FAILURE OF THE POLYA-SZEGO INEQUALITY
FOR THE FRACTIONAL GRADIENT

GIORGIO STEFANI

ABSTRACT. We prove that the Pélya—Szegé inequality for the LP norm of the Riesz
fractional s-gradient fails for every p € [1,2) and s € (0, 1), thus providing a negative
answer to a question posed by Nguyen and Squassina in 2017.

1. INTRODUCTION
1.1. Setting. Let N > 1 and s € (0,1). The Riesz fractional s-gradient of u € Lip,(R")

is defined as (uly) (@) )
s B u(y) —u(x))(y —x
Viu(z) = ens /]RN ly — x| N+t

dy, =z eRV, (1.1)

where cy s > 0 is a normalization constant whose precise value will play no role. Analo-
gously, the Riesz fractional s-divergence of ¢ € C°(RY;RY) is defined as

divp(z) = cx.s /R N (“O(ww_f(jj)v)%g “2 4y, zeR. (1.2)

The operators (1.1) and (1.2) obey the integration-by-parts formula

/ udivipdr = —/ ¢ - Viudz. (1.3)
RN RN

We refer to [33] for a detailed account of (1.1), (1.2) and (1.3). Formula (1.3) can be
exploited to extend the definition (1.1) to L? functions, yielding distributional fractional
analogues of Sobolev and BV spaces. For a non-exhaustive list of contributions, we refer
to [1,3-12,14-23,25-27,29-32,34-306] and to the references therein.

In [28, Open prob. 4.1], the authors asked whether an analogue of the Pélya—Szegd
inequality may hold for the fractional gradient (1.1) (see also [13, Sec. 8, point 2]). Precisely,
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2 G. STEFANI

given p € [1,00), one may ask whether, for every non-negative u € C°(R"Y),
/ |Viu*|P do < / |Viul? de, (1.4)
RN RN

where u* is the symmetric decreasing rearrangement of u, see [24, Ch. 3] for a detailed
presentation. As observed in [13], inequality (1.4) is true for p = 2, since

s [u(z) —u(y)[?
/RN [Voul* dz = TN,s //RNXRN W drdy = ’YN,S[U]%/V&% (1.5)

where vy s > 0 is a normalization constant, see [1, Prop. 2.8] for a proof. Hence the case
p=21in (1.4) is equivalent to the classical fractional Pélya—Szeg6 inequality [2] for the
W2 seminorm. For p # 2, instead, the equivalence with the WW*? seminorm breaks down
(see the discussion around [15, Prop. 3.24(a)]) and the validity of (1.4) remains open.

As in the classical setting, inequality (1.4) would be extremely useful. In particular, if
true for p = 1, then (1.4) would imply the (currently unknown) isoperimetric property of
balls for the distributional fractional s-perimeter introduced in [15, Sec. 4]; that is, for
every E C RY with |E]| € (0, 0),

D15, |(RY) _ [ D*1p|(RY) (1.6)
B T B |

(see [15, Th. 4.4] for a non-sharp isoperimetric inequality).

1.2. Main results. We prove that (1.4) fails for every p € [1,2) and s € (0,1). We first
treat exponents close to 1 (see also Remark 2.1 below).

Theorem 1.1 (Failure for p close to 1). Let s € (0,1). There ezists exs > 0 such that
u=1p, +1p,(e,) and u* = 1p, + 1p, satisfy

IVou™|| e > |Vul|re  for every p € [1,1 4 epn . (1.7)

The proof of Theorem 1.1 is elementary and relies on the properties of the fractional
variation of balls established in [16,21]. The underlying idea is to superimpose a translated
characteristic function on a larger ball and to observe that, at p = 1, rearrangement aligns
the corresponding fractional gradients and strictly increases the energy. Stability with
respect to p then yields the failure of (1.4) for p > 1 sufficiently close to 1. It is worth
observing that Theorem 1.1 does not disprove (1.6).

Since (1.4) holds for p = 2 by (1.5), we must let the counterexample depend on p as
p — 27. This leads to our second main result.

Theorem 1.2 (Failure for every p € (1,2)). Let s € (0,1). For every p € (1,2), there
exists u € C®(RN) such that u* € C*(RY) and

IVou][pe > [Voul| o

The proof of Theorem 1.2 relies on the same perturbative mechanism underlying
Theorem 1.1, but requires a more flexible construction. We start from a smooth radially
symmetric decreasing function which is constant near the origin and perturb its plateau
by a small translated bump. The fractional gradient near the center produces a singular
leading term in the first variation, while the remaining contributions are of lower order. By
first choosing the scale of the bump and then its amplitude, the leading term dominates
the nonlinear remainder and yields a counterexample for every p € (1,2).
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2. PROOFS OF THE RESULTS

2.1. Proof of Theorem 1.1. In the proof of Theorem 1.1 we exploit the following
well-known facts. Given s € (0,1), by [16, Cor. 1] and [21, Prop. 1.15], for each ¢ € RY
and r > 0, we have that

Velp,. () € C(RY\ 0B,(c)) N LYRY) for every q € [1, %), (2.1)
V1, ()] >0 for every x € RY \ (0B, (c) U {c}), (2.2)
Vg, (o (x) = — |i : Z| V1, (2)| for every x € RV \ (9B, (c) U {c}). (2.3)

In addition, by [16, Th. 8], if u € BV(RY) N L*(RY), then V*u € LP(RY) for every
p€[l,1/s)and s € (0,1) and thus, by the Dominated Convergence Theorem,

lim [|[Voul| 2o = [|V*ul| 1. (2.4)
p—1+

Proof of Theorem 1.1. Since Bi(e;) C Bs, we have u* = 1p, + 15,. Owing to (2.3),

L dx

195w s = [ 1V°15,(0) + Vg, (@) do = [ |5 (19°15,(0)] + V715, (2)])

]
= /RN Vo1, (2)] + [V, ()| dz = [V 1, | + [V 15, |-

Hence, by translation invariance of the fractional gradient (1.1),
IVour][pr = [V 1B, [l + [V s, [l = [V 15, [l + V15, e [ -
As a consequence, by the triangular inequality,
IVou|lr = [V 1s, + Vg el = [[VPull 1
We claim that the above inequality is strict. Indeed, by (2.3), we have that
Vilp,(e1/2) = —e1 |[V°1p,(e1/2)] and V®1pg(,)(e1/2) =1 |V 1p, (e (e1/2)].
Hence, owing to (2.2),
916, (1/2)| + 19" L) (1/2)] >[IV, (01/2)] — 191y e (e1/2)
= |V®1p,(e1/2) — V*1p, (e (e1/2)].
Thus, by the continuity in (2.1), for some open neighborhood U C RY of e,/2,
(V1g,(2)] + |Vi1g (e (@) > |V 1p,(2) + V1) (z)| for every x € U.
Integrating the previous strict inequality yields
IVou|r > [[VPul| . (2.5)
The conclusion hence follows by combining (2.5) with (2.4). O

Remark 2.1. Let L¥?(R"™) be the completion of C°(RY) with respect to the norm
u = |lullpe + [[Voul|s. For every s € (0,1) and p € (1,00), L¥P(RY) coincides with
the Bessel potential space, see [10,15,23] (see [15, Th. 3.23] for p = 1). Since u,u* €
BV (RY) N L>*°(RY) in Theorem 1.1 have compact support, a plain convolution argument
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proves that u,u* € L*P(R") for every s € (0,1) and p € [1,2) such that sp < 1. Hence,
for each s € (0,1) and p € [1,2) such that sp < 1, there is (vg)reny C C®°(RY) such that
lim |V e = [|Voullr and ||Vou*||zr < liminf ||V0r||Ls.
k—o0 k—o0
This proves that, for every s € (0, 1), there exists ny s > 0 with the following property:

for each p € [1,1 + ny], there exists v € C°(RY) such that ||V*v||z» < [[V*0*||r». This
disproves (1.4) for every p € [1,2) sufficiently close to 1.

2.2. Proof of Theorem 1.2. We begin with three preliminary lemmas.

Lemma 2.2. Let f € C®°(RY) be a radially symmetric decreasing function such that
0< f<1, f=1o0on By and supp f C Bz. Then, there exists b > 0 such that

Vef(z) = —bx 4+ O(|z*) asx — 0. (2.6)
Consequently, letting d = (N +p — 2)bP~1 > 0, there exist an open neighborhood U of the
origin and g € CY(U) such that g(x) = O(|z|P), Vg(z) = O(|z|P~!) as x — 0 and
= div([Ve SV F) (@) = djaf 2 + g(a) (2.7)
pointwise for every x € U\ {0} and in the distributional sense on U.

Proof. We divide the proof in two parts.

Part 1: proof of (2.6). Let us set F(x) = V®f(z) for every x € RY for brevity. Since
f = 1in By, we have F' € C*(B;) with F'(0) = 0, because f is radially symmetric.
Moreover, by differentiating under the integral sign, for each i,j € {1,..., N}, we get

0ij YiYj
R0 = e [ (1= 100 (s — (Vs 4 ) B
Again by the radial symmetry of f,

Yi Yy o )y 1— f(y)
AN<1—f(y))W,dy— N RNWdy’

and thus DF(0) = —bld, where

1+s 1— f(y)
N Jev [N+t

In addition, since F is odd by definition, we also have that D?F'(0) = 0. As a consequence,
F(x) =Vf(z) = —bz + O(|z|*) asz — 0,
concluding the proof of (2.6).

Part 2: proof of (2.7). Again by the radial symmetry of f, for every R € O(N), we
have that F(R(z)) = R(F(x)) for every x € By. As a consequence, there exists a smooth
function A: [0, 1] — [0, 00) such that

F(z) = =X(|Jz|)x for every x € Bj. (2.8)
We also note that A(0) = b and that X'(0) = 0, because the function t — F(te;) = A(|t|) te;
is smooth (and odd) for every t € (—1,1). Now let A(x) = |F(z)|P~? F(x) for every
r € RY for brevity, with the convention that A(z) = 0 for every z € RY such that
F(z) = 0. Being p > 1 by assumption, we have that A € C,(RY). By (2.8), we can rewrite

b= CN,s dy > 0.
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A(z) = =X(Jz|)P~|x[P~2 z for every x € By. Letting w(r) = A(r)P~! for every r € [0, 1],
we hence get that, for every € B; \ {0},

—div(A(z)) = div(A(|z])" 22 2) = (N +p = 2) w(la]) |2~ + w/(|z]) |27

As a consequence, we thus get that

—div(A(z)) = d|z|P"? + g(x) for every x € By \ {0}, (2.9)
where d = (N +p—2)b*~! > 0 and g: By \ {0} — R is defined, for every z € By \ {0}, as
g(@) = (N +p—2)(w(lz]) = ¥7) 2"~ + w/(|a]) [« (2.10)
Since w(0) = A(0)P~! =1 and w'(0) = (p — 1) B2 N (0) = 0, we have
w(r) =1+ 0(r?) asr— 0. (2.11)
In addition, being X' (0) = 0, we have X'(r) = O(r) as r — 0" and thus
w(r)=(p—DAr)P2N(r)=0WN(r) =0(r) asr— 07 (2.12)

Similarly, we can estimate
W' (r)=p—=Dp—=2DXr)P32NE)2+(p-DAr)P 2N (r) =0(1) asr —0". (2.13)
As a consequence, by exploiting (2.11), (2.12) and (2.13) in (2.10), we infer that
lg(x)] = O(|z|P) and Vg(z) = O(|z""') asz — 0.

Therefore, defining g(0) = 0, we obtain that ¢ € C'(U) for some open neighborhood
U C RY of the origin. This concludes the proof of the validity of (2.7) in the pointwise
sense on U \ {0}. To prove the validity of (2.7) in the weak sense on U, it is enough to
observe that |A(z)| = O(|z|P~!) for € By by definition and that, given ¢ € C®(RY)
with supp ¢ C B, for some B, € U, we can estimate

9 A-vg dAN

< Cllgllpoe™ 72
0B

/ A-chder/ odivAdz
B,\Be By\Be

for every e € (0, p), which vanishes as ¢ — 0%. This concludes the proof. O
Lemma 2.3. With f € C>°(RY) and d > 0 as in Lemma 2.2, there exist 6 > 0 and
H € C'(Bjs/2) such that
/ VS fP2 Ve f - Vo da :/ (Vs + H)pda (2.14)
RN RN
for every p € CX(Bs)2), where Vs = ]1_S(| -2 135).

Proof. We keep the same notation of the proof of Lemma 2.2 and set F' = V*f € Cg°(RY)
and A = |F|P72F € Cy(RY). Let § > 0 be sufficiently small that (2.7) holds with
U = Bys and fix a cut-off x € C°(Bss) such that 0 < xy < 1 and x = 1 on Bys. We
decompose A = Ay + Ay, where Ag = YA and A; = (1 — x)A. On the one side, since
Ay € WHHRY; RY) has compact support, for every ¢ € C°(Bs/s) we have that

/ Ao-vwdx:/ Ao - V(I_yp) da = —/ Iy divAg da. (2.15)
RN RN RN
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Here we have exploited the representation V* = I,V (see [15, Prop. 2.2] for instance),
where [, is the Riesz potential of order o € (0, N). By (2.7) in Lemma 2.2, we have

—divAg(z) = dx(x)|z|P~? + G(x) for every z € RY,
where we have set G = xg — Vx - A € C}(R"). Hence, recalling (2.15), we get

/RNAO.VSSde:d/RNgOII_SO.|p_2X>dx+/RNSOII_Sde
= d/RN ¢11—3<| : |p—2135) dx+/RN 30]1_3(| P2d (x — 15,) +G) dz  (2.16)
:/RN (d‘/ci+H0>g0dl‘

for every ¢ € C2°(Bs)2), where we have set Hy = 11—5(| P2 d (x — 1g;) + G) € C(Bs)a).
On the other side, given ¢ € C2°(Bs)2), for every z € RY we can write
: p) (y — ) : py) (y — )
% =cns | T dy =y | ==L dy,
plo) =cn. e Be(a)e |y — x| VHstL Y= oNs 10 Bs)o\B:(2) |y — x|NFsHl

where cys > 0 is the constant appearing in (1.1) (see [15, Sec. 2.2]). Hence, since
A1 S LOO(RN,RN), Al =0 on 325, and

3
lx —y| > 55 whenever x € By; and y € Bss, (2.17)
owing to Tonelli’s Theorem we can estimate
()]
Ayfa)- Vipda < ex, [ 1A AL gy
Jo M) V) S exe [ o)l [, L R dy s

dh
< ewa A Iellrcay [, s <0

36/2

Hence, using (2.17) and Fubini’s Theorem, we obtain that

o(y) (y — )
A-VSd:s/A / Py d
/RN 1 pdr = Cn, 5, 1(2) Baps |y — [N+ ydx

Ai(z) - (y — )
= Ol /35/2 go(y) /B§5 |y - SL’|N+S+1 dedy = /RN p i de

where, for every x € Bs/, we have set

(2.18)

Ai(y) - (2 —y)
H = S/ d
1($) CN, Bs, |$ — y|N+s+l

Again thanks to (2.17), differentiating under the integral sign readily gives Hy; € C''(Bjs)2).
By combining (2.16) and (2.18) and defining H = Hy + H, € C'(By2), we get (2.14). O

Lemma 2.4. Let 6 > 0 and Vs be as in Lemma 2.3. Assume that ¢ € C°(By) is a
non-negative and radially symmetric decreasing function such that [gn 1 dz = 1. Then,
for every e € SN71 there exists ¢ > 0 such that

(Vs % ,)(0) — (Vs % 4b,)(re) > erP™ ' for every r € (O, g), (2.19)

where ¥, (z) = r~N(z/r) for every x € RY and r > 0.
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Proof. By the layer-cake identity, for every y € RY, we can write

9
ly[P2 15, (y) = 6" 2 15,(y) + (2 — D) /0 =3 1, (y) dt

Hence, given e € S¥~! and r > 0, by Tonelli’s Theorem we get that

0
Vs = 11—3(’ . |p_2 135) = (5”_211_5135 + (2 _p)/o tp_3]1_slBt dt.

Setting P, = I1_,1p, for every ¢t > 0 for brevity, the above identity rewrites as
5
Vs = 0"2P; + (2 — p) / 173 P, dt. (2.20)
0

Now, since P, is radially strictly decreasing for every ¢ > 0 and 1), is non-trivial, non-
negative and radially symmetric decreasing, P; x 1), is radially strictly decreasing for each
t > 0. Thus, by (2.20) and Tonelli’s Theorem again, and assuming 2r < ¢, we can estimate

(Vs 0)(0) = (Vi % ¢0,) (re) = 677 (Py x 44,(0) — Py x ¢h,(re) )
+(2-p) /05 1773 (Py % ,(0) = Pyox hy(re) ) dt
> (2—1p) /jr tr? (Pt * 1. (0) — P % @br(re)) dt.

By changing variables, for every ¢,7 > 0 and # € R we have that

(Pr# ) (@) = ' (P % ) (/1)

Therefore, a change of variable yields that

‘K%W%R*%w%J%WMWD&ZW**AZ”%R*M@—wa@nﬁ
and thus, for every r < g,
(Vs # 0)(0) = (Vs % 4hy) (re) = er?™17,
where
c=(2—p) /12 3(Py o (0) — Py % (e)) dr > 0,
proving (2.19) and concluding the proof. O

Proof of Theorem 1.2. Fix p € (1,2) and let f € C°(RY) be as in Lemma 2.2, § > 0 and
H € C*(Bs)2) be as in Lemma 2.3, and ¢ € C°(R") be as in Lemma 2.4. Fix e € SV
and, for every r > 0, define

M, (r) = /RN Vo FP2 V00 (1 — (- — re)) da (2.21)

Since 1) has compact support, both functions v, and v, (- — re) are supported in Bs/, for
every r > (0 sufficiently small. By Lemmas 2.3 and 2.4, we hence infer that

M.(r)=d ((‘/5 * 1) (0) — (V5 % wr)(re)) + /RN () [H(rz) — H(rz+ 7"6)} dz

> erP~l7s — COr

(2.22)
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for every r > 0 sufficiently small, for some constants ¢, C' > 0 independent of r. Since
p—1—s <1, we thus get that

M, (r) > erP=1¢ (2.23)

for every r > 0 sufficiently small, where ¢ > 0 depends on ¢ and C' in (2.22) only. For such
r > 0, we define the families (u.)cs0, (v:)es0 C C(RY) by letting u. = f + e),.(- — re)
and v. = f + e, for every € > 0. Up to taking r > 0 smaller if necessary, for every ¢ > 0

both u. and v. are supported in Bs. Moreover, for every € > 0, we have u.,v. > 0 and
H{f > A} for A € (0,1)
{ue > A} = {ve > A} =
e, > A =1} for A > 1.

Therefore, since v, is radially symmetric decreasing because both f and 1 are by the as-
sumptions in Lemmas 2.2 and 2.4, we infer that uf = v, for every € > 0. By applying (2.24)
in Lemma 2.5 below with £ = V°f and n = eV*y,, we get

IVl = [ IVierde > [ VP dr+pe [V F@)PT V() - V(o) da,
while, by applying (2.24) below with £ = V*f and n = eV*),.(- — re), we obtain
IVuelly = [ IV f (@) + eV (e = re)l da
< /RN IV f(2)|P da + Ce? /RN Vo, (x — re)|P do
+ pe /RN (Vo f(2)|P 2 Vo f(x) - Vo, (z — re) da.
As a consequence, recalling (2.21), we can estimate
19zl = IVl > pe [ 195 @)P2 9 f (@) - (V@) = Vo = re)) do
—_ (P s — )P
Cpe /RN |V (x —re)|P dx
= peMe(r) — CeP|| V4 L,
Observing that, by the homogeneity of the fractional gradient,
e N
and recalling (2.23), we get that, for every r > 0 sufficiently small and for every ¢ > 0,
IVoutlle — I Vouclf, > cer? =172 — CebpNe=D=or,

where ¢ > 0 is as in (2.23) and C > 0 is independent of 7 and e. Hence fixing r > 0
and choosing ¢ > 0 small enough to ensure that CeP~! < P~ 1=stNP=D+sp giveg that
IVEut ||l — | Vouc|[}, > 0, concluding the proof. O

In the proof of Theorem 1.2 we exploited the following elementary inequality. We
provide a brief proof of it for the reader’s convenience.

Lemma 2.5. For every p € (1,2), there exists C, > 0 such that
0<|E+nP — &P —pléfP26 - n < CylnlP  for every &, € RY. (2.24)
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Proof. The lower bound follows from the convexity of z — |z|P. For the upper bound, by
the Fundamental Theorem of Calculus, we can estimate

1
€+l — [t = pleP 2 -n=p [ (I +tml"=2(E + tm) — &%) -mat

1
<Gl [t dt < Gyl
where we used the elementary inequality
“a]p’% — ]b|p’2b‘ < Cyla—bP~,  for every a,b € RY. (2.25)
To prove (2.25), we distinguish two cases. If |a — b| > 1 max{]al, ||}, then
lal"%a — [bP~2b] < |afP™" + [bI"~" < 27|a — bJ"~".

If instead |a — b] < 3 max{|al,|b]} then we may suppose that |a| > [b] without loss of
generality and thus |a — b < 3|a|. Hence, for every ¢ € [0, 1], we have

1
la+t(b—a)| > |a| —tla—b| > |a| — |a —b|] > §|a|.
Thus, again by the Fundamental Theorem of Calculus applied to z — |2|P72z, we get
1
[laP~2a — [b]2b| < Cjla — b] / la+t(b—a)[P2dt < Cylal2|a —b],
0

since |V(|z[F722)|| < Cp|z|P~2 for every z € RV \ {0}. Recalling that p — 2 < 0 and that
la| > 2|a — b| by our previous assumption, we infer that |a|P~? < Cpla — b|P~2 and so the
desired inequality (2.25) follows, concluding the proof. O
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