
DYNAMICAL STABILITY FOR THE PERIODIC MODIFIED

MULLINS-SEKERKA FLOW

DANIELE DE GENNARO AND ANNA KUBIN

Abstract. We prove dynamical stability in arbitrary dimension for the modified Mullins–
Sekerka flow, the gradient flow of the sharp-interface Ohta–Kawasaki energy on the flat torus.
Specifically, we show that if an initial set has the same volume as a strictly stable critical
set for the energy and is sufficiently close to it in C3,α, then the flow exists for all times
and converges exponentially fast, in every Ck norm, to a translate of that critical set. The
proof relies on a quantitative Alexandrov-type estimate for strictly stable critical sets of the
energy.

1. Introduction

The Ohta–Kawasaki energy was introduced in [28] to describe microphase separation in
diblock copolymer melts. Given a set E ⊂ TN , the sharp-interface Ohta–Kawasaki energy is
defined as

(1.1) J (E) := P (E) + γ

ˆ
TN

ˆ
TN

G(x, y)
(
uE(x)−m

)(
uE(y)−m

)
dx dy,

where γ ≥ 0, uE := 2χE − 1, m =
ffl
TN uE and G denotes the Green function of the Laplacian

in TN . The two terms in (1.1) model competing effects: the perimeter penalizes the creation
of interfaces, while the nonlocal term accounts for long-range repulsive interactions. Their
competition gives rise to the formation of nontrivial periodic patterns. Critical points and lo-
cal minimizers of the Ohta–Kawasaki functional have been extensively studied. In particular,
explicit equilibria and their stability properties were analyzed in [29, 30], the relation between
strict stability and local minimality was studied in [8, 2], and periodic locally minimizing crit-
ical points were constructed in [9]. We also refer to [3, 7, 14] for results on the structure and
distribution of minimizers in the small-volume and droplet regimes. We emphasize, however,
that there is still no characterization of critical points under general assumptions.

A natural evolution associated with (1.1) is the modified Mullins–Sekerka flow, also known
as the nonlocal Mullins–Sekerka flow. More precisely, a smooth family of sets (Et)t≥0 is said
to evolve by the modified Mullins–Sekerka flow if

(1.2)


Vt = [∂νtwt] on ∂Et,

∆wt = 0 in TN \ ∂Et,

wt = HEt + 4γvEt on ∂Et,

−∆vEt = uEt −m in TN ,

with vE having zero average. Here Vt denotes the outer normal velocity of ∂Et and [∂νtwt]
the jump of the normal derivative across the interface. When γ = 0, system (1.2) reduces
to the classical Mullins–Sekerka flow [25]. This flow arises as the sharp-interface limit of the
evolution associated with the diffuse Ohta–Kawasaki energy. The derivation of this flow as a
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sharp-interface limit of the Ohta–Kawasaki phase-field equation via a singular perturbation
argument was first established in [27], and the rigorous convergence of the phase-field model
to the sharp-interface evolution was proved in [23]. Short-time well-posedness for the classical
Mullins–Sekerka problem was established in [6, 17], while the corresponding modified problem
was treated in [13].

Like the classical Mullins–Sekerka flow, system (1.2) preserves the volume of the evolving
sets and dissipates the energy J . More precisely, every smooth solution of (1.2) satisfies

(1.3)
d

dt
|Et| = 0,

d

dt
J (Et) = −

ˆ
TN

|∇wt|2 dx.

Moreover, this system can be interpreted as the gradient flow of J with respect to a suitable
metric on the space of interfaces. This gradient-flow interpretation has been developed in the
smooth setting in [26, 23] and, more recently, at the level of weak solutions in [16].

In view of this gradient-flow structure, it is natural to expect that static stability of a critical
point should imply dynamical stability. This question was addressed in [1] in dimensions two
and three. More precisely, the authors proved that a solution of the modified Mullins–Sekerka
flow starting sufficiently close to a strictly stable critical set exists for all time and converges
exponentially fast, in a suitable Sobolev norm, to a translate of the reference set. Their
argument is variational and is based on differentiating the dissipation (1.3), exploiting the
positivity of the second variation and controlling the nonlinear remainder terms. We also
refer to [12] for a detailed account of this result.

The arguments of [1], however, rely on interpolation estimates depending crucially on the
dimension. A different approach was introduced in [11] for the discrete volume-preserving
mean curvature flow on the flat torus, extending the ideas developed in [24] in the Euclidean
setting. This approach was subsequently employed in [10] to prove, in arbitrary dimension,
the dynamical stability of strictly stable sets for both the volume-preserving mean curvature
flow and the surface diffusion flow. The key ingredient in these results is a quantitative
Alexandrov-type estimate.

Quantitative versions of Alexandrov’s theorem were first obtained in [22, 20, 24]. These
results play an important role in the analysis of geometric evolutions, as they provide the cor-
rect estimates to show compactness for curvature-driven gradient flows, including the mean
curvature flow, surface diffusion flow and Mullins–Sekerka flow. In the context of weak solu-
tions to geometric flows, such estimates, coupled with a characterization of the critical points
of the energy, can be used to prove the asymptotic convergence of weak solutions towards
critical points under low regularity of the initial data. For more recent results regarding
Alexandrov-type estimates, we refer to [19, 18, 21, 5].

The purpose of the present paper is to develop this strategy for the modified Mullins–
Sekerka flow. In particular, we prove the stability of the flow in arbitrary dimension, thereby
removing the dimensional restriction in [1]. Moreover, our result yields exponential conver-
gence to a translate of the reference set in every Ck-norm, whereas the result of [1] establishes
convergence only in a suitable Sobolev norm. Our main result is the following.

Theorem 1.1. Let E ⊂ TN be a strictly stable critical set for J , and let α ∈ (0, 1). There
exist δ > 0 and constants c > 0, Ck > 0, k ∈ N, with the following property.

If E0 ⊂ TN is a C3,α-set satisfying

|E0| = |E|, distC3,α(E0, E) ≤ δ,
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then the modified Mullins–Sekerka flow starting from E0 admits a unique smooth solution
(Et)t≥0 for all positive times. Moreover, there exists σ∞ ∈ TN such that

distCk(Et, E + σ∞) ≤ Cke
−ct, for all k ∈ N, t ≥ 1.

We now outline the main steps of the proof. We first prove a local quantitative Alexandrov
estimate for the Ohta–Kawasaki energy. More precisely, let E be a strictly stable critical set
and suppose that F can be represented as a normal graph over E with height function f
sufficiently small. We show the following inequality

(1.4) ∥f∥H1(∂E) ≤ C
∥∥HF + 4γvF −HF + 4γvF

∥∥
L2(∂F )

.

In particular, if (Et)t∈[0,T ∗) denotes the modified Mullins–Sekerka flow starting from an initial
set E0 sufficiently close to E, then this estimate, combined with the dissipation identity (1.3),
yields exponential decay of the energy gap J (Et)− J (E) up to the extinction time T ∗.

The proof of (1.4) follows the strategy of [11]. We compare two expansions of the first vari-
ation of J around the reference set E and then exploit the coercivity of the second variation
δ2J (E). A related approach has recently been developed in [4] for the fractional perime-
ter energy, where the authors additionally require to prove a uniform coercivity estimate for
δ2J (F ) holding for sets F in a neighborhood of the stable set E.

Finally, we prove that the extinction time is infinite and that the flow converges to a
translate of E in every Ck-norm, for all k ∈ N. For this purpose, we establish short-time
regularity estimates that are uniform for initial data with bounded C3,α-norm. This is done
combining the approaches of [13] and [6]. After a suitable change of unknown that transforms
the moving-boundary problem into a problem on a fixed domain, the nonlocal contribution
appears as a lower-order inhomogeneous term in the elliptic problem associated with the
Mullins–Sekerka system. The results of [6] can thus be adapted to obtain a uniform lower
bound for the existence time, together with parabolic Schauder estimates. The crucial point
is that the estimates depend only on an upper bound for the C3,α-norm of the initial graph.

These estimates together with the exponential decay of the energy allows us to restart
the flow on successive intervals of uniform length and thereby obtain global existence. The
energy decay, combined with interpolation, then yields the exponential convergence in ev-
ery Ck-norm, up to translations. Finally, we can show that also the translations converge
exponentially fast, yielding the convergence of the whole flow to a single translate of E.

2. Preliminaries

In this section we collect some preliminary results used throughout the paper.
We consider the sharp-interface Ohta–Kawasaki energy

(2.1) J (E) := P (E) + F (E) := P (E) + γ

ˆ
TN

ˆ
TN

G(x, y)(uE(x)−m)(uE(y)−m) dx dy,

where uE = χE − χEc = 2χE − 1 and m =
ffl
TN uE . We recall that G is the Green’s function

of the Laplacian in the flat torus, i.e., for every x ∈ TN , it is the unique solution to

(2.2)

{
−∆yG(x, y) = δx(y)− 1, y ∈ TN´
TN G(x, y) dy = 0, y ∈ TN .

Note that G(x, y) = G(y, x). Indeed, by integration by parts, 0 =
´
G(x, ·)∆G(y, ·) −

G(y, ·)∆G(x, ·) = G(x, y) − G(y, x). Moreover, the translation invariance of the Laplacian
implies that G(x, y) = G(x− y, 0).
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The potential G admits the decomposition

G(x, y) = h(x− y) + r(x− y),

where h satisfies h(ρ) = CNρ2−N for N ≥ 3 and h(ρ) = − log(|ρ|)/2π for N = 2 in a
neighborhood of zero, while r is smooth and one-periodic. This can be proved by looking for
a solution to (2.2) of the form ηh + r, where η is a periodic cut-off function with compact
support. In particular, h satisfies the following Hölder estimate

(2.3) |h(ρ1)− h(ρ2)| ≤ Cmax
{ 1

|ρ1|N−2+β
,

1

|ρ2|N−2+β

}
|ρ1 − ρ2|β

for every ρ1, ρ2 ∈ TN \ {0}, where C is a positive constant independent of ρ1 and ρ2.
We define

(2.4) vE(x) :=

ˆ
TN

G(x, y)(uE(y)−m) dy,

which satisfies

−∆vE = uE −m in TN ,

ˆ
TN

vE dx = 0.

Observe that, since G has zero mean, we have vE(x) = 2
´
E G(x, y) dy and

J (E) = P (E) + 4γ

ˆ
E

ˆ
E
G(x, y) dx dy.

We recall the following estimates.

Lemma 2.1. Let E ⊂ TN be a C2 set. Then, it holds

(2.5) sup
x∈∂E

ˆ
∂E

|G(x, y)|dHN−1
y < +∞, ∥vE∥C1,β(∂E) < +∞ for all β ∈ (0, 1).

The first bound can be shown using the integrability of G over ∂E, the second one follows
from elliptic regularity estimates since uE −m ∈ L∞(TN ).

2.1. Stable sets. We recall the expressions for the first and second variations of J and the
notion of stable sets used in the rest of the paper.

Let E ⊂ TN be a set of class C2 and X : TN → RN be a vector field of class C2. Consider
the associated flow Φ : TN × (−1, 1) → TN defined by ∂Φ

∂t = X(Φ), Φ(·, 0) = Id. We define
the first and second variation of J at E with respect to Φ, respectively, by

δJ (E)[X] :=
d

dt

∣∣∣
t=0

J (E(t)), δ2J (E)[X] :=
d2

dt2

∣∣∣
t=0

J (E(t)),

where E(t) = Φ(·, t)(E). Given a set E of class C2, we use the notation νE , HE , BE to denote
the outer normal, scalar mean curvature and second fundamental form of E, respectively.
Also, given a vector field X : TN → RN we denote by Xτ its tangential component along ∂E,
defined as X − (X · νE)νE . Similarly, divτ denotes the tangential divergence on ∂E.

Given a function φ ∈ C2
c (TN ) we will use the notation

δJ (E)[φ] := δJ (E)[φνE ],

where νE denotes an extension of νE to a neighborhood of ∂E.
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Theorem 2.2. [2, Theorem 3.1] If E and X are as above, we have

(2.6) δJ (E)[X] =

ˆ
∂∗E

(HE + 4γvE)νE ·X dHN−1,

and

δ2J (E)[X] =

ˆ
∂E

(
|Dτ (X · νE)|2 − |BE |2(X · νE)2

)
dHN−1

+ 8γ

ˆ
∂E

ˆ
∂E

G(x, y)(X · νE)(x)(X · νE)(y) dHN−1(x) dHN−1(y)

+ 4γ

ˆ
∂E

∂νEvE(X · νE)2 dHN−1 −
ˆ
∂E

(4γvE +HE)divτ (Xτ (X · νE)) dHN−1

+

ˆ
∂E

(4γvE +HE)(divX)(X · νE) dHN−1.

Definition 2.3. Let E be a set of class C1. Given a measurable function f : ∂E → R such
that ∥f∥L∞(∂E) is sufficiently small, we set

(2.7) ∂Ef := {x+ f(x)νE(x) : x ∈ ∂E},

and we call Ef the normal deformation of E with height function f .

We recall that, due to the translation invariance of the functional J , the second variation
degenerates along flows of the form Φ(x, t) = x + tη, where η ∈ RN . In view of this, it is

convenient to introduce the subspace T (∂E) of H̃1(∂E) :=
{
φ ∈ H1(∂E) :

´
∂E φdHN−1 = 0

}
generated by the functions νi = ν · ei for i = 1, . . . , N . Its L2-orthogonal subspace will be
denoted by T⊥(∂E) and is given by

T⊥(∂E) =
{
φ ∈ H̃1(∂E) :

ˆ
∂E

φνi dHN−1 = 0, i = 1, . . . , N
}
.

We are now in a position to define the class of sets to which our main result applies.

Definition 2.4. We say that a smooth set E ⊂ TN is a stable set (for the energy J ) if it is
a critical set for J , i.e.,

δJ (E)[φ] = 0, ∀φ ∈ H̃1(∂E),

and has strictly positive second variation, i.e.,

δ2J (E)[φ] > 0, ∀φ ∈ T⊥(∂E) \ {0}.

We observe that, if E is a stable set and we consider volume-preserving variations, then
the second variation of J at E reduces to (see [2])

δ2J (E)[X] =

ˆ
∂E

(
|Dτ (X · νE)|2 − |BE |2(X · νE)2

)
dHN−1

+ 8γ

ˆ
∂E

ˆ
∂E

G(x, y)(X · νE)(x)(X · νE)(y) dHN−1(x) dHN−1(y)

+ 4γ

ˆ
∂E

∂νvE(X · νE)2 dHN−1.

We recall the following coercivity estimate.
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Lemma 2.5. [2, Lemma 3.6] Assume that E is a stable set for J . Then there exists m0 > 0
such that

δ2J (E)[φ] ≥ m0∥φ∥2H1(∂E) for all φ ∈ T⊥(∂E).

As a corollary, we deduce a coercivity estimate for functions which are approximately
orthogonal to T (∂E). The proof follows the same argument as that of [11, Lemma 2.9]. It
is based on the continuity in H1(∂E)×H1(∂E) of the bilinear form associated with δ2J (E)
and it is thus omitted.

Lemma 2.6. Assume that E is a stable set for J . Then, there exist δ, C > 0 such that if
φ ∈ H1(∂E) ∩ C1(∂E) satisfies ∥φ∥C1(∂E) ≤ δ and∣∣∣ˆ

∂E
φdHN−1

∣∣∣+ ∣∣∣ˆ
∂E

φνE dHN−1
∣∣∣ ≤ δ∥φ∥L2(∂E),

then it holds

(2.8) δ2J (E)[φ] ≥ m0

2
∥φ∥2H1(∂E),

where m0 is defined in Lemma 2.5.

3. Quantitative Alexandrov Theorem

The aim of this section is to prove the following stability estimate.

Theorem 3.1. Let E ⊂ TN be a stable set. There exist δ∗ ∈ (0, 1/2) and C > 0, depending
only on E, with the following property: for any f ∈ C1(∂E)∩H2(∂E) such that ∥f∥C1(∂E) ≤ δ∗

and satisfying

(3.1)

∣∣∣∣ˆ
∂E

f dHN−1

∣∣∣∣ ≤ δ∗∥f∥L2(∂E),

∣∣∣∣ˆ
∂E

fνE dHN−1

∣∣∣∣ ≤ δ∗∥f∥L2(∂E),

we have

(3.2) ∥f∥H1(∂E) ≤ C∥HEf
(·+ f(·)νE(·))− H̃Ef

+ 4γ(vEf
(·+ f(·)νE(·))− ṽEf

)∥L2(∂E),

where we have set

H̃Ef
:=

 
∂E

HEf
(x+ f(x)νE(x)) dHN−1(x), ṽEf

:=

 
∂E

vEf
(x+ f(x)νE(x)) dHN−1(x).

Remark 3.2. We remark that the conditions (3.1) are related to geometric conditions sat-
isfied by the set Ef . The first assumption is simply the first order condition ensuring that
|E| = |Ef |. In some special geometries, the second condition is satisfied if Ef has the same
barycenter as E. We refer to [11] for further details.

Proof. For ease of notation, we will often omit the integration measure when it is clear from
context.

As a first step we develop the first variation of the energy J = P + γF . We note that the
perimeter term can be treated as in the proof of [11, Theorem 1.3], hence we only focus on
the nonlocal term. Moreover, without loss of generality, we can assume that the right-hand
side of (3.2) is less than or equal to one, otherwise the estimate is trivial.

Consider the map (x, s) 7→ x+sνE(x) defined in a tubular neighborhood of ∂E and denote
by J(x, s) its Jacobian. Recall the Taylor expansion J(x, s) = 1 +HE(x)s+ O(s2). We also
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consider Φf (x) := x + f(x)νE(x) for x ∈ ∂E and let φ ∈ H1(∂E). By the first variation
formula (2.6) and the area formula, we have

δF (Ef )[φ] =
d

dε

∣∣∣
ε=0

F (Ef+εφ) = 4γ

ˆ
∂E

vEf
(Φf (x))φ(x)J(x, f(x)) dHN−1

x .

We now expand the difference vEf
◦Φf −vE . Recalling that vE(x) = 2

´
E G(x, y) dy and using

the normal parametrization coordinates, we infer

(3.3) vEf
(Φf (x)) = vE(Φf (x)) + 2

ˆ
∂E

ˆ f(y)

0
G(Φf (x), y + sνE(y))J(y, s) ds dHN−1

y .

Since vE ∈ C1,β(TN ), we deduce

vE ◦ Φf − vE = ∂νEvE f +O(|f |1+β).

We next consider the second term in (3.3). Using the decomposition G = h+r and the Hölder
estimate (2.3), for |s| ≤ |f(y)| we have

∣∣h(Φf (x)− y − sνE(y)
)
− h(x− y)

∣∣ ≤ C
|Φf (x)− x− sνE(y)|β

|x− y|N−2+β
≤ C

∥f∥β
C0(∂E)

|x− y|N−2+β
,

where the denominators in (2.3) are estimated using that the projection is Lipschitz in a fixed
tubular neighborhood of ∂E

|x− y| ≤ C |Φf (x)− y − sνE(y)| .

Moreover, r satisfies the above estimate with ∥f∥C0(∂E) in place of ∥f∥β
C0(∂E)

as it is smooth.

Since N − 2 + β < N − 1, the kernel |x − y|−(N−2+β) is integrable on ∂E, uniformly with
respect to x. Therefore, using Cauchy-Schwartz, we deduce∣∣∣ˆ

∂E

ˆ
∂E

ˆ f(y)

0

(
G(Φf (x), y + sνE(y))−G(x, y)

)
J(y, s)φ(x) ds dHN−1

y dHN−1
x

∣∣∣
≤ C∥f∥β

C0(∂E)

ˆ
∂E

ˆ
∂E

(|f(y)|+O(|f(y)|2))|φ(x)|
|x− y|N−2+β

dHN−1
y dHN−1

x

≤ C∥f∥β
C0(∂E)

(ˆ
∂E

ˆ
∂E

|f(y)|2

|x− y|N−2+β

) 1
2
(ˆ

∂E

ˆ
∂E

|φ(x)|2

|x− y|N−2+β

) 1
2

≤ C∥f∥β
C0(∂E)

∥f∥L2(∂E)∥φ∥L2(∂E).

Finally, using the Taylor expansion J(·, f) = 1 +HEf +O(f2), we get

4γ

ˆ
∂E

(
vEf

◦ Φf − vE
)
φ(1 +HEf) dHN−1

= 4γ

ˆ
∂E

∂νEvE fφdHN−1 + 8γ

ˆ
∂E

ˆ
∂E

G(x, y)f(y)φ(x) dHN−1
y dHN−1

x(3.4)

+O
(
∥f∥β

C0(∂E)
∥f∥L2(∂E)∥φ∥L2(∂E)

)
.

Let us introduce the notation Rf (φ) for all error terms satisfying

|Rf (φ)| ≤ C(δ∗)β∥f∥L2(∂E)∥φ∥L2(∂E).
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Coupling (3.4) together with [11, equation (3.13)], we obtain

ˆ
∂E

(HEf
◦ Φf −HE + 4γ(vEf

◦ Φf − vE))φ(1 +HEf +R)

=

ˆ
∂E

(∇f · ∇φ− |BE |2fφ) + 8γ

ˆ
∂E

ˆ
∂E

G(x, y)f(y)φ(x) + 4γ

ˆ
∂E

∂νvEfφ

+

ˆ
∂E

h · ∇φ+O(|∇f |2)φ+Rf (φ),

(3.5)

where, using the notation of [11], R = O(f2) + O(|∇f |2) and |h| ≤ C(|f | + |∇f |2)|∇f |.
Choosing φ = 1 in (3.5) yields

ˆ
∂E

(HEf
◦ Φf −HE + 4γ(vEf

◦ Φf − vE))(1 +HEf +R) = Rf (1) +

ˆ
∂E

O(|f |) +O(|∇f |2).

Since E is a critical set for J , HE + 4γvE is constant on ∂E, hence

|(H̃Ef
−HE) + 4γ(ṽEf

− vE)|

≤
∣∣∣∣ ((HEf

◦ Φf − H̃Ef
) + 4γ(vEf

◦ Φf − ṽEf
))(HEf +R)

∣∣∣∣
+

∣∣∣∣ ((H̃Ef
−HE) + 4γ(ṽEf

− vE))(HEf +R)

∣∣∣∣+Rf (1) +

ˆ
∂E

O(|f |) +O(|∇f |2)

≤ Cδ∗∥(HEf
◦ Φf − H̃Ef

) + 4γ(vEf
◦ Φf − ṽEf

)∥L2(∂E)

+ Cδ∗|(H̃Ef
−HE) + 4γ(ṽEf

− vE)|+ C∥f∥H1(∂E),

(3.6)

where we used Hölder’s inequality, and C > 0 denotes a constant only depending on E. In
particular, the previous inequality entails

|(H̃Ef
−HE)+4γ(ṽEf

−vE)| ≤ Cδ∗∥(HEf
◦Φf−H̃Ef

)+4γ(vEf
◦Φf−ṽEf

)∥L2(∂E)+C∥f∥H1(∂E).

Testing now (3.5) with φ = f , and using Hölder’s and Young’s inequalities together with the
above estimate, we get for every η > 0
ˆ
∂E

(|∇f |2 − |BE |2f2) + 8γ

ˆ
∂E

ˆ
∂E

G(x, y)f(x)f(y) + 4γ

ˆ
∂E

∂νvEf
2

=

ˆ
∂E

((HEf
◦ Φf −HE) + 4γ(vEf

◦ Φf − vE))f(1 +HEf +R) + C(δ∗)β∥f∥2H1(∂E)

≤ C∥(HEf
◦ Φf − H̃Ef

) + 4γ(vEf
◦ Φf − ṽEf

)∥L2(∂E)∥f∥L2(∂E) + C(δ∗)β∥f∥2H1(∂E)

+ |(H̃Ef
−HE) + 4γ(ṽEf

− vE)|
∣∣∣ˆ

∂E
f(1 +HEf +R)

∣∣∣
≤ 1

η
C2∥(HEf

◦ Φf − H̃Ef
) + 4γ(vEf

◦ Φf − ṽEf
)∥2L2(∂E) + η∥f∥2H1(∂E) + C(δ∗)β∥f∥2H1(∂E),

where in the last inequality we also used the first assumption in (3.1). The conclusion follows
by taking δ∗, η sufficiently small and using Lemma 2.6.

□
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4. Dynamical Stability

In this section we employ the stability estimate of Theorem 3.1 to prove the dynamical
stability of stable sets under the modified Mullins-Sekerka flow.

We start by recalling that a smooth family of sets (E(t))t ⊂ TN with E(0) = E0 ⊂ TN ,
defined on some (maximal) time interval (0, T ∗), is a solution of the modified Mullins-Sekerka
flow starting from E0 if it satisfies

(4.1)


V (x, t) = [∂νE(t)

w(x, t)] x ∈ ∂E(t), t ∈ (0, T ∗),

∆w(x, t) = 0 x ∈ TN \ ∂E(t), t ∈ (0, T ∗),

w(x, t) = HE(t)(x) + 4γv(x, t) x ∈ ∂E(t), t ∈ (0, T ∗),

−∆v(x, t) = uE(t)(x)−
ffl
TN uE(t)(y) dy , x ∈ TN , t ∈ (0, T ∗),

with initial condition E(0) = E0, where both w and v are subject to periodic boundary
conditions and v has zero average. We recall that V stands for the outer normal velocity
of the moving boundary ∂E, uE(t) := 2χE(t) − 1 and [∂νE(t)

w(·, t)] denotes the jump of the

normal derivative of w(·, t) at ∂E(t), i.e., [∂νE(t)
w(·, t)] := ∂νE(t)

w(·, t)+ − ∂νE(t)
w(·, t)−, with

w(·, t)+ and w(·, t)− denoting the restrictions of w(·, t) to TN \ E(t) and E(t), respectively.

4.1. The nonlocal term is a perturbation. In this section, we combine the results of [13]
and [6] to obtain existence and Schauder estimates for solutions to (4.1) starting from a
sufficiently smooth set.

Let E ⊂ TN be a fixed smooth reference set, and set Γ := ∂E, Ω− := E and Ω+ := TN \E.
Let ν denote the outer unit normal to E. For a height function h : Γ× [0, T ] → R, sufficiently
small in C1, we set

Φh(p, t) := p+ h(p, t)ν(p), Γh(t) := {p+ h(p, t)ν(p) : p ∈ Γ}.
We denote by Eh the set enclosed by Γh, and write Ω−

h := Eh and Ω+
h := TN \ Eh. We

consider the modified Mullins–Sekerka system

(4.2)



Vh = [∂νhwh] on Γh,

∆wh = 0 in TN \ Γh,

wh = HΓh
+ 4γvh on Γh,

−∆vh = uEh
−mh in TN ,´

TN vh = 0,

where uEh
:= 2χEh

− 1 and mh :=
ffl
TN uEh

.
Define zh := wh−4γvh. Since ∆wh = 0 and ∆vh = −uEh

+mh, we have ∆zh = 4γ(uEh
−mh)

in TN \ Γh and zh = HΓh
on Γh. Moreover, since uEh

− mh ∈ L∞(TN ), elliptic regularity
yields vh ∈ W 2,p(TN ) for every 1 ≤ p < ∞ and thus vh ∈ C1,β(TN ) for every β ∈ (0, 1). In
particular, we have [∂νhvh] = 0 on Γh and [∂νhzh] = [∂νhwh]. Thus (4.2) is equivalent to

(4.3)


Vh = [∂νhzh] on Γh,

∆zh = 4γ(uEh
−mh) in TN \ Γh,

zh = HΓh
on Γh.

Following [6, Section 2], we apply the Hanzawa transformation [15] to rewrite (4.3) on
the fixed domains Ω±. Let d be the signed distance from Γ, and let π be the nearest-point
projection onto Γ. Choose ρ > 0 such that the level sets of d are as regular as Γ in the tubular
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neighborhood {|d| < 2ρ}, and choose ζ ∈ C∞
c ((−2, 2)) a standard cutoff function with ζ ≡ 1

on (−1, 1) and 0 ≤ ζ ≤ 1. We define the Hanzawa transform Xh : TN × [0, T ] → TN by

Xh(x, t) := x+ ζ
(d(x)

ρ

)
h(π(x), t)ν(π(x)) if |d(x)| < 2ρ,

Xh(x, t) := x if |d(x)| ≥ 2ρ.

If supt∈[0,T ] ∥h(·, t)∥C1(Γ) is sufficiently small, Xh(·, t) is a diffeomorphism on TN , uniformly

in t, and it satisfies Xh(Γ, t) = Γh(t) and Xh(Ω
±, t) = Ω±

h (t).
Let

Yh := X−1
h , Zh(y, t) := zh(Xh(y, t), t).

Since Xh maps the fixed domains Ω± onto the corresponding moving sets Ω±
h , it holds

(4.4) uEh
(Xh(y, t)) = uE(y).

Define the transformed elliptic operator (see [6] for details)

LhZh := (∆x(Zh ◦ Yh)) ◦Xh = aijh DijZh + bihDiZh,

where aijh =
(
∇xY

i
h · ∇xY

j
h

)
◦ Xh and bih = (∆xY

i
h) ◦ Xh. Thus, for h(·, t) ∈ C3,α(Γ) in a

sufficiently small C1-neighborhood of the origin, Lh is uniformly elliptic and its coefficients
depend smoothly on h. Under the previous change of unknowns, system (4.3) transforms into

(4.5)


LhZh = 4γ(uE −mh) in Ω±,

Zh = HΓh
◦ Φh on Γ,

Vh ◦ Φh = [∂νhZh] ◦ Φh on Γ.

Note that the right-hand side of the first equation in (4.5) is constant in each of the two
domains

4γ(uE −mh) =

{
4γ(1−mh) in Ω−,

4γ(−1−mh) in Ω+.

Moreover, the normal velocity Vh can be related to the time-derivative of the height function
h as follows

Vh ◦ Φh = ∂th(ν · (νh ◦ Φh)).

For ∥h∥C1 sufficiently small, the term ν · (νh ◦ Φh) in non-zero. Hence, the third equation
in (4.5) can be rewritten as

∂th = (ν · (νh ◦ Φh))
−1[∂νh(Z ◦ Yh)] ◦ Φh.

After localization via a cut-off function η and flattening near a point of Γ, the operator Lh

can be written as a perturbation of the Laplacian. For a localized unknown U = ηZh, one
can write

∆U = divF1,h + F2,h

in the fixed half-spaces, for some suitable functions F1,h and F2,h. For more details on the lo-
calization and freezing of the coefficients we refer to the proof of [6, Lemma 4.2]. In particular,
F2,h consists of coefficients and cutoff errors together, as well as the additional Ohta–Kawasaki
term

FOK
2,h := 4γη(uE −mh).

To check that this additional term can be treated with the fixed point argument of [6], it is
enough to verify that FOK

2,h satisfies the required estimates in the parabolic Hölder spaces.
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Specifically, we refer to Lemma 3.4 and Section 5 in [6]. Since mh = 2|Eh| − 1, the map
h 7→ mh is smooth in a sufficiently small C0-neighborhood of the origin. Consequently, on
every bounded subset of Cα/3([0, T ];C0(Γ)), we have

∥mh∥Cα/3([0,T ]) ≤ C

and, for every h, h̃ in a bounded subset of Cα/3([0, T ];C0(Γ)),

∥mh −m
h̃
∥Cα/3([0,T ]) ≤ C∥h− h̃∥Cα/3([0,T ];C0(Γ)).

Since uE is constant in each Ω± and the cutoff η is smooth, it follows that

∥FOK
2,h ∥Cα,α/3(Ω±×[0,T ]) ≤ Cγ

and

∥FOK
2,h − FOK

2,h̃
∥Cα,α/3(Ω±×[0,T ]) ≤ Cγ∥h− h̃∥Cα/3([0,T ];C0(Γ)).

Hence, the additional term satisfies the boundedness and local Lipschitz properties required
in the fixed-point scheme of [6, Section 5]. Moreover, being lower-order, it does not affect the
principal third-order operator, and the fixed-point argument of [6] applies accordingly, with
constants that may depend on γ but depend on the initial height function only through a
prescribed C3,α-bound. This is the observation made in [13], adapted here to the framework
of [6].

Once short-time existence is shown in C3,α, additional regularity follows by the bootstrap
argument of [6, Section 5]. Note that the term mh is now a fixed constant mh = mh0 , so FOK

2,h

does not appear in the higher-regularity computations.

Proposition 4.1. Let E ⊂ TN be a smooth set and let γ, α ≥ 0. Then, there exists M0 =
M0(E) > 0 such that for every M ∈ (0,M0) and ℓ ∈ N there are constants

T = T (E,α, γ,M) > 0, C = C(E,α, γ,M) > 0, Cℓ = Cℓ(E,α, γ,M) > 0

with the following property. For every h0 ∈ C3,α(Γ) with ∥h0∥C3,α(Γ) ≤ M , the modified
Mullins–Sekerka flow with initial datum Γh0 admits a unique classical solution

Γ(t) = ∂Eh(·,t), t ∈ [0, T ],

such that

h ∈ C([0, T ];C3,α(Γ)) ∩ C1([0, T ];Cα(Γ)),(4.6)

sup
0≤t≤T

∥h(·, t)∥C3,α(Γ) + sup
0≤t≤T

∥∂th(·, t)∥Cα(Γ) ≤ C.(4.7)

Moreover, for every integer ℓ ≥ 1 it holds

(4.8) sup
0<t≤T

tℓ/3∥h(·, t)∥C3+ℓ,α(Γ) ≤ Cℓ.

We emphasize that in the result above all the constants are uniform with respect to h0 as
long as ∥h0∥C3,α(Γ) ≤ M .
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4.2. Proof of the Main Result. We start by recalling a technical lemma whose proof
follows from [2, Lemma 3.8] combined with [2, Theorem 1.1].

Lemma 4.2. Let E ⊂ TN be a stable set and p > N − 1. For every ε > 0, there exist
constants C > c > 0, ρ > 0 such that the following holds. If F ⊂ TN is a W 2,p set satisfying

|F | = |E|, inf
σ∈TN

distW 2,p(E,F + σ) ≤ ρ,

then there exist σ ∈ TN and f ∈ W 2,p(∂E) such that F + σ = Ef , ∥f∥W 2,p(∂E) ≤ Cρ and

(4.9)
∣∣∣ ˆ

∂E
fνE dHN−1

∣∣∣ ≤ ε∥f∥L2(∂E),
∣∣∣ˆ

∂E
f dHN−1

∣∣∣ ≤ C∥f∥2L2(∂E).

Moreover, it holds

(4.10) c∥f∥2L1(∂E) ≤ J (F )− J (E) ≤ C∥f∥2H1(∂E).

Remark 4.3. We recall that the function f is defined via a normal projection from the set
F and by the implicit function theorem. In particular, following the proof of [2, Lemma 3.8],
we deduce that, if F is of class Ck for k ∈ N, then so is f , with bounds depending on the
distance distCk(F,E).

We are now able to show our main result concerning the dynamical stability of the flow.

Proof of Theorem 1.1. Let M ∈ (0,M0(E)) with M0(E) being the constant given by Propo-
sition 4.1. Throughout the proof, the constants C > c > 0 may depend on E, α and γ, but
not on E0, and may change from line to line.

By assumption there exists h0 ∈ C3,α(∂E) such that E0 = Eh0 and ∥h0∥C3,α(∂E) ≤ δ. For
δ small, depending on M , Proposition 4.1 ensures that the modified Mullins–Sekerka flow Et

starting from E0 exists for a positive time T > 0 and that there exists h ∈ C([0, T ];C3,α(Γ))∩
C1([0, T ];Cα(Γ)) satisfying (4.6)-(4.8) such that Et = Eh(·,t). Let us also remark that consid-
ering smaller δ does not decrease T .
Step 1: We start by proving that, as long as the flow exists, it satisfies

J (Et)− J (E) ≤ Ce−ct.

We recall the following identities holding along the smooth flow

d

dt
|Et| = 0,

d

dt
J (Et) = −

ˆ
TN

|∇wt|2 dx,

where wt is the harmonic function satisfying wt = HEt + 4γvEt on ∂Et. By Poincare’s
inequality on TN and trace estimates for wt, we deduce

(4.11)
d

dt
J (Et) ≤ −C∥HEt + 4γvEt −HEt + 4γvEt∥2L2(∂Et)

.

Note that the constant C, which depends on Et via the trace estimates for wt, is uniform in
a fixed C2-neighborhood of E.

Let δ∗ > 0 be the constant given by Theorem 3.1, and let ρ = ρ(δ∗) > 0 be the constant
given by Lemma 4.2 for ε ≤ δ∗. By the bound (4.7), we have

∥h(·, t)∥C0(∂E) ≤ ∥h0∥C0(∂E) + t sup
0≤s≤T

∥∂th(·, s)∥C0(∂E) ≤ δ + Ct.

Hence, up to taking T and δ smaller, by interpolation, we obtain ∥h(·, t)∥W 2,p(∂E) ≤ min{δ∗, ρ}
for every t ∈ (0, T ). Lemma 4.2 then implies that there exist translations σt ∈ TN and
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functions f(·, t) ∈ C1(∂E) such that Et + σt = Ef(·,t). By (4.10), (4.11) and Theorem 3.1 we
deduce

J (Et)− J (E) ≤ C∥f(·, t)∥2H1(∂E) ≤ C∥HEt + 4γvEt −HEt + 4γvEt∥2L2(∂Et)

≤ −C
d

dt
(J (Et)− J (E)).

Then Gronwall’s inequality implies

J (Et)− J (E) ≤ (J (E0)− J (E))e−Ct.

Moreover, using the bounds of (4.10), we deduce

(4.12) ∥f(·, t)∥2L1(∂E) ≤ Cδ2e−Ct.

Step 2: We adapt the restarting argument in [10, Theorem 0.1, Step 2]. By the uniform short-
time existence result of Proposition 4.1, the functions h(·, t) are uniformly bounded in Ck for
every t ∈ [T/2, T ) and k ∈ N. Combining this bound with the exponential decay (4.12) and

interpolation, we also deduce that ∥f(·, t)∥Ck(∂E) ≤ Ckδ
1/2 for every k ∈ N and t ∈ (T/2, T ),

for some Ck > 0.
Up to taking δ smaller, we can thus restart the flow at time T/2 from Ef(·,T/2) and extend

it up to the time 3T/2. By translation invariance and uniqueness of strong solutions, we have
extended the original flow Et up to the time 3T/2. We can then iterate this procedure to
deduce the global existence of the flow.

Applying the same interpolation argument with arbitrary k, we obtain the exponential
convergence in Ck to E of the translated sets Et + σt.
Step 3: We consider the translations σt defined by Lemma 4.2. By compactness we can find
τ ∈ TN and a sequence tn → +∞ such that σtn → τ as n → +∞. In particular, it holds
Etn → E − τ in Ck, for every k ∈ N. For F, G ⊂ TN , consider the dissipation

D(F,G) :=

ˆ
F△G

dist∂G(x) dx =

ˆ
F
sdG dx−

ˆ
G
sdG dx,

where sdG = distG − distGc denotes the signed distance function to a set G. Following the
computations in Step 3 of the proof of [1, Theorem 3.4], we deduce

(4.13)
d

dt
D(Et, E − τ) = −

ˆ
TN

∇ω · ∇wt dx,

where ω denotes the harmonic extension of sdE−τ to TN \ ∂Et. Note that, by elliptic es-
timates, ∥∇ω∥L2(TN ) ≤ C∥sdE−τ∥C1(∂Et) ≤ C. The constant C is uniform along the flow

by the uniform C2-bounds on the evolving sets Et previously obtained. By the exponential
decay (4.12) and elliptic estimates we deduce ∥∇wt∥L2 ≤ Ce−Ct, in particular∣∣∣ d

dt
D(Et, E − τ)

∣∣∣ ≤ Ce−Ct.

Hence, D(Et, E−τ) admits a limit as t → +∞. Since Etn → E−τ we deduce that D(Et, E−
τ) → 0 as t → +∞ and that the whole flow Et + τ converges towards E. This concludes the
proof as the exponential convergence follows from Step 2. □
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