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Abstract

This work studies the asymptotic behavior of a class of viscous Hamilton—Jacobi
equations with oscillatory periodic potentials, already studied by other authors in the
PDE framework, and described in terms of an effective Hamiltonian. A novel varia-
tional approach is introduced, based on the classical stochastic control representation
involving a Brownian motion, which allows the problem to be reformulated in terms
of functionals defined on probability spaces. The core result is the identification of a
homogenized Lagrangian obtained via a I'-convergence procedure adapted to random
processes, where filtrations and Brownian motions are treated as variables. The ef-
fective Hamiltonian is then recovered as the Legendre transform of this homogenized
Lagrangian. The analysis provides both lower and upper bounds by means of blow-up
arguments and the construction of stochastic correctors, yielding a complete charac-
terization of the homogenized limit. This approach allows for a stability result with
respect to the addition of some localized defects embedded in the periodic background.
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1 Introduction

In this work we consider the asymptotic behaviour of the solutions to the oscillatory Hamil-
ton-Jacobi equation

AU. () — gAUg(m) + Hper@, VUE(HJ)) —¢(z), zeR% (1.1)
with A > 0, and the quadratic Hamiltonian

1
Hper(y,p) = §|p12 — Voer (),
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where Ve, is periodic. The functions Ve and v are supposed sufficiently regular, say
Lipschitz continuous, so that, for each € > 0, the solution exists and is unique in the sense
of viscosity solutions.

As is well known, this asymptotic behaviour can be characterized by an effective ho-
mogenized Hamiltonian Hyom, for which the solutions U, converge to the viscosity solution
of

AU(x) + Hpom (VU () = 9(x),  xeR% (1.2)

as ¢ — 07. In the PDE approach to homogenization, the value of the Hamiltonian Hyopm,
at p is characterized by the correctors equation

1
—§AWP($) + Hper($7p + pr(l')) = Hhom(p)a TE Rd; (13)

that is, the value Hyom(p) is the unique constant such that there is a periodic function wy,
unique up to addition of a constant, such that (1.3) holds in the sense of viscosity solutions
(see ]9, 12], and related work by many authors [13]).

On the other hand, given a probability space (€2, F, P) and a d-dimensional Brownian
motion By on it, the solution U, can also be characterized as the value function

+00
U.(z) = inf { f E(é]b(t)]Q + vper(*/gBt:“(t)) +p(VEB: + v(t))) e Mt - v(0) = x}
0
where E denotes the expectation with respect to (2, F, P). Here, the infimum is taken
over all random functions v: (0, +00) — L2(;R%) in the corresponding weighted Sobolev
space, satisfying the initial condition and adapted to the filtration corresponding to the
Brownian motion (see e.g. [3, Section 1.8] and [4, 5, 10]). It is interesting to remark that
the minimum value is independent of the choice of the Brownian motion, since the solution
U: to equation (1.1) is unique.
With this characterization of solutions in mind, we propose a new approach, through
a variational homogenization result for the functionals

[ B (3R + v (R y v, Y

It is worth noting that a homogenization result for such functionals alone, which is expressed
in terms of I'-convergence, is not sufficient to study the behaviour of the minimum problems
defining U.(x), since the additional term

[ Eweves + o e ar
0

cannot easily be treated as a continuous perturbation of the main functional (1.4). We
adopt a different approach. Using the results established here for (1.4), we characterize



Hyom as the Legendre transform of a homogenized Lagrangian, for which it is sufficient to
consider the case 1) = 0. From this we characterize the asymptotic behaviour of U.(x) for
1 # 0 relying on the PDE results in [9].

We now describe our new type of I'-convergence, in which the main conceptual novelty
is that filtrations and Brownian motions are treated as optimization variables rather than
fixed probabilistic objects.

In this limit analysis, two main issues arise. The first is the definition of a proper
convergence of random functions to deterministic functions. The second is the development
of technical tools of nonlinear homogenization type that allow one to treat the Brownian
motion as a variable to be optimized.

In order to properly study the homogenization process, we precisely define our func-
tionals as

+00

E<1|i;(t)|2 + Vper(\/gBt:U(t))) e Mdt,

FA.FiB) = | B(;

0
explicitly depending also on a filtration {F;}¢>o such that v(¢) is measurable with respect
to F; for every t, and {B;};>0 a d-dimensional Brownian motion adapted to {F;};>0. The
convergence of random variables v, to a deterministic function v is then defined as the
weak convergence of v, towards a random function v, where E(7) = v, and the I'-limit is
defined with respect to this convergence as € — 0. The main result is that this limit can
be written in terms of a deterministic homogenized Lagrangian fnom as

+00
Fli\om(v) = fhom(i](t)) e_Atdt'
0
The effective Lagrangian is defined by a variant of the usual asymptotic homogenization
formula,

1 T
Jhom (&) = liminf T min { f ]E(%|w(t)|2 + Voer(Be + w(t)))dt :
0

T—+0w0
E(w(T,) = w(0,) = T€},  (15)

where the infimum is taken over all filtrations F;, Brownian motions B; adapted to JFi,
and functions w € H'((0,T); L?(Q;R?)), adapted to F;. This weak formulation is used
in Stochastic control (see [14] and [15, Chapter 2, Section 4]). The solutions (functions,
filtrations, and Brownian motions) to the minimum problems in the definition of fiom
can then be used to construct random (almost) correctors, by concatenating not only the
functions v as usual, but also the corresponding filtrations and Brownian motions. This
concatenation is allowed by the possibility of choosing independent minimizing Brownian
motions for the same minimum problem.

The variational approach also allows us to prove that, when the periodic potential Ve,
is perturbed by adding some continuous non-negative function V[, vanishing at infinity,



the same homogenization limit is achieved. Similar questions have been addressed for
the inviscid first-order Hamilton—Jacobi equations both from the PDE theoretic viewpoint
(see [12, 1, 2, 8]) and the variational viewpoint [6]. Finally, we remark that our approach
extends to other Hamilton—Jacobi equations with more general Hamiltonians and non-
constant viscosity (see Section 8).

Our article is organized as follows. Section 2 contains the definition (Definition 2.1)
of our notion of variational convergence for random functions and the statement of our
main result, namely Theorem 2.2, of variational convergence on a finite time interval (a, b).
Indeed, since the exponential e~* is integrable on (0, +0), the convergence results for the
energies above can be obtained from the analogous result for energies localized on bounded
time intervals. We address the latter setting until Section 6. First, Section 3 yields the
lower limit. We construct a sequence of suitable correctors in Section 4 and use it for the
proof of the upper limit in Section 5. We then address the case of a suitable perturbation
of the periodic potential in Section 6. We adapt our arguments to the infinite time interval;
that is, to (0, +00), in Section 7 and conclude on the homogenization of the original problem
(1.1)-(1.2). In Section 8 we comment on possible application of the convergence scheme
to other settings. Our final Section 9 contains two classical properties of the Brownian
motion that we include here for the convenience of the reader.

2 Statement of the convergence theorem

Throughout the text, (2, F, P) is a fixed probability space. Given A\ > 0, F; and By, we
consider energies of the form

+00

E(l\b(t)ﬁ v vper(W)) e Mt (2.1)

FAo.FB) = | B(,

0
defined on functions v = v(¢,w) with v(0,w) = z. All our Brownian motions are standard,
valued in R?, and start at z = 0 for ¢ = 0.

The convergence results for the energies above can be obtained from the analogous result
for energies localized on a bounded interval. With fixed a,b we consider the functional

E(%|i;(t)|2 + vper(W))dt (2.2)

defined for F; a filtration of 7, B; a Brownian motion adapted to F;, and v € H'((a, b); L*())
such that for every ¢ the function v(t) is Fi-measurable. In this notation, v denotes the
time derivative, defined for almost all ¢ as the limit of the difference quotients in the strong
topology in L?(9).

We remark that the spaces L?((a,b); L2(Q2)) and H'((a,b); L*(2)) can be characterized
equivalently by requiring that w — SZ lu(t,w)|?dt and w SZ [u(t,w)|?dt be integrable in
Q.

b
Fa(vyft)Bt) :J

a



We will consider the following notion of convergence.

Definition 2.1 (convergence to a deterministic variable). Given a sequence vy with vy, €
H'((a,b); L2(;RY)) and v € H'((a,b);RY) we write v, — v if for all subsequences Vk; 5
there exist a subsequence, which we still denote by vg;, and v € H'((a,b); L?(; RY)),
possibly depending on the subsequence, such that

v, — 0 weakly in H'((a,b); L*(;RY)), E(v(t)) = v(t) for everyt.
We define fhom: R* - R as

From(€) — liminf — inf { JTIE<1|w(t)|2 + Voer(By + w(t)))dt Lwe XOT(g)}, (2.3)

T—+o00 T Fi,Bt 0 2

where X['(€) is the set of all w e H'((a,b); L?(£;R?)) such that w(t) is F;-measurable for
every t and E(w(T,-) —w(0,-)) = T¢, and the minimum is also taken over all filtrations F;
and all d-dimensional Brownian motions B; adapted to JF;. Note that Xg (&) depends on
the filtration F;. Note moreover that, using w(t) = £t as a test function,

From(€) < %|§|2 + max Vier. (2.4)

Accordingly, we define
b
Fuon(®) = | from(5(0)d, (2.5

for v e H'((a,b); R?). Given e, — 0, our goal is to prove the I'-convergence of F;, to Flom
in the following sense.

Theorem 2.2. Let F. be given by (2.2). Given e, — 0, we have

(i) For every v e H'(a,b) and for every sequences FF, BF, and vy — v such that vy(t)
is FF-measurable, we have

Fhom(v) < liminf F., (v, FF, BY);
k—+00
(ii) for every v e H'(a,b) there exists sequences FF, B, and vy, — v, such that vj(t)
is FF-measurable, such that

Fhom(v) = limsup F, (vg, F¥', BY).
k—+00



From this theorem, we will deduce the analogous result for the functionals (2.1). We
briefly explain how that convergence result allows us to give an alternative characterization
of Hypom as the Legendre transform of the homogenized Lagrangian fom,. The details will
be given in Section 7.

Given A > 0 and € > 0, for all p € R% we consider the unique viscosity solution Up, of
the Hamilton-Jacobi equation

9 X
Npe(@) = 5 AUpe(x) + Hper (2.9 + VUpe(@)) =0, ae R, (2.6)

2
From homogenization theory we know that Up.(x) converge as ¢ — 0 to the (constant)
solution U, of

ANUp(2) + Hpom(p + VU,y(2)) =0,  xeR< (2.7)

On the other hand, given a probability space (€2, F, P) and a d-dimensional Brownian
motion B; on it, the solution U, . can also be characterized as

+0o0
Uy (x) = inf {f E(%M}(t)\z —{p, () + vper(W)) e Mt - v(0) = x}
0
where E denotes the expectation with respect to (2, F, P). Here, the infimum is taken
over all functions v: (0,+0) — LQ(Q;Rd) in the corresponding weighted Sobolev space,
satisfying the initial condition and adapted to the filtration corresponding to the Brownian
motion (see e.g. [3, Section 1.8] and [10]).
Using the functionals F2 in (2.1), the solutions U, c(z) can be rewitten as

+00

Upe(z) = inf{Fg(v,ft,Bt) - J E((p, 0(t)))e Mdt : v(0) = 1:} (2.8)

0
where the integral will be treated separately as a continuous perturbation. In Theorem 7.3
we will show that the limit of FE)‘ in the appropriate weighted Sobolev space can be written

as
+00

F}i\om(v) = o fhom(i}(t)) eiktdt.

Since in this approach the integral in (2.8) converges continuously to the correspond-
ing deterministic term §; “(p,9(t))e"dt, the behaviour of the solutions U,.(z) can be
characterized as converging to

+00

U,(z) = min {L (Faom (5(t)) — {p, 9(£))) e Mdt : v(0) = a:} (2.9)

This minimum value is independent of z, is equal to %min{ Jfrom (&) — {p, &}, and it is
achieved by v(t) = = + &t, where &€ € R? minimizes from(€) — (p, £). This gives

)‘UP = min{fhom(g) - <p7 £>} = _fl;kom(p)a



where f  denotes the Legendre transform of fiom. Since U, is constant independent of
x, from the previous equality it trivially solves

)\UP + f}Tom(p + VUP) = )‘UP + fffom(p) = 0.
Since U, is also characterized as the solution of
AUp + Hyom(p + VUp) = AU, + Hyom(p) = 0,

this shows that fi* = Hpom by the arbitrariness of p.

3 Lower bound

This section is devoted to the proof of claim (i) in Theorem 2.2. We will need the following
lemma, which will be used to modify boundary values. Note that the functions implicitly
depend on w.

Lemma 3.1 (variation of boundary data). Let Vj.: (0,1) x R? — R be Borel functions such
that there exists M > 0 with |Vi(t,z)| < M for all ke N, t € (0,1), and x € RY. We define

1
Gi(z) = L E(%\g(m?dt Vit 2(0) ) dt (3.1)

forze HY((0,1), L*(;R?)). Let GF be a sequence of filtrations and let z, € H'((0,1), L?(£; R%))
be such that zy(t) is GF-measurable for every t € (0,1). Assume that z, — 2 weakly in
H'((0,1), L>(Q;R%)). Then, given n > 0 there exists a sequence 2 in H*((0,1), L?(£; RY))
such that

(i) 2k — 2 weakly in H'((0,1), L?(;RY));

(ii) 2x(t) is GF-measurable for every t € (0,1);

(ili) Gg(Zk) < Gr(zk) +n for k large enough;

(iv) E(3(0)) = E(2(0)) and E(3(1)) = E(2(1)).

Proof. We first note that E(2x(0)) — E(2(0)) (and similarly E(z(1)) — E(2(1))). We set
ag = E(z,(0)) —E(2(0)) and By = E(2x(1)) —E(2(1)). Let 6 > 0 and let ¢ € C(0,1) with
0<¢p<land ¢ =1in (§,1—9). We set

2,(t) — (1 —(t)oy,  if t e (0,0)
Ek(t) = Zk(t) ifte [(5, 1-— (5]
2t) = (1= p®)B  ifte(1—51),



so that
() + o(t)ay,  if t e (0,0)
Z(t) = { 2(t) if t € [6,1 — 0]
() + o)y ifte(1—4,1)
Properties (ii) and (iv) are true by construction, and (i) follows since ay, S — 0. To prove
(iii) we compute

Gr(Zk)

| (LS OF + i) )a

0

N

1-6
L B (510 + Vilt, 2(0) )
§
+ [ B(GIOP + ani0elt) + gaRieoR)d

1 1 1
+ f _SE(;zk(wP + Bean()@(t) + S BRR(1)2) dt + 26 max |V
1

N

Gulan) + [ E(ana09(0) + 502l )t

0

! 1
# | E(A020) + PRI e + 4501

Since ay and B — 0, claim (iii) follows by the arbitrariness of §. O]

Proof of the lower bound (claim (i) of Theorem 2.2). We will use the blow-up method [11,
7], applied to the measures puj = giL, where

gr(t) = E(%wk(m? T vper(\/w))_

€k

It is not restrictive to suppose that there exists the limit

lim pp((a,b)) = lim FE., (vg, FF, BF) < +oo0.
k—+00 k—+00
Hence, we can suppose that py converge weakly* to a bounded Radon measure p on (a,b).
We let % denote the density of its absolutely continuous part with respect to the Lebesgue
measure L.
We fix tg € (a,b) a Lebesgue point for © such that

du 1
P (to) = lim = u((to, t
dt( 0) lim pﬂ(( 0,to + p)),



and note that L-almost every ty € (a,b) satisfies this property. Since pg((to,to + p)) —
wu((to,to + p)) except for at most a countable set of p, we can find pr — 0 such that

du 1
- I -
dt( 0) = S px((to, to + pr));
that is,
du . 1 (lotre 1,. 9 Eka + v (t)
=1 — E(=|op(t or | ———— ) ) dt. 2
-, [ e v (S

With 9 as in Definition 2.1, we can also assume that o is such that (3(to + p) —9(t0))/p
converges strongly in L?(Q) as p — 0% to 5 € L*(Q;RY), the derivative of ¥ in ). We can
then assume in addition that the parameter pi > 0 is also such that the scaled functions
zp(t) = pik(vk(to + prt) — vr(to)) converge strongly in L?((0,1), L?(Q); R%) to 2(t) = ét.

In order to apply Lemma 3.1 we now write

1 (totrk 1 4/€kBk + Uk(t)
- E( =[5 ()[2 + Vier (YR TRV gt
o) EGROF + Ve (L))
1 EeLBE + vk (to + prt
_J ( 0k (to + pit)|? +Vp9r( £Buy e + villo pk))>dt
0 £k
1 1 exBE + v (to) + przi(t)
Bt o (L ) 15

- Jl ]E(é|zk(t)|2 + Vilt, Zk(t)))dt7

where

VerBE + vi(to) + prx
Vilt,z) = vper( kPto+pgt k(to) + Pk )
€k
By applying Lemma 3.1 with theAﬁltration GF .= ]-"gf) +pt» We obtain Z; satisfying claims
(i)—(iv) of that lemma, with Z(¢) = £t. As a consequence, by (3.2) we have

1 1 VERBE L, o+ vk(to) + prZi(t d
hmmfj E<7‘Zk(t)’2 + Vper( kEPto+ppt k( 0) Pk k( ))>dt M(t )+77
k—+o0 Jg 2 €k dt

Changing variables

~ t
= @ta Tk = @7 wk(S) = @Zk (Els> + Uk( 0)
€k €k €k €k

)

we can rewrite the integral as

1 (T e

1 B!

— E<f on(s)2 + V. (70”'@5 ))d.

7 2|w;€(5)| + Voer N + wg(s) S
- Bl  DBf

E(;|wk(s)|2+vper(350+i’% +\/%+wk(s)))ds. (3.3)

1 (T
T




We then define

f Nk Bf +es Bf
Wi (s) 1= wi(s)+—=, Bf = 02—,
and rewrite (3.3) as
LMoL o SbL A
= | E(Gl0k(3)] + Voer(BE + iie(s)) ) ds. (3.4)
k Jo

If we define the filtration .7?5 = FF +e,s0 t0 which the Brownian motion Ef is adapted,
then (F%, B¥ @) is a test triplet for the problem in (2.3) for T = Ty, since E(@(T})) —

~

E(wg(0)) = E(wg(Tk) — wi(0)) = E()Tx = 0(to)T)k. We then obtain

Cfl—l:(to) +n= fhom('l')(to))v

which then holds for £-almost all ¢y € (a,b), and finally,

lim F., (g, Ff,BF) = lim pg(a,b) > p(a,b)
k—+0 k—+o0

b b
> f W pyat > f From(B(8))dt — (b — a),

which gives the lower bound by the arbitrariness of n > 0. O

4 Construction of correctors

In order to prove an upper bound it is convenient, for a given &, to define By and w on the
whole half-line [0, +-00) such that \/eB; ). + cw(t/e) is an (almost) corrector for £t. This is
done by concatenating independent copies of an almost minimizer for fiomn,.

Proposition 4.1 (correctors). With fized € € R?, > 0, K > 0, Ty > 0 there exist T > Ty,
r >0, a filtration ff, a function ws € H'((0, R), L*(Q;RY)) for all R > 0, and a Brownian
motion Bf, with both wé and Bf adapted to ]:f, such that for all 0 < s1 < s9 < +0

E(f (00 + Voer (B + w(2))) )

< (s2-— 81)(fhom(§) +n+ (3% + 277K) maX\VperD +C(,T,K,n), (4.1)

where
C(& T, K m) i= 2T (from (&) + 1) + 2(4K + T(1 + 2c)) max | Voer ),

and ng — 0 as K — +00. Moreover, for all j € N, we have

E(uw(jT + (j — D K)) — E(w*(0)) = jT¢. (4.2)

10



Proof. We choose T > T such that

N3

%min { LTIEGM(t)\Q + Vo Be +w(t) ) dt - Foyw e XE(6), Bt} < from(&) +

Recall that XOT (€) depends on the filtration F;. Therefore, there exist a filtration F;, a
function w € X' (¢), and a Brownian motion B; adapted to J, such that

T
7| EGI0  Vou B+ 0(6))dt < fraom(€) + 7 (4.3)

The function w is extended as a constant w(t)(w) = w(7T)(w) for ¢t > T.

In order to proceed inductively in the following, we will need independent copies of
By and w. To that end, we note that, up to enlarging 2, we can find a sequence of
mutually independent filtrations F7, a sequence of Brownian motions B;, adapted to F7,
and corresponding w’ defined on the same (0, T') belonging to the corresponding X(J)"T(f ),
equivalent to B; and w; that is, such that

T , T
| B @R = | B, (14)

T ’ ) 0T
J E(Vper (B] + w’ (t)))dt = f E (Vper(Bt + w(t)))dt. (4.5)
0 0

Indeed, we can replace Q with QN with the product probability. After denoting m; the
projection on the j-th factor, we define the filtrations

Fl ={n7'(A): Ae R}.

Note that, given distinct indices ji,...,jn € N, arbitrary times t1,...,t, € [0,7], and a
family E; € 7/’ we have

P(Ein...nEy) = ﬁP(Ei)Q
i=1

that is, ]-"g are independent. We then set
Bl = Biomj,  w(t) =w(t)omw;,
both of which are adapted to ]-"g . Note that
w’ (t) = w?(T) for all j and for all t > T. (4.6)

Note that for almost every ¢ > 0 the laws of w’(t) and B} + w/(t) coincide with the
corresponding laws of w(t) and By + w(t), from which we obtain equalities (4.4) and (4.5).

11



For all j € N U o0 we also introduce the filtration
F = 0( U ftl)
i=1

To define Bf and w® on the half line (0, +00) we proceed by defining inductively Brow-
nian motions ég and functions @;, and then setting Bf = ég and w® = w; on intervals
(7']-5_1, Tf) between two suitable stopping times.

Let 7o = 0. We fix » > 0 such that the modulus of continuity \ for Ve satisfies
A(r) < n/2. We consider the stopping time 71 with respect to the filtration .7?,52 defined as
the minimal ¢ > T such that

dist(B} + w(T) — w?(0),Z%) < r. (4.7)

Note that in the scalar case d = 1 this stopping time can be replaced by the one defined
by the condition
B} +w'(T) — w?(0) € Z, (4.8)

avoiding the error term 7. The same remark holds for the stopping times 7; defined in the
following.

For fixed K > 0 there exits ng > 0, with nx — 0 as K — +00, such that, having set
Q= {n > T + K}, we have P(Q};) < nk (see Proposition 9.2). In other words we have
71 < T+ K on Q\Q.

Let 1 =11 A (T+K),sothat T <73 <T+ K. We set

Bi=p;,  @'(t)=w'(),
recalling that w'(t) = w!'(T) for t > T, so that
E(@'(T)) = €T + E(w'(0)). (4.9)

Note that

T1

le (%Wl(t)!Q + Vper(étl + ﬁl(t)))dt = L <%|w1(t)|2 + Vper(Btl i ’wl(t)))dt

1

:iE(;m%wP+wmuﬁ+w%ﬂwﬁ+J;(;W%0P+Wmﬁﬁ+w%ﬂ0ﬁ

12



Hence, by (4.3), (4.4) and (4.6), we have

E(F (%ml(m? + Var (B + (1)) )

0

_ LTE@WW + Voer(By + w(t)))dt + IE( E Voer(BE + wl(T))dt>
< fTE(;m(mz + Vier(By - w(t)) ) di + E(J

0 T
< T(fhom(ﬁ) + g) + K max Vper.

[Voer (B +w' (1))t

In order to illustrate the induction argument we preliminarily deal with j = 2. We
define w?(t) and B? as follows. We set

) - {wl(t) for 0 <t <%

(7)) +w(t —7) — w?(0) fort> 7.

Observe that w2 € HY((0, R); L?($;R%)) for every R > 0, and that for every ¢t > 0 the
function w?(t) is F2-measurable. Note moreover that, since @!(7) = w!(T),

@2 (t) = (T +71) = wH(T) + w*(T) —w?(0) ift>T +7; (4.10)
in particular,
@ (t) = 22T + K) = w'(T) + w*(T) —w?(0) ift=>2T+ K (4.11)

since W' (7)) = w!(T) and w?(2T + K — 71) = w?(T), recalling that 2T + K — 7 > T.
We also set

72— B} R for0<t<m
Bt2—?1 + B;l for t > 71.

By the strong Markov property this formula defines a Brownian motion on [0, +00) adapted
to the filtration J’?t2 (see Proposition 9.1). This argument will be used iteratively in the
following.
We define the stopping time 7 with respect to the filtration ]23 as the minimal ¢ >
2T + K such that
dist(B? + @2(t) — w?(0),Z%) < r,

or, equivalently, such that
dist(B? + @%(7, + T) — w*(0),2%) < r,

recalling that w?(t) = w?(T) for t > T. We then set 7o = 7 A (2T + 2K), so that
2T + K < 7 < 2T +2K. Note that, having set Q% = {T2 # 72}, we still have P(Q%) < k.
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Using the definitions of Ef and @2 we have

ff g;!ﬁ”ﬁ(i)? + Voer(B? + w2(t)))dt ~
- fﬁ (%|@2(7g)|2 + Voor(B? + w%ﬂ))dt . Jm

0 1

(32O + Vo (B + %))

_ L (%|1ﬁ1(t)|2 + Voer(BE+ 81 (1)) ) e

T1+T 1 ~
+J (§|w2(t —F)? + Vper(Bf_3, + B + @' (1) + w?(t —71) — w2(0)))dt

T1

+f (%\fu?(t)ﬁ + Voer(BE + @2(1)) )t

T1+T

_ f (%yful(t)ﬁ + Vour (Bl + al(t)))dt
0

T
1 . ~ ~l i~
—I—f (5\11)2(25)\2 + Vper(Bt2 + B%l + (7)) + wi(t) — wQ(O))>dt
0

T2 ~
+ f Vier (BE + @2(t))dt.

T1+T

On Q\Q} we then have

T 4 N
L (SO + Voer (B + BY, + @ (7)) + w(t) = w?(0)) ) dt

< LT (%|w2(t)|2 + Voer(B2 + wz(t)))dt ()T,

Note that in dimension 1 we can omit this error term.

On Q}(

T 4 N
L (SO + Voer (B + BY, + () +w?(t) = w?(0)) ) dt

_( 1|w2(t)|2+vper(3,?+w2(t)) dt
o \2

‘/per 82 Bl w 1 + w t) —w 0 Lper 1; + w 1 (“
0

T
1
< f (§|w2(t)|2 4 Voer(B2 + w2(t)))dt + 27 max [Vpe|.
0

14



Hence,

To 1 . -
E f S|ER ()2 + Voo (B2 + @2(2)) ) dt
(), G (B + 7))t
< 2T (fhom(§) + m) + 4K max Vyer + 2Tnx max |Vier|,

recalling that A(r) < n/2.

We now prove by induction that for all j > 2, there exist @7, Ei , and 77 with the

following properties:

(i) @/ € H'((0, R); L2(; RY)) for every R > 0, w(t) is ]?g—measurable for every t > 0,

@ (t) = @7 (T + (j — V)K) for t = jT + (j — 1)K,
and

W (GT + (§ — DE) = Y, (w(T) — w'(0)) + w' (0);
/=1

(ii) Ei is Brownian motion adapted to the filtration ftj ;

(iii) 75 is a stopping time with respect to the filtration .7?,5] 1 guch that
JT+(—1)K <7; <jT + jK,

and . . '
dist(Bﬁj + W’ (7) — wJH(O),Zd) <r
except for a set QJK with P(QJK) < NK;

(iv) we have

E(J_ (%|1ﬁj(t)|2 + Voo (BI + wﬂ‘(t)))dt)

< T(fhom(§) + 1) + 2K max Vper + 2Tnx max |Vper|.

(4.12)

(4.13)

(4.14)

(4.15)

(4.16)

The construction above guarantees that these properties hold for j = 2. Suppose that
we have constructed @7, B/ and 77 satisfying (i)-(iv) above. We now define @/*+!, B/*!

and 7/+! satisfying (i)-(iv) above with j + 1 in the place of j.

(i) For every t > 0 we define w’*1(t) as

(1) = @{(t) | | for 0 <t <7
W (T5) + w Tt — 7)) —w!t(0)  fort > 7.
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We observe that w1 e H'((0, R); L2(Q;R%)) for every R > 0, and that for every t > 0
the function w — wi*1(t) is .fgﬂ—measurable. Moreover, by (4.14) and (4.12),
NG+ DT +5K) = @(F) +w TG+ DT + 5K — 7)) —w'71(0)
= W(GT+ (j — DK) +wTHT) — w/T1(0)
J
= 2 (@ (1) = w'(0)) +w'(0) +wTHT) — T (0),
(=1

and claim (i) is proved.
(ii) We set
Bt _ {égﬂ y for 0 <t <7
Bti;j + B7~_j for t > 7;.
By the strong Markov property this formula defines a Brownian motion on [0, +00) adapted
to the filtration ]-N'tjﬂ.

(iii) We define the stopping time 7;,1 with respect to the filtration .7?5 ™2 as the minimal
t>(j+1)T + jK such that

dist (B/ ™' + @7 (t) — w’*2(0),2%) <1,
or, equivalently, such that
dist(B/ "' + a7t (% + T) — wt%(0),29) <,
recalling that w/™1(t) = w/*1(T) for t > T. Then, we set
Tir1 =Tim A (G + DT+ (G + DK).

Note that, having set Q%H = {Tj+1 # Tj+1}, we still have P(le) < Nk.
(iv) We finally estimate
E(f (G177 O + Ve B+ 74 (1)) ) ).
7j
To that end, we note that
f (51877 OF + Vo B+ 2971 )t

Ti+T 1 .. ~iiq )
= [ G OR VB 2 ) )
7

T+l 1 .. ~ ,
+f (§|wﬂ+1(t)|2 + Voer(B ! + W“(t)))dt,
T +T

16



and that

7T +T 1 .. ~iq )
J (G187 (02 + Ver (B! 4+ @7 1)) )

7j
T +T 1 N
[ (G-
7j
Vour(BIEL 4+ BL + @ (%) + w1 = ) - o/ (0) )t

T
1., L mi . .
:L (G107 O + Vour (B + BL + @ () + w1 () — w1 (0) ) .

On Q\Q%( by the inductive hypothesis (iii) we have

T
1. .. ST : ,
L (517 O + Ver (B + BL + 9 (3) + w7 (8) = w'*(0) ) .

T 1 . . .
< J <§|w1+1(t)|2 + Vloer(BgJr1 + wj+1(t))>dt + AT,
0
while on QJK we write

T 1 . . Ny A A .

f <§|u'ﬂ+1(t)|2 + Voer (BT + BL + (%) + w1 () — wj“(()))dt.
0
1

’ L
B f (5107 )2 + Ver (B 4+ w1 (1)) )t

b (Vo B 4 B 4 0135 + 077 1(0) = 0 1(0)) = Vi (B 4074 (0) ).
0

Hence, recalling that \(r) < n/2,

7~'j+T 1 .. . .
B([ (G187 OF + Vil B+ 2771 (1)) )
7j

< T(fhom(€) + 1) + T2nx max |Vper|. (4.17)

Furthermore, we have

T Sy M+l g i X+l gl
(G187 OF + Ve B + @741 @) )t = Voer (B! + @7+ (1)) dt
T;+T T +T
< 2K max |Vper|. (4.18)

From (4.17) and (4.18) we obtain claim (iv) with j replaced by j + 1.

17



We finally define F¢ = F°, BS and w® on (0, +0) as
B¢ =B/, wi(t) = @ (t) for t < jT. (4.19)

Since 7; > jT and we have B! = BF and @ = @* on [0,7;] for k > j, this is a good
definition. We observe that Bf is a Brownian motion adapted to the filtration .7-'5, and
wé € HY((0,R); L2(;RY)) for every R > 0, and that for every ¢ > 0 the function w(t)
is Ff—measurable. Eventually, (4.1) follows from (4.14) and (4.16) by choosing r small
enough, and estimating the integral on (si, s2) with the integral between (7},,7},), where
Tj, is the largest stopping time not greater than s; and 7j, is the smallest stopping time
not smaller than ss. ]

Remark 4.2 (correctors in the one-dimensional case). If d = 1, as remarked in the proof,
taking into account condition (4.8) and its iterations at every j, stopping times 7; can be
assumed to satisfy

JT+ (- 1)K <7; <jT + jK,
and

B: +wt (7)) — wT(0) € Z¢

except for a set QJK with P(QJK) < Nk, avoiding the error term 7.

5 Upper bound

We now prove claim (ii) of Theorem 2.2. We begin with the case of an affine target function;
that is, v(t) := &t + x, for t € (a,b), with z,£ € R?.

With fixed n > 0 and K we define the correctors .7-"5, Bf and w¢ as in Proposition 4.1.
We then define v, and a new Brownian motion Bf on (0, +00) by

ve(t) =Ew€(£> e 2] and b7 = veBS, (5.1)

where for every y € R? the symbol |y| denotes the vector whose components are the integer

parts of the components of y.
We observe that B is a Brownian motion adapted to the new filtration F; = F

t/e’
ve € H((a,b); L2(;R?)), and v.(t) is F¢-measurable for every t € (a, b).

Proposition 5.1. There exists a constant M > 0, independent of K and T, such that
b
B( [ 1ie(0)Pdt) < Mo - a)(lg + 1)
a
forevery0<a<b<+wand 0 <e < (b—a)/(3T + 3K).

18



Proof. With fixed 0 < a < b < 40, and 0 < ¢ < (b —a)/(3T + 3K), let j, be the
largest integer such that ¢(j,T + (jo — 1)K) < a, and j, be the least integer such that
e(jpT + (jp — 1)K) = b. Then, after a change of variables, we have

E(Lb b.()Pdt) < <E (jb IJTHTyw )] dt> —5E<Jb IJ i (1 ydt>

T

_ s(jb—ja)E<L |u';(t)|2dt> <(;f K+25>E(L |w(t)|2dt>

< 2(;3 T2 )(f[&(ém(}e)ﬁ + Voer(Br + w(t)) ) dt + T max [Vper|

4(b - a)(|§|2 +n+ 2 max |Vper|)a

N

using that fhom(§) < 3/¢* + max |Vpe| and that ¢ < (b — a)/(3T + 3K). The claim is
obtained by sending 7 to 0, and choosing e.g. M = 4(1 + 2max |Vjer|)- O

Proposition 5.2. Let 0 < a < b < +00. For all sequences €, — 0, the sequence v, in
(5.1) converges in (a,b) in the sense of Definition 2.1 to the function given by ve 1k given

by

U&T,K(t) =x + tf.

T+ K

Proof. Since ¢|Z| converges to x in R, it suffices to consider the case 2 = 0. By Proposition
5.1, up to subsequences, we can suppose that v., — 9 weakly in H'((a,b); L2(?;R%)). To
conclude we have only to prove that E(v(t)) = ve 1k (t).

We note that for all j € N, setting t;‘? =e(JT + (j —1)K), by (4.13) we have

vsk(t ) = gpw!( —I—skZ (0)),

so that, since w’ € Xé’T(ﬁ),

E(ve, (t5) = exE(w'(0)) + e 2 E(w w’(0))
= &E(w(0)) + 5k]E( (T) —w(0))
and, recalling that w € X{ (¢), we have

K

E(v, (7)) = exB(w'(0)) + exjT€ = exE(w'(0)) + ve 1,k (£5) + ST
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Since for all ¢ € (a,b) and for all k there exists t? such that |t — tﬂ < ex(T + K), by the
equi-Holder continuity of ¢t — E(v,, (t)) (see Proposition 5.1) we have

[E(ve, () — E(ve, (1)) < v/ Mep(T + K)([€ + 1)

We then obtain the claim as k& — +00. O

Proposition 5.3. With fixred 0 < a < b, we have

lim sup F:(ve, F;, Bf; (a,b)) < (b—a) <fh0m(§) +n+ <2T + 277K> max \Vper]>.
e—0

Proof. Using a change of variables and the periodicity of Vjer, by (4.1) with s; = a/e and
sg = b/e we obtain

b/e 1
limsup F;(ve, Ff, Bf; (a, b)) = limsupaE(f (§|w£(t)|2+Vper(Bf+w£(t))>dt)

e—0 e—0 a/e

A

(6= @) (from(©) + 1+ (37 + 201¢) masx Vher] ),

and the claim O

Corollary 5.4 (recovery sequence for an affine target function). For all §& and x and for
all 6 > 0 there exists a sequence . — x + &t and such that

lim sup F;(ve, Ff, Bi; (a,0)) < faom(§)(b — a).

e—0

Proof. Let n = ¢/4, and let K be large enough so that 2nx max |Vyer| < 6/4. Let T be a
diverging sequence such that

1 T 1 . _ .
fram(©) =t int { [ "B (S0P + VoueB] + (o))t w e X570, 5. .
J—+00 7} 0 2
By Proposition 5.2 for all fixed 7, the sequence v? defined therein with T’ = T} converges
in the sense of Definition 2.1 to the function given by ve r i given by
T;
T, + K

vl (t) =2+ te.

Moreover, letting ]-"g “ and B7¢ be the corresponding scaled filtration and Brownian motion,
by Proposition 5.3 we have

o . ) K
lim sup F. (v, F}*°, B} (a, b)) < (fhom(ﬁ) + o + 2 max ]Vper|) (b—a).

e—0 2 T]

The conclusion follows by letting j — 400 and using a diagonal argument. O
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Proposition 5.5. With fired 0 < a < b, and v piecewise affine, there exists v. converging
to v in the sense of Definition 2.1, filtrations F;, and Brownian motions B such that

b
i sup P (00, 75, 573 (0,0) < [ om0

e—0

Proof. We define a = ag < a1 < -+ < ay,, = b and &,...,&, such that /() = & in
(ai—1,a;). It is not restrictive to suppose that 2 > a% + K for all i € {1,...,m}. Note
that, up to a translation, it is not restrictive to suppose that v(¢) = &t in the first interval.

With fixed n > 0, Ty and K we define T; > Ty and the correctors Ffi, Bt& and w& as
in Proposition 4.1 for i € {1,...,m}. It is not restrictive to suppose that the filtrations ffi
are mutually independent. For all j we define

# =) 7).

i=1

With fixed & > 0 we define w®, Fy, and B by a finite induction argument. With fixed
r > 0 let 7§ be the stopping time with respect to 77 defined as the smallest ¢ > a; /e such
that
dist(Bs" + w (9) — w®(0),2%) < r

and set 7{ = 7{ A (%2 + K). For t > 0 we set
wi(t) = w (¢) and B = B,
For t > 0 we then let

wi(t) = w((t —7)") — w2 (0) + 0t A ), and B = BE ., + BiL
and let 75 be the stopping time with respect to ]?f’ defined as the smallest t > ag/e such
that
dist(By? + w§(%2) — w®(0),Z%) < r
and set 75 = 75 A (2 + K)

This construction can then be iterated, by setting for t = 0

we(t) = wh((t — 75 ) 1) — w(0) + w™ Lt A 7,) and B = BS Lo Beil

~c c .
? (t—7¢_ AT

and letting 77 be the stopping time with respect to ﬁg“ defined as the smallest t > a;/e
such that
3 7’ 1 d
dist(B;" + w§(%2) —w*+1(0),2%) < r
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and set 77 = 77 A (% + K). We finally set
w(t) i=wi,(t), Bf =By™, and Ff = F; .
If we consider v (t) = ew®(t/e), then ve — vk (7}, the piecewise affine function with

T;

, f— .
'UK,{Ti} - z‘!z + K§Z

on (a;—1,a;). After a diagonalization, the same computation as in Proposition 5.3 gives
the conclusion. O

Corollary 5.6. The function fuom: R — R is convex.

Proof. With fixed &, & € R% X\ e (0,1), for all k € N we consider the piecewise-affine
function ug: (0,1) — R?, with uz(0) = 0 and whose derivative is the +-periodic function
equal to & on (0,\/k) and & on (M\/k,1/k). By Proposition 5.5 for all k € N there exists
Uy . converging to uy in the sense of Definition 2.1, filtrations }'f ¢ and Brownian motions

B¢ such that

lim sup Fx(ug e, F£°°, BE%5(0,1)) < Mnom (€1) + (1 = A) from (2).

e—0

Note that the right-hand side is independent of k£ € N. Since u; converge weakly in
H'((0,1);R%) to to the function w(t) = &t, with € = A& + (1 — \)&, by a diagonal
argument we can select a sequence € — 0 such that the corresponding wuy ., converge to u
in the sense of Definition 2.1, and

lim sup Fe(tgey, F, BE5(0,1)) < Afnom (€1) + (1 = A) from (€2)-
— 400

Since by Theorem 2.2(i) we have

lim inf FL(ug.c,, F, BP9 (0,1)) = foom(€)

k—+00

we conclude that from(§) < Afhom(€1) + (1 — A) fhom(&2); that is, the claim. d

Proof of Theorem 2.2(ii). By the convexity and the upper bound of fyom, proved in Corol-
lary 5.6 and (2.4), the functional u — SZ from (u')dt is strongly continuous in H'((a, b);RY).
Hence, the conclusion follows from Proposition 5.5 and the strong density of piecewise-affine
functions, using the same diagonal argument as in the proof of Corollary 5.6. O
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6 A stability result for Lagrangians with defects

We consider a bounded Borel function Vg : R? — [0, +-00) such that Vy(z) — 0 as |x| — +00,
and the perturbed functional

B0, 7B = [ B30 + Yo (VDY gy (VB ey

Then the I'-limit of the functionals 1?’5 is the same as that obtained for the periodic
case in Theorem 2.2. More precisely, we have the following result.

Theorem 6.1. Let F. be given by (6.1). Given e, — 0, we have

i) For every v e H'(a,b) and for every sequences FF, BF, and vy — v such that vy(t
t» Dt
18 .Ff—measumble, we have

Fhom(”) < liminf ﬁek(vkaftka Bf),
k—+o0

(ii) for every v e H'(a,b) there exists sequences FF, B, and vy — v, such that vy (t)
is FF-measurable, such that

Fhom(v) = limsup ﬁ‘ek (vg, FI, BF).
k—+00

Proof. Since Vy = 0 (i) follows from the analogous property in Theorem 2.2.
On order to prove (ii), we fix e, vg, Bf and Ff with v converging to some v. For
every s = 0, let u* be the probability law of (/exBF + vi(s))/ex; that is, for every Borel

set A in R i
B
L (A) = p<{w  4}).
k
We also introduce the probability measure defined by

1 b
k k
A) = —— A)dt.

We now fix 7 > 0, and M € N such that M~ < 5. Since p*([-ML, ML]%) < 1, there
exists z € Z% n [-M L, M L]? such that

1
Md
We can then use as recovery sequence the same Bf and Ff, and the function v(t) =
vg(t) — egzk, obtained by translating the function v;. We note that vy still converges to v
as k — +oo since zj is bounded, and that

Eka + vg(t) Eka + v (t)
By, (S i

Vper ( r

pF (2, + [-L, L]%) < <.

e
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by the periodicity of V.. Hence,

b k
&~ ~ JerBE + t
FEk(’Ukaftkaf):FEk(vkaftkan)'i'J E(VO< b tg Uk()_zk>>dt
a k
We now observe that
«/E-Ika + v(t)

LbE(VO<5k — zk>>dt < (b—a)nsup Vp.

Hence, we have
e (on, Ff BE) + (b — a)nsup Vo > o, (3, FF', BY),

which proves (ii) by choosing as v; as in the corresponding claim in Theorem 2.2 by the
arbitrariness of 7. O

7 Convergence in (0, +00)

We now consider the extension of the I'-convergence result to some functionals defined
on functions on the half line, in view of the applications to steady-state Hamilton-Jacobi
equations.

Definition 7.1. Let A > 0 be a given parameter. The space H}((0, +00); RY) is defined as
the space of of all functions w: (0,4+0) — R% such that u € H*((0,t0);RY) for all ty > 0,
and
+0
f [/ (t)|Pe " Mdt < +o0,
0
endowed with the norm

<\u(0)|2 + EOO \u’(t)Pe’)‘tdt) v

Similarly, the space H3((0,+00); L2(€;RY)) is defined as the space of of all functions
w: (0, +00) — L2(Q;RY), such that w e H'((0,ty); L2(Q;RY)) for all ty > 0, and

+o0
J E(Jof (1) |2)eMdt <+,
0

endowed with the norm

+00 /

(B + | B OP)ear) "

0

We observe that H((0,+00); RY) and H((0, +o0); L2(;RY)) are Hilbert spaces.
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Definition 7.2 (convergence to a deterministic variable on (0, 4+00)). Let A > 0 be fized.
Given a sequence vy, € HL((0,+00); L2(;RY)) and v € HL((0, +o0); RY) we write vy — v
if for all subsequences vy;, there exist a subsequence, that we still denote by vy, and Ve
H/{((O, +00); L2(Q;RY)), possibly depending on the subsequence, such that

vg; — 0 weakly in HI((0,+00); L2(Q;RY))  and  E(3(t)) = v(t) for every t.

7.1 Homogenization on the half line

Given A > 0, for all € > 0, for all v € H}((0, +00); L2(;R?)), {F;}1>0 filtrations such that
v(t) is measurable with respect to F; for every ¢, and {B;}:>0 Brownian motions adapted
to {Ft}i=0, we set

400

FNv, Fy, By) = f E<%|z}(t)|2 + vper(W)) e Mdt. (7.1)

0
For v € H}((0,400); R?), we also define

+00
Fiom(v) = From (9(t)) e dt. (7.2)
0
We will prove the following homogenization result, whose stability with respect to pertur-
bations can be proved using the assumptions and the results in Section 6.

Theorem 7.3. Given A > 0, let F2 and F}\ = be given by (7.1) and (7.2), respectively.
Given e — 0, for every v e HE((0,+0); R?) we have

(i) for every sequence of functions vy € H3((0,+00); L2(;RY)) with vy — v in the
sense of Definition 7.2, for every sequence {FF}i=o of filtrations such that each vy(t) is
FF-measurable, and for every sequence {BF}i=o of Brownian motions adapted to {FF}i=o,
we have

Fom(v) < liminf ) (vg, FF, BY);
k—+00

(ii) there ezist a sequence of functions vy € H}((0,+00); L(;RY)) with v, — v in
the sense of Definition 7.2, a sequence {FF}i=o of filtrations such that each vy (t) is FF-
measurable, and a sequence {BF}i=o of Brownian motions adapted to {Ff}i=0, such that

Fﬁ‘om(v) > lim sup FEAk (vg, ftk, Bf)
k—+0o0
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Proof. Claim (i). Let {a;};j>0 be an increasing sequence in [0, +o0) with ap = 0 and
aj — +00 as j — +00. Using the notation
b
1,. eBy +v(t
Fu(w, o Bis0) = [ E (3150 + Y (VP (73)
a
and Theorem 2.2, we have

lim inf F2 (vk,}"tk, BF) Z hm 1nf E., (vg, FF, BY; (aj_1,a;))e %

k—+00 j>1
a;
Z fhom /\a]dt = Ze aJ 43—t f fhom(i)(t))ei)\tdt
j=17aj-1 j>1 aj—1
+00
> sup e Mo [ o (0(t))e Mt
]z 0

Since sup,> e~Ma=aj-1) can be taken arbitrarily close to 1, we have proved the claim.

Claim (ii). By a density argument (see Proposition 4.5 in [6]), it is sufficient to consider
a target function v € H((0, +00); R?) such that there exists ¢y such that v(t) = 0 if t > tg
We fix t; > tg. By Theorem 2.2 with (a,b) = (0,t1), there exist vy, {FF}, {BF} as in
Claim (ii) of that theorem. By Lemma 3.1 we can assume that E(vx(0)) = v(0) and
E(vi(t1)) = v(t1) = 0. The function vy is then extended by setting vi(t) = v(t1) for
t > t1, and, recalling Definition 7.1, we have that vy € H}((0,+00); L*()), and vy, — v
in the sense of Definition 7.2. Let N € N, and set a; = jt;/N. We note that, using the
validity of Claim (i) of Theorem 2.2 for (a,b) = (aj—1,a;), and the validity of Claim (ii) of
the same theorem with (a,b) = (0,¢;) we can prove vy satisfies Claim (ii) of Theorem 2.2
with (a,b) = (aj—1,a;) for any j € {1,...,N}. We then have

lim sup F. (vk, FF BF
k—+400

N +00
Z limsup Fr, (v, Ff', B (aj-1,a5) )¢9 +J e~ max | Vper dt
t

=1 k—>+w 1
Z f fhom 7)\aj71dt + 67/\2&1 max Vper| |Vper|
aj 1 A
t1/N . )\t )t Max |Vper|
< e fhom(v(t))e dt +e —
0
By the arbitrariness of N and t; > tg we conclude the proof. O

26



7.2 Convergence of value functions

Given A > 0, define
U.(z) = inf {F2 (v, 7y, By) : E =z}, (7.4)
where the infimum is taken over all v € H}((0, +00); LQ(Q; Rd)), satisfying the initial con-

dition, {Fi}i>o filtrations such that v(¢) is measurable with respect to F; for every ¢, and
{Bi}>0 Brownian motions adapted to {F;};>0. Similarly, we define

Uhom (z) = inf {Fﬁ‘om(v) v e Hi((0,+m);RY), v(0) = z}, (7.5)
Theorem 7.4. Given \ and x we have Ug(x) — Upom () as € — 0.

Proof. With fixed ej, converging to 0, we choose all vy € Hi((0,+00); L2(Q;RY)), with
E(vx(0)) = z, {FF}i=o filtrations such that v(t) is measurable with respect to Ff for every
t, and {BF};>0 Brownian motions adapted to {Ff};>¢ such that

1
F2 (v, FF,BY) < Uy () + -
Using the constant function = as competitor in (7.4), from (7.1) we obtain that U, (z) is

bounded uniformly. Again, using (7.1) we then obtain

+a0 k
J E<1|i1k|2 + Vper(*fB ha “’“)) e Mt <
0 2
from which we deduce that vy is bounded in H}((0, +0); L?(Q2;RY)), and hence we can
suppose that it converges to a function © weakly in H 1(( ,4+0); L2(Q; R?)). This implies
that vy — v in the sense of Definition 7.2, where v(t) := E(ﬁ(t ) for every ¢ > 0, and
v(0) = E(v(0)) = . From Theorem 7.3(i) we have that

Unom (2) < Fipop (v) < liminf F (vg, 7, Bf) < liminf U, (2). (7.6)
k—400 k— 00
To prove
Unhom () = limsup Uy, (z), (7.7)
k—+00

with fixed 1 > 0 we consider v € H}((0, +00); RY), with v(0) = z, such that

Uhom(‘r) + n = Fli\om(v)'

Let vg, {FF}i=0, and {BF}i=0 be as in Theorem 7.3(ii). By Lemma 3.1 we can suppose
that E(vg(0)) = x for every k. Thus we have

Uhom(z) + 1 = Fﬁ\om( ) = limsup F, (vk,]—"t ,Bt) > limsup Uy, (z).

k—+00 k—+00

By the arbitrariness of n > 0 we get (7.7), which, together with (7.6), proves the claim. [J
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Remark 7.5 (addition of continuous perturbations). For v € H}((0,+00); L?(92;R?)) and
g€ Hi((0,+0);RY), we set

+00

Gw) = f E((g(t), b(t))) e M. (78)

0
We note that if v, — v then

+00
lim GMv)= | {g(t),0(t)e M.
Indeed, if vy, —  in H}((0, +00); L*(; RY)) then vy, —  in L3((0, +00); L2(;RY)), so
that G*(vy,) — G (%), from which we conclude since

+00

GA(©) = . {g(t), 0(t)) e Mdt.

Given A > 0, define

Us(z) = }itngt {F?(v,ft,Bt) + G*w) : E(v(0)) = z}, (7.9)
where the infimum is taken over all v € H3 ((0, +00); L2(€2; R?)), such that v(¢) is measurable
with respect to F; for every t and satisfies the initial condition, as well as over all filtrations
{Fi}t=0 of F and over all Brownian motions {B;};>o adapted to {F;}¢=0. Similarly, we
define

Unom(2) = inf {Fpy 1 (v) + G (v) : v e Hy((0, +o0); RY), v(0) = z}. (7.10)

We then have U, (z) — Upom ().

7.3 Characterization of the limit Hamiltonian and stability

We take g(t) equal to a constant —p € R? in the previous remark. In this case, U, = Up,e
is the solution to a problem of the form (7.4) with |o> — {p,) in the place of %|o|?
in the energy. Correspondingly, Upom () is the solution Uy,(z) of the limit problem with
Jhom(?) — {p,¥) in the place of from(v). Note that U, is the constant

UP = %min{fhom(f) - <p7€>} = _iflfom(p)'

Since, on the other hand, U, is also characterized as solving the limit Hamilton-Jacobi
equation (2.7), we deduce that Hpom = fi -

As a consequence of the convergence result for Hamilton—Jacobi equations in terms of
viscosity solutions [9], we deduce that, for any fixed uniformly continuous and bounded
we also have that the value functions

+0

Uta) = int { [ B(Gl0(0F + Voo (VP

)+ (VEB + 0(t))) e Mt s v(0) = o}
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converge to the value function

+00

Unom () = inf { f (From(0(1)) + w(v(t))> e Mt - v(0) = a:} (7.11)

0

Remark 7.6 (stability for defects). From the arguments in Section 6, we can conclude
that, if Vj is as in that section and for any fixed uniformly continuous and bounded ), we
also have that the value functions

U (x) = inf { L+®E(;\@(t)\2 + Vper(M)

+Vo (W) + ¥ (+/eBy + v(t))) e Mdt :v(0) = x}

converge to the value function Uypep, for the unperturbed case in (7.11).
Indeed, for a fixed sequence €, we can apply the arguments in the proof of Theorem
6.1 to a sequence of almost minimizers vy, B* for ng, upon defining ;¥ as

1 +00
pa =5 [ e
0

This gives a variational proof of a convergence result for UY by P.L. Lions [12].

8 Related settings

We briefly describe how our proof could cover some more general Hamilton—Jacobi equa-
tions, and outline some possible extensions. Although definite conclusions are yet to be
obtained on the various settings we mention here, we believe that bringing up possible
connections of our arguments and results with these other research lines might shed fur-
ther light on the mechanisms at play in our study and we hope it may motivate further
research.

We first consider the case of non-constant viscosity. Throughout our work, /By + v(t)
stands for the solution to the stochastic differential equation

dX; = a(t)dt + \/edBy, (8.1)

with 0 = a, starting at X§ = x at initial time ¢ = 0. Equation (8.1) is the random
trajectory to be considered in the stochastic-control interpretation of the Hamilton-Jacobi
equation (1.1). We believe that our analysis carries over, mutatis mutandis, to the case of
the random trajectory solution to

€

X
dX{ = a(t)dt + eoper <;) dB;, (8.2)
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for a scalar-valued periodic function oper, which we assume to be bounded, bounded away
from zero, and sufficiently regular. The case of a suitable, matrix-valued oper could likewise
be considered, but we leave aside this further extension. Equation (8.2) is an immediate
generalization to (8.1), but also a non-trivial extension since, in sharp contrast to (8.1),
the equation is implicit in X; and its solution cannot be simply expressed in terms of «
and B; as in the case (8.1), where X; = Séa(s)ds + 4/eB;. Equation (8.2) arises in the
stochastic-control interpretation of the Hamilton-Jacobi equation

M) = 5 0% () AU) + Hyer (2, V02)) = w(a) (8.3

Our proof for (8.1) may be adjusted to address the more general case (8.2), and to establish
that the homogenized limit of (8.3) takes the form (1.2), but now with the homogenized
Hamiltonian Hyep, that is the Legendre transform of

R I T o1
fuom(€) = int int { [ B (G100 + V4D, (8.4
instead of (1.5). The infimum in (8.4) is taken, as for (1.5) on the Brownian motion B
and the filtration F;, with all the necessary properties of adaptation described for (1.5),
and (this is the new feature) over all the pairs (8(t), ;) that satisfy

1 (T
dY; = B(t)dt + oper(Ye)dB; and E < J B(s) d5> = ¢, (8.5)
T 0

where, of course, § plays the role of w in our earlier setting. The step of the proof
that has essentially to be adjusted is the construction of the (almost) corrector. The
concatenation of the trajectories at the stopping times is not performed in terms of the
pair (w(t), By) but of the pair (8(t),Y:). Notice indeed that our earlier construction, can
itself be entirely expressed as a concatenation of (w(t),w(t)+ B;) and thus can be extended
to our new setting. Correspondingly, Proposition 9.2 should be extended, this time using
the properties of the partial differential equation —%ager(x)Au = 1, fully similar, in this
respect, to those of —%Au =1, given our assumptions of non degeneracy of oper.

Another class of extensions we might consider for our work consists of general Hamil-
tonians Hper(z,p) that are not quadratic in p, or that do not even separately depend on
the two variables p and z, as was the case when Hper(z,p) = 3|p|? — Vper(2). The latter
Hamiltonian Hpe(x, p) being convex in p, the oscillating Hamilton-Jacobi equation (1.1)
we consider derives from a stochastic control theory problem, and we use this property
intensively in the present work. The running cost involved in this control problem and
the drift within the random trajectories respectively write as Lper(z, @) = 3|a|? 4+ Vper(z)
and bper(z, a) = a. The general link between the Hamiltonian Hper(x, p), the Lagrangian
Lyer(z, o), and the drift bper(x, o) is given by the Legendre transformation

Hper(z,p) = Sl;p {<bper(x,a),p> - Lper(x7o‘)}'
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Since our arguments proceed from I'-convergence type arguments and are thus performed on
the control-theoretic formulation of the problem, it is intuitive that other suitable running
costs and drifts may be considered. Provided they enjoy the right analytic properties, our
arguments will apply. Definite conclusions are yet to be obtained but we believe that, for
instance, our arguments and results carry over to the case when bper(z, @) is kept to be a
but Lper(x, ) is now

e periodic and continuous in x, with a modulus of continuity uniform in «,

e there exist ¢1,c2 > 0 and r > 1 such that ¢1]a|” < L(z,a) < c2(1 + |o]"), and

e L(z,-) is convex for all .

Considering more general drifts bper(x, ) that may depend upon x (say, Lipschitz
continuous in z, uniformly in «) is likely to be more delicate. Likewise is the case when
these extensions are combined with a diffusion oper that is not taken constant any longer,
as in the beginning of this section. On the contrary, the stability result of Section 6 should
extend unchanged to the setting of this section, since its proof only uses periodicity of Ve,
and non-negativity of Vj.

9 Appendix: properties of the Brownian motion

As mentioned in the Introduction, this appendix presents two classical results. The first
result, namely the following ‘concatenation property’ is a standard result in the theory of
stochastic processes. We provide a proof here for the convenience of the reader.

Proposition 9.1. Consider B}, B? two Brownian motions, valued in R?, adapted to two

independent filtrations F} and F?, and let T be a stopping time for the filtration F}. Then
the process

~ B} when t<T

By = ¢ = 9.1

t { B? _ + Bl when t>T, (0-1)

is a Brownian motion, adapted to the filtration Fy := o(FL, F2).

Proof. We are going to use a coupling method. For this purpose, we first introduce the con-
catenation mapping F': (C(R+, ]Rd) X R+) x C (R+, Rd) - C’(R+, Rd), where Cy denotes
continuous functions with value 0 in 0, defined by

F(a,T),b)(¢) = { b(t—;)(tl o(T) hen t o1 (92)

This function is deterministic, measurable and actually continuous. Note that B, =
F((B}, 1), B); that is, for P-almost every w €  we have By(w) = F((B(w), (w)), B%(w))(t),
where Bi(w)(t) = Bi(w). From this, we can deduce that By is adapted to F;. Note moreover
that 7 is also a stopping time for ﬁt
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Let {U;}4=0 be the stochastic process with values in (R% x R, ) x R? defined by the pair
U = ((ét/\ﬁ T), Et-ﬁ-‘r - §7)7 (93)
and let {V;}¢>0 be the stochastic process with values in (R? x R ) x R? defined by the pair

Vi = ((Btl/\T?T)7Btl+T *Bl)' (94)

T

By well-known properties of the Brownian motions, the trajectories of U; and V; are almost
surely elements of the functional space C (R+, R% x Rd). Therefore, the stochastic processes
U; and V; define two random functions with values in (C(R+,Rd) X R+) X C(R+,Rd)
denoted by U and V.

Our claim U £ V; follows from the following three properties:
(i) U; also writes as
Ur = ((Bixr7), BY), (9.5)
respectively by definition of the first argument and because the second argument writes as
Byr — B, = (B + B))— B! = B2,
(ii) by the strong Markov property, the second argument of V; is a Brownian motion W,
independent from (B}, ., 7), so that

V ((BtlAT7 )7 Wt); (9.6)

(iii) the two arguments within each pair are independent from one another, so the
joint law of each pair is the product of the laws of the arguments. Moreover, for every
finite family 0 < ¢; < --- < tjy by a similar argument we can see that the joint law in
(R? x Ry) x Rd)M of (Uy,...,U,,) is the same as the joint law of (V;,,...,V;,,).

We then deduce that the random maps U and V have the same law in (C(R+,Rd) X
Ry) x C(Ry,RY).

We finally remark that, since the concatenation mapping F' is deterministic and con-
tinuous, the maps F(U) and F(V) have the same law in C (R, R?). Since

~

B = F(U) and B' = F(V),

where B and B1 denote the continuous functions ¢t — Bt and t — B}, respectlvely, we
conclude that B and B! have the same law in C (R+,Rd) This implies that B is a
Brownian motion. O

The second property of the Brownian motion allows one to show that solutions to
minimum problems can be extended until they ‘almost’ reach a point in Z¢, up to extending
their domain in a controlled way, and up to a set of small probability. This shows that such
solutions have a sort of almost-periodic behaviour, which can be used for the construction
of correctors, as in the deterministic almost-periodic case.
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Proposition 9.2. Given a Brownian motion B; on R?, a radius r, and a time length T,
then there exists c(r,T) > 0, with ¢(r,T) — 0 if T — 400, such that

P({w e Q: dist(By(w), 2%) < r for all t € [to, to + T]}) < e(r, T)

for each time tg.

Proof. The issue is related to the capacity of the ball on the periodic torus. We let Wy,
with Wy = 0, denote the projection of the Brownian motion B; onto the torus T¢ = Rd/Zd.
We first fix a closed ball E,  T? of radius 7 > 0 and, for € E¢ := TN\E, we let

Tp:=inf{t >0:2 + Wy € E,} (9.7)

denote the first time at which the Brownian enters F,., which is a stopping time for the filtra-
tion generated by the Brownian. A simple application of the Feynman-Kac representation
formula for a steady-state elliptic equation, with homogeneous Dirichlet boundary condi-
tions on 0F, and periodic conditions on the torus, implies that the function u(z) = E[7,]
solves on T¢ the equation

—3Au=1 zekE,

u=0 x € b,

We then have

(a) the solution u is bounded and we may define U, := sup u(z) < o0;
z€eTd

(b) this bound only depends on the ambient dimension d and the radius 7 of the ball E.

In the following we use the shorthand {7, > Ty} for {w € Q : 7, (w) > Ty}, and similar
notation, for subsets of €.

For any time Tp, we have u(z) = E[r,] = To P({r» > Tv}), so that, upon taking the
supremum over z € T¢ and noting that P({r, > To}) = P({x + W; € E¢ forallt e
[0,T0]}), we obtain

sup P({x + Wy € Ef for all t € [0,Tp]}) < % (9.8)

zeTd To
Using the Markov property of the Brownian motion, we now iterate formula (9.8). To this
end, we indeed observe that the probability of not entering the ball E, in, say, an interval
of length 27T} is smaller than that of not entering it in the first interval [0, Tp], and then
of still not entering F, in [Ty, 2 Tp] provided that we take the sup of the latter over all the
positions of the process at time 7. Mathematically, this intuition amounts to the following
observations. We first remark that

P({x + W, € E; for all t € [0,2Tp]})

= P({z+ Wy e E; for all t € [0,Tp]} N {z + W, € EY for all t € [Ty, 2Tp]})

= P({z + Wy € Ef for all t € [0,Tp]}
Nz + Wp, + (Wi, — W) € Ef for all s € [0,Tp]}). (9.9)
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We focus on the latter event
Ay = {x + Wp, + (Wi, — Wry) € E;. for all s € [0,Tp]}.

Using the Markov property, the increment Wy 7, — Wr, is a Brownian motion, which is
denoted by I/I’\//S, that is independent from the original Brownian motion W; on [0, 7] and
thus of the event

Ay :={x+ W, e E; for all t € [0,Tp]}.

In addition, writing the event
Ay = {x + Wy, + Wy € ES for all s € [0,Tp]},

again by the Markov property, we note that Ay depends on the event A; through the
position y = x + Wr,.
We therefore have

P(A; n Ag) = P(A1)P(Az|A1) = P(A1)P(Aslz + Wry,). (9.10)
Now we have
P(Aslz + Wr) < sup P({y + W, € E¢ for all s € [0, Tp]}). (9.11)
yeTd

Collecting (9.9), (9.10) and (9.11), we obtain

P({x + W, e E; for all t € [0,2Tp]}) < P(xz + Wy € E for all t € [0,Tp]}) %

x sup P({y + Wy € E¢ for all s € [0,Tp]}). (9.12)
yeTd

Using (9.8) for each of the two factors in the right-hand side of (9.12), we have

2
sup P({x + Wy € E for all t € [0,2Tp]}) < <&> :
zeTd To
An iteration of this argument gives
Ur\F
sup P({z + Wy e Ef forall te [0,kT]}) < () - (9.13)
weTd T

We finally consider an arbitrary time 7', which we may always assume larger than 2 U,
since we are interested in the behavior of P({x + W; € ES for all t € [0,T]}) for T large.
Choosing Ty = 2U, and iterating k times where k is the integer part k = [Tloj, by (9.13)
we obtain

sup P({z + Wy € E; for all t € [0,k Tp]}) < (1) {TT)J <

zeTd
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thus, since kT = [Tloj Ty < T, that, a fortiori,

1\ 751
sup P({z + Wi € Ef for allt e [0,T]}) < <,) To ™

zeTd

It follows that

sup P{x + Wy e E; forallte[0,T]}) < 2exp(—AT) (9.14)

zeTd

for, say, the positive constant A = ﬁ log2. An optimal constant (the actual exponential
rate) may be determined but (9.14) is sufficient for our purposes in the main body of the
text: the probability P({x + W; € E¢ for all t € [0,T]}) is, uniformly in z € T¢, getting
exponentially small as time grows. This concludes the proof of our claim. O
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