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Abstract

We construct a Lipschitz, non-C' map u: R? — R® which is the unique global mini-
mizer of a smooth, strongly polyconvex functional. Such an example is necessarily non-
homogeneous.

1 Introduction

We study minima of vectorial variational integrals
Elu] = / F(Du)dz, u: Q — R™, m > 2,
Q

where F' € C*°(R"™*"™) and Q C R" is a domain. We will assume throughout that
|F"(A)| < C forall A€ R™ ™.

Our focus is on the case where F' is strongly polyconvex:

Definition 1.1. The integrand F': R™*"™ — R is polyconvex if there is a convex function
f:R7mn) 5 R such that F(A) = f(M(A)), where M(A) € R7™") is the vector of all
minors of A of orders 1,...,min{m,n}, and 7(m,n) = Zzlinl{m’n} () G-
F is strongly polyconvez if there is € > 0 such that F' — ¢ - |? is polyconvex.

Polyconvexity is a natural condition for the existence of minimizers in vectorial problems
[7] and it holds in most of the energies of interest in Nonlinear Elasticity [4], Geometric
Function Theory [23], and Geometric Measure Theory [9].

Even if F is convex, in general minimizers are not smooth as soon as n > 3 [29], and hence
the best one can hope for is partial regularity. In this case, the strongest result available [2,
§4.4] asserts that there is a closed singular set X, such that v € C*°(B" \ %,), and

dimpg(X,) <n—2-4, 0 =190(u, F) > 0. (1.1)



The example in [29], together with its predecessors [21, 32, 37, 38] in higher dimensions,
shows that in general § < 1. We also emphasize that, in all of these examples, the map u is
homogeneous.

By contrast, much less is known for polyconvex functionals. For Lipschitz minimizers, we
again have u € C>®(B™ \ X,), this time with

¥, is uniformly porous = dimg(3,) <n—-90, 6=9u,F)>0, (1.2)

as shown in [25]. In particular, the methods of [25] necessarily yield ¢ < 1, since hyperplanes
are uniformly porous. The estimate on the dimension of the singular set was very recently
extended to non-Lipschitz minimizers in [8]. Classical works on non-Lipschitz minimizers
include the original partial regularity results [13], but see also [1, 6, 12, 14, 16, 20, 34] for
results under more general growth conditions. Stronger results are available for particular
functionals, e.g. for the area functional [15, 22] or functionals with some symmetries [18, 19].

It has remained a long-standing problem to improve (1.2), or to construct examples show-
ing otherwise. We briefly explain the difficulties underlying this problem:

(1) the bound (1.1) is by now standard, and is proved by differentiating the Euler-Lagrange
system. By contrast, in the polyconvex setting the Euler-Lagrange system admits so-
lutions which are singular everywhere [31, 39];

(2) no examples of singular minimizers for polyconvex, non-convex functionals were known.
Since, by (1.1), minimizers of convex functionals are regular when n = 2, in this case
no examples of singular minimizers for polyconvex functionals were known;

(3) to construct singular Lipschitz minimizers it is natural to look for 1-homogeneous ex-
amples, and indeed, as mentioned above, all known examples of singular minimizers are
homogeneous. Yet, when n = 2, any 1-homogeneous solution of the Euler—Lagrange
system of a polyconvex functional is necessarily smooth [33].

We overcome the above difficulties and construct for the first time a singular minimizer for
a non-convex, strongly polyconvex functional, and we do so in the lowest possible dimension
n = 2. This shows that the best general upper bound one can hope for is dimg(%,) < n — 2.

To describe our example, let u: C = R? — R2N 2 CN y = (u},...,u"), be defined by

W (z) = rlitieh® g =1 N. (1.3)
The possibility of using maps of this form to construct a counterexample was suggested in
a beautiful lecture by Sverdk [36], where this ansatz is attributed to B. Kirchheim and V.

Sverdk; see also [30, p. 152]. We will make what is, in some sense, the simplest possible choice
of frequencies:

N =3, (k1,w1) = (1,1), (ko,w2) = (1,2), (k3,ws3) = (3,3). (1.4)
Our main theorem is the following:

Theorem 1.2. Let u € WL (B2, RY) be the map specified by (1.3)—(1.4). There is a smooth,
strongly polyconvex integrand F: R%*2 — R, with |F"| < C, such that

/ F(Du)dz < / F(Dv)dz  for all v € u + Wy (B2, RY),
B2 B2

with equality if and only if u = v.



Observe that, differently from the convex setting, in the polyconvex case uniqueness of
minimizers is, in general, false [28, 35]. Those works provide examples of smooth, global
minimizers to polyconvex energies, while here u is the unique global minimizer of the energy,
thus showing that the singular behaviour of the map at hand is unrelated to the lack of
uniqueness.

In the rest of the introduction, we describe our proof strategy. Let us first note a simple
calculation: for a map v(z) = r'*«e*? we have

2 ’ 2
In particular, |Du|? is constant so u is Lipschitz. Moreover, the oscillatory factors 7*i show
that Du has no limit at the origin, thus u ¢ C!. To see why (1.4) is natural, we note that
it corresponds to the smallest frequencies for which there are many linear relations between
different minors of Du. To see this, we introduce the following notation: if A ~ (a,c) and
B ~ (b,d), where a,b (c,d) are the conformal (anti-conformal) parts of A, B respectively, let

AANB=ad—-bceC, (1.6)

D0 = L+Fk+ iwriwei(k—l)é B0 = 1—k+ iwriwei(kﬂ)e. (1.5)

which corresponds to the determinant of the complex-valued matrix with rows (a, ¢) and (b, d).
Through (1.5), we see that the choices (1.3)-(1.4) lead to the six relations which completely
determine the range of Du (Lemma 2.3). For example, one of these relations is:

3+ 41

Du! ADu? = 57'3@6229 =25 .
Our approach is precisely to analyse this range, and we set
K = Du(B*\{0}). (1.7)

This set is easily seen to be a torus T? smoothly embedded in a sphere in R6*2 (Lemma 2.1).

A naive but natural candidate for the integrand in Theorem 1.2 is F' = dist%{, and we refer
the reader to [11] for the study of minimization problems for the corresponding functional.
However, dist% is not polyconvex (it is not even convex separately in each matrix variable),
since K is not convex [10, Theorem 4]. Nonetheless, one can still hope to build a strongly
polyconvex integrand F which has a well on K, i.e. F = dist% near K. It is relatively clear
what local conditions are required to extend a given integrand, defined on a ball, to a global
polyconvex integrand [24]. However, again due to the non-convexity of K, in our case local
conditions are insufficient and a more global argument is needed. In Section 3 we provide
simple, general conditions under which it is possible to find such an extension for dist%-, and
we verify that they hold in our case.

Finally, to prove that w is the unique global minimizer we need a separate argument
concerning solutions of the differential inclusion Dv € K, and we prove:

Theorem 1.3. Let 2 C C be connected and let v € VVli’OO(Q,(C?’) solve Dv € K a.e. in ).

C

Then either v is affine or else there is A\ € S!, zg € C such that Dv = D(Syu(- — 20)), where
Sy(ul,u?,u?) = (el Au?, \3u?).
To prove Theorem 1.3 we find, after an appropriate quasiconformal change of variables,
that the last component of solutions to Dv € K solves a degenerate elliptic differential in-

clusion in the sense of [26]. We can then apply their results, see also [27] for the completely
general version, to conclude.
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2 The range of the differential of the map

This section is devoted to analyze the set K C R®*2 introduced in (1.7). To this end, we
start by introducing some useful notation, Subsection 2.1. Next, in Subsection 2.2, we write the
system of polyaffine relations mentioned in the introduction, and we study its nondegeneracy
in the last Subsection 2.3. These results will be instrumental for the rest of the proof.

2.1 Notation

It is convenient to identify R? =2 C and R6*2? 22 C3*2 using complex coordinates. If
a b
M =
its conformal and anti-conformal parts are, respectively:

My = Slatd)+ilc—b)] and  [Mg=[(a—d)+i(c+b).

2
Direct computations show that

det(M) = [[M]p]? — [[M]zl?,  [MJ* = 2|[M]5|* + 2/[M]5]*. (2.1)

Therefore, letting A € R6*2? and subdividing it in three 2 x 2 blocks Aj, Ao, A3 € R?*?
which contain the first two, second two and last two rows respectively, we write

Ay [Ailn [Ailg ai b
A= |As| 2 |[Aoy [Aoly| = a2 ba| € C2 (2.2)
A3 [Asly [As]y az b3

By defining the Wirtinger derivatives of a differentiable map f: C — C as 0, f := [D f]y and
Oz f == [Dflg, (2.2) yields:

Out Osul
Du = |0,u? Ozu®
ou®  Osu®

The next lemma follows by a straightforward calculation from (1.5), which we omit.

Lemma 2.1. Consider the constants
] ] 4+ 3 g — —24 3

7
C1:1+*, dl 2 ) 3 — 2

_ v
2 S

co=141, dy=1i, c3



Then, in the notation (1.7), we have

&  din
K = p(T?), (&) = | c2€?  daln
c3€®n  dsén?

Moreover ¢: T? — C3*2 is an embedding, thus K is a smooth, embedded torus in C3*2.

Let us note a simple invariance of K. For A\, u € S', define the map UWE C3%2 — C3%2
Aaq by

Tou(A) = | XNaz  Aubo |, (2.3)
Npaz  A2bs

which is real-linear orthogonal. Directly from the definition of ¢, we have

Ton(@(€m) = oA, m). (2.4)
In particular, 7y ,(K) = K.

2.2 The polyaffine relations

The goal of this subsection is to show that K can be characterized through a system of
polyaffine relations. We say that F': R™*™ — R is polyaffine if £F are polyconvex. There are
several equivalent definitions of polyaffinity, that we collect in the following:

Lemma 2.2. F': R™*" — R is polyaffine if and only if F' is an affine combination of minors.
If F is a quadratic form, then F' is polyaffine if and only if F(R) = 0 for every R € R™*"
with rank one.

Proof. The general equivalence can be found in [7], while the characterization of quadratic
F' can be deduced following the same proof as [17, Lemma 4.2]. O

Operation (1.6) allows to define all the polyaffine relations we require: setting ul = uf-3
for £ = 4,5,6, we claim that these polyaffine relations are given by

DuADub = ¢ty 42, 0.u" +¢3,0:u° a.e.,  for some r(a,b),s(a,b) € {1,...,6},c% € C, (2.5)

for suitable choices of a and b. There are 36 such wedge products, but, due to the anti-
symmetry of the operation, only 15 give nontrivial information, and we will only need 6 of

them. To simplify the notation, set:
2.1 —
J](A> EdetAj (:) ]aj\Q— ‘bj’Q, Hj (A) EAj/\Ak :ajbk.—bjak, ij(A) Eak?j—bkbj.

While Hjj, is Aj A A, and hence, once evaluated on Du, it is the left-hand side of (2.5) for
a,b € {1,2,3}, Ljj corresponds to considering a wedge product Du® A Du® for a € {1,2,3},
b € {4,5,6}. Finally, notice that J;(A) = L;;(A). Jj, Hj; and Ljj; all vanish on rank-one
matrices in R6*2, hence they are polyaffine. Thus, we define the vector of the minor relations
we will need:

® = (1, B3, Pp7, P12, P13, Pog): C% - R* x C' = R,



through
3+ 44

25
D19 = L1 — ayq, ®13 = Li3 + 2iba, Doz = Loz + (3 + 4i)by.

o =J1 -1, Pz = J3 -3, Oy = Hig — as,

Lemma 2.3. The above relations characterize K, i.e. ®71(0) = K.

Proof. Let A be as in (2.2). Since all ¢; and d; are non-zero, let
CLJ' = ijj, bj = djnj, ] = 1, 2,3.
The equations ®(A) = 0 are equivalent to

51611 = [m|* = 4, 25|&31° — 13|n3)* = 12, (J)
§3 = (=1 —i)mé& + (2 +)&1m2, (H12)

(B +1i)61& — e = (2 +1)&1, (L12)

(11 + 20)&:&3 — (3 + 20)7m3 = 82 (L13)

(7T —)&&s — (3 +2i)Tns = (4 — 3i)n1. (L23)

It is easy to see that the system (J)—(Lo3) is equivariant under the action (2.3). Furthermore,
& =1,n, = 1for all £ € {1,2,3} solve system (J)—(La3), and hence K C ®~1(0), since K =
{Tau(e(1,1)) : A, u € S'}, using the notation of Lemma 2.1 and the subsequent definitions.
We show the converse: to this end, let A € ®71(0). Our goal is to show that A € K.

The first J-equation gives |£1|?> > 4/5. Using the equivariance of the system under the
action (2.3), we may assume & > 0,71 > 0, so that our goal becomes A = ¢(1,1). (L12) gives

2+9)& +mn2 2+ m

= - = -+ - . 2.6
&2 B+i)& 340 (3+i)& " (2:6)

This can be substituted inside (1) to get, after using the first J-equation:

—(1+3i)mér + (44 4i)ne 1+ 3i 4+ 4i
S B+ 3+i T Bra " 2.7)
Now from (Li3) we obtain

) ) (2.7) 147 3+ 11s
3+2 =(11+2 — 8 ="-5H 4 . 2.8
(3+2i)mns = (11 + 20)6:€3 — 8n2 s S A (2.8)

If we had m = 0, then (2.8) would give us 72 = 0, and from (2.7) we would deduce &3 = 0, in
contradiction with the second J-equation. Hence, from now on we can assume

&>0,  m>0. (2.9)
Thus, we can divide by (3 + 2i)n; in (2.8) to obtain
147 3+ 110 7
= -5 4 —. 2.10
M= e T T e, (2:10)

Now we need to use the last equation, (Ly3). We start by computing

— . (26)=(2.7 , n? 4(11 + 2i 4(4 + 3i
(7 - s “O=7 —( 4 3 — (14 20 D - 2D 2SI
1




2
(210 o
—(3 + 2i)mns 10 5(1 +24)&172 — 4(2 + 31 )‘73721|

Exploiting once again the first J-equation, we have

L N 4114 2)  4(4+ 3 NUE
(7T—1)&283—(3+2i)m2n3 = —(4+3i)n1 +4(142i )anL ( 56 )772+ ( 5E2 Jm |772|2—4(2+3Z)7Z721‘-
1

We make use of (Lo3), where we bring the first addendum of the previous sum on the right-
hand side and multiply by 5621 /4, to get:

5(1+20)&mTe + (11 + 20)&mnz + (4 + 30)ni|ml — 5(2 + 30)&F|n2|* = 1007€7. (2.11)

(2.11) consists of two nonlinear equations in 7o = x +iy. We can make it linear by considering
it as a system in three variables, =,y and n = |n2|2. Coupling these with the second J-equation,
we find an invertible system of three linear equations in three variables: using that n = 2% +y?
will then give us the required rigidity to conclude the proof. We start by taking respectively
the real and the imaginary part of (2.11):

42z +y)éum + 2nin — 5¢¢n = SniEt, (2.12)
2(2z + y)&im + nin — 5&in =0 (2.13)

Subtracting (2.12) from twice (2.13), we find that
n = |nal* = nf. (2.14)

Using this and the first J-equation, after subtracting (2.13) from (2.12) we get
&2z +y) = 2n1. (2.15)
Finally, we use the second J—equation To this end, we compute

(2.14) (2.15)

25/¢52 PV =P 95,2 1 80 — 40 (20 4 y) “27) 252,
51 &1
13[ns 2 “1O=1 19562 1 208 — 4082 + )€1 (19) 19562 4 198 — 24025L.
m
Plugging these in the second J-equation and explomng the first J-equation, we can write
_ 2 2 _ &1 &1
12 = 25[&3)% — 13|m3]? = 25(nF — 5E2) — 128 + 240> = —228 + 240z > (2.16)
m m’

from which we get m; = z&;, so that > 0 by (2.9). From this, (2.15)-(2.9) yields y = 0, and
hence = n; by (2.14)-(2.9). But then (2.16) shows & = 1. From the first J-equation and
(2.9), we find also m; = 1, and hence 1y = 1. Now (2.6)-(2.7)-(2.10) give {&a = &3 =n3 =1 as
well, so that A = ¢(1,1) € K and we conclude our proof. O
2.3 Nondegeneracy of the polyaffine relations

Lemma 2.4 (Non-degeneracy). For every (§,1) € T? we have ker &' (o(£,1)) = Tpe. ) K.

Proof. As K = {¢(&,n) : &,n € S'}, see Lemma 2.1, we can obtain a basis for its tangent



plane by differentiating the parametrization:

' i01§ 0 d ) 0 idln
| eleem) = | 2ieg® idotn |l p(&etn) = | 0 idatn
=0 ics€2n  idsén? t=0 ic3€®n  2idsén?

These are linearly independent matrices spanning T, ) K, and belonging to ker ®(¢(&,7)),
since ®(p(&,n)) = 0. It remains to check that there are no further kernel directions. This
lengthy calculation is better performed with the help of a Computer Algebra Software. First,
by equivariance of T2, it is enough to check the nondegeneracy at (&,7) = (1,1). As To,anK C
ker ®'(p(1,1)), our goal is to show that the rank of ®'(¢(1,1)) is 10. Let A be as in (2.2). The
linearization of the constraints at ¢(1,1) is:

®5((1,1)[A] = 2Re(cja; — djby), j = 1,3,

34 4i

By (p(1,1))[A] = daay + c1by — caby — dyaz — ( . ) as,

@&2@0(1, 1))[A] = Eraz + coaq — diby — daby — ay,
15(p(1,1))[A] = Taz + czar — dibs — dsby + 2ibo,

D3 (p(1,1))[A] = Gaa3 + c3az — dabz — dzbz + (3 + 4i)by.

We parametrize a; = x; + iy;, b; = u;j + iv;. Next, we differentiate the 10 functions Ji, J3,
Re(®p), Im(®p), Re(P12), Im(P12), Re(P13), Im(P13), Re(Pa3), Im(Pa3) with respect to the
12 variables x1, x2, 23, Y1, Y2, Y3, U1, U2, U3, V1, V2, v3 to obtain ®'(p(1,1)):

(2 0 0 1 0 0O 0 0 0 -1 0 0 ]
0 0 4 0 O 3 o o0 2 0 0 -3
3 1 4 1
o0 -2 -1+ L 1 1 0 1 -3 o0
1 =3 =3 0 0 -2 -1 3 0 -1 1 0
, ~lo 1 o 1 & 0 0 0 0 -1 -1 0 10x12
(1)) = | 10 =21 0o -1 L 0 0 0 o0 €R ’
3 1 3 1
g 0 11 5 0 5 13 0 ? -5 =2 —3
5 0 -5 -2 0 1 -5 2 5 -1 0 0
o 2 1 o0 2 1 3 1 0 -4 -3 -1
o 3 -1 0 -2 1 4 =21 3 -1 0
The rank of ®'(¢(1,1)) is 10, as wanted: the Maple code, where the differential is called DIFF,
used to make this check is attached to the ArXiv version of this paper. O

3 Strongly polyconvex extensions of the squared distance

Aim of this section is to show Theorem 1.2, i.e. to build a strong polyconvex extension
of the dist? function. Some results we will consider are rather general, hence we will work
in R™*™ m,n > 2, even if we are only interested in the case n = 2. We will use freely the
notation of Definition 1.1. In addition, we introduce P € R(*7(m:n) the projection matrix
which acts on M (X) € R™™™) as PM(X) = X, VX € R™*", so that P is the projection onto
suitable nm coordinates of R™(™") We also let P denote the transpose projection.

We start with the following simple extension result:



Lemma 3.1. Let U' @ U C R™*", where U is bounded. Suppose that h € C®°(U) and that
X — cx € R7™) 4s smooth. If, for some k> 0, we have

h(Y) = h(X) = (ex, M(Y) = M(X)) > kY = X2 ¥X,Y €T, (3.1)

then there is a smooth convex function G: R™"™") — R such that G(M (X)) = h(X), VX € U'.
Moreover,

[GM)| < C(L+|M]), YM e RT™ (3.2)

Proof. Set »' = r/Lip%(M), where Lipg(M) is the Lipschitz constant of M over a ball
Br C R™" with U C Bp/s, and define:

(X, M) = h(X) + <CX,/\/l — M(X)> + 2/ M — ]\4(X)’2 and G(M) = sup p(X, M).

XeU

Then, G: R™(mn) R s convex, being the supremum of convex functions. If Y € U,

(X M) € () = By - X = (v, 2a(v) - S|y - X[ (33)

Thus X =Y is the unique maximizer defining G(M(Y)), and G(M(Y)) = h(Y). Since it is
an interior maximizer, Dx (Y, M (Y')) = 0. From this, and rewriting (3.3) for X =Y +¢Z as
2k
oY +12,M(V)) — o(v. M (V) < -5 2P,
we deduce that:
D4 vo(Y,M(Y))[Z, 2] < —k|Z|?, VZ e R™™, (3.4)

Now let X € U be any maximizer for @(M), for any M € R™™1) Take T € U’ with
|IM — M(T)| = dist(M, M(U")) and write:
G(M) = G(M(T)) = p(X, M) — h(T) = p(X, M) — o(X, M(T)) + (X, M(T)) — h(T)
(3:3) K

Since G is finite and convex, and thus Lipschitz on compact sets, we readily deduce from the
previous inequality that

X —T| < C(IM|)\/dist (M, M(T7)).

Therefore, for all M near M (U’), every maximizer defining G also lies close to a single matrix
T chosen as above. In particular, every maximizer lies in U. Now (3.4) shows, through the
implicit function theorem applied to the map Dx (X, M), that the maximizer is unique and
depends smoothly on M near M (U’). Hence G is smooth there, and it remains to extend it
to a smooth convex function on the whole space. To this end, we start by noticing that we
can expand the square in the definition of G to write:

~ K/
G(M) = S |M + M),

where ¢ is convex and smooth in an open, bounded set O with M(U’) C O. Take now open



O; with
M(U") C O3 € 0y € O; € O. (3.5)

As G is globally convex, it is convex on O in the sense of [40]. Moreover, its Hessian is positive
definite in O and hence we can extend it to a smooth, convex function GG in the convex hull
of O1, co Oy, by [40, Theorem 3.4]. Up to considering a slightly smaller O; still fulfilling (3.5),
we can assume that Gy is Lipschitz over co Oy, and hence by [40, Theorem 4.1], it admits
a convex extension Gg to the full space. It is not hard to see from [40, Theorem 4.1] that
Go is still globally L-Lipschitz, for some L > 0. The function G35 is only introduced as a
technical step towards the smooth extension G outside co Os. Indeed, we now consider the
convex function m(a,b) = max{a,b}, and mollify it with a radial kernel in such a way that
the resulting function m(a,b) coincides with m(a,b) in {(a,b) € R? : |a — b| > 1}, and that it
is still convex and nondecreasing in each variable. Similarly, we consider the function §(M),
obtained by mollifying dist(M, co O2), so that:

(1) § is convex and smooth;
(2) 6=0o0ncoO3 and (M) >n>0in (coO1)S
(3) 0 > dist(+,coO3) everywhere.
We can finally set, for A = L + (sup., o, G2 — infco 0, G2 + 10) /n:
G(M) = m(Ga(M), Ad(M) + C%)nof3 G — 2).
G is still convex, thanks to the properties of m and the convexity Qf the functions in the
arguments. In co Oz we have G(M) = G2(M), and hence G(M) = G(M) in Os. If we now

consider any M € (coO1)¢ and My € co Oz with |[M — M| = dist(M, co O2), we can bound,
using that Gg is L-Lipschitz:

®3) 2
G2(M) < Ldist(M,coO3) + sup G2 < L§(M) + sup Go (<) AO(M) + inf Go — 10,

co Oz co Oz co O3

using our choice of \. This shows that G(M) = A§(M) +infe,0, G2 —2 in (co O1)¢. Hence, G
is the required smooth, convex extension of G to the whole R7(™")  with G = G on O3, and
hence G(M (X)) = h(X) for all X € U’. Finally, since G coincides with A§(M)+infe, 0, G2 —2
outside a large ball, (3.2) is also fulfilled. This concludes the proof. O

With this auxiliary lemma at our disposal, we can show the following general result:

Proposition 3.2. Let K C R™*"™ be a compact smoothly embedded submanifold. Suppose
that there are § > 0 and a smooth family K 5 A — Wy of polyaffine functions such that

UVy=0 onk, U (A)[A - B] > 6|A— B|*> for every A,B € K. (3.6)
Then there are p,e > 0 and a smooth convex function G: R™™™) — R such that the integrand
F(4) = | A + G(M(A)),
satisfies F(A) = dist%(A) whenever distx(A) < p, and
IF(A)] < O + |Aindmnly - vA e R, (3.7)
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Proof. Write d(X) = dist%(X). For B€ K, T € TgK, and N 1 TgK,
d(B)=0, d'(B)[T+N,T+ N]=2|N% (3.8)

Since the family A — W4 is smooth and K is compact, we can consider a constant C' > 20 to
get, through Young’s inequality:

4] C
2QW5(X)[T, N]| + [F4(X)[N, N]| < ST + SN, (3.9)
for every A € K, X in a neighborhood of K, T'€ T4y K, and N 1L T4 K. Choose
Ad
A>0 with M\C <1, e=, h(X) = d(X) — | X2 (3.10)

To conclude the proof we only need to apply Lemma 3.1, and in particular show that h solves
(3.1) for some vectors cx. Indeed, once that is done, the function G provided by Lemma 3.1
is such that G(M(A)) = h(A) = d(A) — ¢|AJ? for A in a neighborhood of K, and (3.7) is a
consequence of (3.2) and the definition of M. To define the vectors cx, let m be the nearest-
point projection onto K, defined in a tubular neighborhood of K. For X in that neighborhood,
let B =n(X) and write ¥p(Y) = ap + (b, M(Y)), recalling Lemma 2.2. Finally, set:

ex €RTMM ey = PT(W(X) 4+ ATR(X)) = Abs.
We start by noticing that, with this choice,
(ext, M(Y) = M(X)) = K(X)[Y = X] = A(@p(Y) = Up(X) = Wp(X)[Y — X]).  (3.11)

Inequality (3.1) follows from a simple contradiction-compactness argument based on the fol-
lowing two properties:

(i) (3.1) holds for all X,Y € K;
(ii) there exists k > 0 such that

(h"(A) + \W4(4))[2,2] > k|2]?  VAEK. (3.12)
To establish (i)-(ii), we start by observing that, for A, B € K, (3.6)-(3.8) give:
h(A) = —¢|A]?, h'(A) = —2¢A, UA(A) =Tyu(B) =0.
Substitution in (3.11), followed by (3.6) and the choice e = A\J/2, yields
h(B) = h(A) = (ca, M(B) — M(A)) = —¢|A — B]? + AW, (A)[A - B] > e|A - B]?, (3.13)

which shows (i). To see (ii), start by dividing (3.13) by |A — B|? and let B — A along a curve
in K with velocity T € T4y K:

(P"(A) + AW (A)) [T, T) > 2¢[T |2 = X[ T
For Z =T + N, where T € T4K and N L T4 K, it follows from (3.8)—(3.9) that

(W) + M4 (4)) (2. 2) = 2T + (2 — X - Af) NP 2 (TP + NP
Here the last inequality follows from (3.10). This shows (ii) with k = A§/2 < 1. O

When applying Proposition 3.2, we want the polyconvex integrand F' to vanish exactly on
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K. The next lemma gives a simple necessary and sufficient condition for this to hold.
Lemma 3.3. Under the hypotheses of Proposition 3.2, suppose in addition that
conv M(K)N MR™ ™) = M(K). (3.14)
Then the integrand in the proposition may be chosen so that
F(X)>dist%(X) VX € R™*", (3.15)
In particular, F > 0 and F~1(0) = K. If min{m,n} = 2, then we can achieve |F"| < C.
Proof. Let Fy(X) = ¢|X|?+ Go(M (X)) be given by Proposition 3.2, and let Uy be a tubular
neighborhood of K on which Fy = dist%. The desired integrand will be of the form
Fi(X) = Fo(X) + A f(M(X))
= e[ X [P+ Go(M(X)) + M (M(X)) = e| X |* + G (M(X)),
where f > 0 is smooth, convex, vanishes near M(K), and A is chosen so that \f(M (X))
dominates dist% (X) — Fo(X) away from Up. To achieve this, let first Ky = conv M (K) and
choose o > 0 such that
MY Ky +Byy) C Up. (3.16)
This is possible by (3.14) and compactness. Let next 7, be a standard radial mollifier with
supp 7, C By, and set
g =1, * dist(+, Ko + Bay) > 0.

Then g is convex, globally Lipschitz, and vanishes exactly on Kq + B,. Choose Ry so that
P(Ko+B,) C Bg,, and let x: R — [0,00) be smooth, convex, and nondecreasing, with y = 0
on (—o00,0], x > 0 on (0,00), and x affine on [1,00). Thus

FM) = g(M) + x(|PM|mintmnt — ggintmnd) (3.17)

is smooth, convex, nonnegative and vanishes precisely on Ky+B,. We now choose the constant
A. By (3.16), f(M(X)) > 6 > 0 whenever X ¢ Uy, and by (3.17), f(M (X)) > ¢(| X |in{mn})—
C for large values of X. Hence, using also (3.7) we see that
_ dist% (X) — Fo(X)
MESh T )
For A > max{0, A\.}, we then have (3.15).

We now assume min{m,n} = 2, and we modify Fj so that its Hessian is bounded. By
(3.7)-(3.17) we have that |G1(M(X))| < C(1 + |X|?). Similarly to the last steps of Lemma
3.1, we can take a smooth convex maximum of G1(M) and L|PM|? — C, with L and then
(4 sufficiently large to obtain a smooth convex function G which agrees with G near M (K),
dominates G everywhere, and satisfies G(M (X)) = L|X|> — C; whenever | X| is sufficiently
large. Thus F(X) = ¢|X|> + G(M (X)) still satisfies (3.15), but it is also quadratic outside a
compact set, thus |F"| < C. O

Finally, we give a simple general criterion for the conditions in Lemma 3.3 to hold.
Lemma 3.4. Let K C R™*™ be a compact smoothly embedded submanifold with
KC{AeR™":|A|l=c}, c>0.
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With ® = (®1,...,Pn), where each ®;: R™*™ — R is polyaffine, suppose also that
K =o10), ker ' (A) =ThK  VA€K. (3.18)
Then there is a smooth family K > A — V4 of linear combinations of the ®; such that
U, (A)JA-B]=|A-B|? VA BEcK.
Moreover, we also have
conv M(K)N MR™ ™) = M(K).

Proof. Since K C {|A| = ¢}, we have A | TaK = ker ®(A), and hence 24 € im ®'(A4)T.
Since K is smooth and Ty K = ker ®’'(A), the maps ®'(A) have constant rank, so their Moore-
Penrose inverses ®'(A)" depend smoothly on A. Thus

T
A qa, qAE2((I),(A)T) AERN

is smooth and satisfies ®'(A4)Tq4 = 2A. Define ¥ 4(X) = (g4, (X)) for all X € R™*", This
is a smooth family of polyaffine functions and ¥4 = 0 on K. For A, B € K we have

U, (A)[A - B] = (24, A— B) = |A - BJ?,

where the last identity follows from |A| = |B| = ¢. Finally, suppose that M (X) € conv M (K).
Write ®;(X) = ®;(M (X)), for ®;(M) = a;+(bj, M) for M € R7(™) | thanks to Lemma 2.2.

As M(X) € conv M(K) and ®;(A) = ®;(M(A)) = 0forall A € K, we deduce ®;(M (X)) = 0,
for all j. Thus ®(X) = 0 and by assumption X € K. The reverse inclusion is immediate. [

Proof of Theorem 1.2. For A = p(£,7n) € K, Lemma 2.1 shows that |A|? = 28. Moreover,
Lemmas 2.3 and 2.4 show that (3.18) holds, so Lemma 3.4 shows that we can apply Lemma 3.3
to find a smooth strongly polyconvex integrand F, with sup |F”| < oo, such that

F>dist? >0, F10) =K.

Since Du € K almost everywhere in B?,

F(Du)dz =0 < / F(Dv)dz Yo e u+ W, (B2 RS).
B2 B2

Suppose that equality holds. Then F(Dv) = 0 almost everywhere, so Dv € K almost every-
where. By Theorem 1.3 below, since u = v on S! it is easy to see that we necessarily have

w=v in B2. O

4 Rigidity of the inclusion: proof of Theorem 1.3

It is, once again, convenient to use complex notation. To this end, let us recall the chain
rules for Wirtinger derivatives:

(gof)w:gzoffw“‘giofﬁa (gof)w:gzoff@—kggoffiw, (4-1)
1y __gzog! —1y gzog~"
(9w = W7 (9 o= detDgog1° (4.2)

Now we can show Theorem 1.3. The inclusion Dv € K a.e. means that there are measur-
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able fields p, ¢: © — S! such that

’U; =ap, Ug = C2p27 v

v} = dig, vZ = dapg, v

The map v' is Lipschitz and has Jacobian constantly equal to 1 by Lemma 2.3. Thus, it

is quasiregular and by [3, Section 5.5], it admits a discrete branch set, namely it is locally
invertible outside a discrete set. We will work in a small ball outside the branch set, and the
global statement can be inferred by the connectedness of the complement of the branch set.

Take then such a small ball in which it is invertible, and consider f = (v!')~!, which is again
a Lipschitz map. Let us write

P=pof, Q=qof  S=PQ.
Since det Dv! = 1, from (4.2)—(4.3) we have
fo=70P,  fo=-dQ. (4.4)

Using (4.1)—(4.3), we now compute the equations for V2 = v2o f, V3 = v3 o f, thanks to the
chain rule for quasiregular maps [5, Lemma 9.6]. First,

= c3p?q,

(4.3)
= dspq>.

W W W

V2 = (¢icg — dido)P = c1 P, V2 = (c1dy — cady)PS = dy PS. (4.5)
Notice that (4.5) can be rewritten as a Beltrami equation for V?2:
Vi = <Cclis) Ve (4.6)
Similarly to (4.5), we derive the equations for V3:
V3 = (cies — did3)S =25, V32 = (c1ds — dyc3)S? = — 52, (4.7)

Notice that |S| = 1: thus V3 solves the differential inclusion
DV? el = {(2n,—") : n € S'}.
Now, I' is a degenerate elliptic curve in the sense of [26]. Indeed, if 1, & € S* then
27 = 267 = |n* = € = [n — P~ In + €)= In - €*,
since |n+ &2+ |np — €2 = 4 as n,& € S'. On the other hand,
|20, —n%) = (26, =EN)P = 4ln — & + [n* = 1P = In — P4+ In+€%) < 8n — ¢
so indeed
det(A— B) > c¢|A— B* forall A,BcT.

It follows from the beautiful result [26, Theorem 1.3] that V? is locally W2* away from a
discrete set D. Away from D, we see from (4.7) that S is VVI})SO , and so by (4.6) and standard
elliptic regularity we have V2 € VVli’f for all p < oo. Thus, from (4.5), also P € VVI})’CP and
similarly for Q). Since our fields have Sobolev regularity away from a discrete set, we can apply
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the compatibility condition Oy = Ogw and the chain rule to (4.4), (4.5) and (4.7) to get

1Py = di(PS)w,
Clpu-, = dl(PS)w, (4.8)
Sz = —5S,.

It is useful to write P = e and S = €', so that P, = ip,, P, Py = ipg P and similarly for S.
Then (4.8) reduces to:

Cls’pw = dl(pw + SO‘w),
Cl1Ppw = dls(pw + Uw)a

op = —Soy.

Subtracting the first two equations gives pg = Spy, since ¢; + di # 0. Substituting this back
into the second equation and using ¢; — d; = 1, we obtain
S
pp = d1Soy = ?aw.
Combining these results, we finally get the identity:
i

Pu = 50u. (4.9)

Since p and o are real-valued, we then deduce that h = p + %a is holomorphic. To conclude,

we return to the third equation in (4.8), noting that S = e = eh_ﬁ, thus

—Eeh_ﬁ = —hweQ(h_E) = hype = hyeh.

Hence the holomorphic function (eh)w is real-valued, thus constant. If this constant is zero,
then P and S are constant, so Dv is constant. We may therefore assume that this constant
is non-zero and write

hw) = g(w — wy), ac R\ {0}, wo € C,
thus

using polar coordinates centered at wp, i.e. w — wg = re?. Thus o(w) = 20 and from this

2
h = ePt329 we get

and the equality a(w —wy) = e
P(w) = e = Nw — wol’, Aesh
Finally, we can simply integrate (4.4), (4.5), and (4.7) to get that, up to additive constants,
f(w) = 20 + Mw — wo)|w — wo| ™,
Vi (w) = Mw — wo)|w — wo*,

V3(w) _ (w — w0)2

w—wy
where zy € C. For the inverse, we have

w = vl(z) =wo + Az — 20)|z — zo|i,
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and the formulas for V2 and V3 give

Dv = D(S)\’U,(- — 2’0))

as wished.
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