) = 0.

WEAK LIMITS. Recall that the weak convergence Ty — T as currents in D, (B" x RP!) is defined in
the dual sense by Ty(w) — T(w) for every w € D*(B™ x RP?).
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Let {ux} be a sequence of smooth maps in W11(B" RP!) satisfying sup, D;(ux) < oo and converging
in L' to a Sobolev function v € W!(B" RP!). By Stoke’s theorem we have

0G, (@) = G, (d5) = [ di = / 5=0
Gu, 0Gu,

for every @ € D""}(B™ x RP!). Then, by Federer-Flemings closure theorem [9], possibly passing to a
subsequence the currents G, weakly converge to an i.m. rectifiable current 7' in R, (B™ x RP!) satisfying
the null-boundary condition

OT(@)=0 VYoeD" Y(B"xRP). (4.3)

Moreover, the L'-convergence uj — u yields that on "horizontal” forms we have

T(¢(x,y)dx) = - $(a,ur(z))de Ve CF(B" x RPY), (4.4)

where up = u. Also, the following structure property holds:

Proposition 4.1 Let T in R, (B"™ x RPY) satisfying (4.3) and (4.4), where ur € WH1(B™ RP). Then
there exists an i.m. rectifiable current Ly € R,—1(B™) such that

T =Gy, + L7 x [RP']. (4.5)

PRrROOF: Every (n — 1)-form in D"~ 1(B") can be written as
Wy 1= Z(—l)iilni Jx\i, doi = dz* Ao Adat Adz A A da” (4.6)
i=1
for some vector field n = (n',...,n") € C=(B™,R"), so that dw, = divndz. Define Ly € R,—1(B™) by
Ly (wy) := St(wy Awrpr), ne C(B",R"),

where

Sr:=T — Gy, € R,(B™ x RP').

Forms of the type ¢(z,y)dz + w,; A a, where ¢ € C°(B" x RP!), n € C>(B",R"), and o € D'(RP?), are
dense in D"(B™ x RP'). Therefore, it suffices to show that

Sr(w) = Ly x [RP' (w) Vw=¢(z,y)de +w, N . (4.7
Now, by (4.4), and by definition of cartesian product of currents, we have
Sr(p(x,y) dr) = Ly x [RP'](¢(x,y)dx) =0.

Moreover, since the de Rham cohomology group H ;R(RPl) ~ 7, by Hodge decomposition theorem we can
write o = Awgp1 +dB3 for some A € R and 3 € C*°(RP?), so that

wy A= Awy Awgpt +wy Adf.
Lemma 4.2 Sr(w, AdB) =0 for every n € C*(B™",R") and € C*(RP).
Lemma 4.2, the proof of which is postponed, gives:
St(wy A a) = ASp(wy Awgpt).
Since moreover [RP!](dB) = d[RP!](B) = 0, formula (2.7) gives

[RP!](a) = A[RP! J(wrp:) + [RP'](dB) = A (4.8)
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and hence, by definition of Cartesian product of currents,
Ly x [RP' J(wy A @) = Lr(wy) - [RP () = A Lr(wy,) = A St(wy A wgpt) -
This gives (4.7), as required. a

PrOOF OF LEMMA 4.2: Since

d(wy A B) = diva(z) By) dz + (1) 'w, A df
by (4.3) we have

T(divn(z) B(y) de) = (~1)"T(w, A df),
so that
(=1)" S (wy A dB) = T(divn(z) By) da) + (—1)" " Gy (wy A dB).

By (4.4) we find that

T(divn(z) By) de) = |  divn(e) Blur(z)) dz.

Bn

Moreover, since (—1)"~dz’ A dz" = §" dz, we compute

(D) M (Idpaur)#(wy AdB) = (—=1)"twy Auf (dﬂ)
= Z( 1)n ’dml A ZDJIB (ur) ZDhU%W dah
i_l j=1 h=1

= Zn ZD]ﬁuT D, da
= Z ' Di[B(ur)] da
i=1

By (4.1), and integrating by parts, this gives

(—1)" 'Gup(wy NdB) = (=)™ 1/ (Id v< up)# (w, A dB)
n Bn
= 2| '@ Dilur(v) dx
i=1 B
= divn(z) B(ur(x)) dx
B'n.
and finally St(w, A dB) = 0. O

CARTESIAN CURRENTS. For this reason, we introduce the following

Definition 4.3 Denote by Cart"!(B™ x RP') the class of i.m. rectifiable currents T € R, (B™ x RP)
satisfying the null-boundary condition (4.3) and the structure property (4.5) for some Sobolev map ur €
WH1(B™, RPY) and some i.m. rectifiable current Lt € R,,_1(B™).

Notice that each current T € Cart"!(B"™ x RP!) has finite mass
M(T) = M(Gu,) + 7 M(LT) < 00
Moreover, for future use, we point out the following property:

Proposition 4.4 Let n > 2 and T € Cart"*(B™ x RP') satisfying (4.5). According to (2.13), the null-
boundary condition (4.3) is equivalent to the formula

(OLr)L B" = —P(ur). (4.9)
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PrOOF: In order to prove that (4.9) implies (4.3), we decompose any form w € D¥(B™ x RP!) as w =
w©® + w® according to the number of differentials in the ”vertical” y-directions. Moreover, we split the
differential d = d, + d,,.

Since ur € Wh1(B" RP!), arguing as e.g. in [13, Vol. II, Sec. 5.4.2], see also [15, Prop. 4.22], we get:

(i) 0Guy (n@) =0 for every n € D" 1(B" x RP);
(i) 0Guyp(dyy?) =0 for every v € D""2(B™ x RP').

Moreover, d(Ly x [RP'])(n(®) = 0 for every n € D"~'(B™ x RP'). Then, by (4.5) and (i) we deduce that
the null-boundary condition (4.3) is equivalent to the property

ALy x [RP])(nMV) = —=8G,(nV))  ¥ne D" H(B" x RP'). (4.10)

By a density argument we reduce to prove (4.10) when 7" = o A a for some ¢ € D"2(B") and
a € DY(RP?Y). As in the proof of Proposition 4.1, we then decompose o = Awgp: + df3, so that

"M =pAa=ApAwrp +@AdE, AeR, [eCRPY.
Using (4.2) and (ii), we have
0Guy (P ANa) = 0Gu, (A Awgpr) + 0Gy. (9 AdB) = A (P(ur), ) +0.
Since moreover [ RP'] = 0, by (4.8) we obtain
d(Lr x [RP'])(p A ) = (L1 x [RP ])(p Aa) = dLr(p) - [RP J(a) = AILr(p),

so that (4.9) implies (4.10), hence (4.3). The converse implication follows from the previous computation,
by taking 7 =n") = o Awgp1, ie., A=1 and 3 =0. O

THE TOTAL VARIATION ENERGY. Using the parametric lower semicontinuous extension of the total
variation energy integrand, Giaquinta-Modica-Soucek defined a non-negative functional T+ D;(T") on the
class of Cartesian currents cart(B™ x S!), see Sec. 7 below, called the total variation energy.

It turns out that such a functional can be defined on our class of currents Cart’'(B™ x RP!) in such a
way that the following properties hold:

Theorem 4.5 We have:

(a) T +— Dy(T) is lower semicontinuous with respect to the weak D,,-convergence in Cart'(B"™ x RP);
(b) if T satisfies (4.5), then D1(T) = Dy (ur, B™) + - M(L7).

(¢) for every T € Cart™'(B" x RP'), there exists a sequence of smooth maps {uy} C WhH'(B" RP!)
such that G,, =T in D, and D;(ux, B") — D1(T) as k — oo.

(d) we also have mass convergence M(G,, ) — M(T) as k — oo.

SKETCH OF THE PROOF: Properties (a) and (b) follow from the definition of total variation energy, compare
[13, Vol. II, Sec. 1.2.4]. In order to prove the density property (c), we may argue as in [13, Vol. II, Sec. 5.4.2].
Roughly speaking, for every T € Cartl’l(B” x RPY), by Bethuel’s theorem [4] we find a sequence of maps
{ur} C R (B™ RP!) strongly converging to up in W11, This gives that the real mass m, gn(P(uy) —
P(u)) — 0 as k — oo, see (3.1). By Proposition 3.2 and by Hardt-Pitts theorem [16], we deduce that the
integral mass m; gn (P(ux) — P(u)) — 0 as k — oco. Therefore, we reduce to prove the density property (c)
for currents in Cart!(B™ x RP!) satisfying (4.5) for some ur € R°(B™,RP!) and some integral current
Ly € Ry,—2(B™), i.e., such that Mpn (L) < co. By Federer’s strong approximation theorem [8, 4.2.20],
we then reduce to the case in which Lz is an (n — 2)-dimensional integral polyhedral chain. Therefore, a
Dipole-type construction yields the claim in (c). Finally, the mass convergence in (d) follows from the strong
Wl convergence wuy — ur at the first step. O
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A FEW REMARKS. For p > 3 odd, in [19] we found that the weak limits of sequences of currents carried
by graphs of smooth maps uj, € WP(B",RP?) satisfying sup, Dy(ug, B") < oo, for n > p + 1, are i.m.
rectifiable currents in R,,(B™ x RP?) of the type

T = Gup +2Lp x [RP?]

for some up € WLP(B",RP?) and some im. rectifiable current Ly € Rn—p(B™). Moreover, compare
(4.9), the null-boundary condition reads as (9Lg)L B™ = —1P(ur), where P(ur) € D,_y_1(B") is the
current of the singularities of wp. This is a consequence of Theorem 0.1, and it actually defines the class
cart?!(B"™ x RPP), that is closed under the weak convergence of sequences with equibounded masses, or
p-energies. Moreover, the current Lp := QZT has even multiplicity.

In the case p = 1, taking e.g. n = 2 and ur = u, see Example 1.2, by (2.18) we infer that in
order to enclose the singularity of %, one has to take an i.m. rectifiable current L € Ri(B?) such that
(OL) L B? = §y, e.g., an oriented line from the boundary of B? to the origin. This yields that in general the
current Ly € Rp_1(B™) in (4.5) does not have an even multiplicity.

Moreover, the class Cartl’l(B” x RP1) is not closed under the weak convergence of sequences with equi-
bounded masses, or total variation energies. In fact, if a sequence {uy} of smooth maps in W1!(B" RP?)
satisfies sup,, D1 (ux, B") < oo, possibly passing to a subsequence, in general the uy’s weakly converge in the
BV-sense to a function of bounded variation in BV (B™, RP!). Therefore, the weak limits of the correspond-
ing currents G, € Cart"!'(B™ x RP') are i.m. rectifiable currents in B" x RP! with a more complicated
structure, as they involve the integration on the ”graph” of functions in BV (B",RP?).

5 Optimally connecting measure and relaxed energy

In this section we discuss a notion of optimally connecting measure of the singular set of u. We then analyze
the relaxed total variation energy.

OPTIMALLY CONNECTING MEASURE. Proposition 3.2 yields that for every u € Wh!(B" RP), where
n > 2, we can find an integral minimal connection of the singularity P(u), i.e., an i.m. rectifiable current
L, € R,—1(B™) such that

(0L,)LB™ =P(u) and M(L,) = mipn(P(u)) < 00.
We thus have
L,(y) = / 0 (v, ?u> dH"™' Yy eD"Y(B"),
Lu

where £, is a countably (n — 1)-rectifiable set in B", the multiplicity function 6, : £, — NT is H" "1 L,-
summable, and Zu : L, — AR is an ‘H" ! L,-measurable unit (n — 1)-vector field that provides an
orientation to the (n — 1)-dimensional approximate tangent space to £, at H" l-a.e. point.

We then call fi, := 0, H" 'L L, an optimally connecting measure of the singular set of u. Notice that
the total variation of i, satisfies

il (B") = / 6 dH" = M(Ly) = my gn (P(u)) (5.1)
Bn
By Proposition 4.4, it turns out that the current T, := G, — L, x [RP!] actually belongs to the class
Cart™!(B™ x RP'). This clearly gives:

Proposition 5.1 For every u € WH(B", RP') there exists a current T € Cart™'(B™ x RP') with corre-
sponding WYt -function up = u in (4.5).

Moreover, we have:
Theorem 5.2 Let u € WH1(B™, RPY) and let [i, as above. Then there exists a sequence of smooth maps
{up} € WHY(B™ RPY) satisfying the following properties:
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i) up — u weakly in WhHt as k — oo;
i) Dy (ug, B") — Dy(u, B") + 7 - |11, |(B™) as k — oo;
iti) |Dug| L™ L B™ — |Du| L™ L B™ + 7 i, weakly as measures;
iv) for any open set A contained in B™ \ spt fi,, we have strong W -convergence of Ugja o uja.

PROOF: The first three assertions follow by applying the density property (c) in Theorem 4.5 to the current
T, € Cart"'(B™ x RP'). Moreover, the mass convergence (d) in Theorem 4.5 implies that

klim/\/1+\Duk|2d:r:/\/l—i—\DuTPda:.
— 00 A A

for any open set A contained in B™ \ spt fi,,. Therefore, the last assertion follows from a theorem due to
Reshetnyak, as observed in [1]. O

RELAXED ENERGY. In the same spirit as for Lebesgue’s area, the relaxed total variation energy with
respect to the L!-convergence is defined on maps u € L'(B", RP!) by

D (u, B") := inf{likminfDl(uk,B”) | {ur} C C®(B" RPY), 5
=0 5.2
up — u in LI(B”,R3)} .
We readily obtain:
Proposition 5.3 The relazed energy ﬁl(u, B"™) is finite if and only if u € BV (B™,RP!).

We write an explicit formula for the relaxed energy of Wll-maps. In dimension n = 1, by Schoen-
Uhlenbeck density theorem [20] we clearly have:

Di(u,B") =Dy(u,B')  Vue WH (B, RP).
In higher dimension n > 2, Proposition 5.1 yields that for every u € WH1(B" RP!) the class

Th .= {T € Cart"!(B" x RPY) | up = u in (4.5)}

is non-empty, whereas by Proposition 4.4
T = {Gu +Lx[RP']|L€Ry1(B"), (L)L B" = —P(u)} :
where P(u) € D,,_2(B") is given by (2.13). Since moreover the current T, := G, — L, x [RP'] belongs
to T11 by (5.1) and property (b) from Theorem 4.5 we obtain:
inf{Dy(T) | T € T,}))'} = Dy(T\) = Dy(u, B") + 7 - M(Ly,) . (5.3)

Proposition 5.4 For every u € Wh1(B" RP') we have

Di(u, B") = Di(u,B")+m-m;pn(P(u))
= Di(u,B") + 7 |a.|(B").

PROOF: By (5.1) and (5.3), it suffices to show that
Dy (u, B") = inf{Dy(T) | T € T>'}. (5.4)

Let T € 7,)'1, and apply the density property (c) from Theorem 4.5. Since the weak convergence G,, — T
with D (ug) — D1 (T) yields the L'-convergence uy — ur, and ur = u, we deduce that the inequality ” <”
holds in (5.4). To prove the converse inequality, let {ux} C C°°(B",RP!) such that uy — u in L' and
sup;, D1 (ur) < oco. Possibly passing to a subsequence, we can assume that liminfy Dq(ug) = limy D1 (ug).
The argument at the beginning of Sec. 4 gives that (possibly passing again to a subsequence) the currents
G, weakly converge in D,, to some current T € Cart"*(B™ x RP') such that up = u, i.e., T € T,>'. Since
D:(Gy, ) = D1(ug), the lower semicontinuity property (a) from Theorem 4.5 yields D (7) < liminfy Dy (uyg),
hence the inequality ”>” holds in (5.4). O
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Remark 5.5 Similarly to the case of maps into S', compare [12] and [15, Sec. 7.8], a representation formula
for the relaxed energy can be obtained on the larger class of maps BV (B™, RP!), arguing as e.g. in [18].

6 Existence of liftings

In this section we prove the ezistence of liftings of currents in Cart'!(B™ x RP'). This will be used in
Sec. 8 below to deduce some preliminary properties to our main result, Theorem 9.1. We write a complete
proof, even if it is very similar, with minor modifications, to the analogous existence result proved in [12],
see Thm. 2 in [13, Vol. II, Sec. 6.2.2], for Cartesian currents in B™ x S!.

SUBGRAPHS. We first recall that the current subgraph of a real valued L!-function ¢ € L'(B") is the
(n + 1)-dimensional current SGy in D,41(B"™ x R) defined by

P(z)
Sy (6(w, t)da A dt) = / (/0 bz, 1) dt) de, 6ecC®(B"xR). (6.1)

Moreover, see [8], the mass of the boundary current 0SG,, agrees with the total variation of 1,

Mpnxr(0SGy) = |DyY|(B™). (6.2)
Therefore, by the boundary rectifiability theorem [21, 30.3], it turns out that 9SG, is an im. rectifiable
current in R, (B"™ x R) if and only if ¢ is a function of bounded variation in BV (B"™), see [3].

ANGLE FUNCTION. According to (2.5), denote by i:B" xR — B" x RP! the lifting map

(\/5 V2 o,

Q(m,t) = (x4 (1)), O -5 cos® t, - sin? Lcostsint) . (6.3)

Since by (6.3) we have (21 — 22)? + 223 = 1/2 for every z = (21, 22, 23) € RP1, the function ¢ : RP! - R

\/523)

21 — 22

d(z) == % arctan(

satisfies dg(z) = O(z) for Hl-a.e. z € RP!, where © is the non-normalized volume 1-form on RP!

~

O(z) == - wrp1(2) = V2 (—2%dz" + 2%d2? + (2! — 2%) d2?),

see (2.4). Define the angle function 6 : RP! — [0, 7] by

i o) itz e (oA
0(2) == o(z)+7/2 ifze J(lm /4,37 /4])
o(z)+m if z € j(|3n/4,7[),

whereas 0(v/2/4,v/2/4,1/2) := 7/4 and 6(v/2/4,v2/4,—1/2) := 31/4. We thus have j 08 = Idpp: and
0(j(t)) =t for every t € [0, 7[. Finally, by (2.6) we have

dh=06, j*o=d. (6.4)
EXISTENCE OF LIFTINGS. Denote by Gp, the current in R,,(B™ x RP!) integration over the graph of
the constant map po(z) = ;(0) = (v/2/2,0,0).

Theorem 6.1 Let T € Cart'!(B™ x RP'), see Definition 4.3. Then there exists a real valued BV -function
Y € BV(B™) such that
T — Gpy = (—1)" 405Gy, . (6.5)

Moreover, if ur € WHY(B™,RPY) is the corresponding Wt -function in (4.5), we have

up =j oty L"-a.e. on B". (6.6)
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ProoF: We divide it in three steps.

STEP 1: Arguing as in [14], we find a current X € D,,;1(B™ x RP!) such that
T—Gp =(-1)"02  on D"(B" xRP'). (6.7)

In fact, B™ being simply-connected, both the real relative homology groups H,(B"™ x RP' 0B™ x RP!;R)
and H,(B",0B™;R) and equal to R, and the canonical projection of the first one into the second one
is an isomorphism. Denoting by 7 : B™ x RP! — B™ the orthogonal projection onto the first factor,
by (4.5) we have myT = myGp, = [B™]. Therefore, T and G,, are homologous relative cycles in
H,(B"™ x RPY, 0B™ x RPY;R). This gives (6.7), compare Thm. 2 in [13, Vol. II, Sec. 6.2.2].

STEP 2: PROOF OF (6.5). Since the current ¥ in (6.7) is an (n+1)-dimensional normal current in B™ x RP?,
by [21, 26.28] we find the existence of a function g € BVi,.(B™ x RP!) such that for any f € C2°(B™ x RP?)

S(f(z,0)dz A O) = / flz,0)G(x,0) dH . (6.8)

B"™xRP!

Setting then f,g: B" xR — R by

[, t) = fz,5(),  g(z,t) = g(x,5(1),

clearly f and g are m-periodic in ¢ and

S(f(z,0) dx A O) :/n dx/oﬂ Fz,t)g(z, t)dt. (6.9)

Moreover, in the sense of measures |Dg| = ||0%||, whereas by (6.7) we infer that 0¥ is i.m. rectifiable in
R.(B"™ x RP1). Therefore, we find that |Dg| = o H"L S for some n-rectifiable set S C B™ x RP! and
some integer-valued H™-integrable function o on S. As a consequence, we find a real number ro € R and
an integer-valued locally BV -function g € BVjo.(B™ x R,Z), actually g € BVjo.(B™ x (0, 7)), such that

g(z,t) =ro+g(z,1). (6.10)
Consider the function @ = ¥ € BVjo.(B™) defined by

P(z) = /Owg(o:,t) dt (6.11)

and the (n + 1)-dimensional current SGy in (6.1). In Step 3 below we will prove the following claim:
iuSGy+ro[B"xRP']=% on D""(B" x RP!). (6.12)
Since 405Gy = dixSGy and [ B" x RP1] =0 on D"(B" x RP'), by (6.7) we readily obtain (6.5). As

a consequence we infer
M(0SGy) < M(T) + L"(B") < o0,

which yields that the total variation of 1 is finite, see (6.2). Also, a Poincaré type inequality yields that
¥ € BV(B™). Finally, formula (6.6) is an immediate consequence of (4.4), (6.5), and of the definition (6.1)
of SGy.

STEP 3: PROOF OF THE CLAIM (6.12). By (4.4) and (6.7) we obtain for any f € C2°(B™ x RP?)
| [Fwur(e)) - Flo)] do = (<1)"02(F(z, ) do).

Therefore, since (—1)"df(z, 5) dzx = fg(z,é) dz A ©, compare (6.4), by (6.8) we get

~ ~

/ fa,ur(@) = fa,po)] da = /B . f5(@.0) g, 0) dH"* .
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Denoting for a.e. = € B™ by I(z) the point in [0,7) such that j(I(z)) = up(z), and since j(0) = po, by
(6.9) we may rewrite

™

[ i) - f@o]do= [ do [ fuw o5,

0

Since by the m-periodicity of f
/ felz,t)dt=0  VzeB",
0
by (6.10) we get
/ da:/ (2,8) — Xouty (D) fe (@) dt = 0,

where x4 is the characteristic function of A C R. The last equality yields that

/ dx /7T [9(z,t) = X0, ()] @(z, 1) dt = 0.
n 0

for all C*°-maps ¢ which are m-periodic in ¢ and such that foﬂ p(z,t)dt = 0 for every x € B™. Conse-
quently, for a.e. x € B™

g(.’E, t) = C(LC) + X[Ol(r)](t) )
in particular, ¢(z) is integer-valued. Integrating with respect to t € [0, ], by (6.11) we obtain

Y(x) =me(z) + () for L™-a.e. x € B"

and hence, taking account again the w-periodicity of f in ¢,

/ndx/owf(x’t)g(x’t)dt - /ndx/ £ (@) (e(@) + Xioa@) () df
/ { / flx,t)dt + " f(z,t) dt} (6.13)

/ndm/ =: SGw(f(m,t)d:v/\dt),

see (6.1). Now, (6.3) and (6.4) yield
P#(f(2,0)dz A O) = f(x,t)du N J#O = f(z,t)da Adt.

This gives N L N S N
i4SGy(f(x,0)dx A O) = SG (i (f(x,0) dr A O)) = SGy(f(x,t)dr Adt).

Since moreover iyx[ B" x (0,7)] = [ B® x RP'], we also have

ro [ B® x RP](f(,0) dz A ©) = ro [ B" x (O,w)}](fdx/\dt):/n dx/oﬂrgf(x,t)dt

y (6.9), (6.10), and (6.13) we finally obtain the claim (6.12). O

7 Cartesian currents in B™ x S?!

In order to prove Theorem 9.1 below, in this section we recall the structure properties of the class cart(B™ x
S'). We then introduce a suitable current integration on the jump set of functions in BV (B™,S!).

GRAPHS OF WHLFUNCTIONS INTO S!. To every Sobolev map v in W1(B™ S!) we associate an
i.m. rectifiable current G, € R,(B™ x S') by

Gy(w) = /H(Id > v)Fw Ywe D"(B" x Sh), (7.1)
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where (Id xtv)(2) := (z,v(z)) and the pull-back is defined in the a.e. approximate sense. If v is smooth,
G, is the current integration over the oriented graph of v.

Remark 7.1 For n > 2, the current P(v) € D,_2(B") of the singularity, see (2.1), satisfies
2 - (B(0), 0) = Goldp A wsn) = DG A wen) (7.2)
for every ¢ € D""2(B"), as G,(p A dwst) = 0. Moreover, arguing as in Proposition 3.2 one infers that
21 -m; o(P(v)) < Dy(v, B") < 00,

hence P(v) is an integral flat chain, see Definition 3.1.
Therefore, if u € Wh1(B" RP!) satisfies the property u = g; ov for some v € Wh1(B" S!), by

Proposition 2.8 we deduce that %P(u) is an integral flat chain, too.

As we have seen, in general the above condition u = ¢; o v is not satisfied. However, in Theorem 9.1
below we shall prove that the converse implication holds true, too.

WEAK LIMITS. Let {v;} a sequence of smooth maps from B™ into S! satisfying sup, D1 (vx, B") < oo.
Arguing as in Sec. 4, we infer that the currents G,, , possibly passing to a subsequence, weakly converge in
D,(B™ x S!) to an i.m. rectifiable current T' € R,,(B"™ x S!) satisfying the null-boundary condition

OT(@):=T(do)=0 VoeD" Y(B"xS" (7.3)

and acting on ”horizontal” forms as

T(p(z,y) dz) = . oz, vp(z))de Ve CX(B™ xS (7.4)

for some function of bounded variation vy € BV (B",S'). Therefore, the weak D,,-limits of the G, ’s involve
the currents G, in B™ xS' integration on the ”graph” of functions in BV (B™,S'), see Definition 7.4 below.
We recall that a function v € L'(B™,S') belongs to the class BV (B",S') if its distributional derivative
Dv is a measure with bounded total variation. Following e.g. [3, Sec. 3.9], one decomposes

Dv=Vvdz+ D%+ (v —v7 )@ v, H" 1L J,,

where Vv is the approximate gradient of v, the countably H™ !-rectifiable subset J, of B", the so called

jump set, is given by the jump points of v, we choose v, = (v,...,v") a unit normal to J,, and v~ (z)

and vt (z) are the one-sided limits of v at x € J, with respect to v, for H* l-a.e. x € J,. We also
recall that v is a special function of bounded variation in SBV (B",S!) if v belongs to BV (B",S!') and
its distributional derivative Dv has no Cantor part, i.e., Dv = 0. Notice that in general H1(J,) < o0,
even if v belongs to SBV(B",S!), and the strict inclusion W1(B", St) C SBV(B",S!) holds.

GRAPHS OF BV-FUNCTIONS INTO S!. Following the notation from [18], to every function v €
BV(B™,S') we again associate an i.m. rectifiable current G, in R, (B" x S'). We decompose G, into its
absolutely continuous, Cantor, and Jump parts

G, =Gl +GS +Gy.

Every n-form w € D"(B™ x S!) splits as w(® + w™® according to the number of ”vertical” differentials.
Write w(® = ¢(x,y) dz for some ¢ € C°(B™ x S'),

n 2
W =N (1) gl (w, y) dat A dy? (7.5)
i=1 j=1

for some ¢! € C5°(B" x S'), and denote ¢/ := (¢}, ..., ¢%). We set

Gy (¢(z,y) dzx) = Gy (¢(x,y) dz) =0,
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Gu(o(z,y) dr) = Gi(¢(x, y) dr) := o ¢z, v(x)) dz .

Moreover, we define
Gl (wM) = Z/ (Vo (z) - ¢ (z,0(2))) d

= ZZ V v ()¢ (z,v(x)) da

GO W) = ZB & (z,0(x)) dDv
GlwV) = ZZ/ (/ ol(z.y) dy)u ().

In this formula, for H" 1-a.e. z € J, we denote by [, the oriented simple arc of S! from v~ (z) to v*(x)
and satisfying the following properties:

i) if v*(z) = v~ (z), then [, is constantly the point v*(z);
i) if v (x) # —v~(z), then [, is a geodesic arc;

iii) if vt (z) # —v~(z), then [, is oriented in the counterclockwise sense in the case Arg (vt (z)) € [0,7],
and in the clockwise sense in the case Arg(v*(z)) €] —m,0].

Here, Arg(6) €] — m, ] is the argument of the unit complex number 6 € St C C.
Notice that for H""t-a.e. z € J, we have 9[l,] = Oyt (z) — Oy (2) and
[ = ot @ (@), (7.6)

where p:S! x S! — [—m, 7] is the signed distance on S!, compare [17], defined by

_  Arg(01/02) if 0,/0, # 1, X
p(91792) = { Arg (01) — Arg(02) if 01/92 =1, V6,05 €S . (77)

Similarly to Proposition 4.1, we have:

Proposition 7.2 Let T € R, (B™ x S') satisfy (7.3) and (7.4) for some vy € BV(B",S'). Then there

exists an i.m. rectifiable current Ly in R,_1(B™) such that
T =Gy, +Lr x[S']. (7.8)
PROOF: Let w, € D""1(B") given by (4.6). Define Ly € R, _1(B™) by
~ 1 ~
Lp(wy) := %ST(Wn/\u}Sl)7 ne C(B",R"),

where we have set _ _
Sp:=T — Gy, € Rp(B" xSh).

As in the proof of Proposition 4.1, it suffices to show that
Sr(w) =Ly x [S*](w)  Yw=¢(z,y)dx+w,Aa, (7.9)
where ¢ € C°(B" x St), n € C=°(B™,R"), and a € D'(S'). By (7.4) we check
St((x,y) dz) = Ly x [S')(¢(x,y) dz) =0,
whereas by Hodge decomposition theorem, we can write o = Awg: + df for some A € R and 3 € C(Sh).

We also have:
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Lemma 7.3 Sr(w, AdB) =0 for every n € C*(B™",R") and € C=(S').
This gives §T(wn ANa)=A §T(wn A wst ), whereas
Ly x [S'J(wy A @) = Lr(wy) - [S' (@) = A 2Ly (wy) = A Sr(w, Aws)
and hence (7.9). 0
PROOF OF LEMMA 7.3: As in Lemma 4.2, by (7.3) we obtain
(—=1)"St(wy A dB) = T(divy(z) B(y) dz) + (1) Gy, (wy A dB) .

By (7.4) we find that

T(divn(@) By) dv) = | divn(e) Bor()) de =: ~(D(Bovr),m).

Moreover, by the definition of G, with ¢ = n’ D,. 3 in (7.5), and since O[l, ] = (5v;: @)~ 51);(:0), we infer

Finally, by the chain rule for the derivative D(n o vr), see [3, Sec. 3.10], we obtain
(=1)" Gy (wy AdB) = (D(B ovr),n)
and hence S (wy ANdB) =0. O

The above facts motivate the following

Definition 7.4 We denote by cart(B"™ x S') the class of i.m. rectifiable currents T € Rn(B™ x St) with

finite mass, M(T) < oo, satisfying the null-boundary condition (7.3), that can be decomposed as in (7.8) for
some function vy € BV (B™,S') and some i.m. rectifiable current Lt in R, _1(B"™).

Remark 7.5 The class cart(B™ x S!) agrees with the one from [12] and [13, Vol. II, Sec. 6.2]. Moreover,
for any v € BV(B",S') one has

(ﬁ@):/‘Udmvﬁw Ywe D" (B" x S,

where the pull-back is defined in the approximate sense. Therefore, if vz is a Sobolev map in Wt1(B™ St),
we have G§ = G =0, hence G,, agrees with the current in definition (7.1). This yields that the class
cart(B™ x S') contains the currents of the type

T=G,+Lx[S'],

for some v € WHH(B",SY) and L € R,_1(B"). In this case, arguing as in Proposition 4.4, by (7.2) one
infers that for n > 2, the null-boundary condition (7.3) is equivalent to:

(OL)L B" = —P(v).
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CURRENTS INTEGRATION ON THE JUMP SET. We denote by [J,] the i.m. current in D,,_;(B")
integration of (n — 1)-forms on the jump set J, of a function v € BV (B",S'). More precisely, we set

[J0] :=7(Jy, 1, 51),

where the tangent unit (n — 1)-vector *v, is defined H" !-a.e. on J, by
XUy, 1= Z(—l)i_luia , éii=e1 N Nei_1Ner1 A Ney.

Notice that M([J,]) = H""1(J,), so that [J,] has finite mass, and hence it is an i.m. rectifiable current
in R,—1(B"), if and only if H"*(J,) < co. Moreover, if w, € D"~*(B") is given by (4.6), we have

) = |

<w,,,*yv>dH"—1=/ n-vy dH L.
Jy

gy

Assume now that g; ov = u for some Sobolev map u in Wh!(B" RP!). This yields that v~ = —vT
H" l-ae. in J,. By (7.7), we then deduce that for H" l-ae. z € J,

o[ m if Arg(vT(x)) € [0,7]
p(U+(£L'),U (x))_{ —r if Arg(er(x)) €] —mx,0[.

Therefore, setting 3_;(x) =0, (x) - (*xy(x)), where
1
Ou(w) = (=1)""" —p(v"(x), v (2)) € {=1, 1}, we o,

—
we conclude that the current J, := 7(Jy, 1,J,) has multiplicity one and satisfies

(-1

s

~ =~ n—1
Jo(wy) = {wy, Ju) dH =
J

v

/ p(wt vy vy dH T (7.10)
J'v

Remark 7.6 We again have M(J,) = H"1(J,). Therefore, J, has finite mass, and hence J, € R,,_1(B"),
if and only if H""1(J,) < oo.

Remark 7.7 Finally, if a function v € BV (B™,S!) satisfies g, o v € WH(B™, RP), we have D% = 0,
see Remark 8.1 below. Therefore, we infer that v belongs to WH(B™,SY) if and only if J, = 0.

8 Preliminary results

In this section, using the lifting theorem 6.1, we analyze some properties of the currents G, carried by the
graph of maps in BV (B",S') that satisfy g, ov = u € WH1(B" RP!). This properties will be used to
prove of our main result, Theorem 9.1 below. For the sake of clarity, we postpone the proofs to the end of
the section.

According to (2.5) and (6.3), denote by i: B" x R — B™ x S! the map

i(z,t) := (z,5(t)), j(t) := (cost,sint).

Remark 8.1 We first observe that the function ur in Theorem 6.1 belongs to W11(B" RP!). Therefore,
by applying the chain rule to (6.6), see [3], we readily infer that the lifting map tr : B" — R is a special
function of bounded wvariation in SBV(B™), i.e., the Cantor part of the distributional derivative is zero,
D%pp = 0. As a consequence, the corresponding function

vp:=jotp: B" —S!

is a special function of bounded variation in SBV(B",S'), i.e., D¢vp = 0.
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Setting hy(z,y) = (z,91(z)) € B* x RP! for (z,y) € B" xS!, we have j = gy0j and i = hy oi, whence
ig[ B" x (0,2m)] = [B"] x [S'],  ig[B" x (0,m)] =[B"] x [RP'].

Proposition 8.2 Let u € Wh1(B" RP'). Assume that there exists a Sobolev map v € Whi(B" St
such that g1 ov = u, see Definition 0.2. Then hixG, = G,. More generally, if u = g1 ov for some
v € BV(B",S'), we have h1xG% = G,.

Denote now by G, the current in R, (B™ x S!) integration over the graph of the constant map go(z) =
j7(0) = (1,0). As a consequence of the lifting theorem 6.1, we obtain:

Proposition 8.3 Under the hypotheses of Theorem 6.1, the image current by the lifting i satisfies
(—=1)"i405Gy, =T = Gy,
for some Cartesian current Te cart(B™ x S') with corresponding BV -function equal to vy := j o .
As a consequence, we also have:
Proposition 8.4 For every u € Wh(B", RP1), there exists a function v € SBV (B™,S') such that
U=giov L"-a.e. on B".

Moreover, for every T € Cart™!'(B™ x RPY), with corresponding function up = u in (4.5), there exists a
current T € cart(B"™ x S'), with corresponding BV -function vy =v in (7.8), such that T = h14T, i.e.,

h14(Gy + Ly x [S']) = Gu + Ly x [RP'], (8.1)
where ET, Ly € R,—1(B").
Recall now that the i.m. current J, € D,,_1(B™) is given by (7.10). We finally obtain:
Proposition 8.5 Under the hypotheses of Proposition 8.4, property (8.1) yields
Lr=2Lr+ 3. (8.2)
In particular, the function v € SBV(B™,S') has jump set of finite measure, H"1(.J,) < oco.
PROOFS. We finally collect the proofs of the results stated above.

PROOF OF PROPOSITION 8.2: Assume first that v € W11(B™ S!). Since hy o (Id>1v) = Id = (g1 ov), by
(7.1) and (4.1) we get

(h1pGo,w) = (Gy,hfw) = / (Id = v)* (hfw)
= / (Idm(glov))#w:/ (Id>au)#w =: (Gy,w)
for every form w € D*(B™ x RP!). If v € BV(B",S!), the claim follows from Remark 7.5. O

PROOF OF PROPOSITION 8.3: For every ¢ € C°(B" x Sl) we have

(=1)"de(x, j(t)) da ¢( J(8)) dz A dt .
Therefore, using (6.1) we compute

(=1)"i405Gyr (4(2,y) dz)
= (= )”3SGwT(#¢($ y)dr) = (= 1"3SGwT( (z,5(t)) dz)

1l)T(fJL’
(1"8Gupastoinan = [ ([T 2ot i) as
= [ (@laitir@)) = o, i0)) da = (G, quo><¢<x7y>dz>.
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Moreover, the current 9SGy, belongs to R, (B™ xR), and has null boundary inside B™ xR. This yields that

T := (—1)"i48SGy, + Gy, is an im. rectifiable current in R, (B" x S') that satisfies the null-boundary
condition (7.3) and agrees with G,, on horizontal forms ¢(z,y)dz, see (7.4). The assertion follows from
Proposition 7.2 and Definition 7.4. ]

PROOF OF PROPOSITION 8.4: Recall that 7 = hy o i, whereas pg = g1(qo). This gives
(—1)"ig0SGypy = hix((—1)"i40SGy,) , hipGqy = Gy, -
The claim follows from Proposition 5.1, Theorem 6.1, and Proposition 8.3. (|

PROOF OF PROPOSITION 8.5: Let T € cart(B™ x S) given by Proposition 8.4, so that vy = v. Since
91#[S'] = 2[RP' ], we get

hiupT = b1y (Gy + Ly x [S']) = h1x Gy + 2Ly x [RP'].

Moreover, Proposition 8.2 yields that h14G% = G, whereas G, = G + G/

J as GY =0, see Remark 8.1.
Therefore, (8.1) is equivalent to

hiuG! + 2Ly x [RP'] = Ly x [RP']. (8.3)

Let now w, A wgp1 € D"(B™ x RP'), where w, € D"~!(B™) is given by (4.6). By (2.6), we have
# # 1
R (wy Awgrpr) = wy A g7 wrpr = —wy A wgt .

Therefore, denoting y* := y? and y? := y', according to the notation in (7.5) we infer that
whf (wy Awgpr) = w® | where qb{(amy) = (=1)" i) Y.
By the definition of G (w)) from Sec. 7, we thus obtain:

T hipGY(wy Awrpt) = G (mh¥ (wy Awgpr))

= Zn:i/] (/lz(—l)"”jni(z)yjdyj) Vi (z) dH" " (z)

i=1 j=1

= (e g [ ([ war - an) v are).

Using (7.6), we get
Thi4 Gl (wy Nwgpr) = (=1)"! / plvt vy v, dH™ !

and hence
hl#Gi{(Wn Awrpt) = Jo(wy)

compare (7.10), whereas by (2.7)
ZET X [[RPl }](wn /\O.)Rpl) = QZT(W»,,), LT X [[RPl]](wn A prl) = LT(WU) .

By (8.3), we conclude that
Jo(wy) +2 Lr(wy) = Lr(wy)

for every n € C2°(B™,R"), that gives (8.2). Finally, the property H" !(J,) < oo follows from Remark 7.6
and (8.2), as M(Ly)+M(2Lt) < cc. O
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9 Main results

Let now u € Wh1(B" RP!), where n > 2, and let P(u) € D,,_2(B") the current of the singularities of w,
given by (2.13). In Proposition 3.2 we have noticed that P(u) is always an integral flat chain.
We now consider the following properties:

(a) there exists a Sobolev map v € WH1(B",SY) such that g; ov =wu a.e. in B", see Definition 0.2;
(b) the current 3P(u) is an integral flat chain, see Definition 3.1.

Proposition 2.8 yields that the implication (a) = (b) is true, see Remark 7.1. As we have seen in
Examples 1.2 and 2.9, both the above properties (a) and (b) are not verified, in general. Recall also that
property (a) is always true in low dimension n = 1, see Remark 1.3. Moreover, property (b) means that
we can find an im. rectifiable current L € R,_1(B"), with finite mass, such that (9L)L B" = 1 P(u).
Finally, notice that the function v from Example 1.2 satisfies g; o v = u € WH1(B2? RP!), belongs to the
class SBV(B?,S'), and its jump set Jy = {(x1,0) € B? | =1 < x1 < 0} has finite size.

We now show that the converse implication (b) = (a) holds true, too. More precisely, from the results
of the previous sections we obtain:

Theorem 9.1 Let uw € WH(B™ RPY), where n > 2. Then there exists a function v € SBV (B™,S') with
H"1(J,) < 0o such that g1 ov =u. Moreover, the above properties (a) and (b) are equivalent.

ProOOF: By Propositions 5.1, 8.4, and 8.5, we deduce the first assertion and the corresponding formula (8.2),
where the currents Ly, ZT, and J, are i.m. rectifiable in R, _1(B"), and J, is given by (7.10).

As we have seen, Proposition 2.8 and Remark 7.1 yield the implication (a) = (b). To prove the
converse implication, assume that %P(u) is an integral flat chain, see Definition 0.2. Then there exists an

i.m. rectifiable current I € Rn—1(B™) such that
2(0L)L B" = —P(u).
Proposition 4.4 yields that
T := G, +2L x [RP'] € Cart"*(B" x RP').
Therefore, applying the arguments of the previous section to T = f, formula (8.2) gives
Jo=2(L—Ly), where L—Lpe R, 1(B").

Since the current J, has multiplicity one, see Sec. 7, this gives that J, = 0, condition that is equivalent to
the membership of v to the Sobolev class W11(B" S!), see Remark 7.7, as required. g

In the case e.g. of maps in R}(B? RP!), the above property (b) says that the degree of u at each
singular point a; of X(u) is integer, see Proposition 2.10. Therefore, if (b) holds, the image of the circle
0B?%(aj,r) by the function wu, for 7 > 0 small, covers the target space RP! an even number of times, given
by the number 2 |deggp:(u,a;)| € 2N, with orientation prescribed by the sign of deggp:(u,a;). Moreover,
property (b) has to be compared with the formulas (2.11) and (2.18) for the functions from Example 1.2.

In fact, as a consequence of Theorem 9.1 we finally obtain:

Corollary 9.2 If u € RY(B? RP), the degree of u at each singular point a; of X(u) is integer if and
only if there exists a Sobolev map v € W1 (B2 S') such that g1 ov = u. Similarly, if uw € WH1 (X RPY),
the degree (2.10) is integer if and only if there exists a Sobolev map v € WH(S1,SY) such that g ov = u.

Proor: If u € RY(B% RP'), by (2.19) we deduce that 1P(u) is an integral flat chain if and only if
degrpi(u,a;) € Z for every i. The first claim then follows from Theorem 9.1. Moreover, we observe
that for every u € WH(X! RP?), the corresponding homogeneous extension w(x) := u(ﬁ) belongs to
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Wh1(B2, RP'). Moreover, by (2.21) we deduce that the current 3 P(%) is an integral flat chain if and only
if the degree (2.10) of w is integer. Therefore, by Theorem 9.1, deggrp:i(u) € Z if and only if we find a
Sobolev map v € W11(B2 S!) such that g; o® = u. In this case, moreover, we have v(z) := v(ﬁ) for

some v € WHH(X1 SY) such that g ov = u. This gives the second claim. O

Acknowledgments I thank the referee for pointing out some remarks to the first version of this paper.
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