THE RHOMBIC DODECAHEDRAL CONJECTURE

ANNALISA CESARONI AND MATTEO NOVAGA

ABSTRACT. We prove that every three-dimensional parallelohedron P satisfies
H?(OP) > 122 r(P)?,

where r(P) is the inradius of P, with equality if and only if P is similar to the regular rhombic

dodecahedron.
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1. INTRODUCTION

A three-dimensional parallelohedron is a convex polytope whose translates tile R3. By the
classical results of Venkov [13] and McMullen [12], every such polytope admits a face-to-face
lattice tiling. In dimension three there are five Fedorov types: parallelepipeds, hexagonal
prisms, rhombic dodecahedra, elongated rhombic dodecahedra, and truncated octahedra; see,
for instance, Langi [11, Section 2.1].

In this paper we consider the minimal surface-area problem at fixed inradius. Langi states
the expected sharp inequality as Conjecture 2 in [11], under the name Rhombic Dodecahedral
Conjecture, and attributes it to Bezdek. Related sharp results for rhombic dodecahedra and for
Voronoi cells of lattice sphere packings were obtained in [1, 3].

For a convex body P C R3 we shall write

Vol(P) := |P|, Area(P) := H*(OP), r(P) :=sup{r > 0: 3z € R®, B(z,r) C P}.
Our main result is the proof of the Rhombic Dodecahedral Conjecture:

Theorem 1.1 (Main result). Let P be a three-dimensional parallelohedron. Then
Area(P) > 12v2 r(P)2. (1)

Equality holds if and only if P is similar to the regular rhombic dodecahedron. In particular,
every parallelohedron containing a unit ball has surface area at least 12v/2.

In [4] the authors proved existence and regularity results for minimizers of the minimal
surface-area problem at fixed inradius among periodic fundamental domains, and in particular
showed that a minimizer cannot be a parallelohedron. The present result concerns the same
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minimization problem in the constrained class of convex translative tiles, which coincides with
the class of parallelohedra.

Other related results have appeared recently. Langi [11, Theorem 1] proved that the regular
truncated octahedron minimizes mean width among unit-volume parallelohedra. Recently,
Hales and Song |9, Theorem 1.1] and, independently, the authors [5, Theorem 1.1] proved that
the regular truncated octahedron uniquely minimizes surface area among parallelohedra with
fixed volume. The latter work also proves the stronger sharp bound on the non-truncated
Fedorov strata, with the rhombic dodecahedron as unique minimizer. More precisely, every
three-dimensional parallelohedron satisfies

Area(P) > 3(1;/23‘/5) Vol(P)*/3, 2)
with equality if and only if P is similar to the truncated octahedron; moreover, if P is not of
truncated-octahedral Fedorov type, then

Area(P) > 326 Vol(P)?/3, (3)

with equality if and only if P is similar to the rhombic dodecahedron.

The fixed-volume theorem does not by itself imply Theorem 1.1, at least for truncated-
octahedral Fedorov type parallelohedra. Indeed, by the Venkov—McMullen theorem the translates
of P may be taken to form a lattice tiling. Since a parallelohedron is centrally symmetric,
convexity allows an inball of radius r(P) to be centered at its symmetry center; its lattice
translates therefore form a lattice sphere packing. Gauss’s theorem on three-dimensional lattice
sphere packings [6] gives the optimal lattice-packing density 7/v/18 = 7/(3v/2). Hence

Vol(P) > 4v2r(P)3. (4)
Combining estimate (4) with the sharp BCC isoperimetric constant (2) yields only
Area(P) > 32'/3(1 + 2v/3) r(P)? ~ 16.873247 r(P)?,

whereas

12v27(P)? ~ 16.970563 7(P)?,

so the fixed-volume argument misses the conjectured constant by about 0.57%. This is not the
case for the non-truncated Fedorov types, for which we may use the sharp isoperimetric bound
(3) in place of (2), and conclude by Gauss’s lattice-packing bound (see Section 2).

Therefore, the only remaining issue is the proof of the conjecture for the truncated-octahedral
Fedorov stratum, where we need an appropriate estimate taking into account the distances of
the facets from the center.

Finally, we point out that the Rhombic Dodecahedral Conjecture we prove in Theorem 1.1
should be distinguished from the classical Dodecahedral Conjecture and its strong form. Hales—
McLaughlin in [8] proved that every Voronoi cell in a packing of unit balls has volume at least
that of the regular dodecahedron of inradius 1. Bezdek’s Strong Dodecahedral Conjecture
replaces volume by surface area; Hales proved that every bounded Voronoi cell in such a packing
has surface area at least that of the regular dodecahedron of inradius 1, approximately 16.6508,
see [2, 7]. This is strictly below 12v/2 ~ 16.970563. Generic Voronoi cells in a sphere packing
do form a tiling, but they need not be translates of one common cell. The larger constant in
Theorem 1.1 therefore is due to the additional parallelohedral structure of the problem, rather
than tiling alone.

Plan of the paper. Section 2 contains the result for the four non-truncated Fedorov types.
Section 3 introduces the graphical representation K4 and derives the surface-area and inradius
formulas. In particular, it gives an equivalent formulation of the ratio Area(P)/r(P)? for
truncated-octahedral parallelohedra. Section 4 contains the proof of the key negative-descent
property at fixed affine metric, see Proposition 4.1. Section 5 analyzes the six-contact configura-
tion, introduces the four-point metric, and provides a quantitative refinement of the four-point
determinant remainder (53). Section 6 derives from it the determinant-tangency deficit estimate.
Section 7 completes the proof of Theorem 1.1.
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Al statement. ChatGPT (GPT-5.6 Sol) was used during the preparation of this work to check
algebraic identities and to assist in exploring proof arguments. The authors checked the final
statements and proofs and take responsibility for the content of the manuscript.

2. THE NON-TRUNCATED STRATA

We first prove Theorem 1.1 on the non-truncated Fedorov strata. This result is a direct
consequence of the sharp isoperimetric estimate (3) and of Gauss’s lattice-packing bound (4).

Proposition 2.1. If P is a three-dimensional parallelohedron that is not of truncated-octahedral
Fedorov type, then
Area(P) > 12v27(P)?,

with equality if and only if P is similar to the reqular rhombic dodecahedron.

Proof. By |5, Theorem 1.1], every non-truncated Fedorov type satisfies the sharp estimate
(3), with equality only for the regular rhombic dodecahedron, up to similarities. Since every
parallelohedron admits a lattice tiling [13, 12] and is centrally symmetric, an inball of radius
r = r(P) may be centered at its symmetry center; its lattice translates give a lattice packing by
balls of radius r(P). Gauss’s lattice-packing theorem [6] gives the optimal three-dimensional
lattice-packing density m/v/18 = 7/(3v/2), attained by the FCC lattice. Hence

(4r/3)r*(P) _
Vol(P) > BvE) 4V273(P).

Therefore, using (3), we get
Area(P) > 32°/0Vol(P)?/3 > 32°/6(4v/2)%/32(P) = 12v21%(P).

If equality holds, then equality also holds in (3); hence P is similar to the regular rhombic
dodecahedron. Conversely, the regular rhombic dodecahedron is the Voronoi cell of the FCC
lattice, so its centered inballs realize equality in Gauss’s lattice-packing bound, while equality
in (3) holds by |5, Theorem 1.1]. Thus it realizes equality in the displayed estimate. O

3. GRAPHICAL REPRESENTATION OF PARALLELOHEDRA

Following [5, Sections 3 and 6], we use a graphical representation of parallelohedra to derive
explicit formulas for the area and, in the truncated-octahedral case, the inradius. We then
reformulate the ratio Area(P)/r(P)? in these coordinates.

We first recall the Selling—Voronoi coordinates used in [5, Section 3|. Every full-rank lattice
in R? can be associated with a nonnegative edge-weighted realization of Ky, the complete graph
with four vertices {0, 1,2,3}. We label the vertices by the four vectors vy, v1, v, v3 of the obtuse
superbase and identify the Selling parameter —v; - v; with the weight of the edge ij of Kj.

We use the edge order (01,02,03,12,13,23), and write the six nonnegative edge weights as
w = (a,b,c,d,e, f), that isa = —vg - v; >0, b = —vg - v2 > 0 and so on.

To realize the abstract graph Ky in a fixed three-dimensional root space, introduce auxiliary
points pg = 0, p1 = e1, p2 = €9, p3 = e3. These p; are not the vectors of the obtuse superbase.
We take the incidence roots

T = €1, Ty = €2, Te = €3,

()

Tq=¢€1 —€2, Te=¢€ —€3, Ty=ey—es.

The centered graphical zonotope is

._ Ere £re
Zoi= ) [‘2’2 - ©)
ge{a7b7c7d7e7f}
Define the associated symmetric matrix
Alw) == Z §7’§rg. (7)
ge{a7b7c7d7e7f}

For Selling parameters this is the Gram matrix appearing in |5, Proposition 3.1].
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We shall use the following representation statement.

Proposition 3.1. Every three-dimensional parallelohedron is, up to translation, of the form
pP=1LZ,,
where L € GL(3,R) and Z,, is the centered graphical zonotope of a connected nonnegative

weighting w of the six edges of K4. Conversely, for every L € GL(3,R) and every connected
nonnegative weighting w, the body LZ,, is a three-dimensional parallelohedron.

Proof. The first assertion is |5, Theorem 6.1|. For the converse, let G, be the support graph
formed by the edges with positive weight. Since G, is connected, it contains a spanning tree.
The three incidence roots corresponding to the edges of any spanning tree of K4 are linearly
independent. Hence, for every nonzero z € R3,

2T A(w)z = Z§ (z-1¢)* >0,
£

so A(w) is positive definite. By the converse part of the Selling—Voronoi reduction in [5,
Proposition 3.1|, the six weights determine a full-rank lattice A with Gram matrix A(w), up to
orthogonal isometry. Then [5, Proposition 3.2| gives

Vor(A) = A(w)~ Y22,

up to an orthogonal change of coordinates. Thus Z, is an invertible linear image of a lattice
Voronoi cell and therefore tiles by translations of a lattice. Applying the invertible map L
preserves this property, so LZ, is a three-dimensional parallelohedron. O

Modulo complementation there are seven nontrivial cuts of K4, four singleton cuts and three
2 4 2 cuts that we order as follows: {0} | {1,2,3}, {1} | {0,2,3}, {2} | {1,0,3}, {3} | {1,2,0},
{0,1} | {2,3}, {0,2} | {1,3}, and {0, 3} | {1,2}. Their normal vectors are
20 = (17 17 1)T7 21 = (17 07 O)T7 z2 = (07 17 0)T7 z3 = (07 07 1)T7 (8)
24 = (07 17 1)T7 R5 = (1707 1)T7 26 = (17 170)T'
For S C {0,1,2,3}, the weight of the cut S | S¢ is given by the sum of the weights of the edges
with one endpoint in S and one in S€. In our case the cut weights are
co(w)=a+b+c, c(w)=a+d+e, co(w)=b+d+ f, c3(w)=c+e+f,
calw)=b+c+d+e, cs(w)=a+c+d+f, cslw)=a+b+e+ f.
(9)

The seven cut weights satisfy the linear relation
co(w) + c1(w) + c2(w) + e3(w) = ca(w) + e5(w) + cp(w). (10)
The facet-area polynomials are
qow)=de+df +ef, q(w)=bc+bf +cf, q(w)=ac+ae+ce, gq3(w)=ab+ ad+ bd,
qu(w) = af, q5(w) = be, g6(w) = cd.

(11)
Finally, the weighted spanning-tree polynomial of K, coincides with the volume of Z, and is
given by

Vol(Z,) = D(w) = abc + abe + abf + acd + acf + ade + adf + aef
+ bed + bee + bde + bdf + bef + cde + cdf + cef. (12)

The matrix-tree theorem gives the key identity
6
> qi(w)ei(w) = 3D(w) = 3Vol(Z,). (13)
=0

Let P = LZ, be as in Proposition 3.1, where L € GL(3,R), and define
Ai=|det L|Y3, Q= |det LI?PL7'L7T, (14)
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Note that @) is positive definite and det ) = 1. Moreover, the polar decomposition gives

L=X0Q '/
for some orthogonal matrix O. Thus LZ,, is similar to Q~'/2Z,,. Recalling (8), we define
6 6
wii=/AQz,  Nw,Q) =) gwmw =Y qw)h/IQz. (15)
i=0 i=0

In what follows we write ||z|g := /2T Qu.

Remark 3.2. We note that the group Sy acts on Selling coordinates and on the seven cuts
by relabelling the four vertices of the superbase. If the incidence roots are written, up to
orientation, as differences of the auxiliary points p;, a permutation o € S4 sends each root to
the corresponding relabelled root; with the fixed orientations in (5), this is one of the six listed
roots up to sign. Thus the induced linear map on the three-dimensional root space is integral
and unimodular. Dually it permutes the seven cut normals up to the corresponding change of
basis. When the metric is represented by a matrix @), the same relabelling is accompanied by
the corresponding congruence change of (); positive definiteness and the condition det ) = 1 are
preserved. Consequently, statements quantified over all such @ may be reduced by S; symmetry,
with ¢;, ¢;, w; and the corresponding constraints relabelled simultaneously.

We can now compute the volume and area of P explicitly in terms of L and w.
Lemma 3.3. For P=1LZ,,
Area(P) = 2\’ N (w,Q),  Vol(P) = A*Vol(Z,). (16)

Proof. The proof is contained in [5, Proposition 6.2]; we recall the main calculation. Each facet
of Z,, with normal z; has area ¢;(w)|z;|. Under L, an area element in a plane with normal z; is
multiplied by

|L_TZ7;|

|2i]

L7 T2 = /\_1\/lein = A" lw;.

Hence one facet in the i-th opposite pair has area A\?q;w;. Summing over the seven opposite
pairs gives the first formula, while the second is trivial. O

| det L|

Using (14),

We now compute the inradius of truncated-octahedral parallelohedra.

Lemma 3.4. Assume that all siz graphical weights are positive (i.e. a,b,c,d,e, f > 0), so all
seven cut directions support facet pairs. Then the support function hz, of the zonotope Z,, in
the direction z; coincides with

CilWw
hz () = ), (17)
and the inradius of P = LZ,, is given by
A oclw) A . w;
) =508 e T TS G (18)

Proof. By the definition of the support function,
ha() = Y Sleewd
&E{a7b7c7d767f}

where w = (a,b, ¢, d, e, f). The incidence-root/cut construction gives |z; - r¢| = 1 exactly when
edge ¢ crosses cut 7, and 0 otherwise. This implies (17).
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After application of L, the corresponding supporting hyperplane has normal LTz and
support value ¢;(w)/2. The distance from the origin is therefore
ci(w) _ Aci(w)
Q‘L_TZZ'| Qwi '
It remains to observe that the largest inscribed ball can be centered at the center of symmetry
of P. Indeed, if P = —P contains B(x,r), then it also contains B(—z, ). If |y| < r, both  +y

and —x + y belong to P, and convexity gives y € P. Thus B(0,r) C P, and the inradius is the
minimum of the central facet distances. (]

Combining Lemmata 3.3 and 3.4, we obtain

Area(P)

r(P)?

Note that the quantity pu?N(w, @) is invariant under the rescaling w + tw, t > 0, because

ci(w) = tei(w), ¢(w) = t2q;(w), p +— t71u, and N(w,Q) — t2N(w, Q). Therefore, in the
six-generator case (i.e. a,b,c,d, e, f > 0) we may normalize to

w=1, equivalently ci(w) > w; = /21 Qz for 0 <i <6, (20)

with equality for at least one index. For the representative P = Q~/2Z,,, this normalization
gives r(P) = 1/2 and Area(P) = 2N (w, @), so Theorem 1.1 reduces for truncated-octahedral
parallelohedra to prove that

812N (w, Q). (19)

N(w, Q) (21)

S 3
- \/i'
Remark 3.5. The support identity (17) remains valid when some graphical weights vanish.
Assume that the support graph is connected, so that Z,, is three-dimensional, and let

F(w):={ie{0,...,6}: ¢i(w) >0}
be the set of actual facet directions. Indeed, the cut description of the facets in [5, Proposition 3.3],
together with the area computation in the proof of Lemma 3.3, shows that the facet normals
of Z,, are among the seven cut directions z;, and that the facet pair with normal z; has area
¢i(w)|zi|. Hence it is an actual facet pair precisely when ¢;(w) > 0. Moreover, the centering
argument in the proof of Lemma 3.4 uses only the central symmetry and the convexity of LZ,,
hence applies verbatim here. The inradius is then the minimum of the central distances over the
directions in F'(w) only:
A ci(w
r(LZ,) = = min i)

1€EF(w) Wy

Consequently, if ¢;(w) > w; for every i, then r(LZ,) > A/2. Since Lemma 3.3 still gives
Area(LZ,) = 2\’ N(w, Q), we obtain

Area(LZ,)
W <8N(w,Q).

4. THE NEGATIVE DESCENT PROPERTY

We now work at fixed affine metric, equivalently at fixed Q). For a fixed matrix @), the function
N(w, Q) in (15) is a homogeneous quadratic form in the six graphical weights a, b, ¢, d, e, f, while
the constraints (20) are linear. Indeed, writing for simplicity N(w) = N(w, Q) since @ is fixed,
and using (11), we get

N(w) =wo(de +df +ef)+wi(bc+bf +cf)
+ wa(ac + ae + ce) + ws(ab + ad + bd)
+ wyaf + wsbe + wged. (22)
For n € R® we also have
N(w+tn) + N(w — tn) — 2N(w) = 2t>N(n). (23)
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We have the following negative descent property of the homogeneous quadratic form N under
the constraint (20).

Proposition 4.1. Fiz Q > 0 with det@Q = 1. Let w = (a,b,c,d,e, f) with a,b,c,d,e, f > 0
satisfy c;(w) > w; for all i. Then there exists a feasible weighting w* with ¢;(w*) > w; and

Nw*, Q) < N(w,Q)

such that either at least one graphical weight of w* is zero or exactly six of the seven constraints
ci(w*) > w; are equalities. Moreover, if at most five of the seven constraints are active at w,
then the inequality is strict,

Nw*,Q) < N(w, Q).

The proof of Proposition 4.1 is based on a finite-case lemma. We first introduce the cut
matrix C.
Let C be the 7 x 6 matrix satisfying (co(w),...,cs(w))” = C(a,b,c,d, e, f)T. Explicitly,

111000
100110
010101
cC=]001011 (24)
011110
10110 1
110011

If C denotes the 6 x 6 matrix obtained by deleting row 4, direct elimination gives
(det C© det €V, det C©V) = (8,-8,8, -8, 8,8, -8).
In particular no six rows are dependent, i.e. rank C = 6. Its left kernel is generated by
(-1,-1,-1,-1,1,1,1),

which coincides with equation (10).
Let now w; = ||z;||g, as introduced in (15). We recall the Hornich-Hlawka inequality, see [10],
which holds for every three vectors x,y, z in a real inner-product space:

2 +y 4zl + NIzl + yll + 12l = lz +yll + ly + 2] + [|z + z]]. (25)

For completeness, we record the factorization that will also give the strict inequality needed
below. Set

a=lzl, B=yl, y=Izl, d=lz+y+-zl
X=llz+yl, Y=ly+zll, Z=|z+z]
Expanding the inner products gives
&+ B4 =X+ Y24 22 (26)
Writing S =a+ 8+~v+dand T = X +Y + Z, a direct expansion using (26) yields
S(S—T)=(a+B-X)(y+6—X)
+B+y-Y)a+d-Y)
+(y+a—-2)(B+6-2). (27)

Every factor on the right-hand side is nonnegative by the triangle inequality. If S = 0, all three
vectors vanish and (25) is trivial; otherwise S > 0, so (27) implies S > T and proves (25).
We now apply (25) with « = 21, y = 22, 2 = 23 in the norm || - ||¢. Since

Z0 = 21 + 22 + 23, Z4 = 22 + 23, z5 = 21 + 23, z6 = 21 t+ 22,

we obtain the non-strict Hornich—Hlawka inequality for the w;. It is strict in this particular
configuration. Indeed, in the first product on the right-hand side of (27),

Iz1ll@ + llz2llg = llz1 + 22(lg > 0
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because z; and 29 are linearly independent, while

llz3llq + llzollQ — [l20 — 23llg > 0

because equality would force z3 and —zg to be positively collinear, which they are not. Hence
that product is strictly positive and therefore

wo + w1 + we + w3z > wy + ws + we. (28)
We now prove the negative descent lemma.

Lemma 4.2. Let J C {0,...,6} contain five cut indices and let C; be the 5 X 6 matriz obtained
from C by deleting the rows whose indices are not in J. Then there exists n € RS which satisfies

Cm=0 and  N(n) <O. (29)

Proof. By the Sy symmetry described in Remark 3.2 it is enough to treat one representative of
each orbit of the natural Sy action on the unordered pairs of omitted cuts. There are exactly
three such orbits, according to the type of the omitted pair. Indeed, Sy is 2-transitive on the
four singleton cuts, so all pairs of singleton cuts form one orbit; the natural surjection Sy — S3
onto the permutations of the three 2 + 2 cuts is 2-transitive on them, so all pairs of 2 4+ 2 cuts
form one orbit; finally, for a mixed pair, the stabilizer of a vertex is isomorphic to S3 acting
transitively on the three 2 4+ 2 cuts, so the orbit of a mixed pair has 4 - 3 = 12 elements, that is,
all of them.

Case 1: the omitted cuts are 5 and 6 (two 2 + 2 cuts). Choose
n=(0,1,-1,-1,1,0) in the coordinates (a,b, ¢, d, e, f).

Using (24) we get Cn = (0,0,0,0,0, —2,2)7, which implies that C;n = 0. Substitution into (22)
and using (28), gives

N(n):—wo—w1—w2—w3+w5+w6<—w4<0,

Case 2: the omitted cuts are 0 and 4 (one singleton and one 2 + 2 cut). Choose
n=1(0,1,1,0,0,—1).
Then Cn = (2,0,0,0,2,0,0)7, so C;n = 0 and a direct substitution gives N(n) = —w; < 0.
Case 3: the omitted cuts are 2 and 3 (two singleton cuts). Choose
n=(0,-1,1,-1,1,0).
Then Cn = (0,0,-2,2,0,0,0)” so Cyn = 0 and
N(n) = —wo — w1 + wa + w3 — w5 — we. (30)
If ws < wg, then the strict triangle inequalities
wy = ||z0 — 25|/ < wo + ws, w3 = ||z5 — 21]|Q < ws + wy
hold because the corresponding vector pairs are nonparallel. Hence
we + w3 < wo + w1 + 2ws < wo + wy + ws + we,
which makes (30) negative. If wg < ws, use instead
wy = ||z — 21| < we + wi, wsz = ||z0 — 26| < wo + ws,

to obtain the same conclusion.
These three cases exhaust the S orbits and prove the lemma. O

Proof of Proposition 4.1. All seven constraints (20) cannot be equalities, because the cut iden-
tity (10) together with ¢;(w) = w; for every ¢ would contradict the strict inequality (28). Let
A be the set of active cut constraints. If |A| = 6, choose w* = w and we are done. Assume
therefore that | A] < 5.
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Choose a set J of five cut indices with A C J. Since every five rows of C are independent,
ker C; is one-dimensional. Lemma 4.2 provides a nonzero vector 1y € ker C; with N(n9) < 0.
Hence every nonzero generator n = tng of this kernel satisfies

N(n) = t*N () < 0.
Fix such a generator 7 and consider the maximal feasible interval
I, :={teR: (w+1tn); >0 for every graphical coordinate j, ¢;(w +tn) > w; for all i}.

Because all graphical weights of w are positive and every constraint outside A has positive slack,
0 belongs to the interior of I,.

We next justify that I, is compact. A nonzero element of ker C; cannot have all coordinates
nonnegative: if 7 > 0 and Cyn = 0, then each of the five cut sums is zero, and each column
of (24) contains four entries equal to 1, so the supports of any five rows cover all six graphical
coordinates; hence every coordinate of 7 is zero. Applying the same argument to —n shows that
a nonzero kernel vector cannot have all coordinates nonpositive either. Thus 7 has at least one
positive and one negative coordinate. The constraints w + tn > 0 therefore bound ¢ from both
sides. Since the feasible conditions are closed, I, = [t_, t4] is a compact nondegenerate interval
with t_ < 0 < tg.

By (23), the function t — N(w +tn) is a quadratic with second derivative 2N (n) < 0, hence it
is strictly concave on I,. Its minimum is therefore attained at an endpoint. Choose ¢, € {t_,t,}
realizing this minimum and put w* = w + t,n. Since t_ < 0 < t4, writing

t
0=0t_+(1—-0)t., 6=—F—¢(0,1),
tye —t_

strict concavity gives
Nw) >0ON(w+t-n)+(1—-0)N(w+tin) > min{N(w+t_n), N(w+tin)} = Nw*), (31)

so each such step strictly decreases N.

At an endpoint of the maximal feasible interval, either a graphical weight vanishes or a
previously inactive cut inequality becomes an equality. If a graphical weight vanishes, we
are done. Otherwise all graphical weights of w* remain positive. For every ¢ € J we have
ci(w*) = ¢i(w) because Cyn = 0, so any newly active cut constraint has index outside J.
Thus the number of active cut constraints strictly increases. If it is still below six, repeat the
construction. All seven constraints can never be active by (28), so after finitely many steps the
process reaches either a zero graphical weight or exactly six active cut constraints. By (31), N
strictly decreases at each step, so the final weighting w* satisfies N(w*, Q) < N(w, @) whenever
at least one step has been performed, that is, whenever at most five constraints are active at
w. (]

The following corollary handles the boundary endpoint of the descent.

Corollary 4.3. Let w* be as in Proposition 4.1 and assume that at least one graphical weight of
w* is zero. Then
NWw*, Q) > —.
Q=
Proof. Set L := Q /2, so that det L = 1 and the metric associated with L through (14) is
exactly ). First observe that the support graph of w* is connected. Otherwise a nontrivial
component cut would contain no positive edge, hence its cut weight would be zero, contradicting
¢i(w*) > w; > 0. By Proposition 3.1, LZ,« is therefore a three-dimensional parallelohedron.
Moreover, the vanishing of any graphical generator removes at least one facet pair. Indeed,
from (11),

a=0or f=0=qs=af =0, b=0ore=0=q5 =be =0,

c=0ord=0=¢gs =cd=0.
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Since g; > 0 is exactly the condition that the corresponding cut direction gives a facet pair,
LZ ,~ has at most six opposite facet pairs, hence at most 12 facets. It is therefore not of
truncated-octahedral Fedorov type.

By Remark 3.5 and Proposition 2.1,

Area(LZ,»~) < 122 3

8r(LZy)2 = 8 V2

N, Q) >
O

Thus the only remaining case is an interior six-generator weighting with exactly six tangent
facet pairs.

5. CONTACT CONFIGURATIONS AND FOUR-POINT METRICS

Define the tangency slacks

0i(w) :==¢i(w) —w; > 0. (32)
Also define the Hornich—Hlawka deficit
h = wg+ wi +wy + w3 — wg — ws — wg > 0. (33)
Using the cut identity (10) and the definition of h gives
04 + 05 + 06 = 0o + 01 + 02 + 3 + h. (34)

Lemma 5.1. Suppose that exactly sixz of the seven constraints c;(w) > w; are equalities. Then
the unique nonzero slack &; belongs to one of the three 2 + 2 cuts. After relabelling the vertices
of K4, we may assume

0;=0 (i#4), 04 =h>0. (35)

Proof. 1f the unique positive slack were one of dy, ..., ds, then the left-hand side of (34) would
vanish while the right-hand side would be strictly positive, a contradiction. Hence the slack is
one of 04, d5,9s. By Remark 3.2 the Sy action is transitive on the three 2 + 2 cuts and preserves
both positive definiteness and the normalization det () = 1, so we may assume that the slack is
d4. Equation (34) then gives d4 = h. O

Assume from now on that
ci(w) = wj; (i #4) ca(w) > wa. (36)

We identify the six active lengths w;, i # 4, with the six edges of the () metric introduced in
(15) restricted to the four points {0, 2o, 22, 26}, that is

lo1 = [|0 — 20|l = wo, loz = ||z22 — 26llg = || — 21llq = wn,
Loz = |0 — 22/l = wo, li3 = [|20 — 26l = [123llQ = ws, (37)
lia = |20 — 22ll@ = l|25llg = w5, Loz = |0 — 26lq = we-

We associate to the four-point metric £ = (4;;), the Gram-type matrices introduced in [5,
Section 4]:

Lo1+loa—t12  Lo1+loz—{13
EOl 2 9
F(E) . 501+f(2)2—512 Loy 502+f%3—€23 (38)
. M
£ Loz —L Lo2+2o3—4
01+ (2)3 13 02 (2)3 23 603
and
02 @1+, €1 +E53—635
01 2 2
F(£°2) = 5(2)1“’@2—2?2 E%Q 532‘*‘4(33_[%3 . (39)
£(2)1+Z83_€%3 532‘*‘533_5%3 52
2 2 03

Recalling that w? = ziT Qz;, we get

P(°2) = M{ QM (40)
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where My is the 3 x 3 matrix with columns 2y, 29, 2. Explicitly,

1 01
M():(Zo 29 2’6): 1 1 1], det My = —1.
100
Hence, since det @ =1,
det(£°%) = 1. (41)
Because of (36) and (9), the distances in (37) have the explicit form
lh=wo=a+b+c lop=w2=b+d+ [, lis=wg=a+b+e+ [, (12)
19 = ws :a+c+d+f, f13 = w3 =C+6+f, oz = w1 =a-+d+e.
therefore (38) reads
a+b+c b a+b
re) = b b+d+ f b+ f and detT'(¢) = D(w)
a+b b+f a+b+e+f
where the last equality comes from (12) and direct computation.
Therefore, in our geometric configuration the determinant remainder is
R = 2det(T'(£))? — det(T'(¢°?)) = 2D(w)? — 1, (43)

where the last equality uses (41). It is useful, however, to keep the determinant remainder in its
homogeneous form before this normalization.
For the algebraic estimate, use the change of variables

zo=b, T1=¢C, T2=d, TZ3=e€e, u=/f v=a, (44)

and set
s:=x9+x1 +x2 + x3, Il := xpz1 2073, (45)

A= (xo + x1)(x2 + 73), B := (zo + z2)(x1 + x3), C := zgr3 + 7179,
3
my; = H:Ej (0 <1< 3), E3 = Zmi, (46)
G i=0
U:= A? —8II, V = B —8II, W :=C? — &8I, (47)
and

Ay = 4[zozi (20 + 1) (22 — 23)% + T2w3 (22 + 73) (T0 — 21)°], (48)
Ay == 4[zowa (w0 + 22) (21 — x3)? 4+ z123(21 4 23) (20 — xg)Q], (49)
Bo1 = 4[330.%’2(:80 + $2) + xol‘g(wo + 1‘3) + $1x2(1‘1 -+ :Bz) + $1$3(IE1 + xg)], (50)
Big = 4[:60331 (SUQ —+ l‘l) + $0£C3(l‘0 + 953) + 1’1ZE2($1 + l‘Q) + ﬂZQ.Tg(l‘Q + xg)] . (51)

Lemma 5.2. Let a,b,c,d,e, f >0, and define the siz quantities {;; by the right-hand sides of
(42). Then

2D(w)? — det T'(£°%)
=2 Z (m; — mj)2 + Ayu + Ayv

0<i<j<3

+ 2(Uu? + 2Wuv 4+ Vo?) + Byju?v + Brouv?
+ 2u?0? (2(u + v)? +4s(u+v) + 332). (52)
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Proof. Substitute (42) into (39), and set
F :=2D(w)? — det T'(£°%).

Both F' and the right-hand side of (52) are homogeneous polynomials of total degree six in
X0, T1, T2, T3, u,v. Write [u'vI]F for the coefficient of u'v7 when F is viewed as a polynomial in
u,v. Expanding the 3 x 3 determinant and collecting powers of u, v gives

W) F =2 "(mi — my)?, [u]F = Ay, [v]F = A,,
1<j
[u?]F = 2U, [uv] F = 4W, [V F =2V,
[u?v]F = By, [uv?]F = Bis.
The remaining nonzero coeflicients are
[u*v?]|F = [u*v!F = 4, [W3v3|F =8, [P0 F = [uv®]F = 8s, [u?v?]F = 652
All other coefficients vanish. These are exactly the coefficients obtained by expanding the
right-hand side of (52), which proves the identity. O

Proposition 5.3. Let a,b,c,d,e, f >0 withb+ c+d+e >0, define D(w) by (12), and define
the siz quantities £;; by the right-hand sides of (42). Then

16
2D(w)? — det T'(£°%) >
(@)" = det T() = o g e

Ifa,b,c,d e, f > 0, the inequality is strict. In particular, since D(w) > 0 for nonnegative weights,
the left-hand side of (53) is nonnegative, and it is strictly positive when a,b,c,d, e, f > 0.

Proof. Set

D(w)af(be+ cd+ af). (53)

Riom := 2D(w)? — det T'(£°?).
By Lemma 5.2, Ry is given by the exact expansion (52). With the notation above, (53) reads

1
Riom > 3% D(w) wo(C + uv). (54)

We estimate separately the terms of total degree two, three, and at least four in u, v on the
right-hand side of (52). The first line

2 Z(ml - mj)2 + Ayu + Ao
1<J

is nonnegative and will not be needed.

Step 1: the quadratic sector. Introduce the two other perfect matchings

C' = xoze + 2123, C" = xox1 + T273. (55)
Then
A=C+C, B=C+C". (56)
By AM-GM,
C,C',C" > 2V (57)
Hence
U= (C+C')? =8Il =C%+C” +2(CC" —4I) > C* + O, (58)
V=(C+C")?-8I1>C*+C". (59)
Therefore
VUV > /(C2+ C2)(C? + C"2)
> C*+C'C”, (60)
because

(C2 + 012)(02 + 0/12) _ (02 + C/C//)2 _ 02(0/ _ C//)2 > 0.
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Consequently,
VUV + W > 2C% 4 C'C" — 811 (61)
We claim that
202 + C'C" — 811 > 4]‘220. (62)
Two elementary identities are useful:
sBEy =CC'+CC" 4+ C'C" + 411, (63)
and
§2—2(C+C' +C") =2 +2? + 23 + 22 >0. (64)
To prove (62), first suppose IT > 0 and set
C C/ C//
ﬁ’ = ﬁ’ 7 = Wil
By (57), X,Y,Z > 1. From (63) and (64),
4E3C  4C

(CC' +CC" + C'C” + 410)

g 20
= 3(C+ 0+ O

3s 352

(CC' +CC" + C'C" + 41I).

Thus (62) follows from
3(X+Y+2)2X2+YZ-2)>2X(XY + XZ+YZ+1). (65)

Write X =1+p, Y =1+¢q, Z =1+, where p,q,r > 0. The difference between the two sides
of (65) expands exactly as

14 27p + 8¢ + 8r + 26p* + 3¢° + 312 + 9pq + 9pr + 13qr
+ 6p° + 4p>q + 4p*r + pgr + 3¢°r + 3qr?, (66)

which is strictly positive. This proves (62) for II > 0; the nonnegative boundary follows by
continuity.
Combining (61) and (62),

4F-
VOV +W > 330. (67)
s
Since U,V > 0,
Uu? + Vo? > 2VUV wo.
Therefore

2(Uu? + 2Wuv 4+ Vo?) > 4VUV + W)uw
16 E3C
>
- 3s
This is exactly the degree-two part required by the right-hand side of (54).

uv. (68)

Step 2: the cubic sector. Let

Sy = x0 + 1, Sy 1= 19 + T3,
so that A = 5155 and S1 + S2 = s. From (50),

Bo

5 = Saag @) + Si(ws + w3)

1 1 1
> 55253 + 55153 = 5As.

Thus
Bgl Z 2As. (69)

Also

82

C = xgx3 +x129 < Z (70)
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For example, if 6 = x¢ + 3, then C < 6%/4 + (s — 0)%/4 < s%/4. Hence

16C A
Bgl Z 2As 2 6¢ . (71)
38
By the analogous grouping of (51) with the partition {0, 2}|{1, 3},
16C'B
B12 2 2Bs Z . (72)
3s
Therefore
2 2 16C 5 2
Byiu“v + Biouv® > S—(Au v + Buv?). (73)
s
Step 3: total degree at least four. Put
T 1= U, m:=u-+v.
The last line of (52) is
Ry = 72(4m? + 8sm + 657). (74)
Besides (70), we have
52 52 s3
A< — B < — Fy < —.
= ) =4 ) 3 > 16 (75)

The first two are the elementary product bound XY < (X + Y)2/4. The third is Maclaurin’s
inequality:

E 3 3
T3 < (f) , hence F3 < S—.
(3) 4 16

Consequently,
1672

(sC + E3 + Au+ Bv + s7)
4 1
<72 <§s2 + 35m + 367> . (76)

Since m? = (u + v)? > 4uv = 47,

5 4 16
Am? + 8sm + 6s% — (82 + —sm + 7‘)

3 3 3
16 20 13
= 4m? — 37 + ?sm—k 352
S 32 n 20 . 13 4 >0
—T+ —sm+ —s .
-3 3 3
Together with (74) and (76),
1672
R>q4 > (SC+E3+AU—|—BU—|—ST>. (77)
= 5

Step 4: recombination. From (12) and (44),
D(w) = E3 + Au+ Bv + suv.
Expanding the desired right-hand side gives

gD(w)uv(C +uwv) = 3, W + s (Au“v + Buv®)
16u2v?

a5 (sC + E5 + Au+ Bv + suv). (78)

The three displayed groups are bounded respectively by (68), (73), and (77). All omitted terms
of (52) are nonnegative. This proves (54).

If all six variables g, z1, z2, 23, u, v are positive, the polynomial in (66) is strictly positive
and uv > 0, so the quadratic allocation is strict. Hence (54) is strict. O
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6. THE DETERMINANT-TANGENCY DEFICIT INEQUALITY

In this section we show that the estimate (21) holds at w in the interior of the positive cone,
with ¢;(w) > w;, if exactly six constraints are active. This is the remaining terminal case needed
for the proof.

We first convert the quantitative remainder (53) into a comparison between the determinant
deficit and the unique tangency slack.

Proposition 6.1. Assume a,b,c,d,e, f >0, detQ =1, ¢;(w) > w;, and

aw)=w (i £4)
Then ) )

D(w) — —= > zqu(w)(cg(w) — wy). 79

(@)= 5 > g0@)es(@) — ) (79)
Proof. By (41), the homogeneous remainder of Proposition 5.3 specializes in the present geometric
configuration to
R =2D(w)? — 1,

with R as in (43). Since a,b,c,d,e, f > 0, the right-hand side of (53) is positive, so R > 0;
this uses only Proposition 5.3. In particular D(w) > 1/v/2 and hence D(w) + 1/v/2 < 2D(w).

Therefore
1 R R

V2 2aDw)+1/v3) ~ AD(w)’

D(w) — (80)

Proposition 5.3 now gives
1 S R - daf(be +cd + af)
V2 T 4D(w) 3b+c+d+e)’
where strictness follows from a, b, c,d, e, f > 0.
On the other hand, the explicit cut normals (8) satisfy the matrix identity

D(w) — (81)

3
z2) = E zizd — 252t — 22 (82)
i=0

Contracting (82) with @ yields

wz :wg—kw%—kw%—kw%—wg—wg.
Since w; = ¢;(w) for i # 4, we obtain

2

wi = co(w)? + c1(w)? + c2(w)* + c3(w)? — e5(w)? — co(w)?

Substituting the expressions in (9) gives
wi = (b+c+d+e)* —4(be+cd + af).
Since (9) gives ¢4(w) = b+ c+ d + e, we deduce

(b+c+d+e)2—w§<4(be+cd+af)
(b+c+d+e)+wy = btct+d+e

cpw)—wyg=(b+c+d+e)—wy=

Since q4(w) = af by (11), we conclude
1 4af(be + cd+ af)
— — < .
gu@)alw) —wa) < S o)

Together with (81) this proves (79). O

Corollary 6.2. Fix QQ > 0 with det Q =1, and let a,b,c,d, e, f > 0. Under the normalization
ci(w) > wy, if exactly siz constraints are active, then



16 ANNALISA CESARONI AND MATTEO NOVAGA

Proof. By Lemma 5.1, after relabelling the unique slack is 64 = ¢4(w) — wq > 0. Hence

6
D aiw)(ci(w) — wi) = qa(ea(w) — wa).
i=0
Using (13) and Proposition 6.1,
N(w) = Z gi(w)wi = Z gi(w)ei(w) — Z gi(w)(ci(w) — wi)
=3D(w) — qa(w)(ca(w) — wy)
1 3
> 3D(w) — 3 (D(w) - \/§> =75
U
Corollary 6.3. Fiz Q > 0 with detQ = 1. If a,b,c,d,e, f > 0 and ¢;(w) > w; for all i, then
3
N(w,Q) > 7

Proof. If exactly six cut constraints are active at w, this is Corollary 6.2. Otherwise at most five
constraints are active, and Proposition 4.1 produces a feasible w* with

N(W", @) <N(w,Q)

such that either exactly six constraints are active at w*, or some graphical weight of w* vanishes.
In the first case Corollary 6.2 gives N(w*,Q) > 3/v/2, in the second Corollary 4.3 gives
N(w*,Q) > 3/+/2. In either case

N, Q) > Nw'.Q) > -

> .

7. PROOF OF THE MAIN RESULT

O

Proof of Theorem 1.1. The non-truncated types are covered by Proposition 2.1. We may there-
fore assume that P has truncated-octahedral Fedorov type. In the graphical representation
all six weights are then positive; equivalently, the associated cell has fourteen facets, as in [5,
Proposition 3.3|. Concretely, if any graphical weight vanished, one of ¢4 = af, ¢5 = be, or
g6 = cd would vanish by (11), so at least one of the seven opposite facet pairs would disappear.

Since the quotient Area(P)/r(P)? is invariant under similarities, we may replace P by a
similar representative and write P = Q~/2Z,, with det Q = 1. Using the rescaling invariance of
12N noted above, rescale w so that 4 = 1. By Lemma 3.4,

ci(w) > w; (0<i<6),

and the normalized body has inradius 1/2. By Lemma 3.3, its surface area is 2N (w, Q).
Corollary 6.3 therefore yields

N(w,Q) > \%
and hence
Area(P)
—~PE = 8N (w,Q) > 12v2

for every truncated-octahedral parallelohedron. Since p?N is invariant under rescaling w, this is
the original, unnormalized quotient in (19).

It remains to classify equality. The preceding paragraph excludes equality throughout the
truncated-octahedral stratum. Proposition 2.1 shows that among the four non-truncated Fedorov
types equality occurs if and only if P is similar to the regular rhombic dodecahedron. This
proves both (1) and its equality statement. O
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