
SCALING LIMITS FOR MORAN PROCESSES ON METRIC STRATEGY
SPACES: AN EULERIAN DERIVATION OF PURE REPLICATOR AND

FLEMING–VIOT MEASURE-VALUED PDES

STEFANO ALMI, RICCARDO DURASTANTI, MARCO MORANDOTTI, GIANLUCA ORLANDO,
AND FRANCESCO SOLOMBRINO

Abstract. We study the large-population limit of a discrete-time Moran process featuring
multiple strategies, drawn from a possibly infinite strategy space V (a metric space), under
both weak and strong selection. In the Eulerian density formulation, the limiting dynamics
depend critically on the relative scaling of population size, mutation rate, and selection intensity.
Depending on these scalings, the limit behavior is governed either by a purely deterministic
replicator-type continuity equation or by a diffusion-enhanced PDE. In the latter case, the
diffusion operator recovers the classical Fleming–Viot operator and the Kimura equation as
special instances. Methodologically, we derive the limit by reinterpreting the discrete process in
Eulerian coordinates, constructing interpolating curves that satisfy an approximate PDE, and
establishing convergence via a compactness argument in a suitable topology on the space of
probability measures over probabilities over V .

1. Introduction

Predicting the macroscopic behavior of large systems of interacting agents is crucial in a
number of scientific areas and applications, including biology [38, 39], population dynamics and
opinion formation [22, 40], optimization and robotics [2, 11, 12, 15, 35, 36], artificial intelli-
gence [26], and economics [22, 27]. In such systems, a set of strategies (for instance, genes within
a population or portfolios in stock markets) is often provided that agents may choose and change
over time, in order to optimize the individual outcome. Evolutionary games offer a solid mathe-
matical framework to describe this kind of competing dynamics, going beyond the static notion
of Nash equilibria [33]: strategies are selected by each agent based on (i) interactions among
themselves and with the environment and (ii) certain instantaneous optimization principles.

From the biology point of view, evolutionary games based on fitness embody the Darwinian
principle of natural selection [19], which drives the evolution at the macroscopic scale. At the
microscopic scale, instead, Kimura’s neutral theory of molecular evolution [29] postulates that
most evolutionary changes at the molecular level are selectively neutral: evolution is largely
driven by random chance (genetic drift diffusion). A relevant analysis goal is to bridge these
two scales: the interplay of selection and diffusion effects will emerge in a prototypical discrete
evolutionary process through the identification of a suitable underlying time scale. To clarify
our goal, we start by reviewing the two involved evolutionary mechanisms, namely the replicator
dynamics (a time-continuous dynamics) and the Moran process (a time-discrete process).

Replicator dynamics and the Moran process. The replicator dynamics is a paramount ex-
ample of an evolutionary game, where strategies replicate aiming at instantaneous maximization
of a given payoff function. In its simplest form, the replicator equation writes as

λ̇ = b(λ) , bi(λ) = ((Aλ)i −Aλ · λ)λi for i = 1, . . . ,M . (1.1)
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The ODE system (1.1) describes the evolution of the frequency λ = (λ1, . . . , λM ) of pure strate-
gies U = {u1, . . . , uM} in a population of N individuals, namely λi = 1

N#{agents with strategy ui} .
In classical applications to evolutionary biology, the selection of pure (or mixed) strategies is me-
diated by how their payoff relates to the average within the population. The entry aij of the
matrix A ∈ RM×M denotes the payoff of the strategy ui against uj , and each component bi(λ)
compares the payoff of a single strategy with the average payoff, represented by Aλ · λ . If the
payoff of the individual strategy ui is larger than the average one, its frequency in the popula-
tion rises (hence the replication); if the payoff of the individual strategy ui is smaller than the
average one, the strategy is progressively suppressed. It is important to notice that the replicator
dynamics described by (1.1) is deterministic. Diffusion effects are thus neglected, as they are
typically slower than the transport term in (1.1) (see, e.g., [5, 14, 25, 31, 41]).

In [13, 14, 31] the replicator equation (1.1) has been linked to the Moran process [30] for a
finite number of pure strategies. The Moran process is a time-discrete stochastic process which
models the evolution of strategies within a population of N individuals. For time steps equally
spaced by τ > 0 , at a given time step th = hτ an agent is selected to replicate their strategy,
at the expenses of a randomly selected agent that must abandon their own. The probability of
being chosen for reproduction is expressed in terms of fitness of the strategy, which in turn is a
function of the payoff. To better understand the involved parameters and scalings, let us present
the simplest scenario M = 2 (in the original, biological interpretation, two alleles u1 and u2
competing for dominance). The probability of reproduction is of the form

P
(
“a ui-individual is chosen for reproduction”

)
=

λifui
λ1fu1 + λ2fu2

, (1.2)

fui denoting the fitness of strategy ui . A typical choice [34] is to write fui as a convex combi-
nation of the constant 1 and the payoff πui of the strategy ui , i.e.,

fui = (1− w) + wπui , w ∈ [0, 1] , (1.3)

where, recalling the payoff matrix A from (1.1), πui may be expressed as

πui = ai1λ1 + ai2λ2 , i = 1, 2. (1.4)

The extreme case w = 0 is called neutral selection and corresponds to uniform probability
in (1.2); on the contrary, if w = 1 , then the fitness is solely determined by the payoff. Small
values of w model a weak selection regime, whereas large ones indicate strong selection.

The discrete process is fully described by the stochastic evolution of the vector λN,τ (th) =

(λN,τ1 (th), λ
N,τ
2 (th)) collecting the proportions of strategies at discrete times th = hτ . Since its

components add up to one, λN,τ (th) is a random point in the simplex ∆1 ⊂ R2 . It has been
shown in [31] that the law ΛN,τ (t) ∈ P(∆1) of the piecewise affine interpolant λN,τ (t) converges
to the (unique) solution to an Eulerian version of the replicator equation (1.1) in the form

∂tΛ + div(bΛ) = 0 , Λ ∈ C([0, T ];P(∆1)) , (1.5)

with the vector field b as in (1.1). The result has been obtained under suitable scaling assump-
tions of the three involved parameters: the vanishing weak selection parameter w , the vanishing
time step τ , and the diverging number of agents N . The analysis hinges on two main simplifi-
cations. On the one hand, agents only rely on a finite number of pure strategies. On the other
hand, the chosen scaling allows one to neglect higher order terms (specifically, diffusion effects),
leading to a pure replicator dynamics. In order to quantify such scalings, let us mention (see
[31, Proposition 4.4] and Corollary 5.4 below) that the curve t 7→ ΛN,τ (t) solves in the sense of
distribution the (approximate) equation

∂tΛ
N,τ +

w

τN
div
(
bΛN,τ

)
≈ 0 , (1.6)

with an error of order O(1/τN2) , involving second-order derivatives of the test function. Thus,
assuming 1/τN2 → 0 eliminates the diffusion terms in the limit.
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Our goals: including diffusion and extending to infinitely many strategies. We de-
velop an analytical framework to achieve a twofold goal. On the one hand, we include diffusion
effects in the model. Indeed, the natural guess is that in the weak selection regime, under the
scaling suggested by the previous discussion (which includes a vanishing selection parameter w ),
competition between the driving principles of natural selection and genetic drift diffusion may
arise, generating a richer dynamics than a pure replicator equation.

We also show, instead, that if w remains positive (as in the strong selection regime) and the
payoff function is non-negative (see Remark 3.3 and Theorem 3.12), selection prevails and the
limit dynamics results in a pure replicator-type evolution with a modified field b .

On the other hand, it is highly desirable to encompass an infinite number of strategies varying
in a compact metric space (V, d) in our analytical framework. This corresponds to a well-
established point of view in many relevant applications. For instance, Nash’s approach [33] to
equilibria in non-cooperative games builds upon von Neumann’s notion of mixed strategy. In this
setting, for the set of pure strategies U = {u1, . . . , uM} as above, mixed strategies are represented
by probability distributions in V = P(U) . Elements of V represent, for instance, the probability
that players have of choosing a pure strategy or, in a financial context, a portfolio of investment
options [24], or also the degree of influence exerted on other players [1]. In evolutionary biology,
a model of particular interest takes (V, d) to be the continuous spectrum of acoustic frequencies
available to birds. Here, fitness measures the reproductive returns of each frequency (or song),
capturing its behavioral effectiveness [37]. We further refer to [9, Introduction] and the references
therein for a discussion on dynamic models for continuous strategy spaces.

Summarizing with the present work we aim at developing the analytical framework to encom-
pass infinitely many strategies in the Moran process and to treat different mutual scalings of w ,
τ , and N that allow for second-order effects. To the best of our knowledge, the analysis in the
proposed setting is uncovered. Dealing with an infinite number of strategies will result in working
with infinite dimensional spaces lacking linearity, with the typical structure of Wasserstein over
Wasserstein [1, 3, 4, 5, 32], that we are going to describe below.

Novel contribution. In order to be more precise on this aspect, let us briefly introduce the
Moran process with an infinite pool of strategies, denoted by a compact metric space (V, d) .
At time th = hτ the N agents have strategies σn ∈ V for n = 1, . . . , N . The distribution
of strategies is represented by the empirical measure λN,τ (th) =

1
N

∑N
n=1 δσn ∈ P(V) . Follow-

ing (1.3)–(1.4), the fitness of the n-th agent to replicate its strategy σn is given by the convex
combination

FλN,τ (th)
(σn) = (1− w) + w πλN,τ (th)

(σn) , (1.7)

where the payoff function π : V × P(V) → R is only assumed to be continuous with respect to
(σ, λ) ∈ V × P(V) . Hence, the strategy σn will replicate with probability

P
(
“strategy σn is chosen for reproduction”

)
=

FλN,τ (th)
(σn)∑N

n′=1 FλN,τ (th)
(σn′)

.

Passing to the law ΛN,τ (t) of the piecewise affine interpolant λN,τ : [0, T ] → P(V) of λN,τ (th) , we
are left to work with continuous curves of probability measures ΛN,τ : [0, T ] → P(P(V)) , which
reveal the Wasserstein over Wassertein structure. We refer to Section 2 for further discussions.
The natural domain of our model is the mixed-strategy set V = P(U) . Crucially, the underlying
analysis imposes no further restrictions beyond compactness and metrizability. We put this
latitude to use in Section 4.3, where the strategy space is the continuous circle V = S1 for an
alignment problem in spin systems. This example, coupled with the ones preceding it, underscores
that our framework cohesively unifies fitness-based interactions, regardless of whether strategies
are discrete, continuous, or randomized.



4 S. ALMI, R. DURASTANTI, M. MORANDOTTI, G. ORLANDO, AND F. SOLOMBRINO

To reveal the significant scalings of w , τ , and N , we prove in Theorem 5.1 and Corollary 5.4
that, in the case of vanishing selection parameter, ΛN,τ solves in distributional sense the approx-
imate equation

∂tΛ
N,τ +

w

τN
div
(
b(λ)ΛN,τ

)
− 1

τN2
divλ

(
divλ

(
B(λ)ΛN,τ

))
≈ 0 , (1.8)

where

b(λ) = (πλ − πλ)λ, πλ =

ˆ
V
πλ(σ) dλ(σ) for λ ∈ P(V)

and, at least formally,〈
divλ

(
divλ

(
B(λ)Λ

))
, ψ(t, λ)

〉
=

1

2
⟨B(λ)Λ, D2

λψ(t, λ)⟩

=
1

2

ˆ
P(V)

ˆ
V

ˆ
V
D2
λψ(t, λ)[δσ − δσ , δσ − δσ] dλ(σ) dλ(σ) dΛ(λ).

Once again, equation (1.8) is solved up to an error of order O(1/N2) . We remark that one
needs to be very careful in giving a meaning to equation (1.8), as it is formulated on the state
space P(V) . Here we make use of the infinite dimensional calculus rules on convex sets developed
in [5], which can be iteratively employed to define Ck -functions over P(V) endowed with the
Bounded-Lipschitz norm. We refer to Section 2 for more details.

The approximate equation (1.8) reveals the relevant scalings of the involved parameters. Under
the assumption

w

τN
→ γ ≥ 0

1

τN2
→ ν ≥ 0 (1.9)

with γ, ν non-simultaneously 0 , we will show in Theorems 3.9, 3.11, and 3.12 that ΛN,τ con-
verges to a continuous curve Λ: [0, T ] → P(P(V)) which solves the replicator equation with
genetic drift diffusion

∂tΛ + γ divλ(b(λ)Λ)− ν divλ(divλ(B(λ)Λ)) = 0 . (1.10)

On the technical side, we remark that the crucial step in proving Theorems 3.9, 3.11, and
3.12 is the compactness of the curve ΛN,τ . As pointed out in [31, Remark 5.2] for the pure
replicator dynamics, we cannot expect ΛN,τ to be equi-continuous, calling for a more refined
analysis. Moreover, differently from [31], the presence of the second order term in (1.8) and (1.10)
forces us to endow P(P(V)) with a distance dZ constructed, in the spirit of the 1-Wasserstein
distance W1 , by duality with test functions in

Z :=
{
ψ ∈ C2(P(V)) : Lip(ψ) + Lip(Dλψ) ≤ 1

}
.

We refer to (2.1) and Lemma 2.2 below for the definition of dZ and for some basic compactness
properties of the metric space (P(P(V)), dZ) .

We conclude this introduction with a brief comparison of our result with the existing literature
concerning the Moran process and replicator dynamics. First, we notice that the analysis of [31]
is obtained as a byproduct of Theorem 3.11 when V = U is finite and

w

τN
→ γ > 0 and

1

τN2
→ 0 .

Moreover, the scalings detected in [14] are in agreement with (1.9) and the convergence results
in Theorems 3.9, 3.11, and 3.12. Indeed, setting

N ∼ τ−α and w ∼ τβ for α > 0 and β ≥ 0, (1.11)

we deduce that ΛN,τ converges to solutions to a pure replicator equation if α+β = 1 and α > 1
2 ,

while we obtain a replicator equation with genetic drift for α = β = 1
2 . In this setting, our result

may be seen as the rigorous counterpart of [14] for a finite number of pure strategies. Such a
scenario is discussed in detail in Section 4.2, where we show how our abstract setting reduces to
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the classical Fleming–Viot operator with M competing pure strategies [20, 21, 23] and to the
Kimura equation if M = 2 [16, 18, 28, 29]. We summarize our findings on the reciprocal scales
on w , τ , and N in (1.11) in the following table.

Scaling Parameters Asymptotic Rates Macroscopic Model
α+ β = 1 γ > 0 (Selection) Pure replicator dynamics
α > 1/2 ν = 0 (No Drift) Deterministic selection dominates. Diffu-

sion vanishes.
α = 1/2 γ > 0 (Selection) Replicator with drift diffusion
β = 1/2 ν > 0 (Drift) Darwinian selection and Kimura’s drift are

perfectly balanced.
α = 1/2 γ = 0 (No Selection) Pure genetic drift diffusion
β > 1/2 ν > 0 (Drift) Selection is too weak; pure random fluctu-

ations drive the population.

Outline of the paper. The paper is organized as follows: in Section 2, we collect the mathe-
matical preliminaries concerning function spaces, differential calculus in P(V) , and introduce the
distance dZ between elements of P(P(V)) . In Section 3, we describe the time-discrete Moran
process and state the main convergence Theorems 3.9, 3.11, and 3.12. We devote Section 4 to
explicit examples that are of relevance in some applied contexts. In particular, we show that
our framework fits with the theory of Fleming–Viot operators [23] for a finite or a continuum
set of pure strategies V . In the case of 2 sole competing strategies, we recover the well-known
Kimura equation [28, 29]. Furthermore, we present in Section 4.3 an application to spin systems.
The proofs of Theorems 3.9, 3.11, and 3.12 are contained in Sections 5 and 6. Precisely, in
Theorem 5.1 and Corollary 5.4 we rigorously prove (1.8). In Section 6 we show compactness of
the time-discrete curves and recover the replicator equation with genetic drift diffusion (1.10).

2. Preliminaries

We fix (V, d) a compact metric space. We denote by P(V) the space of probability measures
over V . We will always endow P(V) with the metric induced by the Bounded Lipschitz norm

∥µ∥BL := sup

{
⟨µ, φ⟩ : φ ∈ Lip(V), ∥φ∥Lip ≤ 1

}
for every µ ∈ (Lip(V))∗,

where ∥φ∥Lip := ∥φ∥∞ + Lip(φ) and Lip(φ) denotes the Lipschitz constant of φ , namely,

Lip(φ) := sup
x,y∈V
x̸=y

|φ(x)− φ(y)|
d(x, y)

.

We further denote by F(V) the so-called Arens–Eells space

F(V) := span(P(V))∥·∥BL ⊆ (Lip(V))∗.

In view of [5, 7], (F(V), ∥ · ∥BL) is a separable Banach space. Since V is compact, (P(V), ∥ · ∥BL)
is a convex compact subset of F(V) . Moreover, denoting with dBL the distance on P(V) induced
by the Bounded Lipschitz norm, thanks to the compactness of V , we have that dBL and the 1-
Wasserstein distance are equivalent. Thus, (P(V), ∥·∥BL) and (P(V),W1) are the same topolog-
ical space. We further denote by EP(V) the closed vector space EP(V) := R(P(V)− P(V))∥·∥BL ,
i.e., the closure with respect to the BL-norm of the set {α(λ1 − λ2) : α ∈ R, λ1, λ2 ∈ P(V)} ,
which is a vector subspace thanks the convexity of P(V) . Notice that (EP(V), ∥ · ∥BL) is a closed
subspace of (F(V), ∥ · ∥BL) , and therefore is Banach and separable. We denote by (EP(V))

∗ its
dual space.
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Following [5], given (Y, ∥ · ∥Y ) a normed space, we say that a function ψ : P(V) → Y is
C -differentiable if for every λ ∈ P(V) there exists Dψ(λ) ∈ L(EP(V);Y ) such that

lim
λ′→λ

ψ(λ′)− ψ(λ)−Dψ(λ)[λ′ − λ]

∥λ′ − λ∥BL
= 0 .

We say that ψ ∈ C1(P(V);Y ) if ψ is C -differentiable and the map Dψ : P(V) → L(EP(V);Y ) is
continuous, where L(EP(V);Y ) is endowed with the standard norm for linear operators between
normed spaces. Arguing recursively, we are able to define Ck -functions from P(V) to Y for
every k ∈ N . In the sequel, we will often deal with ψ ∈ C2(P(V)) (real-valued functions). In
this case, Dψ : P(V) → (EP(V))

∗ and D2ψ : P(V) → L(EP(V); (EP(V))
∗) are well-defined and

continuous. As shown in [3, Lemma 4.4] it holds that

∥Dψ∥L∞(P(V)) ≤ Lip(ψ) and ∥D2ψ∥L∞(P(V)) ≤ Lip(Dψ)

for every ψ ∈ C2(P(V)) . As we will often consider test function ψ ∈ C2([0, T ] × P(V)) also
depending on time, we will denote by Dλψ(t, λ) and D2

λψ(t, λ) the C -differentials of the map
ψ(t, ·) for fixed t ∈ [0, T ] .

Later in this work we will further consider the set P(P(V)) . Notice that P(P(V)) can be
endowed with the 1-Wasserstein distance

W1(Λ1,Λ2) := sup

{ˆ
P(V)

φ(λ) d(Λ1 − Λ2)(λ) : φ ∈ Lip(P(V)) with Lip(φ) ≤ 1

}
where the Lipschitz constant is computed with respect to the BL-norm. Notice that (P(P(V)),W1)
is a compact metric space.

We denote by Z the set

Z :=
{
ψ ∈ C2(P(V)) : Lip(ψ) + Lip(Dψ) ≤ 1

}
.

We introduce in P(P(V)) the following function dZ : P(P(V))× P(P(V)) → [0,+∞) :

dZ(Λ1,Λ2) := sup

{ˆ
P(V)

ψ(λ) d(Λ1 − Λ2)(λ) : ψ ∈ Z

}
for Λ1,Λ2 ∈ P(P(V)). (2.1)

In the next two lemmas we prove that dZ is indeed a distance on P(P(V)) .

Lemma 2.1. The space C∞(P(V)) is dense in Lip(P(V)) with respect to the L∞(P(V))-norm.

Proof. We may consider the algebra A of functions of the form

ψ(φ1(λ), . . . , φn(λ)) λ ∈ P(V) ,

where φ1, . . . , φn ∈ (F(V))∗ and ψ is a polynomial of n variables. Notice that such functions
belong to C∞(P(V)) (even to C∞(F(V))). Clearly, A contains constant functions. Moreover,
A separates the points of P(V) . Hence, a direct application of Stone-Weierstrass implies that
A is dense in the set of continuous functions C(P(V)) in the L∞(P(V))-norm. This concludes
the proof of the lemma. □

Lemma 2.2. The space (P(P(V)), dZ) is a compact metric space. Moreover,

dZ(Λ1,Λ2) ≤W1(Λ1,Λ2) for every Λ1,Λ2 ∈ P(P(V)) . (2.2)

Proof. Inequality (2.2) is a direct consequence of the definition of dZ and of W1 . The map dZ
is clearly symmetric and satisfies the triangle inequality. If Λ1,Λ2 ∈ P(P(V)) are such that
dZ(Λ1,Λ2) = 0 , then ˆ

P(V)
ψ(λ) d(Λ1 − Λ2)(λ) = 0 for every ψ ∈ Z. (2.3)

Hence, (2.3) is satisfied for every ψ ∈ Span(Z) . Notice that, since P(V) is compact, Span(Z) =
C2(P(V)) . Therefore, (2.3) holds for every ψ ∈ C2(P(V)) . Thanks to Lemma 2.1, we may
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extend (2.3) to test functions ψ ∈ Lip(P(V)) . This in turn implies that also W1(Λ1,Λ2) = 0
and Λ1 = Λ2 . Hence, dZ is a metric on P(P(V)) . The compactness of (P(P(V)),W1) yields
the compactness of (P(P(V)), dZ) . □

3. Description of the time-discrete process and main results

This section describes the abstract Moran process for a finite number of agents N with a
possibly infinite pool of strategies V , as well as the main results of the paper concerning its
asymptotic behavior in terms of the reciprocal scalings among the diverging number of agents
and the vanishing time-step τ and selection parameter w .

3.1. Time-discrete process. In this first subsection we describe the time-discrete Moran pro-
cess. We start by introducing the initial conditions, as well as the fitness and payoff functions.
In the last paragraph we describe the death-birth process.
Initial condition. Let us fix Λ0 ∈ P(P(V)) as initial datum. By Skorokhod representation
theorem (see, e.g., [8, Section 6]), there exists a probability space (Ω,P,F) and a measurable
map λ0 : Ω → P(V) such that Λ0 = (λ0)#P . We consider a finite time horizon T > 0 . For every
k ∈ N \ {0} we define τk = T

k and let tkm = mτk for every m ∈ {1, . . . , k} . We approximate the
initial condition thanks to the following lemma.

Lemma 3.1. Let (Ω,P,F) , λ0 : Ω → P(V) measurable, and Λ0 = (λ0)#P. Then, there exists
a sequence of measurable maps σN0,n : Ω → V , n ∈ {1, . . . , N} and N ∈ N , such that, defining
λN0 := 1

N

∑N
n=1 δσN

0,n
∈ P(V) and ΛN0 := (λN0 )#P ∈ P(P(V)) it holds W1(Λ

N
0 ,Λ0) → 0 as

N → ∞.

Proof. Let us fix D a dense and at most countable subset of V . For N ∈ N we assume that VN
is endowed with the distance function dN : VN × VN → [0,+∞)

dN (θ, σ) :=

(
N∑
n=1

(d(θn, σn))
2

)1/2

for every θ, σ ∈ VN .

Thus, the set DN is dense in VN . We consider the map GN : Ω → [0,+∞) defined by

GN (ω) := inf
θ∈DN

W1

(
λ0(ω),

1

N

N∑
n=1

δθn

)
= min

θ∈VN
W1

(
λ0(ω),

1

N

N∑
n=1

δθn

)
.

Notice that the second inequality follows by continuity of W1 and density of D . The function GN
is measurable over Ω , since it is the infimum of a sequence of measurable functions.

We define the multi-function TN : Ω → VN as

TN (ω) :=

{
θ ∈ VN :W1

(
λ0(ω),

1

N

N∑
n=1

δθn

)
= GN (ω)

}
.

For every open set A ⊆ VN we have that

{ω ∈ Ω : TN (ω) ∩A ̸= Ø} =

{
ω ∈ Ω : inf

θ∈DN∩A
W1

(
λ0(ω),

1

N

N∑
n=1

δθn

)
= GN (ω)

}
. (3.1)

Hence, the set {ω ∈ Ω : TN (ω) ∩ A ̸= Ø} is a measurable subset of Ω . By [17, Theorem III.6],
there exists a measurable selection σN0 (ω) ∈ TN (ω) .

Let us set λN0 (ω) := 1
N

∑N
n=1 δσN

0,n(ω)
and ΛN0 := (λN0 )#P . To conclude, it is enough to notice

that (see, e.g., [32, Step 2, Proof of Theorem 3.5])

lim
N→∞

inf
θ∈VN

W1

(
λ0(ω),

1

N

N∑
n=1

δθn

)
= 0 for ω ∈ Ω
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and that, by compactness of V , W1(λ0(ω), λ
N
0 (ω)) ≤ 2 diam(V) . Hence,

W1(Λ
N
0 ,Λ0) = sup

{ˆ
P(V)

φ(λ) d(ΛN0 − Λ0)(λ) : φ ∈ Lip(P(V)), Lip(φ) ≤ 1

}
= sup

{
E
(
φ(λ0)− φ(λN0 )

)
: φ ∈ Lip(P(V)), Lip(φ) ≤ 1

}
≤ E

(
∥λ0 − λN0 ∥BL

)
≤ E

(
W1(λ0, λ

N
0 )
)
.

By the Dominated Convergence Theorem, we conclude that W1(Λ
N
0 ,Λ0) → 0 as N → ∞ . □

We fix from now on a sequence of initial data ΛN0 ∈ P(P(V)) as in the statement of Lemma 3.1.

Fitness and payoff functions. In order to describe the Moran time-discrete process, we intro-
duce the following fitness function. For λ ∈ P(V) , we define Fλ : V → R as

Fλ(σ) = 1 + w(πλ(σ)− 1) for σ ∈ V and λ ∈ P(V), (3.2)

where w ∈ [0, 1] is the selection parameter and πλ : V → R represents the payoff function. We
will consider both the fitness and the payoff function as functions of the pair (σ, λ) ∈ V × P(V)
and denote F (σ, λ) = Fλ(σ) and π(σ, λ) = πλ(σ) . For λ ∈ P(V) we further set

πλ :=

ˆ
V
πλ(σ) dλ(σ) and F λ :=

ˆ
V
Fλ(σ) dλ(σ) . (3.3)

The only assumption we need in view of our scaling limits is the following:
(π.1) The map π : V × P(V) → R is continuous.

Notice that this implies, together with the compactness of V×P(V) , that there exists a constant
Cπ > 0 such that

|πλ(σ)| ≤ Cπ for every (σ, λ) ∈ V × P(V). (3.4)

Remark 3.2 (On the strict positivity of the fitness function). For the discrete Moran process to
be mathematically well-defined and biologically meaningful, it is crucial that the fitness func-
tion satisfies Fλ(σ) > 0 for any strategy σ ∈ V and any population distribution λ ∈ P(V) .
Indeed, in the Moran process, the probability of an individual being selected for reproduction
is proportional to its relative fitness, namely

1
N
Fλ(σ)

Fλ
(see below). If the fitness were allowed to

vanish, there could exist specific population states λ where all agents simultaneously achieve
zero fitness. In such a scenario, the average population fitness F λ would drop to zero, leading
to an undefined 0

0 transition probability. Bounding the fitness strictly away from zero guaran-
tees that the denominator is always strictly positive, ensuring that the transition matrix of the
Markov chain is well-defined at every discrete time step. It follows from (3.2) and (3.4) that, if
w ∈

[
0, 1

Cπ+1

)
, then Fλ(σ) > 0 for every σ ∈ V and λ ∈ P(V) . However, since we are interested

in a vanishing selection parameter w , this assumption on w is naturally satisfied in our main
results (Theorems 3.9 and 3.11).

Remark 3.3 (The non-vanishing selection case). Notice that in the case of non-vanishing selection
parameter (Theorem 3.12), i.e. w ∈ (0, 1] , then the positivity of the fitness function is strictly
related to the non-negativity of the payoff function. More precisely, rewriting the fitness as
Fλ(σ) = (1− w) + wπλ(σ) , it follows that, if

either w ∈ (0, 1) and π ≥ 0 or w = 1 and π > 0 (3.5)

then the fitness F is strictly positive in V × P(V) .
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Time-discrete process. Assume that either w ∈
[
0, 1

Cπ+1

)
or (3.5) holds. We consider the

following time-discrete process. For m ∈ {1, . . . , k} and n ∈ {1, . . . , N} we let σNn (tkm−1) : Ω → V
be the strategy of agent n at time tkm−1 . We let σN (tkm−1) = (σN1 (tkm−1), . . . , σ

N
N (tkm−1)) be the

state of the system at time tkm−1 and we consider the corresponding empirical distribution of
strategies λN

tkm−1
: Ω → P(V) defined by λN

tkm−1
:= 1

N

∑N
n=1 δσN

n (tkm−1)
, and ΛN

tkm−1
= (λN

tkm−1
)#P .

The distribution of strategies at time step tkm−1 is conditional on the random state σN (tkm−1) as
described in the following. The probability that the agent n ∈ {1, . . . , N} is chosen to abandon
their strategy σNn (tkm−1) is 1

N . The probability that the agent n′ ∈ {1, . . . , N} is chosen to
replicate their strategy σNn (tkm−1) is instead expressed in terms of the relative fitness given by

1
NFλN

tkm−1

(σNn′(tkm−1))

1
N

N∑
ℓ=1

FλN
tkm−1

(σNℓ (tkm−1))

=

1
NFλN

tkm−1

(σNn′(tkm−1))

F λN
tkm−1

.

Thanks to Remarks 3.2 and 3.3, this transition is well-defined. Therefore, at time tkm the
strategies σN (tkm−1) are updated as follows:

σNℓ (tkm) = σNℓ (tkm−1) for ℓ ̸= n,

σNn (tkm) = σNn′(tkm−1) .

Such an update occurs with conditional probability

P
(
σNn (tkm) = σNn′(tkm−1)

∣∣∣ σN (tkm−1)
)
=

1
N2FλN

tkm−1

(σNn′(tkm−1))

F λN
tkm−1

. (3.6)

Then, we set λN
tkm

= 1
N

∑N
n=1 δσN

n (tkm) and ΛN
tkm

= (λN
tkm
)#P ∈ P(P(V)) .

For t ∈ [tkm−1, t
k
m] we define the affine interpolation

λNt = λN
tkm−1

+
t− tkm−1

τk

(
λNtkm

− λN
tkm−1

)
∈ P(V) (3.7)

ΛNt = (λNt )#P ∈ P(P(V)) . (3.8)

We further define

λ
N
t := λN

tkm−1
, Λ

N
t := (λ

N
t )#P = ΛN

tkm−1

for t ∈ [tkm−1, t
k
m) .

Lemma 3.4. For every t ∈ [0, T ] and N ∈ N \ {0} it holds

W1(Λ
N
t ,Λ

N
t ) ≤

2

N
.

Proof. The thesis is clearly true for t = tkm−1 for some m ∈ {0, . . . , k} . Let us assume that
t ∈ (tkm−1, t

k
m) . Then,

W1(Λ
N
t ,Λ

N
t ) = sup

{ˆ
P(V)

ψ(λ) d(ΛNt − Λ
N
t )(λ) : ψ ∈ Lip(P(V)) with Lip(ψ) ≤ 1

}
≤
t− tkm−1

τk
E
(∥∥λNtkm − λN

tkm−1

∥∥
BL

)
.

By construction, for σN (tkm−1)#P-a.e. σ , conditional on σN (tkm−1) = σ , we have that∥∥λNtkm − λN
tkm−1

∥∥
BL

=
1

N

∥∥δσn′ − δσn
∥∥
BL

≤ 2

N
,
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with probability 1
N2Fλ(σn′)/F λ (where λ = 1

N

∑N
n=1 δσn) . Therefore, summing over n and n′ ,

we deduce that ∥∥λNtkm − λN
tkm−1

∥∥
BL

≤ 2

N
,

with probability 1, whence

E
(∥∥λNtkm − λN

tkm−1

∥∥
BL

∣∣∣ σN (tkm−1)
)
≤ 1 P− a.s.,

which implies

E
(∥∥λNtkm − λN

tkm−1

∥∥
BL

)
= E

(
E
(∥∥λNtkm − λN

tkm−1

∥∥
BL

∣∣∣ σN (tkm−1)
))

≤ 2

N
.

□

3.2. Notions of solutions and main results. In this subsection we give the notion of solutions
to the replicator equation, the replicator equation with genetic drift and the pure genetic drift
diffusion equation. We then state the convergence results of the Moran process to the three
equations, depending on the scalings of the parameters Nk , τk , and wk .
In what follows, b : P(V) → EP(V) .

Definition 3.5 (Weak solution to the replicator equation). We say that a curve Λ: [0, T ] →
(P(P(V));W1) is a weak solution to the replicator equation (with parameter γ > 0) with initial
condition Λ(0) = Λ0 ∈ P(P(V)) if for every ψ ∈ C1([0, T ]× P(V)) it holdsˆ

P(V)
ψ(T, λ) dΛT (λ)−

ˆ
P(V)

ψ(0, λ) dΛ0(λ) =

ˆ T

0

ˆ
P(V)

∂tψ(t, λ) dΛt(λ) dt (3.9)

+ γ

ˆ T

0

ˆ
P(V)

Dλψ(t, λ)[b(λ)] dΛt(λ) dt .

Definition 3.6 (Very weak solution to the replicator equation with genetic drift diffusion). We
say that a curve Λ: [0, T ] → (P(P(V));W1) is a very weak solution to the replicator equation
with genetic drift diffusion (with parameters γ, ν > 0) with initial condition Λ(0) = Λ0 ∈
P(P(V)) if for every ψ ∈ C2([0, T ]× P(V)) it holdsˆ

P(V)
ψ(T, λ) dΛT (λ)−

ˆ
P(V)

ψ(0, λ) dΛ0(λ) =

ˆ
P(V)

∂tψ(t, λ) dΛt(λ) dt (3.10)

+ γ

ˆ T

0

ˆ
P(V)

Dλψ(t, λ)[b(λ)] dΛt(λ) dt

+
ν

2

ˆ T

0

ˆ
P(V)

ˆ
V

ˆ
V
D2
λψ(t, λ)[δσ − δσ , δσ − δσ] dλ(σ) dλ(σ) dΛt(λ) dt .

Definition 3.7 (Very weak solution to the pure genetic drift diffusion equation). We say that
a curve Λ: [0, T ] → (P(P(V));W1) is a very weak solution to the pure genetic drift diffusion
equation (with parameter ν > 0) with initial condition Λ(0) = Λ0 ∈ P(P(V)) if for every
ψ ∈ C2([0, T ]× P(V)) it holdsˆ

P(V)
ψ(T, λ) dΛT (λ)−

ˆ
P(V)

ψ(0, λ) dΛ0(λ) =

ˆ
P(V)

∂tψ(t, λ) dΛt(λ) dt (3.11)

+
ν

2

ˆ T

0

ˆ
P(V)

ˆ
V

ˆ
V
D2
λψ(t, λ)[δσ − δσ , δσ − δσ] dλ(σ) dλ(σ) dΛt(λ) dt .

Remark 3.8. In Section 4 we will consider the case V = P(U) for a finite set U = {u1, . . . , uM}
of pure strategies, where we identify P(V) with the simplex ∆M−1 of RM . In such a frame-
work, we will see that the right-hand side of (3.10) involves a Fleming–Viot operator (cf. (4.10)
and [23]) and the strong version of (3.10) writes as in (4.11) using the tangential divergence in the
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simplex ∆M−1 . For M = 2 , equation (4.11) reduces to the Kimura equation [28, 29] (see (4.12)),
and Definition 3.6 can be compared with the corresponding notion given in [18, Definition 3.1].
As also discussed in [18], the Definition 3.6 of very weak solution for the replicator equation with
genetic drift does not carry any extra boundary conditions. In contrast to [16], where a no-flux
condition is imposed, this can lead to extinction and fixation effects, i.e., concentration effects
on the boundary of ∆M−1 in finite time.

We are now in a position to state the convergence results concerning the replicator equation
with or without genetic drift and the pure genetic drift diffusion equation. The proofs of the
next two theorems are postponed to Sections 6.1 and 6.2, respectively. We recall that τk = T

k ,
so τk → 0 as k → +∞ .

Theorem 3.9. Let Nk → ∞ and wk → 0 as k → ∞ . Let ΛNk ∈ C([0, T ];P(P(V))) be the
curves defined in (3.7)–(3.8). Assume that (π.1) holds and that

lim
k→∞

wk
τkNk

= γ ≥ 0 , lim
k→∞

1

τkN
2
k

= ν > 0 . (3.12)

Let b(λ) = (πλ − πλ)λ. Then, there exists Λ: [0, T ] → P(P(V)) such that, up to a not relabeled
subsequence, W1(Λ

Nk
t ,Λt) → 0 as k → ∞ for every t ∈ [0, T ], and

• if γ > 0 , Λ is a very weak solution to the replicator equation with genetic drift in the
sense of Definition 3.6,

• if γ = 0, Λ is a very weak solution to the pure genetic drift diffusion equation in the
sense of Definition 3.7.

In particular, t 7→ Λt is Lipschitz continuous in the dZ -metric and continuous in the W1 -metric
of P(P(V)).

Remark 3.10. Let us notice that Theorem 3.9 with γ = 0 also includes the case of neutral
selection, in which w = wk = 0 for every k ∈ N .

Theorem 3.11. Let Nk → ∞ and wk → 0 as k → ∞. Let ΛNk ∈ C([0, T ];P(P(V)) be the
curves defined in (3.7)–(3.8). Assume that (π.1) holds and that

lim
k→∞

wk
τkNk

= γ > 0 , lim
k→∞

1

τkN
2
k

= 0 . (3.13)

Let b(λ) = (πλ− πλ)λ. Then, there exists a weak solution to the replicator equation Λ: [0, T ] →
(P(P(V)),W1) such that, up to a (not relabeled) subsequence, W1(Λ

Nk
t ,Λt) → 0 as k → ∞ for

every t ∈ [0, T ] . Moreover, Λ is Lipschitz continuous with respect to the W1 -metric of P(P(V)).

Finally, we also state the result in case of non-vanishing selection parameter w (as in the case
of the strong selection), in which w ∈ (0, 1] ; the proof is postponed to Section 6.3.

Theorem 3.12. Let Nk → ∞ as k → ∞. Let ΛNk ∈ C([0, T ];P(P(V)) be the curves defined
in (3.7)–(3.8). Assume that (π.1) and (3.5) hold, and that

lim
k→∞

1

τkNk
= γ > 0. (3.14)

Let b(λ) =
w(πλ − πλ)λ

1 + w(πλ − 1)
. Then, there exists a weak solution to the replicator equation Λ: [0, T ] →

(P(P(V)),W1) such that, up to a (not relabeled) subsequence, W1(Λ
Nk
t ,Λt) → 0 as k → ∞ for

every t ∈ [0, T ] . Moreover, Λ is Lipschitz continuous with respect to the W1 -metric of P(P(V)).

3.3. Remarks on the notions of solution. We conclude the section with a few comments
concerning the Definitions 3.5 and 3.6, focusing on uniqueness and/or comparison with previous
literature.
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Structure of solutions to the replicator equation. We start with the structure of solutions
to the replicator equation (3.9). We remark that a weak solution Λ: [0, T ] → P(P(V)) to the
replicator equation solves the following continuity equation in a distributional sense

∂tΛ + γ divλ(b(λ)Λ) = 0 . (3.15)

Under the sole continuity assumption (π.1) , we deduce from [6, Section 8.1] that Λ has a
continuous representative. Furthermore, an application of the superposition principle [5, The-
orem 5.2] guarantees that there exists a probability measure η ∈ P(C([0, T ];P(V))) such that
Λt = (et)#η , where for t ∈ [0, T ] the evaluation map et : C([0, T ];P(V)) → P(V) is defined by
et(λ) = λt for every λ ∈ C([0, T ];P(V)) . Moreover, η is supported on curves λ ∈ C([0, T ];P(V))
solutions to the ODE

λ̇t = γ b(λt) , λ0 ∈ spt(Λ0) . (3.16)

Notice that [10, Section I.3, Theorem 1.4, Corollary 1.1] yields the existence of solutions to the
Cauchy problem (3.16) for any initial condition λ0 ∈ spt(Λ0) . This provides the relation between
the notion of weak solution to the replicator equation and the classical replicator dynamics (1.1)
and (3.16). Indeed, Definition 3.5 and the continuity equation (3.15) are the Eulerian counterpart
to the (Lagrangian) replicator dynamics (3.16).

Whenever π : V×P(V) → R is assumed to be Lipschitz continuous in V×P(V) endowed with
the product metric, we further infer that the solution to (3.16) is unique for any initial condition
λ0 ∈ P(V) . In that case, letting Ψ: [0, T ] × P(V) → P(V) be the corresponding flow map, we
have that Λt = (Ψ(t, ·))#Λ0 .

Replicator equation with genetic drift and cylindrical tests. We briefly comment on the
notion of very weak solution to the replicator equation with genetic drift (3.10), as the second
order term has no explicit form in general (we refer to Section 4.2 for some explicit examples for a
finite number of pure strategies). We consider a special class of test function made of cylindrical
tests (see for instance [6, Definition 5.1.11]) of the form

ψ(λ) = φ
(
⟨g1, λ⟩, . . . , ⟨gm, λ⟩

)
, (3.17)

for λ ∈ P(V) , m ∈ N \ {0} , φ ∈ C2(Rm) , and g1, . . . , gm ∈ C(V) . In (3.17) we have introduced
the short-hand notation ⟨gi, λ⟩ :=

´
V gi(σ)dλ(σ) . Then, ψ ∈ C2(P(V)) with

Dλψ(λ)[µ] =
m∑
i=1

∂iφ
(
⟨g1, λ⟩, . . . , ⟨gm, λ⟩

)
⟨gi, µ⟩ , (3.18)

D2
λψ(λ)[µ, θ] =

m∑
i,j=1

∂2ijφ
(
⟨g1, λ⟩, . . . , ⟨gm, λ⟩

)
⟨gi, µ⟩ ⟨gj , θ⟩ (3.19)

for every µ, θ ∈ R(P(V)− P(V)) .
If µ = b(λ) = (πλ(·)− πλ)λ ∈ R(P(V)− P(V)) , (3.18) writes as

Dλψ(λ)[b(λ)] =
m∑
i=1

∂iφ
(
⟨g1, λ⟩, . . . , ⟨gm, λ⟩

) ˆ
V
gi(σ)(πλ(σ)− πλ) dλ(σ) ,

If µ = θ = δσ − δσ for σ, σ ∈ V , (3.19) becomes

D2
λψ(λ)[δσ − δσ, δσ − δσ] =

m∑
i,j=1

∂2ijφ
(
⟨g1, λ⟩, . . . , ⟨gm, λ⟩

)(
gi(σ)− gi(σ)

)(
gj(σ)− gj(σ)

)
.

Therefore, equation (3.10) for the tests (3.17) readsˆ
P(V)

ψ(λ) d(ΛT − Λ0)(λ) = (3.20)
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γ

ˆ T

0

ˆ
P(V)

m∑
i=1

∂iφ
(
⟨g1, λ⟩, . . . , ⟨gm, λ⟩

) ˆ
V
gi(σ)(πλ(σ)− πλ) dλ(σ) dΛt(λ)dt

+ ν

ˆ T

0

ˆ
P(V)

m∑
i,j=1

∂2ijφ
(
⟨g1, λ⟩, . . . , ⟨gm, λ⟩

)(
⟨gigj , λ⟩ − ⟨gi, λ⟩ ⟨gj , λ⟩

)
dΛt(λ)dt .

In particular, the resulting equation (3.20) coincides with the Fleming–Viot equation considered
in [23, Section 5] for a general compact metric space V of strategies. We refer to Section 4.2 for
simplified expressions of (3.10) for a finite set of strategies V .

4. Relevant examples and applications

In this section, we briefly discuss a few model cases fitting the presented theoretical framework.
The general setting we consider is that of multi-agent multi-label systems, introduced in [5, 32]. In
our case the limit dynamics can be decomposed into two fundamental components: the replicator
term, which accounts for natural selection (where strategies with higher-than-average fitness
increase their prevalence in the population), and the Genetic Drift term, which represents the
stochastic variations or errors that effectively diffuse the population density across the strategy
space.

4.1. Mixed strategies. The starting point is a Moran process, which is a stochastic model
introduced to describe mutations and genetic drift in a finite population [34], for which any
agents in a population of N -elements adopt a mixed strategy. Mathematically, the evolution
consists of a Markov chain, where, at each discrete time step, one of the N agents is selected to
replicate their strategy with a probability proportional to the fitness of their strategy, while one
of the N agents is chosen uniformly to abandon their strategy.

We fix (U, dU ) a compact metric space of pure strategies and P(U) the associated space of
probability measures over U which represents the set of mixed strategies. We endow P(U) with
the metric dBL induced by the space (F(U), ∥ · ∥BL) (see Section 2 for the definition of the
Arens-Eells space F(U)). This setting makes P(U) a compact and convex subset of F(U) (see
Section 2.1 of [5]). In comparison with Sections 3–6, we remark that P(U) plays here the role
of the compact metric space V .

For λ ∈ P (P(U)) , we define the payoff function π̃λ : U → R as follows

π̃λ(u) :=

ˆ
P(U)

ˆ
U
J(u, u′)dσ̃(u′)dλ(σ̃), (4.1)

where J : U × U → R is a continuous function. The associated fitness function fλ : U → R is
defined by

fλ(u) = 1 + w(π̃λ(u)− 1).

It follows that the fitness function defined in (3.2) and the related payoff function are given by

Fλ(σ) :=

ˆ
U
fλ(u)dσ(u) and πλ(σ) :=

ˆ
U
π̃λ(u)dσ(u). (4.2)

Note that, since J is continuous, since P(U) × P(P(U)) is compact, and since the BL norm
induces the weak-star topology in P(U) , then π : P(U) × P(P(U)) → R defined by π(σ, λ) :=
πλ(σ) is continuous, whence (π.1) holds. Thus, we can apply Theorems 3.9 and 3.11 to study
the limit as N → +∞ of the number of agents.

4.2. Finite, pure strategies: Fleming–Viot operator and Kimura equation. To have
a better comparison with the existing literature and with the analysis of [31], we present the
equation obtained in Theorem 3.9 and Definition 3.6 in the particular case where the set of pure
strategies U = {u1, . . . , uM} is finite and each agent can only have a pure strategy ui ∈ U at
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disposal. For simplicity, we assume γ = ν = 1 . We endow U with the metric dU : U×U → {0, 1}
defined by

dU (ui, uj) = δji for every i, j ∈ {1, . . . ,M},

where δji denotes the Kronecker delta. This setting is simpler compared to that described in
Section 4.1: the compact metric space V identifies now with U itself, rather than with P(U) , as
only pure strategies are allowed, which would corresponds with Dirac deltas in P(U) centered
in the pure strategies ui ∈ U . The distribution of strategies inside the population is represented
by λ ∈ P(V) = P(U) , which we may as well identify with the simplex

∆M−1 :=

{
λ = (λ1, . . . , λM ) ∈ [0, 1]M :

M∑
i=1

λi = 1

}
.

Notice that the components λi of λ ∈ ∆M−1 represent the frequency of the pure strategy ui .
We further remark that if ψ ∈ C1(∆M−1) is the restriction of a map ψ ∈ C1(RM ) to the
simplex ∆M−1 , then the C -differential Dλψ writes as

Dλψ(λ) = P ∇ψ(λ) λ ∈ ∆M−1 , (4.3)

where ∇ψ stands for the usual gradient of ψ in RM and P ∈ MM denotes the projection over
the hyperplane parallel to ∆M−1 and passing through the origin. Namely,

P = I − 1

M
ξ ⊗ ξ , with ξ :=

 1
...
1

 .

Similarly, if ψ ∈ C2(RM ) then

D2
λψ(λ) = P ∇2ψ(λ)P λ ∈ ∆M−1 , (4.4)

where ∇2ψ is the Hessian of ψ .
As done in [31], we represent the payoff function J introduced in (4.1) with a matrix A ∈ MM .

Hence, for λ ∈ ∆M−1 and ui ∈ U the payoff πλ(ui) takes the form

πλ(ui) =
M∑
j=1

Aijλj = (Aλ)i .

The fact that we only allow for pure strategies spares us two integrations with respect to σ , as
it has been done in (4.1) and (4.2). We further notice that for λ ∈ ∆M−1 we have that

πλ =
M∑
i,j=1

Aijλiλj = Aλ · λ ,

which stands for the average payoff associated to λ . For simplicity of notation and in agreement
with [31] we write b(λ) ∈ RM as the vector with components

bi(λ) :=
(
(Aλ)i −Aλ · λ

)
λi for every λ ∈ ∆M−1. (4.5)

With this notation at hand, we rewrite the last two terms on the right-hand side of (3.10) for
Λ ∈ C([0, T ]; (P(∆M−1);W1)) . Precisely, for ψ ∈ C2([0, T ]×∆M−1) we have thatˆ T

0

ˆ
∆M−1

Dλψ(t, λ)[(πλ − πλ)λ] dΛt(λ) dt =

ˆ T

0

ˆ
∆M−1

Dλψ(t, λ) · b(λ) dΛt(λ) dt (4.6)

=

ˆ T

0

ˆ
∆M−1

∇ψ(t, λ) · P b(λ) dΛt(λ) dt =
ˆ T

0

ˆ
∆M−1

∇ψ(t, λ) · b(λ) dΛt(λ) dt ,

where in the last equality we have used that b(λ) · ξ = 0 for λ ∈ ∆M−1 .
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As for the last term on the right-hand side of (3.10), we once again recall that σ can only
take values in the finite set U . In view of the identification P(U) = ∆M−1 , we notice that for
every i ∈ {1, . . . ,M} we are identifying δui with the i-th vector ei of the canonical basis of RM .
Hence, we have that

ˆ T

0

ˆ
P(V)

ˆ
V

ˆ
V
D2
λψ(t, λ)[δσ − δσ , δσ − δσ] dλ(σ) dλ(σ) dΛt(λ) dt

is identified with
ˆ T

0

ˆ
∆M−1

M∑
i,j=1

λiλjD
2
λψ(t, λ)[ei − ej , ei − ej ] dΛt(λ) dt . (4.7)

Rearranging the terms on the right-hand side of (4.7), using the fact that λ ∈ ∆M−1 and the
relation (4.4) we deduce that

ˆ T

0

ˆ
∆M−1

M∑
i,j=1

λiλjD
2
λψ(t, λ)[ei − ej , ei − ej ] dΛt(λ) dt (4.8)

=

ˆ T

0

ˆ
∆M−1

2

M∑
i=1

λi∇2ψ(t, λ)[Pei, P ei] dΛt(λ) dt

−
ˆ T

0

ˆ
∆M−1

2

M∑
i,j=1

λiλj∇2ψ(t, λ)[Pei, P ej ] dΛt(λ) dt

= 2

ˆ T

0

ˆ
∆M−1

M∑
i,j=1

(λiδ
j
i − λiλj)∇2ψ(t, λ)[Pei, P ej ] dΛt(λ) dt .

We define B : ∆M−1 → MM by

Bij(λ) := (λiδ
j
i − λiλj) for i, j ∈ {1, . . . ,M} and λ ∈ ∆M−1.

Then, we rewrite (4.8) as
ˆ T

0

ˆ
∆M−1

M∑
i,j=1

λiλjD
2
λψ(t, λ)[ei − ej , ei − ej ] dΛt(λ) dt (4.9)

= 2

ˆ T

0

ˆ
∆M−1

PB(λ)P : ∇2ψ(t, λ) dΛt(λ) dt = 2

ˆ T

0

ˆ
∆M−1

B(λ) : ∇2ψ(t, λ) dΛt(λ) dt ,

where, in the last equality, we use that PB(λ)P = B(λ) , as a direct computation shows. We
define

L(ϕ)(λ) := Dλϕ(λ) · b(λ) +D2
λϕ(λ) : B(λ) (4.10)

=
M∑
i=1

bi(λ)Dλϕ(λ)[ei] +
M∑
i,j=1

(λiδ
j
i − λiλj)D

2
λϕ(λ)[ei, ej ]

and notice that if ϕ ∈ C2(RM ) , then

L(ϕ)(λ) = Dλϕ(λ) · b(λ) +D2
λϕ(λ) : B(λ) = ∇ϕ(λ) · b(λ) +∇2ϕ(λ) : B(λ)

=

M∑
i=1

bi(λ)∂iϕ(λ) +

M∑
i,j=1

(λiδ
j
i − λiλj)∂i∂jϕ(λ) ,

so that L(ϕ) defines the Fleming–Viot operator in the form of [23, Eq. (2.1)].
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Then, combining (3.10), (4.6), (4.7) and (4.9), we infer that in the interior of ∆M−1 the curve
t 7→ Λt solves (in the sense of Definition 3.6) the equation

∂tΛt + divλ
[
b(λ)Λt

]
− divλ

[
divλ

(
B(λ)Λt

)]
= 0 , (4.11)

obtained as the adjoint of the Fleming–Viot operator (4.10). Here, divλ denotes the tangential
divergence on ∆M−1 , defined as the adjoint operator to the C -differential (or tangential gradient)
Dλ . We further notice that divλdivλ is the adjoint to D2

λ and corresponds to applying twice
the tangential divergence.

The particular case M = 2 leads to the well-known Kimura equation [28, 29], which we
can directly deduce from (4.10) and (3.10) after identification of the C -differential Dλϕ given
in (4.3). Assume that the test function ϕ is the restriction to ∆1 of a C2 -function of the wholel
space R2 . Then, the tangential gradient Dλϕ writes for λ = (λ1, λ2) ∈ ∆1 as

Dλϕ(λ) =
1

2

(
∂1ϕ(λ)− ∂2ϕ(λ)
∂2ϕ(λ)− ∂1ϕ(λ)

)
,

where ∂i denotes the usual partial derivative with respect to λi . Similarly, we have that

D2
λϕ(λ) =

1

4

(
∂21ϕ(λ)− ∂1∂2ϕ(λ) ∂1∂2ϕ(λ)− ∂22ϕ(λ)
∂1∂2ϕ(λ)− ∂21ϕ(λ) ∂22ϕ(λ)− ∂1∂2ϕ(λ)

)
.

Further notice that defining φ(λ1) := ϕ(λ1, 1 − λ1) for λ1 ∈ [0, 1] , then, using the constraint
λ2 = 1− λ1 in ∆1 , we get that

Dλϕ(λ1, 1− λ1) =
1

2

(
φ′(λ1)
−φ′(λ1)

)
D2
λϕ(λ1, 1− λ1) =

1

4

(
φ′′(λ1) −φ′′(λ1)
−φ′′(λ1) φ′′(λ1)

)
.

Hence, recalling (4.5), we write (4.10) as

L(ϕ)(λ1, 1− λ1)

=
1

2
λ1φ

′(λ1)
(
a11λ1 + a12(1− λ1)− a11λ

2
1 − a12λ1(1− λ1)− a21λ1(1− λ1)− a22(1− λ21)

)
− 1

2
(1− λ1)φ

′(λ1)
(
a21λ1 + a22(1− λ1)− a11λ

2
1 − a12λ1(1− λ1)− a21λ1(1− λ1)− a22(1− λ21)

)
+ λ1(1− λ1)φ

′′(λ1)

= λ1(1− λ1)φ
′(λ1)

(
a11λ1 + a12(1− λ1)− a21λ1 − a22(1− λ1)

)
+ λ1(1− λ1)φ

′′(λ1) .

Taking H : R → R such that H ′(r) = a11r + a12(1 − r) − a21r − a22(1 − r) , equation (4.11)
reduces to the Kimura equation

∂tΛt + ∂λ1
[
λ1(1− λ1)H

′(λ1)Λt
]
− ∂2λ1

(
λ1(1− λ1)Λt

)
= 0 , (4.12)

where Λt can be identified with a curve of probability measures over P([0, 1]) .
Equation (4.12) has been studied, for instance, in [16, 18]. As noted in Remark 3.8, we are

considering here the same notion of very weak solution given in [18]. Hence, (4.12) comes with
no additional boundary conditions and concentration effects in λ1 = 0 and λ1 = 1 may happen,
corresponding to extinction and fixation effects. The characterization of such effects has indeed
been considered in [18] as a consequence of mass conservation over the interval [0, 1] .

4.3. Spin systems. In this section, we present an example of a discrete-time process with a
genuinely infinite set of strategies, borrowing ideas from the theory of spin systems in statistical
mechanics.

We consider a Moran process in population of N agents with a set of pure strategies given by
V = S1 , where S1 is the unit circle in R2 . The set of strategies V is endowed with the geodesic
distance dS1 , which makes (S1, dS1) a compact metric space.
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In the discrete Moran process, at time tkm , each agent n ∈ {1, . . . , N} adopts a (random)
strategy σNn (tkm) ∈ S1 . The distribution of strategies within the finite population is represented
by the empirical measure λN

tkm
∈ P(S1) defined by

λNtkm
=

1

N

N∑
n=1

δσN
n (tkm) ∈ P(S1) .

As described in the general setting, the probability of replication of a strategy σ ∈ S1 in a
distribution of strategies λ is mediated by the fitness Fλ(σ) defined in terms of the payoff
function as in (3.2). We consider a payoff function given by, for every λ ∈ P(S1) and σ ∈ S1 ,

πλ(σ) =

ˆ
S1
σ · σ dλ(σ) = σ ·mλ , (4.13)

where

mλ =

ˆ
S1
σ dλ(σ) ∈ R2

is the magnetization. This payoff function favors the replication of strategies that are aligned
with the magnetization, mimicking the behavior of spin systems in statistical mechanics, like
the classical planar XY model, where the local interaction energy between spins is proportional
to their alignment. Here, however, the lattice where agents sit is fully connected, i.e., each
spin interacts with all other spins. The choice of the specific payoff in (4.13) is made for il-
lustrative purposes. Other choices relevant in statistical mechanics models can be made (e.g.,
antiferromagnetic interactions).

A comment about the mathematical relevance of the limit as N → +∞ is in order.

Remark 4.1. Let us consider the case where N is fixed. It is very natural to assume that the
initial distribution of strategies λN0 is concentrated on a finite number of deterministic strategies
U = {σ1, . . . , σM} ⊂ S1 (e.g., when one knows that each agent has adopted one strategy). Since
the Moran process does not allow for the nucleation of new strategies, the evolution is confined
to the finite set of strategies U . This means that, for a fixed N , the dynamics of the Moran
process can be described by a finite-dimensional system, falling into the structure of the discrete
process in Subsection 4.2, even though the underlying strategy space S1 is infinite. Nonetheless,
in the limit as N → +∞ , the number of strategies can explode, and the dynamics can explore
the entire infinite strategy set S1 . This highlights the importance of understanding the limit as
N → +∞ , as it allows for a richer and more complex behavior that cannot be captured by a
finite-dimensional system.

Let us now discuss the limit model, described in terms of the limit of the curves t 7→ ΛNt ∈
P(P(S1)) .

Remark 4.2. First of all, notice that (π.1) holds, i.e., the function π : S1 × P(S1) → R defined
by π(σ, λ) := πλ(σ) is Lipschitz continuous, where P(S1) is endowed with the metric induced
by the BL-norm ∥ · ∥BL . Indeed, if σ, σ′ ∈ S1 and λ, λ′ ∈ P(S1) , then

|πλ(σ)− πλ′(σ
′)| ≤ |πλ(σ)− πλ(σ

′)|+ |πλ(σ′)− πλ′(σ
′)|

= |σ ·mλ − σ′ ·mλ|+ |σ′ ·mλ − σ′ ·mλ′ |
≤ |σ − σ′||mλ|+ |σ′||mλ −mλ′ |
≤ dS1(σ, σ

′) + 2∥λ− λ′∥BL .

In addition, considering the average payoff

πλ =

ˆ
S1
πλ(σ) dλ(σ) =

ˆ
S1
σ ·mλ dλ(σ) = |mλ|2,
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we have that λ 7→ |mλ|2 is Lipschitz continuous, since∣∣|mλ|2 − |mλ′ |2
∣∣ ≤ |mλ −mλ′ ||mλ +mλ′ | =

∣∣∣ ˆ
S1
σ d(λ− λ′)

∣∣∣(|mλ|+ |mλ′ |
)
≤ 4∥λ− λ′∥BL .

We are in a position to apply Theorem 3.11 to study the limit under the rescaling of the
parameters N = Nk , τ = τk (the discrete time step), and w = wk prescribed by Theorem 3.11.
Thus, there exists a Lipschitz continuous limit curve t 7→ Λt ∈ P(P(S1)) which is a weak solution
to the Eulerian replicator equation (3.9), i.e., for every ψ ∈ C1([0, T ]× P(S1)) it holds thatˆ

P(S1)
ψ(T, λ) dΛT (λ)−

ˆ
P(S1)

ψ(0, λ) dΛ0(λ) =

ˆ T

0

ˆ
P(S1)

∂tψ(t, λ) dΛt(λ) dt (4.14)

+ γ

ˆ T

0

ˆ
P(S1)

Dλψ(t, λ)[(πλ − πλ)λ] dΛt(λ) dt .

As discussed in Section 3.3, the weak formulation (4.14) is the Eulerian specification of an ODE
on the metric space P(S1) , endowed with the distance dBL induced by the BL norm, i.e.,
regarding P(S1) as a convex compact subset of the separable Banach space F(S1) introduced
in Section 2.

In this example, the replicator vector field is the measure b(λ) ∈ EP(S1) defined byˆ
S1
φ(σ) db(λ)(σ) =

ˆ
S1
(πλ(σ)− |mλ|2)φ(σ) dλ(σ) , for every φ ∈ Lip(S1) .

Remark 4.3. The map λ 7→ b(λ) is Lipschitz continuous in EP(S1) , since, for every φ ∈ Lip(S1)
with ∥φ∥Lip ≤ 1 , using Remark 4.2, for some positive constant C ,ˆ

S1
φ(σ) d(b(λ)− b(λ′))(σ) =

ˆ
S1
φ(σ)(πλ(σ)− |mλ|2) dλ(σ)−

ˆ
S1
φ(σ)(πλ′(σ)− |mλ′ |2) dλ′(σ)

=

ˆ
S1
φ(σ)(πλ(σ)− πλ′(σ)) dλ(σ) +

ˆ
S1
φ(σ)πλ′(σ) d(λ− λ′)(σ)

+

ˆ
S1
φ(σ)

(
|mλ|2 − |mλ′ |2

)
dλ(σ) +

ˆ
S1
φ(σ)|mλ′ |2 d(λ− λ′)(σ)

≤ C∥λ− λ′∥BL .

By Remark 4.3 and [10], the flow map Ψ(t, ·) related to the ODE in EP(S1)

λ̇t = γ b(λt) . (4.15)

is well-defined. The ODE (4.15) is precisely the replicator equation for distribution of strategies
λ in the case of a continuum of strategies. As a consequence, there exists a unique solution Λ
to (4.14) given by Λt = (Ψ(t, ·))#Λ0 for every initial condition Λ0 ∈ P(P(S1)) , which coincides
with the solution given by Theorem 3.11.

5. Approximate equation

The goal of this section is to prove the approximate equation contained in Theorem 5.1 on a
single interval of the form (tkm−1, t

k
m) for m ∈ {1, . . . , k} . As a direct consequence, we will get in

Corollary 5.4 an approximate equation on the whole interval [0, T ] and a Lipschitz-type estimate
in Corollary 5.5. The estimates of Theorem 5.1 also highlight the scalings of the parameters N ,
τk and w involved in the time-discrete process. We use from now on the symbol O(ϑ) to denote
a generic function of ϑ ∈ [0,+∞) continuous in 0 and satisfying

0 ≤ O(ϑ) ≤ αϑ for ϑ ∈ [0,+∞),

for some α ∈ (0,+∞) .

Theorem 5.1. Assume that (π.1) holds. For every k ∈ N \ {0}, every m ∈ {1, . . . , k}, and
every ψ ∈ C2([0, T ]× P(V)) we have that
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(i) if w ∈
[
0, 1

2(Cπ+1)

]
, then

ˆ
P(V)

ψ(tkm, λ) dΛ
N
tkm
(λ)−

ˆ
P(V)

ψ(tkm−1, λ) dΛ
N
tkm−1

(λ) =

ˆ tkm

tkm−1

ˆ
P(V)

∂tψ(t, λ) dΛ
N
t (λ) dt (5.1)

+
w

τkN

ˆ tkm

tkm−1

ˆ
P(V)

Dλψ(t, λ)[(πλ − πλ)λ] dΛ
N
t (λ) dt

+
1

2τkN2

ˆ tkm

tkm−1

ˆ
P(V)

ˆ
V

ˆ
V
D2
λψ(t, λ)[δσ − δσ , δσ − δσ] dλ(σ) dλ(σ) dΛ

N
t (λ) dt

+ ρm(ψ, τk, N,w) ,

where

|ρm(ψ, τk, N,w)| ≤ O

(
w2

N

)
∥Dψ∥L∞([0,T ]×P(V)) +O

(
w

N2

)
∥D2ψ∥L∞([0,T ]×P(V)) (5.2)

+O

(
1

N2

)(
wD2ψ(τk) +wD2ψ

(
1

N

))
and wD2ψ denotes a modulus of continuity of D2ψ in [0, T ]× P(V);

(ii) if (3.5) holds, then
ˆ
P(V)

ψ(tkm, λ) dΛ
N
tkm
(λ)−

ˆ
P(V)

ψ(tkm−1, λ) dΛ
N
tkm−1

(λ) =

ˆ tkm

tkm−1

ˆ
P(V)

∂tψ(t, λ) dΛ
N
t (λ) dt (5.3)

+
1

τkN

ˆ tkm

tkm−1

ˆ
P(V)

Dλψ(t, λ)

[
w(πλ − πλ)λ

1 + w(πλ − 1)

]
dΛ

N
t (λ) dt+ ζm(ψ,N) ,

where

|ζm(ψ,N)| ≤O
(

1

N2

)
∥D2ψ∥L∞([0,T ]×P(V)) . (5.4)

We divide the proof of Theorem 5.1 in several lemmas.

Lemma 5.2. Assume that (π.1) holds. For every k ∈ N \ {0}, every m ∈ {1, . . . , k} , and every
ψ ∈ C1([0, T ]× P(V)) we have that

(i) if w ∈
[
0, 1

2(Cπ+1)

]
, then

1

τk

ˆ tkm

tkm−1

E
(
Dλψ(t, λ

N
tkm−1

)
[
λNtkm

− λN
tkm−1

])
dt (5.5)

=
w

τkN

ˆ tkm

tkm−1

ˆ
P(V)

Dλψ(t, λ) [(πλ − πλ)λ] dΛ
N
t (λ) dt+Rm1 (ψ, τk, N,w) ,

where

|Rm1 (ψ, τk, N,w)| ≤ O

(
w2

N

)
∥Dλψ∥L∞([0,T ]×P(V)) ; (5.6)

(ii) if (3.5) holds, then

1

τk

ˆ tkm

tkm−1

E
(
Dλψ(t, λ

N
tkm−1

)
[
λNtkm

− λN
tkm−1

])
dt (5.7)

=
1

τkN

ˆ tkm

tkm−1

ˆ
P(V)

Dλψ(t, λ)

[
w(πλ − πλ)λ

1 + w(πλ − 1)

]
dΛ

N
t (λ) dt .
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Proof. Let ψ , N , k , and m be as in the statement of the lemma. In the following, given
σ = (σ1, . . . , σN ) ∈ VN , we set λσ := 1

N

∑N
n=1 δσn . By the law of total probability it holds that

E
(
Dλψ(t, λ

N
tkm−1

)
[
λNtkm

− λN
tkm−1

])
=

ˆ
VN

E
(
Dλψ(t, λ

σ)
[
λNtkm

− λσ
] ∣∣∣∣σN (tkm−1) = σ

)
dσN (tkm−1)#P(σ) (5.8)

=

ˆ
VN

Dλψ(t, λ
σ)E

([
λNtkm

− λσ
] ∣∣∣∣σN (tkm−1) = σ

)
dσN (tkm−1)#P(σ) ,

where in the second equality we have used the linearity of the mean. By construction of λN
tkm

we
have that

E
([
λNtkm

− λσ
] ∣∣∣∣σN (tkm−1) = σ

)
=

1

N

N∑
n=1

E
([
δσN

n (tkm) − δσn

] ∣∣∣σN (tkm−1) = σ
)

(5.9)

=
1

N

N∑
n,n′=1

(
δσn′ − δσn

)
P
(
σNn (tkm) = σn′

∣∣∣σN (tkm−1) = σ
)

=
1

N

N∑
n,n′=1

(
δσn′ − δσn

) 1
N2Fλσ(σn′)

F λσ

=
1

N F λσ

N∑
n,n′=1

(
δσn′ − δσn

) 1

N2
Fλσ(σn′)

=
1

N F λσ

N∑
n′=1

1

N

(
Fλσ(σn′)− F λσ

)
δσn′

=
1

N F λσ

(
Fλσ(·)− F λσ)λ

σ .

Using the expansion (3.2) for the fitness Fλσ , we get that Fλσ(·) − F λσ = w(πλσ(·) − πλσ) .
Then, (5.9) becomes

E
([
λNtkm

− λσ
] ∣∣∣∣σN (tkm−1) = σ

)
=

w

N(1 + w(πλσ − 1))

(
(πλσ(·)− πλσ)λ

σ
)

(5.10)

In particular, we notice that (πλσ(·)− πλσ)λ
σ ∈ EP(V) since it is a measure with 0-mean.

Combining (5.8) and (5.10) and using that λσ
N (tkm−1) = λN

tkm−1
, we infer that

E
(
Dλψ(t, λ

N
tkm−1

)
[
λNtkm

− λN
tkm−1

])
(5.11)

=

ˆ
VN

Dλψ(t, λ
σ)

w

N(1 + w(πλσ − 1))

(
(πλσ(·)− πλσ)λ

σ
)
dσN (tkm−1)#P(σ)

=

ˆ
P(V)

Dλψ(t, λ)
w

N(1 + w(πλ − 1))

(
(πλ(·)− πλ)λ

)
d(λN

tkm−1
)#P(λ)

=

ˆ
P(V)

Dλψ(t, λ)
w

N(1 + w(πλ − 1))

(
(πλ(·)− πλ)λ

)
dΛN

tkm−1
(λ) .

Then, we observe that

w

N(1 + w(πλ − 1))

(
(πλ(·)− πλ)λ

)
=
w

N

(
(πλ(·)− πλ)λ

)
− w2(πλ − 1)

N(1 + w(πλ − 1))

(
(πλ(·)− πλ)λ

)
.
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Now, if (3.5) holds, by (5.11) we obtain (5.7). Otherwise, if w ∈
[
0, 1

2(Cπ+1)

]
it follows from

(5.11) and (5.10) that

1

τk

ˆ tkm

tkm−1

E
(
Dλψ(t, λ

N
tkm−1

)
[
λNtkm

− λN
tkm−1

])
dt = (5.12)

=
w

τkN

ˆ tkm

tkm−1

ˆ
P(V)

Dλψ(t, λ) [(πλ(·)− πλ)λ] dΛ
N
t (λ) dt

− w2

τkN

ˆ tkm

tkm−1

ˆ
P(V)

πλ − 1

1 + w(πλ − 1)
Dλψ(t, λ) [(πλ(·)− πλ)λ] dΛ

N
t (λ) dt .

We set

Rm1 (ψ, τk, N,w) := − w2

τkN

ˆ tkm

tkm−1

ˆ
P(V)

πλ − 1

1 + w(πλ − 1)
Dλψ(t, λ) [(πλ(·)− πλ)λ] dΛ

N
t (λ) dt .

By assumption (π.1) , by (3.4) and since w ∈
[
0, 1

2(Cπ+1)

]
, we have that for every λ ∈ P(V)∣∣∣∣ πλ − 1

1 + w(πλ − 1)
Dλψ(t, λ)

[
(πλ(·)− πλ)λ

]∣∣∣∣ ≤ ∥Dλψ∥L∞([0,T ]×P(V))

∣∣∣∣ πλ − 1

1 + w(πλ − 1)

∣∣∣∣ ∥(πλ − πλ)λ∥BL

≤ 2Cπ(1 + Cπ)∥Dλψ∥L∞([0,T ]×P(V)) .

Hence (5.5) and (5.6) hold. This concludes the proof of the lemma. □

In what follows, for φ ∈ C([0, T ]×P(V)) we denote by wφ the modulus of (uniform) continuity
of φ in [0, T ]× P(V) .

Lemma 5.3. Assume that (π.1) holds. For every k ∈ N \ {0}, every m ∈ {1, . . . , k} , and every
ψ ∈ C2([0, T ]× P(V)) we have that

(i) if w ∈
[
0, 1

2(Cπ+1)

]
, then

1

τk

ˆ tkm

tkm−1

ˆ 1

0
E
(
D2
λψ
(
t, λN

tkm−1
+ r(λNt − λN

tkm−1
)
) [
λNt − λN

tkm−1
, λNtkm

− λN
tkm−1

])
dr dt (5.13)

=
1

2τkN2

ˆ tkm

tkm−1

ˆ
P(V)

ˆ
V

ˆ
V
D2
λψ(t, λ)[δσ − δσ , δσ − δσ] dλ(σ) dλ(σ) dΛ

N
t (λ) dt+Rm2 (ψ, τk, N,w),

where

|Rm2 (ψ, τk, N,w)| ≤ O

(
w

N2

)
∥D2ψ∥L∞([0,T ]×P(V)) (5.14)

+O

(
1

N2

)(
wD2ψ(τk) +wD2ψ

(
1

N

))
;

(ii) if (3.5) holds, then∣∣∣∣ 1τk
ˆ tkm

tkm−1

ˆ 1

0
E
(
D2
λψ
(
t, λN

tkm−1
+ r(λNt − λN

tkm−1
)
) [
λNt − λN

tkm−1
, λNtkm

− λN
tkm−1

])
dr dt

∣∣∣∣ (5.15)

≤ O

(
1

N2

)
∥D2ψ∥L∞([0,T ]×P(V)).

Proof. Let ψ , N , k , and m be as in the statement of the lemma. By construction of λNt , for
t ∈ (tkm−1, t

k
m) and r ∈ [0, 1] we have that

E
(
D2
λψ
(
t, λN

tkm−1
+ r(λNt − λN

tkm−1
)
) [
λNt − λN

tkm−1
, λNtkm

− λN
tkm−1

])
(5.16)



22 S. ALMI, R. DURASTANTI, M. MORANDOTTI, G. ORLANDO, AND F. SOLOMBRINO

=
t− tkm−1

τk
E
(
D2
λψ
(
t, λN

tkm−1
+ r(λNt − λN

tkm−1
)
) [
λNtkm

− λN
tkm−1

, λNtkm
− λN

tkm−1

])
=
t− tkm−1

τk
E
(
D2
λψ
(
t, λN

tkm−1

) [
λNtkm

− λN
tkm−1

, λNtkm
− λN

tkm−1

])
+
t− tkm−1

τk
E
((

D2
λψ
(
t, λN

tkm−1
+ r(λNt − λN

tkm−1
)
)
−D2

λψ
(
t, λN

tkm−1

)) [
λNtkm

− λN
tkm−1

, λNtkm
− λN

tkm−1

])
.

We now estimate the two terms on the right-hand side of (5.16). As in the proof of Lemma 5.2,
given σ = (σ1, . . . , σn) ∈ VN , we set λσ := 1

N

∑N
i=1 δσn . By the law of total probability we

rewrite the first term on the right-hand side of (5.16) as

t− tkm−1

τk
E
(
D2
λψ
(
t, λN

tkm−1

) [
λNtkm

− λN
tkm−1

, λNtkm
− λN

tkm−1

])
(5.17)

=
t− tkm−1

τk

ˆ
VN

E
(
D2
λψ(t, λ

σ)
[
λNtkm

− λσ , λNtkm
− λσ

] ∣∣∣∣ σN (tkm−1) = σ

)
dσN (tkm−1)#P(σ) .

We compute

E
(
D2
λψ(t, λ

σ)
[
λNtkm

− λσ , λNtkm
− λσ

] ∣∣∣∣ σN (tkm−1) = σ

)
=

1

N2

N∑
n=1

N∑
ℓ=1

E
(
D2
λψ(t, λ

σ)
[
δσN

n (tkm) − δσn , δσN
ℓ (tkm) − δσℓ

] ∣∣∣ σN (tkm−1) = σ
)

and we observe that, since only one agent may replace its strategy, if the event σNn (tkm) = σn′

occurs, then δσN
ℓ (tkm)−δσℓ ̸= 0 only if ℓ = n . From this and from the fact that λσ = 1

N

∑N
n=1 δσn ,

it follows that

E
(
D2
λψ(t, λ

σ)
[
λNtkm

− λσ , λNtkm
− λσ

] ∣∣∣∣ σN (tkm−1) = σ

)
=

1

N2

N∑
n=1

E
(
D2
λψ(t, λ

σ)
[
δσN

n (tkm) − δσn , δσN
n (tkm) − δσn

] ∣∣∣ σN (tkm−1) = σ
)

=
1

N2

N∑
n=1

N∑
n′=1

D2
λψ(t, λ

σ)
[
δσn′ − δσn , δσn′ − δσn

]
P
(
σNn (tkm) = σn′

∣∣∣ σN (tkm−1) = σ
)

=
1

N2

N∑
n=1

N∑
n′=1

D2
λψ(t, λ

σ)
[
δσn′ − δσn , δσn′ − δσn

] 1
N2Fλσ(σn′)

F λσ

=
1

N2

ˆ
V

ˆ
V
D2
λψ(t, λ

σ) [δσ′ − δσ′′ , δσ′ − δσ′′ ]
Fλσ(σ

′)

F λσ
dλσ(σ′)dλσ(σ′′) .

Inserting this into (5.17), using the fact that λσ
N (tkm−1) = λN

tkm−1
, and using the explicit expres-

sion (3.2) of Fλ and F λ we get that

t− tkm−1

τk
E
(
D2
λψ
(
t, λN

tkm−1

) [
λNtkm

− λN
tkm−1

, λNtkm
− λN

tkm−1

])
(5.18)

=
t− tkm−1

τkN2

ˆ
VN

ˆ
V

ˆ
V
D2
λψ(t, λ

σ) [δσ′ − δσ′′ , δσ′ − δσ′′ ]
Fλσ(σ

′)

F λσ
dλσ(σ′)dλσ(σ′′) dσN (tkm−1)#P(σ)

=
t− tkm−1

τkN2

ˆ
P(V)

ˆ
V

ˆ
V
D2
λψ(t, λ) [δσ′ − δσ′′ , δσ′ − δσ′′ ]

Fλ(σ
′)

F λ
dλ(σ′)dλ(σ′′) d(λN

tkm−1
)#P(λ)
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=
t− tkm−1

τkN2

ˆ
P(V)

1

F λ

ˆ
V

ˆ
V
D2
λψ(t, λ) [δσ′ − δσ′′ , δσ′ − δσ′′ ]

Fλ(σ
′)

F λ
dλ(σ′)dλ(σ′′) dΛ

N
t (λ)

=
t− tkm−1

τkN2

ˆ
P(V)

ˆ
V

ˆ
V
D2
λψ(t, λ) [δσ′ − δσ′′ , δσ′ − δσ′′ ]

(1 + w(πλ(σ
′)− 1))

(1 + w(πλ − 1))
dλ(σ′)dλ(σ′′) dΛ

N
t (λ)

=
(t− tkm−1)

τkN2

ˆ
P(V)

ˆ
V

ˆ
V
D2
λψ(t, λ)[δσ′ − δσ′′ , δσ′ − δσ′′ ] dλ(σ′) dλ(σ′′) dΛ

N
t (λ)

+
w(t− tkm−1)

τkN2

ˆ
P(V)

ˆ
V

ˆ
V
D2
λψ(t, λ)[δσ′ − δσ′′ , δσ′ − δσ′′ ]

(πλ(σ
′)− πλ)

(1 + w(πλ − 1))
dλ(σ′) dλ(σ′′) dΛ

N
t (λ)

=:
(t− tkm−1)

τkN2

ˆ
P(V)

ˆ
V

ˆ
V
D2
λψ(t, λ)[δσ′ − δσ′′ , δσ′ − δσ′′ ] dλ(σ′) dλ(σ′′) dΛ

N
t (λ) +Rm2,1(t, ψ, τk, N,w) .

Setting

Rm2,1(ψ, τk, N,w) :=
1

τk

ˆ tkm

tkm−1

Rm2,1(t, ψ, τk, N,w) dt

and combining (5.17) and (5.18), we write
ˆ tkm

tkm−1

t− tkm−1

τ2k
E
(
D2
λψ(t, λ

N
tkm−1

)
[
λNtkm

− λN
tkm−1

, λNtkm
− λN

tkm−1

])
dt (5.19)

=
1

N2

ˆ tkm

tkm−1

ˆ
P(V)

ˆ
V

ˆ
V

t− tkm−1

τ2k
D2
λψ(t, λ)[δσ′ − δσ′′ , δσ′ − δσ′′ ] dλ(σ′) dλ(σ′′) dΛ

N
t (λ) dt

+Rm2,1(ψ, τk, N,w) .

We notice that by regularity of ψ and by (π.1) (see also (3.4)), if w ∈
[
0, 1

2(Cπ+1)

]
it holds

|Rm2,1(ψ, τk, N,w)| ≤
w ∥D2

λψ∥L∞([0,T ]×P(V))

N2
4(Cπ + 1) .

Therefore, we infer that

|Rm2,1(ψ, τk, N,w)| ≤ O

(
w

N2

)
∥D2

λψ∥L∞([0,T ]×P(V)) . (5.20)

With a similar argument, if follows from (5.19) that, if (3.5) holds, then∣∣∣∣ˆ tkm

tkm−1

t− tkm−1

τ2k
E
(
D2
λψ(t, λ

N
tkm−1

)
[
λNtkm

− λN
tkm−1

, λNtkm
− λN

tkm−1

])
dt

∣∣∣∣ (5.21)

≤ O

(
1

N2

)
∥D2

λψ∥L∞([0,T ]×P(V)) .

We further estimate the first term on the right-hand side of (5.19) in order to obtain, up to an
additional remainder, the integral term in (5.13). Indeed, we have that

1

N2

ˆ tkm

tkm−1

ˆ
P(V)

ˆ
V

ˆ
V

t− tkm−1

τ2k
D2
λψ(t, λ)[δσ′ − δσ′′ , δσ′ − δσ′′ ] dλ(σ′) dλ(σ′′) dΛ

N
t (λ) dt (5.22)

=
1

N2

ˆ tkm

tkm−1

ˆ
P(V)

ˆ
V

ˆ
V

t− tkm−1

τ2k
D2
λψ(t

k
m−1, λ)[δσ′ − δσ′′ , δσ′ − δσ′′ ] dλ(σ′) dλ(σ′′) dΛ

N
t (λ) dt

+Rm2,2(ψ, τk, N,w)



24 S. ALMI, R. DURASTANTI, M. MORANDOTTI, G. ORLANDO, AND F. SOLOMBRINO

=
1

2τkN2

ˆ tkm

tkm−1

ˆ
P(V)

ˆ
V

ˆ
V
D2
λψ(t, λ)[δσ′ − δσ′′ , δσ′ − δσ′′ ] dλ(σ′) dλ(σ′′) dΛ

N
t (λ) dt

+Rm2,2(ψ, τk, N,w) +Rm2,3(ψ, τk, N,w) ,

where

Rm2,2(ψ, τk, N,w) :=
1

N2

ˆ tkm

tkm−1

ˆ
P(V)

ˆ
V

ˆ
V

t− tkm−1

τ2k

[
D2
λψ(t, λ)[δσ′ − δσ′′ , δσ′ − δσ′′ ]

−D2
λψ(t

k
m−1, λ)[δσ′ − δσ′′ , δσ′ − δσ′′ ]

]
dλ(σ′) dλ(σ′′) dΛ

N
t (λ) dt ,

Rm2,3(ψ, τk, N,w) :=
1

2τkN2

ˆ tkm

tkm−1

ˆ
P(V)

ˆ
V

ˆ
V

[
D2
λψ(t

k
m−1, λ)[δσ′ − δσ′′ , δσ′ − δσ′′ ]

−D2
λψ(t, λ)[δσ′ − δσ′′ , δσ′ − δσ′′ ]

]
dλ(σ′) dλ(σ′′) dΛ

N
t (λ) dt .

Let us denote by wD2ψ the modulus of continuity of D2ψ in [0, T ] × P(V) . Without loss of
generality, we assume wD2ψ to be increasing and concave. Hence, we estimate

|Rm2,2(ψ, τk, N,w)| ≤ O

(
1

N2

)
wD2ψ(τk) , (5.23)

|Rm2,3(ψ, τk, N,w)| ≤ O

(
1

N2

)
wD2ψ(τk) . (5.24)

To conclude for (5.13), we are left to estimate the last term in (5.16). By the law of total
probability, and by the definition of λNt given in (3.7), for every r ∈ [0, 1] and every t ∈ (tkm−1, t

k
m)

we may write∣∣∣∣E((D2
λψ
(
t, λN

tkm−1
+ r(λNt − λN

tkm−1
)
)
−D2

λψ
(
t, λN

tkm−1

)) [
λNtkm

− λN
tkm−1

, λNtkm
− λN

tkm−1

])∣∣∣∣ (5.25)

≤ E
(
wD2ψ

(
r
∥∥∥λNt − λN

tkm−1

∥∥∥
BL

)∥∥∥λNtkm − λN
tkm−1

∥∥∥2
BL

)
≤
ˆ
VN

E
(
wD2ψ

(∥∥λNtkm − λ
∥∥
BL

)∥∥λNtkm − λσ
∥∥2
BL

∣∣∣σN (tkm−1) = σ

)
dσN (tkm−1)#P(σ) .

By construction of λN
tkm

and by the concavity of wD2ψ we continue in (5.25) with∣∣∣∣E((D2
λψ
(
t, λN

tkm−1
+ r(λNt − λN

tkm−1
)
)
−D2

λψ
(
t, λN

tkm−1

)) [
λNtkm

− λN
tkm−1

, λNtkm
− λN

tkm−1

])∣∣∣∣ (5.26)

≤
ˆ
VN

E
(
wD2ψ

(
1

N

N∑
n=1

∥∥δσN
n (tkm) − δσn

∥∥
BL

)
×

×

∥∥∥∥∥ 1

N

N∑
n=1

δσN
n (tkm) − δσn

∥∥∥∥∥
2

BL

∣∣∣σN (tkm−1) = σ

)
dσN (tkm−1)#P(σ)

=
1

N2

ˆ
VN

N∑
n,n′=1

wD2ψ

(
1

N
∥δσn′ − δσn∥BL

)
∥δσn′ − δσn∥2BL×

× P
(
σNn (tkm) = σn′

∣∣σN (tkm−1) = σ
)
dσN (tkm−1)#P(σ)
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≤
ˆ
VN

4

N2
wD2ψ

 N∑
n,n′=1

1

N
∥δσn′ − δσn∥BL P

(
σNn (tkm) = σn′

∣∣σN (tkm−1) = σ
) dσN (tkm−1)#P(σ)

≤ 4

N2
wD2ψ

(
2

N

)
,

where in the last inequality we use (3.6). We set

Rm2,4(ψ, τk, N,w) :=

ˆ tkm

tkm−1

ˆ 1

0

t− tkm−1

τ2k
E

((
D2
λψ
(
t, λN

tkm−1
+ r(λNt − λN

tkm−1
)
)

−D2
λψ
(
t, λN

tkm−1

)) [
λNtkm

− λN
tkm−1

, λNtkm
− λN

tkm−1

])
drdt .

In view of (5.26) we have that

|Rm2,4(ψ, τk, N,w)| ≤ O

(
1

N2

)
wD2ψ

(
2

N

)
. (5.27)

We conclude by defining

Rm2 (ψ, τk, N,w) :=

4∑
ℓ=1

Rm2,ℓ(ψ, τk, N,w) .

Thus, if w ∈
[
0, 1

2(Cπ+1)

]
, combining (5.19), (5.20), (5.22), (5.23), (5.24), (5.26), and (5.27), we

infer (5.13). Otherwise, if (3.5) holds, combining (5.21), (5.26), and (5.27), we obtain (5.15). □

We are now in a position to conclude the proof of Theorem 5.1.

Proof of Theorem 5.1. For every test ψ ∈ C2([0, T ] × P(V)) and every t ∈ (tkm−1, t
k
m) we have

that

d

dt
[ψ(t, λNt )] = ∂tψ(t, λ

N
t ) +Dλψ(t, λ

N
t )

λNtkm − λN
tkm−1

τk

 . (5.28)

Integrating (5.28) over Ω and over (tkm−1, t
k
m) we get thatˆ

P(V)
ψ(tkm, λ) dΛ

N
tkm
(λ)−

ˆ
P(V)

ψ(tkm−1, λ) dΛ
N
tkm−1

(λ) (5.29)

=

ˆ tkm

tkm−1

ˆ
P(V)

∂tψ(t, λ) dΛ
N
t (λ) dt+

1

τk

ˆ tkm

tkm−1

E
(
Dλψ(t, λ

N
t )
[
λNtkm

− λN
tkm−1

])
dt .

Hence, we have to estimate the last term on the right-hand side of (5.29). By Taylor expansion,
we have that

Dλψ(t, λ
N
t )
[
λNtkm

− λN
tkm−1

]
= Dλψ(t, λ

N
tkm−1

)
[
λNtkm

− λN
tkm−1

]
(5.30)

+
t− tkm−1

τk

ˆ 1

0
D2
λψ
(
t, λN

tkm−1
+ r(λNt − λN

tkm−1
)
) [
λNtkm

− λN
tkm−1

, λNtkm
− λN

tkm−1

]
dr .

Averaging equation (5.30) over Ω and integrating over the time interval [tkm−1, t
k
m] we deduce

both (5.1) and (5.3) thanks to Lemmas 5.2–5.3 after setting

ρm(ψ, τk, N,w) := Rm1 (ψ, τk, N,w) +Rm2 (ψ, τk, N,w) .

□

Corollary 5.4. Assume that (π.1) holds. For every k ∈ N\{0}, and every ψ ∈ C2([0, T ]×P(V))
we have that
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(i) if w ∈
[
0, 1

2(Cπ+1)

]
, then

ˆ
P(V)

ψ(T, λ) dΛNT (λ)−
ˆ
P(V)

ψ(0, λ) dΛN0 (λ) =

ˆ T

0

ˆ
P(V)

∂tψ(t, λ) dΛ
N
t (λ) dt (5.31)

+
w

τkN

ˆ T

0

ˆ
P(V)

Dλψ(t, λ)[(πλ − πλ)λ] dΛ
N
t (λ) dt

+
1

2τkN2

ˆ T

0

ˆ
P(V)

ˆ
V

ˆ
V
D2
λψ(t, λ)[δσ − δσ, δσ − δσ] dλ(σ) dλ(σ) dΛ

N
t (λ) dt+ ρ̃(ψ, τk, N,w) ,

where

|ρ̃(ψ, τk, N,w)| ≤ O

(
w2

τkN

)
∥Dψ∥L∞([0,T ]×P(V)) +O

(
w

τkN2

)
∥D2ψ∥L∞([0,T ]×P(V)) (5.32)

+O

(
1

τkN2

)(
wD2ψ(τk) +wD2ψ

(
1

N

))
;

(ii) if (3.5) holds, then
ˆ
P(V)

ψ(T, λ) dΛNT (λ)−
ˆ
P(V)

ψ(0, λ) dΛN0 (λ) =

ˆ T

0

ˆ
P(V)

∂tψ(t, λ) dΛ
N
t (λ) dt (5.33)

+
1

τkN

ˆ T

0

ˆ
P(V)

Dλψ(t, λ)

[
w(πλ − πλ)λ

1 + w(πλ − 1)

]
dΛ

N
t (λ) dt+ ζ̃(ψ, τk, N) ,

where

|ζ̃(ψ, τk, N)| ≤ O

(
1

τkN2

)
∥D2ψ∥L∞([0,T ]×P(V)) . (5.34)

Proof. It is enough to sum up (5.1) and (5.3) respectively, for m ∈ {1, . . . , k} , recall that τk = T
k ,

and set

ρ̃(ψ, τk, N,w) :=

k∑
m=1

ρm(ψ, τk, N,w) .

□

For later use, we also write the following variant of Corollary 5.4, where we take test functions
independent of t and we localize (5.31) and (5.33) respectively.

Corollary 5.5. Assume that (π.1) holds. There exists a positive constant C > 0 such that for
every k ∈ N \ {0}, every s < t ∈ [0, T ], and every ψ ∈ C2(P(V)) we have that

(i) if w ∈
[
0, 1

2(Cπ+1)

]
, then

ˆ
P(V)

ψ(λ) dΛNt (λ)−
ˆ
P(V)

ψ(λ) dΛNs (λ) (5.35)

≤ C

(
w

τkN
∥Dψ∥L∞(P(V)) +

2

τkN2
∥D2ψ∥L∞(P(V))

)
|t− s|+ µ(s, t, ψ, τk, N,w) ,

where

|µ(s, t, ψ, τk, N,w)| ≤ O

(
w2

τkN

)
∥Dψ∥L∞(P(V)) +O

(
w

τkN2

)
∥D2ψ∥L∞(P(V))

+O

(
1

τkN2

)
wD2ψ

(
1

N

)
;
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(ii) if (3.5) holds, thenˆ
P(V)

ψ(λ) dΛNt (λ)−
ˆ
P(V)

ψ(λ) dΛNs (λ) (5.36)

≤ C

(
1

τkN
∥Dψ∥L∞(P(V))

)
|t− s|+ µ̂(s, t, ψ, τk, N) ,

where

|µ̂(s, t, ψ, τk, N)| ≤ O

(
1

τkN2

)
∥D2ψ∥L∞(P(V)).

Proof. Let s < t ∈ [0, T ] and let m,h ∈ {1, . . . , k} be such that s ∈ [tkh−1, t
k
h) and t ∈ [tkm−1, t

k
m) .

Let us assume that m > h + 1 , otherwise the argument is even simpler. Assume the case
w ∈

[
0, 1

2(Cπ+1)

]
. Applying Theorem 5.1 to the test ψ ∈ C2(P(V)) (independent of time) we

have thatˆ
P(V)

ψ(λ) dΛN
tkm−1

(λ)−
ˆ
P(V)

ψ(λ) dΛN
tkh
(λ) =

w

τkN

ˆ tkm−1

tkh

ˆ
P(V)

Dλψ(λ)[(πλ − πλ)λ] dΛ
N
r (λ) dr

+
1

2τkN2

ˆ tkm−1

tkh

ˆ
P(V)

ˆ
V

ˆ
V
D2
λψ(λ)[δσ − δσ, δσ − δσ] dλ(σ) dλ(σ) dΛ

N
r (λ) dr

+ ρ(h,m,ψ, τk, N,w) ,

where we have set

ρ(h,m,ψ, τk, N,w) :=
m−1∑
n=h+1

ρn(ψ, τk, N,w) .

This, together with (π.1) and (3.4), implies thatˆ
P(V)

ψ(λ) dΛN
tkm−1

(λ)−
ˆ
P(V)

ψ(λ) dΛN
tkh
(λ) (5.37)

≤ C

(
w

τkN
∥Dψ∥L∞(P(V)) +

2

τkN2
∥D2ψ∥L∞(P(V))

)
|tkm−1 − tkh|+ ρ ,

for a constant C > 0 independent of s, t, ψ, τk, N,w . We note that, since ψ is independent of
time, by Theorem 5.1, we get

|ρ(h,m,ψ, τk, N,w)| ≤O
(
w2

τkN

)
∥Dψ∥L∞(P(V)) +O

(
w

τkN2

)
∥D2ψ∥L∞(P(V))

+O

(
1

τkN2

)
wD2ψ

(
1

N

)
.

Hence, we have to add to (5.37) only the contributions in the intervals [tkm−1, t] and [s, tkh] . We
deal with the interval [tkm−1, t] , as the argument for the second one is very similar. As in the
proof of Theorem 5.1, we have thatˆ
P(V)

ψ(λ) dΛNt (λ)−
ˆ
P(V)

ψ(λ) dΛN
tkm−1

(λ) =
1

τk

ˆ t

tkm−1

E
(
Dλψ(λ

N
r )
[
λNtkm

− λN
tkm−1

])
dr

=
1

τk

ˆ t

tkm−1

E
(
Dλψ(λ

N
tkm−1

)
[
λNtkm

− λN
tkm−1

])
dr

+
1

τk

ˆ t

tkm−1

ˆ 1

0

r − tkm−1

τk
E
(
D2
λψ
(
λN
tkm−1

+ θ(λNr − λN
tkm−1

)
) [
λNtkm

− λN
tkm−1

, λNtkm
− λN

tkm−1

])
dθ dr .
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By the regularity of the test function and repeating the arguments of Lemmas 5.2–5.3, we infer
that (notice that now ψ is independent of time)ˆ

P(V)
ψ(λ) dΛNt (λ)−

ˆ
P(V)

ψ(λ) dΛN
tkm−1

(λ) (5.38)

≤ C

(
w

τkN
∥Dψ∥L∞(P(V)) +

2

τkN2
∥D2ψ∥L∞(P(V))

)
|t− tkm−1|+ ρ1(m, t, ψ,N,w),

for a positive constant C > 0 independent of s, t, ψ, τk, N,w , where

|ρ1(m, t, ψ,N,w)| ≤O
(
w2

N

)
∥Dψ∥L∞(P(V)) +O

(
w

N2

)
∥D2ψ∥L∞(P(V)) +O

(
1

N2

)
wD2ψ

(
1

N

)
.

A similar argument leads to the estimateˆ
P(V)

ψ(λ) dΛN
tkh
(λ)−

ˆ
P(V)

ψ(λ) dΛNs (λ) (5.39)

≤ C

(
w

τkN
∥Dψ∥L∞(P(V)) +

2

τkN2
∥D2ψ∥L∞(P(V))

)
|tkh − s|+ ρ2(s, h, ψ,N,w),

where ρ2 is estimated as ρ1 . Combining (5.37)–(5.39) and defining

µ(s, t, ψ, τk, N,w) := ρ+ ρ1 + ρ2,

we conclude for (5.35).
Finally, the proof of (5.36) under Assumption (3.5) follows by the exact same argument. □

6. Proofs of the Theorems 3.9, 3.11, and 3.12

In order to prove Theorems 3.9 and 3.11, we fix Nk ∈ N \ {0} and wk ∈
[
0, 1

2(Cπ+1)

]
two

sequences such that Nk → +∞ and wk → 0 as k → ∞ . We recall that τk = T
k . The

precise scalings are given in (3.12) and in (3.13). Both proofs rely on the expansion obtained in
Corollary 5.5

6.1. Proof of Theorem 3.9. We fix wk , τk , and Nk such that (3.12) holds. We divide the
convergence proof in two steps. The first one concerns compactness of the sequence ΛNk ; the
second one shows that the limit curve Λ is a very weak solution to the replicator equations with
genetic drift.
Step 1: Compactness of ΛNk . We divide the proof into two sub-steps.
Step 1.1: Construction of a limit curve. We notice that in view of (3.12) and of Corollary 5.5,
there exists a constant C > 0 such that for every k ∈ N \ {0} , every s < t ∈ [0, T ] , and every
ψ ∈ C2(P(V)) we have thatˆ

P(V)
ψ(λ) dΛNk

t (λ)−
ˆ
P(V)

ψ(λ) dΛNk
s (λ) (6.1)

≤ C
(
∥Dψ∥L∞(P(V)) + ∥D2ψ∥L∞(P(V))

)
|t− s|+ CwD2ψ

(
1

Nk

)
.

We select a dense and at most countable subset D of [0, T ] . By Lemma 2.2 and by a diagonal
argument, we may find a subsequence independent of t ∈ D (not relabeled) and Λt ∈ P(P(V))
such that

lim
k→∞

dZ(Λ
Nk
t ,Λt) = lim

k→∞
W1(Λ

Nk
t ,Λt) = 0 for t ∈ D .

Notice that we exploit the compactness of (P(V), ∥ · ∥BL) for the convergence in W1 . For every
s < t ∈ D and every ψ ∈ C2(P(V)) we pass to the limit in (6.1) as k → ∞ , obtainingˆ

P(V)
ψ(λ) d(Λt − Λs)(λ) ≤ C

(
∥Dψ∥L∞(P(V)) + ∥D2ψ∥L∞(P(V))

)
|t− s| . (6.2)



SCALING LIMITS FOR MORAN PROCESSES ON METRIC STRATEGY SPACES 29

In particular, (6.2) holds for ψ ∈ Z . Hence,

dZ(Λt,Λs) ≤ C|t− s| for s, t ∈ D. (6.3)

We now have to extend (Λt)t∈D to the whole interval [0, T ] . For t ∈ [0, T ] \ D , we define
Λt ∈ P(P(V)) as limit in dZ of Λtj for a sequence tj ∈ D such that tj → t . First we show
that such a definition is well-posed. Indeed, by Lemma 2.2 we have that, for every tj ∈ D with
tj → t , there exists Σ ∈ P(P(V)) such that, up to a not relabeled subsequence,

lim
j→∞

dZ(Λtj ,Σ) = lim
j→∞

W1(Λtj ,Σ) = 0 . (6.4)

Let sj ∈ D and Σ ∈ P(P(V)) be such that sj → t and

lim
j→∞

dZ(Λsj ,Σ) = lim
j→∞

W1(Λsj ,Σ) = 0 .

By (6.3) we have that

dZ(Σ,Σ) = lim
j→∞

dZ(Λtj ,Λsj ) ≤ lim
j→∞

C|tj − sj | = 0 . (6.5)

Thus, it must be Σ = Σ . This implies that Λt ∈ P(P(V)) is well-defined for every t ∈ [0, T ] .
Step 1.2: Pointwise convergence and continuity. We now show that

lim
k→∞

dZ(Λ
Nk
t ,Λt) = lim

k→∞
W1(Λ

Nk
t ,Λt) = 0 for every t ∈ [0, T ]. (6.6)

Notice that (6.6) holds for t ∈ D by construction. Let us fix t ∈ [0, T ] \D and let tj ∈ D be
such that tj → t and Λtj → Λt both in dZ and in W1 . We may further assume that, along a
not relabeled subsequence,

lim
k→∞

dZ(Λ
Nk
t ,Λ) = lim

k→∞
W1(Λ

Nk
t ,Λ) = 0 for some Λ ∈ P(P(V)).

In view of Corollary 5.5 and of (3.12) we have that for every ψ ∈ C2(P(V)) it holdsˆ
P(V)
ψ(λ)d(ΛNk

t − ΛNk
tj

)(λ) ≤ C
(
∥Dψ∥L∞(P(V)) + ∥D2ψ∥L∞(P(V))

)
|t− tj |+ CwD2ψ

(
1

Nk

)
. (6.7)

Passing to the limit as k → ∞ in (6.7) we deduce that for every ψ ∈ C2(P(V))ˆ
P(V)

ψ(λ) d(Λ− Λtj )(λ) ≤ C
(
∥Dψ∥L∞(P(V)) + ∥D2ψ∥L∞(P(V))

)
|t− tj | . (6.8)

Thus, we infer that

dZ(Λ,Λtj ) ≤ C|t− tj | . (6.9)

Passing to the limit as j → ∞ in (6.9) we conclude that Λ = Λt . Hence, (6.6) holds.
We further notice that (6.3) can be extended to every s, t ∈ [0, T ] , which implies that t 7→

Λt is Lipschitz continuous from [0, T ] with values in (P(P(V)), dZ) . This, together with the
compactness of (P(P(V)),W1) implies that t 7→ Λt is continuous in the W1 -metric as well. This
concludes the proof of the compactness step.
Step 2: The limit equation. For ψ ∈ C2([0, T ] × P(V)) we pass to the limit term by term
in (5.31). In view of the W1 -convergence of ΛNk

t to Λt for t ∈ [0, T ] , by the Dominated
Convergence Theorem we immediately deduce that

lim
k→∞

ˆ T

0

ˆ
P(V)

∂tψ(t, λ) dΛ
Nk
t (λ) dt =

ˆ T

0

ˆ
P(V)

∂tψ(t, λ) dΛt(λ) dt . (6.10)

We notice that, by Lemma 3.4,

lim
k→∞

W1(Λ
Nk

t ,Λt) = 0 for every t ∈ [0, T ].
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Moreover, λ 7→ (πλ − πλ)λ is continuous from (P(V), ∥ · ∥BL) into (EP(V), ∥ · ∥BL) in view of
(π.1) and of (3.4). Hence, the Dominated Convergence Theorem yields

lim
k→∞

wk
τkNk

ˆ T

0

ˆ
P(V)

Dλψ(t, λ)[(πλ − πλ)λ] dΛ
Nk

t (λ) dt (6.11)

= γ

ˆ T

0

ˆ
P(V)

Dλψ(t, λ)[(πλ − πλ)λ] dΛt(λ) dt .

We prove that for every t ∈ [0, T ] the map

λ 7→
ˆ
V

ˆ
V
D2
λψ(t, λ)[δσ − δσ, δσ − δσ] dλ(σ) dλ(σ) (6.12)

is continuous from (P(V), ∥ · ∥BL) into R . If this is the case, the convergence of Λ
Nk

t to Λt in
the 1-Wasserstein distance and the Dominated Convergence Theorem yield

lim
k→∞

1

2τkN
2
k

ˆ T

0

ˆ
P(V)

ˆ
V

ˆ
V
D2
λψ(t, λ)[δσ − δσ, δσ − δσ] dλ(σ) dλ(σ) dΛ

Nk

t (λ) dt (6.13)

=
ν

2

ˆ T

0

ˆ
P(V)

ˆ
V

ˆ
V
D2
λψ(t, λ)[δσ − δσ, δσ − δσ] dλ(σ) dλ(σ) dΛt(λ) dt .

For λj , λ ∈ P(V) such that ∥λj − λ∥BL → 0 we estimate∣∣∣∣ ˆ
V

ˆ
V
D2
λψ(t, λ)[δσ − δσ, δσ − δσ] dλ(σ) dλ(σ)−

ˆ
V

ˆ
V
D2
λψ(t, λj)[δσ − δσ, δσ − δσ] dλj(σ) dλj(σ)

∣∣∣∣
(6.14)

≤
∣∣∣∣ˆ

V

ˆ
V

(
D2
λψ(t, λj)−D2

λψ(t, λ)
)
[δσ − δσ, δσ − δσ] dλj(σ) dλj(σ)

∣∣∣∣
+

∣∣∣∣ ˆ
V

ˆ
V
D2
λψ(t, λ)[δσ − δσ, δσ − δσ] d(λj − λ)(σ) dλj(σ)

∣∣∣∣
+

∣∣∣∣ ˆ
V

ˆ
V
D2
λψ(t, λ)[δσ − δσ, δσ − δσ] dλ(σ) d(λj − λ)(σ)

∣∣∣∣ .
The first term on the right-hand side of (6.14) can be estimated by∣∣∣∣ ˆ

V

ˆ
V

(
D2
λψ(t, λj)−D2

λψ(t, λ)
)
[δσ − δσ, δσ − δσ] dλj(σ) dλj(σ)

∣∣∣∣ ≤ 4wD2ψ(∥λj − λ∥BL) . (6.15)

As for the second term on the right-hand side of (6.14), we notice that the map

σ 7→ D2
λψ(t, λ)[δσ − δσ, δσ − δσ] (6.16)

is Lipschitz continuous from (V, d) into R , with uniform Lipschitz constant with respect to σ ∈
V . Indeed, for every σ1, σ2, σ ∈ V we have that∣∣∣D2

λψ(t, λ)[δσ1 − δσ, δσ1 − δσ]−D2
λψ(t, λ)[δσ2 − δσ, δσ2 − δσ]

∣∣∣
≤
∣∣∣D2

λψ(t, λ)[δσ1 − δσ, δσ1 − δσ]−D2
λψ(t, λ)[δσ2 − δσ, δσ1 − δσ]

∣∣∣
+
∣∣∣D2

λψ(t, λ)[δσ2 − δσ, δσ1 − δσ]−D2
λψ(t, λ)[δσ2 − δσ, δσ2 − δσ]

∣∣∣
≤ ∥D2

λψ∥L∞([0,T ]×P(V))∥δσ1 − δσ2∥BL

(
∥δσ1 − δσ∥BL + ∥δσ2 − δσ∥BL

)
≤ 4∥D2

λψ∥L∞([0,T ]×P(V)) d(σ1, σ2) .
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In particular, the Lipschitz constant of the map defined in (6.16) is controlled from above by
4∥D2

λψ∥L∞([0,T ]×P(V)) . This implies that∣∣∣∣ ˆ
V

ˆ
V
D2
λψ(t, λ)[δσ − δσ, δσ − δσ] d(λj − λ)(σ) dλj(σ)

∣∣∣∣ (6.17)

≤ 8∥D2
λψ∥L∞([0,T ]×P(V))∥λj − λ∥BL .

In the same way we deduce that∣∣∣∣ˆ
V

ˆ
V
D2
λψ(t, λ)[δσ − δσ, δσ − δσ] dλ(σ) d(λj − λ)(σ)

∣∣∣∣ (6.18)

≤ 8∥D2
λψ∥L∞([0,T ]×P(V))∥λj − λ∥BL .

Combining (6.15), (6.17), and (6.18) we conclude the map in (6.12) is continuous and (6.13)
holds.

Finally, passing to the limit in (5.31) we infer (3.10). This concludes the proof of Theorem 3.9.

6.2. Proof of Theorem 3.11. Under the scalings (3.13), we now prove the convergence of ΛNk

to a solution to the replicator equation (3.9). The proof is similar to that of Theorem 3.9. Below
we remark the main differences.

The compactness argument follows the line of the proof of Theorem 3.9. We fix D ⊆ [0, T ]
dense and at most countable. We select a not relabeled subsequence and, for every t ∈ D ,
a probability measure Λt ∈ P(P(V)) such that W1(Λ

Nk
t ,Λt) → 0 . For every s < t ∈ D we

write (5.35) and pass to the limit as k → ∞ . In view of (3.13) we obtain that there exists C > 0
independent of s, t ∈ D such that for every ψ ∈ C2(P(V))ˆ

P(V)
ψ(λ) d(Λt − Λs)(λ) ≤ C∥Dψ∥L∞(P(V))|t− s| . (6.19)

By Lemma 2.1 it is possible to extend (6.19) to functions ψ ∈ Lip(P(V)) in the formˆ
P(V)

ψ(λ) d(Λt − Λs)(λ) ≤ CLip(ψ)|t− s| for s < t ∈ D. (6.20)

Then, (6.20) implies that

W1(Λs,Λt) ≤ C|t− s| for every s, t ∈ D. (6.21)

With (6.21) at hand, it is enough to repeat the argument of (6.4)–(6.5) to construct a limit curve
t 7→ Λt with values in P(P(V)) , simply by replacing dZ with the W1 -distance.

The pointwise convergence of ΛNk to Λ is obtained reasoning as in (6.7)–(6.9). Precisely, for
t ∈ D we have that W1(Λ

Nk
t ,Λt) → 0 by construction. For t ∈ [0, T ] \ D , let tj ∈ D be such

that tj → t and assume that W1(Λ
Nk
t ,Λ) → 0 for some Λ ∈ P(P(V)) (which holds up to a

subsequence by compactness). We write (5.35) for tj , t and ψ ∈ C2(P(V)) . Pass to the limit as
k → ∞ , by (3.13) we infer, similarly to (6.19),ˆ

P(V)
ψ(λ) d(Λ− Λtj )(λ) ≤ C∥Dψ∥L∞(P(V))|t− tj | . (6.22)

for some constant C > 0 independent of ψ , t , and j . As before, we can extend (6.22) to tests
ψ ∈ Lip(P(V)) and thus conclude that

W1(Λ,Λtj ) ≤ C|t− tj | .

By construction of Λt , this implies that Λ = Λt and W1(Λ
Nk
t ,Λt) → 0 for every t ∈ [0, T ] . The

Lipschitz continuity of t 7→ Λt with respect to the W1 -distance follows from (6.21).
Repeating the arguments of (6.10) and (6.11) we infer that Λ is a weak solution of the

replicator equation (3.9). This concludes the proof of Theorem 3.11.
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6.3. Proof of Theorem 3.12. Let Nk ∈ N \ {0} such that Nk → +∞ as k → ∞ . Assume
the scaling (3.14). Then the proof for the non-vanishing selection parameter case (Assumption
(3.5)) follows along the same lines as the proof of Theorem 3.11 noting that (3.14) implies

lim
k→+∞

1

τkN
2
k

= 0.

It is worth emphasizing that the sole modification consists in checking the continuity from
(P(V), ∥ · ∥BL) into (EP(V), ∥ · ∥BL) of the following function given by Corollary 5.4

λ 7→ w(πλ − πλ)λ

1 + w(πλ − 1)
.

This property is a direct consequence of (π.1) and of (3.4). Recalling that (P(V), ∥ · ∥BL) is
compact in F(V) , we further infer that

min
λ∈P(V)

(1 + w(πλ − 1)) > 0.
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