
EXISTENCE OF FLAT BLOWUPS AT BOUNDARY POINTS OF
ANISOTROPIC MINIMIZING HYPERCURRENTS

MICHAEL NOVACK AND REINALDO RESENDE

Abstract. We consider m-dimensional currents in Rm+1 that almost minimize an anisotropic energy
whose integrand is continuous in the space variable and C2,Dini in the normal variable. We prove that
if the boundary of such a current is differentiable, then the current admits a flat blowup at every
boundary point.
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1. Introduction

In their groundbreaking work [8], Hardt and Simon showed that boundary regularity for codimension-
one area-minimizing currents is determined by their blowups. More precisely, let T be an area-
minimizing m-current in Rm+1 with multiplicity-one boundary Γ of class C1,α. They proved that, for
every p ∈ Γ, T admits a flat blowup at p if, and only if, T is regular near p. This equivalence reduces
the boundary regularity problem to the study of blowups. They then proved that

every blowup of T at a boundary point is flat,

and hence that T attaches regularly to Γ at every point.
For anisotropic energies, the problem has remained largely open, the basic obstruction being

the absence of a monotonicity formula; see Remarks 1.4 and 1.5. For general boundary points, it
was not known whether a flat blowup exists, nor whether the existence of one implies regularity.
Indeed, Hardt and Simon [8] observe that for two-dimensional anisotropic minimizers in R3, “at
an arbitrary boundary point a, even the existence of an oriented tangent cone is unknown,” and
we are not aware of any progress on this question. In this paper, we answer the blowup question
in every dimension; namely, we prove that every boundary point of an anisotropic minimizer with
multiplicity-one boundary supported on a differentiable manifold admits a flat blowup.

The existing regularity results for anisotropic minimizers are conditional on the behavior of the
minimizer at the point in question. In the interior, where the theory is well developed, Schoen, Simon,
and Almgren [14] proved that the singular set has vanishing (m − 2)-dimensional Hausdorff measure,
a bound which can be improved to H(m−2−ν)-null for some ν > 0; cf. the discussion in [7, Corollary
2.5]. In the other direction, Morgan [13] produced an example of a three-dimensional minimizing
cone in R4 with a singularity at the origin. At the boundary, Hardt [9] proved regularity at points in
which spt T has a supporting hyperplane, and Duzaar and Steffen [5] proved an ε-regularity theorem
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at points where the lower density is at most 1/2+ ε. Our theorem, in contrast, gives an unconditional
conclusion at the level of blowups: every boundary point admits a flat blowup.

We now state our main result and refer the reader to Section 2 for the precise definitions.

Theorem 1.1 (Existence of a flat blowup at the boundary). If m ∈ N, F is a uniformly elliptic
integrand of class C2,Dini, T is an integer rectifiable m-current that is (F, ω)-minimizing in B1, and
∂T is a multiplicity-one current whose support is a differentiable manifold containing 0, then there
exist rj → 0, Q ∈ N, and a half-hyperplane Π+ such that

T0,rj → QJΠ+K − (Q − 1)J−Π+K .

Remark 1.2 (Nonautonomous integrands). Theorem 1.1 also applies to energies with nonautonomous
integrands, that is, F ∶ Rm+1 ×Rm+1 → R that is continuous in the first variable and uniformly elliptic
of class C2,Dini in the second variable. Indeed, any (F, ω)-minimal current T is (F0, ω +Cω0)-minimal
where F0(ν) ∶= F (0, ν), ω0(r) ∶= supν∈Sm{∣F (x, ν) − F (y, ν)∣ ∶ ∣x − y∣ ≤ r}, and C > 1 is a universal
constant. Since F is continuous in the space variable, ω +Cω0 is an admissible error term, and so the
conclusion of Theorem 1.1 holds in this setting.

Remark 1.3 (Higher multiplicity boundaries). If ∂T has multiplicity P for some P > 1, then an
argument of White [17] shows that T decomposes on B1 into P anisotropic area minimizers T1, . . . , TP

with multiplicity one boundaries, and so Theorem 1.1 applies separately to each Ti. If one of the Ti’s
has a two sided blowup, then the blowup of T is a two-sided plane with multiplicities Q and Q − P
on each half plane, whereas if all Ti’s have one-sided blowups, this blowup will be an open book with
sheets that may or may not coincide.

Remark 1.4 (On full boundary regularity). When Q = 1 in Theorem 1.1, the subsequential blowup
is a half-hyperplane with multiplicity one (a “one-sided” blowup) and the result [5] of Duzaar and
Steffen applies, and spt T is an anisotropic minimal surface with boundary in a neighborhood of 0.
Complete boundary regularity would therefore follow from an ε-regularity theorem when Q > 1 and a
blowup is “two-sided”. In the case of the area functional, the argument is rather delicate and relies
in a crucial way on the remainder term in the monotonicity formula [8]. Addressing this issue and
establishing the full boundary regularity program in the anisotropic case remains open.

1.1. Outline of the proof. The existence of nontrivial “classical” blowups, with no need for Preiss
blowups, follows from upper mass ratio bounds and the fact that the boundary is induced by a
differentiable manifold; see Remark 6.1. Since the set of blowups at zero is closed under further
blowups, it therefore suffices to consider the case where, up to a rotation, T is an integer rectifiable
m-current with multiplicity one boundary supported in Rm−1 × {0}2 ∶= L that minimizes F in Rm+1.
The proof consists of two main steps: a barrier argument that precludes spt T from wrapping around
L infinitely often, and a blowup argument that utilizes a parametric Hopf lemma to extract a limiting
tangent plane.

1.1.1. Boundedness of the polar angle function. Let M be the oriented half-hyperplane {xm >
0} ∩ {xm+1 = 0} with boundary L. The key quantity is a polar angle function θ (Definition 5.3),
defined on the interior regular set RegiT ⊂ spt T , which counts how many times T has wound around
L in the (xm, xm+1)-variables (relative to a fixed base point). The reader may keep in mind the
picture of T ⊂ R2 as a spiral winding around L, crossing M once at each rotation and taking values
in 2πZ on M ∩RegiT ; see Figure 1. The goal in this step is to show that θ is locally bounded, cf.
Theorem 5.5. This will be necessary in order to identify a candidate tangent plane for T at the origin.

Let us consider bounding θ from above on B1 ∩ RegiT ; the lower bound argument is entirely
analogous. Such an upper bound would follow from showing that for some large N ∈ N, the superlevel
set {θ(x) > 2πN} ∩B1 is contained in the halfspace {xm > 0}, since this implies that θ ≤ 2πN + π/2
on B1 ∩RegiT . In turn, to prove this halfspace containment, we use a barrier set U such that
(1.1) {θ(x) > 2πN} ∩B1 ⊂ U ∩B1 ⊂ {xm > 0} for some large N ∈ N .
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Figure 1. At the base point p0, θ(p0) = 0. Then θ(p1) = 2π, θ(p2) = 4π. The cross
section of the barrier set U ⊂ {xm > 0} through any two-dimensional slice perpendicular
to L over x ∈ B1 ∩L is the gray disk tangent to L shown above; see Figure 2 below to
see this slice relative to the whole picture. Since that disk has positive curvature, it
acts as a barrier forcing an area minimizing surface to connect p2 to L through a path
contained in U rather than exiting U along the alternating dotted/dashed spiral; in
R2, this path is the bold dashed segment shown above.

We have thus reduced bounding θ from above to the construction of a barrier set U satisfying (1.1).
To choose N and prove (1.1), let N ∈ N and TN be the current induced by B2∩{θ > 2πN}. We

first show that for large N , the support of TN is contained in an arbitrarily small neighborhood of L.
This follows from lower density bounds by arguing that, if T had wound around L too many times at
positive distance from L, the mass of T would be infinity. We then construct U so that U ∩B1 is the
cylinder {∣(xm, xm+1) − (δ, 0)∣ < δ} contained in {xm > 0} and tangent to L, and U ∖B2 is a small
dilation of this cylinder; see Figure 2. Thus U is F-mean convex. In fact, U is also mean convex
with respect to the reflected anisotropy G(ν) = F (−ν), which will be necessary in order to address
possible mismatches in orientation at touching points. Furthermore, for large enough N , spt TN is
contained in an arbitrarily small neighborhood of U and spt ∂TN ⊂ U , and so a maximum principle
(cf. Proposition 4.3) implies that spt TN must be contained in U .

{θ = 2πN}2D slice of U from Figure 1

T
U

L = Rm−1 × {0}2
−1 1−2 2

Figure 2. Here the plane containing the page is {xm = 0}, so that the half plane
corresponding to angle 0 and containing the bold level set {θ = 2πN} is the portion
below L. The anisotropic area minimizer induced by B2 ∩ {θ > 2πN} is the gray
surface TN , and it is bounded by four curves: a portion of L, {θ = 2πN}, and the
alternating dotted/dashed curves {θ > 2πN} ∩B2 coming from slicing T by ∂B2. The
barrier set U is built so that it contains these four curves, and thus the boundary of
TN . This allows for a maximum principle argument yielding spt TN ⊂ U .

1.1.2. Parametric Hopf lemma and blowups. Once we know that θ is bounded on B1, we have a
natural candidate for the limiting halfplane(s) hopefully contained in a flat blowup: the half plane
Mmin with boundary L corresponding to the angle

θmin = lim
r↘0

inf{θ(x) ∶ x ∈ Br ∩RegiT} =∶ lim
r↘0

θr .
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We emphasize that the infimums exist for each r ∈ (0, 1) only because θ is bounded, and that θmin
exists since it is the limit of a bounded, monotone sequence. To simplify the notation, let us assume
that θmin ∈ 2πZ. We also denote by Mr the halfplanes corresponding to angles θr.

The first step in the identification of a flat blowup is showing that Mmin must be contained in the
support of any blowup T0 of T at 0. Postponing the summary of this argument for a moment, the
remainder of the argument is an iterative procedure where we take further blowups, repeating at
each stage the argument that yielded Mmin to identify further halfplanes contained in these blowups.
By upper density bounds on minimizers, this process must terminate after finitely many iterations,
resulting in a final blowup given by a union of halfplanes with boundary L. By a two-dimensional
argument using the F-minimality of the final blowup and convexity of F (cf. Lemma 3.3), these half
hyperplanes must be all contained in the same plane, and so that plane supports a flat blowup of T
at 0.

The proof that Mmin is contained in the support of any blowup T0 of T at 0 consists of two
steps. First, assuming for contradiction that Mmin /⊂ spt T0, we may choose x0 ∈Mmin ∖ spt T0 and a
small ball Br0(x0) disjoint from spt T0. We now argue that there exists a connected component of
spt T0 ∩ {xm > 0} contained in the wedge W = {xm > 0, xm+1 > 0}, which heuristically follows from the
definition of θmin ∈ 2πZ. Indeed, since θr is the infimum of θ on Br, for small r > 0, the component of
spt T0,r ∩B1 ∩ {xm > 0} achieving θr cannot cross the halfplane corresponding to θr (as it would thus
take values strictly smaller than θr), and so taking a limit in these components yields a component
of spt T0 ∩ {xm > 0} contained in W . Second, using the “separation” between T0 and Mmin given by
Br0(x0) and the fact that the support of T is contained in the wedge W , for small r > 0 we insert
the graph of a barrier function ur in between Mr and spt T0,r ∩ {xm > 0} ∩B1 for small r. By a
parametric Hopf lemma (Proposition 4.5), the graph of ur meets L at a small positive angle δ relative
to the halfplane corresponding to θr, and a compactness argument shows that δ depends on r0 but
not on r; see Figure 3. Thus, for r small enough, the parametric Hopf lemma also gives that the
component of spt T0,r ∩B1 ∩ {xm > 0} achieving θr lives above the plane determined by θr. This
contradicts the definition of θr and completes the proof that Mmin ⊂ spt T0.

T0,r

ur
0

x0

L = Rm−1 × {0}2

Mmin

Mr

Figure 3. The barrier function ur is constructed on a cylinder contained in {xm > 0},
meets L with a positive angle above Mr, and is squeezed in between Mr and T0,r. The
positive angle δ depends on the distance of x0 to the blowup.

Remark 1.5 (Comparison with the area case). The idea of using a maximum principle argument
nearby a point of minimum (or maximum) angle θ to deduce flatness is due to Hardt and Simon [8],
but they use a completely different argument to control θ. In the isotropic case, the monotonicity
formula and resulting conical blowups imply that θ is positively one homogeneous, and in particular
is characterized by its values on the link of a blowup cone. By an induction on dimension using their
ε-regularity theorem and the conical structure, the link is regular up to the boundary, and so θ is
continuous on the link and thus achieves its maximum. For the anisotropic problem considered here,
blowups are not cones a priori and there is not a two-sided ε-regularity theorem, so θ is not readily
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bounded by using continuity and compactness on the link. Therefore, we instead introduce the new
barrier set to bound the polar angle function and circumvent the lack of a monotonicity formula and
ε-regularity theorem.

1.2. Acknowledgments. MN has been supported by NSF Grant DMS-2607241. Figures 1–3 were
drawn in TikZ with the assistance of publicly available LLMs.

2. Notation and background

We use Br (p) for the open ball of radius r and centered at p. If p = 0, we simply write Br. We use
the notation p = (p′, pm+1) ∈ Rm ×R and Br(p′) for the open ball in Rm of radius r and centered at p′.

For any subset V of Rm+n, define its ϵ-neighborhood by Bϵ(V ) ∶= {x ∈ Rm+n ∶ dist (x, V ) < ϵ}. We
denote the k-dimensional Hausdorff measure in Rm+n by Hk.

For background on the theory of currents, we refer the reader to [16, 6].
Fixing {e1, . . . , em+1} to be the canonical basis of Rm+1, the Hodge star operator will always be

denoted by ⋆, and it is defined as the linear isometry characterized by ⋆(e1 ∧ . . . êi . . . ∧ em+1) =
(−1)m+1−iei for any i ∈ {1, . . . , m + 1}.

We refer the reader to [12] for background on sets of finite perimeter. Given a set of locally finite
perimeter E ⊂ Rm+1, we denote its reduced boundary by ∂∗E, the local perimeter by P (E; A) for
any measurable set A ⊂ Rm+1, and its outward unit normal at x by νE(x) whenever it exists. We
denote by PF (E; A) the anisotropic perimeter of E relative to A.

Our convention for the mean curvature is such that ∂Br has mean curvature 1/r.

2.1. Anisotropic integrands and (F, ω)-minimizers. Let us set the nomenclature and hypothesis
on the integrands that will be used in this work. A function F ∶ Rm+1 → R+ is called a geometric or
parametric integrand, and the anisotropic mass of T , where T is an integer rectifiable m-current in
Rm+1, is the number

F(T ) = ∫
Rm+1

F (⋆T⃗ (x))d∣T ∣(x).

Fixing the direction em+1, the function F§ ∶ Rm → R defined by F§(v) = F ((−v, 1)) is called a
non-parametric integrand. Thus for an open subset Ω ⊂ Rm and the current Gu induced by the graph
of a W 1,1 function u ∶ Ω→ R oriented by its upward pointing normal,

(2.1) F(Gu) =F (u) ∶= ∫Ω
F§(∇u)dHm .

The following is the regularity class of our integrands.

Definition 2.1. We say that F is uniformly elliptic of class C2,Dini if F is a geometric integrand
that is positively one-homogeneous, C2 on Rm+1 ∖ {0}, and satisfies

a∣τ ∣2 ≤D2F (ν)[τ, τ] ≤ A∣τ ∣2, ∀ν ∈ Sm, τ ∈ ν⊥.

Moreover, setting ρF (r) ∶= sup{∣D2F (u)−D2F (v)∣ ∶ u, v ∈ Sm, ∣u−v∣ ≤ r}, we require ∫ 1
0

ρF (r)
r dr < +∞.

We denote the upper and lower bounds of F on Sm by Λ and λ, respectively.

We define the interior regular set of a current.

Definition 2.2 (Regular sets). Let T be an integer rectifiable m-current in Rm+1. The interior
regular set RegiT is the set of all points x ∈ spt T ∖ spt ∂T for which there are r > 0, β > 0, and an
embedded hypersurface Σ of class C1,β satisfying Σ ∩Br(x) = spt T ∩Br(x).

We now define almost minimality.
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Definition 2.3 ((F, ω)-minimizers). Let U ⊂ Rm+1 be open, let B be an (m − 1)-dimensional
integral current, and let ω ∶ [0,∞) → [0,∞) be nondecreasing with limr→0 ω(r) = 0. We say that an
m-dimensional integral current T is an (F, ω)-minimizer in U with boundary B if ∂T = B and

F(T ) ≤ F(T +X) + ω(r)M(X)

for every r > 0 and every m-dimensional integer rectifiable current X such that ∂X = 0, spt X ⊂ U,
and diam(spt X) ≤ r. If ω ≡ 0, we say that T is an F-minimizer.

3. Preliminary results

3.1. Small data existence for the Dirichlet problem and a comparison principle. Here we
adapt the argument of [7, Lemma 3.5] to show the existence and C1,α-regularity up to the boundary
for the Dirichlet problem corresponding to the operator ∇u↦ div∇F§(∇u). We recall for example
that in the case of the minimal surface operator, mean convexity of Ω is equivalent to existence of
solutions to the Dirichlet problem for arbitrary continuous boundary data, cf. [10, Theorem 1]. Thus
some smallness assumption on the boundary data is necessary to have existence for general smooth
domains (the sharp condition is essentially smallness in the Lipschitz seminorm [18]).

Proposition 3.1 (Small data existence for the Dirichlet problem). If F ∶ Rm+1 → R+ is uniformly
elliptic of class C2,Dini, U is a smooth domain, η ∈ (0, 1), then there are κ0 > 0, C > 0, and α ∈ (0, 1)
with the following property:

if g ∈ C∞(∂U) and ∥g∥C1,η(∂U) ≤ κ0, then there is a unique u ∈ (C1,α ∩C2)(U) minimizing F on U

among v ∈W 1,1(U) with v = g on ∂U and satisfying div∇F§(∇u) = 0 in the weak sense with

∥u∥C1,α(U) ≤ C∥g∥C1,η(∂U) .

Proof. Let F̃ be a modification of F§ such that F̃ = F§ on B100 and F̃ satisfies

1/c <D2F̃ (x) < c for some c > 1 .

Then F̃ is uniformly convex with quadratic growth, so the direct method in W 1,2(U) yields a unique
minimizer of ∫U F̃ (∇u). The minimality of u for this modified functional is enough to apply verbatim
the proof of [7, Lemma 3.5] (which is stated for balls but applies to any C2 domain since the boundary
regularity result [15] does), yielding the existence of α ∈ (0, 1) and C > 0 such that

∥u∥C1,α(U) ≤ C∥g∥C1,η(∂U) .

Thus by choosing κ0 small enough, we may ensure that ∣∇u∣ < 100 and F§(∇u) = F̃ (∇u) on U . As
a consequence, u in fact solves div∇F§(∇u) = 0 in the weak sense. The strict convexity of F§ now
implies that u minimizes F , and the proof is complete save for the claim that u ∈ C2. To prove the
C2 regularity, we first observe that by the gradient bound, the Euler Lagrange operator is uniformly
elliptic, and so a standard difference quotient argument shows that u ∈ W 2,2(U). Therefore, the
partial derivatives of u are weak solutions to the equation ∂i[(F§)pipj(∇u)∂j(∂ku)] = 0, which is a
uniformly elliptic divergence form equation with Dini coefficients. This allows us to apply the C1

regularity result of [11] for such equations to deduce that ∂ku ∈ C1 for each k, and so u ∈ C2. □

3.2. Mass ratio bounds. The fact that F-minimizers satisfy mass ratio upper bounds is understood
to be standard, but we failed to find a reference for it at boundary points. Therefore, we include a
proof below.

Lemma 3.2 (Local upper F-bounds). Under the assumptions of Theorem 1.1, for every x ∈ spt(T ),
there are Cx, Qx, and R(x) > 0, depending on T , F , and x, such that F(T Br (x)) ≤ Cxrm for all
r ∈ (0, R(x)) and the multiplicity of T is bounded by Qx on BR(x) (x).



FLAT BOUNDARY BLOWUPS 7

Proof. We denote ∂T B1 = JΓK. If x ∈ spt T ∖ Γ, then the result is standard, so we assume x ∈ Γ.
First we show the multiplicity bound. Decompose Regi T∩B1 into its connected components Ci. Note
that up to Hm-null sets, the multiplicity function Θ is some constant Qi on each Ci. Since, by interior
regularity, F(T B1) = ∑F(QiJCiK B1), a standard argument using the subadditivity of F shows
that each Ci is an F-minimizer. Now for those Ci such that B1∩∂Ci = ∅, interior lower density bounds
(see e.g. [2, Lemma 4]) imply that F(QiJCiK Br(y) ≳ rm for any y ∈ B1 and r < 1 − ∣y∣, which implies
that only finitely many such Ci have support intersecting B(1−∣x∣)/2 non-trivially. Thus, choosing
R ∈ (0, (1− ∣x∣)/2) such that Γ∩BR(x) is connected, the multiplicities coming from these components
are bounded on B(1−∣x∣)/2. So it remains to bound the multiplicites on the other components.

We next claim that for each Ci with BR(x) ∩ ∂Ci ≠ ∅, ∂JCiK BR(x) = ±JΓK BR(x). To prove
this, first we observe that ∂JCiK (BR(x) ∖ Γ) = 0. Indeed, spt(∂JCiK)∩BR(x) ⊂ spt T∩BR(x) =
[Regi T∪Γ∪Singi T ]∩BR(x), but for every x ∈ Regi T , there is Brx (x) and j(x) such that T Brx (x) =
Qj(x)JCj(x)K Brx (x) (in which case JCj′K is 0 on that ball for j′ ≠ j(x)), and spt T ∖ (Regi T ∪ Γ)
has Hausdorff dimension less than m− 2 (by interior regularity [7]). So ∂JCiK BR(x) is supported on
Γ, and then by the constancy lemma ([6, 4.1.31]) we conclude that ∂JCiK BR(x) = kiJΓK BR(x) for
some ki ∈ Z. Furthermore, by White’s decomposition [17], since each JCiK is an F-minimizer and Ci

is connected it must be the case that each ∣ki∣ = 1. Indeed, if ∣ki∣ > 1, we could decompose JCiK into
two nontrivial F-minimizers, JC1

i K + JC2
i K, but since Ci is connected, C1

i and C2
i must coincide, which

is impossible since the multiplicity of JCiK is one.
To conclude the proof that the multiplicity is bounded on BR(x), since Θ is constant on each Ci

which intersects BR(x), it suffices to show that there are a finite number of Ci’s with BR(x) ∩Ci ≠ ∅.
Indeed, if there were infinitely many, then, using ∑F(JCiK BR (x)) < ∞ and the properties of F , we
could find a subsequential limit T ′ of {JCiK BR (x)}i∈N such that ∂T ′ BR(x) = ±JΓK BR(x), and,
by lower semicontinuity of the mass, M(T ′) = 0, which is impossible.

With the local multiplicity bound in hand, the local upper F-bound follows from a standard
competitor argument; we refer the reader to [14, (29)-(33)]. □

3.3. Conical F-minimizers in R2. We now show a simple lemma that follows directly from strict
convexity of F and shows that conical minimizers in R2 must be flat. This will be used later on.

Lemma 3.3. Let C be an integer rectifiable 1-current in R2 which is a cone, minimizes F, and
∂C = dJ0K, d ∈ N ∖ {0}. Then there are lines ℓ, ℓ1, . . . , ℓd through the origin and an integer Q ≥ d such
that

(3.1) C = QJℓ+K + (Q − d)Jℓ−K if Q > d or C =
d

∑
i=1

Jℓ+i K if Q = d,

where ℓ± and ℓ±i are the two connected components of ℓ∖{0} and ℓi∖{0} oriented by a fixed orientation
of ℓ and ℓi, respectively.

Proof. Since C is a 1-dimensional integer rectifiable cone with locally finite mass, its support is a
finite union of rays from the origin. Therefore, we can write

(3.2) C =
N

∑
i=1

kiJriK ,

where ki ∈ Z ∖ {0} and ri = {tpi ∶ t ≥ 0} for distinct points pi ∈ S1. Since ∂C = dJ0K and we may take
JriK to be oriented so that ∂JriK = J0K, we must have ∑N

i=1 ki = d.
We claim that if ki > 0 and kj < 0, then pj = −pi. Suppose not. Fix R > 0. We have ∂(J[0, Rpi]K +

J[Rpj , 0]K) = JRpiK − JRpjK. Then we replace it by J[Rpj , Rpi]K , producing an admissible competitor
for C in BR. By strict convexity of F , we derive that

F(J[Rpj , Rpi]K) < F(J[0, Rpi]K) +F(J[Rpj , 0]K).
This gives a contradiction and proves the claim.
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Now, if all ki > 0, then ∑N
i=1 ki = d and the latter alternative in (3.1) follows from (3.2). Otherwise,

there is at least one negative coefficient. Since ∑i ki = d, there is also at least one positive coefficient.
By the claim, every positively oriented ray must be opposite to every negatively oriented ray. Because
the directions pi are distinct, there can be only one positive direction and only one negative direction.
This concludes the proof of the lemma. □

3.4. Comparison principle. The following lemma is an adaptation of [3, Lemma 2.12] (proved
under C2,1 regularity of F ) for C2,Dini integrands.

Lemma 3.4 (Comparison principle). If U ⊂ Rm is a bounded C1 domain, F is a uniformly elliptic
integrand of class C2,Dini, α ∈ (0, 1), a < b ∈ R, u ∈ C1,α(U) is a weak solution to div [∇F§(∇u)] = 0,
E ⊂ U × (a, b) minimizes the anisotropic perimeter in U × (a, b) with PF (E) < ∞, and

E(1/2) ∩ ∂[U × (a, b)] ⊃ {(x′, xm+1) ∈ (∂U) × (a, b) ∶ xm+1 < u(x′)} ∪ (U × {a}),
then

∣{(x′, xm+1) ∶ x′ ∈ U, xm+1 ≤ u(x′)} ∖E∣ = 0 .

Proof. The proof of [3, Lemma 2.12], which is stated for C2,1 integrands, readily works here as well.
The only place this enters in the proof is when applying the divergence theorem to the vector field
X(x) ∶= ∇F (∇u(x′),−1). Since, as shown in Proposition 3.1, u ∈ C2, this step and the proof in [3,
Lemma 2.12] proceeds without issue. □

4. Anisotropic mean convex barriers and a parametric Hopf lemma

In this section, we prove variations of the maximum principle at the level of functions and of
F-minimizers. These are used to construct anisotropic mean convex barriers to F-minimizers, see
Proposition 4.3. We also prove a “strong” Hopf’s lemma (Proposition 4.5) for currents that will play
a crucial role in the proof of our main theorem.

4.1. Maximum principles and anisotropic mean convex barriers.

Lemma 4.1 (Strong maximum principle for graphs). Suppose that G is uniformly elliptic of class
C2,Dini, Ω ⊂ Rm is a bounded, connected open set, β ∈ (0, 1], u, v ∈ C1,β(Ω) are weak solutions to
(4.1) −div [∇G§(∇v)] = 0, −div [∇G§(∇u)] = g ∈ L∞(Ω),
where ess infΩ g ≥ 0, and u ≥ v on Ω. If in addition

(i) ess infΩ g ≥ κ > 0 for some κ > 0, then u > v on Ω; whereas
(ii) if g ≡ 0, then either u ≡ v on Ω or u > v on Ω.

Proof. For every x ∈ Ω, we have ∇G§(∇u) − ∇G§(∇v) =M(x)(∇u −∇v) where

M(x) ∶= ∫
1

0
D2G§(∇v(x) + t(∇u(x) − ∇v(x)))dt.

Subtracting the two equations in (4.1), we find
−div [M∇(u − v)] = g ≥ 0 weakly in Ω.

The matrix M is clearly locally bounded and its uniform ellipticity follows from uniform ellipticity
of G under L∞ gradient bounds on u and v. Note that the coefficient matrix M is Dini continuous
since G is C2,Dini.

Suppose now for contradiction that {x ∈ Ω ∶ u(x) = v(x)} ≠ ∅ but that {u = v} ≠ Ω. Then we
can find Br(x0) ⊂⊂ Ω such that u > v on Br(x0) and u(y0) = v(y0) for some y0 ∈ ∂Br(x0). By the
Hopf lemma for divergence form equations with Dini coefficients [1, Theorem 2.1], we find that
∇(u − v)(y0) ≠ 0. But together with u(y0) = v(y0), this contradicts u ≥ v on Ω. So we either have
u > v on Ω or u ≡ v on Ω, and (i)-(ii) follow immediately. □
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The next item is a strong maximum principle for F-minimizers, similar to the statement in [3,
Lemma 2.13]. The proof is nearly identical; since the integrands considered in [3] are C2,1 rather than
C2,Dini, it only requires a couple minor technical modifications that we describe below.

Lemma 4.2 (Strong maximum principle for F-minimizers). If F is a uniformly elliptic integrand
of class C2,Dini, T is an integer rectifiable m-current in Rm+1 that minimizes F in B1, ∂T B1 = 0,
v ∈ Sm, spt T ∩B1 ⊂ {x ⋅ v ≥ 0}∩B1, and 0 ∈ spt T , then there is q ∈ Z and T ′ with 0 ∉ spt T ′ such that,
setting H = J{x ⋅ v > 0}K oriented by e1 ∧⋯ ∧ em+1,

T B1 = q∂H B1 + T ′ .

Proof. By a change of coordinates, it suffices to prove the lemma when v = em+1. In a slight abuse of
notation, we call H = {xm+1 > 0}. We decompose T B1 = ∑i ∂JEiK, where each Ei locally minimizes
the anisotropic perimeter in B1. We normalize each Ei so that ∂Ei ∩B1 = ∂∗Ei ∩B1. By interior
regularity, i.e., Hm−2(Singi ∂JEiK) = 0 [7], we have Hm(B1 ∩ ∂Ei ∖ ∂∗Ei) = 0 and may assume that
Ei = E

(1)
i is open, cf. [4, Lemma 6.2]. Note that by lower volume density estimates (cf. [3, Lemma

2.8], where the argument does not require any regularity on D2F , and so applies here), only finitely
many Ei can have boundary in B1/2. Thus, to prove the lemma, it suffices to show that for each Ei,

either 0 ∉ ∂Ei or ∂H ∩B1 ⊂ ∂Ei .

Fix i. We assume that ∂Ei does not contain ∂H ∩B1 and aim to prove
0 ∉ ∂Ei .

Depending on the orientation of JEiK and since spt T ∩B1 ⊂ H, we have either Ei ⊂ H or Ec
i ⊂ H.

We set E = Ei ∩B1 and G(x) = F (x) if Ei ⊂ H and E = Ec
i ∩B1 and G(x) = F (−x) if Ec

i ⊂ H. We
need to show that
(4.2) if E minimizes ∫ G(νE) in B1 and ∂Ei does not contain ∂H ∩B1, then 0 ∉ ∂E .

Equation (4.2) is now exactly what is proved in [3, Lemma 2.13] for C2,1 integrands. With this
reduction in place, there is only one difference compared to [3, Lemma 2.13]: their use of F ∈ C2,1 to
use classical elliptic regularity theory/maximum principles to derive u(0) > 0 ([3, Eq. (2.100)]). Here,
we can directly apply our Lemma 4.1 for G of class C2,Dini.

Once the above is settled, the proof in [3, Lemma 2.13] is finished by an application of [3, Lemma
2.12] which is our Lemma 3.4. □

Next, we formulate the barrier principle.

Proposition 4.3 (Anisotropic mean convex barriers). Let F be a uniformly elliptic integrand of
class C2,Dini. If U ⊂ Rm+1 is a C2 bounded open set such that the anisotropic mean curvatures
HF

∂U , HG
∂U ∈ L∞(∂U) corresponding to the anisotropies ν ↦ F (ν) and ν ↦ F (−ν) =∶ G(ν) satisfy

min
∂U

HF
∂U ≥ κ , min

∂U
HG

∂U ≥ κ

for some κ > 0, then there is δ0 = δ0(U) > 0 with the following property:

if S is an F-minimizer in Rm+1 with spt(∂S) ⊂ U and spt S ⊂ Bδ0(U), then spt S ⊂ U .

Remark 4.4 (On the assumption spt S ⊂ Bδ0(U)). Without this assumption the result is false, as is
seen by the example where S is an equatorial disk in R3 with boundary S1 × {0} and U is a small
tubular neighborhood containing spt ∂S but not spt S.

Proof. Let Uδ denote the bounded open sets {x ∶ dist (x, U) < δ}. We choose δ0 small enough so that
for all 0 ≤ δ ≤ δ0,

min
∂Uδ

HF
∂Uδ
≥ κ/2 , min

∂Uδ

HG
∂Uδ
≥ κ/2.
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Now let S be an F-minimizer as in the statement. Assume for contradiction that spt S ∖U ≠ ∅.
Then there is δ1 ≥ 0 which is the smallest δ ∈ [0, δ0] such that spt S ⊂ Uδ. We must show δ1 cannot be
positive. Since spt S is compact, there must be x ∈ ∂Uδ1 ∩ spt S. We blow up S at x by some rj → 0
such that Sx,rj → S0 for some S0, recall that S0 exists thanks to the mass ratio upper bound in Lemma
3.2. Note that the blowup satisfies the assumptions of Lemma 4.2. In particular, S0 decomposes
as q copies of an oriented hyperplane plus some current S′ such that dist (spt S′ ∩B1, 0) > 0. If the
orientation of S0 at zero coincides with Tx(∂Uδ1) oriented by the outward normal νUδ1

to ∂Uδ1 , we
define S′ = S, where if the orientation is opposite, we set S′ = −S. Note in this latter case that S′ is
G-minimizer.

We decompose S′x,rj
B1 into finitely many boundaries ∑i ∂JEj

i K of some anisotropic perimeter
minimizers in B1. Let us assume without loss of generality that 0 ∈ ∂Ej

1 and ∂Ej
1 blows up to a plane

for all j. By applying the interior regularity of [7], we find that for large j, ∂Ej
1 is locally a graph

of some fj ∈ C1,β, β > 0, over Tx(∂Uδ1), as is (∂Uδ1 − x)/rj with some gj . Up to a rotation, let us
assume that the tangent plane is Rm × {0} and that Ej

1 and (Uδ1 − x)/rj correspond to the epigraphs
of fj and gj , so that gj ≥ fj with equality at 0. Then fj and gj are C1,β weak solutions to

−div [∇F§(∇fj)] = 0 , −div [∇F§(∇gj)] ≥ rjκ/2 ,

in the case S′ = S, with F§ replaced by G§ if S′ = −S. By Lemma 4.1, gj > fj on a ball containing 0
for all large j, which contradicts gj(0) = fj(0). Thus δ1 > 0 is impossible and proof is complete. □

4.2. Parametric Hopf lemma. The Hopf lemma for graphs can be used to prove an analogous
statement for an anisotropic area-minimizing hypercurrents sitting above a hyperplane by “squeezing”
a minimizing graph in between them, an idea which is due to De Philippis and Maggi [3, Lemma
2.13].

Proposition 4.5 (Hopf-type lemma for F-minimizers). If F is a uniformly elliptic integrand of class
C2,Dini, α ∈ (0, 1) is as in Proposition 3.1, Ω ⊂ Rm is an open, star-shaped, bounded set with smooth
boundary, and r0 ∈ (0, 1/2) is fixed, then there is η0 > 0 with the following property:

if L ∶ Rm → R given by L(x′) = a ⋅ x′ is a linear function with ∣a∣ ≤ η0, T is an F-minimizer in
Ω × (−1, 1) with ∂T (Ω × (−1, 1)) = 0 and

(4.3) spt T ⊂ {(x′, xm+1) ∈ Ω × [−1, 1] ∶ xm+1 ≥ L(x′)} ,

and there exists x0 = (x′0, x0
m+1) ∈ graph∂ΩL such that

(4.4) dist(x0, spt T ) ≥ r0 ,

then there are τ0 > 0 and t0 > 0, both depending on F, m, and r0, and u ∈ Lip(Ω) such that

u(x′) ≥ L(x′) ∀x′ ∈ Ω ,(4.5)
u(x′) = L(x′) ∀x′ ∈ ∂Ω ∖Br0(x′0) ,(4.6)
u(x′ + tνΩ) > u(x′) + ta ⋅ νΩ + ∣t∣τ0 ∀x′ ∈ ∂Ω ∖Br0(x′0), t ∈ [−t0, 0) , and(4.7)
spt T ⊂ {(x′, xm+1) ∈ Ω × [−1, 1] ∶ xm+1 ≥ u(x′)} .(4.8)

Proof. We choose η0 = κ0/2, where κ0 is as in Proposition 3.1. Let us fix r0 ∈ (0, 1/2).
The subsequent argument is divided into two main steps. In the first step, we prove the desired

conclusions with additional L and x′0 dependence. More precisely, we fix a linear function L with
gradient modulus at most η0 and (x′0, x0

m+1) ∈ graph∂ΩL, and prove the existence of τL,x′0 , tL,x′0 , and
uL,x′0 such that (4.5)-(4.8) hold for any T as in the assumptions of the lemma. Then in the second
step, we prove that τL,x′0 and tL,x′0 can be made uniform among x′0 and L.
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For later use, we let φ ∈ C∞(Br0/2; [0,∞)) be such that φ = 0 on Rm ∖Br0/2, 0 < φ < r0/4 on Br0/2,
and, for every x′ ∈ ∂Ω and L(x′) = a ⋅ x′ with ∣a∣ ≤ η0,
(4.9) dist((x′0, L(x′0) + φ(0)), spt T) > r0/4 and ∥L(⋅) + φ(⋅ − x′)∥C1,η(Ω) ≤ 3κ0/4 ;
such a choice of φ is possible since η0 = κ0/2.

Step one: (4.5)-(4.8) hold with L and x′0 dependence. Fix L and x0 as in the statement of the
lemma. Let G be the anisotropy characterized by ν ↦ F (−ν) =∶ G(ν). By Proposition 3.1 and (4.9),
let uL,x′0,F , uL,x′0,G ∈ C1,α(Ω) be the unique minimizers of F and G , respectively (see (2.1) for the
definition of F ), on Ω with boundary data

φ(⋅ − x′0) +L(⋅).
By Proposition 3.1 and the second estimate in (4.9), we have
(4.10) max{∥uL,x′0,F ∥C1,α(Ω), ∥uL,x′0,G∥C1,α(Ω)} ≤ C3κ0/4 .

Setting uL,x′0 =min{uL,x′0,F , uL,x′0,G}, we point out that (4.5) follows by the maximum principle. Also,
(4.6) holds since spt φ ⊂ Br0/2 implies that φ(x′ − x′0) +L(x′) = L(x′) if x′ ∈ ∂Ω ∖Br0(x′0).

Next, notice that by the definitions of r0 and the choice φ (its support is contained in Br0/2), we
have
(4.11) spt T ⊂ {(x′, xm+1) ∈ Ω × [−1, 1] ∶ xm+1 ≥ L(x′) + φ(x′ − x′0)} .

We define

MF (x) = ∫
1

0
D2F§((1− t)a+ t∇uL,x′0,F (x))dt and MG(x) = ∫

1

0
D2G§((1− t)a+ t∇uL,x′0,G(x))dt .

Then uL,x′0,F − L satisfies the equation −div [MF∇(uL,x′0,F − L)] = 0, which is a uniformly elliptic
equation with Dini coefficients (the uniform ellipticity is due to the L∞ gradient bounds on uL,x′0,F

from Proposition 3.1). Also uL,x′0,G satisfies the analogous equation with G instead of F . By the Hopf
lemma [1, Theorem 2.1], the compactness of Ω, and the Hölder continuity of ∇uL,x′0,F and ∇uL,x′0,G,
there are τL,x′0 and tL,x′0 such that

uL,x′0,F (x′ + tνΩ) − uL,x′0,F (x′) − tL(νΩ) > ∣t∣τL,x′0 ∀x′ ∈ ∂Ω ∖Br0(x′0), t ∈ [−tL,x′0 , 0) and(4.12)
uL,x′0,G(x′ + tνΩ) − uL,x′0,G(x′) − tL(νΩ) > ∣t∣τL,x′0 ∀x′ ∈ ∂Ω ∖Br0(x′0), t ∈ [−tL,x′0 , 0) .(4.13)

Recalling that uL,x′0 = min{uL,x′0,F , uL,x′0,G}, we thus obtain (4.7) with L and x′0 dependence. To
finish this step, it remains to prove (4.8) with L and x′0 dependence.

Since Ω (and thus Ω× (−1, 1)) is star-shaped, we can write T as a sum of boundaries of anisotropic
relative perimeter minimizers (that is, of PF )

T (Ω × (−1, 1)) = ∑J∂Ei ∩ (Ω × (−1, 1))K .

By (4.11), for each Ei, we have either
(4.14)
[(Ω×(−1, 1))∖Ei](1/2)∩∂[Ω×(−1, 1)] ⊃ {(x′, xm+1) ∈ ∂Ω×(−1, 1) ∶ xm+1 < φ(x′−x′0)+L(x′)}∪(Ω × {−1})
or
(4.15) E(1/2)

i ∩ ∂[Ω × (−1, 1)] ⊃ {(x′, xm+1) ∈ ∂Ω × (−1, 1) ∶ xm+1 < φ(x′ − x′0) +L(x′)} ∪ (Ω × {−1}) .
For those Ei such that (4.14) holds, we apply Lemma 3.4 with uL,x′0,G, (Ω × (−1, 1)) ∖ Ei, and
anisotropy G to conclude that
(4.16) ∣{(x′, xm+1) ∶ x′ ∈ Ω, xm+1 ≤ uL,x′0,G(x′)} ∩Ei∣ = 0 ,

whereas for those Ei such that (4.15) holds, we apply Lemma 3.4 with uL,x′0,F , Ei, and anisotropy F
to conclude that
(4.17) ∣{(x′, xm+1) ∶ x′ ∈ Ω, xm+1 ≤ uL,x′0,F (x′)} ∖Ei∣ = 0 .
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As a consequence of (4.16) and (4.17), if spt T touches the graph of u inside Ω ×R, it can only
do so when one of these ∂Ei’s touches its corresponding graph but does not cross it. Thus to finish
proving (4.8), we only need to preclude this possibility. This is impossible because if there were such
a touching by some Ei, then the blowup of ∂Ei at that point would sit on one side of a plane, and
therefore coincide with that plane by Lemma 4.2. By the interior regularity of [7] and Lemma 4.1,
spt ∂Ei coincides with either the graph of uL,x′0,F or uL,x′0,G in a neighborhood of that touching point,
depending on the orientation of ∂Ei. This shows that the set of such coincidence points is open
relative to the graph, since it is also closed and Ω ×R is connected, we conclude that spt T contains
either the graph of uL,x′0,F or uL,x′0,G. We obtain a contradiction by recalling (4.9) and that these
functions have φ(x′ − x′0) +L(x′) as boundary data.

Step two: Removing the L and x′0 dependence. This is a compactness argument. Assume for
contradiction that for some sequence {(Lj , x′j)}j satisfying ∥∇Lj∥L∞ ≤ η0 and xj ∈ graph∂ΩLj , at
least one of the sequences of constants τLj ,x′j and tLj ,x′j converge to 0 no matter the choices of them
for each j. Recalling that uLj ,x′j =min{uLj ,x′j ,F , uLj ,x′j ,G}, up to a subsequence, we can use (4.10) and
the Arzela-Ascoli theorem to obtain x′0 ∈ ∂Ω, L0 with ∥∇L0∥L∞ ≤ η0, ux′0,L0,F , and ux′0,L0,G such that

x′j → x′0 , ∇Lj → ∇L0 , ux′j ,Lj ,F → ux′0,L0,F and ux′j ,Lj ,G → ux′0,L0,G in C1,β for all 0 < β < α.

Furthermore, ux′0,L0,F and ux′0,L0,G minimize F and G , respectively, for the boundary data L0+φ(⋅−x′0).
Therefore, the same argument as leading to (4.12)-(4.13) yields τL0,x′0 and tL0,x′0 such that, for any
t ∈ [−tL0,x′0 , 0),

uL0,x′0,F (x′ + tνΩ) − uL0,x′0,F (x′) − tL0(νΩ) > ∣t∣τL0,x′0 , ∀x′ ∈ ∂Ω ∖Br0(x′0), and(4.18)
uL0,x′0,G(x′ + tνΩ) − uL0,x′0,G(x′) − tL0(νΩ) > ∣t∣τL0,x′0 , ∀x′ ∈ ∂Ω ∖Br0(x′0) .(4.19)

Since we have β-Hölder convergence of gradients and ∇Lj → ∇L0 uniformly, (4.18)-(4.19) imply that,
for j large enough and t ∈ [−tL0,x′0/2, 0),

uLj ,x′j ,F (x′ + tνΩ) − uLj ,x′j ,F (x′) − tLj(νΩ) > ∣t∣τL0,x′0/2, ∀x′ ∈ ∂Ω ∩ {uLj ,x′j ,F = Lj}, and

uLj ,x′j ,G(x′ + tνΩ) − uLj ,x′j ,G(x′) − tLj(νΩ) > ∣t∣τL0,x′0/2, ∀x′ ∈ ∂Ω ∩ {uLj ,x′j ,G = Lj} .

But this is a contradiction of our assumption that it was impossible to choose τLj ,x′j and tLj ,x′j so
that neither limit is zero. □

5. Boundedness of the polar angle function

The goal of this section is to bound the polar angle function on T .

5.1. Setup and notation. Throughout this section, we will always be working under the following
conditions.

Assumption 1. We assume that F is uniformly elliptic of class C2,Dini and T is a nontrivial integer
multiplicity rectifiable m-current that minimizes F in Rm+1 with boundary JRm−1 × {(0, 0)}K.
Definition 5.1 (Rays, half hyperplanes, and halfspaces). Given s ∈ S1, we let Rs ⊂ R2 be the ray
through the origin containing s ∈ S1 and Ms = Rm−1 ×Rs be the corresponding half hyperplane. We
consider its oriented counterpart

JMsK ∶= JRm−1 ×RsK ,

where the orientation is chosen so that ∂JMsK = JRm−1 × {(0, 0)}K. We will also denote by Hs the
open halfspace

Rm−1 × {rσ ∶ r > 0, σ ∈ S1, distS1(σ, s) < π/2} ,

so that Ms is perpendicular to ∂Hs and Ms ⊂Hs. To streamline notation, we will often view S1 as a
subset of C rather than R2, so that we can describe its elements by eit for t ∈ R.
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5.2. The polar angle function and its super-/sublevel sets. In this subsection we define the
polar angle function θ following [8, Section 11].

First, we need some notation. Following [8, Section 11], we define q ∶ Rm+1 → C by

q(x1, . . . , xm+1) = xm + ixm+1 .

For any piecewise C1 curve γ ∶ [0, 1] → Rm+1 ∖ q−1(0), we set

θ(γ) = Im(∫
q○γ

dz

z
) .

The statement and proof of the following lemma are the same as in [8, Section 11], except there
the curves in question are confined to the link of the blowup cone; we include it for convenience.

Lemma 5.2. If T satisfies Assumption 1 and γ ∶ [0, 1] → Regi T is piecewise C1 with γ(0) = γ(1),
then θ(γ) = 0.

Proof. First, we note that for ρ > 0 small enough, the modified curve β ∶= γ + ρνRegi T ○ γ satisfies

(5.1) θ(γ) = θ(β) , β([0, 1]) ∩ spt T = ∅ ,

where θ(γ) = θ(β) follows from the homotopy invariance of winding number. As observed in [8, Section
11], θ(β) corresponds to algebraically counting the number of crossings (modulo a multiplicative
factor of 2π) of γ with any oriented half-hyperplane P = (−1)m−1JRm−1 ×LK, where L ⊂ R2 is any ray
chosen so that β intersects spt(P ) transversally; thus

(5.2) θ(γ) = θ(β) = 2π(P ∩ β#[0, 1])(1) ,
where the current in the right-most term is the intersection between two currents as defined in [6,
4.3.20, page 460]. Note that since β([0, 1]) is compact, 1 is an admissible test function for the current
P ∩ β#[0, 1].

Next, fix a cube [−R, R]m+1 large enough so that β([0, 1]) ⊂⊂ [−R, R]m+1. Since ∂P − ∂T = 0, we
can find an integer rectifiable current J on Rm+1 such that

(5.3) (P − T ) (−R, R)m+1 = (∂J) (−R, R)m+1 .

Using in order (5.2), (5.3), and the second assertion in (5.1), we compute

(2π)−1θ(γ) = ([T + ∂J] ∩ β#[0, 1]) (1) = 0 + (∂J ∩ β#[0, 1]) (1) .
To simplify the right hand side we will use the following formula from [6, bottom of page 460] for the
boundary of the intersection current applied to J ∩ β#[0, 1]:

∂(J ∩ β#[0, 1]) − J ∩ (∂β#[0, 1]) = (−1)m(∂J) ∩ β#[0, 1].
Recall that ∂S(1) = S(d1) = 0 for any compactly supported 1-current S. We apply this formula with
S = J ∩ β#[0, 1], use that ∂β#[0, 1] = 0 (since β is closed), and put together the last two displayed
equations to obtain

(2π)−1θ(γ) = (−1)m∂(J ∩ β#[0, 1])(1) − (−1)mJ ∩ (∂β#[0, 1])(1) = 0 + 0 = 0. □

The preceding lemma ensures that the following definition is well-posed and depends only on the
initial choice of base points aj ; cf. [8, page 478].

Definition 5.3 (Polar angle function on B10 ∩ RegiT and its super-/sublevel sets). Suppose T
satisfies Assumption 1 and {Cj} are the path connected components of B10 ∩Regi T . For each Cj ,
we choose base point aj ∈ Cj and θj ∈ [0, 2π) such that θj is the polar angle of q(aj). Then we define
the continuous function θ ∶ B10∩Regi T → R by

θ(x) = θj + θ(γ)
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if x ∈ Cj and γ ∶ [0, 1] → Cj is any C1 curve with γ(0) = aj and γ(1) = x. For N ∈ N, we set
TN ∶= J{x ∈ B10 ∩RegiT ∶ θ(x) > 2Nπ}K ,

T−N ∶= J{x ∈ B10 ∩RegiT ∶ θ(x) < −2Nπ}K .

Lemma 5.4 (Super-/sublevel sets). Let F and T be as in Assumption 1. Then for all N ∈ N:
(i) TN and T−N are integer rectifiable m-currents, and
(ii) ∂T±N is supported in M1.

Proof. Item (i) holds since the sets defining T±N areHm-measurable sets contained in a C1 submanifold
of dimension m, namely, Regi T , and are therefore locally m-rectifiable. For item (ii), fix x ∈
spt T±N ∖M1. Then we can choose r > 0 small enough so that dist(Br(x), M1) =∶ d > 0. Since
{θ = ±2Nπ} ⊂ M1, there is δ > 0 depending on d such that θ ≥ 2Nπ + δ on Br(x) ∩ RegiT if
x ∈ spt TN∖M1 and θ(x) ≥ 2Nπ or θ ≤ −2Nπ−δ on Br(x)∩RegiT if x ∈ spt T−N∖M1 and θ(x) ≤ −2Nπ.
Thus T±N Br(x) is concentrated on a union of connected components of RegiT ∩Br(x). Since T is
boundaryless on that ball and thus each connected component of RegiT is, T±N is boundaryless there
as well and the proof is complete. □

5.3. Barrier construction. In this subsection, we build an anisotropic mean convex barrier U to
trap the support of T±N B5 inside U for large N , from which we will conclude that θ is bounded.

Theorem 5.5 (θ ∈ L∞(B5)). If T satisfies Assumption 1, then there is an anisotropic mean convex
smooth open set U ⊂ Rm+1 and N0 = N0(U, T ) > 0 such that for any N ≥ N0,
(5.4) spt(T±N B5) ⊂ U ∩B5 ⊂H1.

As a consequence,
θ ∈ L∞(B5) .

Proof. The proof is divided into steps. We prove it for TN only since the argument for T−N is entirely
analogous.

In Step 1, we will show that the supports of TN and T−N are trapped in a small neighborhood of
the boundary Rm−1 ×{0}2. More precisely, we show that for any 0 < δ < 1/2, there is N0 ∈ N such that
(5.5) spt(TN ∪ T−N) ∩B8 ⊂ Bδ(Rm−1 × {0}2) ∀N ≥ N0.

In Step 2, we construct an anisotropic mean convex smooth open set U such that U ∩B5 ⊂H1 and,
for any N > N0, we use Step 1 to show

spt(∂(TN B5)) ⊂ U and spt(TN B5) ⊂ Bδ(U) .
For δ small enough depending on U and N > N0, the last displayed equation allows us to apply
Proposition 4.3 to S = TN B5, which yields spt(TN B5) ⊂ U . Since U ∩B5 ⊂H1, this implies that
θ ≤ 2πN + π/2 on B5. This will conclude the proof of the theorem.
Step 1: It is enough to prove the claim for TN ; the proof for T−N is the same. By way of contradiction,
assume (5.5) fails, that is, there is 0 < δ < 1/2 such that for any N large enough there exists
(5.6) xN ∈ spt(TN) ∩ (B8 ∖Bδ(Rm−1 × {0}2)) .

Since the set in (5.6) is contained in the compact set spt(T ) ∩ (B8 ∖Bδ(Rm−1 × {0}2)), then up to a
subsequence, there is a limit x∞ ∈ spt(T ) ∩ (B8 ∖Bδ(Rm−1 × {0}2)) of the sequence {xN}N . Up to a
rotation, we may assume that x∞ ∈M1. Observe that, since Bδ/2(x∞) ⊂H1, we get

θ(Bδ/2(x∞)) ⊂ ∪z∈Z (−π/2 + 2πz, π/2 + 2πz) .
Letting Sz = J{x ∈ Bδ/2(x∞) ∩ Regi T ∶ θ(x) ∈ (−π/2 + 2πz, π/2 + 2πz)}K, note that by definition,
RegiSz ∩ RegiSz′ = ∅ if z ≠ z′. In particular, ∑z F(Sz) = F(T Bδ/2(x∞)), and each Sz is F-
minimizing on Bδ/2(x∞).
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Up to relabelling, let {Szj}Jj=1 be those currents such that spt Szj ∩Bδ/4(x∞) ≠ ∅. We claim that
J is finite. Indeed, by the lower density bounds (see e.g. [2, Lemma 4]) applied to each Szj , we may
estimate

+∞ > Λ∣T ∣(Bδ/2(x∞)) ≥ F(T Bδ/2(x∞)) ≥
J

∑
j=1

F(Szj ; Bδ/4(x∞)) ≥ c0
δm

4m

J

∑
j=1

1 .

This implies that J < +∞, and as a consequence that θ ≤ π/2 + 2π maxj zj on Bδ/4(x∞). But this
contradicts xN ∈ spt TN for large enough N .
Step two: Fix small ϵ ∈ (0, 1) to be chosen later. Consider the set

Cϵ = (Bm−1
7 ×B2

ϵ ) ∪Dϵ,

where Bm−1
7 and B2

ϵ denote the balls of radius 7 and ϵ in Rm−1 and R2, respectively, and we choose
the ends Dϵ so that Cϵ is C∞, convex, and the anisotropic mean curvatures HF

∂Cϵ
and HG

∂Cϵ
(where

G(ν) = F (−ν)) are of order 1/ϵ for all small ϵ.
Now we compose Cϵ with a dilation map that stretches the cylinder in the (xm, xm+1) directions

for ∣(x1, . . . , xm−1)∣ > 6. Specifically, let φ ∈ C∞(R; [0, 1]) be such that φ ≡ 0 on [0, 6] and φ = 1 on
[6.5,∞). For x = (x′, y) ∈ Rm−1 ×R2, we define a dilation map and the mean convex barrier set as

dϵ(x) ∶= (x′, (1 + ϵ2φ(∣x′∣))y) and Sϵ ∶= dϵ(Cϵ) + (0m−1, ϵ, 0).

For all ϵ small enough, Sϵ is anisotropic mean convex and G-mean convex since Cϵ is convex with
anisotropic mean curvature order 1/ϵ and dϵ is ϵ2-close to the identity. Choosing such an ϵ, from the
definitions, we see that

(Rm−1 × {0}2)∩B6 ⊂ ∂Sϵ .

Furthermore, we claim that due to the dilation (which fattened Sϵ near its “ends”), Sϵ satisfies

(5.7) ∂Bm−1
r × {(0, 0)} ⊂⊂ Sϵ ∀r ∈ (6.5, 7) .

Indeed, given z′ ∈ ∂Bm−1
r , let x ∶= (z′,− ϵ

1+ϵ2 , 0)∈ Cϵ, and note that dist(x, ∂Cϵ) > 0. Since ϵ2φ(∣z′∣) = ϵ2,
we thus have (z′, 0, 0) = dϵ(x) + (0m−1, ϵ, 0) and dist((z′, 0, 0), ∂Sϵ) > 0. Lastly, before moving on to
the barrier argument, we fix δ0(Sϵ) as in Proposition 4.3.

Moving on to the barrier argument, by slicing theory, for almost every r > 0, we know that
∂(TN Br) = ⟨TN , ∣ ⋅ ∣, r⟩ + (∂TN) Br for every N . We fix such an r ∈ (6.5, 7). By Step 1 applied with
any δ <min{ϵ2, dist(∂Bm−1

r × {0}2, ∂Sϵ)/2, δ0} and (5.7), it follows that there is N0 such that for all
N ≥ N0,

spt(⟨TN , ∣ ⋅ ∣, r⟩) ⊂ ∂Br ∩Bδ(Rm−1 × {0}2) ⊂ Sϵ .

Since spt(∂TN) ⊂M1∩Bδ(Rm−1 × {0}2), according to Lemma 5.4, and by Step 1, we obtain

spt((∂TN) Br) ⊂M1∩Bδ(Rm−1 × {0}2) ∩Br ⊂ Sϵ

since δ ≤ ϵ2 ≤ 2ϵ, where 2ϵ is the “width” of Sϵ∩Br in the (xm, xm+1) directions. We have then proved

(5.8) spt(∂(TN Br)) ⊂ Sϵ for all N ≥ N0.

We also notice that since (Rm−1 × {0}2) ∩Br ⊂ Sϵ, the application of Step 1 directly implies that

(5.9) spt(TN Br) ⊂ Bδ0(Sϵ) .

Equations (5.8)-(5.9) allow for the application of Proposition 4.3 to TN Br, yielding

spt(TN Br) ⊂ Sϵ =∶ U .

Since r > 5 and Sϵ ∩B5 ⊂H1, this concludes the proof of (5.4). □
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6. Existence of a flat blowup

The goal of this section is to prove Theorem 1.1.

Remark 6.1 (Reduction of Theorem 1.1 to the flat case). We observe that a simple argument shows
that up to a rotation, any blowup of T is a non-trivial F-minimizer on Rm+1 with flat boundary
JRm−1 × {0}2K. Indeed, if a blowup T0 of T is of mass zero, then we must have ∂T0 = 0 contradicting
that the blowup limit of the boundary is flat, which follows from the fact that the boundary is
differentiable at 0. Therefore, we can work under Assumption 1.

We will need one more definition, which describes a family of cylinders that are rotations of each
other around the boundary Rm−1 and all of which contains a portion of the boundary.

Definition 6.2 (Cylinders tangent to the boundary). Let C ⊂ Rm be a smooth, convex, open set
such that ∂C is diffeomorphic to Sm−1, and

{x ∈ Rm ∶ ∣x∣ < 1/2, xm > 0} ⊂ C ⊂ {x ∈ Rm ∶ ∣x∣ < 2, xm > 0} and
Bm−1

1 (0) × {0} ⊂ ∂C .

For s ∈ S1 and t > 0, we define
Cs,t = t [Rs (C × (−1, 1))] ,

where Rs is the rotation in Rm+1 which fixes (x1, . . . , xm−1) and sends (xm, xm+1) ∼ reiθ to sreiθ.

Theorem 6.3 (Flat blowups). If T satisfies Assumption 1, then there exists a half-hyperplane Ms

and Q ∈ N such that a blowup of T at 0 is given by QJMsK − (Q − 1)JM−sK.

Proof. The proof is divided into steps.

Set-up. By Theorem 5.5, we know that θ is bounded on B5 ∩Regi T . We set
θr ∶= inf{θ(x) ∶ x ∈ Br ∩RegiT} and θmin = lim

r↘0
θr;

note that the limit exists since θ is bounded and θr is a decreasing function of r. Up to a rotation,
we may assume that θmin ∈ 2πZ. Our candidate tangent currents are thus

QJM1K − (Q − 1)JM−1K and QJM−1K − (Q − 1)JM1K Q ∈ N ,

that is, those flat cones which contain M1 =Meiθmin in their supports.

Alternative characterization of θmin. The goal of this step is to obtain θmin as a limit over nested
cylinders tangent to the boundary at the origin rather than nested balls containing the origin.

We begin by observing that for r small enough such that
inf{θ(x) ∶ x ∈ Br ∩RegiT} > θmin − π/4 ,

we may assume that a sequence {xr
j}j with polar angles converging to the infimum on Br ∩RegiT is

chosen such that
{θ(xr

j)}j ⊂ (θmin − π/4, θmin] ;
in other words, for all small r, the optimal sequences are contained in the halfspace H1. With this
and recalling the definition of the cylinders Cs,t (Definition 6.2), we obtain

(6.1)
inf{θ(x) ∶ x ∈ B2r ∩RegiT} ≤ inf{θ(x) ∶ x ∈ C1,r ∩RegiT}

≤ inf{θ(x) ∶ x ∈H1 ∩Br/2 ∩RegiT}
= inf{θ(x) ∶ x ∈ Br/2 ∩RegiT} .

Since the quantity
θcylindrical min ∶= lim

r↘0
[ inf{θ(x) ∶ x ∈ C1,r ∩RegiT}]
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is also determined by an infimum which is decreasing in r, (6.1) implies that
(6.2) θcylindrical min = θmin ∈ 2πZ .

Every blowup contains M1. Here we prove that for any sequence rj ↘ 0 and blowup T0 such that
T0,rj → T0, there is z ∈ N such that
(6.3) M1 ⊂ spt T0 and Θm

T0 ≡ z on M1 .

First, note that every point x ∈ RegiT ∩C1,1 satisfies θ(x) ∈ (−π/2, π/2) + 2πZ. Therefore, recalling
that θmin ∈ 2πZ, we can write RegiT ∩C1,1 = A1 ∪A2, where

A1 = {x ∈ RegiT ∩C1,1 ∶ θ(x) < θmin + π/2} , A2 = {x ∈ RegiT ∩C1,1 ∶ θ(x) > θmin + 3π/2} .

Define the F-minimizers Sk ∶= Tk Ak for k = 1, 2 whose support is contained in C1,1. Up to an
unrelabelled subsequence, let us assume that (S1)0,rj converges to some F-minimizer S0. Since the
outward normal vector to ∂C1,1 at 0 is −em, then the blowup of C1,1 at the origin is the halfspace H1.
Thus S0 is an F-minimizer in H1.

Next, recalling that Hi is the open halfspace with boundary {xm+1 = 0}, we claim that

(6.4) spt S0 ⊂H1 ∩Hi .

The containment in H1 is already established above. For the containment in H i, we observe that, by
definition,
(6.5) θmin + π/2 > θ(y) ≥ inf{θ(x) ∶ x ∈ C1,r ∩RegiS1} =∶ θcyl

r ≥ θmin − π/2, ∀y ∈ C1,r ∩RegiS1 .

Phrased in terms of halfspaces, (6.5) says that

(6.6) C1,r ∩RegiS1 ⊂ C1,r ∩H
ei(θcyl

r +π/2) .

Recalling from (6.2) that θcyl
r → θmin ∈ 2πZ as r → 0, taking r → 0 yields

spt S0 ⊂Hei(θmin+π/2) =Hi .

Now we assume for contradiction that
(6.7) M1 /⊂ spt T0 .

Since spt S0 ⊂ spt T0, then there exists (x′0, 0) ∈M1 ∖ spt S0 with
(6.8) dist((x′0, 0), spt S0) =∶ r0 > 0.

Let r1 be such that (x′0, 0) ∈ ∂C1,r1 . We claim that for all large j, we may apply Proposition 4.5 to
(S1)0,rj on C1,r1 . Indeed, by (6.6), for j large, we have

(6.9) spt [(S1)0,rj C1,r1] ⊂ {(x′, xm+1) ∈ C1,r1 ∶ xm+1 ≥ Lj(x′)} ,

for some linear functions Lj ’s which converge uniformly to zero. Moreover, since spt(S1)0,rj converge
in the local Hausdorff sense to spt S0, (6.8) and the uniform convergence of Lj to 0 imply that, for
large j,
(6.10) dist((x′0, Lj(x′0)), spt(S1)0,rj) ≥ r0/2 .

Together with the convergence of Lj to 0, (6.9) and (6.10) allow for the application of Proposition
4.5. Then the conclusions (4.7)-(4.8) of the proposition imply that there is θ0 > π/2 and 0 < r2 < r1
such that

spt(S1)0,rj ∩C1,r2 ⊂Heiθ0 ;
in words, spt(S1)0,rj ∩C1,r2 is contained in a wedge with boundary coming in to the origin with angle
strictly greater than 0. Using that θmin ∈ 2πZ, we get existence of δ > 0 such that

θ(y) > θmin + δ ∀y ∈ spt S1 ∩C1,r2rj .
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By definition of A1 and S1, the last displayed inequality contradicts (6.2). Thus (6.7) is false, that is
M1 ⊂ spt T0. By Lemma 4.2 (which applies due to (6.4)), we deduce that the multiplicity of T0 is
constant on M1, which finishes the proof of (6.3).

Blowups containing M1 in their support have flat blowups. Here, we prove the following. Let T0 be a
blowup of T at 0 such that M1 ⊂ spt T0, then any blowup T00 of T0 at the origin satisfies

spt T00 ⊂ ∂Hi .

First, we observe that (6.3) implies that M1 is a connected component of RegiT0, and so no
other connected component of RegiT0 can intersect it by Lemma 4.2 and interior regularity. As a
consequence, if we define as in Definition 5.3 a polar angle function θT0 for the blowup with domain
in RegiT0, it can never take a value in 2πZ. Therefore, θT0 is globally bounded, and we may as well
assume that it takes values off of M1 in the open interval (0, 2π).

We claim that there is δ ∈ (0, π/2) such that
(6.11) θT0(B1 ∩RegiT0 ∖M1) ⊂ (δ, 2π − δ) .
To see this, let R be chosen large enough so that C1,R contains B1 ∩ {xm > 0}. Letting z be as in
(6.3), we split (T0 − zJM1K) C1,R into two pieces: T1 ∶= (T0 − zJM1K) C1,R ∩ {θT0 ∈ (0, π/2)}, that
is, the part of (T0 − zJM1K) C1,R living above M1, and T2 is the restriction to those points with
θT0 ∈ (3π/2, 2π). Since T0 − zJM1K can never take polar angle value in 2πZ, the conditions (4.3) and
(4.4) are satisfied by T1 with L = 0. Thus (4.7)-(4.8) yield δ1 > 0 such that θT0 > δ1 on RegiT1, and a
reflection argument and (4.7)-(4.8) yield the corresponding upper bound θT0 < 2π − δ2 on RegiT2 for
some δ2 > 0. Letting δ =min{δ1, δ2} yields (6.11).

Next, we perform a similar blowup procedure as in the previous step. For r < 1, we define
θinf

r = inf{θT0(y) ∶ y ∈ Regi(T0 − zJM1K) ∩Br} ≥ δ and
θsup

r = sup{θT0(y) ∶ y ∈ Regi(T0 − zJM1K ∩Br} ≤ 2π − δ .

Note that θinf
r is a decreasing function of r and θsup

r is increasing, and so there are limits
δ ≤ lim

r→0
θinf

r =∶ θmin
T0 ≤ θmax

T0 ∶= lim
r→0

θsup
r ≤ 2π − δ .

Arguing as in the previous step using Proposition 4.5, for any blowup T00 of T0 at 0, it holds
M1 ∪M

e
iθmin

T0
∪M

e
iθmax

T0
⊂ spt T00 .

We continue on iteratively, blowing up and identifying more and more halfplanes contained in
further blowups. Since T , T0, T00, and so on all satisfy uniform upper mass bounds (Lemma 3.2),
this procedure must terminate after a finite number of blowups. The end result is a current which is
supported on a finite number of oriented half hyperplanes and has constant multiplicity on each. By
Lemma 3.3, this last blowup must be supported on the plane containing M1 and this finishes the
proof. □

Remark 6.4. We notice that, if 0 is a one-sided point for T , i.e., the density of T at 0 is close to 1/2,
we could have stopped the iteration in the very first step.
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