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Abstract

We study the simultaneous asymptotic behaviour of homogenization and the Bour-
gain–Brezis–Mironescu limit for quadratic fractional energies with periodic coefficients.
The functionals depend on two small parameters: the period of the coefficients and the
fractional exponent approaching the local limit. We prove that the Γ-limit is completely
determined by the relative scaling of these parameters. In the two extreme regimes,
one recovers the expected separation of scales, yielding either the homogenized Dirich-
let energy or the energy with averaged coefficients. At the critical logarithmic scaling,
however, the two mechanisms coexist, and the limit is a convex combination of the
homogenized and averaged energies, with weights depending explicitly on the relative
scaling of the two asymptotic processes. The proof combines the homogenization anal-
ysis of the short-range interactions with a blow-up argument showing that long-range
interactions are simply averaged using a Riemann–Lebesgue-type argument.
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1 Introduction

In this work, we study the interaction between two fundamental asymptotic processes in
the Calculus of Variations: homogenization and the Bourgain–Brezis–Mironescu limit for
fractional Sobolev energies. Although each of these limits is now well understood, their
simultaneous behaviour exhibits a genuinely new phenomenon, whose nature depends on
the relative scaling between the microscopic periodicity and the fractional parameter.

The Bourgain–Brezis–Mironescu theorem [4, 23] characterizes Sobolev spaces through
the asymptotic behaviour of suitable nonlocal energies. In the quadratic case, the normal-
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ized Gagliardo seminorms

(1− s)

ˆ
Ω

ˆ
Ω

|u(x)− u(y)|2

|x− y|d+2s
dxdy,

Γ-converge, as s → 1−, to a multiple of the Dirichlet energy. More precisely, the limit is
σd−1

2d times the Dirichlet energy, where σd−1 is the d−1-surface measure of the unit sphere in
Rd. Thus, the result provides a variational characterization of H1(Ω). This result extends
toW s,p spaces and to a broad class of kernels [16, 20], and has found numerous applications
in nonlocal variational problems (see e.g. [3, 24, 22, 25]).

Although many extensions of the Bourgain–Brezis–Mironescu theorem are now avail-
able, much less is known about its interaction with other singular limits involving micro-
scopic scales. In particular, a complete description of its interplay with homogenization
is not available. Homogenization and the Bourgain–Brezis–Mironescu limit both replace a
complicated energy by an effective local one, but through completely different mechanisms.
The former accounts for microscopic oscillations of the coefficients, whereas the latter con-
centrates the interaction kernel at infinitesimal scales. The question is then how these two
asymptotic mechanisms interact when they take place simultaneously. As we show, neither
mechanism dominates, in general.

For the reader’s convenience, we briefly recall the variational formulation of periodic
homogenization. This is a prototypical example of the nontrivial effects of oscillations in
differential equations and the Calculus of Variations. In the simplest deterministic periodic
(isotropic and quadratic) variational form, it consists of studying the asymptotic behaviour
of minimum problems involving integrals

ˆ
Ω
a
(x
ε

)
|∇u|2dx

as ε → 0. The coefficient a is 1-periodic, bounded, and bounded away from zero. This
analysis was one of the examples that led De Giorgi to the definition of Γ-convergence [17].
In his terminology, the Γ-limit in the L2-topology is given by the functional

ˆ
Ω
⟨Ahom∇u,∇u⟩dx.

The symmetric homogenized matrix is characterized by a cell-problem formula

⟨Ahomξ, ξ⟩ = min
{ˆ

(0,1)d
a(y)|ξ +∇φ|2dy : φ 1-periodic

}
.

A simple but important observation is that Ahom depends on the “geometry” of a, and
in particular it is not equal to the average of a: that is, to a =

´
(0,1)d a(y)dy, except in

the trivial case where a is constant. This result may also be viewed as a consequence of
previous results on the G-convergence and H-convergence of elliptic differential operators

2



[26, 21, 14], and has been generalized in many ways (for a general reference from the
Γ-convergence standpoint, see [8]).

Following this variational approach to homogenization, in the framework of fractional
Sobolev spaces, we therefore consider quadratic energies with oscillating coefficients, anal-
ogous to the H1-case, of the form

(1− s)

ˆ
Ω

ˆ
Ω
a
(x
ε
,
y

ε

) |u(x)− u(y)|2

|x− y|d+2s
dxdy,

where now the coefficient a is 1-periodic in both variables. Here we have two parameters
s, tending to 1, and ε, tending to 0. Formally, letting ε be fixed and s tend to 1, we can
apply the Bourgain–Brezis–Mironescu result, and obtain a limit of the form

σd−1

2d

ˆ
Ω
a
(x
ε
,
x

ε

)
|∇u|2dx,

where, due to the singularity of the kernel, only the values of a on the diagonal x = y
contribute. We can then apply the classical theory of elliptic homogenization. The limit is
given by

σd−1

2d Fhom with

Fhom(u) =

ˆ
Ω
⟨Ahom∇u,∇u⟩dx, (1)

where now Ahom satisfies

⟨Ahomξ, ξ⟩ = min
{ˆ

(0,1)d
a(y, y)|ξ +∇φ|2dy : φ 1-periodic

}
. (2)

This description continues to hold if 1− s tends to 0 sufficiently fast compared with ε, as
follows from the general theory of Γ-convergence [15, 5]. However, it cannot hold for an
arbitrary convergence of ε→ 0 and s→ 1. Indeed, letting ε→ 0 with fixed s, the limit of
these functionals is

(1− s)a

ˆ
Ω

ˆ
Ω

|u(x)− u(y)|2

|x− y|d+2s
dxdy,

where

a =

ˆ
(0,1)d

ˆ
(0,1)d

a(x, y)dxdy.

This can be proved using the compact embedding of Hs into L2, and the weak convergence
of the coefficients to a (see e.g. [18]). Hence, if s tends to 1 slow enough with respect to
how ε tends to 0, the Γ-limit of our functionals is simply

σd−1

2d a times the Dirichlet integral.
This shows that in general the behavior of Fε must depend on the relation between the
two infinitesimal quantities ε and 1− s.

The main result of this paper is a complete analysis of the behavior as s tends to 1 and
ε tends to 0 simultaneously, given by the following theorem.
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Theorem 1.1 (A BBM homogenization theorem). Let a : Rd × Rd → R be a continuous
function, 1-periodic in both variables and such that there exist 0 < α ≤ β for which α ≤
a (x, y) ≤ β for all x, y ∈ Rd. Let Ω ⊂ Rd be an open, bounded set with Lipschitz boundary.
Let ε ∈ (0, 1) and s := s(ε) ∈ (0, 1). Let

Fε(u) := (1− s)

ˆ
Ω

ˆ
Ω
a
(x
ε
,
y

ε

) |u(x)− u(y)|2

|x− y|d+2s
dxdy

be defined in Hs(Ω). If lim
ε→0

s = 1 and

lim
ε→0

ε2(1−s) = λ ∈ [0, 1],

then
Γ- lim
ε→0

Fε(u) =
σd−1

2d

(
(1− λ)a∥∇u∥2L2(Ω) + λFhom(u)

)
,

where u ∈ H1(Ω), the Γ-limit is calculated with respect to the L2(Ω) strong topology and
σd−1 is the (d− 1)-Hausdorff measure of the unit sphere Sd−1 in Rd.

We note that ε2(1−s) ∈ (0, 1) for all ε, s ∈ (0, 1), so that the existence of a limit λ ∈ [0, 1]
always holds, up to subsequences. Furthermore, since the functionals are comparable with
the Bourgain–Brezis–Mironescu functionals, this theorem is complemented by a compact-
ness result: if Fε(uε) ≤ S < +∞, then, up to subsequences and addition of constants, uε
converges in L2(Ω) to some u ∈ H1(Ω) (see [23]).

The interesting regime is at the critical scaling 1−s ∼ 1
| log ε| , where homogenization and

averaging effects coexist. This logarithmic scaling reflects the fact that the BBM energy
distributes its mass equally over logarithmic scales. This can be explained by looking at
the recovery sequences for a linear function ξ · x. These recovery sequences are still of the
form uε(x) = ξ · x+ εφ(x/ε) with φ 1-periodic. If |x− y| << ε then

|uε(x)− uε(y)|2 ∼ |⟨ξ +∇φ(x), x− y⟩|2

and, after integrating in z = x− y, one recovers the formula for Ahom, while if |x− y| >> ε
then εφ is negligible, and

|uε(x)− uε(y)|2 ∼ |⟨ξ, x− y⟩|2,

so that, after integrating in z = x − y, the coefficient a is averaged. Interactions for
which |x − y| is of order ε are negligible. The outcome is a linear combination of the two
extreme regimes through the coefficient λ. The coexistence of different behaviours in a
homogenization problem can also be found in the analysis of Ginzburg–Landau vortices
in heterogeneous media [2], for capacitary problems in a periodic environment [6], or for
fractional phase transitions [9]. All of these situations are characterized by the presence
of logarithmic scalings. In those cases, however, the energy either concentrates at scales
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where the coefficient a is constant, or where a is oscillating. In the first case, a is minimized
and in the second case a is either homogenized or averaged.

Theorem 1.1 also highlights two regimes in which we have separation of scales. In the
subcritical regime λ = 0; that is, if 1 − s >> 1

| log ε| , the limit coincides with the iterated
limit obtained by letting first ε → 0 and then s → 1. In the supercritical regime λ = 1;
that is, if 1−s << 1

| log ε| , the limit coincides with the iterated limit obtained by letting first
s→ 1 and then ε→ 0. The behaviour is in sharp contrast with convolution-type energies,
where the critical scaling leads to a genuinely new homogenized cell problem rather than
coexistence of two limiting mechanisms (see the next subsection).

The proof relies on splitting the energy into short- and long-range interactions. The
short-range contribution is treated using the homogenization result obtained in [7], whereas
the long-range contribution requires a blow-up argument showing that oscillations average
out. The critical regime is characterized by the coexistence of these two mechanisms. We
note that in [7] the supercritical separation of scales is shown to appear in the non-sharp
regime 1 − s << ε2. However, an inspection of the proof shows that it also holds for
1 − s << | log ε|−1. The supercritical scaling also appears in the study of fractional thin
films of thickness ε, which is the scaling corresponding to a complete separation of scales in
the dimension-reduction process in the Bourgain–Brezis–Mironescu limit [11]. Conversely,
if 1 − s >> | log ε|−1, then interactions up to scale ε are negligible, which explains the
behaviour in the subcritical regime.

Throughout the paper we restrict our analysis to Gagliardo seminorms in the quadratic
case p = 2. This choice is not dictated by the nature of the phenomenon we describe — the
coexistence of homogenization and averaging effects at the critical scaling — but simplifies
the exposition. We expect the same qualitative picture, including the convex combination
of homogenized and averaged energies at the critical scaling, to hold for general periodic
energies. In place of the oscillating 2-Gagliardo seminorms one can consider p-Gagliardo
seminorm, or more general functionals that extend Gagliardo seminorms in the spirit of
what has been done for convolution functionals in [1, Chapter 6], with the necessary changes
to the blow-up and homogenization arguments.

Comparison with convolution functionals

In order to highlight the different nature of nonlocality, it is worth comparing the behaviour
of fractional energies and that of energies with convolution kernels. For such energies, the
theorem of Bourgain–Brezis–Mironescu can still be applied. In the quadratic case, we
consider functionals of the form¨

Ω×Ω

1

εd+2
ρ

(
x− y

δ

)
a
(x
ε
,
y

ε

) |u(x)− u(y)|2

|x− y|d+2s
dxdy.

For these energies, the critical scaling is ε ∼ δ. In this regime, the scale of the kernel and
the scale of the periodicity are the same. Their interaction produces a quadratic limit with
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homogenized matrix characterized by a nonlocal cell-problem formula. If ε/δ → 1, we have

⟨Ahomξ, ξ⟩ = min
{¨

(0,1)d×Rd

ρ(x− y)a(x, y)|ξ(x− y) + φ(x)− φ(y)|2dxdy :

φ 1-periodic
}

(see [1]), while we have separation of scales in the other regimes [12]. Hence, contrary to the
fractional case, for convolution energies, at the critical scaling we do not have coexistence
of the two separation-of-scale regimes.

Plan of the paper

In Section 2 we gather some preliminary results on the asymptotic behaviour of Gagliardo
seminorms: on the one hand, results that allow us to reduce the range of interactions
without changing the limit, and, on the other hand, a Riemann–Lebesgue-type lemma,
which describes the behaviour of long-range interactions for Gagliardo-type integrals with
periodic coefficients. Section 3 is dedicated to the proof of the liminf inequality for Theorem
1.1. The main argument is to subdivide the computation into short-range and long-range
interactions. The short-range interactions are homogenized using the result in [7], which
is valid in our setting. For the long-range interactions, we use a blow-up and periodization
argument that allows us to consider only ε-periodic perturbations of affine functions. Since
these perturbations are negligible at long-range, we can consider just linear functions, and
compute the corresponding limit using the Riemann–Lebesgue type lemma from Section 2.
Finally, we complete the proof of Theorem 1.1 by showing that test functions for the
classical homogenization formula provide recovery sequences for affine functions also in the
nonlocal case. Again, we show that the relevant energy is due only to short-range and
long-range contributions, while interactions in the “intermediate range” are negligible, due
to logarithmic scaling of the energies.

2 Notation and preliminary results

We use standard notation for Sobolev and Lebesgue spaces. The characteristic function of
a set A will be denoted by 1A; if A ∈ Rd is Borel, then both L d(A) and |A| denote its
Lebesgue measure. The notation µj ⇀ µ is used for the narrow convergence of measures
(in duality with Cb).

2.1 Asymptotics of double integrals

In this section, we include some results regarding the behaviour of double integrals. The
first is a general estimate in [4, Theorem 1].
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Theorem 2.1. Let f ∈ H1(Ω) and ρ ∈ L1(Rd), with ρ ≥ 0. Then there exists C = C(Ω) >
0 such that ¨

Ω2

|f(x)− f(y)|2

|x− y|2
ρ(x− y)dxdy ≤ C∥∇f∥2L2(Ω)∥ρ∥L1(Rd).

The following results treat more specifically Gagliardo seminorms. For future reference,
it is convenient to introduce a positive parameter ε, and consider families s = s(ε) satisfying
s → 1− as ε → 0. Note that in the statements we do not specify the dependence of the
parameter s on ε. To simplify the notation, we will adopt this convention in the rest of
the paper for parameters dependent on ε.

The first result is a quantitative version of [7, Lemma 3]; we include the proof for the
sake of completeness.

Lemma 2.2. There exists C = C(d) > 0 such that

(1− s)

¨
A2∩{|x−y|≥r}

|f(x)− f(y)|2

|x− y|d+2s
dxdy ≤ C(1− s)

r2s
∥f∥2L2(A) (3)

for every bounded measurable set A ⊂ Rd, every r > 0 and every f ∈ L2(A). In particular,
if (uε) ⊂ L2(Ω) is a bounded sequence and r := r(ε) > 0 satisfies

lim
ε→0

1− s

r2
= 0.

Then,

lim
ε→0

(1− s)

¨
Ω2∩{|x−y|≥r}

|uε(x)− uε(y)|2

|x− y|d+2s
dxdy = 0.

Proof. Using |f(x)− f(y)|2 ≤ 2|f(x)|2 +2|f(y)|2, and integrating in polar coordinates, we
obtain

(1− s)

¨
A2∩{|x−y|≥r}

|f(x)− f(y)|2

|x− y|d+2s
dxdy ≤ 4(1− s)∥f∥2L2(A)σd−1

ˆ +∞

r
t−1−2sdt,

which gives (3). Applying (3) with A = Ω and f = uε, and using r−2s ≤ max{r−2, 1}, we
obtain

(1− s)

¨
Ω2∩{|x−y|≥r}

|uε(x)− uε(y)|2

|x− y|d+2s
dxdy ≤ Cmax

{1− s

r2
, 1− s

}
∥uε∥2L2(Ω),

which vanishes as ε→ 0, since (uε) is bounded in L2(Ω).

The following lemma states that interactions at order ε are asymptotically negligible
in these integrals, provided that the sequences satisfy an ε-bound.
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Lemma 2.3. Let (vε) ⊂ L∞(Ω) and assume that there exists C > 0 such that ∥vε∥∞ ≤ Cε.
Then, for every M > 0, we have

lim
ε→0

(1− s)

¨
Ω2∩{|x−y|≥Mε}

|vε(x)− vε(y)|2

|x− y|d+2s
dxdy = 0.

Proof. Since Ω is bounded, there exists R > 0 such that x, y ∈ Ω implies |x − y| < R.
Using the hypothesis on (vε), we get

¨
Ω2∩{|x−y|≥Mε}

|vε(x)− vε(y)|2

|x− y|d+2s
dxdy ≤ 4C2ε2

¨
Ω2∩{R>|x−y|≥Mε}

1

|x− y|d+2s
dxdy (4)

Integrating in polar coordinates, we may estimate (4) from above with

4C2ε2
ˆ
Ω

ˆ
Sd−1

ˆ R

Mε
t−1−2sdtdσ(ν)dx = 4C2ε2|Ω|σd−1

(Mε)−2s −R−2s

2s
≤ Dε2(1−s) − Eε2,

and D,E > 0 are some fixed positive constants. The claim follows by multiplying by 1− s
and letting ε→ 0.

The following lemma states that double integrals depending on sequences of equi-
Lipschitz functions are asymptotically negligible on sets with vanishing measure.

Lemma 2.4. Let (Ωε) be a sequence of measurable subsets of Ω and let (fε) be a sequence
of uniformly Lipschitz functions on Ω. Assume that lim

ε→0
|Ωε| = 0. Then, it follows that

lim
ε→0

(1− s)

ˆ
Ωε

ˆ
Ω

|fε(x)− fε(y)|2

|x− y|d+2s
dxdy = 0

Proof. By hypothesis, there exists L > 0 such that |fε(x) − fε(y)| ≤ L|x − y| for every
x, y ∈ Ω and for every ε > 0. We then obtain

(1− s)

ˆ
Ωε

ˆ
Ω

|fε(x)− fε(y)|2

|x− y|d+2s
dxdy ≤ 2L2(1− s)

ˆ
Ωε

ˆ
Ω

1

|x− y|d+2s−2
dxdy (5)

We can estimate (5) from above, integrating in polar coordinates and using that Ω ⊂ BR(0)
for some R > 0, obtaining

(1− s)

ˆ
Ωε

ˆ
Ω

1

|x− y|d+2s−2
dxdy ≤ (1− s)

ˆ
Ωε

ˆ
Sd−1

ˆ 2R

0
t1−2sdtdσ(ν)dx

=
|Ωε|σd−1 (2R)

2(1−s)

2
,

which tends to 0, since (2R)2(1−s) is bounded and |Ωε| → 0.
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2.2 Averaged limits of Gagliardo seminorms

The next lemma is a sort of quantified Riemann–Lebesgue on the average behaviour of
double integrals, in which we take into account periodic coefficients. In order to state this
result, we need some specific notation.

Consider a continuous function a : Rd ×Rd → R, which is 1-periodic in both variables.
We set β = max |a|, and

a :=

¨
(0,1)d×(0,1)d

a(x, y)dxdy,

the average of a.
For ε > 0 and k ∈ Zd, we denote by Qε,k := ε

(
k + [0, 1)d

)
, the cubes of the partition

of Rd induced by the lattice εZd and, for measurable sets A ⊂ Rd, we set

∂εA :=
{
x ∈ Rd | dist(x, ∂A) ≤

√
d ε

}
.

Lemma 2.5 (Averaging interactions at large scales). There exists C = C(d) > 0 such that,
for every s ∈ [3/4, 1), ε ∈ (0, 1), ε ≤ r1 < r2 ≤ 1, ξ ∈ Rd and every bounded measurable
set A ⊂ Rd, it holds∣∣∣∣(1− s)

ˆ
A

ˆ
{r1≤|x−y|≤r2}

a
(x
ε
,
y

ε

) |⟨ξ, x− y⟩|2

|x− y|d+2s
dydx− a

σd−1

2d
|ξ|2

(
r
2(1−s)
2 − r

2(1−s)
1

)
|A|

∣∣∣∣
≤ Cβ|ξ|2

(
(1− s)

ε

r1
|A|+ |∂εA|

)
. (6)

Proof. In the following, C = C(d) > 0 may change from line to line. Set

κ(x, y) := (1− s)
|⟨ξ, x− y⟩|2

|x− y|d+2s
, Λ :=

(
A× Rd

)
∩ {r1 ≤ |x− y| ≤ r2}.

Integrating in polar coordinates and using that, by symmetry,

ˆ
Sd−1

|⟨ξ, ν⟩|2dσ(ν) = σd−1

d
|ξ|2 (7)

for all ξ ∈ Rd, we get

ˆ
Λ
κ(x, y)dydx =

σd−1

2d
|ξ|2

(
r
2(1−s)
2 − r

2(1−s)
1

)
|A|, (8)

so that the left-hand side of (6) equals the absolute value of

ˆ
Λ

(
a
(x
ε
,
y

ε

)
− a

)
κ(x, y)dydx.
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We partition Λ into the sets

Λ1,ε :=
⋃

{Qε,j ×Qε,k |Qε,j ×Qε,k ⊂ Λ, Qε,j ⊂ A} ,

Λ2,ε := Λ ∩
(
∂εA× Rd

)
,

Λ3,ε := Λ \ (Λ1,ε ∪ Λ2,ε) .

Note that Λ3,ε is covered by the cubes Qε,j × Qε,k with Qε,j ⊂ A that meet Λ without
being contained in it.

Let Qε,j×Qε,k ⊂ Λ1,ε and fix (x, y) ∈ Qε,j×Qε,k. Since a is 1-periodic in both variables,
we have ˆ

Qε,j

ˆ
Qε,k

a
(x
ε
,
y

ε

)
dydx = ε2d a (9)

for all j, k ∈ Zd, so thatˆ
Qε,j

ˆ
Qε,k

(
a
(x
ε
,
y

ε

)
− a

)
κ(x, y)dydx

=

ˆ
Qε,j

ˆ
Qε,k

(
a
(x
ε
,
y

ε

)
− a

)
(κ(x, y)− κ(x, y)) dydx. (10)

In {|x− y| ≥ r1}, we have

|∇(x,y)κ(x, y)| ≤
√
2(d+ 4)(1− s)|ξ|2|x− y|1−d−2s,

and two points (x, y), (x′, y′) of Qε,j × Qε,k satisfy |x′ − y′| ≥ r1 ≥ ε and |x − y| ≤
|x′ − y′|+ 2

√
d ε ≤ (1 + 2

√
d)|x′ − y′|. Hence, by the mean-value theorem,

|κ(x, y)− κ(x, y)| ≤ Cε(1− s)|ξ|2|x− y|1−d−2s (11)

for (x, y) ∈ Qε,j ×Qε,k.
Now, we sum (10) over the cubes of Λ1,ε and use (11), |a| ≤ β, 2s − 1 ≥ 1/2, and

r
2(1−s)
1 ≤ 1. Thus, we obtain∣∣∣ˆ

Λ1,ε

(
a
(x
ε
,
y

ε

)
− a

)
κ(x, y)dydx

∣∣∣
≤

∑
Qε,j×Qε,k⊂Λ1,ε

ˆ
Qε,j

ˆ
Qε,k

∣∣∣a(x
ε
,
y

ε

)
− a

∣∣∣ |κ(x, y)− κ(x, y)| dydx

≤ 2βCε(1− s)|ξ|2
ˆ
A

ˆ
{r1≤|x−y|≤r2}

1

|x− y|d+2s−1
dydx

= 2βCε(1− s)|ξ|2|A|σd−1

ˆ r2

r1

t−2sdt

≤ Cβσd−1(1− s)|ξ|2 ε
r1
|A|.
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On Λ2,ε we use |a| ≤ β and (8), which give the bound β
σd−1

2d |ξ|2|∂εA|. Finally, if Qε,j×Qε,k

meets Λ without being contained in it, then it contains a pair (x′, y′) with |x′−y′| ∈ {r1, r2},
hence all its points satisfy

|x− y| ∈ [r1 − 2
√
d ε, r1 + 2

√
d ε] ∪ [r2 − 2

√
d ε, r2 + 2

√
d ε].

Therefore,

Λ3,ε ⊂ (A× Rd) ∩
(
{r1 ≤ |x− y| ≤ r1 + 2

√
d ε} ∪ {r2 − 2

√
d ε ≤ |x− y| ≤ r2}

)
,

and, since t 7→ t1−2s is decreasing, the integral of κ on each of the two sets on the right-hand
side is at most 2

√
d σd−1(1− s)|ξ|2ε r1−2s

1 |A|. Using |a| ≤ β once more, the contribution of
Λ3,ε is bounded by Cβσd−1(1− s)|ξ|2 ε

r1
|A|, and (6) follows.

3 Liminf inequality

We now prove Theorem 1.1. We prove the lower bound in this section and the upper bound
in the next.

We recall that a : Rd × Rd → R is a continuous function, 1-periodic in both variables
and such that there exist 0 < α ≤ β for which

α ≤ a (x, y) ≤ β (12)

for all x, y ∈ Rd. Its average value is denoted by a. The coefficient λ is defined as the limit
of ε2(1−s). We study the asymptotic behaviour of

Fε(u) = (1− s)

¨
Ω×Ω

a
(x
ε
,
y

ε

) |u(x)− u(y)|2

|x− y|d+2s
dxdy.

Note that by (12) the sequence Fε inherits the coerciveness properties of Gagliardo semi-
norms, and, as a consequence, the domain of the Γ-limit functional isH1(Ω) [23]. Moreover,
by (12), we may apply to these functionals the results in Section 2.1.

Remark 3.1. A minor technical note concerns the role of the continuity of a, which is only
necessary to use the diagonal function a(x, x) when considering short-range interactions.
The condition is not necessary, for example, if a = a(x) or if λ = 0.

To prove the Γ-liminf inequality, we split the functional as a sum of its short- and
long-range interactions.

Given a measurable set Λ ⊂ Ω2, consider the localized functional

Fε(u,Λ) := (1− s)

¨
Λ
a
(x
ε
,
y

ε

) |u(x)− u(y)|2

|x− y|d+2s
dxdy. (13)

11



Fix M > 0 and choose a parameter r(:= r(ε)) such that

r > 0, lim
ε→0

r

ε
= 0, lim

ε→0
r2(1−s) = λ. (14)

For each ε > 0, we divide Ω2 into the following sets

A1,ε :=
{
(x, y) ∈ Ω2 | |x− y| ≥Mε

}
,

A2,ε :=
{
(x, y) ∈ Ω2 |Mε > |x− y| > r

}
,

A3,ε :=
{
(x, y) ∈ Ω2 | r ≥ |x− y|

}
.

We note that for every ε > 0 and every v ∈ L2(Ω), it holds

Fε(v) =

3∑
k=1

Fε(v,Ak,ε).

Now, consider u ∈ H1(Ω) and a sequence (uε) ⊆ L2(Ω) such that uε → u in L2(Ω).
Without loss of generality, we can assume that there exists C > 0 such that

Fε(uε) ≤ C. (15)

Throwing away the contribution from A2,ε, we obtain

lim inf
ε→0

Fε(uε) ≥ lim inf
ε→0

Fε(uε, A1,ε) + lim inf
ε→0

Fε(uε, A3,ε). (16)

We now estimate each term separately. For the second term we exploit the Γ-liminf in-
equality obtained by Braides, Brusca, and Donati in [7].

Lemma 3.2 (Homogenization of interactions at small scales). Let u ∈ H1(Ω). Consider
a sequence (uε) ⊆ L2(Ω) such that uε → u in L2(Ω). Assume that there exists C > 0 such
that

Fε(uε, A3,ε) ≤ C

for every ε > 0. Then

lim inf
ε→0

Fε(uε, A3,ε) ≥
σd−1

2d
λFhom(u),

where Fhom is given by (1) and (2).

Proof. We can follow the proof of the Γ-liminf inequality in [7] essentially verbatim. Their
argument (Section 3.1) is that, given a sequence uε convergent to some u in L2(Ω), by
discretization and averaging of the functions uε, one can construct a sequence uε such that

Fε(uε, A3,ε) ≥ r2(1−s)σd−1

2d

ˆ
Ω′
a
(x
ε
,
x

ε

)
|∇uε|2dx

12



for all Ω′ open set compactly contained in Ω and ε small enough (see the last lines at
page 12 in [7] and [13, Section 1.2.2]). In their hypothesis λ = 1 and they show that this
inequality actually holds asymptotically for the whole functional. This is not relevant for
our case, since we directly estimate only short-range interactions. Thus, we apply this
inequality together with the liminf inequality for the local homogenization theorem for
the right-hand side. By the arbitrariness of Ω′ and using (14), the claim follows with the
desired multiplicative constant λ.

Now, for the first term in (16), we employ a Fonseca–Müller type blow-up argument
(see [19, 10]). For each ε > 0, we introduce the measures θε and µε on Rd, absolutely
continuous with respect to the restricted Lebesgue measure L d Ω, defined by

dθε
dL d

(x) := (1− s)

ˆ
Ω
a
(x
ε
,
y

ε

) |uε(x)− uε(y)|2

|x− y|d+2s
dy,

dµε
dL d

(x) := (1− s)

ˆ
Ω∩{|x−y|≥Mε}

a
(x
ε
,
y

ε

) |uε(x)− uε(y)|2

|x− y|d+2s
dy,

where x ∈ Ω. Note that

Fε(uε) = θε(Ω), Fε(uε, A1,ε) = µε(Ω).

Up to subsequences, from now on we assume that the limit limε→0 Fε(uε) ∈ R exists. By
the assumption of equicoercivity (15), the sequences (θε) and (µε) are equibounded, so up
to subsequences we have θε ⇀ θ and µε ⇀ µ. In particular, since Ω is open, we have

lim inf
ε→0

µε(Ω) ≥ µ(Ω) =

ˆ
Ω

dµ

dL d
(x)dx.

Therefore, computing the Γ-liminf inequality for long-range interactions amounts to pro-
duce a lower bound for the density of µ. By the Lebesgue differentiation theorem, for
L d-almost every x0 ∈ Ω, one has

dµ

dL d
(x0) = lim

ρ→0

µ(Qρ(x0))

L d(Qρ(x0))
,

where Qρ(x) denotes a closed hypercube of size ρ, centered at x. Since Qρ(x0) is closed,
the narrow convergence µε ⇀ µ gives lim supε→0 µε(Qρ(x0)) ≤ µ(Qρ(x0)), so that

dµ

dL d
(x0) ≥ lim

ρ→0
lim sup

ε→0

µε(Qρ(x0))

L d(Qρ(x0))
,

By a diagonal argument, we choose subsequences (not labelled) ε→ 0 and ρ (= ρ(ε)) such
that

dµ

dL d
(x0) ≥ lim

ε→0

µε(Qρ(x0))

L d(Qρ(x0))
.

13



Moreover, noting that ρ is free to tend to 0 as slow as desired, we assume that

lim
ε→0

ρ2(1−s) = 1, lim
ε→0

ρ

ε
= +∞,

ρ

ε
∈ N. (17)

Since the same argument applies to θ, we may also assume that x0 is a point of finite
density for θ, so that

sup
ε>0

θε(Qρ(x0))

L d(Qρ(x0))
< +∞. (18)

On the other hand, since u ∈ H1(Ω), L d-almost every x0 ∈ Ω is a Lebesgue point for
u, for ∇u and u is differentiable at x0 in the L2 sense, namely, setting z := ∇u(x0) and

ℓ(x) := u(x0) + ⟨z, x− x0⟩,

we have ( 1

ρd

ˆ
Qρ(x0)

|u(x)− ℓ(x)|2dx
)1/2

= o(ρ).

Again, by choosing ρ (= ρ(ε)) tending to 0 sufficiently slowly, using that uε → u in L2, we
assume additionally that (up to subsequences)

lim
ε→0

1

ρd+2

ˆ
Qρ(x0)

|uε(x)− ℓ(x)|2dx = 0. (19)

Indeed, ρ−(d+2)
´
Qρ(x0)

|u − ℓ|2dx = o(1) by the L2-differentiability of u at x0, while

ρ−(d+2)∥uε − u∥2L2(Ω) → 0 as soon as ρ goes to 0 sufficiently slowly.
Now, in the blow-up argument, we change the boundary data to match the affine limit.

Fix an integer N ≥ 2 and, for each ε and each i = 1, . . . , N , define

Qρ,i := {x ∈ Qρ(x0) | dist(x,Qρ(x0)
c) > iw}, w :=

ρ

N2
.

In addition, for each ε and each i = 1, . . . , N , choose a smooth function ψε,i ∈ C∞
c (Rd),

such that
1Qρ,i ≤ ψε,i ≤ 1Qρ,i−1 , ∥∇ψε,i∥∞ ≤ 2/w, (20)

and define
vε,i(x) := uε(x)ψε,i(x) + (1− ψε,i(x))ℓ(x), x ∈ Qρ(x0). (21)

Note that vε,i = ℓ on the set {x ∈ Qρ(x0) | dist(x,Qρ(x0)
c) ≤ ρ/N}, whose contribution is

of order 1/N . Note that, for each i fixed, it still holds

lim
ε→0

1

ρd+2

ˆ
Qρ(x0)

|vε,i(x)− ℓ(x)|2dx = 0,

since vε,i − ℓ = ψε,i(uε − ℓ) and 0 ≤ ψε,i ≤ 1.
We are ready to choose the desired boundary value, using a classical argument by De

Giorgi, already exploited in [1] for convolution-type double integrals.
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Lemma 3.3 (Change of boundary data). Fix x0 and N , and let ε → 0 and ρ (= ρ(ε)) be
as above. Let vε,iε be defined in (21). Then, there exist C > 0, independent of N , and a
sequence of indices (iε) ⊂ {1, . . . , N} such that

lim inf
ε→0

µε(Qρ(x0))

L d(Qρ(x0))
≥ lim inf

ε→0

Fε

(
vε,iε , A1,ε ∩Qρ(x0)

2
)

ρd
− C

N
, (22)

The same holds with θε and Qρ(x0)
2 in place of µε and A1,ε∩Qρ(x0)

2, for the same sequence
(iε).

Proof. In the following, C > 0 may change from line to line and never depends on N . We
also drop the index ε from vε,i and ψε,i, dropping the base point x0 and writing Qρ :=
Qρ(x0), Λε := A1,ε∩Q2

ρ and φε := uε− ℓ. Since Fε is invariant under addition of constants,

we may also assume that u(x0) = 0, so that ℓ(x) = ⟨z, x− x0⟩ and ∥ℓ∥2L2(Qρ)
≤ d|z|2ρd+2.

By (18), we have

C0 := sup
ε>0

θε(Qρ)

ρd
< +∞,

Fε(uε,Λε)

ρd
≤ µε(Qρ)

ρd
≤ θε(Qρ)

ρd
, (23)

First, we record two estimates on the affine function ℓ. Integrating in polar coordinates
and using (7), for every measurable E ⊂ Qρ we have

Fε(ℓ, E ×Qρ)

ρd
≤ β|z|2 1− s

ρd
|E|σd−1

ˆ √
dρ

0
t1−2sdt ≤ βσd−1d

2
|z|2 |E|

ρd
, (24)

where we also used that ρ2(1−s) ≤ 1. Since |{x ∈ Qρ | dist(x,Qc
ρ) ≤ ρ/N}| ≤ 2dρd/N , (24)

gives
Fε(ℓ,Q

2
ρ)

ρd
≤ C|z|2,

Fε

(
ℓ, {dist(·, Qc

ρ) ≤ ρ/N} ×Qρ

)
ρd

≤ C|z|2

N
. (25)

We now estimate Fε(vi,Λε). For x, y ∈ Qρ we have

vi(x)− vi(y) = ψi(x) (uε(x)− uε(y))

+ (1− ψi(x)) (ℓ(x)− ℓ(y)) + (ψi(x)− ψi(y))φε(y),

so that, by the convexity of t 7→ t2 applied to the first two terms, with weights ψi(x) and
1− ψi(x), and by (a+ b)2 ≤ 2a2 + 2b2,

|vi(x)− vi(y)|2 ≤ 2|uε(x)− uε(y)|2 + 2|ℓ(x)− ℓ(y)|2 + 2|ψi(x)− ψi(y)|2|φε(y)|2. (26)

The interactions at distance larger than w are negligible. Indeed, by Lemma 2.2, applied
with A = Qρ, r = w and f = vi,

Fε

(
vi, Q

2
ρ ∩ {|x− y| ≥ w}

)
ρd

≤ Cβ(1− s)N4sρ2(1−s)
∥vi∥2L2(Qρ)

ρd+2
,
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and, since ∥vi∥2L2(Qρ)
≤ 2d|z|2ρd+2 + 2∥φε∥2L2(Qρ)

, by (19), and the fact that (1 − s) → 0,

we obtain

lim
ε→0

max
1≤i≤N

Fε

(
vi, Q

2
ρ ∩ {|x− y| ≥ w}

)
ρd

= 0. (27)

We then estimate the contribution of the cut-off part. Let

Ri :=
1− s

ρd

ˆ
Qρ

ˆ
Qρ

a
(x
ε
,
y

ε

) |ψi(x)− ψi(y)|2|φε(y)|2

|x− y|d+2s
dxdy.

By (20), |ψi(x)− ψi(y)| ≤ min{1, 2|x− y|/w}; hence, integrating in polar coordinates, for
s ≥ 1/2 and every y ∈ Qρ,

(1− s)

ˆ
Rd

min
{
1,

4|x− y|2

w2

} dx

|x− y|d+2s
≤ 4σd−1N

4ρ−2s,

so that

max
1≤i≤N

Ri ≤ 4βσd−1N
4ρ2(1−s)

∥φε∥2L2(Qρ)

ρd+2
−→ 0, (28)

by (19).
We decompose the remaining interactions. For (x, y) ∈ Q2

ρ, we have vi = uε on Qρ,i ×
Qρ,i and vi = ℓ on (Qρ \Qρ,i−1)

2, while on

Sε,i := Λε ∩ {|x− y| < w} \
(
Q2

ρ,i ∪ (Qρ \Qρ,i−1)
2
)

we use (26). Since Qρ \Qρ,i−1 ⊂ {dist(·, Qc
ρ) ≤ ρ/N}, by (25), (27), and (28) we obtain

Fε(vi,Λε)

ρd
≤ Fε(uε,Λε)

ρd
+
C|z|2

N
+ 2

Fε(uε, Sε,i) + Fε(ℓ, Sε,i)

ρd
+ 2Ri + oε(1). (29)

It remains to choose the index i. A pair (x, y) ∈ Λε with |x− y| < w belongs to Sε,i if
and only if

min{dist(x,Qc
ρ), dist(y,Q

c
ρ)} ≤ i w, max{dist(x,Qc

ρ), dist(y,Q
c
ρ)} > (i− 1)w;

that is, if and only if i belongs to a half-open interval of length smaller than 2, because
dist(·, Qc

ρ) is 1-Lipschitz and |x − y| < w. Hence, every such pair belongs to at most two
of the sets Sε,1, . . . , Sε,N , and, by (23) and (25),

N∑
i=1

2
Fε(uε, Sε,i) + Fε(ℓ, Sε,i)

ρd
≤ 4

Fε(uε,Λε)

ρd
+ 4

Fε(ℓ,Q
2
ρ)

ρd
≤ C

(
C0 + |z|2

)
.

We may then choose iε ∈ {1, . . . , N} for which the corresponding summand is smaller than
C
(
C0 + |z|2

)
/N , and (22) follows from (29) and (23). Finally, the same argument applies

if Λε is replaced by Q2
ρ. Choosing iε so as to minimize the sum of the two corresponding

summands, the conclusion holds for both, up to possibly increasing the constant C in the
statement.
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We now periodize the competitor. From now on, vε := vε,iε denotes the sequence given
by Lemma 3.3, and we set

φε := vε − ℓ, (30)

which vanishes on {x ∈ Qρ | dist(x,Qc
ρ) ≤ ρ/N}, allowing us to extend it to Rd, by

ρ-periodicity, while keeping its fractional energy finite on every bounded measurable set.
Since ρ/ε ∈ N, up to a translation of the lattice εZd we may assume that

Qρ =
⋃
k∈K

Qε,k, #K =
(ρ
ε

)d
, (31)

for someK ⊂ Zd; note that (9) holds for any pair of cubes of side ε, hence for the translated
ones. For ψ ∈ L2

loc(Rd) which is ρ-periodic, and for M ≥ 0, we set

EM
ε (ψ) :=

1− s

ρd

ˆ
Qρ

ˆ
{Mε≤|x−y|≤ρ/N}

a
(x
ε
,
y

ε

) |⟨z, x− y⟩+ ψ(x)− ψ(y)|2

|x− y|d+2s
dydx, (32)

where y ranges in Rd; here ε is small enough for Mε < ρ/N to hold. The integrand in (32)
is invariant under the simultaneous translation (x, y) 7→ (x+ρm, y+ρm), for m ∈ Zd: this
is clear for the kernel, which only depends on x− y, and for ψ, which is ρ-periodic, while
for the coefficient it follows from ρ/ε ∈ N, since

a
(x+ ρm

ε
,
y + ρm

ε

)
= a

(x
ε
+
ρ

ε
m,

y

ε
+
ρ

ε
m
)
= a

(x
ε
,
y

ε

)
. (33)

Writing y = x + h, this means that the integrand is ρ-periodic in x for every fixed h, so
that the domain Qρ of the outer integral in (32) may be replaced by any of its translates.
If ψ is ε-periodic, then (33) holds with ε in place of ρ, and (31) gives

EM
ε (ψ) =

1− s

εd

ˆ
Qε,k

ˆ
{Mε≤|x−y|≤ρ/N}

a
(x
ε
,
y

ε

) |⟨z, x− y⟩+ ψ(x)− ψ(y)|2

|x− y|d+2s
dydx, (34)

for every k ∈ K.

Lemma 3.4 (Periodization). Let M ≥ 0, and let φε be as in (30). Then the function

φε :=

(
ε

ρ

)d ∑
k∈K

φε(· − εk) (35)

is ε-periodic, and satisfies ∥φε∥L2(Qρ) ≤ ∥φε∥L2(Qρ) and

Fε

(
vε, A1,ε ∩Q2

ρ

)
ρd

≥ EM
ε (φε)−

C|z|2

N
, (36)

where C = C(d, β) > 0 does not depend on M and N .
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Proof. Since the integrand is nonnegative, we have

Fε

(
vε, A1,ε ∩Q2

ρ

)
ρd

≥
Fε

(
vε, A1,ε ∩Q2

ρ ∩ {|x− y| ≤ ρ/N}
)

ρd
= EM

ε (φε)− T, (37)

where

T :=
1− s

ρd

ˆ
Qρ

ˆ
{Mε≤|x−y|≤ρ/N}\Qρ

a
(x
ε
,
y

ε

) |⟨z, x− y⟩+ φε(x)− φε(y)|2

|x− y|d+2s
dydx.

If x ∈ Qρ, y /∈ Qρ and |x− y| ≤ ρ/N , then dist(x,Qc
ρ) ≤ |x− y| ≤ ρ/N , so that φε(x) = 0.

Moreover, for almost every such y there exists m ∈ Zd \ {0} with y ∈ Qρ + ρm, and, since
x does not belong to the interior of Qρ + ρm,

dist (y, (Qρ + ρm)c) ≤ |x− y| ≤ ρ

N
,

whence φε(y) = φε(y − ρm) = 0 as well. Therefore, setting Σ := {x ∈ Qρ | dist(x,Qc
ρ) ≤

ρ/N} and using (12), |⟨z, x− y⟩| ≤ |z||x− y| and |Σ| ≤ 2dρd/N , we obtain

T ≤ β|z|2 1− s

ρd

ˆ
Σ

ˆ
{|h|≤ρ/N}

dh

|h|d+2s−2
dx = β|z|2σd−1

|Σ|
ρd

(ρ/N)2(1−s)

2
≤ C|z|2

N
, (38)

where we also used that (ρ/N)2(1−s) ≤ 1.
Changing variables by a translation εk in (32), and using the 1-periodicity of a in both

variables together with the fact that the outer domain in (32) may be replaced by any of
its translates, one gets

EM
ε (φk

ε) = EM
ε (φε), φk

ε := φε(· − εk),

for every k ∈ Zd.
The function φε is ε-periodic. Indeed, for j = 1, . . . , d and x ∈ Rd,

φε(x+ εej) =

(
ε

ρ

)d ∑
k∈K

φε (x− ε(k − ej)) = φε(x),

since φε is ρ-periodic.
Finally, EM

ε is convex, being the integral of the square of an affine function of ψ, and,
by (35), φε is a convex combination of the functions φk

ε , k ∈ K. Hence

EM
ε (φε) ≤

(
ε

ρ

)d ∑
k∈K

EM
ε (φk

ε) = EM
ε (φε),
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and (36) follows from (37) and (38). The same convexity argument applied to ∥ · ∥2L2(Qρ)
gives

∥φε∥2L2(Qρ)
≤

(
ε

ρ

)d ∑
k∈K

∥φk
ε∥2L2(Qρ)

= ∥φε∥2L2(Qρ)
,

where we used that ∥φk
ε∥L2(Qρ) = ∥φε∥L2(Qρ−εk) = ∥φε∥L2(Qρ), again by ρ-periodicity.

Now, we show that the interactions of φε with itself are negligible, for M large.

Lemma 3.5. Let M ≥ 4
√
d and let φε be as in (35). Then

Pε :=
1− s

ρd

ˆ
Qρ

ˆ
{Mε≤|x−y|≤ρ/N}

a
(x
ε
,
y

ε

) |φε(x)− φε(y)|2

|x− y|d+2s
dydx ≤ C

M2s
,

where C > 0 does not depend on ε, M and N .

Proof. By Lemma 3.3 and Lemma 3.4, both applied with M = 0, and by (23), we have
E0

ε (φε) ≤ C. Hence, by (34), (a+ b)2 ≤ 2a2 +2b2, (12) and (7), for every k ∈ K we obtain

1− s

εd

ˆ
Qε,k

ˆ
Qε,k

|φε(x)− φε(y)|2

|x− y|d+2s
dydx ≤ 2

α

(
E0

ε (φε) + β
σd−1

2d
|z|2

)
≤ C,

where we also used that
√
d ε ≤ ρ/N for ε small. Since |x − y|−d−2s ≥ (

√
d ε)−d−2s for

x, y ∈ Qε,k, this gives

ˆ
Qε,k

ˆ
Qε,k

|φε(x)− φε(y)|2dydx ≤ C
ε2d+2s

1− s
. (39)

On the other hand, by (34) and by the ε-periodicity of φε, writing y = y′ + εk we get

Pε ≤
β(1− s)

εd

∑
k∈Zd

mk

ˆ
Qε,0

ˆ
Qε,0

|φε(x)− φε(y
′)|2dy′dx, (40)

where
mk := sup

{
|x− y|−d−2s | x ∈ Qε,0, y ∈ Qε,k, |x− y| ≥Mε

}
,

with the convention that mk = 0, if the above set is empty. For x ∈ Qε,0 and y ∈ Qε,k, we
have ε(|k|−

√
d) ≤ |x−y| ≤ ε(|k|+

√
d), so thatmk = 0 unless |k| ≥M−

√
d ≥M/2 ≥ 2

√
d,

and in that case |x − y| ≥ ε|k|/2, whence mk ≤ (ε|k|/2)−d−2s. Moreover, if h ∈ Q1,k and
|k| ≥ 2

√
d, then |h| ≤ |k|+

√
d ≤ 2|k| and |h| ≥ |k| −

√
d ≥M/4, so that∑

|k|≥M/2

1

|k|d+2s
≤ 2d+2s

∑
|k|≥M/2

ˆ
Q1,k

dh

|h|d+2s
≤ 2d+2s

ˆ
{|h|≥M/4}

dh

|h|d+2s

=
2d+2sσd−1

2s

(
M

4

)−2s

.
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Therefore, ∑
k∈Zd

mk ≤
(
2

ε

)d+2s ∑
|k|≥M/2

1

|k|d+2s
≤ C

εd+2sM2s
, (41)

Putting together (39), (40) and (41), the claim follows.

We are finally in a position to estimate the density of µ.

Proposition 3.6. For L d-almost every x0 ∈ Ω,

dµ

dL d
(x0) ≥ (1− λ)

σd−1

2d
a |∇u(x0)|2. (42)

Consequently,

lim inf
ε→0

Fε(uε, A1,ε) ≥ (1− λ)
σd−1

2d
a ∥∇u∥2L2(Ω). (43)

Proof. Let x0, ρ, z, and ℓ be as above, and fix M ≥ 4
√
d and N ≥ 2. By Lemma 3.3 and

Lemma 3.4,

lim inf
ε→0

µε(Qρ)

L d(Qρ)
≥ lim inf

ε→0
EM

ε (φε)−
C

N
. (44)

Expanding the square in (32) and using the Cauchy–Schwarz inequality, we get

EM
ε (φε) ≥

1− s

ρd

ˆ
Qρ

ˆ
{Mε≤|x−y|≤ρ/N}

a
(x
ε
,
y

ε

) |⟨z, x− y⟩|2

|x− y|d+2s
dydx

− 2
1− s

ρd

ˆ
Qρ

ˆ
{Mε≤|x−y|≤ρ/N}

a
(x
ε
,
y

ε

) |⟨z, x− y⟩| |φε(x)− φε(y)|
|x− y|d+2s

dydx

≥ EM
ε (0)− 2

√
EM

ε (0)Pε,

where we discarded the nonnegative term Pε and recognized EM
ε (0) and Pε as mixed terms.

Hence, by Lemma 3.5,

EM
ε (φε) ≥ EM

ε (0)− 2
√
EM

ε (0)Pε ≥ EM
ε (0)− C

M s
, (45)

where we also used EM
ε (0) ≤ βσd−1|z|2/(2d).

It remains to compute the limit of EM
ε (0). Applying Lemma 2.5 with A = Qρ, ξ = z,

r1 =Mε and r2 = ρ/N , and using |∂εQρ| ≤ Cρd−1ε, we get∣∣∣EM
ε (0)− a

σd−1

2d
|z|2

(( ρ
N

)2(1−s)
− (Mε)2(1−s)

)∣∣∣ ≤ Cβ|z|2
(1− s

M
+
ε

ρ

)
,

which vanishes as ε→ 0. Since M and N are fixed, (ρ/N)2(1−s) → 1 and (Mε)2(1−s) → λ,
by (17) and by the choice of λ. We obtain

lim
ε→0

EM
ε (0) = (1− λ)

σd−1

2d
a |z|2. (46)
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Putting together (44), (45) and (46), and recalling the choice of ρ, we obtain

dµ

dL d
(x0) ≥ (1− λ)

σd−1

2d
a |z|2 − C

M s
− C

N
,

with C independent of M and N . Letting M → +∞ and N → +∞ gives (42). Since

lim inf
ε→0

Fε(uε, A1,ε) = lim inf
ε→0

µε(Ω) ≥ µ(Ω) ≥
ˆ
Ω

dµ

dL d
(x)dx.

we obtain (43).

Putting together Lemma 3.2 and Proposition 3.6, we conclude that

lim inf
ε→0

Fε(uε) ≥
σd−1

2d

(
(1− λ)a∥∇u∥2L2(Ω) + λFhom(u)

)
,

which is the Γ-liminf inequality.

4 Limsup inequality

To prove the Γ-limsup inequality, it is sufficient to construct recovery sequences for piecewise-
affine target functions; the general case then follows by a standard density argument.

We consider a function u ∈ H1(Ω) for which there exists a finite collection of d-simplices
{∆i}i∈I , covering Ω and overlapping only on a (d− 1)-common face, such that

u(x) = ⟨ξi , x⟩+mi

for x ∈ ∆i∩Ω and some mi ∈ R, ξi ∈ Rd. Note that such a u is indeed Lipschitz continuous
on the whole Ω.

We fix δ > 0 and construct an approximate recovery sequence for u. For each i ∈ I,
consider a 1-periodic function φi ∈ C∞(Rd), such that

ˆ
(0,1)d

a(x, x)|ξi +∇φi(x)|2dx ≤ ⟨Ahomξi , ξi⟩+ δ. (47)

Moreover, for each a > 0 and each i ∈ I, we define

∆a
i := {x ∈ ∆i ∩ Ω | dist(x, (∆i)

c ∪ Ωc) > a}.

Then, for each ε > 0, and for each i ∈ I, we choose a smooth function ψε,i ∈ C∞
c (Rd), such

that
1∆2ε

i
≤ ψε,i ≤ 1∆ε

i
, ∥∇ψε,i∥∞ ≤ 2/ε, ∥∇2ψε,i∥∞ ≤ 4/ε2.
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Finally, we define the approximate recovery sequence (uε) as

uε(x) := u(x) + ε
∑
i∈I

ψε,i(x)φi

(x
ε

)
, x ∈ Ω.

First of all, note that u−uε is in C∞(Ω), and there exists C > 0 such that ∥u−uε∥∞ ≤
Cε and ∥∇(u − uε)∥∞ ≤ C, so that (uε) ⊂ H1(Ω), uε → u in L2(Ω) and (uε) is bounded
in H1(Ω). We claim that

lim sup
ε→0

Fε(uε) ≤
σd−1

2d

(
(1− λ)a∥∇u∥2L2(Ω) + λFhom(u)

)
+ Cδ,

Before starting the computations, we divide the interactions in Ω×Ω into several regions,
and we discuss which ones are negligible.

Consider two auxiliary parameters r (:= r(ε)) and η (:= η(ε)), satisfying

η > 0, lim
ε→0

η = 0, lim
ε→0

εη = 0, and r > ε, lim
ε→0

r = 0, lim
ε→0

1− s

r2
= 0.

Note that the last condition implies that lim
ε→0

r2(1−s) = 1.

For each ε > 0, we divide Ω2 into the following sets

A1,ε :=
{
(x, y) ∈ Ω2 | |x− y| ≥ r

}
A2,ε :=

{
(x, y) ∈ Ω2 | ε < |x− y| < r, x ∈

(
∪i∈I∆

3r
i

)c}
A3,ε :=

{
(x, y) ∈ Ω2 | ε < |x− y| < r, x ∈ ∪i∈I∆

3r
i

}
A4,ε :=

{
(x, y) ∈ Ω2 | ε1+η ≤ |x− y| ≤ ε

}
A5,ε :=

{
(x, y) ∈ Ω2 | |x− y| < ε1+η, x ∈ ∪i∈I∆

3ε
i

}
A6,ε :=

{
(x, y) ∈ Ω2 | |x− y| < ε1+η, x ∈

(
∪i∈I∆

3ε
i

)c}
.

Recalling the definition of the truncated functionals given in (13), we note that for all
ε > 0 and all v ∈ L2(Ω), it holds

Fε(v) =
6∑

k=1

Fε(v,Ak,ε).

We show that the contributions coming from sets A1,ε, A2,ε, A4,ε and A6,ε are negligible.
By Lemma 2.2, since (uε) is bounded in L2(Ω), it follows that

lim
ε→0

Fε(uε, A1,ε) = 0. (48)

By construction, the sequence (uε) is uniformly Lipschitz. Moreover,

A2,ε ∪A6,ε ⊂
{
(x, y) ∈ Ω2 | x ∈

(⋃
i∈I

∆3r
i

)c}
,
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and
∣∣(⋃

i∈I ∆
3r
i

)c∣∣ → 0 as ε→ 0. We then apply Lemma 2.4 and obtain

lim
ε→0

Fε(uε, A2,ε) = lim
ε→0

Fε(uε, A6,ε) = 0. (49)

To deal with the contribution coming from A4,ε, we use ∥∇uε∥L2(Ω) ≤ M and apply
Theorem 2.1, with

ρε(z) =
(1− s)

|z|d+2s−2
1{ε1+η≤|z|≤ε}(z).

We find that there exists C = C(Ω) > 0 such that

Fε(uε, A4,ε) ≤ C∥∇uε∥2L2(Ω)∥ρε∥L1(Rd) =
CMσd−1

2
ε2(1−s)(1− ε2η(1−s))

≤ CMσd−1

2
min{ε2(1−s), 1− ε2η(1−s)},

where we used 0 ≤ ε2(1−s), 1 − ε2η(1−s) ≤ 1 for every ε > 0. Recalling that ε2(1−s) → λ ∈
[0, 1], we obtain

lim sup
ε→0

Fε(uε, A4,ε) ≤ lim sup
ε→0

CMσd−1

2
min

{
ε2(1−s), 1− ε2η(1−s)

}
= 0 (50)

We now turn to the relevant contributions. We first note that

|uε(x)− uε(y)|2 =
∣∣∣⟨ξi , x− y⟩+ ε

(
φi

(x
ε

)
− φi

(y
ε

))∣∣∣2 ,
for (x, y) ∈ A3,ε. Using that (a+ b)2 ≤ (1 + γ)a2 + (1 + 1/γ) b2 for γ > 0, we obtain that

Fε(uε, A3,ε) ≤ (1 + γ)Fε(u,A3,ε) +
(
1 +

1

γ

)
Fε

(
εφi

( ·
ε

)
, A3,ε

)
.

By Lemma 2.3, using that ∥εφi (·/ε) ∥∞ ≤ Cε for some C > 0 and for every i ∈ I, it follows
that

lim sup
ε→0

Fε(uε, A3,ε) ≤ (1 + γ) lim sup
ε→0

Fε(u,A3,ε).

By the arbitrariness of γ > 0, we then conclude that

lim sup
ε→0

Fε(uε, A3,ε) ≤ lim sup
ε→0

Fε(u,A3,ε).

We proceed with the explicit computation of the right-hand side of the previous equation.
If x ∈ ∆3r

i and |x− y| < r, then y ∈ ∆i ∩Ω and u(x)−u(y) = ⟨ξi , x− y⟩. Hence, applying
Lemma 2.5 with A = ∆3r

i , ξ = ξi, r1 = ε and r2 = r, we get

Fε(u,A3,ε) = (1− s)
∑
i∈I

ˆ
∆3r

i

ˆ
{ε<|x−y|<r}

a
(x
ε
,
y

ε

) |⟨ξi , x− y⟩|2

|x− y|d+2s
dydx

=
σd−1

2d
(r2(1−s) − ε2(1−s))a

∑
i∈I

|∆3r
i | |ξi|2 + oε(1),
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where we used that the error term in (6) is bounded by

Cβ|ξi|2
(
(1− s)|∆3r

i |+ |∂ε∆3r
i |

)
,

which vanishes as ε → 0, uniformly in r. Indeed, 1 − s → 0 and, setting δi(x) :=
dist (x, (∆i)

c ∪ Ωc), the function δi is 1-Lipschitz, and therefore we have

∂ε∆
3r
i ⊂

{
x ∈ Rd | |δi(x)− 3r| ≤

√
d ε

}
.

Since ∆i∩Ω has Lipschitz boundary, there exist C, t0 > 0 such that |{a < δi ≤ b}| ≤ C(b−a)
for every 0 ≤ a < b ≤ t0, so that |∂ε∆3r

i | ≤ 2
√
dCε, for every ε small enough. Therefore,

it follows that

lim sup
ε→0

Fε(uε, A3,ε) ≤ lim sup
ε→0

Fε(u,A3,ε)

=
σd−1

2d
lim sup

ε→0
(r2(1−s) − ε2(1−s))a

∑
i∈I

|∆3r
i | |ξi|2

=
σd−1

2d
(1− λ)a

∑
i∈I

|∆i ∩ Ω| |ξi|2

=
σd−1

2d
(1− λ)a∥∇u∥2L2(Ω). (51)

We are left with the contribution coming from A5,ε. First, we substitute the periodic
function a(x, y) with its diagonal counterpart a(x, x). To do so, we choose a modulus of
continuity ω for a; namely, an increasing function ω : R+ → R+ such that limt→0 ω(t) =
ω(0) = 0, for which

|a(x, y)− a(z, w)| ≤ ω(|(x, y)− (z, w)|),

for every (x, y), (z, w) ∈ R2d. Now

Fε(uε, A5,ε) = (1− s)

ˆ
A5,ε

a
(x
ε
,
x

ε

) |uε(x)− uε(y)|2

|x− y|d+2s
dxdy

+ (1− s)

ˆ
A5,ε

[
a
(x
ε
,
y

ε

)
− a

(x
ε
,
x

ε

)] |uε(x)− uε(y)|2

|x− y|d+2s
dxdy

=: I1,ε + I2,ε.

We estimate I2,ε from above, applying Theorem 2.1 with

ρε(z) =
(1− s)

|z|d+2s−2
1{|z|≤1}(z),
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obtaining

I2,ε ≤ (1− s)

ˆ
A5,ε

ω

(
|x− y|
ε

)
|uε(x)− uε(y)|2

|x− y|d+2s
dxdy

≤ ω(εη)(1− s)

ˆ
A5,ε

|uε(x)− uε(y)|2

|x− y|d+2s
dxdy

≤ ω(εη)∥∇uε∥2L2(Ω)∥ρε∥L1(Rd) ≤ Cω(εη), (52)

where we used that (uε) is bounded in H1(Ω) and that (ρε) is bounded in L1(Rd), by the
usual integration in polar coordinates.

As for I1,ε, for each ε > 0 and each i ∈ I, we use the first-order Taylor expansion of
εφi(·/ε), that is

εφi

(y
ε

)
− εφi

(x
ε

)
=

〈
∇φi

(x
ε

)
, x− y

〉
+Rε,i (x, y) ,

with

|Rε,i (x, y) | ≤ max
i∈I

∥∇2φi∥∞
|x− y|2

ε
.

Using again (a+ b)2 ≤ (1 + γ)a2 + (1 + 1/γ) b2, for γ > 0 and that

A5,ε ⊂ ∪i∈I
(
∆3ε

i ×∆2ε
i

)
,

it follows that

I1,ε ≤ (1 + γ)(1− s)
∑
i∈I

ˆ
∆3ε

i

ˆ
∆2ε

i

a
(x
ε
,
x

ε

) ∣∣〈ξi +∇φi

(
x
ε

)
, x− y

〉∣∣2
|x− y|d+2s

dydx

+
(
1 +

1

γ

)
max
i∈I

∥∇2φi∥∞
1− s

ε2

ˆ
A5,ε

a
(x
ε
,
x

ε

) 1

|x− y|d+2s−4
dxdy

=: (1 + γ)I3,ε +
(
1 +

1

γ

)
I4,ε.

Continuing the computation, integrating in polar coordinates, we obtain

I4,ε ≤ max
i∈I

∥∇2φi∥∞
β(1− s)

ε2

ˆ
Ω

ˆ
Sd−1

ˆ ε1+η

0
t3−2sdtdσ(ν)dx

≤ max
i∈I

∥∇2φi∥∞
β(1− s)σd−1|Ω|

2(4− 2s)
ε(1+η)(4−2s)−2

≤ C(1− s)ε(1+η)(4−2s)−2 = oε(1), (53)

since 1− s→ 0 and ε(1+η)(4−2s)−2 is bounded, because (1 + η)(4− 2s)− 2 > 0.
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Regarding the term I3,ε, exploiting (7) and integrating in polar coordinates, we obtain

I3,ε = (1− s)
∑
i∈I

ˆ
∆3ε

i

a
(x
ε
,
x

ε

)ˆ
Sd−1

∣∣∣〈ξi +∇φi

(x
ε

)
, ν

〉∣∣∣2 ˆ ε

0
t1−2sdtdσ(ν)dx

=
σd−1

2d
ε2(1−s)

∑
i∈I

ˆ
∆3ε

i

a
(x
ε
,
x

ε

) ∣∣∣ξi +∇φi

(x
ε

)∣∣∣2 dx
≤ σd−1

2d
ε2(1−s)

∑
i∈I

|∆i ∩ Ω| (⟨Ahomξi , ξi⟩+ δ) . (54)

Therefore, taking into account (52), (53), (54) and the choice of φi (see (47)), we obtain

lim sup
ε→0

Fε(uε, A5,ε) ≤ lim sup
ε→0

I1,ε + lim sup
ε→0

I2,ε

≤ (1 + γ) lim sup
ε→0

I3,ε +

(
1 +

1

γ

)
lim sup

ε→0
I4,ε + C lim sup

ε→0
ω(εη)

≤ (1 + γ)
σd−1

2d
λ (Fhom(u) + δ|Ω|) .

where we used that εη → 0 and limt→0+ ω(t) = 0. Taking the infimum over γ > 0, we
obtain

lim sup
ε→0

Fε(uε, A5,ε) ≤
σd−1

2d
λ (Fhom(u) + δ|Ω|) . (55)

Gathering all the information from equations (48), (49), (50), (51), and (55), we obtain

lim sup
ε→0

Fε(uε) ≤
6∑

k=1

lim sup
ε→0

Fε(uε, Ak,ε)

= lim sup
ε→0

Fε(uε, A3,ε) + lim sup
ε→0

Fε(uε, A5,ε)

≤ σd−1

2d
(1− λ)a∥∇u∥2L2(Ω) +

σd−1

2d
λFhom(u) + Cδ,

where C > 0 is some fixed constant, depending only on d, β and |Ω|. Repeating this
construction for a sequence of δ → 0 and using a diagonal argument, we obtain a recovery
sequence for u, as desired.

Since Ω is an extension domain, any function u ∈ H1(Ω) admits an extension u ∈
H1

0 (BR(0)), for some fixed positive radius R > 0. Moreover, piecewise-affine functions
are dense in H1

0 (BR(0)) and hence, by restriction, they are also dense in H1(Ω). As a
consequence, since the functional

Fλ(u) =
σd−1

2d

(
(1− λ)a∥∇u∥2L2(Ω) + λFhom(u)

)
is continuous in the strong topology of H1(Ω), the Γ-lim sup inequality follows as we proved
it for a strongly dense subset of H1(Ω).
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