OPTIMAL REGULARITY FOR VECTORIAL, HIGHER ORDER AND
NON-MINIMIZING BERNOULLI PROBLEMS
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ABSTRACT. We prove the Lipschitz regularity of solutions for a wide class of generalized
Bernoulli free boundary problems, in vectorial, higher order, and non-minimizing settings.
Our method does not rely on notions of viscosity solutions or comparison methods, which
allows us to reach the optimal regularity for Bernoulli-type problems associated to elliptic
operators which do not satisfy any maximum principle, namely the elasticity, biharmonic
and Stokes equation. With a similar method we obtain the optimal Lipschitz regularity for
stationary, non-minimizing solutions of the standard Bernoulli problem in two dimensions.
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1. INTRODUCTION

1.1. Background. Several questions in pure and applied mathematics lead to the study
of local minimizers and of stationary solutions of Bernoulli-type energies

Q(V"™u) + xvmuzo, (1.1)

By
where B is the unit ball of RY, u € H"(By,RP), m < n, and Viu € (R?)®* @ RP denotes
the vector of the ¢-th derivatives of u. Here we say u € H"(By,RP) is a local minimizer
of a functional E : H"(B;,RP) — R when E(u) < E(u +v) for all v € Hj(B;,RP), and a

stationary solution when %’t_OE(u o (id + t£)) = 0 for all £ € C°(By, RY).

2020 Mathematics Subject Classification. Primary 35R35; Secondary 35B65, 35J48, 49Q10, 76D07,
35P15.
Key words and phrases. Bernoulli free boundary problem, optimal regularity, Lipschitz regularity,
vectorial free boundary problems, higher order problem,shape optimization.
1



2 G.DE PHILIPPIS, J.HIRSCH, AND M.NAHON

When n =1, p =1, and @ is the square of the norm, the functional reduces to the
Bernoulli energy

[Vl + Xz (12)
B
If one restricts the competitors to non-negative functions, one obtains the so-called one-phase
Bernoulli problem, whose optimality conditions are formally given by the overdetermined
system

Au=0 in By N{u > 0},
u=0 in By N o{u > 0},
dyu=1 in By No{u > 0},

where 0, is the inward normal derivative. The study of this overdetermined problem goes
back to [Beu58]|, and it arises naturally in several questions related to fluid dynamics, shape
optimization, capillarity surfaces, and potential theory.

The regularity of local minimizers of (1.2) was first studied in the foundational work [AC81],
where the authors show that minimizers are locally Lipschitz, that they have at least linear
growth near every boundary point, and that every sufficiently flat part of the boundary
is analytic. Subsequent works [Wei99; CJK04; DJ09; JS15] show that the free boundary
O{u > 0} is the union of an embedded analytic hypersurface and of a singular set of Haus-
dorff dimension at most d — d*, where d* € {5,6, 7} is a critical dimension characterized
by the existence of non-flat homogeneous solutions in R¢ .

If one does not assume that u has constant sign, one obtains instead a special case of the
two-phase free boundary problem, sometimes called the symmetric two-phase problem. Here
as well, solutions are locally Lipschitz with at least linear growth at the boundary [ACF84],
and the free boundary was described in the subsequent series of papers [SV19; DSV21;
DSV25; FSV26).

Note that establishing the optimal Lipschitz regularity is the first key ingredient in
establishing the free boundary regularity. Indeed it allows for a blow-up analysis around a
free boundary point z by studying the limit points of the sequence r~tu(z +r-).

Other shape optimization problems lead naturally to more general functionals of the
form (1.1). For instance:

e In the study of Pélya and Szegd’s conjecture on the optimal shape for the critical
buckling load of a clamped plate [ABO03], as well as the optimal shape for its
fundamental eigenvalue [AB95; Nad95], one is led to consider local minimizers of

/IB ‘v2u‘2+Xu;£0' (13)
1

See also the introduction of [LN25] for a more detailed account.
e The study of optimal profiles in viscous flows [Pir73; Ric95] leads naturally to
vectorial problems with a differential constraint, namely to the local minimizers of

/ [Vul? + Xuzo (1.4)
B1

in the class of divergence-free vector fields H} (Bi,R?). In dimension 2 the

introduction of the stream function v = V1 reduces this problem to minimizers
of

V20 + Xvys0.
B,
e The study of the optimal domain for the first Lamé eigenvalue and for the Korn—
Poincaré constant leads to energies of the form

/B Ae(u) : e(u) + Xuzos (1.5)
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where u € H'(By, R%),

Vu+ Vul '

= 5 :
for some Lamé parameters (), ) € R? such that > 0, A + 2u > 0, see [HLP24]
and [Fra26].

e When one minimizes the Bernoulli energy in a restricted class, for instance in the
class of simply connected domains, one often has to work with stationary solutions
with respect to inner variations, namely with functions that satisfy

d .
Gl (9o (4 +19)P + xungasierso) =0 (1.6)
dtli—o JB,

AS =2uS + XNTr(S) 14, e(u)

for all £ € C2°(By,RY). Stationary solutions have recently been studied in [KW25b]
under the a priori assumption of Lipschitz regularity.

Very little is known for the minimizers of these problems, neither for the regularity of
the functions nor for that of the free boundaries. To the best of our knowledge, the best
results currently available are the following.

e Minimizers of (1.5) for > 0, A + o > 0 belong to C2.(By,R?) for every a € (0,1)
by [HLP24] in dimension 2, 3 and [Fra26] in any dimension.

e Fourth-order problems in the spirit of (1.3) were studied in [DKV21], where several
results are proved conditionally on the C! regularity of the minimizer, and in
[Miil22]. In [LN25], the third author and Lamboley gave a fine description of the
free boundary points of two-dimensional minimizers of (1.3). In particular, they
classified completely the free boundary points around which the solution is locally
CU1, but they left open whether other types of free boundary point can occur; see
also [GM24; GM26] where a partial classification of global minimizers is given.

e In [Fra26], minimizers of (1.1) were shown to belong to C"~ 1 for every o € (0, 1),
provided @ is elliptic. The same paper shows that minimizers of (1.4) belong to
C* for every o € (0,1).

In particular, it was not known whether local minimizers of (1.1) are of class W,.:°.
Note that this is the optimal expected regularity, since V*u should jump across the free
boundary. Furthermore, as explained in the next section, this is the critical regularity that
allows to consider blow-up limits, which is the first step in the study of free boundary
regularity.

To the best of our knowledge, every proof of the optimal regularity for the classical
Bernoulli problem (1.2) uses one of the following two facts.

e For the one-phase problem, the sign of the solution together with some form of the
maximum principle; see [Vel23, Ch. 3] for a review of the known techniques.

e For the two-phase and the vectorial problems, the Alt—Caffarelli-Friedman mono-
tonicity formula [ACF84, Th. 5.3]; see [BHP05; DT15; Buc+15].

Neither ingredient is available for the functionals (1.1). Solutions of high order equations
satisfy no maximum principle and no analogue of the monotonicity formula is known when
the functional is not the Dirichlet energy. Therefore, in order to prove optimal regularity
one has to devise a completely different strategy.

1.2. Main results. Our first main result is the proof of the optimal regularity for local
minimizers of (1.1) and of the Stokes—Bernoulli problem (1.4). We also show optimal
regularity in 2-d for the stationary solutions of (1.6). All these results are consequences of
the abstract Theorem 1 below, which we now state.

For p € N* and ¢ : B; — RP measurable, we define the associated boundary as

Fo={2€B1:Vre(0,1—|z]), B.,N{p=0}"-|B.,N{p#0} >0}
where B, , := 2z + rBy.
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Theorem 1. For any K > 0 and d € N* there exist C,a > 0 such that the following holds.
Let ¢ € L*(By,RP) for some p € N*, assume that F, N\ By # 0, and assume that for every
ball B, C By there exists ¢p., € L? (B.,, RP) such that

| 1o-dn, B n{o=0) (17)
Then for almost every z € IEB%,

2\ }
gsz,r - ]I[B ¢]Bz,r ) ° (18)
(6()] < C(1+ dist(, ) [l 2@, )

In the applications ¢ is the highest derivative of the minimizer and ¢p_, is the corre-
sponding derivative of the solution of the associated linear equation with the same boundary
data on B, ,. In this case (1.7) follows from energy comparison and (1.8) from interior
elliptic estimates.

and

2,7

Ve, llLe@_, ) < K(][
2 B

1.2.1. W™ regularity of minimizers. Recall that a quadratic form @ on (R?)®" @ RP is
elliptic if it satisfies the Legendre-Hadamard condition: there exists Ay > 0 such that

VE € RE Yo e RP, Q(EP™ @ v) > Aglé*"|v|%. (1.9)

Taking the Fourier transform on both sides, Garding’s inequality gives
Yu € H" (R, RP), Q(V™u) > AQ/ |V ul?.
Rd Rd
Corollary 2. Let d,p,n € N* and let Q be an elliptic quadratic form on (R))®" @ RP. Let
m € {0,1,...,n— 1} and let u € H"(B1,RP) be a local minimizer of

NS Hn(Bl,Rp) — (Q(V"v) + XVmU;,éo).
By

Then uw € W22°(B1,RP). More precisely, if Fym, N By # 0, then for almost every z € B,
2

|IV™'u(z)| < C’(l + dist(z,fvmu)aHV"uHLg(Bl)>
for some constants C,a > 0 depending only on d,p,n,m, Q.

Remark 3. We do not know whether the stronger estimate
FuNBr # 0= [[V'ullpe@,) < C
2

holds for a constant C' > 0 independent of u. We do have, however, the following uniform
bound. Let u be as in Corollary 2, let z € Fymy, r > 0, and let

m—1 y
(€)= 17" <u<z #r0) = X V) <®f>

be the normalized blow-up sequence of u at z. Then limsup, o [|w.|lwn.co@, rey 18
bounded by a constant depending on d, p,n,m,Q but not on z and u. In other words, the
blow-up limits of any minimizer at any non-trivial boundary point form a bounded set in

W2 (B, RP).
Remark 4. Corollary 2 gives a new proof of the Lipschitz regularity of the solutions of

the one-phase, two-phase and vectorial Bernoulli problems. Our proof does not seem to
extend, however, to the local minimizers of the general two-phase problem

u € Hl(IB%l,R) — <|Vu|2 + A xuso + )‘_Xu<0)
B

when AT #£ ™.
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1.2.2. Non-degeneracy. Together with the optimal regularity, a key property of the mini-
mizers of (1.2) is the so-called non-degeneracy, namely that

lu(2)| Z dist(z, Fy,).

Combined with the Lipschitz bound, it guarantees that the blow-up limits are not zero,
and therefore that they carry information on the free boundary.

For the minimizers of (1.1) the non-degeneracy is more subtle. It fails when m €
{1,...,mn — 1}, as we discuss in Remark 14 and Proposition 17. When m = 0, on the other
hand, it holds.

Proposition 5. Let u satisfy the hypotheses of Corollary 2 with m = 0, and assume
u(0) # 0. Then

ullL2m,) > ¢
where ¢ = ¢(d,p,n, Q) > 0 does not depend on u.
1.2.3. Optimal regularity for the Stokes problem. Our techniques also give the optimal

regularity for constrained vectorial free boundary problems. For simplicity we treat the
case of divergence-free vector fields. For an open set  C RY we set

Hi(Q,RY) = {u e HYQRY)  div(w) = 0f,  Hj g1y (2R = Hito(Q,R)NHG(Q,RY).
Corollary 6. Let d > 2 and let u € H}, (B1,R?) be a local minimizer of
ve Hin(BLRY) = | (1Yo + xuz0)

B1
such that F, "By # 0. Then for almost every z € By,
2

Vu(2)| < (1 + dist(z, F)* | Vull 2(s,))
for some constants C,a > 0 depending only on d.

As a direct application to a well-studied shape optimization problem, define the drag
of an object K (a compact subset of R? where d > 3) in the direction us, € R?\ {0} in a
Stokes fluid as

D(K) := inf{/ IVul?, u € uso + H (RY,RY) - g = o}. (1.10)
RI\K

where u|g = 0 is understood as the quasi-continuous representative of u vanishing quasi-
everywhere in K i.e. u € H&loc(Rd \ K,R%), and H&div(Rd, R?) is the closure of divergence-
free compactly supported vector fields under the homogeneous H' norm. The minimization
of D(K) under a volume constraint on K was studied in [Pir73; Bou74] among three-
dimensional shapes that are rotationally invariant around us,. The conjectured minimizer
is smooth away from its rotation axis, where it has two angular points of opening %’r
For any minimizer of D among closed sets K of given volume, with associated flow
U € Uso + Héiv(]Rd, R9), we prove that

V]| oo (R RagRe) < 003
see Proposition 16. Any precise description of K remains open.

1.2.4. Lipschitz reqularity of stationary solutions. As a further corollary of Theorem 1, we
obtain the Lipschitz regularity of two-dimensional solutions of the classical scalar Bernoulli
problem in a weak sense.

We remind that v € H'(B1,R) is a stationary solution of the Bernoulli problem if it
satisfies (1.6), or equivalently if

Ve € C°(By, RY), / (IVuldivé - 2Vu - DE Vu) :/ Xu—o div €.
]Bl Bl

Note that we do not require u to satisfy an equation on its support.
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This problem was studied extensively in [KW25b], see also [KW25a] for an application
to the construction of water wave solutions. There the Lipschitz regularity was conjectured
to fail, see [KW25b, Rem. 3.1], and was assumed as a hypothesis instead.

(Classical solutions of this problem, meaning solutions whose free boundary is assumed a
priori to be smooth, were studied in [JK16; JK19], in relation with the non-trivial global
solutions constructed in [HHP11]; see also [KW24; BK24] for classical solutions satisfying
an additional index bound. The Lipschitz regularity of inner variation solutions of elliptic
equations coming from harmonic maps and nonlinear elasticity was studied in [Cri+14],
see also [IKO13], using the regularity theory of quasiconformal mappings.

Corollary 7. Let d = 2. There exist C,8 > 0 such that the following holds. Let
u € H'(B1,R) be a stationary solution of the Bernoulli problem with F, "By # (. Then
for almost every z € B%,

Vu(2)| < C(1+ dist(=, F)? | Vul| e, ).

As a consequence of Corollary 7, the result of [KW25b, Th. 1.2] holds in dimension two
under the sole hypothesis that u satisfies (1.6) and belongs to CZ.({u # 0}).

In general, when considering vectorial stationary solutions, i.e. functions u € H'(By,RP)
such that:

p
VE € C°(By, RY), / (|Vu|2divf—2ZVuj-D£Vuj) :/ Yu—odivé,  (1.11)
Bl IB%1

j=1

the analogue of Corollary 7 is false, see Remark 23. However we can show Lipschitz
regularity under a slightly stronger assumption, that is satisfied for instance in the relevant
situation in which u is harmonic in its support in the weak sense. Namely we consider the
following condition:

Vi, le{l,...,p}, upAu; =0, (1.12)
which should be interpreted in the weak sense:
Vk,le{1,...,p},Yp € C°(B1,R), V(pug) - Vu; = 0. (1.13)
By

Then our second main result is the following.

Theorem 8. Let d = 2. Let u € H'(By,RP) be a stationary solution of the Bernoulli
problem, i.e. a solution of (1.11), that satisfies (1.13). Then

[Vl ey < C(1+ lull 2@
for some constant C > 0 that only depends on p.

Consequences of the above results in shape optimization and for overdetermined equations
are discussed in Section 5; see for instance Proposition 39. Furthermore in Section 4 we
also give an alternative proof of the non-degeneracy of the support obtained in [KW25b,
Lem. 9.2].

1.3. Idea of the proof. As explained above, our regularity results are consequences of
the abstract Theorem 1, whose proof has two steps.

— First we show that any map satisfying the assumptions of Theorem 1 is of class
BMO.

— By the previous step, in order to bound ¢ it is enough to bound its average. We
do this by a dichotomy: either the average is bounded, or the density of {¢ = 0} in
By /7 is at most a fixed fraction of its density in B;. The second alternative cannot
occur infinitely often at a Lebesgue point of {¢ = 0}, which gives the desired bound.
We note here that similar dichotomy arguments were used in [FS14] and [DS20].
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Once Theorem 1 is established, the applications to minimizers follow by taking ¢ = V™u
and ¢p,, = V"vg,,, where vg_, minimizes the free energy [ Q(V"v) among the functions
with the same boundary values as u on 0B, .. With this choice, (1.7) follows from minimality
and (1.8) from the regularity estimates for vg, .

For Corollary 7 we cannot rely on minimality. The first variation gives instead

405 (95u)* = 0z Xuro = 0,

where 9, = 1(0, —10,) and 85 = 3(9, +10,) are the complex derivatives. Introducing the
Beurling transform B = 0! 0 0., one checks that

h = 4(9,u)? — BXuxzo

is holomorphic. We then follow the strategy above with ¢ = (9,u)? and with a local version
of h as ¢p, .

The proof of Theorem 8 is instead based on a different route, inspired by the regularity
theory for minimal surfaces. We first show that for any 2-convex function @ such that
VQ(0) = 0, the function C|z|?> + Q o u(z) is subharmonic for some sufficiently large C.
This allows to prove Holder regularity of the solution. Once this is proved we run various
contradiction and compactness arguments to show that either the norm of the gradient
decays or the solution is close, in an annulus, to a linear conformal map. The final critical
argument is to show that in the latter case the information propagates at smaller scales,
eventually showing that the function can only vanish at the center of the ball, from which
regularity easily follows. See Section 4 for a more detailed account of the proof.

1.4. Notation and organization of the paper. In Section 2 we prove Theorem 1.
In Section 3 we give the applications of Theorem 1 to Bernoulli-type problems, namely
Corollaries 2 and 6 and Proposition 5. In Section 4 we deduce Corollary 7 from Theorem 1,
establish Theorem 8, and study the non-degeneracy of stationary solutions. Finally, in
Section 5 we show how our results extend to several shape optimization problems coming
from spectral inequalities.

We write

a<b
when a < Cb, where:

e in Section 2, C' > 0 depends only on d and K;
e in Sections 4 and 5, C' > 0 is universal.

For f € L?(B,), possibly vector-valued, we define its deviation in B, as

D(f,r)zwrf—frf

2. PROOF OF THEOREM 1

In all this section, we fix d,p > 1, K > 0. We let .# be the set of functions ¢ € L?(B;, RP)
that satisfy the hypothesis of Theorem 1 with the constant K. We will use extensively the
fact that if ¢ € .4, B., C By, then the function

¢ €B1 ¢(z +1()

also belongs to .# (with the same constant).

2

Lemma 9. There exist T € (0, %] , C1 > 0 such that the following holds: let ¢ € A, then

1 By N {¢ = 0}]\?
D(6,7) < 3 ) .

Die.1) +Cl( |B1|
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Proof. Let T € (O, %) to be fixed. We estimate the deviation of ¢ at the scale 7:

D(¢,7) < D(¢B,,7) + D(¢ — ¢B,,7) by triangle ineq.
_d
STV lLe®,) + 7 20 — o8l 2(8,)
_d
STD(¢B,, 1) + 7 2|6 — 9B, || L2y by eq. (1.8)
STD(¢, 1) + T 19 — ¢B, 1l 228, by triangle ineq.
STD(6, 1)+ 7 2[Bi N {g = 0}2 by eq. (1.7)

This implies the result for a sufficiently small 7 € (0, %), for some C7 > 0. Here 7 and C4
are chosen depending only on d, K. O

Corollary 10. There exist Co,cx > O such that for any ¢ € A, for any z € B, r €
4
(0,1 —|z]), we have
D(é(z +),7) < Co (14776l 2(e))-

Proof. 1t is sufficient to prove the result for z = 0. Let 7, be given by Lemma 9. Let
k € N be chosen such that
R < < "

ie k= Vog(r)J. Then iterating the previous lemma we have

Tog(7)
1 B EC1 /B, N {6 = 0}]\2
Dl6r) < geblorn + O g (P =)
/=1 T
1 L L
SQTQD(CZ%T 7“)"‘01;%

log( %
SrD(¢,1) + 1 with a := (2> < 0.
log(r)

This implies the result, since D(¢,1) < |4l £2(s,)- O

Corollary 10 is sufficient to obtain that [flgyom,) S 1+ /¢l L1(s,)- This is not sufficient
2

to prove that ¢ is bounded since mean oscillation bounds do not imply L bounds, and
the next lemma is the crucial point to obtain an estimate beyond BMO: when the average
of ¢ is sufficiently large compared to its deviation, then the measure of the zero set {¢ = 0}
must decrease rapidly at smaller radii, which will in turn improve the oscillation bound at
smaller scales.

Lemma 11. There exists My > 0 such that for any ¢ € A, if

]I[qué

B.n{6=0} _ 1[Bin{s=0}
|B-| — 4 By
where 7 € (0, 3] 4s defined in Lemma 9.

= Ml(D(d)a 1) + 1)7

then

Proof. We start from inequality (1.7):

/B 16— é, 2 < By {6 = 0}

By restricting the integral on the left-hand side to B, N {¢ = 0}, we obtain

2
B 1 {6 = 0} (inflén,|) < B10 {6 =0}
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We estimate the factor on the left-hand side:
. i 1
inflos, | > | £ 65| — V08 1w e, ) since 7 < 5
B B, 3 2
2
> ¢ —][ [¢B, — ¢l —f ¢ —][ ¢‘ —IV¢g, [ oo,y by triangle ineq.
By ]Bl ]Bl B1 2
2 2
> £ ¢ —2% —2:D(¢,1) - KD(¢s,, 1) by eq. (1.7), (1.8)
B1
> | ¢ —2% —25D(¢,1) — KD(¢s, — 6,1) = KD(6,1)
B
> |4 ¢ (28 +2K) = (25 + K)D(9,1) by eq. (1.7).
B,
.. _4d . ‘fB1 ¢‘ . . .
This is larger than 2772 when the ratio D@ 18 sufficiently large, which proves the

result.

The previous lemma may then be iterated as follows.

Lemma 12. There exists Ms > 0 such that for any ¢ € A , if

J{be

then the set {¢ = 0} has Lebesgue density 0 at the origin.

Z MZ(D((bv 1) + 1))

0

Proof. Let T,C1 be defined by Lemma 9, M7 defined by Lemma 11. Let My > M to be

fixed, assume that

> My(D(¢,1) +1)

J{N

We prove that if Ms is sufficiently large, then for any k& € N*, we have

]{%¢

> My (D(6,7) +1).

We proceed by induction. Assume that for some k € N*| we have forany £ =0,1,2,...,k—1:

]{M¢

Then for every £ € {0,1,...,k — 1} we have

B 0 {¢ =0} _ 1By {6 =0}
|B‘ré+1| o |]BT[‘

> M, (D(gﬁ,#) i 1)

4
L [B,e N {6 =0}\*
5000, + 0y (e =)

>

fon®

f <z>| —778D(6.7")
]BTE

(2.1)

Indeed the first estimate is obtained by Lemma 11, the second by Lemma 9, and the
third is direct by the triangle and Cauchy—Schwarz inequalities. This implies, for every

£=0,1,...,k:
BN {925 = 0}| < 47£|]BT£‘7

(2.2)
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[Be—i- lﬂ{¢—0}!>

D(é,7") <27 D(6,1 +0122 J(

’BT£7J71’
, el e (23)
<27'D(¢, 1)+ C1 > 2" by eq. (2.2)
j=0

=27'D(¢,1) + Ce2**,

and
dk—l .
> — T2 D
Jéf > ]I[B¢| Y e
dkfl
> ][ ¢‘ — 772 Z(Q’ZD(¢,1)+C’1£21’Z) by eq. (2.3)
By =0

d

> My(D(6,1) +1) = 27 D(9,1) — 4Cy7 2
Combining this with (2.3), which simplifies to D(¢,7%) < D(¢, 1) 4+ C4, we obtain

]I[Bfk¢

For a sufficiently large My > 0 that depends only on d, K, the right-hand side is positive.
Thus, by induction the equation (2.1) holds for every k € N, and by equation (2.2) we have

VEeN, Bxn{p=0} <4"B.

— M (D(d),Tk) + 1) > (M2 _9r % — M1>D(¢), 1) + (M2 — 40178 — My(1+ 01))

O
We deduce the proof of the main result, Theorem 1.

Proof of Theorem 1. Let ¢ that satisfies the hypothesis of Theorem 1. Let 7 be defined by
Lemma 9, a, Cy defined by Corollary 10, My defined by Lemma 12. Let z € B1, and
2

r = 2dist(z, Fy).
Assume r > %, and that ¢ is not identically zero on B, 1. By (1.7) we have ¢ = qﬁBZ’ e and

2

by equation (1.8) we have

IVl oo (m
In particular this implies
£
which is the result.
Assume now r < % Let p € (7‘, %) Let C € B, 1 then ¢ € Bs so by Corollary 10 we
2 4
have

1
) S D<¢(z + ), 4) S 9l

1
Zg

6(2)] < *HWﬁHLw ) ST+ 9l

3y

2%

D(é(z +),p) < Co(1+ o116l 2ay) ).

DEO(C+ ). 1) < o1+ % [0l12¢e)).

- Mz(D<¢(C + ), ;0) + 1) >

>

Then

71[3 ¢| =280z +).p) ~ Ma(D(0(¢ + ), 30) +1)

1

¢‘ _ 03(1 + pquﬁHL%Bl))

z,p
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where Cy = (Mp+28)Cy + M. Thus, if \fﬁzpqs] > C3(1+ 6]l 12z,)), then by
Lemma 12 applied to ¢(¢ + %p) for every ( € B, 1,0 We obtain that {¢ = 0} has measure
2
0 in B, 1 , which contradicts the fact that F, N B, 1, # () by definition of r. By this
2

3P’
71[3 o

contradiction, we obtain
z,p

1
Vp S (T', 2),

To conclude, we differentiate the cases » > 0 and r = 0:

e 1 > (: Since ¢ = ¢p

f oo

z,%r

£

S 14+ rY@ll2(m,) by eq. (2.4) with p — r and Corollary 10

< Cs(1+ 19l 2y ) (2.4)

, we have by equation (1.8):

[N

19(2)] S +7|Vollrem | )
2,37

<

~

2

+ D(¢p(z+),r) + D(od(2 + ), %T) by eq. (1.8) since ¢ = (f)]gz’l in Bz,%r

This concludes the proof.
e r = 0: in this case, taking p — 0 in (2.4), we obtain (for every z that is a Lebesgue
point of ¢): |¢p(z)] < Cs.

0

3. APPLICATIONS TO MINIMIZERS OF GENERALIZED BERNOULLI PROBLEMS
In this section, we explain how the main result, Theorem 1, applies to general Bernoulli

problems, in particular we prove Corollaries 2 and 6.

3.1. Vectorial and higher order Bernoulli problems. We first remind some known
results on linear elliptic systems: in this subsection, we fix d,n,p > 1, and @ a quadratic
form on (R?)®" @ RP that satisfies the Legendre-Hadamard condition (1.9).

Lemma 13. There exists C > 0 such that the following holds. Let v € H"(B1,RP) be a
local minimizer of

we H"(B1,RP) — [ Q(V"w).
By
Then

IVOlzem,) < Cllvllz,)-

The existence and uniqueness of a local minimizer for any boundary data is a consequence
of the Legendre-Hadamard condition.

Proof. This is a consequence of [Bar16, Cor. 22], with F = 0 and 6 = 0. O
We deduce Corollary 2.

Proof of Corollary 2. Without loss of generality we assume that the Legendre-Hadamard
condition (1.9) holds with Ag = 1. We let ¢ = V"™u. For any ball B, , C By, we define

(sz,T = vnuz,'r

where u, , is by definition the minimizer of

veu+ Hf(B,,) — Q(V"v).
B -
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We check that Theorem 1 applies to ¢. For any B, . C By, we have

/ V™" (u —u,,)|? < / Q(V"(u —uz,)) by Garding ineq.
Bzw Bz,r
= Q(V"u) — Q(V"uy,,) by minimality of u
Bz,r
<|B.,N{V™u =0} by minimality of u
<|B.,N{V"u = 0} since V'u = 0 in {V™u = 0}
a.e.
which gives the condition (1.7). By Lemma 13 applied to each vectorial component of
vnuz,r - vn,uZ’T’
]Bz,'r

we get

n n
\Y Uz r — \Y Uz r
B -

Z,7

2\ 2
7“||Vn+1uz’r||Loo(]Bz 1) < K(][ )
3 B

for some constant K > 0 that depends only on . This is exactly the condition (1.8).
Thus Theorem 1 applies to V"u, and we obtain the result. U

We now prove the non-degeneracy: the proof is more classical and relies on a combination

of Caccioppoli inequality and higher integrability given by Sobolev embedding, following
[LN25, Lem. 14].

Proof of Proposition 5. We denote u, = r~"u(r-), so that w, is also a local minimizer of
the same functional in By for every r € (0,1). We write a < b when a < Cb for some
constant C' > 0 depending only on d, p,n, Q.

Since m = 0, applying the Caccioppoli inequality (obtained by comparing wu, and et”bur
for sufficiently large b € N, ¢t — 0 and n € C2°(B1,R)), we obtain (see for instance [Barl6,
Cor. 23]):

lrllzney) S llurllzas,)
Fix some ¢ € C2°(B1,R) such that ¢ =1 on Bi. Using (1 — ¢)u, as a competitor for u,
2

we obtain

By {ur # 0} < / (QIV"(1 = @)ur)) = QIV"ur)) < lltr 3 sy

B1

Combining these two estimates and the embedding H"™(B;) < L%(B;) with ¢ = min (4, 2d ) >
2, we obtain for any r € (0,1):

1_1 1_1
lur/all2@yy < Hupya 7 03 OB12 9|yl o) S Hurpa 7 03 O B1l> 9 f[upall o sy
22 92
S luroll gty S luell 2,

Since 2 — % > 1, there exists ¢ = ¢(d, p,n,Q) > 0 such that

vr € (0,1], 2y < ¢ implies uyall 2qoy) < glhurll ooy
If [[u[|2@m,) < ¢, then by induction we obtain u(0) = 0, which is the result. O
Remark 14. When m > 1, one could ask if a similar result, of the form
V™u(0) #0 = |lullgns,) > c

holds. However no such non-degeneracy result holds; we refer to Proposition 17 in the case
d = 2, which corresponds to local minimizers of

u € Hz(IBh,R) — / (|V2u‘2 + XVu;AO)
B1
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through the identification V»*u = v. The central issue is the loss of a “Caccioppoli-type”
inequality that holds independently of the domain. One may also prove through more
elementary methods that the function

N

—% if v < —e¢
3.
u(r) =05 - if —e<z<e
2 .
+5 ifxr>e

is a local minimizer of u € H?([-1,1],R) f_ll(]u”\Q + Xw0) for any € € (0,1), which
contradicts the non-degeneracy.

3.2. Constrained Bernoulli problems. The proof follows the same outline as the proof
of Corollary 2.

Lemma 15. There exists C > 0 such that the following holds. Let v € HY (B, R?) be a
local minimizer of

w e H (B1,RY) — |Vwl|?
B1
Then

IVl Loes, ) < Cllvllr2s,)-

1

2
Proof. Assume v : By — R? satisfies Stokes’s equation, then by [Kra97, Th. 1] we have for
all z € By:

v(z) = [ S(zv(¢)dC

19):51
where S € C®(B; x 0B, R¥*?) is defined in [Kra97, eq. (5)]. Let n € C°(B, \IB%%) be a

radial function such that fol n(r)dr = 1, then denoting

_ Q) (2 ¢
5.0 = e (G 1)

we have, since v(r-) satisfies Stokes’ equation for every r € (%, 1),

Vz € IB%%, v(z) = . Sy(z,Q)v(¢)dC.
As a consequence we get
Vz € IB%%, Vou(z) = . V.S, (z, ¢)v(¢)dC.
Since V.S, is bounded on IB%% x B1, we obtain the result. O

Proof of Corollary 6. The proof is identical to the proof of Corollary 2: we let ¢ = Vu and
¢B., = Vu,, where u,, is the solution of Stokes’s equation in B, , with boundary data u,
and condition (1.7) is obtained by the minimality of u and wu. ,, while the condition (1.8) is
obtained as a consequence of Lemma 15 applied to each component of Vu, , — fIB%z N Vu .

O

We may give another application on the minimization of D(K) defined in equation (1.10),
among all closed sets of given volume in R? (d > 3), and us € R?\ {0}. Indeed this
optimization problem admits the natural relaxation

. 2-d 2 1 d md
mf{|{u:0}\ : / Vul?, u € s + L (RE R )}. (3.1)
]R’i

Proposition 16. Let u be a minimizer of (3.1), then Vu € L>®°(R?, RY).

In particular, this implies that the set K = {u = 0} is a closed set that achieves the
minimal value of |K |¥D(K ). Whether K is bounded is unclear.
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Proof. Without loss of generality, assume [{u = 0}| = 1 and write D = [p4|Vul?. Let
7 > 0 be such that [By| = 1, then for any ball B C R? of radius r € (0,7), if we denote up
the solution of Stokes’ equation in B with boundary data u|sp, then by minimality of u
and upg, we have u = upg if BN F, = 0, and otherwise

D= (=180 =0 (D~ [ V- un)P)

This implies
D—/ V(u—ug)2 > D — BN {u=0})T >D( - |Bn{u=0})).
B

This simplifies into [ |V (u — up)|* < D|BN{u = 0}|. As previously, by application of
Theorem 1 to the family of functions (¢, (¢5)B) = (D_%Vu, (D_%VuB)B>, we obtain
Vu € L®(R?, RY). O

No non-degeneracy result similar to Proposition 5 holds for this problem, the central
issue in the proof being the absence of a Caccioppoli inequality

/ VP < [ Juf?
B B1

1
2

for a function v € H'(By,RY) that satisfies Stokes’ equation on its support. A counterex-
ample to this Caccioppoli inequality is given by

2 2
€ -
UE(SU, y) = <Oa 2€X|z<e>

as € — 0, associated to the pressure p¢(z,y) = —%X|x|<€. This corresponds to a “pipe” with
a standard parabolic velocity profile. The same example gives in fact a counterexample to
the non-degeneracy, in any dimension. We follow closely the argument of [Sch13, Th. 4.4],
which treats the three-dimensional, volume-constrained case.

Below we denote by B¢~! the centered open ball of radius r in R4,

Proposition 17. Letd > 2, Q = IB%Cf_l x (=1,1), e € (0,1) and

€ — |l=||?
UE(CC, y) - (07 0,...,0, % X|z||<e
Then v, is a local minimizer of
ve Hi (@R o [ (1V0F +x00).
Q

In particular [Jve|| g1(q) + [{ve # 0}| converges to 0 as € — 0, yet v, does not vanish in a
neighborhood of the origin.

Proof. Consider v € v, + Hol,div(Q)7 we write v = (v, v¥Y) where v* € H'(Q,R%1) and
vW € HY(,R). For any y € [—1,1], write
0V =B{ ' x {y}.

Moreover, we write ¢4 the measure of the (d — 1)-dimensional unit ball and R(y) > 0 such
that

HELQY N {v # 0}) = cgR(y)? L.

Since div(v) = 0 and [, v¥ = £ ¢4, then for all y € (—1,1) we have

(&% d
v —
/QyU d+1€,
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By a radial rearrangement argument (see [Sch13, Lem. 4.6] for the two-dimensional case),
we have for almost every y € (—1,1):

d—l e2d
V|2 > 2
| v > e (32)

Indeed, denoting v{(-,y) the radially decreasing Schwarz rearrangement of [vY|(-,y), we

have
/ | | o | ’ Qv Qy d+ 1

and the minimal value of de : |V w|2 under a constraint on [ga1 w, for w € H (BdR( 1))
R(y)

is given by a multiple of (R( ) |z[|?)4, which gives the estimate (3.2). Then

2 d—1 & d-1
Q(W”| +Xv7é0> > €4 d+ 1Ry T + R(y) dy
QdCd 1 €2d % 1 i1 dQT
> — ————d R —d by Young ineq.
_d+1</_1R(y)d+1 y) (_1 () y) y g ineq

2deq [ e “ i1\ 21 s
- d+1 / <R(y)d+1 (R(y) ) dy by Holder ineq.

4dCd d 1
Tdt1”

= [ (190 + xouz0)

4. LIPSCHITZ REGULARITY OF STATIONARY SOLUTIONS

In this section we give the proof of Corollary 7 and of Theorem 8 on non-minimizing
solutions of the Bernoulli problem. We will assume d = 2 throughout the section.

The starting point is to reformulate the stationarity condition in terms of the Hopf
differential. Recall that for a function u € H{ (R? RP), the Hopf differential of u is defined

as
p

1 .
A, = 0u - Oyu = Z(@Zuj)Q = Z(|6xu|2 — |Oyul?® — 210, u - Dyu).
j=1
Here i is the imaginary unit, we are identifying R? with C and we have set 0, = 3(9, — i0y)

and 9z = (0, +10,).
4.1. L*° bound on the Hopf differential and proof of Corollary 7.

Lemma 18. For any open set D C R?, uw € HY(D,RP) is a stationary solution of the
Bernoulli problem if and only if the equation

1
0z, + Zaqu:O =0
holds in D, in the weak sense.
Proof. The stationarity condition is equivalent to
V¢ € C°(D,R?), / <|Vu]2d1v§ —2 Z DEVu; - Vuj — Xuodiv§> =0

7j=1
Taking £ with only « component, and £ with only y component, we obtain the two conditions

O (=102 + 10yul* = Xu=0) = 20y (Dp - Dyu) = 0
Oy (+0ul? = 10,0 = Xu=0) — 20(Byu - Dyu) = 0
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Multiplying the second equation by i and subtracting them gives the desired conclusion. [
We now recall the definition of the Ahlfors—Beurling transform:
Definition 19. Let B: L?(R?) — L%*(R?) be defined by

BIAEC) = s f€.0)

where fis the Fourier transform of f.

For any measurable function h : Q — C for Q C R?, we set
Ihllz1(@) = sup (£ {|4] > 1}]).
t>0
The following are classical mapping properties of B, [AIM09].

Lemma 20. |B|[12gr2)—r2r2) = 1 and ||B||11gr2)— 1.0 Rr2) 8 finite. Moreover, for any
f € L*(R?), we have 0:B[f] = 0.f.

Proof. By the Plancherel theorem, B is an isometry from L?(R?) to L?(R?). B is bounded
from L'(R?) to LY*°(R?) by the Hormander-Mihlin theorem (see [Hor60] or the more recent
reference [Gral4, Th. 6.2.7], or [AIM09, Th. 4.5.2] where a bound ||B|| 11 (r2)— 1,00 (r2) < 30
is given). The second relation is direct by taking the Fourier transform on both sides. O

Eventually we record the following elliptic estimate.
Lemma 21. Let h: By — C be a harmonic function such that [|h||p1.00(m,) is finite, then
HhHLOO(]B%) SRl pree@y)-

Proof. For any r € (0,1), we have

) 1PNl Loe (B,
1hl22qs,) = /0 21[B, 1 {|h] > t}]dt

< 2[|hll oo (B, 1Al L1008

For any s, r such that % < s < r <1, by the mean value formula applied to A we have

_1
2

™
12l oo B,) < 121l 2 (B,)-

r—S

Let 7, = % — 216%, so that

L < < < —>3
— =7 T T -.
5 0 1 2 1

Then for every k € N we have, combining the two previous inequalities:
Ll k4T 1 1
llzseco,g < 7324 E B Il oy

By induction on k:

L +1\ 37 3 L-o%
o) < L (w222 2RI o, 11l Zes

Taking £ — 400, we obtain
s 1 g+1 LZ
”hHLOO(IB%%) < H(?T_22 2>2 ||h||L17°°(IBE1)'
=0

The factor on the right-hand side is finite, so this proves the result. O

We now show that for stationary solutions, .77, is always bounded, and universally
bounded next to a free boundary point.



OPTIMAL REGULARITY FOR BERNOULLI PROBLEMS 17

Lemma 22. Let d = 2. There exist C,a > 0 such that the following holds. Let u €
H'(B1,RP) be a stationary solution of the Bernoulli problem, (1.11). Then

1 #alley) < C(L+ 1 #alrey)
and more precisely, if F,, "By # (0, then for almost every z € By,
2

(=) < C(1+ dist(z, Fo) |l 1 o) )-
Before proving the above lemma, note that it immediately implies Corollary 7 since if
p =1 then
1
Al = 4Vul,
Proof of Lemma 22. If F, NB; = () then .74, is harmonic and there is nothing to prove, so

we assume F, N By # (). Let
O =47,

and for any ball B, , C By, let
Pp, , =47, + B[Xﬁz,rm{uzo}} :

By Lemmas 18 and 20, we have 8;@15;“ =0 in B,,: thus ®p_, is harmonic in B, , and
satisfies the hypothesis (1.8) for some universal constant X > 0. Then, we check that the
hypothesis (1.7) holds (up to some scalar factor):

/ 5, > = / ’B[XBZ ,«m{u:O}} ‘2 < / ’X]BZ m{u:o}‘Q by lemma 20
B, ’ B, ’ Bor'
< B., N {u=0} <|B.,N{P =0}

Thus, by application of Theorem 1 on every ball B, 1 for z € By, for some o > 0 we have
2

1
1
for almost every z € Bi:

2

[ u(2)| S 1+ dist(z, Fu)*[| Al 2By )-

Hence to conclude it is sufficient to prove that the last term is controlled by 1+ |9, || 1))
Indeed, using again the properties of the operator B, we have

Al 28

) < HB[XBNW{UZO}” ) + ||(I)B1HL2(IB§%)

3 L2(Bg
4

s HXIB%MT{u:O}‘ L2(B1) + || PR, ||le°°(]E1) by Lem. 20 and 21

S+ [Bxeinto] |y ey, T 1@

S 1+ lIxeinfu=oy lor @y + 1940 s, by Lem. 20.
O

Remark 23. As mentioned in the introduction, Corollary 7 does not extend to a vectorial
setting (with w = (u1,ug, ..., up)). Indeed if p = 2 one can consider

(u1(2), u2(2)) = (v(2),v(=2)),
where
, 0
v(re?) = ra cos(2>, Vr > 0,0 € [-m, 7).
v itself is not a stationary solution of the Bernoulli problem: denoting by /- the principal
determination of the square root on C\ R_ (such that v(z) = Ry/z), we have
1

00 =177
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so (0,v)? = 7&: this is an integrable function, which is not harmonic in C due to the
singularity at the origin, so 074, # 0(= 0.xwv20). However we still have
1 1
Hy = (0,u1)? + (Oun)? = — + ——— =0
u = Gewm)” + (Gewa)” = 72+ 155

so u is a stationary solution, and is not Lipschitz.

4.2. Lipschitz regularity of vector-valued stationary solutions. The goal of this
section is to prove Theorem 8. In view of Lemma 22, it is a consequence of the following:

Theorem 24. There exists C > 0 such that the following holds. Let u € H*(By,RP) that
satisfies (1.13). Then

1
IVallieqay) < O (18l + lllogs,) )

The plan of the proof is as follows.

e First, we prove (in Lemma 25) an interior Holder estimate on u. The central
argument is the observation that

A(luf? = 2(u-e)?) > =8|,

for any unit vector e € SP~1, which allows us to make a dichotomy between solutions:
either u satisfies “good” regularity estimates in B1, or fBl\Bl lu? < fBl\Bl |Vul?,
2 3 3

which allows us to prove a polynomial growth for the integral of |Vu/|2.

e Using this equicontinuity, we prove (in Lemma 26) that any sufficiently large
solution must be close to some harmonic conformal map. We deduce a mild
decay estimate by compactness ( see Lemma 29). Moreover a harmonic conformal
map that vanishes at the origin either satisfies some strong decay estimate (see
Lemma 30) or is arbitrarily close to some linear conformal map.

e Since non-zero linear conformal maps do not vanish outside any neighborhood of
the origin, any solution that is sufficiently close to such a map satisfies the equation
Au = 0 on some large ring domain. We conclude by proving (in Lemma 33) the
absence of singular harmonic modes (i.e. modes of the form 7~ "e™? and log(r))
in the Laurent decomposition of u, using the fact that these modes do not satisfy
the mild decay estimate (Lemma 29) previously obtained.

Lemma 25. There exists a € (0,1) such that the following holds. Let u € H'(By, RP) that
satisfies (1.13), then

1
lulleas, ) S 17l g,y + lull2ge.

[N

When p = 2, one may notice that |A((u1 + iug)?)| = 8]4,| € L>=(B1), which gives a
short proof of the Holder continuity. Instead we prove directly the general case, for which
there is generally no degree 2 polynomial @ such that |[A(Q o )| is controlled by the Hopf
differential of u.

Proof. Assume (by homogeneity) that ||| o (s,) < 1, it is sufficient to prove the existence
of some € > 0 such that

Vr e (0, ;), / |Vul? < 7€ <1 +/ \u|2) (4.1)
T IBl

We first prove the following trichotomy: there exists some constant C' < 1 such that for
any r € (0, %), one of the three following statements holds:

either / lu? < CTQ/ |Vu)?
BQT\B’I‘ BQT\BT‘

or |[ull e (m,) < Cr
or Au =0 in B,.

(4.2)
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To this end, we consider the quantity

A= fB?r\Br ‘u’z
T s, 9P

and prove that if A is sufficiently large, then either the second or the third condition holds.
There exists some p € (r,2r) such that

/ Jul? > Arz/ V|2
OB 8B,

P

Let m = JCB]B u. Up to replacing v with Ru for an appropriate rotation R, we assume that
P
m = |ml|e;. We have

1 11 1
o= mil e om,) S 31Vl 2o,y S A5 ullagom,) S AF (Il + = ml (o,
so if A is sufficiently large (which we assume), we have
_1
|u = m|peo@m,) S A 2|m|.
Let Q(v) := |v|? — 2v}. For a sufficiently large A, we have

supQou < —|m|?.
P

Then, using the hypothesis (1.12) (which implies that A(u2) = 2|Vu|?), we compute
P
AQou) = -A(ud) + Y Au})
k=2

p
= 2<—|VU1|2 + Z |Vuk|2>

k=2
- 8<_ My — i(azuw? + zp: ‘(8‘2”’“)2‘)
k=2 k=2

> —8|.7,| by triangle inequality.
Since ||| po(m,) < 1 we obtain by the maximum principle:

sup@Qou < sup @ ou + Cr?
. OB,
for some C' < 1. Since supgp, @ ou < —|m|?, this leaves two possibilities: either |m| < r,
or supg @ ou < 0. In the first case, we have by subharmonicity of |u|?:

sup [uf?2 < sup [uf? S [m? S r*.
r p
In the second case, we obtain Au = 0 in B, by the condition (1.13). Let us detail this
point: the condition (1.13) still holds for ¢ € H}(B,,R) N L>®(B,,R) by approximation.

Since Z§:1 u]2 is bounded from below in B,, then for any ¢ € C2°(B,,R) the function

Uk
Pk = ﬁd}
J=1"j
belongs to Hg(B,,R) N L°°(B,,R). Testing (1.13) with ¢ and summing with respect to k
gives

U

Vi € C°(B,,R), VI=1,...,p, | Vo Vi =0
B,

so u is harmonic in B,. This proves the claim that one of the three options (4.2) always
holds.
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For any k = 1,...,p, we have A(u}) = 2|Vug|?% this relation implies a Caccioppoli

inequality .
Vs € (0, } / Vau|* < 52/ |ul?. (4.3)
2 BS B2S\BS

So, for any r € (O, %), one of the following three relations holds:

either / |Vul|? < 2_6/ |Vu|? for some universal € € (0,1)
]BT ]BQT

or/ |Vul|* < r?
B

or sup |Vu?> <7~ / |Vu|?
By
Indeed these correspond to the three possibilities of (4.2), by application of the Caccioppoli
inequality (4.3) to the first two and classical elliptic regularity for harmonic functions on
the third one.
These three possibilities imply that for all r € (0, %), we have

/Vu|2§re(1+/ |Vu2).
B, By

By Caccioppoli inequality (4.3) on the right-hand side we obtain the relation (4.1), which
concludes the proof. O

In what follows we define
S ={ue H'B,R) : A =0, Y, 1, [ A1, < 1 and u(0) =0}.

Next we prove that any sufficiently large element of & must be close to some harmonic
conformal map, using the interior Hélder bound.

— 4o00. Let

Lemma 26. Let (u'®),cn be a sequence in' S such that Hu( 2(By)
1

ulF)

i

0 o]

L2 ]le
then there exists a subsequence (k;)ien such that v(%) converges weakly in L*(By) and

strongly in C2 _(B1) to some function v that is harmonic and conformal, such that v(0) = 0
and [|vl|p2m,) < 1.

Here conformal is taken in the sense 5%, = 0: this allows critical points. Note that any
such function may be written as
= Z R(v, 2"

n>1

for some sequence of complex coefficients (v,), in CP (which are constrained by the
conformality condition), and we have

2 _ T |va®
[ollz2B,) = 5; ari=Dh

Proof. By Lemma 25, the sequence (U(k))keN is locally equicontinuous. By the Arzela—
Ascoli theorem we may assume (up to the extraction of some sub-sequence) that it converges
in C).(B1) to its weak-L?(B;) limit v.

Since the functions v(*) are harmonic in {v(®) # 0}, this implies by elliptic regularity
that the convergence of v(®) to v is strong in C2_(By N {v # 0}).

As a consequence v satisfies

Av =0, 5, =01in {v # 0}.
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If v is identically zero there is nothing to prove, so we assume from now on that v is not
identically zero.

Consider the function log|v| with values in [—o0o, +00). By continuity of v, log |v| is
continuous. In the open set {v # 0} we have
v-Av ug)? + |y B 2(1} )% 4 (v vy)?

[v]? [of? jol*

We replace Av = 0, |vy|? = |vz|* and (v-v,)? + (v - vy)? < |v|*|v]? (using the conformality
of v), so Alog|v] > 0 in {v # 0}. log|v| is subharmonic in By \ {v = 0} and takes the
value —oo in {v = 0}, so it is subharmonic in B;.

By [Ran95, Th. 3.5.1] the set {v = 0} is polar. Using the result [Ran95, Cor. 3.6.2] on
removable singularities, v is harmonic in B;.

Since 4%, = 0 in {v # 0} and %, is continuous, we have /%, = 0 everywhere: this
concludes the proof. O

Definition 27. For any u € L?(By,RP) \ {0}, we write

Alog |v| =

Ju— CHLQ(]Bl\]B%)

0(u) = inf
ceC  lull 2 g,y

where C is the set of linear, conformal maps R? — RP i.e. functions of the form z — R(c;2)
where ¢; € CP satisfies ¢; - ¢; = 0. For any r € (0,1), we write

u,(2) = rtu(rz)

We prove that any sufficiently large element of S, which is almost linear in the annulus
By \ B1, is also almost linear in B .
2 2

Lemma 28. For any n > 0, there exists Mo(n),do(n) > 0 such that the following holds.
Let u € S be such that |[ul 2m,y = Mo(n) and 6(u) < do(n). Let ¢ € C such that 6(u) is

reached for the map c. Then
flu — CHLOO(IB%%) < nllull2(g,)-
In particular, there exists a universal constant b > 0 such that u does not vanish in B \ By,.
2

Proof. Assume this is not true, so there exists some sequence (u(k))keN* in S such that

[
L2(B,
the conclusion does not hold. Let

o® = [[u®)

) — +00, 6(u®) — 0 (we denote ¢*) the associated linear conformal map), and

-1
L2(By)

-1

k).
L2(By)

s =

u®, a® = [[u®|

By Lemma 26, we may assume (up to extracting some sub-sequence) that o) converges
locally uniformly to some harmonic, conformal limit v such that

HUHL2(B1) <1, v(0)=0.

Since Hv(’“) — d(k)’

— 0, then d®) converges to v in B \ Bi. Thus v is 1-
L2(B1\By) 2
2

homogeneous in B; \ B 1. By harmonicity of v, v is 1-homogeneous in B; and
(*) _ q(k) —5 0
v ||C°(]B%) el
This is a contradiction with our original assumption, which concludes the proof of the

first point. The second point is a consequence of the following observation: for any v € &
satisfying ||ul| 2,y = Mo(n), 0(u) < do(n), for any z € By, we have
2

[u(2) = le(z)] = fJu = el =@,y

2
=\ llellzzey) |2l = nllul 2@,
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Since |[c|l 2,y = lull 2@,y — llu —cll 2@,y = %HUHLZ(Bl) (under the assumption that n
and d(u) are chosen sufficiently small since otherwise the second conclusion is vacuously
true), this concludes the proof. O

Next we prove that any element of S that is sufficiently large must satisfy a mild decay
estimate.

Lemma 29. For all e € (0,1), there exists My(e) > 0 such that the following holds. Let
u € S be such that ||ul p2m,) = Mi(e), then

s

Proof. Consider some sequence of functions u¥) € S such that Hu(k)’

e, = (1+6)||UHL2(IB%1\IB%1)

L2(By) — 400 and

u®) does not satisfy the conclusion. By Lemma 26, the sequence v(*) = H k)‘

w(k)
L2 (B1)
converges (up to extracting some subsequence) weakly in L?(B;), strongly in C.(B1), to
some harmonic conformal limit v such that v(0) = 0 and |[v[[ 2, < 1. We write

= Z R(v, 2"

for some sequence of coefficients v,, € CP. Then

T 1 — 47" Yy,|?
_72( )|vnl

2
||UHL2(Bl\B%) -

1 n+1
2 1 _ 4—n—1 2
Iy 1y oal? 1
2 LQ(Bl\B%) n>1 n + 1
< .
Thus ‘v% e, HUHLQ(IBH\IB%) However,

(k) (k)

v% 1+e H ‘L2 (B1\By)

LQ(Bl\Bl)
2

by assumption which implies (by weak L?(B;) convergence and strong local convergence)

ey 2 > (14 €)lvll 12 (B1\By)" This implies v = 0, which is in contradiction with

our initial assumptlon. O

Here we give an improvement of the previous lemma for sufficiently large elements of &
that are bounded away from linear conformal maps.

Lemma 30. For all § € (0,1), there exists Ma(9),€e2(d) > 0 such that the following holds.
Let u € S be such that |lul| 2,y = M2(0), 6(u) = 0, then

o

Proof. Consider some sequence of functions u(*) € S such that

vy < (L= (@) ulas,

W
3
(

Hu(k)‘ — 400, liminf L2@,) >1, 6(u®) >4
1@y e o aga,
1
By Lemma 26, the sequence o) = H (k) ’LQ(]B )u(’“) converges (up to extracting some
1

subsequence) weakly in L?(By), strongly in C) .(B1), to some harmonic conformal limit v
such that v(0) = 0 and [|v| 2,y < 1. We write

= Z R(vy 2"
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for some sequence of coefficients v,, € CP, then

2 _m ‘Un‘Q
1vll2@,) = 5 > T

[E

2 = E Z ‘UW‘Q 41—n
L2(By) 2 ~sn+ 1

1
2
We deduce

(k)

U,
2

> 1.
L2(B1)

= lim

1> HU||L2(B1) Z ’ L2(B1)  k—+oo

V1
2

By the convergence of the L?(B1) norm, the convergence of v(*¥) to v is strong in L?(By).
This implies 0(v) = limy_, ;o0 6(v*)) > §, at the same time the chain of inequalities above
implies that v is linear, so d(v) = 0. This is a contradiction, which proves the result. [

We now list several elementary computations on harmonic functions, based on their
Laurent decomposition.

Lemma 31. Let u € H'(B,, \ B,,,RP) for some p; < pa such that Au =0 in B,, \ B, .
Then u may be decomposed as an infinite sum

u(re?) = > U (r)e™?
nez

forr € (p1, p2), where uy(r) := 02” u(re’?)e=™d0 is of the form

n(r) = a4 by for n £ 0, uo(r) = ag + by log(r)

for some sequence of coefficients (an)nez, (bn)nez with values in CP. Moreover, for any
r > 0 such that [§,r] C [p1, p2], we have

lurl| 72,08, ) = Qolao +log(r)bo, bo)r ™ + Y Quanr™ =1, byr 7171
2 n#0
where (Qr) is a sequence of quadratic forms such that
|z * + 4]y |?
In|+ 1

] + 4 [y|?

S Q) £

Proof. The form of u,(r) is a direct consequence of the associated differential equation
u(r) + r~ !, (r) — n?r~2u,(r) = 0. Then an explicit computation gives, for any n €
Z\ {-1,0,1},

1 —4-Inl—1 4lnl=1 1 3
Qn(z,y) = W( ks —lyl® + 23‘3(:@))

EIEE U Py

which concludes the proof, since the third term is negligible compared to the sum of the
first two terms as n — +o0. 0

The next lemma is a purely technical point that is used in the proof of Lemma 33.

Lemma 32. There exists 43 € (0,1) such that for any € € (0,1), there exists Ms(e) > 0
such that the following holds. Let u € S be such that [lul| 2,y = Ms(e) and 6(u) < d3.

Then u does not vanish on B1 \ Bz, and writing us1(r) = axir + beyr~' the first Fourier
2 4

coefficients of 0 — u(re®?) forr € (1 !

I 5), we have
[b1] + [b-1| < ellul| 2z,

Proof. We let d3, M > 0 be such that if §(u) < d3 and |[u|[;2(5,) = M, then by Lemma 28
we have that u does not vanish in B1 \ B:.
2 4
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Let now u(¥) be a sequence of functions such that §(u*)) < 4, H k)‘

— 400, and
L2(By)

the conclusion is not satisfied. We let

= o

U
L2(B1)

Write v,(lk)(r) the n-th Fourier coefficient of 6 — v (re?): there exists (a gﬂ) bgfl)) such
that (k) (k) (k)

v (r) = alfyr + 0r !
for all r € (4, 2) and we assume that \bgk)\ + \b(fl)\ > €.

By Lemma 26, there exists some extraction of (v(*))gcy that converges in C _(B;) to
some harmonic, conformal limit v such that v(0) = 0 and [|v|| 2,y < 1. In particular,

v41(r) = ax1r for some ay; € CP, so

b(k) — 0

k——+oc0

Thus for any large enough k£ we obtain a contradiction. O

The next lemma is the central point of the proof, where we deal with almost linear
elements of S.

Lemma 33. There exist My, Cy > 0, d4 € (0,1) such that the following holds. Let u € S
be such that ||ul| 2,y = My and 6(u) < é4. Then u does not vanish in IB% \ {0} and

[urll L2,y < Callull L2,
for allr € (0,1).

Proof. Let k € N* be some integer that will be fixed (independently of other constants) at
the very end of the proof. Let

(1 “1o—k—1
5—m1n(5,53,50(b 2 ))
5 /6
54 = min(k,50 <k>>
M, = 2max| M, (5*12*’“*1) Mo (5) M o M. (2*2’%52)
4 0 ) A 1 k ) 3

Here b is the constant from Lemma 28. In other words, for any v € S such that ||ul|,» B,) =

%M4, we have the following properties:

52
‘U @By <1+ k)HUHLZ(]Bl\IB%) (4.4)
HU_CHLQ(]Bl\]Bl) lu—cllpem,)
5(u) =: 2’ <y = 2 <0 (4.5)
Tl oo, Talp@, &
(u) <6 = Aulg,\g , =0and [bi]+ [b_s| <276 |uf 12, (4.6)
2 oRt1

where by are the coefficients in the Fourier decomposition ui1(r) = a+17 + byr—! for
1
S <2k+17 2)

Consider from now on u € S such that [lul| 2,y = My and 6(u) < d,. Fix ¢ € C such
that [[u — cl| 2\, ) = 6(w)l|ullL2(,)- Since 64 < &, by Lemma 28 u does not vanish on
2
IB31 \B . We let (ay,by) be the coefficients associated to the Fourier decomposition of u
in th1s set meaning that

u(re®) = ag + by log(r) + Z(a rinl 4 b r“”') iné.
n#0
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We have by (4.5) that

5
< _
L2(B1\By) A LTS

w1 —

2

By L?(B; \ Bi1)-orthogonal projection of ui on Spancy(z,z,271,271) and since ¢ €
2 2

Spancy(z,%), we have

Halz +a_1z — CHL2(B1\B%) ~ %H’UJHLQ(&)'

Assuming that k is sufficiently large, we have

0
< ZHUHLZ(&)-

_ d _
la1z +a-1Z — C”LQ(IB%l\IB%%) < ZHUHLQ(Bl) and Hu% -z — a—12‘ BBy

We let p € [O, %) be the smallest value such that
_ o 1
lus — a1z — aﬂz”ﬂ(&\ml) = ZHUHL2(B1)7 Vs e | p, 20
2
F (+2]
or every s € (p, 5| we have

HU‘SHLZ(Bl) Z ||uSHL2(Bl\B%) Z HCHL2(31\E%) - 5”“”[/2(1531)

5 15

- \/;HCHLZ(I&) = Olull 2@, = \/;”uHLQ(B” ~ 2l
15 1 .

- (\/; - 25) lull e,y = 5l z2(s,) sinee § <

50 ||usllp2m,) = %, and

| =

lus = cll 2@ \g,) < lus — a1z — a1Z| g \g, ) T 012 + a-1Z — ¢l 25 \B, )
2 2 2

0
< §||u||L2(]Bl) < 5HU5||L2(IB21)

so §(us) < 6. By application of (4.6) to us, u is harmonic in IB% \ By-k-1, (or IB%% \ {0}
when p = 0).

Our goal is to prove that p = 0. Indeed in this case u is harmonic in B 1 \ {0}, which
implies (by removal of isolated singularities) the harmonicity of u in B 1 as well as the

estimate on [|ur || 2(p,) by classical elliptic regularity.
We proceed by contradiction. Assume that p is positive, so that

_ )
lup = a1z — a—1zll j2m,\5, ) = 7 lllr2q,)-
2

We estimate the non-singular harmonic modes at the radius %:

2
L2(B1\B1)
2

(Sl ) 2 g~z =i

= Qo(ao + log(%)bo, bo)2% + Q1(0,b1)2% + Q_1(0,b_)2*

+ Z Qn(an21_|n|abn21+|n|)
n#0,£1
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Then, at the radius p we can estimate the singular harmonic modes as follows
0 2 9
(Felzan) = lup =iz = aiZlEaga,is,

= Qolao +10g(p)bo, bo)p 2 + Q1(0,b1)p ™ + Q-1(0,b-_1)p " + > Qulanp™ ™, bp "7

n#0,+1

PQ(‘nl Y 2 —2 2 2 2(|n|4+1) (3, |2
S X Bl + {07 (lao + Toglo)bol® + [bol?) + Z b
n;éO:I:l

n#O

5 2 _
S (Flulizen) + (77 (lao +Log()bol? + [toP?) + Z D b,
n;é()
Thus for a sufficiently large k (which we assume) we have

P2 (lao + log(p)bo[* + [bo]?) + Z

n7£0
We recall that v is harmonic in IB%% \ By-k-1,, so for any £ € {0,1,...,k} we have

2
72(\"|+1)|bn\2 e (5HUHL2(1531)> :

2

L2(21\By) = Qo(ao + 10g(2—€p) by, bo)(g—ﬁp) -2 +05(0, b1)<2_gp> -4
+ Q_l(o, b_1

Husz —a1z — a,lz‘

)(2‘£p)74+ 3 Qn(an(ﬂp)'"'_l?bn(2‘€p)_'"‘_1)

n#0,£1

Z (14 €)7222€p*2<|a0 + 10g(p)bo!2 + ’bO‘Q) Z ( )—2(|n|+1)

n760
2 (L+ 07222 lull p2(s,))?

By (4.6) we have |b1p~2| < 2_%62”%”1:2(1531) S 2_2k52||u||L2(B1), so for a sufficiently large

[bn?

k we have
2 -2 -2
HUPHL2(BI\BI) = [Jup — a1z — afl'ZHLZ(Bl\Bl) — a1z + afleLZ(IBl\Bl)
2 2
Slaa| - [bap™?| + laca| - [b-1p7?] S 27262 ||ull72 (g,
and for all £ € {0,1,2,...,k},
2

2
— (|ug—r, — a1z — a,lé‘
LQ(IB%l\IB%%) H P

— a1z + a1z T2 m,0\m
L*(B1\By) (B1\By)
2

HU27€p

2 —lar - (b2 p) 72 = laa] - [p1(270) 2| 2 —02|ul}2 s,
Assuming k is sufficiently large, and reminding that |lul| 2,y S a1z + a-1Z|| 2,5, )

S
2
[[ull12(g,)» We obtain some constants a < 1, a’ 2 1 such that

el w11, < llar= + a1z, ) (1 +a0?)
2 2
and for all £ € {0,1,...,k}:

2
Ju2-20

z|I? / 202052
LZ(Bl\B%) 2 HO/IZ + a:—lZHL2(Bl\B%) (1 +a (1 -+ e) 2 6 )

Since [la1z + a—1Z| 2m,\p,) = M1 we may apply the growth estimate (4.4) to uy¢, for
2
£=0,1,...,k — 1, which gives:

HU2 k

a2\"
LQ(BI\B ) S (1—1- k) HupHLz(]Bl\]B%)'
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k
Using the elementary estimate (1 + %) < 662, we obtain

1+ d'(1+k)~22%6% < 2% (1 + ad?).

For any sufficiently large k € N*, this does not hold for any ¢ € (0,1). Fixing such large
enough value for k, we arrive at a contradiction from the fact that p is positive. This
concludes the proof. O

Proof of Theorem 24. Since u is harmonic in its support, using classical elliptic regularity
in the interior of the support it is sufficient to prove the following: assume u € S, then
el g2,y S 1+ llull 2y
for all » € (0,1). Let
M = Inax(M4, M2(54)), €= 62(54)

Then for every r € (0,1), by Lemmas 30 and 33, one of the three following statements
holds:

either ||up(| 2,y < M or Hu%

@) = (1= €)llurl L2,y or OigErHUsHm(Bl) < Cullurllp2g,)-

Let p € [0, 1] be the smallest radius such that either of the first two conditions holds for all
r € (p,1). When p = 1, we obtain the result using the third condition. Assume now that
p <1l

For all r € (p, 1] we have

s
2

HUTHLQ(]Bl) S+ ”U”LQ(Bl)aVT € (p,1].
When p = 0 this concludes the proof. When p > 0 we then have by the third condition, for
all » < p,

prmyy < AV + (L= Ol 2.

This implies

el ey < Callupll o,y S 1+ Nl 2oy
which conclude the proof. O

4.3. Non-degeneracy for stationary solutions. It is not possible to prove a non-
degeneracy result as strong as in the minimizing case, as is demonstrated by the following
example: Let u(z) = [Im(2%/?)|, then u is a stationary solution of the Bernoulli problem,
r~1u(r-) converges to 0 as 7 — 0, but u does not vanish in any neighborhood of the origin.

Moreover, similarly to the Lipschitz regularity for the vector-valued stationary solutions,
one may also construct counterexamples to non-degeneracy relying on the fact that v does
not satisfy an equation on its support; for any e > 0, let u(z,y) = (¢ — |2|),, then u is a
stationary solution of the Bernoulli problem, ||u|| g1,y + [{u # 0}| is arbitrarily small for
e — 0, and u does not vanish near the origin.

Thus a non-degeneracy result must involve both the support being small and u satisfying
an equation on its support in the sense of (1.13), even in the scalar-valued case. In [KW25b,
Lem. 9.2], such a result is established for their notion of variational solutions, in any
dimension. The proof is based on a blow-up argument, deducing information from the
blow-up through a monotonicity formula. We state the same result in our two-dimensional
case, and give an alternative proof which extends to the vector-valued case and may have
independent interest.

Proposition 34. Let d =2, p € N*, there exists ¢, > 0 such that the following holds. Let
u € H'(B1,RP) be a stationary solution of the Bernoulli problem such that upAu; = 0 for
all k,1 € {1,...,p}, and such that u(0) # 0. Then

[ (192 4 ) = ¢,

We obtain Proposition 34 as a consequence of the following lemmas.
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Lemma 35. There exist Cy,eq > 0 such that the following holds. Let v € H'(B1,RP) be a
stationary solution of the Bernoulli problem that satisfies

/ (|72.] + Xuz0) < €o.
B1
Then
a0} By | < Call Hallimiey) | 1l
1
Proof. We write B : L?(R?) — L?(R?) the operator defined by

= E41iC¢ ~
Bf (€. Q) = —==f(&¢

R
i.e. Bis the inverse of the operator B from Definition 19, which shares the same property
as B stated in Lemma 20 with 0,B|[f] = 0zf instead. Since u is a stationary solution of
the Bernoulli problem, we have

482% - 8qu;szO =0.

We let
v = BM%XBJ — Xu#0,
then 0,¥ = 0 in By, so ¥ is antiholomorphic in B;. We have

19l e)) S [BldAixs,]

Ll,oo(Bl) + ||Xu;ﬁ0||L1,oo(Bl)

Sl L@y + I Xusoll L1,y by Lem. 20

< / (7] + vuro):
B

so by Lemma 21, we have

TI— / (7] + vuro)-
) By

If the right-hand side is sufficiently small, which we assume, then we have [|¥| 1@, ) < %,
2
80 XB, n{uz0} < 2|¥ + X{uz0}|- As a consequence,
2
1 _
[{u # 0} NBy |2 < 20 + xupoll 2, ) = 8| BlAixai]|
3 5 L (B%)
R EA TR by Lemma 20
1 1
< H%HEM(BI)H%HE(BI)-
O

The next lemma is a more classical consequence of the Caccioppoli inequality.

Lemma 36. There exists Cs > 0 such that the following holds. Let u € H'(By, RP) such
that upAu; = 0 for all k,1. Then

/ |Vuy2gc5y{u¢0}masly%/ 2.
B% IB1

Proof. Our assumption implies that for all ¢ € C2°(B;, R), we have

/ PIVul? <4 / Vel luf?
By By

which implies the following Caccioppoli inequality.

1
Vul? < /u2
Lvers o
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for any 0 < s < r < 1. Using the embedding H'(Bs) < L*(B3), we have
4 4

1

2
/\w?g/ \ur%r{u%omw%(/ \ur‘*)
By Bs Bgs

2 4 1

SlHu0pnBil [ (I9uP + fuP)

B3

4
sr{uﬂ}mw%/ uf?.
B1
]

Proof of Proposition 34. Let u be a function that satisfies the hypothesis of Proposition 34,
such that [; (|[Vul® + xuz0) < 1. By Lemma 22, we have

Call Al =w, ) < C)

[N

for some universal C) > 0. We let r, = %4"2 assume that for some k € N, we have

1 T
= Vul? < mi ( )
ek T%/B (| ul +xu¢o> < minf 7, €

Tk
Since [{u # 0} NB,,| < i[B,,|, by the Poincaré inequality we have fBrk lu/r|> <

Cs fi |Vu|? for some constant Cs > 0. Then combining Lemmas 35 and 36, we get
Tk

1
1 1 21
— IVul?> < C5C 2/ Xuz£0 2/ [Vul?
"k JBy, Tk JB,, Tk JB,
2

k
/ Yuzo < C) / Vul?
B By

Tk+1 3Tk

so we obtain eg1q < 16(4 + 0!1)050662/2. We fix

ol st
€ :=min{ = €, 320+ C)C5Co

Then, if fIB%l (|Vul? + Xuz0) < 5, then eg < € and for any k € N, we have

1
(ex <€) = <€k+1 < 2%)-

In particular, by continuity of u at the origin this implies «(0) = 0. This implies the result
with ¢, = 3. O

5. APPLICATIONS TO SHAPE OPTIMIZATION

For the sake of simplicity, we presented our result for energies with constant coefficients
and no lower order perturbation. In this section, we extend Corollary 2 to several shape
optimization problems coming from spectral geometry.

Let d € N*, n,m € N such that n > m. Let @, (resp. @) be a quadratic form on
(RY)®" @ RP (resp. (RY)®™ @ RP). Assume Q,, Q,, both satisfy the Legendre-Hadamard
condition (1.9), and consider for any open set with finite measure 2 C R? the eigenvalue

Jo Qn(V"u)

A[Q: QO] = inf A AL e
1185 Qn/Qnm) weHp (kP {0} Jo @m(V™u)

Write A the set of all open subsets of R? with measure 1.
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Proposition 37. Let Q,,, Q., be defined as above. Then the minimization problem
inf Aq[€2;
fllIelA 1[ ; Qn/QmL

reaches its minimum, and any first eigenfunction u associated to some minimizer belongs
to W (R4 RP). Moreover any minimizer is bounded.

In general the first eigenvalue might not be simple: in this case the proof implies that
the whole eigenspace belongs to W™ (R?, RP).

Proof of Proposition 37. We have the following scaling property, for any {2 with finite area
and any t > O:

Al[tQ; Qn/Qm] = t2(m_n)A1[Q§ Qn/Qm]

We may relax this minimization problem as

S%IelfA Ay [Qa Qn/Qm] = inf Ay [Q, Qn/Qm]

QCR4:|Q|<1

= inf fQ @n(V

QCRA|0|<1 weHp (0.E2)\ (0} Jo @m(V u)

in fQQTl vn w n/md Tp -
> f{fQQm(V’”u)’ € H'(RLE)\ {0) : [{ 7&0}1@}

The existence of a minimizer for this is classical by the concentration-compactness principle
in R? developed in [Lio85] (see [BF17, Th. 3.1] for an adaptation to the first Laplace
eigenvalue, [HMP24, Th. 1] for the first Stokes eigenvalue, and [Ley25, Th. 3] for the
polyharmonic operator). The vanishing of the minimizing sequence does not occur, based
on the following observation: for any such function u € H"(R¢,RP), we may find some
square K = z(u) + [0,1]¢ (for z(u) € Z%) such that

—max(2.¢
o Qu(v"a) | ()
fRd Qm(vmu)

for some constant Cg,, ,, > 0 that is independent of u. This follows by the embedding

H"(z +[0,1]%) — wm2min(27%5) (2 +[0,1]%) for every z € Z.
Consider now u a minimizer for this problem (normalized by [pu Qm(V™u) = 1), and

K N{u # 0} > Cq, 0 (

A= Qn(V"u).

R4
Then by the scaling properties of Aj] - ; Q,/Qm], u is also a minimizer of

Jra @n (V") N 2(n —m)
fRd Qm(V™v)

v e H*(RY,RP)\ {0} — A{v # 0}

In all that follows, we fix

T := min ((Al[ﬁ%’g\"/%) 2(n B ‘[Bgﬂ‘i)

so that in every ball B of radius r € (0,7), for every v € H}'(B), we have

[ @u(v") = 3@ (V7o) = 5 [ Qu(vo) (5.1)

In particular, for any such ball, there exists a unique minimizer to the energy

v € ut HY(B,RP) s /B (On(V™0) = AQu (V™))
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which we denote up. up is not identically zero since |B| < 1 = |{u # 0}| (by the definition
of 7). Taking up as a competitor we obtain

2 —m) A+ [5(Qu(V ) = Qu(V™))
A+ 7”{’& 7& 0}| < 1+ fBBEQm(vmuB) _ Qm(va))

2(n —m)
d

+ AM{up # 0}

d
which simplifies to
[ (@ulT0) = XQu(¥70) = Qu(V"um) + AQun (V")
B
2(n —m
< (14 [ (@u(¥™u) = Qu(v™u) ) 2N 0 fu = o0
B
The left-hand side is estimated as follows:

/B (Qn(V"U) = Qn(V"up) = AQm(V™u) + AQm(vmuB))

= /B(Qn(vn(u —up)) — AQm(V"™(u—up))) by minimality of ug

v

;/BQn(Vn(u—uB)) by eq. (5.1)

IV

A
2Q/ |V (1 — up)|? by eq. (1.9)
B
We obtain
n 2 m m 4(” — 7n)A
V' (u—up)l” < {1+ [ (@m(V™up) = Qum(V"u)) | =———=[B N {u=0}|
B B dXg
Finally, we bound the factor on the right-hand side by
/ (Qm(V™up) — Qm(V™u)) < CQ/ (\Vmuglz + \Vmu\Q) for some Cg > 0
B B
< C’Q/ (2\Vm(u —up)|* + 3|Vmu]2)
B
< CQ/ (20712097 (u = )2 + 3|V uf?)
B

Vnol|?
where A := inf,cyn(m,)\ (0 %. Thus, for sufficiently small radius r € (0,7), we
1

obtain that for some constant C' > 0, for any sufficiently small ball B C R?,

/B V™" (u —up)|* < C|BN{u=0}.

We let ¢ = %, and for any ball B of sufficiently small radius we let ¢p = V\;%B. Then ¢

and the family of functions (¢p)p satisfy the hypothesis (1.7) of Theorem 1. Moreover,
¢ p satisfies the hypothesis (1.8) by interior elliptic regularity.

By application of Theorem 1, we conclude that u € W™ (R? RP). In particular, we may
define the open set 2 = U?;&{Vju # 0}, so that uw € H}(2,RP) (by [AH95, Th. 9.1.3]),
A [Q;Qn/Qm] = A, and Q2 is a minimizer. Finally, boundedness of € is a consequence of
the non-degeneracy.

O

Similarly, we have the existence and optimal regularity for minimizers of the Stokes
eigenvalue. For any € A, consider

2
S1[0) = inf JolVul
weH} 41 (LRI {0} Jo lul?
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the first eigenvalue of the Stokes operator. There is a subtle issue with the definition of
S1[€Q2): we could also define the first eigenvalue of the Stokes operator as

2
S1Q) == inf{w, u € C°(Q,RY\ {0} : div(u) = 0}.
f Q |u|2

However, it is unclear whether S1[2] and S7[€?] coincide. More precisely we clearly have
S1[€Q] < S1[€?], and to obtain the opposite inequality we need to prove that any element
of H&,div(Q,Rd) may be approached by a sequence in H&’div(Q, RY) N C®(Q, RY), which is
not known for a general domain of finite measure. We refer to the recent work [DW24] for
an extensive survey of this issue with several regularity conditions on the boundary that
imply the equality S;[] = S1[Q].

Proposition 38. The minimization problem infqe 4 S1[$2] reaches its minimum. Moreover
any first eigenfunction u associated to some minimizer belongs to WhH>° (R, R?).

It is not known whether an optimal domain is necessarily bounded, due to the absence
of a non-degeneracy property.

The minimization of S was extensively studied in [HMP24], in particular the authors
prove in [HMP24, Th. 1] that a minimizer among quasi-open sets exists, and such a
minimizer is open by [Fra26, Th. 1]. It is then proved that the ball is a local minimizer
(among sufficiently small, smooth perturbations of the ball) in two dimensions, but not in
three dimensions; in fact by [HMP24, Cor. 1], any sufficiently regular boundary component
of a minimizer in R? must be homeomorphic to a torus. We remind that in the drag
minimization studied in [Pir73; Bou74], the boundary has singular points, so it is unclear
whether one can expect the full regularity for minimizers of Sj.

Proof of Proposition 38. As previously, we relax the problem into

fRd [Vaul?
fRd ]uP ’

The existence of a minimizer u for the right-hand side is proved in [HMP24, Th. 1] by
concentration-compactness methods. We assume [p, [u|? =1 and let A =[5, [Vul?. Asin
the proof of Proposition 37, we consider for any sufficiently small ball B the minimizer of

inf $1[0] > inf{ w e Hy (RLRY\ {0} 1 [{u #0}] < 1}

v € u+ H} 4io(B,RY) / (Vo = Af?),
B

that we denote up. Considering up as a competitor, we obtain (as previously) that,
provided the radius of B is sufficiently small,

/B V(u—up)]® < C|BO {u=0}.

for some constant C' > 0. Theorem 1 then applies to some scalar factor of Vu, (Vug)pcs,;
we obtain that v € WL (R? R?). We conclude by letting Q = {u # 0}, which is an open
set such that v € H}(Q,R%), so A = $1[Q] and € is a minimizer. O

We now give some case of applications for the Lipschitz regularity of inner variation
solutions, to several questions of spectral geometry and overdetermined problems.

Proposition 39. Assume d =2. Let u € H'(B1,R), f € CE.(R,R) for some a € (0,1),
such that f ou € LP(By) for some p € (1,+0o0). Assume that for any € € C2°(By,R?) we

have .
a 0 /1531 (|V(u o ft)’2 — f(’u, o ét) + Xuoﬁt;éo) =0

where & = id + t€. Then u € WL°(By, R).

)
ocC

This applies to the following cases:
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e For any open set Q C R? with finite measure, denote wq € H{ () the solution of
—Awg =1 1in Q.

Write T[Q] = [, [Vwq|* the torsional rigidity of ), and assume that for any
¢ € C°(R%, R?), we have

- (T((id + €)()] - el(id + &) ()]) = 0. (5.2)

t=0

for some constant ¢ > 0. Then wg € WH*°(,R) and Q is bounded. Indeed the
first conclusion is a consequence of Proposition 39 with f(u) := 2u, and the second
conclusion is a consequence of Proposition 34, which extends naturally to this case.
This problem is related to Serrin’s theorem stating that any sufficiently smooth
bounded domain € such that |Vwgq| is constant on 02, must be some disjoint
union of balls. This result was recently generalized in [FZ25] for bounded, finite
perimeter, indecomposable domains 2 satisfying the distributional condition

—Awg = 1g — cH|0* Q. (5.3)
for some ¢ > 0, and the (one-sided) Ahlfors regularity condition for some A > 0:
AN O*QNB,,) < Ar for #'-ae. 2z € 0*Q, r € (0,1). (5.4)

On the contrary, in [Zha26, Th. 1.2] it was proved that there exist bounded, finite
perimeter, indecomposable, open sets £ C R? that satisfy the condition (5.3), which
are not balls. Using Proposition 39, any finite perimeter, indecomposable domain
Q) C R? satisfying both (5.3) and (5.2) is automatically bounded and satisfies the
condition (5.4) (as may be observed by testing (5.3) against some ¢ € C°(B, 2., R)
such that ¢lg_, =1 and |Ve| < 77!, and using the Lipschitz bound on wg), thus
 must be a ball by [FZ25, Th. 1.3]. This proves that the counterexamples built
in [Zha26, Th. 1.2] are in fact not critical points of the torsional rigidity 7°(2).

e For any open set 3 C R? with finite measure, denote (A\;[€2])x>1 the non-decreasing
sequence of eigenvalues of —A in ) with Dirichlet boundary conditions on 9.
Assume that for some k£ € N*, \;[Q?] is a simple eigenvalue and for any ¢ €
C°(R?,R?), we have

d

dt

(Mellid + &) (@)] - (id +1€)()]) = 0.

t=0

Then ur € WH°(R2 R) and € is bounded. Indeed the first conclusion is a
consequence of Proposition 39 with f(u) := A\x[Q]u?, and the second conclusion is
a consequence of Proposition 34.

Proof of Proposition 39. Following the computations of Lemma 18, this is equivalent to
the weak equation:

4057 + 0:(f (u) + Xu=0) = 0
in By. Thus the function
A7, + BI(f (1) + Xu=0) X, ]
is harmonic in B;. Since f(u) € LP(B1) and ||B|rr(m2)—rrre) is finite (see for in-
stance [AIM09, Th. 4.5.3]), then 7, € LP(B;,C), so u € le%(IB%l,R). By our hypothesis
on f we have f(u) € ¢\ "7)° (B, R). By the boundedness nof B on ¢(1~$)¥(R2) (which is

a consequence of class?gal Calderén—Zygmund theory, see also [AIMO09, Th. 4.7.1]), this
implies that B[f(u)xs,] belongs to LS. (By).
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Let now
D := 45, + B[ f (u) X8, ] XB, N {uz0}
and for any B, , C By, let

®p, , =+ B|xa.,nfu=0}| + BU ()xB,IXEnfu=0}

&g, , is harmonic in B, by Lemma 20, so ®p, , satisfies the hypothesis (1.8) for some
universal constant K > 0. Moreover, assuming that B, . C B, for some p € (0,1), we have

2
L9, = 0P s [ (|B[xe.. o] + o, no B0

zZ,7

S (14 IBLf (w)x8, )7 z,) ) Bar 0 {u = 0}

Thus the hypothesis (1.7) is satisfied by ® in B, up to some scalar factor depending on p.
Thus by application of Theorem 1, we obtain ® € L® (B;). Since B[f(u)xs,] € Lis.(B1),
we conclude

476, = ® — B[f(u)XIBl]X]B1ﬂ{u7éO} € L?(?C(Bl)'
Since |Vu|? = 4|57, this concludes the proof. O
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