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Introduction

In the framework of materials science, understanding the effective behavior of low-dimensional
elastic structures starting from the underlying three-dimensional theory represents a fundamen-
tal issue, also due to its numerous applications in engineering. Over the past few decades, the
rigorous analysis of dimension-reduction problems has attracted considerable attention within
the mathematical community, particularly in the Calculus of Variations. A variational approach
to dimension-reduction, based on the tool of Γ-convergence, was pioneered in [11], where the
authors established the derivation of nonlinear membrane theory. This line of research culmi-
nated in the seminal works [7, 8], which provided an entire hierarchy of two-dimensional models
encompassing, in particular, the so-called bending and von Kármán regimes, by developing the
celebrated geometric rigidity estimate.

These results were subsequently extended to shells, namely thin elastic bodies whose reference
configurations need not be flat, but may instead be neighborhoods of general surfaces embedded
in R3; see, e.g., [4]. We mention [12] for the membrane theory (see also [18] for the Cosserat
model), [6] for the bending regime, and [14] for the von Kármán regimes, while we refer the
interested reader to the monograph [13] for a comprehensive treatment of the subject. Besides
elasticity, dimension-reduction for shells has also been developed in the context of plasticity [15],
brittle fracture [1], and magnetoelasticity [21].

It is worth noting, however, that all the aforementioned works focus primarily on the inter-
nal energy of the body, while external forces are restricted to those described solely by linear
functionals. This choice corresponds to the modeling of so-called dead loads, namely forces that
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are independent of deformations. Although dead loads can be incorporated into the mathemat-
ical analysis rather straightforwardly, their mechanical relevance is limited compared with the
broader and more realistic class of forces that act on the deformed configuration of the body.
Such forces are necessarily represented by nonlinear functionals, and are commonly referred to
as live loads [3, 17].

Interest in live loads within variational approaches to elasticity has recently been renewed. For
pressure forces acting on the boundary of an elastic material, a rigorous linearization procedure
was developed in [16], while dimension-reduction problems were investigated in [10], encompass-
ing all the classical energy scalings, albeit only for plates. A notable outcome of this analysis
is that, in contrast to dead loads, the nonlinear nature of pressure forces leads to nontrivial in-
teractions with the bulk elastic energy in the limit, at least in the low-energy regime associated
with von Kármán theories.

Motivated by these considerations, in this paper we propose to extend the analysis of [10] to
the setting of shells. We focus on the von Kármán regimes, thereby complementing the analysis
of [14] by replacing dead loads with pressure forces. This restriction is essentially based on
two reasons. First, as shown in [10], nontrivial interactions between pressure forces and the
bulk elastic energy arise only under low-energy scalings. Second, in the bending regimes, the
dependence of the limiting energy density on the position along the midsurface gives rise to
substantial technical difficulties, particularly in the construction of recovery sequences, which
are beyond the scope of the present analysis.

The paper is organized as follows. In Section 1, we introduce the notation used throughout the
paper and we recall some useful properties and definitions regarding surfaces. Section 2 describes
the geometry of shells, introduces the corresponding three-dimensional energy including both
elastic and pressure contributions, and lists the main assumptions required for the dimension-
reduction analysis. Section 3 presents our main results, concerning the convergence of minimizers
of the three-dimensional model to minimizers of von Kármán-type functionals. Section 4 is finally
devoted to the proofs of these results, which rely on Γ-convergence arguments.

1. Notation and geometric preliminaries

We denote by Rd×d, Rd×dsym and Rd×dskew the set of d×d real matrices and its subsets of symmetric
and skew-symmetric matrices, respectively. The space of linear and continuous operators from a
normed vector space X to itself is indicated by L(X). Given a matrix F ∈ Rd×d, its symmetric

part F+FT

2 is denoted by symF , while we write skewF for its skew-symmetric part F−FT
2 . The

symbol Idd stands for the identity matrix of dimension d. The set of rotations is denoted by
SO(d), that is,

SO(d) = {R ∈ Rd×d : RTR = Idd, detR = 1}.
Given two matrices F,G ∈ Rd×d, we write F : G for the Frobenius scalar product, i.e.

F : G := trF TG, while the euclidean scalar product of two vectors ξ and ζ in Rd is indicated
by 〈ξ, ζ〉. The tensor product ξ⊗ ζ instead defines the d× d matrix with entries (ξ⊗ ζ)ij = ξiζj .
Throughout the paper we adopt standard notation for Lebesgue and Sobolev spaces.

Given a two-dimensional, compact, and oriented surface S in R3 of class C1,1, we denote by
n the unit normal vector field on S, and by TzS the tangent space of S at the point z ∈ S.
Often, we will identify TzS either with R2, or with a subspace of R3. The surface measure on S
is indicated by the symbol dσ. We also introduce the normal projection %S onto S, namely

%S(z + tn(z)) = z for all z ∈ S, |t| � 1. (1.1)

For any vector field w ∈W 1,2(S;R3), we write∇Sw for its surface gradient, while we denote by
∂τw(z) ∈ R3 its tangential derivative at z ∈ S in direction τ ∈ TzS, namely ∂τw(z) = ∇Sw(z)τ .
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Then, for z ∈ S, we consider the shape operator Π(z) : TzS → TzS ⊂ R3, which satisfies

Π(z)τ = ∂τn(z) for all τ ∈ TzS.
With a slight abuse of notation, we identify Π(z) with a 3× 3 matrix by setting Π(z)n(z) := 0.
Then, it is well known that Π : S → R3×3

sym is a bounded and symmetric matrix field on S.
For the purposes of the paper, it will be convenient to recall the following notation from [14],

see also [13, Chapter 5]. For a vector field w ∈ W 1,2(S;R3), we define its symmetric surface
gradient sym∇Sw ∈ L2(S;R2×2) as the field of bilinear forms on TzS, defined by

〈sym∇Sw(z)τ, η〉 :=
〈∂τw(z), η〉+ 〈∂ηw(z), τ〉

2
for all τ, η ∈ TzS.

Moreover, the following spaces of functions will be crucial for the presented analysis. We refer
to [20], [9] and [19] for details.

Definition 1.1. The space V(S) of infinitesimal isometries on S is defined as

V(S) =
{
V ∈W 2,2(S;R3) : sym∇SV = 0 on S

}
.

Equivalently, V ∈ W 2,2(S;R3) belongs to V(S) if and only if there exists a skew-symmetric
matrix field A ∈W 1,2(S;R3×3

skew) such that

∂τV (z) = A(z)τ for z ∈ S and τ ∈ TzS.
In this case, the matrix field A is uniquely determined by V .

Definition 1.2. The space of finite strains B(S) consists of the symmetric matrix fields of the
form

B(S) =

{
L2 − lim

h→0
sym∇Swh : wh ∈W 1,2(S;R3)

}
.

2. Elastic shells and pressure loads

Let S be a two-dimensional surface in R3 of class C1,1. We assume that S is compact,
connected, oriented, and that its boundary ∂S is the union of finitely many (possibly none)
Lipschitz continuous curves. Consider a family {Sh}h>0 of shells with midsurface S, representing
the reference configuration of a thin hyperelastic three-dimensional body, namely

Sh = {x = z + tn(z) ∈ R3 : z ∈ S, −h/2 < t < h/2}, h ≤ h0.

Above, h0 is chosen small enough such that the projection %S in (1.1) is well defined on Sh for
all h ≤ h0. In particular, observe that one could choose h0 so that

1

2
≤ det

(
Id3 +tΠ(z)

)
≤ 3

2
for z ∈ S and t ∈

(
−h0

2
,
h0

2

)
. (2.1)

We are interested in the situation of a uniform constant pressure applied to the shell. Following
[10] (see also [16]), such model can be variationally understood by means of the total energy
functional per unit thickness Eα,πh : W 1,2(Sh;R3)→ (−∞,+∞] given by

Eα,πh (u) =


1

h

∫
Sh
W (∇u(x)) dx+ hα−1π

∫
Sh

det∇u(x) dx, if u ∈ dom Eα,πh ,

+∞, otherwise,
(2.2)

where the domain dom Eα,πh consists of all deformations u ∈W 1,2(Sh;R3) such that both W (∇u)

and the Jacobian det∇u are integrable over Sh. The first integral above represents the elastic
bulk energy stored in the material, where W : R3×3 → [0,+∞] is the elastic energy density.
Instead, the second integral is the potential associated with a constant pressure load of intensity
hαπ ∈ R acting on the boundary of the deformed configuration, see for instance [3] or [17]. As
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mentioned in the Introduction, the present paper covers low-energy regimes, corresponding to
α ≥ 2, thus modeling weak pressure loads.

We assume standard properties on the density W :

�W (RF ) = W (F ) for all R ∈ SO(3) and F ∈ R3×3; (2.3a)

�W (F ) = 0 ⇐⇒ F ∈ SO(3); (2.3b)

�W (F ) ≥ cdist(F ;SO(3))2 for all F ∈ R3×3; (2.3c)

�W is of class C2 in a neighborhood of SO(3). (2.3d)

As pointed out in [16, 10], the coercivity condition (2.3c) yields

W (F ) ≥ c|detF − 1|2 whenever | detF − 1| ≤ 1. (2.4)

Similarly to [10], we also need the following additional assumptions in order to deal with the
pressure term in the asymptotic analysis h→ 0. We require that either

π > 0 and W (F ) = +∞ if detF ≤ 0, (2.5)

or

W (F ) ≥ c|detF − 1| whenever |detF − 1| > 1. (2.6)

In dimension-reduction procedures, it is useful to properly reformulate the problem under
study on a fixed domain, in this context given by the shell Sh0 . To this aim, given a deformation
u ∈W 1,2(Sh;R3), we consider the rescaled deformation y ∈W 1,2(Sh0 ;R3) defined as

y(z + tn(z)) := u

(
z + t

h

h0
n(z)

)
for z ∈ S, |t| < h0

2
.

We also introduce the rescaled gradient ∇hy as

∇hy(z + tn(z)) := ∇u
(
z + t

h

h0
n(z)

)
for z ∈ S, |t| < h0

2
.

The following lemma states the relevant properties of such scaling and provides a useful change
of variables formula for the energy (2.2). For more details, we refer to [13, Lemma 5.5]. We stress
that, with a slight abuse of notation, we still write Eα,πh for the rescaled energy with argument

y ∈W 1,2(Sh0 ;R3).

Lemma 2.1. For z ∈ S, t ∈
(
−h0

2 ,
h0
2

)
, and τ ∈ TzS there holds

∂τy(z + tn(z)) = ∇hy(z + tn(z))(Id3 + t hh0 Π(z))(Id3 + tΠ(z))−1τ,

∂ny(z + tn(z)) = h
h0
∇hy(z + tn(z))n(z).

Moreover, for y induced by u ∈ dom Eα,πh , we can write:

Eα,πh (y) =
1

h0

∫
Sh0

W (∇hy(z + tn(z))) det
(
(Id3 + t hh0 Π(z))(Id3 + tΠ(z))−1

)
dx

+
hαπ

h0

∫
Sh0

det∇hy(z + tn(z)) det
(
(Id3 + t hh0 Π(z))(Id3 + tΠ(z))−1

)
dx

=

∫
S
−
∫ h0/2

−h0/2
W (∇hy(z + tn(z)))Dh(z, t) dtdσ(z)

+ hαπ

∫
S
−
∫ h0/2

−h0/2
det∇hy(z + tn(z))Dh(z, t) dtdσ(z),
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where

Dh(z, t) := det

(
Id3 +t

h

h0
Π(z)

)
for z ∈ S and |t| < h0

2
. (2.7)

Remark 2.2. Observe that, due to the choice of h0, the bound (2.1) implies the control

1

2
≤ Dh(z, t) ≤ 3

2
for z ∈ S and |t| < h0

2
. (2.8)

3. Statement of the main results

In this section we state our main results, concerning the convergence of minimizers of the
three-dimensional energy (2.2) to minimizers of effective two-dimensional energies, in the form
of von Kármán-type functionals.

To describe the limit models arising through the dimension-reduction procedure, it is useful
to introduce the following notation. We first consider the quadratic form Q3 on R3×3 defined by

Q3(F ) := CF : F for all F ∈ R3×3,

where C := D2W (Id3) is the elasticity tensor, which we recall is symmetric. For z ∈ S, we then
define the contraction of Q3 on TzS as

Q2(z,G) := min{Q3(F ) : Ftan(z) = G} for G ∈ L(TzS), (3.1)

where for any F ∈ R3×3 we denote by Ftan(z) ∈ L(TzS) the unique linear operator from TzS to
itself satisfying the identity

〈Ftan(z)τ, η〉 = 〈Fτ, η〉 for all τ, η ∈ TzS. (3.2)

Conversely, given G ∈ L(TzS), we extend it to a 3 × 3 matrix G(z) by setting G(z)n(z) := 0.
In coordinates, if (τ1(z), τ2(z),n(z)) denotes an orthonormal bases of R3, observe that one can
write

G(z) =
2∑

i,j=1

〈Gτj(z), τi(z)〉τi(z)⊗ τj(z). (3.3)

It is well known that both Q3 and Q2(z, ·) depend only on the symmetric part of their argument,
due to (2.3a), and that they are positive-definite when restricted to the subspace of symmetric
operators, due to (2.3c). We refer for instance to [13, Lemmas 5.2 and 5.7].

Notice that the request Ftan(z) = G in (3.1) is equivalent to (F − G(z))tan(z) = 0. Thus,
since the only 3× 3 matrices inducing the null form on TzS are of the form

a1 ⊗ n(z) + n(z)⊗ a2, for a1, a2 ∈ R3,

recalling that Q3 and Q2 depend only on the symmetric part of their argument, we can write

Q2(z,G) = min
a∈R3
{Q3(G(z) + a⊗ n(z))} for G ∈ L(TzS). (3.4)

Following this approach, for z ∈ S we finally introduce the function

Qπ2 (z,G) = min
a∈R3
{Q3(G(z) + a⊗ n(z)) + 2π〈a,n(z)〉} for G ∈ L(TzS), (3.5)

which encodes the interaction effects between the bulk elastic energy and the pressure load. The
next lemma clarifies the dependence of Qπ2 on the parameter π.

Lemma 3.1. For any z ∈ S, there exists a linear operator L(z, ·) : TzS → R and a real number
κ(z) such that

Qπ2 (z,G) = Q2(z,G) + πL(z,G) + π2κ(z) for all G ∈ L(TzS). (3.6)
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More precisely, we have

Q2(z,G) = Q3(G(z))− 〈M−1
n(z)CG(z)n(z),CG(z)n(z)〉, (3.7a)

L(z,G) = −2〈M−1
n(z)n(z),CG(z)n(z)〉, (3.7b)

and
κ(z) = −〈M−1

n(z)n(z),n(z)〉, (3.7c)

where Mn(z) ∈ R3×3
sym is the symmetric matrix characterized by

Mn(z)a = C(a⊗ n(z))n(z) for all a ∈ R3. (3.8)

In particular, since S is of class C1,1, the maps z 7→ ‖L(z, ·)‖∗ and z 7→ κ(z) are Lipschitz
continuous on S.

Proof. For the sake of brevity, throughot the proof we do not stress the dependence on z.
Expanding the term Q3(G+a⊗n) in the definition of Qπ2 , with simple manipulations we deduce

Qπ2 (z,G) = min
a∈R3
{Q3(G) + 2〈CGn, a〉+ 〈Mna, a〉+ 2π〈n, a〉}

= Q3(G) + min
a∈R3
{〈Mna, a〉+ 2〈CGn + πn, a〉}.

Recalling that Mn is positive-definite—hence invertible—since C is positive-definite on symmet-
ric matrices, the minimum point aπ can be computed as

aπ = −M−1
n (CGn + πn).

We thus infer

Qπ2 (z,G) = Q3(G)− 〈CGn + πn,M−1
n (CGn + πn)〉

= Q3(G)− 〈CGn,M−1
n CGn〉 − 2π〈n,M−1

n CGn〉 − π2〈n,M−1
n n〉,

and we conclude since Mn is symmetric. �

The effective two-dimensional theories will be described in terms of the following von Kármán-
type energies, depending on infinitesimal isometries V ∈ V(S) and finite strains B ∈ B(S) of
the surface S. If α = 2, the obtained limit functional EπvK : V(S)× B(S)→ R takes the form

EπvK(V,B) := EvK(V,B) + π

∫
S

(
1

2
L

(
z,B − 1

2
(A2)tan

)
+ trz

(
B − 1

2
(A2)tan

))
dσ(z), (3.9a)

where the von Kármán energy EvK : V(S)× B(S)→ [0,+∞), introduced in [14], is given by

EvK(V,B) :=
1

2

∫
S
Q2

(
z,B − 1

2
(A2)tan

)
dσ(z)+

1

24

∫
S
Q2(z, (∇S(An)−AΠ)tan) dσ(z). (3.9b)

In the two expressions above, A is the matrix field associated with V as in Definition 1.1, L is
the linear operator introduced in (3.6), and trz denotes the tangential trace on TzS.

If α > 2 instead, in the limit h→ 0 we derive the functional EπvK,lin : V(S)×B(S)→ R defined
by

EπvK,lin(V,B) := EvK,lin(V,B) + π

∫
S

(
1

2
L (z,B) + trz (B)

)
dσ(z), (3.10a)

where the linearized von Kármán energy EvK,lin : V(S) × B(S) → [0,+∞), again found in [14],
is given by

EvK,lin(V,B) :=
1

2

∫
S
Q2 (z,B) dσ(z) +

1

24

∫
S
Q2(z, (∇S(An)−AΠ)tan) dσ(z). (3.10b)

Clearly, in the pressureless case π = 0 we recover the functionals obtained in [14].



VON KÁRMÁN SHELLS AND PRESSURE 7

Remark 3.2 (The isotropic case). When the elastic body is isotropic, we can provide a more
explicit expression for the limiting von Kármán energies, which better shows the interaction
between elastic energy and pressure. Indeed, in this situation it is well-known (see [3] or [7])
that

Q3(F ) = 2µ| symF |2 + λ(trF )2 for F ∈ R3×3,

where µ > 0 and λ > −2
3µ are the Lamé coefficients of the material. The two-dimensional

functionals take then the form

EπvK(V,B) = EvK(V,B) +
2µπ

2µ+ λ

∫
S

(
trz B +

|A|2 − |An|2

2

)
dσ(z), (3.11)

and

EπvK,lin(V,B) = EvK,lin(V,B) +
2µπ

2µ+ λ

∫
S

trz (B) dσ(z).

To clarify the above expressions, it is enough to find an explicit formula for the linear operator
L in (3.7b). To this aim, recalling that in the isotropic framework one has

CF = 2µ symF + λ(trF ) Id3 for F ∈ R3×3,

simple computations first show that

CG(z)n(z) = λ(trG(z))n(z). (3.12)

Analogously, by means of (3.8), for a ∈ R3 we can compute

Mn(z)a = µa+ (µ+ λ)〈a,n(z)〉n(z) = µatan + (2µ+ λ)〈a,n(z)〉n(z),

where atan = a− 〈a,n(z)〉n(z), namely

Mn(z) = µ(Id3−n(z)⊗ n(z)) + (2µ+ λ)n(z)⊗ n(z).

The inverse matrix takes then the form

M−1
n(z) =

1

µ
(Id3−n(z)⊗ n(z)) +

1

2µ+ λ
n(z)⊗ n(z),

whence

M−1
n(z)n(z) =

1

2µ+ λ
n(z). (3.13)

Finally, combining (3.12) and (3.13) we directly obtain

L(z,G) = −2〈M−1
n(z)n(z),CG(z)n(z)〉 = − 2λ

2µ+ λ
trG(z)

= − 2λ

2µ+ λ
tr zG,

whence

π

(
1

2
L(z,G) + tr zG

)
=

2µπ

2µ+ λ
tr zG.

Formula (3.11) now follows since, recalling that A is skew-symmetric, there holds

tr z(A
2)tan = trA2 − 〈A2n(z),n(z)〉 = −trATA− 〈An(z), ATn(z)〉 = −|A|2 + |An(z)|2.

For the sake of completeness, using (3.7a) we also compute

Q2(z,G) =Q3(G(z))− 〈M−1
n(z)CG(z)n(z),CG(z)n(z)〉

=2µ| symG(z)|2 +
2µλ

2µ+ λ
(trG(z))2

=2µ| symG|2TzS +
2µλ

2µ+ λ
(tr zG)2,
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while by (3.7c) we infer

κ(z) = − 1

2µ+ λ
.

Since the energy Eα,πh may fail to admit minimizers under solely the previous assumptions,

it is costumary to employ the following notion of almost minimizers. We say that yh is an
α-minimizer of Eα,πh if

lim
h→0

1

h2α

(
Eα,πh (yh)− inf Eα,πh

)
= 0. (3.14)

We are now in a position to state our main results.

Theorem 3.3 (Von Kármán theory (α = 2)). Assume that W satisfies (2.3a)-(2.3d),

together with either (2.5) or (2.6), and let yh be a 2-minimizer of E2,π
h . Then there exist constant

rotations Rh ∈ SO(3) and constant vectors ch ∈ R3 such that, introducing the normalized
deformations

ỹh := R
T
h y

h − ch, (3.15)

the following convergence properties as h→ 0 hold, up to a subsequence that we do not relabel:

(i) the sequence ỹh converges strongly in W 1,2(Sh0 ;R3) to %S, where %S is the projection
onto S introduced in (1.1);

(ii) the scaled averaged displacements V h
2 [ỹh] : S → R3, defined by

V h
2 [ỹh](z) :=

1

h
−
∫ h0/2

−h0/2

(
ỹh(z + tn(z))− z

)
dt, (3.16)

converge strongly in W 1,2(S;R3) to some infinitesimal isometry V ∈ V(S);
(iii) the scaled strains 1

h sym∇SV h
2 [ỹh] converge weakly in L2(S,R2×2) to some finite strain

B ∈ B(S);
(iv) the limit pair (V,B) minimizes the functional EπvK introduced in (3.9a).

Theorem 3.4 (Linearized von Kármán theory (α > 2)). Assume that W satisfies (2.3a)-
(2.3d), together with either (2.5) or (2.6), and let yh be an α-minimizer of Eα,πh . Then there

exist constant rotations Rh ∈ SO(3) and constant vectors ch ∈ R3 such that the sequence of
normalized deformations ỹh defined in (3.15) fulfils properties (i), (ii) and (iii) of Theorem 3.3,
with α-scaled averaged displacements

V h
α [ỹh](z) :=

1

hα−1
−
∫ h0/2

−h0/2

(
ỹh(z + tn(z))− z

)
dt, (3.17)

in place of (3.16).
Moreover, the limit pair (V,B) obtained in (ii) and (iii) minimizes the functional EπvK,lin

introduced in (3.10a).

The proof of the above two theorems will be based on the well-consolidated tool of Γ-
convergence [2, 5]. The stated convergence of (almost) minimizers is indeed a standard con-
sequence of the following results, written in terms of the functionals

Eα,πh (y) := Eα,πh (y)− hαπ
∫
S
−
∫ h0/2

−h0/2
Dh(z, t) dtdσ(z), (3.18)

which come in useful to identify the correct scaling of minimizing sequences. In particular,
observe that this normalization does not affect minimizers or almost minimizers, in the sense of
(3.14), of the original energy Eα,πh .
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Proposition 3.5 (Compactness). Assume that W satisfies (2.3a)-(2.3d). Let α ≥ 2, and let

yh such that Eα,πh (yh) ≤ Ch2α. Then the following properties hold:

(i) If π > 0, that is if (2.5) is in force, then∫
S

∫ h0/2

−h0/2
W (∇hyh(z + tn(z)))Dh(z, t) dt dσ(z)

+

∫
{| det∇hyh−1|≤1}

| det∇hyh(x)− 1|2 dx ≤ Ch2α,

(3.19)

where Dh(z, t) has been introduced in (2.7).
If instead π < 0, so that (2.6) holds, then, in addition to (3.19), one also has∫

{| det∇hyh−1|>1}
| det∇hyh(x)− 1|dx ≤ Ch2α. (3.20)

(ii) There exist rotation fields Rh ∈ W 1,2(S;SO(3)), constant rotations Rh ∈ SO(3), and
constant vectors ch ∈ R3 such that the normalized deformations ỹh in (3.15), the α-
scaled averaged displacements V h

α [ỹh] in (3.17), the scaled strains 1
h sym∇SV h

α [ỹh], and
the scaled nonlinear strains defined as

Gh(z + tn(z)) :=
Rh(z)T∇hỹh(z + tn(z))− Id3

hα
for z ∈ S, |t| < h0

2
, (3.21)

fulfill the following convergences, up to a subsequence that we do not relabel:

ỹh −−−→
h→0

%S , strongly in W 1,2(Sh0 ;R3), (3.22a)

V h
α [ỹh] −−−→

h→0
V, strongly in W 1,2(S;R3), (3.22b)

1

h
sym∇SV h

α [ỹh] −−−⇀
h→0

B, weakly in L2(S;R2×2), (3.22c)

Gh −−−⇀
h→0

G, weakly in L2(Sh0 ;R3×3). (3.22d)

Here, %S is the projection defined in (1.1), while the limit objects satisfy V ∈ V(S),

G(z + tn(z))τ = G0(z)τ +
t

h0

(
∇S(An)(z)−A(z)Π(z)

)
τ for z ∈ S, |t| < h0

2
, τ ∈ TzS, (3.23)

where

G0(z) := −
∫ h0/2

−h0/2
G(z + tn(z)) dt,

and A ∈W 1,2(S;R3×3
skew) comes from Definition 1.1, while

B(z) =

{
1
2(A2)tan(z) + sym(G0)tan(z), if α = 2,

sym(G0)tan(z), if α > 2.
(3.24)

Before stating the Γ-convergence result, for the sake of brevity we now define the functional
Eα,π : V(S)× B(S)→ R by setting

Eα,π(V,B) :=


EπvK(V,B) +

π2

2

∫
S
κdσ(z), if α = 2,

EπvK,lin(V,B) +
π2

2

∫
S
κdσ(z), if α > 2.

(3.25)

Above, the function κ has been introduced in (3.6), while the von Kármán-type functionals with
pressure EπvK and EπvK,lin have been introduced in (3.9a) and (3.10a), respectively.
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Proposition 3.6 (Γ-convergence). Assume that W satisfies (2.3a)-(2.3d), together with either
(2.5) or (2.6). Then the following two properties hold for any α ≥ 2:

• for every sequence {yh}h ⊆W 1,2(Sh0 ;R3) such that Eα,πh (yh) ≤ Ch2α, there exist rotation
fields Rh ∈ W 1,2(S;SO(3)), constant rotations Rh ∈ SO(3), and constant vectors ch ∈
R3 for which the convergences stated in (3.22) hold, and

Eα,π(V,B) ≤ lim inf
h→0

1

h2α
Eα,πh (yh); (3.26)

• for every (V,B) ∈ V(S)× B(S), there exist a sequence {yh}h ⊆ W 1,2(Sh0 ;R3), rotation
fields Rh ∈ W 1,2(S;SO(3)), constant rotations Rh ∈ SO(3), and constant vectors ch ∈
R3such that the convergences stated in (3.22a), (3.22b), and (3.22c) hold, and

lim sup
h→0

1

h2α
Eα,πh (yh) ≤ Eα,π(V,B). (3.27)

4. Compactness and Γ-convergence analysis

This section is devoted to the proofs of the compactness and the Γ-convergence results.
We stress that Theorems 3.3 and 3.4 then follow by means of standard general results in Γ-
convergence [5]. We begin with the compactness property.

Proof of Proposition 3.5. All the statements contained in (ii) are a consequence of [13, Theorems
5.23, 5.25 and 5.26] (see also [14]), once we prove that∫

S

∫ h0/2

−h0/2
W (∇hyh(z + tn(z)))Dh(z, t) dt dσ(z) ≤ Ch2α.

Since the above estimate is a byproduct of (3.19), in order to conclude it is enough to show the
validity of (i).

To this aim, we first consider the case π > 0. For the sake of clarity, we define the set

Ω−h :=
{
x = z + tn(z) ∈ Sh0 :

∣∣∣det∇hyh(x)− 1
∣∣∣ ≤ 1

}
. (4.1)

From the definition (3.18) of Eα,πh , recalling the change of variables formula in Lemma 2.1 we
notice that ∫

S

∫ h0/2

−h0/2
W (∇hyh(z + tn(z)))Dh(z, t) dtdσ(z)

≤Ch2α + hαπ

∫
Sh0

(
1− det∇hyh(x)

) Dh(z, t)

det(Id3 +tΠ(z))
dx.

(4.2)

By means of (2.1) and (2.8), since π is positive we can continue the above inequality, obtaining∫
S

∫ h0/2

−h0/2
W (∇hyh(z + tn(z)))Dh(z, t) dt dσ(z) ≤Ch2α + Chα

∫
Ω−h

|det∇hyh − 1|dx

≤Ch2α + Chα‖ det∇hyh − 1‖L2(Ω−h ).

(4.3)

Therefore, by using (2.4), we infer

‖ det∇hyh − 1‖2
L2(Ω−h )

≤ Ch2α + Chα‖ det∇hyh − 1‖L2(Ω−h ),

so that

‖det∇hyh − 1‖2
L2(Ω−h )

≤ Ch2α. (4.4)

Combining (4.4) with (4.3), we finally deduce (3.19).
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We now consider the case π < 0, in which (2.6) holds. From (4.2) we first deduce∫
S

∫ h0/2

−h0/2
W (∇hyh(z + tn(z)))Dh(z, t) dtdσ(z)

≤Ch2α + Chα‖ det∇hyh − 1‖L2(Ω−h ) + Chα‖ det∇hyh − 1‖L1(Sh0\Ω−h ),

(4.5)

whence, by means of (2.4) and (2.6), we infer

‖ det∇hyh − 1‖2
L2(Ω−h )

+ ‖ det∇hyh − 1‖L1(Sh0\Ω−h )

≤Ch2α + Chα‖det∇hyh − 1‖L2(Ω−h ) + Chα‖ det∇hyh − 1‖L1(Sh0\Ω−h ).

Simple manipulations of the above inequality finally yield

‖ det∇hyh − 1‖2
L2(Ω−h )

+ ‖ det∇hyh − 1‖L1(Sh0\Ω−h ) ≤ Ch
2α. (4.6)

Estimates (3.19) and (3.20) are now a byproduct of (4.5) and (4.6), and we conclude. �

We now prove the Γ-convergence result stated in Proposition 3.6.

Proof of Proposition 3.6. We provide the proof in the situation π > 0. The case of negative
pressure, where (2.6) is in force, can be treated analogously, exploiting in addition (3.20).

Liminf inequality. We first prove the lim inf inequality (3.26). Since Eα,πh (yh) ≤ Ch2α, we

know that det∇hyh is positive almost everywhere in Sh0 and Proposition 3.5 applies. Moreover,
by (3.15) and (3.21), we may write

∇hyh(z + tn(z)) = RhRh(z)(Id3 +hαGh(z + tn(z))). (4.7)

For the sake of clarity, we now introduce the following notation. Given a measurable set A ⊆ Sh0
and a point z ∈ %S(A), where we recall that %S is the normal projection onto S, see (1.1), we
denote by Iz(A) the normal fiber of A at z, namely

Iz(A) =

{
t ∈
(
−h0

2
,
h0

2

)
: z + tn(z) ∈ A

}
.

By the very definition (4.1) of Ω−h , employing (4.7) and (2.3a) we infer

1

h2α
Eα,πh (yh) =

∫
S
−
∫ h0/2

−h0/2

(
1

h2α
W (∇hyh(z+tn(z)))+

π

hα
(det∇hyh(z+tn(z))−1)

)
Dh(z, t) dt dσ(z)

≥ 1

h2α

∫
S
−
∫ h0/2

−h0/2
W (Id3 +hαGh(z + tn(z)))Dh(z, t) dtdσ(z) (4.8)

+
π

hα

∫
%S(Ω−h )

1

h0

∫
Iz(Ω−h )

(det∇hyh(z + tn(z))− 1)Dh(z, t) dtdσ(z).

Arguing as in [13, Proof of Theorem 5.25(ii)] and using (3.22d), we obtain

lim inf
h→0

1

h2α

∫
S
−
∫ h0/2

−h0/2
W (Id3 +hαGh(z + tn(z)))Dh(z, t) dt dσ(z)

≥ 1

2

∫
S
−
∫ h0/2

−h0/2
Q3(G(z + tn(z))) dt dσ(z).

(4.9)

To treat the second term in the last line of (4.8), we introduce the set

Bα
h := {x ∈ Sh0 : hα/2|Gh(x)| ≤ 1}, (4.10)
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and observe that lim
h→0
|Sh0 \ Bα

h | = 0 by Chebyshev’s inequality. Using again (4.7), we split the

integral under consideration as follows:

1

hα

∫
%S(Ω−h )

∫
Iz(Ω−h )

(det∇hyh(z + tn(z))− 1)Dh(z, t) dt dσ(z)

=
1

hα

∫
%S(Ω−h ∩B

α
h )

∫
Iz(Ω−h ∩B

α
h )

(det(Id3 +hαGh(z + tn(z))− 1)Dh(z, t) dtdσ(z)

+
1

hα

∫
%S(Ω−h \B

α
h )

∫
Iz(Ω−h \B

α
h )

(det∇hyh(z + tn(z))− 1)Dh(z, t) dtdσ(z).

By (3.19), (2.1), and (2.8), we deal with the second integral above using the estimate:

1

hα

∫
%S(Ω−h \B

α
h )

∫
Iz(Ω−h \B

α
h )
| det∇hyh(z + tn(z))− 1|Dh(z, t) dt dσ(z)

≤ C

hα
‖ det∇hyh−1‖L2(Ω−h )|S

h0 \Bα
h |1/2 ≤ C|Sh0 \Bα

h |1/2 −−−→
h→0

0.

For the first integral instead, we exploit the well-known determinant expansion

det(Id3 +tF ) = 1 + ttrF + t2ι2(F ) + t3 detF, for F ∈ R3×3, t ∈ R, (4.11)

where we recall that ι2 satisfies |ι2(F )| ≤ C|F |2. We can thus write

1

hα

∫
%S(Ω−h ∩B

α
h )

∫
Iz(Ω−h ∩B

α
h )

(det(Id3 +hαGh(z + tn(z))− 1)Dh(z, t) dt dσ(z)

=

∫
%S(Ω−h ∩B

α
h )

∫
Iz(Ω−h ∩B

α
h )

[
trGh + hαι2(Gh) + h2α detGh

]
Dh(z, t) dt dσ(z).

Using (3.22d), (2.1), (2.8) and the definition (4.10) of Bα
h , we now obtain

•
∫
%S(Ω−h ∩B

α
h )

∫
Iz(Ω−h ∩B

α
h )
hα|ι2(Gh)|Dh(z, t) dt dσ(z) ≤ Chα‖Gh‖22 ≤ Chα −−−→

h→0
0;

•
∫
%S(Ω−h ∩B

α
h )

∫
Iz(Ω−h ∩B

α
h )
h2α|detGh|Dh(z, t) dt dσ(z) ≤ Ch2α

∫
Ω−h ∩B

α
h

|Gh|3 dx

≤ Ch3α/2‖Gh‖22 ≤ Ch3α/2 −−−→
h→0

0;

• lim
h→0

∫
%S(Ω−h ∩B

α
h )

∫
Iz(Ω−h ∩B

α
h )

trGhDh(z, t) dtdσ(z) =

∫
S

∫ h0/2

−h0/2
trGdt dσ(z).

For the last limit, besides (3.22d), we exploited the fact that Dh → 1 pointwise and that
|Sh0 \ (Ω−h ∩ B

α
h )| vanishes as h → 0. Indeed, we already know that lim

h→0
|Sh0 \ Bα

h | = 0, and

using (4.11) it is immediate to check that Bα
h ⊆ Ω−h for h sufficiently small. Therefore, we infer

lim
h→0

1

hα

∫
%S(Ω−h )

∫
Iz(Ω−h )

(det∇hyh(z + tn(z))− 1)Dh(z, t) dtdσ(z) =

∫
S

∫ h0/2

−h0/2
trGdtdσ(z).

(4.12)
Combining (4.8), (4.9), and (4.12), we thus obtain

lim inf
h→0

1

h2α
Eα,πh (yh) ≥ 1

2

∫
S
−
∫ h0/2

−h0/2

(
Q3(G(z + tn(z))) + 2πtrG(z + tn(z))

)
dtdσ(z). (4.13)
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Since G and Gtan clearly induce the same bilinear form on the tangent space (see (3.2) and
(3.3)), there exists a vector field a ∈ L2(Sh0 ;R3) such that

symG(x) = sym(G(x)tan + a(x)⊗ n(z)).

Recalling that Q3 just depends on the symmetric part of its argument, and using the definition
(3.5) of Qπ2 , we deduce

1

2

∫
S
−
∫ h0/2

−h0/2

(
Q3(G) + 2πtrG

)
dt dσ(z)

=
1

2

∫
S
−
∫ h0/2

−h0/2

(
Q3(Gtan + a⊗ n) + 2π〈a,n〉+ 2πtrGtan

)
dt dσ(z)

≥1

2

∫
S
−
∫ h0/2

−h0/2

(
Qπ2 (z,Gtan) + 2πtr zGtan

)
dtdσ(z).

(4.14)

Since by (3.23) we can characterize Gtan via the identity

Gtan(z + tn(z)) = (G0)tan(z) +
t

h0
(∇S(An)(z)−A(z)Π(z))tan,

recalling (3.6) we can write

1

2

∫
S
−
∫ h0/2

−h0/2

(
Qπ2 (z,Gtan) + 2πtr zGtan

)
dtdσ(z)

=
1

2

∫
S
−
∫ h0/2

−h0/2

(
Q2(z, (G0)tan) +

t2

h2
0

Q2(z, (∇S(An)−AΠ)tan)

+ πL(z, (G0)tan) + 2πtr z(G0)tan + π2κ
)

dt dσ(z)

=
1

2

∫
S

(
Q2(z, (G0)tan) +

1

12
Q2(z, (∇S(An)−AΠ)tan)

+ πL(z, (G0)tan) + 2πtr z(G0)tan + π2κ
)

dσ(z).

(4.15)

Observe that, in the first equality above, the linear terms in t vanish after integration on the
symmetric interval (−h0/2, h0/2).

By collecting (4.13), (4.14) and (4.15), we now conclude the proof of (3.26) by means of (3.24)
and recalling the expressions (3.9), (3.10) and (3.25).

Limsup inequality. We now move to the proof of the limsup inequality (3.27). We employ
the same construction for a recovery sequence presented in [14], see also [13, Theorem 6.3],
highlighting how to deal with the pressure term. We thus refer to them for details.

Fix a pair (V,B) ∈ V(S)× B(S). By Definition 1.2, B can be represented as the L2-limit of
symmetric surface gradients sym∇Swh, for a certain family of vector fields wh ∈ W 1,2(S;R3).
Without loss of generality, we may assume that the fields wh are smooth and satisfy

lim
h→0

h1/2‖wh‖W 2,∞(S) = 0. (4.16)

Moreover, V ∈ V(S) can be approximated by a sequence of functions vh ∈W 2,∞(S;R3) such
that

hα−1‖vh‖W 2,∞(S) ≤ ε,

lim
h→0
‖vh − V ‖W 2,2(S) = 0,

lim
h→0

1

h2α−2

∣∣∣{z ∈ S; vh(z) 6= V (z)}
∣∣∣ = 0,

(4.17)
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where ε > 0 is a fixed parameter which will be sent to 0 afterwards. We also recall, see (6.8) in
[13], that there holds

lim
h→0

1

h
‖ sym∇Svh‖L2(S) = 0. (4.18)

The recovery sequence of rescaled deformations is then defined by

yh(z + tn(z)) := z + hα−1vh(z) + hαwh(z)

+ t
h

h0
n(z) + t

hα

h0

(
Πvhtan −∇S〈vh,n〉

)
(z)

− th
α+1

h0

(
nT∇Swh

)
(z) + t

hα+1

h0
d0,h(z) + t2

hα+1

2h2
0

d1,h(z).

(4.19)

Above, we used the notation

vhtan(z) = vh(z)− 〈vh(z),n(z)〉n(z),

while the sequences of vector fields d0,h, d1,h ∈W 1,∞(S;R3) satisfy

d0,h −−−→
h→0

d0 +
δ

2
A2n +

δ

2
|An|2n, strongly in L2(S;R3),

d1,h −−−→
h→0

d1 +
(
nTAΠ− nT∇S(An)

)
, strongly in L2(S;R3),

where d0 and d1 are specified below in (4.28), while δ = 1 if α = 2 and δ = 0 if α > 2. We may
additionally require that

lim
h→0

h1/2
(
‖d0,h‖W 1,∞(S) + ‖d1,h‖W 1,∞(S)

)
= 0. (4.20)

We also choose

Rh = R̄h := Id3, ch := 0,

so that ỹh = yh.
As in Step 2 of [13, Proof of Theorem 6.3], (3.22a) is now a consequence of (4.19), (4.16),

(4.17) and (4.20). Furthermore, a direct computation yields

V h
α [yh](z) = vh(z) + hwh(z) +

1

24
h2d1,h(z),

1

h
sym∇SV h

α [yh](z) =
1

h
sym∇Svh(z) + sym∇Swh +

h

24
sym∇Sd1,h(z),

whence (3.22b) and (3.22c) follow by (4.16), (4.17), (4.18) and (4.20).
Next, we set

Kh(x) :=
(∇hyh(x))T∇hyh(x)− Id3

hα
, (4.21)

which, by (6.13) and (6.17) in [13], satisfies

hα‖Kh‖L∞(Sh0 ) ≤ Cε, (4.22)

and

lim
h→0

h2α

∫
Sh0
|Kh|4 dx = 0. (4.23)

Moreover, by arguing as in Steps 4 and 5 of [13, Proof of Theorem 6.3] (see also (6.15) therein),
one obtains

1

2
Kh −−−→

h→0
K1 ◦ %S +

t

h0
K2 ◦ %S + sym ζ ⊗ n, strongly in L2(Sh0 ;R3×3), (4.24)
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where

K1(z) = B(z)− δ

2
(A2)tan(z),

K2(z) = sym
(
∇S(An)−AΠ

)
tan

(z),

ζ(z + tn(z)) = d0(z) +
t

h0
d1(z).

(4.25)

Now, as shown in Step 6 of [13, Proof of Theorem 6.3], by using (4.21), (4.22), (4.23), and
(4.24) one deduces

lim sup
h→0

1

h2α

∫
S
−
∫ h0/2

−h0/2
W (∇hyh(z + tn(z)))Dh(z, t) dtdσ(z)

≤ lim sup
h→0

1

2

∫
S
−
∫ h0/2

−h0/2
Q3

(
1

2
Kh(z + tn(z))

)
Dh(z, t) dt dσ(z) + oε(1)

=
1

2

∫
S
−
∫ h0/2

−h0/2
Q3

(
K1(z) + d0(z)⊗ n(z) +

t

h0

(
K2(z) + d1(z)⊗ n(z)

))
dtdσ(z) + oε(1)

=
1

2

∫
S
Q3(K1(z) + d0(z)⊗ n(z)) dσ(z) +

1

24

∫
S
Q3(K2(z) + d1(z)⊗ n(z)) dσ(z) + oε(1),

(4.26)
where oε(1) is a quantity which vanishes as ε→ 0.

We now focus on the pressure term. We first observe that, by polar decomposition, we can
write

∇hyh(x) = Uh(x)
(

(∇hyh(x))T∇hyh(x)
) 1

2
= Uh(x)(Id3 +hαKh(x))

1
2 ,

where Uh(x) is an orthogonal matrix. In particular, recalling (4.11), there holds

det∇hyh(x) = det(Id3 +hαKh(x))
1
2 =

√
det(Id3 +hαKh(x))

=
√

1 + hαtrKh(x) + ι2(hαKh(x)) + h3α detKh(x)

≤ 1 + hαtr
1

2
Kh(x) + Ch2α|Kh(x)|2 + Ch3α|Kh(x)|3,

where we exploited the elementary inequality
√

1 + λ ≤ 1 + 1
2λ, for λ ≥ −1. By means of the

above estimate, together with (4.22) and (4.24), we then infer

lim sup
h→0

1

hα

∫
S
−
∫ h0/2

−h0/2
(det∇hyh(z + tn(z))− 1)Dh(z, t) dt dσ(z)

≤ lim
h→0

(∫
S
−
∫ h0/2

−h0/2
tr

(
1

2
Kh(z + tn(z))

)
Dh(z, t) dtdσ(z) + Chα‖Kh‖22 + Cεhα‖Kh‖22

)

=

∫
S
−
∫ h0/2

−h0/2
tr
(
K1(z) + d0(z)⊗ n(z) +

t

h0

(
K2(z) + d1(z)⊗ n(z)

))
dtdσ(z)

=

∫
S

trK1(z) + 〈d0(z),n(z)〉 dσ(z).

(4.27)
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By combining (4.26) and (4.27), we now obtain

lim sup
h→0

1

h2α
Eα,πh (yh) ≤1

2

∫
S

(
Q3(K1 + d0 ⊗ n) + 2π〈d0,n〉

)
dσ(z) + π

∫
S

trK1 dσ(z)

+
1

24

∫
S
Q3(K2 + d1 ⊗ n) dσ(z) + oε(1).

We finally choose d0 and d1 so that (recall (3.4) and (3.5))

Qπ2 (z,K1(z)) = Q3

(
K1(z) + d0(z)⊗ n(z)

)
+2π〈d0(z),n(z)〉, (4.28a)

Q2(z,K2(z)) = Q3(K2(z) + d1(z)⊗ n(z)), (4.28b)

whence by (3.6) we deduce

lim sup
h→0

1

h2α
Eα,πh (yh) ≤1

2

∫
S
Q2(z,K1(z)) dσ(z) +

1

24

∫
S
Q2(z,K2(z)) dσ(z)

+ π

∫
S

(
1

2
L(z,K1(z)) + tr zK1(z)

)
dσ(z) +

π2

2

∫
S
κ(z) dσ(z) + oε(1).

We thus conclude by means of (4.25), recalling expressions (3.9), (3.10), and (3.25), since one
can deal with the term oε(1) by considering a recovery sequence of the form (4.19) obtained via
a diagonal argument and by sending ε→ 0. �
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Birkhäuser/Springer, Cham, 2023.

[14] M. Lewicka, M. Mora, and R. Pakzad. Shell theories arising as low energy Γ-limit of 3d nonlinear elasticity.
Ann. Sc. Norm. Super. Pisa, Cl. Sci., 5(9):1–43, 2010.

[15] G.B. Maggiani, and M.G. Mora. Quasistatic evolution of perfectly plastic shallow shells: a rigorous variational
derivation. Ann. Mat. Pura Appl., 197:775–815, 2018.

[16] M.G. Mora, and F. Riva. Pressure live loads and the variational derivation of linear elasticity. Proceedings of
the Royal Society of Edinburgh: Section A Mathematics, 153:1929–1964, 2023.

[17] P. Podio-Guidugli. A variational approach to live loadings in finite elasticity. J. Elasticity, 19:25–36, 1988.
[18] M.M. Saem, I.D. Ghiba, and P. Neff. A Geometrically Nonlinear Cosserat (Micropolar) Curvy Shell Model

Via Gamma Convergence. J. Nonlinear Sci., 33: 70, 2023.
[19] E. Sanchez-Palencia. Statique et dynamique des coques minces. II. Cas de flexion pure inhibée. Approximation

membranaire. C. R. Acad. Sci., Paris, Sér. I, Math., 309:531-537, 1989.
[20] M. Spivak. A Comprehensive Introduction to Differential Geometry, Vol V, 2nd edition, Publish or Perish

Inc., 1979.
[21] E. Tasso, and T. Unterberger. Effective Theories for Incompressible Magnetoelastic Shallow Shells. Milan J.

Math., 94:195-224, 2026.

(T. H. Giang) Charles University, Faculty of Mathematics and Physics, Department of Mathe-
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