
A PHASE-FIELD MODEL FOR THE VERIGIN PROBLEM:

WEAK SOLUTIONS AND SHARP-INTERFACE LIMIT

ANNA KUBIN AND ALICE MARVEGGIO

Abstract. We introduce a novel phase-field model approximating the Verigin

problem with phase transition. For fixed interface thickness ε > 0, we con-
struct weak solutions through a time-discrete variational scheme combining

a Wasserstein minimizing-movement for the density with Schätzle’s selection

procedure for the phase field, which yields strong compactness and an almost-
minimizing property. We then investigate the sharp-interface limit ε ↓ 0. For

well-prepared initial data, we establish strong compactness of the densities and

phase fields, and we prove convergence of the time-integrated diffuse interfa-
cial energy to the perimeter. The limiting evolution is identified as a weak

solution of the Verigin problem with phase transition, satisfying an optimal

energy dissipation inequality.
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1. Introduction

The Verigin problem describes the evolution of a compressible two-phase flow in
a porous medium. A typical situation arises when a porous medium containing a
compressible fluid is flooded with a second compressible fluid, which displaces the
former under isothermal conditions. If phase transitions between the two phases are
also taken into account, the resulting system is known as the Verigin problem with
phase transition, a free-boundary problem that can be regarded as the compressible
counterpart of the Muskat problem.

To the best of our knowledge, the mathematical literature on the Verigin problem
with phase transition has until recently been restricted to the theory of classical
smooth solutions (see [39, 40] and the references therein). In particular, short-time
existence, stability, and convergence to equilibrium for solutions that do not develop
singularities are studied in [39]. More recently, in a joint work with Tim Laux [25],
we established the first global-in-time existence result for weak solutions to the
Verigin problem with phase transition. In particular, we constructed distributional
solutions through an implicit time-discretization scheme exploiting the gradient-
flow structure of the system.

In this manuscript, we introduce a novel phase-field model approximating the
Verigin problem with phase transition and study both the existence of weak so-
lutions and its sharp-interface limit. The starting point is the underlying energy
of the system, which is the phase-field analogue of the energy associated with the
sharp-interface Verigin problem. For Ω ⊂ Rd open set with smooth boundary and
T > 0 finite time horizon, denoting by ρ : Ω × [0, T ) → [0,∞) the total density of
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the two-phase fluid and by φ : Ω× [0, T ) → R the phase-field variable, at each time
t ∈ (0, T ) the total energy is given by

(1) Eε(ρ, φ) :=
ˆ
Ω

ε

2
|∇φ|2 + 1

ε
F (φ) dx+

ˆ
Ω

[
1

m−1ρ
m + φ(λ− ρ)

]
dx, m > 1,

where ε > 0 represents the interface thickness and F is a standard double-well
potential, i.e., F (s) = 1

4s
2(s − 1)2 for s ∈ R. The first term in (1) is the Cahn–

Hilliard energy [7] associated with the diffuse interface, which is well known to
Γ-converge to the perimeter as ε ↓ 0 [36]. The second term in (1) is the bulk free
energy of the density, while the last term couples the phase and density variables
accounting for the phase transition.

Phase-field models replace the evolving sharp interface by a thin diffuse transition
layer of width ε > 0, thereby avoiding the explicit tracking of the sharp interface
(or free boundary) and providing a formulation on the whole spatial domain. Be-
sides providing a convenient analytical formulation, this approach is particularly
advantageous from a numerical point of view, since diffuse-interface models can be
approximated by standard discretization schemes for PDEs and naturally accom-
modate changes in the topology of the evolving interface.

Our first main result (cf. Theorem 1) concerns the existence of weak solutions to
the diffuse-interface model for m ≥ 2 and d ∈ {2, 3} (cf. Remark 4 and Remark 6).
We construct such weak solutions through an implicit time discretization scheme
exploiting the variational structure of the system. At each time step, we first select
a phase-field equilibrium associated with the previous density, and then perform
a Wasserstein minimizing movement for the density with the selected phase field
kept fixed. The selection mechanism ensures the decay of the phase-field energy,
strong compactness of the phase field, and an almost-minimizing property for the
phase-field energy in the limit. Passing to the continuous-time limit, we obtain
weak solutions to a phase-field system, whose strong formulation, for ε > 0, reads

∂tρε + div(ρεuε) = 0

ρεuε = divTε −∇(ρmε − λφε)

Tε =
(
ε
2 |∇φε|

2 + 1
εF (φε)

)
Id−ε∇φε ⊗∇φε

−ε∆φε + 1
εF

′(φε) + λ− ρε = 0

(2)

on Ω×(0, T ). This system is endowed with Neumann boundary conditions for both
ρε and φε and with initial conditions ρε(·, 0) = ρ0 and φε(·, 0) = φ0. Here, uε is
the velocity field and jε := ρεuε is the mass flux degenerating in {ρε = 0}.

Our construction is closely related to variational approaches to dissipative evolu-
tion equations. The density evolution is constructed by a Wasserstein minimizing-
movement scheme in the spirit of [23, 37, 9, 22], whereas the phase-field variable
is required to remain at equilibrium at each time step, meaning that φε satisfies a
stationary Allen-Cahn equation with ρε as a forcing term. The latter equilibrium
problem is nonconvex and may admit several solutions, so that an arbitrary choice
of equilibria would not provide the strong compactness needed in the limit. To
overcome this issue, we adapt a selection argument adopted by Schätzle [46] in his
analysis of a quasistationary phase-field model of Caginalp type. This selection
procedure allows us to follow suitable branches of equilibria while preserving the
decay of the phase-field energy. For the density variable, strong compactness fol-
lows by combining the control in time provided by the Wasserstein distance with
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the compactness in measure criterion of Rossi and Savaré [42]. More generally, this
approach fits into the variational framework for the stability and convergence of
gradient-flow evolutions (see, e.g., [43, 34]). The Wasserstein variational approach
also plays a central role in the work of Kroemer and Laux [24] (see also [13]) for the
Cahn–Hilliard equation with disparate mobilities, where the underlying gradient-
flow structure is exploited to construct weak solutions.

Our second main result (cf. Theorem 10) concerns the study of the sharp-interface
limit ε ↓ 0. We prove strong convergence of ρε to a density ρ and of the phase field
φε to a characteristic function χ, as the parameter ε vanishes. Moreover, we identify
a limiting velocity field u : Ω × [0, T ) → Rd such that (ρ, χ,u) is a distributional
solution of the Verigin problem with phase transition:{

∂tρ+ div(ρu) = 0 in Ω,

[[ρ]]VΓ = [[ρu · nΓ]] along Γ,

{
ρu = −∇π in Ω,

[[π]] = σH along Γ,
(3)

with boundary conditions

∇ρ · n∂Ω = 0 along ∂Ω,

nΓ · n∂Ω = 0 along ∂Ω ∩ Γ,

and with initial data χ(·, 0) = χ0 and ρ(·, 0) = ρ0. Here, π := ρm − λχ denotes
the pressure, σ > 0 is the surface tension, [[·]] denotes the jump across the interface
Γ := ∂{χ = 1}, VΓ is the velocity of Γ in the direction of the normal νΓ, and HΓ is
the (scalar) mean curvature of Γ.

Starting from the seminal Γ-convergence result of Modica and Mortola [36], sub-
stantial work has been devoted to understanding whether the convergence of ener-
gies can be extended from the static setting to the associated gradient-flow evolu-
tion [44]. For convergence towards smooth interface evolutions, we refer to the clas-
sical works [10, 3, 12, 6], as well as to subsequent extensions covering anisotropic [2]
and boundary effects [1], and to more recent quantitative results [15, 16]. For the
(evolutionary) Allen–Cahn equation, the sharp-interface limit leads to mean cur-
vature flow, and convergence has been established for several notions of weak geo-
metric evolution. These include viscosity solutions [14], Brakke’s motions [21, 35],
as well as De Giorgi-type notions [20, 47] and BV formulations [26, 19]. Extensions
to weighted and anisotropic mean curvature flows can be found in [17, 28]. One of
the main advantages of weak solution concepts is that they allow for a description
of the evolution beyond the formation of singularities. Among early sharp-interface
convergence results for phase-field models, Schätzle [46] studied a quasistationary
phase-field model of Caginalp type and proved its convergence to weak solutions of
the Stefan problem with Gibbs–Thomson law in the sense of [30, 31]. Related re-
sults on the rigorous derivation of the Gibbs–Thomson law from the first variation
of the diffuse-interface energy can be found in [32, 41]. For conserved phase-field
dynamics, we recall Chen’s global-in-time convergence result for the Cahn–Hilliard
equation towards a weak varifold formulation of the Mullins–Sekerka flow [11]. More
recently, Kroemer and Laux [24] also proved the convergence of the Cahn–Hilliard
equation with disparate mobilities to the (weak) Hele–Shaw flow, under a suitable
convergence assumption for the diffuse interfacial energies. The anisotropic and
inhomogeneous setting was more recently addressed by Elbar and Poiatti [13].

A key point in the sharp-interface analysis is the convergence of the interfacial
energies. The almost-minimizing property obtained for the weak solutions of (2)
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allows us to prove the convergence of the time-integrated diffuse interfacial ener-
gies to the perimeter as the interface thickness ε > 0 vanishes. This reflects the
quasi-static structure underlying the Verigin problem (cf. [25]), which is also charac-
teristic of the Stefan problem with Gibbs–Thomson law (cf. [30]), and, consequently,
inherited by the corresponding phase-field approximation. As a consequence, we
obtain distributional, or equivalently BV , solutions of the Verigin problem with
phase transition without imposing an a priori convergence assumption on the in-
terfacial energies, in the same spirit as in [25] (and in [31]). Such an assumption
was introduced in the seminal work [33] and frequently appears in the literature
under the name of “energy convergence hypothesis”, both for Allen–Cahn-type ap-
proximations [26, 19, 28, 17, 47] and for conserved phase-field models [24, 27, 13].
In contrast, this hypothesis is not needed in weaker varifold formulations (see,
e.g., [21, 20, 29]), where the limiting interface may carry nontrivial multiplicity.

The rest of the paper is organized as follows. In Section 2, we introduce the
phase-field approximation of the Verigin problem with phase transition and we
establish the existence of weak solutions. More precisely, we first introduce the time-
discrete variational scheme (cf. Section 2.1), then derive the compactness properties
of the discrete solutions (cf. Section 2.2), including the strong compactness and
almost-minimizing property of the phase field, and finally pass to the continuous-
time limit (cf. Section 2.3). Section 3 is devoted to the analysis of the sharp-interface
limit ε ↓ 0. We first prove strong compactness of the density and phase field,
identify the limiting velocity (cf. Section 3.1.1), then establish the convergence of the
time-integrated diffuse interfacial energy to the perimeter energy (cf. Section 3.2),
and finally show that the limiting triple is a distributional solution to the Verigin
problem with phase transition (cf. Section 3.3). Finally, Appendix A recalls a
compactness in measure result from [42], while Appendix B collects some auxiliary
technical results from [46].

Notation. Let d be an integer number larger than or equal to 2, and let Ω ⊂ Rd be
a smooth open set with boundary ∂Ω and outer normal vector field νΩ. We denote
by Mb the set of bounded Radon measures, and Ld denotes the d-dimensional
Lebesgue measure. For µ ∈ Mb(U) and A ⊂ U , µ⌞A is the restriction of µ to A.
With a slight abuse of notation, for probability densities ρ, ρ̃ on Ω, we denote by
W2(ρ, ρ̃) the 2-Wasserstein distance between the measures ρLd⌞Ω and ρ̃Ld⌞Ω, and,
given F : Ω → Ω, we denote by F#ρ the pushforward of ρLd⌞Ω by F . For any
measurable set E ⊂ Ω we denote by χE its characteristic function. We say that E is
a set of finite perimeter in Ω if χE ∈ BV (Ω; {0, 1}), and we denote its distributional
derivative in Ω by ∇χE and its total variation measure by |∇χE |. Denoting by
∂∗E the reduced boundary of the set E, we have

´
Ω
·d|∇χE | =

´
∂∗E∩Ω

·dHd−1,

where Hd−1 is the (d− 1)-Hausdorff measure. We denote by L1
0(Ω) the quotient of

L1(Ω) by constant functions, namely L1
0(Ω) := L1(Ω)/R, endowed with the norm

∥·∥L1
0(Ω) := infc∈R ∥·−c∥L1(Ω). Given a function spaceX and functional F : X → R,

we denote by δF(φ) ∈ X ′ the first variation of F at φ ∈ X. We denote by Id the
identity matrix in Rd×d, for a, b ∈ Rd we set a ⊗ b := (aibj)ij ∈ Rd×d, and for
A,B ∈ Rd×d we set A : B = AijBij ∈ R.

2. Existence of weak solutions to the phase-field model

Let Ω ⊂ Rd be a bounded connected open set with smooth boundary, λ ∈ (0,∞)
and m ∈ [2,∞). For any measurable pair of functions (ρ, φ) : Ω → [0,∞) × R, we
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consider the total energy

(4) Eε(ρ, φ) := Eint,ε(φ) +
ˆ
Ω

[
1

m−1ρ
m + φ(λ− ρ)

]
dx, ε > 0,

where the diffuse interfacial energy Eint,ε(φ) is given by

Eint,ε(φ) :=
ˆ
Ω

ε

2
|∇φ|2 + 1

ε
F (φ) dx

and F is a standard double-well potential, i.e., F (s) = 1
4s

2(s− 1)2 for s ∈ R.
Before stating our main existence result, we provide the notion of weak solution

for (2) as follows.

Definition 1 (Weak solution to the phase-field model). Let ε > 0. Given initial
data φ0 ∈ H1(Ω) and ρ0 ∈ Lm(Ω) such that

´
Ω
ρ0 dx = 1, we say that (ρε, φε,uε)

is a weak solution to the phase-field model (2) if the following properties hold.

i) ρε ∈ Lm(Ω × (0, T )), φε ∈ L4(Ω × (0, T )) ∩ L2(0, T ;H1(Ω)) and uε ∈
(L2(Ω× (0, T ); ρε dxdt))

d.
ii) The triple (ρε, φε,uε) satisfies

(5) −
ˆ T

0

ˆ
Ω

ρε(∂tη + uε · ∇η) dxdt =
ˆ
Ω

ρ0η(·, 0) dx

for all η ∈ C∞
c (Ω× [0, T )),

−
ˆ T

0

ˆ
Ω

ρεuε · ξ dxdt(6)

=

ˆ T

0

ˆ
Ω

((ε
2
|∇φε|2 +

1

ε
F (φε)

)
Id−ε∇φε ⊗∇φε

)
: ∇ξ dxdt

−
ˆ T

0

ˆ
Ω

divξ dµε +

ˆ T

0

ˆ
Ω

λφεdivξ dxdt,

for all ξ ∈ C∞
c (Ω × [0, T );Rd) with ξ · νΩ = 0 along ∂Ω × (0, T ), where

µε ∈ Mb(Ω× (0, T )) is such that µε ≥ ρmε Ld⌞Ω⊗ L1⌞(0, T ), and

(7)

ˆ T

0

ˆ
Ω

(
ε∇φε · ∇η +

(1
ε
F ′(φε) + λ− ρε

)
η

)
dxdt = 0,

for all η ∈ C∞
c (Ω× [0, T )).

iii) For almost every T ′ ∈ [0, T ], the energy dissipation rate

Eε(ρε(T ′), φε(T
′)) +

ˆ T ′

0

ˆ
Ω

ρε|uε|2 dxdt ≤ Eε(ρ0, φ0).(8)

holds true.

We now state our main existence result for weak solutions to the phase-field
model. The proof relies on the variational structure of (2) and uses a time-
discretization scheme inspired by [46].

Theorem 1 (Existence of weak solutions). Let d ∈ {2, 3} and m ≥ 2. Let
ρ0 ∈ Lm(Ω; [0,∞)) be such that

´
Ω
ρ0 dx = 1 and let φ0 ∈ H1(Ω) be a mini-

mizer of the functional φ 7→ Eint,ε(φ) +
´
Ω
φ(λ − ρ0) dx. Then there exists a weak
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solution (ρε, φε,uε) to the phase-field model (2), in the sense of Definition 1, which
additionally satisfies the almost-minimizing propertyˆ T

0

ˆ
Ω

(ε
2
|∇φε|2 +

1

ε
F (φε)

)
dxdt+

ˆ T

0

ˆ
Ω

φε(λ− ρε) dxdt

≤
ˆ T

0

ˆ
Ω

(ε
2
|∇φ̃|2 + 1

ε
F (φ̃)

)
dxdt+

ˆ T

0

ˆ
Ω

φ̃(λ− ρε) dxdt+ ε(9)

for every φ̃ ∈ L1(0, T ;H1(Ω)).

Remark 2. Notice that, if we assumed the convergence of the total energy for our
minimization scheme (10)-(12), namelyˆ T

0

Eε(ρhε , φhε ) dt→
ˆ T

0

Eε(ρε, φε) dt as h→ 0,

or, alternatively, if one could prove thatˆ T

0

ˆ
Ω

(ρhε )
m dxdt→

ˆ T

0

ˆ
Ω

(ρε)
m dxdt as h→ 0,

then we could identify the defect measure µε with ρ
m
ε Ld⌞Ω⊗L1⌞(0, T ). Indeed, we

will establish the convergence of the diffuse interfacial energy and of the coupling
term as h→ 0 (cf. Proposition 9), so that the only possible loss in the total energy
is due to the density term.

Remark 3. We observe that any sufficiently smooth triple (ρε, φε,uε) satisfy-
ing (5)-(7) with µε = ρmε Ld⌞Ω ⊗ L1⌞(0, T ), whose existence is established by the
theorem above, is in fact a strong solution to the phase-field model (2). This can
be shown via integrations by parts.

2.1. Minimization problem and discrete flow. Let ρ0 ∈ Lm(Ω; [0,∞)) be an
initial datum and let φ0 ∈ H1(Ω) be a minimizer of the functional φ 7→ Eint,ε(φ) +´
Ω
φ(λ − ρ0) dx. Fix h > 0, our implicit time discretization argument reads as

follows. Set (ρhε,0, φ
h
ε,0) := (ρ0, φ0), and, for n ∈ N \ {0}, let φhε,n be a solution of

(10) −ε∆φhε,n +
1

ε
F ′(φhε,n) + λ− ρhε,n−1 = 0 distributionally in Ω,

endowed with Neumann boundary condition, satisfying
(11)

Eint,ε(φhε,n) +
ˆ
Ω

φhε,n(λ− ρhε,n−1) dx ≤ Eint,ε(φhε,n−1) +

ˆ
Ω

φhε,n−1(λ− ρhε,n−1) dx,

and let ρhε,n be such that

(12) ρhε,n ∈ argmin
{ 1

2h
W 2

2 (ρ, ρ
h
ε,n−1) + Eε(ρ, φhε,n) : ρ ∈ K

}
,

where

K :=
{
ρ ∈ L1(Ω) : ρ ≥ 0,

ˆ
Ω

ρ dx = 1
}
.

We call (ρhε,n, φ
h
ε,n)n∈N a discrete solution starting from (ρ0, φ0). Moreover, we

define the approximate solution (ρhε (t, ·), φhε (t, ·))t∈[0,∞) by piecewise constant in-
terpolation, namely

ρhε (t, ·) := ρhε,n(·), φhε (t, ·) := φhε,n(·) for every t ∈ [nh, (n+ 1)h).
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By testing (12) with ρ = ρhε,n−1 and using (11), we obtain

(13)
1

2h
W 2

2 (ρ
h
ε,n, ρ

h
ε,n−1) + Eε(ρhε,n, φhε,n) ≤ Eε(ρhε,n−1, φ

h
ε,n−1).

In particular, the energy Eε is not increasing along the discrete scheme.

Remark 4. We observe that, under the assumption m ≥ 2, the scheme (10)-(12)
is well defined. Indeed, the sequence (ρhε,n, φ

h
ε,n)n∈N, defined recursively by

φhε,n ∈ arg min
φ∈H1(Ω)

Eint,ε(φ) +
ˆ
Ω

φ(λ− ρhε,n−1) dx

and ρhε,n given by (12), satisfies (10)-(12).
To show existence of such sequence for m ≥ 2, we observe that the functional

Eε(ρ, φ) defined in (4) is bounded from below, coercive and all of its terms are lower
semicontinuous. Moreover, at each step Eε(ρ, φ) is non-increasing. Using Fenchel’s

inequality with f(s) = 1
m−1s

m and f∗(s) ≃ s
m

m−1 , we obtainˆ
Ω

φρdx ≤
ˆ
Ω

1

2

(
f(ρ) + f∗(φ)

)
dx,

yielding

ε

2
∥∇φ∥2L2(Ω)+

1

ε

ˆ
Ω

F (φ) dx+
1

2

ˆ
Ω

ρm

m− 1
dx−Cm∥φ∥

m
m−1

L
m

m−1 (Ω)
+λ

ˆ
Ω

φdx ≤ Eε(ρ, φ).

The functional Eε(ρ, φ) is bounded from below whenever m > 4/3, since in this
case 1 < m/(m − 1) < 4 and we can absorb the lower-order terms into 1

εF (φ).
Moreover, for ε > 0 small enough, Eε(ρ, φ) is bounded also in the case m = 4/3.
Instead, if we were considering larger values of ε > 0, we would have that Eε(ρ, φ)
is bounded from below whenever m > 1 in the case d = 2, due to an application
of the Sobolev inequality. In particular, since for m = 1 we consider f(s) = s log s
and in this case f∗(s) = exp(s− 1), we cannot deduce the boundedness from below
of Eε(ρ, φ) for any fixed ε > 0, unless we consider a potential F of exponential
growth. More in general, we observe that one could consider smaller values of m by
assuming higher polynomial growth of the potential. In particular, it follows that
the functional Eε(ρ, φ) is coercive and it holds, for ε > 0 sufficiently small,

(14) ε∥∇φ∥2L2(Ω) +
1

ε

ˆ
Ω

F (φ) dx+

ˆ
Ω

ρm

m− 1
dx ≤ CEε(ρ, φ) + C,

where C = C(m,λ, |Ω|) > 0. Moreover, for m ≥ 2, one can show that all the terms
of (ρ, φ) 7→ Eε(ρ, φ) are lower semicontinuous with respect to weak Lm-convergence
in ρ and weak H1-convergence in φ.

Remark 5. For convenience, since Eε(ρ, φ) is bounded from below, we may shift
the energy (4) by a suitable constant so that, for every φ, infρ∈K Eε(ρ, φ) ≥ 0.
Clearly, the addition of the constant does not affect the dynamics.

Using the stationary Allen-Cahn equation (10), we obtain improved regularity
for the phase field φε in the following lemma.

Lemma 2 (Regularity of φhn). For any h > 0 and every n = 1, 2, . . ., it holds that
φhn ∈ H2(Ω) and ∇φhn is uniformly bounded in Lq(Ω), for some q > 2, by a constant
only depending on ∥φhn∥H1(Ω) and ∥ρhn−1∥Lm(Ω).



8 ANNA KUBIN AND ALICE MARVEGGIO

Remark 6. Notice that the restrictions m ≥ 2 and d ∈ {2, 3} in the hypotheses of
Theorem 1 are used to obtain the regularity φhn ∈ H2(Ω). More precisely, m ≥ 2
ensures that the density ρhn belongs to L2(Ω), while the restriction d ≤ 3 allows us
to control the term F ′(φhn) in L

2(Ω).

Proof. Recall that ρhn−1 ∈ Lm(Ω) with m ≥ 2 and φhn ∈ L6(Ω) by the embedding

H1 ↪→ L6 which holds if d = 2, 3, in particular F ′(φhn) ∈ L2(Ω). By elliptic
regularity, it follows from (10) that φhn ∈ H2(Ω). In particular, ∇φhn ∈ H1(Ω). On
the other hand, we have that H1(Ω) ↪→ Lq(Ω), for every q ≥ 1 if d = 2 and q = 6
if d = 3. □

Since ε > 0 is fixed throughout this section, we will omit the index ε from the
notation in what follows.

Computing the variations of E in ρhn, one obtains the following optimality con-
ditions (see [45, Proposition 8.7]).

Lemma 3 (Euler-Lagrange equations). For any h > 0 and every n ≥ 1, there
exists a constant chn ∈ R such that the optimal pair (ρhn, φ

h
n) satisfies

m
m−1 (ρ

h
n)
m−1 − φhn + ϕhn = chn a.e. in supp(ρhn),(15)

m
m−1∇(ρhn)

m−1 −∇φhn +∇ϕhn = 0 a.e. in supp(ρhn),(16)

where ϕhn is the Kantorovich potential from ρhn to ρhn−1, i.e. (Id−h∇ϕhn)#ρhn = ρhn−1.

Next we derive the equations satisfied by the discrete flow.

Lemma 4 (Discrete equation for the velocity field). Given h > 0, ρ0 ∈ Lm(Ω) such
that

´
Ω
ρ0 dx = 1 and φ0 a minimizer of the functional φ 7→ Eint,ε(φ) +

´
Ω
φ(λ −

ρ0) dx, let (ρ
h
n, φ

h
n)n∈N be a discrete solution starting from (ρ0, φ0). Then, for any

vector field ξ ∈ C1
c (Ω;Rd) with ξ · νΩ = 0 on ∂Ω, we have

−
ˆ
Ω

ρhn∇ϕhn · ξ dx

=

ˆ
Ω

(ε
2
|∇φhn|2 +

1

ε
F (φhn)

)
div ξ − ε∇φhn ⊗∇φhn : ∇ξ dx(17)

−
ˆ
Ω

(ρhn)
m div ξ dx+ λ

ˆ
Ω

φhn div ξ dx+Rhn(ξ),

where Rhn(ξ) := −
´
Ω
(ρhn − ρhn−1)∇φhn · ξ dx.

Proof of Lemma 4. Let ξ ∈ C1
c (Ω;Rd) with ξ · νΩ = 0 on ∂Ω. Multiplying (16) by

ρhn and then testing by ξ, we obtainˆ
Ω

m

m− 1
ρhn∇(ρhn)

m−1 · ξ dx−
ˆ
Ω

ρhn∇φhn · ξ dx+

ˆ
Ω

ρhn∇ϕhn · ξ dx = 0,

from which we deduce, by integrating by parts,

−
ˆ
Ω

ρhn∇ϕhn · ξ dx = −
ˆ
Ω

(ρhn)
m div ξ dx−

ˆ
Ω

ρhn∇φhn · ξ dx.

By Lemma 2 we can use ∇φhn · ξ ∈ H1(Ω) as test function in (10) and obtainˆ
Ω

ρhn−1∇φhn · ξ dx =

ˆ
Ω

ε∇φhn · ∇(∇φhn · ξ) +
1

ε
F ′(φhn)∇φhn · ξ dx+

ˆ
Ω

λ∇φhn · ξ dx.
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Integrating by parts once again, we deduce

−
ˆ
Ω

ρhn−1∇φhn · ξ dx

=

ˆ
Ω

−ε∇φhn · ∇(∇φhn · ξ)− 1

ε
F ′(φhn)∇φhn · ξ dx+

ˆ
Ω

λφhn div ξ dx

=

ˆ
Ω

ε∇φhn ·
(
−∇ξ∇φhn −∇2φhnξ

)
− 1

ε
F ′(φhn)∇φhn · ξ dx+

ˆ
Ω

λφhn div ξ dx

=

ˆ
Ω

(ε
2
|∇φhn|2 +

1

ε
F (φhn)

)
div ξ − ε∇φhn ⊗∇φhn : ∇ξ dx+

ˆ
Ω

λφhn div ξ dx.

□

2.2. Compactness. In this section, we establish suitable convergence results for
(ρh, φh)h>0, which will allow us to pass to the limit h→ 0.

2.2.1. Weak compactness. For the proof of the following result on the weak conver-
gence of ρh we refer the reader to [25, Lemma 6].

Lemma 5. Given h > 0, ρ0 ∈ Lm(Ω) such that
´
Ω
ρ0 dx = 1 and φ0 a minimizer of

the functional φ 7→ Eint,ε(φ)+
´
Ω
φ(λ−ρ0) dx, let (ρhn, φhn)n∈N be a discrete solution

starting from (ρ0, φ0). Then

(18) W2(ρ
h(t), ρh(s)) ≤

√
2E(ρ0, φ0)

1
2 (t− s)

1
2 ,

for t > s ≥ 0 with t − s ≥ h. Furthermore, for every T > 0, we have up to a
subsequence

(19) ρh ⇀ ρ weakly in Lm(Ω× (0, T )),

there exists µ ∈ Mb(Ω× (0, T )) such that (ρh)m
∗
⇀ µ weakly-* as measures, and

(20) W2(ρ(t), ρ(s)) ≤
√
2E(ρ0, φ0)

1
2 (t− s)

1
2 ,

for t > s ≥ 0.

The weak convergence properties of φh follow directly from the energy bound
and Lemma 2 and can be collected in the following statement.

Lemma 6. Given T > 0, ρ0 ∈ Lm(Ω) such that
´
Ω
ρ0 dx = 1 and φ0 a minimizer

of the functional φ 7→ Eint,ε(φ) +
´
Ω
φ(λ − ρ0) dx, let (ρhn, φ

h
n)n∈N be a discrete

solution starting from (ρ0, φ0). Then, up to subsequences,

(21) φh ⇀ φ weakly in L4(Ω× (0, T )),

and

(22) ∇φh ⇀ ∇φ weakly in Lq(Ω× (0, T )),

where the exponent q is given by Lemma 2.

Proof. Let N = [T/h] + 1. Using (13) and the bound (14), we obtain

∥φh∥4L4(Ω×(0,T )) ≤ h

N∑
n=0

ˆ
Ω

(φhn)
4 dx

≤ Ch

N∑
n=0

(ˆ
Ω

F (φhn) dx+ C
)
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≤ Ch

N∑
n=0

(
E(ρhn, φhn) + C

)
≤ CT

(
E(ρ0, φ0) + C

)
,

whence the weak convergence (21) follows. Moreover, using again (13) and (14)
combined with the uniform bound from Lemma 2, we have

∥∇φh∥qLq(Ω×(0,T )) = h

N∑
n=0

ˆ
Ω

(∇φhn)q dx ≤ CT,

yielding (22). □

2.2.2. Strong compactness of ρhn. By Kantorovich duality we have

1

2h
W 2

2 (ρ
h
n, ρ

h
n−1) =

h

2

ˆ
Ω

|∇ϕhn|2ρhn dx,(23)

where we recall that ϕhn is the Kantorovich potential. Moreover, we have that

h

2

N∑
n=0

ˆ
Ω

|∇ϕhn|2ρhn dx ≤ E(ρ0, φ0)− E(ρhN , φhN ),

whence, letting T = Nh,

(24)
1

2

ˆ T

0

ˆ
Ω

|∇ϕh|2ρh dxdt ≤ E(ρ0, φ0).

Similarly as in [25, Proposition 8] we obtain the following strong convergence.

Proposition 7. Given T > 0, ρ0 ∈ Lm(Ω) such that
´
Ω
ρ0 dx = 1 and φ0 a

minimizer of the functional φ 7→ Eint,ε(φ) +
´
Ω
φ(λ − ρ0) dx, let (ρ

h
n, φ

h
n)n∈N be a

discrete solution starting from (ρ0, φ0). Then up to a subsequence

ρh → ρ strongly in Lp(Ω× (0, T )), for 1 ≤ p < m.(25)

Proof. We define an auxiliary function g : (0,+∞] → (0,+∞] as

g(z) :=


zm, z < 1,

zm−1, z ≥ 1,

+∞, z = +∞,

which is continuous and strictly increasing, hence invertible.
Consider g ◦ ρhn, in view of (13) and (14), we deduce thatˆ

Ω

|g(ρhn)|s dx ≤ CE(ρ0, χE0) + C,

where C > 0 is a uniform constant which may vary from line to line and

s ∈
(
1,min

{ m

m− 1
,

2m

m+ 1

}]
.

To estimate the Ls-norm of ∇(g ◦ ρhn), we computeˆ
Ω

|∇(g ◦ ρhn)|s dx ≤ C

ˆ
Ω

(ρhn)
s
2 |∇f ′(ρhn)|s dx

≤ C

ˆ
Ω

(ρhn)
s
2 |∇φhn|s dx+ C

ˆ
Ω

(ρhn)
s
2 |∇ϕhn|s dx,
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where we used (16). Notice that the second term on the right-hand side is bounded
due to (24), whereas the first one can be bounded using Young’s inequality with
exponents 2m/s and 2m/(2m− s) together with (14). Therefore, we obtain

(26)

ˆ T

0

∥(g ◦ ρh)(·, t)∥W 1,s(Ω) dt ≤ C.

We introduce the lower semicontinuous functional F : Ls(Ω) → [0,+∞] defined as

F(v) :=

ˆ
Ω

vm

m− 1
dx+ ∥g(v)∥W 1,s(Ω).

We observe that, for every C > 0, the set V := {v ∈ Ls(Ω) : F(v) ≤ C} is
compactly embedded in Ls(Ω) under the strong topology. To prove this, consider
a sequence (vn)n ⊂ V and notice that, up to a subsequence, g(vn) converges to
some w strongly in Ls(Ω) and almost everywhere in Ω. The strict monotonicity
of g guarantees its invertibility, implying vn = g−1(g(vn)) → g−1(w) a.e. in Ω.
The strong convergence in Ls(Ω) then follows from the dominated convergence
theorem. Combining this with (18), all the assumptions of Theorem 12 are satisfied
with d = W2 (Wasserstein distance) and U = (ρh)h>0, in particular U is tight
with respect to F . Applying Theorem 12, we obtain that U is relatively compact
in M(0, T ;Ls(Ω)), yielding the strong convergence ρh(·, t) → ρ(·, t) in Ls(Ω) for
almost all t ∈ (0, T ). Finally, the strong convergence in Ls(Ω × (0, T )) is a direct
consequence of the dominated convergence theorem. Furthermore, we obtain (25)
via an interpolation argument. □

Defining the affine interpolation by

ρ̂h(t) :=
nh− t

h
ρhn−1 +

t− (n− 1)h

h
ρhn, t ∈ [(n− 1)h, nh],

by the Arzelá-Ascoli theorem, we also have

ρ̂h → ρ strongly in C0([0, T ]; (H1(Ω))′).(27)

2.2.3. Strong compactness of φhn and almost minimality. Since the phase equilib-
rium problem (10) may admit several solutions, arbitrary choices at successive time
steps can lead to oscillatory phenomena between the wells and prevent strong com-
pactness of φhn. Therefore, at each time step, we choose φhn by Schätzle’s selection
procedure (cf. [46, Section 2]). The selection argument consists of five main steps,
which we summarize below.

(i) Starting from a global minimizer (ρ̄, φ̄) of the total energy (4), we describe
the local structure of the equilibria of the functional

(28) φ 7→ Fρ(φ) := Eint,ε(φ) +
ˆ
Ω

φ(λ− ρ) dx.

in a neighbourhood of (ρ̄, φ̄). We reduce the equilibrium Allen–Cahn equa-
tion with forcing ρ to a one-dimensional critical-point condition, which
provides the local properties needed for the selection procedure.

(ii) The local properties from (i) are used to define the selected phase φhn at
each discrete step. As long as the density remains in the current local neigh-
bourhood, the selection procedure can be continued, guaranteeing both

−ε∆φhn +
1

ε
F ′(φhn) + λ = ρhn−1



12 ANNA KUBIN AND ALICE MARVEGGIO

and the phase-energy decay

Fρhn−1
(φhn) ≤ Fρhn−1

(φhn−1).

If the density leaves the current neighbourhood, the procedure is restarted
from a global minimizer of Fρhn−1

.

(iii) We show that the number of restarts on [0, T ] is bounded uniformly with
respect to h. Consequently, after passing to a subsequence, the restart
times converge to finitely many limiting times.

(iv) We work between two consecutive limiting restart times and exploit the
one-dimensional structure given by (i). A monotonicity argument for the
indices of the selected critical points, together with the properness of A,
rules out oscillations between different equilibria and yields the strong con-
vergence (55) (cf. Proposition 9 below).

(v) The same local construction also yields the phase almost-minimizing prop-
erty (9).

We now present each step in full detail.

i) Local structure of equilibria. For ρ ∈ L2(Ω), we consider the functional (28). It
follows from [8, Theorem 2.4 and Remark 2.6] that, for every fixed ρ ∈ L2(Ω), the
functional Fρ has only finitely many global minimizers in H1(Ω). In fact, the set
of critical points of Fρ with nonnegative second variation is finite.

We introduce the operator A : H1(Ω) → (H1(Ω))′ defined by

A(φ) := −ε∆φ+
1

ε
F ′(φ) + λ

with homogeneous Neumann boundary condition. The operator A is proper (see [8,
Remark 2.2]), i.e., if A(φj) → g strongly in (H1(Ω))′ as j → ∞, then up to
subsequences φj → φ strongly in H1(Ω) and A(φ) = g. Notice that

(29) δFρ(φ) = 0 ⇐⇒ A(φ) = ρ,

corresponding to (10).
The bilinear form associated with the second variation of Fρ at φ is

Bφ(v, w) :=

ˆ
Ω

ε∇v · ∇w +
1

ε
F ′′(φ)vw dx.

After identifying (H1(Ω))′ with H1(Ω) by means of the Riesz isomorphism, Bφ
induces a self-adjoint Fredholm operator on H1(Ω).

Let now φ̄ be a global minimizer of Fρ̄, for some fixed ρ̄ ∈ L2(Ω). Then
Bφ̄(v, v) ≥ 0 for every v ∈ H1(Ω). Therefore, all eigenvalues are real and non-
negative. Moreover, from standard elliptic theory (cf. [18, Section 8.12]), it fol-
lows that the smallest eigenvalue is simple and has a positive eigenfunction v̄ with
∥v̄∥H1(Ω) = 1. We decompose H1(Ω) = Y ⊕ span(v̄), where Y := v̄⊥. Notice that
the restriction Bφ̄|Y is coercive.

We define Φ : R× Y × Y → Y by

Φ(p, y, z) := πY (R(A(φ̄+ pv̄ + y))−R(ρ̄)− z),

where R : (H1(Ω))′ → H1(Ω) is the Riesz isomorphism and πY is the orthogonal
projection onto Y . Since Φ(0, 0, 0) = 0 and ∂yΦ(0, 0, 0) = πYR(DA(φ̄)

∣∣
Y
) is an
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isomorphism on Y , the implicit function theorem yields a small positive constant

δ0 = δ0(ρ̄, φ̄) and an analytic map ȳ : [−δ0, δ0]× UYδ0(0) −→ UYδ0(0) such that

Φ(p, ȳ(p, z), z) = 0.

We set

(30) φ(p, z) := φ̄+ pv̄ + ȳ(p, z).

In particular, ȳ(0, 0) = 0 and φ(0, 0) = φ̄. Defining

θ(p, z) := ⟨R(A(φ(p, z)))−R(ρ̄)− z, v̄⟩H1(Ω),

we have

R(A(φ(p, z))) = R(ρ̄) + z + θ(p, z)v̄.

For (α, z) ∈ [−δ0, δ0] × UYδ0(0), let ρ ∈ L2(Ω) be such that R(ρ − ρ̄) = αv̄ + z.
We define

Jα,z(p) := Fρ(φ(p, z)).(31)

Observe that

(32) J ′
α,z(p) = θ(p, z)− α,

in particular

(33) J ′
α,z(p) = 0 ⇐⇒ A(φ(p, z)) = ρ.

One can show that there exists δ1, c > 0 and δ2 ∈ (0, δ1/4) such that, up to taking
δ0 smaller, the real analytic function J ′

α,z(p) is not identically zero in [−δ1, δ1] and
satisfies

J ′
α,z(p) ≤ −c for p ∈ [−δ1,−δ1 + 2δ2],(34)

J ′
α,z(p) ≥ c for p ∈ [δ1 − 2δ2, δ1].(35)

Finally, after possibly taking δ0 smaller, the coercivity of Bφ̄|Y yields the follow-

ing property: if w ∈ Y and (p, z) ∈ [−δ0, δ0]× UYδ0(0), then

(36) Fρ(φ(p, z)) ≤ Fρ(φ(p, z) + w).

Indeed, the first variation of Fρ at φ(p, z) vanishes in every direction of Y , while
the second variation remains positive definite on Y .

Notice that the construction above applies both when the operator Bφ̄ is de-
generate and when it is nondegenerate. If the smallest eigenvalue of Bφ̄ is strictly
positive, the equilibrium is locally unique by the implicit function theorem. The
following selection mechanism becomes relevant only when the smallest eigenvalue
vanishes.

ii) Selection mechanism. Let ρ0 ∈ Lm(Ω) and assume that φ0 is a global minimizer
of Fρ0 . We apply the construction in (i) with ρ̄ = ρ0 and φ̄ = φ0. In particular,
we have φ0 = φ(p0, z0) with p0 = 0 and z0 = 0.

We first set φh1 = φ0. Then φ
h
1 satisfies (29) with ρ = ρ0 and, trivially,

(37) Fρ0(φh1 ) ≤ Fρ0(φ0).

We also have φh1 = φ(p1, z1) with p1 = 0 and z1 = 0. Having fixed φh1 , we let ρh1 be
a minimizer of (12) with φ = φh1 .

We next construct φh2 . By interpolation, (18) and the uniform L2 bound on
the densities yield ∥ρh1 − ρ0∥(H1(Ω))′ → 0 as h → 0. Therefore, for 0 < h < h∗
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sufficiently small depending only on the initial data, there exist uniquely (α2, z2) ∈
[−δ0, δ0]× UYδ0(0) such that

(38) R(ρh1 − ρ0) = α2v̄ + z2.

Recall (31), which in this case reads as

Jα2,z2(p) = Fρh1 (φ(p, z2)).

Starting from p1 = 0, we define

(39) p2 :=


inf

{
p ∈ [p1, δ1] : J ′

α2,z2(p) > 0
}
, J ′

α2,z2(p1) < 0,

p1, J ′
α2,z2(p1) = 0,

sup
{
p ∈ [−δ1, p1] : J ′

α2,z2(p) < 0
}
, J ′

α2,z2(p1) > 0.

The sign conditions (34)–(35) ensure that the sets in (39) are nonempty. By conti-
nuity,

J ′
α2,z2(p2) = 0.

We then set

(40) φh2 := φ(p2, z2).

By (33), φh2 satisfies (29) with ρ = ρh1 . Moreover, from (36) it follows that

(41) Fρh1 (φ(p1, z2)) ≤ Fρh1 (φ(p1, z1)) = Fρh1 (φ
h
1 ).

On the other hand, by definition (39), p 7→ Jα2,z2(p) is non-increasing along the
interval joining p1 and p2, in particular

Fρh1 (φ
h
2 ) = Jα2,z2(p2) ≤ Jα2,z2(p1) = Fρh1 (φ(p1, z2)).

Hence, this together with (41) give

(42) Fρh1 (φ
h
2 ) ≤ Fρh1 (φ

h
1 ).

Having selected φh2 , we finally let ρh2 be a minimizer of (12) with φ = φh2 .
For the next steps, we proceed analogously as above. Assume that

φhn−1 = φ(pn−1, zn−1)(43)

has already been selected and that ρhn−1 is a minimizer of (12) with φ = φhn−1.
We now distinguish two cases.
Continuation case. As long as ρhn−1 admits the following unique decomposition

(44) R(ρhn−1 − ρ0) = αnv̄ + zn for some (αn, zn) ∈ [−δ0, δ0]× UYδ0(0),

we define

(45) pn :=


inf

{
p ∈ [pn−1, δ1] : J ′

αn,zn(p) > 0
}
, J ′

αn,zn(pn−1) < 0,

pn−1, J ′
αn,zn(pn−1) = 0,

sup
{
p ∈ [−δ1, pn−1] : J ′

αn,zn(p) < 0
}
, J ′

αn,zn(pn−1) > 0,

and set

(46) φhn := φ(pn, zn).

Once again, by (33) we have (29), i.e.,

(47) A(φhn) = ρhn−1.
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Moreover, (36) and (45) yield

(48) Fρhn−1
(φhn) ≤ Fρhn−1

(φhn−1).

Finally, having selected φhn, we let ρhn be a minimizer of (12) with φ = φhn.
Restart case. Suppose that (44) does not hold for ρhn−1. In this case, we restart

the construction by choosing

(49) φhn ∈ argmin
φ∈H1(Ω)

Fρhn−1
(φ).

In particular, φhn satisfies (29) with ρ = ρhn−1. Moreover, since φhn−1 is an admissible
competitor in (49),

(50) Fρhn−1
(φhn) ≤ Fρhn−1

(φhn−1).

We then let ρhn be a minimizer of (12) with φ = φhn.
We then restart the procedure from (ρhn−1, φ

h
n), which plays the role of the initial

pair (ρ0, φ0) in the construction above. In particular, we have

φhn = φ(0, 0),

so that pn = 0 and zn = 0.
iii) Finite number of restarts. We next show that the local construction above can
be iterated on the whole time interval with a finite number of restarts which is
uniform with respect to h. Let

KM :=
{
ρ ∈ K : ∥ρ∥L2(Ω) ≤M

}
,

where M > 0, and define the set of possible restart points by

(51) CM :=
{
(ρ, φ) ∈ KM ×H1(Ω) : φ ∈ argmin

ψ∈H1(Ω)

Fρ(ψ)
}
.

Lemma 8. Let M > 0. Then the set CM is compact in (H1(Ω))′ ×H1(Ω). More-
over, there exist τ∗ > 0 and h∗ > 0 depending only on the initial data such that,
for every h < h∗, whenever a restart occurs at step n∗, no further restart occurs at
any step n ≥ n∗ satisfying

(n− n∗)h ≤ τ∗.

Consequently, the number of restarts on [0, T ] is bounded independently of h.

Proof. We divide the proof into three steps.
Step 1. We first prove that CM is compact in (H1(Ω))′ ×H1(Ω).

Let (ρj , φj)j∈N ⊂ CM . Since (ρj)j∈N is uniformly bounded in L2(Ω), up to a
subsequence, there exists ρ ∈ KM such that

(52) ρj → ρ strongly in (H1(Ω))′.

Since φj is a global minimizer of Fρj , we have

A(φj) = ρj ,

which combined with (52) and the properness of A yields, up to a subsequence,

(53) φj → φ strongly in H1(Ω)

and A(φ) = ρ. Moreover, since

Fρj (φj) ≤ Fρj (φ̃), for every φ̃ ∈ H1(Ω),

using (52) and (53), we obtain that φ ∈ argminFρ, hence (ρ, φ) ∈ CM .
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Step 2. For every
(ρ̄, φ̄) ∈ CM ,

the local analysis in (i) provides a constant δ0 = δ0(ρ̄, φ̄) > 0 such that, whenever

∥ρ− ρ̄∥(H1(Ω))′ < δ0,

the selection procedure can be carried out and yield a function φ = φ(ρ) and a
δ0-neighbourhood Uδ0(ρ̄, φ̄) of (ρ̄, φ̄).

Consider the open cover of CM given by
{
Uδ0/2(ρ̄, φ̄) : (ρ̄, φ̄) ∈ CM

}
. By compact-

ness, we may extract a finite subcover and, denoting by δ10 , . . . , δ
N
0 the corresponding

radii, we set δ∗ := min1≤j≤N δ
j
0/2.

Step 3. It remains to show that ρhn cannot move by δ∗ in (H1(Ω))′ in an arbitrarily
short time.

We first recall (18), which can be written as, for m > n,

W2(ρ
h
n, ρ

h
m) ≤ C

√
(m− n)h.

On the other hand, by interpolation, there exists a non-decreasing modulus of
continuity ωM : [0,+∞) → [0,+∞), with ωM (s) → 0 as s ↓ 0, such that

∥ρ− ρ̃∥(H1(Ω))′ ≤ ωM
(
W2(ρ, ρ̃)

)
for every ρ, ρ̃ ∈ KM .

Hence, we deduce

(54) ∥ρhn − ρhm∥(H1(Ω))′ ≤ ωM (C
√

(m− n)h).

We now choose τ∗ > 0 such that ωM (C
√
τ∗) < δ∗. Let h∗ > 0 be the constant

given by the selection procedure and assume that h∗ ≤ τ∗. Suppose that a restart
occurs at step n∗. Since

(ρhn∗−1, φ
h
n∗
) ∈ CM ,

there exists a Uδ0(ρ̄, φ̄) from Step 2 such that (ρhn∗−1, φ
h
n∗
) ∈ Uδ0(ρ̄, φ̄). Fixed

h ≤ h∗, for every n ≥ n∗ such that (n− n∗)h ≤ τ∗, we have, by (54),

∥ρhn−1 − ρhn∗−1∥(H1(Ω))′ ≤ ωM (C
√

(n− n∗)h) < δ∗.

In particular, we observe that no restart can occur for n ≥ n∗ such that (n−n∗)h ≤
τ∗. Moreover, if n1 < n2 < · · · < nNh

are the restart indices, then

(nk+1 − nk)h > τ∗ for k = 1, . . . , Nh − 1.

Consequently,

Nh ≤ 1 +

[
T

τ∗

]
,

which is independent of h. □

iv) Strong convergence of the selected phases.

Proposition 9. Given T > 0, ρ0 ∈ Lm(Ω) such that
´
Ω
ρ0 dx = 1 and φ0 a

minimizer of the functional φ 7→ Eint,ε(φ) +
´
Ω
φ(λ − ρ0) dx, let (ρ

h
n, φ

h
n)n∈N be a

discrete solution starting from (ρ0, φ0) and constructed via the selection procedure
above. Then we have

(55) φh → φ strongly in L2(0, T ;H1(Ω)) ∩ L4(Ω× (0, T )).

In particular,

(56)

ˆ T

0

ˆ
Ω

(
ε

2
|∇φh|2 + 1

ε
F (φh)

)
dxdt→

ˆ T

0

ˆ
Ω

(
ε

2
|∇φ|2 + 1

ε
F (φ)

)
dxdt.
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Proof. By Lemma 8, we have that the number Nh of restarts on [0, T ] is uniformly
bounded with respect to h. Hence, up to a subsequence, the corresponding restart
times th1 < . . . < thNh

converge as h → 0 to finitely many points t∗1 < . . . < t∗N in
[0, T ]. It is therefore enough to prove the assertion on each open interval between
two consecutive limiting restart times.

Fix such an interval and t0 in its interior. For h > 0 sufficiently small, the
selected phases φh are given by the local construction introduced in (i). We then
consider the functional p 7→ Jα0,z0(p) for some (α0, z0) associated with ρ(t0), and
set

g0(p) := J ′
α0,z0(p).

By the properties established in (i), g0 is real analytic and not identically zero in
[−δ1, δ1]. Hence it has only finitely many zeros −δ1 < q1 < . . . < qk < δ1 for some
k ∈ N. We choose η > 0 sufficiently small such that the intervals

Qi := (qi − η, qi + η), i = 1, . . . , k,

are pairwise disjoint and compactly contained in (−δ1, δ1). Since g0 does not vanish
outside these intervals, there exists c0 > 0 such that

(57) |g0(p)| ≥ c0 for every p ∈ [−δ1, δ1] \
k⋃
i=1

Qi.

By the strong convergence in (27), we have

(αh, zh) → (α, z) uniformly on [0, T ],

where (αh(t), zh(t)) and (α(t), z(t)) are the coordinates associated with ρh(t) and
ρ(t), respectively. Moreover, since ρ is continuous in (H1(Ω))′,

(α(t), z(t)) → (α0, z0) as t→ t0.

Therefore, by the continuity of J ′
α,z(p) with respect to (α, z, p), we can choose a

sufficiently small neighbourhood U of t0 and then h > 0 sufficiently small such that

sup
t∈U

sup
p∈[−δ1,δ1]

∣∣∣J ′
αh(t),zh(t)(p)− g0(p)

∣∣∣ < c0
2
.

Since every phn given by (45) satisfies J ′
αh

n,z
h
n
(phn) = 0, it follows from (57) that, for

h sufficiently small and every n such that nh ∈ U ,

phn ∈
k⋃
i=1

Qi.

Since the intervals Qi are pairwise disjoint, there exists a unique ihn ∈ {1, . . . , k}
such that phn ∈ Qihn .

By the same argument as in [46, Lemma 3.2], the sequence n 7→ ihn is monotone
as long as nh ∈ U . On the other hand, given

ρh−(t) := ρhn−1 for t ∈ ((n− 1)h, nh],

equation (47) reads as

A(φh(t)) = ρh−(t).

Hence, the convergence of ρh−(t) in (H1(Ω))′, and the properness of A imply that

(φh(t))h>0 is relatively compact in H1(Ω) for every fixed t ∈ U . By a diagonal
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argument, φh(t) converges strongly inH1(Ω) for every t ∈ (Q∩(0, T ))\{t∗1, . . . , t∗N}.
Finally, using [46, Lemma 3.3], we can conclude that

φh(t) → φ(t) strongly in H1(Ω) for a.e. t ∈ (0, T ).

By (14), the dominated convergence theorem then yields (55). □

v) Phase almost minimizing property. Observe that

ρ 7→ inf
φ̃∈H1(Ω)

Fρ(φ̃)

is continuous on KM with respect to the (H1(Ω))′-topology. Fix a restart point
(ρ̄, φ̄) ∈ CM . By the continuity of Fρ(φ) with respect to (ρ, φ), for every κ > 0
there exists a sufficiently small δ0 given by (i) such that, if (ρ, φ) belongs to a
δ0-neighborhood of (ρ̄, φ̄), then

Fρ(φ)− inf
φ̃∈H1(Ω)

Fρ(φ̃) < κ.

By the compactness of CM , we can conclude that, for every n,

(58) Fρhn−1
(φhn) ≤ inf

φ̃∈H1(Ω)
Fρhn−1

(φ̃) + κ.

In particular, for every φ̃ ∈ L1(0, T ;H1(Ω)),

Fρh−(t)(φ
h(t)) ≤ Fρh−(t)(φ̃(t)) + κ for a.e. t ∈ (0, T ).

Integrating in time and passing to the limit as h ↓ 0 by the strong convergences (25)
and (55), we obtainˆ T

0

Fρ(t)(φ(t)) dt ≤
ˆ T

0

Fρ(t)(φ̃(t)) dt+ Tκ.

In particular, one may choose κ = ε/T , thus obtaining (9).

2.3. Convergence to the continuous phase-field problem.

2.3.1. Construction of the velocity field and transport equation. In order to ob-
tain (5) we argue as in [25], in particular we refer the reader to [25, Section 6.1] for
more details.

Defining uh := ∇ϕh and vh :=
√
ρh∇ϕh, from (24) we deduce that (up to a

subsequence)

(59)
√
ρhuh = vh ⇀ v weakly in L2(Ω× (0, T )).

Moreover, the measure
√
ρvLd⌞Ω ⊗ L1⌞(0, T ) is absolutely continuous with re-

spect to ρLd⌞Ω ⊗ L1⌞(0, T ), in particular there exists a vector field u ∈ L1(Ω ×
(0, T ); ρdxdt) such that

√
ρv = ρu in L1(Ω× (0, T )) and

(60) v =
√
ρu on supp ρ.

Recalling that (Id−h∇ϕhn)#ρhn = ρhn−1, for η ∈ C∞
c (Ω× [0,+∞)) it holds

1

h

ˆ
Ω

(ρhn − ρhn−1)η dx =
1

h

ˆ
Ω

ρhn(x)(η(x)− η(x− h∇ϕhn(x)) dx.

By Taylor’s expansion on the right-hand side, we have

1

h

ˆ
Ω

(ρhn − ρhn−1)η dx =

ˆ
Ω

ρhn(x)∇η · ∇ϕhn dx+R,(61)
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where the error R, once integrated in time, vanishes as h→ 0. Therefore, integrat-
ing in time (61), using (25), (59) and (60), we obtain (5) in the limit h→ 0.

2.3.2. Passage to the limit in the discrete equation. From the convergences (25)
and (59) it follows that

ρh∇ϕh → √
ρv weakly in L1(Ω× (0, T )),

as h→ 0. Hence, the left-hand side of (17) passes to the desired limit as h→ 0.
Moreover, we can pass to the limit in the terms on the right-hand side of (17)

thanks to Lemma 5, (25) (55), and (56). In particular, we have that µ ≥ ρmLd⌞Ω⊗
L1⌞(0, T ). Indeed, consider a nonnegative test function η ∈ C∞

c (Ω× (0, T )), using
the almost everywhere convergence in Ω×(0, T ) given by (25) and applying Fatou’s
lemma, we obtain

ˆ
Ω

ˆ T

0

ρmη dxdt ≤ lim inf
h→0

ˆ
Ω

ˆ T

0

(ρh)mη dxdt =

ˆ
Ω

ˆ T

0

η dµ.

2.3.3. Passage to the limit in the Allen-Cahn equation. Each term of equation (10)
passes to the desired limit due to (19), (55), hence yielding (7).

2.3.4. Energy dissipation rate. Similarly as in [9] (see also [5]), it can be shown that
the De Giorgi’s variational interpolation ρ̃h, defined as

ρ̃h(t) ∈ argmin
ρ∈K

{ W 2
2 (ρ, ρ

h
n−1)

2(t− (n− 1)h)
+ Eε(ρ, φhn)

}
if t ∈ ((n− 1)h, nh],(62)

satisfies

h

2

(
W2(ρ

h
n, ρ

h
n−1)

h

)2

+
1

2

ˆ h

0

(
W2(ρ̃

h((n− 1)h+ t), ρhn−1)

t

)2

dt

≤ Eε(ρhn−1, φ
h
n)− Eε(ρhn, φhn) ≤ Eε(ρhn−1, φ

h
n−1)− Eε(ρhn, φhn),

(63)

where the last inequality follows from (48) and (50). Notice that ρ̃h(nh) = ρhn =
ρh(nh), for all n ∈ N0.

Summing in (63) over n from n0 + 1 to n1, we obtain

h

2

n1∑
n=n0+1

(
W2(ρ

h
n, ρ

h
n−1)

h

)2

+
1

2

n1∑
n=n0+1

ˆ h

0

(
W2(ρ̃

h((n− 1)h+ t), ρhn−1)

t

)2

dt

≤ E(ρhn0
, φhn0

)− E(ρhn1
, φhn1

) ≤ E(ρ0, φ0)− E(ρhn1
, φhn1

).

(64)

First, recalling (23)-(24) and, in particular, the convergence (59), we can pass to
the limit as h→ 0 in the first term on the left-hand side of (64). Then, note that,
by a change of variable, it holds

1

2

n1∑
n=n0+1

ˆ h

0

(
W2(ρ̃

h((n− 1)h+ t), ρhn−1)

t

)2

dt =
1

2

ˆ n1h

n0h

(
W2(ρ̃

h(t), ρh(t))

t− [t/h]h

)2

dt,

and
W 2

2 (ρ̃
h(t), ρh(t))

2(t− [t/h]h)
=
t− [t/h]h

2

ˆ
Ω

|∇ϕ̃h(t)|2ρ̃h dx,
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where ϕ̃h is the optimal Kantorovich potential in W2(ρ̃
h(t), ρh(t)). For n0 = 0,

n1 = N , and τ = Nh ∈ (0, T ), it follows that

1

2

N∑
n=1

ˆ h

0

(
W2(ρ̃

h((n− 1)h+ t), ρhn−1)

t

)2

dt =
1

2

ˆ τ

0

ˆ
Ω

|∇ϕ̃h(t)|2ρ̃h dtdx.

We deduce that also ṽh :=
√
ρ̃h∇ϕ̃h weakly converges in (L2(Ω × (0, T )))d to

the function v given by (59). Indeed, arguing similarly to the convergence results
established for ρh, one can show that for almost every t ∈ (0, T ) it holds ρ̃h(t) → ρ̃(t)
in L1(Ω), therefore one can conclude using the analogue of (17) for (ρ̃h(t), φh(t))
together with (55). Moreover, since ρ̃h(t) → ρ(t) strongly in the 2-Wasserstein
distance due to (62) and the equivalent of (13) (see also equation 3.2.7 [5]), we can
identify ρ̃ = ρ. Hence, we can also pass to the limit in the second term on the
left-hand side of (64) and observe thatˆ τ

0

ˆ
Ω

|v|2 dxdt ≥
ˆ
supp ρ

|v|2 dxdt =
ˆ
supp ρ

ρ|u|2 dxdt =
ˆ τ

0

ˆ
Ω

ρ|u|2 dxdt,

where we used (60).
To conclude about the validity of (8) we use the lower semicontinuity of the

energies E(ρh(·, t), φh(t)) for almost every t ∈ (0, T ) due to (14), (25), and (55).

3. The sharp interface limit (ε→ 0)

In this section, we prove that weak solutions of the phase-field model in the
sense of Definition 1 converge, as the parameter ε → 0, to weak solutions of the
Verigin problem with phase transition as introduced in [25]. We establish this result
by showing strong compactness properties for (ρε, φε)ε>0 and then passing to the
limit in the distributional equations (5)-(7).

The starting point of [25] is a minimizing movement scheme for the Verigin
problem with phase transition. In particular, for ρ ∈ Lm(Ω) and E ⊂ Ω a set of
finite perimeter, the evolution is driven by the energy

E(ρ, χE) := σ

ˆ
Ω

1 d|∇χE |+
ˆ
Ω

1

m− 1
ρm dx+

ˆ
Ω

χE(λ− ρ) dx,(65)

where σ > 0 denotes the surface tension. Similarly as done in Section 2, the authors
construct discrete solutions via a minimizing movement scheme for the energy (65),
using the 2-Wasserstein distance as dissipation. They then show that, as the time
discretization step h→ 0, these solutions converge to weak solutions of the Verigin
problem with phase transition in the sense of the following definition.

Definition 7 (Weak solution to the Verigin problem with phase transition). Let
T > 0 and Ω ⊂ Rd be a smooth open set. Let E0 ⊂ Ω be a measurable set and
ρ0 ∈ L1(Ω) be initial conditions such that

´
Ω
ρ0 = 1 and E(ρ0, χE0) < ∞. A

triple of functions (ρ, χ,u) is a distributional solution to the Verigin problem with
phase transition if ρ ∈ Lm(Ω × (0, T )), χ ∈ L∞(0, T ;BV (Ω)) with 0 ≤ χ ≤ 1,
u ∈ (L2(Ω× (0, T ); ρdxdt))d, and satisfies the following properties:

i) For all η ∈ C∞
c (Ω× [0, T )), we have

(66) −
ˆ T

0

ˆ
Ω

ρ(∂tη + u · ∇η) dxdt =
ˆ
Ω

ρ0η(·, 0) dx.
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ii) The distributional Young-Laplace law

−
ˆ T

0

ˆ
Ω

ρu · ξ dxdt(67)

= σ

ˆ T

0

ˆ
Ω

(div ξ − ν · ∇ξν) d|∇χ|dt−
ˆ T

0

ˆ
Ω

divξ dµ+

ˆ T

0

ˆ
Ω

λχdivξ dxdt

is satisfied for all ξ ∈ C∞
c (Ω× [0, T );Rd) with ξ · νΩ = 0 along ∂Ω× (0, T ),

where ν denotes the Radon-Nikodym derivative − d∇χ
d|∇χ| and µ ∈ Mb(Ω ×

(0, T )) is such that µ ≥ ρmLd⌞Ω⊗ L1⌞(0, T ).
iii) The energy dissipation rate

E(ρ(τ), χ(τ)) +
ˆ τ

0

ˆ
Ω

ρ|u|2 dxdt ≤ E(ρ0, χE0
)(68)

holds for almost every τ ∈ (0, T ).

We now turn to the main result of this section and prove that weak solutions
to the phase-field model (2) in the sense of Definition 1 satisfying the almost-
minimizing property (9) converge to weak solutions of the Verigin problem with
phase transition in the sense of Definition 7. In particular, this result applies to
the solutions constructed in Section 2 (cf. Theorem 1) and reads as follows.

Theorem 10. Let m ≥ 2 and d ∈ {2, 3}. Let (ρε, φε,uε) be weak solutions to the
phase-field model (2) in the sense of Definition 1 with µε = ρmε Ld⌞Ω ⊗ L1⌞(0, T )
satisfying the almost-minimizing property (9), and with well-prepared initial data
(ρε,0, φε,0), i.e., satisfying

ρε,0 → ρ0 in Lm(Ω),(69a)

φε,0 → χE0
in L1(Ω),(69b)

Eint,ε(φε,0) =
ˆ
Ω

ε

2
|∇φε,0|2 +

1

ε
F (φε,0) dx→ σ|∇χE0

|(Ω),(69c)

where σ :=
´ 1
0

√
2F (s) ds, for some ρ0 ∈ Lm(Ω) and E0 ⊂ Ω of finite perimeter in

Ω. Then, under the assumption ρε ≥ c for a fixed constant c > 0, there exists a
subsequence εj → 0 such that the following properties hold.

(i) There exists ρ ∈ Lm(Ω× (0, T )) such that

(70) ρεj → ρ strongly in Lp(Ω× (0, T )), for every 1 ≤ p < m.

(ii) There exists χ ∈ L∞(0, T ;BV (Ω)) such that

(71) φεj → χ strongly in L1(0, T ;L1
0(Ω)).

Moreover, there exist a function χ̃ ∈ L∞(0, T ;BV (Ω; {0, 1})) and a measur-
able set R ⊂ [0, T ] such that χ̃(t) = χ(t) for t ∈ R, while χ̃(t) ≡ c ∈ {0, 1}
for t /∈ R. In particular, χ̃(t) = χE(t) for a family of sets E(t) ⊂ Ω of finite
perimeter.

(iii) There exists u ∈ (L2(Ω× (0, T ); ρdxdt))d such that

(72)
√
ρεjuεj → √

ρu weakly in (L2(Ω× (0, T ))d.
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iv) The time-integrated interfacial phase-field energy converges in the sense
that

(73)

ˆ T

0

Eint,ε(φε(·, t)) dt→ σ

ˆ T

0

|∇χ̃(·, t)|(Ω) dt.

v) The triple (ρ, χ̃,u) is a distributional solution to the Verigin problem with
phase transition in the sense of Definition 7.

Remark 8. Notice that a distributional solution to the Verigin problem with phase
transition (cf. Definition 7) is recovered only after a suitable choice of the repre-
sentative for the limit in (71). Indeed, the convergence of φε is obtained only in
L1
0(Ω) = L1(Ω)/ span{1}, and therefore determines the limit only up to spatially

constant functions. Similarly as in [46], at “regular” times t ∈ R the limit χ(t) is
uniquely identified as the characteristic function of a set of finite perimeter, whereas
for t /∈ R it is only known to be spatially constant. Hence, we define χ̃ = χ on R
and suitably choose χ̃(t) ∈ {0, 1} for t /∈ R, so that the resulting triple (ρ, χ̃, u) is
a distributional solution in the sense of Definition 7.

Remark 9. We observe that the restrictions d ∈ {2, 3} andm ≥ 2 in the hypothesis
of Theorem 10 are used to obtain the H2-regularity of the phase field in Lemma 2.
In particular, we apply Lemma 2 to justify the computation of the distributional
divergence of the diffuse-interface stress tensor Tε in the first steps of the proof
of Theorem 10(i). Moreover, the assumption m ≥ 2 is also used in the proof of
Theorem 10(v) to pass to the limit in the coupling term when establishing the
pointwise lower-semicontinuity estimate (86) for the total energy.

Remark 10. The interfacial energy convergence (73) is often imposed as an addi-
tional assumption in sharp-interface convergence results towards BV -type solutions
of geometric flows, both for Allen–Cahn approximations of mean curvature flow (cf.,
e.g., [26, 19]) and for conserved phase-field models (cf., e.g. [24, 27]). Here, this con-
vergence follows from the quasi-static structure of the Verigin problem with phase
transition, through the almost-minimizing property (9). Moreover, in view of (73)
and the convergence of the coupling term, convergence of the total phase-field en-
ergy (4) would reduce to the convergence of the bulk energy term. In particular, if
one could establishˆ T

0

ˆ
Ω

(ρε)
m dxdt→

ˆ T

0

ˆ
Ω

(ρ)m dxdt as ε→ 0,

then the defect measure could be identified as µ = ρmLd⌞Ω⊗ L1⌞(0, T ).

3.1. Compactness. In this section, we prove the items (i), (ii), and (iii) of The-
orem 10.

3.1.1. Compactness of ρε. In this subsection we prove the strong convergence of
(ρε)ε>0, namely the item (i) of Theorem 10. First, we establish the W2-Hölder
continuity in time.

Lemma 11 (Compactness in time). There exists a constant C > 0 depending only
on T and Eε(ρ0, φ0), such that, for any ε > 0 and 0 ≤ t0 < t1 ≤ T , it holds
W2(ρε(·, t1), ρε(·, t0)) ≤ C|t1 − t0|1/2.
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Proof. The Benamou-Brenier formula reads as

W 2
2 (ρ(·, t1), ρ(·, t0)) = inf

ρ̃,ũ

{ˆ 1

0

ˆ
Ω

ρ̃(x, t)|ũ(x, t)|2 dxdt
}
,

where the infimum is taken over all couples satisfying ∂tρ̃ + div(ρ̃ũ) = 0, ρ̃(·, 0) =
ρ(·, t0), and ρ̃(·, 1) = ρ(·, t1). In particular, we can consider

ρ̃ε(x, t) := ρε(x, t(t1 − t0) + t0), ũε(x, t) := (t1 − t0)uε(x, t(t1 − t0) + t0),

which satisfy (5). Then, from the Benamou-Brenier formula and (8) it follows that

W 2
2 (ρε(·, t1), ρε(·, t0)) ≤

ˆ 1

0

ˆ
Ω

ρ̃ε(x, t)|ũε(x, t)|2 dxdt

= (t1 − t0)

ˆ t1

t0

ˆ
Ω

ρε(x, t)|uε(x, t)|2 dxdt

≤ (t1 − t0)Eε(ρ0, φ0),

recall that, thanks to Remark 5, we can assume that the energy Eε is positive up
to adding a uniform constant. □

Next, we deduce space-compactness for (ρε)ε>0 and thus prove the desired result.

Proof of Theorem 10(i). First, we claim that

∇(ρmε ) ∈ L1(Ω× (0, T )),

m
m−1∇(ρm−1

ε ) = −uε +∇φε a.e. in Ω× (0, T ).(74)

Indeed, we recall the diffuse-interface stress tensor

Tε =
(ε
2
|∇φε|2 +

1

ε
F (φε)

)
Id−ε∇φε ⊗∇φε,

whose distributional divergence is given by

div(Tε) =
(
− ε∆φε +

1

ε
F ′(φε)

)
∇φε

and whose well-posedness is due to Lemma 2. Using (7), we obtain

div(Tε) =
(
ρε − λ

)
∇φε

in the sense of distributions. Hence, integrating by parts, we can rewrite (6) as
follows

−
ˆ T

0

ˆ
Ω

ρεuε · ξ dxdt

=

ˆ T

0

ˆ
Ω

Tε : ∇ξ dxdt−
ˆ T

0

ˆ
Ω

(ρmε − λφε)divξ dxdt

= −
ˆ T

0

ˆ
Ω

(ρε − λ)∇φε · ξ dxdt−
ˆ T

0

ˆ
Ω

(ρmε − λφε)divξ dxdt

= −
ˆ T

0

ˆ
Ω

(ρε − λ)∇φε · ξ dxdt−
ˆ T

0

ˆ
Ω

(ρmε divξ + λ∇φε · ξ) dxdt

=

ˆ T

0

ˆ
Ω

(−ρε∇φε · ξ − ρmε divξ) dxdt
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for all ξ ∈ C∞
c (Ω × [0, T );Rd) with ξ · νΩ = 0 along ∂Ω × (0, T ). In particular, it

holds

∇(ρmε ) = −ρεuε + ρε∇φε(75)

in the sense of distributions. Notice that, since ∇(ρmε ) ∈ L1(Ω × (0, T )) by
comparison in (75) due to the regularity of the solutions in the sense of Defini-
tion 1, then (75) holds almost everywhere in Ω× (0, T ). Moreover, by assumption
ρε ≥ c > 0, (75) yields the claim (74).

We define
ϕε := j(ρε)− φε,

where j(ρ) := m
m−1ρ

m−1. Then, by (74), we obtain that ∇ϕε = −uε almost

everywhere in Ω × (0, T ). Moreover, let aε := ϕε + ψε, where ψε is given by
Lemma 13. We have that aε ∈ L∞(0, T ;L1(Ω)), |∇aε(t)| = |−uε(t)+∇ψε(t)|, and´ T
0
∥aε(t)∥BV (Ω) dt ≤ C. Observe that aε − j(ρε) = ψε − φε, therefore Lemma 13

yields

aε − j(ρε) → 0 in L∞(0, T, L1(Ω)),(76)

aε − j(ρε) → 0 a.e. Ω× (0, T ).

Defining
gε := j|−1

[0,+∞)((aε)+),

where x+ := max{x, 0}, we obtain
´ T
0
∥j(gε(t))∥BV (Ω) dt ≤ C. Since the function

x 7→ x+ is 1-Lipschitz and ρε ≥ c > 0 by assumption, we deduce

j(gε)− j(ρε) → 0 in L∞(0, T, L1(Ω)), j(gε)− j(ρε) → 0 a.e. Ω× (0, T ).

Consequently, we obtain

gε − ρε → 0 a.e. Ω× (0, T ),

gε − ρε → 0 in L1(Ω× (0, T )).(77)

We introduce the lower semicontinuous functional F : L1(Ω) → [0,+∞] defined
as

F(u) := ∥j(u)∥BV (Ω).

We observe that, for every C > 0, the set V := {v ∈ L1(Ω; [0,+∞]) : F(v) ≤ C} is
compactly embedded in L1(Ω) under the strong topology. To prove this, consider
a sequence (vn)n ⊂ V and notice that, up to a subsequence, j(vn) converges to
some w strongly in L1(Ω) and almost everywhere in Ω. The strict monotonicity
of j guarantees its invertibility, implying vn = (j)−1(j(vn)) → (j)−1(w) a.e. in Ω.
The strong convergence in L1(Ω) then follows.

Consider a subsequence εk ↓ 0 and denote by gk = gεk and ρk = ρεk . Let W̃2

denote the generalized 2-Wasserstein distance (cf. [38, Definition 1]). For every
k0 ∈ N we have

lim
τ→0

sup
k∈N

ˆ T−τ

0

W̃2(gk(t+ τ), gk(t)) dt

≤ lim
τ→0

sup
k≤k0

ˆ T−τ

0

W̃2(gk(t+ τ), gk(t)) dt+ lim
τ→0

sup
k>k0

ˆ T−τ

0

W̃2(gk(t+ τ), gk(t)) dt

= lim
τ→0

sup
k>k0

ˆ T−τ

0

W̃2(gk(t+ τ), gk(t)) dt,
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where the last equality follows from the continuity of time translations of gk in
L1(0, T ;L1(Ω)) for fixed k. Furthermore, we have

lim
τ→0

lim
k0→∞

sup
k>k0

ˆ T−τ

0

W̃2(gk(t+ τ), gk(t)) dt

≤ lim
τ→0

lim
k0→∞

sup
k>k0

(ˆ T−τ

0

∥gk(t+ τ)− ρk(t+ τ)∥L1(Ω) + ∥gk(t)− ρk(t)∥L1(Ω) dt

+

ˆ T−τ

0

W2(ρk(t+ τ), ρk(t)) dt

)
= 0,

where the terms on the right-hand side yield zero due to (77) and Lemma 11.

Notice that all the assumptions of Theorem 12 are satisfied with d = W̃2 (gener-
alized 2-Wasserstein distance), U := (gk)k∈N, in particular U is tight with respect
to F . Applying Theorem 12 and using the strong convergence (77), we obtain
that U is relatively compact in M(0, T ;L1(Ω)), yielding the strong convergence
gε(·, t) → ρ(·, t) in L1(Ω) for almost all t ∈ (0, T ). Moreover, by an application of
the dominated convergence theorem, we obtain

gε → ρ in L1(Ω× (0, T )).(78)

In particular, we have that

ρε → ρ in L1(Ω× (0, T )),

due to (77). Finally, the bound (8) yields

(79) ρε ⇀ ρ weakly in Lm(Ω× (0, T )), (ρε)
m ∗
⇀ µ weakly-* in measure

for some µ ∈ Mb(Ω × (0, T )) such that µ ≥ ρmLd⌞Ω ⊗ L1⌞(0, T ), and the desired
strong convergence (70).

□

3.1.2. Compactness of φε. In this subsection we prove the strong convergence of
(φε)ε>0, which is stated in Theorem 10(ii).

Proof of Theorem 10(ii). First, notice that the bound (8) yields

(80) φε ⇀ χ weakly in L4(Ω× (0, T )).

Recall that (ψε)ε>0 is the family given by Lemma 13, that aε = ϕε+ψε, and that
∇ϕε = −uε. Let τ ∈ (0, T ) and, for any function f : (0, T ) → R, let fτ := f(·+ τ).
Applying Lemma 14 with ψ = ψε − ψε,τ and ϕ = ϕε − ϕε,τ , we obtainˆ T−τ

0

∥ψε − ψε,τ∥L1
0(Ω) dt

≤ C

ˆ T−τ

0

∥aε − aε,τ∥L1(Ω) dt

+ C

ˆ T−τ

0

∥aε − aε,τ∥
1
2

L1(Ω)

(ˆ
Ω

|∇ϕε|2 dx+

ˆ
Ω

|∇ϕε,τ |2 dx
) 1

2

dt.

Combining the above inequality with the convergences (70) and (76) and the en-
ergy dissipation bound (8), and recalling that |∇ψε(t)|(Ω) is uniformly bounded
for almost all t ∈ (0, T ) by Lemma 13, we can apply the Frechét-Kolmogorov theo-
rem to conclude that (ψε)ε>0 is relatively compact in L1(0, T ;L1

0(Ω)), in particular
(ψε(t))ε>0 is relatively compact in L1

0(Ω) for almost all t ∈ (0, T ). Notice that, if
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there are two subsequences ε
(i)
j → 0, i = 1, 2, such that ψ

ε
(i)
j
(t) → ψ(i) in L1(Ω),

then ψ(1) = ψ(2) in L1
0(Ω), meaning that ψ(1) − ψ(2) = constant in Ω, and there-

fore, since ψ(i) ∈ BV (Ω; {0, 1}), either ψ(1) = ψ(2) or {ψ(1), ψ(2)} = {0, 1}. Using
Lemma 13, we then obtain (71), i.e., up to a non-relabeled subsequence,

φε → χ strongly in L1(0, T ;L1
0(Ω)).

Let R denote the set of such “regular” times of t ∈ [0, T ] such that (ψε(t))ε>0

converges strongly in L1(Ω). Observe that R is measurable. Hence, for t ∈ R also
φε(·, t) → χ(·, t) strongly in L1(Ω) and

(81) φε → χ in L1(R× Ω).

Moreover, for times t ∈ R, we can show that χ(·, t) is the characteristic function
of a set of finite perimeter. Indeed, since by (8) and the well-preparedness of the
initial data we have

sup
ε>0

ess sup
t∈[0,T ]

Eint,ε(φε(·, t)) ≤ C <∞,

Fatou’s lemma gives
´
Ω
F (χ(x, t)) dx = 0, which implies that χ(x, t) = χE(x, t) for

some set E ⊂ Ω× (0, T ). From the coarea formula we deduce that E(t) is a set of
finite perimeter in Ω, where E(t) is identified by χE(t) := χE(·, t).

On the other hand, it can be shown that the weak limit χ in (80) satisfies
χ(t) ≡ const whenever t /∈ R. Similarly as in [46], using the weak convergence (80)
together with Lemma 13, we obtain that for any measurable I ⊂ [0, T ] \ R and
ξ ∈ C1

c (Ω;Rd)ˆ
I

ˆ
Ω

χ div ξ dxdt = lim
ε→0

ˆ
I

ˆ
Ω

φε div ξ dxdt = lim
ε→0

ˆ
I

ˆ
Ω

ψε div ξ dxdt = 0.

The last equality follows by dominated convergence theorem from the fact that´
Ω
ψε(t) div ξ dx is bounded, and for every subsequence ε→ 0 there is a subsequence

εj → 0 such that ψεj (t) → c ∈ {0, 1} in L1(Ω), hence

lim
j→∞

ˆ
Ω

ψεj (t) div ξ dx = c

ˆ
Ω

div ξ dx = 0.

Since Ω is connected, χ(t) is constant for almost all t /∈ R.
□

3.1.3. Convergence of the velocity field. In this subsection we prove the weighted
convergence of the velocity field in the sense of Theorem 10(iii).

Proof of Theorem 10(iii). Defining vε :=
√
ρεuε, it follows from (8) that (up to a

subsequence)

(82)
√
ρεuε = vε ⇀ v weakly in L2(Ω× (0, T )).

Since ρε ≥ c > 0 and hence ρ ≥ c > 0 by almost-everywhere convergence following
from (70), we can define u := v/

√
ρ and obtain the desired convergence (72). In

particular, we have

(83)

ˆ T

0

ˆ
Ω

ρ|u|2 dxdt ≤ lim inf
ε→0

ˆ T

0

ˆ
Ω

ρε|uε|2 dxdt.

Moreover, notice that the convergences (70) and (82) imply

(84) ρεuε ⇀ ρu weakly in L
2p

p+1 (Ω× (0, T )), 1 ≤ p < m.
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□

3.2. Interfacial energy convergence. In this section, we prove the convergence
of the time-integrated interfacial phase-field energy, namely Theorem 10(iv).

Proof of Theorem 10(iv). First, we recall that (ρε, φε) satisfies the almost minimiz-
ing property (9), namely

ˆ T

0

ˆ
Ω

(ε
2
|∇φε|2 +

1

ε
F (φε)

)
dxdt+

ˆ T

0

ˆ
Ω

φε(λ− ρε) dxdt

≤
ˆ T

0

ˆ
Ω

(ε
2
|∇φ̃|2 + 1

ε
F (φ̃)

)
dxdt+

ˆ T

0

ˆ
Ω

φ̃(λ− ρε) dxdt+ ε

for every φ̃ ∈ L1(0, T ;H1(Ω)).
Let χ̃(t) = χ(t) if t ∈ R and χ̃(t) ≡ c ∈ {0, 1} if t /∈ R. Recall the conver-

gences (71) and (81). Since both χ(t) and χ̃(t) are constant when t /∈ R and they
coincide when t ∈ R, we obtain that |∇χ| = |∇χ̃| almost everywhere in Ω× (0, T ).
Hence, Fatou’s lemma together with the Modica–Mortola liminf inequality (cf. [36])
yields

σ

ˆ T

0

ˆ
Ω

1 d|∇χ̃|dt = σ

ˆ
R

ˆ
Ω

1 d|∇χ̃|dt

≤ lim inf
ε→0

ˆ
R

ˆ
Ω

(ε
2
|∇φε|2 +

1

ε
F (φε)

)
dxdt

≤ lim inf
ε→0

ˆ T

0

ˆ
Ω

(ε
2
|∇φε|2 +

1

ε
F (φε)

)
dxdt,

where σ :=
´ 1
0

√
2F (s) ds, whereas the convergences (70) and (80) give

ˆ T

0

ˆ
Ω

χ(λ− ρ) dxdt = lim
ε→0

ˆ T

0

ˆ
Ω

φε(λ− ρε) dxdt.

Let η ∈ L1(0, T ;BV (Ω; {0, 1})), there exists (ηε)ε ⊂ L1(0, T ;H1(Ω)) such that

ηε → η strongly in L1(Ω×(0, T )) and
´ T
0

´
Ω

(
ε
2 |∇ηε|

2 + 1
εF (ηε)

)
dxdt→ σ

´ T
0

´
Ω
1 d|∇η|dt

(cf. [36]). Additionally, ηε ⇀ η weakly in L4(Ω× (0, T )). Hence, using the conver-
gence (70) together with the almost-minimizing property (9), we obtain

lim sup
ε→0

ˆ T

0

ˆ
Ω

(ε
2
|∇φε|2 +

1

ε
F (φε) + φε(λ− ρε)

)
dxdt

≤ lim sup
ε→0

ˆ T

0

ˆ
Ω

(ε
2
|∇ηε|2 +

1

ε
F (ηε) + ηε(λ− ρε)

)
dxdt+ ε

=

ˆ T

0

(
σ

ˆ
Ω

1 d|∇η|+
ˆ
Ω

η(λ− ρ) dx
)
dt.

In particular, considering η = χ̃ with the particular choice χ̃(t) = χ(t) for t ∈ R
and

(85) χ̃(t) ≡


0 if λ|Ω| − 1 > 0

1 if λ|Ω| − 1 < 0

c ∈ {0, 1} if λ|Ω| − 1 = 0

, for t /∈ R,
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we have

lim sup
ε→0

ˆ T

0

ˆ
Ω

(ε
2
|∇φε|2 +

1

ε
F (φε) + φε(λ− ρε)

)
dxdt

≤
ˆ T

0

(
σ

ˆ
Ω

1 d|∇χ̃|+
ˆ
Ω

χ̃(λ− ρ) dx
)
dt

≤
ˆ T

0

(
σ

ˆ
Ω

1 d|∇χ̃|+
ˆ
Ω

χ(λ− ρ) dx
)
dt.

From the inequalities above one can deduce

σ

ˆ T

0

ˆ
Ω

1 d|∇χ̃| ≤ lim
ε→0

ˆ T

0

ˆ
Ω

ε

2
|∇φε|2 +

1

ε
F (φε) dxdt ≤ σ

ˆ T

0

ˆ
Ω

1 d|∇χ̃|,

hence we conclude

lim
ε→0

ˆ T

0

ˆ
Ω

ε

2
|∇φε|2 +

1

ε
F (φε) dxdt = σ

ˆ T

0

ˆ
Ω

1 d|∇χ̃|.

□

3.3. Convergence to the Verigin problem with phase transition. In this
section, we prove the item (v) of Theorem 10.

Proof of Theorem 10(v). We divide the proof into several steps.
Step 1 (Transport equation). The convergences (69a), (70) and (84) suffice to

pass to the limit as ε→ 0 in (5), obtaining (66).
Step 2 (Young-Laplace law). The left-hand side of (6) passes to the desired limit

due to (84).
To pass to the limit in the second term on the right-hand side of (6) we need to

show that

Tε dxdt
∗
⇀ σ(Id−ν ⊗ ν) d|∇χ̃|dt weakly-* as measures,

where we recall that

Tε =
(ε
2
|∇φε|2 +

1

ε
F (φε)

)
Id−ε∇φε ⊗∇φε

and that ν denotes the Radon-Nikodym derivative − d∇χ̃
d|∇χ̃| .

We first define

Ψε := Ψ(φε) =

ˆ φε

0

√
2F (s) ds,

then we test ε
2 |∇φε|

2 + 1
εF (φε) with η such that η ∈ Cc(Ω × (0, T )) and η ≥ 0,

obtaining

lim inf
ε→0

ˆ T

0

ˆ
Ω

η
(ε
2
|∇φε|2 +

1

ε
F (φε)

)
dxdt

≥ lim inf
ε→0

ˆ T

0

ˆ
Ω

η|∇Ψε|dxdt ≥ lim inf
ε→0

ˆ
R

ˆ
Ω

η|∇Ψε|dxdt

≥ σ

ˆ
R

ˆ
Ω

η d|∇χ̃|dt = σ

ˆ T

0

ˆ
Ω

η d|∇χ̃|dt,

due to Fatou’s lemma, the lower semicontinuity of the total variation measure, and
the strong convergence Ψε → Ψ(χ̃) = σχ̃ in L1(Ω) for almost every t ∈ R following
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from (81). Similarly, we can test with ∥η∥∞ − η and obtain the same inequalities
with ∥η∥∞ − η (instead of η). These inequalities combined with (73) yieldˆ T

0

ˆ
Ω

η
(ε
2
|∇φε|2 +

1

ε
F (φε)

)
dxdt→ σ

ˆ T

0

ˆ
Ω

η d|∇χ̃|dt

and ˆ T

0

ˆ
Ω

η|∇Ψε|dxdt→ σ

ˆ T

0

ˆ
Ω

η d|∇χ̃|dt

for every η ∈ Cc(Ω× (0, T )). In particular, it holds(ε
2
|∇φε|2 +

1

ε
F (φε)

)
dxdt

∗
⇀ σ d|∇χ̃|dt weakly-* as measures

and

|∇Ψε|dxdt
∗
⇀ σ d|∇χ̃|dt weakly-* as measures.

Furthermore, one can deduce the equipartition of energy, namelyˆ T

0

ˆ
Ω

(√
ε|∇φε| −

1√
ε

√
2F (φε)

)2

dxdt→ 0,

and

ε|∇φε|2 dxdt− |∇Ψε|dxdt
∗
⇀ 0 weakly-* as measures.

For further details on the proof of these convergences, we refer, for instance, to [32].
Recalling (73), an application of Reshetnyak’s continuity theorem [4, Theo-

rem 2.39] to the sequence of measures ∇Ψε dxdt with the 1-homogeneous function
f(x, p) := p⊗p

|p| : ∇ξ(x) yields

lim
ε→0

ˆ T

0

ˆ
Ω

∇φε
|∇φε|

⊗ ∇φε
|∇φε|

: ∇ξ|∇Ψε|dxdt = σ

ˆ T

0

ˆ
Ω

ν ⊗ ν : ∇ξ d|∇χ̃|dt,

whence we obtain

lim
ε→0

ˆ T

0

ˆ
Ω

ε∇φε ⊗∇φε : ∇ξ dxdt = σ

ˆ T

0

ˆ
Ω

ν ⊗ ν : ∇ξ d|∇χ̃|dt.

Finally, the last terms on the right-hand side of (6) pass to the desired limit due
to (79) and (80). Recalling that the limit function χ is constant when t /∈ R, hence
we have

´
Ω
λχ(t)divξ(t) dx = 0 =

´
Ω
λχ̃(t)divξ(t) dx.

Step 3 (Energy dissipation law). We first establish the pointwise lower-semicontinuity
estimate

(86) E(ρ(τ), χ̃(τ)) ≤ lim inf
ε→0

Eε(ρε(τ), φε(τ))

for almost every τ ∈ (0, T ).
By the strong convergence (70) and the energy dissipation (8), we have

(87) ρε(τ) → ρ(τ) strongly in L1(Ω), ρε(τ)⇀ ρ(τ) weakly in Lm(Ω),

for almost every τ ∈ (0, T ). Let τ ∈ R be such that (87) holds. The definition of R
from Section 3.1.2 together with the uniform energy bound yield

φε(τ) → χ̃(τ) strongly in L2(Ω).

Hence, since m ≥ 2, we obtainˆ
Ω

φε(τ)(λ− ρε(τ)) dx→
ˆ
Ω

χ̃(τ)(λ− ρ(τ)) dx.



30 ANNA KUBIN AND ALICE MARVEGGIO

Furthermore, the weak lower semicontinuity from (87) givesˆ
Ω

ρ(τ)m dx ≤ lim inf
ε→0

ˆ
Ω

ρε(τ)
m dx,

whereas the Modica–Mortola lower bound (cf. [36]) gives

σ|∇χ̃(τ)|(Ω) ≤ lim inf
ε→0

Eint,ε

(
φε(τ)

)
.

Therefore, (86) holds for almost every τ ∈ R.
Consider now τ /∈ R and a subsequence realizing the liminf in (86). By the

compactness argument used in Section 3.1.2, we may extract a further subsequence
such that

φεk(τ) → c strongly in L2(Ω)

for some c ∈ {0, 1}. Hence, using (87), we obtainˆ
Ω

φεk(τ)(λ− ρεk(τ)) dx→ c(λ|Ω| − 1).

Recalling the definition of χ̃ on (0, T ) \ R given by (85), since |∇χ̃(τ)|(Ω) = 0 for
τ /∈ R, we have

lim inf
ε→0

Eε(ρε(τ), φε(τ)) ≥
1

m− 1

ˆ
Ω

ρ(τ)m dx+ c
(
λ|Ω| − 1

)
≥ E(ρ(τ), χ̃(τ)),

This proves (86) for almost every τ ∈ (0, T ).
Finally, from the weak convergence (72) it follows thatˆ τ

0

ˆ
Ω

ρ|u|2 dxdt ≤ lim inf
ε→0

ˆ τ

0

ˆ
Ω

ρε|uε|2 dxdt

for every τ ∈ (0, T ). Combining this inequality with (86) and the energy dissipation
inequality (8), we can conclude that, for almost every τ ∈ (0, T ),

E(ρ(τ), χ̃(τ)) +
ˆ τ

0

ˆ
Ω

ρ|u|2 dxdt ≤ lim inf
ε→0

(
Eε(ρε(τ), φε(τ)) +

ˆ τ

0

ˆ
Ω

ρε|uε|2 dxdt
)

≤ lim
ε→0

Eε(ρε,0, φε,0) = E(ρ0, χE0
),

where the last equality follows from the well-preparedness of the initial data (69a)–
(69c). □

Appendix A. Compactness in measure

In this section, we state a variant of the Aubin–Lions Lemma, which can be
found in [42, Theorem 2].

Let B be a separable Banach space. We say that F : B → [0,+∞] is a coercive
integrand if

{v ∈ B : F(v) ≤ C} is compact for every C ≥ 0.

We denote by M(0, T ;B) the space of Bochner-measurable B-valued functions
with the topology induced by the convergence in measure, i.e. (un)n∈N ⊂ M(0, T ;B)
converges in measure to u ∈ M(0, T ;B) as n→ ∞ if

lim
n→∞

|{t ∈ (0, T ) : ∥un(t)− u(t)∥B ≥ σ}| = 0 ∀σ > 0.
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Theorem 12. Let U be a family of measurable B-valued functions; if there exist
a lower semicontinuous coercive integrand F : B → [0,+∞] and a distance d :
B ×B → [0,+∞], such that

U is tight w.r.t F , i.e. S := sup
u∈U

ˆ T

0

F(u(t)) dt <∞,

and

(88) lim
τ→0

sup
u∈U

ˆ T−τ

0

d(u(t+ τ), u(t)) dt = 0,

then U is relatively compact in M(0, T ;B).

Appendix B. Technical tools

In this section, we collect two technical lemmas from [46] that are needed in
Section 3.1.2 to establish the strong convergence of the phase-field functions as
ε→ 0.

Lemma 13. [46, Lemma 5.1] For φ ∈ W 1,2(Ω) and C > 0 with Eint,ε(φ) ≤ C,
there exists ψ ∈ BV (Ω; {0, 1}) satisfying |∇ψ|(Ω) ≤ C and

∥φ− ψ∥L2(Ω) ≤ ω0(ε),

where ω0 = ωC,Ω satisfies limε↓0 ω0(ε) = 0.

We provide the proof for the reader’s convenience.

Proof. Assume, by contradiction, that the statement is false. Then there exist
δ > 0, a subsequence εj ↓ 0, and (φj)j∈N ⊂ H1(Ω) such that Eint,εj (φj) ≤ C and

(89) ∥φj − ψ∥L2(Ω) ≥ δ

for every j ∈ N and ψ ∈ BV (Ω; {0, 1}) with |∇ψ|(Ω) ≤ C.
Define

Ψ(s) :=

ˆ s

0

√
2F (s) ds and Ψj := Ψ(φj),

then we have that ∥Ψj∥L1(Ω) ≤ C andˆ
Ω

|∇Ψj |dx =

ˆ
Ω

√
2F (φj) |∇φj |dx ≤ Eint,εj (φj) ≤ C.

Therefore, up to a subsequence, we deduce that (Ψj)j∈N converges strongly in L1(Ω)
and almost everywhere on Ω to a function Ψ̄ ∈ BV (Ω) with

´
Ω
1 d|∇Ψ̄| ≤ C. Since

Ψ is strictly increasing, (φj)j∈N converges almost everywhere on Ω to χ = Ψ−1(Ψ̄).
Moreover, from the uniform bound ∥φj∥L4(Ω) ≤ C we obtain that φj → χ strongly

in L2(Ω). By Fatou’s lemma,ˆ
Ω

F (χ) dx ≤ lim inf
j→∞

ˆ
Ω

F (φj) dx ≤ lim inf
j→∞

εjEint,εj (φj) = 0,

hence χ ∈ {0, 1}. Since Ψ(0) = 0 and Ψ(1) = σ, it follows that Ψ̄ = Ψ(χ) = σχ
with χ ∈ BV (Ω; {0, 1}) and

´
Ω
1 d|∇χ| ≤ C.

Finally, taking ψ = χ in (89) contradicts the strong convergence φj → χ in
L2(Ω). □
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Lemma 14. [46, Section 5] (cf. also [31]) For ψ ∈ L1
0(Ω; {0,±1}) and ϕ ∈ H1(Ω),

we have

∥ψ∥L1
0(Ω) ≤ C

(
∥ψ + ϕ∥L1(Ω) + ∥ψ + ϕ∥1/2L1(Ω)∥∇ϕ∥L2(Ω)

)
,

for some C > 0 depending only on Ω, where L1
0(Ω) denotes the quotient space

L1(Ω)/span{1}.

Remark 11. We observe that, in case of an unbounded domain Ω = Rd, the same
result follows by readapting the proof of [25, Lemma 10] under the assumption
ρ, ρ̃ ≥ c > 0. In particular, the space L1

0(Ω) = L1(Ω)/ span{1} can be naturally
identified with L1(Ω), since the zero function is the only constant belonging to
L1(Rd).
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[5] L. Ambrosio, N. Gigli, and G. Savaré. Gradient flows in metric spaces and in the space of

probability measures. Lectures in Mathematics ETH Zürich. Birkhäuser Verlag, Basel, second
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