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Abstract. We prove the Lipschitz regularity of solutions for a wide class of generalized
Bernoulli free boundary problems, in vectorial, higher order, and non-minimizing settings.
Our method does not rely on notions of viscosity solutions or comparison methods, which
allows us to reach the optimal regularity for Bernoulli-type problems associated to elliptic
operators which do not satisfy any maximum principle, namely the elasticity, biharmonic
and Stokes equation. With a similar method we obtain the optimal Lipschitz regularity for
stationary, non-minimizing solutions of the standard Bernoulli problem in two dimensions.
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1. Introduction

1.1. Background. Several questions in pure and applied mathematics lead to the study
of local minimizers and of stationary solutions of Bernoulli-type energiesˆ

B1

Q(∇nu) + χ∇mu6=0, (1.1)

where B1 is the unit ball of Rd, u ∈ Hn(B1,Rp), m ≤ n, and ∇`u ∈ (Rd)⊗` ⊗ Rp denotes
the vector of the `-th derivatives of u. Here we say u ∈ Hn(B1,Rp) is a local minimizer
of a functional E : Hn(B1,Rp) → R when E(u) ≤ E(u+ v) for all v ∈ Hn

0 (B1,Rp), and a
stationary solution when d

dt

∣∣∣
t=0

E(u ◦ (id + tξ)) = 0 for all ξ ∈ C∞
c (B1,Rd).
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When n = 1, p = 1, and Q is the square of the norm, the functional reduces to the
Bernoulli energy ˆ

B1

|∇u|2 + χu6=0. (1.2)

If one restricts the competitors to non-negative functions, one obtains the so-called one-phase
Bernoulli problem, whose optimality conditions are formally given by the overdetermined
system 

∆u = 0 in B1 ∩ {u > 0},
u = 0 in B1 ∩ ∂{u > 0},
∂νu = 1 in B1 ∩ ∂{u > 0},

where ∂ν is the inward normal derivative. The study of this overdetermined problem goes
back to [Beu58], and it arises naturally in several questions related to fluid dynamics, shape
optimization, capillarity surfaces, and potential theory.

The regularity of local minimizers of (1.2) was first studied in the foundational work [AC81],
where the authors show that minimizers are locally Lipschitz, that they have at least linear
growth near every boundary point, and that every sufficiently flat part of the boundary
is analytic. Subsequent works [Wei99; CJK04; DJ09; JS15] show that the free boundary
∂{u > 0} is the union of an embedded analytic hypersurface and of a singular set of Haus-
dorff dimension at most d− d∗, where d∗ ∈ {5, 6, 7} is a critical dimension characterized
by the existence of non-flat homogeneous solutions in Rd∗ .

If one does not assume that u has constant sign, one obtains instead a special case of the
two-phase free boundary problem, sometimes called the symmetric two-phase problem. Here
as well, solutions are locally Lipschitz with at least linear growth at the boundary [ACF84],
and the free boundary was described in the subsequent series of papers [SV19; DSV21;
DSV25; FSV26].

Note that establishing the optimal Lipschitz regularity is the first key ingredient in
establishing the free boundary regularity. Indeed it allows for a blow-up analysis around a
free boundary point z by studying the limit points of the sequence r−1u(z + r · ).

Other shape optimization problems lead naturally to more general functionals of the
form (1.1). For instance:

• In the study of Pólya and Szegö’s conjecture on the optimal shape for the critical
buckling load of a clamped plate [AB03], as well as the optimal shape for its
fundamental eigenvalue [AB95; Nad95], one is led to consider local minimizers ofˆ

B1

|∇2u|2 + χu6=0. (1.3)

See also the introduction of [LN25] for a more detailed account.
• The study of optimal profiles in viscous flows [Pir73; Ric95] leads naturally to

vectorial problems with a differential constraint, namely to the local minimizers ofˆ
B1

|∇u|2 + χu6=0 (1.4)

in the class of divergence-free vector fields H1
div(B1,Rd). In dimension 2 the

introduction of the stream function u = ∇⊥ψ reduces this problem to minimizers
of ˆ

B1

|∇2ψ|2 + χ∇ψ 6=0.

• The study of the optimal domain for the first Lamé eigenvalue and for the Korn–
Poincaré constant leads to energies of the formˆ

B1

Ae(u) : e(u) + χu6=0, (1.5)
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where u ∈ H1(B1,Rd),

AS = 2µS + λTr(S)Id, e(u) = ∇u+ ∇uT

2 ;

for some Lamé parameters (λ, µ) ∈ R2 such that µ > 0, λ+ 2µ > 0, see [HLP24]
and [Fra26].

• When one minimizes the Bernoulli energy in a restricted class, for instance in the
class of simply connected domains, one often has to work with stationary solutions
with respect to inner variations, namely with functions that satisfy

d

dt

∣∣∣∣
t=0

ˆ
B1

(
|∇(u ◦ (id + tξ))|2 + χu◦(id+tξ)6=0

)
= 0 (1.6)

for all ξ ∈ C∞
c (B1,Rd). Stationary solutions have recently been studied in [KW25b]

under the a priori assumption of Lipschitz regularity.
Very little is known for the minimizers of these problems, neither for the regularity of

the functions nor for that of the free boundaries. To the best of our knowledge, the best
results currently available are the following.

• Minimizers of (1.5) for µ > 0, λ+ µ > 0 belong to Cαloc(B1,Rd) for every α ∈ (0, 1)
by [HLP24] in dimension 2, 3 and [Fra26] in any dimension.

• Fourth-order problems in the spirit of (1.3) were studied in [DKV21], where several
results are proved conditionally on the C1,1 regularity of the minimizer, and in
[Mül22]. In [LN25], the third author and Lamboley gave a fine description of the
free boundary points of two-dimensional minimizers of (1.3). In particular, they
classified completely the free boundary points around which the solution is locally
C1,1, but they left open whether other types of free boundary point can occur; see
also [GM24; GM26] where a partial classification of global minimizers is given.

• In [Fra26], minimizers of (1.1) were shown to belong to Cn−1,α for every α ∈ (0, 1),
provided Q is elliptic. The same paper shows that minimizers of (1.4) belong to
Cα for every α ∈ (0, 1).

In particular, it was not known whether local minimizers of (1.1) are of class Wn,∞
loc .

Note that this is the optimal expected regularity, since ∇nu should jump across the free
boundary. Furthermore, as explained in the next section, this is the critical regularity that
allows to consider blow-up limits, which is the first step in the study of free boundary
regularity.

To the best of our knowledge, every proof of the optimal regularity for the classical
Bernoulli problem (1.2) uses one of the following two facts.

• For the one-phase problem, the sign of the solution together with some form of the
maximum principle; see [Vel23, Ch. 3] for a review of the known techniques.

• For the two-phase and the vectorial problems, the Alt–Caffarelli–Friedman mono-
tonicity formula [ACF84, Th. 5.3]; see [BHP05; DT15; Buc+15].

Neither ingredient is available for the functionals (1.1). Solutions of high order equations
satisfy no maximum principle and no analogue of the monotonicity formula is known when
the functional is not the Dirichlet energy. Therefore, in order to prove optimal regularity
one has to devise a completely different strategy.

1.2. Main results. Our first main result is the proof of the optimal regularity for local
minimizers of (1.1) and of the Stokes–Bernoulli problem (1.4). We also show optimal
regularity in 2-d for the stationary solutions of (1.6). All these results are consequences of
the abstract Theorem 1 below, which we now state.

For p ∈ N∗ and φ : B1 → Rp measurable, we define the associated boundary as

Fφ = {z ∈ B1 : ∀r ∈ (0, 1 − |z|), |Bz,r ∩ {φ = 0}| · |Bz,r ∩ {φ 6= 0}| > 0}

where Bz,r := z + rB1.
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Theorem 1. For any K ≥ 0 and d ∈ N∗ there exist C,α > 0 such that the following holds.
Let φ ∈ L2(B1,Rp) for some p ∈ N∗, assume that Fφ ∩ B1 6= ∅, and assume that for every
ball Bz,r ⊂ B1 there exists φBz,r ∈ L2(Bz,r,Rp) such thatˆ

Bz,r

|φ− φBz,r |2 ≤ |Bz,r ∩ {φ = 0}| (1.7)

and

r‖∇φBz,r ‖L∞(B
z, 1

2 r
) ≤ K

 
Bz,r

∣∣∣∣∣φBz,r −
 
Bz,r

φBz,r

∣∣∣∣∣
2
 1

2

. (1.8)

Then for almost every z ∈ B 1
2
,

|φ(z)| ≤ C
(
1 + dist(z,Fφ)α‖φ‖L2(B1)

)
.

In the applications φ is the highest derivative of the minimizer and φBz,r is the corre-
sponding derivative of the solution of the associated linear equation with the same boundary
data on Bz,r. In this case (1.7) follows from energy comparison and (1.8) from interior
elliptic estimates.

1.2.1. Wn,∞ regularity of minimizers. Recall that a quadratic form Q on (Rd)⊗n ⊗ Rp is
elliptic if it satisfies the Legendre–Hadamard condition: there exists λQ > 0 such that

∀ξ ∈ Rd, ∀v ∈ Rp, Q(ξ⊗n ⊗ v) ≥ λQ|ξ|2n|v|2. (1.9)
Taking the Fourier transform on both sides, Gårding’s inequality gives

∀u ∈ Hn(Rd,Rp),
ˆ
Rd

Q(∇nu) ≥ λQ

ˆ
Rd

|∇nu|2.

Corollary 2. Let d, p, n ∈ N∗ and let Q be an elliptic quadratic form on (Rd)⊗n ⊗Rp. Let
m ∈ {0, 1, . . . , n− 1} and let u ∈ Hn(B1,Rp) be a local minimizer of

v ∈ Hn(B1,Rp) 7→
ˆ
B1

(Q(∇nv) + χ∇mv 6=0).

Then u ∈ Wn,∞
loc (B1,Rp). More precisely, if F∇mu ∩ B1 6= ∅, then for almost every z ∈ B 1

2
,

|∇nu(z)| ≤ C
(
1 + dist(z,F∇mu)α‖∇nu‖L2(B1)

)
for some constants C,α > 0 depending only on d, p, n,m,Q.

Remark 3. We do not know whether the stronger estimate
Fu ∩ B1 6= ∅ ⇒ ‖∇nu‖L∞(B 1

2
) ≤ C

holds for a constant C > 0 independent of u. We do have, however, the following uniform
bound. Let u be as in Corollary 2, let z ∈ F∇mu, r > 0, and let

uz,r(ζ) = r−n
(
u(z + rζ) −

m−1∑
`=0

r`

`! ∇`u(z) : ζ⊗`
)

be the normalized blow-up sequence of u at z. Then lim supr→0 ‖uz,r‖Wn,∞(B1,Rp) is
bounded by a constant depending on d, p, n,m,Q but not on z and u. In other words, the
blow-up limits of any minimizer at any non-trivial boundary point form a bounded set in
Wn,∞(B1,Rp).

Remark 4. Corollary 2 gives a new proof of the Lipschitz regularity of the solutions of
the one-phase, two-phase and vectorial Bernoulli problems. Our proof does not seem to
extend, however, to the local minimizers of the general two-phase problem

u ∈ H1(B1,R) 7→
ˆ
B1

(
|∇u|2 + λ+χu>0 + λ−χu<0

)
when λ+ 6= λ−.
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1.2.2. Non-degeneracy. Together with the optimal regularity, a key property of the mini-
mizers of (1.2) is the so-called non-degeneracy, namely that

|u(z)| & dist(z,Fu).
Combined with the Lipschitz bound, it guarantees that the blow-up limits are not zero,
and therefore that they carry information on the free boundary.

For the minimizers of (1.1) the non-degeneracy is more subtle. It fails when m ∈
{1, . . . , n− 1}, as we discuss in Remark 14 and Proposition 17. When m = 0, on the other
hand, it holds.

Proposition 5. Let u satisfy the hypotheses of Corollary 2 with m = 0, and assume
u(0) 6= 0. Then

‖u‖L2(B1) ≥ c,

where c = c(d, p, n,Q) > 0 does not depend on u.

1.2.3. Optimal regularity for the Stokes problem. Our techniques also give the optimal
regularity for constrained vectorial free boundary problems. For simplicity we treat the
case of divergence-free vector fields. For an open set Ω ⊂ Rd we set

H1
div(Ω,Rd) =

{
u ∈ H1(Ω,Rd) : div(u) = 0

}
, H1

0,div(Ω,Rd) = H1
div(Ω,Rd)∩H1

0 (Ω,Rd).

Corollary 6. Let d ≥ 2 and let u ∈ H1
div(B1,Rd) be a local minimizer of

v ∈ H1
div(B1,Rd) 7→

ˆ
B1

(
|∇v|2 + χv 6=0

)
such that Fu ∩ B1 6= ∅. Then for almost every z ∈ B 1

2
,

|∇u(z)| ≤ C
(
1 + dist(z,Fu)α‖∇u‖L2(B1)

)
for some constants C,α > 0 depending only on d.

As a direct application to a well-studied shape optimization problem, define the drag
of an object K (a compact subset of Rd where d ≥ 3) in the direction u∞ ∈ Rd \ {0} in a
Stokes fluid as

D(K) := inf
{ˆ

Rd\K
|∇u|2, u ∈ u∞ + Ḣ1

div(Rd,Rd) : u|K ≡ 0
}
. (1.10)

where u|K ≡ 0 is understood as the quasi-continuous representative of u vanishing quasi-
everywhere in K i.e. u ∈ H1

0,loc(Rd \K,Rd), and Ḣ1
0,div(Rd,Rd) is the closure of divergence-

free compactly supported vector fields under the homogeneous H1 norm. The minimization
of D(K) under a volume constraint on K was studied in [Pir73; Bou74] among three-
dimensional shapes that are rotationally invariant around u∞. The conjectured minimizer
is smooth away from its rotation axis, where it has two angular points of opening 2π

3 .
For any minimizer of D among closed sets K of given volume, with associated flow
u ∈ u∞ + Ḣ1

div(Rd,Rd), we prove that
‖∇u‖L∞(Rd,Rd⊗Rd) < ∞;

see Proposition 16. Any precise description of ∂K remains open.

1.2.4. Lipschitz regularity of stationary solutions. As a further corollary of Theorem 1, we
obtain the Lipschitz regularity of two-dimensional solutions of the classical scalar Bernoulli
problem in a weak sense.

We remind that u ∈ H1(B1,R) is a stationary solution of the Bernoulli problem if it
satisfies (1.6), or equivalently if

∀ξ ∈ C∞
c (B1,Rd),

ˆ
B1

(
|∇u|2div ξ − 2∇u ·Dξ∇u

)
=
ˆ
B1

χu=0 div ξ.

Note that we do not require u to satisfy an equation on its support.
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This problem was studied extensively in [KW25b], see also [KW25a] for an application
to the construction of water wave solutions. There the Lipschitz regularity was conjectured
to fail, see [KW25b, Rem. 3.1], and was assumed as a hypothesis instead.

Classical solutions of this problem, meaning solutions whose free boundary is assumed a
priori to be smooth, were studied in [JK16; JK19], in relation with the non-trivial global
solutions constructed in [HHP11]; see also [KW24; BK24] for classical solutions satisfying
an additional index bound. The Lipschitz regularity of inner variation solutions of elliptic
equations coming from harmonic maps and nonlinear elasticity was studied in [Cri+14],
see also [IKO13], using the regularity theory of quasiconformal mappings.

Corollary 7. Let d = 2. There exist C, β > 0 such that the following holds. Let
u ∈ H1(B1,R) be a stationary solution of the Bernoulli problem with Fu ∩ B1 6= ∅. Then
for almost every z ∈ B 1

2
,

|∇u(z)| ≤ C
(
1 + dist(z,Fu)β‖∇u‖L2(B1)

)
.

As a consequence of Corollary 7, the result of [KW25b, Th. 1.2] holds in dimension two
under the sole hypothesis that u satisfies (1.6) and belongs to C2

loc({u 6= 0}).
In general, when considering vectorial stationary solutions, i.e. functions u ∈ H1(B1,Rp)

such that:

∀ξ ∈ C∞
c (B1,Rd),

ˆ
B1

|∇u|2div ξ − 2
p∑
j=1

∇uj ·Dξ∇uj

 =
ˆ
B1

χu=0 div ξ, (1.11)

the analogue of Corollary 7 is false, see Remark 23. However we can show Lipschitz
regularity under a slightly stronger assumption, that is satisfied for instance in the relevant
situation in which u is harmonic in its support in the weak sense. Namely we consider the
following condition:

∀k, l ∈ {1, . . . , p}, uk∆ul = 0, (1.12)
which should be interpreted in the weak sense:

∀k, l ∈ {1, . . . , p},∀ϕ ∈ C∞
c (B1,R),

ˆ
B1

∇(ϕuk) · ∇ul = 0. (1.13)

Then our second main result is the following.

Theorem 8. Let d = 2. Let u ∈ H1(B1,Rp) be a stationary solution of the Bernoulli
problem, i.e. a solution of (1.11), that satisfies (1.13). Then

‖∇u‖L∞(B 1
2

) ≤ C
(
1 + ‖u‖L2(B1)

)
for some constant C > 0 that only depends on p.

Consequences of the above results in shape optimization and for overdetermined equations
are discussed in Section 5; see for instance Proposition 39. Furthermore in Section 4 we
also give an alternative proof of the non-degeneracy of the support obtained in [KW25b,
Lem. 9.2].

1.3. Idea of the proof. As explained above, our regularity results are consequences of
the abstract Theorem 1, whose proof has two steps.

– First we show that any map satisfying the assumptions of Theorem 1 is of class
BMO.

– By the previous step, in order to bound φ it is enough to bound its average. We
do this by a dichotomy: either the average is bounded, or the density of {φ = 0} in
B1/2 is at most a fixed fraction of its density in B1. The second alternative cannot
occur infinitely often at a Lebesgue point of {φ = 0}, which gives the desired bound.
We note here that similar dichotomy arguments were used in [FS14] and [DS20].
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Once Theorem 1 is established, the applications to minimizers follow by taking φ = ∇nu
and φBz,r = ∇nvBz,r , where vBz,r minimizes the free energy

´
Q(∇nv) among the functions

with the same boundary values as u on ∂Bz,r. With this choice, (1.7) follows from minimality
and (1.8) from the regularity estimates for vBz,r .

For Corollary 7 we cannot rely on minimality. The first variation gives instead

4∂z̄(∂zu)2 − ∂zχu6=0 = 0,

where ∂z = 1
2(∂x − i∂y) and ∂z = 1

2(∂x + i∂y) are the complex derivatives. Introducing the
Beurling transform B = ∂−1

z̄ ◦ ∂z, one checks that

h = 4(∂zu)2 − Bχu6=0

is holomorphic. We then follow the strategy above with φ = (∂zu)2 and with a local version
of h as φBz,r .

The proof of Theorem 8 is instead based on a different route, inspired by the regularity
theory for minimal surfaces. We first show that for any 2-convex function Q such that
∇Q(0) = 0, the function C|z|2 + Q ◦ u(z) is subharmonic for some sufficiently large C.
This allows to prove Hölder regularity of the solution. Once this is proved we run various
contradiction and compactness arguments to show that either the norm of the gradient
decays or the solution is close, in an annulus, to a linear conformal map. The final critical
argument is to show that in the latter case the information propagates at smaller scales,
eventually showing that the function can only vanish at the center of the ball, from which
regularity easily follows. See Section 4 for a more detailed account of the proof.

1.4. Notation and organization of the paper. In Section 2 we prove Theorem 1.
In Section 3 we give the applications of Theorem 1 to Bernoulli-type problems, namely
Corollaries 2 and 6 and Proposition 5. In Section 4 we deduce Corollary 7 from Theorem 1,
establish Theorem 8, and study the non-degeneracy of stationary solutions. Finally, in
Section 5 we show how our results extend to several shape optimization problems coming
from spectral inequalities.

We write
a . b

when a ≤ Cb, where:
• in Section 2, C > 0 depends only on d and K;
• in Sections 4 and 5, C > 0 is universal.

For f ∈ L2(Br), possibly vector-valued, we define its deviation in Br as

D(f, r) =

√√√√ 
Br

∣∣∣∣∣f −
 
Br

f

∣∣∣∣∣
2

.

2. Proof of Theorem 1

In all this section, we fix d, p ≥ 1, K ≥ 0. We let M be the set of functions φ ∈ L2(B1,Rp)
that satisfy the hypothesis of Theorem 1 with the constant K. We will use extensively the
fact that if φ ∈ M , Bz,r ⊂ B1, then the function

ζ ∈ B1 7→ φ(z + rζ)

also belongs to M (with the same constant).

Lemma 9. There exist τ ∈
(
0, 1

2

]
, C1 > 0 such that the following holds: let φ ∈ M , then

D(φ, τ) ≤ 1
2D(φ, 1) + C1

( |B1 ∩ {φ = 0}|
|B1|

) 1
2
.
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Proof. Let τ ∈
(
0, 1

2

)
to be fixed. We estimate the deviation of φ at the scale τ :

D(φ, τ) . D(φB1 , τ) +D(φ− φB1 , τ) by triangle ineq.

. τ‖∇φB1‖L∞(Bτ ) + τ− d
2 ‖φ− φB1‖L2(B1)

. τD(φB1 , 1) + τ− d
2 ‖φ− φB1‖L2(B1) by eq. (1.8)

. τD(φ, 1) + τ− d
2 ‖φ− φB1‖L2(B1) by triangle ineq.

. τD(φ, 1) + τ− d
2 |B1 ∩ {φ = 0}|

1
2 by eq. (1.7)

This implies the result for a sufficiently small τ ∈
(
0, 1

2

)
, for some C1 > 0. Here τ and C1

are chosen depending only on d,K. �

Corollary 10. There exist C2, α > 0 such that for any φ ∈ M , for any z ∈ B 3
4
, r ∈

(0, 1 − |z|), we have
D(φ(z + ·), r) ≤ C2

(
1 + rα‖φ‖L2(B1)

)
.

Proof. It is sufficient to prove the result for z = 0. Let τ, C1 be given by Lemma 9. Let
k ∈ N be chosen such that

τk+1 < r ≤ τk

i.e. k =
⌊

log(r)
log(τ)

⌋
. Then iterating the previous lemma we have

D(φ, r) ≤ 1
2kD(φ, τ−kr) + C1

k∑
`=1

1
2`−1

( |Bτ−`r ∩ {φ = 0}|
|Bτ−`r|

) 1
2

≤ 1
2kD(φ, τ−kr) + C1

k∑
`=1

1
2`−1

. rαD(φ, 1) + 1 with α :=
log
(

1
2

)
log(τ) > 0.

This implies the result, since D(φ, 1) . ‖φ‖L2(B1). �

Corollary 10 is sufficient to obtain that [φ]BMO(B 1
2

) . 1 + ‖φ‖L1(B1). This is not sufficient
to prove that φ is bounded since mean oscillation bounds do not imply L∞ bounds, and
the next lemma is the crucial point to obtain an estimate beyond BMO: when the average
of φ is sufficiently large compared to its deviation, then the measure of the zero set {φ = 0}
must decrease rapidly at smaller radii, which will in turn improve the oscillation bound at
smaller scales.

Lemma 11. There exists M1 > 0 such that for any φ ∈ M , if∣∣∣∣∣
 
B1

φ

∣∣∣∣∣ ≥ M1(D(φ, 1) + 1),

then
|Bτ ∩ {φ = 0}|

|Bτ |
≤ 1

4
|B1 ∩ {φ = 0}|

|B1|
,

where τ ∈ (0, 1
2 ] is defined in Lemma 9.

Proof. We start from inequality (1.7):ˆ
B1

|φ− φB1 |2 ≤ |B1 ∩ {φ = 0}|.

By restricting the integral on the left-hand side to Bτ ∩ {φ = 0}, we obtain

|Bτ ∩ {φ = 0}|
(

inf
Bτ

|φB1 |
)2

≤ |B1 ∩ {φ = 0}|.
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We estimate the factor on the left-hand side:

inf
Bτ

|φB1 | ≥

∣∣∣∣∣∣
 
B 1

2

φB1

∣∣∣∣∣∣− ‖∇φB1‖L∞(B 1
2

) since τ ≤ 1
2

≥
∣∣∣∣∣
 
B1

φ

∣∣∣∣∣−
 
B 1

2

|φB1 − φ| −
 
B 1

2

∣∣∣∣∣φ−
 
B1

φ

∣∣∣∣∣− ‖∇φB1‖L∞(B 1
2

) by triangle ineq.

≥
∣∣∣∣∣
 
B1

φ

∣∣∣∣∣− 2
d
2 − 2

d
2D(φ, 1) −KD(φB1 , 1) by eq. (1.7), (1.8)

≥
∣∣∣∣∣
 
B1

φ

∣∣∣∣∣− 2
d
2 − 2

d
2D(φ, 1) −KD(φB1 − φ, 1) −KD(φ, 1)

≥
∣∣∣∣∣
 
B1

φ

∣∣∣∣∣− (
2

d
2 + 2K

)
−
(
2

d
2 +K

)
D(φ, 1) by eq. (1.7).

This is larger than 2τ− d
2 when the ratio

∣∣∣fflB1
φ

∣∣∣
D(φ,1)+1 is sufficiently large, which proves the

result. �

The previous lemma may then be iterated as follows.

Lemma 12. There exists M2 > 0 such that for any φ ∈ M , if∣∣∣∣∣
 
B1

φ

∣∣∣∣∣ ≥ M2(D(φ, 1) + 1),

then the set {φ = 0} has Lebesgue density 0 at the origin.

Proof. Let τ, C1 be defined by Lemma 9, M1 defined by Lemma 11. Let M2 > M1 to be
fixed, assume that ∣∣∣∣∣

 
B1

φ

∣∣∣∣∣ ≥ M2(D(φ, 1) + 1)

We prove that if M2 is sufficiently large, then for any k ∈ N∗, we have∣∣∣∣∣
 
B

τk

φ

∣∣∣∣∣ ≥ M1
(
D(φ, τk) + 1

)
.

We proceed by induction. Assume that for some k ∈ N∗, we have for any ` = 0, 1, 2, . . . , k−1:∣∣∣∣∣
 
B

τ`

φ

∣∣∣∣∣ ≥ M1
(
D(φ, τ `) + 1

)
(2.1)

Then for every ` ∈ {0, 1, . . . , k − 1} we have

|Bτ`+1 ∩ {φ = 0}|
|Bτ`+1 |

≤ 1
4

|Bτ` ∩ {φ = 0}|
|Bτ` |

D(φ, τ `+1) ≤ 1
2D(φ, τ `) + C1

( |Bτ` ∩ {φ = 0}|
|Bτ` |

) 1
2

∣∣∣∣∣
 
B

τ`+1

φ

∣∣∣∣∣ ≥
∣∣∣∣∣
 
B

τ`

φ

∣∣∣∣∣− τ− d
2D(φ, τ `)

Indeed the first estimate is obtained by Lemma 11, the second by Lemma 9, and the
third is direct by the triangle and Cauchy–Schwarz inequalities. This implies, for every
` = 0, 1, . . . , k:

|Bτ` ∩ {φ = 0}| ≤ 4−`|Bτ` |, (2.2)
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D(φ, τ `) ≤ 2−`D(φ, 1) + C1

`−1∑
j=0

2−j
( |Bτ`−j−1 ∩ {φ = 0}|

|Bτ`−j−1 |

) 1
2

≤ 2−`D(φ, 1) + C1

`−1∑
j=0

21−` by eq. (2.2)

= 2−`D(φ, 1) + C1`21−`,

(2.3)

and ∣∣∣∣∣
 
B

τk

φ

∣∣∣∣∣ ≥
∣∣∣∣∣
 
B1

φ

∣∣∣∣∣− τ− d
2

k−1∑
`=0

D(φ, τ `)

≥
∣∣∣∣∣
 
B1

φ

∣∣∣∣∣− τ− d
2

k−1∑
`=0

(
2−`D(φ, 1) + C1`21−`

)
by eq. (2.3)

≥ M2(D(φ, 1) + 1) − 2τ− d
2D(φ, 1) − 4C1τ

− d
2

Combining this with (2.3), which simplifies to D(φ, τk) ≤ D(φ, 1) + C1, we obtain∣∣∣∣∣
 
B

τk

φ

∣∣∣∣∣−M1
(
D(φ, τk) + 1

)
≥
(
M2 − 2τ− d

2 −M1
)
D(φ, 1) +

(
M2 − 4C1τ

− d
2 −M1(1 + C1)

)
For a sufficiently large M2 > 0 that depends only on d,K, the right-hand side is positive.
Thus, by induction the equation (2.1) holds for every k ∈ N, and by equation (2.2) we have

∀k ∈ N, |Bτk ∩ {φ = 0}| ≤ 4−k|Bτk |.
�

We deduce the proof of the main result, Theorem 1.

Proof of Theorem 1. Let φ that satisfies the hypothesis of Theorem 1. Let τ be defined by
Lemma 9, α,C2 defined by Corollary 10, M2 defined by Lemma 12. Let z ∈ B 1

2
, and

r = 2dist(z,Fφ).

Assume r ≥ 1
2 , and that φ is not identically zero on Bz, 1

2
. By (1.7) we have φ = φB

z, 1
4
, and

by equation (1.8) we have

‖∇φ‖L∞(B
z, 1

8
) . D

(
φ(z + ·), 1

4

)
. ‖φ‖L2(B1).

In particular this implies

|φ(z)| ≤

∣∣∣∣∣∣
 
B

z, 1
8

φ

∣∣∣∣∣∣+ 1
8‖∇φ‖L∞(B

z, 1
8

) . 1 + ‖φ‖L2(B1)

which is the result.
Assume now r < 1

2 . Let ρ ∈
(
r, 1

2

)
. Let ζ ∈ Bz, 1

2ρ
, then ζ ∈ B 3

4
so by Corollary 10 we

have
D(φ(z + ·), ρ) ≤ C2

(
1 + ρα‖φ‖L2(B1)

)
,

D(φ(ζ + ·), 1
2ρ) ≤ C2

(
1 + ρα‖φ‖L2(B1)

)
.

Then∣∣∣∣∣∣
 
B

ζ, 1
2 ρ

φ

∣∣∣∣∣∣−M2

(
D

(
φ(ζ + ·), 1

2ρ
)

+ 1
)

≥
∣∣∣∣∣
 
Bz,ρ

φ

∣∣∣∣∣− 2
d
2D(φ(z + ·), ρ) −M2

(
D

(
φ(ζ + ·), 1

2ρ
)

+ 1
)

≥
∣∣∣∣∣
 
Bz,ρ

φ

∣∣∣∣∣− C3
(
1 + ρα‖φ‖L2(B1)

)
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where C3 :=
(
M2 + 2

d
2
)
C2 + M2. Thus, if

∣∣∣fflBz,ρ
φ
∣∣∣ ≥ C3

(
1 + ρα‖φ‖L2(B1)

)
, then by

Lemma 12 applied to φ(ζ + 1
2ρ·) for every ζ ∈ Bz, 1

2ρ
, we obtain that {φ = 0} has measure

0 in Bz, 1
2ρ

, which contradicts the fact that Fφ ∩ Bz, 1
2ρ

6= ∅ by definition of r. By this
contradiction, we obtain

∀ρ ∈
(
r,

1
2

)
,

∣∣∣∣∣
 
Bz,ρ

φ

∣∣∣∣∣ ≤ C3
(
1 + ρα‖φ‖L2(B1)

)
(2.4)

To conclude, we differentiate the cases r > 0 and r = 0:
• r > 0: Since φ = φB

z, 1
2 r

, we have by equation (1.8):

|φ(z)| .

∣∣∣∣∣∣
 
B

z, 1
4 r

φ

∣∣∣∣∣∣+ r‖∇φ‖L∞(B
z, 1

4 r
)

.

∣∣∣∣∣
 
Bz,r

φ

∣∣∣∣∣+D(φ(z + ·), r) +D(φ(z + ·), 1
2r) by eq. (1.8) since φ = φB

z, 1
2 r

in Bz, 1
2 r

. 1 + rα‖φ‖L2(B1) by eq. (2.4) with ρ → r and Corollary 10

This concludes the proof.
• r = 0: in this case, taking ρ → 0 in (2.4), we obtain (for every z that is a Lebesgue

point of φ): |φ(z)| ≤ C3.
�

3. Applications to minimizers of generalized Bernoulli problems

In this section, we explain how the main result, Theorem 1, applies to general Bernoulli
problems, in particular we prove Corollaries 2 and 6.

3.1. Vectorial and higher order Bernoulli problems. We first remind some known
results on linear elliptic systems: in this subsection, we fix d, n, p ≥ 1, and Q a quadratic
form on (Rd)⊗n ⊗ Rp that satisfies the Legendre–Hadamard condition (1.9).

Lemma 13. There exists C > 0 such that the following holds. Let v ∈ Hn(B1,Rp) be a
local minimizer of

w ∈ Hn(B1,Rp) 7→
ˆ
B1

Q(∇nw).

Then
‖∇v‖L∞(B 1

2
) ≤ C‖v‖L2(B1).

The existence and uniqueness of a local minimizer for any boundary data is a consequence
of the Legendre–Hadamard condition.

Proof. This is a consequence of [Bar16, Cor. 22], with Ḟ = 0 and δ = 0. �

We deduce Corollary 2.

Proof of Corollary 2. Without loss of generality we assume that the Legendre–Hadamard
condition (1.9) holds with λQ = 1. We let φ = ∇nu. For any ball Bz,r ⊂ B1, we define

φBz,r := ∇nuz,r

where uz,r is by definition the minimizer of

v ∈ u+Hn
0 (Bz,r) 7→

ˆ
Bz,r

Q(∇nv).
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We check that Theorem 1 applies to φ. For any Bz,r ⊂ B1, we haveˆ
Bz,r

|∇n(u− uz,r)|2 ≤
ˆ
Bz,r

Q(∇n(u− uz,r)) by Gårding ineq.

=
ˆ
Bz,r

Q(∇nu) −Q(∇nuz,r) by minimality of uz,r

≤ |Bz,r ∩ {∇mu = 0}| by minimality of u
≤ |Bz,r ∩ {∇nu = 0}| since ∇nu =

a.e.
0 in {∇mu = 0}

which gives the condition (1.7). By Lemma 13 applied to each vectorial component of

∇nuz,r −
 
Bz,r

∇nuz,r,

we get

r‖∇n+1uz,r‖L∞(B
z, 1

2 r
) ≤ K

 
Bz,r

∣∣∣∣∣∇nuz,r −
 
Bz,r

∇nuz,r

∣∣∣∣∣
2
 1

2

for some constant K > 0 that depends only on Q. This is exactly the condition (1.8).
Thus Theorem 1 applies to ∇nu, and we obtain the result. �

We now prove the non-degeneracy: the proof is more classical and relies on a combination
of Caccioppoli inequality and higher integrability given by Sobolev embedding, following
[LN25, Lem. 14].

Proof of Proposition 5. We denote ur = r−nu(r·), so that ur is also a local minimizer of
the same functional in B1 for every r ∈ (0, 1). We write a . b when a ≤ Cb for some
constant C > 0 depending only on d, p, n,Q.

Since m = 0, applying the Caccioppoli inequality (obtained by comparing ur and etηb
ur

for sufficiently large b ∈ N, t → 0 and η ∈ C∞
c (B1,R)), we obtain (see for instance [Bar16,

Cor. 23]):
‖ur‖Hn(B 1

2
) . ‖ur‖L2(B1)

Fix some ϕ ∈ C∞
c (B1,R) such that ϕ ≡ 1 on B 1

2
. Using (1 − ϕ)ur as a competitor for ur

we obtain

|B 1
2

∩ {ur 6= 0}| ≤
ˆ
B1

(Q(∇n[(1 − ϕ)ur]) −Q(∇nur)) . ‖ur‖2
Hn(B1)

Combining these two estimates and the embeddingHn(B1) ↪→ Lq(B1) with q = min
(
4, 2d

d−2

)
>

2, we obtain for any r ∈ (0, 1):

‖ur/4‖L2(B1) ≤ |{ur/4 6= 0} ∩ B1|
1
2 − 1

q ‖ur/4‖Lq(B1) . |{ur/4 6= 0} ∩ B1|
1
2 − 1

q ‖ur/4‖Hn(B1)

. ‖ur/2‖
2− 2

q

Hn(B1) . ‖ur‖
2− 2

q

L2(B1)

Since 2 − 2
q > 1, there exists c = c(d, p, n,Q) > 0 such that

∀r ∈ (0, 1], ‖ur‖L2(B1) ≤ c implies ‖ur/4‖L2(B1) ≤ 1
2‖ur‖L2(B1).

If ‖u‖L2(B1) ≤ c, then by induction we obtain u(0) = 0, which is the result. �

Remark 14. When m ≥ 1, one could ask if a similar result, of the form
∇mu(0) 6= 0 ⇒ ‖u‖Hn(B1) ≥ c

holds. However no such non-degeneracy result holds; we refer to Proposition 17 in the case
d = 2, which corresponds to local minimizers of

u ∈ H2(B1,R) 7→
ˆ
B1

(
|∇2u|2 + χ∇u6=0

)
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through the identification ∇⊥u = v. The central issue is the loss of a “Caccioppoli-type”
inequality that holds independently of the domain. One may also prove through more
elementary methods that the function

uε(x) =


− ε2

3 if x ≤ −ε
εx
2 − x3

6ε if − ε ≤ x ≤ ε

+ ε2

3 if x ≥ ε

is a local minimizer of u ∈ H2([−1, 1],R) 7→
´ 1

−1
(
|u′′|2 + χu′ 6=0

)
for any ε ∈ (0, 1), which

contradicts the non-degeneracy.

3.2. Constrained Bernoulli problems. The proof follows the same outline as the proof
of Corollary 2.

Lemma 15. There exists C > 0 such that the following holds. Let v ∈ H1
div(B1,Rd) be a

local minimizer of
w ∈ H1

div(B1,Rd) 7→
ˆ
B1

|∇w|2

Then
‖∇v‖L∞(B 1

2
) ≤ C‖v‖L2(B1).

Proof. Assume v : B1 → Rd satisfies Stokes’s equation, then by [Kra97, Th. 1] we have for
all z ∈ B1:

v(z) =
ˆ
∂B1

S(z, ζ)v(ζ)dζ

where S ∈ C∞(B1 × ∂B1,Rd×d) is defined in [Kra97, eq. (5)]. Let η ∈ C∞
c (B1 \ B 3

4
) be a

radial function such that
´ 1

0 η(r)dr = 1, then denoting

Sη(z, ζ) := η(ζ)
|ζ|d−1S

(
z

|ζ|
,
ζ

|ζ|

)
,

we have, since v(r·) satisfies Stokes’ equation for every r ∈
(

1
2 , 1
)
,

∀z ∈ B 1
2
, v(z) =

ˆ
B1

Sη(z, ζ)v(ζ)dζ.

As a consequence we get

∀z ∈ B 1
2
, ∇v(z) =

ˆ
B1

∇zSη(z, ζ)v(ζ)dζ.

Since ∇zSη is bounded on B 1
2

× B1, we obtain the result. �

Proof of Corollary 6. The proof is identical to the proof of Corollary 2: we let φ = ∇u and
φBz,r = ∇uz,r where uz,r is the solution of Stokes’s equation in Bz,r with boundary data u,
and condition (1.7) is obtained by the minimality of u and uz,r, while the condition (1.8) is
obtained as a consequence of Lemma 15 applied to each component of ∇uz,r −

ffl
Bz,r

∇uz,r.
�

We may give another application on the minimization of D(K) defined in equation (1.10),
among all closed sets of given volume in Rd (d ≥ 3), and u∞ ∈ Rd \ {0}. Indeed this
optimization problem admits the natural relaxation

inf
{

|{u = 0}|
2−d

d

ˆ
Rd

|∇u|2, u ∈ u∞ + Ḣ1
div(Rd,Rd)

}
. (3.1)

Proposition 16. Let u be a minimizer of (3.1), then ∇u ∈ L∞(Rd,Rd).

In particular, this implies that the set K = {u = 0} is a closed set that achieves the
minimal value of |K|

2−d
d D(K). Whether K is bounded is unclear.
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Proof. Without loss of generality, assume |{u = 0}| = 1 and write D =
´
Rd |∇u|2. Let

r > 0 be such that |Br| = 1, then for any ball B ⊂ Rd of radius r ∈ (0, r), if we denote uB
the solution of Stokes’ equation in B with boundary data u|∂B, then by minimality of u
and uB, we have u = uB if B ∩ Fu = ∅, and otherwise

D ≤ (1 − |B ∩ {u = 0}|)
2−d

d

(
D −

ˆ
B

|∇(u− uB)|2
)
.

This implies

D −
ˆ
B

|∇(u− uB)|2 ≥ D(1 − |B ∩ {u = 0}|)
d−2

d ≥ D(1 − |B ∩ {u = 0}|).

This simplifies into
´
B |∇(u − uB)|2 ≤ D|B ∩ {u = 0}|. As previously, by application of

Theorem 1 to the family of functions (φ, (φB)B) =
(
D− 1

2 ∇u,
(
D− 1

2 ∇uB
)
B

)
, we obtain

∇u ∈ L∞(Rd,Rd). �

No non-degeneracy result similar to Proposition 5 holds for this problem, the central
issue in the proof being the absence of a Caccioppoli inequalityˆ

B 1
2

|∇u|2 .
ˆ
B1

|u|2

for a function u ∈ H1(B1,Rd) that satisfies Stokes’ equation on its support. A counterex-
ample to this Caccioppoli inequality is given by

uε(x, y) =
(

0, ε
2 − x2

2ε χ|x|<ε

)
as ε → 0, associated to the pressure pε(x, y) = −y

εχ|x|<ε. This corresponds to a “pipe” with
a standard parabolic velocity profile. The same example gives in fact a counterexample to
the non-degeneracy, in any dimension. We follow closely the argument of [Sch13, Th. 4.4],
which treats the three-dimensional, volume-constrained case.

Below we denote by Bd−1
r the centered open ball of radius r in Rd−1.

Proposition 17. Let d ≥ 2, Ω = Bd−1
1 × (−1, 1), ε ∈ (0, 1) and

vε(x, y) =
(

0, 0, . . . , 0, ε
2 − ‖x‖2

2ε χ‖x‖<ε

)
Then vε is a local minimizer of

v ∈ H1
div(Ω,Rd) 7→

ˆ
Ω

(
|∇v|2 + χv 6=0

)
.

In particular ‖vε‖H1(Ω) + |{vε 6= 0}| converges to 0 as ε → 0, yet vε does not vanish in a
neighborhood of the origin.

Proof. Consider v ∈ vε + H1
0,div(Ω), we write v = (vx, vy) where vx ∈ H1(Ω,Rd−1) and

vy ∈ H1(Ω,R). For any y ∈ [−1, 1], write

Ωy = Bd−1
1 × {y}.

Moreover, we write cd the measure of the (d− 1)-dimensional unit ball and R(y) > 0 such
that

Hd−1(Ωy ∩ {v 6= 0}) = cdR(y)d−1.

Since div(v) = 0 and
´

Ω1 v
y = cd

d+1ε
d, then for all y ∈ (−1, 1) we have
ˆ

Ωy

vy = cd
d+ 1ε

d,
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By a radial rearrangement argument (see [Sch13, Lem. 4.6] for the two-dimensional case),
we have for almost every y ∈ (−1, 1):ˆ

Ωy

|∇xv
y|2 ≥ cd

d− 1
d+ 1

ε2d

R(y)d+1 . (3.2)

Indeed, denoting vy∗(·, y) the radially decreasing Schwarz rearrangement of |vy|(·, y), we
have ˆ

Ωy

|∇xv
y
∗ |2 ≤

ˆ
Ωy

|∇xv
y|2,

ˆ
Ωy

vy∗ ≥
ˆ

Ωy

vy = cd
d+ 1ε

d

and the minimal value of
´
Bd−1

R(y)
|∇xw|2 under a constraint on

´
Bd−1

R(y)
w, for w ∈ H1

0 (Bd−1
R(y)),

is given by a multiple of (R(y)2 − ‖x‖2)+, which gives the estimate (3.2). Thenˆ
Ω

(
|∇v|2 + χv 6=0

)
≥ cd

ˆ 1

−1

(
d− 1
d+ 1

ε2d

R(y)d+1 +R(y)d−1
)
dy

≥ 2dcd
d+ 1

(ˆ 1

−1

ε2d

R(y)d+1dy

) d−1
2d
(ˆ 1

−1
R(y)d−1dy

) d+1
2d

by Young ineq.

≥ 2dcd
d+ 1

ˆ 1

−1

(
ε2d

R(y)d+1

) d−1
2d (

R(y)d−1
) d+1

2d dy by Hölder ineq.

= 4dcd
d+ 1ε

d−1

=
ˆ

Ω

(
|∇vε|2 + χvε 6=0

)
.

�

4. Lipschitz regularity of stationary solutions

In this section we give the proof of Corollary 7 and of Theorem 8 on non-minimizing
solutions of the Bernoulli problem. We will assume d = 2 throughout the section.

The starting point is to reformulate the stationarity condition in terms of the Hopf
differential. Recall that for a function u ∈ H1

loc(R2,Rp), the Hopf differential of u is defined
as

Hu = ∂zu · ∂zu =
p∑
j=1

(∂zuj)2 = 1
4
(
|∂xu|2 − |∂yu|2 − 2i∂xu · ∂yu

)
.

Here i is the imaginary unit, we are identifying R2 with C and we have set ∂z = 1
2(∂x − i∂y)

and ∂z = 1
2(∂x + i∂y).

4.1. L∞ bound on the Hopf differential and proof of Corollary 7.

Lemma 18. For any open set D ⊂ R2, u ∈ H1(D,Rp) is a stationary solution of the
Bernoulli problem if and only if the equation

∂zHu + 1
4∂zχu=0 = 0

holds in D, in the weak sense.

Proof. The stationarity condition is equivalent to

∀ξ ∈ C∞
c (D,R2),

ˆ
D

|∇u|2divξ − 2
p∑
j=1

Dξ∇uj · ∇uj − χu=0divξ

 = 0

Taking ξ with only x component, and ξ with only y component, we obtain the two conditions

∂x
(
−|∂xu|2 + |∂yu|2 − χu=0

)
− 2∂y(∂xu · ∂yu) = 0

∂y
(
+|∂xu|2 − |∂yu|2 − χu=0

)
− 2∂x(∂xu · ∂yu) = 0
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Multiplying the second equation by i and subtracting them gives the desired conclusion. �

We now recall the definition of the Ahlfors–Beurling transform:

Definition 19. Let B : L2(R2) → L2(R2) be defined by

B̂[f ](ξ, ζ) = ξ − iζ
ξ + iζ f̂(ξ, ζ)

where f̂ is the Fourier transform of f .

For any measurable function h : Ω → C for Ω ⊂ R2, we set

‖h‖L1,∞(Ω) = sup
t>0

(
t|Ω ∩ {|h| > t}|

)
.

The following are classical mapping properties of B, [AIM09].

Lemma 20. ‖B‖L2(R2)→L2(R2) = 1 and ‖B‖L1(R2)→L1,∞(R2) is finite. Moreover, for any
f ∈ L2(R2), we have ∂zB[f ] = ∂zf .

Proof. By the Plancherel theorem, B is an isometry from L2(R2) to L2(R2). B is bounded
from L1(R2) to L1,∞(R2) by the Hörmander–Mihlin theorem (see [Hör60] or the more recent
reference [Gra14, Th. 6.2.7], or [AIM09, Th. 4.5.2] where a bound ‖B‖L1(R2)→L1,∞(R2) ≤ 30
is given). The second relation is direct by taking the Fourier transform on both sides. �

Eventually we record the following elliptic estimate.

Lemma 21. Let h : B1 → C be a harmonic function such that ‖h‖L1,∞(B1) is finite, then

‖h‖L∞(B 1
2

) . ‖h‖L1,∞(B1).

Proof. For any r ∈ (0, 1), we have

‖h‖2
L2(Br) =

ˆ ‖h‖L∞(Br)

0
2t|Br ∩ {|h| > t}|dt

≤ 2‖h‖L∞(Br)‖h‖L1,∞(B1)

For any s, r such that 1
2 < s < r < 1, by the mean value formula applied to h we have

‖h‖L∞(Bs) ≤ π− 1
2

r − s
‖h‖L2(Br).

Let rk = 3
4 − 1

2k+2 , so that
1
2 = r0 < r1 < r2 < . . . → 3

4 .

Then for every k ∈ N we have, combining the two previous inequalities:

‖h‖L∞(Brk
) ≤ π− 1

2 2k+ 7
2 ‖h‖

1
2
L∞(Brk+1 )‖h‖

1
2
L1,∞(B1).

By induction on k:

‖h‖L∞(B 1
2

) ≤
k−1∏
`=0

(
π− 1

2 2`+
7
2
) 1

2` ‖h‖
1

2k

L∞(Brk
)‖h‖

1− 1
2k

L1,∞(B1).

Taking k → +∞, we obtain

‖h‖L∞(B 1
2

) ≤
+∞∏
`=0

(
π− 1

2 2`+
7
2
) 1

2` ‖h‖L1,∞(B1).

The factor on the right-hand side is finite, so this proves the result. �

We now show that for stationary solutions, Hu is always bounded, and universally
bounded next to a free boundary point.
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Lemma 22. Let d = 2. There exist C,α > 0 such that the following holds. Let u ∈
H1(B1,Rp) be a stationary solution of the Bernoulli problem, (1.11). Then

‖Hu‖L∞(B 1
2

) ≤ C
(
1 + ‖Hu‖L1(B1)

)
and more precisely, if Fu ∩ B1 6= ∅, then for almost every z ∈ B 1

2
,

|Hu(z)| ≤ C
(
1 + dist(z,Fu)α‖Hu‖L1(B1)

)
.

Before proving the above lemma, note that it immediately implies Corollary 7 since if
p = 1 then

|Hu| = 1
4 |∇u|2.

Proof of Lemma 22. If Fu ∩ B1 = ∅ then Hu is harmonic and there is nothing to prove, so
we assume Fu ∩ B1 6= ∅. Let

Φ = 4Hu

and for any ball Bz,r ⊂ B1, let

ΦBz,r := 4Hu + B
[
χBz,r∩{u=0}

]
.

By Lemmas 18 and 20, we have ∂zΦBz,r = 0 in Bz,r: thus ΦBz,r is harmonic in Bz,r and
satisfies the hypothesis (1.8) for some universal constant K > 0. Then, we check that the
hypothesis (1.7) holds (up to some scalar factor):ˆ

Bz,r

∣∣Φ − ΦBz,r

∣∣2 =
ˆ
Bz,r

∣∣∣B[χBz,r∩{u=0}
]∣∣∣2 ≤

ˆ
Bz,r

∣∣∣χBz,r∩{u=0}

∣∣∣2 by lemma 20

≤ |Bz,r ∩ {u = 0}| ≤ |Bz,r ∩ {Φ = 0}|.

Thus, by application of Theorem 1 on every ball Bz, 1
4

for z ∈ B 1
2
, for some α > 0 we have

for almost every z ∈ B 1
2
:

|Hu(z)| . 1 + dist(z,Fu)α‖Hu‖L2(B 3
4

).

Hence to conclude it is sufficient to prove that the last term is controlled by 1 + ‖Hu‖L1(B1).
Indeed, using again the properties of the operator B, we have

4‖Hu‖L2(B 3
4

) ≤
∥∥∥B[χB1∩{u=0}

]∥∥∥
L2(B 3

4
)

+ ‖ΦB1‖L2(B 3
4

)

.
∥∥∥χB1∩{u=0}

∥∥∥
L2(B1)

+ ‖ΦB1‖L1,∞(B1) by Lem. 20 and 21

. 1 +
∥∥∥B[χB1∩{u=0}

]∥∥∥
L1,∞(B1)

+ ‖Hu‖L1,∞(B1)

. 1 + ‖χB1∩{u=0}‖L1(B1) + ‖Hu‖L1(B1) by Lem. 20.

�

Remark 23. As mentioned in the introduction, Corollary 7 does not extend to a vectorial
setting (with u = (u1, u2, . . . , up)). Indeed if p = 2 one can consider

(u1(z), u2(z)) = (v(z), v(−z)),

where
v(reiθ) = r

1
2 cos

(
θ

2

)
, ∀r > 0, θ ∈ [−π, π].

v itself is not a stationary solution of the Bernoulli problem: denoting by
√

· the principal
determination of the square root on C \ R− (such that v(z) = <

√
z), we have

∂zv = 1
4
√
z
,
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so (∂zv)2 = 1
16z : this is an integrable function, which is not harmonic in C due to the

singularity at the origin, so ∂zHv 6= 0(= ∂zχv 6=0). However we still have

Hu = (∂zu1)2 + (∂zu2)2 = 1
16z + 1

16(−z) = 0

so u is a stationary solution, and is not Lipschitz.

4.2. Lipschitz regularity of vector-valued stationary solutions. The goal of this
section is to prove Theorem 8. In view of Lemma 22, it is a consequence of the following:

Theorem 24. There exists C > 0 such that the following holds. Let u ∈ H1(B1,Rp) that
satisfies (1.13). Then

‖∇u‖L∞(B 1
2

) ≤ C

(
‖Hu‖

1
2
L∞(B1) + ‖u‖L2(B1)

)
.

The plan of the proof is as follows.
• First, we prove (in Lemma 25) an interior Hölder estimate on u. The central

argument is the observation that
∆(|u|2 − 2(u · e)2) ≥ −8|Hu|

for any unit vector e ∈ Sp−1, which allows us to make a dichotomy between solutions:
either u satisfies “good” regularity estimates in B 1

2
, or

´
B1\B 1

2
|u|2 .

´
B1\B 1

2
|∇u|2,

which allows us to prove a polynomial growth for the integral of |∇u|2.
• Using this equicontinuity, we prove (in Lemma 26) that any sufficiently large

solution must be close to some harmonic conformal map. We deduce a mild
decay estimate by compactness ( see Lemma 29). Moreover a harmonic conformal
map that vanishes at the origin either satisfies some strong decay estimate (see
Lemma 30) or is arbitrarily close to some linear conformal map.

• Since non-zero linear conformal maps do not vanish outside any neighborhood of
the origin, any solution that is sufficiently close to such a map satisfies the equation
∆u = 0 on some large ring domain. We conclude by proving (in Lemma 33) the
absence of singular harmonic modes (i.e. modes of the form r−|n|einθ and log(r))
in the Laurent decomposition of u, using the fact that these modes do not satisfy
the mild decay estimate (Lemma 29) previously obtained.

Lemma 25. There exists α ∈ (0, 1) such that the following holds. Let u ∈ H1(B1,Rp) that
satisfies (1.13), then

‖u‖Cα(B 1
2

) . ‖Hu‖
1
2
L∞(B1) + ‖u‖L2(B1).

When p = 2, one may notice that |∆((u1 + iu2)2)| = 8|Hu| ∈ L∞(B1), which gives a
short proof of the Hölder continuity. Instead we prove directly the general case, for which
there is generally no degree 2 polynomial Q such that |∆(Q ◦ u)| is controlled by the Hopf
differential of u.

Proof. Assume (by homogeneity) that ‖Hu‖L∞(B1) ≤ 1, it is sufficient to prove the existence
of some ε > 0 such that

∀r ∈
(

0, 1
2

)
,

ˆ
Br

|∇u|2 . rε
(

1 +
ˆ
B1

|u|2
)
. (4.1)

We first prove the following trichotomy: there exists some constant C . 1 such that for
any r ∈

(
0, 1

2

)
, one of the three following statements holds:

either
ˆ
B2r\Br

|u|2 ≤ Cr2
ˆ
B2r\Br

|∇u|2

or ‖u‖L∞(Br) ≤ Cr

or ∆u = 0 in Br.

(4.2)
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To this end, we consider the quantity

A :=
´
B2r\Br

|u|2

r2
´
B2r\Br

|∇u|2

and prove that if A is sufficiently large, then either the second or the third condition holds.
There exists some ρ ∈ (r, 2r) such thatˆ

∂Bρ

|u|2 ≥ Ar2
ˆ
∂Bρ

|∇u|2.

Let m =
ffl
∂Bρ

u. Up to replacing u with Ru for an appropriate rotation R, we assume that
m = |m|e1. We have

‖u−m‖L∞(∂Bρ) . r
1
2 ‖∇u‖L2(∂Bρ) . A− 1

2 r− 1
2 ‖u‖L2(∂Bρ) . A− 1

2
(
|m| + ‖u−m‖L∞(∂Bρ)

)
so if A is sufficiently large (which we assume), we have

‖u−m‖L∞(∂Bρ) . A− 1
2 |m|.

Let Q(v) := |v|2 − 2v2
1. For a sufficiently large A, we have

sup
∂Bρ

Q ◦ u . −|m|2.

Then, using the hypothesis (1.12) (which implies that ∆
(
u2
k

)
= 2|∇uk|2), we compute

∆(Q ◦ u) = −∆
(
u2

1

)
+

p∑
k=2

∆
(
u2
k

)

= 2
(

−|∇u1|2 +
p∑

k=2
|∇uk|2

)

= 8
(

−
∣∣∣∣∣Hu −

p∑
k=2

(∂zuk)2
∣∣∣∣∣+

p∑
k=2

|(∂zuk)2|
)

≥ −8|Hu| by triangle inequality.

Since ‖Hu‖L∞(B1) ≤ 1 we obtain by the maximum principle:

sup
Br

Q ◦ u ≤ sup
∂Bρ

Q ◦ u+ Cr2

for some C . 1. Since sup∂Bρ
Q ◦ u . −|m|2, this leaves two possibilities: either |m| . r,

or supBr
Q ◦ u < 0. In the first case, we have by subharmonicity of |u|2:

sup
Br

|u|2 ≤ sup
∂Bρ

|u|2 . |m|2 . r2.

In the second case, we obtain ∆u = 0 in Br by the condition (1.13). Let us detail this
point: the condition (1.13) still holds for ϕ ∈ H1

0 (Br,R) ∩ L∞(Br,R) by approximation.
Since

∑p
j=1 u

2
j is bounded from below in Br, then for any ψ ∈ C∞

c (Br,R) the function

ϕk := uk∑p
j=1 u

2
j

ψ

belongs to H1
0 (Br,R) ∩ L∞(Br,R). Testing (1.13) with ϕk and summing with respect to k

gives

∀ψ ∈ C∞
c (Br,R), ∀l = 1, . . . , p,

ˆ
Br

∇ψ · ∇ul = 0

so u is harmonic in Br. This proves the claim that one of the three options (4.2) always
holds.
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For any k = 1, . . . , p, we have ∆(u2
k) = 2|∇uk|2: this relation implies a Caccioppoli

inequality
∀s ∈

(
0, 1

2

]
,

ˆ
Bs

|∇u|2 . s−2
ˆ
B2s\Bs

|u|2. (4.3)

So, for any r ∈
(
0, 1

2

)
, one of the following three relations holds:

either
ˆ
Br

|∇u|2 ≤ 2−ε
ˆ
B2r

|∇u|2 for some universal ε ∈ (0, 1)

or
ˆ
B r

2

|∇u|2 . r2

or sup
B r

2

|∇u|2 . r−2
ˆ
Br

|∇u|2

Indeed these correspond to the three possibilities of (4.2), by application of the Caccioppoli
inequality (4.3) to the first two and classical elliptic regularity for harmonic functions on
the third one.

These three possibilities imply that for all r ∈ (0, 1
2), we have

ˆ
Br

|∇u|2 . rε

1 +
ˆ
B 1

2

|∇u|2
.

By Caccioppoli inequality (4.3) on the right-hand side we obtain the relation (4.1), which
concludes the proof. �

In what follows we define
S =

{
u ∈ H1(B1,Rp) : uk∆ul = 0, ∀k, l, ‖Hu‖L∞(B1) ≤ 1 and u(0) = 0

}
.

Next we prove that any sufficiently large element of S must be close to some harmonic
conformal map, using the interior Hölder bound.

Lemma 26. Let (u(k))k∈N be a sequence in S such that
∥∥∥u(k)

∥∥∥
L2(B1)

→ +∞. Let

v(k) =
∥∥∥u(k)

∥∥∥−1

L2(B1)
u(k),

then there exists a subsequence (ki)i∈N such that v(ki) converges weakly in L2(B1) and
strongly in C0

loc(B1) to some function v that is harmonic and conformal, such that v(0) = 0
and ‖v‖L2(B1) ≤ 1.

Here conformal is taken in the sense Hv = 0: this allows critical points. Note that any
such function may be written as

v(z) =
∑
n≥1

<(vnzn)

for some sequence of complex coefficients (vn)n in Cp (which are constrained by the
conformality condition), and we have

‖v‖2
L2(B1) = π

2
∑
n≥1

|vn|2

n+ 1(≤ 1)

Proof. By Lemma 25, the sequence (v(k))k∈N is locally equicontinuous. By the Arzelà–
Ascoli theorem we may assume (up to the extraction of some sub-sequence) that it converges
in C0

loc(B1) to its weak-L2(B1) limit v.
Since the functions v(k) are harmonic in {v(k) 6= 0}, this implies by elliptic regularity

that the convergence of v(k) to v is strong in C2
loc(B1 ∩ {v 6= 0}).

As a consequence v satisfies
∆v = 0, Hv = 0 in {v 6= 0}.
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If v is identically zero there is nothing to prove, so we assume from now on that v is not
identically zero.

Consider the function log |v| with values in [−∞,+∞). By continuity of v, log |v| is
continuous. In the open set {v 6= 0} we have

∆ log |v| = v · ∆v
|v|2

+ |vx|2 + |vy|2

|v|2
− 2(v · vx)2 + (v · vy)2

|v|4

We replace ∆v = 0, |vy|2 = |vx|2 and (v · vx)2 + (v · vy)2 ≤ |v|2|vx|2 (using the conformality
of v), so ∆ log |v| ≥ 0 in {v 6= 0}. log |v| is subharmonic in B1 \ {v = 0} and takes the
value −∞ in {v = 0}, so it is subharmonic in B1.

By [Ran95, Th. 3.5.1] the set {v = 0} is polar. Using the result [Ran95, Cor. 3.6.2] on
removable singularities, v is harmonic in B1.

Since Hv = 0 in {v 6= 0} and Hv is continuous, we have Hv = 0 everywhere: this
concludes the proof. �

Definition 27. For any u ∈ L2(B1,Rp) \ {0}, we write

δ(u) = inf
c∈C

‖u− c‖L2(B1\B 1
2

)

‖u‖L2(B1)
.

where C is the set of linear, conformal maps R2 → Rp i.e. functions of the form z 7→ <(c1z)
where c1 ∈ Cp satisfies c1 · c1 = 0. For any r ∈ (0, 1), we write

ur(z) = r−1u(rz)
We prove that any sufficiently large element of S, which is almost linear in the annulus

B1 \ B 1
2
, is also almost linear in B 1

2
.

Lemma 28. For any η > 0, there exists M0(η), δ0(η) > 0 such that the following holds.
Let u ∈ S be such that ‖u‖L2(B1) ≥ M0(η) and δ(u) ≤ δ0(η). Let c ∈ C such that δ(u) is
reached for the map c. Then

‖u− c‖L∞(B 1
2

) ≤ η‖u‖L2(B1).

In particular, there exists a universal constant b > 0 such that u does not vanish in B 1
2

\Bbη.

Proof. Assume this is not true, so there exists some sequence (u(k))k∈N∗ in S such that∥∥∥u(k)
∥∥∥
L2(B1)

→ +∞, δ(u(k)) → 0 (we denote c(k) the associated linear conformal map), and
the conclusion does not hold. Let

v(k) =
∥∥∥u(k)

∥∥∥−1

L2(B1)
u(k), d(k) =

∥∥∥u(k)
∥∥∥−1

L2(B1)
c(k).

By Lemma 26, we may assume (up to extracting some sub-sequence) that v(k) converges
locally uniformly to some harmonic, conformal limit v such that

‖v‖L2(B1) ≤ 1, v(0) = 0.

Since
∥∥∥v(k) − d(k)

∥∥∥
L2(B1\B 1

2
)

→ 0, then d(k) converges to v in B1 \ B 1
2
. Thus v is 1-

homogeneous in B1 \ B 1
2
. By harmonicity of v, v is 1-homogeneous in B1 and

‖v(k) − d(k)‖C0(B 1
2

) −→
k→+∞

0.

This is a contradiction with our original assumption, which concludes the proof of the
first point. The second point is a consequence of the following observation: for any u ∈ S
satisfying ‖u‖L2(B1) ≥ M0(η), δ(u) ≤ δ0(η), for any z ∈ B 1

2
, we have

|u(z)| ≥ |c(z)| − ‖u− c‖L∞(B 1
2

)

=
√

2
π

‖c‖L2(B1)|z| − η‖u‖L2(B1)
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Since ‖c‖L2(B1) ≥ ‖u‖L2(B1) − ‖u− c‖L2(B1) ≥ 1
2‖u‖L2(B1) (under the assumption that η

and δ(u) are chosen sufficiently small since otherwise the second conclusion is vacuously
true), this concludes the proof. �

Next we prove that any element of S that is sufficiently large must satisfy a mild decay
estimate.

Lemma 29. For all ε ∈ (0, 1), there exists M1(ε) > 0 such that the following holds. Let
u ∈ S be such that ‖u‖L2(B1) ≥ M1(ε), then∥∥∥u 1

2

∥∥∥
L2(B1\B 1

2
)

≤ (1 + ε)‖u‖L2(B1\B 1
2

).

Proof. Consider some sequence of functions u(k) ∈ S such that
∥∥∥u(k)

∥∥∥
L2(B1)

→ +∞ and

u(k) does not satisfy the conclusion. By Lemma 26, the sequence v(k) =
∥∥∥u(k)

∥∥∥−1

L2(B1)
u(k)

converges (up to extracting some subsequence) weakly in L2(B1), strongly in C0
loc(B1), to

some harmonic conformal limit v such that v(0) = 0 and ‖v‖L2(B1) ≤ 1. We write

v(z) =
∑
n≥1

<(vnzn)

for some sequence of coefficients vn ∈ Cp. Then

‖v‖2
L2(B1\B 1

2
) = π

2
∑
n≥1

(1 − 4−n−1)|vn|2

n+ 1∥∥∥v 1
2

∥∥∥2

L2(B1\B 1
2

)
= π

2
∑
n≥1

(1 − 4−n−1)|vn|2

n+ 1 41−n

Thus
∥∥∥v 1

2

∥∥∥
L2(B1\B 1

2
)

≤ ‖v‖L2(B1\B 1
2

). However,

∥∥∥∥v(k)
1
2

∥∥∥∥
L2(B1\B 1

2
)

≥ (1 + ε)
∥∥∥v(k)

∥∥∥
L2(B1\B 1

2
)

by assumption, which implies (by weak L2(B1) convergence and strong local convergence)∥∥∥v 1
2

∥∥∥
L2(B1\B 1

2
)

≥ (1 + ε)‖v‖L2(B1\B 1
2

). This implies v = 0, which is in contradiction with

our initial assumption. �

Here we give an improvement of the previous lemma for sufficiently large elements of S
that are bounded away from linear conformal maps.

Lemma 30. For all δ ∈ (0, 1), there exists M2(δ), ε2(δ) > 0 such that the following holds.
Let u ∈ S be such that ‖u‖L2(B1) ≥ M2(δ), δ(u) ≥ δ, then∥∥∥u 1

2

∥∥∥
L2(B1)

≤ (1 − ε2(δ))‖u‖L2(B1).

Proof. Consider some sequence of functions u(k) ∈ S such that

∥∥∥u(k)
∥∥∥
L2(B1)

→ +∞, lim inf
k→∞

∥∥∥∥u(k)
1
2

∥∥∥∥
L2(B1)∥∥u(k)
∥∥
L2(B1)

≥ 1, δ(u(k)) ≥ δ.

By Lemma 26, the sequence v(k) =
∥∥∥u(k)

∥∥∥−1

L2(B1)
u(k) converges (up to extracting some

subsequence) weakly in L2(B1), strongly in C0
loc(B1), to some harmonic conformal limit v

such that v(0) = 0 and ‖v‖L2(B1) ≤ 1. We write

v(z) =
∑
n≥1

<(vnzn)
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for some sequence of coefficients vn ∈ Cp, then

‖v‖2
L2(B1) = π

2
∑
n≥1

|vn|2

n+ 1∥∥∥v 1
2

∥∥∥2

L2(B1)
= π

2
∑
n≥1

|vn|2

n+ 141−n

We deduce
1 ≥ ‖v‖L2(B1) ≥

∥∥∥v 1
2

∥∥∥
L2(B1)

= lim
k→+∞

∥∥∥∥v(k)
1
2

∥∥∥∥
L2(B1)

≥ 1.

By the convergence of the L2(B1) norm, the convergence of v(k) to v is strong in L2(B1).
This implies δ(v) = limk→+∞ δ(v(k)) ≥ δ, at the same time the chain of inequalities above
implies that v is linear, so δ(v) = 0. This is a contradiction, which proves the result. �

We now list several elementary computations on harmonic functions, based on their
Laurent decomposition.

Lemma 31. Let u ∈ H1(Bρ2 \ Bρ1 ,Rp) for some ρ1 < ρ2 such that ∆u = 0 in Bρ2 \ Bρ1.
Then u may be decomposed as an infinite sum

u(reiθ) =
∑
n∈Z

un(r)einθ

for r ∈ (ρ1, ρ2), where un(r) :=
ffl 2π

0 u(reiθ)e−inθdθ is of the form

un(r) = anr
|n| + bnr

−|n| for n 6= 0, u0(r) = a0 + b0 log(r)

for some sequence of coefficients (an)n∈Z, (bn)n∈Z with values in Cp. Moreover, for any
r > 0 such that

[
r
2 , r
]

⊂ [ρ1, ρ2], we have

‖ur‖2
L2(B1\B 1

2
) = Q0(a0 + log(r)b0, b0)r−2 +

∑
n6=0

Qn(anr|n|−1, bnr
−|n|−1)

where (Qn) is a sequence of quadratic forms such that

|x|2 + 4|n||y|2

|n| + 1 . Qn(x, y) . |x|2 + 4|n||y|2

|n| + 1 .

Proof. The form of un(r) is a direct consequence of the associated differential equation
u′′
n(r) + r−1u′

n(r) − n2r−2un(r) = 0. Then an explicit computation gives, for any n ∈
Z \ {−1, 0, 1},

Qn(x, y) = π

(
1 − 4−|n|−1

|n| + 1 |x|2 + 4|n|−1 − 1
|n| − 1 |y|2 + 3

2<(xy)
)

which concludes the proof, since the third term is negligible compared to the sum of the
first two terms as n → ±∞. �

The next lemma is a purely technical point that is used in the proof of Lemma 33.

Lemma 32. There exists δ3 ∈ (0, 1) such that for any ε ∈ (0, 1), there exists M3(ε) > 0
such that the following holds. Let u ∈ S be such that ‖u‖L2(B1) ≥ M3(ε) and δ(u) ≤ δ3.
Then u does not vanish on B 1

2
\ B 1

4
, and writing u±1(r) = a±1r + b±1r

−1 the first Fourier

coefficients of θ 7→ u(reiθ) for r ∈
(

1
4 ,

1
2

)
, we have

|b1| + |b−1| ≤ ε‖u‖L2(B1)

Proof. We let δ3,M > 0 be such that if δ(u) ≤ δ3 and ‖u‖L2(B1) ≥ M , then by Lemma 28
we have that u does not vanish in B 1

2
\ B 1

4
.
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Let now u(k) be a sequence of functions such that δ(u(k)) ≤ δ3,
∥∥∥u(k)

∥∥∥
L2(B1)

→ +∞, and
the conclusion is not satisfied. We let

v(k) =
∥∥∥u(k)

∥∥∥−1

L2(B1)
u(k)

Write v(k)
n (r) the n-th Fourier coefficient of θ 7→ v(k)(reiθ): there exists (a(k)

±1, b
(k)
±1) such

that
v

(k)
±1 (r) = a

(k)
±1r + b

(k)
±1r

−1

for all r ∈
(

1
4 ,

1
2

)
, and we assume that |b(k)

1 | + |b(k)
−1| ≥ ε.

By Lemma 26, there exists some extraction of (v(k))k∈N that converges in C0
loc(B1) to

some harmonic, conformal limit v such that v(0) = 0 and ‖v‖L2(B1) ≤ 1. In particular,
v±1(r) = a±1r for some a±1 ∈ Cp, so

b
(k)
±1 −→

k→+∞
0

Thus for any large enough k we obtain a contradiction. �

The next lemma is the central point of the proof, where we deal with almost linear
elements of S.
Lemma 33. There exist M4, C4 > 0, δ4 ∈ (0, 1) such that the following holds. Let u ∈ S
be such that ‖u‖L2(B1) ≥ M4 and δ(u) ≤ δ4. Then u does not vanish in B 1

2
\ {0} and

‖ur‖L2(B1) ≤ C4‖u‖L2(B1)

for all r ∈ (0, 1).
Proof. Let k ∈ N∗ be some integer that will be fixed (independently of other constants) at
the very end of the proof. Let

δ = min
(1

5 , δ3, δ0
(
b−12−k−1

))
δ4 = min

(
δ

k
, δ0

(
δ

k

))
M4 = 2 max

(
M0
(
b−12−k−1

)
,M0

(
δ

k

)
,M1

(
δ2

k

)
,M3

(
2−2kδ2

))
Here b is the constant from Lemma 28. In other words, for any u ∈ S such that ‖u‖L2(B1) ≥
1
2M4, we have the following properties:∥∥∥u 1

2

∥∥∥
L2(B1\B 1

2
)

≤
(

1 + δ2

k

)
‖u‖L2(B1\B 1

2
) (4.4)

δ(u) =:
‖u− c‖L2(B1\B 1

2
)

‖u‖L2(B1)
≤ δ4 ⇒

‖u− c‖L∞(B 1
2

)

‖u‖L2(B1)
≤ δ

k
(4.5)

δ(u) ≤ δ ⇒ ∆u|B 1
2

\B 1
2k+1

= 0 and |b1| + |b−1| ≤ 2−2kδ2‖u‖L2(B1) (4.6)

where b±1 are the coefficients in the Fourier decomposition u±1(r) = a±1r + b±1r
−1 for

r ∈
(

1
2k+1 ,

1
2

)
.

Consider from now on u ∈ S such that ‖u‖L2(B1) ≥ M4 and δ(u) ≤ δ4. Fix c ∈ C such
that ‖u− c‖L2(B1\B 1

2
) = δ(u)‖u‖L2(B1). Since δ4 ≤ δ, by Lemma 28 u does not vanish on

B 1
2

\B 1
2k+1

. We let (an, bn) be the coefficients associated to the Fourier decomposition of u
in this set, meaning that

u(reiθ) = a0 + b0 log(r) +
∑
n6=0

(
anr

|n| + bnr
−|n|

)
einθ.
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We have by (4.5) that ∥∥∥u 1
2

− c
∥∥∥
L2(B1\B 1

2
)
.
δ

k
‖u‖L2(B1).

By L2(B1 \ B 1
2
)-orthogonal projection of u 1

2
on SpanCp

(
z, z, z−1, z−1) and since c ∈

SpanCp(z, z), we have

‖a1z + a−1z − c‖L2(B1\B 1
2

) .
δ

k
‖u‖L2(B1).

Assuming that k is sufficiently large, we have

‖a1z + a−1z − c‖L2(B1\B 1
2

) ≤ δ

4‖u‖L2(B1) and
∥∥∥u 1

2
− a1z − a−1z

∥∥∥
L2(B1\B 1

2
)

≤ δ

4‖u‖L2(B1).

We let ρ ∈
[
0, 1

2

)
be the smallest value such that

‖us − a1z − a−1z‖L2(B1\B 1
2

) ≤ δ

4‖u‖L2(B1), ∀s ∈
(
ρ,

1
2

]
.

For every s ∈
(
ρ, 1

2

]
we have

‖us‖L2(B1) ≥ ‖us‖L2(B1\B 1
2

) ≥ ‖c‖L2(B1\B 1
2

) − δ‖u‖L2(B1)

=
√

15
16‖c‖L2(B1) − δ‖u‖L2(B1) ≥

√
15
16‖u‖L2(B1) − 2δ‖u‖L2(B1)

≥
(√

15
16 − 2δ

)
‖u‖L2(B1) ≥ 1

2‖u‖L2(B1) since δ ≤ 1
5

so ‖us‖L2(B1) ≥ M4
2 , and

‖us − c‖L2(B1\B 1
2

) ≤ ‖us − a1z − a−1z‖L2(B1\B 1
2

) + ‖a1z + a−1z − c‖L2(B1\B 1
2

)

≤ δ

2‖u‖L2(B1) ≤ δ‖us‖L2(B1)

so δ(us) ≤ δ. By application of (4.6) to us, u is harmonic in B 1
2

\ B2−k−1ρ (or B 1
2

\ {0}
when ρ = 0).

Our goal is to prove that ρ = 0. Indeed in this case u is harmonic in B 1
2

\ {0}, which
implies (by removal of isolated singularities) the harmonicity of u in B 1

2
as well as the

estimate on ‖ur‖L2(B1) by classical elliptic regularity.
We proceed by contradiction. Assume that ρ is positive, so that

‖uρ − a1z − a−1z‖L2(B1\B 1
2

) = δ

4‖u‖L2(B1).

We estimate the non-singular harmonic modes at the radius 1
2 :(

δ

k
‖u‖L2(B1)

)2
&
∥∥∥u 1

2
− a1z − a−1z

∥∥∥2

L2(B1\B 1
2

)

= Q0(a0 + log(1
2)b0, b0)22 +Q1(0, b1)24 +Q−1(0, b−1)24

+
∑

n6=0,±1
Qn(an21−|n|, bn21+|n|)

&
∑

n6=0,±1

4−(|n|−1)

|n|
|an|2.
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Then, at the radius ρ we can estimate the singular harmonic modes as follows.(
δ

4‖u‖L2(B1)

)2
= ‖uρ − a1z − a−1z‖2

L2(B1\B 1
2

)

= Q0(a0 + log(ρ)b0, b0)ρ−2 +Q1(0, b1)ρ−4 +Q−1(0, b−1)ρ−4 +
∑

n6=0,±1
Qn(anρ|n|−1, bnρ

−|n|−1)

.
∑

n6=0,±1

ρ2(|n|−1)

|n|
|an|2 +

ρ−2
(
|a0 + log(ρ)b0|2 + |b0|2

)
+
∑
n6=0

4|n|

|n|
ρ−2(|n|+1)|bn|2


.
(
δ

k
‖u‖L2(B1)

)2
+

ρ−2
(
|a0 + log(ρ)b0|2 + |b0|2

)
+
∑
n6=0

4|n|

|n|
ρ−2(|n|+1)|bn|2


Thus for a sufficiently large k (which we assume), we have

ρ−2
(
|a0 + log(ρ)b0|2 + |b0|2

)
+
∑
n6=0

4|n|

|n|
ρ−2(|n|+1)|bn|2 &

(
δ‖u‖L2(B1)

)2
.

We recall that u is harmonic in B 1
2

\ B2−k−1ρ, so for any ` ∈ {0, 1, . . . , k} we have∥∥∥u2−`ρ − a1z − a−1z
∥∥∥2

L2(B1\B 1
2

)
= Q0(a0 + log

(
2−`ρ

)
b0, b0)

(
2−`ρ

)−2
+Q1(0, b1)

(
2−`ρ

)−4

+Q−1(0, b−1)
(
2−`ρ

)−4
+

∑
n6=0,±1

Qn
(
an(2−`ρ)|n|−1, bn(2−`ρ)−|n|−1

)

& (1 + `)−222`ρ−2
(
|a0 + log(ρ)b0|2 + |b0|2

)
+
∑
n6=0

4|n|

|n|

(
2−`ρ

)−2(|n|+1)
|bn|2

& (1 + `)−222`(δ‖u‖L2(B1))
2

By (4.6) we have |b1ρ
−2| ≤ 2−2kδ2‖uρ‖L2(B1) . 2−2kδ2‖u‖L2(B1), so for a sufficiently large

k we have
‖uρ‖2

L2(B1\B 1
2

) − ‖uρ − a1z − a−1z‖2
L2(B1\B 1

2
) − ‖a1z + a−1z‖2

L2(B1\B 1
2

)

. |a1| · |b1ρ
−2| + |a−1| · |b−1ρ

−2| . 2−2kδ2‖u‖2
L2(B1)

and for all ` ∈ {0, 1, 2, . . . , k},∥∥∥u2−`ρ

∥∥∥2

L2(B1\B 1
2

)
−
∥∥∥u2−`ρ − a1z − a−1z

∥∥∥2

L2(B1\B 1
2

)
− ‖a1z + a−1z‖2

L2(B1\B 1
2

)

& −|a1| ·
∣∣∣b1(2−`ρ)−2

∣∣∣− |a−1| ·
∣∣∣b−1(2−`ρ)−2

∣∣∣ & −δ2‖u‖2
L2(B1).

Assuming k is sufficiently large, and reminding that ‖u‖L2(B1) . ‖a1z + a−1z‖L2(B1\B 1
2

) .

‖u‖L2(B1), we obtain some constants a . 1, a′ & 1 such that

‖uρ‖2
L2(B1\B 1

2
) ≤ ‖a1z + a−1z‖2

L2(B1\B 1
2

)

(
1 + aδ2

)
and for all ` ∈ {0, 1, . . . , k}:∥∥∥u2−`ρ

∥∥∥2

L2(B1\B 1
2

)
≥ ‖a1z + a−1z‖2

L2(B1\B 1
2

)

(
1 + a′(1 + `)−222`δ2

)
Since ‖a1z + a−1z‖L2(B1\B 1

2
) ≥ M4

2 we may apply the growth estimate (4.4) to u2−`ρ for
` = 0, 1, . . . , k − 1, which gives:∥∥∥u2−kρ

∥∥∥
L2(B1\B 1

2
)

≤
(

1 + δ2

k

)k
‖uρ‖L2(B1\B 1

2
).
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Using the elementary estimate
(
1 + δ2

k

)k
≤ eδ

2 , we obtain

1 + a′(1 + k)−222kδ2 ≤ e2δ2(1 + aδ2).
For any sufficiently large k ∈ N∗, this does not hold for any δ ∈ (0, 1). Fixing such large
enough value for k, we arrive at a contradiction from the fact that ρ is positive. This
concludes the proof. �

Proof of Theorem 24. Since u is harmonic in its support, using classical elliptic regularity
in the interior of the support it is sufficient to prove the following: assume u ∈ S, then

‖ur‖L2(B1) . 1 + ‖u‖L2(B1)

for all r ∈ (0, 1). Let
M = max(M4,M2(δ4)), ε = ε2(δ4)

Then for every r ∈ (0, 1), by Lemmas 30 and 33, one of the three following statements
holds:
either ‖ur‖L2(B1) ≤ M or

∥∥∥u r
2

∥∥∥
L2(B1)

≤ (1 − ε)‖ur‖L2(B1) or sup
0<s<r

‖us‖L2(B1) ≤ C4‖ur‖L2(B1).

Let ρ ∈ [0, 1] be the smallest radius such that either of the first two conditions holds for all
r ∈ (ρ, 1). When ρ = 1, we obtain the result using the third condition. Assume now that
ρ < 1.

For all r ∈ (ρ, 1] we have∥∥∥u r
2

∥∥∥
L2(B1)

≤ 4M + (1 − ε)‖ur‖L2(B1).

This implies
‖ur‖L2(B1) . 1 + ‖u‖L2(B1),∀r ∈ (ρ, 1].

When ρ = 0 this concludes the proof. When ρ > 0 we then have by the third condition, for
all r ≤ ρ,

‖ur‖L2(B1) ≤ C4‖uρ‖L2(B1) . 1 + ‖u‖L2(B1)
which conclude the proof. �

4.3. Non-degeneracy for stationary solutions. It is not possible to prove a non-
degeneracy result as strong as in the minimizing case, as is demonstrated by the following
example: Let u(z) = |Im(z3/2)|, then u is a stationary solution of the Bernoulli problem,
r−1u(r·) converges to 0 as r → 0, but u does not vanish in any neighborhood of the origin.

Moreover, similarly to the Lipschitz regularity for the vector-valued stationary solutions,
one may also construct counterexamples to non-degeneracy relying on the fact that u does
not satisfy an equation on its support; for any ε > 0, let u(x, y) = (ε− |x|)+, then u is a
stationary solution of the Bernoulli problem, ‖u‖H1(B1) + |{u 6= 0}| is arbitrarily small for
ε → 0, and u does not vanish near the origin.

Thus a non-degeneracy result must involve both the support being small and u satisfying
an equation on its support in the sense of (1.13), even in the scalar-valued case. In [KW25b,
Lem. 9.2], such a result is established for their notion of variational solutions, in any
dimension. The proof is based on a blow-up argument, deducing information from the
blow-up through a monotonicity formula. We state the same result in our two-dimensional
case, and give an alternative proof which extends to the vector-valued case and may have
independent interest.

Proposition 34. Let d = 2, p ∈ N∗, there exists cp > 0 such that the following holds. Let
u ∈ H1(B1,Rp) be a stationary solution of the Bernoulli problem such that uk∆ul = 0 for
all k, l ∈ {1, . . . , p}, and such that u(0) 6= 0. Thenˆ

B1

(
|∇u|2 + χu6=0

)
≥ cp.

We obtain Proposition 34 as a consequence of the following lemmas.
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Lemma 35. There exist C4, ε0 > 0 such that the following holds. Let u ∈ H1(B1,Rp) be a
stationary solution of the Bernoulli problem that satisfiesˆ

B1

(|Hu| + χu6=0) < ε0.

Then
|{u 6= 0} ∩ B 1

2
| ≤ C4‖Hu‖L∞(B1)

ˆ
B1

|Hu|.

Proof. We write B : L2(R2) → L2(R2) the operator defined by

B̂f(ξ, ζ) = ξ + iζ
ξ − iζ f̂(ξ, ζ)

i.e. B is the inverse of the operator B from Definition 19, which shares the same property
as B stated in Lemma 20 with ∂zB[f ] = ∂zf instead. Since u is a stationary solution of
the Bernoulli problem, we have

4∂zHu − ∂zχu6=0 = 0.
We let

Ψ = B[4HuχB1 ] − χu6=0,

then ∂zΨ = 0 in B1, so Ψ is antiholomorphic in B1. We have

‖Ψ‖L1,∞(B1) .
∥∥∥B[4HuχB1 ]

∥∥∥
L1,∞(B1)

+ ‖χu6=0‖L1,∞(B1)

. ‖Hu‖L1(B1) + ‖χu6=0‖L1(B1) by Lem. 20

.
ˆ
B1

(|Hu| + χu6=0),

so by Lemma 21, we have

‖Ψ‖L∞(B 1
2

) .
ˆ
B1

(|Hu| + χu6=0).

If the right-hand side is sufficiently small, which we assume, then we have ‖Ψ‖L∞(B 1
2

) ≤ 1
2 ,

so χB 1
2

∩{u6=0} ≤ 2|Ψ + χ{u6=0}|. As a consequence,

|{u 6= 0} ∩ B 1
2
|

1
2 ≤ 2‖Ψ + χu6=0‖L2(B 1

2
) = 8

∥∥∥B[HuχB1 ]
∥∥∥
L2(B 1

2
)

. ‖Hu‖L2(B1) by Lemma 20

≤ ‖Hu‖
1
2
L∞(B1)‖Hu‖

1
2
L1(B1).

�

The next lemma is a more classical consequence of the Caccioppoli inequality.

Lemma 36. There exists C5 > 0 such that the following holds. Let u ∈ H1(B1,Rp) such
that uk∆ul = 0 for all k, l. Thenˆ

B 1
2

|∇u|2 ≤ C5|{u 6= 0} ∩ B1|
1
2

ˆ
B1

|u|2.

Proof. Our assumption implies that for all ϕ ∈ C∞
c (B1,R), we haveˆ

B1

ϕ2|∇u|2 ≤ 4
ˆ
B1

|∇ϕ|2|u|2

which implies the following Caccioppoli inequality.ˆ
Bs

|∇u|2 .
1

(r − s)2

ˆ
Br

|u|2
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for any 0 < s < r < 1. Using the embedding H1(B 3
4
) ↪→ L4(B 3

4
), we have

ˆ
B 1

2

|∇u|2 .
ˆ
B 3

4

|u|2 . |{u 6= 0} ∩ B1|
1
2

ˆ
B 3

4

|u|4
 1

2

. |{u 6= 0} ∩ B1|
1
2

ˆ
B 3

4

(
|∇u|2 + |u|2

)

. |{u 6= 0} ∩ B1|
1
2

ˆ
B1

|u|2.

�

Proof of Proposition 34. Let u be a function that satisfies the hypothesis of Proposition 34,
such that

´
B1

(
|∇u|2 + χu6=0

)
≤ 1. By Lemma 22, we have

C4‖Hu‖L∞(B 1
2

) ≤ C ′
4

for some universal C ′
4 > 0. We let rk = 1

24−k, assume that for some k ∈ N, we have

ek := 1
r2
k

ˆ
Brk

(
|∇u|2 + χu6=0

)
≤ min

(
π

2 , ε0
)
.

Since |{u 6= 0} ∩ Brk
| ≤ 1

2 |Brk
|, by the Poincaré inequality we have

ffl
Brk

|u/rk|2 ≤
C6

ffl
Brk

|∇u|2 for some constant C6 > 0. Then combining Lemmas 35 and 36, we get

1
r2
k

ˆ
B 1

2 rk

|∇u|2 ≤ C5C6

(
1
r2
k

ˆ
Brk

χu6=0

) 1
2 1
r2
k

ˆ
Brk

|∇u|2

ˆ
Brk+1

χu6=0 ≤ C ′
4

ˆ
B 1

2 rk

|∇u|2

so we obtain ek+1 ≤ 16(4 + C ′
4)C5C6e

3/2
k . We fix

ε := min
(
π

8 , ε0,
( 1

32(4 + C ′
4)C5C6

)2
)

Then, if
´
B1

(
|∇u|2 + χu6=0

)
≤ ε

4 , then e0 ≤ ε and for any k ∈ N, we have

(ek ≤ ε) ⇒
(
ek+1 ≤ 1

2ek
)
.

In particular, by continuity of u at the origin this implies u(0) = 0. This implies the result
with cp = ε

4 . �

5. Applications to shape optimization

For the sake of simplicity, we presented our result for energies with constant coefficients
and no lower order perturbation. In this section, we extend Corollary 2 to several shape
optimization problems coming from spectral geometry.

Let d ∈ N∗, n,m ∈ N such that n > m. Let Qn (resp. Qm) be a quadratic form on
(Rd)⊗n ⊗ Rp (resp. (Rd)⊗m ⊗ Rp). Assume Qn, Qm both satisfy the Legendre–Hadamard
condition (1.9), and consider for any open set with finite measure Ω ⊂ Rd the eigenvalue

Λ1[Ω;Qn/Qm] := inf
u∈Hn

0 (Ω,Rp)\{0}

´
ΩQn(∇nu)´

ΩQm(∇mu) .

Write A the set of all open subsets of Rd with measure 1.
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Proposition 37. Let Qn, Qm be defined as above. Then the minimization problem

inf
Ω∈A

Λ1[Ω;Qn/Qm],

reaches its minimum, and any first eigenfunction u associated to some minimizer belongs
to Wn,∞(Rd,Rp). Moreover any minimizer is bounded.

In general the first eigenvalue might not be simple: in this case the proof implies that
the whole eigenspace belongs to Wn,∞(Rd,Rp).

Proof of Proposition 37. We have the following scaling property, for any Ω with finite area
and any t > 0:

Λ1[tΩ;Qn/Qm] = t2(m−n)Λ1[Ω;Qn/Qm].
We may relax this minimization problem as

inf
Ω∈A

Λ1[Ω;Qn/Qm] = inf
Ω⊂Rd:|Ω|≤1

Λ1[Ω;Qn/Qm]

= inf
Ω⊂Rd:|Ω|≤1

inf
u∈Hn

0 (Ω,Rp)\{0}

´
ΩQn(∇nu)´

ΩQm(∇mu)

≥ inf
{ ´

ΩQn(∇nu)´
ΩQm(∇mu) , u ∈ Hn(Rd,Rp) \ {0} : |{u 6= 0}| ≤ 1

}
The existence of a minimizer for this is classical by the concentration-compactness principle
in Rd developed in [Lio85] (see [BF17, Th. 3.1] for an adaptation to the first Laplace
eigenvalue, [HMP24, Th. 1] for the first Stokes eigenvalue, and [Ley25, Th. 3] for the
polyharmonic operator). The vanishing of the minimizing sequence does not occur, based
on the following observation: for any such function u ∈ Hn(Rd,Rp), we may find some
square K = z(u) + [0, 1]d (for z(u) ∈ Zd) such that

|K ∩ {u 6= 0}| ≥ CQn,Qm

( ´
Rd Qn(∇nu)´
Rd Qm(∇mu)

)− max
(

2, d
2

)

for some constant CQn,Qm > 0 that is independent of u. This follows by the embedding
Hn(z + [0, 1]d) ↪→ Wm,2 min

(
2, d

d−2

)
(z + [0, 1]d) for every z ∈ Zd.

Consider now u a minimizer for this problem (normalized by
´
Rd Qm(∇mu) = 1), and

λ :=
ˆ
Rd

Qn(∇nu).

Then by the scaling properties of Λ1[ · ;Qn/Qm], u is also a minimizer of

v ∈ Hn(Rd,Rp) \ {0} 7→
´
Rd Qn(∇nv)´
Rd Qm(∇mv) + 2(n−m)

d
λ|{v 6= 0}|

In all that follows, we fix

r := min

(Λ1[B1;Qn/Qm]
2λ

) 1
2(n−m)

, |B1|−
1
d


so that in every ball B of radius r ∈ (0, r), for every v ∈ Hn

0 (B), we haveˆ
B

(Qn(∇nv) − λQm(∇mv)) ≥ 1
2

ˆ
B
Qn(∇nv). (5.1)

In particular, for any such ball, there exists a unique minimizer to the energy

v ∈ u+Hn
0 (B,Rp) 7→

ˆ
B

(Qn(∇nv) − λQm(∇mv))
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which we denote uB. uB is not identically zero since |B| < 1 = |{u 6= 0}| (by the definition
of r). Taking uB as a competitor we obtain

λ+ 2(n−m)
d

λ|{u 6= 0}| ≤
λ+

´
B(Qn(∇nuB) −Qn(∇nu))

1 +
´
B(Qm(∇muB) −Qm(∇mu)) + 2(n−m)

d
λ|{uB 6= 0}|

which simplifies toˆ
B

(Qn(∇nu) − λQm(∇mu) −Qn(∇nuB) + λQm(∇muB))

≤
(

1 +
ˆ
B

(Qm(∇muB) −Qm(∇mu))
)2(n−m)

d
λ|B ∩ {u = 0}|

The left-hand side is estimated as follows:ˆ
B

(
Qn(∇nu) −Qn(∇nuB) − λQm(∇mu) + λQm(∇muB)

)
=
ˆ
B

(Qn(∇n(u− uB)) − λQm(∇m(u− uB))) by minimality of uB

≥ 1
2

ˆ
B
Qn(∇n(u− uB)) by eq. (5.1)

≥ λQ
2

ˆ
B

|∇n(u− uB)|2 by eq. (1.9)

We obtainˆ
B

|∇n(u− uB)|2 ≤
(

1 +
ˆ
B

(Qm(∇muB) −Qm(∇mu))
)4(n−m)λ

dλQ
|B ∩ {u = 0}|

Finally, we bound the factor on the right-hand side byˆ
B

(Qm(∇muB) −Qm(∇mu)) ≤ CQ

ˆ
B

(
|∇muB|2 + |∇mu|2

)
for some CQ > 0

≤ CQ

ˆ
B

(
2|∇m(u− uB)|2 + 3|∇mu|2

)
≤ CQ

ˆ
B

(
2Λ−1r2(n−m)|∇n(u− uB)|2 + 3|∇mu|2

)
where Λ := infv∈Hn

0 (B1)\{0}

´
B1

|∇nv|2´
B1

|∇mv|2 . Thus, for sufficiently small radius r ∈ (0, r), we

obtain that for some constant C > 0, for any sufficiently small ball B ⊂ Rd,ˆ
B

|∇n(u− uB)|2 ≤ C|B ∩ {u = 0}|.

We let φ = ∇nu√
C

, and for any ball B of sufficiently small radius we let φB = ∇nuB√
C

. Then φ
and the family of functions (φB)B satisfy the hypothesis (1.7) of Theorem 1. Moreover,
φB satisfies the hypothesis (1.8) by interior elliptic regularity.

By application of Theorem 1, we conclude that u ∈ Wn,∞(Rd,Rp). In particular, we may
define the open set Ω = ∪n−1

j=0 {∇ju 6= 0}, so that u ∈ Hn
0 (Ω,Rp) (by [AH95, Th. 9.1.3]),

Λ1[Ω;Qn/Qm] = λ, and Ω is a minimizer. Finally, boundedness of Ω is a consequence of
the non-degeneracy.

�

Similarly, we have the existence and optimal regularity for minimizers of the Stokes
eigenvalue. For any Ω ∈ A, consider

S1[Ω] = inf
u∈H1

0,div(Ω,Rd)\{0}

´
Ω |∇u|2´

Ω |u|2
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the first eigenvalue of the Stokes operator. There is a subtle issue with the definition of
S1[Ω]: we could also define the first eigenvalue of the Stokes operator as

S′
1[Ω] := inf

{´
Ω |∇u|2´

Ω |u|2
, u ∈ C∞

c (Ω,Rd) \ {0} : div(u) = 0
}
.

However, it is unclear whether S1[Ω] and S′
1[Ω] coincide. More precisely we clearly have

S1[Ω] ≤ S′
1[Ω], and to obtain the opposite inequality we need to prove that any element

of H1
0,div(Ω,Rd) may be approached by a sequence in H1

0,div(Ω,Rd) ∩ C∞
c (Ω,Rd), which is

not known for a general domain of finite measure. We refer to the recent work [DW24] for
an extensive survey of this issue with several regularity conditions on the boundary that
imply the equality S1[Ω] = S′

1[Ω].

Proposition 38. The minimization problem infΩ∈A S1[Ω] reaches its minimum. Moreover
any first eigenfunction u associated to some minimizer belongs to W 1,∞(Rd,Rd).

It is not known whether an optimal domain is necessarily bounded, due to the absence
of a non-degeneracy property.

The minimization of S1 was extensively studied in [HMP24], in particular the authors
prove in [HMP24, Th. 1] that a minimizer among quasi-open sets exists, and such a
minimizer is open by [Fra26, Th. 1]. It is then proved that the ball is a local minimizer
(among sufficiently small, smooth perturbations of the ball) in two dimensions, but not in
three dimensions; in fact by [HMP24, Cor. 1], any sufficiently regular boundary component
of a minimizer in R3 must be homeomorphic to a torus. We remind that in the drag
minimization studied in [Pir73; Bou74], the boundary has singular points, so it is unclear
whether one can expect the full regularity for minimizers of S1.

Proof of Proposition 38. As previously, we relax the problem into

inf
Ω∈A

S1[Ω] ≥ inf
{´

Rd |∇u|2´
Rd |u|2

, u ∈ H1
div(Rd,Rd) \ {0} : |{u 6= 0}| ≤ 1

}
The existence of a minimizer u for the right-hand side is proved in [HMP24, Th. 1] by
concentration-compactness methods. We assume

´
Rd |u|2 = 1 and let λ =

´
Rd |∇u|2. As in

the proof of Proposition 37, we consider for any sufficiently small ball B the minimizer of

v ∈ u+H1
0,div(B,Rd) 7→

ˆ
B

(
|∇v|2 − λ|v|2

)
,

that we denote uB. Considering uB as a competitor, we obtain (as previously) that,
provided the radius of B is sufficiently small,ˆ

B
|∇(u− uB)|2 ≤ C|B ∩ {u = 0}|.

for some constant C > 0. Theorem 1 then applies to some scalar factor of ∇u, (∇uB)B⊂B1 ;
we obtain that u ∈ W 1,∞(Rd,Rd). We conclude by letting Ω = {u 6= 0}, which is an open
set such that u ∈ H1

0 (Ω,Rd), so λ = S1[Ω] and Ω is a minimizer. �

We now give some case of applications for the Lipschitz regularity of inner variation
solutions, to several questions of spectral geometry and overdetermined problems.

Proposition 39. Assume d = 2. Let u ∈ H1(B1,R), f ∈ Cαloc(R,R) for some α ∈ (0, 1),
such that f ◦ u ∈ Lp(B1) for some p ∈ (1,+∞). Assume that for any ξ ∈ C∞

c (B1,R2) we
have

d

dt

∣∣∣∣
t=0

ˆ
B1

(
|∇(u ◦ ξt)|2 − f(u ◦ ξt) + χu◦ξt 6=0

)
= 0

where ξt = id + tξ. Then u ∈ W 1,∞
loc (B1,R).

This applies to the following cases:



OPTIMAL REGULARITY FOR BERNOULLI PROBLEMS 33

• For any open set Ω ⊂ R2 with finite measure, denote wΩ ∈ H1
0 (Ω) the solution of

−∆wΩ = 1 in Ω.

Write T [Ω] =
´

Ω |∇wΩ|2 the torsional rigidity of Ω, and assume that for any
ξ ∈ C∞

c (R2,R2), we have

d

dt

∣∣∣∣
t=0

(
T [(id + tξ)(Ω)] − c|(id + tξ)(Ω)|

)
= 0. (5.2)

for some constant c > 0. Then wΩ ∈ W 1,∞(Ω,R) and Ω is bounded. Indeed the
first conclusion is a consequence of Proposition 39 with f(u) := 2u, and the second
conclusion is a consequence of Proposition 34, which extends naturally to this case.
This problem is related to Serrin’s theorem stating that any sufficiently smooth
bounded domain Ω such that |∇wΩ| is constant on ∂Ω, must be some disjoint
union of balls. This result was recently generalized in [FZ25] for bounded, finite
perimeter, indecomposable domains Ω satisfying the distributional condition

−∆wΩ = 1Ω − cH1b∂∗Ω. (5.3)

for some c > 0, and the (one-sided) Ahlfors regularity condition for some A > 0:

H 1(∂∗Ω ∩ Bz,r) ≤ Ar for H 1-a.e. z ∈ ∂∗Ω, r ∈ (0, 1). (5.4)

On the contrary, in [Zha26, Th. 1.2] it was proved that there exist bounded, finite
perimeter, indecomposable, open sets Ω ⊂ R2 that satisfy the condition (5.3), which
are not balls. Using Proposition 39, any finite perimeter, indecomposable domain
Ω ⊂ R2 satisfying both (5.3) and (5.2) is automatically bounded and satisfies the
condition (5.4) (as may be observed by testing (5.3) against some ϕ ∈ C∞

c (Bz,2r,R)
such that ϕ|Bz,r ≡ 1 and |∇ϕ| . r−1, and using the Lipschitz bound on wΩ), thus
Ω must be a ball by [FZ25, Th. 1.3]. This proves that the counterexamples built
in [Zha26, Th. 1.2] are in fact not critical points of the torsional rigidity T (Ω).

• For any open set Ω ⊂ R2 with finite measure, denote (λk[Ω])k≥1 the non-decreasing
sequence of eigenvalues of −∆ in Ω with Dirichlet boundary conditions on ∂Ω.
Assume that for some k ∈ N∗, λk[Ω] is a simple eigenvalue and for any ξ ∈
C∞
c (R2,R2), we have

d

dt

∣∣∣∣
t=0

(
λk[(id + tξ)(Ω)] · |(id + tξ)(Ω)|

)
= 0.

Then uk ∈ W 1,∞(R2,R) and Ω is bounded. Indeed the first conclusion is a
consequence of Proposition 39 with f(u) := λk[Ω]u2, and the second conclusion is
a consequence of Proposition 34.

Proof of Proposition 39. Following the computations of Lemma 18, this is equivalent to
the weak equation:

4∂zHu + ∂z(f(u) + χu=0) = 0

in B1. Thus the function
4Hu + B[(f(u) + χu=0)χB1 ]

is harmonic in B1. Since f(u) ∈ Lp(B1) and ‖B‖Lp(R2)→Lp(R2) is finite (see for in-
stance [AIM09, Th. 4.5.3]), then Hu ∈ Lp(B1,C), so u ∈ C1− 1

p (B1,R). By our hypothesis

on f we have f(u) ∈ C
(

1− 1
p

)
α

loc (B1,R). By the boundedness nof B on C
(

1− 1
p

)
α(R2) (which is

a consequence of classical Calderón–Zygmund theory, see also [AIM09, Th. 4.7.1]), this
implies that B[f(u)χB1 ] belongs to L∞

loc(B1).
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Let now
Φ := 4Hu + B[f(u)χB1 ]χB1∩{u6=0}

and for any Bz,r ⊂ B1, let

ΦBz,r := Φ + B
[
χBz,r∩{u=0}

]
+ B[f(u)χB1 ]χB1∩{u=0}

ΦBz,r is harmonic in Bz,r by Lemma 20, so ΦBz,r satisfies the hypothesis (1.8) for some
universal constant K > 0. Moreover, assuming that Bz,r ⊂ Bρ for some ρ ∈ (0, 1), we haveˆ

Bz,r

∣∣ΦBz,r − Φ
∣∣2 .

ˆ
Bz,r

(∣∣∣B[χBz,r∩{u=0}
]∣∣∣2 + χBz,r∩{u=0}|B[f(u)χB1 ]|2

)
.
(
1 + ‖B[f(u)χB1 ]‖2

L∞(Bρ)

)
|Bz,r ∩ {u = 0}|.

Thus the hypothesis (1.7) is satisfied by Φ in Bρ up to some scalar factor depending on ρ.
Thus by application of Theorem 1, we obtain Φ ∈ L∞

loc(B1). Since B[f(u)χB1 ] ∈ L∞
loc(B1),

we conclude
4Hu = Φ − B[f(u)χB1 ]χB1∩{u6=0} ∈ L∞

loc(B1).
Since |∇u|2 = 4|Hu|, this concludes the proof. �
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