
DUALITY CONDITIONS FOR MORREY MEASURES

VIA PARABOLIC CAPACITY

LORENZO BRAGLIA

Abstract. We establish Morrey-type conditions ensuring that a finite signed Radon measure belongs to

the dual of the energy space of solutions to nonlinear parabolic equations of p-Laplacian type. More

precisely, for the parabolic cylinders

Qr,rp (z) := Br(x)× (t− rp, t+ rp),

we prove that

|µ|
(
Qr,rp (z) ∩ (Ω× (0, T ))

)
≤Mrn+p−ϑ, ϑ < p,

implies duality, and this threshold is sharp in general. More generally, for cylinders with time length
proportional to rq, q > 1, the sufficient threshold is ϑ < min{p, q}. Finally, we discuss the resulting
variational, energy, and renormalized solution theories for nonlinear parabolic equations with measure

data, relating our conclusions to the existing literature.

1. Introduction

The model problem motivating this work is the Cauchy–Dirichlet problem associated with the non-
homogeneous equation

∂tu− div a(x, t,∇u) = µ in ΩT = Ω× (0, T )

where Ω is a bounded Lipschitz domain of Rn, µ is a finite signed Radon measure on ΩT and the vector
field a has p-growth, with prototype

(1.1) a(x, t,∇u) =
(
s2 + |∇u|2

) p−2
2 ∇u

for 1 < p <∞, see Section 5 for the precise assumptions.

Under suitable assumptions on the right-hand side µ, the problem can be formulated in the natural
energy spaces associated with the equation, and solutions can be constructed by direct monotonicity
methods. In general, however, a finite Radon measure µ need not satisfy a duality condition such as

(1.2) µ ∈ Lp
′
(0, T ;W−1,p′(Ω)), W−1,p′(Ω) := (W 1,p

0 (Ω))′;

our aim is to identify density conditions on µ ensuring that it defines a continuous linear functional on the
parabolic energy space WM (ΩT ) introduced below. Under condition (1.2), [JLL, Chapter II, Theorem 1.2

bis] yields a unique energy solution in Lp(0, T ;W 1,p
0 (Ω)) for every initial datum u0 ∈ L2(Ω). To apply

this result throughout the full range 1 < p <∞, we take

V := W 1,p
0 (Ω) ∩ L2(Ω), H := L2(Ω)

and we obtain u ∈ Lp(0, T ;V ) ∩ C([0, T ];L2(Ω)). Moreover, the growth assumptions in (1.1) (see the

forthcoming (5.2)), together with (1.2), imply through the equation that ∂tu ∈ Lp
′
(0, T ;W−1,p′(Ω)),

rather than merely in the a priori larger space Lp
′
(0, T ;V ′) dictated by the choice of V . We retain this

sharper information in the definition of WM (ΩT ) below. Since duality reverses inclusions, pinning ∂tu to

the smaller space W−1,p′(Ω) keeps WM (ΩT ) correspondingly smaller, and therefore enlarges its dual: this
is precisely the space needed to accommodate the wider class of measures µ we aim to treat. This is
a genuine gain only for 1 < p < 2n/(n+ 2), where the space W−1,p′(Ω) is strictly smaller than V ′; for

Date: September 25, 2026.

2020 Mathematics Subject Classification. 35R06, 35K55; 31C15, 31C45.
Key words and phrases. Morrey measures, parabolic capacity, duality, measure data, variational solutions.

1



2 LORENZO BRAGLIA

p ≥ 2n/(n+ 2), the two spaces for the time derivative coincide, see the last paragraph in Section 4. We
therefore set

WM (ΩT ) :=
{
u ∈ Lp(0, T ;W 1,p

0 (Ω)) ∩ L∞(0, T ;L2(Ω)) : ∂tu ∈ Lp
′
(0, T ;W−1,p′(Ω))

}
and we naturally endow the space with the homogeneous Banach norm

(1.3) ‖u‖WM
:= ‖∇u‖Lp(ΩT ) + ‖∂tu‖Lp′ (0,T ;W−1,p′ (Ω)) + ‖u‖L∞(0,T ;L2(Ω)).

Condition (1.2) entails µ ∈W ′M (ΩT ) a fortiori, but the latter also accommodates measures failing (1.2),
that is the class of interest here; for such data, the theory of [DPP] provides existence and uniqueness of
variational solutions for u0 ∈ L2(Ω). For finite measures that do not charge sets of zero parabolic capacity,
the same work establishes existence and uniqueness of renormalized solutions for u0 ∈ L1(Ω); we discuss
these solution frameworks and their relation to our duality criterion in Section 5.

Consequently, a useful geometric criterion for a measure should ideally answer two questions at once:

(1) does the measure act continuously on the parabolic energy space WM (ΩT )?
(2) does it avoid the polar (i.e., the negligible) sets of the associated parabolic capacity?

The Morrey condition of Definition 1.1 provides affirmative answers to both questions, and therefore will
be the object of this study.

Elliptic duality and nonlinear potentials. The stationary problem already shows why explicit duality
conditions are valuable. For an elliptic operator with p-growth, the natural energy space is W 1,p

0 (Ω) and

its data space is W−1,p′(Ω). Sobolev embedding gives elementary sufficient conditions: if 1 < p < n, then

L(p∗)′(Ω) ↪→W−1,p′(Ω), p∗ :=
np

n− p
.

If p = n, every Lm datum with m > 1 acts continuously on W 1,p
0 (Ω), while for p > n the embedding

W 1,p
0 (Ω) ↪→ C0,1−n

p (Ω) permits every finite Radon measure to act on the energy space.
For positive measures there are much finer criteria. In the range 1 < p ≤ n, the nonlinear potential

characterization can be written as

(1.4) µ̄ ∈W−1,p′(Rn) ⇐⇒
ˆ

Ω

Wµ̄
1,p(x,R) dµ(x) =

ˆ
Ω

ˆ R

0

(
µ̄(B%(x))

%n−p

)1/(p−1)
d%

%
dµ(x) <∞,

where R > 0 is fixed and µ̄ denotes the zero extension of µ to Rn r Ω, see [HW] or [Z, Theorem 4.7.5].
More general trace inequalities and their nonlinear-potential characterizations were developed by Cascante,
Ortega and Verbitsky in [COV], and by Verbitsky in [V, Theorem 1.13]. The elliptic Morrey bound

µ(Br(x)) ≤ Crn−ϑ, ϑ < p,

is precisely the power condition suggested by (1.4). For 1 < p < n, Adams’ trace inequality actually yields

the stronger embedding W 1,p
0 (Ω) ↪→ Lq(Ω, dµ), with q = p(n − ϑ)/(n − p) > p; see [Z, Theorem 4.7.2].

Membership in W−1,p′(Ω) requires only the corresponding L1(dµ) trace estimate, so the above Morrey
condition is sufficient but not necessary for duality. For instance, let Ω = B1(0) and 1 < p < n: the

measure dµ = |x|−p dx belongs to W−1,p′(B1), since |x|−p ∈ L(p∗)′(B1). However,

µ(Br(0)) = c(n, p)rn−p, 0 < r < 1,

which rules out the above Morrey bound for every ϑ < p.

The parabolic problem is more delicate. Although a potential-theoretic characterization of measure
data in W ′M (ΩT ) comparable to (1.4) still appears to be out of reach to our knowledge, some recent
works have begun to address related aspects; see for example [AdSF]. The authors of [DPP] introduced a
functional capacity adapted to nonlinear evolution problems and used it to characterize soft measures and
renormalized solutions. Kinnunen, Korte, Kuusi and Parviainen defined a nonlinear capacity through
measure-data problems and capacitary potentials; see [KKKP] and also [AKP]. More recently, Moring
and Scheven in [MS] constructed a variational capacity and established its relation with nonlinear capacity
and with parabolic Hausdorff measure. The present work contributes to this line of investigation.
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Morrey scales and the main results. For q > 1, z = (x, t) ∈ Rn+1, and r > 0, we use the notation

Qr,rq (z) := Br(x)× (t− rq, t+ rq);

these cylinders are the balls of the metric

(1.5) dq((x, t), (y, s)) := max
{
|x− y|, |t− s|1/q

}
.

We call parabolic cylinders those of the form Qr,rp(z), while caloric cylinders are the ones corresponding
to Qr,r2(z). In what follows, we always specify the time scale we are considering.

Definition 1.1 (Morrey condition). Let 1 < q <∞ and let µ be a finite signed Radon measure on ΩT .
We say that µ satisfies the Morrey condition (on (r, rq)−cylinders) with parameter ϑ, if there exists M > 0
such that

(1.6) |µ|
(
Qr,rq (z) ∩ ΩT

)
≤Mrn+q−ϑ,

for every z ∈ ΩT and every r > 0.

We now state the main result of this paper.

Theorem 1.2. Let 1 < p, q <∞ and let µ be a finite signed Radon measure on a bounded open set ΩT
satisfying (1.6) on (r, rq)-cylinders with ϑ < min{p, q}, and let Ω be a Lipschitz domain. Then, denoting
by ũ the quasi-continuous representative associated with the parabolic capacity (see Theorem 2.5),

(1.7)

∣∣∣∣ˆ
ΩT

ũ dµ

∣∣∣∣ ≤ C‖u‖WM (ΩT ), for every u ∈WM (ΩT ),

where C depends only on n, p, q,Ω, T, ϑ,M , and |µ|(ΩT ). Consequently, the map

Lµ(u) :=

ˆ
ΩT

ũ dµ

is a well-defined continuous linear functional on WM (ΩT ), and in particular µ ∈W ′M (ΩT ).

When q ≥ p, the strict threshold ϑ < p cannot be relaxed in general; see Remark 4.1.

Remark 1.3 (On the regularity assumption on the domain). The Lipschitz regularity of ∂Ω is a convenient,
but not essential, assumption for the main duality theorem. In fact, its proof uses the geometry of the
boundary to apply results valid under the weaker assumption that Rn \ Ω is uniformly p-thick; see [MS,
Definition 2.9]. More precisely, in the proof, we use this assumption to invoke the following results: first,
the boundary Poincaré inequality used in Lemma 3.3; see, in particular, [KK, Theorem 3.7]. Second, it is
the geometric hypothesis required in [MS, Theorem 1.2]. Third, uniform p-thickness implies the Hardy
inequality needed in the proof of Density Lemma 3.4; see [JL]. We retain the stronger and more familiar
Lipschitz assumption in the statements in order to avoid introducing the definition of uniform p-thickness
and the associated notation.

Morrey conditions in parabolic problems. The duality criterion above also provides a useful point of
comparison with the role of Morrey conditions in parabolic regularity theory. These are natural because
they measure how strongly the datum concentrates at small scales, and in this regard their relation with
regularity of parabolic equations of p-Laplacian type was first studied in [B14] for degenerate parabolic
equations, while the singular cases are considered in [B17] and [Pa]; see also [BD] for a study on non-smooth
domains. All these papers draw inspiration from the seminal papers by Mingione [M07, M11], where
it is shown how such conditions improve the gradient integrability for solutions of non-linear equations
of p-Laplacian type; for the Poisson equation, this phenomenon follows from the Newtonian potential
representation, which reduces gradient estimates to bounds for Riesz potentials of order one such as those
established by Adams [A].

Consider a datum satisfying the Morrey condition

|µ|
(
Br(x)× (t− r2, t+ r2)

)
≤ Crn+2−ϑ.
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For degenerate equations, with p ≥ 2, the result of [B14] yields

|∇u| ∈ Mm
loc(ΩT ), m = p− 1 +

1

ϑ− 1
,

for ϑc < ϑ ≤ n + 2, where ϑc ∈ (1, 2) depends on the structural data. In particular, m > p whenever
ϑc < ϑ < 2. A similar connection with the natural energy exponent holds in the singular case. For n ≥ 2
and 2− 1

n+1 < p < 2, the result of [B17] gives

|∇u| ∈ Mm
loc(ΩT ), m =

(p− 1)ϑ

ϑ− 1
, p ≤ ϑ ≤ n;

as observed in [B17, Remark 1.4], this estimate also extends to ϑ < p sufficiently close to p, in which case
m > p. Mm(ΩT ) denotes in both cases the Marcinkiewicz space (also known as weak-Lm), defined by

h ∈Mm(ΩT ) ⇐⇒ sup
λ>0

λm
∣∣{z ∈ ΩT : |h(z)| > λ}

∣∣ =: ‖h‖mMm(ΩT ) <∞,

for a measurable map h : ΩT → R; the local variant is defined in the usual way. Since weak-Lm spaces
embed into Lp on sets of finite measure whenever m > p, these estimates yield ∇u ∈ Lploc(ΩT ) when ϑ < 2
in the degenerate case and ϑ < p in the singular range above. Thus, in the parameter ranges covered by
these results, the gradient reaches the natural energy exponent under the condition ϑ < min{p, 2} and
this agrees with the sufficient condition for membership in W ′M (ΩT ) established here for Morrey data on
caloric cylinders. For potential estimates, implying the aforementioned results once the structure of the
equation is sufficiently regular, see also [KM13, KM14].

Beyond gradient regularity, Morrey-type decay estimates have recently been used in [BESS] to prove
removability results for degenerate parabolic equations. The argument controls the Riesz measure
associated with an obstacle-problem solution without first estimating the solution’s oscillation. This
illustrates the flexibility of measure decay estimates when the lack of a fixed scaling for the parabolic
p-Laplacian makes classical oscillation arguments difficult to apply.

Examples and geometric consequences. The failure at the endpoint is illustrated by the case
p = n ≥ 2 and q ≥ p: indeed, the product measure δx0

⊗ L1xJ , where J b (0, T ) is a compact non-
degenerate interval, satisfies the endpoint Morrey estimate with ϑ = p, but charges a set of zero parabolic
capacity. Consequently, it does not belong to W ′M (ΩT ); see Remark 4.1. Nevertheless, the Morrey growth
condition is not necessary for duality and therefore does not provide a characterization of W ′M (ΩT ).
Indeed, the following finite and positive Radon measure

(1.8) µ := Ln ⊗ δt0 , t0 ∈ (0, T )

defines a bounded functional on WM (ΩT ), because WM (ΩT ) ↪→ C([0, T ];L2(Ω)), and then∣∣∣∣ˆ
Ω

u(x, t0) dx

∣∣∣∣ ≤ Ln(Ω)1/2‖u(t0)‖L2(Ω) ≤ C‖u‖WM
.

On the other hand, µ satisfies (1.6) at the endpoint ϑ = q, since

(Ln ⊗ δt0)
(
Qr,rq (z) ∩ ΩT

)
≤ Crn.

For z = (x, t0) and Br(x) ⊂ Ω, this mass is exactly c(n)rn: hence no Morrey bound with ϑ < q can hold.

The duality criterion also yields the following geometric consequence; here, dimPH,p denotes the Hausdorff
dimension with respect to the p-parabolic metric dp defined in (1.5); see also Definition 3.7 for q = p.

Proposition 1.4 (Parabolic dimension and dual measures). Let E b ΩT be compact.

• If dimPH,p(E) < n, then E does not support any nonzero finite positive Radon measure belonging
to W ′M (ΩT ).

• If dimPH,p(E) > n, then there exists a nonzero finite positive Radon measure λE ∈W ′M (ΩT ) with
sptλE ⊂ E.
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At the critical dimension n, no conclusion can be drawn from the dimension alone. Indeed, restricting
the time-slice measure considered in (1.8) to K × {t0}, where K b Ω is compact with positive Lebesgue
measure, gives a nonzero positive dual measure supported on a set of parabolic dimension n.

On the other hand, when p = n ≥ 2, the vertical segment {x0} × J considered above satisfies

dimPH,p({x0} × J) = n. Nevertheless, such a segment has zero capM -capacity, as shown in Remark 4.1,
and therefore it cannot support any nonzero positive measure in W ′M (ΩT ).

A further class of examples is obtained from products of finite positive Radon measures ν on Ω and σ
on (0, T ). Suppose that, for some d ∈ [0, n] and α ∈ [0, 1],

ν
(
Br(x)

)
≤ Cνrd, σ

(
(t− ρ, t+ ρ)

)
≤ Cσρα;

then (ν ⊗ σ)(Qr,rp(z)) ≤ Crd+pα and consequently

d+ pα > n =⇒ ν ⊗ σ ∈W ′M (ΩT ).

In particular, if E b Ω is compact and nonempty, and dimH(E) > n − p, then there exists a nonzero
measure νE , supported on E, such that

νE ⊗ L1xJ ∈W ′M (ΩT )

for every non-degenerate interval J b (0, T ). For p ≤ n, this follows from Frostman’s lemma by choosing a
spatial growth exponent d > n− p; for p > n, one may take a Dirac mass supported on E. At the critical
spatial dimension n− p, this conclusion may fail. Here, dimH denotes the Euclidean Hausdorff dimension;
see [EG, Definition 2.2].

For absolutely continuous measures, the Morrey condition is not expected to yield optimal integrability
assumptions. Indeed, the parabolic Sobolev inequality [DiB, Proposition 3.1] gives

(1.9) WM (ΩT ) ↪→ Lγ(ΩT ), γ := max

{
2,
p(n+ 2)

n

}
.

Consequently,

h ∈ Lγ
′
(ΩT ) =⇒ µ := h dx dt ∈W ′M (ΩT ).

By contrast, estimating the mass of every parabolic cylinder directly by Hölder’s inequality leads to the
more restrictive condition

h ∈ Lm(ΩT ), m >
n+ p

p
=⇒ µ := h dx dt ∈W ′M (ΩT ).

Thus the Morrey criterion is not designed to provide optimal conditions for measures having a Lebesgue
density. Its main relevance lies in the treatment of singular measures, for which (1.9) cannot be paired
with a density.

Organization of the paper. Section 2 compares the functional spaces and the relevant notions of
capacity. Section 3 contains the preliminary estimates, including the interior and boundary Poincaré
inequalities and the diffuseness result. Section 4 proves the main duality theorem and constructs the
endpoint counterexample. A subsection then records the simplification available when p ≥ 2n/(n+ 2),
while Section 5 discusses variational, energy, and renormalized solutions. Finally, the Appendix contains
the technical proof of Density Lemma 3.4.

2. Function spaces and parabolic capacity

In this section we review the spaces and capacities introduced in [DPP, MS]. Throughout this article,
we use the notation presented here. Set

VM (ΩT ) := Lp(0, T ;W 1,p
0 (Ω)), V ′M (ΩT ) := Lp

′
(0, T ;W−1,p′(Ω)).

We endow these Bochner spaces with the norms

‖ϕ‖VM
:=

(ˆ
ΩT

|ϕ(x, t)|p + |∇ϕ(x, t)|p dx dt
)1/p

‖ϕ‖V ′M :=

(ˆ T

0

‖ϕ(t)‖p
′

W−1,p′ (Ω)
dt

)1/p′

;
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For the basic theory of Bochner–Lebesgue spaces, we refer to [HNVW, Chapter 1]. Moreover, in view of
the slice-wise Poincaré inequality, we can work with the equivalent norm ‖ϕ‖VM

= ‖∇ϕ‖Lp(ΩT ).

Lemma 2.1 (Space-time divergence representation). For every G ∈ V ′M (ΩT ) there exists F ∈ Lp′(ΩT ;Rn)
such that G = divF in the sense of distributions, i.e.,

(2.1) 〈G, ϕ〉V ′M ,VM
:=

ˆ T

0

〈G(t), ϕ(t)〉W−1,p′ (Ω),W 1,p
0 (Ω) dt = −

ˆ
ΩT

F · ∇ϕdx dt,

for every ϕ ∈ VM (ΩT ). Moreover,

(2.2) ‖G‖V ′M = inf
{
‖F‖Lp′ (ΩT ) : F ∈ Lp

′
(ΩT ;Rn), G = divF

}
.

Proof. Consider the linear map

J : VM (ΩT )→ J(VM (ΩT )) ⊂ Lp(ΩT ;Rn), Jϕ := ∇ϕ.

Since J is a linear isometry, J(VM (ΩT )) is a closed linear subspace of Lp(ΩT ;Rn). It is also injective: if
J(ϕ1) = J(ϕ2), then ϕ1 = ϕ2 almost everywhere, due to slice-wise Poincaré.

Define the linear functional

(2.3) Λ : J(VM (ΩT ))→ R, Λ(Jϕ) := −〈G, ϕ〉V ′M ,VM
.

This functional is well defined, because if Jϕ1 = Jϕ2, then J(ϕ1 − ϕ2) = 0. By the injectivity proved
above, ϕ1 = ϕ2 almost everywhere, and therefore the right-hand side of (2.3) is independent of the choice
of the preimage. Moreover

|Λ(Jϕ)| = |〈G, ϕ〉V ′M ,VM
| ≤ ‖G‖V ′M ‖ϕ‖VM

= ‖G‖V ′M ‖Jϕ‖Lp(ΩT ).

Thus Λ is continuous on J(VM (ΩT )), with ‖Λ‖(J(VM (ΩT )))′ ≤ ‖G‖V ′M . On the other hand

‖G‖V ′M = sup
‖ϕ‖VM

≤1

|〈G, ϕ〉V ′M ,VM
| = sup

H∈J(VM (ΩT ))
‖H‖Lp(ΩT )≤1

|Λ(H)| = ‖Λ‖(J(VM (ΩT )))′ .

Hence, ‖Λ‖(J(VM (ΩT )))′ = ‖G‖V ′M . By applying the Hahn–Banach theorem we can find Λ̃ ∈ (Lp(ΩT ;Rn))′,

such that Λ̃|J(VM (ΩT )) = Λ and ‖Λ̃‖(Lp(ΩT ))′ = ‖Λ‖(J(VM (ΩT )))′ . Therefore, by the Riesz representation

Theorem in Lebesgue spaces, there exists F ∈ Lp′(ΩT ;Rn) such that

Λ̃(H) =

ˆ
ΩT

F ·H dxdt for every H ∈ Lp(ΩT ;Rn),

and

‖F‖Lp′ (ΩT ) = ‖Λ̃‖Lp′ (ΩT ) = ‖Λ‖(J(VM (ΩT )))′ = ‖G‖V ′M .
Taking H = ∇ϕ = Jϕ with ϕ ∈ VM (ΩT ), and using (2.3), we obtain

−〈G, ϕ〉V ′M ,VM
= Λ̃(∇ϕ) =

ˆ
ΩT

F · ∇ϕdx dt,

which proves (2.1) and shows that G = divF in the sense of distributions. It remains to prove the
minimizing property: the field constructed above satisfies ‖F‖Lp′ (ΩT ) = ‖G‖V ′M , so the infimum in (2.2)

is at most ‖G‖V ′M . Conversely, let H ∈ Lp′(ΩT ;Rn) be any vector field such that G = divH. Then, for

every ϕ ∈ VM (ΩT ), Hölder’s inequality gives

|〈G, ϕ〉| =
∣∣∣∣ˆ

ΩT

H · ∇ϕdx dt
∣∣∣∣ ≤ ‖H‖Lp′ (ΩT )‖∇ϕ‖Lp(ΩT ) = ‖H‖Lp′ (ΩT )‖ϕ‖VM

.

Then, we obtain ‖G‖V ′M ≤ ‖H‖Lp′ (ΩT ), and taking the infimum over all admissible fields H concludes the

proof of (2.2). �
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The Moring–Scheven space and capacity. The authors of [MS] consider the already introduced
parabolic energy space

WM (ΩT ) :=
{
u ∈ VM (ΩT ) ∩ L∞(0, T ;L2(Ω)) : ∂tu ∈ V ′M (ΩT )

}
,

endowed with the homogeneous norm (1.3). The quantity we are going to minimize in (2.5) and (2.6), see
[MS, Definition 3.5 and Remark 3.6], is the nonhomogeneous energy

EM (u) := ‖∇u‖pLp(ΩT ) + ‖u‖2L∞(0,T ;L2(Ω)) + ‖∂tu‖p
′

V ′M (ΩT ).

Corollary 2.2. Let u ∈WM (ΩT ), and let F ∈ Lp′(ΩT ;Rn) be the norm-minimizing vector field provided
by Lemma 2.1. If either EM (u) ≤ 1 or ‖u‖WM

≤ 1, thenˆ
ΩT

(
|∇u|p + |F |p

′
)
dx dt ≤ 1.

Proof. Using that ∂tu = divF in the sense of distributions, and that ‖F‖Lp′ (ΩT ) = ‖∂tu‖V ′M , the statement

follows by elementary inequalities. �

Let

(2.4) D := C∞c (Ω× R)|ΩT
.

This space was first considered in [DPP, Definition 2.10]. Note that compactness is imposed in the spatial
variable inside Ω, while a function in D is not required to vanish near t = 0 or t = T . For a compact set
K b ΩT , define

(2.5) capM (K; ΩT ) := inf {EM (ϕ) : ϕ ∈ D , ϕ ≥ χK in ΩT } ,
where χK denotes the characteristic function of K. For an open set U ⊂ ΩT and an arbitrary E ⊂ ΩT , set

(2.6) capM (U ; ΩT ) := sup
KbU

capM (K; ΩT ), capM (E; ΩT ) := inf
U⊃E
U open

capM (U ; ΩT );

we write simply capM (E) when the reference cylinder is clear. This is the variational capacity of [MS,
Definition 3.5]. Starting from an open set U ⊂ ΩT , it will be useful to define also

ĉapM (U) := inf
{
‖ϕ‖WM (ΩT ) : ϕ ∈WM (ΩT ), ϕ ≥ χU a.e. in ΩT

}
,

c̃apM (U) := inf {EM (ϕ) : ϕ ∈WM (ΩT ), ϕ ≥ χU a.e. in ΩT } ,

with the same extension properties for Borel sets as in (2.6).

The Droniou–Porretta–Prignet space and capacity. Let

VD(Ω) := W 1,p
0 (Ω) ∩ L2(Ω), VD(Ω)′ := (W 1,p

0 (Ω) ∩ L2(Ω))′.

The space considered by the authors of [DPP] is

WD(ΩT ) :=
{
u ∈ Lp(0, T ;VD(Ω)) : ∂tu ∈ Lp

′
(0, T ;VD(Ω)′)

}
,

with norm
‖u‖WD

:= ‖u‖Lp(0,T ;VD(Ω)) + ‖∂tu‖Lp′ (0,T ;VD(Ω)′).

They also consider the space

W̃D(ΩT ) :=
{
u ∈ Lp(0, T ;W 1,p

0 (Ω)) ∩ L∞(0, T ;L2(Ω)) : ∂tu ∈ Lp
′
(0, T ;W−1,p′(Ω))

}
.

Thus, with the present notation

(2.7) W̃D(ΩT ) = WM (ΩT ).

Lemma 2.3 (Continuous embedding). The embedding WM (ΩT ) ↪→ WD(ΩT ) is continuous. More
precisely,

(2.8) ‖u‖WD
≤ C(p,Ω, T )‖u‖WM

, for every u ∈WM (ΩT ).
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Proof. By Minkowski’s inequality and the finiteness of the time interval,

‖u‖Lp(0,T ;VD(Ω)) ≤ ‖u‖Lp(0,T ;W 1,p(Ω)) + ‖u‖Lp(0,T ;L2(Ω)) ≤ C‖∇u‖Lp(ΩT ) + T 1/p‖u‖L∞(0,T ;L2(Ω)).

Moreover, the continuous embedding VD(Ω) ↪→W 1,p
0 (Ω) gives, by duality, W−1,p′(Ω) ↪→ VD(Ω)′. Hence

‖∂tu‖Lp′ (0,T ;VD(Ω)′) ≤ C‖∂tu‖Lp′ (0,T ;W−1,p′ (Ω)).

Combining the estimates proves (2.8). �

There, the authors introduce two different capacities. For an open set U ⊂ ΩT ,

(2.9) capD(U) := inf
{
‖ϕ‖WD

: ϕ ∈WD(ΩT ), ϕ ≥ χU a.e. in ΩT
}
,

and for a Borel set B,

(2.10) capD(B) := inf
{

capD(U) : B ⊂ U, U open
}
.

They also define, for compact K b ΩT ,

CAPD(K) := inf
{
‖ϕ‖WD

: ϕ ∈ D , ϕ ≥ χK in ΩT
}
,

with the corresponding inner–outer extension to open and Borel sets, as in (2.6). For our purposes, we
will use only the first notion of parabolic capacity; however, in the next result we shall present both for
the sake of completeness.

Equivalence of polar sets. The capacities just introduced should not be identified pointwise. We only
need the equivalence of their negligible sets.

Proposition 2.4 (Equivalence at the level of polar sets). For every Borel set E ⊂ ΩT ,

(2.11) ĉapM (E) = 0 ⇐⇒ capM (E) = 0 ⇐⇒ capD(E) = 0 ⇐⇒ CAPD(E) = 0.

Proof. The equivalence
capD(E) = 0 ⇐⇒ CAPD(E) = 0

is [DPP, Proposition 2.14]. By [DPP, Remark 2.18], replacing WD by the space W̃D in the definitions
(2.9) and (2.10) does not change the polar sets. In view of (2.7), this shows the equivalence of polar sets
between capD and ĉapM . It remains to compare this latter capacity with capM . In [MS, Lemmas A.3, A.6]
it is shown that

(2.12) c̃apM (E) ≤ capM (E) ≤ c(n, p) c̃apM (E).

Moreover, if

A(v) := ‖∇v‖Lp(ΩT ), B(v) := ‖∂tv‖V ′M , C(v) := ‖v‖L∞(0,T ;L2(Ω)),

then
EM (v) = A(v)p +B(v)p

′
+ C(v)2, ‖v‖WM

= A(v) +B(v) + C(v),

making obvious the equivalence of negligible sets between c̃apM and ĉapM . This fact, combined with
(2.12), concludes the proof. �

Quasi-continuous representatives. A function is capD-quasi-continuous if, for every ε > 0, there
exists an open set Uε ⊂ ΩT with capD(Uε) < ε such that the function is continuous on ΩT \ Uε. By
Proposition 2.4, the expression “quasi everywhere” is independent of the chosen capacity among those in
(2.11).

Theorem 2.5. For every u ∈WD(ΩT ) there exists a function ũ such that

ũ = u Ln+1-a.e. in ΩT ,

ũ is capD-quasi-continuous, and it is unique capD-quasi everywhere among the quasi-continuous represen-
tatives of the same Lebesgue equivalence class. Moreover, if uj → u strongly in WD(ΩT ), then there exists
a subsequence such that

ũjk → ũ capD -quasi everywhere in ΩT .
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Proof. This is the content of [DPP, Lemmas 2.20–2.21]. �

Since WM ↪→WD continuously and the polar sets coincide, every u ∈WM has a representative uniquely
determined capM -quasi everywhere.

Lemma 2.6 (Linearity of quasi-continuous representatives). Let u, v ∈WD(ΩT ) and α ∈ R. Then

ũ+ v = ũ+ ṽ, α̃u = αũ,

capD-quasi everywhere in ΩT .

Proof. Fix ε > 0. There are open sets Aε and Bε with

capD(Aε) <
ε

2
, capD(Bε) <

ε

2
,

such that ũ and ṽ are continuous outside the corresponding sets. By [DPP, Proposition 2.8], we have
capD(Aε ∪Bε) < ε, and ũ+ ṽ is continuous on the complement. Hence, ũ+ ṽ is capD-quasi-continuous.
Moreover,

ũ+ ṽ = u+ v, Ln+1 almost everywhere,

and then ũ+ ṽ is a quasi-continuous representative of the Lebesgue class u+v. Uniqueness in Theorem 2.5
gives the first identity and the proof for scalar multiplication is identical. �

3. Preliminary results

In this section we fix the notation we will use throughout this article and present some preliminary
results leading up to the proof of Theorem 1.2.

For an integrable function v and a measurable set A ⊂ Rn with positive and finite Lebesgue measure,
denoted by Ln(A) or |A|, we write

(v)A :=

ˆ
A

v dx :=
1

|A|

ˆ
A

v dx.

Positive constants, possibly varying from line to line, will be denoted by c, c̃, C, C0, C0, C1 or C2. Relevant
dependencies will be indicated between parentheses when needed.

The first result we need is an extension lemma for functions belonging to the class WM (ΩT ) and the
corresponding vector field of Lemma 2.1. For R > 0, we set

IR := (−Rp, T +Rp).

Lemma 3.1. Let R > 0 and let u ∈WM (ΩT ). There exists an extension u to Ω× IR such that u = u on
ΩT ,

u ∈ Lp(IR;W 1,p
0 (Ω)) ∩ L∞(IR;L2(Ω)), ∂tu ∈ Lp

′
(IR;W−1,p′(Ω)),

and

(3.1) ‖u‖Lp(IR;W 1,p(Ω)) + ‖u‖L∞(IR;L2(Ω)) + ‖∂tu‖Lp′ (IR;W−1,p′ (Ω)) ≤ C(R, T )‖u‖WM
.

If F ∈ Lp′(ΩT ;Rn) satisfies ∂tu = divF , then the extension can be chosen together with a vector field F
satisfying

∂tu = divF in Ω× IR, ‖F‖Lp′ (Ω×IR) ≤ C(R, T )‖F‖Lp′ (ΩT ).

Proof. By Lemma 2.3 and the Lions-Magenes time-continuity theorem (see [DPP, Remark 2.2]), u has
a representative in the space C([0, T ];L2(Ω)). Reflect u evenly first across t = 0 and then across t = T .
At each gluing time the two L2 traces coincide, so the gluing lemma [MS, Lemma 2.21] shows that the
reflected function remains in the same parabolic space. Repeating the construction finitely many times
gives an extension to IR. The number of copies depends only on R and T , which yields (3.1).

On a reflected copy of (0, T ), define F by reflecting F and multiplying it by the sign of the time
reflection. For example, on (−T, 0), u(t) = u(−t), F (t) = −F (−t). Then ∂tu = divF . Observe that,
since u ∈ C([0, T ];L2(Ω)), the matching L2-traces prevent the formation of Dirac masses in the weak
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temporal derivative, ensuring that the equation holds in the distributional sense across the gluing times.
The same rule applies at each successive reflection, and the norm estimate follows from the finite number
of copies. �

The following results include two Poincaré-type inequalities and will be useful for the estimates in the
next section. In fact, it will be necessary to distinguish between cylinders entirely contained within the
initial domain and cases in which they extend beyond it.

Lemma 3.2 (Interior parabolic Poincaré inequality). Let z = (x, t) and let Qr,rp(z) ⊂ Ω× IR. Suppose
that v ∈ Lp(t− rp, t+ rp;W 1,p(Br(x))) and that ∂tv = divF in the sense of distributions in Qr,rp(z), with
F ∈ L1(Qr,rp(z);Rn). Then

(3.2)

ˆ
Qr,rp (z)

|v − (v)Qr,rp (z)|p dx dt ≤ Crp
ˆ
Qr,rp (z)

|∇v|p dx dt+ C

(
rp−1

ˆ
Qr,rp (z)

|F | dx dt

)p
.

Proof. The proof follows that of [MS, Corollary 5.2], after translating the notation of that paper into
Qr,rp(z). Indeed, although [MS, Corollary 5.2] is stated for functions with zero trace on the boundary
of the spatial ball, the same boundary condition is not used. The only spatial ingredient is the usual
averaged Poincaré’s inequality. �

Lemma 3.3 (Boundary Poincaré inequality). There exists C = C(n, p,Ω) > 0 such that, if x ∈ Ω, r > 0
and

dist(x, ∂Ω) := inf
y∈∂Ω

|x− y| ≤ r,

then

(3.3)

ˆ
Br(x)∩Ω

|v|p dξ ≤ Crp
ˆ
B5r/4(x)∩Ω

|∇v|p dξ

for every v ∈ C∞c (Ω).

Proof. Let v̂ ∈ C∞c (Rn) denote the zero extension of v outside Ω. Choose y ∈ ∂Ω such that

|x− y| = dist(x, ∂Ω) ≤ r,
and set

A := Br/4(y) ⊂ B := B5r/4(x).

Since Ω is Lipschitz, its complement Rn \ Ω is uniformly p-thick (see Remark 1.3). Hence, the boundary
Poincaré inequality [KK, Theorem 3.7], applied to the ball A, gives

(3.4) ‖v̂‖Lp(A) ≤ Cr‖∇v̂‖Lp(A).

By the standard Poincaré inequality on B, we have

(3.5) ‖v̂ − (v̂)B‖Lp(B) ≤ Cr‖∇v̂‖Lp(B).

Moreover,

|(v̂)B − (v̂)A| =
∣∣∣∣ˆ
A

(
(v̂)B − v̂

)
dξ

∣∣∣∣ ≤ |A|−1/p‖v̂ − (v̂)B‖Lp(A) ≤ |A|−1/p‖v̂ − (v̂)B‖Lp(B).

Also, by Hölder’s inequality,

|(v̂)A| ≤ |A|−1/p‖v̂‖Lp(A).

Consequently,

|B|1/p|(v̂)B | ≤ |B|1/p (|(v̂)B − (v̂)A|+ |(v̂)A|) ≤
(
|B|
|A|

)1/p (
‖v̂ − (v̂)B‖Lp(B) + ‖v̂‖Lp(A)

)
.

Since
|B|
|A|

=
|B5r/4(x)|
|Br/4(y)|

= 5n,
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the preceding estimate and (3.5) imply

(3.6) |B|1/p|(v̂)B | ≤ Cr‖∇v̂‖Lp(B) + C‖v̂‖Lp(A).

Using Minkowski’s inequality, once more (3.5) and then (3.6), we obtain

‖v̂‖Lp(B) ≤ ‖v̂ − (v̂)B‖Lp(B) + |B|1/p|(v̂)B | ≤ Cr‖∇v̂‖Lp(B) + C‖v̂‖Lp(A).

The boundary estimate (3.4), together with A ⊂ B, therefore yields

‖v̂‖Lp(B) ≤ Cr‖∇v̂‖Lp(B) + Cr‖∇v̂‖Lp(A) ≤ Cr‖∇v̂‖Lp(B).

Raising this inequality to the power p, we get

(3.7)

ˆ
B

|v̂|p dξ ≤ Crp
ˆ
B

|∇v̂|p dξ.

Finally, Br(x) ⊂ B and, by the definition of the zero extension,

v̂ = v a.e. in Ω, ∇v̂ = χΩ∇v a.e. in Rn.

It follows from (3.7) thatˆ
Br(x)∩Ω

|v|p dξ ≤
ˆ
B

|v̂|p dξ ≤ Crp
ˆ
B

|∇v̂|p dξ = Crp
ˆ
B5r/4(x)∩Ω

|∇v|p dξ.

�

The next result is a density lemma for the space WM (ΩT ). Since the proof is rather technical, we
prefer to include it in the final appendix and present only the statement here.

Lemma 3.4 (Smooth density). Let Ω be a bounded Lipschitz open set and let 0 < T < ∞. Then, the
class D introduced in (2.4) is dense in WM (ΩT ) with respect to the homogeneous norm. More precisely,
for every u ∈WM (ΩT ) there exists a sequence ϕj ∈ D such that

ϕj → u in Lp(0, T ;W 1,p
0 (Ω)), ϕj → u in L∞(0, T ;L2(Ω)), ∂tϕj → ∂tu in Lp

′
(0, T ;W−1,p′(Ω)).

Morrey conditions and parabolic Hausdorff measure.

Remark 3.5 (Centers and small radii). Requiring (1.6) only for centers in ΩT is equivalent, up to a fixed
multiplicative constant, to requiring it for all centers in Rn+1. Indeed, let z0 ∈ Rn+1. If Qr,rq (z0)∩ΩT = ∅,
there is nothing to prove. Otherwise choose w ∈ Qr,rq (z0) ∩ ΩT . For every y ∈ Qr,rq (z0),

|yx − wx| < 2r, |yt − wt| < 2rq,

implying Qr,rq (z0) ⊂ Q2r,(2r)q (w). Hence, a centered Morrey estimate gives

|µ|
(
Qr,rq (z0) ∩ ΩT

)
≤M2n+q−ϑrn+q−ϑ.

Moreover, it is enough to work with small radii 0 < r ≤ 1. Indeed, suppose that an estimate

|µ|
(
Qr,rq (z) ∩ ΩT

)
≤Mrs

holds for 0 < r ≤ 1, with s ≥ 0. Then, for r > 1,

|µ|
(
Qr,rq (z) ∩ ΩT

)
≤ |µ|(ΩT ) ≤ |µ|(ΩT )rs.

Hence the estimate holds for every r > 0 after replacing M with max{M, |µ|(ΩT )}.

In the present work, the relevant range in which condition (1.6) holds is 0 ≤ ϑ ≤ n + q. Indeed, if
ϑ < 0, covering ΩT by at most Cr−(n+q) cylinders of radius r and using (1.6) give

|µ|(ΩT ) ≤ CMr−ϑ → 0 as r → 0+.

If ϑ > n+ q, a sufficiently large cylinder centered in ΩT contains the whole domain, and hence

|µ|(ΩT ) ≤Mrn+q−ϑ → 0 as r →∞.
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The endpoint ϑ = 0 corresponds to volume-type growth, whereas ϑ = n+ q gives a radius-independent
bound and allows atoms. In particular, the restriction ϑ > 1, frequently imposed in nonlinear regularity
theory, is not needed for the present measure-theoretic duality problem.

Finally, we present a result that relates the parabolic capacity of [MS] to the Hausdorff measure
associated with the metric dq, introduced in (1.5). This result is crucial for providing a good definition of
the functional associated with the measure µ and acting on the space WM (ΩT ).

Definition 3.6 (q-parabolic Hausdorff measure). Let E ⊂ Rn+1, q > 1, s ≥ 0, δ > 0 and set

Hsq,δ(E) := inf

{ ∞∑
i=1

rsi : E ⊂
∞⋃
i=1

Qri,rqi (zi), 0 < ri < δ

}
;

the s-dimensional q-parabolic Hausdorff measure of E is defined as

Hsq(E) := lim
δ→0+

Hsq,δ(E) = sup
δ>0
Hsq,δ(E).

Definition 3.7. We define the q-parabolic Hausdorff dimension of E ⊂ Rn+1 as

dimPH,q(E) := inf
{

0 ≤ s <∞ : Hsq(E) = 0
}
.

We again stress that parabolic Hausdorff measures built on peculiar values of q play an essential role in
the study of fine properties of solutions to equations as in (5.1), see [BESS].

Remark 3.8. The definition of the Hausdorff parabolic measure given in [MS, Section 5] differs slightly
from the one presented here, in terms of the permissible coverings of the set. Nevertheless, the two
measures have the same null sets and define the same Hausdorff dimension. Indeed, let Hsdq denote the

Hausdorff measure associated with the metric dq, defined by coverings with arbitrary sets and using their
dq-diameters. Since

Qr,rq (z) = Bdq (z, r) and diamdq

(
Qr,rq (z)

)
= 2r,

the cylindrical measure introduced above satisfies

2−sHsdq (E) ≤ Hsq(E) ≤ Hsdq (E)

for every E ⊂ Rn+1. In particular, when q = p, the capacity–Hausdorff comparisons of [MS, Theorem 1.2]
apply equivalently to Hsp.

Proposition 3.9 (Diffuseness with respect to capacity). Let µ be a finite signed Radon measure satisfying
(1.6) with q = p and ϑ < p. Then

|µ| � capM

in the sense that, if E ⊂ ΩT is Borel and capM (E) = 0, then |µ|(E) = 0. Consequently, µ+, µ−, and µ
also vanish on every capM -polar Borel set.

Proof. Set s := n+ p− ϑ > n. Fix δ > 0 and let

E ⊂
⋃
i

Qri,rpi (zi), 0 < ri < δ,

be a countable covering. By Remark 3.5, we can choose wi ∈ E ∩Qri,rpi (zi) such that

Qri,rpi (zi) ⊂ Q2ri,(2ri)p(wi).

The centers wi belong to ΩT , so the Morrey estimate gives

|µ|(E) ≤
∑
i

|µ|
(
Q2ri,(2ri)p(wi) ∩ ΩT

)
≤ 2sM

∑
i

rsi ;

taking the infimum over all coverings and letting δ → 0+ yields

(3.8) 0 ≤ |µ|(E) ≤ 2sMHsp(E).
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Since the complement of a Lipschitz domain is uniformly p-thick, the hypotheses of [MS, Theorem 1.2]
are satisfied, implying that

capM (E) = 0 =⇒ Hσp (E) = 0, for every σ > n.

Applying this with σ = s and using (3.8) proves the claim. Finally, for every Borel set E one has
0 ≤ µ±(E) ≤ |µ|(E), and then |µ(E)| = 0 as well. Hence µ+, µ−, and µ also vanish on all capM -polar
Borel sets. �

4. Proof of the main results

With the preliminary results from the previous section in hand, we are ready to prove the main result
of this work. The proof combines parabolic capacity theory with a quantitative covering argument. We
first consider the case q = p, namely we assume that (1.6) holds on the (r, rp)-cylinders with ϑ < p. Once
the duality result has been established in this setting, the corresponding conclusion on (r, rq)-cylinders
follows immediately by comparison with parabolic ones.

The strategy of the proof for the case q = p. We first consider smooth functions ϕ with ‖ϕ‖WM
≤ 1

and write ∂tϕ = divF , with F ∈ Lp′ : a suitable reflection in time preserves this identity and allows us to
work on complete parabolic cylinders, including those crossing the temporal endpoints.

A dyadic argument based on the interior Poincaré inequality, completed by the boundary inequality
when necessary, associates with each point of a superlevel set a cylinder carrying a sufficiently large amount
of energy. The condition ϑ < p ensures convergence of the geometric series arising in this argument. A
Vitali covering and the Morrey bound then yield

|µ|
(
{|ϕ| > λ}

)
≤ Cλ−min{p,p′}, λ ≥ 1.

Since min{p, p′} > 1, integration over the level sets gives the desired L1(d|µ|) estimate, and homogeneity
removes the normalization. Finally, strong approximation in WM , together with quasi-continuity and
the fact that |µ| vanishes on polar sets, yields convergence almost everywhere with respect to |µ| along a
subsequence. Fatou’s lemma extends the estimate to all u ∈WM (ΩT ).

Proof of Theorem 1.2 for the case q = p. We divide the proof into three steps.

Step 1: estimate for smooth functions. Let ϕ ∈ D and assume first that ‖ϕ‖WM
≤ 1. By

Lemma 2.1, there exists F ∈ Lp
′
(ΩT ;Rn) such that ∂tϕ = divF in the sense of distributions, with

‖F‖Lp′ (ΩT ) = ‖∂tϕ‖V ′M . In view of Lemma 2.2 we have
ˆ

ΩT

(
|∇ϕ|p + |F |p

′
)
dx dt ≤ 1;

hence, applying Hölder’s and the slice-wise Poincaré inequalities also givesˆ
ΩT

|ϕ| dx dt ≤ |ΩT |1/p
′
CP (Ω)‖∇ϕ‖Lp(ΩT ) ≤ C0,

where CP (Ω) > 0 denotes the Poincaré constant of Ω. We now extend the function on the time variable,
by applying Lemma 3.1. For a fixed r ≥ 1, the number N(r) of reflected copies of (0, T ) needed to cover
I2r := (−(2r)p, T + (2r)p) satisfies N(r) ≤ Crp. Therefore, the reflected extension satisfies

(4.1)

ˆ
Ω×I2r

|ϕ| dx dt ≤ C1r
p,

for a new constant C1 > 0 depending only on p,Ω, T . Since |Qr,rp | = cnr
n+p, we may fix a structural

radius r0 = r0(n, p,Ω, T ) ≥ 1 so large that

(4.2)
C1r

p
0

|Qr0,rp0 |
=

C1

cnrn0
≤ 1

4
.
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We now apply the reflection lemma 3.1 to ϕ and F , with R = 2r0 and set

I∗ :=
(
−(2r0)p, T + (2r0)p

)
, Ω∗ := Ω× I∗;

in particular, ϕ ∈WM (Ω∗), F ∈ Lp
′
(Ω∗;Rn) and ∂tϕ = divF continues to hold in the sense of distributions.

Moreover, each spatial slice ϕ(·, t) belongs to C∞c (Ω), and by (4.1)

(4.3)

ˆ
Ω∗

|ϕ| dx dt ≤ C1r
p
0 ,

ˆ
Ω∗

|G| dx dt :=

ˆ
Ω∗

(
|∇ϕ|p + |F |p

′
)
dx dt ≤ C2,

where C1 = C1(p,Ω, T ), C2 = C2(T, r0) > 0 are structural constants. If z = (x, t) ∈ ΩT satisfies
dist(x, ∂Ω) ≥ r0, then Qr0,rp0 (z) ⊂ Ω∗ and, by (4.2) and (4.3) we get

(4.4)

ˆ
Qr0,r

p
0

(z)

|ϕ| dx dt ≤ 1

|Qr0,rp0 |

ˆ
Ω∗

|ϕ| dx dt ≤ C1r
p
0

|Qr0,rp0 |
≤ 1

4
.

A temporal extension is necessary because a parabolic cylinder centered at z = (x, t) ∈ ΩT need not be
contained in the original time interval. Replacing the cylinder by Qr,rp(z) ∩ΩT would not permit a direct
application of the interior Poincaré inequality (3.2), which is formulated on complete cylinders. Moreover,
extending ϕ by zero in time is not suitable because

∂t
(
χ(0,T )ϕ

)
= χ(0,T )∂tϕ+ ϕ(·, 0)δ{t=0} − ϕ(·, T )δ{t=T},

so that artificial Dirac masses appear at the temporal endpoints. Extending F by zero would not produce
the corresponding terms, since the divergence acts only in the spatial variables.

Fix λ ≥ 1 and z = (x, t) ∈ Eλ(ϕ) := {z ∈ ΩT : ϕ(z) > λ}, and set

dz := dist(x, ∂Ω) %z := min{r0, dz}.

We claim that there exists rz ∈ (0, 5r0/4] such that

(4.5)
1

|Qrz,rpz |

ˆ
Qrz,r

p
z

(z)∩Ω∗

Gdxdt > c0 min{λp, λp
′
} r−ϑz ,

where c0 > 0 is chosen below, sufficiently small in terms of the structural data. Suppose first that

(4.6)

ˆ
Qr,rp (z)

Gdxdt ≤ c0 min{λp, λp
′
} r−ϑ for every 0 < r ≤ %z.

Set rk := 21−k%z for k ∈ N, and for r ∈ (0, %z] choose m ∈ N such that rm+1 < r ≤ rm. From now on, we
set for brevity

(ϕ)r = (ϕ)Qr,rp (z), (ϕ)r0 = (ϕ)Qr0,r
p
0

(z), (ϕ)z = (ϕ)Q%z,%
p
z

(z), (ϕ)k = (ϕ)Qrk,r
p
k

(z).

From the telescopic expansion

(ϕ)r − (ϕ)z = (ϕ)r − (ϕ)m +

m−1∑
k=1

[(ϕ)k+1 − (ϕ)k] ,

we can use elementary estimates and Hölder’s inequality to obtain

|(ϕ)r − (ϕ)z| ≤ C
m∑
k=1

(ˆ
Qrk,r

p
k

(z)

|ϕ− (ϕ)k|p dx dt
)1/p

≤ C
∞∑
k=1

(ˆ
Qrk,r

p
k

(z)

|ϕ− (ϕ)k|p dx dt
)1/p

.

Letting r → 0+ and using the smoothness of ϕ at z, we get

(4.7) |ϕ(z)− (ϕ)z| ≤ C
∞∑
k=1

(ˆ
Qrk,r

p
k

(z)

|ϕ− (ϕ)k|p dx dt
)1/p

.
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For 0 < r ≤ %z, the cylinder Qr,rp(z) is contained in Ω∗. Lemma 3.2, Hölder’s inequality, and (4.6) hence
yield(ˆ

Qrk,r
p
k

(z)

|ϕ− (ϕ)k|p dx dt
)1/p

≤ Crk
(ˆ

Qrk,r
p
k

(z)

|∇ϕ|p dx dt
)1/p

+ Crk
p−1

(ˆ
Qrk,r

p
k

(z)

|F |p
′
dx dt

)1/p′

≤ Cc1/p0 min
{
λ, λ1/(p−1)

}
r

(p−ϑ)/p
k + Cc

1/p′

0 min
{
λp−1, λ

}
r

(p−ϑ)/p′

k

≤ Cλ
[
c
1/p
0 r

(p−ϑ)/p
k + c

1/p′

0 r
(p−ϑ)/p′

k

]
.

Inserting this bound in (4.7), we observe that both dyadic series converge, because ϑ < p and ρz ≤ r0. At
this point, c0 can be chosen small enough, independently of ϕ, z and λ, so that

(4.8) |ϕ(z)− (ϕ)z| ≤
λ

4
.

If %z = r0, then every cylinder in the dyadic chain up to the scale r0 is spatially contained in Ω∗, and by
(4.4) we get ϕ(z) ≤ λ/2, contradicting z ∈ Eλ(ϕ). Hence, in this case, some radius rz ∈ (0, r0] must satisfy
(4.5). If %z = dz, the dyadic argument leading to (4.8) is still valid up to the terminal scale dz, but it
cannot in general be continued from dz to r0: for r > dz, the ball Br(x) crosses the spatial boundary, and
the identity ∂tϕ = divF is known only in Ω∗. This is precisely where the boundary Poincaré inequality
(3.3) is needed. Combining (4.8) with ϕ(z) > λ implies |(ϕ)z| > 3λ/4 and, by Jensen’s inequality

(4.9)

(
3λ

4

)p
<

ˆ
Q%z,%

p
z

(z)

|ϕ|p dx dt.

For almost every s ∈ (t− %pz, t+ %pz), Lemma 3.3 applies to ϕ(·, s), with r = %z. Integrating in time and
using

B5%z/4(x)× (t− %pz, t+ %pz) ⊂ Q5%z/4,(5%z/4)p(z),

we obtain ˆ
Q%z,%

p
z

(z)

|ϕ|p dx dt ≤ C%pz
ˆ
Q5%z/4,(5%z/4)p (z)∩Ω∗

|∇ϕ|p dx dt.

Combining this with (4.9) gives

(4.10)
1

|Q5%z/4,(5%z/4)p |

ˆ
Q5%z/4,(5%z/4)p (z)∩Ω∗

Gdxdt ≥ cλp%−pz .

Since %z ≤ r0 and ϑ < p,

%−pz ≥ r
ϑ−p
0 %−ϑz ,

and then inequality (4.10) can be written as

(4.11)
1

|Q5%z/4,(5%z/4)p |

ˆ
Q5%z/4,(5%z/4)p (z)∩Ω∗

Gdxdt ≥ crϑ−p0 min{λp, λp
′
}%−ϑz .

After decreasing c0 once more, (4.11) implies (4.5) with rz = 5%z/4 = 5dz/4 ≤ 5r0/4. The claim is proved
in all cases.

It follows that every z ∈ Eλ(ϕ) determines a radius 0 < rz ≤ 5r0/4 for which

(4.12) rn+p−ϑ
z ≤ C

min{λp, λp′}

ˆ
Qrz,r

p
z

(z)∩Ω∗

Gdxdt.

The family {Qrz,rpz (z)} covers the open set Eλ(ϕ). By the Vitali covering lemma for the metric dp, there
is a countable pairwise disjoint subfamily {Qi} := {Qri,rpi (zi)}i∈N such that

Eλ(ϕ) ⊂
⋃
i

Q5ri,(5ri)p(zi),
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and where every center zi lies in Eλ(ϕ) ⊂ ΩT . Hence the Morrey condition (1.6) for q = p, (4.12) and the
pairwise disjointness of the cylinders yield

|µ|(Eλ(ϕ)) ≤
∑
i

|µ|
(
Q5ri,(5ri)p(zi) ∩ ΩT

)
≤CM

∑
i

rn+p−ϑ
i

≤ C

min{λp, λp′}
∑
i

ˆ
Qi∩Ω∗

Gdxdt ≤ C

min{λp, λp′}

ˆ
Ω∗

Gdxdt,

where C = C(n, p,Ω, T, ϑ,M). Notice that the dilated cylinders need not be contained in Ω∗: they are
used only in the Morrey estimate. By repeating the same argument with −ϕ and −F in place of ϕ and F ,
we obtain

(4.13) |µ|(Eλ(|ϕ|)) = |µ|({|ϕ| > λ}) ≤ C

min{λp, λp′}

ˆ
Ω∗

Gdxdt.

By Cavalieri’s principle, (4.3), and (4.13), and since p, p′ > 1, we finally get∣∣∣∣ˆ
ΩT

ϕd|µ|
∣∣∣∣ ≤ ˆ

ΩT

|ϕ| d|µ| =
ˆ ∞

0

|µ|({|ϕ| > λ}) dλ ≤ |µ|(ΩT )+C

(ˆ
Ω∗

Gdxdt

)ˆ ∞
1

1

λmin{p,p′} dλ ≤ C.

Once again, we highlight the fact that C = C(n, p,Ω, T, ϑ,M, |µ|(ΩT )) and it does not depend on ϕ. By
homogeneity, we infer that (1.7) holds for every ϕ ∈ D .

Step 2: passage to general functions. Let u ∈ WM (ΩT ). By Lemma 3.4, choose a sequence
ϕj ∈ D such that

ϕj → u strongly in WM (ΩT ).

Lemma 2.3 gives strong convergence in WD. By Theorem 2.5, after passing to a (not relabeled) subsequence,

ϕj → ũ capD -quasi everywhere,

and by Proposition 2.4, the convergence also holds capM -quasi everywhere. Proposition 3.9 therefore gives

ϕj → ũ |µ|-almost everywhere.

Fatou’s lemma and the above estimate for smooth functions implyˆ
ΩT

|ũ| d|µ| ≤ lim inf
j→∞

ˆ
ΩT

|ϕj | d|µ| ≤ C lim inf
j→∞

‖ϕj‖WM
= C‖u‖WM

.

This proves (1.7) via the triangle inequality for integrals for every ϕ ∈WM (ΩT ).

Step 3: well-definedness and linearity. From the previous step, ũ ∈ L1(ΩT , |µ|), and we may
formally define

Lµ(u) :=

ˆ
ΩT

ũ dµ, L|µ|(u) :=

ˆ
ΩT

ũ d|µ|.

The definitions are independent of the quasi-continuous representative. Indeed, if ũ1 and ũ2 are two
quasi-continuous representatives of the same Lebesgue class, then

ũ1 = ũ2 capD -quasi everywhere,

hence also capM -quasi everywhere and finally |µ|-almost everywhere, in view of Proposition 3.9. Thus,
the functionals are well defined. Lemma 2.6 gives

ũ+ v = ũ+ ṽ, α̃u = αũ

|µ|-almost everywhere, so L|µ| is linear. The same arguments apply to Lµ. �
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Proof on general (r, rq)-cylinders. By Remark 3.5, it is enough to work with 0 < r ≤ 1. Assuming first
that q ≤ p, we have rp ≤ rq, and therefore Qr,rp(z) ⊂ Qr,rq (z). Hence

|µ|
(
Qr,rp(z) ∩ ΩT

)
≤Mrn+q−ϑ = Mrn+p−ϑp , ϑp := p− q + ϑ.

The condition ϑ < q is equivalent to ϑp < p. If q > p, the time interval of Qr,rp(z) has length 2rp and can
be covered by at most N(r) ≤ Crp−q intervals of length 2rq. Therefore Qr,rp(z) can be covered by at
most Crp−q cylinders Qr,rq (zj) with the same spatial radius. Using (1.6),

|µ|
(
Qr,rp(z) ∩ ΩT

)
≤ Crp−qMrn+q−ϑ = CMrn+p−ϑ.

The conclusion follows by the case q = p. Observe that, by Remark 3.5, the Morrey condition could also
be applied to the shifted centers zj ∈ Rn+1 \ ΩT , at the cost of a fixed structural constant. �

Remark 4.1 (Sharpness of the Morrey threshold). The strict condition ϑ < min{p, q} cannot be relaxed
in general when q ≥ p. Indeed, let p = n ≥ 2, x0 ∈ Ω and let J b (0, T ) be an open and nondegenerate
(i.e. with positive Lebesgue measure) interval. Define the product measure

µ := δx0
⊗ L1xJ.

Then µ is a finite and positive Radon measure and, for every z = (x, t) ∈ ΩT , every r > 0 and q > 1,

µ
(
Qr,rq (z) ∩ ΩT

)
= δx0

(
Br(x) ∩ Ω

)
L1
(
J ∩ (t− rq, t+ rq)

)
≤ 2rq.

In particular, for the parabolic scale q = p, since p = n, we have that µ satisfies the parabolic Morrey
condition at the endpoint ϑ = p. More generally, if q ≥ p, then µ satisfies the Morrey condition on
(r, rq)-cylinders with ϑ = p = min{p, q}. Nevertheless,

µ /∈W ′M (ΩT ).

Indeed, it is classical that a point has zero relative elliptic n-capacity: capell
n ({x0}; Ω) = 0; see, for instance,

[EG, Chapter 4]. By [DPP, Theorem 2.16],

capD({x0} × J) = 0.

Let J0 b J be a compact nondegenerate interval. By monotonicity and Proposition 2.4,

capM ({x0} × J0) = 0.

On the other hand,

µ({x0} × J0) = L1(J0) > 0.

Lemma 4.2 therefore implies that µ /∈ W ′M (ΩT ). Thus the endpoint ϑ = min{p, q} may fail for every
q ≥ p. When 1 < q < p, the sufficient condition furnished by the main theorem is ϑ < q, but the preceding
example does not rule out the endpoint ϑ = q. We therefore make no sharpness claim in this regime.

Lemma 4.2 (positive dual measures do not charge polar compact sets). Let µ be a finite and positive
Radon measure which defines an element of W ′M (ΩT ). Then

capM (K) = 0 =⇒ µ(K) = 0,

for every compact set K b ΩT .

Proof. If capM (K) = 0, there exist a sequence ϕj ∈ D such that ϕj ≥ χK in ΩT , and EM (ϕj) → 0. In
particular, ϕj ≥ 0 in ΩT , ϕj ≥ 1 on K and by Proposition 2.4, also ‖ϕj‖WM

→ 0. Hence, by positivity

0 ≤ µ(K) ≤
ˆ

ΩT

ϕj dµ ≤ ‖µ‖W ′M ‖ϕj‖WM
→ 0.

�
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Proof of Proposition 1.4. To prove the first assertion, by Definition 3.7 of parabolic Hausdorff dimension,
we have Hnp (E) = 0 and consequently capM (E) = 0, by [MS, Theorem 1.2]. If λ were a finite and positive
Radon measure in W ′M (ΩT ), then Lemma 4.2 would give λ(E) = 0. Since sptλ ⊂ E, this implies λ = 0.

For the second assertion, if dimPH,p(E) > n, we may choose

n < s < min{dimPH,p(E), n+ p},

and then Hsp(E) > 0. Since E, endowed with the restriction of dp, is a compact metric space, Frostman’s
lemma [PM, Theorem 8.17] implies existence of a nonzero Radon measure λE , supported on E, such that

λE
(
Qr,rp(z)

)
≤ Crs for z ∈ ΩT , r > 0.

Setting ϑ := n+ p− s, we have

λE
(
Qr,rp(z) ∩ ΩT

)
≤ λE

(
Qr,rp(z)

)
≤ Crn+p−ϑ, 0 < ϑ < p;

Theorem 1.2 therefore gives λE ∈W ′M (ΩT ). �

The supercritical case. Here we show that in the range 2n
n+2 ≤ p < ∞ one can avoid the density

argument of Lemma 3.4 and prove the duality estimate directly on WD(ΩT ). Indeed, Sobolev embedding

gives W 1,p
0 (Ω) ↪→ L2(Ω), and therefore WD(ΩT ) and{

u ∈ Lp(0, T ;W 1,p
0 (Ω)) : ∂tu ∈ Lp

′
(0, T ;W−1,p′(Ω))

}
are Banach spaces with equivalent norms. Moreover, [MS, Lemma 2.19] gives

‖u‖2L∞(0,T ;L2(Ω)) ≤ 2‖∂tu‖Lp′ (0,T ;W−1,p′ (Ω))‖u‖Lp(0,T ;W 1,p(Ω)) +
C

T 2/p
‖u‖2Lp(0,T ;W 1,p(Ω)).

Consequently, WD(ΩT ) = WM (ΩT ) as Banach spaces, with equivalent norms. The covering argument of
Theorem 1.2 can therefore be run with the WD-norm, giving for every ϕ ∈ D∣∣L|µ|(ϕ)

∣∣ =

∣∣∣∣ˆ
ΩT

ϕd|µ|
∣∣∣∣ ≤ C‖ϕ‖WD

.

If u ∈WD(ΩT ), then [DPP, Theorem 2.11] replaces Lemma 3.4, providing a sequence ϕj ∈ D such that

ϕj → u strongly in WD(ΩT ).

Arguing exactly as in the proof of Theorem 1.2, we infer that the same convergence, up to subsequences,
holds |µ|-almost everywhere, and we conclude again by means of Fatou’s Lemma. Thus the density of D
in WM is not needed in this range.

5. Applications to parabolic equations

One of the main applications of Theorem 1.2 concerns the theory of existence and uniqueness of
solutions to the Cauchy-Dirichlet problem

(5.1)


∂tu− div a(x, t,∇u) = µ in ΩT ,

u = 0 on ∂Ω× (0, T ),

u(0) = u0 in Ω,

where Ω ⊂ Rn is a bounded domain with Lipschitz boundary and ΩT := Ω× (0, T ). µ is a finite signed
Radon measure on ΩT and a : Ω × (0, T ) × Rn → Rn is a Carathéodory vector field, i.e., the map
(x, t) 7→ a(x, t, ξ) is measurable for every fixed ξ ∈ Rn, and ξ → a(x, t, ξ) is continuous on Rn for almost
every (x, t) ∈ ΩT . We assume that a(x, t, ξ) satisfies for 1 < p <∞ the following assumptions:

(5.2)


〈a(x, t, ξ), ξ〉 ≥ α|ξ|p − b(x, t)p′ ,

|a(x, t, ξ)| ≤ β
[
b(x, t) + |ξ|p−1

]
,

〈a(x, t, ξ)− a(x, t, η), ξ − η〉 > 0 if ξ 6= η,
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for almost every (x, t) ∈ ΩT and every ξ, η ∈ Rn. Here, α, β > 0 and 0 ≤ b ∈ Lp′(ΩT ); these assumptions, in
particular, cover the p-Laplacian case, that is the model vector field appearing in (1.1), with b(x, t) ≡ sp−1.

Under these assumptions, if µ ∈ Lp′(0, T ;W−1,p′(Ω)) and u0 ∈ L2(Ω), then (5.1) admits a unique energy
solution u ∈WM (ΩT ), see [JLL, Chapter II, Theorem 1.2 bis].

The purpose of this section is to explain what remains true for the larger class of measure data obtained
in the previous section. Indeed, notice that Lp

′
(0, T ;W−1,p′(Ω)) ↪→ W ′M (ΩT ) with strict inclusion;

therefore, existence for a general right-hand side in W ′M (ΩT ) does not follow directly from the classical
Lions theorem. The appropriate variational framework relies on the following representation. By [DPP,
Lemma 2.24 and Remark 3.3], every µ ∈W ′M (ΩT ) admits a decomposition of the form

(5.3) 〈µ, ϕ〉W ′M (ΩT ),WM (ΩT ) =

ˆ T

0

〈g1(t), ϕ(t)〉 dt−
ˆ T

0

〈∂tϕ(t), g2(t)〉 dt+

ˆ
ΩT

g3ϕdx dt,

where

g1 ∈ Lp
′
(0, T ;W−1,p′(Ω)), g2 ∈ Lp(0, T ;W 1,p

0 (Ω)), g3 ∈ Lp
′
(0, T ;L2(Ω)).

In this latter case, [DPP, Theorem 3.1 and Remarks 3.2–3.3] provide a unique variational solution, but
the solution itself need not belong to WM (ΩT ). Under decomposition (5.3), the shifted function satisfies

∂t(u− g2) = div a(x, t,∇u) + g1 + g3 ∈ Lp
′
(0, T ;W−1,p′(Ω)) + Lp

′
(0, T ;L2(Ω)),

and

u− g2 ∈ C([0, T ];L2(Ω)), (u− g2)(0) = u0 in L2(Ω),

see [DPP, Remark 3.2]. Starting from [DPP, Theorem 3.1 and Remarks 3.2–3.3], we have the following
result.

Proposition 5.1 (Variational solutions for Morrey measures). Assume that µ is a finite signed Radon
measure satisfying any of the preceding hypotheses implying µ ∈ W ′M (ΩT ), and let u0 ∈ L2(Ω). Under
hypothesis (5.2), problem (5.1) admits a unique variational solution

u ∈ Lp(0, T ;W 1,p
0 (Ω)),

with u− g2 ∈WD(ΩT ), where g2 is taken from a fixed decomposition (5.3), satisfying

−
ˆ T

0

〈∂tϕ, u〉 dt−
ˆ

Ω

u0(x)ϕ(x, 0) dx+

ˆ
ΩT

〈a(x, t,∇u),∇ϕ〉 dx dt =

ˆ
ΩT

ϕ̃ dµ,

for every ϕ ∈WM (ΩT ) such that ϕ(T ) = 0 in L2(Ω).

Proof. Theorem 3.1 of [DPP] gives existence and uniqueness for right-hand sides in W ′D(ΩT ). Remark 3.3

of the same paper states that the theorem can be formulated with right-hand side in W̃ ′D(ΩT ) and test

functions in W̃D(ΩT ). Since W̃D = WM , it applies to the present datum. The measure acts through the
quasi-continuous representative by Theorem 1.2. �

The variational solution provided by Proposition 5.1 need not belong to WM (ΩT ): its relation to the
energy framework is clarified by the preceding decomposition. In general, u− g2 need not belong to WM ,
because of the term g3 ∈ Lp

′
(0, T ;L2(Ω)). However, in the range p ≥ 2n

n+2 discussed in Section 4, the

embedding L2(Ω) ↪→W−1,p′(Ω) and the preceding identity imply that u− g2 ∈WM (ΩT ). If the datum

µ ∈ Lp′(0, T ;W−1,p′(Ω)), we can choose g2 = g3 = 0 in (5.3), so that the shift disappears and one recovers
the classical energy solution of [JLL].

We finally turn to renormalized solutions. For soft measure data and every u0 ∈ L1(Ω), existence
and uniqueness follow from [DPP, Theorem 1.3], extending the earlier L1 theories of Blanchard–Murat
and Prignet and the measure-data approach of Boccardo–Gallouët; see [BG, BM, P]. Following [DPP,
Definition 2.22], the class of soft measures is defined by

M0(ΩT ) :=
{
λ ∈Mb(ΩT ) : λ(E) = 0 for every Borel set E ⊂ ΩT with capD(E) = 0

}
,
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where Mb(ΩT ) denotes the space of finite signed Radon measures on ΩT . This class contains the classical
L1-data. Indeed, if f ∈ L1(ΩT ) and λ := f(x, t) dx dt, then for every open set U ⊂ ΩT and every
admissible function v in the definition of capD(U), we have

|U |1/p ≤ ‖v‖Lp(ΩT ) ≤ C‖v‖WD
.

Taking the infimum and then the outer extension gives |E|1/p ≤ C capD(E) for every Borel set E; therefore

capD(E) = 0 =⇒ Ln+1(E) = 0 =⇒ λ(E) =

ˆ
E

f dx dt = 0.

Hence L1(ΩT ) ⊂M0(ΩT ). The inclusion is strict, because soft measures may be singular with respect to
Lebesgue measure.

Proposition 5.2 (Renormalized solutions). Assume that µ is a finite signed Radon measure satisfying any
of the preceding hypotheses implying µ ∈W ′M (ΩT ). Then, under (5.2), for every u0 ∈ L1(Ω), problem (5.1)
admits a unique renormalized solution in the sense of [DPP, Theorem 1.3].

Proof. Let E ⊂ ΩT be Borel and assume that capD(E) = 0. By Proposition 2.4, we also get capM (E) = 0.
Proposition 3.9 therefore gives |µ|(E) = 0, and consequently µ(E) = 0. Thus µ ∈ M0(ΩT ) and the
conclusion follows from [DPP, Theorem 1.3]. �

6. Appendix: proof of the density lemma

We conclude the paper with the proof of Lemma 3.4. The argument combines the spatial localization
used in [MS, Lemma 2.22] with the regularization procedure of [DPP, Lemma A.1]. We emphasize that
[DPP, Theorem 2.11] already gives density of D in the larger space WD(ΩT ). The additional point needed

here is the strong convergence of the time derivatives in Lp
′
(0, T ;W−1,p′(Ω)).

Step 1: reflection and spatial localization. By Lemma 2.3 and the Lions–Magenes time-continuity
theorem (see [DPP, Remark 2.2]), u has a representative in the space C([0, T ];L2(Ω)). Applying Lemma 3.1
with R = T 1/p, we extend u by even reflections to I∗ := (−T, 2T ), and we denote the extension by u. It
satisfies

‖u‖Lp(I∗;W 1,p(Ω)) + ‖∂tu‖Lp′ (I∗;W−1,p′ (Ω)) + ‖u‖L∞(I∗;L2(Ω)) ≤ C‖u‖WM (ΩT ).

Moreover u ∈ C(I∗;L
2(Ω)). Following the cutoff construction in [MS, Lemma 2.22], choose ξm ∈ C∞c (Ω)

such that

0 ≤ ξm ≤ 1, ξm = 0 if dist(x, ∂Ω) ≤ 1

m
, ξm = 1 if dist(x, ∂Ω) ≥ 2

m
, and |∇ξm| ≤ Cm.

Set um := ξmu. We claim that

um −→ u strongly in Lp(I∗;W
1,p
0 (Ω)) ∩ L∞(I∗;L

2(Ω)),

and

(6.1) ∂tum −→ ∂tu strongly in Lp
′
(I∗;W

−1,p′(Ω)).

For the spatial norm, observe that

∇(um − u) = (ξm − 1)∇u+ u∇ξm.
The first term in the right-hand side converges to zero in Lp(Ω× I∗) by dominated convergence. For the
second one, thanks to Hardy’s inequality we haveˆ

Ω×I∗
|u∇ξm|p dx dt ≤ C

ˆ
Ω×I∗

|u(·, t)|p

|dist(x, ∂Ω)|p
χ{dist(x,∂Ω)<2/m} dx dt ≤ C

ˆ
Ω×I∗

|∇u|p dx dt.

Therefore, we conclude again by dominated convergence. To prove convergence in L∞(I∗;L
2(Ω)), observe

that 1− ξm is supported in

Bm := {x ∈ Ω : dist(x, ∂Ω) < 2/m}.
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For any t ∈ I∗, we can bound the L2-norm as follows

(6.2) ‖um(t)− ū(t)‖L2(Ω) = ‖ū(t)(1− ξm)‖L2(Ω) ≤ ‖ū(t)χBm
‖L2(Ω),

where ū(t) := ū(·, t). We need to prove that supt∈I∗ ‖ū(t)χBm
‖L2(Ω) → 0 as m→∞. Since ū belongs to

C(Ī∗;L
2(Ω)), and the time interval Ī∗ is compact, its continuous image K := {ū(·, t) : t ∈ Ī∗} is a compact

subset of L2(Ω). Fix ε > 0. By the compactness of K, we can cover it with a finite number of open balls
in L2(Ω) of radius ε, centered at some elements v1, v2, . . . , vM ∈ K. Since there are only finitely many
centers, we can find an integer m0 large enough such that for all m ≥ m0, we simultaneously have

‖viχBm
‖L2(Ω) < ε for all i = 1, . . . ,M.

Now, let t ∈ I∗ be an arbitrary time. Thus, there exists some index i such that ‖ū(t) − vi‖L2(Ω) < ε.
Using the triangle inequality, we can finally estimate the norm on the strip Bm as follows

‖ū(t)χBm‖L2(Ω) ≤ ‖(ū(t)− vi)χBm‖L2(Ω) + ‖viχBm‖L2(Ω) < 2ε.

Since this bound holds for every t ∈ I∗ provided that m ≥ m0, taking the supremum over t and recalling
(6.2) yields

‖um − ū‖L∞(I∗;L2(Ω)) ≤ 2ε.

By arbitrariness of ε > 0, the uniform convergence follows. It remains to justify (6.1). For g ∈W−1,p′(Ω),

define ξmg ∈W−1,p′(Ω) by setting

〈ξmg, φ〉W−1,p′ (Ω),W 1,p
0 (Ω) := 〈g, ξmφ〉W−1,p′ (Ω),W 1,p

0 (Ω), φ ∈W 1,p
0 (Ω).

Hardy’s inequality gives the uniform multiplier estimate

‖ξmφ‖W 1,p(Ω) ≤ C‖φ‖W 1,p(Ω),

and consequently

(6.3) ‖ξmg‖W−1,p′ (Ω) ≤ C‖g‖W−1,p′ (Ω).

Furthermore,

(6.4) ξmg −→ g strongly in W−1,p′(Ω)

for every g ∈ W−1,p′(Ω). To see this, it is enough to use the density of C∞c (Ω) in W−1,p′(Ω): for a
compactly supported smooth g, one has ξmg = g for all sufficiently large m, and the general conclusion
follows from estimate (6.3). Recall that the density of C∞c (Ω) in W−1,p′(Ω) follows, for instance, by

writing g = divF with F ∈ Lp′(Ω;Rn) and approximating F in Lp
′

by compactly supported smooth

vector fields. To conclude, we apply the spatial result (6.4) pointwise in time to ∂tū(t) ∈ W−1,p′(Ω),
obtaining

(6.5) ‖ξm∂tū(t)− ∂tū(t)‖W−1,p′ (Ω) → 0 pointwise a.e. in I∗.

Using the triangle inequality and (6.3), we can construct an integrable bound for our sequence

‖ξm∂tū(t)− ∂tū(t)‖W−1,p′ (Ω) ≤ ‖ξm∂tū(t)‖W−1,p′ (Ω) + ‖∂tū(t)‖W−1,p′ (Ω) ≤ C‖∂tū(t)‖W−1,p′ (Ω).

Since Cp
′‖∂tū(t)‖p

′

W−1,p′ (Ω)
is integrable over I∗, using (6.5), we can apply the dominated convergence

theorem to conclude that ξm∂tu = ∂tum → ∂tū in Lp
′
(I∗;W

−1,p′(Ω)). This concludes the first step, and
shows that

(6.6) um −→ u strongly in WM (ΩT )

after restriction to ΩT .

Step 2: regularization for fixed m. Fix m, choose χ ∈ C∞c (I∗) such that χ ≡ 1 in a neighbourhood of
[0, T ] and consider

wm(x, t) := χ(t)um(x, t).
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Since ξm has compact support in Ω, we have sptwm b Ω× I∗, and wm = um in a neighbourhood of ΩT .
Let ρε be a standard space–time mollifier and, after extending wm by zero, define wm,ε := ρε ∗ wm. For
ε > 0 sufficiently small, wm,ε ∈ C∞c (Ω× I∗), and hence

ϕm,ε := wm,ε|ΩT
∈ D .

Since wm has compact support in Ω× I∗, the regularization result [DPP, Lemma A.1] gives

wm,ε −→ wm strongly in WD(Ω× I∗).

In particular,

(6.7) ϕm,ε −→ um strongly in Lp(0, T ;W 1,p
0 (Ω)).

Moreover, the continuous embedding WD(Ω× I∗) ↪→ C(I∗;L
2(Ω)) yields

(6.8) ϕm,ε −→ um strongly in L∞(0, T ;L2(Ω)).

We finally check the strong convergence of the time derivatives. Since ∂twm = am + bm, where

am := χ∂tum ∈ Lp
′
(I∗;W

−1,p′(Ω)), bm := χ′um ∈ Lp
′
(I∗;L

2(Ω)),

the proof of [DPP, Lemma A.1], applied separately to these two components, gives

ρε ∗ am −→ am strongly in Lp
′
(I∗;W

−1,p′(Ω)),

as ε→ 0+. On the other hand, spt bm ⊂ sptχ′, hence it is separated by a positive distance from [0, T ].
Hence, for ε sufficiently small, we have (ρε ∗ bm)|ΩT

= 0. Since χ = 1 in a neighbourhood of [0, T ], one
has am = ∂tum on ΩT , and then

(6.9) ∂tϕm,ε −→ ∂tum strongly in Lp
′
(0, T ;W−1,p′(Ω)).

Combining (6.7), (6.8), and (6.9), we obtain, for every fixed m,

(6.10) ϕm,ε −→ um strongly in WM (ΩT ) as ε→ 0+.

Step 3: diagonal choice. By (6.6), choose a sequence mj →∞ such that

‖umj
− u‖WM (ΩT ) ≤ 2−j .

For each j, use (6.10) to choose εj > 0 sufficiently small that

‖ϕmj ,εj − umj
‖WM (ΩT ) ≤ 2−j ;

setting ϕj := ϕmj ,εj ∈ D , we conclude that

‖ϕj − u‖WM (ΩT ) ≤ 21−j −→ 0

and this proves the density of D in WM (ΩT ).
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