NON-LEBESGUE POINTS OUTSIDE THE JUMP SET OF FINITE-ENTROPY
SOLUTIONS TO SCALAR CONSERVATION LAWS

NICOLA DE NITTI

ABSTRACT. We construct a bounded weak solution of a one-dimensional scalar conservation
law, with a C? flux that has non-zero second derivative at some state, whose non-Lebesgue
points outside the entropy jump set form a compact, purely l-unrectifiable set E of Hausdorff
dimension 1 that is not H!-o-finite. For each convex entropy, the entropy production is a finite
signed measure, and the one-dimensional density of its total variation vanishes uniformly on E.
Moreover, the mean oscillation of the solution vanishes uniformly on E, and E is the image of
a product of two Cantor sets under a bi-Lipschitz map. In particular, we answer a question of
Marconi (Calc. Var. Partial Differential Equations, 2022) about Burgers’ equation, and disprove
a conjecture of De Lellis and Otto (J. Eur. Math. Soc., 2003) about the eikonal equation.

1. INTRODUCTION AND MAIN RESULTS

Scalar conservation laws
(1.1) Owu + div, f(u) =0, in Qp,

where Q7 = (0,7) x R*, T > 0, and f: R — R is a smooth fluz function, exhibit a tension
between non-uniqueness and regularization effects, both caused by nonlinearity. Even smooth
initial data can develop discontinuities in finite time, so we must allow distributional solutions. In
turn, distributional solutions need not be unique, and an admissibility condition is needed to select
one. We refer to [Coc24; GR91; HR15| for an introduction to conservation laws.

A bounded weak solution of (1.1) is a bounded measurable function u that satisfies (1.1) in the
sense of distributions on Qp. For a locally Lipschitz entropy function n: R — R, we define the
associated entropy flux ¢,: R — R by ¢,(s) = f(f 7' (v) f'(v) dv, and the entropy production

g = O (u) + divy gp(u).
We say that u has finite entropy production if p, is a finite signed Radon measure on g for
every convex 11 € C?(R). Solutions with locally finite signed entropy production arise in the
variational analysis of entropy-cost functionals for scalar conservation laws [Bel+10, Proposition 2.3
and Theorem 2.5] and in the analysis of large deviations for stochastic scalar conservation laws
[Marl0, Section 2.5 and Theorem 2.8|.
A bounded weak solution u of (1.1) is an entropy solution if

(1.2) pn <0 in the sense of distributions, for every convex 7.

Every non-negative distribution is a Radon measure, so by (1.2) every p, is a locally finite non-
positive Radon measure. Entropy solutions arise as limits of vanishing-viscosity approximations,
front-tracking approximations, monotone finite-difference schemes, etc. For the Cauchy problem
with bounded initial datum, the entropy condition selects a unique solution by the theory of
Kruzkov [Kru70].

While nonlinearity destroys uniqueness in the absence of an entropy condition, it also regularizes,
in a way that linear transport does not. For d = 1 and a linear flux f(s) = bs, the solution
u(t,r) = ug(z — bt) has exactly the regularity of its initial datum. If instead f € C?(R) satisfies
f" > ¢y >0, bounded entropy solutions satisfy Oleinik’s one-sided estimate,

1
(1.3) Ozu(t, ) < o in the sense of distributions on R, for almost every ¢t € (0,7,
Cr
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and are therefore in BV, ((0,T) x R). Without uniform convexity, for instance when f” vanishes
at some state, and in several space dimensions, Oleinik’s estimate (1.3) is no longer available.
However, nonlinearity still has a regularizing effect (cf. [COWO08]). Namely, for weak solutions with
finite entropy production, in [DOWO03, Theorem 1], De Lellis, Otto, and Westdickenberg proved a
BV-like fine structure under the genuine nonlinearity assumption (1.4) on the flux f € C%1(R;R9):
(1.4) L'{veR:T+&- f(v) =0}) =0 for every (7,£) € R x R? with (7,&) # (0,0).

The kinetic formulation (see, e.g., [LPT94, Theorem 1] or [DOWO03, Proposition 1]) describes this
structure. For a bounded weak solution u of (1.1), a kinetic measure is a locally finite signed Radon
measure m on 7 X R, compactly supported in the state variable, such that

(1.5) Ox(v,u) + f'(v) - Vex(v,u) = d,m in the sense of distributions on Q7 x R,
where
(16) X(’U, 5) = ]l{0<v<s} - ]l{s<v<0}'
Such a measure, when it exists, is unique.
Let x0 € C°(R) be equal to 1 on an interval containing 0, the range of u, and the v-support of

m. Testing (1.5) against 7' (v)xo(v)e(z), with ¢ € C°(Qr), and using smooth approximation in
the state variable, we obtain, for every convex n € C?(R),

wn(U) = —/U Rn"(v) dm(z,v) (U € Qr Borel).

We define the marginal of |m| on Qr and the entropy jump set by

(1.7) v(U) = |m|(U x R) (U C Qr Borel),

and

(1.8) J = {z € Qp : limsup V(Ld(z)) > 0} ;
rl0 T

where B,(z) is the open ball of radius r centered at z.

By [DOWO03, Theorem 1], if f € C%(R;R?) satisfies (1.4) and u is a bounded weak solution
with finite entropy production, then J is countably #H?rectifiable, u has strong one-sided traces!
at H%-almost every point of .J, and every point outside J is a VMO point. We recall that, for a
ball B € Qr,

1 / : /
up ‘= — [ u(z)dz, osc(u; B) = — u(z) —upl|dz,

and say that z € Qp is a VMO point if osc(u; By(z)) — 0 as r | 0.

In the particular case of Burgers’ equation, that is, d = 1 and f(u) = v?/2, ifu € C([0, T]; L*(R))
has finite entropy production, then the marginal v of the total variation of its kinetic measure is
concentrated on a countable union of Lipschitz curves [Mar22b, Theorem 1|. More recently, for
d = 1 and every flux satisfying (1.4), Ancona, Marconi, and Talamini proved a concentration result
of the same kind, on a countably H'-rectifiable set, for every bounded weak solution whose entropy
productions are locally finite measures [AMT26, Definitions 2.1 and 4.1 and Theorem 4.5].

For entropy solutions (that is, when the entropy productions are non-positive), further informa-
tion is available.

In one space dimension, by [BM17, Lemma 4.2, Proposition 4.3, and Corollary 4.6], the oscil-
lation of an entropy solution outside a rectifiable jump set is confined to intervals on which the
flux is affine, so that every point outside that set is a Lebesgue point when the flux has no affine
interval. We recall that a point z € Qp is a Lebesgue point if some u € R satisfies

1
lim —— lu(y) — u|dy = 0.
10 |Br(2)| /B, ()
The number @ is unique, and we call it the Lebesgue value of u at z. We denote by N(u) the set
of non-Lebesgue points. At a VMO point z, u has a Lebesgue value if and only if lim, g up, (.)

exists, and then the two coincide (see [DOWO03, Remark 1]).

I That is, at H%almost every z € J there exist an approximate normal n(z) to J and two values u® (z) such
that the averages of |u — u®(z)| over the two half-balls {y € B, (2) : £(y — z) - n(2) > 0} tend to zero as r | 0.
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Under the power-type nonlinearity assumption of [Sill9, Theorem 1.2], an entropy solution in
every space dimension has a representative continuous outside the entropy jump set J of (1.8).
For f € C™a{d+13}  this continuity also holds under the weaker nonlinearity assumption that no
projection of s — (s, f(s)) onto a non-zero vector is constant on a non-empty open interval, as
shown in [DeN26, Theorem 1.1].

The question addressed in this paper is how much of this additional regularity survives when the
entropy productions are finite signed measures, no longer required to be non-positive. In particular,
we ask whether such solutions have a Lebesgue value at H?-almost every point outside the jump
set.

In [LO18, Corollary 4|, Lamy and Otto proved that every bounded weak solution u of Burgers’
equation whose quadratic entropy production is a Radon measure satisfies dimy N (u) < 1. Marconi
proved in [Mar22a, Theorem 1.1] that, under power-type nonlinearity assumptions on f, every
bounded weak solution u of (1.1) whose entropy production f, is a locally finite Radon measure
for every convex entropy 7 satisfies dimy N(u) < d.

Non-Lebesgue points outside .J do occur.? In [Mar22a, Section 4, Example|, Marconi produced
a point of N(u) \ J by gluing forward and backward entropy evolutions along a time slice: the
datum has vanishing mean oscillation at one point but no Lebesgue value at that point. Thus
the VMO regularity of [DOWO03, Theorem 1] cannot in general be upgraded to the existence of
a Lebesgue value, and the question becomes the size of N(u) \ J. Marconi asked in [Mar22a,
Section 4] whether the set of non-Lebesgue points outside the jump set is nevertheless negligible
for the codimension-one Hausdorff measure, and, in particular, for Burgers’ equation, whether
HY(N(u)\ J) = 0.

We answer this question in the negative. From now on, d = 1, so that Qr = (0,7) x R, and
f € C%(R). For every such flux with non-zero second derivative at some state s, in particular for
Burgers’ equation, we construct a bounded weak solution of

(1.9) Ou+ 0z f(u) =0 in Qp

with finite entropy production for which N (u)\J is not H'-o-finite.® In particular, H' (N (u)\J) =
00, because a set of finite H!-measure is H!-o-finite.
Our main result, in its simplest form, is as follows.

Main Theorem. Let f € C%(R), let 5, € R satisfy f"(s«) #0, and let T > 0 and a > 0. There
exist a bounded weak solution u of (1.9) and a finite signed kinetic measure m of u with these
properties. The function w — s, has compact support in [0,T] X R, and

(110) ||U - S*||L°°(QT) < a, U— 8y € O([O7T]7L1(R))7 ’LL(O, ) = Sx-

For every conver n: R — R, the entropy production u, is a finite signed Radon measure on .
The set E :== N(u)\ J of non-Lebesgue points of u outside its entropy jump set is a compact subset
of Qr that is purely 1-unrectifiable,* has Hausdorff dimension 1, and is not H'-o-finite. Moreover,

. , v(Br(2))\ _
(1.11) IT}F& itelg(osc(u, B.(2)) + f) =0,

where v is defined by (1.7), and lim, o sup,cg |py|(Br(2))/r = 0 for every convez 1.

The construction has to meet three main requirements: at the points z € E, the averages of u
on small balls must fail to converge while both the mean oscillation and v(B,.(z))/r tend uniformly
to zero, so that E C N(u) \ J; the entropy productions must remain finite measures; and E must
not be H'-o-finite. We replace an increasing shock by a finite shock pattern containing two nearby
increasing shock segments, and we prescribe independently the direction in which their common
center (the mean of the two states) moves, the ratio of the new half-jump (half the size of the jump)
to the old one, the number of smaller parallelograms placed along them, in which the replacement
is iterated, and the total duration of these parallelograms. The centers move back and forth across
a fixed interval of states infinitely many times, and between two consecutive changes of direction

2 A related example is given by Goldman and Merlet in [GM26, Proposition 3.20]: they construct a bounded
gradient field v = Vh on an open subset of R2 for which u = O1vg = Ogu1 = 0102h is a finite measure and
|n|(Br(0))/r — 0 as 7 | 0, although 0 is a non-Lebesgue point of both components of v.

A set is H1-o-finite if it is a countable union of sets of finite H!-measure.
4 A set is purely 1-unrectifiable if its intersection with every Lipschitz curve has zero H!-measure.
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they come close to a fixed state during a bounded number of steps of the construction only, so that
the contributions of the successive crossings to the entropy productions are summable, uniformly
in the state. At the same time, the growth of the sum of the cell durations with the generation
makes E not H!'-c-finite. We present the main ideas of the construction in Section 2.

The Main Theorem is a qualitative version of our main result, Theorem 1.1, which contains
more precise information. The entropy productions can be made arbitrarily small, with |u,|(Qr) <
dn"(I) for a prescribed § > 0, where I := [s, — a, s, + a] and 1" is the second derivative of 7 in
the sense of distributions, and |u,| and v vanish on E. The kinetic measure m is disintegrated
in the state variable. The behavior of u on every time slice is described. Finally, for an explicit
gauge gw, E supports a probability measure A such that A\(B,(z)) =< gw () uniformly for z € E
and sufficiently small . Consequently, E has positive finite Hausdorff and packing measures for
that gauge. To measure the size of F, we use Hausdorff and packing measures H" and P with
respect to a gauge h, that is, a continuous increasing function h: [0, gg) — [0, 00) with h(0) = 0,
for some go > 0.

Theorem 1.1. Let f € C*(R) and s. € R satisfy f"(s.) # 0. Let (Wy)n>1 be a positive non-
decreasing sequence with W,, — 0o as n — oo for which there exists Cyy > 0 such that

Wn C ad

(1.12) 1< VH <1+ TW for all sufficiently large n, Z W2 = oo
" n=1
Let T > 0. We define
f/[v/(s) = Wn(s/n)lc’g(Wn-%—l/Wn)/IOE((”+1)/") (n<s<n+1),
(1.13) , .
L, = log(e"T/r), gw(r) = —=——— (0<7<T), gw (0) = 0.
W(L,/logL,)

For every a > 0 and § > 0, there exist a bounded weak solution u of (1.9), a finite signed
kinetic measure m satisfying (1.5), a compact set E @ Qp of non-Lebesque points of u outside its
entropy jump set J, and a Borel probability measure A supported on E, with these properties, where
I:=1s.—a,s.+a).

(i) For every convexr n: R — R, the entropy production p, is a finite signed Radon measure
and we have

(1.14) lu=sillze@ry Sa, pgl(Qr) <00"(T),  |pyl(E) =0,

where 1" is the distributional second derivative of 1, a non-negative Radon measure. The
support of u — s« is a compact subset of [0,T] x R, and

(1.15) u— s, €C(0,T); L*(R)),  u(0,") = s..
There exist finite signed Radon measures M, on Qr, v € R, such that
(1.16) m(dz,dv) = M,(dz) dv, oy = —/IMU dn” (v),
where v — M, is continuous in total variation, vanishes outside I, and satisfies
(1.17) sup | M, |(Q2r) <4, IMy|(E) =0 (veR).
veER
(ii) For the marginal v defined in (1.7),
B
(1.18) v(E) =0, lim sup V(B (2)) =0.
™0 ,cE T

In addition,

M,|(B
(1.19) lim sup 1M, [(B,(2) =0.
™0 zcE r
vER
Consequently, for every convex n: R — R,
B,
(1.20) Jim sup 2 (Br() _

™0 zcE r
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(iii) We have

(1.21) E=N(u)\J, lim sup osc(u; By (z)) = 0.
rl0 zeE

(iv) The set E is purely 1-unrectifiable, satisfies dimy E = 1, and is not H'-o-finite. There
exist cx,C\ > 0 and rg € (0,T), depending only on f,s.,T,a,0, and (Wy)n, such that

ABr(2)) < Cagw(r) (2 €R? 0<r<rg),

(122) ABr(2)) Z exgw(r) (z€ E, 0<r <rp).
The gauge gy is continuous and increasing for small r,% and

(1.23) 0 < HIY(E) < o0, 0 < PI"(E) < 0.
In particular,

(1.24) HYN(u) \ J) = oo.

(v) The spatial sections and the time projection of E are denoted by
(1.25) E, ={zeR:(t,z) € E}, K ={te(0,T): E; #0}.

The set K is compact and has zero Lebesque measure. For t € [0,T]\ K, the function
u(t,-) is piecewise constant with finitely many jumps. If t € K, then the set F; is perfect,’
has Hausdorff dimension zero, and satisfies By C N(u(t,-)), the set of non-Lebesgue points
of u(t,-) in R.

The sequence W,, = n satisfies (1.12) with Cy = 1, and the Main Theorem follows from
Theorem 1.1 with W,, = n and § = 1. Other particular choices of (W,,),,, together with the gauges
gw to which they lead, are discussed in Section 9.

Using Theorem 1.1 with f(v) == —v/1 —v? near zero (if u solves (1.9) with this flux and
satisfies 9,9 = u and 0yp = — f(u), then [Ve|? = u? + f(u)? = 1), we also deal with the eikonal
equation, for an open set U C R? with coordinates (¢, z),

(1.26) Vy|=1 inU.

For a Lipschitz solution 1 of (1.26), the field w = (—30,1, Oy)) satisfies |w| = 1 almost everywhere
in U and divw = 0 in the sense of distributions on U. A map ® € C°(R%R?) is an eikonal
entropy if div ®(w) = 0 for every open set O C R? and every smooth field w: O — R? satisfying
|w| = 1 and divw = 0 [DO03, Definition 1]. We consider essentially bounded fields w: U — R?
such that
|lw| =1 ae. in U, divw =0,
(1.27) . ,
div®(w) € Myoc(U) for every eikonal entropy ®,

in the sense of distributions, where Mi,.(U) is the space of locally finite signed Radon measures
on U. By [DO03, Theorem 1(a)], every such field w has a jump set J,, that is H!'-o-finite and
rectifiable. De Lellis and Otto conjectured that H!-almost every point of U\ J,, is a Lebesgue point
of w (cf. [DO03, Conjecture 1(b')]). Let o, be a signed measure on U x (R/27Z) satisfying the
kinetic formulation of the eikonal equation [LM24, Eq. (3)], and let v, (A) = |ow|(A X (R/27Z))
be the marginal of |o,,| on U [LM24, Eq. (4)]. In [LM24, Theorem 1], Lamy and Marconi proved
that H!-almost every point z with v, (B,(2)) = o(r1T®) as r | 0, for some a > 0, is a Lebesgue
point of wj; in particular, the set N(w) of non-Lebesgue points of w satisfies dimy N(w) < 1. By
[LM24, Remark 2|, H!'-almost every point z with v, (B,(2)) = O(r|logr|=1*) as r | 0 is also a
Lebesgue point of w. In [LM26, Theorem 1.1], Lamy and Marconi proved the concentration of the
entropy productions div ®(w) on J,, for every eikonal entropy ® whose restriction to S! is odd up

to an additive constant, under the additional assumption that U is bounded and w € B,lj/o’é(U ) for
some 1 < p < 3.

5 For a continuous increasing gauge h with h(0) = 0, the Hausdorff measure with gauge h is H"(A) =
lim, o inf{>, h(diamU;) : A C |J;U;, diamU; < p}. The packing measure uses the same diameter convention:
Ph(A) is the supremum of 3_, h(diam B;) over all countable families of pairwise disjoint closed balls B; centered in
A with diam B; < g, P} (A) = lim, o P2 (A), and P"(A) = inf{}", Pl(A;) : A C U, Ai}.

6 A set is perfect if it is closed and has no isolated points.
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As a corollary of Theorem 1.1, we show that N(w) \ J,, is not H!-o-finite for some field w of
this class, which disproves the conjecture of De Lellis and Otto.

Corollary 1.2. Let T > 0, let (W), be positive and non-decreasing, with W,, — 0o as n — oo,
and satisfy (1.12), and let T C S' be an arc containing (0,1) in its interior. There exist a 1-
Lipschitz solution ¢: Qr — R of (1.26) in U = Qr, a finite non-negative Radon measure v on Qr,
a compact set E € Qr, and a Borel probability measure A supported on E, with these properties.
The field w :== (—0,v, 04)) takes values in T' and satisfies (1.27) in Q.

(i) For every eikonal entropy @,
| div @ (w)] < Ceix || @] 2 g2y v,

1.28 B,
( ) v(E) =0, lim sup NEA2)) 0,
rl0 ,cE T

where Coc = 4/3 + (4/3)%/% and
19lle=z2) = sup (Ie()| + |D2(y)| + | D*@(y)]),
yER?

with the operator norms of D®(y): R? — R? and D?®(y): R? x R? — R2.

(ii) The points of E are non-Lebesgue points of w at which the mean oscillation of w vanishes
uniformly:

(1.29) E C N(w), lim sup osc(w; B,(z)) = 0.
™0 zcE

(iii) The set E and the measure X satisfy (1.22) and (1.23), and E is purely 1-unrectifiable,
satisfies dimy E = 1, and is not H'-o-finite.

(iv) For every H'-o-finite set Z C Qr, in particular for the jump set J,, of w in [DOO0S3,
Theorem 1(a)], the set N(w) \ Z is not H'-o-finite, and

(1.30) HY (N(w)\ Z) = oo.

2. OVERVIEW OF THE PROOF

We construct the solution u of Theorem 1.1 as the limit of piecewise constant weak solutions
u(™ of (1.9) whose discontinuities lie on finitely many straight segments, for n > Ny with an
integer Ny fixed in Section 4; we call n the generation. For each n, we also construct finitely many
disjoint compact parallelograms, the cells of generation n. Each cell contains one segment of an
increasing shock of u(™, from the state S,, — &, to the state S, + ,, along a line whose slope is
the Rankine—Hugoniot speed of these states. We call S, the center and ¢,, the half-jump; both are
the same in every cell of generation n. A cell of generation n has duration ¢, (the length of its
time interval) and spatial half-width x.e,£,. Here k. = f"(s.) > 0 is fixed in Section 3, where we
reduce to the case f”(s,) > 0.

To pass from generation n to generation n+ 1, we change u(™ only inside the cells of generation
n. In each such cell Q, we replace u(™ by a piecewise constant weak solution containing two
parallel increasing shock segments with center S,11 = S, + Bne,/32, where 8, € {—1,1}, and
half-jump €,41 = qn&n, where ¢, < 1 is close to 1, together with finitely many auxiliary shocks
inside @Q; this change is the replacement in ). Along the two new shocks we choose 2M,, disjoint
cells of duration ¢,,41; they are the cells of generation n + 1 inside @, called the children of @, and
Q is their parent. We label the children of @ by the pairs (4,7), where j € {0,1} indicates the new
shock and 7 € {1,..., M, } the position along it. Two new shocks, rather than one, are needed for
the size of E: with one new shock per cell, ¥ would lie on a Lipschitz curve over a Lebesgue-null
set of times, hence H!(E) = 0. The cells of all later generations inside @ are its descendants, and
the set E is the intersection over n of the unions of the cells of generation n.

Idea of the construction. Let z € E and £, <r < {£,_1. Outside a subset of B,.(z) of area at most
Ce,r?, the solution u differs from S,, by at most Ce, (see (8.4) and (8.5)), so that
1
(2.1) —_— lu — Sy|dy < Cep,.
1B (2)| JB,(2)
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We choose the half-jumps and the signs 3,, so that
(2.2) en — 0, (Sn)n is bounded and does not converge.

By (2.1) and (2.2), osc(u; B (2)) < 2Cep, — 0. Taking 7 = £,, in (2.1) gives |up,, (»)—Su| < Cep —
0, so these averages do not converge. Hence z € N(u) (see Fig. 3).

The centers move by |S,+1 — Sp| = £,/32 and must travel between s, — b and s, + b infinitely
often, for a fixed small b > 0. Hence we need ) &, = oco. Since the entropy productions of u(™
are measures supported on its shocks, we estimate them cell by cell. The replacement in a cell
of generation n contributes to the measure M, in (1.16) a measure with total variation at most
Cl,e%. This contribution vanishes unless |S,, — v| < 8¢, by (7.6). The D, cells of generation n
have total duration D¢, = TW,,/(16Wy,) by (4.12), so generation n contributes a measure of

total variation at most C’TWnsfl]l{|SH,U|SS€1L}/WNU. With a,, = V[/n_l/27 A, =e+ Ejgn a;, and
€n = an/A,, we have W,e2 = A; 2, and the hypothesis > W, Y2 = oo gives both >, En =

n
and A,, — oo. Between two consecutive changes of sign of 3, the center comes within 8¢, of a
fixed state only for a bounded number of generations, and A, grows by at least the factor e32’.
Hence the contributions at each state are summable (Lemma 4.2).
Finally, the growth of the total duration D, ¢,, oc W,, makes F large: the probability measure A
on E of Theorem 1.1(iv) satisfies A(B,(z)) < Cr/(Dypty,) for £, < r < £,_1 (Proposition 6.2), so

A(B,(2))/r — 0 uniformly on F and E is not H!-o-finite by the mass distribution principle (6.18).

Outline of the paper. The paper is organized as follows (see Fig. 1 for a summary of the depen-
dencies among sections).

In Section 3, we construct the replacement in one cell. We write the solution as u = J,h, where
the potential h satisfies 9;h + f(9,h) = 0 almost everywhere in Qp. Finitely many minima and
maxima of affine solutions of this equation are again solutions (see (3.4)). After normalizing the
flux near s,, we insert the piecewise affine potential Vg q of (3.6), whose spatial derivative has two
parallel increasing shocks with states 3/32 £ ¢, where 8 € {—1,1} is the sign of the change of
center and ¢ € [15/16, 1] is the ratio of the half-jumps. By Proposition 3.1, for a parent shock with
center s, half-jump ¢, and duration L, the 2M children have center s + e/32, half-jump ge, and
total duration RL, and the four parameters 8, ¢, M, and R can be prescribed independently (see
Fig. 2). The potential is unchanged on the boundary of the cell, so its spatial derivative is again
a weak solution.

In Section 4, we choose €,, M,, £,, and the signs f3,,, and we prove Lemma 4.2, which bounds
the sum of WJ‘E? over the generations j > n with S; near a fixed state by CW,e2.

In Section 5, we iterate the replacement of Section 3 in every cell of every generation, starting
from a solution with one increasing shock. Every sequence w = ((jn,in))n>n, € X of labels of
one child per generation determines nested cells @, (w) with one common point II(w). We set
E :=TI(X) and A := II}p, where p is the product of the uniform probabilities on the choices. For
z = [I(w), the ball By, (2) lies in Q,(w) and meets no shock of u(™ by (5.10) (see Fig. 4). The
functions u(™ — s, converge in C([0,T]; L*(R)) to u — s..

In Section 6, we study the size of E. The time coordinate of the point II(w) common to the
cells @, (w) depends only on the indices i,, and its spatial coordinate, after the subtraction of a
function ¢ of the time coordinate, only on the indices j,,. Hence E = (K x C), where K C (0,7
is the set of time coordinates of the points of E, a Cantor set, C C R is a Cantor set, and
U(t,y) = (t,(t) + y) is bi-Lipschitz (Lemma 6.1). Since the indices i,, and j, are independent
random variables on (X, p), A is the image under ¥ of a product measure. Counting the intervals
of each factor that meet a ball gives A(B,(z)) < gw () (Propositions 6.2 and 6.3), the Hausdorff
and packing measures in Theorem 1.1(iv), and the number of cells meeting a ball (Corollary 6.4).
Since £L1(K) = L(C) = 0, E is purely l-unrectifiable.

In Section 7, for a cell @ of generation n, we bound the change of the measures C,gn) = (0 +
f'(k)0x) 1y >y in @ by Clyey,, and the change of their integrals Mé") = ffoo (,gn) dk by Cl,e2
(see (7.4) and (7.6)). Summing over the generations with |S,, — v| < 8¢, by Lemma 4.2, we prove
Theorem 1.1(i).

In Section 8, for z € E and ¢, < r < {,_1, we prove (2.1) and bound |M,|(B-(z)) and
v(B,(z)) by Ce2r, using the number of cells meeting B,.(z). These bounds prove Theorems 1.1(ii)
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( N e

Section 3. One increasing shock with Section 7. Each cell changes the ki-
center s and half-jump ¢ is replaced netic measure only at states near its
by a pattern containing two parallel center, by a small amount; the sum
increasing shocks with center s + Be¢/32 over all cells is finite and small (Propo-
and half-jump ge. Along them, 2M sition 7.1).
child cells are chosen (Proposition 3.1). = Theorem 1.1(i)
L J \ J
s ¢ a I ¢
Section 4. Half-jumps ¢, — 0 with Section 8. For z € Fand ¢, <r <
Zn en = o00; the centers S, os- £n—1: the average of u on By (z) is
cillate between s, — b and s« + b close to Sp, while osc(u; Br(z)) — 0 —
(Lemma 4.1). Between two consecu- and v(Br(z))/r — 0 (Proposition 8.1).
tive sign changes of 5, each state is = Theorems 1.1(ii), 1.1(iii) and 1.1(v)
near Sy, for a bounded number of gen- ~ -
erations (Lemma 4.2). p ¢ N
~ ¢ - Section 9. Examples of weights W,
~ and of the resulting gauges (Exam-
Section 5. Iterating the replacement ples 9.1 and 9.2 and Proposition 9.3).
gives u = limu(™) and the set E of ~ -
limit points of the nested cells, with p <
a probability A on FE by (5.3), (5.7) Section 10. The potential of u for
and (5.9). f(v) = —v/1 — 2 solves the eikonal
~ - equation; its rotated gradient gives <
¢ < Corollary 1.2.
Section 6. E is a bi-Lipschitz im- ~ -
age of a product of two Cantor sets;
AM(Br(2)) = gw(r) and g (r) /1 — 0,
so E is not H!'-o-finite (Proposi-
tions 6.2 and 6.3).
= Theorem 1.1(iv)
N

J

FI1GURE 1. Structure of the proof of Theorem 1.1 and Corollary 1.2.

and 1.1(iii). A corresponding one-dimensional estimate on intervals centered at the points of Ey,
for t € K, proves Theorem 1.1(v).

In Section 9, we give explicit weights satisfying (1.12) and compute the corresponding gauges
gw -

Finally, in Section 10, we apply the construction to the flux f(v) = —+/1 —v? of (10.1) and
prove Corollary 1.2.

Constants. In Sections 3, 4, 5, 6, 7, 8 and 9, C denotes a positive constant that depends only
on f, s., the number b fixed in Section 3, (W,,),, and Cyy; its value may change from line to line.
In particular, C' does not depend on Ny, n, j, r, z, k, v, a, T, or §. We write Cg if C may also
depend on O, and X <Y if C7'Y < X < CY. The lower bounds on Ny needed for the geometric
and scale estimates depend only on f, s., b, and (W),),,, and only the final choice enforcing (7.13)
may also depend on 7" and §.

3. REPLACEMENTS OF AN INCREASING SHOCK

A shock segment of a piecewise constant function, briefly a shock, is a segment {(¢,z¢ + ot) :
t; <t < t9} across which the function jumps from a left state u_ to a right state ui # u_; its
duration is to — t1. It is increasing if u_ < uy. Its center is (u— 4+ uy)/2, and its half-jump is
|uy —u—|/2. The main step replaces an increasing shock segment inside a parallelogram around
it, the cell of Section 2, leaving the solution unchanged outside. The new solution contains two
parallel increasing shock segments on which we choose the children for the next generation. The
common center and half-jump of these shocks, and the sum of the child durations, can be prescribed
separately. Normalizing the flux near s, makes the same bounds apply to every replacement.
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We set ki = f"(s4) > 0.7 Next, we choose a state interval on which the normalized flux is
uniformly close to v?/2, with tolerance &y := 1/10240.8 We choose 0 < b < 1 with 4b < a so that
i
(3.1) Iy == [s. —4b, s, +4b], 36 sup f(g)l‘ < bo,
§Glf R

and we take the largest such b of the form 2% with k € N. For 0 < ¢ <1 and [s — 8¢, s +8¢] C I,
we define the speed of the shock with states s & ¢ and the normalized flux by

fs+e) = f(s=2) fls+ev) = f(s) — copev

Ose i= 5 , F,o(v) = e
By Taylor’s formula with integral remainder,
Fs,s(o) :07 Fs,s(l) :Fs,s(fl)a
3.2 2 2 "
G2 -2 < 2 |28y <5 (o <)
’ 2 2 &'e[f /‘E*

The factor 36 in (3.1) is the maximum of (v? + |v])/2 on [8,8]. Neither bound in (3.2) depends
on s or €.
We construct locally Lipschitz potentials satisfying

(3.3) Oth + f(0.h) =0 almost everywhere in Q7.
Then u = 9,.h satisfies (1.9) in the sense of distributions, since
Ou+ 0y f(u) = 9, (Osh + f(9:h)) = 0.
For a continuous flux F' and v,c € R, we call (¢,x) — ¢+ ve — F(v)t an affine potential with state

v; its gradient is (—F(v),v). Functions obtained from finitely many affine potentials by finitely
many minima and maxima satisfy

(3.4) OH + F(0,H) =0 almost everywhere in R?,

because a finite minimum or maximum of Lipschitz functions coincides with one of them at every
point, and two Lipschitz functions that coincide on a set have the same gradient almost every-
where on that set (see also [AK66, Lemma 1.1]). We use this fact to change a potential inside a
parallelogram without changing it outside, as in the nested quadrilateral constructions of [ADM99,
Section 3, pp. 338-340].°

We impose the normalization and parameter bounds
2

F(0)=0, F(1)=F(-1), max|F(v)— =< d,
(3.5) lvl<8 2
15 11

The sign [ is the direction in which the center moves, g is the ratio of successive half-jumps, M is
the number of time intervals on each new shock, and R is the ratio of the total child duration to
the parent duration. Since the ratios ¢, and R,, used in Section 4 tend to 1 by (4.5), we only need
bounds on ¢ and R near 1, and we fix explicit ones. With R < 11/10 < 6/5, the M time intervals
of length R/(2M) are disjoint subsets of [1/5,4/5], with gaps at least 1/11 times their length by
(3.14). The lower bound on g is used in 1/¢ < 16/15 and ¢® > (15/16)* = 225/256 in (3.12)
and (3.13). Finally, M > 512 gives the child duration R/(2M) < (11/10)/1024 = 11/10240, hence
also the child half-width at most 11/10240; this keeps each child inside a strip of (3.11) around
one of the two new shocks.
For the states 3/32 + ¢, we define the mean flux and the shock speed
_F(3/32+0) + F(B/32—q) F(B/32+4q) — F(8/32— q)

Fo. Fo._
Aﬁ,q - 2 bl gﬁvq -— 2q P

7 It suffices to treat f”/(s«) > 0. If f”(s«) < 0, we construct a solution @ for the flux —f and define u(t, ) =
u(t, —z); then diu + O f(u) = (O — Oz f(w))(¢, —x) = 0 in the sense of distributions, and the reflection preserves
balls, the time coordinate, and all the measures and norms in the statements of Theorem 1.1 and Corollary 1.2.

8 The value of g is not optimized: it is used in (3.10), (3.12) and (3.13), which hold for every &y < 1/500, and
its denominator is that of the bound 11/10240 on the half-width of the children in (3.7).

9 Hamilton—Jacobi differential inclusions are used to construct bounded weak solutions of scalar conservation
laws that are nowhere continuous in the interior of their support in [VK18, Theorem 1.2].
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and the potentials
H (t,x) = |o| = F(L)t,
1 Bz
VE (t2) = — + 22 _ AF ¢ i
(3.6) palh®) = 15+ ~ el 0,10,
Pg(t, x) =27+ 8Pz — F(8p)t,
vaﬁ’q = maX{H{, min{O’Pf{’ foq}}'

The segments {z = 0f t+ 5j/64, 1/5 < t < 4/5}, j € {0,1}, are the two new shocks, and
their spatial separation at each common time is 1/64. Their speed Héiq is within 166¢/15 of

/32, so for t > 1/5 they lie at distance more than 1/256 from the shock {z = 0} of 9, H{" by
(3.12). The intercept 1/16 gives V/fq > HE and V/BITq < 0 near the new shocks by (3.13). Since

P —Hf < 27— (F(88)—8F(1))t where Hf' < 0, with F/(83) —8F(1) > 28— 94y, the modification
ends before the time 27/(28 — 9dy) < 1 by (3.10). The cutoffs 0 and Pg localize the modification,

and the outer maximum with HE restores HI outside it. The margins [0,1/5) and (4/5, 1] separate
the time interval [1/5,4/5] from the times at which the modification begins and ends.'°

_gf 4B
Xz eﬁ’qt 64

)

Proposition 3.1. Under (3.5), the potential HlF’B’q satisfies (3.4) and equals HE on the boundary
of [0,1] x [-1,1]. For j € {0,1} and 1 <1i < M, we define

R 1 o1y 3 _ ‘
. l= BV t; -—g+<l—§> M Ii = [t; — £/2,t; + /2],
' : Bj

The 2M cells Q;; are pairwise disjoint. On a neighborhood of each cell, Hf’ﬁ’q is the mazimum of
the two affine potentials with states 5/32—q and §/32+q. With g .= 1/11, ceep = 1/128, and ¢y :=
1/256, whose values come from the margins in (3.12) and (3.14), we have min I; {1 — max I; > gt
for1<i< M, and dist(Qo; N {t =7}, Qi N{t =T}) > csep for 7 € I;. Every child satisfies

(3.8) QjiCc{t,x):co<t<l—cy, co<|z]<1—cp}.

Almost everywhere in R2, 9, HI"7 € [8,8] and |0, H?* — 9, HE| < 9. The discontinuities of
O HEP and 0, HE in the closure of {HL "7 + HF} lie on at most

(3.9) Coi=1+4 (i)

shock segments, which are contained in [0,1] x [—1,1], so that each has duration at most 1. These
constants are independent of F', B, q, M, and R.

Proof. Step 1: Equation and support. Every affine piece in (3.6) has gradient (—F(v),v) for one
of the states

For the four pieces in Vﬁﬁj ¢ We use
Af  E a0, = F(B/32+q).
Thus H*? satisfies (3.4). Where Hi"?7 > HE | we have HF < 0 and HY' < PF | and hence
|x| < F(1)t, t>0,
0<Pj —Hy <27— (F(83) —8F(1))t,
< 2T < 3 lz| < E
28 — 959 40’ 2

Since H*? > HE | we obtain H{""? = HE outside (0,39/40) x (—=1/2,1/2), in particular on the
boundary of [0,1] x [-1,1].

(3.10)
t

10 None of the values 1/64, 1/32, 1/16, 8, and 27 is essential; they are one explicit choice for which the strict
inequalities in (3.10), (3.12) and (3.13) hold.
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Step 2: The two new shocks. The child half-width satisfies ¢/ < ¢ = R/(2M) < (11/10)/(2 -
512) = 11/10240. On the closed strips

1 4 . B3 11
3.11 S<t< = _gF P22
(3.11) 55 ety | P 64’_10240’
we obtain
95 _ﬁ §@§@7
432 q 15
41 1650> 1 11 3
3.12 <=4 20) Ly 0 2
(3.12) |x|—5(32+ 15 /) 61 10240 < 60
|m|>1<i_1660>_ no_1
=5\32 15 10240 ~ 256
By (3.5) and ¢ < 1,
1 1 q° 1
F1—7‘<6, ‘AF _7_7’@7 F(1)— A > _ a5,
’() 2| =70 fa 048 2170 (1) = A5y = — 5555 — 2%

Hence, using —|z| < fz < |z|, |z| < 3/64,1/5 <t < 4/5,¢* > 225/256, qmin; |z —0f ,t— (3] /64] <
11/10240, and F(83) < 32 + do,

1 33 3 1 8 1

vE g > — 2.2~ Z5 s

Fa ™0 =96 32 64 2560 5 07 100

1 3 1 225 1 11 4 1
313 VF<— _— . = - ,6 < -
(3:13) 80> 716" 9048 2 256 5 " 10240 | 5 50’
3 4
PEF>97—Z - 2(32+4+6) > 1.
g = 3 5( +do)

Therefore Hf B = VBIT o, on a neighborhood of the strips. On the strip around the line with index
j, we have |z — 05 t — (1 — j)/64] > 1/64 — 11/10240 > 11/10240, so on this strip only the term
with index j attains the minimum in VBI“; 4 Bach line

Bj ‘
xzagqt‘i’a, .76{071}7

is a shock segment of 6fo’ﬁ"q with left state 8/32 — ¢ and right state 5/32 + q.
Step 3: Cells and number of shocks. For the intervals and widths in (3.7),

<t<

)

| =

1 1/3 R> 1 4

)9 =4 — |2 _ - 92 <« =

(3 14) tq K/ 5+M(10 1 > 5, tM—FZ/ < 5,
| et ()t g L
AN =11 64 1"~ 128

By (3.14), (tix1 —ti — €)/¢ > g and 1/64 — 2¢¢ > cep. Moreover, by (3.12), every Qj; lies in
{1/5 <t <4/5, 1/256 < |z| < 3/64}, which gives (3.8).

After identical affine functions and coincident equality lines have been identified, the eight affine
functions in (3.6) (two in Hy", the constant 0, Pj", and four in V) have at most (5) equality
lines; two affine potentials with distinct states are equal along a line whose slope is the Rankine—
Hugoniot speed of these states. Each line is divided into at most (g) pieces by the others. Adding

the segment of the shock {z = 0} of 9, H{ in the closure of {H{""9 # HEY gives (3.9). Since
0, HE = +1 and |0, H"1| <8, we have |9, H">? — 9, HE'| < 9. O

For an increasing shock segment of (1.9) with states s ¢ on the line = o, .t + by, initial time
to, and duration L, we define the cell

(3.15) Q={tx):to<t<to+L, |zr—o0set—Dbo| <rseLl},

whose projection [tg,to + L] onto the t-axis is the time interval of Q.

Let h°'d satisfy (3.3) and equal the maximum of the two affine potentials with states s + ¢ on a
neighborhood of Q. Inside @, we replace h°d by h + ¢, where the constant ¢ € R is chosen so that
h+ ¢ = h°" on 8Q, and

L=ty 2— oy t—b
(316) h(t’x) = sr — f(S)t+ K*EQLHfs,s,ﬂ,q ( 0 L — Ose O) '

L’ kel
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T —t/32
child cells
u = 3—12 —q
S
64
_ 1
U= 33 +q
| W=
shock @ = 0 before the replacement .
t

1/5 4/5

FIGURE 2. The replacement in the normalized cell for F(v) = v?/2 and 8 = 1,
drawn in the coordinates (¢, z —t/32), in which lines of speed 1/32 are horizontal.
Before the replacement, 9, H{" has one increasing shock along z = 0 (dotted),
from the state —1 to the state 1. After the replacement, for 1/5 < ¢ < 4/5, the
function v = 0, H 1F #+4 has two parallel increasing shocks separated by 1/64 in the
spatial coordinate (thick), from 1/32 —q to 1/32+ ¢, and a decreasing shock along
the dashed line halfway between them; the states are those of J, VBI? . 0 (3.6). The
children of (3.7) (dark rectangles) lie in the shaded strips of (3.11). Only three of
the M children on each shock are shown; their widths and durations are not to
scale.

This change, together with the choice of the 2M children in (3.20), is the replacement in @ with
parameters (3, q, M, R). At a point where GIHfg‘e’ﬁ’q = v in the normalized coordinates of (3.16),
we have

Ozh = s+ ev,

(3.17) Oth = —f(5) — €040 — K, €2F, o (v) = — f(s + ev).

The function equal to h + ¢ in @ and to h°'d outside Q is locally Lipschitz, because h + ¢ = h°d
on 9@, and by (3.17) it satisfies (3.3). Such a constant ¢ exists: by (3.17), the potential obtained

from (3.16) with HOFS’E in place of HIFS’E’ﬁ’q has the same two affine gradients and the same shock

line as h°', so it differs from h° by a constant on @, and Hj *="9 = H/** on the boundary of
[0,1] x [~1,1] by Proposition 3.1.
In the original coordinates, the two new shocks lie on
j L
(3.18) zj(t) = 05t + by + Kye (95;‘; (t—to) + %) , je{0,1}.

Their speed and states satisfy

Fs,s
Ose+ H*geg)q = O0s5+8¢/32,qe>

(3.19)
u_ =s+pe/32—qe, uy =s+ Pe/32+ qe.

We reuse the symbols of (3.7) for the cells in the original coordinates. For child duration ¢ :=
RL/(2M), these cells are

1\ 3

1 . L _

Qji ={(t,x):tel;, |r—uz;(t) <riegel}.

(3.20)
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The common shock center, the common half-jump, and the sum of the child durations are

(3.21) s+ %, qe, 2M{ = RL.
Thus Qj; has the form (3.15), with (s,e,t9, L) replaced by (s + pe/32,q¢e,t; — £/2,£) and with
central line z = x;(¢). The central line of the parent cell Q is x = 05t + by. By Proposition 3.1,
the time gaps are at least g/, the spatial gaps at equal times are at least cscpr«cL, and every child
lies in

{t,x) :to+coL <t <to+ (1 —co)L, corseLl <|z—05et—bo| < (1—co)rseLl}.

In @Q, the new function d,h takes values in [s — 8¢, s + 8¢]; it differs from 9,h°¥ only in Q, by
at most 9¢. The discontinuities of the new and of the old function in @ lie on at most C, shock
segments, each of duration at most L.

Remark 3.2. Every point z in a child or any of its descendants satisfies

cok«eL

N

(3.22) dist (z, 0QU{x =0, t+ bo}) > min < ¢oL, > cdist, r€L,

where cqist, f = co min {17 W > 0.
\/ Loo(1y)
4. SCALES AND BOUNDED NON-CONVERGENT CENTERS

We choose half-jumps ¢, with )", e, = oo and signs (3, such that liminf, S, = s, — b and
limsup,, S;, = s« + b, and we bound the sum of Wjes? over the generations j with S; near a fixed
state (Lemma 4.2).

4.1. The scales. Replacing Cy by a larger constant, we may assume that the ratio bound in
(1.12) holds for every n > 1:

Wn+1 CW - —-1/2
(4.1) W, Soo, 1< o St ;Wn = 0.

We choose Ky = K¢(f, s«,b) > 0 so that

(4.2) Ky > 512,

. dist, f Rx }
< Zdist,J .
20K, — mm{ 2 72048
We define

(4.3) =
(07 Kf
n = Mn = ’77—‘ ;
© An En
and
En+1 Wn+1
4.4 n = —, R, = ——
(4.4) q - W

By (4.3), W,e2 = A,2. Since (a,), is non-increasing and (A,), is increasing, (&,), is non-
increasing, and, for all sufficiently large n,

1 1
0< En S — An—l Z 7An7
n 2

en <log A, —log A1 < 2¢p,

1/2A 00
w-(ws) an—n mon Yasw
n=1

(4.5)

Wn+1 An+1
The logarithmic bounds in (4.5) hold because A,,_1 > A, /2 and

A

» ds {an an}
log A, —logA,_1 = — —_—
0og An 0g Ap—1 [4"_1 s € An’Anfl
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By (4.1),
W, < Cn®w, A, <e+na; <Cn.
Consequently,
(4.6) O~ lp=(H0w) < o < l
n

We choose Ny so large that g,, R,, and M, satisfy (3.5) for every n > Ny, that (6.8) holds
for every n > Ny (its threshold does not depend on Ny), that (7.13) holds (its constant does not
depend on Ny), and

(4.7) eny < b/8.

(@

The bound (4.7) gives b+ 9ey, < 3b in Lemma 4.1. Increasing Ny does not change any constant
in this section. We define

n—1
(4.8) Dy, =1,  D,:= ][] 2M)),
J=No
and
(4.9) Ong = T/16, oy = g,
2M,,

The number ¢y, is the duration of the cell of generation Ny, the root cell of Section 5; its value
T'/16 is not essential, and any duration smaller than T'/8 would serve. The bound Ky > 512 in

(4.2) gives M,, > 512, as required in (3.5), and the factor 11/20 in (4.2) appears because
Lot _ R, < 11 €,

€, 2M, — 10 2K,
By (3.5), (4.3) and (4.9), we obtain

lpi1 1
(4.10) E: <en,  lnpr < 5l
and
DnJrlZnJrl
4.11 — = Ry,
(4.11) D1
hence
T™W,,
4.12 D, ¢, = .
(4.12) T 16Wy,
By (4.2), the duration of a child satisfies
€n+1 S Cdi%jgngnv
(4.13) o
=198

We use the first bound to obtain By, ., (2) C intQ,(w) in (5.10). The second bound compares
16 child durations with the gap csephisenln = Kxenly /128 between the children on the two new
shocks of a cell of generation n; it separates the points of C with different indices j, in the proof
of Proposition 6.2, where any factor larger than 2 in place of 16 would do, and we take 16 as a
convenient power of 2. Accordingly, 2048 = 16 - 128 in (4.2).

4.2. The centers. Starting at s., we move the center upward until S,, > s, + b, then downward

until S, < s, — b, and repeat. More precisely, we set Oy, := 1 and, for n > Ny, B, = —f,_1 if
Brn-1(Sp — s«) > b and B, = B,_1 otherwise, where
(4.14) SN, = Su, Spi1 = Sp + ng" Bn € {-1,1}.

Since ), €, = 0o by (4.5), the sign /3, changes infinitely often. The center crosses s, +b or s, —b
by at most €,/32 < en,/32, so

(4.15) 1S, — 8] < b+ 5;0

limsup S,, = s« + b, liminf S,, = s, — b.

)
2 n—00 n— 00
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L e S,

257L31 —— - Sng

U = Sy

generation nj generation ng generation ng

(A) Profiles with states Sn; £ €n,; at generations n1 < m2 < m3. The half-jumps shrink while the centers
move.

(Sn —sx)/b

n — No

(B) The centers S,, of (4.14) for W,, = n, No = 1004, b = 1/256, and s, = 0 (so that b has the form o~k
required in (3.1) and en, < b/8 as in (4.7)), computed from the recursion and plotted every 25 indices

together with every index at which the sign 3, changes. By (4.15), the centers lie in [s. —b—en, /32, s« +
b+en, /32].

FIGURE 3. The centers and the half-jumps of the nested cells.

Lemma 4.1. The set of limit points of (Sn)n is [s« — b, s« + b], and [S, — 8&,,S, + 8,] C
(s« —3b,s5 +3b) C Iy for n > Np.

Proof. Let y € [s. —b, s« +b]. Between two consecutive changes of sign, |S,, — y| < €,,/32 for some
n; since €, — 0, y is a limit point of (Sy),. On the other hand, if S,, & [s. —b, s, +b] and m < n is
the largest index with S, € [s. — b, s« +b], then, by (4.14) and the choice of the signs, the distance
to [sx — b, s« +b] does not increase from index m+1 to index n, so dist(Sy, [s« — b, s. +b]) < &,,/32;
since m — oo as n — oo, this distance tends to zero, and (S,), has no limit points outside
[sx — b, s« + b]. Finally, by (4.7) and (4.15),

1S, — 54| + 8en < b+ 9en, < 3b.
O

4.3. The centers near a fixed state. In Section 7, the contribution of the cells of generation n
to M, vanishes unless |S,, — v| < 8¢, and its total variation is at most CTW,e2 /Wy, (see (4.12)
and (7.6)). The next lemma sums these bounds.

Lemma 4.2. For every © > 0, there exists Cog > 0, with the dependencies in Section 2, such that

(4.16) sup Z Wj&t?]l{‘gj_a|§@5j} < CoWpe? (n > Np).

ae]Rj:n

Proof. Step 1: Indices near a between two sign changes. We fix an interval of indices on which
the centers are monotone, let k be the first index satisfying | Sy — «| < ©¢y, and choose an integer
Ng > 1280. Since ¢, — 1, for all sufficiently large k,

k+No—1
1 )

1 Ng
Ek+No = §€k, |Sk+Ne — Skl = 3 Z €5 > 674(1)616 > 20¢y,
=k
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provided k + Ng belongs to the same interval of monotonicity. Any index j > k + Ng in that
interval with |S; — a| < ©¢; would satisfy, by the monotonicity of the centers,

20¢;, < |Sk+N@ — Sk| < |SJ — Sk| < @(Eij Jré‘k) < 2@€k,

a contradiction. Including the finitely many indices k for which ey o > /2 need not hold, we
obtain at most Cg such indices per interval, independently of Ny and «.

Step 2: Sum over the sign changes. Let m1 < mno be consecutive sign-change indices, that
is, consecutive indices n with 3, # B,—1. The choice of the signs gives 5,_1(S, — s«) > b for
n € {n1,na}, with opposite signs 3,,-1 and S,,-1. By (4.5), (4.7) and (4.14),

no—1
> ej =32[Sn, — Sn,| > 64b,
Jj=mni1
A o2
log An2 > Z g; > 64b — g, > 32b,
m j=ni1+1

2 —64b 2
Wh,e,, <e Wh.en, -

In the first line, 64b = 32-2b because | Sy, —Sn, | > 2b, the length of [s. —b, s, +b]; in the second line,
64b — £,,, > 32b because €, < b/8. The initial incomplete interval contributes at most CeW,,e2,
since WjE? = Aj_2 is non-increasing in j. Summing the remaining intervals as a geometric series,
we obtain

Z WjE?]l{‘Sj,a‘Sgej} < C@Wn&‘i (1 + Ze—ﬁ%z’) < CGWnEEV
=0

Jj=n
5. THE SOLUTION AND THE SET F

Let € :=en,. We define
hNo) (¢, ) := min {s*a: - f(s*)t,mﬁx{(s* te)r— f(se £ 6)t}} , uNo) = g, p(No),

For t > 0, we have uVo) = s, —eg fora_t < z < 05, et uNo) =g, + ¢ for 05, et < < agt, and
uNo) = g, otherwise, where

)= fsm2)  flsete) = f(s) o tar

- = ) + = ) Os,e =

€ € 2
The root cell is the cell (3.15) with s = s, bg = 0, to = T/2, and L = £y, = T/16; it is the only
cell of generation Ny. By (3.1), f”" > k«/2 on Iy, so, for t > T'/2, the spatial distance at fixed ¢
from its central line & = o, .t to each of the lines x = a1t is

ay —a_ K€t S k€T kel
2 -4 — 8 16
Thus the root cell lies in {a_t < x < ayt}, where h(¥0) is the maximum of the two affine potentials
with states s, ¢, and in [T/2,97/16] x R. The start time T/2 keeps u = u(™o) for t < T/2, which
we use in (5.5), and gives the lower bound k.eT/8.
The children of a cell are labeled by the pairs (j,%) of (3.20), where j € {0,1} labels the shock
r=uz,;(t) and i € {1,..., M, } labels the time interval I;. We let

n—1
A, = {0’1}X{1,...,Mn}, Y= H Aj’ Y= H An.

J=No n>No
By Kolmogorov’s extension theorem (see [Durl9, Theorem 2.1.21]), the uniform probabilities on
the finite sets A,, define a product probability p on X. For n > Ny and w = (wy,, ..., Wn—1) € Xy,
let [w] :={w € ¥ :w; = w; for Ny < j <n}. By (4.8),
n—1
(5.1) p(w]) = [ @My~ =D,

j=No
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Let Qn, consist of the root cell. For n > Ny, we define Rt from h(™ by the replacement
(3.16) in every Q € Q,, with (s,e,L) = (Sph,en,¥n) and (B,q, M,R) = (Bn, qn, My, R,,), and
we let Q, 41 consist of the children Qj;, (j,i) € A,, of all @ € Q,. By (3.21), (4.4), (4.9)
and (4.14), every cell of generation n + 1 has center S, 1, half-jump e,.1, and duration £,1.
Each w = (wny, .., Wn—1) € X, determines one cell Q,, € Q,: starting from the root cell, w;
labels a child of the cell of generation j for Ny < j < n. Every h("™ is continuous and piecewise affine
and satisfies (3.3), so u(™ = 9,h("™ is a weak solution. For Q € Q,,, let Aug = (u(") —u(™)14.
By Proposition 3.1 and Lemma 4.1, almost everywhere in Q,

(5.2) ™ — s, | <3b<a, |Aug| <9e,lg,  |Q|=2r.enl2.
Let U,, be the union of the cells in Q,,, and set

(5.3) E= () Un.

The sets U,, are compact and nested. By (4.10), (4.11) and (5.2) and ¢, < 1, R,, < 11/10,
|Un+1| én-‘rl 11
A =y =90

Hence |E| < |U,| — 0. If z € Qp \ E, then z ¢ U,_ for some n,; since U,_ is compact and
u™ = u(":) outside U, for n > n,, the functions u(™, n > n_, coincide on a neighborhood of z.
We define u := lim,, ™ on Qp \ F and u = s, on E. Almost everywhere in Qr,

|Un| = 264 Dypenf?,

(5.4) lu —s.] <3b<a, lu —u™| < 6b1y,, [l — u(")||L1(QT) < 6b|U,| — 0.

By (5.4) and the Lipschitz continuity of f on I, ||f(u(™) — JW)lzrry — 0, so u is a weak
solution of (1.9). Since u = uNo) outside the root cell, which lies in [T/2,97/16] x R and in
{a_t <z < ayit},

supp(u(t,-) — sx) C [a_t,at] for almost every t € (0,7,
u(t,) = scllLrry = lag —a_)t < || f"||pe (et for 0 <t < T)/2.

(5.5)

In particular, limy g [[u(t, -) — s«|/z1(r) = 0.

For every t € [0,T], we take u(™(t,-) to be the derivative of x + h(")(t,x), which exists for
almost every x € R. For these representatives, the bounds in (5.2) hold for almost every z € R
at every time ¢, including the times at which shocks meet, because z — h(") (t,z) is continuous
and piecewise affine with slopes among the values of u(™) on the regions adjacent to the line
{t} x R. At each time ¢, the cells of Q,, that meet {¢t} x R have the same time interval, and their
number is at most 2" o one for each (jng,--.,jin_1) € {0,1}»No. Hence, for n’ > n, since
[u™) —uM| < 6bly, and 27~ Nog, <y, by (4.10),

L' ({z: (t,2) € Up}) < 2Ntk e,0,,,

up ™) (t,) = u™ ()| oy < 126527 Nog, 0, < 12bk.lnyen — 0.
te|o0,

(5.6)

Each u(™ is constant on each of finitely many polygonal regions, whose boundaries consist of
shock segments with speeds in [~ f'[| Lo (1), [| /'] L (1;)] and of parts of {t = 0} and {¢t = T'}, and
|u™ — s,| < 3b; hence t — u(™(t,-) — s, is Lipschitz from [0, 7] to L'(R). By (5.6), (u(™ — s.),
is a Cauchy sequence in C([0,T]; L*(R)); by (5.4), its limit is a representative of u — s., which we
use from now on:

(5.7) u™ — s, — u—s, inC([0,T]; LY(R)).

For w € ¥, let Qn,(w) be the root cell and, for n > Ny, Qp(w ) = Qy for w = (Wny,...,wp—1) €
¥,. Its central line has slope og with |05 enl SN f'llzoe (14, and its half-width is r.e,0y, s0

ns€n? n

(5.8) diam @, (w) < C¥,,.

(w)}

Since the sets Qpy1(w) C Qn(w) are compact and diam @y, (w ) — 0, we have 1, Qp(w) = {II
| < Cly, so

for some II(w) € Q. If w and w’ agree on the indices Ny, ...,n— 1, then |II(w) — II(w’)
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2kxenln

FIGURE 4. Two consecutive cells @, and @Q,4+1. The shocks of successive gen-
erations (heavy lines) have different speeds, and the limit point II(w) lies off the
central line of every cell.

IT is continuous; it is injective because the children of a cell are pairwise disjoint (Proposition 3.1).
The cells of Q,, are pairwise disjoint, so each z € F lies in exactly one cell of Q,, for every n; hence

(5.9) E=1(2), A:=ILp.
Thus E € Qr is compact, A is a Borel probability measure, and A(Q.,) = p([w]) = D,;! for every

n > Ny and w € ¥, by (5.1), because [I"1(Q,,) = [w]; also A(Qn, (w)) =1 = DR,;
By the distances in (3.22) and the first bound in (4.13), every z = II(w) satisfies

By, ., (2) Cint Qn(w),
(5.10) |u(") — Su| = en  almost everywhere on By, (2),

By, ., (z) meets no shock of u(™.

For every n > Ny, no shock of u™ meets E.

6. THE SIZE OF F

The set E' is the image of a product of two Cantor sets, one in the time variable and one in the
space variable: a point’s time coordinate depends only on the labels i,,, and its spatial coordinate,
after subtracting a Lipschitz function of time, depends only on the labels j,. Since p is a product
measure, the sequences (in)n and (jn)n of w = ((jn,n))n € ¥ are independent random variables
on the probability space (X, p), so that A is the image of a product measure as well.

6.1. A product of two Cantor sets. We call the distinct time intervals of the cells in Q,, the
generation-n time intervals. By (3.20), these intervals depend only on in,,...,in—1. They are
pairwise disjoint, and each interval of generation n+ 1 lies in one of generation n (Proposition 3.1).
Every cell meets F, since it contains II(w) for every sequence w whose first indices label that cell.
Since the sets U,, are compact and nested, the time projection K of (1.25) is

(6.1) K= U 7.
n> Ny generation-n time intervals 7

For t € K, let 7,,(t) be the left endpoint of its unique generation-n time interval. Applying (3.18)
and (3.19) in every generation, starting from the central line z = o5y ¢y, t of the root cell, we
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separate the displacement due to the indices 7,, from the displacement due to the indices j,:

(p(t) = JSNO:ENOt + Z (US7L+1>En+1 - USn,En)(t = 7a(t)), te K,
'ILZNO

6.2 KxPnenln . .

64
’I’LZNO
E={(tp(t)+y):te K, yeC}

The series defining ¢ converges uniformly on K, and the series defining C converges uniformly in
(jn)n, because (g,,), is non-increasing and ¢,,41 < ¢,,/2 by (4.10), and

g — &
|0Sn+175n+1 - Usn,ﬁn‘ < ”fNHLW(If) (|Sn+1 - Sn| + | n+12 nl) < Cey,

0<t—7n(t) <lo, Y gily < 2epln.
jzn
The map U(t,y) = (¢, ¢(t) +y) sends K x C onto E. The next lemma extends ¢ to R and shows
that W is bi-Lipschitz.

(6.3)

Lemma 6.1. The function ¢ is Lipschitz on K, with constant independent of No and T. We
extend ¢ affinely on each bounded connected component of R\ K, by p(min K) on (—oo, min K],
and by p(max K) on [max K,00). Then the map

W(t,y) = (t,0(t) +y)
is a bi-Lipschitz map of R? onto itself.

Proof. Let t,t' € K, and let k + 1 be the first generation at which their time intervals differ. By
the separation of the time intervals in Proposition 3.1,

(6.4) =t = glurr, () =7() (No<j<k).
Owing to (6.4), the differences between the terms of (6.2) at ¢ and at ¢ with n < k sum to

(0S4 1.ex41 = TSy eny ) (E—1'), and the terms with n > k‘ are bounded by (6.3) at ¢ and at ¢'. With
|O-Sk+1»5k+1‘ < ||f/||L°O(1f) and EkJrl < ‘t - tl‘/gv we obtain

lo(t) = ()] < o8t cnnl [t =1+ Ceryprliia
< (I Npoer,y + Ceng /g) It = 1]
Affine interpolation preserves the Lipschitz constant. The inverse map is (¢, z) — (t,z —(t)). O

Let Ak be the image of p under the map sending w to the first coordinate of II(w), and
let A\¢ be the image of p under ((jn,in))n — anNo KxBnenlnjn/64. The map (jn)n +—
> n> Ny FxBnEnlnjn /64 is injective (cf. Step 2 of the proof of Proposition 6.2). Since (i), and
(jn)n are independent random variables on (X, p) and, by (6.2), II(w) = ¥(t,y) with ¢ depending
only on (i,), and y only on (j,)n, A is the image of A\x ® A\¢ under ¥, A\ (Z) = 2"~No/D,, for
every generation-n time interval Z, and, for fixed jn,,--..,Jn—1 € {0,1}, the points of C with these
indices have \¢-measure 2~ ("—No),

The set K is covered by the D, /2"~ No generation-n time intervals, each of length #,. More-
over, by (6.3), the points of C with fixed indices jn,,...,jn—1 form a set of diameter at most
Y opon ksl /64 < Kienly/32, so C is covered by 2n=No intervals of length k.c,l,/32. By
W, < Cn®w and (4.6), (4.10) and (4.12), for every s > 0,

Dt TW,
(6.5) L) < 5, 16W y, 27— No

2" No(k,en0,/32)° — 0,  dimy C =0, £c)=o.

Both K and C are Cantor sets: they are compact, they are Lebesgue-null by (6.5) and hence totally
disconnected, and they are perfect, because every generation-n time interval contains M, > 2
generation-(n + 1) time intervals, each of which meets K, and every point of C is the limit of the
points of C that differ from it in one index j,. A product of two compact Lebesgue-null subsets of
R is purely l-unrectifiable: if v = (71,72): [0,1] — R? is Lipschitz and S, := v~ 1(K x C), then,

— 0,
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by the area formula [AFP00, Theorem 2.71] applied to 71 and 2, and because 71(S,) C K and
v2(Sy) C C are Lebesgue-null,

HaE) < [ Wi [ pias=Y [ (s 0srm)a=o

i=1 ’Yi(s-y)
Since both ¥ and ¥~! are Lipschitz, the inverse image of a Lipschitz curve meets K x C in an
H!'-null set. Applying ¥ gives
(6.6) HY(ENA)=0 for every Lipschitz curve A C R?.

For each compact interval Z C (0,7) \ K, the unions in (6.1) are compact and decrease in n, so
(Z x R)NU, =0 for some n; hence

(6.7) u=u" onZxR for some n =n(I).

6.2. The measure of balls, the number of cells, and the size of E. We now compare
A(By(z)) with r at the scale ¢,, using the product structure of (6.2).
Proposition 6.2. For all n > Ny larger than a threshold that depends only on f, s., b, and
(Wi)n, and for £, <r < {l,_q,
r r r 16Wy, r
< X(B, < E h =0
Dty SMBEN O (e B), where o = =g

The upper bound also holds for every z € R?.

(6.8) ct

Proof. Step 1: Time intervals. Distinct time intervals of generation n are separated by at least
gly: at the generation where they first differ, their separation is at least g¢; for some j < n. An
interval of radius r therefore meets at most C(1 + r/£,) such intervals.

For the lower bound, let ¢ € K. The generation-(n — 1) time interval containing ¢ contains M,,_;
generation-n time intervals, whose midpoints t; < - -+ < tpy, _, satisfy t;41—t; = 30,1/ (5Mp_1) =
64,/ (5Rn-1) € [12€,/11,6£,/5] by (3.20) and (4.9). Moreover, t is within £,,/2 of one midpoint,
and at least (M,,—1 — 1)/2 of the other midpoints lie on one side of that midpoint. Hence at least

C'min{M,_1,1+7r/t,} > C 'r/t,

midpoints lie within distance Cr of ¢, for a fixed C'. The entire corresponding time intervals lie in
(t—Cr,t+Cr) because £, < r. We count these complete intervals, each of \g-measure 2"~ No /D, .
and obtain

on—Nop
A((t—mrt+r)<C ,
D,t,
(6.9) on-No,
M ((t = Cryt+Cr)) > 01 5

The measure Ax has no atoms, because A\g ({t}) < 2"~No/D, — 0 for every t € R.
Step 2: The indices jn. By (3.5) and (4.9), lj41/0, = Ri/(2Mj) < (11/10)/1024 = 11/10240,
and (eg)y is non-increasing. Hence

= o1
D el < ity Y (11/10240) < 55l

k>j i=1
If two points of C first differ at index j, their distance is therefore at least
Kx€jl; KxErli kx5l
64 Z 64 — 128

k>j
If n = Ny + 1, the upper bound in (6.10) holds because A\¢ < 1. If n > Ny + 2 and two points of
C first differ at an index j < n — 2, then, by the second bound in (4.13), their distance is at least
Kx€n—2ln_2/128 > 16¢,_1 > 2r. Hence all points of CN (y —r,y + r) have the indices jn,, .. ., jn—2
of y. Two points of C with the same indices jn,, - . ., jn—1 have distance at most x.enl, /32 < £, <r
for all sufficiently large n. Thus

(6.10) 2= (n=No) < No((y =y +7)) <27 No—l) (€ ).



NON-LEBESGUE POINTS OUTSIDE THE JUMP SET OF FINITE-ENTROPY SOLUTIONS 21

Step 3: Balls. Multiplying (6.9) and (6.10), we bound the product measure of squares, with a
fixed dilation for the lower bound. By Lemma 6.1, the image of each square is contained in a ball
of comparable radius, and the inverse image of each ball is contained in a square of comparable
radius. Since £, 11/¢, — 0 and W,,+1/W,, — 1, multiplication of a sufficiently small radius r by
a fixed constant changes the index n with ¢, < r < £,_; by at most one and changes r/W,, by
a bounded factor; if the dilated radius exceeds ¢y, the required bounds hold because A\ < 1,
Ac <1, and Dy, +1¢ny+1 = Rnofn, < £n,. Hence the fixed dilations can be removed, which proves
(6.8). If 2’ € B.(2) N E, then B,(z) C Bay,(#); if B.(z) N E =, then \(B,(z)) = 0. Hence the
upper bound holds for every z € R2. O

The next proposition converts the bounds of Proposition 6.2 into bounds in terms of the gauge
gw of (1.13) and into the Hausdorff and packing measures used in Theorem 1.1(iv).

Proposition 6.3. The gauge gw in (1.13) is continuous and increasing for small r, and

. gwler)
6.11 lim =c c>0).
( ) rlo gw(r) ( )
There exists Cy = Cy(f, 84,0, T, No, (Wy)n) > 1 such that, for all sufficiently small v > 0,
A(Br(2)) < Cogw(r) (2 €R?),

A(By(2)) > C gw (1) (€ E).

(6.12)

For every Borel set A C E,
(6.13) C M MA) S HIV(A), P (A) < CyA(A).

Proof. In this proof, C; and the constants implicit in < may change from line to line, with the
dependencies stated above. By (1.13) and (4.1),

P T2d
(6.14) 0< f,\w,/ (z) < C4 for almost every z > 1.
W (z)

Using (4.3), (4.6) and (4.9), we obtain, as n — oo with Ny fixed,

Iny = W,
log 7= Z log(2M;) — log W = nlogn,
(6.15) " =N Mo

L —~( L
b, < by = = — W( u ) = W,.
sr< ! " log L, log L,

The sum in (6.15) is comparable to nlogn because log(2M;) = logj by (4.3) and (4.6), whereas
logW,, = O(logn) because W,, < Cn®¥. The last comparison in (6.15) follows by integrating
(6.14) between the comparable arguments n and L,./log L,.. For ¢, <r < {,_1, we have gy (r) <
r /Wy, by (6.15), so we obtain (6.12) by (6.8). Differentiating, we find

<1+ % for almost every r € (0,71), for some r, € (0,7).

dlog gw (r)
6.16 1< —==-
( ) dlogr r

Integrating (6.16) between r and cr, we obtain (6.11).

For a Borel set A C E and an open set U D A, we apply [Sim16, Theorem 2.1, Egs. (2.1)—(2.2)]
to ALU and to gw, extended to a continuous increasing gauge on (0, 00) with gy (2r) < 3gw (r)
for every r > 0, for instance by gw (r1)(r/r1)'*C/Lr for r > ry, after decreasing v so that
2Ca/Lr < 3/2, which is possible by (6.16); the two-sided bounds on A(B,.(z)) required there hold

for 2 € Aand small 7 by (6.12). If 2 € Aand 0 < r < dist(z, R?\U), then (\LU)(B,(2)) = A(B.(2)).
Hence

Cy AMA) S HIV(A), PIV(A) < CoA(U).
Taking the infimum over open U D A, we obtain (6.13). O

The upper bound in (6.8) also bounds the number of cells that meet a ball, which we use in
Section 8.
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Corollary 6.4. For every n > Ny and every ball B,.(z) with 0 < r < £,_1, and for n = Ny and
every ball B,.(z), the number N, (B,(z)) of generation-n cells meeting the ball satisfies

(6.17) No(B.(2)) < C (1 + %) .
Proof. If a generation-n cell meets B,(z), its intersection with E lies in B,y ¢y, (2) by (5.8). These
intersections are disjoint and have A\-measure D, 1. From (6.8), applied at max{r, £,,} and its fixed
multiples (as in Step 3 of the proof of Proposition 6.2, a fixed multiple of the radius changes the
generation by at most one and the bound by a constant factor),

N,.(Br(2)) C(r+4y)
———2= < \(B < —F7".
Dn — >\( r+Cl, (Z)) — Dngn
By the choice of Ny in Section 4, the bounds (6.8) hold for every n > Ny, so the bound (6.17)
holds for every n > Ny. For n = Ny, Nn,(B(z)) < 1. |

We can now prove the statements of Theorem 1.1 on the size of E.

Proof of Theorem 1.1(iv). By (6.6), E is purely 1-unrectifiable. The number b depends only on f,
S«, and a; if K¢ is the smallest number and Ny the smallest integer admissible in Section 4, then
Ny depends only on f, s, a, T, §, and (W,,),,. By Proposition 6.3, the bounds (1.22) and (1.23)
hold with C = Cy, ¢y = C1, and ry the radius below which the bounds (6.12) hold, and these

g
depend only on f, s., T, a, §, and (W,,),,. For s > 0, the generation-n cells cover E, and

c,T
> (diam Q) < CuDnl)t = ——— W5, — 0,
QeQ 16Wns

where Cy also depends on s; here W, ¢35 — 0 because W,, < Cn®" and log(¢n, /lrn) < nlogn by
(6.15). Hence H1T$(E) = 0 for every s > 0, and dimy F < 1. For 0 < s < 1,

1-s
o) T H(E) = oo,

s Wi

by (6.13), so dimy E = 1.
Let h be a gauge with h(2r) < Cph(r) for all sufficiently small » > 0, for some Cy > 1. We
claim that

A(B, .

(6.18) lim sup MB-(2)) =0 = AA) =0 for every Borel set A C R? with H"(A4) < cc.

0 ,cpz  h(r)
To prove the claim, we fix o > 0 and cover A by sets U; with diamU; < ¢ and ), h(diam U;) <
HM(A) + 1. A set U; of positive diameter lies in the ball By giam v, (2;) for any z; € U;, and a set
U, of diameter zero is a point, which is A-null because A\(B,(z)) < h(r)sup,, A(B-(z'))/h(r) — 0
as r | 0. Hence
A(B

r(2)) iam U
A) < Bo 1 (2 < .
M) Z:A( 2diom s (%)) 0535295;15 h(r) zi:h(Zdla 2

< Cj sup sup M(’H}L(A) + 1)7
0<r<2p z€R?2 h(r)

and the right-hand side tends to zero as o | 0. Since H" is Borel regular, every set of finite H"-
measure is contained in a Borel set of the same measure; since A(E) = 1, the set E is therefore not
H"-o-finite whenever the hypothesis of (6.18) holds. For h(r) = r, the hypothesis holds by (6.12),
because

gw (r) 1

T W(L,/logL,)

Hence E is not H!-o-finite. A set of finite H'-measure is H!-o-finite, so H!(E) = oo; since
E = N(u) \ J by Proposition 8.1, we obtain (1.24). O
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7. ENTROPY PRODUCTIONS AND THE KINETIC MEASURE

In this section, we construct the kinetic measure of the solutions from Section 5 in the form
m(dz,dv) = M,(dz)dv, where each M, is a finite signed measure on Q7. We prove that the

measures M{" defined in (7.1) below converge to M, in total variation, uniformly in v, and that
v — M, is continuous in total variation.

7.1. The entropy production in one cell. For the piecewise constant solution (™), we define
the measures ( ,gn) and their integrals MTS") in the state variable by

(r1 G = Ot P E0 sy, M0 = [ a

—oo
These are finite signed measures on Q7. On a shock segment of u(™) with left state sy, right state
s2, and speed o, the density of C,in) with respect to the time variable along the segment is

f(s2) = f(s1)
(7.2) (f'(k) = 0) (Lsozmy = Lpsr2hy), 0= = — :
2~ 51
For an increasing shock segment (s; < s3), the integral of (7.2) over k € (—oo,v) is =G ,, (v),

where Gf . is the difference between the chord of f over [sy, so] and f:

G ) = [0 + 27 (F(52) — F(50) = 1) T vy

v — 81

SS9 — 81
Thus, on an increasing shock segment {(t,z(t)) : t; <t < tp}, the restriction of m (™) = M dv
to the segment times R is

(73) ((t0) = (£2(0).0)), (~L i (G, ., () dE dv)

For a decreasing shock segment (s1 > s2), the density in (7.3) is +1p, 4, (t)G£2,51 (v). In particular,
|M5n)|({z}) = 0 for every z € Qp. As f” > 0 on Iy, we have G£1752 > 0 on (s1,s2) whenever
51 < sg in Iy.

Because u("T1) — (M) = > gco, Aug and Aug vanishes outside @, the measure C,gnﬂ) - C,i")

is concentrated on U,. For Q € Q,,, we define

ACI@,Q — ( lin—i—l) _ <kn))'—Q7 so that C]gn—‘—l) _ IETL) _ Z AC’C,Q'
QeQ,

All states in @Q lie in [S, — 8¢, S, + 8¢,]. If o is the speed of a shock segment in @ and k lies
between its two states, then |f'(k) — o| < 16||f"|| L (r,;)en- Hence, by (3.9) and (7.2),

(7.4) [AG@llTv < Clnenlys, —k|<se,}-
Since, for s, s’ € R,
/R(]l{szk} —lyyspy)dk =55, /Rf/(k)(]l{SZk} —Tyosry) dk = f(s) = f(s'),
we have
/R(Czi”“) — (MY dk = B, — ™) + 9, (F™V) — Fu™)) = 0.

Restricting to @, we obtain
(7.5) /]R ACpq dk = 0.
We define the primitive of Al g in k by
AM, g = /v Al dk = — /OO Al q dk.

The map v — AM, ¢ is continuous in total variation, vanishes for |S,, —v| > 8¢, (for v > S, + 8¢,
by (7.5)), and satisfies

(7.6) [AM, gllrv < Clneilys, —v|<se,}-
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The constants C' in (7.4) and (7.6) have the dependencies fixed in Section 2 (in particular, they do
not depend on Np).

7.2. Convex entropies and the kinetic measure. Summing the bounds of Section 7.1 over all
cells, we obtain the kinetic measure of u and its entropy productions.

Proposition 7.1. There exist finite signed measures M, on Qr, v € R, such that sup,cp ||M1€") -
My|lrv — 0, the map v — M, is continuous in total variation, and M, =0 for v ¢ (s. —a, s« +a).
Moreover,

(7.7) sug M, ||ty < CTeY,, |M,|(E) = 0.
ve

(n)

The measures m(™ = MJ™ dv converge in total variation to m = M, dv, and (u,m) satisfies
(1.5). For every continuous 1 whose distributional second derivative D?n is locally a finite signed

measure, the entropy productions /17(7”) = atn(u(")) + Oy (u(")) converge in total variation to i,
and

My = _/Mv dD?n(v),
T

(7.8)
|11y |(A) < sup |M,|(A) |Dn|(I) for every Borel set A C Q.
vel

In particular, for every convexr n: R — R,

(7.9) lpnllry < CTRn" (1), |pgl(E) = 0.

Proof. Step 1: Uniform convergence with respect to v. By (4.12) and (7.6) and Lemma 4.2,

S or &
supz Z |AM, qllrv < T Sup Wie (s, o<z,
(7.10) veR j=n Qeq, No veRk

CTW,&2
< 22 'ntn

— 0.
= T,

Here W,e2 = A2 — 0 by (4.3) and (4.5). The three shocks of u(No) on the lines z = a_t,
T = 0s, t, and x = at, have total duration at most 37", and their states lie within ey, of s..
Hence

(7.11) sug | Mo || oy < CTey,.
ve

We define M, == M) ¢ > >N ZQGQJ- AM, g; by (7.10), the series converges in total variation

uniformly in v, and sup, ||M5n) — My|lrv = 0. By (7.10) with n = Ny and (7.11), we obtain the
first bound in (7.7). As each v — M," is continuous in total variation and vanishes outside I, its

uniform limit has these properties. Each Mén) is concentrated on the shocks of u(™), which do not
meet E by (5.10); hence |M,|(E) < ||M, — M5™ |lzv — 0.
Step 2: The kinetic equation and entropy productions. We have

(7.12) [m™ —m|py < 2asu11) | M™ — M, || pv — 0.
veE

By (16)7 X(’U,S) = IL{S>v} - IL{0>v} for v ¢ {0,8}, SO atX(Uau(n)) + f/(v)an(’U7u(n)) = Ci()n) dv
in the sense of distributions on Q7 x R, and 9,m( = Q(,n) dv by (7.1); thus (u(™, m™) satisfies
(1.5). Since

/ x(,5) = x(v, )| dv = |s — /]
R
we obtain

||X('au(n)) - X('7U)||L1(QT><R) = Hu(n) - U||L1(QT) —0
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by (5.4). Together with (7.12), this proves (1.5) for (u,m). For a continuous n with locally finite
D25, which is locally the difference of two convex functions and hence locally Lipschitz, we have,
for s € R,

n(s) - n(0) = / ) Loy — Lgoo) dbe  ay(s) = / 0 () () (Lgssiy — Lgossy) b,

so that ,u,, f] C,gn) dk. Integrating by parts in k, we obtain

— [ M ann(w)
I

The boundary terms vanish because M (”Z = M, (n) = 0. We then have
i + [ M, aD%(0)| (@) < sup |M = M, [ [DP3](1) —> .

Since 7 and ¢, are Lipschitz on I, by (5.4),

(™) = n(@)ll 1 @r) + llgg(w™) = gy ()]l 17 — 0.
Consequently, u%n) — On(u) + Ozqn(u) = p, in the sense of distributions. Therefore p, =

— [; M, dD*n(v) and u( "o y in total variation, which gives (7.8); with (7.7), we also obtain
(7.9). O

We can now prove the first statement of Theorem 1.1.

Proof of Theorem 1.1(i). We choose Ny so large that
(7.13) CTe%, <6,

where C' is the constant in (7.7), which is independent of Ny. By (7.9) and (7.13), |, |(Q7) <
dn"(I) and |p,|(E) = 0 for every convex 1. Moreover, by Proposition 7.1 and (7.13), m(dz, dv) =
M, (dz) dv, py = — [; M, dn’’ (v), sup, | M, |(Qr) < 6, and |M,|(E) = 0; these are (1.16) and (1.17).
In addition, ||u — s.[|z(a,) < 3b < a by (5.4). For almost every ¢t € (0,T'), u(t,-) — s, vanishes
outside [a_t, at], so the support of u — s, lies in the compact set {(t,2) : 0 <t < T, a_t <z <
att}, and [lu(t,-) — s.|[p1@w) — 0 as ¢ | 0 by (5.5). Finally, u — s, € C([0,T]; L'(R)) by (5.7).
These are (1.14) and (1.15). O

8. LOCAL BEHAVIOR ON FE
The next proposition collects the local estimates at the points of E.
Proposition 8.1. Forn > Nyg+2, 4, <r <¥{,_1, and z € F,

1

(8.1) |Br(2)| JB,(2)

‘u(y) - Snl dy < Ce,,

(8.2) sup |Mo|(B(2)) + v(Br(2)) < Cai.
vER r T

Moreover, E = N(u)\ J, lim, g sup, ¢y osc(u; Br(z)) =0, and, for every z € E, the set of limit
points of up, (») as r | 0 is [s, —b,s. +b]. For each ¢ € [s. — b, s, + b], there exists a strictly
increasing sequence (n;); such that
(8.3) lim Sup lup,, ROk ¢l =0.

j—o0 €
Proof. Step 1: Averages. By (5.10), u("=2) is constant on B,(z), with [u("=2 — S, 5| = £, o
on B,(z). Moreover, by (5.2), |[u™ —u(=2)| < 9(,,_9 + €,_1), and by (4.14), |S, — S,_s| <
(en—2 +€n—1)/32. Hence

1
(8.4) |u(") —Snl <éen—a+ (9 + 5) (en—2+en—1) < Ce, almost everywhere on B,.(z).
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Here ¢,,_; < }gsn and g, < (%)an, because g; > 15/16 by (3.5). By (5.2) and (6.17) and
r > L,

(8.5) |U,, N B,.(2 )|<C€ enl? < Cepr?
Since |u — u(™| < 6b1y, by (5.4), |B.(2)| = 7r?, and osc(u; B) < 2 5 [u— S,| dy for every ball B,
we obtain

1 blU, N B,
[ sy e 0B
B, (z)

Step 2: Measure densities. The measures M vanish on B.(z) by (5.10). By (6.17),
Ny—2(Br(2)) + Npo1(Br(2)) < C. For j € {n—2,n—1} and Q € Q,, the measure AM, ¢
is supported on at most C, shock segments by (3.9), with the absolute value of the density of each
old or new shock contribution bounded by sup, GZ, . (v) < £ |poe 1,y (s2 — s1)?/8 < Ce? with
respect to the time variable by (7.3), because all states s; < s in @ lie in [S; — 8¢5, S; + 85j] on a
segment where an old and a new shock overlap, the absolute value of the density of the difference
is at most the sum of the absolute values of the two densities. The part of each segment in B,.(z)
has duration at most 2r.

For j > n, every Q € Q; with Q N B,(z) # 0 lies in a cell of generation n that meets B,(z).
Each generation-n cell contains D;/D,, generation-j cells. By (4.12), (4.16), (6.17) and (7.6),

p— < Cep, osc(u; Br(z)) < 2Ce,.

M,|(B,(2 C S
Sgp M < C(Si_g + 6%_1) + Wn Sgpz Wj{f?]l{\v—SﬂgSsj} < Cé‘i.

Since M, = 0 for v ¢ Iy by Lemma 4.1 and (7.5), v(B,(z)) < flf |M,|(Br(2))dv <
|I7|sup, |M,|(Br(2)) = 8bsup, |My|(Br(z)), which gives the bound for v in (8.2). In partic-

ular, ENJ =0
Step 3: Non-Lebesgue points. From (8.1),

sup |u31{n(2) -8, < Cepp — 0.
z€FE

By Lemma 4.1, for each ¢ € [s. — b,s. + b] there exist n; 1T oo with S,, — ¢, which gives
(8.3). Since (Sp)n does not converge, neither does (up, (z))n, s0 £ C N( ). By Lemma 4.1,
dist(Sy, [s+ — b, s« +b]) — 0, so, by (8.1), lim, g sup,cp dlSt(’U,BT(Z) [s« — b, s« +b]) =0.
Conversely, let z € N(u) \ E. A neighborhood of z is disjoint from U, for some n. On this
neighborhood, u = u(™ and m = m(, so z € N(u™). Since u(™ is constant on each of finitely
many polygonal regions whose boundaries in Q7 consist of shock segments, z lies on a shock
segment of u(™)| possibly at one of its endpoints. By (7.3), on every shock segment of u(™) in this
neighborhood, with states s; # s, s— := min{sy, s2}, and s; = max{si, s2}, the measure v has
the constant density [* G{ﬂs+ (v)dv > 0 with respect to the time variable, because f” > 0 on

I;. For a shock segment of speed o containing z, its part in B,(z) has duration at least 7/v/1 + o2
for all sufficiently small » > 0. Hence z € J, because
B
lim sup 71/( r(2))
rl0 r

We conclude that N(u) \ J = E. O

> 0.

With Propositions 7.1 and 8.1, we can now prove the remaining statements of Theorem 1.1.

Proof of Theorems 1.1(ii) and 1.1(iii). By Proposition 7.1, v(E) < [;|M,|(E)dv =0. For z € E
and £, <r < {,_1, by Proposition 8.1, osc(u; Br(2)) < Ce,, and sup,, | M,|(By(2))/r+v(B.(2))/r <
Ce2; since €, — 0 and E = N(u) \ J by Proposition 8.1, we obtain (1.18), (1.19) and (1.21).

Finally, for convex 1, (1.16) gives |uy| < [} [My|dn” (v), so |uy|(Br(2)) < 1" (1) sup,, |M,|(B,(z)),
and (1.19) gives (1.20). O

Proof of Theorem 1.1(v). The set K is compact, as the projection of the compact set E, and
LYK) = 0 by (6.5). By (6.7), u(t,-) is piecewise constant with finitely many jumps for t €
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(0,T)\ K. Moreover, u(0,-) = s, by (1.15), and u(T,-) = uNo)(T,-) because the root cell lies in
[T/2,97/16] x R. For t € K,

Since C is perfect by Section 6.1 and dimy, C = 0 by (6.5), the set E} is perfect and dimy E; = 0.
We fix t € K and « € Fy, and let II(w) = (¢, ). By (5.10), the segment {t} x (x — €y 41, 2+ Cpnt1)
lies in Q,,(w) and meets no shock of u(™, and [u(™ — S,,| = ¢, on it. Since |Aug| < 9¢,, by (5.2),

™D (t,.) = S,| < 10e, almost everywhere on (z — £y 1, & + lpiq).

The cells of generation n + 1 that meet {¢t} X (x — £, 41,2 + £,,11) are among the two children Qo;
and Q1; of Q,(w) with t € I;,; and L' ({y : (t,y) € Qo; UQ14}) = 4kwEny1lnr1 by (3.20). For every
N >n+1, [u™(t,) — a0 (¢, )] < 6bly -) almost everywhere on R. Letting N — oo by
(5.7), we obtain

n+1(

1 T+l 1
(8.6) T / [ult, y) — Sl dy < 106, + 12bsen s < Cen — 0,

—ln41

If 2 were a Lebesgue point of u(t, -), the centers S,, would converge by (8.6), contrary to Lemma 4.1.
O

9. EXPLICIT WEIGHTS AND GAUGES
We first give two explicit choices of (W,,), satisfying (1.12) and compute the corresponding
gauges gy -
Ezample 9.1. For W,, = n, the weights satisfy (1.12) with Cyw =1, since Wy,41/W,, = 14+ 1/n and
S, n Y2 =00, With A, =e+ 3" ~1/2 the scales in (4.3) satisfy

1
A, ~ 2v/n, Ep ~ —, M, = n.
2n
The exponent in (1.13) equals 1, so W (s) = s and gw (r) = rlog L, /L,. By Proposition 6.3, there
exists Ciin = Cin(f, 8+, T, a, Ng) > 1 such that, for all sufficiently small r > 0,

]<n

log L, log L,
Cinr Oi < ANB(2)) < Ciinr Oi

(z € E).

Example 9.2. For W,, = (nlog(en))?, n > 1, the weights satisfy (1.12), since log(e(n+1))/log(en) <
1+ 1/n gives W1 /W, < (1+1/n)* <14 15/n, and ., W,/ = >, (nlog(en)) ™ = oo; the
factor e in log(en) only ensures Wy =1 > 0. We have

1

_ log(Yn, /n) ~ nl .
nlognloglogn’ 0g(Cno/tn) ~ mlogn

A, ~ loglogn, Ep ~

The asymptotics of A, and ¢, follow by integral comparison in (4.3). For the durations, we
compute from (4.3) and (4.9)

n—1
log(Un, /) Z log(2M;) — log(W,,/Wi,) ~ Z log j ~ nlogn.
J=No J=No

For ¢, < r < £,_1, we therefore have L, ~ nlogn, hence W,, < L? and €2 = (L,loglog L,)~?
By (6.8) and (8.2), there exists Ciog = Ciog(f, s+, T, a, No) > 1 such that, for all sufficiently small
r >0,

T r v(B(2)) Clog
< < — < .
Ciog 73 2 = A(Br(2)) < Clog Iz (z € E), jgg , = L2(loglog L, )?

Finally, we give weights for which 0 < H"2(E) < oo for a gauge ho with

k
ho(r) = o(rL;2 H(logj(eQT/r))ﬂ) asr |0, for every integer k > 3,
j=3
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where log; is the j-fold logarithm.'* To this end, we define

log z, 1<x<e, 1
(9.1) 7(x) = (1) = ——.

1+7(logz), z=>e, 7' (z)
At x = e, both formulas in (9.1) give 7(e) = 1 and 7/(e) = 1/e. Since 7/(x) = 7/(logz)/x for
x > e, induction over the intervals [e, e¢], [e€,e], ... gives 7 € C''([1,00)) with 7/ > 0; moreover,
7(x) — 0o as & — oo. Differentiating (9.1), we obtain
(9.2) Plz)=2 (1<z<e), P(z) =xzP(logz) (z>e).

For almost every x > e,
xP'(x) ) P'(log x)

Plz) P(logz) "
On [e, €], P(z) = xlogx, so 2P'(z)/P(x) = 1+ 1/logx < 2. On each later interval [e®, e],. ..,
the recursion and the bound on the previous interval give xP'(z)/P(z) < 14+2/logz < 1+2/e < 2.
Together with P(x) = x on [1, €], induction gives that P is locally absolutely continuous and

1 P 2
(9.3) P(z) >z, - < P((j)) < - for almost every z > 1.
Proposition 9.3. Let
2
(9.4) W, = [P()(1 + 7(n))]>
For v > 0 and sufficiently small r > 0, we define
r

(9.5) hy(r) =

(k) (1+7(gk))”

We set hy(0) = 0. The sequence (Wy)n of (9.4) satisfies (1.12). Let E be the set given by
Theorem 1.1 for these weights. Then

E is not H' -o-finite, 0 <~ < 2,

0 < #"(E) < oo, =2

HM(E) =0, v > 2.
For0 <~ <2,

A B,
(9.6) lim sup MBr(z) =0.
710 ,egz Py (T)
Moreover, for every integer k > 3 and every v > 0,
ho(r) k 2

: 2 2

(9.7) 1:?8 VTLT H(logj(e T/r))” =0.

Jj=3

Proof. Step 1: The weights and the gauge hy. By (9.3) and (9.4), P(z) > z, and 14+ 7 > 1, we
obtain, for almost every x > 1 and every X > 1,

d 2 2 / X
05 g oe(Pw 1+ o)) =258+ prt o <
(9.8) . )
/1 Pl 1 7)) & = losl +7(X)) — oc.

The function W (zx) :== P(x)?(1 + 7(x))? is increasing, with W(x) > x2. Hence W,, = W(n) — oo,
1< Woet/Wa < (1+1/0)° < 1463/n by (98), and X, Wo V/? > [N pode o =
log(1 + 7(N +1)) — co. Hence (W,,), satisfies (4.1) with Cy = 63. On [n,n + 1], both W and W

take values in [W,,, W, 41| C [W,,,64W,,], so W < W. By Proposition 6.3,
(9.9) ho(r) = gw(r),  0<H"(E) < oo

L We write logy z := logz and log; 1, == log(logj x) whenever these expressions are defined.
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Step 2: Comparison with the gauge ho. For fixed v > 0 and almost every = > 1,

0< % log(P(x)2(1 + 7(x))7) < HTW

Hence, as in (6.16), h, is continuous and increasing near zero, and h.(2r) < C,h,(r) for all
sufficiently small » > 0. There exists Cree = Crec(f, $«,7, T, a, Ng) > 1 such that, for all sufficiently
small r > 0,

(9.10) W < Chrec (1 + T(log}/r)>’y_2 (z € R?).

If v < 2, then (14 7(L,/log L,))"~2 — 0, so we obtain (9.6) from (9.10), and, by (6.18), E is not
H"v-o-finite. For v > 2, we use (9.9) and

(e () o

Given ¥ > 0, we choose ¢ > 0 with i, < ¥hy on (0, g). Covers of E by sets of diameter at most o
give H' (E) < 9H" (E), so H'(E) = 0.
Step 3: Comparison with finite products of logarithms. We fix an integer k > 3. Applying (9.2)

k times, to x,log; x, ..., log,_; x, which is possible once log;_; © > e, we obtain, for all sufficiently
large x,
k=1 (x I1-1 1og; x)2 1
9.11 P(z) = log,; 2 P(l il b A — 0.
( ) (‘/E) 4 H 0g; T ( 08y .17)7 P(x)z P(logk x)2
j=1
For s — oo,
g k=l < k-1
(9.12) o H logj(@> ~s H log; s.
j=1 j=2
Taking s = L, and © = L,/log L, in (9.11) and (9.12), and using log; L, = log; ,(e*T/r) and
(I147)Y >11n (9.5), we obtain (9.7). O

10. THE EIKONAL EQUATION

We apply Theorem 1.1 to the flux f(v) = —v1 — 02, with |v| < a. Let u be the solution of
(1.9) given by Theorem 1.1 for this flux, and let v satisfy 9,9 = u and 9y = —f(u). The field
w = (—0,¢,0¢) of Corollary 1.2 is the gradient of ¢ rotated by a right angle. The proof of
Corollary 1.2 is based on two observations: N(w) = N(u), and, for every eikonal entropy @, the
distribution div ®(w) is a finite signed measure satisfying | div ®(w)| < Ceix||®||c2(r2)v, where v is
defined by (1.7).

Proof of Corollary 1.2. Step 1: The flux and the potential. Let R(v) == (—v,v1 — v?) for |v| < 1.
For 0 < a < 1, the image R([—a, a]) is the arc of S! with endpoints (Fa, V1 — a?) and midpoint
R(0) = (0,1). Since I' contains (0,1) in its interior, we can fix 0 < a < 1/2 so small that
R([—a,a]) C T'; the bound a < 1/2 keeps the derivatives of R on [—a, a] bounded independently
of a. We take a smooth extension to R of

(10.1) fv)=—v1—-22 (Jv] < a).
With this flux, s, = 0, this a, § :== 1, and the prescribed T and weights, we apply Theorem 1.1,

and we let (™) and h(™) be the solutions and potentials of Section 5. By (5.2), [u(™| < 3b < a, so,
by (3.3) and (10.1), almost everywhere in Qr,

VA = (9,5, 0,hM) = (W) u(")>, IVA™| = 1.

We obtain 1) as the limit of these potentials. By (3.16), the potential h(*+1) differs from h(™) only
inside the generation-n cells, and these cells lie in the root cell. Hence all h("™ coincide outside the
root cell. We fix xy € R smaller than the second coordinate of every point of the root cell. Then

B (8, 2) = WOV (£, 20) + / W dy () € D),

Zo
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and, by (5.7), the potentials h(™) converge uniformly on Qr to

x

U(t, x) = hNO) (¢, 20) + / u(t,y) dy.

zo

Since Qr is convex, every h(™ is 1-Lipschitz, and so is ¢. The derivatives 9;,h(") converge to
V1—u?in L] _(Qr). Hence, almost everywhere in Qr,

(10.2) Vi = (V1—u?, u), w = (=09, ) = R(u), |w| = 1.

In particular, w takes values in R([—a,a]) C T, and divw = —0;0,% + 0,0¢) = 0 in the sense of
distributions.
Step 2: The eikonal entropies. For an eikonal entropy ®, we define

na(v) = 1(R(v)),  ga(v) = P2(R(v)) (v [-a,a]),
and extend both functions smoothly to R. We claim that
(10.3) 75(v) = f'(0)ng(v) (v € [a,a]).

To prove it, we fix v9 € (—a,a) and consider the smooth solution of the scalar law with flux
—+/1 —v2 given, for t > 0 and x € R, by

x/t a x a
a(t,z) = ——=— sothat —— =" Qi+ —— Opii = 0.
t,2) 1+ (z/t)? Vi@ ot ! 1- a2
The field @ = R(@) is smooth on the open half-plane {¢ > 0}, with |@w| = 1 and divw =
—(Ovu + u(1l — u?)~ 129, ) = 0. By the definition of an eikonal entropy, div®(w) = 0. Near the
point z == (1,v9(1 — v2)~'/2), where 4 = v and 0,4 = (1 — v2)%/? > 0, the values of @ lie in

(—a,a), and
0= div ®(w) = 9y () + Ouge () = (da (@) — f' (W0 (1)) 0.
Since 0,4(Zz) # 0, we obtain gy (vo) = f/'(vo)ns(vo). As vy € (—a,a) is arbitrary and both sides are
(
)

continuous on [—a, a], (10.3) holds. By (10.2), ®(w) = (na(u), ga(w)). Since gp — gy, is constant
on [—a,a] by (10.3), div ®(w) = 0o (u) + Ozny (u) = fiy,. We apply (7.8) to ne € C*(R), with
m(dz,dv) = M,(dz) dv concentrated on Qr X [—a,a], and by the definition of v in (1.7),
(104)  divd(w) :-/ng(v)dm(.,v), [div®(w)| < sup 7] < Conel|Bllce ey

R —a,a

Here, for |v] < a < 1/2
= D?*®1(R)[R',R'| + V®1(R) - R”,

1 4 1 4N 3/2
O —
ROP= =<3  ROI=gomms(3)
80 SUP[_, 4 INg| < (4/3 + (4/3)3/2)||®[|c2r2) = Ceixl|®|lc2(r2)- By (1.18) and (10.4), we obtain
(1.28).

Step 3: Non-Lebesgue points, mean oscillation, and o-finiteness. The map R is bi-Lipschitz on
[—a, a], with inverse (y1,y2) — —y1: since |R'(v)| = (1 — v?)~1/2,

!
v—v]<|RW) —RO <M
o=l < RG) — R < L2

(v,v" € [—a,a]).
Therefore, for vy € [—a,a] and a ball B € Qr,
1
(10.5) ][ |u—v0|dz<][ |lw—R(vp)|dz £ —— ][ |u — vo|dz.
1-— a2 B

Since w € R([—a, a]) almost everywhere in Q7, we have f, ) |lw —y|dz’ > dist(y, R([—a,a])) for
every y € R2. If y is a Lebesgue value of w at z, the left-hand side tends to zero, so y = R(vo)
with vg = —y1 € [—a,a]. By (10.5), vg is a Lebesgue value of u at z. Conversely, u takes values
in [—a,a], so a Lebesgue value vy of w lies in [—a, a], and R(vp) is a Lebesgue value of w. For the
oscillation, we use osc(w; B) < 2 f, |w — R(up)|dz and (10.5) with vy = up € [—a,a]. Therefore

(10.6) N(w) = N(u), osc(w; B) < osc(u; B).

2
V1 —a?
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By (10.6) and Theorem 1.1(iii), F C N(u) = N(w) and

2
jtelg osc(w; B,(2)) < Nipre :gg osc(u; By(z)) — 0 (r ] 0);

this is (1.29). The set E and the measure A are those of Theorem 1.1, so they have the properties
in Theorem 1.1(iv). If Z is H!-o-finite, then so is EN Z. Since a union of two H!-o-finite sets is
H!-o-finite and E is not, neither E\ Z nor its superset N (w)\ Z is H!-o-finite. As a set of finite H*-
measure is H!-o-finite, we obtain (1.30). Since the jump set J,, of w given by [DO03, Theorem 1(a)]

is H1-o-finite, the choice Z = J,, is admissible in (1.30), and it gives H!(N(w) \ J,,) = oo.
O
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