DUALITY CONDITIONS FOR MORREY MEASURES
VIA PARABOLIC CAPACITY

LORENZO BRAGLIA

ABSTRACT. We establish Morrey-type conditions ensuring that a finite signed Radon measure belongs to
the dual of the energy space of solutions to nonlinear parabolic equations of p-Laplacian type. More
precisely, for the parabolic cylinders
Qr,rp(2) := Br(z) X (t —rP, t +7rP),

we prove that

1 (Qrrr (2) N (2 % (0,T))) < Mr™P=7 9 < p,
implies duality, and this threshold is sharp in general. More generally, for cylinders with time length
proportional to r%, ¢ > 1, the sufficient threshold is ¥ < min{p, ¢}. Finally, we discuss the resulting
variational, energy, and renormalized solution theories for nonlinear parabolic equations with measure
data, relating our conclusions to the existing literature.

1. INTRODUCTION

The model problem motivating this work is the Cauchy—Dirichlet problem associated with the non-
homogeneous equation
Opu — diva(zx,t,Vu) = p in Qr =Qx (0,7)
where €2 is a bounded Lipschitz domain of R™, y is a finite signed Radon measure on Q1 and the vector
field a has p-growth, with prototype

p=2
(1.1) a(z,t,Vu) = (s* + [Vul?) 2 Vu
for 1 < p < o0, see Section 5 for the precise assumptions.

Under suitable assumptions on the right-hand side p, the problem can be formulated in the natural
energy spaces associated with the equation, and solutions can be constructed by direct monotonicity
methods. In general, however, a finite Radon measure u need not satisfy a duality condition such as

(1.2) e LY (0,T; W= (Q)), W (Q) = (WP (Q));

our aim is to identify density conditions on p ensuring that it defines a continuous linear functional on the
parabolic energy space Wy, (Qr) introduced below. Under condition (1.2), [JLL, Chapter II, Theorem 1.2
bis] yields a unique energy solution in LP(0, T} Wg’p(Q)) for every initial datum uy € L?(Q2). To apply
this result throughout the full range 1 < p < 0o, we take

V=W P(QNLAQ),  H:=L*Q)

and we obtain u € LP(0,T;V) N C([0,T]); L*>(2)). Moreover, the growth assumptions in (1.1) (see the
forthcoming (5.2)), together with (1.2), imply through the equation that d;u € L? (0,T; W12 (Q)),
rather than merely in the a priori larger space L¥' (0, T; V') dictated by the choice of V. We retain this
sharper information in the definition of W (2r) below. Since duality reverses inclusions, pinning d;u to
the smaller space w—Lr (Q) keeps Wy (27) correspondingly smaller, and therefore enlarges its dual: this
is precisely the space needed to accommodate the wider class of measures u we aim to treat. This is
a genuine gain only for 1 < p < 2n/(n + 2), where the space W1 (Q) is strictly smaller than V'; for
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p > 2n/(n + 2), the two spaces for the time derivative coincide, see the last paragraph in Section 4. We
therefore set

War(Qr) = {u e LP(0, T; WEP(Q)) N L(0,T; L2(Q)) : dyu € LP (0, T; W*LP/(Q))}
and we naturally endow the space with the homogeneous Banach norm
(1.3) lullwy: == [IVull Loy + 100wl Lo 0 w107 () + [[ell oo 0,322 (02))-

Condition (1.2) entails g € W}, (Qr) a fortiori, but the latter also accommodates measures failing (1.2),
that is the class of interest here; for such data, the theory of [DPP] provides existence and uniqueness of
variational solutions for ug € L?(2). For finite measures that do not charge sets of zero parabolic capacity,
the same work establishes existence and uniqueness of renormalized solutions for uy € L1(£2); we discuss
these solution frameworks and their relation to our duality criterion in Section 5.

Consequently, a useful geometric criterion for a measure should ideally answer two questions at once:
(1) does the measure act continuously on the parabolic energy space Wy (2r)?
(2) does it avoid the polar (i.e., the negligible) sets of the associated parabolic capacity?

The Morrey condition of Definition 1.1 provides affirmative answers to both questions, and therefore will
be the object of this study.

Elliptic duality and nonlinear potentials. The stationary problem already shows why explicit duality
conditions are valuable. For an elliptic operator with p-growth, the natural energy space is VVO1 P(Q) and
its data space is W~1#'(Q). Sobolev embedding gives elementary sufficient conditions: if 1 < p < n, then
N ’ n
LV (@Q) s W (),  pr= 2
n—p
If p = n, every L™ datum with m > 1 acts continuously on WO1 (Q), while for p > n the embedding
W,y P(2) < %77 (Q) permits every finite Radon measure to act on the energy space.
For positive measures there are much finer criteria. In the range 1 < p < n, the nonlinear potential
characterization can be written as

(14) peWw~ L/ (R") <— /Wlp (z,R)du(z / / < )1/(1’1) d—ggd,u(x) < 00,

where R > 0 is fixed and [i denotes the zero extension of p to R"™ \ Q, see [HW] or [Z, Theorem 4.7.5].
More general trace inequalities and their nonlinear-potential characterizations were developed by Cascante,
Ortega and Verbitsky in [COV], and by Verbitsky in [V, Theorem 1.13]. The elliptic Morrey bound
p(B(z)) <Cr*?, 9 <p,
is precisely the power condition suggested by (1.4). For 1 < p < n, Adams’ trace inequality actually yields
the stronger embedding Wol’p(Q) — L1(Q,dp), with ¢ = p(n —9)/(n — p) > p; see [Z, Theorem 4.7.2].
Membership in W‘l’p/(Q) requires only the corresponding L'(du) trace estimate, so the above Morrey
condition is sufficient but not necessary for duality. For instance, let = B;(0) and 1 < p < n: the
measure dy = || 77 dz belongs to W~ (By), since |z|? € L*")'(B,). However,
w(Br(0)) = c(n,p)r™™?,  0<r<1,

which rules out the above Morrey bound for every ¢ < p.

The parabolic problem is more delicate. Although a potential-theoretic characterization of measure
data in Wy, (Qr) comparable to (1.4) still appears to be out of reach to our knowledge, some recent
works have begun to address related aspects; see for example [AdSF]. The authors of [DPP] introduced a
functional capacity adapted to nonlinear evolution problems and used it to characterize soft measures and
renormalized solutions. Kinnunen, Korte, Kuusi and Parviainen defined a nonlinear capacity through
measure-data problems and capacitary potentials; see [KKKP] and also [AKP]. More recently, Moring
and Scheven in [MS] constructed a variational capacity and established its relation with nonlinear capacity
and with parabolic Hausdorff measure. The present work contributes to this line of investigation.
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Morrey scales and the main results. For ¢ > 1, z = (z,t) € R®*! and r > 0, we use the notation
Qrra(2) := Bp(x) x (t =19t +r9);

these cylinders are the balls of the metric

(15) do((z,), (9. 5)) = max {Ja — |t = 5]/},

We call parabolic cylinders those of the form @, ,»(z), while caloric cylinders are the ones corresponding
to Qrr2(2). In what follows, we always specify the time scale we are considering.

Definition 1.1 (Morrey condition). Let 1 < ¢ < oo and let p be a finite signed Radon measure on Q7.
We say that u satisfies the Morrey condition (on (r,r?)—cylinders) with parameter ¢, if there exists M > 0
such that

(1.6) |l (Qr,r‘l (z) N QT) < Mpmta?,
for every z € Qp and every r > 0.
We now state the main result of this paper.

Theorem 1.2. Let 1 < p,q < oo and let p be a finite signed Radon measure on a bounded open set Qp
satisfying (1.6) on (r,r?)-cylinders with ¥ < min{p, ¢}, and let Q be a Lipschitz domain. Then, denoting
by u the quasi-continuous representative associated with the parabolic capacity (see Theorem 2.5),

(1.7)

/ adu\scunwmm for every u € Wa(Qr),
Qr

where C depends only on n,p,q,Q,T,9, M, and |u|(Qr). Consequently, the map

L, (u) :z/Q udp

is a well-defined continuous linear functional on Wy (Q2r), and in particular p € Wi, (Qr).

When ¢ > p, the strict threshold ¥ < p cannot be relaxed in general; see Remark 4.1.

Remark 1.3 (On the regularity assumption on the domain). The Lipschitz regularity of 92 is a convenient,
but not essential, assumption for the main duality theorem. In fact, its proof uses the geometry of the
boundary to apply results valid under the weaker assumption that R™ \ Q is uniformly p-thick; see [MS,
Definition 2.9]. More precisely, in the proof, we use this assumption to invoke the following results: first,
the boundary Poincaré inequality used in Lemma 3.3; see, in particular, [KK, Theorem 3.7]. Second, it is
the geometric hypothesis required in [MS, Theorem 1.2]. Third, uniform p-thickness implies the Hardy
inequality needed in the proof of Density Lemma 3.4; see [JL]. We retain the stronger and more familiar
Lipschitz assumption in the statements in order to avoid introducing the definition of uniform p-thickness
and the associated notation.

Morrey conditions in parabolic problems. The duality criterion above also provides a useful point of
comparison with the role of Morrey conditions in parabolic regularity theory. These are natural because
they measure how strongly the datum concentrates at small scales, and in this regard their relation with
regularity of parabolic equations of p-Laplacian type was first studied in [B14] for degenerate parabolic
equations, while the singular cases are considered in [B17] and [Pa]; see also [BD] for a study on non-smooth
domains. All these papers draw inspiration from the seminal papers by Mingione [M07, M11], where
it is shown how such conditions improve the gradient integrability for solutions of non-linear equations
of p-Laplacian type; for the Poisson equation, this phenomenon follows from the Newtonian potential
representation, which reduces gradient estimates to bounds for Riesz potentials of order one such as those
established by Adams [A].

Consider a datum satisfying the Morrey condition
|| (Br(z) x (t =12t +717)) < Crnt27,
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For degenerate equations, with p > 2, the result of [B14] yields

1
[Vul € Mig.(Qr), m:p—l—i—ﬁ,
for ¥. < ¥ < n+ 2, where ¢, € (1,2) depends on the structural data. In particular, m > p whenever
¥, < ¥ < 2. A similar connection with the natural energy exponent holds in the singular case. For n > 2
1

and 2 — =5 < p < 2, the result of [B17] gives

—1)v
Yl e Mi(@r),  m=LD 0y
as observed in [B17, Remark 1.4], this estimate also extends to ¢ < p sufficiently close to p, in which case
m > p. M™(Qr) denotes in both cases the Marcinkiewicz space (also known as weak-L™), defined by

he MnL(QT) — iu% )\m‘{z S QT : |h(z)| > )\}'| = ||h||%m(QT) < 00,
>

for a measurable map h : Q7 — R; the local variant is defined in the usual way. Since weak-L™ spaces
embed into L on sets of finite measure whenever m > p, these estimates yield Vu € L}, (Q7) when ¢ < 2
in the degenerate case and ¥ < p in the singular range above. Thus, in the parameter ranges covered by
these results, the gradient reaches the natural energy exponent under the condition ¢ < min{p, 2} and
this agrees with the sufficient condition for membership in W}, () established here for Morrey data on
caloric cylinders. For potential estimates, implying the aforementioned results once the structure of the
equation is sufficiently regular, see also [KM13, KM14].

Beyond gradient regularity, Morrey-type decay estimates have recently been used in [BESS] to prove
removability results for degenerate parabolic equations. The argument controls the Riesz measure
associated with an obstacle-problem solution without first estimating the solution’s oscillation. This
illustrates the flexibility of measure decay estimates when the lack of a fixed scaling for the parabolic
p-Laplacian makes classical oscillation arguments difficult to apply.

Examples and geometric consequences. The failure at the endpoint is illustrated by the case
p=mn>2and ¢ > p: indeed, the product measure §,, ® L!LJ, where J € (0,T) is a compact non-
degenerate interval, satisfies the endpoint Morrey estimate with ¢ = p, but charges a set of zero parabolic
capacity. Consequently, it does not belong to Wj,(Qr); see Remark 4.1. Nevertheless, the Morrey growth
condition is not necessary for duality and therefore does not provide a characterization of W}, (Qr).
Indeed, the following finite and positive Radon measure

(1.8) we=L"® dy, to € (0,7)
defines a bounded functional on Wy, (Qr), because Wy, (Q7) < C([0,T]; L?(2)), and then

/Qu(x, to) dx

On the other hand, u satisfies (1.6) at the endpoint ¥ = ¢, since
(,Cn ® 5t0)(Qr’rq (Z) n QT) S CT”.
For z = (z,t9) and B,(z) C , this mass is exactly ¢(n)r™: hence no Morrey bound with ¢ < ¢ can hold.

< LY [[ulto) | z2(0) < Cllullwy, -

The duality criterion also yields the following geometric consequence; here, dimz)p denotes the Hausdorff
dimension with respect to the p-parabolic metric d,, defined in (1.5); see also Definition 3.7 for ¢ = p.

Proposition 1.4 (Parabolic dimension and dual measures). Let E € Qp be compact.

o If dimZP(E) < mn, then E does not support any nonzero finite positive Radon measure belonging
to WI/\/I(QT)

o If dimzyp(E) > n, then there exists a nonzero finite positive Radon measure Ag € W1, (Qr) with
sptA\g C E.
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At the critical dimension n, no conclusion can be drawn from the dimension alone. Indeed, restricting
the time-slice measure considered in (1.8) to K x {to}, where K & 2 is compact with positive Lebesgue
measure, gives a nonzero positive dual measure supported on a set of parabolic dimension n.

On the other hand, when p = n > 2, the vertical segment {zp} x J considered above satisfies
dimzm({xo} x J) = n. Nevertheless, such a segment has zero cap,,-capacity, as shown in Remark 4.1,
and therefore it cannot support any nonzero positive measure in Wj,(Qr).

A further class of examples is obtained from products of finite positive Radon measures v on 2 and o
n (0,7). Suppose that, for some d € [0,n] and « € [0, 1],

v(B,(z)) < c,r, o((t—p,t+p)) < Cop®;
then (v ® 0)(Qr,»(2)) < Cr®*P* and consequently
d+pa>n = v®oce Wy, (Qr).

In particular, if E € Q) is compact and nonempty, and dimy (F) > n — p, then there exists a nonzero
measure Vg, supported on F, such that

Vg & Lig e WJIM(QT)

for every non-degenerate interval J € (0,7"). For p < n, this follows from Frostman’s lemma by choosing a
spatial growth exponent d > n — p; for p > n, one may take a Dirac mass supported on E. At the critical
spatial dimension n — p, this conclusion may fail. Here, dimy; denotes the Euclidean Hausdorff dimension;
see [EG, Definition 2.2].

For absolutely continuous measures, the Morrey condition is not expected to yield optimal integrability
assumptions. Indeed, the parabolic Sobolev inequality [DiB, Proposition 3.1] gives

n+2
(1.9) War(Q7) < LV(Q7), 7 := max {2, p()} .
n
Consequently,
he L (Qr) = pu:=hdrdte Wy (Qr).
By contrast, estimating the mass of every parabolic cylinder directly by Hélder’s inequality leads to the
more restrictive condition
n
hel™Qr), m> P
p

Thus the Morrey criterion is not designed to provide optimal conditions for measures having a Lebesgue
density. Tts main relevance lies in the treatment of singular measures, for which (1.9) cannot be paired
with a density.

= pu:=hdzdt € Wy, (Qr).

Organization of the paper. Section 2 compares the functional spaces and the relevant notions of
capacity. Section 3 contains the preliminary estimates, including the interior and boundary Poincaré
inequalities and the diffuseness result. Section 4 proves the main duality theorem and constructs the
endpoint counterexample. A subsection then records the simplification available when p > 2n/(n + 2),
while Section 5 discusses variational, energy, and renormalized solutions. Finally, the Appendix contains
the technical proof of Density Lemma 3.4.

2. FUNCTION SPACES AND PARABOLIC CAPACITY

In this section we review the spaces and capacities introduced in [DPP, MS]. Throughout this article,
we use the notation presented here. Set

Var(Qr) := LP(0, T; WP (Q)), Vi, (Qp) := LY (0, T; W12 (Q)).

We endow these Bochner spaces with the norms

1/p T , 1/p'
— R p .
el = ([ et +1Vet@Pdzat) el = ([ 10 gy de)
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For the basic theory of Bochner-Lebesgue spaces, we refer to [HNVW, Chapter 1]. Moreover, in view of
the slice-wise Poincaré inequality, we can work with the equivalent norm ||¢|lv,, = [[V¢| Lrr)-

Lemma 2.1 (Space-time divergence representation). For every G € Vi, (Qr) there exists F € LP (Qp; R")
such that G = div F' in the sense of distributions, i.e.,

T
(2.1) (G, 0)vi v 12/0 (G(), o))y -1 (), wpor () U = _/Q F-Vepdzdt,

T

for every ¢ € Var(Qr). Moreover,
(2.2) IGIlv;, = inf {||F|\Lp/(QT) . FeL”(QpRY), §= divF} .
Proof. Consider the linear map

J:Vu(Qr) = J(Vu(Qr)) C LP(Qr; R™), Jo = V.

Since J is a linear isometry, J(Vas (1)) is a closed linear subspace of LP(Qp;R™). Tt is also injective: if
J(p1) = J(p2), then p; = ¢y almost everywhere, due to slice-wise Poincaré.
Define the linear functional

(2.3) ATV (Qr)) =R, A(Je) == —(G,0)vy, v

This functional is well defined, because if Jp; = Jya, then J(p1 — @2) = 0. By the injectivity proved
above, 1 = @9 almost everywhere, and therefore the right-hand side of (2.3) is independent of the choice
of the preimage. Moreover

AT = G @vi, vl < NG llvy, lellvae = 1G1vi 1@l e @) -
Thus A is continuous on J(Var (€27)), with [[All(svy, 7))y < IG]lvy,- On the other hand

IGllv;, = sup  [G,0)vy vl = sup IACH)| = Al rvar @)y -
llellvy, <1 HeJ (Vi (Qr))
IH|lLe@p) <1

Hence, [|All(sva 7)) = IGllv;,- By applying the Hahn-Banach theorem we can find A € (LP(Qp; R™)Y,
such that K|J(VM(QT)) = A and ||KH(L1)(QT))/ = [|All(7(vas (22)))’- Therefore, by the Riesz representation
Theorem in Lebesgue spaces, there exists F' € LPI(QT; R™) such that

A(H) = /Q F-Hdxdt  for every H € LP(Qp; R"),
T

and
1N 07y = M Lo @) = Ml var@rny = 1G],
Taking H = Vo = Jp with ¢ € Vi (1), and using (2.3), we obtain
7<g7 <)0>V](/I,VM = [\(VSD) = / . VSD dx dta
Qr
which proves (2.1) and shows that G = div F' in the sense of distributions. It remains to prove the
minimizing property: the field constructed above satisfies || F||;.7 q,.) = [G]lv;,, so the infimum in (2.2)

is at most |G|y, . Conversely, let H € LP (Qp; R™) be any vector field such that G = div H. Then, for
every ¢ € Vi (Qr), Holder’s inequality gives

(G, p)| = H - -Vypdxdt

Qr

< Lo @ IVellLr@ry = 1H | o @) [llvar-

Then, we obtain [|G||v;, < [[H|;» (o), and taking the infimum over all admissible fields H concludes the
proof of (2.2). O
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The Moring—Scheven space and capacity. The authors of [MS] consider the already introduced
parabolic energy space

War(Qr) := {u € Vs (Qr) N L>(0,T; L*()) : dpu € Vi, ()},
endowed with the homogeneous norm (1.3). The quantity we are going to minimize in (2.5) and (2.6), see
[MS, Definition 3.5 and Remark 3.6], is the nonhomogeneous energy

Ent () = [Vullly o, + lul3 e 0.1:2200) + 10002l 00

Corollary 2.2. Let u € Wy (Qr), and let F € ¥ (Q; R™) be the norm-minimizing vector field provided
by Lemma 2.1. If either Ear(u) <1 or |Jullw,, <1, then

/ (IVu? + [FP') dwdt < 1.
Qr

Proof. Using that 0;u = div F" in the sense of distributions, and that || F|| (o, = [[Osullv;, , the statement
follows by elementary inequalities. |

Let
(2.4) 2 := CX (02 x R)|QT .

This space was first considered in [DPP, Definition 2.10]. Note that compactness is imposed in the spatial
variable inside 2, while a function in 2 is not required to vanish near t = 0 or ¢t = T'. For a compact set
K € Qp, define

(2.5) cap (K;Qp) :=inf {Ep(p) : 0 € D, ¢ > xk in Qr},
where x x denotes the characteristic function of K. For an open set U C Q7 and an arbitrary E C Qp, set

(2.6) capy (U Qr) := sup capy, (K Qr), capy (E;Qr) == inf capy, (U; Qr);
KeU ZFODpEn

we write simply cap,;(F) when the reference cylinder is clear. This is the variational capacity of [MS,
Definition 3.5]. Starting from an open set U C Qr, it will be useful to define also

capy (U) := inf {[ellwy @r) : ¢ € Wan(Qr), ¢ > xv ae. in Qr},

cap (U) :==1inf {En () : o € W (1), © > xu a.e. in Qr},
with the same extension properties for Borel sets as in (2.6).
The Droniou—Porretta—Prignet space and capacity. Let

Vn(Q) := Wy P(Q) NL*(Q),  Vp(Q) = (WyP(Q) N L*(Q))".
The space considered by the authors of [DPP] is
Wp(Qr) == {u € LP(0,T: Vp(Q)) : dyu € L (0,T; VD(Q)')} :
with norm
lullw = llullLe o.1:vi ) + 10sull Lo (0,7 (02)1)-
They also consider the space
Wp(Qr) = {u € LP(0, T; W P(Q)) N L0, T; L*()) : du € L¥ (0, T; W—LP’(Q))} .

Thus, with the present notation
(2.7) Wp(Qr) = War(Qr).

Lemma 2.3 (Continuous embedding). The embedding Wy (Qr) < Wp(Qr) is continuous. More
precisely,

(2.8) lullwy < Clp, 2 Dllullwy, — for every u € War(Qr).
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Proof. By Minkowski’s inequality and the finiteness of the time interval,
lall oo, @) < llull oo swinc) + lullro,r2)) < ClIVUlLory + TP |lull o 0,522 (0))-
Moreover, the continuous embedding Vp (Q) < W, () gives, by duality, W1 (Q) < Vp(€2)’. Hence

0sull Lo (0,73vp () < ClNOll Lo (0,710 (02))-

Combining the estimates proves (2.8). O

There, the authors introduce two different capacities. For an open set U C Qr,
(2.9) capp(U) == inf {|l¢llwp : ¢ € Wp(Qr), ¢ > xv ae. in Qr},
and for a Borel set B,

(2.10) capp(B) :=inf { cap,(U) : B C U, U open}.
They also define, for compact K € Qr,
CAPp(K) :=inf {|l¢llw, : ¢ € 2, ¢ > xk in Qr},

with the corresponding inner—outer extension to open and Borel sets, as in (2.6). For our purposes, we
will use only the first notion of parabolic capacity; however, in the next result we shall present both for
the sake of completeness.

Equivalence of polar sets. The capacities just introduced should not be identified pointwise. We only
need the equivalence of their negligible sets.

Proposition 2.4 (Equivalence at the level of polar sets). For every Borel set E C Qr,
(2.11) capy(E)=0 <= capy(E)=0 <= capp(E)=0 <= CAPp(E)=0.
Proof. The equivalence

capp(E)=0 <«= CAPp(E)=0

is [DPP, Proposition 2.14]. By [DPP, Remark 2.18], replacing Wp by the space Wp in the definitions
(2.9) and (2.10) does not change the polar sets. In view of (2.7), this shows the equivalence of polar sets
between capp, and cap,,. It remains to compare this latter capacity with cap,,;. In [MS, Lemmas A.3, A.6]
it is shown that

(2.12) cap (E) < capy(E) < ¢(n, p) capy (E).
Moreover, if

A(v) = [V Le(q) B(v) == [|0wv]lvy, , C(v) = [[v]lze=(0,1:L2(2)5

then

En(v) = AW)P + B)” +C(0)%,  |[vllwy, = A(v) + B(v) + C(v),
making obvious the equivalence of negligible sets between cap,, and cap,,. This fact, combined with
(2.12), concludes the proof. O

Quasi-continuous representatives. A function is capp-quasi-continuous if, for every ¢ > 0, there
exists an open set U. C Qr with cap(U:) < € such that the function is continuous on Q7 \ U.. By
Proposition 2.4, the expression “quasi everywhere” is independent of the chosen capacity among those in
(2.11).

Theorem 2.5. For every u € Wp(2r) there exists a function u such that
u="u L' a.e. in Qp,

u is capp-quasi-continuous, and it is unique capp-quasi everywhere among the quasi-continuous represen-
tatives of the same Lebesgue equivalence class. Moreover, if u; — u strongly in Wp(Qr), then there exists
a subsequence such that

Uj, = U capp -quasi everywhere in Qp.
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Proof. This is the content of [DPP, Lemmas 2.20-2.21]. O

Since W) — Wp continuously and the polar sets coincide, every u € Wy, has a representative uniquely
determined cap,,-quasi everywhere.

Lemma 2.6 (Linearity of quasi-continuous representatives). Let u,v € Wp(Qr) and « € R. Then

u+v=u+7, au = au,
capp-quasi everywhere in Q.
Proof. Fix € > 0. There are open sets A, and B, with
€ €

capp(4:) < 3 capp(Be) < 3
such that ¥ and v are continuous outside the corresponding sets. By [DPP, Proposition 2.8], we have
capp(A: U Be) < ¢, and u + ¥ is continuous on the complement. Hence, & + v is cap p-quasi-continuous.
Moreover,

U4+v=u+wv, L' almost everywhere,

and then u+ v is a quasi-continuous representative of the Lebesgue class v+ v. Uniqueness in Theorem 2.5
gives the first identity and the proof for scalar multiplication is identical. O

3. PRELIMINARY RESULTS

In this section we fix the notation we will use throughout this article and present some preliminary
results leading up to the proof of Theorem 1.2.

For an integrable function v and a measurable set A C R™ with positive and finite Lebesgue measure,

denoted by L™(A) or |A|, we write
1
v)a = F vdx ::—/ vdx.
= f v

Positive constants, possibly varying from line to line, will be denoted by ¢, ¢, C, Cy, Cy, C or Cs. Relevant
dependencies will be indicated between parentheses when needed.

The first result we need is an extension lemma for functions belonging to the class Wy, (Qr) and the
corresponding vector field of Lemma 2.1. For R > 0, we set

Ip = (—R",T + RP).

Lemma 3.1. Let R > 0 and let u € Wy (Qr). There ezists an extension T to Q X I such that W= u on
QT}

Te (I Wy () NL®(In; LX), e LY (In; W (),
and

(3.1) @l e (rpwre)) + [0l Lo (1as220)) + 100 Lo (w107 () < C(R, T)|ullwy, -

IfF e LPI(QT;R") satisfies Opu = div F, then the extension can be chosen together with a vector field F
satisfying - -
atﬂ:dlvF m Q x IR, ||FHLP/(QXIR) S C(R,T)”FHLP/(QT).

Proof. By Lemma 2.3 and the Lions-Magenes time-continuity theorem (see [DPP, Remark 2.2]), u has
a representative in the space C([0,T]; L%(92)). Reflect u evenly first across t = 0 and then across t = T..
At each gluing time the two L? traces coincide, so the gluing lemma [MS, Lemma 2.21] shows that the
reflected function remains in the same parabolic space. Repeating the construction finitely many times
gives an extension to Ir. The number of copies depends only on R and T, which yields (3.1).

On a reflected copy of (0,7), define F by reflecting F' and multiplying it by the sign of the time
reflection. For example, on (—T),0), u(t) = u(—t), F(t) = —F(—t). Then §;u = div F. Observe that,
since u € C([0,T]; L*(€2)), the matching L2-traces prevent the formation of Dirac masses in the weak
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temporal derivative, ensuring that the equation holds in the distributional sense across the gluing times.
The same rule applies at each successive reflection, and the norm estimate follows from the finite number
of copies. |

The following results include two Poincaré-type inequalities and will be useful for the estimates in the
next section. In fact, it will be necessary to distinguish between cylinders entirely contained within the
initial domain and cases in which they extend beyond it.

Lemma 3.2 (Interior parabolic Poincaré inequality). Let z = (x,t) and let Q,»(2) C Q x Ir. Suppose
that v € LP(t —rP t +rP; WLP(B,(z))) and that Oy = div F in the sense of distributions in Q. ,»(z), with
F e LYQy»(2);R™). Then

p
(3.2) ][ v — (0)g. (0| dzdt < C’r”][ Vol da di + C (ﬂl ][ \F| da dt) .
Qr,rp(z) ’ Qr,rp (Z) Q'r,rp (z)

Proof. The proof follows that of [MS, Corollary 5.2], after translating the notation of that paper into
Qv (2). Indeed, although [MS, Corollary 5.2] is stated for functions with zero trace on the boundary
of the spatial ball, the same boundary condition is not used. The only spatial ingredient is the usual
averaged Poincaré’s inequality. a

Lemma 3.3 (Boundary Poincaré inequality). There exists C = C(n,p,Q) > 0 such that, if x € Q, r >0
and
dist(z,9Q) := inf —yl <
ist(z, 092) Jnf R

then

(3.3) / lo]? de < CrP / Vol de
B, (z)NQ2 B5r/4(m)ﬂQ

for every v € C(Q).
Proof. Let v € C°(R™) denote the zero extension of v outside §2. Choose y € 92 such that
|z —y| = dist(x,00Q) <,
and set
A= B,;4(y) C B := Bs;/a(x).

Since 2 is Lipschitz, its complement R™ \  is uniformly p-thick (see Remark 1.3). Hence, the boundary
Poincaré inequality [KK, Theorem 3.7], applied to the ball A, gives

(34) [0l Le(ay < CTIVO| Lo a).-
By the standard Poincaré inequality on B, we have

(35) ||51\— (ﬁ)BHLp(B) S CT||V@\||Lp(B).
Moreover,

[(0)B — (0)al = ’]{1((5)3 ~ ) df’ <|ATYPIB = (0) sl Leay < JAITYP18 = (@) 5l Lo (5)-
Also, by Holder’s inequality,
@) al < AITYP([0] Lo (a)-

Consequently,

1/p
|BI"?1(@) 5| < [BIV?(|@)5 — (B)al + (@) al) < <|A) (17 = @) sllLe ) + 10llr(ay) -

Since
1Bl _ [Bsr/a(@)] _ -
Al By ja(y)l ’
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the preceding estimate and (3.5) imply
(3.6) |BI"?1(@)5| < Crl|VollLos) + Cll] Lo a).
Using Minkowski’s inequality, once more (3.5) and then (3.6), we obtain
5] o) < 110 = @) 8]l o) + |BIY?|(@) 8] < Cr||V3l|Lo(5) + Cl10]| Lo ()
The boundary estimate (3.4), together with A C B, therefore yields
10l (5) < CT|IVO|| LBy + Cr|| VO Lo ay < CT|IVO|| Lo (5)-
Raising this inequality to the power p, we get

(3.7) / o de < O / VB[P de.
B B
Finally, B,.(z) C B and, by the definition of the zero extension,
v=wv a.e. in(, Vo =xqVv ae. in R".

It follows from (3.7) that

/ P de g/ 6P de < crp/ V[P de = cw/ IVolP de.
B, (z)NQ B B Bsy/a(z)NQ
O

The next result is a density lemma for the space Wy, (7). Since the proof is rather technical, we
prefer to include it in the final appendix and present only the statement here.

Lemma 3.4 (Smooth density). Let Q be a bounded Lipschitz open set and let 0 < T < co. Then, the
class 9 introduced in (2.4) is dense in Wy (1) with respect to the homogeneous norm. More precisely,
for every u € W (Qr) there exists a sequence p; € 9 such that

@; = win LP(0,T; WyP(), ¢; = uin L=0,T; L3()), 8y, — dwu in LP (0, T; W17 ().
Morrey conditions and parabolic Hausdorff measure.

Remark 3.5 (Centers and small radii). Requiring (1.6) only for centers in Qr is equivalent, up to a fixed
multiplicative constant, to requiring it for all centers in R"™!. Indeed, let zo € R"". If Q. 14 (20) NQr = 0,
there is nothing to prove. Otherwise choose w € Qyra(20) N Qr. For every y € Q. ra(20),

|yx - wm| < 2Ta |yt - wt‘ < 2,,41’
implying Q. ra(20) C Qar (2r)s (w). Hence, a centered Morrey estimate gives
|/’L| (Qnrq (ZO) N QT) < M2n+q—19rn+q—19.
Moreover, it is enough to work with small radii 0 < r < 1. Indeed, suppose that an estimate
|1 (Qrora(2) N Qp) < Mr®
holds for 0 < r < 1, with s > 0. Then, for r > 1,
1/ (Qrra(2) N Q) < [p|(Q1) < |pl(Qr)r.
Hence the estimate holds for every r > 0 after replacing M with max{M, |u|(Qr)}.

In the present work, the relevant range in which condition (1.6) holds is 0 < ¥ < n + ¢. Indeed, if
¥ < 0, covering Q7 by at most Cr~ ("9 cylinders of radius 7 and using (1.6) give

1| (Qr) <OCMr=? =0 asr — 0%,
If ¥ > n + q, a sufficiently large cylinder centered in {27 contains the whole domain, and hence

|| (Qr) < Mr™te=Y 0 as r — oo.
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The endpoint ¥ = 0 corresponds to volume-type growth, whereas ¥ = n + ¢ gives a radius-independent
bound and allows atoms. In particular, the restriction ¥ > 1, frequently imposed in nonlinear regularity
theory, is not needed for the present measure-theoretic duality problem.

Finally, we present a result that relates the parabolic capacity of [MS] to the Hausdorff measure
associated with the metric d,, introduced in (1.5). This result is crucial for providing a good definition of
the functional associated with the measure p and acting on the space Wy, (Q2r).

Definition 3.6 (¢-parabolic Hausdorff measure). Let E C R" ™ ¢>1,5>0, § > 0 and set

o0

a.6(E) = inf{er B C U Qrora(zi), 0<m < 5};
i=1 i=1
the s-dimensional g-parabolic Hausdorff measure of F is defined as

Hy(E) = 51—i>%1+ Hys(E) = ?51;18 Hy 5(E).

Definition 3.7. We define the g-parabolic Hausdorff dimension of £ C R**! as
dim} ,(E) :=inf {0 < s < 00 : H(E) =0} .

We again stress that parabolic Hausdorff measures built on peculiar values of ¢ play an essential role in
the study of fine properties of solutions to equations as in (5.1), see [BESS].

Remark 3.8. The definition of the Hausdorff parabolic measure given in [MS, Section 5] differs slightly
from the one presented here, in terms of the permissible coverings of the set. Nevertheless, the two
measures have the same null sets and define the same Hausdorff dimension. Indeed, let Hj denote the
Hausdorff measure associated with the metric d,, defined by coverings with arbitrary sets and using their
d,-diameters. Since

Qrra(2) = Bg,(z,7) and diamg, (Qr,re(2)) = 2r,
the cylindrical measure introduced above satisfies

2y, (E) < Hy(E) < M3, (E)

for every E C R™*!. In particular, when q = p, the capacity-Hausdorff comparisons of [MS, Theorem 1.2]
apply equivalently to H.

Proposition 3.9 (Diffuseness with respect to capacity). Let p be a finite signed Radon measure satisfying
(1.6) with g =p and 9 < p. Then
Il < capy

in the sense that, if E C Qr is Borel and cap,;(E) = 0, then |u|(E) = 0. Consequently, u*, p~, and p
also vanish on every cap,,-polar Borel set.

Proof. Set s:=n+p—19>n. Fix § >0 and let
E - UQTi,T‘f(Z’L‘)a 0< T < 5’

be a countable covering. By Remark 3.5, we can choose w; € EN Qri’rf(zi) such that
Qri,rf (Z’L) C Q2ri,(2m)1’ (wz)
The centers w; belong to Q7, so the Morrey estimate gives

l(B) < 1l (Qar, (2ryp (wi) N Q) <2°M Y 1

taking the infimum over all coverings and letting 6 — 07 yields

(3.8) 0 < |ul(E) < 2 MH(E).
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Since the complement of a Lipschitz domain is uniformly p-thick, the hypotheses of [MS, Theorem 1.2]
are satisfied, implying that

capy(E) =0 = Hj(E)=0, for every o > n.

Applying this with ¢ = s and using (3.8) proves the claim. Finally, for every Borel set E one has
0 < u*(FE) < |u|(F), and then |u(E)| = 0 as well. Hence u*, 1=, and u also vanish on all cap,,-polar
Borel sets. O

4. PROOF OF THE MAIN RESULTS

With the preliminary results from the previous section in hand, we are ready to prove the main result
of this work. The proof combines parabolic capacity theory with a quantitative covering argument. We
first consider the case ¢ = p, namely we assume that (1.6) holds on the (r, rP)-cylinders with ¥ < p. Once
the duality result has been established in this setting, the corresponding conclusion on (r, r9)-cylinders
follows immediately by comparison with parabolic ones.

The strategy of the proof for the case ¢ = p. We first consider smooth functions ¢ with ||¢|lw,, <1
and write Oy = div F', with I’ € L*¥": a suitable reflection in time preserves this identity and allows us to
work on complete parabolic cylinders, including those crossing the temporal endpoints.

A dyadic argument based on the interior Poincaré inequality, completed by the boundary inequality
when necessary, associates with each point of a superlevel set a cylinder carrying a sufficiently large amount
of energy. The condition ¥ < p ensures convergence of the geometric series arising in this argument. A

Vitali covering and the Morrey bound then yield
ul({lo] > A}) < ea-mindeed x> 1

Since min{p, p'} > 1, integration over the level sets gives the desired L!(d|u|) estimate, and homogeneity
removes the normalization. Finally, strong approximation in Wy, together with quasi-continuity and
the fact that || vanishes on polar sets, yields convergence almost everywhere with respect to |u| along a
subsequence. Fatou’s lemma extends the estimate to all u € Wy, (Qr).

Proof of Theorem 1.2 for the case ¢ = p. We divide the proof into three steps.

Step 1: estimate for smooth functions. Let ¢ € 2 and assume first that ||o]lw,, < 1. By
Lemma 2.1, there exists F € Lpl(QT;]R") such that d;p = div F' in the sense of distributions, with
1 E Nl Lo @) = [10rpllvy,- In view of Lemma 2.2 we have

/ (|V<p|p + \F\P’) dodt < 1;

Qr

hence, applying Hoélder’s and the slice-wise Poincaré inequalities also gives

[ leldedt < 1007 Co@)[9¢] s (0 < Cor
T

where Cp(§2) > 0 denotes the Poincaré constant of 2. We now extend the function on the time variable,
by applying Lemma 3.1. For a fixed r > 1, the number N(r) of reflected copies of (0,7") needed to cover
Iy := (—(2r)P, T + (2r)P) satisfies N(r) < CrP. Therefore, the reflected extension satisfies

(4.1) / [7| dzdt < Cir?,
QXIQT

for a new constant C; > 0 depending only on p,Q,T. Since |@Q;.»| = ¢,7" P, we may fix a structural
radius ro = ro(n,p, Q,T) > 1 so large that
Cirl C 1
(4.2) Lo -~ <o
|Qro,rg| CnTo 4
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We now apply the reflection lemma 3.1 to ¢ and F', with R = 2ry and set
I, = (—(2r0)p,T—|— (27‘0)7’), Q. = Q x I

in particular, § € Wy (), F € L (Q,;R™) and 8, = div F continues to hold in the sense of distributions.
Moreover, each spatial slice (-, t) belongs to C°(Q), and by (4.1)

(4.3) /\¢|da:dt§01rg, /|§|dxdt::/ (1vel +[F1”) dedt < 0,
Q. Q. Q.

where C; = C1(p,Q,T), Co = C2(T,ro) > 0 are structural constants. If z = (z,t) € Qp satisfies
dist(x, 0€2) > ro, then Q,, ,»(2) C Q. and, by (4.2) and (4.3) we get

1 ok 1
(4.4) ][ |@| dx dt < 7/ B|dedt < 20 <
Q.02 (2) |Qrorpl Ja. Qrorpl ~ 4

A temporal extension is necessary because a parabolic cylinder centered at z = (x,t) € Qr need not be
contained in the original time interval. Replacing the cylinder by @, »(z) N Qr would not permit a direct
application of the interior Poincaré inequality (3.2), which is formulated on complete cylinders. Moreover,
extending ¢ by zero in time is not suitable because

O (X(0,1)¢) = X(0.1)00 + ©(+,0)1=0y — (-, T)d =11,
so that artificial Dirac masses appear at the temporal endpoints. Extending F' by zero would not produce
the corresponding terms, since the divergence acts only in the spatial variables.
Fix A > 1 and z = (x,t) € Ex(p) :={z € Qr : ¢(z) > A}, and set
d, := dist(z, 08) 0, = min{ro, d,}.
We claim that there exists r, € (0,5r¢/4] such that

1 _ /
(4.5) |QP|/Q (2)NQ Gdx dt > comin{\?, X\ }r;”,
r.,rh ry P (2 M2y

where ¢y > 0 is chosen below, sufficiently small in terms of the structural data. Suppose first that

(4.6) ][ G dzr dt < comin{\?, )\p/} r? for every 0 < r < g,.
Qrrp (%)

Set ry, :=21"%, for k € N, and for r € (0, 0.] choose m € N such that r,, 1 <7 < r,,. From now on, we
set for brevity

vz @k =(D)Q, »(2)

(@)r = (@)erp (2)» (@)ro = (E)Qroﬂ'g (2)» (@)z = (E)ng,e'z ot
From the telescopic expansion

m—1

@ @)= @~ @t S (D — @]

=

we can use elementary estimates and Holder’s inequality to obtain

m 1/p [e%e} 1/p
|<w>r—<¢>z|scz(][ |so—<so>kpdxdt> soz(][ |w—<w>k|pdwdt) .
k=1 N @ 2 (2) k=1 \ @, o (2)

Letting » — 07 and using the smoothness of ¥ at z, we get

© 1/p
(47) 5() — (@):] < CZ( ][Q - (@)l do dt) |

reor (2)
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For 0 < r < p,, the cylinder @, ,»(z) is contained in €2,. Lemma 3.2, Hélder’s inequality, and (4.6) hence
yield

1/p 1/p
(][ ® = @)l d:cdt) <Crg (][ Vel? dmdt) + Crkp_l(][
Qrk,riz(z) QTk,'r‘z(Z) o

< Cc(l)/p min {)\, )\1/(”71)} r,(gp_ﬂ)/p + C’cé/p/ min {/\p*l7 )\} T,(Cp_ﬁ)/p/

, 1/p
|F|P dx dt)
p(2)

ThoT

<Ch [cﬁ)“’r}f‘ﬁ)/’? N cg/”'r,gp‘m/ﬂ} '

Inserting this bound in (4.7), we observe that both dyadic series converge, because ¥ < p and p, < 9. At
this point, ¢y can be chosen small enough, independently of ¢, z and A, so that

(48) lo(z) ~ @)l < 5.

If 0. = rg, then every cylinder in the dyadic chain up to the scale rg is spatially contained in €Q,, and by
(4.4) we get p(z) < A\/2, contradicting z € Ex(yp). Hence, in this case, some radius r, € (0, 7] must satisfy
(4.5). If g, = d,, the dyadic argument leading to (4.8) is still valid up to the terminal scale d, but it
cannot in general be continued from d, to ro: for r > d,, the ball B,.(x) crosses the spatial boundary, and
the identity 0, = div F is known only in €2,. This is precisely where the boundary Poincaré inequality
(3.3) is needed. Combining (4.8) with ¢(z) > X implies |(¥).| > 3A/4 and, by Jensen’s inequality

)\ p
(4.9) <3> < ][ B[P da dt.
4 Q,. »(2)

0z,0%

For almost every s € (t — o, t 4 o), Lemma 3.3 applies to $(+, ), with r = .. Integrating in time and
using
Bisg.ja(x) x (t— 08, t + 08) C Qsg. 4,(50. /)0 (2),

/ |6 dz dt < C’g’z’/ |VE|P dx dt.
Q,, 02 (2) Q50 /4,505 /4)P (2) N2

Combining this with (4.9) gives

we obtain

1

(4.10) -
@50./4,650- /07| JQs0. /.50, jare ()02

Gdxdt > c\Pp P.

Since g, < 1p and ¥ < p,
-9

z

_ 9—

R A

and then inequality (4.10) can be written as
1

(4.11) -
Q5. /4,50 /47| JQss. ja. 50, jaye ()02

Gdzdt > crd ™ min{ AP, AP } o7,
After decreasing ¢y once more, (4.11) implies (4.5) with r, = 50,/4 = 5d, /4 < 5r¢/4. The claim is proved
in all cases.

It follows that every z € E\(p) determines a radius 0 < r, < 5rp/4 for which

(4.12) rtP=? < G dz dt.

gy .
~ min{\?, \P'} Q.. p ()N

The family {Q,_ ,»(2)} covers the open set E)(¢). By the Vitali covering lemma for the metric d,,, there
is a countable pairwise disjoint subfamily {Q;} := {Q,, ,»(2:)}ien such that

E)\((p) C U Q57‘i,(5m)17 (21)7
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and where every center z; lies in E)(¢) C Q7. Hence the Morrey condition (1.6) for ¢ = p, (4.12) and the
pairwise disjointness of the cylinders yield

1l (Bx(9)) <D 1ul(Qs, (500 (20) N Qp) <CM D P70

C — C —
< < - -
ST 2 Jgrn, O = Spw T fy, T

where C = C(n,p,Q,T,9, M). Notice that the dilated cylinders need not be contained in ,: they are
used only in the Morrey estimate. By repeating the same argument with —¢ and —F" in place of ¢ and F,
we obtain

(4.13) [l (Ex(le])) = lul({lel > A}) < HM/Q*dedt-

By Cavalieri’s principle, (4.3), and (4.13), and since p,p’ > 1, we finally get

oo o oo 1
/ godm\s [ teldul= [ Ml({|<P|>>\})d>\S|u|(QT)+C< dedt) | smmmasc
Qr Qr 0 Q. 1 ?

Once again, we highlight the fact that C' = C(n,p,Q, T, ¢, M, |u|(Q7)) and it does not depend on . By
homogeneity, we infer that (1.7) holds for every ¢ € 2.

Step 2: passage to general functions. Let u € Wy (Qr). By Lemma 3.4, choose a sequence
pj € 2 such that

w; = u strongly in W, (Qr).
Lemma 2.3 gives strong convergence in Wp. By Theorem 2.5, after passing to a (not relabeled) subsequence,
0; = U capp -quasi everywhere,
and by Proposition 2.4, the convergence also holds cap,,-quasi everywhere. Proposition 3.9 therefore gives
©; = u |£|-almost everywhere.

Fatou’s lemma and the above estimate for smooth functions imply
[ fldul <timint [ gyl dlul < Climintl; s, = Cllulw,
Qp J=° Jor Jj—o0o
This proves (1.7) via the triangle inequality for integrals for every ¢ € W, (Qr).

Step 3: well-definedness and linearity. From the previous step, u € L'(Qr,|u|), and we may
formally define

Lu(u) = /QTﬂdu, Ly () = /QTadm.

The definitions are independent of the quasi-continuous representative. Indeed, if u; and us are two
quasi-continuous representatives of the same Lebesgue class, then

u; = Uz capp-quasi everywhere,

hence also cap,,;-quasi everywhere and finally |u|-almost everywhere, in view of Proposition 3.9. Thus,
the functionals are well defined. Lemma 2.6 gives

ut+tv=u+7, au = au

|pi|-almost everywhere, so Ly, is linear. The same arguments apply to L,,. ]
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Proof on general (r,r9)-cylinders. By Remark 3.5, it is enough to work with 0 < r < 1. Assuming first
that ¢ < p, we have 7P < r?, and therefore Q. ,»(z) C @ r¢(2). Hence

|/1'| (Qr,rp (Z) n QT) < MrnJrqiﬂ = Mrn+p719p’ ’19]0 =p—q+ .

The condition ¥ < ¢ is equivalent to ¥, < p. If ¢ > p, the time interval of @, ,»(z) has length 277 and can
be covered by at most N(r) < CrP~9 intervals of length 2r9. Therefore @, ,»(z) can be covered by at
most CrP~4 cylinders @, rq(2;) with the same spatial radius. Using (1.6),

|u|(Qr,rp (z)N QT) < CrP=apntaY = oMY,
The conclusion follows by the case ¢ = p. Observe that, by Remark 3.5, the Morrey condition could also
be applied to the shifted centers z; € R"™!\ Qp, at the cost of a fixed structural constant. ([l

Remark 4.1 (Sharpness of the Morrey threshold). The strict condition ¥ < min{p, ¢} cannot be relaxed
in general when ¢ > p. Indeed, let p=n > 2, zo € Q and let J € (0,7) be an open and nondegenerate
(i.e. with positive Lebesgue measure) interval. Define the product measure

W= gy @ L.
Then p is a finite and positive Radon measure and, for every z = (x,t) € Qr, every r > 0 and ¢ > 1,
M(qu ()N QT) = 0zp (BT(m) N Q)El (J Nt—rit+ rq)) < 2r4,

In particular, for the parabolic scale ¢ = p, since p = n, we have that u satisfies the parabolic Morrey
condition at the endpoint ¥ = p. More generally, if ¢ > p, then p satisfies the Morrey condition on
(r, r?)-cylinders with ¥ = p = min{p, ¢}. Nevertheless,

wé WJIW(QT)'
ell

Indeed, it is classical that a point has zero relative elliptic n-capacity: capS'({zo}; ) = 0; see, for instance,
[EG, Chapter 4]. By [DPP, Theorem 2.16],

capp({z0} X J) = 0.
Let Jy € J be a compact nondegenerate interval. By monotonicity and Proposition 2.4,
capM({a:O} X Jo) =0.

On the other hand,
/J({SU()} X Jo) = El(JQ) > 0.

Lemma 4.2 therefore implies that u ¢ W}, (Qr). Thus the endpoint ¥ = min{p, ¢} may fail for every
q > p. When 1 < ¢ < p, the sufficient condition furnished by the main theorem is ¢ < g, but the preceding
example does not rule out the endpoint ¥ = q. We therefore make no sharpness claim in this regime.

Lemma 4.2 (positive dual measures do not charge polar compact sets). Let u be a finite and positive
Radon measure which defines an element of W}, (Qr). Then

capy (K) =0 = u(K)=0,
for every compact set K € Qr.

Proof. If cap,;(K) = 0, there exist a sequence ¢; € Z such that ¢; > xx in Qp, and Ex(¢;) — 0. In
particular, ¢; > 0in Qp, ¢; > 1 on K and by Proposition 2.4, also ||¢;|lw,, — 0. Hence, by positivity

OSumﬁs/ o3 dp < allwe, 9 llwas — 0.

Qr
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Proof of Proposition 1.4. To prove the first assertion, by Definition 3.7 of parabolic Hausdorff dimension,
we have H)(E) = 0 and consequently cap,,(£) = 0, by [MS, Theorem 1.2]. If A were a finite and positive
Radon measure in W}, (€2r), then Lemma 4.2 would give A(E) = 0. Since spt A C E, this implies A = 0.
For the second assertion, if dimQP(E) > n, we may choose

n<s< min{dimz,p(E), n+p},

and then ’H;(E) > (. Since E, endowed with the restriction of d,, is a compact metric space, Frostman’s
lemma [PM, Theorem 8.17] implies existence of a nonzero Radon measure g, supported on FE, such that

e (Qrv(2)) < Cr° for z € Qp, 7 > 0.
Setting ¥ := n + p — s, we have
AE (Qr,rp (=) N QT) <AE (Qr,rv (Z)) < CopntrTY, 0<9<p;
Theorem 1.2 therefore gives Ag € Wy, (Qr). O

The supercritical case. Here we show that in the range nQ—fQ < p < oo one can avoid the density

argument of Lemma 3.4 and prove the duality estimate directly on Wp (7). Indeed, Sobolev embedding
gives Wy (Q) < L?(Q), and therefore Wp(Q7) and
{u € LP(0, T; WEP(Q)) : dyu € LP (0, T; W—lvp/(Q))}
are Banach spaces with equivalent norms. Moreover, [MS, Lemma 2.19] gives
||uH%°°(0,T;L2(Q)) < 2||6tu||LP’(O,T;W*LP/(Q))HUHL”(QT;WI”’(Q)) + m”“”%p(omww(n))-

Consequently, Wp (1) = Wy (Qr) as Banach spaces, with equivalent norms. The covering argument of
Theorem 1.2 can therefore be run with the Wp-norm, giving for every ¢ €

Ly ()] = /Q pd|ul

If w € Wp(Qr), then [DPP, Theorem 2.11] replaces Lemma 3.4, providing a sequence ¢; € Z such that

< Cllelws-

Y; = u strongly in Wp(Q2r).

Arguing exactly as in the proof of Theorem 1.2, we infer that the same convergence, up to subsequences,
holds |p|-almost everywhere, and we conclude again by means of Fatou’s Lemma. Thus the density of 2
in Wy is not needed in this range.

5. APPLICATIONS TO PARABOLIC EQUATIONS

One of the main applications of Theorem 1.2 concerns the theory of existence and uniqueness of
solutions to the Cauchy-Dirichlet problem

Opu —diva(z,t,Vu) = p  in Qp,
(5.1) u=0 on 90 x (0,7,
u(0) = ug in Q,

where  C R" is a bounded domain with Lipschitz boundary and Q7 := Q x (0,T). p is a finite signed
Radon measure on Qp and a : Q x (0,7) x R* — R™ is a Carathéodory vector field, i.e., the map
(x,t) — a(z,t,£) is measurable for every fixed £ € R", and £ — a(x,t,§) is continuous on R™ for almost
every (z,t) € Qp. We assume that a(x,t,&) satisfies for 1 < p < oo the following assumptions:

<a(x7ta§)7§> > a|£|p - b(:l),t)p/,
(5.2) la(z,t,)] < Blb(z, 1) + [P,
<a(x7ta€)_a($7t’n)7£_n> >0 iff?é%
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for almost every (z,t) € Qp and every £, € R™. Here, a, 3 > 0and 0 < b € Lp,(QT); these assumptions, in
particular, cover the p-Laplacian case, that is the model vector field appearing in (1.1), with b(z,t) = sP~1.
Under these assumptions, if € LP (0, T; W17 (Q)) and ug € L2(2), then (5.1) admits a unique energy
solution u € W (1), see [JLL, Chapter II, Theorem 1.2 bis].

The purpose of this section is to explain what remains true for the larger class of measure data obtained
in the previous section. Indeed, notice that L?'(0,T; W' (Q)) < W}, (Qr) with strict inclusion;
therefore, existence for a general right-hand side in Wy, (Qr) does not follow directly from the classical
Lions theorem. The appropriate variational framework relies on the following representation. By [DPP,
Lemma 2.24 and Remark 3.3], every p € W}, (1) admits a decomposition of the form

T T
(5:3) (i Phws, @) (@r) = / (01 (1), (1)) dt — / (Orplt). ga(t)) dt + /Q g da dt,

T
where
g1 € LY (0, T;W12(Q)), g € LP(0,T; WP (), g3 € LY (0, T; L*()).

In this latter case, [DPP, Theorem 3.1 and Remarks 3.2-3.3] provide a unique variational solution, but
the solution itself need not belong to Wi (7). Under decomposition (5.3), the shifted function satisfies

Oy (u— go) = diva(z,t, Vu) + g1 + g3 € L¥ (0, T; W5 (Q)) + L¥ (0, T; L*(R)),
and
u— gy € C([0,T]; L*()), (u — g2)(0) = ug in L*(Q),
see [DPP, Remark 3.2]. Starting from [DPP, Theorem 3.1 and Remarks 3.2-3.3], we have the following
result.

Proposition 5.1 (Variational solutions for Morrey measures). Assume that p is a finite signed Radon
measure satisfying any of the preceding hypotheses implying u € Wi, (Qr), and let ug € L*(Q). Under
hypothesis (5.2), problem (5.1) admits a unique variational solution

u e LP(0,T; WyP (),
with u — go € Wp(Qr), where go is taken from a fixed decomposition (5.3), satisfying

_/OT<6t<p7u> dt—/ﬂuo(x)go(m,O) dx—l—/S)T(a(a:,t,Vu),V@ dmdt:/ pdu,

Qr
for every ¢ € War(Qr) such that o(T) =0 in L?(1).

Proof. Theorem 3.1 of [DPP] gives existence and uniqueness for right-hand sides in W,(Q7). Remark 3.3
of the same paper states that the theorem can be formulated with right-hand side in W}, (Qr) and test

functions in WD(QT). Since WD = Wy, it applies to the present datum. The measure acts through the
quasi-continuous representative by Theorem 1.2. O

The variational solution provided by Proposition 5.1 need not belong to Wi, (Qr): its relation to the
energy framework is clarified by the preceding decomposition. In general, u — go need not belong to Wy,

because of the term g3 € L¥' (0,T; L2(2)). However, in the range p > n2+"2 discussed in Section 4, the

embedding L?(Q) — W_l’p/(Q) and the preceding identity imply that u — go € Wi (Qp). If the datum
pe LP(0,T; W17 (Q)), we can choose g2 = g5 = 0 in (5.3), so that the shift disappears and one recovers
the classical energy solution of [JLL].

We finally turn to renormalized solutions. For soft measure data and every ug € L'(f2), existence
and uniqueness follow from [DPP, Theorem 1.3], extending the earlier L' theories of Blanchard—Murat
and Prignet and the measure-data approach of Boccardo—Gallouét; see [BG, BM, P]. Following [DPP,
Definition 2.22], the class of soft measures is defined by

Mo(Qr) == {X € My(Qr) : A(E) = 0 for every Borel set E C Qp with capp(E) =0},
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where M;(Q7) denotes the space of finite signed Radon measures on Q7. This class contains the classical
L'-data. Indeed, if f € L'(Q2r) and \ := f(x,t)dxdt, then for every open set U C Qr and every
admissible function v in the definition of capp(U), we have

UIMP < ollsor) < Cllvllws-

Taking the infimum and then the outer extension gives |E|'/? < C cap,(E) for every Borel set F; therefore
capp(E)=0 = L""HE)=0 / fdzdt =0.

Hence L'(Q7) C Mo(Q7). The inclusion is strict, because soft measures may be singular with respect to
Lebesgue measure.

Proposition 5.2 (Renormalized solutions). Assume that u is a finite signed Radon measure satisfying any
of the preceding hypotheses implying p € Wi, (Qr). Then, under (5.2), for every ug € L'(2), problem (5.1)
admits a unique renormalized solution in the sense of [DPP, Theorem 1.3].

Proof. Let E C Qp be Borel and assume that cap(E) = 0. By Proposition 2.4, we also get cap,,(F) = 0.
Proposition 3.9 therefore gives |u|(F) = 0, and consequently p(FE) = 0. Thus p € Mo(Qr) and the
conclusion follows from [DPP, Theorem 1.3]. O

6. APPENDIX: PROOF OF THE DENSITY LEMMA

We conclude the paper with the proof of Lemma 3.4. The argument combines the spatial localization
used in [MS, Lemma 2.22] with the regularization procedure of [DPP, Lemma A.1]. We emphasize that
[DPP, Theorem 2.11] already gives density of & in the larger space Wp(2r). The additional point needed
here is the strong convergence of the time derivatives in L (0,T; W=7 (Q)).

Step 1: reflection and spatial localization. By Lemma 2.3 and the Lions—Magenes time-continuity
theorem (see [DPP, Remark 2.2]), u has a representative in the space C([0, T]; L%(12)). Applying Lemma 3.1
with R = T/, we extend u by even reflections to I, := (=7, 2T, and we denote the extension by @. It
satisfies

[l Lo (1w 0 @) + 108 Lo (110 () + [Tl e (1522(0)) < Cllullwy @r)-
Moreover @ € C(I; L?(2)). Following the cutoff construction in [MS, Lemma 2.22], choose &, € C2°(Q)
such that

0<¢&, <1, &,=0Iif dist(z,00) < %, &m = 1if dist(z,0Q) > %7 and |V&,| < Cm.
Set uy, 1= &nu. We claim that

Up — T strongly in LP(I,; WP (Q)) N L= (1,; L*(Q)),
and
(6.1) Optty, — O strongly in L (I,; W17 (Q)).
For the spatial norm, observe that

V(um — 1) = (&n — D)V +a VE,,.

The first term in the right-hand side converges to zero in LP(Q x I,.) by dominated convergence. For the
second one, thanks to Hardy’s inequality we have

_ u(, )" -
Vén|Pdedt < C ————X{di mydrdt < C Va|P dx dt.
AXI* |U E ‘ X = Qx1. ‘dlSt(Z‘,aQ)V)X{d st($,39)<2/ l} X QX[*| u| x
Therefore, we conclude again by dominated convergence. To prove convergence in L>(I,; L?(£2)), observe
that 1 — &, is supported in
B, = {x € Q: dist(z,00) < 2/m}.
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For any t € I, we can bound the L?-norm as follows

(6.2) [[um (£) — a(t)|[20) = [[(t)(1 = Em)ll2(0) < [[U(t)x B, [IL2(0)

where 4(t) := u(-,t). We need to prove that sup,c; [|u(t)xs,,|/r2(Q) — 0 as m — oco. Since u belongs to
C(I.; L*(Q)), and the time interval I, is compact, its continuous image K := {@(-,t) : t € L.} is a compact
subset of L?(Q). Fix € > 0. By the compactness of K, we can cover it with a finite number of open balls
in L2(Q) of radius ¢, centered at some elements v1,va,...,vy € K. Since there are only finitely many
centers, we can find an integer mg large enough such that for all m > mg, we simultaneously have

lvixs, L2 <& foralli=1,..., M.

Now, let t € I, be an arbitrary time. Thus, there exists some index 4 such that [[@(t) — v||r2(0) < €.
Using the triangle inequality, we can finally estimate the norm on the strip B,, as follows

la(t)xB,, 22(2) < 1(@(t) —vi)xB,.lIL2(0) + lvixB,, lL2 (@) < 2e.

Since this bound holds for every ¢ € I, provided that m > mg, taking the supremum over ¢ and recalling
(6.2) yields

||Um — fLHLoo(]*;LQ(Q)) S 2e.
By arbitrariness of € > 0, the uniform convergence follows. It remains to justify (6.1). For g € W’l’p/(Q)7
define &,,g € W12 (Q) by setting
<§m97 ¢>W*11P/(Q)7W01=1‘7(Q) = <97§m¢>w—1,p’(9)7wgm(g)a ¢ € Wol’p(Q)
Hardy’s inequality gives the uniform multiplier estimate
1Emdllwir@) < Clléllwir @),

and consequently

(6.3) 1€mgllw 1.0y < Cligllw -1 (@)-
Furthermore,
(6.4) Emg — g strongly in W1 (Q)

for every g € W% (Q). To see this, it is enough to use the density of C°(€2) in W~12'(Q): for a
compactly supported smooth g, one has &,,g = g for all sufficiently large m, and the general conclusion
follows from estimate (6.3). Recall that the density of C2°(Q) in W1 (Q) follows, for instance, by
writing g = div F with F € LP' (€;R") and approximating F in L? by compactly supported smooth
vector fields. To conclude, we apply the spatial result (6.4) pointwise in time to d,a(t) € W17 (),
obtaining

(6.5) [€m0ru(t) — Optu(t)lyy—1.7 (o) — 0 pointwise a.e. in ..

Using the triangle inequality and (6.3), we can construct an integrable bound for our sequence
1€mBea(t) = Byu(t) |l -1 () < 1EmP () w107 (@) + 108 107 () < CllOUE) [y -1.07 (1)

Since C”/H@ﬂ(t)Hgvflyp,(Q)

theorem to conclude that &,,0:u = Oyu,, — 044 in ) (L W‘l’p,(Q)). This concludes the first step, and
shows that

is integrable over I, using (6.5), we can apply the dominated convergence

(6.6) Uy — U strongly in W, (Qr)
after restriction to Q.

Step 2: regularization for fixed m. Fix m, choose x € C$°(I,) such that x = 1 in a neighbourhood of
[0,T] and consider

Wi (2, 1) = x(E)um(x, ).
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Since &, has compact support in Q, we have sptw,, € Q x I,, and w,, = u,, in a neighbourhood of Q7.
Let p. be a standard space-time mollifier and, after extending w,, by zero, define wy,  := pe * wp,. For
¢ > 0 sufficiently small, wy, . € C°(Q x I,), and hence

Prme 1= wm’5|QT € 9.

Since w,, has compact support in Q x I, the regularization result [DPP, Lemma A.1] gives

Wime — Win strongly in Wp(Q x L,).
In particular,
(6.7) Ome — Um strongly in LP(0, T; W, ?(Q)).
Moreover, the continuous embedding Wp (2 x I,.) < C(I,; L?(2)) yields
(6.8) Om,e — Um strongly in L>(0,T; L*(2)).
We finally check the strong convergence of the time derivatives. Since d;w,, = a,, + b, where

A = X Ot € LY (I, WP (Q)), b i= Y'um € LP (I,; L*()),
the proof of [DPP, Lemma A.1], applied separately to these two components, gives
Pe * Ay — Gy strongly in L¥' (I,; W=7 (Q)),

as € — 0. On the other hand, spt b, C sptx’, hence it is separated by a positive distance from [0, 7).
Hence, for ¢ sufficiently small, we have (p. * by, )|o, = 0. Since x =1 in a neighbourhood of [0, T}, one
has a,, = Oyu,, on Qr, and then

(6.9) Opom.e — O strongly in L¥ (0, T; W17 (Q)).
Combining (6.7), (6.8), and (6.9), we obtain, for every fixed m,

(6.10) Ome — Um strongly in Wy (Qr) ase — 0T,

Step 3: diagonal choice. By (6.6), choose a sequence m; — oo such that
||u7nj - u”WM(QT) < 277

For each j, use (6.10) to choose ¢; > 0 sufficiently small that

Htpmj’éj — Um; ”WM(QT) < 2_j;
setting ; := pm, , € ¥, we conclude that

HLPJ - U’HWJW(QT) < 217 —0
and this proves the density of 2 in Wy (Qr).
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