CONTINUITY AND STABILITY OF ENTROPY SOLUTIONS UNDER
QUALITATIVE NONLINEARITY ASSUMPTIONS

NICOLA DE NITTI

AssTrACT. We consider bounded entropy solutions of divy A(u) = 0 on an open subset of R,
N > 2. The flux A € C™(R;RY), m > max{N, 3}, is only assumed to satisfy the qualitative
non-degeneracy condition that £ - A is non-constant on every non-empty open interval of states,
for every & # 0. We prove that entropy solutions are continuous outside the jump set of De
Lellis, Otto, and Westdickenberg (Arch. Ration. Mech. Anal., 2003). We also prove an L!-
to-L>° stability estimate: on a ball, the uniform distance between an entropy solution and
a continuous function is controlled by their L! distance on a larger ball, through a modulus
depending only on the flux and on the modulus of continuity of the reference function. The
nonlinearity assumption is sharp and strictly weaker than the power-law non-degeneracy in the
continuity result of Silvestre (Comm. Pure Appl. Math., 2019) and in the stability result of
Golding (C. R. Math. Acad. Sci. Paris, 2024), at the price of more regularity of the flux. The
key observation for the proof is that the qualitative condition yields quantitative non-degeneracy
on a subinterval of every interval of values of the solution, where velocity-averaging estimates
can be localized.

1. INTRODUCTION AND MAIN RESULTS

We study the regularity properties of entropy solutions of scalar conservation laws. Let N > 2
and  C RY be open, and let I C R be a compact interval of positive length. We consider

(1.1) divy, A(u) =0 in Q,

where A € C™(R;RY), with m > max{N,3}, and u € L>(;I).} A function u € L>(Q;1) is
an entropy solution of (1.1) if, for every convex entropy n € C*(R), the flux g, defined up to a
constant by ¢; = n'a, where a := A’ is the velocity associated with the flux, satisfies

(1.2) divy gn(u) <0 in the sense of distributions in (2.

We use the kinetic formulation of Lions, Perthame, and Tadmor [LPT94] to describe entropy
dissipation (see also the monograph [Per(02]): for an entropy solution u, there exists a non-negative
Radon measure p on  x R, supported in  x I, such that

(1.3) a(v) - Vi f = 0pp  in the sense of distributions on Q x R,

where the additional variable v represents a state value and

(14) f(l’ﬂ)) = ]l{inf I<v<u(z)}+
The measure p encodes the failure of the entropy inequalities to be equalities: for every convex
n € C*(R),

(1.5) (— divy gy(u), o) = / P () (¢ € CE(@).

Following [DOWO03, Definition 3, Eq. (12)], we define the set where the spatial marginal p(- x I)
has positive upper codimension-one density by

B, I
(1.6) J = {x €N lingisoup % > 0} .
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1 The usual time-dependent equation is included by regarding time as one of the coordinates and replacing a
spatial flux F' by s+ (s, F'(s)). Thus a time-dependent equation in n spatial dimensions has N = n+1 and requires
m > max{n + 1,3} in the present argument. The case N = 2 corresponds to one spatial dimension.
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2 N. DE NITTI

In [DOWO03, Theorem 1], De Lellis, Otto, and Westdickenberg proved that J is countably (N — 1)-
rectifiable and that entropy solutions have vanishing mean oscillation outside J, under the genuine
nonlinearity assumption

(1.7) Hvel:a(v)-£€=0}=0 for every £ # 0.

Later, for A € C?(R;RY), Silvestre proved continuity outside J under the quantitative non-
degeneracy assumption

(1.8) {vel:la(v)-& <o} <Cr6* ([l =1, 6>0),
where 0 < a < 1 and C; = Cy(a,I,a) < oo are fixed (see [Sill9, Assumption 1.1 and Theorems
1.2 and 6.1]).

Whether every point outside J is a Lebesgue point under the sole assumption (1.7) was recently
discussed as an open problem for quasi-entropy solutions in [AMT26, Section 4.1] (see also [DOWO03;
COWO08).

In this note, for entropy solutions, we prove the stronger conclusion of continuity outside J
for C™ fluxes, with m > max{N, 3}, under the following weaker nonlinearity assumption (see
Remark 1.2):

for every € € RV \ {0}, v+ &- Av)

is non-constant on every non-empty open interval contained in I.

(1.9)

Theorem 1.1. Let N > 2 and m > max{N, 3} be integers, let @ C RY be open, and let I C R
be a compact interval of positive length. Let A € C™(R;RYN) satisfy (1.9). Every entropy solution
u € L>®(Q;I) of (1.1) has vanishing essential oscillation at every point outside J:

(1.10) lim [ esssupu —essinfu | =0 for every x € Q\ J.
0 B, (z) B, (z)

In particular, u has a representative @ : Q — I which is continuous at every point of Q\ J.

Remark 1.2 (Comparison of the nonlinearity conditions). Condition (1.8) implies (1.7). Indeed, fix
& # 0 and apply (1.8) to &/[|. For every 6 >0, {ve I:a(v)-£=0}C {U el: ‘a(v) : %‘ < 5}.

Letting 0 | 0 in (1.8) shows that the exact zero set has measure zero. In turn, (1.7) implies (1.9).
If v — & A(v) were constant on a non-empty open interval V' C I, then & - a(v) = %(f A(v)) =0
for every v € V, and hence the zero set of a(-) - £ would have positive measure.

Moreover, (1.9) is strictly weaker than (1.7), as the following example shows. Let I = [0, 1]
and let E C [0,1] be a closed nowhere-dense set of positive Lebesgue measure containing 0

and 1. Define ¢ = 0 on E and outside [0,1], and on each complementary interval (b,c) set
g(v) = exp (—m) . Then g € C*°(R): its derivatives vanish to every order at the end-
points of each gap, and their suprema on gaps tend to zero faster than any power of the gap
length. Moreover, g is non-constant on every non-empty open subinterval of I. For any N > 2, let
a(v) = (1,9(v),...,g(v)N=1). If £- A were constant on an open interval V C I, then the polynomial
& + &ot + -+ EntN ™1 would vanish on g(V), an interval of positive length, forcing ¢ = 0. Thus
(1.9) holds. On the other hand, for £ = es the zero set of a(v) - £ contains F, so (1.7), and hence
(1.8), fails. This example also has the evolutionary form A(v) = (v, F(v)).

If A is real-analytic, then (1.9) already implies (1.8), so that Silvestre’s theorem applies. Indeed,
for every vy € I the vectors al )(vp), j > 0, span RY: otherwise some & # 0 would be orthogonal
to all of them, and by analyticity £ - @ = 0 near vy, contradicting (1.9). Hence there is k(vg) such
that a(vp), .. ., a(k(vo))(vo) span RY; by compactness of I and continuity of the derivatives, a single
k works on all of I, and [Sil19, Proposition 2.6] yields (1.8) with a = 1/k.

For time-dependent equations in one spatial dimension, Bianchini and Marconi [BM17, Propo-
sition 4.3 and Corollary 4.6] obtained continuity outside their jump set when the scalar spatial flux
has no affine interval (which is the one-dimensional evolutionary counterpart of (1.9)).

Liverani’s master’s thesis [Liv19, Theorem 4.2.15] gives an alternative proof of continuity outside
J in one spatial dimension under (1.7), by upgrading the vanishing mean oscillation property of
[DOWO03] through the Lagrangian representation of [BBM17]; for two spatial dimensions it sketches
an argument that relies on an unproved structural assumption on the set of Lagrangian curves
[Liv19, Assumption 4.3.4].
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The present note gives a different argument, which works in every dimension N > 2 and uses
the nonlinearity of the flux only through the qualitative condition (1.9). To our knowledge, Theo-
rem 1.1 is the first continuity result for multi-dimensional scalar conservation laws under a purely
qualitative nonlinearity assumption. The assumption cannot be weakened: if (1.9) fails, there are
entropy-conservative solutions with jumps, so that J = ) while continuity fails (see Remark 1.9).
The price we pay is the regularity A € C™, with m > max{N, 3} (cf. Remark 2.5).

Our second result is a local stability estimate of L'-to-L> type: on the unit ball, the uniform
distance between an entropy solution v and a continuous reference function v is controlled by their
L! distance on the ball of radius two, through a modulus that depends only on the flux, on the range
I, and on the modulus of continuity of v. Under the power-law condition (1.8), two estimates of
this type are known: Silvestre [Sil19, Theorem 6.1 and Remark 6.3] proved a quantitative estimate
when the reference function is a constant, and Golding [Gol24, Theorem 2| a power estimate when
the reference function is a Lipschitz entropy solution. Here we replace (1.8) by the qualitative
condition (1.9) and allow reference functions with an arbitrary prescribed modulus of continuity,?
which need not be solutions.

Theorem 1.3. Let N > 2 and m > max{N,3} be integers, let I C R be a compact interval
of positive length, and let A € C™(R;RYN) satisfy (1.9). For every modulus p there erists a
modulus wa,r,, with the following property. If u € L>(B2(0); 1) is an entropy solution of (1.1) and

v : Bo(0) — I satisfies

lv(z) —v(y) < p(lz—yl)  (z,y € Ba2(0)),
then

(1.11) [u = vl (B, (0)) < warp (llu—vllLi(By0)) -

Besides the higher regularity of the flux, the price for replacing (1.8) by (1.9) is the loss of an
explicit rate in Theorem 1.3.

We now list some consequences of Theorem 1.3. First, we note that convergence of bounded
entropy solutions in LllOC towards a continuous limit improves to convergence in L{} .

Corollary 1.4. Let N > 2 and m > max{N, 3} be integers, let Q@ C RN be open, let I C R be
a compact interval of positive length, and let A € C™(R;RY) satisfy (1.9). Let u; € L>=(1)
be entropy solutions and let v € C(Q;1). If u; — v in L (Q), then u; — v in LS, (Q). More
generally, if v; : Q — I have a common modulus of continuity on every compact subset and
u; —vj — 0 in Ll _(Q), then u; —v; — 0 in LS. (Q).

loc loc

For Lipschitz reference functions, the dependence on the domain can be made explicit. The
following corollary is the qualitative counterpart of [Gol24, Theorem 2|, which, under (1.8) and for
a reference function that is a Lipschitz entropy solution, gives the power estimate [|u —v|| o (q/) <
C(1+dL)"d=N7|ju— 11||21(Q)7 with exponents v € (0,1) and € (0, a/2), on space-time cylinders.

Corollary 1.5. Let N > 2 and m > max{N, 3} be integers, let @ C R be open, let I C R be a
compact interval of positive length, and let A € C™(R;RY) satisfy (1.9). There is a modulus wa
such that the following holds. Let u: Q — I be an entropy solution, let v : Q — I be Lipschitz with
constant L, assume u—v € LY (2), and let Q' € Q. For every finite d > 0 with d < dist(Q',RV\Q),

2N(1+dL)N
(1.12) [u = vl Swar (THU—UHLI(Q))-

We now turn to the large-time behavior of entropy solutions of the time-dependent equation
(1.13) Opu + div, F(u) =0, (t,x) € (0,00) x R™.

Here we set N =n+ 1 and A(s) = (s, F(s)): an entropy solution of (1.13) is an entropy solution
of (1.1) on © = (0,00) x R™, and in this notation (1.9) is equivalent to

(1.14) & - F is not affine on any non-empty open interval in I, for every & # 0.

Global entropy solutions of (1.13) are understood in the sense of Kruzkov [Kru70], with their
representatives in C([0,00); LL (R™)); see [Pan05, Corollary 7.1].

loc

2 By a modulus of continuity we mean a continuous non-decreasing function p : [0, 00) — [0, 00) with p(0) = 0.
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The first consequence is a qualitative counterpart of [Gol24, Corollary 4]: an entropy solution
at finite initial L' distance from a reference solution whose spatial Lipschitz constant decays like
1/t approaches it uniformly as ¢t — co. The decay assumption holds, for instance, for self-similar
solutions v(t,z) = U(x/t) with U Lipschitz. Under (1.8), [Gol24, Corollary 4] gives the rate
C(L+T)"(t™"|lug — vol| g1 (rny)” for some 7,7 > 0; here the power 7 is replaced by the modulus
wr,1, while the quantity t~"[|ug — vol/z1(r») on which it acts is the same.

Corollary 1.6. Let F € C™(R;R"™) with m > max{n + 1,3} satisfy (1.14). Let u,v be global
entropy solutions of (1.13) with values in I and initial data ug, v, respectively, such that ug —vg €
LY(R™). Suppose that v is locally Lipschitz for positive times and that sup, o t||Vov(t, -)|| oo (rny <
I'. Then there exists a modulus wr r such that

o = voll ey

i >—>O as t — oo,

(115)  fJu(t,) ~ vt Vs ay < rr (Cul1+ CoT)"

where Cp == /1 + ||F’||2Lm(1) and Cp, = 4 - 8",

In the proof of Corollary 1.6, the Lipschitz bound ensures that v is nearly constant on space—
time balls of radius comparable to t. The next corollary assumes this property directly, and thus
covers reference solutions that are not Lipschitz, to which [Gol24, Corollary 4] does not apply (see
[Gol24, Remark 5| for a discussion of the decay assumption on ||V, v(t, )| Lo ®n))-

Corollary 1.7. Let F € C™(R;R") with m > max{n + 1,3} satisfy (1.14), and let u,v be global
entropy solutions of (1.13) with values in I and initial data ug,vy such that ug — vy € L'(R™).
Suppose that v has a continuous representative for positive times and that, for every n > 0, there
are ryy € (0,1/4) and t,, > 0 such that

(1.16) sup  |u(z) —w(t,x)| <n (t>t,, xeR").
ZGBQTT]t(t,I)

Then
u(t, ) —v(t,-)||Leemny = 0 ast— oo.

Finally, we apply Corollary 1.7 to planar self-similar solutions, which include the rarefaction
waves connecting two constant states. Their profiles are continuous but need not be Lipschitz: for
a scalar flux f = e F that is strictly convex on [u_,u], the rarefaction profile agrees with (f’)~!
inside the fan and fails to be Lipschitz where f” vanishes. Corollary 1.6, which requires v to be
Lipschitz, therefore does not apply to them in general, while Corollary 1.7 does. Planar rarefaction
waves with Lipschitz profiles are the main application of [Gol24, Corollary 4]; Corollary 1.8 removes
the Lipschitz requirement on the profile, at the price of the rate.

Corollary 1.8. Let F' € C™(R;R"™) with m > max{n + 1,3} satisfy (1.14). Let e € R™ be a unit
vector, let U : R — I be continuous, and suppose that

v(t,x) =U((e-z)/t)

is an entropy solution of (1.13). Then U is constant on (—oo, —R] and on [R,00), where R =
| F' || Lo (1); the function v is the global entropy solution of (1.13) with initial datum

vo = U(=00)L{ez<0p + U(+00)L{ea0};
and every global entropy solution u of (1.18) with values in I and initial datum ug with ug — vy €
LY(R") satisfies

lu(t, ) —v(t,-)||Lee@ny —> 0 ast — oo.
Remark 1.9 (Necessity of the nonlinearity condition). If (1.9) fails, then neither the continuity
conclusion (1.10) of Theorem 1.1 nor the stability estimate (1.11) of Theorem 1.3 (already for
constant references, p = 0) can hold for all entropy solutions with values in .

Suppose that £ - A is constant on an open interval V' C I, with £ # 0, and choose ¢ < ¢+ h in
V. For every entropy flux g,

c+h
£ (q(c+h) —gy(c) = / 7' (v)€- A'(v)dv = 0.
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Consequently u(z) = ¢+ hl,.¢50y satisfies every entropy equality. Its kinetic measure is zero and
J = 0, although it has a jump. Similarly, up(z) = ¢+ hl{o<z.c<1/k} are entropy-conservative,
converge to ¢ in LllOC7 and retain an L discrepancy h on every ball centered on {z - ¢ = 0}.

Fluxes that are affine on an interval of states are also the obstruction to strong precompactness
and to the existence of strong traces of u itself; see [KV07; Pan07] for the theory of traces without
non-degeneracy assumptions and [Mit26] for a recent discussion.

1.1. Strategy of the proofs. We prove the stability result, Theorem 1.3, first, in Section 3, and
then deduce Theorem 1.1 from it in Section 4; the tools needed for both proofs are collected in
Section 2.

The point of the argument is that quantitative non-degeneracy is never needed on the whole
state interval. Assumption (1.9) and the existence of N continuous derivatives of A imply, by a
Wronskian argument, that every non-empty open interval of states contains a compact subinterval
K on which the power-law estimate (1.8) holds with I replaced by K (Lemma 2.3). On such an
interval, Silvestre’s averaging estimate and De Giorgi-type iteration can be run with the velocity
variable localized to K: if two levels 3 < U lie in the interior of K and the mass of u above £; is
small on a ball, then u cannot exceed U on the half-ball (Lemma 2.4).

To prove Theorem 1.3, we freeze the continuous reference v on small balls and apply Lemma 2.4
on bands between its frozen value and that value plus e (by reflection we obtain also the corre-
sponding lower bound). A finite net of states and a covering of By (0) make the resulting smallness
condition on ||u — v||p: uniform in the reference function; these conditions define the modulus
WA I,p-

Corollaries 1.4-1.8 are deduced from Theorem 1.3 by translation and dilation: if u is an entropy
solution of (1.1) on £, then u(z+r-) is an entropy solution on (Q — z)/r. For the time-dependent
equation, this is combined with Kruzkov’s L'-contraction, which bounds the L'-distance of two
solutions on space-time balls of radius comparable to ¢ by their initial L'-distance.

To prove Theorem 1.1, we rescale the solution around a point xg ¢ J. Owing to Panov’s
compactness theorem [Pan16, Theorem 1.1] (Lemma 2.1), which requires only (1.9), a subsequence
of the rescaled solutions converges strongly in L' on every fixed ball. The definition of .J implies
that the rescaled entropy dissipation tends to zero. A rigidity result for entropy-conservative
solutions on RY (Lemma 2.2), which under (1.7) is due to De Lellis, Otto, and Westdickenberg
[DOWO03, Proposition 6(b)], yields that the limit is a constant c¢. This gives convergence to ¢ in
L' but not yet continuity, since values a fixed distance from ¢ could persist on sets of vanishing
measure. Theorem 1.3, applied with the constant reference ¢, upgrades this convergence to L>
convergence on the half-ball and hence gives vanishing essential oscillation at xg.

2. LOCAL ESTIMATES, COMPACTNESS, AND RIGIDITY

In this section, we collect the four ingredients needed for the proofs of Theorem 1.1 and Theo-
rem 1.3.

First, we recall that the qualitative condition (1.9) is sufficient for Panov’s compactness theorem
[Pan16, Theorem 1.1], which we use in the following form.

Lemma 2.1. Let N > 2, let Q@ € RY be open, and let I C R be a compact interval of positive

length. Let A € CY(R;RYN) satisfy (1.9). Every sequence of entropy solutions u; € L= (1) of

(1.1) has a subsequence converging strongly in L () to an entropy solution with values in I.
For bounded solutions on the whole space with zero entropy dissipation, the rigidity result of

[DOWO03, Proposition 6(b)] holds.?

Lemma 2.2. Let A € CY(R;RYN), set a == A’, let I C R be a compact interval of positive length,

and assume (1.9). If uso € L= (RY; 1) satisfies

(2.1) a(v) - Vol{ycu @)y =0 in the sense of distributions on RY x int I,

then us is almost everywhere constant.
3 The cited proposition assumes (1.7), but an inspection of its proof shows that the argument works under (1.9).

Indeed, the proof uses nonlinearity only to select N linearly independent velocities in each non-empty open interval
of states. This selection follows from (1.9), since span{a(v) : v € V} = RY for every such interval V C I.
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Although (1.9) does not imply the global quantitative estimate (1.8), the existence of at least N
continuous derivatives of A yields such an estimate on a smaller interval inside every open interval
of states.

Lemma 2.3. Let N > 2 and m > N be integers, let I C R be a compact interval of positive
length, and let A € C™(R;RN), with a :== A’. Assume (1.9). Then every non-empty open interval
V C I contains a compact interval K of positive length for which there is a constant 0 < Cx =
Ck(a, K) < 0o such that

(2.2) v e K :a(v) €| <8} < CxdVTN=D  (j¢g| =1, §>0).

Proof. If det[a,d’,...,a™N=")] vanished identically on V, [Hag26, Theorem 2.3, applied to the
components of a, would give a nonempty open subinterval W C V and a constant vector £ # 0
with £ -a =0 on W. Then £ - A would be constant there, contrary to (1.9). The theorem applies
because a € CN 1,

The determinant is therefore non-zero at some point of V' and, by continuity, on a compact
interval K C V of positive length. In particular,

min max |¢ a9 (v)] > 0.
vEK, ||=10<j<N—1
Now [Sil19, Proposition 2.6] yields (2.2) with exponent 1/(N — 1). O

The next lemma localizes Silvestre’s averaging and De Giorgi iteration argument [Sil19, Proposi-
tion 5.1 and Theorem 6.1] to a compact state interval K whose interior contains the two truncation
levels.

Lemma 2.4. Let N > 2, let I C R be a compact interval of positive length, and let A € C3(R; RY),
with a == A’. Let K C I be a compact interval of positive length, and assume

(2:3) {ve K:la(v) & <d}| <Cxd*  (¢|=1, 6>0),
where 0 < a < 1 and Cx < oo. Fix £y < U with [ly,U] C int K. There exists g =
eo(N, I, K,a,Ck, |lallc2(1y, Lo, U) > 0 such that every entropy solution u € L>(B2(0);I) satisfies

(2.4) / (u—4Ly)rde <eg = u<U almost everywhere in By(0).
B»(0)

Proof. Step 1: Truncations and their kinetic equations. Fix h > 0 with [{y,U + h] C int K and
choose x € C°(int K) with 0 < x <1 and x =1 on [¢yg,U + h]. For £ € [¢y, U], define

(2.5) fe(x,v) = Lpcpcu@)} wy(z) = /Kx(v)fg(x,v)dv.
Because x = 1 on [¢,¢+ h] and h < |K| < |I], we have
(2.6) h (u—0)4 <min{(u—4£€)4,h} <wp < (u—4~)4.

]

By [Sil19, Lemma 2.2], max{u, £} is an entropy subsolution of (1.1) in the convex set By(0), that
is, div, g, (max{u,£}) < 0 in the sense of distributions in Bs(0) for every convex non-decreasing
n € C%(R). Since the entropy fluxes of the shifted flux s — A(¢ + s) — A(¢) are, up to constants,
the functions s — ¢,(¢ + s), the function (u — ¢)y = max{u,f} — ¢ is a non-negative entropy
subsolution for the shifted flux. Applying [Sil19, Proposition 4.1] to (u — £);, whose kinetic
function is Tjo<s<(u—r)., (x)}, and returning to the variable v = £ + s gives

(2.7) a(v) - Vyfe = Oyttoe — p1,¢ in the sense of distributions on By(0) x R,

for two non-negative Radon measures i ¢ and s ¢ supported in By (0) x [¢, sup I] (these measures
are constructed in the proof of [Sil19, Proposition 4.1]).

Let 1 <7 < R < 2 and choose ¢ = ¢, r € C°(B(r4+r)/2(0)) equal to one on B,(0), with
0<p<1land|Vy| <cn/(R—r), where cy = cn(N). Then

Ckin
/gpdﬂoj + /gadul,g +/ la(v) - Vo|fedaxdv < L/ (u—0)4 dx,
RN xR R =7 JBgo

(2.8)

||80fé|‘%2(RN><R) < / (u—0)4 de,
Br(0)
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with Cyin = (2 + |I]) cwvl|@|| e (1), Which does not depend on /. Indeed, testing (2.7) against
p(x)Y(v), with p € C2(R) equal to one on I, so that the term 9, o ¢ does not contribute, gives

/(pd,uLg = / fea(v) - Veodzdo,
RN xR

so that this term and the third one are bounded by ||a||ze 1) [|V@| L= fBR(O) (u— ¢)+ dzx; the proof
of [Sil19, Lemma 4.3], applied with the test function ¢ to the measure g, constructed in [Sill9,
Proposition 4.1], bounds [ ¢ duoe by ||(u — €)4||re < |I| times the same quantity; and the last
bound follows from f} = fyand 2 < 1Br(0)-

Step 2: Localized averaging. We prove that there are 8 = 0(«) € (0,1), p > 1, and C,, =
Cav(N,I,K,a,Ck, ||lallc2(1), X, h) such that

1 1+6 0
p 2 2N’
C (140)/2
1w~ 04 llzr0) € 755 (/ (U—€)+d$) (I1<r<R<2 L€ [l,U]).
(R—r) Br(0)

The constant is independent of ¢, r, R, u.
Fix r, R, ¢ as in Step 1 and write K = [k_, k;]. Multiplying (2.7) by ¢,
a(v) - Va(pfe) = 0ulppoe) +ve,  ve=—ppie+ (a(v) - Vo) fedado,

in the sense of distributions on RY x R, where 1, is a finite signed measure. For a finite signed
measure v on RY x K let

k.
(Pv, ) = /]RN K< t Y(x,v) dv) dv(z,t);

then Pv is a finite signed measure, | Pv||m < | K| ||v||m, and 0, Pv = v in the sense of distributions
on RY x int K. Hence, restricting vy to RY x K,

(2.10) a(v) - Va(pfe) = 9,Gy  in the sense of distributions on RY x int K,

(2.9)

where Gy := (ppo ¢ + Py, and (2.8) gives

)|]RN><K

1/2

1+ |K|)Cyxin

(Gl < CEEAR [ pyd ehlmea < ( / <ue>+dz) .
r Br(0) Br(0)

As in [Sil19, Proposition 5.1], we apply [TT07, Averaging Lemma 2.1] to (2.10) on RY x K,
with symbol L(i&,v) = ia(v) - £, homogeneous of order one, data ¢f, € L?, source 9,G, with G
a bounded measure, and averaging function Y € C°(int K).* Tt gives 6 = 6(a) € (0,1) such that,
for s :=0/2 and 1/qy = (14 0)/2, the average [} ¢fi x dv = pwy satisfies

lowellweao ey < C(le fellizlam aey IGe o + lpwell s vy )

with C' = C(N, K, o, Ck, |la|lc2(k), x); the second term on the right accounts for the low spa-
tial frequencies and for the passage from the local norm in [TT07, Eq. (2.5)] to the global one,
which is possible because pw, vanishes outside By(0). By the Sobolev embedding W*% (RY) C
LP(RN) with 1/p = 1/q9 — s/N = (1 +6)/2 — 6/(2N), by the bounds above, by |¢wy| e <
|I|1 /40 (fBR(O) (u—10)4dz) Hao (recall 0 < wy < |I] and pw, < g,y (u—£)4), and by R—r <1,

c’ (1+6)/2
) < <~ —0).d ,
lwellLr (B, 0)) < llpwellpr@yy < R =177 (/BR(O)(U )+ 35)

where " = C'(N,I,K,a,Ck, |lallc2(1), x). Together with the lower bound in (2.6), this is (2.9)
with C,y = (|I]/h) C".

4 The hypotheses of [TT07, Averaging Lemma 2.1] hold in our context: the coefficients of the symbol are of class
C? in v on K; the modified symbol a(v) - £/|¢| has the truncation property uniformly in v by [TTO07, Section 2.4];
and the non-degeneracy condition [TT07, Eq. (2.4)] on K is (2.3) with < § in place of < §, which holds with 2*Ck
in place of Ck. In the proof of [TT07, Averaging Lemma 2.1|, the kinetic equation [TT07, Eq. (2.3)] is used only
after multiplication by the averaging function and integration by parts in v, so the proof works although (2.10)
holds on RV x int K only.
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Step 3: De Giorgi iteration. For k > 0, define
(2.11) O,=U—(U—=46)27%  rp=1427F

The levels increase from £ to U, and the radii decrease from 2 to 1; since every ¢y, lies in [¢y, U], (2.9)
applies at each step with the same constant. Since {41 —¢ = (U—Eo)2_k_1 and ry—rpyq = 27571
Chebyshev’s inequality gives

)

ok+1
|Brypr (0) N {u > €1} < / (u—0y) de,
U - ZO Brk (0)

and Holder’s inequality together with (2.9), applied at level ¢ with r = ri; and R = 7, gives

/ (’LL —£k+1)+ dx
B

ree1 (0)

1-1/p

< N(w = i)+ Lo (Ba, )| Bris: (0) N {u > Crg }|

(2.12) 40)/2 7 ppt 1-1/p
< Oy 206+1)0 / (u— L)+ dx / (u— L)+ dx
By, (0) U—4to Jp,, 0

140/(2N)
(u— L)+ dx) ,

= Ca (U — go)—(1—1/p)2(k+1)(9+1—1/p) (/
By, (0)

where the last equality uses

146 1 0
2.1 —t1l——-=14+ —>1.
(2.13) 5 + » +2N>

Let €9 > 0 be defined by
Coay (U — L)~ (1=1/p) 90+1=1/p 6g/(2N) — 9= H(6+1-1/p)

If fB2(o)(U —lo)4 dz < g, then
(2.14) /B (O)(u — ) dx < g 9=k (0+1-1/p) (k> 0).
Tk

Indeed, for k£ = 0 this is the assumption, and if (2.14) holds for some k, then (2.12) and the choice
of g9 give

/ (u—lpt1)4 dz
Brk+1 (O)

< O (U — )~ 1=1/P) g(k+1)(0+1-1/p) 8(1)+0/(2N) 9—k(0-+1-1/p) (2 +1)

_ [CaV(U _ 50)7(171/;;) 9f+1-1/p 5g/(2N)] €0 9=k (6+1-1/p) _ - o—(k+1) 25 (0+1-1/p)

Since B1(0) C By, (0) and &, < U, (2.14) gives [ (u—U)sdz < [ ) (u—Ly)s+ dz — 0, that
1 Tl

is, u < U almost everywhere in B;(0). Finally, 9 depends only on C,y, 6, N, and U — £y, and x
and h were chosen in terms of K, ¢y, U; this concludes the proof. ]

Remark 2.5 (Regularity of the flux). We assumed A € C™(R;RY), with m > max{N,3}. The
dimension-dependent requirement m > N is needed in Lemma 2.3; the additional requirement
m > 3 is used in the averaging step of Lemma 2.4.

3. PROOF OF THE STABILITY RESULT

The proof of Theorem 1.3 follows the outline given in Section 1.1 and rests on Lemmas 2.3
and 2.4. For fixed € > 0, we select finitely many intervals of states on which Lemma 2.4 applies
(Step 1), prove the estimate on a single ball where v is nearly constant (Step 2), and cover By (0) by
such balls (Step 3); the modulus w4 1, is then assembled from the resulting smallness conditions
(Step 4).
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Proof of Theorem 1.3. Fix 0 < e < |I|; for € > |I| there is nothing to prove, since |u — v| < |I|.
Step 1: Discretization of the state interval. Let {c;};=, C I be a finite £/32-net of I: every
point of I lies within distance £/32 of some ¢;. Fix ¢ and suppose that supI — ¢; > /2. Then
V.t = (¢; +€/4, ¢; + £/2) is a non-empty open interval contained in I. By Lemma 2.3, there is a
compact interval K;7 C V; of positive length on which (2.3) holds with o = 1/(N — 1) and some
constant Cp+. Since K;” C V;* C int I, we may choose ¢; < U; with [(;,U;] C int K;" and apply
Lemma 2.4; let ;" > 0 be the constant &y given by that lemma. Note that
(3.1) cite/d<tl;<U;<c;i+¢e/2.

If sup I — ¢; < £/2, no construction is needed above ¢;. Symmetrically, if ¢; —inf I > /2, we apply
the same construction to the reflected flux /T(v) = —A(—v) on the interval —I and at the state
—c¢;. This flux is again of class C™ and satisfies (1.9) on —I. We obtain levels ¢; < U;” and a
constant k; > 0. Set ke = min{l, min; x;7, min; /-@i_} € (0,1], where each minimum runs over
the finitely many indices ¢ for which the corresponding constant was constructed. All these choices
depend only on A, I, N, and e.

Step 2: The estimate on a single ball. We claim the following. Let z € RY and r > 0, let u be
an entropy solution on Bs,.(z) with values in I, and let v : By,.(2) — I satisfy |v — ¢;| < €/16 on
Bs,.(z) for some i. Then

(3.2) r*N/ lu—v|dy <k = |u—v|<e almost everywhere in B,(z).
BQT(Z)

We first prove the upper bound v — v <e. If supl — ¢; < &/2, then u —v <supl —¢; + /16 < ¢
on By, (2). If supl —¢; > €/2, then v < ¢; +¢/16 < £; on Bs,.(z) by (3.1), and therefore

(3.3) (u—"0)y < (u—v); < |u—0| on By, (z2).

The rescaled function u,(y) := u(z + ry) is an entropy solution on By(0) with values in I, and by
(3.3)

/ (uT—Ei)ery:r_N/ (u—"0;)+ dygr_N/ lu —v|dy < ke < K;
B> (0) Bar(2) Bar(2)

Lemma 2.4 gives u, < U; almost everywhere in By(0), that is, u < U; < ¢; +¢/2 almost everywhere
in B,(z), and sou—v < e/2+¢/16 < ¢ there. If ¢; —inf I < &/2, then v—u < ¢; —inf I +¢/16 < e.
Otherwise, the lower bound v — u < ¢ follows by applying the upper bound to —u, —v, the flux
A: the interval —I, and the state —c¢;: the reflection w — —u maps entropy solutions with flux A
and values in I to entropy solutions with flux A and values in —1 , the remaining hypotheses of the
claim are invariant under it, and the same computation gives fBQ(O)(—uT — 47 )+dy < ke < K; .
This proves (3.2).

Step 3: Covering argument. Choose 0 < r. < 1/4 such that p(2r.) < ¢/32. Fix z € B1(0)
and select ¢; with [v(2) — ¢;| < €/32. Then By, (2) C Bs/3(0) C B2(0) and, for y € B, (2),
lu(y) — cil < p2re) +¢/32 < /16, If |lu — 0| L1(By(0)) < rN ke, then roN|Ju — vl L1, (2)) < e,

and Step 2 yields |u — v| < e almost everywhere in B,_(z). Since B;(0) is covered by countably
many of the balls B,_(z), z € B1(0), we conclude that

(34) lu = vl (B0 < rVre = lu- V|| Lee (B, (0)) < €

The constant ¥ k. depends only on A, I, N, p,¢.

Step 4: Construction of the modulus. For s > 0, let ©(s) be the supremum of ||u — v|| L (B, (0))
over all pairs (u,v) as in the statement with |lu — v|[z1(B,0)) < 5. Then 0 < © < ||, © is non-
decreasing, ©(0) = 0, and, by (3.4), O(s) < € for 0 < s < rMk. and every € € (0,|]|); hence
O(s) — 0 as s | 0. Define

2 2s
wa,r,p(s) = /1 O(sT)dr = 1 O(t)dt (s >0), wa,r1,,(0) :=0.

S S
Since © is bounded and non-decreasing, wa, 1, is non-decreasing, continuous on (0, c0), and satisfies
O(s) < wa,1,p(s) < O(2s); in particular, it is continuous at 0, so it is a modulus bounded by |I].
The inequality © <war,, is (1.11). O

We can now prove Corollaries 1.4-1.8.
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Proof of Corollary 1.4. It suffices to prove the second statement, since a continuous function is
uniformly continuous on compact sets. Let ' € Q be compact and cover it by finitely many balls
B, (%), i=1,...,k, with Ba,,(2;) C Q. Let p be a common modulus of continuity of the v; on
the compact set | J; Bar, (2;). For each i, the functions u;(z; 4+ 7 -) are entropy solutions on Bz (0)
with values in I, and v;(% + r; - ) has modulus p;(s) := p(r;s) on By(0). Theorem 1.3 gives

;= 3l 2B, 2y < Wz pr (17 Ny = vill 1 (Bar, 2)) — 0 (G = 00).
Taking the maximum over the finitely many ¢ gives |lu; — vj| (/) — 0. ]

Proof of Corollary 1.5. Let wa 1 == wa,r,, be the modulus of Theorem 1.3 for p(s) = s. Fix z € &
and set r := d/[2(1 + dL)]. Then 2r < d, so Ba,(z) C Q, and y — v(z + ry) is Lipschitz on B3(0)
with constant rL < 1/2. Theorem 1.3, applied to u(z +r-) and v(z +r-), gives

_ 2N(1 +dL)N
= vl o < 0t V=l o) < 0as (o = ol )
Since Q' is covered by countably many of the balls B,.(z), z € €, this proves (1.12). O

Proof of Corollary 1.6. Let u and v be entropy solutions of (1.1) on (0,00) x R™ with N =n +1
and A(s) = (s, F(s)); let wg s be the modulus of Theorem 1.3 for this flux and p(s) = s. Since v is
locally Lipschitz for positive times, (1.13) holds almost everywhere in the form dyv = —F'(v)- Vv,
which together with the spatial Lipschitz bound gives

|Vizv(r,2)] < Cpl'/7  for almost every (7, ).
Fix (¢,z) and let r := ;

Ia7acemy- Then Ba(t,x) C (t/2,3t/2) x R™, so that [V v] < 2CFI'/t on
B, (t, z), and the function y — v((¢,x) + ry) is Lipschitz on By (0) with constant 2rCrl/t < 1/4;
in particular, it admits the modulus p(s) = s. We use the local contraction inequality of [Kru70,
Theorem 1] and the local L' time continuity of entropy solutions; see [Pan05, Corollary 7.1].
Letting the spatial radius tend to infinity in the contraction inequality gives

(3.5) Jut, ) — vt )z @n) < luo — vollrny (¢ >0).
By (3.5),

r_N/ |u —v|dr dy < 4r7"||uog — vol| L1 (mr)
By, (t,x)

=4-4"(1 +2CpD)" Iluo — ZZHD(W)

< Cu(1+ cpryr Mo = ol ZSL”“(R") .
Applying Theorem 1.3, with p(s) = s, to the rescalings of u and v by the factor r around (¢,x)
gives |u—v| < wp,r (477 "||uo — vol| 1 (rn)) almost everywhere in B, (t,z). Since 2 € R™ is arbitrary,
a countable subcover gives the same bound, with ¢ fixed on the right-hand side, almost everywhere
on (t —r,t+r) x R™. Local L' time continuity then passes this bound from almost every nearby
time slice to the slice at ¢, proving (1.15) for every ¢ > 0. O

Proof of Corollary 1.7. As in the proof of Corollary 1.6, u and v are entropy solutions of (1.1) with
N =n+1and A(s) = (s, F(s)), and (3.5) holds. Fix 0 < & < |I| and let {¢;} and k. be the state
net and the constant k. of Step 1 of the proof of Theorem 1.3 for this flux. Set 7 := /32 and, for
t>t,, r=ryt. Fix x € R". Since r, < 1/4, we have By, (t,z) C (t/2,3t/2) x R". Choose ¢; with
[v(t,x) — ¢i| <e/32; by (1.16), |[v —¢;| < n+¢/32 =¢/16 on By, (t,x). Moreover, (3.5) gives

r_N/ |u —v|dr dy < 4(ryt) " [Juo — vol| L1 (mn),
Bgr(t,r)

1/n

) } For such ¢, Step 2

of the proof of Theorem 1.3, namely (3.2), yields |u — v| < ¢ almost everywhere in B,.(t,x). A
countable subcover as x varies gives |u — v| < € almost everywhere in (¢t —r,t + 1) x R", and local
L' time continuity gives [u(t,-) — v(t, )| poo(rn) < € for every t > T.. O

which is at most k. as soon as t > T, = max{t,,7 T,71 (4||u0 —voll L1 (rn)/Ke
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Proof of Corollary 1.8. Since U is continuous, v is a continuous entropy solution of (1.1) on
Q= (0,00) x R™ with A(s) = (s, F(s)). By [Sil19, Lemma 10.1], which requires no nonlinearity
assumption, a continuous entropy solution is constant along each segment of the line through a
point zy € Q with direction A’(v(x)) that lies in Q. Applied at 29 = (1,€e), & € R, this gives
v(t,€e+ (t—1)F'(U())) = U(&) for every t > 0, that is, with be := e - F'(U(¢)),

§—be

(3.6) U (be + T) —U®)  (t>0), || <R

If £,¢ > R, then t :== (£ —b¢)/(¢ — be) > 0 and (3.6) gives U(¢) = U(§); the same holds when
¢, ( < —R, since numerator and denominator are then both negative. By continuity, U is constant
on (—oo,—R] and on [R, c0).

Consequently, for ez # 0 we have v(t,z) = vo(x) as soon as 0 < t < |e-z|/R, so v(t,-) = vg in
L (R™) as t | 0 by dominated convergence, the functions taking values in the compact interval 1.
By Kruzkov’s uniqueness theorem, v is the global entropy solution with initial datum vy.

Next, for 7 € [1/2,3/2], the map (7,y) — max{—R,min{R, (e - y)/7}} is Lipschitz with a
constant depending only on R. Composing it with the uniformly continuous restriction of U to
[~ R, R] proves uniform continuity of (7,y) — U((e-y)/7) on [1/2,3/2] x R™. Rescaling gives (1.16);
apply Corollary 1.7. O

4. PROOF OF THE CONTINUITY RESULT

We now combine Lemmas 2.1 and 2.2 with Theorem 1.3 to prove Theorem 1.1 by the blow-
up argument outlined in Section 1.1. Up to the identification of the blow-up limit as a constant
(Step 1 below), only the qualitative condition (1.9) is used, and the conclusion at that stage is the
vanishing mean oscillation of u at xg, as in [DOWO03, Theorem 1]; using Theorem 1.3, we then
obtain the vanishing of the essential oscillation (Steps 2-3).

Proof of Theorem 1.1. Step 1: A constant limit at a point of zero density. Fix zo € Q\ J. We
construct a sequence r;, | 0 and a constant ¢ € I such that

(4.1) u(zg + 7, -) — ¢ strongly in L (RY).
Choose any sequence r; | 0 with By, (2¢) C Q. We consider the rescaling
(4.2) ur; () = u(xo + 157), por; (B x H) = r;_Nu((aso +r;E) x H)

for Borel sets E C (2 —x0)/r; and H C I. The rescaled solution u,, and measure ., satisfy (1.3)
on the rescaled domain. For every fixed R > 0,

_ pN-1 M(BRTJ- (33‘0) X I)
(Rrj)N—1

Each fixed ball lies in the rescaled domain for all sufficiently large j. A diagonal extraction using

Lemma 2.1 on bounded balls yields a subsequence rj, and us, € L°°(RY;T) such that Up;, = Uoo

(4.3) fir, (BR(0) x I) = ri =N u(Bpy, (z0) x I) — 0.

strongly in L' on every bounded ball. Moreover, for every R > 0,

(44) / / ’]l{infl<v<ur. (=)} — ]l{inf1<1)<uoc(m)}’ dvdz = / |u7“jk - UOO| dz — 0.
Br(0) J1 Tk Br(0)

Passing to the limit in the kinetic equation using (4.3) and (4.4), we find that u., satisfies (2.1).
By Lemma 2.2, us, = ¢ almost everywhere for some ¢ € I, which proves (4.1).

Step 2: Stability at the constant blow-up limit. Each Uy, is an entropy solution on Bs(0) with
values in I, and ||ur_7.k —cllz1(By(0)) = 0 by (4.1). Applying Theorem 1.3 with the constant v = ¢
and the modulus p = 0, we obtain

(4.5) lu(zo + 75, +) = el (By(0)) — O
Step 3: Continuity. By (4.5),

esssup u — essinf u < 2||u,. —c¢l|p~(B,0) — 0.
(46) Brjk(wlj) BTJ‘ (xo) H Tk ”L (B1(0))

k
Essential oscillation is non-decreasing as a function of the radius. Thus its limit as » | 0 is

determined by any sequence of radii decreasing to zero, and (4.6) proves (1.10) at z¢. This argument
applies to each xg ¢ J.
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It remains to construct the representative. Let

u(x) = lrlfol e?;?;l)p u, u(x) = lTlfg eg’i(lgfu (x € Q),
which exist by monotonicity; as in [Sill9, Section 2.2|, @ is upper semicontinuous, u is lower
semicontinuous, and u < % on 2, while u = @ on Q\ J by (1.10). Define a(z) = u(z) if z is a
Lebesgue point of u, with u(x) its Lebesgue value, and @(x) := u(z) otherwise. Then & = u almost
everywhere, and u < @ < @ on {2, since a Lebesgue value is a limit of averages of u over small
balls. The semicontinuity of the two envelopes and their equality on Q \ J therefore imply that @
is continuous at every xg € Q\ J. O
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