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ABSTRACT. We introduce a novel phase-field model approximating the Verigin
problem with phase transition. For fixed interface thickness ¢ > 0, we con-
struct weak solutions through a time-discrete variational scheme combining
a Wasserstein minimizing-movement for the density with Schétzle’s selection
procedure for the phase field, which yields strong compactness and an almost-
minimizing property. We then investigate the sharp-interface limit € | 0. For
well-prepared initial data, we establish strong compactness of the densities and
phase fields, and we prove convergence of the time-integrated diffuse interfa-
cial energy to the perimeter. The limiting evolution is identified as a weak
solution of the Verigin problem with phase transition, satisfying an optimal
energy dissipation inequality.
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1. INTRODUCTION

The Verigin problem describes the evolution of a compressible two-phase flow in
a porous medium. A typical situation arises when a porous medium containing a
compressible fluid is flooded with a second compressible fluid, which displaces the
former under isothermal conditions. If phase transitions between the two phases are
also taken into account, the resulting system is known as the Verigin problem with
phase transition, a free-boundary problem that can be regarded as the compressible
counterpart of the Muskat problem.

To the best of our knowledge, the mathematical literature on the Verigin problem
with phase transition has until recently been restricted to the theory of classical
smooth solutions (see [39, 40] and the references therein). In particular, short-time
existence, stability, and convergence to equilibrium for solutions that do not develop
singularities are studied in [39]. More recently, in a joint work with Tim Laux [25],
we established the first global-in-time existence result for weak solutions to the
Verigin problem with phase transition. In particular, we constructed distributional
solutions through an implicit time-discretization scheme exploiting the gradient-
flow structure of the system.

In this manuscript, we introduce a novel phase-field model approximating the
Verigin problem with phase transition and study both the existence of weak so-
lutions and its sharp-interface limit. The starting point is the underlying energy
of the system, which is the phase-field analogue of the energy associated with the
sharp-interface Verigin problem. For  C R? open set with smooth boundary and
T > 0 finite time horizon, denoting by p : Q x [0,7) — [0,00) the total density of
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the two-phase fluid and by ¢ : Q x [0,T) — R the phase-field variable, at each time
t € (0,T) the total energy is given by

€ 1 m
(1) E(p,e) ::/Q§|V<PIQ+EF(90)dx+/Q[ml_lp + oA =p)|dz, m>1,

where € > 0 represents the interface thickness and F' is a standard double-well
potential, i.e., F(s) = 1s?(s — 1)? for s € R. The first term in (1) is the Cahn-—
Hilliard energy [7] associated with the diffuse interface, which is well known to
I'-converge to the perimeter as € | 0 [36]. The second term in (1) is the bulk free
energy of the density, while the last term couples the phase and density variables
accounting for the phase transition.

Phase-field models replace the evolving sharp interface by a thin diffuse transition
layer of width € > 0, thereby avoiding the explicit tracking of the sharp interface
(or free boundary) and providing a formulation on the whole spatial domain. Be-
sides providing a convenient analytical formulation, this approach is particularly
advantageous from a numerical point of view, since diffuse-interface models can be
approximated by standard discretization schemes for PDEs and naturally accom-
modate changes in the topology of the evolving interface.

Our first main result (cf. Theorem 1) concerns the existence of weak solutions to
the diffuse-interface model for m > 2 and d € {2, 3} (cf. Remark 4 and Remark 6).
We construct such weak solutions through an implicit time discretization scheme
exploiting the variational structure of the system. At each time step, we first select
a phase-field equilibrium associated with the previous density, and then perform
a Wasserstein minimizing movement for the density with the selected phase field
kept fixed. The selection mechanism ensures the decay of the phase-field energy,
strong compactness of the phase field, and an almost-minimizing property for the
phase-field energy in the limit. Passing to the continuous-time limit, we obtain
weak solutions to a phase-field system, whose strong formulation, for € > 0, reads

Otpe + div(peu.) =0

peu = divT. — V(p — Ape)

T. = (%|V<Pa|2 + %F(Qoe)) Id —eVp. ® V.
—eApe + 2F(pe) + A= pe =0

(2)

on Qx (0,7). This system is endowed with Neumann boundary conditions for both
pe and ¢, and with initial conditions p.(-,0) = pg and ¢.(-,0) = po. Here, u. is
the velocity field and j. := peu. is the mass flux degenerating in {p. = 0}.

Our construction is closely related to variational approaches to dissipative evolu-
tion equations. The density evolution is constructed by a Wasserstein minimizing-
movement scheme in the spirit of [23, 37, 9, 22], whereas the phase-field variable
is required to remain at equilibrium at each time step, meaning that ¢, satisfies a
stationary Allen-Cahn equation with p. as a forcing term. The latter equilibrium
problem is nonconvex and may admit several solutions, so that an arbitrary choice
of equilibria would not provide the strong compactness needed in the limit. To
overcome this issue, we adapt a selection argument adopted by Schétzle [46] in his
analysis of a quasistationary phase-field model of Caginalp type. This selection
procedure allows us to follow suitable branches of equilibria while preserving the
decay of the phase-field energy. For the density variable, strong compactness fol-
lows by combining the control in time provided by the Wasserstein distance with
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the compactness in measure criterion of Rossi and Savaré [12]. More generally, this
approach fits into the variational framework for the stability and convergence of
gradient-flow evolutions (see, e.g., [43, 34]). The Wasserstein variational approach
also plays a central role in the work of Kroemer and Laux [24] (see also [13]) for the
Cahn—Hilliard equation with disparate mobilities, where the underlying gradient-
flow structure is exploited to construct weak solutions.

Our second main result (cf. Theorem 10) concerns the study of the sharp-interface
limit € | 0. We prove strong convergence of p. to a density p and of the phase field
e to a characteristic function y, as the parameter ¢ vanishes. Moreover, we identify
a limiting velocity field u : Q x [0,7) — R? such that (p, x,u) is a distributional
solution of the Verigin problem with phase transition:

{th +div(pu) =0 in Q, {pu =-Vr inQ,

3
) [plVr =[pu-nr]  alongT, [r]=0cH along T,

with boundary conditions

Vp-ngg =0 along 99,
nr-ngo =0 along 9QNT,

and with initial data x(-,0) = xo and p(-,0) = pg. Here, m := p"™ — Ax denotes
the pressure, o > 0 is the surface tension, [-] denotes the jump across the interface
I :=9{x = 1}, Vr is the velocity of T" in the direction of the normal vr, and Hr is
the (scalar) mean curvature of T".

Starting from the seminal I'-convergence result of Modica and Mortola [36], sub-
stantial work has been devoted to understanding whether the convergence of ener-
gies can be extended from the static setting to the associated gradient-flow evolu-
tion [44]. For convergence towards smooth interface evolutions, we refer to the clas-
sical works [10, 3, 12, 6], as well as to subsequent extensions covering anisotropic [2]
and boundary effects [1], and to more recent quantitative results [15, 16]. For the
(evolutionary) Allen-Cahn equation, the sharp-interface limit leads to mean cur-
vature flow, and convergence has been established for several notions of weak geo-
metric evolution. These include viscosity solutions [14], Brakke’s motions [21, 35],
as well as De Giorgi-type notions [20, 47] and BV formulations [26, 19]. Extensions
to weighted and anisotropic mean curvature flows can be found in [17, 28]. One of
the main advantages of weak solution concepts is that they allow for a description
of the evolution beyond the formation of singularities. Among early sharp-interface
convergence results for phase-field models, Schétzle [46] studied a quasistationary
phase-field model of Caginalp type and proved its convergence to weak solutions of
the Stefan problem with Gibbs—Thomson law in the sense of [30, 31]. Related re-
sults on the rigorous derivation of the Gibbs—Thomson law from the first variation
of the diffuse-interface energy can be found in [32, 41]. For conserved phase-field
dynamics, we recall Chen’s global-in-time convergence result for the Cahn—Hilliard
equation towards a weak varifold formulation of the Mullins—Sekerka flow [11]. More
recently, Kroemer and Laux [24] also proved the convergence of the Cahn—Hilliard
equation with disparate mobilities to the (weak) Hele-Shaw flow, under a suitable
convergence assumption for the diffuse interfacial energies. The anisotropic and
inhomogeneous setting was more recently addressed by Elbar and Poiatti [13].

A key point in the sharp-interface analysis is the convergence of the interfacial
energies. The almost-minimizing property obtained for the weak solutions of (2)
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allows us to prove the convergence of the time-integrated diffuse interfacial ener-
gies to the perimeter as the interface thickness ¢ > 0 vanishes. This reflects the
quasi-static structure underlying the Verigin problem (cf. [25]), which is also charac-
teristic of the Stefan problem with Gibbs—Thomson law (cf. [30]), and, consequently,
inherited by the corresponding phase-field approximation. As a consequence, we
obtain distributional, or equivalently BV, solutions of the Verigin problem with
phase transition without imposing an a priori convergence assumption on the in-
terfacial energies, in the same spirit as in [25] (and in [31]). Such an assumption
was introduced in the seminal work [33] and frequently appears in the literature
under the name of “energy convergence hypothesis”, both for Allen—Cahn-type ap-
proximations [26, 19, 28, 17, 47] and for conserved phase-field models [24, 27, 13].
In contrast, this hypothesis is not needed in weaker varifold formulations (see,
e.g., [21, 20, 29]), where the limiting interface may carry nontrivial multiplicity.

The rest of the paper is organized as follows. In Section 2, we introduce the
phase-field approximation of the Verigin problem with phase transition and we
establish the existence of weak solutions. More precisely, we first introduce the time-
discrete variational scheme (cf. Section 2.1), then derive the compactness properties
of the discrete solutions (cf. Section 2.2), including the strong compactness and
almost-minimizing property of the phase field, and finally pass to the continuous-
time limit (cf. Section 2.3). Section 3 is devoted to the analysis of the sharp-interface
limit € | 0. We first prove strong compactness of the density and phase field,
identify the limiting velocity (cf. Section 3.1.1), then establish the convergence of the
time-integrated diffuse interfacial energy to the perimeter energy (cf. Section 3.2),
and finally show that the limiting triple is a distributional solution to the Verigin
problem with phase transition (cf. Section 3.3). Finally, Appendix A recalls a
compactness in measure result from [42], while Appendix B collects some auxiliary
technical results from [46].

Notation. Let d be an integer number larger than or equal to 2, and let  C R? be
a smooth open set with boundary 02 and outer normal vector field vo. We denote
by M, the set of bounded Radon measures, and £¢ denotes the d-dimensional
Lebesgue measure. For u € My(U) and A C U, uLA is the restriction of u to A.
With a slight abuse of notation, for probability densities p, p on €2, we denote by
Wo(p, p) the 2-Wasserstein distance between the measures p£4.Q and 5£%.Q, and,
given F' : Q — Q, we denote by Fyp the pushforward of p£4 Q by F. For any
measurable set F C ) we denote by x g its characteristic function. We say that E is
a set of finite perimeter in Q if xp € BV (£2;{0,1}), and we denote its distributional
derivative in Q by Vxg and its total variation measure by |Vxg|. Denoting by
0*F the reduced boundary of the set F, we have fQ -d|Vxe| = fa*EmQ'defl,
where H4™1 is the (d — 1)-Hausdorff measure. We denote by L} (€2) the quotient of
LY(Q) by constant functions, namely L$(Q) := L*(Q)/R, endowed with the norm
[l ) = infeer [|-—¢[| L1 (). Given a function space X and functional F : X — R,
we denote by d.F(¢) € X’ the first variation of F at ¢ € X. We denote by Id the
identity matrix in R%*?, for a,b € R? we set a ® b := (a;b;);; € R¥*?, and for
A,B e R weset A: B = A;;Bi; € R.

2. EXISTENCE OF WEAK SOLUTIONS TO THE PHASE-FIELD MODEL

Let Q C R be a bounded connected open set with smooth boundary, A € (0, 00)
and m € [2,00). For any measurable pair of functions (p, ¢) : 2 — [0,00) x R, we
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consider the total energy

@ )=o)+ [ [Fm e p)dn, >0,

where the diffuse interfacial energy Eine - (¢) is given by
5 1
Eint.e () ::/ 5IVel* + —F(p) de
Q 9

and F is a standard double-well potential, i.e., F(s) = ;s*(s — 1) for s € R.

Before stating our main existence result, we provide the notion of weak solution
for (2) as follows.

Definition 1 (Weak solution to the phase-field model). Let ¢ > 0. Given initial
data o € H'(Q) and py € L™(2) such that [, podz = 1, we say that (p., e, u.)
is a weak solution to the phase-field model (2) if the following properties hold.

i) p. € L™(Q x (0,7)), <p8 € L*Q x (0,7)) N L3(0,T; H(R2)) and u. €
(L2(Q x (0,T); pe dzdt))?.
ii) The triple (pe, e, u.) satisfies

(5) / /pa o +u. - Vn) dedt = /pon( 0) d

for all n € C2°(Q x [0,7)),

6 - / ' / peu, - € drdt

/ / ( |V<pg|2+ 1F(<p8)> Id—ev%@v%) . VE dadt

—/ /divﬁdug—k/ /z\(pgdivgdxdt,
0o Jo 0o Ja

for all £ € CX(Q x [0,T);RY) with ¢ - vg = 0 along 9Q x (0,T), where
pe € My(Q x (0,7T)) is such that p. > p" L4 Q ® L1 (0,T), and

(7) /OT/Q (EV% -Vn+ GF’(%) +A - pa)n> dzdt = 0,

for all n € C°(Q x [0,7)).
iii) For almost every T € [0, T}, the energy dissipation rate

T/
(8) Ec(pe(T'), 0 (T") + / /Q peluc 2 dadt < E.(po, 40).
0
holds true.

We now state our main existence result for weak solutions to the phase-field
model. The proof relies on the variational structure of (2) and uses a time-
discretization scheme inspired by [46].

Theorem 1 (Existence of weak solutions). Let d € {2,3} and m > 2. Let
po € L™(€;[0,00)) be such that [, podz = 1 and let o € H'() be a mini-
mizer of the functional ¢ — Eing (@) + [ ©(A — po) dx. Then there exists a weak
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solution (pe, e, Ue) to the phase-field model (2), in the sense of Definition 1, which
additionally satisfies the almost-minimizing property

/T/ E|V<,05|2—i— 1F(t,Da) dxdt—&-/oT/ngg()\—pa)dggdt
(9) / / \Vw|2+ F( )) dxdt+/OT/Q¢(/\ps)da:dt+g

for every ¢ € L1(0,T; HY(Q)).

Remark 2. Notice that, if we assumed the convergence of the total energy for our
minimization scheme (10)-(12), namely

T T
/ Es(pg,<pg)dt—>/ Ec(peype)dt as h — 0,
0 0

or, alternatively, if one could prove that

T T
/ /(pg)m dzdt —>/ /(pg)m dzdt as h — 0,

then we could identify the defect measure p. with p L4 Q® L1 (0,T). Indeed, we
will establish the convergence of the diffuse interfacial energy and of the coupling
term as h — 0 (cf. Proposition 9), so that the only possible loss in the total energy
is due to the density term.

Remark 3. We observe that any sufficiently smooth triple (pe, e, u.) satisfy-
ing (5)-(7) with p. = p" L4 Q ® L£1L(0,T), whose existence is established by the
theorem above, is in fact a strong solution to the phase-field model (2). This can
be shown via integrations by parts.

2.1. Minimization problem and discrete flow. Let py € L™(Q;[0,00)) be an

initial datum and let o € H'(Q) be a minimizer of the functional ¢ +— Eing () +

fQ ©(A = po)dz. Fix h > 0, our implicit time discretization argument reads as

follows. Set (p o, %) := (po, o), and, for n € N\ {0}, let ¢, be a solution of
1

(10) —eApl, + EF’(wgn) +A—pl,_ ;=0 distributionally in €,

endowed with Neumann boundary condition, satisfying
(11)
5int,5(()02’n) + /Q @g,n(A - p?,nfl) da < 5int,€(ﬁpg’n71) + /Q Qog,nfl()‘ - p?,nfl) dQ?,

and let p” | be such that

(12) ol € argmin{ W3 (p,pln 1) +E(pl,)ipe /C},

where

2h

IC::{pELl(Q):sz,/dele}.

We call (p,,, ¢!, Jnen a discrete solution starting from (po, o). Moreover, we
define the approximate solution (pf(¢,-), ph(¢, *))teo,00) Dy piecewise constant in-
terpolation, namely

pE(t, ) = pln(), @l(t,) =l () forevery t € [nh, (n+1)h).
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By testing (12) with p = p”, | and using (11), we obtain
1
2h
In particular, the energy &, is not increasing along the discrete scheme.

(13) VVQ2 (p?JN p?,n—l) + g&‘ (p?,n’ ng,n) S 58 (pg,n—l’ gp?,n—l)'

Remark 4. We observe that, under the assumption m > 2, the scheme (10)-(12)
is well defined. Indeed, the sequence (p?m, <pg7n)neN, defined recursively by

h . h
Pen €z 10R Eint e () + /Q P(A—pep_1)de
and pl',, given by (12), satisfies (10)-(12).

To show existence of such sequence for m > 2, we observe that the functional
E-(p, ) defined in (4) is bounded from below, coercive and all of its terms are lower
semicontinuous. Moreover, at each step E:(p, ) is non-increasing. Using Fenchel’s

1

inequality with f(s) = —5s™ and f*(s) ~ s7-1, we obtain

[ enda [ 5000+ £ () da

yielding

€ 2 1 1 pm mnzl
- - - - - m < .
2||V¢HL2(9)+5/QF(@)derQ/meldx lelwlankl(mH/ﬂcpdx_Ss(pwp)

The functional & (p, ) is bounded from below whenever m > 4/3, since in this
case 1 < m/(m — 1) < 4 and we can absorb the lower-order terms into 1F(y).
Moreover, for £ > 0 small enough, & (p, ) is bounded also in the case m = 4/3.
Instead, if we were considering larger values of € > 0, we would have that E.(p, ¢)
is bounded from below whenever m > 1 in the case d = 2, due to an application
of the Sobolev inequality. In particular, since for m = 1 we consider f(s) = slogs
and in this case f*(s) = exp(s — 1), we cannot deduce the boundedness from below
of &.(p, ) for any fixed e > 0, unless we consider a potential F' of exponential
growth. More in general, we observe that one could consider smaller values of m by
assuming higher polynomial growth of the potential. In particular, it follows that
the functional & (p, ¢) is coercive and it holds, for e > 0 sufficiently small,

1
19 Vel + - / Flg)da + /
€ Ja Q

where C' = C(m, A, |?|) > 0. Moreover, for m > 2, one can show that all the terms
of (p, ) — E:(p, ) are lower semicontinuous with respect to weak L™-convergence
in p and weak H'-convergence in (.

m

m—1

dz < CE.(p, ) + C,

Remark 5. For convenience, since & (p, ¢) is bounded from below, we may shift
the energy (4) by a suitable constant so that, for every ¢, inf,cx &-(p, ) > 0.
Clearly, the addition of the constant does not affect the dynamics.

Using the stationary Allen-Cahn equation (10), we obtain improved regularity
for the phase field . in the following lemma.

Lemma 2 (Regularity of ¢"). For any h > 0 and every n = 1,2,..., it holds that
o e H?(Q) and V! is uniformly bounded in L4(Q2), for some q > 2, by a constant
only depending on |9l ) and [l6h_ -
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Remark 6. Notice that the restrictions m > 2 and d € {2, 3} in the hypotheses of
Theorem 1 are used to obtain the regularity ¢ € H?(£2). More precisely, m > 2
ensures that the density p" belongs to L?(£2), while the restriction d < 3 allows us
to control the term F’(¢l) in L2(0Q).

Proof. Recall that p! , € L™(Q2) with m > 2 and ¢” € L5(Q2) by the embedding
H' — LS which holds if d = 2, 3, in particular F’(¢!) € L?(Q2). By elliptic
regularity, it follows from (10) that ¢ € H?(Q). In particular, V! € H'(Q). On
the other hand, we have that H*(Q) < L9(Q), for every ¢ > 1if d =2 and ¢ = 6
ifd=3. O

Since € > 0 is fixed throughout this section, we will omit the index & from the
notation in what follows.

Computing the variations of £ in p/, one obtains the following optimality con-
ditions (see [45, Proposition 8.7]).

Lemma 3 (Euler-Lagrange equations). For any h > 0 and every n > 1, there
exists a constant c!! € R such that the optimal pair (pl, ") satisfies

(15) A ()" =g+ dn =y a.e in supp(py),
(16) MoV (ph)m Tt — Vel £ Vel =0 a.e. in supp(pl),

m—1

h
n—1-

where ¢l is the Kantorovich potential from plt to pl_,, i.e. Id =hVol)4pl = p
Next we derive the equations satisfied by the discrete flow.

Lemma 4 (Discrete equation for the velocity field). Given h > 0, pg € L™ () such
that [, podz =1 and @y a minimizer of the functional ¢ — Engc(p) + [ (A —
po)dx, let (ph, ) en be a discrete solution starting from (po, o). Then, for any
vector field ¢ € CL(Q;R?) with € - vg = 0 on 09, we have

- [ skl ear
Q
€ hi2 L h : h h
a7) — [ (5IV6h? + ZF(ehy) dive — eVl 0 Vi s Ved
Q g
—/(pﬁ)mdivgdx+>\/ @ div € dz + Rl (¢€),
Q Q

where R (€) = = [o(ph = pr—1) Ve, - €da.

Proof of Lemma 4. Let £ € CL(;RY) with £ - vg = 0 on 9. Multiplying (16) by
ol and then testing by &, we obtain

IVl edo— [ iVl gdot [ Vol gdo=o,
om—1 Q Q
from which we deduce, by integrating by parts,
~ [ el cdo=— [y diveds - [ il gan
Q Q Q
By Lemma 2 we can use V! - ¢ € H'(Q) as test function in (10) and obtain

1
[ bVl -gdo= [ Ve UV + P ()T €dot [ AT €d
Q Q Q
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Integrating by parts once again, we deduce
- [ vl gda
Q
1
= / —eVel - V(Vin - €) = ZF/(pn) Ve, - € da +/ Ay, div € dz
Q Q
1
— [ =Vl (= VETSh - VRehe) - PV dok [ Aghdiveds
Q Q

1
- / (%'WW + gF(WZ)) divé —eVen @ Vel - Védr + / Al div € da.
@ Q
O

2.2. Compactness. In this section, we establish suitable convergence results for
(p", ©") >0, which will allow us to pass to the limit h — 0.

2.2.1. Weak compactness. For the proof of the following result on the weak conver-
gence of p we refer the reader to [25, Lemma 6].

Lemma 5. Given h >0, pg € L™(QY) such that fQ podx =1 and ¢y a minimizer of
the functional o — Eng.c (@) + [, (A= po) dz, let (plk, 1) nen be a discrete solution
starting from (po, o). Then

(18) Wa(p" (1), p"(s)) < V2E(po, p0) (£ — )7,

fort > s > 0 witht —s > h. Furthermore, for every T > 0, we have up to a
subsequence

(19) Pt = p  weakly in L™(Q x (0,T)),

there exists 1 € My(Q x (0,T)) such that (p")™ = p weakly-* as measures, and
(20) Walp(t), p(s)) < V2E(po, po)* (t — 5)%,

fort>s>0.

The weak convergence properties of " follow directly from the energy bound
and Lemma 2 and can be collected in the following statement.

Lemma 6. Given T > 0, po € L™(Q) such that fQ podz =1 and pg a minimizer
of the functional ¢ — Ene(@) + [ oA — po)da, let (ph,@")pen be a discrete
solution starting from (po, o). Then, up to subsequences,

(21) O = ¢ weakly in L*(Q x (0,T)),
and
(22) Vol =~ Vo  weakly in LY(Q x (0,T)),

where the exponent q is given by Lemma 2.

Proof. Let N =[T'/h]+ 1. Using (13) and the bound (14), we obtain

N
1" 1oy < B S /Q (ol da
n=0

N
SChZ(/ﬂF(gpﬁ)dx—i—C)
n=0
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<ChZ( P, o) +C) SCT(S(PO,WO)-FC’),

whence the weak convergence (21) follows. Moreover, using again (13) and (14)
combined with the uniform bound from Lemma 2, we have

N
”v@h”%q(m(om)) = hz /Q(V<Pﬁ)q dz < CT,
n=0
yielding (22). 0

2.2.2. Strong compactness of pﬁ. By Kantorovich duality we have

where we recall that ¢/ is the Kantorovich potentlal. Moreover, we have that

N
h
5> [ VoA do < (o, i) - Elplo )
n=0
whence, letting T'= Nh,

1 T
(24) 5| [ V6P dade < £, o)
2Jo Ja
Similarly as in [25, Proposition 8] we obtain the following strong convergence.

Proposition 7. Given T > 0, py € L™(Q) such that [,podz = 1 and ¢o a
minimizer of the functional ¢ — Eingc(@) + [ (A — po) dz, let (ph, @ )pen be a
discrete solution starting from (po, o). Then up to a subsequence

(25) ot = p  strongly in LP(Q x (0,T)), forl1<p<m.
Proof. We define an auxiliary function g : (0, +00] — (0, 4+00] as

z™, z <1,
g(z) = zm1 2 >1,
+00, Z = +00,

which is continuous and strictly increasing, hence invertible.
Consider g o p”, in view of (13) and (14), we deduce that

/Q 9(o)I* dz < CE(po, xiw) + C,

where C' > 0 is a uniform constant which may vary from line to line and

. m 2m
se (Lmin {2, 20,
m—1"m+1

To estimate the L*-norm of V(g o p"), we compute
[ v@eirar<c [ (A v

<c /Q () E [Vl da + C /Q ()5 [Vh ) da,
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where we used (16). Notice that the second term on the right-hand side is bounded
due to (24), whereas the first one can be bounded using Young’s inequality with
exponents 2m/s and 2m/(2m — s) together with (14). Therefore, we obtain

T
(26) [ g M)l i < €

We introduce the lower semicontinuous functional F : L*(2) — [0, +00] defined as

,Um
Fw) = [ g det lg)llweo

We observe that, for every C > 0, the set V := {v € L*(Q) : F(v) < C} is
compactly embedded in L*(2) under the strong topology. To prove this, consider
a sequence (v,), C V and notice that, up to a subsequence, g(v,) converges to
some w strongly in L*(2) and almost everywhere in . The strict monotonicity
of g guarantees its invertibility, implying v, = g7 (g(v,)) — ¢ }(w) a.e. in Q.
The strong convergence in L*(€Q)) then follows from the dominated convergence
theorem. Combining this with (18), all the assumptions of Theorem 12 are satisfied
with d = Wy (Wasserstein distance) and U = (p”*)n0, in particular U is tight
with respect to F. Applying Theorem 12, we obtain that U is relatively compact
in M(0,T; L*(Q)), yielding the strong convergence p”(-,t) — p(-,t) in L*(£2) for
almost all ¢t € (0,7). Finally, the strong convergence in L*(Q x (0,7)) is a direct
consequence of the dominated convergence theorem. Furthermore, we obtain (25)
via an interpolation argument. O

Defining the affine interpolation by
nh—t , t—(mn—1h ,

ﬁh<t) = h Pn—1t L Pn> t € [(n—1)h,nh],
by the Arzela-Ascoli theorem, we also have
(27) M= strongly in C°([0, T]; (H*(Q))").

2.2.3. Strong compactness of o and almost minimality. Since the phase equilib-
rium problem (10) may admit several solutions, arbitrary choices at successive time
steps can lead to oscillatory phenomena between the wells and prevent strong com-
pactness of ¢, Therefore, at each time step, we choose ¢! by Schitzle’s selection
procedure (cf. [46, Section 2]). The selection argument consists of five main steps,
which we summarize below.

(i) Starting from a global minimizer (p, @) of the total energy (4), we describe
the local structure of the equilibria of the functional

(28) o Fpl9) = Ene(9) + /Q o(A — p)dz.

in a neighbourhood of (p, @). We reduce the equilibrium Allen—-Cahn equa-
tion with forcing p to a one-dimensional critical-point condition, which
provides the local properties needed for the selection procedure.

(i) The local properties from (i) are used to define the selected phase ¢! at
each discrete step. As long as the density remains in the current local neigh-
bourhood, the selection procedure can be continued, guaranteeing both

1
—eAl + gF'(sﬂZ) +A=pk,
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and the phase-energy decay

For_ (on) < Fpn_ (1)

Pn—1

If the density leaves the current neighbourhood, the procedure is restarted
from a global minimizer of F ol

(#ii) We show that the number of restarts on [0, 7] is bounded uniformly with
respect to h. Consequently, after passing to a subsequence, the restart
times converge to finitely many limiting times.

(iv) We work between two consecutive limiting restart times and exploit the
one-dimensional structure given by (7). A monotonicity argument for the
indices of the selected critical points, together with the properness of A,
rules out oscillations between different equilibria and yields the strong con-
vergence (55) (cf. Proposition 9 below).

(v) The same local construction also yields the phase almost-minimizing prop-
erty (9).

We now present each step in full detail.

i) Local structure of equilibria. For p € L*(Q), we consider the functional (28). It
follows from [8, Theorem 2.4 and Remark 2.6] that, for every fixed p € L?(2), the
functional F,, has only finitely many global minimizers in H'(€2). In fact, the set
of critical points of F, with nonnegative second variation is finite.

We introduce the operator A : H}(Q) — (H*(9))’ defined by

1
A(p) = —eAp + EF/(@ + A

with homogeneous Neumann boundary condition. The operator A is proper (see [8,
Remark 2.2]), ie., if A(p;) — ¢ strongly in (H'(Q))" as j — oo, then up to
subsequences ¢; — ¢ strongly in H'(Q2) and A(¢) = g. Notice that

(29) 6Fp(p) =0 <= Alp) = p,

corresponding to (10).
The bilinear form associated with the second variation of F, at ¢ is

1
By (v,w) := / eVu - Vw + EF”(go)vw dz.
Q

After identifying (H'(2))" with H'(2) by means of the Riesz isomorphism, B,
induces a self-adjoint Fredholm operator on H*(2).

Let now ¢ be a global minimizer of F5, for some fixed p € L?(2). Then
Bg(v,v) > 0 for every v € H'(Q). Therefore, all eigenvalues are real and non-
negative. Moreover, from standard elliptic theory (cf. [18, Section 8.12]), it fol-
lows that the smallest eigenvalue is simple and has a positive eigenfunction v with
0]l 10y = 1. We decompose H!(Q2) =Y & span(v), where Y := 0. Notice that
the restriction Bgly is coercive.

We define @ : RxY xY — Y by

®(p,y,2) == 1y (R(A(p + pv +y)) — R(p) — 2),

where R : (HY(Q)) — H'(Q) is the Riesz isomorphism and 7y is the orthogonal
projection onto Y. Since ®(0,0,0) = 0 and 9,%(0,0,0) = 7y R(DA(®)|,) is an
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isomorphism on Y, the implicit function theorem yields a small positive constant
d0 = do(p, @) and an analytic map g : [~do, do] x U3 (0) — Uy (0) such that

o(p,y(p, 2), 2) = 0.

We set
(30) ¢(p, 2) == ¢+ pv + G, 2).
In particular, §(0,0) = 0 and ¢(0,0) = @. Defining
0(p, z) = (R(A(p(p,2))) — R(P) — 2,0) 1 (0,
we have
R(A(p(p,2))) = R(p) + z + 0(p, 2)0.

For (a,z) € [=do,00] x Uy (0), let p € L*(2) be such that R(p — p) = av + 2.
We define

(31) Ta,2(p) = Fp(e(p, 2)).
Observe that

(32) \70/47,2(p) = 9(]9, Z) —aQ,

in particular

(33) Jo-(p) =0 <= Alp(p,z)) = p.

One can show that there exists d1,¢ > 0 and d2 € (0,61/4) such that, up to taking
do smaller, the real analytic function 7, ,(p) is not identically zero in [—dy,d:] and
satisfies

(34) To-(p) < —c  for p e [=01,—01 + 255],
(35) Je.(p) > ¢ for p € [01 — 202,01].

Finally, after possibly taking dy smaller, the coercivity of Bs|y yields the follow-
ing property: if w € Y and (p, z) € [—do, do] X Ug;(()), then

(36) Fole(p, 2)) < Fplo(ps 2) +w).

Indeed, the first variation of F, at ¢(p, z) vanishes in every direction of Y, while
the second variation remains positive definite on Y.

Notice that the construction above applies both when the operator By is de-
generate and when it is nondegenerate. If the smallest eigenvalue of By is strictly
positive, the equilibrium is locally unique by the implicit function theorem. The
following selection mechanism becomes relevant only when the smallest eigenvalue
vanishes.

i) Selection mechanism. Let pg € L™ () and assume that ¢p is a global minimizer
of F,,. We apply the construction in (¢) with p = py and ¢ = . In particular,
we have g = ¢(po, z0) with pg = 0 and zp = 0.

We first set ¢ = ¢o. Then ) satisfies (29) with p = py and, trivially,

(37) ‘FPO (‘p}ll) < fpo (900)'

We also have of = (p1,21) with p; = 0 and z; = 0. Having fixed ¢, we let p} be
a minimizer of (12) with ¢ = ©%.

We next construct ¢f. By interpolation, (18) and the uniform L? bound on
the densities yield ||p}f — poll(#1()y — 0 as h — 0. Therefore, for 0 < h < h*
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sufficiently small depending only on the initial data, there exist uniquely (as, 22) €

[—d0, do] x U (0) such that
(38) R(PY — po) = a2l + 2o
Recall (31), which in this case reads as

Jaz,z (p) = ]:p’f (90(]97 22))

Starting from p; = 0, we define
inf {p € [p1,01] : T, .,(p) > 0}, Ty 2o (P1) <0,
(39) P2 = { D1, Tors 2o (1) =0,

sup {p S [7513171} : \70/42,22(17) < O}, jolég,ZQ(pl) > 0.

The sign conditions (34)—(35) ensure that the sets in (39) are nonempty. By conti-
nuity,
‘7(;2722 (p2) = 0

We then set

(40) 93 = p(p2, 22)-

By (33), ¢ satisfies (29) with p = pf. Moreover, from (36) it follows that
(41) ‘Fpi"(@(pla'z?)) < ‘Fp’f (@(p1,21)) = ]:pi‘ ((p}ll)

On the other hand, by definition (39), p — Ja,,z, (p) is non-increasing along the
interval joining p; and po, in particular

]:p';(sﬁg) = \7(12722(172) < ja2,22 (pl) = ]:pi‘(cp(plaZZ))'
Hence, this together with (41) give
(42) For(#8) < Fon ().

Having selected ¢, we finally let p% be a minimizer of (12) with ¢ = 5.
For the next steps, we proceed analogously as above. Assume that

(43) @Z—l = 9(Pn-1,2n-1)

has already been selected and that p"_; is a minimizer of (12) with p = ¢ .
We now distinguish two cases.
Continuation case. As long as p'_; admits the following unique decomposition

(44) R(p! | — po) = anv + 2z, for some (v, 2,) € [0, do] ¥ Uy (0),
we define
inf {p € [pn—1,81] : T}, .. (p) > 0}, T o (Pn—1) <0,
(45) Dn = Pn—1, T, 2 (Pn—1) =0,
sup {p € [=01,pn—1] = T, .. (P) <O}, T .. (pn—1) >0,
and set

(46) @h = o (Pn, 2n)-
Once again, by (33) we have (29), i.e.,

(47) Aleh) = ph_,.
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Moreover, (36) and (45) yield
(48) For (ph) < Fpr_ (0h_0).

Finally, having selected ¢!, we let p! be a minimizer of (12) with ¢ = "
Restart case. Suppose that (44) does not hold for p!_;. In this case, we restart
the construction by choosing
(49) ol € argmin F . (p).
pEHY(Q) "
In particular, " satisfies (29) with p = p”_,. Moreover, since ! _; is an admissible
competitor in (49),

(50) Fp (@) <Fp ().

We then let p” be a minimizer of (12) with ¢ = .
We then restart the procedure from (p”_;, "), which plays the role of the initial
pair (po, ¢o) in the construction above. In particular, we have

el = ©(0,0),
so that p, =0 and z, = 0.
ii1) Finite number of restarts. We next show that the local construction above can
be iterated on the whole time interval with a finite number of restarts which is
uniform with respect to h. Let

Ky = {p eK: HPHLZ(Q) < M} ,
where M > 0, and define the set of possible restart points by

(51) Cy = {(p, ©) € Kar x HY(Q) : p € argmin ]-",,(@[1)}.
YeH (Q)

Lemma 8. Let M > 0. Then the set Cpy is compact in (H*(Q)) x HY(Q). More-
over, there exist 7. > 0 and h, > 0 depending only on the initial data such that,
for every h < h,, whenever a restart occurs at step n., no further restart occurs at
any step n > n, satisfying

(n —nu)h < 7.
Consequently, the number of restarts on [0,T] is bounded independently of h.

Proof. We divide the proof into three steps.
Step 1. We first prove that Cps is compact in (H(Q)) x HY(Q).

Let (pj,j)jen C Ca. Since (pj)jen is uniformly bounded in L?(2), up to a
subsequence, there exists p € s such that

(52) pj = p strongly in (H'(Q))'.
Since ¢; is a global minimizer of F,, we have
Alps) = pj,

which combined with (52) and the properness of A yields, up to a subsequence,
(53) o strongly in H*(Q)
and A(p) = p. Moreover, since
Fprlp5) < Fpp(@), for every € HY(Q),
using (52) and (53), we obtain that ¢ € argmin F,,, hence (p, ¢) € Cas.
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Step 2. For every
(ﬁv 95) € CMa
the local analysis in (i) provides a constant dy = do(p, #) > 0 such that, whenever
llp = pllczr )y < do,
the selection procedure can be carried out and yield a function ¢ = ¢(p) and a
dp-neighbourhood Us, (p, @) of (5, p).

Consider the open cover of Cy; given by {U(;O/Q(ﬁ, o) :(p,p) € CM}. By compact-
ness, we may extract a finite subcover and, denoting by &3, ..., 63" the corresponding
radii, we set &, := min; <<y /2.

Step 3. Tt remains to show that p!* cannot move by d, in (H())" in an arbitrarily
short time.

We first recall (18), which can be written as, for m > n,

Wa(plh, pi) < Cy/(m —n)h.

On the other hand, by interpolation, there exists a non-decreasing modulus of
continuity wyy : [0, +00) — [0, +00), with wps(s) — 0 as s | 0, such that
1o = pll ey < war(Walp, ) for every p,p € K.

Hence, we deduce

(54) ol = ol Nl oy < war(C/(m —n)h).
We now choose 7, > 0 such that wM(C\/E) < 0. Let h, > 0 be the constant

given by the selection procedure and assume that h, < 7,. Suppose that a restart
occurs at step n.. Since

(.1, 0m.) € Cu,
there exists a Us,(p, @) from Step 2 such that (p! _,, " ) € Us,(p, ). Fixed
h < h*, for every m > n, such that (n — n,)h < 7., we have, by (54),

llon 1 — pZ*—ln(Hl(Q))’ < wm(CV/(n = n)h) < 6..

In particular, we observe that no restart can occur for n > n, such that (n—n,)h <
T«. Moreover, if ny < ng < --- < ny, are the restart indices, then

(ng4+1 — nk)h > 7 for k=1,...,Np — 1.
Consequently,

T
Nh§1+|::|7

Tx
which is independent of h. O

iv) Strong convergence of the selected phases.

Proposition 9. Given T > 0, po € L™(Q) such that fQ podxr = 1 and g a
minimizer of the functional ¢ — Emec(@) + [ @A — po) dz, let (ph, ) nen be a
discrete solution starting from (po,po) and constructed via the selection procedure
above. Then we have

(55) o = ¢ strongly in L*(0,T; H*(Q)) N LY(Q x (0,T)).

In particular,

(56) /OT/Q (;|wh|2 + iF((ph)> dadt — /OT/Q <;|w|2 + iF(@) dadt.
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Proof. By Lemma 8, we have that the number N}, of restarts on [0, 7] is uniformly
bounded with respect to h. Hence, up to a subsequence, the corresponding restart
times tf < ... < t?vh, converge as h — 0 to finitely many points t] < ... <t} in
[0,T]. It is therefore enough to prove the assertion on each open interval between
two consecutive limiting restart times.

Fix such an interval and ¢y in its interior. For h > 0 sufficiently small, the
selected phases " are given by the local construction introduced in (7). We then
consider the functional p — Ja, .2, (p) for some (v, z0) associated with p(to), and
set

90(p) 1= Ty, 2 (P)-
By the properties established in (i), go is real analytic and not identically zero in
[—d71,01]. Hence it has only finitely many zeros —d; < ¢1 < ... < g < ¢; for some
k € N. We choose n > 0 sufficiently small such that the intervals

le(q’b_n7(b+n)7 izla"'7k7

are pairwise disjoint and compactly contained in (—dy,d1). Since gg does not vanish
outside these intervals, there exists cg > 0 such that

k
(57) l90(p)| > co  for every p € [=61,6:]\ [ Qi

i=1
By the strong convergence in (27), we have
(", M) = (a, 2) uniformly on [0, T,
where (o’ (t),2"(t)) and (a(t), 2(t)) are the coordinates associated with p”(t) and
p(t), respectively. Moreover, since p is continuous in (H*(£2))’,
(a(t), 2(t)) = (a0, 20) as t — to.

Therefore, by the continuity of 77, ,(p) with respect to («, z,p), we can choose a
sufficiently small neighbourhood U of ¢y and then h > 0 sufficiently small such that

¢
sup  sup ‘jéh(t),zh(t)(p) - QO(P)‘ <3

teU pe[—61,61] 2

Since every p given by (45) satisfies 7/, _.(p%) = 0, it follows from (57) that, for
h sufficiently small and every n such that nh € U,

k
pZ € UQi-

i=1

Since the intervals @); are pairwise disjoint, there exists a unique zﬁ e {1,...,k}
such that p! € Qin -

By the same argument as in [46, Lemma 3.2], the sequence n — ZZ is monotone
as long as nh € U. On the other hand, given

pl(t) = pli_y  fort € ((n—1)h,nh],
equation (47) reads as
A" () = p (1)

Hence, the convergence of p” (t) in (H'(2))’, and the properness of A imply that
(@"(t))n>o is relatively compact in H'(Q) for every fixed t € U. By a diagonal
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argument, " (t) converges strongly in H({2) for every t € (QN(0, T))\{t5,...,t5}-
Finally, using [46, Lemma 3.3], we can conclude that

" (t) — o(t) strongly in H'(Q) for a.e. t € (0,T).
By (14), the dominated convergence theorem then yields (55). O

v) Phase almost minimizing property. Observe that

— inf  F,(¢
pr o o(?)

is continuous on Kj; with respect to the (H'(£2))-topology. Fix a restart point
(p,®) € Car. By the continuity of F,(¢) with respect to (p, ), for every £ > 0
there exists a sufficiently small g given by (i) such that, if (p,¢) belongs to a
dp-neighborhood of (p, @), then

]:p(@) - @egllf(ﬂ) fp(@) < K.

By the compactness of Cps, we can conclude that, for every n,

h . ~
(58) For_ (#n) < @E}f,llf(ﬂ) For_ () + 5.

In particular, for every ¢ € L(0,T; HY(Q)),
fpﬁ(t) (@h(t)) < ]:pﬁ (t) ((ﬁ(t)) + K for a.e. t € (O,T)

Integrating in time and passing to the limit as & | 0 by the strong convergences (25)
and (55), we obtain

/ fp(t)(w(t))dté/ Foy(@(1)) dt + T
0 0

In particular, one may choose k = ¢/T, thus obtaining (9).
2.3. Convergence to the continuous phase-field problem.

2.3.1. Construction of the wvelocity field and transport equation. In order to ob-
tain (5) we argue as in [25], in particular we refer the reader to [25, Section 6.1] for
more details.
Defining u” := V¢" and v" := \/phV¢", from (24) we deduce that (up to a
subsequence)
(59) Vphu" =vh v weakly in L?(Q x (0,T)).
Moreover, the measure \/pvL%Q ® L' (0,T) is absolutely continuous with re-
spect to pLYQ ® L1'L(0,T), in particular there exists a vector field u € L'(Q x
(0,7); pdadt) such that /pv = pu in L' (Q x (0,T)) and
(60) v =,/pu on suppp.
Recalling that (Id —hV ) gph = ph_| for n € C2°(Q x [0, +00)) it holds
1 1
3 6= homde = [ @ ()~ ot - hV6) da.
Q Q

By Taylor’s expansion on the right-hand side, we have

1
(61) i [ =phnde = [ @9 Voot R,
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where the error R, once integrated in time, vanishes as h — 0. Therefore, integrat-
ing in time (61), using (25), (59) and (60), we obtain (5) in the limit A — 0.

2.3.2. Passage to the limit in the discrete equation. From the convergences (25)
and (59) it follows that

p"Vo" — \/pv  weakly in L'(Q x (0,T)),

as h — 0. Hence, the left-hand side of (17) passes to the desired limit as h — 0.

Moreover, we can pass to the limit in the terms on the right-hand side of (17)
thanks to Lemma 5, (25) (55), and (56). In particular, we have that u > p™ £ Q®
L1L(0,T). Indeed, consider a nonnegative test function n € C°(Q x (0,7T)), using
the almost everywhere convergence in Q x (0,7") given by (25) and applying Fatou’s
lemma, we obtain

T T T
/ / p"ndrdt < lim inf/ / (p")™n dadt = / / ndpu.
aJo h=0Ja Jo aJo

2.3.3. Passage to the limit in the Allen-Cahn equation. Each term of equation (10)
passes to the desired limit due to (19), (55), hence yielding (7).

2.3.4. Energy dissipation rate. Similarly as in [9] (see also [5]), it can be shown that
the De Giorgi’s variational interpolation p", defined as

{ W (p,pl_1)
9

(62) p"(t) € arg min (-1

Ry _
min + E(p, gon)} if t € ((n — 1)h,nh],

satisfies
2

(63) Z(W} +1/Oh<W2(ﬁh((n—1t)h+t),pg_l))2dt
<

2
E(ph 1 0l) — Ec(pl,ol) < Eclpl_1, 0l 1) — E(pl, o),

where the last inequality follows from (48) and (50). Notice that p"(nh) = ph =
p"(nh), for all n € Ny.
Summing in (63) over n from ng + 1 to ny, we obtain

(64)
62 Z (Wz(pﬁépﬁl))ar; Z /Oh(Wz(ﬁh((n—lt)h—kt)»Pﬁ1)>2dt

n=no+1 n=no+1

< E(ph, oh ) —E(pk ok ) < E(po, o) — E(plt ol ).

First, recalling (23)-(24) and, in particular, the convergence (59), we can pass to
the limit as h — 0 in the first term on the left-hand side of (64). Then, note that,
by a change of variable, it holds

n=nop+1 oh

and

W2 (1), () _ t— [tk [ nr o
s = /Q|v¢h<t>| ' da,



20 ANNA KUBIN AND ALICE MARVEGGIO

where ¢" is the optimal Kantorovich potential in Wy (5" (t), p"(t)). For ng = 0,
ny =N, and 7 = Nh € (0,T), it follows that

;i/f(w2<ﬁh<(n_1t>h+t>,pz_1>>2dt_;/OT/QW&L@WMMI_

We deduce that also ¥ := /phV¢" weakly converges in (L2(€2 x (0,T))) to
the function v given by (59). Indeed, arguing similarly to the convergence results
established for p", one can show that for almost every ¢ € (0, T) it holds 5" (¢) — p(2)
in L'(2), therefore one can conclude using the analogue of (17) for (5"(t), 0" (t))
together with (55). Moreover, since p"(t) — p(t) strongly in the 2-Wasserstein
distance due to (62) and the equivalent of (13) (see also equation 3.2.7 [5]), we can
identify p = p. Hence, we can also pass to the limit in the second term on the
left-hand side of (64) and observe that

/ /|v\2dxdt2/ |v|2dxdt:/ p|u|2dxdt:/ /p|u|2dxdt,
0 Q supp p supp p 0 Q

where we used (60).
To conclude about the validity of (8) we use the lower semicontinuity of the
energies &(p"(-,t), " (t)) for almost every ¢ € (0,T) due to (14), (25), and (55).

3. THE SHARP INTERFACE LIMIT (¢ — 0)

In this section, we prove that weak solutions of the phase-field model in the
sense of Definition 1 converge, as the parameter ¢ — 0, to weak solutions of the
Verigin problem with phase transition as introduced in [25]. We establish this result
by showing strong compactness properties for (pe, pc)e>o and then passing to the
limit in the distributional equations (5)-(7).

The starting point of [25] is a minimizing movement scheme for the Verigin
problem with phase transition. In particular, for p € L™(Q) and E C  a set of
finite perimeter, the evolution is driven by the energy

1
05 Epoe)i=o [(1dVel+ [ —pmdot [ xe(h-p)ds,
Q oam-—1 Q

where ¢ > 0 denotes the surface tension. Similarly as done in Section 2, the authors
construct discrete solutions via a minimizing movement scheme for the energy (65),
using the 2-Wasserstein distance as dissipation. They then show that, as the time
discretization step h — 0, these solutions converge to weak solutions of the Verigin
problem with phase transition in the sense of the following definition.

Definition 7 (Weak solution to the Verigin problem with phase transition). Let
T > 0 and Q C R? be a smooth open set. Let Ey C Q be a measurable set and
po € L'(2) be initial conditions such that [, po = 1 and E(po, xE,) < co. A
triple of functions (p, x,u) is a distributional solution to the Verigin problem with
phase transition if p € L™(Q2 x (0,T)), x € L>*(0,T; BV(Q)) with 0 < x < 1,
u € (L%(Q x (0,7); pdzdt))?, and satisfies the following properties:

i) For all n € C°(Q x [0,T)), we have

(66) —/()T/Qp(am—i—an) dxdtz/QPoﬂ(wO) dz.
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ii) The distributional Young-Laplace law

(67) /()T/qu~§d:cdt

T T T
= 0/ /(div§ —v-Vér)d|Vx|dt — / / divédu +/ / Axdive dxdt
0o Ja o Ja o Ja

is satisfied for all £ € C2°(Q x [0, 7T); RY) with & - v = 0 along 9Q x (0,7),
where v denotes the Radon-Nikodym derivative —% and p € Mp(Q2 x
(0,7)) is such that p > p™ L Q ® L1L(0,T).

iii) The energy dissipation rate

(68) Ep(r), x(1)) + / ' /Q plul? dadt < £(po, x5,)

holds for almost every 7 € (0,T).

We now turn to the main result of this section and prove that weak solutions
to the phase-field model (2) in the sense of Definition 1 satisfying the almost-
minimizing property (9) converge to weak solutions of the Verigin problem with
phase transition in the sense of Definition 7. In particular, this result applies to
the solutions constructed in Section 2 (cf. Theorem 1) and reads as follows.

Theorem 10. Let m > 2 and d € {2,3}. Let (pe, e, uc) be weak solutions to the
phase-field model (2) in the sense of Definition 1 with p. = pm L4 Q ® L1(0,T)
satisfying the almost-minimizing property (9), and with well-prepared initial data
(Pe,0, Pe0), i-e., satisfying

(69a) Peo — po  in L™(Q),

(69b) (pE,O — XE() in Ll(Q)f

€ 1
(69)  Eueclpen) = [ 5IVpeol + ZF(pen) do = o]V, )
Q

where o 1= fol V/2F (s)ds, for some py € L™(Q) and Ey C Q of finite perimeter in
Q. Then, under the assumption p. > c¢ for a fized constant ¢ > 0, there ezists a
subsequence €; — 0 such that the following properties hold.

(i) There exists p € L™(Q2 x (0,T)) such that

(70) Pe; = P strongly in LP(Q x (0,T)),  for every 1 <p < m.
(i) There ezists x € L*>°(0,T; BV (Q)) such that

(71) @, = X strongly in L'(0,T; Lj(Q)).

Moreover, there exist a function x € L*°(0,T; BV (Q;{0,1})) and a measur-
able set R C [0,T] such that x(t) = x(t) for t € R, while x(t) = ¢ € {0,1}
fort ¢& R. In particular, X(t) = Xgw) for a family of sets E(t) C §) of finite
perimeter.

(i4i) There exists u € (L?(2 x (0,T); pdxdt))?® such that

(72) VP, Us, — \/pu  weakly in (L*(€ x (0,7))%
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iv) The time-integrated interfacial phase-field energy converges in the sense
that

T T
(73) / Eunne (0o (1) dt 5 0 / VR, 0)](Q) dt.

v) The triple (p, X, ) is a distributional solution to the Verigin problem with
phase transition in the sense of Definition 7.

Remark 8. Notice that a distributional solution to the Verigin problem with phase
transition (cf. Definition 7) is recovered only after a suitable choice of the repre-
sentative for the limit in (71). Indeed, the convergence of ¢, is obtained only in
Li(Q) = LY(Q)/span{1}, and therefore determines the limit only up to spatially
constant functions. Similarly as in [46], at “regular” times ¢ € R the limit x(¢) is
uniquely identified as the characteristic function of a set of finite perimeter, whereas
for t ¢ R it is only known to be spatially constant. Hence, we define Y = x on R
and suitably choose x(¢) € {0,1} for ¢t ¢ R, so that the resulting triple (p, X, u) is
a distributional solution in the sense of Definition 7.

Remark 9. We observe that the restrictions d € {2,3} and m > 2 in the hypothesis
of Theorem 10 are used to obtain the H?-regularity of the phase field in Lemma 2.
In particular, we apply Lemma 2 to justify the computation of the distributional
divergence of the diffuse-interface stress tensor T. in the first steps of the proof
of Theorem 10(7). Moreover, the assumption m > 2 is also used in the proof of
Theorem 10(v) to pass to the limit in the coupling term when establishing the
pointwise lower-semicontinuity estimate (86) for the total energy.

Remark 10. The interfacial energy convergence (73) is often imposed as an addi-
tional assumption in sharp-interface convergence results towards BV -type solutions
of geometric flows, both for Allen—Cahn approximations of mean curvature flow (cf.,
e.g., [26, 19]) and for conserved phase-field models (cf., e.g. [24, 27]). Here, this con-
vergence follows from the quasi-static structure of the Verigin problem with phase
transition, through the almost-minimizing property (9). Moreover, in view of (73)
and the convergence of the coupling term, convergence of the total phase-field en-
ergy (4) would reduce to the convergence of the bulk energy term. In particular, if
one could establish

T T
/ /(pe)m dzdt — / /(p)m dzdt ase —0,
o Ja 0o Jo

then the defect measure could be identified as u = p™ L4 Q ® L1L(0,T).

3.1. Compactness. In this section, we prove the items (4), (#4), and (444) of The-
orem 10.

3.1.1. Compactness of p.. In this subsection we prove the strong convergence of
(pe)e>0, namely the item (¢) of Theorem 10. First, we establish the W5-Holder
continuity in time.

Lemma 11 (Compactness in time). There exists a constant C' > 0 depending only
on T and E.(po, o), such that, for any e > 0 and 0 < tg < t; < T, it holds
Wa(pe(-,t1), pe (- t0)) < Cltr — to'/2.
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Proof. The Benamou-Brenier formula reads as

WE Gt ptto) = { [ [ ot 0faGe 0 avar),

where the infimum is taken over all couples satisfying 9;p + div(pa) = 0, 5(-,0) =
p(-, o), and p(-,1) = p(-, t1). In particular, we can consider

ﬁ€($7t) = pg(l',t(tl — t()) + to), flg(x,t) = (tl — to)u5($7t(t1 — to) + to),

which satisfy (5). Then, from the Benamou-Brenier formula and (8) it follows that

3 : : 1 O (x,t)|0e(x 2dz
WZ(pE(vtl)apE(vtO))SA /ng( ,t)| ( ,t)‘ dzxdt
= (t1 — to)/t /Q,Og(x,t)\ug(a:,t)|2 dzdt

< (t1 —to)&(po, ¥o),

recall that, thanks to Remark 5, we can assume that the energy &, is positive up
to adding a uniform constant. ([

Next, we deduce space-compactness for (pc)e>o and thus prove the desired result.
Proof of Theorem 10(i). First, we claim that
V(p) € L'(Q % (0, 7)),
(74) “moV(pl ') = —u. 4+ Ve ae in Qx(0,7).
Indeed, we recall the diffuse-interface stress tensor
T. = <%|v§06|2 + %F(st)) Id -V, @ Ve,
whose distributional divergence is given by
div(T.) = ( —elpe + éF/(We))v@e
and whose well-posedness is due to Lemma 2. Using (7), we obtain
div(Te) = (pe = A) Vepe

in the sense of distributions. Hence, integrating by parts, we can rewrite (6) as
follows

T
— / / pelc - € dadt
o Ja
T T
= / / T, : V&dzdt — / /(,02” — Ape )diveE dxdt
o Ja o Ja

- ' [ (o-= N7 camat - | ' [ (o = Apapaive aaa
= _ /OT/Q(PE — ANV - Edzdt — /OT/Q(p;”divf + AV, - €) dzdt

T
= / / (—=pVipe - £ — pl"divE) dzdt
0 Q
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for all ¢ € C(Q x [0,7);R?) with & - vg = 0 along 9Q x (0,T). In particular, it
holds

(75) V(pl") = —peuc + peVepe

in the sense of distributions. Notice that, since V(p™) € L*(Q x (0,T)) by
comparison in (75) due to the regularity of the solutions in the sense of Defini-
tion 1, then (75) holds almost everywhere in  x (0,7"). Moreover, by assumption
pe > ¢ >0, (75) yields the claim (74).

We define
be = j(pe) — e,
where j(p) := -25p™~'. Then, by (74), we obtain that V¢. = —u. almost
everywhere in Q x (0,7). Moreover, let a. := ¢ + b, where 1), is given by
Lemma 13. We have that a. € L>(0,T; L*(Q)), [Vac(t)| = | —u.(t) + Vb (t)], and

fOT llac(t)|| v (o) dt < C. Observe that a. — j(p:) = e — @e, therefore Lemma 13
yields
(76) a: —j(p:) = 0 in L>(0,T, L' (Q)),
as —j(pe) >0 ae. Qx(0,7).
Defining
e = j\[f),l_‘_oo)((aaﬁ),
where x4 := max{z,0}, we obtain fOT 17(g9:(t))|| Bv () dt < C. Since the function
x +— x4 is 1-Lipschitz and p. > ¢ > 0 by assumption, we deduce
3(92) = j(pe) = 0in L0, T, LY(€Q)),  j(ge) — j(pe) — 0 ae. 2 x (0, 7).
Consequently, we obtain
g —p: — 0 ae Qx(0,7),

(77) ge — pe — 0 in L'(Q x (0,7)).

We introduce the lower semicontinuous functional F : L(€) — [0, +-00] defined
as

F(u) = 7 ()l Bv -

We observe that, for every C' > 0, the set V := {v € L*(£; [0, +o0]) : F(v) < C} is
compactly embedded in L!(£2) under the strong topology. To prove this, consider
a sequence (vy,), C V and notice that, up to a subsequence, j(v,) converges to
some w strongly in L'(2) and almost everywhere in . The strict monotonicity
of j guarantees its invertibility, implying v, = (5)"!(j(vn)) = (j) "' (w) a.e. in Q.
The strong convergence in L!(Q) then follows. )

Consider a subsequence ¢ | 0 and denote by gr = ¢, and pr = p.,.. Let Wy

denote the generalized 2-Wasserstein distance (cf. [38, Definition 1]). For every
ko € N we have

T—1

lim sup Wo(gr(t +7), gr(t)) dt
7=0keNJo

T—1 N T—1 ~
< lim sup Wa(gi(t +7), gi (1)) dt + Jim sup Wa(gi(t + 1), 9(t)) dt

T—)Okéko 0 T—)Ok>ko 0

T—7 N

= lim sup Wa(gr(t +7), gr(t)) dt,

T=0k>ko Jo
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where the last equality follows from the continuity of time translations of g; in
LY(0,T; LY(Q)) for fixed k. Furthermore, we have
T—1

lim lim sup Waolgr(t + 1), g,(t))dt
T—0 kog—00 k>ko JO

T—1
< lim lim sup (/ g (t 4 7) — pr(t + )l 1) + 9% (t) — pre(t) | L1 (o) dt
0

T—0 kg—o00 k>ko
T—1

+ Wz(Pk(t—i-T),pk(t))dt) =0,
0

where the terms on the right-hand side yield zero due to (77) and Lemma 11.

Notice that all the assumptions of Theorem 12 are satisfied with d = W5 (gener-
alized 2-Wasserstein distance), U := (gi)ren, in particular I/ is tight with respect
to F. Applying Theorem 12 and using the strong convergence (77), we obtain
that U is relatively compact in M(0,T; L1(€2)), yielding the strong convergence
g=(-,t) = p(-,t) in LY(Q) for almost all ¢ € (0,T). Moreover, by an application of
the dominated convergence theorem, we obtain
(78) ge = p in LY(Q x (0,T)).
In particular, we have that

pe = p in L'(Qx (0,7)),

due to (77). Finally, the bound (8) yields
(79)  p. —p weakly in L™(Q x (0,T)), (p)™ = pu weakly-* in measure

for some p € My(2 x (0,T)) such that u > p™ L4 Q ® L1 (0,T), and the desired
strong convergence (70).
U

3.1.2. Compactness of p.. In this subsection we prove the strong convergence of
(¢c)e>0, which is stated in Theorem 10(i).
Proof of Theorem 10(ii). First, notice that the bound (8) yields
(80) ©e — X weakly in L*(Q x (0,7)).

Recall that (1) is the family given by Lemma 13, that a. = ¢+, and that
V. = —u.. Let 7 € (0,T) and, for any function f: (0,7) — R, let f; := f(-+ 7).
Applying Lemma 14 with ¢ = 9. — ¢ » and ¢ = ¢. — ¢, -, we obtain

T—1
/0 [Ye = Ve rlLi(o) dt

T—T1
S C/ ||Cl5 — aa,‘r”Ll(Q) dt
0

T—1 1 %
+C/ ||ae _as,T”zl(Q)</ |V¢E|2 d$+/ |v¢)877_|2 dl‘) dt.
0 Q Q

Combining the above inequality with the convergences (70) and (76) and the en-
ergy dissipation bound (8), and recalling that |V (¢)|(R2) is uniformly bounded
for almost all ¢ € (0,T) by Lemma 13, we can apply the Frechét-Kolmogorov theo-
rem to conclude that (1. )0 is relatively compact in L*(0,T; L}(£2)), in particular
(1< (t))e=0 is relatively compact in L§(Q2) for almost all ¢ € (0,7). Notice that, if
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there are two subsequences sgi) — 0, 7 = 1,2, such that ¢_c (t) — P in LY(Q),
then (1) = 42 in L§(Q), meaning that ) — () = constant in 2, and there-
fore, since () € BV (;{0,1}), either p™) = () or {y(I) @)} = {0,1}. Using
Lemma 13, we then obtain (71), i.e., up to a non-relabeled subsequence,

0. — x strongly in L' (0, T; L} (Q)).

Let R denote the set of such “regular” times of ¢ € [0,T] such that (1:(t))e>0
converges strongly in L!(Q). Observe that R is measurable. Hence, for ¢t € R also
©0:(-,t) = x (-, t) strongly in L!() and
(81) @ — x in L*(R x Q).

Moreover, for times ¢t € R, we can show that x(-,¢) is the characteristic function

of a set of finite perimeter. Indeed, since by (8) and the well-preparedness of the
initial data we have

sup ess sup Eing, e (e (-, 1)) < C < 00,

e>0 t€[0,T)
Fatou’s lemma gives [, F(x(x,t))dx = 0, which implies that x(x,t) = xg(z,t) for
some set E C © x (0,T). From the coarea formula we deduce that E(t) is a set of
finite perimeter in 2, where E(t) is identified by x () := x&(-, 1)

On the other hand, it can be shown that the weak limit x in (80) satisfies
X(t) = const whenever t ¢ R. Similarly as in [46], using the weak convergence (80)
together with Lemma 13, we obtain that for any measurable I C [0,7]\ R and
¢ € CLHRY)

//Xdlvgdwdt—hm//cpe dlvgdxdt—hm//ws div ¢ dadt = 0.

The last equality follows by dominated convergence theorem from the fact that
/; o Ye(t) div{ da is bounded, and for every subsequence € — 0 there is a subsequence
g;—0 such that ¢, (t) = ¢ € {0,1} in L(£2), hence
lim 1115 ()divgdx:c/divﬁdx:O.
j—o0 [e)
Since € is connected, x (¢ ) is constant for almost all ¢ ¢ R.
O

3.1.3. Convergence of the wvelocity field. In this subsection we prove the weighted
convergence of the velocity field in the sense of Theorem 10(4i%).

Proof of Theorem 10(iii). Defining v, := /p-u., it follows from (8) that (up to a
subsequence)
(82) Vpeue = ve = v weakly in L*(Q x (0,T)).

Since p. > ¢ > 0 and hence p > ¢ > 0 by almost-everywhere convergence following
from (70), we can define u := v/,/p and obtain the desired convergence (72). In
particular, we have

(83) / /p|u|2dxdt<hm1nf/ /ps\u5| dzdt.

Moreover, notice that the convergences (70) and (82) imply

(84) peu: — pu  weakly in LW(Q x (0,7)), 1<p<m.
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d

3.2. Interfacial energy convergence. In this section, we prove the convergence
of the time-integrated interfacial phase-field energy, namely Theorem 10(iv).

Proof of Theorem 10(iv). First, we recall that (pe, ©.) satisfies the almost minimiz-
ing property (9), namely

/ / f|ws|2+ F (¢e) dxdt+/ /% (A — p.) dadt
S/ / *W@|2+7F(§5)) dxdt—i—/ /@()\—pe)dxdt—i—e
0o Ja\2 € 0o Ja

for every ¢ € L1(0,T; HY(Q)).

Let x(t) = x(t) if t € R and x(t) = ¢ € {0,1} if t ¢ R. Recall the conver-
gences (71) and (81). Since both x(¢) and x(t) are constant when ¢ ¢ R and they
coincide when ¢ € R, we obtain that |Vx| = |Vx| almost everywhere in Q x (0,7T).
Hence, Fatou’s lemma together with the Modica—Mortola liminf inequality (cf. [36])

yields
T
a/ /1d|V>2|dt:U/ / 1 d|Vg|dt
0 Q RJQ

€ 1
< liminf SV |+ = F(p.
< limin /R/Q(2|Vgo| —|—E (p ))dxdt

e—0

e—=0

T
o € 9 1
< — —
hmmf/o /9(2|V<p5| +€F(<p€)>dxdt,

where o := fol \/2F(s)ds, whereas the convergences (70) and (80) give

/ / (A= p)dadt = hm/ /(pE A — pe) dadt.

Let n € L'(0,T; BV (£;{0,1})), there exists (n.). € L'(0,T; H*()) such that
N — n strongly in L' (2% (0, 7)) and fOT Jo (5IVn|? + LF(n.)) dadt — JfOT Jo 1d|Vn|dt
(cf. [36]). Additionally, . — 1 weakly in L*(€2 x (0,7)). Hence, using the conver-
gence (70) together with the almost-minimizing property (9), we obtain

. r € 9 1
lim sup (§|V<Ps| + —F(pe) + ¢ (A = ps))dxdt
o Ja €

e—0

T
1
Slimsup/ /(EIVnEIQJr*F(ng)Jrne(A—pa))ddeE
0o Ja\2 €

e—0

:/OT (U/Q1d|vn\+/ﬂn(A—p)dx)dt.

In particular, considering n = x with the particular choice x(t) = x(¢) for t € R
and

0 iFAQ - 1>0
(85) =141 ifAQ—1<0, fort¢R,

ce{0,1} fAQ-1=0
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we have

T
1
timsup [ [ (51V6u + ZF(p0) + 0ul3 = ) dod
0o Ja €

e—0

g/OT (a/Qld|V)~(|+/Q)~(()\—p)dx)dt
<[ (o fravu+ [ xo-parar

From the inequalities above one can deduce

T T c 1 T
a/ /1d|Vf<\ < lim/ /7|V¢5|2+7F(<p8)dxdt < a/ /1d|V§<|,
o Ja =0 /g Jo 2 € o Ja

hence we conclude
. Tre 5 1 T B
21_1}(1)/0 /Qi‘v%‘ + gF(cpE)dxdt = J/O /Qld|Vx|.

3.3. Convergence to the Verigin problem with phase transition. In this
section, we prove the item (v) of Theorem 10.

O

Proof of Theorem 10(v). We divide the proof into several steps.

Step 1 (Transport equation). The convergences (69a), (70) and (84) suffice to
pass to the limit as € — 0 in (5), obtaining (66).

Step 2 (Young-Laplace law). The left-hand side of (6) passes to the desired limit
due to (84).

To pass to the limit in the second term on the right-hand side of (6) we need to
show that

T.dzdt = o(Id —v @ v) d|Vx|dt  weakly-* as measures,
where we recall that
€ 1
T. = <§|V<p5|2 + EF(QDS)) Id —eVp. ® V.

and that v denotes the Radon-Nikodym derivative — Oﬁgi

We first define .
U, :=U(p.) = / V/2F(s)ds,
0

then we test £|Ve.|? + LF(p.) with n such that n € Ce(Q x (0,7)) and n > 0,
obtaining

>0

T
e 1
lim inf Vo> + =F dzdt
lmm/o /971(2| ©el + 2 (%)) T

e—0
T
Zliminf/ /77|V\I/5|dxdt Zliminf/ / |V, |dzdt
e—0 0 Q e—0 rJO

T
o [ [naviiae=o [ [ gawyas
RJQ 0 Q

due to Fatou’s lemma, the lower semicontinuity of the total variation measure, and
the strong convergence ¥, — ¥(y) = ox in L(Q) for almost every ¢t € R following
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from (81). Similarly, we can test with ||7||cc — 7 and obtain the same inequalities
with ||7]|ec — 7 (instead of n). These inequalities combined with (73) yield

[ [n(5ve+ trtea) asat o [ [ nawsa
Q
/ /77|V\I/ |dxdt—>a/ /nd\VX\dt

for every n € C.(Q x (0,T)). In particular, it holds

and

1 * -
<§|V<pg|2 + EF(gog)) dzdt = od|Vx|dt weakly-* as measures
and

|V, |dzdt = od|Vx|dt weakly-* as measures.
Furthermore, one can deduce the equipartition of energy, namely

A / VE[Vee| = \}gm>2dxdt -0,

and
|V |2 dzdt — VU, |dedt >0  weakly-* as measures.
For further details on the proof of these convergences, we refer, for instance, to [32].
Recalling (73), an application of Reshetnyak’s continuity theorem [4, Theo-
rem 2.39] to the sequence of measures VW, dazdt with the 1-homogeneous function

flx,p) = % : VE(z) yields

Ve V‘Pe /T/ -
:VEIVY, |dadt = o rev:VEd|Vy|de,
i [ e ey v o Ja VY

whence we obtain

T T
lim / / eVye @ Vi, : VEdadt = a/ / vev: VEd|Vy|de.
Q 0o Ja

e—0 Jo

Finally, the last terms on the right-hand side of (6) pass to the desired limit due
0 (79) and (80). Recalling that the limit function x is constant when t ¢ R, hence
we have [, Ax(t)divE(t)dz =0 = [, AX(t)divE(t) de

Step 3 (Energy dissipation law). We first establish the pointwise lower-semicontinuity
estimate

(56) E(p(r), X(7)) < limint & (p-(7), ¢<(7))

for almost every 7 € (0, 7).
By the strong convergence (70) and the energy dissipation (8), we have

(87) pe(T) = p(1) strongly in L' (Q), p-(1) = p(r) weakly in L™(Q),

for almost every 7 € (0,T). Let 7 € R be such that (87) holds. The definition of R
from Section 3.1.2 together with the uniform energy bound yield

@ (1) = X(7) strongly in L*(Q).

Hence, since m > 2, we obtain

|0 =pmde = [ 500 pir) o
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Furthermore, the weak lower semicontinuity from (87) gives

< m
/Q p(T)™ da hIED_)l(I)lf/ (7)™ du,

whereas the Modica—Mortola lower bound (cf. [36]) gives
ol Vx(7)|(Q) < liminf Eipy . ((pE(T)).
e—0

Therefore, (86) holds for almost every 7 € R.

Consider now 7 ¢ R and a subsequence realizing the liminf in (86). By the
compactness argument used in Section 3.1.2, we may extract a further subsequence
such that

©e, (T) = ¢ strongly in L?(Q)
for some ¢ € {0,1}. Hence, using (87), we obtain

/Q pen (VA = ey (7)) dz = (A — 1),

Recalling the definition of x on (0,7) \ R given by (85), since |Vx(7)|(©2) = 0 for
T ¢ R, we have

fim inf £.(pe (7). 02(7)) =~ [ plr)™ do (Al = 1)
£
(

v

(p(7), X(7)),
This proves (86) for almost every 7 € (0,T).
Finally, from the weak convergence (72) it follows that

/ /p|u\2dﬂcdt<hmmf/ /p8|u5|2dxdt

for every 7 € (0,7T). Combining this inequality with (86) and the energy dissipation
inequality (8), we can conclude that, for almost every 7 € (0,7),

Elp //p|u|2dmdt<hm1nf (5( //p5|u5\ dmdt)

< ;l_rf(l)g (Ps 05 Pe, 0) g(vaXEg

where the last equality follows from the well-preparedness of the initial data (69a)—
(69¢). O

APPENDIX A. COMPACTNESS IN MEASURE

In this section, we state a variant of the Aubin-Lions Lemma, which can be
found in [42, Theorem 2].

Let B be a separable Banach space. We say that F : B — [0, +00] is a coercive
integrand if

{v e B: F(v) < C} is compact for every C > 0.

We denote by M(0,T; B) the space of Bochner-measurable B-valued functions
with the topology induced by the convergence in measure, i.e. (uy,)nen C M(0,T; B)
converges in measure to v € M(0,T; B) as n — oo if

1i_>m {t € (0,T) : |lun(t) — u(®)||p > o} =0 Vo > 0.
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Theorem 12. Let U be a family of measurable B-valued functions; if there exist
a lower semicontinuous coercive integrand F : B — [0,400] and a distance d :
B x B — [0, +0], such that

T
U is tight w.r.t F, i.e. S :=sup F(u(t))dt < oo,
ueU J 0o
and
T—1
(88) lim sup/ d(u(t+ 7),u(t)) dt = 0,
T=0yuett Jo

then U is relatively compact in M(0,T; B).

APPENDIX B. TECHNICAL TOOLS

In this section, we collect two technical lemmas from [46] that are needed in
Section 3.1.2 to establish the strong convergence of the phase-field functions as
e —0.

Lemma 13. [46, Lemma 5.1] For ¢ € Wh%(Q) and C > 0 with En(p) < C,
there exists v € BV (Q;{0,1}) satisfying |Vu|(Q) < C and

[ = ¥l L2(0) < wole),
where wy = we.q satisfies lim, g wp(e) = 0.

We provide the proof for the reader’s convenience.

Proof. Assume, by contradiction, that the statement is false. Then there exist
d > 0, a subsequence ¢; | 0, and (p;)jen C H'(Q) such that Eing, (¢;) < C and

(89) ;= Yllz2) > 6
for every j € N and ¢ € BV (Q;{0,1}) with |V |(©2) < C.

Define s
U(s) ::/0 V2F(s)ds and U, :=¥(gp;),

then we have that || W11y < C and

/Q|V‘I’j|d$ = /Q \/2F(#5) Vsl do < Einge, (95) < C.

Therefore, up to a subsequence, we deduce that (¥;);en converges strongly in L' ()
and almost everywhere on Q to a function ¥ € BV (Q) with [, 1d[V¥| < C. Since
U is strictly increasing, (p;);jen converges almost everywhere on  to y = ¥=1().
Moreover, from the uniform bound |[¢;|z1(q) < C we obtain that ¢; — x strongly
in L?(Q). By Fatou’s lemma,

/ F(x)dx < liminf/ F(pj)dr < liminf €;&n.c; (¢5) = 0,
hence x € {0,1}. Since ¥(0) = 0 and ¥(1) = o, it follows that ¥ = ¥(x) = ox
with x € BV (9;{0,1}) and [, 1d|Vx| < C.

Finally, taking ¢ = x in (89) contradicts the strong convergence ¢; — x in
L2(Q). O
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Lemma 14. [46, Section 5] (cf. also [31]) For ¢ € L§(Q;{0,+1}) and ¢ € H(Q),
we have

lellge < C (16 + 6l + Il + 6l i) IVl ) )

for some C > 0 depending only on , where L{(Q) denotes the quotient space
LY () /span{1}.

Remark 11. We observe that, in case of an unbounded domain 2 = R%, the same
result follows by readapting the proof of [25, Lemma 10] under the assumption
p,p > ¢ > 0. In particular, the space L{(2) = L(Q)/span{1} can be naturally
identified with L!(Q), since the zero function is the only constant belonging to
L'(R%).
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the implementation of this adaptation. The authors subsequently checked, verified,
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