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Abstract

This work studies the asymptotic behavior of a class of viscous Hamilton–Jacobi
equations with oscillatory periodic potentials, already studied by other authors in the
PDE framework, and described in terms of an effective Hamiltonian. A novel varia-
tional approach is introduced, based on the classical stochastic control representation
involving a Brownian motion, which allows the problem to be reformulated in terms
of functionals defined on probability spaces. The core result is the identification of a
homogenized Lagrangian obtained via a Γ-convergence procedure adapted to random
processes, where filtrations and Brownian motions are treated as variables. The ef-
fective Hamiltonian is then recovered as the Legendre transform of this homogenized
Lagrangian. The analysis provides both lower and upper bounds by means of blow-up
arguments and the construction of stochastic correctors, yielding a complete charac-
terization of the homogenized limit. This approach allows for a stability result with
respect to the addition of some localized defects embedded in the periodic background.
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1 Introduction

In this work we consider the asymptotic behaviour of the solutions to the oscillatory Hamil-
ton-Jacobi equation

λUεpxq ´
ε

2
4Uεpxq `Hper

´x

ε
,∇Uεpxq

¯

“ ψpxq, x P Rd. (1.1)

with λ ą 0, and the quadratic Hamiltonian

Hperpy, pq “
1

2
|p|2 ´ Vperpyq,
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where Vper is periodic. The functions Vper and ψ are supposed sufficiently regular, say
Lipschitz continuous, so that, for each ε ą 0, the solution exists and is unique in the sense
of viscosity solutions.

As is well known, this asymptotic behaviour can be characterized by an effective ho-
mogenized Hamiltonian Hhom, for which the solutions Uε converge to the viscosity solution
of

λUpxq `Hhomp∇Upxqq “ ψpxq, x P Rd. (1.2)

as ε Ñ 0`. In the PDE approach to homogenization, the value of the Hamiltonian Hhom

at p is characterized by the correctors equation

´
1

2
4wppxq `Hperpx, p`∇wppxqq “ Hhomppq, x P Rd; (1.3)

that is, the value Hhomppq is the unique constant such that there is a periodic function wp,
unique up to addition of a constant, such that (1.3) holds in the sense of viscosity solutions
(see [9, 12], and related work by many authors [13]).

On the other hand, given a probability space pΩ,F , P q and a d-dimensional Brownian
motion Bt on it, the solution Uε can also be characterized as the value function

Uεpxq “ inf
!

ż `8

0
E
´1

2
| 9vptq|2 ` Vper

´

?
εBt ` vptq

ε

¯

` ψp
?
εBt ` vptqq

¯

e´λtdt : vp0q “ x
)

,

where E denotes the expectation with respect to pΩ,F , P q. Here, the infimum is taken
over all random functions v : p0,`8q Ñ L2pΩ;Rdq in the corresponding weighted Sobolev
space, satisfying the initial condition and adapted to the filtration corresponding to the
Brownian motion (see e.g. [3, Section I.8] and [4, 5, 10]). It is interesting to remark that
the minimum value is independent of the choice of the Brownian motion, since the solution
Uε to equation (1.1) is unique.

With this characterization of solutions in mind, we propose a new approach, through
a variational homogenization result for the functionals

ż `8

0
E
´1

2
| 9vptq|2 ` Vper

´

?
εBt ` vptq

ε

¯¯

e´λtdt. (1.4)

It is worth noting that a homogenization result for such functionals alone, which is expressed
in terms of Γ-convergence, is not sufficient to study the behaviour of the minimum problems
defining Uεpxq, since the additional term

ż `8

0
Epψp

?
εBt ` vptqqq e

´λtdt

cannot easily be treated as a continuous perturbation of the main functional (1.4). We
adopt a different approach. Using the results established here for (1.4), we characterize
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Hhom as the Legendre transform of a homogenized Lagrangian, for which it is sufficient to
consider the case ψ “ 0. From this we characterize the asymptotic behaviour of Uεpxq for
ψ ‰ 0 relying on the PDE results in [9].

We now describe our new type of Γ-convergence, in which the main conceptual novelty
is that filtrations and Brownian motions are treated as optimization variables rather than
fixed probabilistic objects.

In this limit analysis, two main issues arise. The first is the definition of a proper
convergence of random functions to deterministic functions. The second is the development
of technical tools of nonlinear homogenization type that allow one to treat the Brownian
motion as a variable to be optimized.

In order to properly study the homogenization process, we precisely define our func-
tionals as

F λε pv,Ft, Btq “
ż `8

0
E
´1

2
| 9vptq|2 ` Vper

´

?
εBt ` vptq

ε

¯¯

e´λtdt,

explicitly depending also on a filtration tFtutě0 such that vptq is measurable with respect
to Ft for every t, and tBtutě0 a d-dimensional Brownian motion adapted to tFtutě0. The
convergence of random variables vε to a deterministic function v is then defined as the
weak convergence of vε towards a random function pv, where Eppvq “ v, and the Γ-limit is
defined with respect to this convergence as ε Ñ 0. The main result is that this limit can
be written in terms of a deterministic homogenized Lagrangian fhom as

F λhompvq “

ż `8

0
fhomp 9vptqq e´λtdt.

The effective Lagrangian is defined by a variant of the usual asymptotic homogenization
formula,

fhompξq “ lim inf
TÑ`8

1

T
min

"
ż T

0
E
`

1
2 | 9wptq|2 ` VperpBt ` wptqq

˘

dt :

EpwpT, ¨q ´ wp0, ¨qq “ Tξ
)

, (1.5)

where the infimum is taken over all filtrations Ft, Brownian motions Bt adapted to Ft,
and functions w P H1pp0, T q;L2pΩ;Rdqq, adapted to Ft. This weak formulation is used
in Stochastic control (see [14] and [15, Chapter 2, Section 4]). The solutions (functions,
filtrations, and Brownian motions) to the minimum problems in the definition of fhom
can then be used to construct random (almost) correctors, by concatenating not only the
functions v as usual, but also the corresponding filtrations and Brownian motions. This
concatenation is allowed by the possibility of choosing independent minimizing Brownian
motions for the same minimum problem.

The variational approach also allows us to prove that, when the periodic potential Vper
is perturbed by adding some continuous non-negative function V0 vanishing at infinity,
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the same homogenization limit is achieved. Similar questions have been addressed for
the inviscid first-order Hamilton–Jacobi equations both from the PDE theoretic viewpoint
(see [12, 1, 2, 8]) and the variational viewpoint [6]. Finally, we remark that our approach
extends to other Hamilton–Jacobi equations with more general Hamiltonians and non-
constant viscosity (see Section 8).

Our article is organized as follows. Section 2 contains the definition (Definition 2.1)
of our notion of variational convergence for random functions and the statement of our
main result, namely Theorem 2.2, of variational convergence on a finite time interval pa, bq.
Indeed, since the exponential e´λt is integrable on p0,`8q, the convergence results for the
energies above can be obtained from the analogous result for energies localized on bounded
time intervals. We address the latter setting until Section 6. First, Section 3 yields the
lower limit. We construct a sequence of suitable correctors in Section 4 and use it for the
proof of the upper limit in Section 5. We then address the case of a suitable perturbation
of the periodic potential in Section 6. We adapt our arguments to the infinite time interval;
that is, to p0,`8q, in Section 7 and conclude on the homogenization of the original problem
(1.1)–(1.2). In Section 8 we comment on possible application of the convergence scheme
to other settings. Our final Section 9 contains two classical properties of the Brownian
motion that we include here for the convenience of the reader.

2 Statement of the convergence theorem

Throughout the text, pΩ,F , P q is a fixed probability space. Given λ ą 0, Ft and Bt, we
consider energies of the form

F λε pv,Ft, Btq “
ż `8

0
E
´1

2
| 9vptq|2 ` Vper

´

?
εBt ` vptq

ε

¯¯

e´λtdt (2.1)

defined on functions v “ vpt, ωq with vp0, ωq “ x. All our Brownian motions are standard,
valued in Rd, and start at x “ 0 for t “ 0.

The convergence results for the energies above can be obtained from the analogous result
for energies localized on a bounded interval. With fixed a, b we consider the functional

Fεpv,Ft, Btq “
ż b

a
E
´1

2
| 9vptq|2 ` Vper

´

?
εBt ` vptq

ε

¯¯

dt (2.2)

defined for Ft a filtration of F , Bt a Brownian motion adapted to Ft, and v P H1ppa, bq;L2pΩqq
such that for every t the function vptq is Ft-measurable. In this notation, 9v denotes the
time derivative, defined for almost all t as the limit of the difference quotients in the strong
topology in L2pΩq.

We remark that the spaces L2ppa, bq;L2pΩqq and H1ppa, bq;L2pΩqq can be characterized

equivalently by requiring that ω ÞÑ
şb
a |upt, ωq|

2dt and ω ÞÑ
şb
a | 9upt, ωq|

2dt be integrable in
Ω.
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We will consider the following notion of convergence.

Definition 2.1 (convergence to a deterministic variable). Given a sequence vk with vk P
H1ppa, bq;L2pΩ;Rdqq and v P H1ppa, bq;Rdq we write vk Ñ v if for all subsequences vkj ,

there exist a subsequence, which we still denote by vkj , and pv P H1ppa, bq;L2pΩ;Rdqq,
possibly depending on the subsequence, such that

vkj á pv weakly in H1ppa, bq;L2pΩ;Rdqq, Eppvptqq “ vptq for every t.

We define fhom : Rd Ñ R as

fhompξq “ lim inf
TÑ`8

1

T
inf

Ft,Bt

"
ż T

0
E
´1

2
| 9wptq|2 ` VperpBt ` wptqq

¯

dt : w P XT
0 pξq

*

, (2.3)

where XT
0 pξq is the set of all w P H1ppa, bq;L2pΩ;Rdqq such that wptq is Ft-measurable for

every t and EpwpT, ¨q´wp0, ¨qq “ Tξ, and the minimum is also taken over all filtrations Ft
and all d-dimensional Brownian motions Bt adapted to Ft. Note that XT

0 pξq depends on
the filtration Ft. Note moreover that, using wptq “ ξt as a test function,

fhompξq ď
1

2
|ξ|2 `maxVper. (2.4)

Accordingly, we define

Fhompvq “

ż b

a
fhomp 9vptqqdt, (2.5)

for v P H1ppa, bq;Rdq. Given εk Ñ 0, our goal is to prove the Γ-convergence of Fεk to Fhom

in the following sense.

Theorem 2.2. Let Fε be given by (2.2). Given εk Ñ 0, we have

(i) For every v P H1pa, bq and for every sequences Fk
t , Bk

t , and vk Ñ v such that vkptq
is Fk

t -measurable, we have

Fhompvq ď lim inf
kÑ`8

Fεkpvk,F
k
t , B

k
t q;

(ii) for every v P H1pa, bq there exists sequences Fk
t , Bk

t , and vk Ñ v, such that vkptq
is Fk

t -measurable, such that

Fhompvq ě lim sup
kÑ`8

Fεkpvk,F
k
t , B

k
t q.
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From this theorem, we will deduce the analogous result for the functionals (2.1). We
briefly explain how that convergence result allows us to give an alternative characterization
of Hhom as the Legendre transform of the homogenized Lagrangian fhom. The details will
be given in Section 7.

Given λ ą 0 and ε ą 0, for all p P Rd we consider the unique viscosity solution Up,ε of
the Hamilton-Jacobi equation

λUp,εpxq ´
ε

2
4Up,εpxq `Hper

´x

ε
, p`∇Up,εpxq

¯

“ 0, x P Rd. (2.6)

From homogenization theory we know that Up,εpxq converge as ε Ñ 0 to the (constant)
solution Up of

λUppxq `Hhompp`∇Uppxqq “ 0, x P Rd. (2.7)

On the other hand, given a probability space pΩ,F , P q and a d-dimensional Brownian
motion Bt on it, the solution Up,ε can also be characterized as

Up,εpxq “ inf
!

ż `8

0
E
´1

2
| 9vptq|2 ´ xp, 9vptqy ` Vper

´

?
εBt ` vptq

ε

¯¯

e´λtdt : vp0q “ x
)

,

where E denotes the expectation with respect to pΩ,F , P q. Here, the infimum is taken
over all functions v : p0,`8q Ñ L2pΩ;Rdq in the corresponding weighted Sobolev space,
satisfying the initial condition and adapted to the filtration corresponding to the Brownian
motion (see e.g. [3, Section I.8] and [10]).

Using the functionals F λε in (2.1), the solutions Up,εpxq can be rewitten as

Up,εpxq “ inf
!

F λε pv,Ft, Btq ´
ż `8

0
Epxp, 9vptqyqe´λtdt : vp0q “ x

)

, (2.8)

where the integral will be treated separately as a continuous perturbation. In Theorem 7.3
we will show that the limit of F λε in the appropriate weighted Sobolev space can be written
as

F λhompvq “

ż `8

0
fhomp 9vptqq e´λtdt.

Since in this approach the integral in (2.8) converges continuously to the correspond-
ing deterministic term

ş`8

0 xp, 9vptqye´λtdt, the behaviour of the solutions Up,εpxq can be
characterized as converging to

Uppxq “ min
!

ż `8

0

`

fhomp 9vptqq ´ xp, 9vptqy
˘

e´λtdt : vp0q “ x
)

. (2.9)

This minimum value is independent of x, is equal to 1
λ mintfhompξq ´ xp, ξyu, and it is

achieved by vptq “ x` ξt, where ξ P Rd minimizes fhompξq ´ xp, ξy. This gives

λUp “ mintfhompξq ´ xp, ξyu “ ´f
˚
homppq,
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where f˚hom denotes the Legendre transform of fhom. Since Up is constant independent of
x, from the previous equality it trivially solves

λUp ` f
˚
hompp`∇Upq “ λUp ` f

˚
homppq “ 0.

Since Up is also characterized as the solution of

λUp `Hhompp`∇Upq “ λUp `Hhomppq “ 0,

this shows that f˚hom “ Hhom by the arbitrariness of p.

3 Lower bound

This section is devoted to the proof of claim (i) in Theorem 2.2. We will need the following
lemma, which will be used to modify boundary values. Note that the functions implicitly
depend on ω.

Lemma 3.1 (variation of boundary data). Let Vk : p0, 1qˆRd Ñ R be Borel functions such
that there exists M ą 0 with |Vkpt, xq| ďM for all k P N, t P p0, 1q, and x P Rd. We define

Gkpzq “

ż 1

0
E
´1

2
| 9zptq|2dt` Vkpt, zptqq

¯

dt (3.1)

for z P H1pp0, 1q, L2pΩ;Rdqq. Let Gkt be a sequence of filtrations and let zk P H
1pp0, 1q, L2pΩ;Rdqq

be such that zkptq is Gkt -measurable for every t P p0, 1q. Assume that zk á pz weakly in
H1pp0, 1q, L2pΩ;Rdqq. Then, given η ą 0 there exists a sequence rzk in H1pp0, 1q, L2pΩ;Rdqq
such that

(i) rzk á pz weakly in H1pp0, 1q, L2pΩ;Rdqq;
(ii) rzkptq is Gkt -measurable for every t P p0, 1q;

(iii) Gkprzkq ď Gkpzkq ` η for k large enough;

(iv) Eprzkp0qq “ Eppzp0qq and Eprzkp1qq “ Eppzp1qq.

Proof. We first note that Epzkp0qq Ñ Eppzp0qq (and similarly Epzkp1qq Ñ Eppzp1qq). We set
αk “ Epzkp0qq ´Eppzp0qq and βk “ Epzkp1qq ´Eppzp1qq. Let δ ą 0 and let ϕ P C8c p0, 1q with
0 ď ϕ ď 1 and ϕ “ 1 in pδ, 1´ δq. We set

rzkptq “

$

’

&

’

%

zkptq ´ p1´ ϕptqqαk if t P p0, δq

zkptq if t P rδ, 1´ δs

zkptq ´ p1´ ϕptqqβk if t P p1´ δ, 1q,
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so that

9
rzkptq “

$

’

&

’

%

9zkptq ` 9ϕptqαk if t P p0, δq

9zkptq if t P rδ, 1´ δs

9zkptq ` 9ϕptqβk if t P p1´ δ, 1q

Properties (ii) and (iv) are true by construction, and (i) follows since αk, βk Ñ 0. To prove
(iii) we compute

Gkprzkq “

ż 1

0
E
´1

2
| 9rzkptq|

2 ` Vkpt, rzkptqq
¯

dt

ď

ż 1´δ

δ
E
´1

2
| 9zkptq|

2 ` Vkpt, zkptqq
¯

dt

`

ż δ

0
E
´1

2
| 9zkptq|

2 ` αk 9zkptq 9ϕptq `
1

2
α2
k| 9ϕptq|2

¯

dt

`

ż 1

1´δ
E
´1

2
| 9zkptq|

2 ` βk 9zkptq 9ϕptq `
1

2
β2k| 9ϕptq|2

¯

dt` 2δmax |Vk|

ď Gkpzkq `

ż δ

0
E
´

αk 9zkptq 9ϕptq `
1

2
α2
k| 9ϕptq|2

¯

dt

`

ż 1

1´δ
E
´

βk 9zkptq 9ϕptq `
1

2
β2k| 9ϕptq|2

¯

dt` 4δM.

Since αk and βk Ñ 0, claim (iii) follows by the arbitrariness of δ.

Proof of the lower bound (claim (i) of Theorem 2.2). We will use the blow-up method [11,
7], applied to the measures µk “ gkL, where

gkptq “ E
´1

2
| 9vkptq|

2 ` Vper

´

?
εkB

k
t ` vkptq

εk

¯¯

.

It is not restrictive to suppose that there exists the limit

lim
kÑ`8

µkppa, bqq “ lim
kÑ`8

Fεkpvk,F
k
t , B

k
t q ă `8.

Hence, we can suppose that µk converge weakly* to a bounded Radon measure µ on pa, bq.
We let dµ

dt denote the density of its absolutely continuous part with respect to the Lebesgue
measure L.

We fix t0 P pa, bq a Lebesgue point for 9v such that

dµ

dt
pt0q “ lim

ρÑ0

1

ρ
µppt0, t0 ` ρqq,
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and note that L-almost every t0 P pa, bq satisfies this property. Since µkppt0, t0 ` ρqq Ñ
µppt0, t0 ` ρqq except for at most a countable set of ρ, we can find ρk Ñ 0 such that

dµ

dt
pt0q “ lim

kÑ`8

1

ρk
µkppt0, t0 ` ρkqq;

that is,
dµ

dt
pt0q “ lim

kÑ`8

1

ρk

ż t0`ρk

t0

E
´1

2
| 9vkptq|

2 ` Vper

´

?
εkB

k
t ` vkptq

εk

¯¯

dt. (3.2)

With pv as in Definition 2.1, we can also assume that t0 is such that ppvpt0`ρq´pvpt0qq{ρ
converges strongly in L2pΩq as ρÑ 0` to pξ P L2pΩ;Rdq, the derivative of pv in t0. We can
then assume in addition that the parameter ρk ą 0 is also such that the scaled functions
zkptq “

1
ρk
pvkpt0 ` ρktq ´ vkpt0qq converge strongly in L2pp0, 1q, L2pΩq;Rdq to pzptq “ pξt.

In order to apply Lemma 3.1 we now write

1

ρk

ż t0`ρk

t0

E
´1

2
| 9vkptq|

2 ` Vper

´

?
εkB

k
t ` vkptq

εk

¯¯

dt

“

ż 1

0
E
´1

2
| 9vkpt0 ` ρktq|

2 ` Vper

´

?
εkB

k
t0`ρkt

` vkpt0 ` ρktq

εk

¯¯

dt

“

ż 1

0
E
´1

2
| 9zkptq|

2 ` Vper

´

?
εkB

k
t0`ρkt

` vkpt0q ` ρkzkptq

εk

¯¯

dt

“

ż 1

0
E
´1

2
| 9zkptq|

2 ` Vkpt, zkptqq
¯

dt,

where

Vkpt, xq “ Vper

´

?
εkB

k
t0`ρkt

` vkpt0q ` ρkx

εk

¯

.

By applying Lemma 3.1 with the filtration Gkt :“ Fk
t0`ρkt

, we obtain rzk satisfying claims

(i)–(iv) of that lemma, with pzptq “ pξt. As a consequence, by (3.2) we have

lim inf
kÑ`8

ż 1

0
E
´1

2
| 9zkptq|

2 ` Vper

´

?
εkB

k
t0`ρkt

` vkpt0q ` ρkrzkptq

εk

¯¯

dt ď
dµ

dt
pt0q ` η.

Changing variables

s “
ρk
εk
t, Tk “

ρk
εk
, wkpsq “

ρk
εk

rzk

´εk
ρk
s
¯

`
vkpt0q

εk
,

we can rewrite the integral as

1

Tk

ż Tk

0
E
´1

2
| 9wkpsq|

2 ` Vper

´Bk
t0`εks
?
εk

` wkpsq
¯¯

ds.

“
1

Tk

ż Tk

0
E
´1

2
| 9wkpsq|

2 ` Vper

´Bk
t0`εks

´Bk
t0

?
εk

`
Bk
t0

?
εk
` wkpsq

¯¯

ds. (3.3)
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We then define

pwkpsq :“ wkpsq`
Bk
t0

?
εk
, pBk

s :“
Bk
t0`εks

´Bk
t0

?
εk

,

and rewrite (3.3) as

1

Tk

ż Tk

0
E
´1

2

ˇ

ˇ
9
pwkpsq

ˇ

ˇ

2
` Vperp pB

k
s ` pwkpsqq

¯

ds. (3.4)

If we define the filtration pFk
s :“ Fk

t0`εks
, to which the Brownian motion pBk

s is adapted,

then p pFk
s ,

pBk
s , pwkq is a test triplet for the problem in (2.3) for T “ Tk, since Ep pwkpTkqq ´

Ep pwkp0qq “ EpwkpTkq ´ wkp0qq “ EppξqTk “ 9vpt0qTk. We then obtain

dµ

dt
pt0q ` η ě fhomp 9vpt0qq,

which then holds for L-almost all t0 P pa, bq, and finally,

lim
kÑ`8

Fεkpvk,F
k
t , B

k
t q “ lim

kÑ`8
µkpa, bq ě µpa, bq

ě

ż b

a

dµ

dt
ptqdt ě

ż b

a
fhomp 9vptqqdt´ ηpb´ aq,

which gives the lower bound by the arbitrariness of η ą 0.

4 Construction of correctors

In order to prove an upper bound it is convenient, for a given ξ, to define Bt and w on the
whole half-line r0,`8q such that

?
εBt{ε ` εwpt{εq is an (almost) corrector for ξt. This is

done by concatenating independent copies of an almost minimizer for fhom.

Proposition 4.1 (correctors). With fixed ξ P Rd, η ą 0, K ą 0, T0 ą 0 there exist T ą T0,

r ą 0, a filtration Fξ
t , a function wξ P H1pp0, Rq, L2pΩ;Rdqq for all R ą 0, and a Brownian

motion Bξ
t , with both wξ and Bξ

t adapted to Fξ
t , such that for all 0 ď s1 ă s2 ă `8

E
´

ż s2

s1

´1

2
| 9wξptq|2 ` VperpB

ξ
t ` w

ξptqq
¯

dt
¯

ď ps2 ´ s1q
´

fhompξq ` η `
`

3
K

T
` 2ηK

˘

max |Vper|
¯

` Cpξ, T,K, ηq, (4.1)

where
Cpξ, T,K, ηq :“ 2T pfhompξq ` ηq ` 2p4K ` T p1` 2ηKqqmax |Vper|

¯

,

and ηK Ñ 0 as K Ñ `8. Moreover, for all j P N, we have

EpwξpjT ` pj ´ 1qKqq ´ Epwξp0qq “ jTξ. (4.2)

10



Proof. We choose T ą T0 such that

1

T
min

"
ż T

0
E
´1

2
| 9wptq|2 ` VperpBt ` wptqq

¯

dt : Ft, w P XT
0 pξq, Bt

*

ă fhompξq `
η

2
.

Recall that XT
0 pξq depends on the filtration Ft. Therefore, there exist a filtration Ft, a

function w P XT
0 pξq, and a Brownian motion Bt adapted to Ft, such that

1

T

ż T

0
E
´1

2
| 9wptq|2 ` VperpBt ` wptqq

¯

dt ă fhompξq `
η

2
. (4.3)

The function w is extended as a constant wptqpωq “ wpT qpωq for t ą T .
In order to proceed inductively in the following, we will need independent copies of

Bt and w. To that end, we note that, up to enlarging Ω, we can find a sequence of
mutually independent filtrations F j

t , a sequence of Brownian motions Bj
t , adapted to F j

t ,

and corresponding wj defined on the same p0, T q belonging to the corresponding Xj,T
0 pξq,

equivalent to Bt and w; that is, such that

ż T

0
E
`

| 9wjptq|2
˘

dt “

ż T

0
E
`

| 9wptq|2
˘

dt, (4.4)

ż T

0
E
`

VperpB
j
t ` w

jptqq
˘

dt “

ż T

0
E
`

VperpBt ` wptqq
˘

dt. (4.5)

Indeed, we can replace Ω with ΩN with the product probability. After denoting πj the
projection on the j-th factor, we define the filtrations

F j
t “ tπ

´1
j pAq : A P Ftu.

Note that, given distinct indices j1, . . . , jm P N, arbitrary times t1, . . . , tm P r0, T s, and a
family Ei P F ji

ti
we have

P pE1 X . . .X Emq “
m
ź

i“1

P pEiq;

that is, F j
t are independent. We then set

Bj
t “ Bt ˝ πj , wjptq “ wptq ˝ πj ,

both of which are adapted to F j
t . Note that

wjptq “ wjpT q for all j and for all t ą T . (4.6)

Note that for almost every t ě 0 the laws of 9wjptq and Bj
t ` wjptq coincide with the

corresponding laws of 9wptq and Bt`wptq, from which we obtain equalities (4.4) and (4.5).
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For all j P NY8 we also introduce the filtration

rF j
t :“ σ

´

j
ď

i“1

F i
t

¯

.

To define Bξ
t and wξ on the half line p0,`8q we proceed by defining inductively Brow-

nian motions rBj
t and functions rwj , and then setting Bξ

t “
rBj
t and wξ “ rwj on intervals

pτ ξj´1, τ
ξ
j q between two suitable stopping times.

Let rτ0 “ 0. We fix r ą 0 such that the modulus of continuity λ for Vper satisfies

λprq ă η{2. We consider the stopping time τ1 with respect to the filtration rF2
t defined as

the minimal t ě T such that

distpB1
t ` w

1pT q ´ w2p0q,Zdq ď r. (4.7)

Note that in the scalar case d “ 1 this stopping time can be replaced by the one defined
by the condition

B1
t ` w

1pT q ´ w2p0q P Z, (4.8)

avoiding the error term r. The same remark holds for the stopping times τj defined in the
following.

For fixed K ą 0 there exits ηK ą 0, with ηK Ñ 0 as K Ñ `8, such that, having set
Ω1
K “ tτ1 ą T `Ku, we have P pΩ1

Kq ă ηK (see Proposition 9.2). In other words we have
τ1 ď T `K on ΩzΩ1

K .
Let rτ1 “ τ1 ^ pT `Kq, so that T ď rτ1 ď T `K. We set

rB1
t “ B1

t , rw1ptq “ w1ptq,

recalling that w1ptq “ w1pT q for t ě T , so that

Ep rw1pT qq “ ξT ` Epw1p0qq. (4.9)

Note that

ż

rτ1

0

´1

2
| 9
rw1ptq|2 ` Vperp rB

1
t ` rw1ptqq

¯

dt “

ż

rτ1

0

´1

2
| 9w1ptq|2 ` VperpB

1
t ` w

1ptqq
¯

dt

“

ż T

0

´1

2
| 9w1ptq|2 ` VperpB

1
t ` w

1ptqq
¯

dt`

ż

rτ1

T

´1

2
| 9w1ptq|2 ` VperpB

1
t ` w

1ptqq
¯

dt

12



Hence, by (4.3), (4.4) and (4.6), we have

E
´

ż

rτ1

0

´1

2
| 9
rw1ptq|2 ` Vperp rB

1
t ` rw1ptqq

¯

dt
¯

“

ż T

0
E
´1

2
| 9wptq|2 ` VperpBt ` wptqq

¯

dt` E
´

ż

rτ1

T
VperpB

1
t ` w

1pT qqdt
¯

ď

ż T

0
E
´1

2
| 9wptq|2 ` VperpBt ` wptqq

¯

dt` E
´

ż

rτ1

T
|VperpB

1
t ` w

1pT qq|dt
¯

ď T
´

fhompξq `
η

2

¯

`K maxVper.

In order to illustrate the induction argument we preliminarily deal with j “ 2. We
define rw2ptq and rB2

t as follows. We set

rw2ptq “

#

rw1ptq for 0 ď t ď rτ1

rw1prτ1q ` w
2pt´ rτ1q ´ w

2p0q for t ą rτ1.

Observe that rw2 P H1pp0, Rq;L2pΩ;Rdqq for every R ą 0, and that for every t ą 0 the
function w2ptq is rF2

t -measurable. Note moreover that, since rw1prτ1q “ w1pT q,

rw2ptq “ rw2pT ` rτ1q “ w1pT q ` w2pT q ´ w2p0q if t ě T ` rτ1; (4.10)

in particular,

rw2ptq “ rw2p2T `Kq “ w1pT q ` w2pT q ´ w2p0q if t ě 2T `K (4.11)

since rw1prτ1q “ w1pT q and w2p2T `K ´ rτ1q “ w2pT q, recalling that 2T `K ´ rτ1 ě T .
We also set

rB2
t “

#

rB1
t for 0 ď t ď rτ1

B2
t´rτ1

` rB1
rτ1

for t ą rτ1.

By the strong Markov property this formula defines a Brownian motion on r0,`8q adapted
to the filtration rF2

t (see Proposition 9.1). This argument will be used iteratively in the
following.

We define the stopping time τ2 with respect to the filtration rF3
t as the minimal t ě

2T `K such that
distp rB2

t ` rw2ptq ´ w3p0q,Zdq ď r,

or, equivalently, such that

distp rB2
t ` rw2prτ1 ` T q ´ w

3p0q,Zdq ď r,

recalling that w2ptq “ w2pT q for t ě T . We then set rτ2 “ τ2 ^ p2T ` 2Kq, so that
2T `K ď rτ2 ď 2T `2K. Note that, having set Ω2

K “ trτ2 ‰ τ2u, we still have P pΩ2
Kq ď ηK .
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Using the definitions of rB2
t and rw2 we have

ż

rτ2

0

´1

2
| 9
rw2ptq|2 ` Vperp rB

2
t ` rw2ptqq

¯

dt

“

ż

rτ1

0

´1

2
| 9
rw2ptq|2 ` Vperp rB

2
t ` rw2ptqq

¯

dt`

ż

rτ2

rτ1

´1

2
| 9
rw2ptq|2 ` Vperp rB

2
t ` rw2ptqq

¯

dt

“

ż

rτ1

0

´1

2
| 9
rw1ptq|2 ` Vperp rB

1
t ` rw1ptqq

¯

dt

`

ż

rτ1`T

rτ1

´1

2
| 9w2pt´ rτ1q|

2 ` VperpB
2
t´rτ1

` rB1
rτ1
` rw1prτ1q ` w

2pt´ rτ1q ´ w
2p0qq

¯

dt

`

ż

rτ2

rτ1`T

´1

2
| 9
rw2ptq|2 ` Vperp rB

2
t ` rw2ptqq

¯

dt

“

ż

rτ1

0

´1

2
| 9
rw1ptq|2 ` Vperp rB

1
t ` rw1ptqq

¯

dt

`

ż T

0

´1

2
| 9w2ptq|2 ` VperpB

2
t `

rB1
rτ1
` rw1prτ1q ` w

2ptq ´ w2p0qq
¯

dt

`

ż

rτ2

rτ1`T
Vperp rB

2
t ` rw2ptqqdt.

On ΩzΩ1
K we then have

ż T

0

´1

2
| 9w2ptq|2 ` VperpB

2
t `

rB1
rτ1
` rw1prτ1q ` w

2ptq ´ w2p0qq
¯

dt

ď

ż T

0

´1

2
| 9w2ptq|2 ` VperpB

2
t ` w

2ptqq
¯

dt` λprqT.

Note that in dimension 1 we can omit this error term.
On Ω1

K

ż T

0

´1

2
| 9w2ptq|2 ` VperpB

2
t `

rB1
rτ1
` rw1prτ1q ` w

2ptq ´ w2p0qq
¯

dt

“

ż T

0

´1

2
| 9w2ptq|2 ` VperpB

2
t ` w

2ptqq
¯

dt

`

ż T

0

´

VperpB
2
t `

rB1
rτ1
` rw1prτ1q ` w

2ptq ´ w2p0qq ´ VperpB
2
t ` w

2ptqq
¯

dt

ď

ż T

0

´1

2
| 9w2ptq|2 ` VperpB

2
t ` w

2ptqq
¯

dt` 2T max |Vper|.
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Hence,

E
´

ż

rτ2

0

´1

2
| 9
rw2ptq|2 ` Vperp rB

2
t ` rw2ptqq

¯

dt
¯

ď 2T pfhompξq ` ηq ` 4K maxVper ` 2TηK max |Vper|,

recalling that λprq ă η{2.

We now prove by induction that for all j ě 2, there exist rwj , rBj
t , and rτ j with the

following properties:

(i) rwj P H1pp0, Rq;L2pΩ;Rdqq for every R ą 0, wjptq is rF j
t -measurable for every t ą 0,

rwjptq “ rwjpjT ` pj ´ 1qKq for t ě jT ` pj ´ 1qK, (4.12)

and

rwjpjT ` pj ´ 1qKq “

j
ÿ

`“1

pw`pT q ´ w`p0qq ` w1p0q; (4.13)

(ii) rBj
t is Brownian motion adapted to the filtration rF j

t ;

(iii) rτj is a stopping time with respect to the filtration rF j`1
t such that

jT ` pj ´ 1qK ď rτj ď jT ` jK, (4.14)

and
dist

`

rBj
τj ` rwjprτjq ´ w

j`1p0q,Zd
˘

ď r (4.15)

except for a set Ωj
K with P pΩj

Kq ă ηK ;

(iv) we have

E
´

ż

rτj

rτj´1

´1

2
| 9
rwjptq|2 ` Vperp rB

j
t ` rwjptqq

¯

dt
¯

ď T pfhompξq ` ηq ` 2K maxVper ` 2TηK max |Vper|. (4.16)

The construction above guarantees that these properties hold for j “ 2. Suppose that
we have constructed rwj , rBj

t and rτ j satisfying (i)–(iv) above. We now define rwj`1, rBj`1
t

and rτ j`1 satisfying (i)–(iv) above with j ` 1 in the place of j.

(i) For every t ą 0 we define rwj`1ptq as

rwj`1ptq “

#

rwjptq for 0 ď t ď rτj

rwjprτjq ` w
j`1pt´ rτjq ´ w

j`1p0q for t ą rτj .
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We observe that rwj`1 P H1pp0, Rq;L2pΩ;Rdqq for every R ą 0, and that for every t ą 0
the function ω ÞÑ wj`1ptq is rF j`1

t -measurable. Moreover, by (4.14) and (4.12),

rwj`1ppj ` 1qT ` jKq “ rwjprτjq ` w
j`1ppj ` 1qT ` jK ´ rτjq ´ w

j`1p0q

“ rwjpjT ` pj ´ 1qKq ` wj`1pT q ´ wj`1p0q

“

j
ÿ

`“1

pw`pT q ´ w`p0qq ` w1p0q ` wj`1pT q ´ wj`1p0q,

and claim (i) is proved.

(ii) We set

rBj`1
t “

#

rBj
t for 0 ď t ď rτj

Bj`1
t´rτj

` rBj
rτj

for t ą rτj .

By the strong Markov property this formula defines a Brownian motion on r0,`8q adapted
to the filtration rF j`1

t .

(iii) We define the stopping time τj`1 with respect to the filtration rF j`2
t as the minimal

t ě pj ` 1qT ` jK such that

dist
`

rBj`1
t ` rwj`1ptq ´ wj`2p0q,Zd

˘

ď r,

or, equivalently, such that

dist
`

rBj`1
t ` rwj`1prτj ` T q ´ w

j`2p0q,Zd
˘

ď r,

recalling that wj`1ptq “ wj`1pT q for t ě T . Then, we set

rτj`1 “ τj`1 ^ ppj ` 1qT ` pj ` 1qKq.

Note that, having set Ωj`1
K “ trτj`1 ‰ τj`1u, we still have P pΩj`1

K q ă ηK .

(iv) We finally estimate

E
´

ż

rτj`1

rτj

´1

2
| 9
rwj`1ptq|2 ` Vperp rB

j`1
t ` rwj`1ptqq

¯

dt
¯

.

To that end, we note that

ż

rτj`1

rτj

´1

2
| 9
rwj`1ptq|2 ` Vperp rB

j`1
t ` rwj`1ptqq

¯

dt

“

ż

rτj`T

rτj

´1

2
| 9
rwj`1ptq|2 ` Vperp rB

j`1
t ` rwj`1ptqq

¯

dt

`

ż

rτj`1

rτj`T

´1

2
| 9
rwj`1ptq|2 ` Vperp rB

j`1
t ` rwj`1ptqq

¯

dt,
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and that

ż

rτj`T

rτj

´1

2
| 9
rwj`1ptq|2 ` Vperp rB

j`1
t ` rwj`1ptqq

¯

dt

“

ż

rτj`T

rτj

´1

2
| 9wjpt´ rτjq|

2

`VperpB
j`1
t´rτj

` rBj
rτj
` rwjprτjq ` w

j`1pt´ rτjq ´ w
j`1p0q

¯

dt

“

ż T

0

´1

2
| 9wj`1ptq|2 ` VperpB

j`1
t ` rBj

rτj
` rwjprτjq ` w

j`1ptq ´ wj`1p0q
¯

dt.

On ΩzΩj
K by the inductive hypothesis (iii) we have

ż T

0

´1

2
| 9wj`1ptq|2 ` VperpB

j`1
t ` rBj

rτj
` rwjprτjq ` w

j`1ptq ´ wj`1p0q
¯

dt.

ď

ż T

0

´1

2
| 9wj`1ptq|2 ` VperpB

j`1
t ` wj`1ptqq

¯

dt` λprqT,

while on Ωj
K we write

ż T

0

´1

2
| 9wj`1ptq|2 ` VperpB

j`1
t ` rBj

rτj
` rwjprτjq ` w

j`1ptq ´ wj`1p0q
¯

dt.

“

ż T

0

´1

2
| 9wj`1ptq|2 ` VperpB

j`1
t ` wj`1ptqq

¯

dt

`

ż T

0

´

VperpB
j`1
t ` rBj

rτj
` rwjprτjq ` w

j`1ptq ´ wj`1p0q
¯

´ VperpB
j`1
t ` wj`1ptqq

¯

dt.

Hence, recalling that λprq ă η{2,

E
´

ż

rτj`T

rτj

´1

2
| 9
rwj`1ptq|2 ` Vperp rB

j`1
t ` rwj`1ptqq

¯

dt
¯

ď T pfhompξq ` ηq ` T2ηK max |Vper|. (4.17)

Furthermore, we have

ż

rτj`1

rτj`T

´1

2
| 9
rwj`1ptq|2 ` Vperp rB

j`1
t ` rwj`1ptqq

¯

dt “

ż

rτj`1

rτj`T
Vperp rB

j`1
t ` rwj`1ptqqdt

ď 2K max |Vper|. (4.18)

From (4.17) and (4.18) we obtain claim (iv) with j replaced by j ` 1.
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We finally define Fξ
t “

rF8t , Bξ
t and wξ on p0,`8q as

Bξ
t “

rBj
t , wξptq “ rwjptq for t ď jT. (4.19)

Since rτj ě jT and we have rBj
t “

rBk
t and rwj “ rwk on r0, rτjs for k ě j, this is a good

definition. We observe that Bξ
t is a Brownian motion adapted to the filtration Fξ

t , and
wξ P H1pp0, Rq;L2pΩ;Rdqq for every R ą 0, and that for every t ą 0 the function wξptq

is Fξ
t -measurable. Eventually, (4.1) follows from (4.14) and (4.16) by choosing r small

enough, and estimating the integral on ps1, s2q with the integral between prτj1 , rτj2q, where
rτj1 is the largest stopping time not greater than s1 and rτj2 is the smallest stopping time
not smaller than s2.

Remark 4.2 (correctors in the one-dimensional case). If d “ 1, as remarked in the proof,
taking into account condition (4.8) and its iterations at every j, stopping times rτj can be
assumed to satisfy

jT ` pj ´ 1qK ď rτj ď jT ` jK,

and
Bξ
τj ` w

ξprτjq ´ w
j`1p0q P Zd

except for a set Ωj
K with P pΩj

Kq ă ηK , avoiding the error term r.

5 Upper bound

We now prove claim (ii) of Theorem 2.2. We begin with the case of an affine target function;
that is, vptq :“ ξt` x, for t P pa, bq, with x, ξ P Rd.

With fixed η ą 0 and K we define the correctors Fξ
t , Bξ

t and wξ as in Proposition 4.1.
We then define vε and a new Brownian motion Bε

t on p0,`8q by

vεptq “ εwξ
´ t

ε

¯

` ε
Yx

ε

]

, and Bε
t “

?
εBξ

t
ε

, (5.1)

where for every y P Rd the symbol tyu denotes the vector whose components are the integer
parts of the components of y.

We observe that Bε
t is a Brownian motion adapted to the new filtration Fε

t “ Fξ
t{ε,

vε P H
1ppa, bq;L2pΩ;Rdqq, and vεptq is Fε

t -measurable for every t P pa, bq.

Proposition 5.1. There exists a constant M ą 0, independent of K and T , such that

E
´

ż b

a
| 9vεptq|

2dt
¯

ďMpb´ aqp|ξ|2 ` 1q

for every 0 ď a ă b ă `8 and 0 ă ε ă pb´ aq{p3T ` 3Kq.
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Proof. With fixed 0 ď a ă b ă `8, and 0 ă ε ă pb ´ aq{p3T ` 3Kq, let ja be the
largest integer such that εpjaT ` pja ´ 1qKq ď a, and jb be the least integer such that
εpjbT ` pjb ´ 1qKq ě b. Then, after a change of variables, we have

E
´

ż b

a
| 9vεptq|

2dt
¯

ď εE
ˆjb´1
ÿ

`“ja

ż

rτ``T

rτ`

| 9wξptq|2dt

˙

“ εE
ˆjb´1
ÿ

`“ja

ż T

0
| 9w`ptq|2dt

˙

“ εpjb ´ jaqE
ˆ
ż T

0
| 9wptq|2dt

˙

ď

´ b´ a

T `K
` 2ε

¯

E
´

ż T

0
| 9wptq|2dt

¯

ď 2
´ b´ a

T `K
` 2ε

¯´

ż T

0
E
´1

2
| 9wptq|2 ` VperpBt ` wptqq

¯

dt` T max |Vper|
¯

ď 4pb´ aqp|ξ|2 ` η ` 2 max |Vper|q,

using that fhompξq ď
1
2 |ξ|

2 ` max |Vper| and that ε ď pb ´ aq{p3T ` 3Kq. The claim is
obtained by sending η to 0, and choosing e.g. M “ 4p1` 2 max |Vper|q.

Proposition 5.2. Let 0 ď a ă b ă `8. For all sequences εk Ñ 0, the sequence vεk in
(5.1) converges in pa, bq in the sense of Definition 2.1 to the function given by vξ,T,K given
by

vξ,T,Kptq “ x`
T

T `K
tξ.

Proof. Since εtxε u converges to x in Rd, it suffices to consider the case x “ 0. By Proposition
5.1, up to subsequences, we can suppose that vεk á pv weakly in H1ppa, bq;L2pΩ;Rdqq. To
conclude we have only to prove that Eppvptqq “ vξ,T,Kptq.

We note that for all j P N, setting tkj :“ εkpjT ` pj ´ 1qKq, by (4.13) we have

vεkpt
k
j q “ εkw

1p0q ` εk

j
ÿ

`“1

pw`pT q ´ w`p0qq,

so that, since w` P X`,T
0 pξq,

Epvεkpt
k
j qq “ εkEpw1p0qq ` εk

j
ÿ

`“1

Epw`pT q ´ w`p0qq

“ εkEpwp0qq ` εkjEpwpT q ´ wp0qq

and, recalling that w P XT
0 pξq, we have

Epvεkpt
k
j qq “ εkEpw1p0qq ` εkjTξ “ εkEpw1p0qq ` vξ,T,Kpt

k
j q ` εk

K

T `K
.
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Since for all t P pa, bq and for all k there exists tkj such that |t ´ tkj | ď εkpT `Kq, by the
equi-Hölder continuity of t ÞÑ Epvεkptqq (see Proposition 5.1) we have

|Epvεkptqq ´ Epvεkpt
k
j qq| ď

a

MεkpT `Kqp|ξ|2 ` 1q

We then obtain the claim as k Ñ `8.

Proposition 5.3. With fixed 0 ď a ă b, we have

lim sup
εÑ0

Fεpvε,Fε
t , B

ε
t ; pa, bqq ď pb´ aq

´

fhompξq ` η `
´

2
K

T
` 2ηK

¯

max |Vper|
¯

.

Proof. Using a change of variables and the periodicity of Vper, by (4.1) with s1 “ a{ε and
s2 “ b{ε we obtain

lim sup
εÑ0

Fεpvε,Fε
t , B

ε
t ; pa, bqq “ lim sup

εÑ0
εE

´

ż b{ε

a{ε

´1

2
| 9wξptq|2 ` VperpB

ξ
t ` w

ξptqq
¯

dt
¯

ď pb´ aq
´

fhompξq ` η `
´

3
K

T
` 2ηK

¯

max |Vper|
¯

,

and the claim

Corollary 5.4 (recovery sequence for an affine target function). For all ξ and x and for
all δ ą 0 there exists a sequence vε Ñ x` ξt and such that

lim sup
εÑ0

Fεpvε,Fε
t , B

ε
t ; pa, bqq ď fhompξqpb´ aq.

Proof. Let η “ δ{4, and let K be large enough so that 2ηK max |Vper| ď δ{4. Let Tj be a
diverging sequence such that

fhompξq “ lim
jÑ`8

1

Tj
inf

"
ż Tj

0
E
´1

2
| 9wptq|2 ` VperpB

j
t ` wptqq

¯

dt : w P X
Tj
0 pξq, B

j
t ,Ft

*

.

By Proposition 5.2 for all fixed j, the sequence vjε defined therein with T “ Tj converges
in the sense of Definition 2.1 to the function given by vξ,T,K given by

vjξ,Kptq “ x`
Tj

Tj `K
tξ.

Moreover, letting F j,ε
t and Bj,ε be the corresponding scaled filtration and Brownian motion,

by Proposition 5.3 we have

lim sup
εÑ0

Fεpv
j
ε,F

j,ε
t , Bj,ε

t ; pa, bqq ď
´

fhompξq `
δ

2
` 2

K

Tj
max |Vper|

¯

pb´ aq.

The conclusion follows by letting j Ñ `8 and using a diagonal argument.
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Proposition 5.5. With fixed 0 ď a ă b, and v piecewise affine, there exists vε converging
to v in the sense of Definition 2.1, filtrations Fε

t , and Brownian motions Bε
t such that

lim sup
εÑ0

Fεpvε,Fε
t , B

ε
t ; pa, bqq ď

ż b

a
fhompv

1ptqqdt.

Proof. We define a “ a0 ă a1 ă ¨ ¨ ¨ ă am “ b and ξ1, . . . , ξm such that v1ptq “ ξi in
pai´1, aiq. It is not restrictive to suppose that ai

ε ą
ai´1

ε `K for all i P t1, . . . ,mu. Note
that, up to a translation, it is not restrictive to suppose that vptq “ ξ1t in the first interval.

With fixed η ą 0, T0 and K we define Ti ą T0 and the correctors Fξi
t , Bξi

t and wξi as

in Proposition 4.1 for i P t1, . . . ,mu. It is not restrictive to suppose that the filtrations Fξi
t

are mutually independent. For all j we define

pF j
t “ σ

´

j
ď

i“1

Fξi
t

¯

.

With fixed ε ą 0 we define wε, Fε
t , and Bε

t by a finite induction argument. With fixed
r ą 0 let τ ε1 be the stopping time with respect to pF2

t defined as the smallest t ě a1{ε such
that

distpBξ1
t ` w

ξ1pa1ε q ´ w
ξ2p0q,Zdq ď r

and set rτ ε1 “ τ ε1 ^ p
a1
ε `Kq. For t ě 0 we set

wε1ptq “ wξ1ptq and Bε,1
t “ Bξ1

t .

For t ě 0 we then let

wε2ptq “ wξ2ppt´ rτ ε1 q
`q ´ wξ2p0q ` wε,1pt^ rτ ε1 q, and Bε,2

t “ Bξ2
pt´rτε1 q

` `B
ε,1
t^rτε1

.

and let τ ε2 be the stopping time with respect to pF3
t defined as the smallest t ě a2{ε such

that
distpBε,2

t ` wε2p
a2
ε q ´ w

ξ3p0q,Zdq ď r

and set rτ ε2 “ τ ε2 ^ p
a2
ε `Kq

This construction can then be iterated, by setting for t ě 0

wεi ptq “ wξippt´ rτ εi´1q
`q ´ wξip0q ` wε,i´1pt^ rτ εi´1q and Bε,i

t “ Bξi
pt´rτεi´1q

` `B
ε,i´1
t^rτεi´1

.

and letting τ εi be the stopping time with respect to pF i`1
t defined as the smallest t ě ai{ε

such that
distpBε,i

t ` wεi p
a2
ε q ´ w

ξi`1p0q,Zdq ď r
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and set rτ εi “ τ εi ^ p
ai
ε `Kq. We finally set

wεptq :“ wεmptq, Bε
t “ Bε,m

t , and Fε
t “

pF i`1
t .

If we consider vεptq “ εwεpt{εq, then vε Ñ vK,tTiu, the piecewise affine function with

v1K,tTiu “
Ti

Ti `K
ξi

on pai´1, aiq. After a diagonalization, the same computation as in Proposition 5.3 gives
the conclusion.

Corollary 5.6. The function fhom : Rd Ñ R is convex.

Proof. With fixed ξ1, ξ2 P Rd, λ P p0, 1q, for all k P N we consider the piecewise-affine
function uk : p0, 1q Ñ Rd, with ukp0q “ 0 and whose derivative is the 1

k -periodic function
equal to ξ1 on p0, λ{kq and ξ2 on pλ{k, 1{kq. By Proposition 5.5 for all k P N there exists

uk,ε converging to uk in the sense of Definition 2.1, filtrations Fk,ε
t , and Brownian motions

Bk,ε
t such that

lim sup
εÑ0

Fεpuk,ε,Fk,ε
t , Bk,ε

t ; p0, 1qq ď λfhompξ1q ` p1´ λqfhompξ2q.

Note that the right-hand side is independent of k P N. Since uk converge weakly in
H1pp0, 1q;Rdq to to the function uptq “ ξt, with ξ “ λξ1 ` p1 ´ λqξ2, by a diagonal
argument we can select a sequence εk Ñ 0 such that the corresponding uk,εk converge to u
in the sense of Definition 2.1, and

lim sup
kÑ`8

Fεpuk,εk ,F
k,εk
t , Bk,εk

t ; p0, 1qq ď λfhompξ1q ` p1´ λqfhompξ2q.

Since by Theorem 2.2(i) we have

lim inf
kÑ`8

Fεpuk,εk ,F
k,εk
t , Bk,εk

t ; p0, 1qq ě fhompξq

we conclude that fhompξq ď λfhompξ1q ` p1´ λqfhompξ2q; that is, the claim.

Proof of Theorem 2.2(ii). By the convexity and the upper bound of fhom, proved in Corol-

lary 5.6 and (2.4), the functional u ÞÑ
şb
a fhompu

1qdt is strongly continuous in H1ppa, bq;Rdq.
Hence, the conclusion follows from Proposition 5.5 and the strong density of piecewise-affine
functions, using the same diagonal argument as in the proof of Corollary 5.6.
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6 A stability result for Lagrangians with defects

We consider a bounded Borel function V0 : Rd Ñ r0,`8q such that V0pxq Ñ 0 as |x| Ñ `8,
and the perturbed functional

rFεpv,Ft, Btq “
ż b

a
E
´1

2
| 9vptq|2 ` Vper

´

?
εBt ` vptq

ε

¯

` V0

´

?
εBt ` vptq

ε

¯¯

dt (6.1)

Then the Γ-limit of the functionals rFε is the same as that obtained for the periodic
case in Theorem 2.2. More precisely, we have the following result.

Theorem 6.1. Let rFε be given by (6.1). Given εk Ñ 0, we have

(i) For every v P H1pa, bq and for every sequences Fk
t , Bk

t , and vk Ñ v such that vkptq
is Fk

t -measurable, we have

Fhompvq ď lim inf
kÑ`8

rFεkpvk,F
k
t , B

k
t q;

(ii) for every v P H1pa, bq there exists sequences Fk
t , Bk

t , and vk Ñ v, such that vkptq
is Fk

t -measurable, such that

Fhompvq ě lim sup
kÑ`8

rFεkpvk,F
k
t , B

k
t q.

Proof. Since V0 ě 0 (i) follows from the analogous property in Theorem 2.2.
On order to prove (ii), we fix εk, vk, B

k
t and Fk

t with vk converging to some v. For
every s ě 0, let µks be the probability law of p

?
εkB

k
t ` vkpsqq{εk; that is, for every Borel

set A in R

µkt pAq :“ P
´!

?
εkB

k
t ` vkpsq

εk
P A

)¯

.

We also introduce the probability measure defined by

µkpAq :“
1

b´ a

ż b

a
µkt pAqdt.

We now fix η ą 0, and M P N such that M´d ď η. Since µkpr´ML,MLsdq ď 1, there
exists zk P Zd X r´ML,MLsd such that

µkpzk ` r´L,Ls
dq ď

1

Md
ď η.

We can then use as recovery sequence the same Bk
t and Fk

t , and the function rvkptq “
vkptq ´ εkzk, obtained by translating the function vk. We note that rvk still converges to v
as k Ñ `8 since zk is bounded, and that

Vper

´

?
εkB

k
t ` vkptq

εk
´ zk

¯

“ Vper

´

?
εkB

k
t ` vkptq

ε

¯
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by the periodicity of Vper. Hence,

rFεkprvk,F
k
t , B

k
t q “ Fεkprvk,F

k
t , B

k
t q `

ż b

a
E
´

V0

´

?
εkB

k
t ` vkptq

εk
´ zk

¯¯

dt

We now observe that

ż b

a
E
´

V0

´

?
εkB

k
t ` vkptq

εk
´ zk

¯¯

dt ď pb´ aqη supV0.

Hence, we have

Fεkpvk,F
k
t , B

k
t q ` pb´ aqη supV0 ě rFεkprvk,F

k
t , B

k
t q,

which proves (ii) by choosing as vk as in the corresponding claim in Theorem 2.2 by the
arbitrariness of η.

7 Convergence in p0,`8q

We now consider the extension of the Γ-convergence result to some functionals defined
on functions on the half line, in view of the applications to steady-state Hamilton-Jacobi
equations.

Definition 7.1. Let λ ą 0 be a given parameter. The space H1
λpp0,`8q;Rdq is defined as

the space of of all functions u : p0,`8q Ñ Rd such that u P H1pp0, t0q;Rdq for all t0 ą 0,
and

ż `8

0
|u1ptq|2e´λtdt ă `8,

endowed with the norm
´

|up0q|2 `

ż `8

0
|u1ptq|2e´λtdt

¯1{2
.

Similarly, the space H1
λpp0,`8q;L

2pΩ;Rdqq is defined as the space of of all functions
u : p0,`8q Ñ L2pΩ;Rdq, such that u P H1pp0, t0q;L

2pΩ;Rdqq for all t0 ą 0, and

ż `8

0
Ep|u1ptq|2qe´λtdt ă `8,

endowed with the norm

´

Ep|up0q|2q `
ż `8

0
Ep|u1ptq|2qe´λtdt

¯1{2
.

We observe that H1
λpp0,`8q;Rdq and H1

λpp0,`8q;L
2pΩ;Rdqq are Hilbert spaces.
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Definition 7.2 (convergence to a deterministic variable on p0,`8q). Let λ ą 0 be fixed.
Given a sequence vk P H

1
λpp0,`8q;L

2pΩ;Rdqq and v P H1
λpp0,`8q;Rdq we write vk Ñ v

if for all subsequences vkj , there exist a subsequence, that we still denote by vkj , and pv P

H1
λpp0,`8q;L

2pΩ;Rdqq, possibly depending on the subsequence, such that

vkj á pv weakly in H1
λpp0,`8q;L

2pΩ;Rdqq and Eppvptqq “ vptq for every t.

7.1 Homogenization on the half line

Given λ ą 0, for all ε ą 0, for all v P H1
λpp0,`8q;L

2pΩ;Rdqq, tFtutě0 filtrations such that
vptq is measurable with respect to Ft for every t, and tBtutě0 Brownian motions adapted
to tFtutě0, we set

F λε pv,Ft, Btq “
ż `8

0
E
´1

2
| 9vptq|2 ` Vper

´

?
εBt ` vptq

ε

¯¯

e´λtdt. (7.1)

For v P H1
λpp0,`8q;Rdq, we also define

F λhompvq “

ż `8

0
fhomp 9vptqq e´λtdt. (7.2)

We will prove the following homogenization result, whose stability with respect to pertur-
bations can be proved using the assumptions and the results in Section 6.

Theorem 7.3. Given λ ą 0, let F λε and F λhom be given by (7.1) and (7.2), respectively.
Given εk Ñ 0, for every v P H1

λpp0,`8q;Rdq we have

(i) for every sequence of functions vk P H
1
λpp0,`8q;L

2pΩ;Rdqq with vk Ñ v in the
sense of Definition 7.2, for every sequence tFk

t utě0 of filtrations such that each vkptq is
Fk
t -measurable, and for every sequence tBk

t utě0 of Brownian motions adapted to tFk
t utě0,

we have
F λhompvq ď lim inf

kÑ`8
F λεkpvk,F

k
t , B

k
t q;

(ii) there exist a sequence of functions vk P H
1
λpp0,`8q;L

2pΩ;Rdqq with vk Ñ v in
the sense of Definition 7.2, a sequence tFk

t utě0 of filtrations such that each vkptq is Fk
t -

measurable, and a sequence tBk
t utě0 of Brownian motions adapted to tFk

t utě0, such that

F λhompvq ě lim sup
kÑ`8

F λεkpvk,F
k
t , B

k
t q.
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Proof. Claim (i). Let tajujě0 be an increasing sequence in r0,`8q with a0 “ 0 and
aj Ñ `8 as j Ñ `8. Using the notation

Fεpv,Ft, Bt; pa, bqq “
ż b

a
E
´1

2
| 9vptq|2 ` Vper

´

?
εBt ` vptq

ε

¯¯

dt (7.3)

and Theorem 2.2, we have

lim inf
kÑ`8

F λεkpvk,F
k
t , B

k
t q ě

ÿ

jě1

lim inf
kÑ`8

Fεkpvk,F
k
t , B

k
t ; paj´1, ajqqe

´λaj

ě
ÿ

jě1

ż aj

aj´1

fhomp 9vptqqe´λajdt ě
ÿ

jě1

e´λpaj´aj´1q

ż aj

aj´1

fhomp 9vptqqe´λtdt

ě sup
jě1

e´λpaj´aj´1q

ż `8

0
fhomp 9vptqqe´λtdt.

Since supjě1 e
´λpaj´aj´1q can be taken arbitrarily close to 1, we have proved the claim.

Claim (ii). By a density argument (see Proposition 4.5 in [6]), it is sufficient to consider
a target function v P H1

λpp0,`8q;Rdq such that there exists t0 such that vptq “ 0 if t ě t0.
We fix t1 ą t0. By Theorem 2.2 with pa, bq “ p0, t1q, there exist vk, tFk

t u, tB
k
t u as in

Claim (ii) of that theorem. By Lemma 3.1 we can assume that Epvkp0qq “ vp0q and
Epvkpt1qq “ vpt1q “ 0. The function vk is then extended by setting vkptq “ vkpt1q for
t ě t1, and, recalling Definition 7.1, we have that vk P H

1
λpp0,`8q;L

2pΩqq, and vk Ñ v
in the sense of Definition 7.2. Let N P N, and set aj “ jt1{N . We note that, using the
validity of Claim (i) of Theorem 2.2 for pa, bq “ paj´1, ajq, and the validity of Claim (ii) of
the same theorem with pa, bq “ p0, t1q we can prove vk satisfies Claim (ii) of Theorem 2.2
with pa, bq “ paj´1, ajq for any j P t1, . . . , Nu. We then have

lim sup
kÑ`8

F λεkpvk,F
k
t , B

k
t q

ď

N
ÿ

j“1

lim sup
kÑ`8

Fεkpvk,F
k
t , B

k
t ; paj´1, ajqqe

´λaj´1 `

ż `8

t1

e´λt max |Vper|dt

ď

N
ÿ

j“1

ż aj

aj´1

fhomp 9vptqqe´λaj´1dt` e´λt1
max |Vper|

λ

ď et1{N
ż t1

0
fhomp 9vptqqe´λtdt` e´λt1

max |Vper|

λ
.

By the arbitrariness of N and t1 ą t0 we conclude the proof.
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7.2 Convergence of value functions

Given λ ą 0, define
Uεpxq “ inf

 

F λε pv,Ft, Btq : Epvp0qq “ x
(

, (7.4)

where the infimum is taken over all v P H1
λpp0,`8q;L

2pΩ;Rdqq, satisfying the initial con-
dition, tFtutě0 filtrations such that vptq is measurable with respect to Ft for every t, and
tBtutě0 Brownian motions adapted to tFtutě0. Similarly, we define

Uhompxq “ inf
 

F λhompvq : v P H1
λpp0,`8q;Rdq, vp0q “ x

(

, (7.5)

Theorem 7.4. Given λ and x we have Uεpxq Ñ Uhompxq as εÑ 0.

Proof. With fixed εk converging to 0, we choose all vk P H1
λpp0,`8q;L

2pΩ;Rdqq, with
Epvkp0qq “ x, tFk

t utě0 filtrations such that vptq is measurable with respect to Fk
t for every

t, and tBk
t utě0 Brownian motions adapted to tFk

t utě0 such that

F λεkpvk,F
k
t , B

k
t q ď Uεkpxq `

1

k
.

Using the constant function x as competitor in (7.4), from (7.1) we obtain that Uεkpxq is
bounded uniformly. Again, using (7.1) we then obtain

ż `8

0
E
´1

2
| 9vk|

2 ` Vper

´

?
εBk

t ` vk
ε

¯¯

e´λtdt ď C,

from which we deduce that vk is bounded in H1
λpp0,`8q;L

2pΩ;Rdqq, and hence we can
suppose that it converges to a function pv weakly in H1

λpp0,`8q;L
2pΩ;Rdqq. This implies

that vk Ñ v in the sense of Definition 7.2, where vptq :“ Eppvptqq for every t ě 0, and
vp0q “ Eppvp0qq “ x. From Theorem 7.3(i) we have that

Uhompxq ď F λhompvq ď lim inf
kÑ`8

F λεkpvk,F
k
t , B

k
t q ď lim inf

kÑ`8
Uεkpxq. (7.6)

To prove
Uhompxq ě lim sup

kÑ`8
Uεkpxq, (7.7)

with fixed η ą 0 we consider v P H1
λpp0,`8q;Rdq, with vp0q “ x, such that

Uhompxq ` η ě F λhompvq.

Let vk, tFk
t utě0, and tBk

t utě0 be as in Theorem 7.3(ii). By Lemma 3.1 we can suppose
that Epvkp0qq “ x for every k. Thus we have

Uhompxq ` η ě F λhompvq ě lim sup
kÑ`8

F λεkpvk,F
k
t , B

k
t q ě lim sup

kÑ`8
Uεkpxq.

By the arbitrariness of η ą 0 we get (7.7), which, together with (7.6), proves the claim.
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Remark 7.5 (addition of continuous perturbations). For v P H1
λpp0,`8q;L

2pΩ;Rdqq and
g P H1

λpp0,`8q;Rdq, we set

Gλpvq “

ż `8

0
Epxgptq, 9vptqyq e´λtdt. (7.8)

We note that if vk Ñ v then

lim
kÑ`8

Gλpvq “

ż `8

0
xgptq, 9vptqy e´λtdt.

Indeed, if vk á pv in H1
λpp0,`8q;L

2pΩ;Rdqq then vk á pv in L2
λpp0,`8q;L

2pΩ;Rdqq, so
that Gλpvkq Ñ Gλppvq, from which we conclude since

Gλppvq “

ż `8

0
xgptq, 9vptqy e´λtdt.

Given λ ą 0, define

Uεpxq “ inf
Ft,Bt

 

F λε pv,Ft, Btq `Gλpvq : Epvp0qq “ x
(

, (7.9)

where the infimum is taken over all v P H1
λpp0,`8q;L

2pΩ;Rdqq, such that vptq is measurable
with respect to Ft for every t and satisfies the initial condition, as well as over all filtrations
tFtutě0 of F and over all Brownian motions tBtutě0 adapted to tFtutě0. Similarly, we
define

Uhompxq “ inf
 

F λhompvq `G
λpvq : v P H1

λpp0,`8q;Rdq, vp0q “ x
(

. (7.10)

We then have Uεpxq Ñ Uhompxq.

7.3 Characterization of the limit Hamiltonian and stability

We take gptq equal to a constant ´p P Rd in the previous remark. In this case, Uε “ Up,ε
is the solution to a problem of the form (7.4) with 1

2 | 9v|
2 ´ xp, 9vy in the place of 1

2 | 9v|
2

in the energy. Correspondingly, Uhompxq is the solution Uppxq of the limit problem with
fhomp 9vq ´ xp, 9vy in the place of fhomp 9vq. Note that Up is the constant

Up “
1

λ
mintfhompξq ´ xp, ξyu “ ´

1

λ
f˚homppq.

Since, on the other hand, Up is also characterized as solving the limit Hamilton-Jacobi
equation (2.7), we deduce that Hhom “ f˚hom.

As a consequence of the convergence result for Hamilton–Jacobi equations in terms of
viscosity solutions [9], we deduce that, for any fixed uniformly continuous and bounded ψ
we also have that the value functions

Uεpxq “ inf
!

ż `8

0
E
´1

2
| 9vptq|2 ` Vper

´

?
εBt ` vptq

ε

¯

` ψp
?
εBt ` vptqq

¯

e´λtdt : vp0q “ x
)
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converge to the value function

Uhompxq “ inf
!

ż `8

0
pfhomp 9vptqq ` ψpvptqq

¯

e´λtdt : vp0q “ x
)

. (7.11)

Remark 7.6 (stability for defects). From the arguments in Section 6, we can conclude
that, if V0 is as in that section and for any fixed uniformly continuous and bounded ψ, we
also have that the value functions

U0
ε pxq “ inf

!

ż `8

0
E
´1

2
| 9vptq|2 ` Vper

´

?
εBt ` vptq

ε

¯

`V0

´

?
εBt ` vptq

ε

¯

` ψp
?
εBt ` vptqq

¯

e´λtdt : vp0q “ x
)

converge to the value function Uhom for the unperturbed case in (7.11).
Indeed, for a fixed sequence εk, we can apply the arguments in the proof of Theorem

6.1 to a sequence of almost minimizers vk, B
k for U0

εk
, upon defining µk as

µkpAq :“
1

λ

ż `8

0
µkt pAqe

´λtdt.

This gives a variational proof of a convergence result for U0
ε by P.L. Lions [12].

8 Related settings

We briefly describe how our proof could cover some more general Hamilton–Jacobi equa-
tions, and outline some possible extensions. Although definite conclusions are yet to be
obtained on the various settings we mention here, we believe that bringing up possible
connections of our arguments and results with these other research lines might shed fur-
ther light on the mechanisms at play in our study and we hope it may motivate further
research.

We first consider the case of non-constant viscosity. Throughout our work,
?
εBt`vptq

stands for the solution to the stochastic differential equation

dXε
t “ αptq dt `

?
ε dBt, (8.1)

with 9v “ α, starting at Xε
0 “ x at initial time t “ 0. Equation (8.1) is the random

trajectory to be considered in the stochastic-control interpretation of the Hamilton-Jacobi
equation (1.1). We believe that our analysis carries over, mutatis mutandis, to the case of
the random trajectory solution to

dXε
t “ αptq dt `

?
ε σper

ˆ

Xε
t

ε

˙

dBt, (8.2)
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for a scalar-valued periodic function σper, which we assume to be bounded, bounded away
from zero, and sufficiently regular. The case of a suitable, matrix-valued σper could likewise
be considered, but we leave aside this further extension. Equation (8.2) is an immediate
generalization to (8.1), but also a non-trivial extension since, in sharp contrast to (8.1),
the equation is implicit in Xε

t and its solution cannot be simply expressed in terms of α
and Bt as in the case (8.1), where Xε

t “
şt
0 αpsqds `

?
εBt. Equation (8.2) arises in the

stochastic-control interpretation of the Hamilton-Jacobi equation

λUεpxq ´
1

2
ε σ2per

´x

ε

¯

∆Uεpxq ` Hper

´x

ε
,∇Uεpxq

¯

“ ψpxq. (8.3)

Our proof for (8.1) may be adjusted to address the more general case (8.2), and to establish
that the homogenized limit of (8.3) takes the form (1.2), but now with the homogenized
Hamiltonian Hhom that is the Legendre transform of

fhompξq “ lim inf
TÑ`8

1

T
inf

"
ż T

0
E
´1

2
|βptq|2 ` VperpYtq

¯

dt

*

, (8.4)

instead of (1.5). The infimum in (8.4) is taken, as for (1.5) on the Brownian motion Bt
and the filtration Ft, with all the necessary properties of adaptation described for (1.5),
and (this is the new feature) over all the pairs pβptq, Ytq that satisfy

dYt “ βptq dt ` σperpYtq dBt and E
ˆ

1

T

ż T

0
βpsq ds

˙

“ ξ, (8.5)

where, of course, β plays the role of 9w in our earlier setting. The step of the proof
that has essentially to be adjusted is the construction of the (almost) corrector. The
concatenation of the trajectories at the stopping times is not performed in terms of the
pair pwptq, Btq but of the pair pβptq, Ytq. Notice indeed that our earlier construction, can
itself be entirely expressed as a concatenation of p 9wptq, wptq`Btq and thus can be extended
to our new setting. Correspondingly, Proposition 9.2 should be extended, this time using
the properties of the partial differential equation ´1

2σ
2
perpxq∆u “ 1, fully similar, in this

respect, to those of ´1
2∆u “ 1, given our assumptions of non degeneracy of σper.

Another class of extensions we might consider for our work consists of general Hamil-
tonians Hperpx, pq that are not quadratic in p, or that do not even separately depend on
the two variables p and x, as was the case when Hperpx, pq “

1
2 |p|

2 ´ Vperpxq. The latter
Hamiltonian Hperpx, pq being convex in p, the oscillating Hamilton-Jacobi equation (1.1)
we consider derives from a stochastic control theory problem, and we use this property
intensively in the present work. The running cost involved in this control problem and
the drift within the random trajectories respectively write as Lperpx, αq “

1
2 |α|

2 ` Vperpxq
and bperpx, αq “ α. The general link between the Hamiltonian Hperpx, pq, the Lagrangian
Lperpx, αq, and the drift bperpx, αq is given by the Legendre transformation

Hperpx, pq “ sup
α

 

xbperpx, αq, py ´ Lperpx, αq
(

.
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Since our arguments proceed from Γ-convergence type arguments and are thus performed on
the control-theoretic formulation of the problem, it is intuitive that other suitable running
costs and drifts may be considered. Provided they enjoy the right analytic properties, our
arguments will apply. Definite conclusions are yet to be obtained but we believe that, for
instance, our arguments and results carry over to the case when bperpx, αq is kept to be α
but Lperpx, αq is now
‚ periodic and continuous in x, with a modulus of continuity uniform in α,
‚ there exist c1, c2 ą 0 and r ą 1 such that c1|α|

r ď Lpx, αq ď c2p1` |α|
rq, and

‚ Lpx, ¨q is convex for all x.
Considering more general drifts bperpx, αq that may depend upon x (say, Lipschitz

continuous in x, uniformly in α) is likely to be more delicate. Likewise is the case when
these extensions are combined with a diffusion σper that is not taken constant any longer,
as in the beginning of this section. On the contrary, the stability result of Section 6 should
extend unchanged to the setting of this section, since its proof only uses periodicity of Vper
and non-negativity of V0.

9 Appendix: properties of the Brownian motion

As mentioned in the Introduction, this appendix presents two classical results. The first
result, namely the following ‘concatenation property’ is a standard result in the theory of
stochastic processes. We provide a proof here for the convenience of the reader.

Proposition 9.1. Consider B1
t , B2

t two Brownian motions, valued in Rd, adapted to two
independent filtrations F1

t and F2
t , and let τ be a stopping time for the filtration F1

t . Then
the process

rBt “

"

B1
t when t ď τ,

B2
t´τ ` B1

τ when t ě τ,
(9.1)

is a Brownian motion, adapted to the filtration rFt :“ σpF1
t ,F2

t q.

Proof. We are going to use a coupling method. For this purpose, we first introduce the con-
catenation mapping F :

`

C
`

R`,Rd
˘

ˆR`
˘

ˆC0

`

R`,Rd
˘

Ñ C
`

R`,Rd
˘

, where C0 denotes
continuous functions with value 0 in 0, defined by

F ppa, T q, bqptq “

"

aptq when t ď T,
bpt´ T q ` apT q when t ě T.

(9.2)

This function is deterministic, measurable and actually continuous. Note that rBt “
F ppB1

t , τq, B
2
t q; that is, for P -almost every ω P Ω we have rBtpωq “ F ppB1pωq, τpωqq, B2pωqqptq,

where Bipωqptq “ Bi
tpωq. From this, we can deduce that rBt is adapted to rFt. Note moreover

that τ is also a stopping time for rFt
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Let tUtutě0 be the stochastic process with values in pRdˆR`qˆRd defined by the pair

Ut “
`

p rBt^τ , τq, rBt`τ ´ rBτ
˘

, (9.3)

and let tVtutě0 be the stochastic process with values in pRdˆR`qˆRd defined by the pair

Vt “
`

pB1
t^τ , τq, B

1
t`τ ´B

1
τ

˘

. (9.4)

By well-known properties of the Brownian motions, the trajectories of Ut and Vt are almost
surely elements of the functional space C

`

R`,RdˆRd
˘

. Therefore, the stochastic processes
Ut and Vt define two random functions with values in

`

C
`

R`,Rd
˘

ˆ R`
˘

ˆ C
`

R`,Rd
˘

denoted by U and V .

Our claim Ut
L
„ Vt follows from the following three properties:

(i) Ut also writes as
Ut “

`

pB1
t^τ , τq, B

2
t

˘

, (9.5)

respectively by definition of the first argument and because the second argument writes as
rBt`τ ´ rBτ “ pB2

t ` B1
τ q ´ B1

τ “ B2
t ;

(ii) by the strong Markov property, the second argument of Vt is a Brownian motion Wt,
independent from pB1

t^τ , τq, so that

Vt “ ppB1
t^τ , τq,Wtq; (9.6)

(iii) the two arguments within each pair are independent from one another, so the
joint law of each pair is the product of the laws of the arguments. Moreover, for every
finite family 0 ď t1 ď ¨ ¨ ¨ ď tM by a similar argument we can see that the joint law in
`

pRd ˆ R`q ˆ Rd
˘M

of pUt1 , . . . , UtM q is the same as the joint law of pVt1 , . . . , VtM q.

We then deduce that the random maps U and V have the same law in
`

C
`

R`,Rd
˘

ˆ

R`
˘

ˆ C
`

R`,Rd
˘

.

We finally remark that, since the concatenation mapping F is deterministic and con-
tinuous, the maps F pUq and F pV q have the same law in C

`

R`,Rd
˘

. Since

rB “ F pUq and B1 “ F pV q,

where rB and B1 denote the continuous functions t ÞÑ rBt and t ÞÑ B1
t , respectively, we

conclude that rB and B1 have the same law in C
`

R`,Rd
˘

. This implies that rB is a
Brownian motion.

The second property of the Brownian motion allows one to show that solutions to
minimum problems can be extended until they ‘almost’ reach a point in Zd, up to extending
their domain in a controlled way, and up to a set of small probability. This shows that such
solutions have a sort of almost-periodic behaviour, which can be used for the construction
of correctors, as in the deterministic almost-periodic case.
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Proposition 9.2. Given a Brownian motion Bt on Rd, a radius r, and a time length T ,
then there exists cpr, T q ą 0, with cpr, T q Ñ 0 if T Ñ `8, such that

P ptω P Ω : distpBtpωq,Zdq ď r for all t P rt0, t0 ` T suq ď cpr, T q

for each time t0.

Proof. The issue is related to the capacity of the ball on the periodic torus. We let Wt,
with W0 “ 0, denote the projection of the Brownian motion Bt onto the torus Td “ Rd{Zd.

We first fix a closed ball Er Ă Td of radius r ą 0 and, for x P Ecr :“ TdzE, we let

τx :“ inftt ě 0 : x ` Wt P Eru (9.7)

denote the first time at which the Brownian enters Er, which is a stopping time for the filtra-
tion generated by the Brownian. A simple application of the Feynman-Kac representation
formula for a steady-state elliptic equation, with homogeneous Dirichlet boundary condi-
tions on BEr and periodic conditions on the torus, implies that the function upxq “ Erτxs
solves on Td the equation

#

´1
2∆u “ 1 x P Ecr ,

u “ 0 x P Er.

We then have
(a) the solution u is bounded and we may define Ur :“ sup

xPTd

upxq ă 8;

(b) this bound only depends on the ambient dimension d and the radius r of the ball E.

In the following we use the shorthand tτx ą T0u for tω P Ω : τxpωq ą T0u, and similar
notation, for subsets of Ω.

For any time T0, we have upxq “ Erτxs ě T0 P ptτx ą T0uq, so that, upon taking the
supremum over x P Td, and noting that P ptτx ą T0uq “ P ptx ` Wt P E

c
r for all t P

r0, T0suq, we obtain

sup
xPTd

P ptx ` Wt P E
c
r for all t P r0, T0suq ď

Ur
T0
. (9.8)

Using the Markov property of the Brownian motion, we now iterate formula (9.8). To this
end, we indeed observe that the probability of not entering the ball Er in, say, an interval
of length 2T0 is smaller than that of not entering it in the first interval r0, T0s, and then
of still not entering Er in rT0, 2T0s provided that we take the sup of the latter over all the
positions of the process at time T0. Mathematically, this intuition amounts to the following
observations. We first remark that

P ptx`Wt P E
c
r for all t P r0, 2T0suq

“ P ptx`Wt P E
c
r for all t P r0, T0su X tx`Wt P E

c
r for all t P rT0, 2T0suq

“ P ptx`Wt P E
c
r for all t P r0, T0su

Xtx`WT0 ` pWs`T0 ´WT0q P E
c
r for all s P r0, T0suq. (9.9)
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We focus on the latter event

A2 :“ tx`WT0 ` pWs`T0 ´WT0q P E
c
r for all s P r0, T0su.

Using the Markov property, the increment Ws`T0 ´WT0 is a Brownian motion, which is

denoted by ĂWs, that is independent from the original Brownian motion Wt on r0, T0s and
thus of the event

A1 :“ tx`Wt P E
c
r for all t P r0, T0su.

In addition, writing the event

A2 “
 

x`WT0 `
ĂWs P E

c
r for all s P r0, T0su,

again by the Markov property, we note that A2 depends on the event A1 through the
position y “ x`WT0 .

We therefore have

P pA1 XA2q “ P pA1qP pA2|A1q “ P pA1qP pA2|x`WT0q. (9.10)

Now we have

P pA2|x ` WT0q ď sup
yPTd

P pty ` ĂWs P E
c
r for all s P r0, T0suq. (9.11)

Collecting (9.9), (9.10) and (9.11), we obtain

P ptx`Wt P E
c
r for all t P r0, 2T0suq ď P px`Wt P E

c
r for all t P r0, T0suq ˆ

ˆ sup
yPTd

P
`

ty ` ĂWs P E
c
r for all s P r0, T0su

˘

. (9.12)

Using (9.8) for each of the two factors in the right-hand side of (9.12), we have

sup
xPTd

P ptx`Wt P E
c
r for all t P r0, 2T0suq ď

´Ur
T0

¯2
.

An iteration of this argument gives

sup
xPTd

P ptx`Wt P E
c
r for all t P r0, kT0suq ď

´Ur
T0

¯k
. (9.13)

We finally consider an arbitrary time T , which we may always assume larger than 2Ur
since we are interested in the behavior of P ptx `Wt P E

c
r for all t P r0, T suq for T large.

Choosing T0 “ 2Ur and iterating k times where k is the integer part k “ t TT0
u, by (9.13)

we obtain

sup
xPTd

P ptx`Wt P E
c
r for all t P r0, k T0suq ď

´1

2

¯

Y

T
T0

]

ď

´1

2

¯
T
T0
´1
,
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thus, since kT0 “ t TT0
uT0 ď T , that, a fortiori,

sup
xPTd

P ptx`Wt P E
c
r for all t P r0, T suq ď

´1

2

¯
T
T0
´1
.

It follows that

sup
xPTd

P ptx`Wt P E
c
r for all t P r0, T suq ď 2 exp p´λT q (9.14)

for, say, the positive constant λ “ 1
2Ur

log 2. An optimal constant (the actual exponential
rate) may be determined but (9.14) is sufficient for our purposes in the main body of the
text: the probability P ptx `Wt P E

c
r for all t P r0, T suq is, uniformly in x P Td, getting

exponentially small as time grows. This concludes the proof of our claim.
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