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ABSTRACT. We investigate the emergence of rigid polycrystalline structures in atomistic ionic
particle systems as low-energy configurations. The interaction between particles of opposite
charge is modeled by hard spheres that interact when they are tangential. The interaction
between particles of same charge is modeled as a hard repulsion that forces a minimal distance
between them. The atomistic energy is frame invariant, and no underlying reference lattice
is assumed on the ionic configurations. The asymptotic behavior of configurations with finite
surface energy scaling is identified by means of I'-convergence. The related continuum theory
is described by piecewise constant fields that encode the local orientation of the configuration.
The limiting energy is local and concentrates at grain boundaries, which correspond to the
boundaries of the regions where the underlying configuration has a constant orientation. The
limiting energy density is anisotropic and depends on the relative misorientation of the two
grains, their translation misfit, and the normal to their interface. Furthermore, we perform a
fine analysis of surface energies for solid-solid and solid-vacuum phase transitions and determine
energetically favorable orientation mismatches. This relies on a structure result for our grain
boundaries, which shows that, due to the rigid setup, interpolating layers near the grain interface
are energetically not favorable.

1. INTRODUCTION

Crystallization [6] concerns the emergence of ordered, crystalline structures as ground states
of interaction energies. For discrete models, one considers a large number of particles interacting
through prescribed potentials, and one seeks to characterize configurations that minimize the
energy. A central goal is to prove that, under suitable assumptions on the interactions, low-energy
configurations or minimizers exhibit crystalline order in the large-particle limit. At zero or very
low temperature, atomic interactions are expected to be governed only by the geometry of the
atomic arrangement. In this case, configurations can be identified with their respective positions
{z1,...,2,} and the crystallization problem consists in studying minimizers of a configurational
energy F({x1,...,2,}) and proving or disproving order of minimizers of F.

Various crystallization results for one single atomic type and different choices of the energy
F, taking into account classical interaction potentials, have been obtained in the last decades.
Here, from the vast body of literature, we mention results in one dimension [22], 30, [34] and two
dimensions [1T] 12} 19, 2T} (23| 26, 27, 29] for finite crystallization and, for a wider class of potentials,
results for crystallization in the thermodynamic limit [4] T3], [15] B3].

In this article, we study a problem related to the mathematical theory of crystallization, focusing
on systems consisting of two different types of particles. Such models are motivated by ionic
compounds, where particles of different species interact through attractive and repulsive forces
and, under suitable conditions, form periodic crystalline structures. Although rigorous results on
the analysis of such models are scarce, we mention [5] 8, [I'7, [I8] for results in this direction. Our
aim is to understand the emergence of polycrystalline materials in this setting. A polycrystal is a
configuration composed of several crystalline grains, each exhibiting local crystalline order, while
different grains may have different orientations. The interfaces between neighboring grains, known
as grain boundaries, disrupt the perfect crystalline order and give rise to an excess energy. We
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investigate how such ionic polycrystalline structures can arise as low-energy states and characterize
the surface-energy contribution associated with grain boundaries. Polycrystalline structures have
been identified as low-energy configurations for different interaction energies and single-species
systems in [20] [25].

In the following, we describe the model under investigation and clarify what we mean by
low-energy configurations. In accordance with the molecular mechanics framework [I], we identify

configurations X = {z1,...,2,} of n € N particles with their positions x; € R? and additionally
with their type (or charge) q(x;) € {—1,+1}. Their configurational energy takes the form
1 1
EX)i=5 Y Vlwm-wmhts X Vilm—wl,
i#] i#£]
q(x;)#q(wy) a(zi)=q(z;)

where the factor 3 is due to double counting, V,: [0,00) — R, and V;: [0,00) — R are pair-
potentials modeling the interaction between atoms of the opposite and same charge, respectively.
Here, the interaction between the two particle types is physically motivated by electrostatics:
particles carrying opposite charges attract each other, whereas particles carrying charges of the
same sign repel. In this article, both interaction potentials are of sticky type (see [23] for the sticky

disc potential) and are defined as

+oo ifr<i,
(1.1) Valr) =< -1 ifr=1,
0 otherwise,
and
(1.2) Vi(r) = {+oo if r < ﬁ,
0 otherwise.

The potentials are depicted in Figure[l] They represent a basic choice of interaction potentials that
model attraction between particles of opposite charge and repulsion between particles of the same
charge, favoring crystallization on the square lattice. The specific form of these potentials allows
us to employ geometric and combinatorial arguments in our analysis, which we explain in more
detail below. In [18] it has been shown that minimizers under the cardinality constraint #X = N

Va(r) Vi(r)
+00 VAN —+00 (MWW
1 r V2 T
-1 °

Figure 1. The interaction potentials: The attractive potential V, on the left and the
repulsive potential V; on the right.

crystallize on the square lattice with alternating charge distribution, see (2.8) for its definition and
Figure [2] for an illustration of a minimizer. Furthermore, the minimal energy of a configuration
Xy ={(z1,9(21)),...,(@Nn,q(xNn))} € (R? x {=1,1})" of N particles has been determined in [I8]:
(1.3) min{E(Xy): #Xn = N} = —|2N —2V/N| ~ —2N + O(V'N).

More precisely, (1.3]) proven in [I8] holds for a broader class of energies that includes the potentials
considered in this article. On subsets of Z? with alternating charge, these energies (and thus also
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Figure 2. A minimizer of £ for N = 121.

the minimal energies) coincide. The leading order term —2N is due to the N — O(v/N) atoms in
the bulk, each having four neighbors and the lower order term ~ v/N is due to missing neighbors
of order O(v/N) of atoms at the boundary of the minimizing configuration and is thus a surface
energy contribution. In this article, we want to identify polycrystalline states as low-energy states.
We therefore investigate configurations Xy whose energy excess relative to the ground-state energy
is of the order of the surface energy. More precisely, we consider sequences of configurations { Xy}
satisfying

E(Xn) < —2N 4+ CVN

for some constant C' > 0. To this end, we consider Xy € (R? x {—1,1})" with bounded rescaled
energy

E(XN) + 2N 1 1
En(Xy) = = 44 Vy(lx - + —= Vi(lz —
a(z)#q(y) q(z)=q(y)

Clearly, for { Xy} such that #Xy = N we have

sup En(Xn) < 400 = EXn) < —2N +CvVN for some C' > 0.

NeN
The diameter of an N-particle configuration X with energy given in is ~ v/N. To obtain
configurations which are contained in a bounded domain, we therefore rescale the configuration
by a factor € = 1/v/N, that is, X, := eX. We then study the asymptotics of the energy E.(X.)
where the energy functional E. is defined on configurations X = {(z1,q(z1)),. .., (zn,q(zn))} €
(R? x {~1,1})", n € N (here not necessarily n = N) by

(1.4) EE(X)::;ZE(ZH— 3 Va(@)Jr 3 V(““;y|)>

zeX yeX yeX\{z}
a(z)#aq(y) q(x)=q(y)
In the following, we consider the energy E. in (1.4)) without cardinality constraint as this energy
has already been normalized with respect to the minimal energy per particle.

Our main results are a full I'-convergence result [7, [10] for the functionals E. to an anisotropic
surface energy (Theorem [2.3) as well as a thorough analysis of our limiting energy density
(Proposition and Theore. We also prove a corresponding compactness result for sequences
of equi-bounded energy, see Theorem The proof of the compactness result is relatively
straightforward under the modeling assumptions. Our continuum description keeps track not only
of the orientation angles of the various grains, but it additionally depends on a micro-translation
vector, which measures the translation misfit of the various grains and is crucial, as there is non-zero
surface energy even between translated copies of the same lattice.

The limiting surface energy density ¢ is a function depending on the relative orientation of the
two grains, their microscopic translation misfit, and the normal to the interface. For solid-vacuum
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transitions, (up to a factor) this turns out to be the square anisotropic L!-perimeter, which already
appeared for Ising-systems defined on the square lattice, see [2]. We observe that in this case,
the energy density corresponds to the (crystalline) perimeter of a perfect crystal. For solid-solid
transitions, the problem is more nuanced, as atomic interactions can occur across the interface,
and it is not clear a priori if interpolating grain boundary layers lower the transition energy. A
product of our analysis shows that, within our brittle set-up, generically ¢ is given by the sum of
the solid-vacuum surface energy of the two grains. Here, generic refers to the fact that the surface
energy may be smaller only for a countable number of mismatch angles corresponding to rational
rotations when the coincidence site lattice is non-trivial, see [32]. Let us mention that in contrast to
the Read-Shockley formula (see [3I] and [9, [14] [16] 24] 28] for recent mathematical developments
on that formula) our energy density is not infinitesimal as the orientation mismatch angle vanishes.
This is a consequence of the choice of our extremely rigid potentials, leading to a brittle surface
energy in the limit.

We proceed with some comments on the general proof strategies. As is customary for variational
limits of interfacial energies, ¢ is given via a cell formula that minimizes the asymptotic surface
energy between two grains separated by a flat grain boundary. In such problems, it is crucial
to pass from L'-convergence to fixed boundary values in order to match the upper and lower
bounds of the I'-limit. Therefore, as in [20], we use a cut-off construction, called the fundamental
estimate, to pass from a cell formula described via L'-convergence of the upper and lower traces to
a cell-formula with boundary values that are obtained asymptotically. Due to the rigidity of our
setup, all constructions must be carried out carefully, as slight changes in the configuration can
generate a significant (even infinite if the geometric constraints are violated) amount of energy. In a
second step, we show that the boundary values can be fixed exactly, rather than only asymptotically.
This follows the proof strategy of [20] and proceeds as follows. First, in Section |§| we show that for
the cell-formula it is energetically inconvenient to have interpolating grain boundary layers, and
(almost) minimizers can be selected that only use two lattices. Here, the graph theoretic framework
proves to be a useful tool. In particular, the face defect allows us to link excess energy with
non-square faces. With this result in place, we can relate the cell formula to the much simpler
notion of the vacuum energy density, see Lemma [7.1] Furthermore, in Lemma [7.2] we show that
the energy can be strictly smaller than twice the vacuum energy density only if the two lattices are
oriented in such a way that the resulting arrangement of lattices is periodic.

The paper is organized as follows. In Section 2] we introduce the model and present the main
results. Section [3]is devoted to the proofs of compactness and I'-convergence. They fundamentally
rely on a fine characterization of the surface energy density whose proof is postponed to Sections
In Section 4, we state and prove some elementary auxiliary lemma that are useful throughout
the proofs. In Section 5, we address the fundamental estimate. In Section [6] we analyze the
(asymptotic) cell problem and show that interpolating grain-boundary layers are energetically
inconvenient. In Section [7] we characterize the solid-vacuum and solid-solid interactions at grain
boundaries, respectively. Lastly, in Section [§| we replace converging boundary values with fixed
ones and provide the proof of Theorem

2. SETTING AND MAIN RESULTS

In this section, we introduce our model, give basic definitions, and present the main results of
the paper.

Configurations and atomistic energy. In the following we always assume that X is a finite
subset of R2. We denote by V;: [0, +00) — R and by V;: [0, +00) — R the attractive and repulsive
potentials given in and 7 see Figure [1} respectively. By ¢ > 0 we denote the atomic
spacing. The normalized atomistic energy E. of a configuration is given by . The notion
normalized has been explained in the introduction and is chosen in such a way that an infinite
square-lattice with spacing € > 0 and alternating charge distribution (see (2.8])) has zero energy.
The energy can be equivalently expressed in terms of the attractive and repulsive neighborhoods of
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the atoms. To this end, we define the attractive neighborhood of x € X by

(2.1) N2(x) ={y e X: |z —yl =¢€,q(x) = —q(y)},
where for € = 1 we write N?(x) = N2(x), and we define the repulsive neighborhood of x € X by
(22) Ni(@) = {y € X: 0 < |z —y| < V2e,q(x) = q(y)}-

We define the set of finite energy configurations by
X.(R?) := {X CR?*: |z —y| >¢ for all z,y € X such that = # y and
23) |z —y| > V2¢ for all 2,y € X such that = # y and ¢(z) = q(y)} .
It is elementary to check that
X cA(R?) <+ FE.(X)<+o0

and for configurations X € X.(R?) we have

E(X) = Y S (4= #M2(@)) .

zeX
Thus, given A C R? Borel we write
€ a
(24) E(XA)i= Y 5 (- #M()
rzeXNA

and we write E.(X,R?) = E.(X). Note that for a configuration with finite energy, the bond graph
G=(V,E)withV =X and F = {(z,y) € X: y € N*(x)} of a configuration is planar. The energy
of an atom z in configuration X € X.(R?) is defined as

(2.5) E.(z,X) = 3(4 — #N(z)),

so that E.(X) =" E (z,X).

rzeX
Notation. We denote by e;, ey the standard basis of R2. We let S' = {z € R?: |2| = 1}. Given
v € S! we define v by rotating v by 5 in a clockwise-sense. For z,y € R?, we denote by (x,y)
their scalar product. Without further notice, we will identify vectors 2 € R? with elements in C.
In particular, we identify rotations in the plane by multiplication with a unit vector in C. This
means that a rotation of z € R? by an angle 6 € [0,27) is denoted by e?z. For t € R we write
|t] = max{k € Z: k < t}. £? denotes the 2-dimensional Lebesgue measure and H! denotes the
1-dimensional Hausdorff measure. We write xg for the characteristic function of a set E C R?,
which is 1 on E and 0 otherwise. If F is a set of finite perimeter, then 0*F denotes its essential
boundary, which is the part of the topological boundary where a measure-theoretic unit normal
exists, see [3, Definition 3.60]. For r > 0 and = € R*, we denote by B,(z) the open ball of radius r
centered at x. If z = 0, we simply write B,. Given A C R?,7 € R? and A € R we define

A+rm:={a+71:0€ A}, M:={N:zcA}, (A).={x+y:ze€AyeB}.
For 1, %2 € R? we define the line segment between z, and x> by
[z1;22] := {Ax1 + (1 — N)ax2: A €[0,1]}.
For p >0, v € S, and z € R? we denote by

v 2. P PP L _P
= = =< -, —=< -
Q,(x) x+{y€R 5 Sy <5, —5=(yv ><2}

the half-open cube in R? with side-length p > 0, centered in 2 € R? and two sides parallel to
v €St If p =1 we simple write Q" (z) = QY(x) and for z = 0 we omit the dependence on the
center and write @} instead of Q}(0). Furthermore, we define the half-cubes

(2.6) QZ’i(:z:) =z+{ye@y: £y >0}.
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For p > 0 and € > 0 (such that 10e < p) we introduce the of notation boundary regions
aEQZ($) = QZHOE(%) \szloa(l’) )
(2.7) 8?@;(:5) = 0.Q,(x) N{y € R%: + (y — z,v) > 10e},
0:Q; () := 0:-Q} () \ (0 Q) (2) U O- Q) () -
The charged square lattice. We define the charged square lattice as the set of points with
charges given by
(2.8) Liarge = { (k1 k2), (=) 4F2): by ky € Z}
The sub-lattice of positively charged points is denoted by Zi = {k € Z?: k1 + ky is even} and

the points of negative charge are denoted by Z? = {k € Z2: k; + ky is odd}. Observe that
72 = \2e"/472.

The set of lattice isometries. We denote the by A the set of rotations by angles in [0, %)
equipped with the metric of the 1-dimensional torus, i.e., A = R/ZZ. In a similar fashion, we

introduce the set of translations T = R?/Z2 = R?/(\/2¢i™/4Z?). Each translation 7 € T can be
represented by a vector in

(29) {)\1(614’62)4’)\2(62761)2 OS)\l,AQ < 1}
We introduce the set of lattice isometries by

Z:=(AxTx{1})uU{0},

where for each 6 € A and 7 € T the triple z = (6, 7, 1) represents the rotated and translated lattice
L(z)=L(O,T,1):= e (Zghargc + ’7') .

We remark that, due to Lemma the above representation is unique. The entry 1 represents
that a lattice is present. On the contrary, 0 = (0,0,0) € A x T x {0} represents that no lattice is
present, also referred to as vacuum in the following. We set

L£(0)=10.
Note that A ~ S' ¢ R? and T ~ S! x S' ¢ R*. Therefore, the set Z can be embedded into R7. We
endow it with the product topology, i.e., z; = (0;,7;,1) = z = (0, 7,1) if and only if §; — 0 in A
and 7; — 7 in T. Moreover, z; — 0 if and only if z; = 0 for all j large enough. For a set A C R2?,

z € Z,and X € X.(R?), we say that X coincides with the lattice L.(z) on A, written X = L.(2)
on A, if

XNA=(eL(z))NA.
If 2 = 0 we simply write X = () on A.

The state space. For A C R? open, we introduce the space of piecewise constant functions
PC(A; Z) with values in Z as functions of the form

oo

u=zxe,

j=1
where {z;}; C Z\ {0} are pairwise distinct and G; C A are pairwise disjoint sets satisfying
£2(UJ52, Gj) < +o0 and

oo

> HY9*G)) < +oo.
j=1

Here, {G;} en represent the grains of the polycrystal and {z;};en corresponds to the local
orientation and translation of the lattice on each grain. We remark that this space can be identified
with

(2.10) PC(A;2) :={u € SBV(A;2): Vu=0, L2>({u # 0}) < +oo, H'(J,) < +oc}.
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(o] L] [e] L] [} L] o]

L] [e] L] o] L] [e]

Figure 3. A function u. defined in (2.13]). The different regions {u # z} with z # 0 are
highlighted in different shades of grey and consist of unions of squares. The
complement of these regions is the set {u = 0}.

Here, u is a function in SBV (A; Z) in the sense that u € SBV (A4;R7) and u(z) € Z for L2-a.e.
x € A. The jump set of u is denoted by J,. The one-sided limits of u at a jump point will be
indicated by u™ and 4~ in the following, and the normal will be denoted by v,,. We refer to 3|
Definition 4.21] for details on this space. We say that u € PCloc(4; 2) if u € PC(K; Z) for all
K ccC A.

Identification of configurations with piecewise constant functions. In this section, given
e > 0 we embed X.(R?) into PC(R?; Z). To this end, given X € X.(R?), we define a function that
captures the local orientation of the configuration. Due to Lemma [{.2] we have for each z € X

there exists a unique z(z) = (6(z),7(z),1) € Z

such that X = L (2(x)) on B s (z).

Recall that the open lattice Voronoi cell of such an x € X is given by

(2.12) Vo(z) =z +e@int (Q.) .

Given a configuration X € X.(R?) we identify it with a suitable function u € PC(R?; Z). Recalling
we define uX : R? — Z by

X(y) = {z(aj) it y € Vo(z) for some z € X and E.(z,X) =0,

(2.11) E.(z,X)=0

(2.13) u

€ 0 otherwise.

In the sequel, if there is no possible confusion, we will omit the dependence on X and just write
u. instead of uX. Note that the function is well defined as ng(xl)(xl) N VEZ(”)(@) = () for all
1,29 € X with 21 # 9 and E.(21,X) = E-.(29,X) = 0. Indeed, if this were not the case,
then necessarily |z; — 22| < v/2¢, so that ¢(x1) # q(z2) as X € X.(R?). But then necessarily
xy € N*(x1) or € < |1 — 29| < v/2e. The first case immediately implies that z(x;) = z(z2) and
thus their open Voronoi cells have empty intersection, which is a contradiction. In the second case,
there exists y € N2(z1) such that |y — x3| < e. This contradicts X € X.(R?). See Figure |3 for an
illustration of u. for a configuration X € X.(R?).

Definition 2.1. (Convergence) Let {X.}. be a sequence of configurations. We say that X. — u

in L _(R?) as e — 0 if u. — u in LL _(R?) as ¢ — 0, where u. = uX* is the function associated to

X by (2.13).

2.1. Main Results. We are now in a position to present our main results. We begin with a
compactness theorem for sequences of configurations with uniformly bounded energy. We establish
a full I'-convergence result, including a characterization of the limiting energy density. Finally, we
discuss several key properties of the limiting energy density.
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Figure 4. Schematic Illustration of a competitor X for the cell problem on @}, in the
definition of ¢. Also, this shows an illustration of the boundary regions 63:62;,
0:Qy, in which we assume X = L. (2%) and X = 0, respectively. Note that
this is only for illustration purposes, i.e., the scaling factor between the lattice
spacing and the boundary thickness does not match the definition.

Theorem 2.1 (Compactness). Let {X.}. be a sequence of configurations, such that
sup F.(X.) < +00
€

and let ue denote the function associated to X. by (2.13). Then there exists a subsequence {ey }ren
with e — 0 as k — 400 and a function u € PC(R? Z) such that X., — u in L _(R?) as
k — 4o0.

Recall the definition of boundary regions in (2.7). In order to introduce the limiting energy
density, we define the set of admissible configurations for the asymptotic cell-formula.

Definition 2.2. Given 2zt,27 € Z,¢,p > 0, 29 € R? we say that X € Admngr’zi)(QZ(:co)) if it
satisfies the following;:
() X € X(R?),
(i) X = L.(2%) on 8}@;(3:0),
(iii) X =0 on 9¢Q} (o) -
The following proposition introduces the limiting energy density p: Z x Z x St — [0, +00),
which is the density of our continuum limiting functional.

Proposition 2.2 (Density). For every z*,2~ € Z,v € St, 2 € R? and p > 0 there exists
(2.14) Pl 270) = fim ~ min{ (X, Q5(an)): X € A7) (@ (a0)}
and is independent of x¢ and p.
The limiting functional E : PC(R?; Z) — [0, 400) is defined as
(2.15) E(u) ::/J out u,v,) dH .

As PC(R?* 2) ¢ SBV(R?; Z), recall (2.10), the quantities u*,u~ and v, are well defined. The

following statement shows that E can be interpreted as the effective limit of the atomistic energies
E. as the lattice spacing tends to 0.
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Theorem 2.3 (I'-convergence). It holds that E = T'(L]

loc
(i) (D-liminf inequality) For each u € PC(R?; Z) and each sequence {X.}. with X. — u in
LL (R?) as € — 0 it holds

)-lim_,¢ E.; more precisely it holds:

o S
hgn_}glf E.(X.)> E(u).

(ii) (P-limsup inequality) For each u € PC(R?; Z) there is a sequence of configurations {X.}.
such that X. — u in L{. (R?) as ¢ — 0 and

lim F.(X.) = E(u) .
e—0

Remark 2.4 (Extension to L'). Notice that by defining E. : L"(R?; Z) — [0, +00] by
E.(X) if there exists X € X.(R?) such that u = uZ,
E (u):=

+00 otherwise

and extending E to all of L'(R?; Z) by setting E(u) = +oo if u € LY(R?; Z)\ PC(R?; Z), in view
of Theorem this implies E = I'(L{,.)-lim. 0 E..

To end the section, we gather the properties of the limiting energy density. To this end, we
introduce the ¢!-norm in R? defined by

(2.16) vl =[] + [ve .

Theorem 2.5 (Properties of ). Let ¢ be the density in Pmposition extended to a function

defined on Z x Z x R?, which is positively 1-homogeneous in the third variable. Then it holds:

(i) (Solid-vacuum energy) It holds ¢(z,0,v) = (0,2, —v) = L|le=“v|, for all z = (0,7,1) €

Z\ {0} and v € S*.
(ii) (Solid-solid energy) There exists a null-set N in (Z\{0})? (with respect to its Haar-measure)
such that for all pairs (z7,27) € (Z\ {0})2\ N, 2T # 2~ and v € S it holds

+ —

1
oz, 27, v) Vi 4 sle ™ vl

2
Further, for pairs (27,27) € N, 2T # 2=, and v € S it holds

1 0T
= 5|@

1 ‘67i0+ 1

5 V‘l + §|67i9_

1, .+ 1, .- _
Z|€ i V|1+Z\€ Pyl <zt 2 < vy,

where z+ = (0%, 7F,1). The set N satisfies
N C{zt,27) e (E\{0)?}: 07 =67 €Gu,e® 77 —e® 77 € Gr (0T —07)},

where Gy C A is a countable set and, for each 6 € G, Gr(0) C R? is contained in a finite
union of spheres.

(iii) (Convezity) The mapping v — @(2%,27,v) is convex for all z%,2~ € Z.

(iv) (Translational invariance) For all z* = (0*,7%,1) € Z,v € S, and 7 € T it holds

o0, 7T + AP D, 07,7 +e @ 71),v) =0z 27,v).
(v) (Rotational invariance) For all z* = (0%,7%,1),v € S' and 6 € A it holds
P((0F +0.7%,1), (07 +6,77,1),¢v) = p(z", 27, ).

The interfacial energy between a lattice and vacuum, see (i), has already been characterized for
crystallized configurations in [2]. The most interesting part lies in (ii). It states that generically,
the interfacial energy between two energies is equal to the sum of the interfacial energies of the
two lattices interacting with vacuum. In the non-generic case, the two lattices may have many
pairs of points at distance 1, which allow to reduce the interfacial energy. Optimal interfaces
in the generic and non-generic case are illustrated in Figure [p} We remark that the complete
characterization of ¢ seems to be a difficult issue which is beyond the scope of the present analysis.
Note that (iv) and (v) express the fact that both the atomistic and the continuum model are
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Figure 5. Different scenarios for optimal interfaces. Edges are depicted between points
at distance 1. (a): Two lattices for which ¢ is equal to twice the surface energy
between lattice and vacuum. (b): Two lattices for which ¢ is less than twice
the energy between lattice and vacuum. (¢): Two lattices for which the lower
bound in Theorem ii) is attained.

frame indifferent. Finally, note that the lower bound in (ii) is asymptotically sharp. In order
to see this, let 2~ = (§,(0,0),1), 2" = (F, (%, %), 1),v = eg and yr = 0 for all T. We define
Xp = (QF 110\ Q) N ((L(zT)N{z € R?: (z,e5) > 1IHu(Lzm)n{z € R?: (z,e5) < 0})). In
Yoo
this case, it holds X € Admg/Z # )(Ql}) and Ey(X1,Q%) < % + C for a C > 0 independent of
T. Together with Lemma ii), this shows
1 1 1, .« 1, . 1, .-
p(z,27,v) = Am fEl(XT,QE’r) VA §|€71162|1 = 1|€ﬂ9+€2|1 + Z|e*’0 ealr -

The construction is illustrated in Figure c).

The compactness and I'-convergence results will be proved in Section [3] The properties of several
cell formulas related to ¢, which are fundamental for the proofs, are postponed to Sections
Finally, the proofs of Proposition [2.2] and Theorem [2.5] are given in Section

3. PROOF OF MAIN RESULTS

3.1. Proof of Compactness.

Proof of Theorem[2.1 Let {X.}. be given as in the statement and let {u.}. denote their cor-
responding PC-functions given by . We notice that Z can be embedded into RY and is
closed and bounded via this embedding. This implies that the L>°-norm of {u.}. can be uniformly
bounded by some finite constant. For > 0, let B, be the ball of radius r centered at the origin, then,
by Lemma and the assumption sup, . E:(X.) < +0o we can uniformly bound H'(.J,. N B;.).
Thus, for each 7 € N we can apply the compactness theorem for piecewise constant functions, see
[3, Theorem 4.25]. Therefore, there exists a subsequence {uc1 }ren of {u.}. and ul € PC(By; 2),
such that w1 — ul as k — +oo in measure and thus also in L!(Bj; Z). Inductively we can find

a subsequence {e} }ren C {EZ_l}keN, such that uer — u™ in LY(B,; Z) as k — +oo for some

u™ € PC(By; Z). Defining ¢, := ¥ for k € N we obtain the following

ue, — u"in L'(By; Z2) ask — +oo VneN

and by uniqueness of limits we get u"*! = u™ on B,,, where by lower semicontinuity H!(J,» NB,,) <

C for some constant independent of n. Thus, we obtain a function u: R? — Z with u = u" on
B, for all n € N, such that u., — u in L. (R Z) as k — +oo and H'(J,) < +0oc. We still need

to show that u € PC(R?; Z), so we need to check that £2({u # 0}) < 400. Using Lemma
with A = R?, the isoperimetric inequality and lower semicontinuity of £2({u # 0}) with respect to
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strong Llloc—convergence, we see that
(€*({u# 0}))* < liminf(£*({ue, #0}))* < liminf OH' (9" {uz, # 0})
<liminf CH (., ) < liminf CF, (Xe,) < 400
Thus, we have u € PC(RQ; Z). This concludes the proof. O

3.2. Lower Bound. In this subsection, we will prove Theorem [2.3(i). For the proof, it is useful
to introduce a different cell formula than the limiting energy density. For this cell formula,
we require that the interpolations defined in converge strongly in L' to the function
u’, _ € PC’lOC(RQ; Z) defined as

zt,z
2t if (z,v) >0
3.1 uy (z):= h=
(3:-1) - () {z_ if (z,v) <0
for 2+ € Z and v € S'. More precisely, for z+, 2~ € Z,v € S' we introduce

P(zT, 27, v) = inf { limiéleg(XE, Q"(y:)): v € R?
E—r
(3.2)

lim [ue(z 4+ ye) —uly ,—(x)|dx zO},
e—0 Qv ’

where u, is the function associated to X, as defined in . The two densities are related as we
will show in Sections Their relation is described in the following proposition:
Proposition 3.1 (Relation of ¢ and ¢). For all 27,2~ € Z and v € S it holds that
Yzt 27 v) > ezt 27, ).
This will be proven by combining the results of Lemma [5.1] and Lemma 8.3

Proof of Theorem i). Let {X.} be a sequence with X. — u in L] (R?). Clearly, it suffices to
treat the case

(3.3) sup E.(X:) < +00.

e>0

We proceed in two steps. In the first step, we will identify a limiting measure associated to the
energies of the discrete configurations. In the second step, we proceed by a blow-up procedure for
the jump part of this measure.

Step 1: Identification of a limiting measure. Consider the family of positive measures {u.}. given
as

e 1= Z E.(z,X.)0; .

x€X,
By (2.4), for all A C R? there holds

(3.4) |kel(A) = pe(A) = Ec(Xc, A).

Thus, by (3-3) we have sup,.g |pe|(R?*) < 400 and as R? is locally compact, there exists a
non-negative finite Radon measure p such that up to a (non relabeled) subsequence we have
(3.5) e 2 .

Now, using the Radon-Nykodym Theorem and Lebesgue Decomposition Theorem for H!|;,, we
get a decomposition into two non-negative mutually singular measures

= EH g, + ps.
Using a blow-up procedure, we will show that
(3.6) &(xg) > (2T, 27,v) for H'-almost every zo € J, ,

where 27,27 denote the one-sided limits of u at o and v denotes the corresponding normal
(here we omit the explicit dependence on u for notational convenience). We postpone the proof
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of (3.6) to Step 2 and first argue how we can conclude the proof once (3.6|) is proven. We use
(12.15)),(3.4)—(3.6]), and Proposition to show that

liminf F.(X.) = liminf z. (R?) > p(R?) > / EdH! > / o(z%, 27, v)dH! = B(u).
e—0 e—0 T J

u

Step 2: Blow-up procedure. It remains to prove (3.6). Using properties of SBV-functions and
Radon measures (see, for example, [3, Theorem 2.63, Theorem 3.78, and Remark 3.79]), we know
that for H!- almost every xo € J, it holds that

@ lim = [ Jue) e (o= o) do =0,

Q% (zo)

: 1 1 v
(b) }g% ;H (JuNQ} (7o) =1,
Q5 (o))

I
(C) 5(1‘0) IH%) 7‘[1( 0 QU(-TO))
Here, u?, - is defined as in . To show (3.6]) it suffices to prove it for all zg € J,, such that
(a)-(c) hold. To do this, let g € J, be such a point. As p is a locally finite measure we can fix

a sequence p,, — 0 as n — +o0o such that |,u|(8Q” (z0)) = 0 for all n € N. Then as (b)-(c) hold,
using the Portmanteau Theorem as well as , and . we get:

m(@Qp (o)) - u(@Qp(@o)) 1 v
o) = Jhny H Q5 ST T, Myl o)

_l1m—11mE(X5,Q (0)) -

n—o0 p e—0

We introduce the configurations X" := p, ! X. and apply Lemma ( i) (for A = —) to obtain

n vi —1
(3.7) §(zo) = lim lim B (X, Q"(p, x0))-
loc (R2) Let u?
denote the function corresponding to X”. Then Lemma [4.4] implies that u?(z) = us(ppz) for all
x € R% In particular it also yields u” — u” on Q" (p;'zo), where u™(z) := u(pnz) for z € R
Using (a), the change of variables y = p,z + ¢ and u™(x + p,'z0) = u(xo + puz) as well as
uly - (z) =uls - (pnz) for z € R?, we obtain

Recall that X — u in LIOC(RQ) implies, by Deﬁnition that u. — w in L]
4.4

lim [ u" (x4 pytwe) — ule (@)l de = lim [ [u(xo+ puz) — ue - (paz)| dz
n— oo Qv n—o00 Qv ’
1
= Jim [ ) - ey = 20)|dy = 0.
n—o0 p2 (x0) ’

Now, by (3.7) and u? — u™ on QV( lzg) as e — 0, we use a diagonal argument to find a null
sequence {5( )In Such that for X" := X7, and u" := u,, it holds

(38) §($0) = nlgr;o Esn (Xany(yn)) )
and

lim |u”(33 +y") —uls - (v)]dz =0,

n—o0

where g, := ( = p, zo. As the above constructed sequence is admissible for the definition
of 1, see . 8) implies &(zo) > ¥(2T,27,v). This shows and concludes the proof. [J

3.3. Upper bound.

Proof of Theorem [2.4(ii). The proof of this theorem follows as the proof of [20, Theorem 2.3(ii)]. O
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4. AUXILIARY RESULTS

We would like to state some properties of our energy, which we will heavily use throughout.
Recall the definition of the energy (2.4)).

Lemma 4.1. Let e >0 and X € X.(R?). Then it holds:
(i) E.(eX +7,e A+ 1) = E.(X, A) for all § € [0,27),7 € R? and A C R* Borel.
(ii) For all A >0 and A C R* it holds:
Bxe(Az,AX) = AE.(z, X) Vz € X,
s0 in particular Ex.(AX,AA) = AE.(X, A).
(iii) E.(X,A) < E.(X,B) for all AC B.
(iv) E.(X,AUB) = E.(X,A)+ E.(X,B) for all A, B C R? with AN B = .
(v) There exists a constant C' > 0 such that VA C R?* Borel: #(X N A) < s%ﬁd((A)g),
(vi) Let Y € X.(R?) and A C R? are such that Y N (A). = X N (A).. Then

E-(X,A) = E.(Y, A).

(vii) If {z1,...,2n} C X is a cycle, i.e., there holds x;+1 € N2(x;) for alli=1,...,n—1 and
z1 € N2(z,,). Then n is even.

Proof. Ttem (i) immediately follows from ,, and the fact that isometries do not change
the distance between points. Item (ii) follows from ,, and the one-homogeneity of the
euclidean distance. Item (iii) follows from non-negativity of the cell energy, see Lemma Item
(iv) follows by using AN B = (), so each summand on the left side occurs on the right side and vice
versa. Now for item (v) we notice that by and it holds Bz (x) N Bz (y) =0 for z,y € X
x # y. Thus we have

e2m

TTHXNA) = Y £B;@) =L ( U 5 <x>> < £2((A).)
zeXNA zeXNA

as B (x) C (A). if z € A. Ttem (vi) follows from (2.4) and noting that, if Y’ N A. = X N A., then

E.(z,X)=E:(y,X) for all z € X N A (note that X N A=Y N A). Item (vii) follows immediately

from the fact that X € &X.(R?). O
Lemma 4.2. Let X € X.(R?). Then, E.(x,X) >0 for all z € X and
(4.1) E.(x,X)#0 = FE.(x,X)> g

In particular, #N2(x) < 4 for all x € X. Furthermore, the following two statements are equivalent:
(i) Ec(z,X)=0.
(i1) There exists a unique z(x) = (0(x),7(x),1) € Z such that

XNB jz.(r) = L(2(z)) N B sz ().

Proof. Let X € X.(R?) and recall . We first recall some preliminary observations in order to
prove the equivalence. Once the equivalence is proven, we show .

Preliminary observations: First of all, by and (2.2), we have N7 (z) = () for all z € X and
|x —y| > ¢ for all z,y € X such that = # y. Thus, by a simple geometric argument we have that
#N2(x) <6 for all z € X. Actually, it even holds

(4.2) #NZ () < 4,

as otherwise there are y,z € N2(z) with |y — 2| < 2sin(Z)e < v/2e, which contradicts the

assumption X € X.(R?). It is elementary to prove that (ii) is equivalent to
(4.3) #NXx)=4, Ni(z)=0, and 0(y,xz,z)=0 mod g Yy, z € N2(z),

where 6(y, x, z) denotes the angle between the vectors y — ;, z — = in counter-clockwise orientation.
We use (4.3) to prove the equivalence between (i) and (ii).
(i) = (i): As E.(z,X) = 5(4 — #N2(x)), the first condition ensures that E.(x, X) = 0. The
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second and third condition ensure that X € &.(R?).
(i) = (ii): By definition it is clear that E.(z, X) > ¢/2 if #N2(z) < 3. Thus, clearly, by (4.2
and the fact that X € X.(R?), we have

E(z,X)=0 = #N2z)=4 and NI (z)=0.

Now, denote by N?(z) = {z1,...,24} its neighbors indexed in counter-clockwise orientation, and
0; = 0(x;,x,ziy1) € (0,27) (here we count the points modulo 4, i.e. x; = x5). It holds

4
(4.4) > 0 =2m.
=1

Now, assuming there exists 79 € {1,...,4} such that 6;, < 7, then it holds |z;, — =;,41| <
2esin(Z) = V2. This contradicts X € X.(R?). Thus, for all i = 1,...,4 it holds §; > Z. But, by
and the fact that 6; > 0 for all ¢ = 1,...,4, this implies §; = % for all i = 1,...,4. This is the
third condition in (ii) and concludes this step.

Uniqueness of z: The uniqueness of z follows by Lemma [£.5]

Proof of : Note first that, due to , we have E.(z,X) > 0 for all z € X. Now, if
E.(z,X)#0, by and (ii) we have that #N?(z) < 3. This fact, together with (2.F)), shows
(4.1) and concludes the proof. O

This Lemma thus characterizes atoms that do not contribute to the energy. Further, it allows
us to show the following coercivity result.

Lemma 4.3 (Coercivity). Let X € X.(R?) and A C R* Borel. Then there is a universal constant
C > 0 such that

H(J,NA) < CE(X,(A)s.),
where J,, is the jumpset of the function u associated to X by (2.13)).

Proof. Let u = Z‘;‘;l zjXa,; be its representation with pairwise disjoint G; and pairwise distinct
zj so that J, = Uj 0*Gj. Then, by its definition, each G; consists of a finite union of squares of
sidelength €. Here z; = z(z) is the associated lattice for € X. We first consider a local argument
and show that for each x € X, it holds

(4.5) HY(J, NVe(z)) < CE.(X, Bac(x)) .

Due to Lemma it suffices to consider the case where E.(z, X) = 0, i.e., by Lemma there
exists z(z) € Z such that

XNB z.(r)=L(2(z)) N B sz ().

If V.(x) N J, = 0 the inequality (4.5) is trivial. Thus, we may assume that V.(z) N J, # (. In this
case, we claim that

(4.6) E.(y,X) > for some y € N2(z).

€
2
We postpone the proof of and show how we can conclude. Clearly, as H!(0*V.(z)) = 4e (see
(2.12))), this implies also in the the case that 9*VZ")(z) N J, # 0. Due to Lemma we
have #N2(x) < 4 for each z € X. Thus, each y € X satisfying can be chosen for at most
four x € X and, whenever such an y € X is chosen, it satisfies y € Ba.(x). Therefore, using ,
we obtain

H (J,NA) < D H'(JunVe(@)<C > Ee(y, X)=CE(X,(A)s).

zeXN(A). yEXN(A)3e

It remains to prove (4.6). This is a simple consequence of the fact that, if E.(y, X) = 0 for all
y € N*(x), then z(z) = 2(y) for all y € N?(x) and thus, by (2.13)), J, N (0*V-(z) N 9*V.(y)) = 0.
Noting that in this case 0*V.(x) = UyeN;(x) (0*V.(z) N 0*V.(y)), this shows that there exists
y € N2(z) such that E.(y, X) # 0. Using Lemma[d.2] this shows (4.6)) and concludes the proof. [
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We need a relation of our interpolation functions with respect to some scaling A > 0. Then, we
are able to use a fundamental estimate construction that allows us to pass from L'-convergence of
boundary values to converging boundary values in the proof of the lower bound of our I'-convergence
result.

Lemma 4.4. Let e, > 0 and let X € X.. By u§€ and u. we denote the functions defined in
(2.13) for AX. and Xe and X., respectively. Then, it holds

uy.(\r) = u.(x) for all x € R* .
Moreover, for each bounded set A C R* we have u}, — w(A~") in LY(\A) as & — 0 if and only if
ue — u in L'(A) as e — 0.
Proof. We notice that
XNBg.(r)=L(2)NB z.(z) <<= AXNB 5, (\r) =Lx(2) N B z,.(\x).
Thus, by Lemma [£:2] we have
E(2,X)=0 <= Ey.(Az,\X)=0.

Recalling (2.13)), this implies that we interpolate on the Voronoi cell V. (z) the value z if and only if
we interpolate on the Voronoi cell Vi (Az) the value z Therefore, by (2.13), it holds u.(y) = u3(Ay)
for all y € R?. Lastly, performing the change of variables y = Az, for every bounded A C R? there
holds

x2 /A e () — u(z)| dz = A2 /A . (M) — uz)| dz = / ) = ()]

O
Lemma 4.5. Let (A,7) € [0,21) x R®. Then, there exists a unique pair (0,7) € A x T such that
(47) ei@ (Zihargc +7_—) N Bx/i(?) = ei@ (Zihargc +T) N Bx/i(?) .
Proof. Set v1 = e + ea,v9 = —e1 + e3. We note the following symmetries:
(4.8) ¢ F Large = Loharge  forall k €7,
(4.9) Large Hh101 + kovay = L 0pe for all ky, ky €7 .

Exzistence. Since vq, vy form a basis of R?, the invariance conditions (4.8)—(4.9) and (2.9) imply
the existence of ¢ € [0,7/2) and 7 € T such that (4.7) holds. B
Uniqueness. Assume by contradiction that there exist (6,7),(8,7) € A x T such that (6,7) # (0, 7)
and

eiE(Zghargc +?) N B\/ﬁ(?) = ei9 (Zghargc +7—) N B\/i(?) .

Up to rotation and translation, we assume without loss of generality that (6,7) = (0,0). If § # 6,
we have that 6 € (0,%). In particular (recalling that the equality must hold for the points in Z2
and for 0 € Zi), there exist ly,ls,m1, Mo, n1,n9 € Z such that

0=el(lyvy +lava +7), e1=e(e; +mivy +movy +7), en =€ (en +n1v1 +novy + 7).
Taking the difference of the first and the second equation (resp. the first and the third) and
calculating the norm, this implies that [; = m; = n; and Iy = mg = na, i.e.,

0= ew(llvl +lve+171), e = ew(el +hvr+lvy+71), €= eia(eg + L +lve+ 7).
Now, taking the difference of the second and the third equation, this implies that vo = e*vy. For

6 € (0, %) this equation has no solution so that § = 0. Now, it remains to show that 7 = 0. As
7 €T, due to (2.9)), we can write 7 = Ajv1 + davg with 0 < A, Ao < 1. As 0 € Z2 N B, 5 and

charge

Z2arge NV Bz = (Z2aege +7) N Bz, there exist ky, ky € Z
0=1lvy+lvs+T1 <~ 0= (ll + )\1)1)1 + (12 + )\2)1)2 .
As vy, vs is a basis of R? we have that \; = —I; and Ay = —ly, i.e.,, A, Ay € Z. This implies

A1, A2 = 0 and thus 7 = 0. This shows that the pair (0,7) € [0, §) x T satisfying (4.7) is unique. O
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5. CELL FORMULA I: RELATION OF L'-CONVERGENCE AND CONVERGING BOUNDARY VALUES

In this section, we show that the condition of L!-convergence in the definition of 1, see ([3.2)), can
be replaced by converging boundary values. Precisely we introduce the function ® : Z x Z x S —
[0, 4+00) defined as
(5.1) ®(2", 27, v) ;== min { limi(1)1f inf {EE(XE, Q" (Ye)): ye € R?, X, € Admgzz’z;)(Q”(yg))}
5.1 e

{zF}. € Z with 2F — 2%}

Here, the notation X, € Admgzj’Z;)(Q” (ye)) is given in Definition By a standard diagonal
argument, one can see that the minimum in is attained. This definition shows us that near
the boundary of the cube our configuration is contained in at most two different lattices £.(zZ)
and only one lattice if z+ = 0 or 2= = 0. The goal of this section is to show the following lemma:

Lemma 5.1 (Relation of ¢ and ®). Let 27,2~ € Z and v € S*. Then
Pzt 27, v) > 01,27, v).

This provides the first step towards proving Proposition In Section we show ®(27,27,v) =
o(zF,27,v) for all 27,27 € Z and v € S!, see Lemma and Proposition The proof of
Lemma [5.1] relies on a cut-off argument, which allows us to construct configurations attaining the
appropriate boundary values. This is a classical technique in the homogenization theory. However,
in contrast to problems on Sobolev spaces, where this is usually done via a convex combinations of
functions, our discrete construction is considerably more delicate. This is due to two observations.
On the one hand, the system is quite flexible due to the fact that the energies are invariant under
translations and rotations, see Lemma (1) On the other hand, the hard-sphere constraints
render the system highly rigid, so that even small changes may result in configurations of infinite
energy; see ([2.3]).

One of the key observations in the proof is the fact that the energy of optimal sequences in
is concentrated asymptotically arbitrarily close to the interface. In order to prove this, we use
the following characterization of the density ¢ on rectangles. To this end, we introduce half-open
rectangles with sides parallel to v € S' by

l

gg (x,v) <

N>

l
< L f}
< (z,v ><2 ,

Rﬁh(y)=y+{w€R2: - 5
f Ry}, (y) if the rectangle is centered at

where y € R2, and [, h > 0. We simply write Ry, instead
y = 0. Recall (3.1)).

Lemma 5.2 (Density ¢ on rectangles). For all z*,2~ € Z,v € St and all I,h > 0 there holds

Q

1
Y(zt, 27, v) = inf { liminf ~ E.(X., RV}, (y.)): ye € R?,
e—0 [ ’

lim ” [ue (@ + ye) — uls .- ()] dx =0} .
Proof. The proof is entirely analogous to the proof of [20, Lemma 4.2]. O

We are now in position to prove Lemma [5.1}

Proof of Lemma[5.1. Considering (3.2)), we can choose a subsequence in ¢ (not relabeled) and
configurations X. C R? and y. € R?, such that

(5.2) lim |ue(x + ye) —uls ,—(x)]dz =0
e—0 Qv ’
and
(5.3) ¢(Z+,Z_7V) = lim E.(Xe, Q" (ye)) -
e—0

The following proof will follow the strategy of [20, Lemma 4.1] with some adaptations. This
will be done in several steps by a refined cut-off construction, taking into consideration our rigid
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potentials. In Step 1, we show that the energy X, is concentrated around a strip close to the
limiting interface. Step 2 applies an averaging argument to select an optimal transition layer in
the upper and lower half-cube, where the configuration coincides with a dominant component.
Here, the notion ’component’ refers to a subset of a specific lattice. In Step 3, we will modify
our configuration X, such that it satisfies the imposed boundary values in with the selected
dominant component. Step 4 shows that the modified configuration is an asymptotic lower bound
of the energy of the original configuration. Step 5 concludes that the constructed configuration is a
competitor in the definition of ®.

Step 1: The energy concentrates near the line {{v, (x — y.)) = 0}. We want to show that for all
6 € (0,1) it holds

(5.4) lim B (Xe, Q”(ye) \ By 5 () = 0.

Using Lemma iii), Lemma (5.3)), as well as the fact that {X.}. is admissible in the definition
of ¢ on RY ;, see Lemma @ we obtain
)

Y(z", 27, v) <liminf B (X, BY 4 (y:)) < lim Be (X, Q7(ye)) = (27,27, v).
Using Lemma [4.1](iv) this implies
0 < limsup B- (X-, Q" () \ RY 4 () = limsup (B=(Xe, Q" () — Eo(Xe, RY 4 (u2))
< lim Ex(Xe, Q" (ye)) — liminf B.(Xe, R 5 (y:)) = 0.
This shows and thus concludes Step 1.

In order to shorten the notation for the rest of the proof, we omit the dependence on the center
ye and write @} instead of @} (y:) for p > 0 and RY 5 instead of Ry ;(y:). Also, omitting the

center, we define the rectangles Péi = Qv \ RY_,. 5, where QY% is defined in (2.6). We will
only deal with the case @Q“'t as the case @”~ is analogous. In the following, we fix § € (0,1)
small enough, and we suppose without loss of generality that & < § as we consider the limit as ¢ — 0.

Step 2: Finding an optimal transition layer. Let N, = L&J and for K =0,..., N: + 1 define
Se(k) = (QLI\ QLT )\ RY 5,
where rp, =1 — § + 6ke. Furthermore, for k = 1,..., N. we define
Lo(k) = (S:(k—1)US:(k) USc(k+1)),, -

By an averaging argument, using that L. (k) N Lc(j) = 0 for |j — k| > 4 and L.(k) C Q" \ RY , for
i)
all k € {1,..., N.}, there exists k. € {1,..., N} such that

N,
1 £
Eo(X., Le(ke)) + [Jue — u”Ll(LE(kE)) < N Z (EE(XeaLE(k)) + [Jue — ugﬂr ||L1(La(k)))
€ k=1
13
< Cg(Es(Xsa QU\RY 5) + llue —uls .~ llr@n)-

Lemma [£.2] and this implies
c#{r € XN Lo(ke): E-(x, X.) # 0} < 2B.(X., Lo(k.))
< OF(Be(Xe, Q" \ B g) + e — e - [l13(@n)-
Dividing both sides by € thus yields
1

#{w € Xe N Le(ke): Be(w,Xe) # 0} < O

(Be(Xe, Q"N RY ) + [lue — ulli@r) -
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Since the left-hand side is a natural number and the right-hand side tends to 0 as € — 0 by ([5.2)
and Step 1, it follows that there exists €y > 0 such that, for all ¢ < gg we have

(5.5) E.(X., L:(k.)) = 0.
This together with Lemma [£.3] and (S:(k.))se C L.(k.) shows
H (Ju. N Se(ke)) < Bo(Xe, (Se(ke))se) < Eo(Xe, Le(ke)) = 0.
As u. is piecewise constant and S:(k.) is connected this implies the existence of a unique z € Z

such that

(5.6) Uels, (ko) = 22

and in particular by the definition of wu., see (2.13)), that for all x € X. N Sc(k:) it holds X. N
B j5.(x) = L(2)NB 5. (). Lastly, we claim that it holds 2 — z* as e — 0. Using £3(S.(k.)) =
3e(2 — 46 + 12k.e — 6¢) > 3¢ for § > 0 small enough (and thus € > 0 small enough), we have

Belzt — 2| < L2(SF)|d — 2] = flue — w%s— lpags. (ko)
€ v v
SCE(EE(X&Q \Rl,g)‘F”uE—UHLl(Qu)).

Dividing by ¢ noting that the right-hand side still tends to 0 as € to 0, this implies z> — 2T
as e — 0.

Step 3: Cut-off construction. We will now define a configuration Y. € X.(R?), such that
Yoh = Lo(2F) on 07 QY,Y:H =0 on 95Q”, and its energy is asymptotically equivalent to X.. To
this end, we define

(5.7)

Le(zF) in (QUF\(Qy, URY,)UOFQY,
(5.8) V=40 in (RY s\ @y, _,)\ (0FQ"U-Q"),

X. otherwise.
Note that Y. € X.(IR?). This is an easy consequence of the fact of (5.6 and the fact that Y.© =0
on (RY;\ QY )\ (07 Q" Ud-Q¥). The different regions used to define Y.t are illustrated in

Figure [6]
Step 4: Energy estimate. In this step, we show that the energy of the configuration constructed
in Step 3 is asymptotically controlled by the original energy, i.e.,

(5.9) liminf E.(Y.", Q") < liminf E.(X.,Q") + C§
e—0 e—0
for some universal C' > 0. In order to obtain (5.9 we distinguish between three regions
(5.10) A= (R,\Qr, ) A= (@4, ). U@ )\ 45, 45:=Q\ (45U 45).
Energy estimate on Aj: We claim that there exists a constant C' > 0 such that
(5.11) E.(YH Af) < C§.
As YF € X (R?) we can use (5.8) to infer that Y N (RY 5\ QY. —1) = (L(zD)NRY ;NOF Q") U
(X:NRY 5N0-QY). As L2((RY ;N 0FQ¥).) < Cde we can use Lemma [4.1v) to obtain that
1% v 5
(5.12) # (YN (R{;\ Q1)) <O
Furthermore, £ ((RY 5\ Q. —1)e \ (R s\ QY 1)) < CeH' (D(RY 5\ @7, -1)) < Cde and thus,
again by Lemma [4.1]v), we have that
14 v 5
#(YF N AT\ ( 16\ Qrki—l) < Cg

This along with (2.4]) and (5.12]) yields (5.11)).
Energy estimate on A5: Using (5.6), (5.8), and (5.10), it is easy to verify that YF N (A5). =

X: N (A45): and therefore, using Lemma [4.1(vi), we have
(5'13) Es(Y;v Ag) = Es(Xsa A;) :
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Se (k.)

N6 v

il I { “““ o,
d

| [

1,6

Figure 6. Illustration of the different regions in the definition of Y.'. In the grey region,
we set Y.V = X.. In the light gray strip S°(k.) we have Y.© = X. = L. (27).
In the grey region is (R{ 5\ Q7,__,)\ (X QY UIZ QY) we set Y.7 = . Finally,
in the white region we set Y." = £.(2Z). The dashed lines enclose Ry ;.

Energy estimate on A5: We claim that
(5.14) E. (Y, A3)=0.

This follows from Lemma [4.1{vi), Lemma and the fact that YF 0 (A45). = L.(2F) N (43). and
therefore
E.(YF, A3) = E-(Lo(2F), A3) = 0.
This shows (5.14). Now, by Lemma [4.1]iv) we have
E.(Y., Q") = E-(YZ, AT) + Ec(YZF, A3) + Ee(YZ, 45).

Using (5-11), (5.13), and (5.14) this shows (5.9).

Step 5: Conclusion. Repeating Steps 2-Step 4 on ¥~ for z7, we obtain a configuration Y, such
that Y, € AdméZ;’Z;)(Q” (y:)) and, due to Step 4,

(5.15) lim i(I)lf Eo(Y:,Q"(ye)) < lim i(I)lf Eo(Xe,Q%(y:)) + C6.
e e—
where we re-include the center y. in the notation for clarification. Since z= — 2% as ¢ — 0, due to

Step 2, we observe by the definition of ® (see (5.1])) that
lim inf B (Y2, Q" (ye)) 2 @(27,27,v).-
e—0

Using (5.3)), (5.15)), and by passing 6 — 0, we obtain the statement of the Lemma and conclude
the proof. O

6. CHARACTERIZATION OF MINIMIZERS IN THE CELL PROBLEM

In the previous section, we have seen that the condition of L'-convergence in the definition
of ¥ (see|3.2)) can be replaced with converging boundary values, see (5.1) for the definition of ®
and Lemma [5.1] for the precise statement. In the following, it will be convenient to express the
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problem with lattice spacing set to 1. Indeed, by using Lemma ii) the cell formula for ® for
2zt 27 € Z,v € S! can be equivalently written as

1 2tz
®(z",27,v) =min { liqgninf T inf{ By (X7,Q%(yr)): yr € R?, X1 € Admg B T)(Q,’}(yT))}
—00
with {z5}r C Z and 25 — 2% as T — +o0}.

In this section, we study the minimization problem above for fixed T' > 0 (large), z* € Z, y € R?,
and v € S, ie.,

(6.1) inf { E1(X, Q7(y)): X € Adm{™ " (Q4w)) } -

The goal of this section is to show that one can always select an almost-minimizer of , such
that the configuration is a subset of only the two lattices prescribed on the boundary (or even just
one if z¥ = 0 or 2~ = 0). To prove this, we will quickly recall some notions from graph theory
that we will use throughout the proof. A charged configuration X is called repulsion-free if for
all 7,y € X,z # y with ¢(z) = q(y) it holds |z — y| > V2. Note that if X € A;(R?) then X is
repulsion-free.

The bond graph: We define the bond graph of X C R? as the set of vertices X with the set of bonds
{{z,y}: x € X,y € N¢(z)}. Note that for X € X;(R?) the bond graph is a planar graph.

A sequence of atoms p = (vq,...,v,) C X is called a simple path if {v;,v;41} are bonds for
t=1,...,n— 1 and the atoms are distinct. A cycle is a simple path p = (v1,...,v,—1) such that
v,_1 is connected to v; by a bond. A configuration is called connected if every two atoms can
be joined by a simple path. A bond is called acyclic if it is not part of any cycle in the bond
graph. The reduced bond graph is obtained by first deleting all acyclic atoms and then all atoms
that are not connected to any other atoms. By a face, we always mean a face of the reduced bond
graph. The boundary of a face is given by a disjoint union of cycles, whereas the cycle is unique
if the reduced bond graph is connected. In the latter case, we call the boundary a polygon and
specifically a j-gon if it consists of j € N atoms.

Sub-configuration: For a configuration X, we call Z C X a sub-configuration, where all previously
defined notions extend analogously to Z.

Face defect: We define the face defect of a sub-configuration Z C X by

(6.2) n(2) = (i -4)1;(2),

j>4
where f; is the number of j-gons in Z. Note that in the summation we exclude triangles, as for
configurations X € X;(R?) all possible faces are of even length, see Lemma vii).
Strong connectedness: A connected configuration Z is called strongly connected if Z \ {z} is
connected for all z € Z. L
Mazimal component: Let Q%(y) be given, as well as 27,2~ € Z and X € Adm;” ”* )(Q‘q’«(y)) We
denote the strongly connected subsets of X contained in a lattice by

CE={ZcXnNLEY): ZNnoFQ4(y) # 0 and Z is strongly connected} .

The maximal component, denoted by M¥, is then defined as the maximal elements of C* with
respect to set inclusion. In particular, they can be written as

(6.3) M=) z.
ZeC*
Note that M* = () if 2* = 0. We define the boundary OM* of M* as
(6.4) oM™ = {xEMi:Eﬂ(x)ﬁMi#Eﬂ(x)ﬂﬁ(zi)}.

This definition of boundary also takes into account concave corners of angle 37“ that would not be
taken into account by a combinatorial definition of the boundary, see, e.g., the white boundary vertex
with 4 neighbors in the bottom component in Figure a). Note that in general X O@fQV (y) ¢ M+
as points in the convex corners of 8%(27’;(3;) may not be strongly connected, see Figure However,
their cardinality is bounded independent of T'.
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Figure 7. Schematic picture of a point z € X N9y Q% (y) with x ¢ M+,

Remark 6.1 (Maximal components are disjoint). Observe that it holds MTNM™ =0 for 2+ # 2~.
Indeed, suppose that x € M+YNM~. Notice that by strong connectedness it holds #(N?(x)NM*) > 2.
Further, by a similar argument as in Lemma it holds N3(x) " MT N M~ =0, as a charged
point and an attractive bond uniquely determine a pair (0,7) € A x T. But then we must have

#N?(x) = 4, which by X € X1 (R?) contradicts the uniqueness in Lemma whenever 2T # 27

X+

0X~

Figure 8. A schematic picture of X1 NQ%, depicted in dark gray, and X~ NQ%, depicted
in light gray, and their boundaries illustrated in bold. The cycle p depicts a
cycle as considered in Step 2. The striped region corresponds to the vacuum
boundary condition in 9°Q7%(y).

+ —_
Lemma 6.2. Let 27,2~ € Z v €S,y € R* and T > 0. There exists Xy € Adm|* ** )(Q;(y))
with the following properties:
(i) (Almost minimizer) There is a universal C > 0 such that

. v z+,z’ v
Ex(Xo, Qf(y)) < min{Ey (X, Qf(y)): X € Adm™ " (Q4(y)} +C.
(ii) (Subset of lattices) It holds Xo = X U X, , where X C L(2%F) and X N Xy NQ4%(y)

0.
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(iii) (Structure of boundaries) The sets 0X; := OM™T and 0X; = OM~, defined in are
simple paths with max, .y e —y| >T.

(iv) (Missing bonds on boundaries) There is a set ST C X such that for all x € ST it holds
H#N?(x) < 3 and 2#SF > |#0XT].

(v) (Neighborhood structure at grain boundary) With M* as in it holds that

| ST #W@) N ME) - 340XE| < 1.

meaX(ﬁt

Note that the minimum in (6.1)) exists, as E; is lower semi-continuous and the problem is
finite-dimensional. The strategy of the proof is to take a minimizer for (6.1) and either deduce
properties (i)-(v) or modify the configuration and ensure that the energy does not increase too
much.

Lemma 6.3 (Simple polygons in maximal components). There exists X € Adm§Z+’z )(Q%(y))
a minimazer of such that the following property is true: Let p = (z1,...,2y) be a cycle in
Xo such that there exists k > 2 such that x; ¢ Mt (resp. x; ¢ M~ ) for alli € {1,...,k — 1} and
x; € MY (resp. z; € M~ ) for alli € {k,...,n}. Then, it holds k > 4.

Proof. Let p be as in the statement. Without restriction, assume {zy,...,2z,} C M. Note that
Mt c L(zT).

Step 1: k > 3. Assume by contradiction that k = 2. Therefore, we have x; ¢ L(z") and
{z2,..., 20} C L(zT), |11 —23| = |1 —2,| = 1 and thus, by the triangular inequality, |2 —z,| < 2.
As X € X1 (R?) we have that ¢(z1) = —q(22) = —q(x,,). Now, as z2, 2, € M+ C L(zT) we have
|zo — x| € {1,v/2,2}. First, note that |x3 —x,| = 1 is not possible, as this contradicts X € X;(R?).
If |2 — 2| € {V/2,2} we necessarily have z; € L£(z%) (cf. Figure@) and, in both cases, 1 € L(zT),
which contradicts the choice of M as the maximal component, as M* U {x;} would be strongly
connected. This concludes Step 1 and shows k > 3.

Figure 9. The two different possible paths of length three. In both cases, the unique
point (up to rotation, reflection, and changing the charge) =1 € R? such that
|1 — z2| = |1 — x| = 1 is contained in the same square lattice.

Step 2: k£ > 4. Assume by contradiction that & = 3 as the case k = 2 is treated in Step 1. Therefore,
we have 1,79 ¢ L(21) and {x3,...,2,} C L(z1), |11 — 22| = |x2 — 23] = |21 — 2,| = 1 and thus,
by the triangular inequality, |z, — 23] < 3. As X € X;(R?) we have that ¢(z1) = —q(z2) = q(x3) =
—q(x,,). Now, as x3,1, € MT C L(z") we have |z3 — x,,| € {1,v2,2,/5,2v2,3}. Note however,
that |z3 — z,| € {V/2,2,2V/2} is impossible as all paths v C £(z7) connecting z3 and x,, have odd
length. This implies that ¢(z1) = ¢(«,,) which is a contradiction to ¢(x1) = —q(zy). If |z3—2z,] =3
then, by the triangular inequality, we necessarily have that x1,xs € £(21) which contradicts the
choice of M as the maximal component, as M* U {21, 22} would be strongly connected. If
|xs — x| = 1 we have that the points {z1, 22, 3, 2, } form a square with sidelengths all equal to 1.
Thus, as X € &;(R?) (and therefore the diagonals have to be both equal to v/2), necessarily we
have that x1,z5 € £(2z1). This again contradicts the choice of M+ as the maximal component,
since M+ U {z1, x5} would be strongly connected. It remains to treat the case |z5 — z,| = V/5.

Step 3: Preliminary observations. As OM™ is a simple path we can write IM ™ = {21,...,2n}
for some points z; € L(z1) such that |z; — z;41| = 1 for all ¢ = 1,...,N. Furthermore, if
0(zi—1, zi, zi41) = m, then N*(z;) C L(z%). Thus, as X € Admg‘z+7z )(Q¥(y)) and the fact that
N?(z3), N*(x,) ¢ L(z"), we necessarily have that that the angles in dM™T at x3 and z,, are
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necessarily 5 or 37” Therefore, up to rigid motion, we can assume that one of the following two
cases holds:

(i) =3 = (0,0), =, = (2,1), {(—1,0), (0, -1),(2,0),(3,1)} C OM™, cf. Figure [10}
(ii) z3 = (0,0), z,, = (2,1), {(-~1,0),(0,-1),(2,2),(3,1)} COM™.
As X € Xl (R?), it is elementary to check that

(6.5) X Neconv{zy,x9,x3,(2,0),x,} = {x1, 22,23, (2,0), 2, },

)

and, since z2, 73 € L(zT), we have

(6.6) #N(x3) = #N?*(z,) =3 and #N?*(z2) <3

Figure 10. The modification in Case (a). On the left, we indicated the relevant particles

of the configuration X and on the right the configuration X. The thick and
dashed line indicates P N OM™.

Step 4: Modification of X for |xs —x,| = /5. Here, we only discuss the modifications for Case (i).
The modifications for Case (ii) are analogous to the Case (a) below. We modify our configuration

to obtain Xy € Admngr’Zi)(Q%(y)) such that
(6.7) E1 (X0, Q7(y)) < E1(X, Q7(y)) -

This contradicts the assumptions of the Lemma and concludes the proof. The remaining proof is

dedicated to finding X, € Admngr’zi)(Q%(y)) such that (6.7)) holds true. Since the bond-graph is
planar and &M is a simple path, there are two cases to consider:

(a) (—1,0) is connected to (3,1) in M T NP,
(b) (0,—1) is connected to (2,0) in oM™ N P.

In the following, we write Fy (X, P) = E;(X,int(P)) for a closed cycle P = {x1,...,2,}, where
int(P) is the interior of the path joining consecutive points with straight line segments.

Case (a): We define P = (OM*+ N P)U{((0,1),q(x2)),((1,1),q(x1))} and set (cf. Figure [10)

(6.8) X =((LEDHNPYU(X\ P))\ {z1, 22}
Observe that, due to (6.5]), we have X e Adm(lﬁ’zi)(Q%(y)) and
A 1 5 1
El(xTMX) = El(x’naX) ) El((ou ]-)7X) é El(x27X) )
(6.9) : :

N . 1
El(.’L'g,X):El({L‘g,X), El((l,l),X)§E1(.’L'1,X)+§

Furthermore, due to Lemma (6-6)), and (6.8), we have E (=, X) < Ei(z,X) forall z€ PNOM*
and therefore, using , we obtain

~ A ~ 1 N A
(6.10) Ey\(X,PNOM) < Ey(X,PNoM) — 5, and Ey(X,in(P)) =0.
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Figure 11. The modification in Case (b). On the left, we indicated the relevant particles
of the configuration X and on the right the configuration X. The thick and
dashed line indicates PN oM ™.

Observe that Ey(z, X) = Ei(z, X) for all z € X \ P and therefore
(6.11) Ei(X,Q%(y) \ P) = Ex(X,Q%(y) \ P).
Thus, due to Lemma [L1{iv), Lemma I3}, and (6:9)(6.11), we have
Ei(X,Q%(y)) = Ex(X, int(P)) + By (X, PnOM™)
+ E1((0,1), X) + Ba((1, 1), X) + B (X, Q5 (y) \ P)
< E\(X,PNOM™") + Ey(x9, X) + Ey(x1, X) + EL(X, Q4 (y) \ P) — %
< Ei(X,Q7(y)) -

In the last inequality we used that PN dM* = PNAM* and, due to (6.5), X N P\ P = (. This

shows in Case (a).
Case (b): We define P = (0M* N P)U{((1,0),¢(z2))} and set (cf.

(6.12) X =((LEHNPYUX\P))\ {a2}.

Observe that, due to (6.5), we have X e Admgﬁ’z_)(Q%(y)) and

E1(£L‘n7X):E1(l‘n,X), El((1,0)7X)§E1($2,X),
. . 1
E1(SC37X) = El(z3aX)a El((270)7X) < El((270)aX) - 5 :
Additionally, we have that Ej(z, X) < Ey(z,X) for all z € PN dM™ and there exists zy €
(PN X)\{(2,0)} such that
A 1

(613) El(Z(hX) S El(Z(),X) — 5 .

Indeed, observing that (1,0) ¢ X, we can define
20 := (1, ko), where ko := max{k € Z: k <0 and (1,k) € P}.

First note that ko is well defined due to condition (b). If zp € PN IM™ then necessarily we
have that the angle in PN M7 is equal to m and thus, as X € &;(R?) and, by definition of z,
20 +ex & X, #(N?(29) N P) = 2 - the two neighboring particles in 9M*. By construction, it is
casy to see that zy + e; € X and therefore holds in this case. If 2y € P\ OM™, then, using

(6.12)), it is easy to see that F4(zg, X) = 0. On the other hand, as zo+e2 ¢ X and zp — ez € X, due
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to Lemmawe have that E)(z9, X) > 3 (indeed for E1 (29, X) = 0 we would need zy + e € X if

zo — e2 € X). This shows (6.13]) also in this case. Finally, we observe that

El(xg,X):El(lL‘g,X), El(mn,X):El(In,X),
(6.14)

(1,0, X) < B2, X), Ea((2,0),%) = Bi((2,0),X) — 5.

We have that F;(X,int(P)) = 0 and therefore, using as well as ([6.14), we obtain
E\(X,P) = Ey(X,int(P)\ {z0}) + E1 (20, X)
+ E1((1,0), X) + E1((2,0), X) + Ey (X, PN oM™\ {z,(2,0)})
< Ei(20,X) + Ei1(22, X) 4+ E1((2,0), X) + By (X, PNOM™* \ {2}) — 1
S E(X, P\ {a1}) - 1.

(6.15)

As we removed x5 in the definition of X, there may exist w € N*(22) such that

. 1 1
(616) El(w,X):El(w,X)—l—i and E1($17X):E1<$1,X)+§.

Additionally, we observe that E(z, X) = Ej(z, X) for all z € Q%(y) \ (P U {w}). Thus, due to
(6.16)), we have

(617) Ei(X, Q) \ P) < By (X, Q4(0) \ P) + 5

Observe that, due to (6.5) and (6.12), we have X N P\ P = {z,}. Therefore, using Lemma (iv),
(6.15)—(6.17), we obtain

Ei(X,Q%(y)) = E(X, P) + Ex(X, P\ P) + Ex(X,Q%(y) \ P)
< E1(X, P\ {21}) + Ei(21, X) + Ev(X,Q7(y) \ P) = Ev(X, Q7(y)) -
This concludes Case (b). In both cases, we show that we can successively remove elementary

g
polygons to obtain X, € Admgz # )(Q%(y)). Note that there are only finitely many such polygons,
so the construction terminates after finitely many steps. This concludes the proof. O

Proof of Lemma[6.3 Let z%,2z~ € Z,v € S", T >0andy € R? be fixed. Without loss of generality,
we can assume 2T # z7. Let X be a minimizer of (6.1)) with the additionally property described
in Lemma [6.3] Note that without loss of generality, we can assume

(6.18) X c{z € Q)1 N (@) N Q7(y) # 0} Uy Qr(y) Uy Q7 (y),

as for all z € Q% (y), we have that N®(x) is contained in the set on the right in and therefore
removing points outside this set does not change the energy in Q% (y). In particular, we have
that X = £(z%) on 9£Q%(y) and X = () on 95Q%(y). We divide the proof into several steps: In
Step 1, we show that X consists of at most two connected components, which contain the upper
and lower parts of the boundary, respectively. These at most two connected components contain
the maximal components M* defined in . In Step 2, we show that M* does not contain any
holes, which ensures that OM® is a simple path. In Step 3, we show that we can select a subset
of X with lower energy, such that there are no parts of X that may be connected to M*, which
are not subsets of the upper or lower lattice £(z%). However, by passing to that subset, one may
violate the boundary conditions. In order to obtain a configuration that satisfies the boundary
condition, we add atoms that have been possibly removed at the boundary. We show that only
finitely many atoms need to be added in this way. The resulting configuration fulfills the boundary
condition but may only be an almost minimizer. Step 4 and Step 5 deduce structural properties of
the boundary OM*.

Step 1: X has at most two connected components in Q4%(y) and #N?(x) > 1 for allz € XNQ%(y).
Note that M ™ U M~ is contained in at most two connected components of X. Furthermore, the
connected components containing M ™ and M~ also contain all points in X N an;(yy and
M#® contains all points in X N 31iQ%(y) but a bounded number of points (independent of T') in
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the convex corners of 8 QY (y ), see Figure I 7| for an illustration. Assume now that X contains
another connected component X. Then, in particular, we can remove X without changing the
boundary datum. Also it holds E; (X, Q7(y)) = 0 and therefore, observing that for = € X we have
N2(z) = N*(z) N X and for € X \ X we have N®(z) = N'?(z) \ X, we obtain

E1(X,Q7(y)) = Ex(X \ X, Q7(y) + Ei(X, Q7 (y)) = Ex(X \ X, Q7(y))

so that X \ X is also a minimizer. In particular, we can from now on assume that X has at most
two connected components. Since X consists of the two connected components containing M+ and
M~ (possibly just one if z* = 0), each x € X satisfies #N?(z) > 1

Step 2: OM™* is a simple path. We now show that OM™ is a simple path joining the lateral sides
of Q%(y). More precisely, let

HVTL,_(y) = {33 eR?: ((x—y),vt) < —%} and HVTLA_(y) = {x e R%: ((x —y),vt) > %} .
Then there exist v= € M* N HT(y) and vi € M* N HT (y) such that {v*,vE} UIM®* is a simple
path with first element vf, intermediate elements in OM* and last element vf To prove this,
we color each square of sidelength 1 with all corners in M* in dark/light gray, respectively, see
Figure [8l We first show that M does not contain any non-square cycles. Indeed, assume that
OM™ does contain a non-square cycle p = (vy,...,v,41) € OMT with v1 = v, 1. Let int(p) denote
the interior connected component of the curve (the case for M~ is treated analogously). We define

s {c(z+) in int(p),
X else.

As p C Mt C L(z") by an elementary argument we have that X € X;(R?). As the attractive
neighborhood of atoms x € Q%.(y) \ int(p) did not change and at least one atom in p has gained an
attractive neighbor in int(p), using Lemma iv) and (2.4), we obtain

E\(X,Q%(y) = E1(X,int(p)) + B (X, Q% (y) \ int(p))
< Bi(X,int(p)) + E1(X, Q% (y) \ int(p)) = E1(X, Q%)) -

As X € Admngr’Zi)(Q%(y)), this contradicts that X is a minimizer and shows the claim. Now, as
the M ™ does not contain any non-square cycles, they are in particular simply connected. Therefore,
OM™ is a Jordan curve made out of a finite union of segments (oriented according to the unit
o

segments of £(z1)). Recalling that X € Admgz # )(Q%(y)), this concludes Step 2.

Step 3: Reduction to two lattices. We now construct X, € Admgﬁ’zi)(@% (y)) satisfying
Lemma [6.2i)—(v). Recalling (6.3), we show that removing the connected components of (X N
Q%(y)) \ (M* UM™) decreases the energy. To this end, let X’ be a connected component of
(X NQY%(y))\ (M+UM™). In the following, we prove that

(6.19) Ey(X\ X', Q7(y) < B (X, Q7(y)) -

To this end, we define I't € M™* as the smallest connected sets containing N*(X’) NOM®, where
we define N*(X') := J,cx  N*(x) \ X’. Define I' := T'" UT'~ and Xp = X’ UT'. Note that both

I't and I'~ are simple paths in X since )M are simple paths. We define the internal and external
attractive neighborhoods of x € Xt as

(6.20) N (z) :=N*(z)NXr and NZ(z):=N?*z)\ Xr.

Note that by definition, Xt is connected and thus its reduced bond graph is delimited by a finite
union of disjoint cycles. We will denote by Xt the union of these cycles and by d = #0Xr their
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cardinality. We further define

fii=#j-gons of Xr,  f:= fi, mi=n(Xr), np:=#, n:=#Xr,
>4

br:=#{{z,y}: 2,y e Ly e N*@)}, b={{z,y}: 2,y € Xr,y e N*(2)},

bac := {{z,y} acyclic: z,y € Xr,y € N*(2)},

where 1n(Xr) was defined in (6.2). Since in the passage from X to X \ X’ the neighborhoods of
atoms outside Xt stays the same and for atoms in I" the neighborhoods outside of X1 \ I remain,
in view of (2.4)), in order to show (6.19) it suffices to show

(6.2 53 BN 2 5 S BN + W) AT))).

rzeXr zel

Using (6.20] and (6:21), #N*(z) = #N2(z) + #N(z) for z € T, and N?*(z) = N?(z) for all
z e Xt \ F can be equwalently rewritten as

(623) 2n — b Z 2’)’LF — bp .

Applying Euler’s formula without the exterior face to Xr, i.e. n —b+ f =1, the left side of (6.23))
can be rewritten as

(6.24) 2n—b=2+4+b—-2f.

We now count the faces of Xr and, observing that acyclic bonds are not counted this way and
boundary faces are only counted once, we obtain

(6.21)

(6.25) 2b—d—2bac =Y jfi=n+4f.
Jj=4
Using (6.24) and (6.25)), we observe that (6.23]) is equivalent to
d
(6.26) bac+§+g+222n1~—bp.

The remaining part of the proof is dedicated to proving (6.26]).
Step 4: Proof of (6.26)). As I' consists of the two simple paths Tt and '~ we need to distinguish
three cases:

(a) T is not connected, (b) T isa cycle, (¢) T isa simple path.

Note that a simple path of £ bonds consists of k + 1 atoms, whereas for a cycle, the number of
bonds and atoms is the same. Thus, one can see that

(6.27) Case (a) : np < bp + 2, Case (b) : np < br, Case (¢):nr <br+1.
Furthermore, we claim that the following crucial estimate holds:

2 case (a),
(6.28) n>nr— {4 case (b),

3 case (c).

We defer the proof of and show first how we can conclude. Observe that if a connected
component I of T satlsﬁes F ¢ 0Xr then necessarily I' =1 and T connects to X’ by one acyclic
bond. This follows from the fact that whenever z € T satisfies #(N?(z) N X1) > 2, then it must
lie on a cycle in X1 and thus as an element of I' must also be in 0Xr.

Case (a.1): Suppose I' C 0Xp. As T consists of two disjoint simple paths and X is a union of
disjoint cycles, it necessarily holds #(0Xr \ I') > 2. This is clear to see if '™ and '™ intersect
the same cycle of X, as 't UI'~ is not connected. If they are not on the same cycle, this just
follows from I't and '~ not being cycles but lying on different cycles in 0 Xr. In either case, it

holds d > nr + 2. Using (6.27) and -, we get

d d n
2np — by < 2<— — 4+ =+ b +2.
nr —or < nr+ 2+2+ 2+2+ +
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Case (a.2): Suppose I'" C X, '~ ¢ 0Xr or I't ¢ OXp,I'™ C OXr (both cases work analogously
and we only consider the first one). Then as before #(0Xr \ I'"') > 1, so that d > #I't + 1.
Furthermore, by the above observation #I'~ = 1 and b,. > 1 and in particular d > np. Using

(6-27) and (6.28), we get

d d
2npfbpgnp+2g@+1+5+bm<2+7+9+bu.

2 - 2 2
Case (a.3): Suppose I'", T~ ¢ Xr. Then, it holds nr = 2 and b, > 2 as I'" and '™ cannot be
connected to X’ by the same acyclic bond. Using (6.27)), we get

d
M —br <nr+2<2 4+ bae < =4 L 4ha 42,

2 2
Case (b): As T'is a cycle we immediately get np < d, which together with (6.27) and (6.28]) implies
n d _d
QnF_bFSnFS§+§S§+g+baC+2'

Case (c): First suppose that I' C 9Xr, then as I' is not a cycle we get #(0Xr \T') > 1 and thus

d > nr + 1. Together with (6.27) and (6.28)) this implies
nr d 1 d n
2np — by < 1< —+-4+-<=
nr F_nr+_2+2+2_2

If ' ¢ OXr then npr = 1. This implies
d
2np—6p§2§§+g+bac+2.

This shows (6.26) and all three cases (a)-(c). We are left to prove (6.28).
Step 5: Proof of (6.28)). We are left to prove (6.28]). To this end, we need to classify the polygons
in the reduced bond graph of Xr. For k£ > 1 define

0-k-gon := {P polygon in Xr: #(PNT) =%k} and 0O-gon= U 0-k-gon .
E>1

Furthermore, we set Dy = #0-k-gon. In order to estimate the length of a polygon P € 0-k-gon,
we introduce the following condition:

(6.29) there exists ™ € M NP and = € (M~ \ MT)N P with 2 € N*(z7).
We claim that
(6.30) #P>k+1 andif (6.29) does not hold, then #P > k + 3.

First of all, let us observe that #P >k + 1, i.e., P\ (OM+T UM ™) # 0. Indeed, if #P = k, then
P c T and T'is a cycle. Therefore, I' = P. But then all bonds connecting I" to X’ are acyclic, which
implies that #I' = 1. This shows that I" and hence P cannot be a cycle, which is a contradiction.
This shows if does hold. Now, if does not hold, then, due to Lemmaai’»(it is
applicable as P\ (OMT UOM ™) # (), we have #P > k + 3. Now that we have shown (6.30)), we
prove ([6.28]). To this end, denote by N the number of J-k-gons satisfying . Observe that in
case (a) : N = 0, as otherwise I" would be connected. In case (b) : N < 2 as the bond-graph is
planar, and X’ is connected, and in case (¢) : N < 1 as I" is a simple path. By the definition of 7

in (6.21) and (6.30) we obtain

0 case (a),
(6.31) n=> fi(i—4) > Dpk+3-4)—2N>> Dip(k—1)—44 case (b),
324 k>1 k21 2 case (c).

Note that two successive atoms z,y € I' are contained in exactly one 0-k-gon. Furthermore, if
P #T, k—1is an upper bound for the number of bonds in I' N P for P € 0-k-gon. On the other



THE CHARGE DEPENDENT HARD-SPHERE MODEL: POLYCRYSTALS AS LOW-ENERGY CONFIGURATIONS

hand, if P =T, we have #P = k = np, and therefore, recalling ([6.27)), we obtain

np —2 case (a),
(6.32) > Dy(k—1)>{nr case (D),
k=1 nr—1 case (¢).

Combining (6.32)) with (6.31)) yields (6.28]). This concludes Step 5.

Step 6: Proof of (i)-(iv). We now define X7 = M+ U (L(z*)Ndf Q% (v)), X; = (M~ U(L(z7)N
07 Q% (y))), and Xo = X" U X, . Then by Deﬁnition and Remark it holds Xt NX~ =0.
Note first that, as X € X;(R?) it holds that X, € Admngr’Zi)(Q%(y)). Secondly, we point out

that merely defining Xo = M ™ U M~ does not ensure in general that Xy € Admngr’z )(Q%(y)) as
there may be (at most four) points at the convex corners of dFQ¥.(y) in L(2%) N IEQH.(y) \ M*.
Since each of these points contributes at most 2 to the energy, using Step 3-Step 5, we have that
condition (i) is satisfied as X was a minimizer of (6.I)). By definition of M*, condition (ii) is

obviously satisfied. Due to Step 2 and the fact that X € Adm(lﬁ’zi)(Q%(y)) we have that (iii) is
satisfied. Next, we prove (iv). We define S* := {z € IM*: #N(x) < 3}. We are left to show

+ 1 +
(6.33) #5% > 5 |#oM*] .

We only prove the claim for 9M*. As OM™ is a simple path, we write 9M ™ = (x1,...,zxn). The
inequality (6.33)) follows if we can show that for all ¢ € {1,..., N — 1} it holds

(634) min(#J\/'a(miL #Na($¢+1)) S 3.

Suppose by contradiction that this does not hold, i.e., Jig € {1,..., N — 1} such that #N?(x;,) =
#N(z;y4+1) = 4. In particular, this implies {zx} UN?(zx) C L(2T) for k € {ig,i0 + 1}. Let 6
denote the interior angle of 9M™* at z;,, then it holds 6 € {z,m, %’r . If § € {F, 7}, this would
imply that x;, and z;,,1 are not successors in M T, which yields a contradiction. If § = 37”, then
as T;,+1 is the successor in 9M*, this contradicts the fact that M T was chosen maximal. This
shows and concludes the proof.

Step 7: Proof of (v). As 9M* is a simple path connecting the lateral faces of Q% (y) they form a

polygonal line and denoting by a(z) the interior angle formed at such an atom z, it holds
1
Z (m—afx)) € 5{—77,0,#}.
r€EOME

Since M* is strongly and simply connected one can relate a(z) to the number of neighbors in M+
by the formula

T ’
a(z) = S#HN ()N M*) - 1).
Consequently one concludes
2
D HWH@)nMF) - 3)| = = Y (a@) —m)| <1,
r€EOM* TEOM=E
This shows the last item and concludes the proof. O

Corollary 6.4. Let 27,2~ € Z and v € S', then it holds
+ - . N 1. v . 2 (z%,27) /A
B(z* =) = min{liminf - inf (B (Xr. Q5 (vr): vr € B2, Xr € Adml" %) (@4 (ur)).
Xr C L(2F)UL(27)} and {z5}r C Z with 25 — 2%},

In particular, we can choose an optimal sequence for ® satisfying the conclusions of Lemma[6.3
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Proof. Denote the right hand side as ® (21, z~, v/). Then by definition it is clear that ®(zT, 27, v) §
®(zt, 27, v). For the opposite inequality consider an optimal sequence {zT br € 2, {yr}r C R?
and {XT}T of ®. Then, up to passing to a subsequence, we can assume

. 1 = y _
TETOO TEl (XT7 QT(yT)) = (D(Z+a z 71/) y

where Xr is a minimizer of (6.1). Then by Lemma we can choose for each T a competitor X
satisfying the conclusions of Lemma Thus it holds Ey (X7, Q% (yr)) < E1(Xr, Q4% (yr)) + C
for a universal C' > 0 independent of T'. Noticing that now X is a sequence of competitors for

®(27%, 27, v), together with the last two inequalities this implies

~ . 1 - y _
®(z", 27, v) <liminf — EI(XTaQT(yT)) < Tl_l)f}rloo TEI(XTvQT(yT)) =®(z",27,v).

T—+oo T

This concludes the proof. O

7. CHARACTERIZATION OF SOLID-VACUUM AND SOLID-SOLID INTERACTIONS

We will now show a relation between the cell formula ® and the density |- |y in (2.16). This will
be achieved by a slicing argument similar to [20], which uses our structure result for minimizers of
the cell problem.

Lemma 7.1. There exists a universal constant C > 0 such that for every v € S' and every
sequence of centers {yr}r it holds:
(i) If (z*,27) € {((6,7,1),0),(0,(0,7,1))} € Z x Z it holds for all T > 0
1 . v 2t,z7 v —q C
min{BL (X, Q4 (yr)): X € Adm{™ (@4 yr))} — le vl < 5.

(i) For all (zF,27) = ((0T,7%,1),(87,77,1)) € Z x Z it holds for all T >0
1 . v z+,z_ v
7 min{ By (X, Q4 (yr)): X € Adm{™ " (@4 (yr))} <
Moreover, if z* # 2~ then

1 , R 1, . L o C
= min{ By (X, Q4 (yr)): X € Adm{™ (@ (yr))} > §le™ wly + e vl +

ll —igt

—10~ C
5 vhi+ 5 | vhi+ .

T

This allows to estimate from above and below the density ® with the density |- |; as

,27,v) <liminf — mln{E1 (X1, Q% (yr)): Xr € Adm(ftf)(Q;(yT))}

O(2", 2

T—o0
for all 2* € Z,v € S! and all {yT}T. We remark that, up to a multiplicative constant, the energy
density | - |; appears as the surface energy density of the I'-limit of discrete ferromagnetic energies

on the square lattice (see, e.g., [2]).

Proof. For the whole proof, we fix v € S! as well as a sequence of centers {yr}r. Each item will
consist of two inequalities. The lower bound is obtained by Lemma and a discrete slicing
argument. The upper bound is obtained by a specific construction. We let z = (8, 7,1) € Z\ {0}.
Step 1: Lower bound for (i). We only treat the case 2zt = 2z and 2~ = 0, as the other case is
treated analogously. In this step we prove

1 . y o+ y 1 . C
(7.1) 7 min{E1 (X, Q7(yr)): X € Adm{™ V(@ (yr))} = gle vl — 7.
: Z+70) 14 +
To this end we employ Lemma 6.2 to choose X € Adm; (Q%(yr)) such that Xo C L(21) and
. v -, v
(7.2) Ey(X7, Q7 (yr)) < min{Ey(X, Qp(yr)): X € Admi™ ¥ (Q5(yr))} +C

for some uniform constant C' > 0 independent of T'. For k = 1,2 and for 4 € R we define
Lo(p) == {\ePep + peer: X e R}
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the line in lattice direction e*’e;, passing through Rewefc- at the point peieeﬁ. Furthermore, we set

Ty = {M € R: I(p) N L(2) # 0, I(p) N {yT - %vﬁw * %“L} 7 @} '

Due to the boundary conditions, up to a uniformly bounded number of times not depending on v
and T, for each u € 7y we find x € X7 C L(z) such that z + e?ey, & X1 or x — ePey, ¢ X7. Due
to (2.4)

2

(73) By (Xr, Q4 (r) 2 5 > #5-C.

where the constant C' > 0 accounts for the number of lines in direction e*’e; passing through
[yr — %VL;yT + %VL] that do not intersect ;" Q% (yr), which is independent of T. It remains
to estimate #Zj. We observe that for p € R with I, (u) N L(z) # 0 we get Tr(u+1)NL(z) # D
and I ()N L(z) =0 for all ¢ € (u—1,u+ 1)\ {p}. Finally, denoting by II; the orthogonal
projection onto the line Reieeé—, we have

T T ) .
Lt (Hk ({yT — gul‘;yT + 51/%)) =Ty, e’oek>| = T|<e*101/, er)| -

We therefore obtain
(7.4) #I =Tl e v er)| +O(1) .
Thus, using ([7.3)—(7.4)), recalling (2.16)), and dividing by T we conclude

1 1 . C
- v > Zle—t0 _ =
TEI(XTyQT(yT)) > Sle vl T
This together with (7.2]) shows (|7.1)).
Step 2: Upper bound for (i) and (ii). We now prove
1 . y =t y 1 C
(7.5) 7 min{ By (X, Q4 (yr)): X € Adm{™*/(Q(yr)} < glevli + -

To this end, we define Xr

{L(z) in {z: (x —yp,v) > 10},
Xr = .
) otherwise,

which can be seen as a discrete version of a half-space. Clearly Xp € Admgﬁ’o)(Q%(yT)) and
therefore

(7.6) Ev(Xr, Q4(yr)) > min{Ey (X, Q4 (yr)): X € Adm{™ (@4 (yr))} -

To estimate the energy of X, we observe that, by construction of X, equality holds in (7.3) with
7). defined as above, up to an error independent of 7. Indeed, this follows as for z € £(z) \ X}
then either z + me’e, ¢ X7 or x — me'?e;, ¢ Xp for all m € N. Then, the equalities in (7.3)),

[T4), and (2.16) yield
1 y 1, C
TEl(X;aQT(yT)) < §|€ 0V|1+f~

This together with (7.6) shows (7.5). For the purpose of the proof of (ii), we observe that the
construction can be repeated with —v together with the construction for v to obtain a configuration

Xr € Admgﬁ’zi)(Q%(yT)), which satisfies the first inequality of (ii).
Step 3: Lower bound for (ii). Fix 27,2~ € Z such that 2T # 2~. Using Lemma we consider

Xr € Adm{® ) (Q4(yr)) such that Xp = X U X5 with X& € £(z*) and

(7.7) Ey (X1, Q4 (yr)) < min{E (X, Q4(yr)): X € Adm{ ) (Q4(yr))} + C
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for some constant C' > 0 independent of 7. Due to Lemma (iv) there are S C X with

#SE > %#GX% — 1 and for all z € SE we have #N?(x) < 3. Due to Lemma v) and

#(N(z) N M*) < #(N?(z) N XFE) this implies

1 1 1 1
5 O U-#N@)Zp#0ST 2L D (- #WP@NXD) - 5.
zeXENQY.(yr) vedXFE

As XZ are competitors in the lower bound of (i) and X;7 N X N Q% (yr) = 0 we obtain

1 1 1 C
— B (X7, Q% > B (X}, QY — B (X;,Q% - =
7E1(Xr, Qr(yr)) 2 o B1(X7, Qryr)) + 5r Bu(Xr, Qr(yr)) —
1, ot 1 0 C
21‘6 ou\1+1|e 9V|1—T.
This, together with ([7.7]), concludes the proof. O

We will now address a finer analysis, which poses conditions on the difference of rotation angles
6T — 0~ such that equality holds in Lemma ii). For this purpose we introduce the set of rational
angles G, defined as the set of all angles 6 € A of the form

; w
(7.8) e = =L for wy,wy € Z2\{0},
w2
where division is to be understood in the sense of complex numbers. Notice that G, is countable
and any angle 6 € G4 corresponds to a rational point on the unit sphere with both coordinates
non-negative and vice versa.

Lemma 7.2 (Touching lattices). Let v € St and z* = (0%,7%,1) € Z be such that

1 . 1 o
(79) (I)(Z+,Z_,V) < §|e_7,9+y|1 + §|€_19 l/|1 —-n

for some n > 0. Then, there exist sequences {yr}r C R?, {zf}r = {(0%,75,1)}r C Z such

A
that zqi« — z¥ as T — 400, and a sequence { X7} such that X7 € Adm:(LZT’ZT)(Q%(yT)), Xr C
L(zF)U L(z7) for all T >0, and

. 1 y _
Tngrrloo TEl (XTv QT(yT)) = (I)(ZJra z 71/) .

The rotation angles satisfy
05 —0;,=0"—0"€Gy, VI >0.

More specifically, it holds ¢'® =07) = wr for points w1, wy € Z2\{0} with |w|, |wa| < O, where
Cy, > 0 is a constant only depending on 7.

Condition means that the surface energy between the two sublattices of £(z1) and £(27)
may be strictly less than the sum of the two surface energies of each lattice interacting with
vacuum. This is an indication that in some sense the two lattices are compatible, i.e., they have
many attractive pairs of atoms in £(z7) x £(27) at distance 1. This is why we speak of touching
lattices. The lemma shows that in such cases the difference of the corresponding rotation angles is
constant in T and lies in G,.

Proof. Let {zE}p be an optimal sequence for ®(z*, 27, v) with corresponding centers {y}p. We
.
use Lemma to find a sequence {Xr} such that Xr € Admng’zT)(Q%(yT)) for al T > 0
satisfying properties (i)—(v) of Lemma Then, up to a non-relabeled subsequence, by (7.9)), it
holds

1, . 1, - 1 ,
(7.10) 5|e*29*y|1 + 51e7 vy — lim — By (X, Q4 (yr) > g >0.
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Due to Lemmaii) we have that X7 = X UX,, with X C £(z3), where zE = (0%, 7F,1) — 2+
as T — +oo. Due to Lemma (iii), we have that the sets X7 are connected and it holds
Xt = L(2%) on 8FQ%(yr). The main goal of the proof consists in proving

_ +
(7.11) 0T —07) — U—T with v € Z2\{0} satisfying [vf| = Jvp| < O,
Ur
for T sufficiently large, where C,, only depends on 7. Using (7.11)), the fact that 77 is a discrete
+
set, and that 9% — A% we necessarily have that “Z must be eventually constant, which implies
Ur
0t —0- = 9; — 0 € Gy for all T' large enough. This is precisely the second part of the Lemma.
The remaining part of the proof is dedicated to showing (|7.11]). Observe that by Lemma ii) it
holds X1 = X;f U X, with X;f N X, = 0. We define the set of touching points as
T = {z € X : there exists y € X} such that |z —y| = 1},
Tr = {x € Xy there exists y € X such that [z —y| = 1}.

Note that 7= C Uze&X% {z} UN?(z) and

(7.12) E#TT* < H#Tr <A#TH

Step 1: Estimate on the cardinality of touching points. We show that #TTi > T for T large
enough. By (2.4) we have

BXnQur) 25 Y @-#N@NXE) Y (- #N @ nXp)

T€XENQY (yr) z€X 7 NQY4 (yr)

—2#T; +#T7)

N

and therefore

2#T7 + 477 ) = Ev(X7, Qr(yr)) + Ev(X7, Q7 (yr) — Bu(Xr, Q7 (yr)) -

We observe that X% are competitors in the minimization problem of Lemma i). Therefore,
dividing by 7', passing to the liminfr_, o, and using ([7.10)), we obtain

ool ] ¥ S|
hTHi}o%fT(#TT +#Tp) > 1

This together with (7.12]) implies lim inf7_, %(#Tiﬁt) > 55 and concludes Step 1.
Step 2: A priori estimate on the length of the boundaries. We claim that for T' large enough the
boundaries XE C Q4 (yr) satisfy

(7.13) #(0OXFUOX;) <5T

Indeed, by Lemmathere exists SF C OXFE with 2455 > #0X7 —1and z € ST = #N?(z) < 3.
Thus, (7.10) together with Lemmah(ii), and |v|; < /2 for all v € S!, implies

#(0XFUOX7) <24 (SFUSE) +2< Y (4= #N(2)) +2=2E1(Xr, Q7 (yr)) +2
z€XTNQL(yT)
<T(®(zt, 27, v) + 1) +2<2T(le |y + e vy +1) +2 < 5T
for T' > 0 large enough.

Step 3: Lower density bound for atoms in BX%. We claim the existence of 0 < ¢ < 1 universal,
such that for T > r > 1 it holds

(7.14) #(8)(%E NB,.(z)) > cr for all z € R? : dist (z, 8XTi) <1.

To prove this, without restriction, assume 7" > 3r. Due to Lemma (iii) OX* is connected and
joins the lateral sides of Q%(yr) it holds dXF \ B,(z) # 0. Thus there is a simple path in X7

that connects such y € X7 \ B,.(z) with a point z € By (). Such a path must have at least cr
many atoms in B, (x).
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Step 4: Bounded gap between touching points. Given R > 0 introduce the set of R-isolated points
by
(7.15) Iy o={x € Ti: Br(x) N T3 C Ba(z)}.

We claim the existence of a universal ¢’ > 0 such for R = %’ and all T" large enough it holds

#T;
7
This follows by using and ([7.14) with r = %, as well as Step 1, which implies

C C C
+ + + +
#TEn < — Z #(By(2) N0X7) < = #0X7 < =T < —4T7,

zEI%R

(7.16) #I} p <

for a universal C' > 0 that may vary from step to step. Here, in the second step, we accounted for
possible double counting as by definition of R-isolated points, B B ()N B B (y) #0 for x,y € Ip g

only if |z — y| < 2. But the number of points in By(x) is bounded for X € X;(R?). The claim,
therefore, follows by choosing ¢ large enough.

Step 5: Bounded gap between pairs of points having the same relative position. Given two lattice
vectors &1, & satisfying e 07 ¢y, e—if’?gg € Byr N (Z*\{0}), where R > 0 is given by Step 4, we
define

D%’gz ={(z1,51) € Ty x Ty : there exist xq,ys € 7'; such that |z1 —z2| = |y —y2| =1
and r1 —y1 = &1, 72 — Y2 = &2} -

This set consists of pairs of points («1,y1) in 77, whose difference is & and whose corresponding
neighbors in 77 have & as difference vector. Observe that, by (7.15), for z; € T~ \ Iy p one
finds & € BrNe 72 with |&1] > 2 and y; € T such that o1 —y1 = 51 We denote their
corresponding neighbors in 7;7 by z2 and ys, respectively. As xa,ys € €% (Zcharge +77) and

|z1 — @2| = |y1 — y2| = 1, one finds & € B2R ﬂ ¢ 72 such that 9 — o = &. Notice that by
|€1] > 2 it holds & # 0. This together with ([7.16]) implies

(7.17) #TT <H(Ty \Irp) < Y, #D5%,
(61,€2)

where the sum runs over all pairs (&1, &) with e =7 ¢, e~ 7¢, € BypN (Z2\{0}). We now choose

cn— . T ¢T

(€T, e € (Bar N et (Z2\{0})) x (Bar N eifr (Z*\{0})) such that #D;1 2 is maximal among all

such pairs. Then, (7.17) and the fact that the number of such pairs is controlled by CR* yield

(7.18) AT < CRY#DS

for C' > 0 universal. We write D& €& = {(=F T,y )}AET and claim that there is a universal constant

¢ > 0 such that for p = én=°

(7.19) there exist j,k,1 € {1,..., Mr} pairwise distinct such that 2}, z] € Bp(:L’jT).

Conversely, assume that p is such that B,(z}) \ {xf} contains at most one point {xT}]ViT Then

it is elementary to see that we can choose {xT}[ Tc {27} such that By (~T) NBg (i) =10
for j,ke{1,..., [%-l},j # k. Using 2 (&1 > #Dng < along with (| and ([7.14) implies

rA/[T-‘
T et M 4 20
D§1’§2<2[—ﬂ<— (0X7 N Bs <7 X7 <=T.
#D5 ¢ <2|= 2, #OXTNBYGD) < L #OXr < O

Using (7.19)), #7; > 75T and the choice R = % in Step 4 we get p < 55 for a ¢ > 0 universal.
Thus, using (7.18)), assertion (7.19) is guaranteed for p = én~>, which concludes Step 5.
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Step 6: Conclusion. Denote the atoms identified in (7.19) by z}, 22, 23 with their corresponding
. . T T

points y1,y%, vy such that (z7,y]) € D% L2 for j = 1,2,3. In particular, recall that it holds

(7.20) oy — i, oy — 2], o] — 23] < 2p.

T T .
By the definition of D51 %2 there exist (z3,yd), (22,y2), (3, y3) such that |27 — ac2| =y -yl =1
and o] —yl = €T, 2l —y) = €7 for j = 1,2,3. For each j the points {z?, 23, y],y}} form a possibly
self-intersecting quadrllateral with two edges of length 1 and two edges oriented in ¢{ and &7,

respectively. Now there are two cases to consider: (a): (I = ¢2 and (b): €7 ;ﬁ L.

Case (a): We have that 2} — yl = 2 — 43, where 2} — y} = 7w, and x2 = eleng for

w1y, Wy € (22 \{0}) N Byg. Then erw; = 0t ws and thus holds for wT =w; and wy = ws
with |wf|, [wy| < 2R = 2C

Case (b): Note that two of the three quadrilaterals are necessarily translates of each other. This
is due to the fact that there are only two different quadrilaterals (up to translation) with fixed
order of sides, prescribed length of 1 of two opposite sides, and prescribed length and orientation
of the remaining sides. Without restriction, we assume that the quadrilaterals for j =land j =2

are translates of each other. Then, we get x1 — 2} = 22 — 23. We write 2] = €% (bj + 77 ) and

z} = €7 (b + 7;F) for suitable b]17 b, e Z? for j =1,2. (We omit the dependence of b/, b3 on T for

L
notational convenience.) Then x] — z3 = 27 — 22 implies €7 (b} — b3) = 7 (b} — b3). As 2} # 22,

it holds b1 — b2 # 0 and therefore b} — b3 # 0 as well. This shows

Gil0F—07) _ by — b%.

bl — b2
By (7.20) it holds [b] — b3| = |z] — 2%| < 2p, which together with |[b] — b3| = |b} — b3| also shows
bl — b2| < 2p. Clearly we have bl — b2, b5 — b2 € Z?, so that - ) holds for wj = bl — b2 and

wy = by — b3 with |wi |, |wy| < 2p = 2¢n~°. This bhOWb and, as explained below (7.11)),
this concludes the proof. D

8. CELL ForMULA PART II

This final section consists of two subsections. Subsection Blis concerned with the cell formula
and will provide a proof showing that converging boundary values in @, see , may be replaced
by fixed ones. In Subsection [8:2] we complete the proofs of the main results. For this goal, we will
now introduce the auxiliary function ¢: Z x Z x St — [0, +00) defined by

T v 2zt 2T v
(8.1) @zt 27, v) = %lf_fi}rfgf inf{ (X7, Q%(yr)): yr € R*, X7 € Adm|” ~ Q% (yr))}-

8.1. Converging and fixed boundary values. In this first subsection, we will show equality
of ® and ¢, which in turn shows that converging boundary values may be replaced by fixed ones.
Notice if the difference between the limiting angles is not in G4, this already follows by the results
of Section [7| and the continuity of | - |;. For the remaining cases, we will first show that our
approximating sequence can be chosen constant in the angles. In the case of fixed angles, we will
then show a uniform closedness result for the set of touching points of two translates of the perfect
lattice.

Lemma 8.1 (Fixed rotations). Let v € S!, z (9%,TT, ) € Z and 6F € A be such that
05 — 07 =0% — 0~ for all T > 0 with 0% — 6 as T — oo. Then it holds

P v
lim inf T inf{E1 (X7, Q(yr)): yr € R?, Xr € Adm{™ " (Q4(yr))}

T—4o0
z%,25 v
> limint . i (B (X, Q4 (yr)): yr € B2, Xp € Adm{™ ) (Qh(yr)}
where 7£ = (0%, 75, 1).
Note that this result allows us to choose an approximating sequence in ® with fixed rotation
angles, if the difference of the limiting rotation angles lies in Gy.
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Proof. Let zT = (9%,TT, 1) € Z and v € S! be as in the statement. Note that in our setup, it
holds 0+ — 05 =0~ — 6.

_ + =
Step 1: Rotation to fized rotation angles. Choose jr € R? and Xp € Admng’ZT)(QlA’p(yT)) such
that

(82)  B\(Xr, Q(or)) < mf{By (Xr, Qi ur): yr € B, Xr € Adm{T 7 (@ (yr)} + 7
Define X' := e O 79T)XT vp = 0" =07 Ty, Yot = ei(6+’9;)ng and Z%: = (6%, 'rqu, 1). By our
assumptions it holds X*°* € Adm (ZT’ZT)( T (y°")) and by Lemma i) it holds
E(Xr, Q7 (yr)) = Er (X", Q77 (yr"))
> inf{ By (X, QF (ur): yr € B2, X7 € Adm{™ ) (@47 (yr)))
for all T > 0. Using (8 , it suffices to show

%m}rnf — mf{El(XT,QT (yr)): yr € R?, X1 € Adm (ZT’ZT)( T(yr)}
— 400

2t .20
> limint . if (B (Xr, Q4 (yr): yr € B2 Xr € Adm{™ 7 (Q4(yr)}

(8.3)

Note that the two formulas only differ in replacing v by vr, where vy — v as T — +o0.
Step 2: Proof of . Fix 6 > 0 and let T > 0 large enough such that |v — vr| < §. Choose

gr € R?, X1 C R? satisfying X1 € Adm(ZT’ZT)(Q%(g]T)) and

(84)  Ex(Xr, QF (5r)) < nf{Ex(Xz, Q4 (yr): yr € B, Xy € Adm{T 7 (@ (yr))} + 5.
Set Ts = (1 +46)T, fix k > 1 large enough and define
Ay = {w: [(v,2 = gr)| < K0T} 0 (Q7, (57) \ Q7 (7)) -

We then define

Xr in Q7" (Ir) ,
(8:5) Xr=90 A\ (0 Qy () VO QY (7).

L(zr) i (Q4Gr)\ QF (3r)) \ AF) UIT Q4 (4r) -
Here, upon choosing x > 1 (independently of T') and T' > 0 large enough we can ensure Xre X1 (R?)
and therefore also X7 € Admgz;i;)(Q%& (7). As X1 € Admgz;r’g;)(QﬁS (gr)) it holds

AN v % v (=
(86)  inf{Ei(Xr,Q%(yr)): yr € R?, Xp € Adm™ "7 (Q4. (yr)} < Ey(Xr, Q4 (7)) -
We now claim that

(8.7) Ey(Xr,Q%, (1)) < E1(X1, Q¥ (Jir)) + CrdT

for a universal C > 0. We defer the proof of (8.7) to Step 3 below and conclude the proof of (8.3).
Dividing by Ts and letting T — +o0o we obtain

. . 1 S v o/~ . . 1 v v ~

lim inf ﬁEl(XTa Qr,(yr)) < lim inf 7 By (X7, Q7 (9r)) + Ok -
This together with (8.4)), , and the fact that § > 0 is arbitrary shows (8.3]). It remains to prove

ED.
Step 3: Proof of (8.7). By Lemma (iv) it suffices to prove the two estimates

(8.8) Ey(Xr, Q7 (1)) < Er(X1, Q4 (1)) + CroT
(8.9) Ey(Xr, Q% (§r) \ QF (5ir)) < CroT

for a universal C' > 0. In order to prove (8.8)) we use Lemma[L.]iv) to obtain
(8.10) E1(Xr, Q7 (5ir)) = Er(Xr, Q7 (1) \ (As)) + Er(Xr, QF (5ir) N (As)s) -
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We then observe that X7 = X7 in Q7 5(gr) \ As and therefore, using Lemma vi), we obtain
(8.11) By (Xr, QF (7) \ (As)) = B (X, QFF (1) \ (As)1) < Br (X, Q4 (7)) -

On the other hand, we observe that L£2((Q4 (gr) N (As)1)1) < CkT and therefore, using
Lemma v) we have that # (XT N(QF (gr) N (A5)1)1) < CkOT. This shows

(812)  By(Xr, Q4 (Gr) N (As)y) < 44 (X 1 (Q4 (Gr) N (AsJu)n) < CwoT.
Now (8.10)—(8.12)) shows (8.8)). Similarly, in order to obtain we use Lemma iii),(iv) to

obtain

(8.13) Ev(Xr, Q% (5r) \ Q7 (4r)) < Er(Xr, Q% (r) \ Q7 (5r) \ (As) ) + E1(Xr, (45) )
Due to we observe that # ( X N (A5)\/§+1) < Ck0T and thus we get

(8.14) Ey(Xr, (As) ) < 44 (X7 0(Q4F () N (As) 541 ) < CrOT .

Finally, again due to (8.5)), we observe that X7 N B s5(z) = L(2) N B 5(z) for some z € {27, 27 }
for all & € (Q7, (§) \ Q7 (97)) \ (45) /5. Thus,

(8.15) By (X7, Q4 () \ Q7 (7) \ (A5) ) = 0.
Now (8.13)—(8.15]) shows and concludes the proof. O

Now that we can fix the angle mismatch along the sequence if 7 — 0~ € G,, we consider the
translations. For such a pair, we consider the coincidence site lattice

OV 72 N0+ )2 72 = {ja+kb: j,keZ},
where a,b € 0T +5) /272 Nl +5) /272 are spanning vectors of minimal length. Furthermore,
for later use, we define the fundamental parallelogram of the coincidence site lattice as
(8.16) P9+797 = {)\1& + A2b: 0 < A, A0 < 1} .

Note that translations by linear combinations of integer multiples of a,b map £(z%) to itself, i.e.,
it holds

L(z5) + Ma+ b = L(zF) forall Ay, Ny €Z .

We will now show a uniform closedness property for the set of touching points along sequences of
translates of perfect lattices.

Lemma 8.2 (Closedness of touching points). Let 25 = (0%,7F,1) € Z forn € N and 2 =

»Tn s

(0F,75,1) € Z with 6 — 0~ € Gy and 7.5 — 7% asn — +oo. Forx € L(zV),y € L(27) set
wf=a e (nf ) € L),y =y () € Liz).

Then, there is an ng € N such that for alln > ng and all x € L(27),y € L(27) the following two
assertions hold true:

(i) |xt —y,| =1 for somen >ng implies |v—y|=1
and
(i) |z—yl <V2 implies |r, —yn| < V2 for alln>ng.
Furthermore, it holds, q(z;}}) = q(x) and q(y,;) = q(y) for all n > ny.
Proof. Fix d € {1,+/2}. We prove that there exists ng € N such that for all n > ng there holds
(@) |[z—yl<d = |z} —y,|<d and () |Jz—yl>d = |z, —y,|>d.

First suppose that y € Py+ g—. Then (a) directly follows from z;} — z,y, — y and the fact that
there are only finitely many pairs (z,y) € L(z7) x (L(z7)N P9+ g-) with | —y| < d. By the same
argument we show the validity of (b) for pairs (z,y) € ( (1) N (Py+ - )3a) X (L(z7) N Pp+ o)
for n large. Upon choosing n large enough so that |7 — 7%| < 1 this also shows (b) for all
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(z,y) € L(z7) x (L(27) N Py+ - ). Considering now a general y € L(z~) one can find a translation

vector v € e/ +5)/272 Net® +1)/2Z? such that Yy —v € Py+ g (Notice that such a translation
maps particles to particles of the same charge). Applying the special case to y — v and = — v and
noticing (z —v);} = o} — v, (y —v),, =y, — v shows the general case. Finally, the implication
about charges is clear by construction. Now (ii) follows from (a) applied with d = v/2 and (i)
follows by contraposition of (a) and (b) applied with d = 1. This concludes the proof. O

With these two results in place, we can now pass from converging boundary values in ® to fixed
boundary values.

Lemma 8.3. For each 27,2~ € Z and v € S' it holds that

Oz, 27, v)=p(zt,27,v).
Furthermore, for z* = (0%,7%,1) € Z with {(xv,y) € L(zT) x L(z7): [z —y| = 1,q(x) # q(y)} =0
we have ¢(z%,27,v) = %|e_i9+v|1 + 3le7 " vl;.
Proof. Note that by definition ®(2*,27,v) < ¢(2T,27,v) is clear for all 27,2~ € Z,v € S!. Thus
it suffices to consider the opposite inequality
(8.17) Ozt 27, v) > @zt 27,v).
If 2 = 0 or 2~ = 0, then by Lemma (1) and the continuity of | - |; one immediately gets
O(zt,27,v) = @21, 27, v) = |e""v|; with 0 denoting the angle corresponding to either z* or 2z,
respectively. If now 67 — 0~ ¢ Gy, then Lemman shows ®(2T,27,v) > %|eﬂ'0+ v+ 3le )b
By Lemma ii)7 this shows (8.17)) in this case. So we are left to consider 7 — 6~ € G,. Due to

Lemma we can assume that 07 — 07 = 67 —6~. Now, by Lemmawe can suppose 0 = 0+
and 6 = 0~ for all T" large enough. Now, using Lemma E let {Xr}7 be an optimal sequence for

+
® with corresponding cube centers {yr}r, i.e. Xp € Adm(zT’zT (Q4(yr)) with z& = (0%, 75, 1)
and

1
(8.18) liminf — Fy (X1, Q% (yr)) = ®(27,27,v) < .
T—oo T

Due to Corollary we can assume that X7 = X} U X, with XZ C £(2%). We consider the two
cases:

(a) {(z,y) € L(z7) x L(z7): |z —y| =1,q(x) #qly
(b) {(z,y) € L(z") x L(z7): [ —y[ = 1,q(x) # g

Case (a): {(z,y) € E(z+) x L(z7): |z —y| = 1,q(z) # q(y)} = 0. By Lemma [8.2fi) we can
assume {(z,y) € L(27) x L(27): |z —y| = 1,q(x) # q(y)} = 0 for all T large enough. This implies
XENN2(z) =0 for € XF and therefore

(2t 27, v) = liminf lEl(XT, Qr(yr)) = liminf(%El(X;, Qr(yr)) + lEl (X7, Qr(yr))) -

T
As X} € Adm (QT(yT)) and X, € Adm 0 #1) (Q%(yr)), by Lemma i), we obtain
1 1
(8.19) Ozt 27, v) > i\e_l‘ﬁy‘l + §|e_19 vy .

Due to Lemma and Lemma (ii) this shows ¢(2,27,v) = %\e*ifﬁyh + 1le=® v|;. This
shows (8.17)) and concludes Case (a).
Case (b): {(z,y) € L(z1) x L(z7): |z —y| = 1,q(z) # q(y)} ;é (. Our goal is to construct a

competitor X7 = X7 U X, with X& C £(2F) and X7 € Adm(z =
(820) El(XTa Q;+22\/§(yT)) < El (XTv Q;(yT)) + C.
Once this is established, by (8.1) and (8.18) we get

T+22f)) and

1
+ - R T v v — it =
B(=*.270) = lmint 24 (Xr. Q(ur) > i inf - (X7, Q4 ) = 2270,
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To construct X, we first extend X7 to XT as follows
(8.21)
Xr on Q7 (yr)
Kr = LGE) onfar £ (e —yr — ¥ (7F — 7)) 2 10} N (@Y, 5 wr) \ Qi (ur))
0 else.

By definition and the fact that X € Admgz;r’z;)(Q%(yT)) it holds that X € X;(R?). For
x € XrNQ4(yr) we have #(N?*(z)NX7) = #(N?(2)NX7). Forz € XTO(QTHQ\[(yT)\QT(yT))
with #N?(z) < 4 it holds z € {y: [(v,y —yr)| < 14} N QT+32\/§(yT) =: Ar. As L2((A7)1) < C
for C' > 0 independent of T" this implies by Lemma v)

Ev(X1, QY5 5(yr)) < Er(Xr, Q4(yr)) + C.
Let us now define X7. We define Xp := X; U XT_, where
)_(j'f = (X+ + eiW(TJr — T;I)) )_(77 = (X_ + ewi(T_ —77))-

We denote by {xT}j the atoms in Xp and by {#).} s the atoms in X7. By the above definition, it

holds 7, = . + eif™ (r£ — 1) for 2, € XE. By construction we have XZ C £(z*). We claim
that

El (XTa Q;+22\/§(yT)) < El (XTa Q;+32\/§(yT)> .
To this end, we need to check for T large:

(i) : |2 —2f| =1 = |#p -3y =1,
(8.22) (i) : |2} — @ > 1 forall jk,j#k,
(i) : |20 — 20| > V2 for all j,k,j # k, with q(z}) = q(zh).
By (8:22)(ii),(iii) X7 € A1(R?). Due to the extension of Xr on Q;+32\/§(yT) this ensures

Xr e Adm§z+’z_)(Qi_’p+22 (yr)) for T large enough. Moreover, (8:22))(i) shows z% € N®(x%.) implies
56’% e N a(fc{;), so that the energy can only decrease We now verify . If both atoms are
in X;f or Xq?, then by definition of X we have xh — ok = ij z% which together with finite
energy of X7 implies (8.22). If now xJT € X; and z%. € X7, or vice versa, then (8.22))(i) follows
by Lemma and (8:22))(ii),(iii) follow by the fact that X € X (R?) and LemmaThis shows

(8.20) and concludes the proof. O

8.2. Well-Definedness and Properties of the energy density. In a first step, we show the
independence of @ of the sequence of centers. In the next step, this will let us conclude the
I'-convergence result. In a final step, we will show the properties stated in Theorem

Proposition 8.4. For each z*,2~ € Z and v € S' there exists a sequence {T}}; such that T;j — oo
as j — oo and for all {y;}; C R it holds that

1 : v 22" v - —
7 min{ By (X, Q¥, (47)): X € Admi™ ™ Q¥ ()} < @(=" .27 v) 4,
J

where {n;}; C (0,00) is a null sequence depending on z* and v but is independent of {y;};.

Proof. First consider 2T = 0 or z~ = 0, then the statement immediately follows from Lemma i)
and the definition of @ in ) for any sequence of {T}}. Now consider z* = (§%,7%,1) € Z. If
Ot — 0~ ¢ Gy, then the statement follows from Lemma [7.1] -(11 and Lemma- 7.2| for any sequence
{T;};. Thus, it suffices to study the case 67 — 6~ € G,. Consider now a sequence S; — oo and
{z;}; € R? and configurations {X;}; C R? with

(8.23) p(2",27,v) = lim *El( X, Qs, (7)) -

j—oo S
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Using Lemma@ we can consider X; C L(zt)UL(z7) forall j €N, X; € Adm§Z+’Z_)(ng (z)).
Let {y;}; be any sequence of centers. The goal is now to find a sequence /; — 1 independent of
{y;};, as well as configurations {X;}; C R? with X; € Admgﬁ’zi)(Q;’jsj (y;)) such that

(8.24) E(X;,QF s, (v5)) < Br(X;,Q%, (x;)) + C

for a constant C' > 0 depending only on z* and v. Assuming (8.24) this implies the statement as
follows: Set T; = 1;.5;, divide (8.24) by T and use (8.23) to show that

e min{Ey (X, Qf, (57)): X € Adm{™ (@1, (1))} < 2 Fa (55, Q% ()
J J

1 C
< —FE1(X;,Q% (x; —
< g B X5, () +
< L127(2-*—7'2_71/) +nja
where now {7}, is a null sequence depending on 2% v and {T}; but is independent of the centers
{y;};- We will now construct X, and verify (8.24]). Recall (8.16) and the discussion below. Now
choose g; € {A\a+ Aab: A1, Ay € Z} + x; such that |g; — y;| < &, where k£ = |a| + |b| + 10. Notice
that » only depends on a,b in (8.16]) but is independent of j. Set [; = 1 +4¢- and

Aj={z € R [(w —y;,0)] < 65} N (QF5,40x(47) \ Q5 -1x(5)))

Note that aliQ;stj (y;) N ng (g;) =0 as 1;S; —Sj =4k, |y; — y;| < k and k > 10. We now define
Xj C R? as

Xj+7;—x; inQg (7)) \ 4,
X;j=10 in A; \ (07 Qf s, (y;) VT QF s,(y5))

£(=*) in (Qf s, () \ Q% @)\) UOT QY s, (1)
Then, by definition of X; and A;, and due to the fact that X; € Admgﬁ’zi)(ng (x;)), we have
that X; € Admngr’[)(QE/ij (y;)). Moreover, by Lemma i) it holds

(8.25) Ei(X;,Q%, (1)) < Ex(X;,Q%,(z) + C,

where C' > 0 takes into account the interactions of points in z € X; N Q% (7;) N (4;)2. As

L%((A;)3) < Cy, for C,, > 0 only depending on x and E;(X;) < oo, by Lemma [4.1(v) we estimate
the cardinality of those points by C,;, which shows (8.25). Moreover, it holds

(8.26) Ev(X;, Q1 5, (47) \ Q5,(5)) < C,

where again C only depends on «. Indeed, points in X; NQL s, () \Q%, (1)) satisfy #N?(z) =41if
dist (2, A;) > 1, so that they do not contribute to the energy. As before by Lemma (V), together
with [;S; — S; = 4k, ly; — ;] < « shows that the cardinality of points z € X, with dist (z, 4;) <1
is estimated by Cj. This shows , which together with and Lemma iv) implies
and concludes the proof. O

We are now in a position to conclude the proof of Proposition 2.2] The result will follow from
the following proposition by a rescaling argument.

Proposition 8.5. For ecvery z*,2~ € Z,v € S! and every sequence {yr}r C R? there exists

. 1 . v z+ z- v
(8.27) G(z*,z7v) = lim o min{B) (X7, Qp(yr)): Xr € Admi™ " (Q4(yr)))

and is independent of {yr}r. In particular, we have ¢ = @ and the statement of Proposition
holds.
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Proof. Note that once ({8.27)) is established, Proposition follows by a rescaling argument. Indeed,
given 2o € R? and p > 0 define e = A= %, and A = @} (wo). Then, using Lemma ii), (12.14))
follows from (8.27)) with yr = %wo. We are left to prove (8.27). Let z* € Z and v € S' and a
sequence {yr}r C R? be given. By definition of @, see (8.1)), it is sufficient to show

. 1 . v 2zt ,2” v — _
(8.28) lim sup T min{ Fy (X7, Q% (yr)): X1 € Admg )(QT(yT))} <@zt z7,v).

T—00

Step 1: Comparision via construction. Consider 1 < S < T. Without loss of generality we
can assume S € {T}};, where {T}} is the sequence identified in Proposition To simplify the
notation for S = Tj, we will write ns instead of 5z, for the null sequence in Proposition @
Now define Nsr = |Z] =1 and for j € {1,...,Ngr} set z; = yr — (£ + jS)v*. The idea of
the construction now is to build the competitor X7 on the big cube Q%.(yr) by gluing together
minimizers on the small cubes Q%(z;) along the line {(v,z — yr) = 0}. Thus for each j choose a

minimizer X; C R? of the cell problem, such that X; € Admgzﬂzi)(Qg(xj)) and

. v z+,z’ v
Ey(X;, Q§(x;)) = min{Ey (X, Q4(x;)): X € Admi™ ™ (Q¥(;))}
< S(p(e*, 27, v) +1s),
where the last inequality follows from Proposition We now define X as

Xj in Qg(;vj),je {1;~'~7NS,T}7
Xr=140 in ({z: |(v,z —yr)| <10} N Q;Jrloﬁ(yT)) \Q",
£64) in (s e —yr) 2 1000 Q8 () \ Q"

where Q* = U;-V:S’lT Q%(x;). Note that by construction we immediately get X1 € Admler’zi) (Q%(yr)).

In the following, we show
T
(8.29) By(Xr, Qilyr)) < | &| S(3(4,2,0) +15) +CS

for a universal C' > 0. Dividing (8.29)) by 7', taking first the limsup as 7' — 400 and then the
limit as S — +o0, this yields 775 — 0. We are left to prove (8.29)).

Step 2: Proof of . First Note that by the boundary values of X; and the construction we
have By (X1, Q%(z;)) = E1(X;,Q%(x;)) for j € {1,..., Ngr}. This together with Lemma [£.1fiv)
and implies

Ns, T
Ey(Xr, Q4 (yr) = > E(Xr, Q%())) + By (X7, Q% (yr) \ Q)
(8.30) j=1
T e — 1 *
< | 5] st 270 0 + X, Q) \ @),
It remains to estimate the energy outside of @*. We claim that it holds
(8.31) E\(X7,Q7(yr) \ Q") < CS.

To see this notice that an atom =z € Xp N (Q%(yr) \ Q) can only tribute to the energy if
|(v,z — yr)| < 12. However, by Lemma v) we have

#{r € Xr N (Qr(yr) \ Q"): [(v,x —yr)| <12} <CS,

see the right dark gray region in Figure [12| for illustration. This implies (8.31) and combining
(5-30) (5-31) yields (5.29). 0

In a final step before stating the proof of Theorem we provide a characterization of
translations of lattices with touching points. To this end, for a given misorientation § = 6T —0~ € G,
we say that e 7+ — ¢ 7= is a good translation, written e 7+ — ¢ 7~ € Gr(0), provided
(t+,77) € T are such that there exist x € L((6",77,1)),y € L((6~,7,1)) with |z —y| =1 and
q(z) # q(y). Indeed, by rotational invariance, this depends only on the difference 6.
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Lemma 8.6 (Properties of translations). Suppose @ = 07 — 0~ € Gy. Then Gr(0) is contained in
a finite union (of arcs) of spheres of radius 1, more precisely, it holds

Gr(0) ¢ |J 0By — o),
z’,y’

o - .
where the union is taken over all x' € e Zzharge N(Pp+ - )6 and y' € €' Zgharge NPy+ o-, where

Py+ g- is the fundamental parallelogram defined in (8.16).

Proof. Consider z € L((0%,77,1)),y € L((6~,7,1)) with |z —y| = 1 and g(z) # q(y). One
can find a shifting vector v € '@ +5)/27%Nei@ +$) /272 such that v ==y —v —e? 7~ €

0 . o0+ 0+
€0 L2 0rge NPo+ o . Futher by defining 2’ := 2 —v — e 7+ € 0" 22, .. we get

L=ly—a| =y —a') = ("7t = 7).
By this identity together with |7%| < 2 shows 2’ € e®®" Zarse N(Por+ 9~ ) and A =
OB1(y — ). O

We close this subsection by providing the proof of Theorem

Figure 12. Tllustration of the construction for the convexity in the third argument and
the existence of the limit. The dark gray region on the right picture between
the cubes corresponds to U in the construction of X, see (8.36)).

Proof of Theorem[2.5. We divide the proof into several steps. In Step 1 we prove (i) and (ii). In
Step 2—Step 4, we construct a competitor that yields the convexity inequality stated in (iii). In
Step 5, we prove (iv). Lastly, in Step 6 we prove (v).

Step 1: Proof of (i), (ii). The proof of (i) follows by definition of ¢ and Lemma [7.1]i). In order to
prove (ii), we note that by Lemma[7.1](ii), we have

1 1, o 1, _, 1, -
(8.32) Z|€_29+1’|1 + Z|€_w vji <p(zF,27,p) < §|€_19+V|1 + §|€_Ze vh

for all (27,27) € (Z\ {0})%,2F # 27. As ¢ = ® (see Lemma and Proposition using
Lemma and Lemma we see that the second inequality in (8.32) can only be strict if
0r —0~ € Gy and " 7+ — ¢ 7= € Gr(6+ — 07). Clearly, due to (7.8) and Lemmal3.6], G4 A
is countable and Gr(f* — #~) C R? is contained in a finite union of spheres.

Step 2: Proof of (iii). Let vy,v5 € S, X € (0,1). In this step we prove

(8.33) oz 27, + (1= Ne) < (2T 27,01) + (1= Ne(zT, 27, 1) .

Without restriction we can assume Avy + (1 — Ao # 0, as (8.33)) is trivial otherwise. Now, define

v = % € S. Then by positive 1-homogeneity of ¢, (8.33)) is equivalent to

(834) (p(ZJr,Zi, V) < >\1§0(Z+7 z, Vl) =+ >\2§0('Z+7 z, VQ) 5
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_ A _ 1-X :
where A\ = PYZERESyPAE Ao = PZERcESyra e 0. We now construct a sequence of competitors

for the problem ¢(27,27,v). Fix n € N such that A\, A < 5. Further let 1 < § < T,

where as before we assume S € {T}}; with {T}}; and 57, being the sequences identified in
Proposition 8.4, As before, to keep the notation simple, we write ng instead of nr, if S = Tj.

Define for j = 1,2 N;(S, T) ij In the following we will always choose i, j, k
from j € {1, 2}, 2 € {O N;(5,T)},k € {0,...,n— 1} without specifying again. As usual, we
will denote by v+, vi-, va- the clockwise rotatlon about 5 of v,v1, 19, Tespectively. Notice that by
definition of Nj(S T) and v = Ajvq + Aave we have

Ni(S, T)vit 4+ No(S, T)vy = Mvt+ —
where M = w and w = ayv; + sy for 0 < ag,as < 1, so that |w| < 2. We define

T
aik = (=5 55+ S(M +10)k)v+ +iSvy,

x?’k = x}\,k(s ) +5Svt + iSy2l
and further let X7 * C R? be a minimizer of the problem
(8.35) min{ By (X, Q% (z0%)): X € Adm{** ) (Q% (a7%))} .

Moreover, for k > 10 chosen later we define

n—1 n—2
v= ({_gyl m‘l) ODH - yo <[lef(ST)’x3 kDN Ukuo ([xN]:(ST)? (1)k+1]),.; Y ({xiv:(slir);% lDR

Notice that U consists of 2n + 1 tubular neighborhoods of segments whose length is bounded by

CS. This is clear by construction of z’ ¥ for all segments except [ N"( SlT)’ % +]. For the latter it
follows from the observation xi}"(SlT) = (=L + S(M + 10n))v*+ — Sw = (L - 5S)v* — Sw and

lw| < 2. Also observe that Q7 \ (U; ; x QI (z7*) U U) consists of two connected components. We
denote by A* the connected component intersecting 8#@5«. Now we can define X7 as
j ke ; Vi (J5k

X7/ in Q4 ("), 4
(8.36) Xp=q0  in (U\(U;;, Q¢ (1) Lo QF LT Q) L dFQY,

L(zF) in A*UIEQY,
Note that by the boundary conditions of Xij % one can see that for large enough it holds |z —y| > 1
and additionally |z —y| > /2 if ¢(z) = q(y) for all z,y € X7, 2 # y, which implies X7 € &} (R?).
Furthermore, due to the by construction, it holds for all , j, k: ng (:czk) C QY _q for S, T large
enough, which together with x > 10 implies Xt € Admngr’zi)(Q%).

Step 3: FEnergy estimate. We now estimate the energy of Xp. We now prove the following
estimates

(8.37) By (X7, (AT UA~ U0 Q% Ud; Q4)NQY) < CnS
and
Ey(Xr, | Q¢ @)U U\ (97 Q7 9y Q1))
.k
(8.38) "

<> <7 +C(n, A >) (S(p(z",27,v) +ns) + C),

j=1
where g is a null sequence for S — oo.
Step 3.1: Proof of . For x € XrN(ATUA~ U Q4 Ud; Q%) NQY such that dist (z,U) > 1
it holds #N(x) = 4. This follows from the boundary conditions of X7** on each cube Q% (x7*)
and (8.36). So it suffices to estimate the cardinality of atoms x € X with z € (U);. As U consists
of 2n + 1 tubular neighborhoods whose length is bounded by CS, we get £2((U)2) < CnS. Thus,
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Lemma, v) implies #(X7 N (U)1) < CnS, which by (2.4)) implies (8.37]).
Step 3.2: Proof of (8.38). Note that by (8.36)), to obtain (8.38) it suffices to control the energy
contribution by atoms in Ul ik Q3 (xfk) Further notice that by the boundary conditions of X7 ow

and we have By (X7, Q¢ (z77)) = By (X7, QY (27%)), whenever i ¢ {0, N1(S,T), No(S, T)}.
For all other i, j, k one has X7 = £(z%) on

(0Q% (" )s \ {z: £ (z — o] ) < Ok},
where C' > 0 is a constant only dependlng on v1,vy and v. Using Lemma (V), this shows
that the cardinality of X7 N Q3 (z7 "y (U); is uniformly controlled. But this set contains all
atoms x € Xr N Q7 (x ( 7 k) for which p0551b1y #(Na( )N Xr) < #(N?(x) N XIF). Using (2-4),
this shows Ey (X7, ( PRY) < By (XTI Q¢ (227)) + C. Thus, using (8:39), Proposition
Proposition 8.5 we get
(8.39) Ey(Xr, Q¢ («]")) < By(X]*,QF (x]%)) + C < S(p(z*, 27, vy) +11s) + C.
Observe that for j € {1,2} we have

#{(z’,k):z’:o,...7Nj(s7T),k:OP_.,n_1}:n(LAj(T—(ignm)S)J +1)

)\TT—FC'(n)\)

for a constant only C'(n,\;) depending only on n, \;. This, together with (8.39) yields (8.38].
Step 4: Conclusion. Note that

Pa v v
min{E1 (X, Q4%): X € Adm{® * (Q4)} < By (X7, Q%)
Using this together with Lemma [4.1(iv) - -, we have
min{E; (X, Q7): X € Addm{™*(Q4)}

< 2_; <)\jT(<P(z vj) +1s) + OXj 5 L cma)(Cs + 0)) +CnS.

J

Using Proposition dividing by T, letting first 7' — 400 and then S — +o00 and recalling that
ns — 0 as S — 400, we obtain (8.34). This concludes the proof of (iii).

Step 5: Proof of (iv). Let z* = (%,7%,1) € Z,v € S! and § € A. We will prove

(8.40) P((0F +6,77,1),(07 +60,77,1),ev) = (", 27, v).

Due to Proposition for every T > 0 we can choose X7 C R?, such that Xp € Admlﬁ’[)(Q%)
and such that

1 v _
(8.41) hm TEl(XTvQT) =(zt,27,v).
Now setting X§ = e X7 it holds X4 € Adm ((9++GT AT+ T 1))( %), where vy = €“v.
Applying Proposmon u 8.5, Lemma (4.1 E(i ) and (| - we get
p((0% +0,7%,1)) < lim inf TEl(XT, Q)= Jim ?El(XT, Q) =z, 27 ,v).

This shows one inequality in (8.40f). For the reverse inequality one repeats the above argument
with (6%, 7%,1) = (6% + 9,7 1), v = e' v and § = —0. This concludes the proof of (iv).
Step 6: Proof of (v). Let 2% = (6*,7%,1),v € S* and 7 € T. We now prove

(8.42) PO, 77+ e 1), (07,77 + e 1),0) = p(a, 27 w).

Due to Proposition for every T > 0 we can choose X7 C R?, such that Xp € Admlﬁ’[)(Q%)
and there holds

1
(8.43) lim —FE(X7,Q%) = (27,27 ,v).
T—oo T
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—iot oo iem
By setting X7 = X7 + 7 it holds X7 € Adm{(®"7 "+ " mD.@ T+ m D) (v (1)) By Propo-
sition [8.5] Lemma [4.1}i) and (8.43) it holds

. 10— 1
4,0((9+7T+ + 6_20+T, 1,07, 77 + e 7,1),v) < liminf TEI(X%’ Qr(7))

T—o0
= lim El(XTaQ'IJI“) = QO(Z+,27,I/) .
T—o0

This yields one inequality of (8.42)). The other inequality follows by repeating the argument with
(6F, 75, 1) = (0%, 7% + e=i0* 7,1) and 7 = —7. This concludes the proof of (v). O
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