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Abstract

We study the simultaneous asymptotic behaviour of homogenization and the Bour-
gain—Brezis—Mironescu limit for quadratic fractional energies with periodic coefficients.
The functionals depend on two small parameters: the period of the coefficients and the
fractional exponent approaching the local limit. We prove that the I'-limit is completely
determined by the relative scaling of these parameters. In the two extreme regimes,
one recovers the expected separation of scales, yielding either the homogenized Dirich-
let energy or the energy with averaged coefficients. At the critical logarithmic scaling,
however, the two mechanisms coexist, and the limit is a convex combination of the
homogenized and averaged energies, with weights depending explicitly on the relative
scaling of the two asymptotic processes. The proof combines the homogenization anal-
ysis of the short-range interactions with a blow-up argument showing that long-range
interactions are simply averaged using a Riemann—Lebesgue-type argument.
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1 Introduction

In this work, we study the interaction between two fundamental asymptotic processes in
the Calculus of Variations: homogenization and the Bourgain—Brezis—Mironescu limit for
fractional Sobolev energies. Although each of these limits is now well understood, their
simultaneous behaviour exhibits a genuinely new phenomenon, whose nature depends on
the relative scaling between the microscopic periodicity and the fractional parameter.
The Bourgain—Brezis—Mironescu theorem [4], 23] characterizes Sobolev spaces through
the asymptotic behaviour of suitable nonlocal energies. In the quadratic case, the normal-



ized Gagliardo seminorms
|u(@) — u(y)|?
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I'-converge, as s — 17, to a multiple of the Dirichlet energy. More precisely, the limit is
Ugél times the Dirichlet energy, where o4_1 is the d— 1-surface measure of the unit sphere in
R?. Thus, the result provides a variational characterization of H'(£2). This result extends
to W#P spaces and to a broad class of kernels [16} 20], and has found numerous applications
in nonlocal variational problems (see e.g. [3], 24] 22 25]).

Although many extensions of the Bourgain—Brezis—Mironescu theorem are now avail-
able, much less is known about its interaction with other singular limits involving micro-
scopic scales. In particular, a complete description of its interplay with homogenization
is not available. Homogenization and the Bourgain—Brezis—Mironescu limit both replace a
complicated energy by an effective local one, but through completely different mechanisms.
The former accounts for microscopic oscillations of the coefficients, whereas the latter con-
centrates the interaction kernel at infinitesimal scales. The question is then how these two
asymptotic mechanisms interact when they take place simultaneously. As we show, neither
mechanism dominates, in general.

For the reader’s convenience, we briefly recall the variational formulation of periodic
homogenization. This is a prototypical example of the nontrivial effects of oscillations in
differential equations and the Calculus of Variations. In the simplest deterministic periodic
(isotropic and quadratic) variational form, it consists of studying the asymptotic behaviour
of minimum problems involving integrals

/Qa (%) |Vu|*dx

as € = 0. The coefficient a is 1-periodic, bounded, and bounded away from zero. This
analysis was one of the examples that led De Giorgi to the definition of I'-convergence [17].
In his terminology, the I'-limit in the L2-topology is given by the functional

/ (AhomVu, Vu)dz.
Q

The symmetric homogenized matrix is characterized by a cell-problem formula
(Anomé, &) = min { /( v a(y)|§ + V(p\gdy T l—periodic}.
0,1

A simple but important observation is that Apom depends on the “geometry” of a, and
in particular it is not equal to the average of a: that is, to @ = f(O,l)d a(y)dy, except in
the trivial case where a is constant. This result may also be viewed as a consequence of
previous results on the G-convergence and H-convergence of elliptic differential operators



[26, 21) [14], and has been generalized in many ways (for a general reference from the
I'-convergence standpoint, see [§]).

Following this variational approach to homogenization, in the framework of fractional
Sobolev spaces, we therefore consider quadratic energies with oscillating coefficients, anal-
ogous to the H'-case, of the form

u(z) —u(y)®
(1—s ———= dzdy,
/ / e’ 5 ]m — y|d+2s Y
where now the coefficient a is 1-periodic in both variables. Here we have two parameters

s, tending to 1, and ¢, tending to 0. Formally, letting ¢ be fixed and s tend to 1, we can
apply the Bourgain—Brezis—Mironescu result, and obtain a limit of the form

gd-1 rr 2
2d /Qa<6’5>|vu| d,

where, due to the singularity of the kernel, only the values of a on the diagonal x = y
Contribute We can then apply the classical theory of elliptic homogenization. The limit is
given by Z =57+ Fhom with

Fhom(u) = / <Ah0mVU, VU)dl‘, (1)
Q
where now Apom satisfies
(Ao =min{ [ a(y )l + ViePdy : o 1-periodic}. 2

This description continues to hold if 1 — s tends to 0 sufficiently fast compared with ¢, as
follows from the general theory of I'-convergence [15] [5]. However, it cannot hold for an
arbitrary convergence of € — 0 and s — 1. Indeed, letting ¢ — 0 with fixed s, the limit of
these functionals is

_ |u(@) — u(y)|?
1— e, A/
oo [,

a—/ / a(z,y)dzdy.
(0,1)4 J(0,1)4

This can be proved using the compact embedding of H® into L?, and the weak convergence
of the coeflicients to @ (see e.g. [18]). Hence if S tends to 1 slow enough With respect to

where

This shows that in general the behavior of F; must depend on the relation between the
two infinitesimal quantities € and 1 — s.

The main result of this paper is a complete analysis of the behavior as s tends to 1 and
¢ tends to 0 simultaneously, given by the following theorem.



Theorem 1.1 (A BBM homogenization theorem). Let a : R x R* — R be a continuous
function, 1-periodic in both variables and such that there exist 0 < a < B for which a <
a(xz,y) < B forallx,y e R?. Let Q C R be an open, bounded set with Lipschitz boundary.
Let e € (0,1) and s == s(¢) € (0,1). Let

F(u) = (1—s) // 2,9 |;)_;|Zi22‘2d dy

be defined in H*(Q). If hH(l)S =1 and
e—

lim 2079 = X € [0,1],

e—0

then

. _0d—1 _ 2
I-lim F(u) = 222 (1= N)al| Vullf e q) + AFhon())

where u € HY(Q), the T-limit is calculated with respect to the L*(Q) strong topology and
oq_1 is the (d — 1)-Hausdorff measure of the unit sphere ST in RY.

We note that e217%) € (0,1) for all £, s € (0, 1), so that the existence of a limit A € [0, 1]
always holds, up to subsequences. Furthermore, since the functionals are comparable with
the Bourgain—Brezis—Mironescu functionals, this theorem is complemented by a compact-
ness result: if F.(u:) < S < 400, then, up to subsequences and addition of constants, u.
converges in L?(£2) to some u € HY(Q) (see [23]).

The interesting regime is at the critical scaling1—s ~ “0715', where homogenization and
averaging effects coexist. This logarithmic scaling reflects the fact that the BBM energy
distributes its mass equally over logarithmic scales. This can be explained by looking at
the recovery sequences for a linear function £ - x. These recovery sequences are still of the
form u.(z) =€ - x + ep(x/e) with ¢ l-periodic. If |z — y| << e then

[ue(2) = ue(y)* ~ (€ + Vep(a), & — )

and, after integrating in z = x — y, one recovers the formula for Ay, while if |z —y| >> ¢
then ey is negligible, and

Jus(z) — ue(y)|* ~ (€2 —y),

so that, after integrating in z = x — y, the coefficient a is averaged. Interactions for
which |z — y| is of order ¢ are negligible. The outcome is a linear combination of the two
extreme regimes through the coefficient \. The coexistence of different behaviours in a
homogenization problem can also be found in the analysis of Ginzburg—Landau vortices
in heterogeneous media [2], for capacitary problems in a periodic environment [6], or for
fractional phase transitions [9]. All of these situations are characterized by the presence
of logarithmic scalings. In those cases, however, the energy either concentrates at scales



where the coefficient a is constant, or where a is oscillating. In the first case, a is minimized
and in the second case a is either homogenized or averaged.

Theorem [I.1] also highlights two regimes in which we have separation of scales. In the

subcritical regime A = 0; that is, if 1 — s >> |10%’ the limit coincides with the iterated

limit obtained by letting first ¢ — 0 and then s — 1. In the supercritical regime A = 1;
that is, if 1 —s << ﬁ, the limit coincides with the iterated limit obtained by letting first
s — 1 and then € — 0. The behaviour is in sharp contrast with convolution-type energies,
where the critical scaling leads to a genuinely new homogenized cell problem rather than

coexistence of two limiting mechanisms (see the next subsection).

The proof relies on splitting the energy into short- and long-range interactions. The
short-range contribution is treated using the homogenization result obtained in [7], whereas
the long-range contribution requires a blow-up argument showing that oscillations average
out. The critical regime is characterized by the coexistence of these two mechanisms. We
note that in [7] the supercritical separation of scales is shown to appear in the non-sharp
regime 1 — s << £2. However, an inspection of the proof shows that it also holds for
1 — s << |loge|~!. The supercritical scaling also appears in the study of fractional thin
films of thickness e, which is the scaling corresponding to a complete separation of scales in
the dimension-reduction process in the Bourgain—Brezis—Mironescu limit [I1]. Conversely,
if 1 —s >> |loge|™!, then interactions up to scale € are negligible, which explains the
behaviour in the subcritical regime.

Throughout the paper we restrict our analysis to Gagliardo seminorms in the quadratic
case p = 2. This choice is not dictated by the nature of the phenomenon we describe — the
coexistence of homogenization and averaging effects at the critical scaling — but simplifies
the exposition. We expect the same qualitative picture, including the convex combination
of homogenized and averaged energies at the critical scaling, to hold for general periodic
energies. In place of the oscillating 2-Gagliardo seminorms one can consider p-Gagliardo
seminorm, or more general functionals that extend Gagliardo seminorms in the spirit of
what has been done for convolution functionals in [I, Chapter 6], with the necessary changes
to the blow-up and homogenization arguments.

Comparison with convolution functionals

In order to highlight the different nature of nonlocality, it is worth comparing the behaviour
of fractional energies and that of energies with convolution kernels. For such energies, the
theorem of Bourgain—Brezis—Mironescu can still be applied. In the quadratic case, we
consider functionals of the form

1 (z—y\ y) Ju(z) — u(y)|?
— al—, = | ——F—5—dzdy.
[z (557 (5 2) M taaea
For these energies, the critical scaling is € ~ §. In this regime, the scale of the kernel and
the scale of the periodicity are the same. Their interaction produces a quadratic limit with




homogenized matrix characterized by a nonlocal cell-problem formula. If £/§ — 1, we have

Crone ) =min{ ] ol pate e —u) +ote) — plo) Py
%) 1—periodic}

(see [1]), while we have separation of scales in the other regimes [12]. Hence, contrary to the
fractional case, for convolution energies, at the critical scaling we do not have coexistence
of the two separation-of-scale regimes.

Plan of the paper

In Section [2| we gather some preliminary results on the asymptotic behaviour of Gagliardo
seminorms: on the one hand, results that allow us to reduce the range of interactions
without changing the limit, and, on the other hand, a Riemann—Lebesgue-type lemma,
which describes the behaviour of long-range interactions for Gagliardo-type integrals with
periodic coefficients. Section[3]is dedicated to the proof of the liminf inequality for Theorem
[[.1] The main argument is to subdivide the computation into short-range and long-range
interactions. The short-range interactions are homogenized using the result in [7], which
is valid in our setting. For the long-range interactions, we use a blow-up and periodization
argument that allows us to consider only e-periodic perturbations of affine functions. Since
these perturbations are negligible at long-range, we can consider just linear functions, and
compute the corresponding limit using the Riemann—Lebesgue type lemma from Section
Finally, we complete the proof of Theorem by showing that test functions for the
classical homogenization formula provide recovery sequences for affine functions also in the
nonlocal case. Again, we show that the relevant energy is due only to short-range and
long-range contributions, while interactions in the “intermediate range” are negligible, due
to logarithmic scaling of the energies.

2 Notation and preliminary results

We use standard notation for Sobolev and Lebesgue spaces. The characteristic function of
a set A will be denoted by 14; if A € R? is Borel, then both .#%(A) and |A| denote its
Lebesgue measure. The notation p; — p is used for the narrow convergence of measures
(in duality with Cp).

2.1 Asymptotics of double integrals

In this section, we include some results regarding the behaviour of double integrals. The
first is a general estimate in [4, Theorem 1].



Theorem 2.1. Let f € HY(Q) and p € L*(R?), with p > 0. Then there exists C = C(Q) >
0 such that )
|/ () )|

—fly )
" —p(x — y)dxdy < .
//Qz |z — y|? plz —y)dady < C||Vf”L2(Q)”P||L1(Rd)

The following results treat more specifically Gagliardo seminorms. For future reference,
it is convenient to introduce a positive parameter ¢, and consider families s = s(¢) satisfying
s = 17 as € = 0. Note that in the statements we do not specify the dependence of the
parameter s on €. To simplify the notation, we will adopt this convention in the rest of
the paper for parameters dependent on ¢.

The first result is a quantitative version of [7, Lemma 3]; we include the proof for the
sake of completeness.

Lemma 2.2. There ezists C = C(d) > 0 such that

) (@) — f(y)? C(L—5) s
(1-s) //A i G ey < S 3)

r2

for every bounded measurable set A C R?, every r > 0 and every f € L*(A). In particular,
if (ue) C L?(Q) is a bounded sequence and r = r() > 0 satisfies

Then,

B 2
lim(1 - s) // lue() —uelw)l” 4, — o,
e=0 2nfle—yl>ry 17— Yl

Proof. Using |f(z) — f(y)|? < 2|f(x)|? + 2|f(y)|?, and integrating in polar coordinates, we
obtain

[f(z) = fy)? LY
(1=2) //AQH{|I—y|>r} o — gjeves ey <40 ez . T

which gives . Applying with A = Q and f = u., and using 7~2* < max{r—2,1}, we
obtain

|u€(x) —UE(Q)P l1—s 2
1-— drdy < Cmax{ ——,1—
(=) //gzm{xmzr} o -yl Y= aX{ r2 S}”%”LQ(Q)’

which vanishes as ¢ — 0, since (u.) is bounded in L?(2). O

The following lemma states that interactions at order ¢ are asymptotically negligible
in these integrals, provided that the sequences satisfy an e-bound.



Lemma 2.3. Let (v.) C L>®(R2) and assume that there exists C > 0 such that ||v:||o < Ce.
Then, for every M > 0, we have

lim(1 — s) // [v-() — d+(25)| dxdy = 0.
EHO Q2n{|z—y|>Me} |l’— |

Proof. Since € is bounded, there exists R > 0 such that z,y € Q implies |z — y| < R.
Using the hypothesis on (v.), we get

|0 () — ve(y) 2 2// 1
dzdy < AC ———dzdy (4
//mﬁ{lw—yzm} | — y|THee Q2n{R>[z—y|>Me} [T — y|4H2s @

Integrating in polar coordinates, we may estimate from above with

S

R -2 -2
M s _ R—2s
40%? / / / t7 2 dtdo (v)de = 40252\Q|ad_1( 2 < D19 — Ee?,
Q Jsi-1 J e 2
and D, E > 0 are some fixed positive constants. The claim follows by multiplying by 1 — s

and letting ¢ — 0. O

The following lemma states that double integrals depending on sequences of equi-
Lipschitz functions are asymptotically negligible on sets with vanishing measure.

Lemma 2.4. Let (£2.) be a sequence of measurable subsets of Q and let (f.) be a sequence
of uniformly Lipschitz functions on Q. Assume that liH(l] Q] = 0. Then, it follows that
E—

@) — £
i =) [ [ oy =

Proof. By hypothesis, there exists L > 0 such that |f:(z) — f-(y)| < L|x — y| for every
x,y € Q0 and for every € > 0. We then obtain

(1—5)/E Q|f€|;)_ |d+(2)| dxdy < 2L*(1 — s) /€/Q|:U—|d+252dxdy (5)

We can estimate from above, integrating in polar coordinates and using that 0 C Bg(0)
for some R > 0, obtaining

1 1-2s
(1—8)/8/§2M(H_25_2d$dy S 1_8/5/8(11/ t dtdO' )d
_ ‘Q | Od—1 (ZR)
2 )
which tends to 0, since (2R)2(!=%) is bounded and |Q.| — 0. O



2.2 Averaged limits of Gagliardo seminorms

The next lemma is a sort of quantified Riemann—Lebesgue on the average behaviour of
double integrals, in which we take into account periodic coefficients. In order to state this
result, we need some specific notation.

Consider a continuous function a : R x R — R, which is 1-periodic in both variables.

We set § = max |a|, and
a = // a(z,y)dzdy,
(0,1)4x(0,1)4
the average of a.

For ¢ > 0 and k € Z%, we denote by Q. = ¢ (k: + [0, l)d), the cubes of the partition
of R? induced by the lattice eZ¢ and, for measurable sets A C R?, we set

0:-A={z ¢ R? | dist(z, 0A) < de}.

Lemma 2.5 (Averaging interactions at large scales). There exists C' = C(d) > 0 such that,
for every s € [3/4,1), e € (0,1), e <7 <19 < 1, £ € R? and every bounded measurable
set A C R?, it holds

z y ‘<§7$—y>|2 70’d71 2 2(1—8) 2(1—8) ‘
1-s // a\—,~ —————dydxr —a r —7r A
‘( ) AJ{ri<le—y|<rs} (5 &7) o — ylarzs 2d ¢! (2 1 )‘ |

< CBIEP (1= 5) 141 + [2.41). (6)

Proof. In the following, C' = C(d) > 0 may change from line to line. Set

_ 2
(@, y) = (1= S)I‘f’_xyﬁi? A= (AxRY) N {r <z —y| <l

Integrating in polar coordinates and using that, by symmetry,

Og—
[, lemPao) = "2 @
Sd—1
for all £ € R?, we get
[ wtedyds = bR (30 2070 0
A

so that the left-hand side of @ equals the absolute value of

[ (o (5.2) ~a) sty



We partition A into the sets
A= U {Q:;
Age=AN (aEA x Rd> :
Age = A\ (A1 UAa.).

j C A},

Note that Az, is covered by the cubes Q. ; X Q.1 with Q.; C A that meet A without
being contained in it.
Let Qe j X Qe C A1 and fix (Z,7) € Q- X Qe k. Since a is 1-periodic in both variables,

we have
/ / - = dyd:v—sda 9)
for all j, k € Z%, so that

/ /QE ) a) K (2, y)dydx
_/s,j /Qs,k ¢ gg a)< (z,y) — £(Z,7)) dydz. (10)

In {|z — y| > 71}, we have
V(@ yyr(y)| < V2(d+4)(1 = s)|¢P |z — y| 4%,

and two points (z,y), (2/,y") of Qz; X Qe satisfy |2/ —y/| > r > ¢ and |z — y| <
|2/ — /| +2Vde < (14 2V/d)|z' — y/|. Hence, by the mean-value theorem,

[6(2,y) — k(@ H)| < Ce(l - 5)|€f*w —y| 2 (11)

for (z,y) € Qej X Qe
Now, we sum over the cubes of A;. and use , la] < B, 2s—1 > 1/2, and

r?(lfs) < 1. Thus, we obtain
‘ / (a (E, y - E) /{(m,y)dydm‘
Al,e
. fo Lo b
Qs k

erXQs kCA1e

1
< 28C=(1 - s)¢? / / e dyds
A J{rm<|z—y|<ra} |$_y‘d+2s !

T2
:2605(1—3)\§]2|Alad1/ 125

T1

2 8) | In(@,y) ~ 5(@,9)| dyda

< Cpog(1— S)\ﬁl2 1Al

10



On Az we use |a] < 3 and (§)), which give the bound 8754 £[*[0-A|. Finally, if Q- ; X Qe
meets A without being Contained in it, then it contains a pair (2/,y") with |2/ —y/| € {r1, 72},
hence all its points satisfy

lz —y| € [r1 —2Vde,r1 4+ 2Vde| U [ry — 2V de, ry + 2Vd €]
Therefore,
Az C (A X R%) N ({Tl <lr—y|<m —|—2\/g6} U{ry — 2Vde < |z —y| < 7“2}),

and, since t — t1 2% is decreasing, the integral of k on each of the two sets on the right-hand
side is at most 2v/dog_1(1 — s)|¢|2e 12| A|. Using |a| < 8 once more, the contribution of
A3 is bounded by CfBog_1(1 — s)|§\2r€1 |A|, and (6] follows. O

3 Liminf inequality

We now prove Theorem[I.1} We prove the lower bound in this section and the upper bound
in the next.

We recall that a : R x R? — R is a continuous function, 1-periodic in both variables
and such that there exist 0 < a < g for which

Oéga(x7y)§6 (12)

for all =,y € RY. Its average value is denoted by @. The coefficient ) is defined as the limit
of €21=%) We study the asymptotic behaviour of

() — u(y)P
F 1— — 7 .
; //m 202) T g4y

Note that by the sequence F; inherits the coerciveness properties of Gagliardo semi-
norms, and, as a consequence, the domain of the I'-limit functional is H*(Q) [23]. Moreover,
by , we may apply to these functionals the results in Section

Remark 3.1. A minor technical note concerns the role of the continuity of a, which is only
necessary to use the diagonal function a(z,z) when considering short-range interactions.
The condition is not necessary, for example, if a = a(x) or if A = 0.

To prove the I'-liminf inequality, we split the functional as a sum of its short- and
long-range interactions.
Given a measurable set A C 92, consider the localized functional

—u(y 2
F.(u, (1—25) // =2 ]x)— ’dEL2?9| dxdy. (13)

11



Fix M > 0 and choose a parameter r(:= r(¢)) such that

r>0, lm-=0, limr20-9 =) (14)

e—=0¢ e—0
For each € > 0, we divide 2? into the following sets
Aip = {(z,y) € ||z —y| > Me},

Age = {(z,y) € O?| Me > |z —y >},
Age={(ay) € Q2 |r = Ja—yl}.

We note that for every ¢ > 0 and every v € L?(Q2), it holds

Fo(v) =) Fe(v, Age).

3
k=1

Now, consider v € H*(Q2) and a sequence (u:) C L?(f2) such that u. — u in L*(9).
Without loss of generality, we can assume that there exists C' > 0 such that

F.(us) < C. (15)
Throwing away the contribution from As ., we obtain

lign_jonf F.(ug) > hr;i}élf Fo(ue,Are) + lilén_}[glf Fe(ug, Az ;). (16)

We now estimate each term separately. For the second term we exploit the I'-liminf in-
equality obtained by Braides, Brusca, and Donati in [7].

Lemma 3.2 (Homogenization of interactions at small scales). Let u € H*(Q2). Consider
a sequence (uz) C L2(Q) such that u. — u in L*(Q). Assume that there exists C > 0 such
that

Fa(usa A3,s) <C

for every e > 0. Then
liminf P (ue, A3) = Z3-E A Fom (1),
E—r

d
- 2
where Fom s given by and .

Proof. We can follow the proof of the I'-liminf inequality in [7] essentially verbatim. Their
argument (Section 3.1) is that, given a sequence u. convergent to some u in L?(f2), by
discretization and averaging of the functions u., one can construct a sequence %, such that

_s Td— r X .
Fa(uaaAB,a) > 7”2(1 ) ;dl //a(8,8>‘VUa‘2dx

12



for all € open set compactly contained in Q and e small enough (see the last lines at
page 12 in [7] and [I3] Section 1.2.2]). In their hypothesis A = 1 and they show that this
inequality actually holds asymptotically for the whole functional. This is not relevant for
our case, since we directly estimate only short-range interactions. Thus, we apply this
inequality together with the liminf inequality for the local homogenization theorem for
the right-hand side. By the arbitrariness of €’ and using , the claim follows with the
desired multiplicative constant . ]

Now, for the first term in , we employ a Fonseca—Miiller type blow-up argument
(see [19, 10]). For each ¢ > 0, we introduce the measures 6. and u. on RY, absolutely
continuous with respect to the restricted Lebesgue measure .Z?L Q, defined by

do. . z oy |ue(r) —uc(y)?
dz4 (z) = (1~ s)/ga (E’ g) |z — y|d+2s 4y,
2

dpie / z Y\ |ue(z) — ue(y)|
) =(1-s al—,= dy,
d«zd( ) ( ) Qn{|z—y|>Me} <€ 6) |z — y|d+2s Y

where z € ). Note that

Fa(ua) = 0&(9)7 Fa(“& Al,a) = Ma(Q)'
Up to subsequences, from now on we assume that the limit lim._,o F.(u:) € R exists. By
the assumption of equicoercivity (17]), the sequences (6:) and (u.) are equibounded, so up
to subsequences we have 6. — 6 and pu. — p. In particular, since §2 is open, we have

. du
> = —_— .
lim inf e () > p(2) /Q Ta(@)dz

Therefore, computing the I'-liminf inequality for long-range interactions amounts to pro-
duce a lower bound for the density of u. By the Lebesgue differentiation theorem, for
Z%-almost every x € Q, one has

where QQ,(z) denotes a closed hypercube of size p, centered at z. Since Q,(x¢) is closed,
the narrow convergence pe — p gives limsup, g e (Qp(20)) < p(@p(x0)), so that

d,u . . Ma(QP(xO))
i (@0) 2 lim limsup Z2eh 0 08,

By a diagonal argument, we choose subsequences (not labelled) ¢ — 0 and p (= p(e)) such

e a (@y(x0)
0 e (Qp(ao

M(‘ro) > i LEANTPANTI )



Moreover, noting that p is free to tend to 0 as slow as desired, we assume that

lim p?1=%) =1, lim 2 = +00, g e N. (17)

e—0 e—=0 ¢

Since the same argument applies to 6, we may also assume that zg is a point of finite
density for 6, so that
Hs(Qp(xO))

SuUp — 55—~
>0 L4Qp(20))
On the other hand, since v € H'(Q), Z%-almost every zo € 2 is a Lebesgue point for

u, for Vu and v is differentiable at xo in the L? sense, namely, setting z := Vu(zg) and

< +o0. (18)

U(x) = u(xo) + (2,2 — z0),
we have
P

Again, by choosing p (= p(¢)) tending to 0 sufficiently slowly, using that u. — u in L? we
assume additionally that (up to subsequences)

L @) - @) = o).
( /p(xo) )

1

s [ le) — o) =0 (19)
p\T0

Indeed, p~(@+2) pr(ﬂco) |u — ¢?dz = o(1) by the L2-differentiability of u at zo, while

p~ (2 ||y, — UH%2(Q) — 0 as soon as p goes to 0 sufficiently slowly.
Now, in the blow-up argument, we change the boundary data to match the affine limit.
Fix an integer N > 2 and, for each € and each ¢ = 1,..., N, define

Qi = {w € Qplao) | dist(w, Qy(w0)) > iw),  wi= 5.
In addition, for each € and each i = 1,..., N, choose a smooth function v.; € C*(RY),
such that
]lQp,i < @be,i < ]lQp,i717 ‘|v¢a,i’ 0o < 2/“’7 (20)
and define
Ve,i(2) = ue(2)Pei(®) + (1 — Yei(2))l(x), 2 € Qp(20). (21)

Note that v.; = £ on the set {x € Q,(z0) | dist(z, Q,(z0)¢) < p/N}, whose contribution is
of order 1/N. Note that, for each i fixed, it still holds

1

lim / v i(x) — £(x)]Pdx = 0,
e—0 pd+2 Qp(x0)

since ve; — € = ) i(us — ¢) and 0 < ¢p.; < 1.
We are ready to choose the desired boundary value, using a classical argument by De
Giorgi, already exploited in [I] for convolution-type double integrals.
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Lemma 3.3 (Change of boundary data). Fiz ¢ and N, and let ¢ — 0 and p (= p(e)) be
as above. Let v ;.  be defined in . Then, there exist C' > 0, independent of N, and a
sequence of indices (ic) C {1,..., N} such that

F; (Ue,i57 Al,a N Qp(xO)Q) C

o (Q o
hggl()nf W > llgilélf o N (22)

The same holds with 0. and Q,(xo)? in place of e and A1 :NQ,(x0)?, for the same sequence
(i)

Proof. In the following, C' > 0 may change from line to line and never depends on N. We
also drop the index e from v.; and 1. ;, dropping the base point zp and writing Q, =
Qp(zo), Ae == A1 ¢ ﬂQ% and @, := us —£. Since F; is invariant under addition of constants,
we may also assume that u(zg) = 0, so that {(z) = (z,x — o) and ||€||%2(Qp) < d|z|?pdt2.

By , we have
0:(Q)p)

d )

Fs(usaAa) < Ma(Qp)

0
Cp := sup -(Qp) < +00, i

<
e>0 pd P o

p? p (23)

First, we record two estimates on the affine function £. Integrating in polar coordinates
and using , for every measurable E C (), we have

F, gaE 1-— \/E,D d E
M < Blz|? dS|E|Ud—1/ =25 gy < M\ZF%, (24)
P p 0 2 p

where we also used that p>(1=*) < 1. Since |{z € Q, | dist(z, Q) < p/N}| < 2dp?/N,
gives
Fa(e,dQ%,) <o {dist(,@)) < p/N} Qo) _ Cla.
p p N
We now estimate F(v;, A). For ,y € Q, we have
vi(x) —viy) = Yi(x) (ue() — ue(y))
(1= () (El) — () + (B5(2) — Dily)) :(v),

so that, by the convexity of ¢ +— t? applied to the first two terms, with weights ¥;(z) and
1 — (), and by (a + b)* < 2a° + 207,

i) = vi(y)|* < 2Jue(z) = ue(y)* + 2/0(z) — €y)|* + 20vi(2) — vi(y)PleW)P. (26)

The interactions at distance larger than w are negligible. Indeed, by Lemma|2.2 applied
with A =Q,, r =w and f = v;,

(25)

Fo (v, @20 {|lz —y| > Jlvill
€ (U Qp Ef Z/| = w}) < Cﬁ(l . 8)N4sp2(1—s) pji(;\?p),
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and, since ||Ui”%2(Qp) < 2d|z|?p?+? + 2|]¢EH%Q(QP), by (19), and the fact that (1 —s) — 0,

we obtain )
Fo(v;, Q2 n{|lz —y| >w

We then estimate the contribution of the cut-off part. Let

s (N2 2
R — 1 / / WJ@( ) — %i(y)|*|ee(y)] drdy.

’.T _ y’d+25

lim max
e—0 1<i<N P

By (20 .’ i (z )| < min{1, 2|z — y|/w}; hence, integrating in polar coordinates, for
s>1/2 and every y € Qp:

) 4lx — y|? dz _
(1—25) /Rd min {1, } P <404 N*p=2

w2

so that

2
max R; < 48041 N*p*(1~ 8)”%”&

1<i<N pd+2 — 0, (28)

by .

We decompose the remaining interactions. For (z,y) € Q/%, we have v; = u. on Qp; X
Qp,i and v; =L on (Q,\ Qp,i,1)2, while on
Sea = A N{le =yl < wh\ (@2, U(Qp\ @Qpa-1)?)

we use . Since Q, \ Qpi—1 C {dist(-,Q5) < p/N}, by , , and we obtain
FE(UZ;AE) < Fa(uad, A.) N C|z? Lo F(ue, Sei) + Fe (4, Sei)
p p N p?
It remains to choose the index i. A pair (z,y) € A; with |z — y| < w belongs to S ; if
and only if

min{dist(z, Q5), dist(y, Qg)} <iw, max{dist(z, Q7). dist(y, QZ)} > (i — 1w

+2R; + 0:(1). (29)

that is, if and only if ¢ belongs to a half-open interval of length smaller than 2, because
dist(-, Q5) is 1-Lipschitz and |z — y\ < w. Hence every such pair belongs to at most two

of the sets S; 1,...,S5: N, and, by (23]) and ,

Fe(¢, S Fe(ug, A ;
22 =(ue, S £, )+ FL(¢, az)§4 E(ueda 5)+4 ( Q)<C(C0+|Z|)
p* P p*
We may then choose i. € {1,..., N} for which the corresponding summand is smaller than

C (Co + ]2\2) /N, and follows from and . Finally, the same argument applies
if A; is replaced by Q%. Choosing i. so as to minimize the sum of the two corresponding
summands, the conclusion holds for both, up to possibly increasing the constant C' in the
statement. ]

16



We now periodize the competitor. From now on, v, := v, ;. denotes the sequence given
by Lemma [3.3] and we set
e =ve — 4, (30)
which vanishes on {z € Q, | dist(z,Q5) < p/N}, allowing us to extend it to R?, by
p-periodicity, while keeping its fractional energy finite on every bounded measurable set.
Since p/e € N, up to a translation of the lattice £Z¢ we may assume that

Q= 0w #x=(2)" (31)
keK

for some K C Z%; note that @ holds for any pair of cubes of side €, hence for the translated
ones. For ¢ € L%OC(]Rd) which is p-periodic, and for M > 0, we set

My 1—s z y\ [z3 —y) + () — Py
FEW= / p/{M5§|$y§P/N}a<€’€) |z — gyt dyde, (52

where y ranges in R?; here ¢ is small enough for Me < p/N to hold. The integrand in
is invariant under the simultaneous translation (z,y) — (z + pm,y+ pm), for m € Z%: this
is clear for the kernel, which only depends on & — y, and for ¢, which is p-periodic, while
for the coefficient it follows from p/e € N, since

c € € € & ¢ € €

Writing y = « 4+ h, this means that the integrand is p-periodic in x for every fixed h, so
that the domain @, of the outer integral in (32)) may be replaced by any of its translates.
If 4 is e-periodic, then holds with ¢ in place of p, and gives

1—s z y\ [z, —y) +¥(x) —P(y))?
M — =2z dydzx, 34
S =" /Qs,k /{Mss|m—y|3p/zv}a(5 5) & — y| 2 iz, 3

for every k € K.

Lemma 3.4 (Periodization). Let M >0, and let ¢, be as in (30). Then the function

Pe = (Z)d > (- —eh) (35)

keK

is e-periodic, and satisfies HEEHLQ(QP) < H%HLQ(QP) and

F UaaAl,stQ) _ Clz|?
Lo dee90) » pirgg,) - S

; R (36)

where C'= C(d, ) > 0 does not depend on M and N.

17



Proof. Since the integrand is nonnegative, we have

F; (Usa Al,s N Q%)
P

F. (ve, A1e N Q) N {|lz —y| < p/N
(U 1, Qppd{]m y| < p/ }):ng(«ps)—T, (37)

>

where

1— _ o 2
T:: ds/ / a(g,y) ’<Z,{L’ y>+¢€g'f_)25 @E(y)‘ dydx
P JQ, JiMe<|z—y|<p/NN\Q, ‘€ € |z — |

Ifz€Qp y¢Qpand |z —y| < p/N, then dist(z, QF) < |z —y[ < p/N, so that p.(z) = 0.
Moreover, for almost every such y there exists m € Z?\ {0} with y € Q, + pm, and, since
x does not belong to the interior of @, + pm,

p

dist (y, (Qp + pm)") < |z —yl < &,

whence ¢:(y) = ¢-(y — pm) = 0 as well. Therefore, setting ¥ = {z € Q, | dist(z,Qj) <
p/N} and using ([12), [(z,z — y)| < |z||z — y| and |Z| < 2dp?/N, we obtain

1= an 5] o/ ClsP?
T < 6|22 // _ e = BlefPog = < NETS
Sy s {Inl<p/N} [PITH272 o N %)

where we also used that (p/N)2(1=%) < 1.

Changing variables by a translation €k in , and using the 1-periodicity of a in both
variables together with the fact that the outer domain in may be replaced by any of
its translates, one gets

EM(eh) =EM(p.),  ¢F=(-—ck),

for every k € Z°.
The function B, is e-periodic. Indeed, for j =1,...,d and = € RY,

e d
Bl + ce)) = (p) S e (@ — ek — ) = B (),
keK

since . is p-periodic.
Finally, EM is convex, being the integral of the square of an affine function of v, and,
by , P, is a convex combination of the functions ¥, k € K. Hence

d
M (= € M ky _ M
E& (Qoa) S (p) ICEZKES ((pa) E& (‘P&)?

18



and follows from and . The same convexity argument applied to || - ||%2 @)
gives

||¢E||22(Qp)g( ) S 6t o) = el

keK

where we used that ||¢§|]L2(Qp) = ll@ellz2(@,—eky = llPell2(q,), again by p-periodicity. [

Now, we show that the interactions of . with itself are negligible, for M large.

Lemma 3.5. Let M > 4/ d and let ©,. be as in . Then

- o
P = ds/ / a<£,y> [7e() fjgi/)' dydz < 02
Pt Jq, Jiega—yi<pvy V€S =y M

where C' > 0 does not depend on €, M and N.

Proof. By Lemma and Lemma both applied with M = 0, and by , we have
E%(p.) < C. Hence, by , (a+b)2 < 242 + 22, and @, for every k € K we obtain

1—3/ / FAC (w)I” 0
dydr < — (E (®@.)
st Qak ’x_ ’d+28 :

where we also used that v/de < p/N for ¢ small. Since |z — y|~%2° > (Vde)~42* for
z,y € Qck, this gives

z2> <C,

) €2d+25
/ / P.(2) — Bu(y) Pdyde < CF . (39)
Qs k Qs k 1 -

S

On the other hand, by and by the e-periodicity of @, writing y = ¢/ + ek we get

P [ o) - Payas (40)

kezd

where
my, == sup {|z — Y~ 2 € Qep, Y E Qe |z —y| > Me},

with the convention that my = 0, if the above set is empty. For x € Q.o and y € Q. 1, we
have e(|k| —V/d) < |z —y| < e(|k|++/d), so that my = 0 unless |k| > M —+/d > M/2 > 2V/d,
and in that case |z — y| > e|k|/2, whence my, < (e|k|/2)"%7%*. Moreover, if h € Q1 and
k| > 2v/d, then |h| < |k| 4+ V/d < 2|k| and |h| > |k| — v/d > M/4, so that

1 dh dh
— < 2d+28 / < 2d+28 / o wn
2z T oo T (gzajay A2

| adtg, T
a 2s 4 '
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Therefore,

92 d+2s 1 C
I R M ()
kezd k|>M /2
Putting together , and , the claim follows. O

We are finally in a position to estimate the density of u.

Proposition 3.6. For Z%-almost every zo € §,

dp Od—1 _ 2
— > (1— ) 42
Consequently,
. Jd—1 _
hrgllg(r)lng(ua,Al,g) >(1-X) 57 O HVUH%Q(Q). (43)

Proof. Let xg, p, z, and £ be as above, and fix M > 4v/d and N > 2. By Lemma and

Lemma [3-4]
liminf ——F~ He(Gy) > hm mf EM(3.) - —. (44)
e—0 .,?d(Qp) © N

Expanding the square in and using the Cauchy—Schwarz inequality, we get

_ 1-s 2 o |5z — )
EM(@,) > / / N ER ARG N
- (@) p? o J{Me<|z—y|<p/N} (5 5> |z — y|dt+2s
1_ _ — =
_9 ds/ / a(gy) (2,2 y”’%i”jls ws(y)!dydx
P p J {Me<|z—y|<p/N} € € |z — y|

> EM(0) — 24/ EM(0)P.,

where we discarded the nonnegative term P. and recognized EM (0) and P. as mixed terms.
Hence, by Lemma

() > BM(0) — 2y/BM ()P, > BY(0) - (45)

where we also used EM (0) < Bog_1]2|%/(2d).
It remains to compute the limit of £FM(0). A plying Lemma with A = Q,, { = z,
= Me and r2 = p/N, and using |0 Qp| < Cp~le, we get

0 - a2t ((£)" 7 - (P9 < ol (P + 5,

which vanishes as ¢ — 0. Since M and N are fixed, (p/N)*17%) = 1 and (Me)2(=9) — A,
by and by the choice of \. We obtain

C

M o o\ %d-1 2
lim B (0) = (1 - A)—~alel". (46)
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Putting together , and , and recalling the choice of p, we obtain

dp Ud717| 2 ¢ C
4 2a "N T TN

with C independent of M and N. Letting M — 400 and N — +oo gives . Since

(o) = (1= A)

liminf F,(ue, A1) = liminf 1. () > p(Q2) > / d (z)dx.
e—0 e—0

o dZz4
we obtain ([43)). O
Putting together Lemma [3.2] and Proposition [3.6] we conclude that

- Od—1 —_ 2
liminf . (u.) > 75 ((1 — N V|22 g + )\Fhom(u)),

which is the I'-liminf inequality.

4 Limsup inequality

To prove the I'-limsup inequality, it is sufficient to construct recovery sequences for piecewise-
affine target functions; the general case then follows by a standard density argument.

We consider a function v € H'(Q) for which there exists a finite collection of d-simplices
{A;}icr, covering € and overlapping only on a (d — 1)-common face, such that

u(z) = (&, o) +m;

for x € A;NQ and some m; € R, &; € R?. Note that such a u is indeed Lipschitz continuous
on the whole €.

We fix § > 0 and construct an approximate recovery sequence for u. For each ¢ € I,
consider a 1-periodic function ¢; € C*°(R%), such that

/ a(z,z)|& + Vi (2)2dz < (Apoméi , &) + 6. (47)
(0,1)4
Moreover, for each a > 0 and each i € I, we define

A% = {z € A; N Q| dist(z, (A;)°UQ) > a}.

Then, for each € > 0, and for each ¢ € I, we choose a smooth function 9. ; € C2° (R9), such
that

Tp2e < tpei < 1, [Vibe illoo < 2/¢, IV?1e ifloe < 4/€°.
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Finally, we define the approximate recovery sequence (uc) as

ue(z) = u(z) + €Z¢5’i(:c)<pi (g) , x €.

icl

First of all, note that u— u. is in C*>°(€2), and there exists C' > 0 such that ||u — us||oc <
Ce and ||V (u — ue)||oo < O, so that (u:) € H'(Q), ue — u in L?(Q) and (u.) is bounded

in H1(Q). We claim that

lim sup F (ue)

e—0

< 22 ((1 = Val VulF ) + AFhom(u) ) + €6,

Before starting the computations, we divide the interactions in €2 x € into several regions,
and we discuss which ones are negligible.
Consider two auxiliary parameters r (:= r(¢)) and 7 (:= n(¢e)), satisfying

1i
n >0, limn =0, lime” =0, and r>e¢, limr = 0, lim 5 _0.

e—0 e—0 e—0 e—=0 12

Note that the last condition implies that lim r2(1=5) = 1.

e—0
For each ¢ > 0, we divide ? into the following sets

Are = {(z,9) € P ||z —y| > r}

Ase ={(z,y) € P |e<|z—y|<raze (Uie[A?r)c}
Az = {(:U,y) ceWPle<lz—y|<rze UZ-e]A?T}
Ase = {(z,9) € | < |z -y <}

As. = {(z,y) € ||z —y| <", 2 € Uje AF}
Age = {(z,y) € ||z —y| <", z € (UierAF)"}.

Recalling the definition of the truncated functionals given in , we note that for all
e >0 and all v € L%(Q), it holds

6
ZFE ’U Ake
k=1

We show that the contributions coming from sets Aq ., Az ., As. and Ag. are negligible.
By Lemma since (u.) is bounded in L%(Q), it follows that

lim F,(us, A1) = 0. (48)
e—0
By construction, the sequence (u.) is uniformly Lipschitz. Moreover,

Ay U Ag. C {(m,y) eMlze (UA?")C},

i€l
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and |(Ui€] A?”)C’ — 0 as € — 0. We then apply Lemma and obtain
lim F(ue, Az ) = lim Fy(ucs, Age) = 0. (49)
e—0 e—0

To deal with the contribution coming from Aye, we use ||Vue| 2y < M and apply

Theorem [2.1 with
(1-5s)

pe(2) = Ttz Hern<lalzel(2):

We find that there exists C' = C(2) > 0 such that

Fe(ue, Aue) < O VuelZoiqyllpell 1 rey = (1—et=9))
< CMO'd,1
- 2
where we used 0 < ¢2(17%) 1 — ¢21(1=%) < 1 for every ¢ > 0. Recalling that 2075 — \ ¢
[0, 1], we obtain

CMog—
20d 1 2(1-s)

min{eZ(l_S), 1— 52”(1_5)},

Mog,_
lim sup F(ue, As) < limsup CMaa min {82(1_5), 1-— 527’(1_8)} =0 (50)

e—0 e—0

We now turn to the relevant contributions. We first note that

ue(w) = ue(w)? = (6w =)+ < (o (£) =i ()

9 9

2

I

for (z,y) € As.. Using that (a + b)? < (1 +7)a® + (1 + 1/7) b* for v > 0, we obtain that

1 .
Fe(uz-:yA?),s) < (1 + V)Fe(ua A3,s) + (1 + ;)FE (5@1' (g) 7A3,€> .
By Lemma [2.3] using that [|eg; (-/€) || < Ce for some C > 0 and for every i € I, it follows
that
lim sup F(ue, Aze) < (1 + ) limsup F.(u, Asz).

e—0 e—0

By the arbitrariness of v > 0, we then conclude that

limsup F.(u., As.) < limsup F;(u, Az ).

e—0 e—0

We proceed with the explicit computation of the right-hand side of the previous equation.
Ifz € A} and |z —y| < r, then y € A;NQ and u(z) —u(y) = (&, — y). Hence, applying
Lemmawith A=A¥ €=¢&,r =¢cand ro =7, we get
z y\ [,z — )
F.(u,Asze) = (1—9) / / a (—, 7) ————dydx
: : ; A Jfeclomyl<ry NETE/ T —y|dt2s
Od— _ —s)\—
= S5 (P = 2 a S AT 6P o)
7
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where we used that the error term in @ is bounded by
CBI&L ((1 = )|AF] + |0-A71)

which vanishes as ¢ — 0, uniformly in r. Indeed, 1 — s — 0 and, setting d;(z) =
dist (z, (A;)¢ U Q°), the function §; is 1-Lipschitz, and therefore we have

Since A;NQ has Lipschitz boundary, there exist C, ¢y > 0 such that [{a < 6; < b}| < C(b—a)

for every 0 < a < b < tg, so that [0.AF"| < 21/d Ce, for every e small enough. Therefore,
it follows that

lim sup F(ue, Az ) < limsup F.(u, As¢)

e—0 e—0
;C—il hI?j(l)lp(T,Q(lfs) - 82(15))a; ‘A?r’ |§z‘2
— U;; (1-— )\)az |A; N Q&
el
- ";; (1= Na|| Vul 72 (51)

We are left with the contribution coming from As.. First, we substitute the periodic
function a(x,y) with its diagonal counterpart a(x,z). To do so, we choose a modulus of
continuity w for a; namely, an increasing function w : Rt — R* such that lim;_,qw(t) =
w(0) = 0, for which

la(z,5) — a(zw)] < w(l(@,9) — (2 w)),

for every (z,%), (z,w) € R??. Now

r z ‘us(w) _Ue(y)|2
F.(ug,As.) = (1 — -, = dxd
(ue, Ase) = ( 5)/{45@@(E e) |z — y|d+2s ray

ra-af [o(E8)-0 G D) S ey

= Il,a + IQ,a'

We estimate I5 . from above, applying Theorem [2.1] with

(1—s)

p(2) = Tz Halsny (2);
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obtaining

_ _ 2
b. < (1_8)/,4 " <\fc y\) Iue(w)_ ﬁi(fi)‘ dedy
5,e

£ 7~y
|ue($) - Us(y)|2
<w(eM(1l -5 / dxd
( )( ) s ‘:L,_y’d+25 Yy
< w(gn)HVUeH%%Q)HP&HLI(Rd) < Cw(e"), (52)

where we used that (u.) is bounded in H'(Q) and that (p.) is bounded in L'(R?), by the
usual integration in polar coordinates.
As for I ., for each ¢ > 0 and each ¢ € I, we use the first-order Taylor expansion of

epi(-/€), that is
EQ; <Z> — ep; (g) = <V<,0i (g) T — y> + Rei(z,9),

2
a:' JE—
Rey (2,y) | < max V2]l ==Y
el g

with

Using again (a + b)? < (1 +~v)a? + (1 4+ 1/7)b?, for v > 0 and that
A5 C Uier(AF x AF),

it follows that

he<+9)0-93 [

el VA

r @y [(&+ Vi (2) 2 — )
135 /A?S a (g’ g) ‘CL’ — y‘d+28 dydx

1 9 1-s T T 1
+ (14 1) max IV eloe 5~ /A (5:2) poymmdady
1
= (1 + '7)[3,5 + (1 + ;)Ill,a-

Continuing the computation, integrating in polar coordinates, we obtain

14+n

1— 15
L < max||v2¢i||ooL28) / / / 372 dtdo (v)da
i€l IS Q Jsd-1 Jo

(1= 8)0a 1| _(11n)a-20)-2
2(4 — 2s)

< C(l . S>€(1+r])(4725)72 _ 06(1)

< max ||v280iHooB
i€l
) (53)

since 1 — s — 0 and e(141M(4=29)-2 i5 bounded, because (1 4 7)(4 — 2s) — 2 > 0.
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Regarding the term I3 ., exploiting and integrating in polar coordinates, we obtain

[3752(1—5)2/&@(?,?) /Sdl
_ Ud L _2(1-s Z/
Od—1 2(1—s
gﬁs“ >;Amm ({(Ahom&i &) +6) . (54)

Therefore, taking into account , , and the choice of ¢; (see (47))), we obtain

<§1+w1 ( / =25 dtdo (v)da

o v (D)

lim sup F(ue, As ) < limsup I . + limsup Io .
e—0 e—0 e—0

1
< (1+~)limsup I3, + (1 + ) limsup I . + Climsup w(e”)
Y

e—0 e—0 e—0

< (14 9) 7 (Fhom(w) +5192))

where we used that €7 — 0 and lim,_,g+ w(¢t) = 0. Taking the infimum over v > 0, we
obtain

Od—
lim sup Fx(ue, As ) < oI\ (Fhom (1) + 3]92)). (55)
e—0 2d
Gathering all the information from equations , , , , and , we obtain
6
lim sup F; (ue) < thsupF (ue, Akc)
e—0 =1 e—0

= limsup F;(ue, Aszc) + limsup F;(ue, As¢)

e—0 e—0

0d—1 _
< S5 (1= Nal Vullfag) +

O'd1
2d

where C' > 0 is some fixed constant, depending only on d, 8 and |Q2|. Repeating this
construction for a sequence of § — 0 and using a diagonal argument, we obtain a recovery
sequence for u, as desired.

Since 2 is an extension domain, any function v € H'({)) admits an extension u €
HZ(Bg(0)), for some fixed positive radius R > 0. Moreover, piecewise-affine functions
are dense in H}(Bgr(0)) and hence, by restriction, they are also dense in H'(2). As a
consequence, since the functional

)\Fhom( ) + 05,

0d—1
2d

Fy(w) = 221 (1= Nal[ Vull3 () + AFhom (1))

is continuous in the strong topology of H'(2), the I-lim sup inequality follows as we proved
it for a strongly dense subset of H'().
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