INSTANTANEOUS REGULARISATION VIA HARNACK-TYPE
METHODS FOR A DEGENERATE NON-LOCAL EQUATION

SIMON M. SCHULZ

ABsTRACT. We prove an instantaneous smoothing effect for a degenerate non-local evo-
lution equation (originally derived as the many-particle limit of a system of active Brow-
nian particles). The underlying mechanism is that, by deriving a Harnack-type inequal-
ity for an averaged quantity, we are able to show that the equation becomes strongly
parabolic for positive times, and thus self-regularising. This paper is a significant im-
provement of a previous work, where additional (weak) non-degeneracy assumptions
were imposed on the initial data. Herein, we completely remove these assumptions, and
prove—in addition to the regularity bootstrap—quantitative estimates on the aforemen-
tioned averaged quantity by means of an approach a la Bombieri—-Giusti.
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1. INTRODUCTION

The purpose of this paper is to present a refined regularity theory for weak solutions
f(t,z,0) of the degenerate non-local evolution equation

Of +div((1— p)fe(d)) = div((1 — p)Vf + fVp) + 3 f, (1.1)
where e(f) = (cosf,sinf), and the (non-local) averaged quantity p is defined by

p(t, ) ::/Tf(t,xﬁ) dé, (1.2)

where T 2 [0,27) is the torus. The notations div and V represent the divergence and
gradient operators with respect to the x variable only. The initial value problem for (1.1)
is posed with periodic boundary conditions both in the space variable 2 € T? and the angle
variable 6 € T. In the paper, we denote the space-angle coordinate by ¢ = (z,0) € T3.

Equation (1.1) was derived in |7], and corresponds to the many-particle limit of a system
of active Brownian particles (cf. [9, 19])—these models appear naturally when studying
collective behaviour in the biological and social sciences (cf. [22, 24]). A global existence
result for (1.1) was obtained in [8], by means of a non-local boundedness-by-entropy method,
where one rewrites (1.1) as an evolution on the first variation of a suitable non-local
functional (which itself can be interpreted as a perturbation of a Wasserstein-type gradient
flow). The weak solutions obtained therein are dual to test functions belonging to L?Wl}”g
(thus, in principle, they are endowed with rather little regularity), and satisfy 0 < p <1
a.e.; hence (1.1) is of degenerate parabolic type, with degeneracy at p = 1.
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Recently, a rather general regularity theory was established in [1]; following ideas pre-
sented for a simpler active model in [3|. Therein, the authors proved that weak solutions of
(1.1) are in fact smooth for all positive times, provided certain (weak) non-degeneracy as-
sumptions are imposed on the initial data. More precisely, provided one has suitable control
on the degenerate zone {p = 1} (where (1.1) loses strict parabolicity) at the initial time,
then one can show that (1.1) becomes self-regularising. In this work, we completely remove
these non-degeneracy assumptions on the initial data, thereby showing that—surprisingly,
given the degenerate/non-local appearance of the PDE—all weak solutions (as defined in
[8]) instantaneously become smooth. The present paper is therefore a significant improve-
ment of the previous contribution [1], and (in some sense) it concludes the regularity study
of equation (1.1); all weak solutions are classical solutions for positive times. The questions
of uniqueness/non-uniqueness and convergence to stationary states are still largely open
and will be the focus of future investigations.

While (1.1) appears to be fraught with degeneracies and non-local effects, it is actually
very simple to (heuristically) explain its underlying self-regularising mechanism. Indeed,
the main obstacle for regularity is that the self-diffusive term div((1—p)V f) is degenerate
when p = 1. Consequently, in the vicinity of {p = 1}, the smoothing effects provided by
this term cannot compensate for the losses of regularity produced by the non-local drift and
the infinite cross-diffusion term div(fVp); this latter term formally comprises fAp, which
includes competing diffusive effects from all angles 6 € [0, 27). However, upon integrating
(1.1) in the angle variable 6, one observes that the equation for p is strongly parabolic:

dp+ div ((1 — p)p) = Ap, (1.3)

where the polarisation p is a non-local “moment” quantity determined from f by

p(t,z) == /T £(t,z,0)e(0) do. (1.4)

In turn, this latter equation is endowed with an instantaneous separation from {p = 1}
property, meaning that 0 < p < 1 for all positive times. A quantitative description of
this infinite speed of propagation effect is embodied by a Harnack-type inequality for 1 — p
(which we prove in §7 of this manuscript). Once this quantitative estimate is established,
one deduces that (1.1) is strongly parabolic for all positive times, and the strategy of [1,
§6-7] (see also |3, §4]) can be adapted to show smoothness of the weak solution. While a
lower bound on 1 — p had been obtained in [1] by an ad-hoc method, the authors had not
clearly identified that it could be derived from a Harnack inequality, which led them to
impose the aforementioned unnecessary non-degeneracy conditions on the initial data.

Herein, we prove the desired Harnack-type inequality directly, instead of invoking an
abstract result from the literature—we explain our reason for doing so in the paragraph
that follows. Before jumping to this, we remind the reader that our aim, ultimately, is to
obtain a quantitative form of the instantaneous separation of p from the degenerate state
{p = 1}; ¢f. Theorem 1. This phenomenon is expected from the strong parabolicity of
(1.3), but obtaining an explicit (uniform-in-z) lower bound on 1—p near the initial time is
a priori not obvious.

Although (1.3) may be interpreted as a linear drift-diffusion equation for p—and is thus
endowed with a Harnack inequality—the constants appearing in its corresponding Harnack
inequality depend quantitatively on the drift p. In particular, when applying the estimate
on cylinders approaching the initial time, one must carefully track the dependence of the
Harnack constant on the rescaled drift coefficient—rescaled because the equation (1.3) is
not exactly invariant under the usual parabolic rescaling (¢, z) — (to + A%t, o + Az). Since
this dependence is seldom made explicit in Harnack inequalities found in reference texts
(cf. e.g. |17, Theorem 6.27]), we adopt a more hands-on approach and prove the required
estimate (c¢f. Lemma 7.2) by means of an argument in the spirit of Bombieri-Giusti [5, 18].
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Once the desired uniform lower bound on 1—p is established (and hence the strong
parabolicity of (1.1)) for positive times, the regularity bootstrap essentially begins with
one key observation on the structure of (1.1): provided one justifies passing from divergence
to non-divergence form in (1.1), a cancellation in the mixed terms V f-Vp occurs, yielding

O f +div((1 - p)fe(0)) = (1 — p)Af + fAp+ 53 f.

By formally testing the above with Af (and then 83 f), one is able to close the usual
H?-type estimate. Then, through repeated applications of difference quotients in time and
Schauder-type results, we are able to successively take additional time and space derivatives
n (1.1) and show that all derivatives bounded, thereby establishing smoothness. The
rigourous passage from the divergence to non-divergence form had already been written in
[1], and relies on a Galerkin scheme (see Lemma 8.10 herein). We briefly highlight that
the use of Galerkin’s method as a tool for regularity (while classical) has recently proven
to be very useful in settings where the method of difference quotients (in space) is not
justifiable, e.g. in the context of elliptic equations in metric measure spaces (cf. [20]).

The rest of the paper is organised as follows. In §2 we recall the definition of weak
solution as well as the global existence result obtained in [8]. We also recall some basic
regularity results that are used throughout the paper. In §3 we state our main theorem.
§4 is concerned with a classical result known as the Bombieri—-Giusti Lemma, which is the
cornerstone of the approach “without the John—Nirenberg Lemma” (¢f. [18]) to obtaining
Harnack inequalities; to make the paper self-contained, we write a statement and proof
which is tailored to our setting. In §5—6 (which are respectively concerned with Moser-type
L bounds and estimates on the sub-/super-level sets of the logarithm) we verify that 1—p
and its reciprocal satisfy the assumptions of the Bombieri-Giusti Lemma of §4. Having
shown that this is the case, we obtain the sought quantitative lower bound on 1—p in
§7. §8 is then concerned with the regularity bootstrap for (1.1), which (although entirely
self-contained herein) relies heavily on the ideas already introduced in [1, §6-7].

2. DEFINITIONS AND BACKGROUND

In this part of the manuscript, we recall the definition of weak solution of (1.1) intro-
duced in the prior works [8, 1], and summarise the main existence result as well as some
background notions that will appear in later sections.

2.1. Definitions. We define the following function space. Note that, therein, the space
containing 0, f is precisely the dual of L¢ ([0, 00); W16(T3)).

Definition 2.1 (Function space X). The function space X is defined to be the family of
functions f € L} ([0,00); L*(T?)) which satisfy, with p := [}, f d, the following:
(i) f>0a.e. (0,00) x T3;
() 90T € L2, (10,00)s LA(T%)) and 9hf € L (0, 00): W 105(T9))
(iii) 0 < p < lae. (0,00)xT?, ip € LE (0,00, H1(T?)), Vi/T=p € LE (0,00; L*(T?));
( ) \/ VIGLIOC([ )7L2(T3))
We recall the definition of weak solution (cf. [1, Definition 2.1]). For succinctness, we
define the test functions & := {p € LS ([0,00); WLE(T3)) : gy € LS/Q([O,OO); L¥2(T3))}.

loc

Definition 2.2 (Weak solution). We say that f € X is a weak solution of (1.1) if, for all
¢ € o/, it holds: for a.e. t1,ty € (0,00)

/t1 fatgodgdwr/tz/ ) - Vipde dt

2 (2.1)
/t/ (1—p)Vf+fVp)- V<p+89f8990)d§dt+/ fgo\t dé— / f‘P}t de.
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Furthermore, we say that f is a weak solution with initial data fy if it is a weak solution,

and (2.1) holds with ¢; = 0 and the final integral replaced by [r5 fo(£)¢(0,&) d€.

For the convenience of the reader, we recall the notation & = (z, #) in the integrals above.
It is also clear that, by considering the periodic extension of f to all of R?, the definition
of weak solution given above also implies that (1.1) holds in the sense of distributions dual
to the class of test functions C°(]0, 00) x R3); cf. [8, Lemma 4.2].

2.2. Background notions.

2.2.1. Global existence and attainment of initial data. The next remark summarises the
main existence result obtained in [8].

Remark 2.3 (Global existence). Recall that, given initial data fy which satisfies
0 < fo € LY(T3) for some ¢ € (1, ], 0<py<1 ae. inT? (2.2)

then there exists a weak solution of (1.1) with initial data fp (in the precise sense of
Definition 2.2), which satisfies

tl_i)%i | f(t) — f0||W—1,6/5(~[rs) =0; (2.3)

this was proved in [8, Theorem 1]. Throughout the manuscript, we say that fy is admissible
initial data if it satisfies (2.2), and whenever initial data fo is mentioned, the letter pg
always denotes pg = [ fodf, i.e. the initial data for p.

For the convenience of the reader, we explain in detail the distributional convergence to
the initial data (2.3) in the remark that follows.

Remark 2.4 (Attainment of initial data). Let f be a weak solution with initial data fj as
per Definition 2.2. Then, for all ¢ € W16(T3) depending only on &, it holds a.e. t > 0

/ (F(1.€) — fol€)) () de = / / (1-p)fe(h) - Ve de ds
T3 0 T3 (24)

_ /0 t /T (0= 0)V1+1V0) Vot nfing) deas.

The boundedness of the relevant terms from Definition 2.2 (¢f. 8, Eq. (1.5)]) yields (2.3):

[0~ fyeaq 0. 9

lim || f(t) = foll(wrs(rsyy = lim  sup
Jim | lowrsqrsy = Tim, ol <1

Next is a remark about the attainment of p-initial data, which was not proved before.

Remark 2.5 (Convergence to initial data for p). Suppose that f is a weak solution of (1.1)
with admissible initial data fy. Then, it holds

tl_lf(% 1p(t) = pollL2(r2) = 0. (2.6)

Note that p € C([0,00); L*>(T?)) is immediate from 9yp € L& ([0,00); H 1(T?)),p €
L% ([0,00); HY(T?)) and the Lions-Magenes Lemma [21, Ch.3, §1.4 Lem.1.2], but this

does not directly imply (2.6). Nevertheless, this convergence is true, c¢f. Appendix A.1.

2.2.2. Background reqularity notions. We recall some elementary boudedness results, which
hold for any weak solution of (1.1) produced by admissible initial data (2.2).

Recall the equation (1.3) for p, where the drift term depends on the polarisation p given
by (1.4), p = [; fe(f)df. Since f >0 and 0 < p <1 a.e. from Definition 2.1-2.2, it holds

p(t,a)] < /T Ftz.0)d0=p(t,x) <1 = [plimomyersy <L (27)
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this boundedness holds for all angular moments of f, e.g. P = [} fe() @ e(0) df satisfies
IP||L < oo. Furthermore, simply by multiplying the equation (1.1) for f with e() and
integrating in 6, we uncover the equation for p:

Op +div((1 — p)P) = div((1 — p)Vp + p ® Vp) — p, (2.8)

which, in coordinate form with summation convention, reads as 9;p; + 9;((1 — p)Pi;) =
0;((1 = p)0jpi + pi0;p) — pi. We also recall that the drift in (1.3) satisfies
div((1 = p)p) € Lilg((0,00); LV*(T%)); (2.9)

indeed, div((1 — p)p) =—Vp-p + (1 — p)divp, with Vp-p € LE ((0,00); L*(T?)) from
Definition 2.1 and (2.7), and (for all 7" > 0)

T T
. 3/2 _ _\3/2
| La=overtaza= [ a-p
T 3/2 3 .
<var [ [ (Vi) M agae 10
< AVl 175 g0 appemsy 1T = PV VT2 g0 sy

where we used Jensen’s inequality and 0 < 1 — p < 1 to get the second line and Hélder’s
inequality with the exponent 4/3 to get the final line. By (1.3) and (2.9), we get

([0, 00); L7*(T?)),
whence, by the Calderéon-Zygmund Theorem for the heat equation (¢f. [16, Theorem 3.1]),
Op,Vipe L?((t, T)xT?)  Yo<t<T, (2.11)

3/2
dx dt

Vf®e(d)dd
T

O — Ap = —div((1 - p)p) € L/

loc

we will use (2.11) as a starting point for our analysis, in §5 of the present work.

We finish this subsection with four well-known standard results which will be used
repeatedly in §8. The first is an interpolation lemma that follows from the Gagliardo—
Nirenberg inequality, the second and third are Schauder-type results for non-divergence
form parabolic equations (in Sobolev spaces, and Holder spaces, respectively), and the
fourth is a Gehring Lemma for divergence form parabolic equations.

Lemma 2.6 (§1 Proposition 3.2, [10]). Letd € N, Q C R? have piecewise smooth boundary,

I C [0,00) any bounded interval, and p,m > 1. Then, there exists a positive constant C' =
C(d,p,m,09,Q), independent of I, such that, for all v € L>(I; L™(Q)) N LP(I; WP(Q)),

1 _ m
vl La(rxa) < C(1+[1])e <||UHL<>°(1;Lm(Q)) + HUHLP(I;WLP(Q))) with ¢ = p(1 + E)’
Consequently, we have, for any bounded interval I C [0,00), the continuous embeddings
L®(I; L3(T?)) N L2(I; HY(T?)) — L*(I x T?),
L(I; LA(T3)) N L2(I; HY(T?)) — L' x T3).

The next two results are well-known. The first is [23, Theorem 1.9] (¢f. [11, Lemma 5.14]
and |13, Theorem 2.4|), and the second is [23, Theorem 1.19] (cf. |15, Theorem 8.11.1]).
We recall the Holder spaces and their parabolic analogues: for o € (0,1) and Q C R'*,

(@) ={v e C@: lvllon@ <o}y Mollcnig) = IWlle@ + Plaas

where [v]a,Q = SUD,, 2ye0,21 2 W recall that (C%, || - ||ce) is a Banach space, and

c(Q) = {v e C@) : Illgomag < o0}y ollgwagg) = ollz=(@) + lozacar
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t1,21)—v(ta,
where [U}Q/%OGQ = SUP(t1,@1)#(t2,x2) |t‘z}£tlzro}/)2+q|}9(c12—f2)|‘o" Also define

crrlzta(Q) = {ap, viv € 00 (Q)},
with the norm H’UHC1+a/2,2+a(Q) = H’U”Loo(Q) + HVUHLOO(Q) + ”8,51}”0&/2,04(@) + ||v2v||ca/2,a(Q).

Lemma 2.7 (Schauder estimate: Sobolev spaces). Let I C [0,00) be any compact interval,
p€[2,00), a€(0,1), c>1,deN. Assume A € [C¥(I x T4 is symmetric and

cHwl? < At z)w - w < clw|? vYw e RY, V(t,x) € I x T
Suppose that v € L?(I; H?(T%)), with O € L*(I xTY), satisfies, for F € LP(I x T%),
ow—A:Vu=F
Then, for any I' CC I compactly contained in I, it holds Oyv, V?v € LP(I' x T?), and

10| Lo 17 ray + IVEV] Lo (1 may < C(HFHLP(Ide) + HU”LQ(IX']I'd))? (2.12)
where C depends only on |I\ I'|, I, ¢, ||Al|ce, a, d.
Lemma 2.8 (Schauder estimate: Holder spaces). Let I C [0,00) be any compact interval,
a € (0,1), ¢c>1, and d € N. Assume the matriz A € [C*(I x T4 is symmetric and

cHw? <At z)w-w < clw|? vw e RY,  V(t,z) eI x T
Suppose that v € L*(I; H*(T9)), with v € L*(I xT%), satisfies, for F € C>*(I x T%),
v—A:Vu=F

Then, for any I' CC I compactly contained in I, it holds v € CYT/22Ha(I' x T4, and

[vllcrte22ta(pxray < C(HFHCO‘/ZQ(IXTC’!) + HUHLQ(IXTd))v (2.13)
where C' depends only on |[I\ I'|, I, ¢, ||Allce, a, d.

The final result of this subsection is a consequence of (and a non-quantitative version of)
[4, Theorem 8.2] and is a classical Gehring-type “improvement of integrability” result for
solutions of strongly parabolic systems in divergence form with measurable coefficients—we
emphasise that, unlike in Lemmas 2.7-2.8, the entries of the matrix A are not required to
be uniformly continuous, and A need not be symmetric. In what follows, for p > 1,

_ d+2)p
Cod+24p’
where d is the spatial dimension of the domain.

(2.14)

*

Lemma 2.9 (Gehring-type Lemma). Let I C [0,00) be any compact interval, ¢ > 1,
N,d € N, and suppose g,G are vector fields satisfying

g ELP(I xTHN, G e [LP(I x T Nxd
for some p > 2. Assume the tensor A € [L°(I x THN*® satisfies the ellipticity condition
clw? < At,z)w-w < cw| Yw e RN vy(t,z) e I x T,
—_————
i A(t,m)%ﬁw?wf

and suppose that v € [L®°(IxTHNL(I; HY(TH)|N, with v € [L2(I; H~Y(T%))]V, satisfies
the linear divergence form equation
0w — div(AVv) = g+ divG.

Then, there exists & > 0 depending only on ¢, I,p,d,||A||L~, such that, for any I' CC I
compactly contained in I, it holds Vv € L>TO(I' x T9).
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2.3. Notations. Throughout the paper, for r > 0 and d = 2,3, we have the following
notation for the parabolic cylinders:

Qr(t)=(t—rt+r)xTd — Q)= (t,t+r)xT% Q. (t)=(t—rt)xT% (2.15)

and we simply write @, to denote Q,(0) and analogously for QF = Q;(0). We also use
the notations a V b = max{a,b} and a A b = min{a,b} for real numbers a,b. We write
LfJOCWf’q (resp. Lf’lOCng’q) as shorthand for LP((t,T); W"4(T%)) (d = 2,3, resp.) for all
(t,T) CcC (0,00), where CC means compactly contained. In the bootstrap argument of
§8.3, we use the notation D™v with m € N to denote the tensor of all derivatives of order

m in space-angle (i.e. excluding the time variable). Throughout §5-7, we write u =1 — p.

3. MAIN THEOREM

Our main theorem is the following. It may be interpreted as a significant improvement
of [1, Theorem 1|, where one no longer requires stronger assumptions on the initial data
(cf. [1, Definition 3.1]) to deduce the smoothness of weak solutions. The result shows
that all weak solutions are classical solutions, provided we exclude “saturated” initial data
satisfying po = 1 a.e. The underlying mechanism (as previously mentioned) is that a strictly
positive lower bound on 1 — p makes (1.1) strongly parabolic, and thus self-regularising.

Theorem 1 (Interior non-degeneracy and smoothness of weak solutions). Let f be a weak
solution of (1.1) with admissible initial data fo satisfying (2.2). Then, there exists a
constant C > 1 (independent of t,T, the initial data, and the solution) such that

inf (1—p) > C 41— —O(T+719) 3.1
(gsTs)anTQ( p) = C|[1=pollLi(r2)e (3.1)

Jor all 0 <t <T < co. Moreover, if |1 — pol|p1(r2) > 0, then f € C*°((0,00)xT?).

Of course, we do not claim optimality in the exponents on the right-hand side of (3.1).
Note that Theorem 1 allows for degenerate choices of initial data with pgp = 1 on a Borel
set of positive measure (provided it is not of full measure), and we remind the reader that
the terminology “ f is a weak solution with initial data fy” was explained in Definition 2.2.

Remark 3.1 (Limiting behaviour as T — oc). Note that the lower bound provided by
(3.1) vanishes in the limit as T' — oo, thus leading to (potentially) degenerate diffusion at
infinite times. This observation is compatible with the segregated (and hence non-smooth)
stationary states that were numerically obtained in |7]; ¢f. Figures 4 and 5 therein.

4. THE BOMBIERI-GIUSTI LEMMA

The following lemma is fundamental when proving Harnack inequalities (it will be used
subsequently to prove the sought lower bound on 1 — p in §7, which then implies that
(1.1) is strongly parabolic for positive times). It applies to any non-negative measurable
function, not necessarily the solution of a particular equation. The result is classical and
the underlying argument is well-known to specialists (cf. [5, 18]); of course we do not claim
novelty, but we include a proof tailored to our setting (with slightly different statement
and proof to—but closely following—the one in [6, §3.2]) to make the paper self-contained.

Lemma 4.1 (Bombieri-Giusti Lemma). Let 8> 0, 7 € (0,1], and {Qy},¢(0,7 be a family

of nested subsets of R with Q, C Qg for all0 < r < R < 7 and |91] < c0. Assume
that ¢ € L'(Q1) is non-negative and satisfies:

(i) there exists a positive constant Cy independent of 5,7, R,T,p such that

1
C v i
el zoe(a,) < <(R_°r)ﬁ> I@llLe(on for all0<r <R <7 andallpe (0,1); (4.1)



8 S. M. SCHULZ

(ii) there exists a positive constant Cy > e~ such that, for all v € (0,7),

[{(t,y) € Qp : logp(t,y) > s}| < % for all s > 0. (4.2)

Then, there ezists a positive constant Co = Cy(Cy, C1, B), independent of v, 7, such that
|](,0||LOO(QT) < exp (C’g(f — r)_%) for all r € (0,7). (4.3)

We emphasise that Cp,C; are both independent of p,r, 7, R in the assumptions (4.1)—
(4.2); and hence Cy also is. Furthermore, the sets Q, may be more general subsets than
the parabolic cylinders of (2.15). We highlight that the content of the result is not only
the local boundedness of ¢ per se, but the precise dependence on r, 7 given by (4.3).

Proof. Define the increasing function r — ®(r) := esssupg_logy. This function is well-
defined since ¢ is non-negative; however, a priori it may be infinite. We will prove that
the assumptions of the lemma imply that, for any r € (0,7), either:

(a) ®(r) < 2Ch, in which case there is nothing to prove and we set Cy = 2C7;
(b) or, ®(r) > 2C1, in which case it holds
3 C

where the positive constant C' = C(Cy, C1) is independent of 7, R, 7.

VR € (r, 7], (4.4)

The rest of the proof is divided into two steps.
1. Proof of (4.3) in case (b). We prove the result (4.3) in the case where (b) holds. Suppose
that case (b) holds at a given r € (0,7). Define the increasing sequence of radii {ry }n>0:
T—r T—r
T Vn e NU{0} = rpq1 Tn_(n+2)(n+1)’
whence r = 9 < 11 < --- < r, 7. Note that, if there exists n € N such that
®(ry,) < 2C1, then since ® is increasing, we get ®(r) = ®(rg) < ®(ry,) < 2C1, and we are
back to case (a), where there is nothing to prove. Thus, henceforth we assume ®(r,,) > 2C}
for all n € N, whence (4.4) holds with r = r,, R = rn+1 (n € N>¢). By induction on (4.4),

T =T —

®(r) = ®(ro) < (3 D(rp) +CZ (4.5)

2 )
T]+1 - Tj) A

and, using the assumption (4.1) with R = 7, the ﬁrst term on the right-hand side decays:

1
3., 3., 3., Co \7
<Z) O(ry) = (Z) log [|¢]lL=(a,,) < (Z) log ((W) H‘P”LP(Ql)>

= )

0 (%)”fb(rn) — 0, for any fixed p € (0,1); note that |||l zr(g,) < \Q1|1/p_1||<pHL1(Q1) < 00
for p € (0,1) by Holder’s inequality. By letting n — oo in (4.5), we recover

)< CZ W = C(Z(i)j(j +2)7(j + 1)”) (F =)~

J=0

5(3) g(l—i-n

p 4 r—r

) ( log Co +logl¢ll r(0y)) +

=:C"
where C’ is independent of r,7; note that the infinite sum manifestly converges for all
B > 0 by the d’Alembert ratio test. It then follows (recalling the non-negativity of ¢) that

||90HL°°(QT) = esssupexp log p = 2() < eC'(ffr)—Qﬁ'

r

We set Co = C’, which depends only on Cy, Cy, 3, and the proof of (4.3) is complete.
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2.1. Proof of (4.4): LP estimate for the logarithm. Our goal in this step is to obtain (for ¢
the function in the statement of Lemma 4.1 with r € (0,7) and ®(r) satisfying case (b) at
the beginning of the proof) the following estimate:

el (0, < Cse2Pr®R) VYR e (r, 7, (4.6)

where the positive constant ('3 is independent of pg, 8,7, 7, R, and pg is prescribed by

2R

PR=3(R)*® 20,

Note that pg € (0,1) since the assumption ®(r) > 2C; with C; > e~ ! implies ®(R) >
®(r) > 2Cy since ® is increasing, and (since supye(q o) s tlogs=e™1)

2 ®(R) 1 20, , ®(R)

0<——=1lo = — 0 <e sup s ‘logs=1, 4.8
B(R) 20, 01<1><R> TR 48)

Deﬁne Ap = {(t,y) € Qr : logp(t,y) > 3®(R)} and Br := {(t,y) € Qr : loge(t,y) <
( )}. For all p > 0, it holds esssupg,, 4,05” = esssupg,, exp(plogy) = eP®(B) | whence

2C4 P

(R Pd(R) d(R P(R
H<,0HLp(QR // © +/ <pp<]AR‘eP —I—‘B ‘62 (R) _@ep ( )—|—\Q1]e2 ( )7 (4.9)
where we used (4.2) for the first term, and bluntly bounded |Bgr| < |Qgr| < |Q1]. We
emphasise that the above estimate holds for all possible choices of p > 0 and R € (r,7];
including if we choose p to depend on R as per (4.7). Next, we estimate the first term on
the right-hand side of (4.9) by the final term. Setting p = pr as per (4.7), we get

(4.7)

2C, ePrR®(R)
O(R)
and we deduce from (4.9) that, defining the positive constant C3 = 1 + |Q;]| independent
of p,d, B,r, R, 7, there holds (4.6) with pr prescribed by (4.7).
2.ii. Proof of (4.4): estimate on ®(r). Using (4.1) with the choice p = pr € (0,1) and
(4.6), the monotonicity of log implies, since ®(r) = i log(ngHi’io(Qr)),

p
= eTR‘b(R)’

1 Co 1pr®(R) 1 1 CoCs
O(r) < —log <(R—r)50562 < §<1>(R) + — log <(7)

PR pr B\(R—r)P
TSI

2 log (é(R))
where we used the explicit representation (4.7) for pr to obtain the final line. We divide
the analysis into two cases. The first case is when it holds: log( (g‘)% )/1og( 201)) < %,

in which case we deduce from (4.10) that it holds ®(r) < 2®(R), and hence (4.4) is

satisfied. On the other hand, if instead it holds log( COCS ) /log( 25?) > 1, then (using
again ®(R) > ®(r) > 2C) we deduce ®(r) < ®(R) < 2(%_6;)2% ,

an increasing function of the radius to write the first inequality. In either case, (4.4) holds
with C(Cp, C1) = 201C3(1 + |Q1])? using the definition of C3. The proof is complete. [J

where we used that @ is

5. MOSER-TYPE LOCAL L*° ESTIMATES

In this section, we derive the usual Moser-type local L estimates on the quantity (1—p)
for which we wish to show infinite speed of propagation; here, local means local-in-time,
1.e. away from ¢ = 0. This will consist in proving Caccioppoli-type inequalities for this
quantity (and its reciprocal (1—p)~!) and estimates on the measure of the super-/sub-level
sets of its logarithm; in essence, we wish to show that (1 — p) satisfies the assumptions of
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the Bombieri-Giusti Lemma 4.1. We follow the presentation in [6, §3.2|, which is based on
Moser’s iteration, as opposed to the De Giorgi method used in e.g. |1, Proposition 5.2].

The main focus of the subsections that follow is the quantity w := 1 — p, for which we
wish to show an instantaneous positivity result. We rewrite (1.3) in terms of u:

Oyu — div(pu) = Au. (5.1)
Since 0 < p <1 a.e., we have 0 < u <1 a.e. Moreover, the regularity (2.11) implies

u, Viu e L?((t,T)xT?)  Vo<t<T. (5.2)

5.1. Moser lower bound. The main estimate of this subsection is the following (Lemma
5.1). For clarity of presentation, the analysis is performed for weak solutions of (5.1)
studied on the parabolic half-cylinder @, centered at ¢t = 0 (c¢f. (2.15)); however, by
translation these estimates hold on any cylinder of the form Q; (t) = (t — r,t) x T2
As per (5.2), we assume that the weak solutions u of (5.1) satisfy:
0<u<1l a.e, Oy, Vu € L3/2(Q) (5.3)

loc
where () is any open cylinder which is compactly contained within the domain of definition
of the solution (which we do not specify explicitly, for succinctness).

Lemma 5.1 (L™ bound (u + &)~ !). Let u be a weak solution of (5.1) satisfying (5.3),
g,p€(0,1), 0 <r < R<1. There exists a constant C independent of p,r, R,e such that

||(U+€)71||L00(Q:) < <(R_CT)2>F H(u_}_g)il”Lp(Qg)‘ (5.4)

Proof. The proof is divided into three steps.

1. Caccioppoli-type inequality. Let ¢ > 0 and, for all € € (0,1), define w, := (u +¢)~%2.
Let 0 < r < R < 1. Our objective in this step is to show (for C' independent of ¢, r, R, ¢):

0 C(1 +q2 0
esssup [ () acra + | 1906 Bagenyds < S [ (9 ages ds. 655)
s€(—r,0) —r r -R
To this end, let ¢ € C°((—R, 0]) be such that
C
0<t¢ <lon[-1,0], |- =0, Ylrg =1 0lreu) < 57—  (5:6)

for some C' independent of r, R; v is only a function of . Recalling the discussion that
follows (5.1) and (5.3), we have w. € L°°((—1,1) x T?) ﬂLz(( ,1); HY(T?)); furthermore,

2

¢ = —q(u+e) "I = —quz “4p?

also belongs to this space, whence it is an admissible test function. We therefore insert ¢
as a test function into the weak formulation of (5.1) and get

2

O 6) = —a(@lwe w0 = Awdpo i) = 3 [ wwPao—2 [ voe? s,

where we used (5.3) to justify the Sobolev chain rule (¢f. [12, §5.10]); we emphasise that
we are not using the Lions—Magenes Lemma here. Similarly, it holds

2
—(div(pu), ¢ q—|—1/ VPp )w;+qu5dx

142
—2(q+ 1)/ V2w.p-Vw. dz + 2(q—{—1)8/ 1!)2w5+‘1p -Vw, dz,
T2 T2
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_2 2
and (Au, @) = ¢ [12 ¥V (we q)-V(wz+q)dw = —%(q +1) [r2 |V (¢w:)|* dz. Observe that

142
5/ 2w, p-Vuw.dz
T2

= 8/@ ﬁéwwslv(wws)l dz < /TQ Ywe|V ()| dz,

<e

where we also used |p| < 1 by (2.7), hence, using also Young’s inequality, we obtain

d _
Gl ey 40+ DT ) By < A0+ ) [l V(o] do2 [vl0lu? ds
_ _ 2C
<2¢*(1+ ¢ ) [Ywel| ey + 201 + ¢ DIV (@we) |72 q2y + 5 well72 72y
R—r
By bounding the first term on the right-hand side bluntly using 0 < ¢ < 1, it follows that
d _ _ 1
&was”%%r?) + (14 DIV (@wo) |72 g2y < C(q2(1 +a )+ m) lwel[72 72y,
where C' is independent of ¢, r, R, . Integrating in time over [— R, ¢], for any ¢t € (—r,0),

t C+g¢*) [
e+ [ [ I@woPdras < SEEE o) ds,
—RJT2 T R

where we used that (t) = 1 for such ¢ and (—R) = 0 from (5.6), 1 < 1+ ¢!, and
Young’s inequality to write 2¢ < 1 + ¢?. Using also the fact that v does not depend on
xz and ¢ = 1 in [—r,0] to control the second term on the left-hand side of the previous
inequality, as well as 0 < R — r < 1, we deduce (5.5) as desired.

2. Recursive estimate. Our goal in this step is to obtain (for C' independent of ¢, 7, R, ¢):
_ C(l+q¢*)\q
1 q

I+ &) gy < (=) I

for all choices of 0 < 7r < R <1 with R—r < 1.
The standard interpolation inequality of Lemma 2.6 implies

u+5)_1”LLI(Q§)7 (5.7)

el sy < C(wello oz + IV o ropcrs) )

where the positive constant C' is independent of r, R, ¢, . By inserting into (5.5), we get

1

1+ ¢*
el gy < C(E ) ol 2o

which is a reverse Holder inequality, and we obtain (5.7) by rewriting the above in terms
of u + ¢, where the constant C' has changed but is still independent of ¢, 7, R, €.

3. Moser’s iterations. As per the statement, let 0 < r < R <1 be fixed. Define the radii
ro=R, rm:=R-(R-r)) 27" Wnek (5.8)
k=1

note that the sequence is monotonically decreasing, and r, — r as n — oo. Furthermore,
T — T = (R—7)27 "1 Vn € N; (5.9)

note 0 < rp41 <rp, <land 0 <r, —ryr1 <1 for all n. Also define the powers g, := p2"
for all n, where we note gy = p and ¢, — oco; where p € (0,1) is given in the statement.
By applying the result of (5.7) with R = ry,, r = ry41, ¢ = ¢n, we deduce

C(1+p°2*")\ pom 1
‘7Ziﬁﬁff> o) Mg,y YmEN o)

=iKn

ICute) ot i,y < (
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Note that, for all n sufficiently small such that p2" < 1, it holds k,, < (Céif)p%” =

1 n
(%)WQPT”, while for all n sufficiently large such that p2" > 1, we obtain &k, <
(Cp223n+2)p2%

-r

2, _1__3n
= (%)PQ” 2p2"  whence, since p € (0, 1), we deduce in either case that

L n
< ( ¢ )7 nen,

R—r

where C' has changed, but remains independent of p,r, R,e,n. By iteration on (5.10),

n—1 1 p
C N\ por 2k
-1 2 -1
| (u+e) ||Lp2n(Q;n) < (k!lo (ﬂ) P 2p2k> [ (u+-e) HLP(Q;I) Vn > 1. (5.11)

=:A,

We study the convergence of the coefficients A,,. We have
n—1 1 n—1 n—1
C \r. 3k 1 C 3
log Ap = 31 <7)1’222k =1 ( ) 27k 4+ Zlog2 S k2 k
o5 A, gog[R_r ] = Jos (25) T poa2 S

— ilog (%) + }1)1ogC_’,

1
where ' = 23 2n>0m2"" jg independent of p,r, R,e. It follows that A, " A = (ﬁ) "

for some C' independent of p,r, R, . Passing to the limit n — oo in (5.11) yields (5.4). O

5.2. Moser upper bound. The following result is not sharp; especially in terms of the
quintic power of R —r in the denominator, however it is sufficient for our purposes. Again,
for clarity of exposition, the estimates are written for weak solutions of (5.1) studied on
the parabolic cylinders @, centered at ¢t = 0 (c¢f. (2.15)); however, by translation they hold
on any cylinder of the form Q,(t) = (t — r,t +r) x T2

Lemma 5.2 (L™ bound u + ¢). Let u be a weak solution of (5.1) satisfying (5.3), €,p €
(0,1), 0 <r < R < 1. There exists a constant C independent of p,r, R,e such that

1
C v
HU—FEHLOO(QT) < <(1{—T‘)5> Hu—l—aHLp(QR). (512)

Proof. The proof is divided into several steps.

1. Caccioppoli-type inequality. Define w, := (u + £)¥? for ¢ > 0 such that ¢ # 1, and
=[1-q" (5.13)

Our objective in this step is to prove

" 1+q?+671
esssup lwe() 222y | 1Vwe(s)lIZ2(r2) dSSC q / e () Z2 72 ds.
se(—r,r -
(5.14)
Let 1 € C2°((—R, R)) be such that

C
0<¢ <1, Yn=1 Yl_ipn-rr =0, [0¥|re-1,1) < o (5.15)

for some constant C independent of r, R. As before, v is only a function of ¢, and again
2

22
recalling the discussion that follows (5.1) and (5.3), ¢ := q(u + €)9 2 = quw. “4? is an
admissible test function. We insert ¢ into the weak formulation of (5.1) and get

2

(Ohts &) = @l (wd ), e T62) = 2(w.Bpwe, ) / poe]? dar — 2 / Yo dz,
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2 _2
where we use (5.3), as well as —(div(pu), ¢) = 2(q—1) [12 V*p(wd —E)-w; "Vw, dz, and
2 _2
(Au, ¢) = —q [z V2V (wd)- V(wz Ndz =4(qgt — 1) [12 [V(Yw,)|* dz. In turn, we get

/ (w2 de + 4(q / IV ()2 dee
(5.16)

—2(q—1)/ 1/J2w6p-Vw€dx—2(q—1)€/ wag qp-Vwedx—2/ Yoypw? da;
T2 T2 T2

the second term on the right-hand side is bounded by (using also (2.7) to control p)

1—2
5/ 2w, p-Vw.dz
T2

< 5/TQ&E_’E¢MEW(¢ME)M$ < /TQ¢w5V(¢wE) da.
<g—1

The rest of the proof of (5.14) is divided into two substeps (depending on the value of q).
L.i. Parabolic estimate: case q € (0,1). In this case ¢~ — 1 > 0, and (5.16) yields

d
= I1Pweliz e +4(a™ = DIV (we) [f2(r2) < 4(1-0) /wwswwu)gﬂ da+2 /¢|atw\w§ da

_ _ 2C
< 2¢°(q7" = Dlowell72 ey +2(a7 = DIV (w)[[F20p2) + ﬁ\lwaﬂiz(ww

where we used Young’s inequality in the final line. Using 0 < ¢ < 1, it follows that

d _ _ 1
—&H?ﬁwsH%?(T?)Jr(q =DV (we) 122 (p2) < C(QQ(Q 1—1)+ﬂ)||ws”%2(1r2)7

where the positive constant C' is independent of ¢,r, R,e. Note that since ¢ € (0,1) we
have ¢%(¢~' — 1) < ¢®¢~! = ¢ < 1. By rewriting the left-hand side in terms of § and
integrating in time over the interval [t, R], for any t € (—r,r), we get

R R
C
e (£) 22 g2y + 6 / / V() dzds < —— / e (5)[[2p2) ds
t JT2 —TJ¢

where we used that ¢ (t) = 1 for such ¢, ¥(R) = 0 from (5.15), and 0 < R —r < 1. Thus,
by considering each term on the left-hand side separately, we deduce for ¢ € (0,1):

e Olgeny [ [ 9P aras < oS [ ueaes as
€ L2(T2) P € > R—r ] € L2(T?)

One deduces (5.14) easily for this range of g.

L.ii. Parabolic estimate: case ¢ > 1. For ¢ > 1, applying Young’s inequality to (5.16) gives

d
G Lk as a0 =a7) [ 90w P

_ _ 2C
<2¢°(1—¢q 1)\\1/17176”%2@2) +2(1—¢q 1)\|V(¢ws)”%2(1r2) + ﬁ”wsH%Q(’ﬂQ)?

and thus, rewriting in terms of §, noting that 6 € (0,1) in this case, and ¢*(1 —¢~!) = ¢?6,

d 1
5&”#“5”%2(?2) + 01|V (gwe) [72(p2) < C(q%0 + ﬂ)HUJEH%Q(T?)’
where the constant C' is independent of ¢, 7, R,e. Dividing by ¢ and integrating in time
over [—R,t] for t € (—r,r), arguing as per the end of Step 1.i, we again obtain (5.14).

2. Recursive estimate. Using ||we|p1g,) < C(l|wellpoo(—rpr2(r2)) + Vel 2(q,)) from
Lemma 2.6 as per Step 2 of the proof of Lemma 5.1 and arguing identically, we get

C+¢*+d ")\
() el (517

[u+ el L2aq,) <
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where C'is independent of ¢, 7, R, c. Next, as per Step 2 of the proof of |6, Lemma 3.9], set
v:=5/3,
1
and using the Holder inequality, we get |lu + €| pva(g,) < |QT|(1_%)%HU + €llz20(q,) <
]Qﬂﬁ |w + €l 124, ), which, using (5.17), yields the reverse Hélder inequality

Cl+¢*+6")\s
||U,+EHL’YQ(QT)§< ( o ))qH'LL+€||Lq(QR), (5.18)

where C'is independent of ¢, r, R,c. The reason for introducing this exponent ~ is to avoid
gn = 1 for some n for the sequence of powers in the iteration (cf. next step of the proof).

3. Moser’s iterations. Let 0 < r < R < 1 be fixed as in the statement, and recall
from (5.8) the sequence of radii ro = R, r, = R — (R —r)Y.7_, 2%, which satisfies
T —Tna1 = (R —7)27""! as per (5.9). For the sequence of powers, we set

1
log(73,1) 147
nO::1+L 1 Ja qo ‘= no
0g 7y 29mo
where p is given in the statement, and g, := qoy" for all n. The definition of ng implies
log(*551) log(*51) 1 1
Al e <ng <1+ o AN +’Y<7n0§77+’y7
logy logy 2p 2p
whence ¢y < p < yqo and
1+ 4 4 1+v 1
no = — = — 1 _= — = 1o
Y40 5 3 > 1> 5 2y v q0,

whence |g,—1| > min{gn,—1,1—¢ny—1} = 3. Defining &, := |1 — g;;*| as per (5.13), it holds

5
~1_ _dn <5¢n < =(1+¢2) vn.

" lan -1 -
As such, by iterating (5.18) along the sequence of radii {r,} and powers {g,}, we get

C(l + Q872n)> qo%vn
_— n Vn € N.
( ,rnfrn+1 Hu + EHL‘IO’Y (an) n

||’LL + E”qu’y“+1 (anJrl) <

(5.19)

=Kn
As per Step 3 of the proof of Lemma 5.1, we study the boundedness of k,: for all n suffi-
n _1_ 1 n
ciently small such that goy™ < 1, it holds &, < (%) 907" < (é‘g)qm" 24907™ | while for all
fficiently | h that go7" > 1, we have k,, < (CB2"2"yaom < (4048 ) 55 9707 <
n sufficiently large such that goy™ > 1, we have r,, < (—2p——)0" < (F=2) 07" 207" <
_1_  _3n_
(é—g) 907" 2907" | where we also used 0 < go < p <1 and v < 2. In either case, we obtain

C
R—r
where C' is independent of qg, p, 7, R,e,n. Returning to (5.19) and iterating,

1
— 3n
Kn < ( )qm 2a07™ VYn € N,

3k

n 1
C N\oor, 2k
Hu—i—&HLqmnH(QT”H) < <H (R_T)qov 2qo~/k> Hu—i—EHqu(QR),

=:B,
1

11 11
i.e., using Holder’s inequality and |Q1]% 7 < (14 |Q1])% », we get

1 _ 1 1
latell o g,y < Bal@ul P llutelio@n) < Ball + Q1) fu+eliogn: (5:20)
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Analogously to Step 3 of the proof of Lemma 5.1, we study the convergence of { B, },:

log B 1log(c)§:7_k+310 QZn:k _I"’/‘i T 1o ( ¢ )—&-ilo C
"a T\R-1/ = o 0 Ty =1 B R =) T BT

with log C' = 3log 2 ano ny~", and thus using the continuity of the logarithm, it holds
1
Bn /\ B = (LW) qo’
(R—r)"1

for some C' independent of g, R, r and can be assumed greater than 1. Returning to (5.20),

1

C m C 7
lu+ellLeeq,) < ((R T)le) 0 lu+ellLrQp) < (( | = ) lu+ellLe@p)
— )7 R— )i

using that p < ~vqp and C > 1 > R — r, where C is independent of p,r, R, & but is allowed
2

to depend on «. The result follows by bluntly bounding (R — r)_% = (R—r) /6 <
(R —r)~°, using again that R —r < 1. O

6. LOGARITHMIC ESTIMATES

The main result of this subsection is the following estimate on the measure of the super-
/sub-level sets of the logarithm of weak solutions of (5.1). Our strategy closely follows
the exposition in [6, Lemma 3.11], though our proof is quite different on account of being
tailored to the space-periodic setting (as such, we do not need to localise in the x variable).

Lemma 6.1 (Super-/sub-level set estimate of the logarithm). Let u be a weak solution of
(5.1) satisfying (5.3), e, € (0,1). Define

we := —log(u + ¢), a. = /1T2 log (u(0,z) + ¢) dz (6.1)

There exists a positive constant C independent of €,r such that, for all s > 0, it holds
n c _ c
{(t, z)€ Q) : we(t,w)—l—a5>s} < s {(t,:p)e Q, : wg(t,x)+a€<—s} < o (6.2)

As per the previous subsections, for clarity of presentation our analysis is performed
for weak solutions of (5.1) studied on the parabolic half-cylinder Q@ centered at t = 0
(¢f. (2.15)); however, by translation these estimates hold on any cylinder of the form
Qi (to), with the quantity a. in (6.1) modified to [i» log(u(to, z) + ) dz.

Proof. The proof is divided into three steps.

1. A differential inequality for the mean. Recall (5.3): this regularity implies that (in view
of the chain rule for Sobolev functions, cf. e.g. [12, §5.10]) the formula

d
— —log(u +¢)dz = (Jyu, —(u+¢)~ 1)
at Jp

is justified a.e. t. By testing (5.1) against —(u +¢)~!, we get

to to
/ wg(tg,m)dx—/ wg(tl,:v)d:z:jt// |Vw€|2da:d7':// “ p-Vw, dzdr.
T2 T2 tr JT2 t Jr2 (Ut €)

for a.e. —1 < t; <ty < 1. Thus, by applying Young’s inequality and using ||p|/z~ < 1,

1 ("
/ we(te, ) dzx —/ we(t1, ) de + / / |Vwe|? dzdt < Cy(ta —t1), (6.3)
T2 T2 2 t1 T2
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where C = %|T2| is independent of 1,5, e. Poincaré-Wirtinger’s inequality in T? implies

to to
/ ‘wa(Tax) —71)5(7')|2d$d7' < C?D/ / \ng|2dazd7',
t1 T2 t1 T2

where the Poincaré constant Cp > 0 is independent of ¢1, 2, €, and We (7) := g2 we(7, ) dzx
is the spatial mean. By dividing (6.3) by |T?|, the previous inequality implies
w(t) 0 () (1/2C3)
to— 1t to — 11

to
/ |we (T, ) — w5(7)|2da: dr < C,,
t1 T2

where the positive constant C is independent of ¢1, 2, . By letting to — t; and using the
Lebesgue Differentiation Theorem, we recover the differential inequality for the mean:

d 1 9

— W (t) + —5 we(t,z) — we(t)|*de < C ae. te(—1,1). .
G570+ 5 oelt ) — o) de < . (1) (64)
2. Super-level set estimates. Our aim in this step is to adapt the strategy of Step 1 to recover
a monotonically decreasing quantity from the differential inequality (6.4); i.e. replacing the
right-hand side C, with 0 instead. To this end, we consider the function:

w(t,z) == we(t, z) — w:(0) — Cit, (6.5)
where C is the positive constant from (6.4). We also set
W (t) :== we(t) — we(0) — Cit; (6.6)

note that W(0) = 0, |w(t,z) — W(t)| = |we(t,z) — w(t)| and %W(t) = %ws(t) — C..
Substituting these computations in (6.4), we deduce

d L
dt 20123 T2
Next, for all s > 0,t € (0, 1), define the super-level set ¥4(¢) and o4(t) by

Yo(t) i= {z € T? : w(t, z) > s}, os(t) = {z € T? s w.(t, z) — w.(0) > s}; (6.8)

our strategy will be to use estimates on ¥s(t) to control the measure of o4(t). Indeed, for
all t € (0,1), we verify directly the inclusions

W)+ w(t, z)—W(#)2de <0 = W(E) <W(0)=0 ae te(0,1). (6.7)

Ys(t) Cos(t) Vs >0, o95(t) C Xs(t) Vs > C,. (6.9)
Using (6.7), direct computation (using that W (¢) < 0) yields
w(t,z) —W(t) >s—W(t)>s>0 forall x e X(t). (6.10)
Furthermore, using also %W(t) = —%(s — W (t)) and (6.7), we get
1 , d d 1 ,
202 ZSE:’)—W(t)) de < £ (s=W(t) = L (s=W(t)) 2 W\Es(tﬂ(s—W(t)) :

We integrate the final inequality in t over the interval [0, 7] and get

r 20%|T?|  2C3|T?| _ 2C%|T?|
t Tw(t = Y, ()| dt < —L£ B i < 2P
(o) € Q7 ulta) > )| = [ mn)ar < Zhos - 2R < ZE
where we used W(0) =0, s — W (r) > 0. By the above and (6.9), we get
4C%|T?
H{(t,x) € QF : we(t, ) —w-(0) > s} < [{(t,z) : w(r,x) > §}| < Jj‘ Vs > C,
(6.11)
while, for 0 < s < C,, we estimate bluntly by the measure of the whole space
Ci
{(t2) € Q uetr) —20) > sh < jof 1 < D% v @



INSTANTANEOUS REGULARISATION FOR A DEGENERATE NON-LOCAL EQUATION 17

By putting together the bounds of (6.11)—(6.12), we obtain the super-level set estimate
C
H(t,z) € QF : w.(t,x) — w:(0) > s}| < 5 Vs > 0,

where the positive constant C' = max{|Q1|Cs,4C%|T?|} is independent of &,7. Rewriting
in terms of a. as per (6.1) yields the first part of (6.2).

3. Sub-level set estimates. As per the final step of |6, Lemma 3.11], rewriting only Step
2 of the proof with —t instead of ¢ yields the second part of (6.2). We write out several
details for the benefit of the reader. In this latter case, it holds W (t) > 0 for all t € (—1,0)
with W as per (6.6), and the inclusions of (6.9) are again satisfied, but with re-defining
the sets in (6.8) as 35(t) = {x : w(t,z) < —s} and 04(t) = {z : w(t,z) — w(0) < —s},
and w still defined as per (6.5). Then, we notice that for all = € ¥4(¢), it holds

W(t) —w(t,x) >W(t)+s>s>0,

and thus, arguing as before, we obtain from the differential inequality of (6.7) that

d 1 1 d
R () p— W(t) +5)2dz < 0 S| < S (W) +5)7 Y,
= ”*20%111‘%/25@)( 0+ dr <0 = 5oealBO] S ZOVE) +9)

_ 0 202 |T2 202 |T? 20%|T?
and thus [{(t,2) € Q; : w(t,x) < —s}| = [*, [S.(p)|dt < FRT] — FCEL < 2Cel]

and the required conclusion follows as per the end of Step 2 of the proof.

7. QUANTITATIVE INSTANTANEOUS SEPARATION FROM {p = 1}

The main result of this section is the following; it is concerned with the non-degeneracy
of 1 — p, which is at the heart of the regularity argument §8.

Proposition 7.1 (Quantitative instantaneous non-degeneracy). Let f be a weak solution
of (1.1) with admissible initial data fo, p = [3 fd6. Then, there exists a positive constant
C > 1 (independent of t, T, the initial data, and the solution) such that

essinf (1—p) > C‘lH1—po\ILl(Tz)e_C(T+(W)_IO), VO<t<T < oc. (7.1)
(¢, T)xT2
We highlight that the lower bound (3.1) in Theorem 3.1 follows immediately from (7.1),

after enlarging the constant C appropriately since 1 > e_Ctilo; changing the factor C~!

in (7.1) to C~'e~¢ suffices. Hence, once Proposition 7.1 is established, so is (3.1).

7.1. Harnack estimate for small times. The following is a precursor to Proposition
7.1 concerned only with small times. Note the cylinders in (7.2) are separated by a gap.

Lemma 7.2 (Harnack estimate for small times). Let u be a weak solution of (5.1) on
(0,00) x T? satisfying (5.3). Then, there exists C > 0, independent of t and u, such that

essinf u > e 9" ess sup vt € (0,1). (7.2)
(3t:5t)xT? (1t,20)xT?

Proof. The proof is divided into several steps. We begin by fixing to € (0,1), setting
as = [p2log(u(to, z)+¢) dz from (6.1) and defining the non-negative measurable functions
vz (t,x) := e (u(t, ) + 6)71, vl (t,x) == e % (u(t,z) +¢).

1. Upper bound on the supremum. By translating the relevant cylinders and multiplying
by e~ (which is justified since e~ ®u(%} + ¢, z) is also a solution of (5.1) when u is), the

conclusion of Lemma 5.2 holds in the form: for all e,p € (0,1), and 0 < r < R < % there
exists a positive constant C' independent of p,r, R, &, tg such that

C P
1o e ) < <(R—'r)5> 1 o @nigyy
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It therefore follows that v satisfies the first assumption of the Bombieri-Giusti Lemma 4.1.
Furthermore, for all s > 0 and all r < t(/2, using the notation w.(t,z) = —log(u(t,xz)+¢),

{(t,2) € Qr(%o) og v (t,x) > s}| = [{(t.z) € QT(%O) et ) +as < —s)]
C

< [{(t.2) € Qg (to) : we(t ) +ac < —s} < —,

by applying Lemma 6.1 with the choice r = ¢y on the translated cylinder at time ¢ = ¢y (note
that a. corresponds precisely to [r. log(u(to, z)+¢) dz so that Lemma 6.1 applies with the
cylinder centered at tg), where the positive constant C' is independent of ¢, s, 7, ty, and where
we used the identification of the cylinders Q. (%) = (2 — 7,2 +7) x T? C (0,%9) x T? =
Q, (to) for all r < to/2. The second condition of the Bombieri-Giusti Lemma 4.1 is
therefore also verified for v} for the family of nested sets {Q, = Qr (%)}, <, /2, whence an
to )~10

5T

application of this result (taking 8 = 5 and 7 = to/2) implies [[vF ] Lo (0, (1)) < 1
forall 0 <7 < %0, where the positive constant C; is independent of €, r,ty. Thus,

- _ t
€+ esssupu < et eC1(5 =) 710 VO <1< 2 (7.3)
t 2 :
Qr(3)
2. Lower bound on the infimum. Similarly, by multiplying the conclusion of Lemma 5.1
with e% and centering the cylinders at ¢ = 3ty/2 by translation, we get

) c \r, 3
102 Lo @i (3407) < ((R—r)?> e llze@ray YO <T <R= o,

for all p € (0,1), with C again independent of e, r, R, p, to. Meanwhile, another application
of Lemma 6.1 (this time with the choice r = #(/2 and having translated the cylinder to
t = to) implies for all s > 0 and all r < t(/2, with the notation w. (¢, x) = —log(u(t, z)+¢),

{(t,2) € Qr_(gto) logwZ (t,x) > s} = [{(t,z) € Qr_(;to) L we(t, x)+ac > s}
< [{(t.2) € QL () w(t)+ae > 5} <

where the positive constant C' is independent of ¢, s, r, tg, where we used the identification
of the cylinders @y (3t9) = (3to — r, 3tg) x T C (to, 3t9) = Q:E/Q(to) for all r < to/2.
The second condition of the Bombieri-Giusti Lemma 4.1 is thus also fulfilled by v_ for the
family of nested sets {Q, = Q- (%to)}Kto /2. Applying this result with the choices 8 = 2

~ t _
) < G253 -7) "forall 0 < 7 < %0, where the positive

and 7 = to/2 implies HU;HLOO(Q:(%%)
constant Cy is independent of ¢, 7, tg, from which we deduce
- B t
e+ essinf u > e%e 257 ! VO <1< 2. (7.4)
Qr (3to) 2

3. Harnack inequality. Choosing r = to/4 in (7.3) and (7.4), we get (with C} = 419C),
Y : Chtg? c —Chty 0
C) = 4*C3), the bound (e+ess 1an;)/4(%t0) u)eC2lo > e% > (etess SUPG, (19) u)e Cto

Setting C' = C] + CY%, which is independent of ¢, ¢y, we deduce by letting ¢ — 0T

i _cp-10
essinf u > e 0 esssup u,
- (3 t

Q%O(Qto) Q%l(?o)

where we also used 0 < tp < 1. Rewriting the cylinders and setting t = to yields (7.2). O

We readily deduce the following corollary, where the previous lower bound (in terms of
the supremum) in the Harnack inequality is replaced by the L! norm of the initial data.
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Corollary 7.3. Let f be a weak solution of (1.1) with admissible initial data fo, p =
fodG, and w = 1 — p. Then, there exists a positive constant C' (independent of t, the
initial data, and the solution), such that

essinf _u > C7Y1— pol|pizye @00 Ve (0,1). (7.5)

(3t,34)xT2
Proof. Recall that (5.1) conserves its initial mass, i.e. directly from (A.1) with ¢ = 1, we
have |1 — pll 112y = [pe ude = [ uoda = |1 — pollpi(rey a.e. t > 0. It therefore follows,
using also Lemma 7.2, that for a.e. t € (0,1) it holds |1 — pollp1(r2) = 72 u(},z)de <
IT|? esssup u < ]’]I‘]Zecrw essinf w, and the result follows. O
(1¢,24)xT? (3t.3t)xT?

7.2. Propagation of non-degeneracy. In this portion of the manuscript, we prove
Proposition 7.1. We record firstly the following propagation (in time) of lower-boundedness
for 1 — p, which closely follows [1, Lemmas 5.3-5.4].

Lemma 7.4 (Propagation of boundedness away from {p = 1}). Let f be a weak solution
of (1.1) with admissible initial data fo, p = fodQ, and v = 1 — p. Fix any Lebesgue
point to € (0,1) of t — essinf cr2 u(t,x). Then, there exists a strictly positive constant C
(independent of to,t, the initial data, and the solution) such that

essinf u > C~te™“essinf u(ty, ) vt > to.

(to,t)xT2 z€T?

This result relies on an iteration procedure which is different from the (Moser-style) ones
presented in §5. In [1, Lemma 5.4|, the final estimate was closed using a technical lemma
borrowed from [14]. In order to make the paper self-contained, and because we require a
more accurate quantitative estimate than that of |14, Lemma 3.2|, we record the following
iterative lemma (the proof is postponed to Appendix A).

Lemma 7.5 (Quantitative iteration lemma). Let {Ax}r>0 be a sequence of non-negative
differentiable functions satisfying the differential recurrence inequality on [0, t]:

A
% + AR <CFA)?E VR > 1, (7.6)

where Cy > 2 is independent of k. Let ny, = 2%, and suppose there exists My, My > 0 such
that supy>g Ap(0)Y/™ < M, and [ Aol oo (j0,4) < Ma. Then, with 8 =143 22,(j +1)277,

up [ A<y ) < CF (M + M) (7.7)

We highlight that the constant C' in the previous lemma has no relation to the constant
bearing the same name in the proof of Lemma 6.1. We are ready to prove Lemma 7.4.

Proof of Lemma 7.4. Fix to € (0,1) as in the statement. By Corollary 7.3, it holds
essinf,cre u(to, x) > 0 provided |1 — pol[z1(r2y > 0, which we assume. In other words,
defining v := 1/u and vg = v(tp, ),

[voll oo (12) = (ei%irgfu(toaiv))_l < oo0. (7.8)

We will now rewrite the equation (5.1) as an evolution on v, and then show by an iteration
procedure that v is bounded for all subsequent times by a quantity depending on ||vg|| .

1. Equation for v. By formal manipulations, we expect the equation for v to be dwv +
2
div(pv) — 2p-Vuv = Av — 2@, i.e., we expect v to be a weak subsolution of

Oy + div(pv) — 2p-Vu = Aw. (7.9)

Note however that a priori it is not even clear that v € L2 (0, 0o; H(T?)) for ¢ > to; the
purpose of this step of the proof is to verify this rigorously.
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Equation (5.1) is only satisfied in the weak sense dual to L2 (0, 00; H'(T?)). To this
end, we cannot test (5.1) directly with functions of v itself, but instead we consider the
regularised version v. := 1/(u +¢) € L2 (0,00; H'(T?)) N L>((0,00) x T?) by Definition
2.2 (cf. also (5.3)). We test (5.1) against the admissible test function —v2 (since, formally,
30:(v?) = v0we = —(u+€)30u = —v2u), and get

(Oyu, —v2) — 3/11‘2 v2Vve - puder = 3/@ V2V, - Vuda,

using (5.2) and the chain/product rules for Sobolev functions belonging to H'(T?) for a.e. t,
cf. e.g. [12, §5.10]. Then, writing u = v-! — ¢ and again using the chain rule for Sobolev
functions to write Vu = —v- 2V, (here we also use that v-2 = (u+¢)? < (1+¢)% € L™®),

(Ou, —v3) — 3/ vV - pde + 35/ V2V, -pde = —3/ |Voe|? da.
T2 T2 T2

Using that (1+¢)™! <w. <e™t € L*, v, € L (0,00; H(T?)), and dyu € LS/Q([tg,oo) X

loc
T?) from (5.2), the chain rule for Sobolev functions and the Lions-Magenes Lemma [21,

Ch.3, §1.4 Lem.1.2] yield thHveH%Q(TQ) = (Opve,ve) = —(v20u,v:) = (Dpu, —v?), whence
(using the boundedness of p (2.7), ev? < ve, and Hélder’s inequality)
1d
24dt
Applying Young’s inequality and then Gronwall’s Lemma (integrating over [tg, t]) implies

—lve 132 (r2) 3HV%H%2(T2) < 6||vell Lo (r2) [V Ve L2 (72)-

eses[futlf lve (s, M7z m2y + V0 F2 (1009 wm2) < Cllve(to, M2y < Cllvoll7e*, (7.10)
s€[to,
for a.e. t > ty, where we used (7.8) and v, < v, and the constant C' changed in the final
inequality (but is independent of tg,¢ and the initial data). Letting ¢ — 0 and using the
lower semicontinuity of the norm, we get v € L2 ([to, o0); H'(T?)) N L2 ([to, 00); L*(T?)).
It remains to write down the equation for v. By the aforementioned applications of the
chain rule, it holds 9;v. = —v2d;u with Oyu integrable (5.3) and Vv, = —v2Vu. It follows
(using the previous computations) that, in the weak sense dual to L2 ([to, o0); H(T?)),

\V4 2
Owve + div (pvg(l — 51)5)) —2p-Vou (1l —evs) = Ave — 2| el ) (7.11)
Ve
Letting e — 07, using the Dominated Convergence Theorem with v, = 1+ — v a.e. and

the regularity v € L _([to, 00); H'(T?)), we get that v is a weak subsolution of (7.9).

2. Boundedness of v. We argue very closely to [1, Lemma 5.4| using the equation (7.11).
We test the equation (7.11) with v2~! for n > 2 and obtain

d

o \va Zdo +4(1 + — /|v )2 da 2(n—i—1)/(1—€UE)U§V(U§)-pd$,

’]I‘Q
whence applying Young’s inequality (noting also that 0 < v. < e~ ! so that |1 —ev.| < 1),
d n n n
&”Uaz H%?(W) + 3V (ve )H%?(W) < 2n%||v2 H%?(W)- (7.12)
Next, an application of the Gagliardo—Nirenberg inequality implies
I0& 1222y < Con (IV @) gy 108 1y + 108 sy )

note that, by squaring both sides and using Young’s inequality, the above also gives
|Vovz H%Q(Tg) > Chllvz ||%2(T2) — Caoljv2 “%1(T2)) for some positive constants C, Cy depend-
ing only on Cy. In turn, substituting into the right-hand side of (7.12) and using Young’s
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inequality again yields £|jv2 H%Q(TQ) + QHV(UE)HLQ T2) < (4n1CLy +4n?CE ) v H%l(,ﬂ,z),

i.e., using also ||vE HLQ(T2 ||Ug||L1(T2)a

&”U?”U(T?) + [[vZ ]| Ly (T2y < Cn”‘Hv?H%l(Tz),

where the positive constant C' depends only on Cgy, is independent of €, n, tg, and can be
assumed greater than 1. By setting ny, := 2% and Ay (t) := |Jv?* (t +to, L1 (r2), we obtain,
with C, := 16C which can be assumed to verify C, > 2, the recurrence inequality

dA
Tf + A < CFAR)%

which is precisely (7.6). Using the estimate (7.10) and
sp AR(0)!/" = sup (10} 52 = ot ey < lenlgrey = M,

1
| Aol e (110, = €55 5P [[02(5) | 1 (p2) < T2 ess sup [[v ()| 2 p2) < [T%[2|vo | oo e =: Mo,
s€[to,t] s€[to,1]
where we also used Holder’s inequality in the second line (and where the constant C' has
changed but remains independent of ¢, ¢y, ¢, and the initial data), Lemma 7.5 yields
C
Vel oo (fto,xT2) < Sup HAkHL/Q'“[O gy < C(Mi+ Mz) < Cllug]| e,
for some positive constant C' independent of ¢, tg, ¢, the initial data, and the solution. As

a result, by letting ¢ — 07 and using that v, = 1—1—% so that v. — v a.e., we get

essinfu > C~te v L Yt > 1o,
(to,t)

which, by rewriting in terms of u(to,-) as per (7.8), yields the required result. O

Proposition 7.1 now follows immediately from Corollary 7.3 and Lemma 7.4, up to
modifying the constant C'; we omit the details for clarity of presentation.

8. INSTANTANEOUS SMOOTHING

Having obtained the strictly positive lower bound (3.1) on 1—p (in Proposition 7.1), the
proof of the instantaneous smoothing effect encapsulated in Theorem 1 now follows by the
same strategy as §6-7 of [1]. For completeness, and to make the present work self-contained,
we write the arguments in detail. We also incorporate the corrections to [1]| provided in
[2], and provide a refined treatment with clearer proofs. Finally, we remark that the higher
regularity bootstrap (§8.3) is written differently to the corresponding section in [1] (§7
therein); indeed, here we appeal to Schauder theory in Holder continuous spaces, while in
[1, §7] this bootstrap was written in terms of Sobolev spaces.

Throughout this section, f will always denote a weak solution of (1.1) with admissible
initial data, p = [, fdf, p = [} fe(f)df. Furthermore, given 0 <t < T < oo, the letter
¢ 7 will always be used to denote positive lower bound of (3.1), given explicitly by

0 < e = C7H1—pol| i (pzye T, (8.1)

where we recall that C' above is independent of ¢, T, the initial data, and the solution.

8.1. Local boundedness of f. The goal of this section is to prove the following result.
Proposition 8.1 (f is locally bounded). For all 0<t<T < oo, it holds f € L>®((t,T)xT?).

We divide the analysis leading up to the proof of Proposition 8.1 into several subsections.
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8.1.1. Initial upgrade of regularity for p. Our first result is concerned with the H'-type es-
timate for p. We remind the reader that (2.8) holds in duality with L3 ([0, 00); W13(T?));

loc
this can be seen easily from the boundedness (1—p)Vp € Lféi([o, 00); L*?(T?)) from (2.10),
which yields 9;p € Lf’gi([o, 00); W=1%2(T?)) from reading (2.8) in the sense of distributions.

Lemma 8.2 (H! estimate for p, L* bound on Vp). For all0 <t < T < oo, it holds
Vp e L((t,T)xT%),  &pe L ((t,T);H Y(T?),  Vpe LY ((tT)xT?).

We note in passing that a version of this result was obtained in |1, Lemmas 4.2-4.3],
and that a minor correction should be made therein: one should assume the lower bound
ess inf(tT)XTz(l — p) > ¢er > 0 in the statement.

Proof. We cannot test (2.8) with p, since it is not known to be an admissible test function.
Instead, we consider smoothed approximations of p and argue similarly to [1, Lemma 4.2].

1. Approzimation. Let n be the usual Friedrichs bump function, and {n®}.~¢ the usual
sequence of Friedrichs mollifiers in R?; we only smooth in the x variable. Let p® = n° * p,
and define D = (1 — p)P and its approximation D¢ = n®* D. We insert 7°(s, z —y) as test
function in (2.8) and integrate in y over R?—this is the same as mollifying (2.8)—and get

op® + div D* = div((1 — p)Vp® + p° ® Vp) — p° + div(E® + F°), (8.2)
where £ =n°* ((1 - p)Vp) — (1 — p)n° x Vp and F* =1« (p®@ Vp) — (n° xp) @ Vp.
2. Error control. We show that for some Cp independent of €, ¢ (but which depends on T'),

D% oo (o,71x2) + 1B | 2 (0,71 72) + 1 F° M| 2 (0,71 T2) < Cr- (8.3)

To begin with, for a.e. s € (¢,T) it holds || D*(s)|| poc (r2) < [|D(8)|| oo (r2) < [P < C, for
some positive constant C' independent of ¢,t, T, using standard properties of the mollifier
in the first inequality. The first part of (8.3) follows. Next, we estimate F©: directly from
basic properties of the mollifier sequence, we have for a.e. s € (t,7T)

10+ (P ® Vp)(s)llL2(r2) < Cll(P ® V)(s)llL2(12) < ClPll2o2 V() 12(02),
for some positive constant C' independent of €,¢, T, and analogously
(7" % P) @ V()| L2(r2) < | (0" * P)(8) | oo (x2) [V () | L2 22) S [P L[V ()| L2(T2),

thus, by integrating in time, there is a positive Cr = C||Vpl|2(jo,r)xT2) independent of ¢, ¢
such that [[F®| 120, r1xT2) < Cr, whence the final term in (8.3) is bounded.

The final error term E° is written E°(s, ) = [po n°(z — y) [p(s,z) — p(s,1)] VP(t, y) dy,
and—by integrating by parts—admits the two-term decomposition

Ef(s,z) Z/Rzp(s,y) ® Vi (z—y) [p(s,2)—p(s, y)] dy +/R;7€(x—y)p(syy) ® Vp(s,y)dy-

~~

=:E5(s,7) =:E5(s,x)
Using standard properties of mollifiers, ||E5(s)|[z2(r2y < C[|Vp(s)|[z2(r2) [Pl Lo, thus
IES || L2 po,r1x2) < ClIV Pl L2(0,11%T2) (8.4)

for some C independent of €,¢,T. Meanwhile, for a.e. x € R? and y € suppn®(x — -),

1 1
|p<s,x>—p<s,y>|=' | i pts.r+1-ay) do =\ [ Vots.oat1-01)-(e — ) ao

1
<< [ 19p(s.00+ (1= o))l do
0
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using suppn® = B(0,¢) to bound |z — y| < e. The boundedness of p then implies

B2 (s, 2)| ge—Q/B( v </ Vs, 00 + (1 — o)y )|da> dy

o

and, by Jensen’s inequality, we get |E$ (s, z)|? < CfB(O 0 fo Vp(s,z—(1—0)ew)|? do dw,
for some positive constant C independent of €,¢,7. The Fubini—Tonelli Theorem then
implies, using the periodicity of Vp and translation invariance of Lebesgue measure,

1
1B @ ey <€ [ [ [ Vpls.) dedodw < CIVos) e
B(0,1) Jo JT2

|Vn(w (/ Vp(s,z— (1 - 0)5w)|da> dw,

7

By integrating in time, and combining with (8.4), we deduce || E®|| r2(o,11x12) < Cr-

3. H' bound on p. p° € L>¥(t,T;C®(T?)) is an admissible test function for (8.2). Fur-
thermore, it is immediate from (8.2) that 8tp € LQ((t,T); H~Y(T?)) whence the Lions—
Magenes Lemma applies and (9;p°, p°) = 3 <||p° |25. By (8.3) and Young’s inequality,

Ccz
Ip°(s HL2 T2)+CtT/ / IVp*[* dzds’ < |[p(t )HL2 ’11‘2)+ +20 HVPH]} ([0,5]xT2)>
for all t < s < T, using also [|[p®(t)| poo(12) < ClIP(H)]| Lo (T2) § C. We deduce

D% 17 (e )22 (12)) + VP N2ty w2y < Chire (8.5)
for some Cé}T independent of e. We let ¢ — 0, and the required boundedness of Vp follows
from the lower semicontinuity of the norms. Finally, d;p € L?((t,T); H1(T?)) from (2.8).

4. L* bound on Vp. It now follows from equation (1.3) that ;p — Ap = —div((1 — p)p) €
L2((#',T") x T?) for all 0<#' <T", thus the Calderén-Zygmund Theorem yields

op, V2p e LA((t,T)xT?) VYO<t<T < . (8.6)

Thus, we may rigorously perform the standard H? estimate on (1.3) by testing against Ap,
which yleldS 54t HVPHLZ T2) +3 Hv2pHL2 T2) = %H div((1 - P)P)Hiz(w)a i.e.,

Vpe L®((t,T); L*(T?)) VY0o<t<T < oo. (8.7)
It follows from (8.7) and (8.6) that Vp satisfies the assumptions of the interpolation Lemma
2.6, which yields Vp € LA((t,T)xT?2) for all 0 < t < T < oo. O

Note furthermore that, by integrating (1.1) against e(f) ®e(f) in 6, we also get the
governing equation for P the drift coefficient in (2.8):

8tP + div((1 — p)II) = div((1 — p)VP + P ® Vp) +1I, (8.8)
where II = [ f(e(f)®e(f)®e(f)) df is a tensor which again satisfies

Tt 2)| < 23/ (2, 0)[d = 2p(t, 3) < 25 = T1 € L%((0, 00) xT2),
T

and the same holds for IT = Jr f02(e(0) ®e(#)) dd. In turn, by applying the same strategy
as in Lemma 8.2 to the equation (8.8), we have proved the following.

Lemma 8.3 (H! estimate for P). For all 0 <t < T < oo, it holds VP € L?((t,T)xT?).

Having established Lemma 8.2, it follows that (for positive times) the equation (2.8) for
p satisfies the assumptions of the Gehring-type lemma (Lemma 2.9) when rewritten as

dp — div((1 = p)Vp) = —p +div(p® Vp — (1 — p)P);
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indeed, we set A = (1 — p)Id € L™, ¢ = ¢, ;. provided by (8.1) for the ellipticity constant,
g=-p€L® and G = paVp—(1—p)P € L*((t,T)xT?) so that p = 4 in Lemma 2.9. We
emphasise that this result only requires the tensor A to have measurable coefficients—no
continuity is needed. The Gehring-type Lemma 2.9 therefore yields: for all 0 <t < T

Vp € L¥F((t,T)x T?), (8.9)
for some 6 > 0 which depends only on ¢,T, c; 7. In turn, for all 0 <t < T < oo there exists
some § > 0 depending only on ¢, T, ¢, such that div((1 — p)p) € L*°((¢,T) x T?)—note
that we have already shown in Lemma 8.2 that Vp € L?, L% Consequently, Lemma 2.7

tJoc™x"
(or, analogously, the Calderon—Zygmund Theorem) and (1.3) yield: for all 0 <t < T
Aip,V2p e L*O((t,T)xT?), (8.10)

for some 0 > 0 depending only on t,7, ¢; 7; note that this ¢ is a prior: different to the one
in (8.9) for the same choice of ¢, T, since the result of Lemma 2.7 is local. Noting that T?
is of dimension 2 < 2+ 0 (no matter the value of 6 > 0 depending on the precise parabolic
cylinder), Morrey’s embedding yields: for all 0 < ¢t < T we have

IVp($)llLoe(r2) < CslIVp(s)llwrzvsrzy Vs € (8, T),

where the Sobolev constant C's depends only on T? and § (which depends only on t, T, cr);
thus, C's depends only on ¢,T, ¢; 7. Raising to the power 2 4- ¢ and integrating in s yields

IVollL2+s (e, )00 (r2)) < CslIVollLz+s (o yw2+s(12))-
Thus, by (8.10): for all 0 < t < T, there exists 6 > 0 depending only on ¢, T, ¢; 7 such that
Vp € L*O((t,T); L®(T?)). (8.11)
Putting together (8.9)—(8.11), we have proved the following corollary of Lemma 8.2.
Corollary 8.4. For all 0<t<T <oo, 36 > 0 depending only on t,T,c; T, such that
Vp € L*P((¢, T)xT?), 8,p,V2p e L*T((t, T)xT?), Vpe L*((t,T); L=(T?)).

8.1.2. H?-type estimate for p. The next step in our analysis involves a H?-type estimate on
p- The underlying idea is that, provided one can justify changing from the divergence form
to non-divergence form in (2.8), a crucial cancellation of mixed derivative terms occurs:

Op +div((1 - p)P) = (1 — p)Ap + pAp — p.

By testing the above with Ap, which a priori is not justified since we do not know Ap € L?,
we formally get from Young’s inequality

T _ .
AP+ VPl < i (Idiv(A-p)P) 2+ 18p03:),  (8.12)

where we used VP € L?((t,T)xT?) (Lemma 8.3) so that the penultimate term is bounded.
Integrating in time gives Vp € L>®((¢,T); L*(T?)) N L((t,T); H*(T?)), as desired.

In order to justify the aforementioned passage from divergence form to non-divergence
form, we approximate p using a Galerkin scheme. That is, we will construct z-smooth
approximations p”™ (which are linear combinations of eigenfunctions of A, with periodic
boundary conditions in T?) which converge to p as n — oo. The previous formal computa-
tion is then justified for each p”, whence we will obtain an estimate akin to (8.12)—since
this estimate will turn out to be independent of n, it also holds for p itself. We stress that
this Galerkin scheme is used only as a tool for regularity—not existence (already known).

At this stage of the analysis, we fix an arbitrary pair of times 0 < t < T < oo such that ¢
is a Lebesgue point of t — (p(¢,-), f(t,-)), and we denote by § the specific § > 0 depending
on t,T, ¢, such that Corollary 8.4 holds, and denote by g5 the Hélder exponent:

L1, t. (8.13)
2 ¢ 240 '

d
V3. +
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where g5 € (1,00) depends only on t,7T,¢; 7. In the lines that follow we introduce the
required notions to write the aforementioned Galerkin scheme. Define the ansatz

p"(s,z) =Y _aj(s)gi(x)  V(s,x) € [t,T] x T?, (8.14)
j=1

where {¢;}; is the smooth orthonormal basis of L?(T?) provided by the eigenfunctions of
the Laplacian on T? (with periodic boundary conditions), i.e., with 0 < A\; < A2 < ...,

~Apj =X, jEN, (8.15)
and the coefficient vectors {a?(s) 7. C R? are to be determined, subject to initial data

al(t) = (p(t), ;)  Vi=1,....,n, VneN, (8.16)

at the initial time s = t, where (-,-) denotes the L?(T?) inner product. By construction,
Tim [[p(t) — p"(0)2¢52) = 0. (8.17)

Furthermore, since p(t) € H'(T?) by Lemma 8.2, integration by parts and (8.15) imply
(p(t),p0j) = —AJ-Q/TQp(t, z)Apj(z)de= AjQ/TQVp(t, z)-Vi(z)dz =\ p(t),\; ;) 1,

where (-, -) 1 denotes the inner product on H'(T?). The standard spectral theory of self-
adjoint operators in Hilbert spaces implies {/\j_lgoj}j is an orthonormal basis of H!(T?):

p"(t) = >0 (p(), )\j_lgoj)hn )\j_lcpj — p(t) strongly in H'(T?), i.e., with t the initial time
nhjolo Ip(t) — p" (Ol g1 (r2y = 0. (8.18)

Moreover, p"(s) € C*°(T?) for all n, s, being a linear combination of eigenfunctions of A,.

The next result shows that there exists p™ of the form (8.14) satisfying the required
Galerkin approximation: for simplicity, since existence of f,p,p is already known, we
construct p” to be the solution of a linear equation.

Proposition 8.5 (Galerkin scheme p). For alln € N, 3p" € AC([t, T]; C°°(T?)) satisfying
9p" — div((1 — p)Vp" +p" ® Vp) + p" = —div((1 - p)P),

n

p"(t) =Y (p(t), 25)%),

J=1

(8.19)

in the weak sense dual to span{p;}7_; for all s € [t,T], with the initial data achieved in
the strong L2-sense. Furthermore, p" — p weakly in L?((t,T); H*(T?)), and

sup [|p" || oo ((1,7):22(12)) + SUP VP £2((t. 12y + 5UP I V2P" || 121 7er2) < 00. (8.20)

Proof. We divide the proof into several steps.

1. Ezistence of p". Exploiting the orthonormality of the eigenfunctions and testing (8.19)

with ¢;, we see that (8.19) is satisfied by the ansatz (8.14) in duality with span{p;}7_ if

da?
-t aZ(/ ((1—P)Vs0k - @kvp) Vj dx> +taj = /(1 — P)PVyp;dz.
k=1 T2 T

The above reads as a linear system of ODEs; of the form o'(s) + A(s)a(s) = B(s), where
the tensors A, B are sufficiently regular that the standard well-posedness theory applies—
no assumptions on the invertibility /definiteness of A are needed. Specifically, A(s), B(s)
are locally integrable in the time variable s, thus an application of Carathéodory’s The-
orem implies that there exists p” € AC([t,T]; C*°(T?)) solving (8.19) in duality with
span{p;}7_; (of the form (8.14)), with the initial data achieved in L?(T?) at s = t.
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2. Estimates independent of n. By testing (8.19) with p (this is allowed since p"(s) €
span{ij}? 1), we get the usual H'-type estimate 2dth HL2 (T2) CtT’THVp”H%Q(Tg) +
Ip™ 12 (r2) < Cth(H( )PHLQ(TQ + Hp"!Vp[HLQ(TQ , where we used the lower bound

on 1 — p provided by ¢;7 and the Lions-Magenes Lemma (directly from the equation
op™ € L*((t,T);span{p; ?:1) since span{cpj}?zl is a finite-dimensional Hilbert space).
Integrating in time yields (for all t < s <T)

||Pn(5)||%2(1r2) + Ct,TvanH%?((t,s)xTQ) <|[p"( )||L2 T2) T G ol p)PH%Q((t,T)XTQ)
b [ 190 B [0 o 05

where we dropped the positive term ||p”H%2((t T)x72) ON the left-hand side. Due to the

strong convergence of initial data (8.17), we see that the first two terms on the right-hand
side are bounded independently of n by some C; r depending only on t, T, c; 7. We get

1p™ ()11 72 (z2) + IVP" 721,50 x72) < Crr (1 +/t ”VP(S/)H%OO(W)Hpn(SI)H%%T?)d3/>7

and an application Grénwall’s Lemma implies (for a different constant Cy 1)

T
D™ 1200 (1,792 (r2y) F IV P™ 122 yer2y < Corexp (Ct’T/t IV () oo 72y d8'>,

where the integral is bounded since Vp € L2¥9((t,T); L°(T?)) for some § > 0 depending
on t, T, ¢; 7 by Corollary 8.4, and the boundedness of the first two terms in (8.20) follows.
Next, we perform the H2-type estimate by testing (8.19) with Ap™ (this is allowed since
Ap" € span{yp;}]_; due to (8.15)). Since p"(s) € C°(T?), we rigorously pass to the
non-divergence form of (8.19). Similarly to the computation (8.12), we get

d ¢, T - . n
VPl 2(rn) + LI API 2 ey < e (1l div((1=p)P) [z ey +2 /T P"PIAp da)

< (1 v (1= )P )+ 207 ()] 2 2 | AP ()] 22552 )

using the Lions-Magenes Lemma in the finite-dimensional Hilbert space {¢;}7_;, where

the final term is present because a prior: we do not know p” € L°°, unlike p; we re-
call that g5 defined in (8.13) depends on ¢,T,¢; 7. Next, the Sobolev inequality implies
[P (8)llLes 2y < CslP™(8)|| (1) for some Cs independent of n but which depends on
t,T,ce 7 (since g5 does). Integrating in s and using VP € L2 from Lemma 8.3, we get

190" ()2 o) I AP W2 10y < IVD" ()12 + i 2l div((1— p)P) |25
+4C§ t_zl’HP HLoo ((t,T);L2(T2)) HAPHL2 ((t,T);L2+5(T2))
1403} / 18D ) 2215 ) [TD" () 222

for all t < s <T. The strong convergence to the initial data (8.18), the uniform bound on
IP" | oo ((t,7);:22(T2)), and Corollary 8.4 implies that there exists Cy 7 independent of n such
that the first three terms on the previous right-hand side are bounded by C; 7. We deduce

Han(s)”%2(’]1‘2)+Ct7THAan%Q((t,s)XTQ) < Ct,T(“‘/t HAP(SI)Hszw(TZ)”VPH(SI)H%Z(W) d8,>,

for some C; 7 independent of n, whence an application of Grénwall’s Lemma implies

T
HVPRH%OO((t,T);L2(T2))+Ct,T||APn||2L2((t,T)X1r2) < Cirexp (Ot,T/t HAP(S/)H%Z+5(T2) dS/)a

for a different Cy r; the final integral is bounded due to Corollary 8.4. Thus (8.20) follows.
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3. Convergence to p. The uniform bounds (8.20) imply that {p™}, is a uniformly bounded
sequence in L2((¢t,T); H*(T?)). As such, by Alaoglu’s Theorem, it admits a weakly conver-
gent limit p> € L2((t, T); H?(T?)) for a subsequence which we do not relabel. By passing
to the limit in the linear equation (8.19), we see that p™ satisfies

9p™ — div((1 = p)VPp™ + p* ® Vp) + p* = —div((1 — p)P),
P (t) = p(t),

where we used that p = > 72 (p(t), ¢j)p; in L?(T?) from (8.18). The equation (8.21)
holds in duality with LQ((t,T);span{gpj};?‘;l), and hence, by density, in duality with
L?((t,T); H'(T?)); we also deduce directly from (8.21) that 9,p> € L?((t,T); H~1(T?)).
Next, we define the difference w := p>® — p. On account of p,p™ € L?((t,T); H'(T?)),
from Lemma 8.2, we have that w satisfies

(8.21)

Ow —div((1 — p)VWw +w® Vp) +w =0,
with zero initial condition, and w is itself an admissible test function for this equation with
Oyw € L2((t,T); H-'(T?)). The Lions-Magenes Lemma applies, and testing with w gives
1d

2 &,T 2 2 1 2 1 2 2
3 Wiz (re) + = IVWIZ2(p2) +1WlIZ2(r2) < FHW(X)VPHLQ < EHVPHL‘”HWHLQ‘

Writing Y'(s) := ||w(s)||%2(T2), this implies Y'(s) < c_1 AIVo(s)? T2)Y(s), and hence

T
Y(s) <Y (t)exp <ct_%/ \Vp(s’)H%oo(Tz)ds’> =0 VseltT],
¢

since Y (t) = 0, where the integral is finite since Vp € L**9((t,T); L>(T?)) for some & > 0
depending on t,T, ¢, 7 (Corollary 8.4). Hence p = p™® € L?((t,T); H*(T?)). O

Step 2 of the proof of Proposition 8.5 also gives Vp € L*((¢,T); L?(T?)). Using the
interpolation Lemma 2.6, and recalling from the lines above (8.13) that ¢, 7 were fixed
arbitrarily, we have proved the following.

Corollary 8.6. For all 0 < t < T < oo, it holds p € L*((t,T); H*(T?)) and Vp €
Lo((t,T); L2(T?)) N LA((t, T) < T?).

In turn, it follows from Lemma 8.2 and Corollary 8.6 that div((1—p)p) € L((¢, T)xT?),
whence the Calderén-Zygmund Theorem and (1.3) imply 9;p, VZp € L4((t, T) x T?). We
deduce that p € WH4((t, T)xT?), whence Morrey’s Embedding implies p € C/*([t, T]x T?).
Also, an application of the Gagliardo—Nirenberg inequality gives

1V0(5) | s cr2y < CIV2 ()13 g 10(3) /2 ey + Cllo(3) | ) (8.22)

for some constant C' depending only on T?. Integrating in time, we get ||Vp||8L8((t T)xT2) <
C||V2,0HL4( £ T)xT2) pl|30 + C(T — t). We have shown the following.

Corollary 8.7. For oll 0 <t <T < 00, it holds
op,V2ipe LY(t,T)xT?), Vpe L3((t,T)xT?), pe CY*([t,T]xT?).

8.1.3. Boundedness of f by Moser iterations. The goal of this subsection is to prove Propo-
sition 8.1, which we shall show by means of Moser iterations akin to those of §5. In order to
use this strategy, we must first verify that the equation (1.1) can be written as a problem
in the standard parabolic space Lt IOCH with 0, f € L? Hgl.

t,loc

Lemma 8.8 (f belongs to the parabolic space). For all 0 < t < T < oo, it holds f €
L®((t,T); L*(T3)) N L2((t,T); HY(T%)) N L'"((t,T) xT3) and 8;f € L*((¢t,T); H~Y(T?)).
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Proof. Our objective is, as usual, to test the equation (1.1) against f, which gives the
result formally. However, a priori f is not regular enough to be a test function. To this
end, similarly to Lemma 8.2, we introduce the £&-mollifier sequence {n°}. in R? constructed
from the Friedrichs bump function. Define D = (1 — p)fe(f) and D = n° * D. Inserting
n°(s,& — y) into the weak formulation of (1.1) and integrating in y, we get

O f + div DF = div((1 — p)Vf€ + f°Vp) + 03 f° + div(E® + F?), (8.23)
where £ =n°x ((1 = p)Vf) = (1 = p)n° « V[ and F* ="« (fVp) — (n° = f)Vp.
1. Control of error terms. Using that f & L? ¢ from Definition 2.1, standard proper-
ties of the mollifier imply that ”DE”L3([t,T}><’]I‘3) < C|’DHL3([t,T]><’]I‘3) < CHfHL3([t,T]><T3)7
where the constant C' is independent of t,T,e. Similarly, for the term F®, we have
10 (fVP) ()l 2(ray < CUIVR(s)llLzrsy < ClF(9)lL3(r2)[Vo(s)ll Lo (r2), whence squar-
ing and using Young’s inequality with the exponent 3/2 yields ||n° * ( pr)H%Q([t T)xT3) <
(HfHLg([t T)xT2) + HVPHGLG([t,T]xT?))v where the constant C' is independent of ¢,T,¢; the
final term is bounded in view of Corollary 8.7. The second term in F* is controlled analgo-
usly, whence we deduce || D[| 2,77 x12) + |5 || L2 (1t xT2) < Cr.1 for some Cy r depending
only on t,T, ¢, 7. It remains to estimate E°, which, like in Lemma 8.2, we split into two
parts. Standard computations (cf. Step 2 of the proof of Lemma 8.2) give

— / F(5,9) V(1) [o(s, €)—pls, )] dy + / T (E—u) (5,9)Vols, y) dy.
R3 R3

=:E5(5,€) ::Egr(s,f)

We have [|E5(s)||2(r3)y < C||fVp(s)||L2(r2) using standard properties of the mollifier (with
C independent of t, T, €), which yields || E5| r2(it,7]xm3) < Cpr using the same approach as
for F°. For EY, an identical strategy to that in Step 2 of the proof of Lemma 8.2 yields

|E5(s,8)| < /B(O 1)f(3 —ew)|Vn(w </ V(s 1—U)€w)\da> dw.

By squaring, Jensen’s inequality, integrating in £ and using Fubini’s Theorem, we get

R 1< _ 2 1 2 )
IB5(5) e < C | . | (g =) PIVa(s. = (1= o)ew) e ) do

where the constant C' depends only on ||V .. Using Hélder’s inequality (with exponent
3/2) and the translation invariance of Lebesgue measure, we deduce

1B 332079y < CIF )2 02 11V 2() Pl ey = ClLE ) s 2 V() 3o r2y-
< C(Hf”%s + HVpH%G). We have shown

Young’s inequality yields | B\, 1)

||D ||L2([t,T}XT2) + HE€|’L2([t,T]XT2) + HFEH%Q([LT}XTQ) S Ct7T (824)
for some C; 1 depending only on ¢,7), ¢; 7, and independent of .

2. H' bound. Note that it is clear from the previous bounds and the equation (8.23) that

Oy f¢ € L2((t,T); H-'(T?)), and hence the use of the Lions-Magenes Lemma is justified.
Testing (8.23) with f¢, we get, using (8.24), the lower bound on 1—p, and Young’s inequality,

1d CtT
S ey + LIV N <

By integrating in time, using that Hfg(t)HLz(Tg) < O f )l p2ersy < CNf ()|l L3(rsy, which
is finite by Definition 2.1, we find that Hf“:H%oo((t’T);LQ(Tg)) + HngEH%Q((t’T)XTg) is bounded
independently of €. The result then follows from the lower semicontinuity of the norms,
by letting ¢ — 0F; the equation (1.1) then yields 0, f € L2((¢,T); H=(T?)). O

C T
t +ct7%||f8‘|%3(’]r3)vaH%G(’IP)-

7
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We are ready to give the proof of Proposition 8.1; the argument is different from the
one presented in |1, Proposition 6.7], as we use Moser’s iterations—not those of De Giorgi.
Note that the integrability of the derivatives of f is not sufficient (at this stage) to obtain f
bounded directly by Morrey’s embedding, which highlights the necessity of this argument.

Proof of Proposition 8.1. Let R < 1,s € [t,T] be such that Qg(s) C [t,T]xT3. We show
there exist Cy v (depending only on ¢, T, c; 1) and 5 > 0 (independent ¢,T, s, R), such that

Cir
||f||L°°(Qr(s)) < (Riir)ﬂ VO <r< R, (825)

from which the conclusion of the proposition follows immediately by a covering argument;
recall that we are only interested in the qualitative statement f € L{ocLg°. Without loss
of generality (arguing by translation), we may assume s = 0 for our cyhnders: herein,

esghi%nf(l—P) e, [ApllLagr) < 1ApILa e 1)xT2)s (8.26)

and the term involving Ap is finite by Corollary 8.7.
1. Caccioppoli inequality. Let M > 0,q > 2,0 < r < R < 1. In this step, we prove

1CF A M2 2oy + Vel AM)EF2q,) < ||f 12550, (8.27)

where x := Cc;. (1+||Ap||L4((tT ><Tg)) and the constant C' is independent of ¢, M, ¢, 1, R, r

and all other IlOI‘IIlb of f and its averaged quantities (i.e. p, p, etc.). The final term on the

right-hand side of (8.27) is a priori only finite for 2 < ¢ < 5/2 by Lemma 8.8; nevertheless,

the inequality remains true for all ¢ > 2, with the possibility of this term being infinite.
Let ¢ € C2°((—R, R)) be a localising function (depending only on time) such that

C
0<v <l Y=L Ylapern =0 18%lre11) < 57—

for some constant C' independent of 7, R. We wish to test (1.1) with ¢(f A M)4~19? €
L? H1 by Lemma 8.8, since we formally expect %H(f A M)%H%z = (Osf, q(f A M)T71).
3

t,loc

However, since we only know 0;f € L2, H ¢ ! there is no obvious non-linear chain rule for

t,loc
the pairing (9,.f, ¢(f A M)?~1); the Lions-Magenes Lemma only applies when ¢ = 2.
A common strategy is to use Steklov averages to bypass this: for all h € (0, 1), define

P =t [ 9 = o g = LRI 0y

We then obtain the evolution on f" from (1.1) by applying %fserh to the equation, i.e.,

af" + div([(1 - p)f]"e(9)) = div([(1 - p)VF + fVp]") + 031" (8.29)

Now we test (8.29) with g(f" A M)4~1y% By (8.28), 0:f" € L} .([0,00); L3(T?)), whence
the usual chain rule for Sobolev functions applies (¢f. [12, §5.10]), and we get

d

G Lot ag =2 [ vower s

h h =12\ _
@ a(" A M) =

where @/ 4(s) fo (rAM)4=1 dr. Observe that (for ¢ > 2) this function satisfies & (s A
M)T =q(sNM)T~ ﬂ{ogng} <q(sAM) 1 = CIDMq( 5) < qs? 1 = (fssq, whence

(sAM)T < Dprq(s) <s?  V¥s>0. (8.30)
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Integrating in time over [—R, s] for s € (—r,r), for which ¥ (s) =1, ¥(—R) = 0, we get

[ @ras oD ata-0 [ [ orann 2 ([0-nv+rvol" 9 o P an

2 [ vowtu (a1 [ [ 00 1) 0 AT Ly,

(8.31)
Standard results on Steklov averages (e.g. [10, §1.3 Lemma 3.2|) imply ngh — Vef and
[(1—p)Vf+ fVp]" = (1 —p)Vf+ fVpstrongly L? (by Lemma 8.8, Corollary 8.7), hence

(10-p) V01 £ 100 f112) = (1(1-p)V VALY 4100 f[2)  strongly in LV, (8.32)

Also, f* — f strongly in L3 and a.e. (for a subsequence). Hence, (fh/\M)q_Q]l{fh<M} —
(f/\M)q_Q]l{f<M} a.e. and, since the term is bounded by M?~2, the Dominated Convergence
Theoremlimplies [[2(f" A M)q*2]1{fh<M}go dedt — [[Q2(f A M)T21popped€dt for
all p e L' i.e.,

AN MY L gy = PP A M) gy weakly-* in L, (8.33)
Combining (8.32) and (8.33) as a weak-strong product implies

tim [ [ AN ([0 V90" 00 ) Ly

h—0t J_R

= [ [ 0rnan 2 ([a=p)V 5+ )V 5100 P ggany

—R TS

and an analogous argument yields the expected convergence of the final term in (8.31).
Meanwhile, directly from the definition of ®ps4(s fo r A M)?1dr, it holds

Parg(f") = (") gnanry + [M?+qMT™ l(fh* M)JTgnsry
= [(f")q— [Mq+qu‘1(f"—M)H L pnonny+ [MO+qMO (7 — M),

and we have that the first term on the right-hand side is uniformly bounded in h by
2(1+ ¢)M? and converges a.e. to [f4—[MI4+¢MI~(f—M)|[Ls<pry (for a subsequence)
while the second term converges strongly to M9 + ¢M1(f — M) in L3(T?) by standard
results on Steklov averages. Using also the Dominated Convergence Theorem, we deduce

Jim, 2 / SR /T 0P M=2 / R /T VO ®arq(f)

Meanwhile, Fatou’s Lemma implies [s ®ar,q(f(s)) < liminf, o+ [rs Parg(f(s)). Thus,
by letting h — 0T, using also the lower bound (8.26), we deduce from (8.31) that (a.e. s)

[ osatren+ata-vecr [ [ 0N Py
T3 _RJT3

q(q—n' | N T/JQ(f/\M)q_lvf]l{kM}'vP‘

q(q— 1/ /¢2 (fAM)T vf]l{f<M}’+ _T/ /TB‘I‘Mq

Using the lower bound (8.30), 0 < < 1, and integration by parts to get Ap, we deduce

/\ YAM)Z)? +4(1—q 1)ctT/ / [Vel(fAM)2]?

— 2)2 — 3 %
<@ ff feamnteisoae-nf [ oamnieweamnic gl e
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for a.e. s € (—r,r). Using (8.26), Young’s inequality, and the upper bound (8.30), it holds
2.9 1 27012
NG AM)2 T oo (—ryizzqesy) +3(1=a e Vel(FAM)2]|22q,)

q q(q—1 q C q
<@-DIEAMPIg g I180lssan+ SN AM s g+ 5 1 gy

)

note the final term is a priori only finite for 2 < g < 5/2 by Lemma 8.8; nevertheless, the
inequality remains true for all ¢ > 2, with the possibility of this term being infinite. Using
1 — ¢! > 1/2 and Hélder’s inequality to control the L? norm by LY? we deduce (8.27).

2. Moser iteration. Lemma 2.6 and (8.27) give ||(f A M)? ||L1°/3 @ S %’i‘i /2 ||L8/3(Q

and thus, by letting M — oo and the Monotone Convergence Theorem, it holds

Crq*\Va
1 lsusiany < (Fme ) 11l goms gy (8.34)

where we recall C, x are independent of ¢, r, R; the above holds for all choices of 0 < r <
R <1 and all ¢ > 2. Next, define the powers g, := 2(%)" for n > 0 and the radii

n

5
ro=R,  ra=R—(R—7r)y" Z(Z)ﬁ
=1

where v = > .,(5/4)™", so that R =19 > r1 > --- > 1, \,r. Note that r, —r,11 =

(R — r)y~1(5/4)~"~ L. Tterating (8.34) along this sequence (setting ¢ = gn, R = 7y,
7 = Tpt1), it holds—Dby setting L := 5C'ky and « := 5/4—the estimate

LaP™ zam o Loy 5
n < n < —_— ) . .
171 g g3 < () ™I g n>—<]1_10<R—7~) >||f||Lg(QR) (8.35)

We study the convergence of the product. We have

o (L1 (7)) =5 s () S ome S o (5 ) o

where C depends only on a. Returning to (8.35) and letting n — 00, it holds

5y

L 8
£z (@n) < C<R - T) 112572y

where C' depends only on a. Using [|f||zs/3(q,) < Crrllfll1o/s(,r)xrs) and Lemma 8.8,
and recalling the definitions of L, x from (8.27), we get (8.25). O

8.2. Control of L? norms of d;f, V2f. Having shown that f € L L°° in Proposition

8.1, our next aim is to show the following.

t,loc

Proposition 8.9 (Higher integrability 0, f, ng). Let 0 <t <T < oco. Then, Of, ng €
LP((t,T)xT3) for all 1 < p < co.

In order to prove this proposition, we first need to perform a H?-type estimate on f—in
the same spirit as Proposition 8.5 for p. This is the content of the next result.

Lemma 8.10 (H? estimate for f). Let 0 <t < T < oo. Then, O.f, ng € L?((t,T)xT3)
and Ve f € L®((t,T); L*(T?)) N LA((t,T) x T?).

Proof. As in §8.1.2, the underlying notion is that, provided the passage from divergence
form (1.1) to non-divergence form is justified, then (1.1) reads

O0f +div((L - p)fe(8)) = (1 — p)AS + [Ap+ B3, (8.36)
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whence testing with Af (and 892 f) gives the conclusion. To do this rigorously, we employ
Galerkin’s method. Without loss of generality ¢ is a Lebesgue point of ¢ — (f(t), Ve f(t)).

1. Galerkin approzimations. We recall the notations of §8.1.2, with {¢;}; the orthonormal
basis of L%(T?) of eigenfunctions of the Laplacian, and define the ansatz

"(s,x,0) Zoz (s,0)pj(x

where the scalar coefficients {a}}7_; are determined from the linear system of PDEs

Orj —Ojajf +Za’z§< /T 2 ((1—p)wk+sowp)-wj da:) - /T (1=p)fe(0)Vi; da, (3:37)

with initial data o (t,0) = (f(,,0), ¢;), chosen such that f™ solves the linear equation

O f™ + div((1 — p)fe(0)) = div((1 = p)Vf" + ["Vp) + 53 f",
n . (8.38)
j=1
in the weak sense dual to L2((t, T'); H(T); span{¢p; ?_1). The standard theory for strongly
parabolic linear systems (recall (8.1)) implies the existence af € L%((¢,T); HY(T)) with
o € L2((t,T); H-1(T)) solving (8.37), and thus of f™ solving (8.38) in the aforemen-
tioned weak sense. Additionally, we have (as n — c0)

||fn(t7 "y 9)”%2(11‘2) = Z<f(t7 Yy 9)7 @])2 — Hf(t7 "y 9)”%,2(71'2) a.e. 0.
j=1
Integrating in 0 gives || f™(t) L2 %) = -,0),¢;)? df, so the Monotone Conver-

gence Theorem (the integrands form an 1ncreasmg non—negative sequence) implies

Jim (| F ()2 sy = /T Jim Zl<f(t, 1 0), ) A0 = /T Lt )72 (=) 40
]:
Analogously, by similar manipulations as (8.18), this convergence holds for ||[V¢f(t)||p2:
Timn (O ey = 1O 2aey lm [Vef O = IVef(E ) Eagm.  (8.39)

2. H' estimate. We begin with the standard H' estimate, by testing (8.38) with f"
itself; this is allowed since f™ is written as a linear combination of the {¢;}. Using the
Lions-Magenes Lemma over the finite-dimensional Hilbert space span{y;}"_;, and (8.1),

=1
1d

2 1 2 n
2 dt 720y < 511 =p) fe(O) | 12(1s) — - [V fr-Vpdé

n
il ot

1 1 n Ct. T n
< o My + o [ 177 RIV0 e+ LT o

whence %%”an%Q T3 + 2T HV§fn||L2 ']1*3 = 20 ||f||L2 T3 + Cl ”fn||L2 T3 ||VP||%<>0 T3)»
(T3) ( 4T (T3) T (T3) (T3)
and integrating in time ylelds (for all t < s < T)

||fn($)||%2(1r3) + Ct,Tuvgan%%(t,s)xqu) <[/ )”%2@3 "‘Ct_zl’Hf”%?((t T)xT3)

2 / 19 9(5") 12 o gy £ (5" 223y s

<Cir <1 +/t ||VP(5/)||%<X>(T3)|fn(3/)||%2(1r3)d3/>’
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where we used the convergence of initial data (8.39) to establish the boundedness-in-n of
the right-hand side, and C; 7 depends only on ¢, T, ¢; 7. By Gronwall’s Lemma, we deduce

T
sy < Cireso (Cor [ 190 )

where we notice that the final term is bounded by Corollary 8.4. Returning to the previous
estimate, we deduce that there exists C; v depending only on ¢, T, ¢; 7 (not n) such that

L T e ey 2oy + IV 122y emsy < Cor (8.40)

3. H? estimate. We pass from the divergence form to non-divergence form of (8.38); this
is allowed since each f™ is smooth in z (being a linear combination of eigenfunctions of the
Laplacian). Testing with A f™, which is allowed since Af"(t,-,0) € span{goj};?:l a.e. t,0,

1d

n C,T n n
§&’Wf HQL2(11‘3)+7HAJC 72 (zoy IV Bo ™1 22 s

1
< 2! div((1—p) fe(8)) |22, - /T AP Apds

so that, by Young’s inequality and integrating in time, for all t < s < T,

n G 7T
IV ()13 2.0y +

2
S
<V O Z2ersy + ol div((L=p) feO 2 (s 1) xme) + QCm%/t £ Apl72pay s’

IAS™ 172 (1.6 xms) V0 S ™ T2 (1,52

From the convergence of the initial data (8.39), Lemma 8.8, and Proposition 8.1, we deduce
that there exists Cy r depending only on ¢,T" such that

n CaT n n
IVf (5)|’i2(T3)+t7||Af ||%2((t,s)x1r3)+”V30f H%Q((t,T)x'Jl‘ff')

< (14 [ [10m 800 ey a0/ ).
t JT

note that we have written the 8 integral explicitly in the final term. Using Holder’s in-
equality, this final term may be estimated as (since p is independent of 0)

S s
/t /E||(anp)(5/’ 0/)”%2(1@) de’ dS/ < /t /Tan(Slv QI)H%A(’]I‘Q)HAP(S,, 9/)H%4(’]I‘2) d0' ds/
<cC /t ||Ap(s')\|%4(1p)< /T H f"(s’,e')uimz)de') ds’

where we used the Sobolev inequality in T? (i.e. with respect to only z), and the constant
C depends only on T? and the exponent 4. Returning to (8.41), we get

n c ,T n n
IV ()1 222y + =5 IAF 22 151w +1V 00 2159 c79)

S
<Cur (1+/t HAP(SI)H%AI(T?)(||fn(5,)||i2(1r3) + ||an(5,)||i2(1r3)> d5/>

(8.41)

< ct,T(1+\|f"u%m(<t,mms))|rAp||%4<<t,T>XTs)+ J 180 o197 e d)

ie, [V f(s)32 < Cor(1+[] HA,O(S')H%4HVf”(s’)H%Q) ds’), and Gronwall’s Lemma implies

T
IV oo ((eyiz2 (o)) < Crrexp (/t 1Ap(8) 12 e (r2) ds),
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and the final integral is bounded on account of Ap € L*((¢,T) x T?) by Corollary 8.7.
Returning to the previous estimate, we deduce that, for some C} r independent of n,

vanH%OO((t,T);L?(’]I‘?’)) +||Afn‘|%2((t,:r)xqr3) +||V89f”||%2((t,T)XT3) < Cir. (8.42)

4. Convergence and conclusion. An analogous strategy to Step 3, but testing this time with
02 f™ (again this belongs to the span of the eigenfunctions for a.e. t, ) shows the uniform-
in-n boundedness of ||03 f"||;2. Putting together with the bounds (8.40) and (8.42), we
get that f* — f°° weakly in L2((t,T); H?(T?)), and an argument analogous to Step 3 of
the proof of Proposition 8.5 shows that f*° = f. Hence estimate (8.42) also holds for f.
Finally, using Proposition 8.1 and Gaghardo Nlrenberg inequality (for C' depending

only on T%), [Vef(s)llars) < CUVE() 2o |7 2ezs) + 1) 1i7s)), amd thus
VeI goryemsy < CUVET I e emn 1 morrnsy £ (T ) O

We prove Proposition 8.9, by an inductive argument similar to [1, Proposition 7.1].

Proof of Proposition 8.9. The proof is divided into two steps.

1. Initial upgrade of integrability. By Lemma 8.10, the &-derivatives of f are endowed with
sufficient integrability to rigorously pass to the non-divergence form of the equation (8.36),
which holds weakly in duality with L2((¢,T) x T3). By defining the matrix

A= ((1 ~ P (1’> , (8.43)

which is symmetric, 1/4-Ho6lder continuous by Corollary 8.7, and strongly elliptic by the
lower bound on 1 — p provided by (8.1), we may recast (8.36) in the form

Of —A:VEif = fAp+ fe(6) - Vp— (1 - p)VS-e(d), (8.44)

and thus 0, f — A : ng € L*((t, T)xT3) by Proposition 8.1, Corollary 8.7, and Lemma 8.10.
In turn, the Schauder result of Lemma 2.7 applies, and we deduce 9, f, ng € L*((t,T) x
T3)—technically, the estimate holds for any time interval (¢, 7") CC (¢,T), but by resizing
the original (¢,7T"), we obtain the result on any such interval. By arguing as per Step 4
of the proof of Lemma 8.10, the Gagliardo-Nirenberg inequality implies Hng(s)His(w) <

CUIVEF ()2 | F )y + LI o)), hence Ve € L((t,T) < T9).
2. Inductive argument. We will show that, for all m > 1 and all (¢,7) CC (0,00),

it holds 9,f, VZf € L*"((t,T)x T?) and Vef € L ((t,T) x T%). We have already
shown the result for m = 1,2. Suppose the result is true for m € N: we study the case
m + 1. Then, by (1.3), it holds 8;p — Ap = pdivp — Vp-p € L2 ((¢t,T)xT?) by the
induction hypothesis. Thus, the Calderon—Zygmund Theorem implies that (up to resizing
the original time interval), it holds dp, VZp € L2™"'((t,T) x T?). Whence, returning
to (8.44) and using also the boundedness of f from Proposition 8.1, it holds 0;f — A :
vif e 2" t,T) x T3). The Schauder Lemma 2.7 implies (up to resizing the original
g

time interval) that 0, f, V2f e L2 ((t,T)x T?), and arguing by the Gagliardo-Nirenberg
2m+2

L2m+2 ( )XT‘S) S

m+1 m+1
C(||v? inQmH (£T)xT?) HfHQLOO( 1)) T (T —t)). By induction, the result holds for all m,

and thus the Conclusmn of the lemma follows by interpolation in Lebesgue spaces. O

inequality as per the end of Step 1 (cf. Step 4 of Lemma 8.10) shows || V¢ f]|

8.3. Higher regularity bootstrap. We argue differently to the strategy of §7 of [1]—
here, we shall rely on Schauder estimates in Holder continuous spaces instead of repeated
uses of the Schauder type result in LP (Lemma 2.7). Ultimately, the goal will be to argue
using Holder continuity of the right-hand side of (8.44) and a bootstrap argument. For
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this, we need to show that Ap and V f are continuous, and we will do this by obtaining
sufficient integrability of their derivatives and Morrey’s embedding.

In what follows, we use the shorthand notation f = d,f, p = Oip, p = Oyp. Furthermore,
we extend f(t) smoothly in (—o0,0] so that it is defined for a.e. ¢ € R. For h > 0,

we define the difference quotient Dy f(t,&) = w for a.e. t,£, and similarly
Dpp(t,x) = w and Dyp(t,x) := w; observe that Dpp = [ Dy, fdf
and Dypp = [; Dy, fe(0) df by linearity. We write m,p(t, ) = p(t + h,z), and observe that
for all h € (0,1) and 0 < ¢t < T < o0, it holds 1 > 1 — 7,p > ¢; 741 by (8.1).
Lemma 8.11 () equation). For all 0 < t < T < oo, it holds p € L*°((t,T); L*(T?)),
Vp e L*((t, T)xT?), dp € L*((t,T); HH(T?)), and

Op+div((1 — p)p —pp) = Ap  weakly in L*((t,T); H*(T?)). (8.45)
Proof. Firstly, observe that p,p € LP((t,T)xT?) for all p € [1,00) by Proposition 8.9, so

that (8.45) has meaning in the sense of distributions—we need to show that it follows from
(1.3), and we do so by means of a difference quotient argument. From (1.3) and linearity:

ODpp + div((1 — mpp)Dpp — pDrp) = ADpp weakly in L%(0, 00; H'(T?));

recall 7,p(t) = p(t+h). We test this with Dpp, whence the Lions-Magenes Lemma gives

1d

= —1Dwpll72(r2y + IV Dupll72ep2y = | (1= 70p)VDhp-Dppda — | Dypp-VDppdz.

2dt (T%) (T%) T2 T2
Young’s inequality, the boundedness of p, and integrating in time imply Hth(s)H%2 (r2) +
||VDhPH%2((t,S)XT2) < ”th(t)”%?(']f?)+2HthH%2((t7T)><’E2)+2||th‘|%2((t7T)><’E2) for a.e. t <
s < T. Standard properties of difference quotients (cf. e.g. [12, §5.8.2]) yield

IDROI T oo (722 (r2)) F IV Dipll F2 (0 er2y

< (1) ey + D13 e ryrsy + 1012 01 x79) )
where the constant C' is independent of h. Standard results on difference quotients imply
that (by letting h — 0F) it holds p € L>®((t,T)xT?),Vp € L?((t,T) xT?) as claimed. In
turn, having established this regularity, we may rigorously pass a full time derivative 0
onto (1.3), and we deduce (8.45). The boundedness 9;p € L2((¢,T); H~(T?)) follows from
this equation and the boundedness of the other terms. (]

We need to upgrade the regularity of p further, as doing so will enable us to deduce
continuity of Ap via (1.3), and thus show that the right-hand side of (8.44) is Holder
continuous, whence we can initiate the bootstrap argument in Holder spaces. In order to

do this, we argue using the equation for f, which we derive in the next lemma.

Lemma 8.12 (f equation). For all0 <t < T < oo, it holds f € L®((t,T); L*(T?)), V¢ f €
L2((t, T)xT?), 0,f € L2((t,T); H-(T?)), and moreover, weakly in L2((t,T); H'(T3)):
Of +div((L = p)f = fp)e(9)) = div(1 = p)Vf + fVp = pVf + fVP) + T3 . (8.46)
Proof. As per the proof of Lemma 8.11, we obtain directly from (1.1) and linearity:
Dy f + div [(Dpf(1 — hp) — fDrp)e(9))
= div [(1 = 7up)VDyf — DupVf + 7V Dpp + Dy fVp] + 93 Dy f:
recall 7, f = f(t+h). Testing with Dy f, we get (using the Lions—Magenes Lemma)
1d
2 dt
< (13 7112+ 1 Dupll 2+ | Do fll 2+ f 7 Dipll e+ D1V 1)1 9 D fl

1Dn fll72rsy + et 411 Ve Daf 172 emay
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whence Young’s inequality and standard properties of difference quotients yield
1d Ct,T+1
5 IVeDn flZ2(rs)

S D f 1220y +
<CC 14 (|\f\|iz+||f||%oo||D\|%2+||P||%4||Vf||i4+HTth%oo||Vf)||%2+HfHL4HVPH%4>

2dt
where C' is independent of s, h. Using the boundedness of the terms on the right-hand
side (Propositions 8.1, 8.9, Lemma 8.11) ||th||2°0((t,T);L2(T3)) + HVgthH%Q((t’T)XTB) <
Ctr for some constant depending only on ¢,T, ¢ 741. As such, fe L>((t,T); L*(T3)) N
L2((t,T); HY(T3)). This regularity is sufficient to pass a time derivative (in the sense of
distributions) in (1.1), and we deduce (8.46) O

Lemma 8.12 implies that p is endowed with the same regularity as f , and
op + div((1 — p)P — Pp) =div((1 — p)Vp+p@Vp — pVp+p @ Vp) —p.  (8.47)
Returning to (8.45), we get 0;p— Ap = —div((1—p)p —pp) € L?,,.L2, and the Calderén—
Zygmund Theorem implies 0;p, V2p € L2((t,T)xT?) for all 0 < t < T' < oo, from which
the usual H? estimate gives Vp € L*®((¢,T); L>(T?)) and by interpolation (Lemma 2.6)
implies Vp € L4((t,T) x T?). We have shown the following.

Corollary 8.13. For all 0<t< T <oo, 0;p,V2p € L2((t,T)xT?), Vp € L*((t,T)xT?).

We need to upgrade the integrability of 0;p a little more: indeed, in order to use Morrey’s
embedding and deduce that p is Hélder continuous, we need p € W2 Wi for p > 3, with

t,loc

3 being the dimension of (t,x). To this end, we perform the H? estimate on p from (8.47).
Lemma 8.14 (H? estimate for p). For all 0 <t < T < oo, it holds
Vp € L°((t,T); L*(T?)) N L*((t,T); H(T?)), Vp € L*((t, T)x T?).
Proof. We argue analogously to Proposition 8.5. Following this strategy to the letter, we
obtain the existence of p" € AC([t, T];span{p;}7_;) (¢; eigenfunctions of A;) solving
Op" —div((1—p)Vp"+p" @ Vp)+p" = div(Pp—(1-p)P+p @ Vj—pVp),

p"(t) =Y _(B(1), )¢ (8.48)

j=1
Testing the above with p™ and Young’s inequality we get (a.e. t < s < T')

5" (5) 122 + IVD" L2 (t0pm2) < Cor (IB(E) 32 + 1671V pl 122 + 11513
+ P22 + IpIVAlIZ: + 1419pl2:)

for Cy v depending only on ¢, T, ¢; 7; we use the lower bound on 1—p from (8.1). Hence,

D" ()|l 2(r2) + VD" || L2((¢,5)x2) < Cr.1 (1 +/t IV 08" )17 0 22y 1D7 ()72 (22 d8'>,

and we conclude that |[p"(|rec(,1);z2(12)) + VD"l 22((t,1)xT2) < Crr using Gronwall’s
Lemma as per the proof of Proposition 8.5. Furthermore, given that p"(t) € C*(T?)
for each n (being a linear combination of eigenfunctions of A;), we rigorously pass to
the non-divergence form of (8.48). Testing with Ap™, we obtain the uniform bound
sup,, (IVP" || Lo (@, 7);z2(12)) + IADP" | L2((¢,7)x12)) < Crr; We skip the details since they
are analogous (and simpler) to those in Proposition 8.5. An argument akin to Step 3 in
Proposition 8.5 shows p" — p weakly in L?((¢,T); H?(T?)), and the result follows. O

Using the result of Lemma 8.14 and (8.45), we get 0;p — Ap € L*((t, T) x T?), whence
the Calderéon-Zygmund Theorem implies 0;p, V2p € L, L% and the following corollary.

t,locx
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Corollary 8.15. For all0 <t < T, d;p,V?p € L*((t, T)xT?), and p, Ap € C'/*([t, T]x T?)
as well as Vp € LB((t, T)xT?).

Proof. From 0;p, V?p € LfJOCLi, we get p € WHA([t, T|xT?) forall 0 < t < T' < oo, whence
Morrey’s embedding implies p € C/*([t,T] x T%). Expanding div((1 — p)p) = —p - Vp +
(1—p)divp, we get div((1—p)p) € W;ﬁCW;A — C;/lqu using Proposition 8.9, Corollary
8.13, and Lemma 8.14. By (1.3), we deduce Ap = d;p + div((1 — p)p) € CV4([t, T] x T?).

Finally, since C"4([t, T] x T2) «— L>°([t, T] x T?), Gagliardo-Nirenberg’s inequality implies

. . 1 . 1 .
IV 1522y < C(IV2DN L2 oy 160 | 2y + 16(5) 122 32))
where C only depends on T2, and we then deduce Vp € L8, L8 O

t,Joc™x"

In order to initiate the bootstrap in Holder spaces, it remains to show that V f is Holder
continuous; once this is shown, the entire right-hand side of (8.44) is Holder continuous.

Lemma 8.16 (Hélder continuity of Vf). For all0 <t < T < oo, Vef € C/5([t, T]xT?).

Proof. The results of Lemma 8.12 and Corollary 8.15 imply, by returning to (8.46), that
0if —div(1 = p)Vf+ fVp) =04 f = F, (8.49)

with F' € L? Lg. By replicating the Galerkin approach of Lemma 8.10, we perform the

t,loc ]
H? estimate for f; we omit the details for concision, which follow the formal computation
associated with testing (8.49) with Af after passing to non-divergence form. We get

Of VEf € L3 L3, as well as Ve f € L33, LINL2, HE. By Lemma 2.6, Vef € Ly 1oL,

We now rigorously pass to the non-divergence form of (8.46) and observe that 0, f —A:

Vg fe L;(;/Os CLEO/ * where A is as per (8.43). Applying the Schauder result in Sobolev spaces

(Lemma 2.7) implies 0y 1, Vg fe L;(;{f CL?/ °. By Gagliardo-Nirenberg’s inequality, we get

IVef ()l om sy < C(IVEF O S o) | Vel (D 3es) + 1Vef (9ln2cas) ).

with C' depending only on T3. Raising to the power 50/9 and integrating in time, we get
Vef € L°P((t,T) x T3) for all 0 < t < T. Since 50/9 > 5, we deduce also by Proposition
8.9 that V¢ f € Wl Wg"r’, whence by Morrey’s embedding V¢ f € C/>([t, T] x T?). O

t,loc

We are ready to give the proof of Theorem 1, which concludes this work.

Proof of Theorem 1. The lower bound (3.1) was proved in Proposition 7.1: it suffices to
show the interior smoothness of weak solutions. The proof is divided into several steps: our
underlying strategy is to repeatedly apply additional -derivatives to (1.1) and x-derivatives
to (1.3) and deduce smoothness using the Schauder result in Holder spaces (Lemma 2.8).
1. Improved regularity of p. Our aim in this step is to prove the following: for all0 <t < T,
there exists 8 > 0 depending on ¢, T, ¢; 7 such that

Dp e CYPR2HB([1 T x T?), ie.  8,Dp,D*p e C”>P([t, T] x T?). (8.50)

Recall from Corollary 8.15 and Lemma 8.16 that Ap, Vf € CY5([t,T] x T3) for all
0 <t <T. As such, the entire right-hand side of (8.44) is Holder continuous, as is the
matrix A from (8.43); in fact for all 0 < ¢t < T they belong to C*/>%([t, T] x T?) for some
a € (0,1). As such (by modifying the size of the time interval—we omit the details for
concision), the Schauder result of Lemma 2.8 implies

feCctt 2oy T« T3)  Vo<t<T; (8.51)

note that this level of regularity is already enough to deduce that f is a classical solution
of (1.1). We return to the equation (1.3) for p. We mollify the entire equation (in x only)
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and get 0;p° — Ap® = F€ := —div((1 — p)p) * 1., where p° = p*n. for n. = ¢~ 2n(-/¢) with
n the usual Friedrichs bump function in R?. By applying an x; derivative, we get

atpij - Api] =F°

zj

and note that anj = Fy; *ne = (Py; Vo + P Vg + p; VP — (1 — p)divpy;) * 7.
The regularity of f from (8.51) implies that, for all 0 < ¢ < T, there exists 5 € (0,1)
depending on ¢, T, ¢, such that Fy, € C’%’ﬁ([t, T] x T?). Standard properties of the
mollifier sequence then imply that [|F, ||C,3/2,B([th]xT2) < C||Fy, ||C*8/2»5([t,T}><’]1‘2) where the
constant C' is independent of ¢,7T,e. Hence, another application of Lemma 2.8 implies
||P;j”cl+5/2,2+5([t/,Tq><qr2) < C(Hij||CB/2,ﬁ([t,T]XT2) + HVPHLQ([t,T]xTQ)) for [t',T'] CC [t,T]
with C depending on t¢,#',T,7’. In turn, an application of the Ascoli-Arzela Theorem
implies the strong convergence of pi — ps; in the norm of CHHo224B([ T'] x T?) for all
0< B3 < f,and (8.50) follows (for a different 3 depending on ¢, T, ¢, 7).

2. Improved regularity for f. The regularity (8.51) implies that we may rigorously pass a
&; derivative in the divergence form of (1.1) to deduce that

Ofe; +div((1 — p) fe;e(0) — pe; fe(0) + (1 — p) feg, ()
=div((1 = p)Vfe, + fe; Vo — pe,V.f + [Vpe,) + O fe,

holds (in divergence form) in the sense dual to L'((t,T); WL(T?)). Our objective is
then to show that Vg fe;, € L? Lg so that we may pass to the non-divergence form of

t,loc
this equation. To do this rigorously, we perform the same Galerkin method as in Lemma

8.10 to deduce f¢; € L2((t,T); H*(T3)); we do not write the details in full for clarity of
presentation. The sought boundedness can be seen from the formal computation (testing
(8.52) with Afe, after having passed to non-divergence form)

1d
5o IV Fe 72 + el Afe, 172 < IAfe | 2 (HfsjAﬂllerHﬂngfHLerIIprgj||L2+|!Vf§jHL2

2 dt
+||f§jVP||L2+HfVP§jH+HﬂngfHL?+||Vf||L2+HfVP||L2),
where we note from (8.51)—(8.50) that all terms on the right-hand side are bounded in
L. Applying Young’s inequality yields Afe, € L2((t,T); L*(T3)), and repeating the
same argument by testing with 8gf§j yields nggj € L%((t,T); L*(T?)).
Next, we show that: for all 0 < ¢t < T there exists 5 > 0 depending on ¢,7" such that

Def € CYF2248([¢, T) x T3), (8.53)

(8.52)

Having shown nggj € L?loch, we return to (8.52) and rigorously pass to the non-

divergence form of the equation to get
Onfe, — A:Vife, = Ae, : Vif + G,

where G = fAp+ fe(0)-Vp—(1—p)Vf-e(f) is such that DG € CP([t, T] x T?) for some
B > 0 (depending on t, T, c; 1) by (8.50)—(8.51); note that the equation holds in the sense
of L? functions. Furthermore, the results (8.51) and (8.50) imply that the entire right-hand
side belongs to CP([t, T] x T?) for some 3 > 0 depending on t, T, ¢y 7. In turn, we directly
apply the Schauder result of Lemma 2.8 and deduce that fe, € C1* [224B(([t/, T'] x T?) for
the same 8 on any [t',T'] CC [t,T] compactly contained therein, and (8.53) follows.

3. Conclusion. We iterate the previous two steps: having shown that Dg” f is Holder
continuous, we apply a further 9, to (1.3) to deduce Holder continuity of D™*1p and then
returning to (1.1) and applying an additional J¢; we deduce Dg”“ f is Holder continuous.

Using the equation to exchange t-derivatives for &-derivatives, we also obtain the Hdélder
continuity of all time derivatives, and mixed t,£ derivatives. The proof is complete. ]
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APPENDIX A. PROOFS OF TECHNICAL LEMMAS

A.1. Proof of convergence to initial data for p. We prove (2.6) directly from the
definition of weak solution and the regularity of p from Definition 2.1.

Proof of (2.6). Inserting test functions ¢ € W16(T?) independent of t,6 in (2.1), we obtain

/11‘2 (p(t,x)—po(m))go(x)dx:/o /TQ(l—p)p-Vgodmds—/o - Vp-Veodrds; (A1)

and, by a standard density argument, the above holds for all ¢ € H(T?). In turn, by
bounding the relevant terms and arguing as per (2.5) in Remark 2.4, we deduce

Jm lp(t) = pollgr-1(r2) = 0. (A2)

Selecting ¢ a Lebesgue point and inserting ¢ = p(t) € H'(T?) in (A.1), we get (us-
ing Holder’s inequality) limsup,_, Hp(t)H%Q(Tg) < lpoll L2(r2y limsup,_ [|p(¢) || L2 (72); this
lim sup is finite since 0 < p < 1 and T? is bounded. Thus,

tim sup [10(8) 212 < lloollz2 (e (A3)
t—0t

Meanwhile, using 0 < p < 1 we deduce that p(t) — pg weakly in L?(T?); here we also use
(A.2) to identify the limit as pg. The weak lower semicontinuity of the norm then implies

[pollz2(r2) < liminf ||p(t)[| 2 (r2) < limsup [|p(t)[|L2(12) < [IpollL2(T2)
t—0t t—0+
by (A.3). Thus ||p(t)|lz2 — |/pollz2 and p(t) — po in L?, whence (2.6) follows. O

A.2. Proof of Lemma 7.5. Our proof is similar to that of [14, Lemma 3.2, but simpler,
as our setting is less general.

Proof of Lemma 7.5. Multiply (7.6) by the integrating factor e, and get (for all 0 < s < t)
Ag(s) < e *Ar(0) + esCf/ eT Ap_1(7)*dr.
0

By the assumptions on the initial values, we deduce (by bluntly bounding several terms),
Ap(s) < M™ + C’f||Ak_1H%oo([ (1 —e™*), and thus

0,t])
Akl 2o (o) < M™ + CEll Ak ll7 o0 0.0 (A4)
1. Inductive estimate. Our objective in this step is to prove by induction that
l Al oo < C2* (M + Ma)™ (A.5)
for all integer k > 0, where «y, satisfies the recurrence relation
ap =201 +k+1 (o :=1). (A.6)

Indeed, for k = 0, we simply have ||Agl|zec(jo,q) < M2 whence (A.5) is trivially satisfied.
Then, suppose (A.5) holds for the case k — 1: we show that it holds for k. Indeed, by
(A.4) and using 2nj_1 = ny, it holds [[Ag|[Le(oqg) < M|™ + Cf+2ak_1(M1 + My)™e <

(1+ C’f—i_mk*l)(Ml + Mjy)™ | and thus

[ Akl Loo (jo,) < 2052 (M + My)™ < CEPFF21 (M 4 M),
using 2 < O, and (A.5) follows directly from the definition (A.6) of a.
2. Uniform boundedness. We have HAkHlL/OZ’(“[Ow < Cf’“/n’“(Ml + M>) and thus it suffices
to show that ay/ny is bounded. Dividing (A.6) by ny = 2F and rewriting nj = 2nj_1,
ap  ap1  k+1

nk Nk—1 2k
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for all integer k& > 1, from which we deduce (using ap/no = 1) 7t = l—i—Zf (G+1)279. As

a result, sup;, n’“ =1+>72 o (J+1)27 7. where the final sum is mamfestly convergent by the
d’Alembert ratio test, and the aforementloned quotient is bounded as required. We record,
by setting = 14 >72,(j + 1)27/, the estimate supy, HAkHLw(Ot) < CSPRek/ME (0 4

M) = c’ (M + Ms), where we used again that C, > 2, and the proof is complete. O
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