DOUBLE-ARC REARRANGEMENT AND THE SYMMETRIC
ISOPERIMETRIC PROBLEM IN GAUSS SPACE

M. BARCHIESI, F. CAGNETTI AND V. JULIN

Abstract. We provide a new rearrangement in Gauss space transforming sym-
metric sets while decreasing their Gaussian perimeter. We use this rearrangement
to analyze the minimizers of the Gaussian perimeter among symmetric sets. The
results are stated for the Gaussian measure but can be generalized to any radial
measure which is uniformly log-concave.
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1. INTRODUCTION

The isoperimetric inequality in Gauss space asserts that among all sets with a given Gauss-
ian measure the half-space has the smallest Gaussian perimeter. Since the half-space is not
symmetric, a natural question arises: “What is the object minimizing the Gaussian perimeter
among symmetric sets?” The question was initially raised in [5] for coordinate-wise symmetric
sets (also called unconditional sets), i.e., invariant by reflections with respect to the coordinate
hyperplanes. We shall use the term n-symmetric for such sets.

It has been conjectured for the larger class of centrally symmetric sets (see [18, Conjecture
1.3]) that the answer is a cylinder B¥ x R"%, or its complement, for some k depending on
the volume and on the dimension. Here B denotes the k-dimensional ball centered at the
origin with radius r. In particular, when the volume is one half the conjecture states that the
minimizer is the n-dimensional ball B, while when the volume is close to one the minimizer is
the symmetric slab (—7,7) x R®~!. In dimension one the solution of the conjecture is elementary
(Proposition 7). The part of the conjecture asserting that the symmetric slab is the minimizer
for volumes close to one has been proved in [4]. In [19], adapting ideas of Colding and Minicozzi
from the study of the mean curvature flow, it has been proved that if a minimizer has the form
Q) x R, then either € or its complement is convex.

For the analogous problem on the hypersphere, the corresponding classification has been
established by Viana [26] (see also Appendix B). The conjecture resembled also that for the
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relative isoperimetric problem in the hypercube; this one, however, was recently shown to be
false in high dimension by Milman [22].

The difficulties in proving the entire conjecture are due to the fact that the approaches devel-
oped for the minimization of the Gaussian perimeter cannot be applied. For instance, Ehrhard’s
rearrangement, which is commonly used in Gauss space, fails to preserve the symmetry con-
straint. This calls for a new kind of rearrangement, one that decreases the Gaussian perimeter
while preserving the symmetry constraint. A possible idea would be to rearrange an n-symmetric
set by substituting its one-dimensional sections with the minimal one-dimensional configuration.
However, there is an obstruction: the topology of the optimal symmetric set in one dimension
depends discontinuously on its mass, switching from two symmetric tails to a centered interval
as the Gaussian measure crosses 1/2. Consequently, applying this rearrangement to a set whose
slice measures cross this threshold induces a topological discontinuity, turning the set “inside
out” at the critical level. Introducing these additional boundaries orthogonal to the slicing
direction strictly increases the total Gaussian perimeter (see Example 1).

We provide a different kind of rearrangement, by adapting a rearrangement introduced by
Bonnesen [7] in the Euclidean setting for convex sets in the plane (see also [13, 15]).

To precisely describe this rearrangement we first recall some notation. Given a Borel set
E C R", 4(F) denotes its n-dimensional Gaussian measure, i.e.,

(B) = — / -2
=——— [ e T,
T e e

while ’H,lj(E), 1 < k < n, denotes its k-dimensional Hausdorff measure with Gaussian weight,
ie.,

’Hij(E) = (2;),; /Ee_led’l-[k(x).

P,(E) denotes the Gaussian perimeter of E, i.e.,

P,(E) = V27 sup {/E (dive — ¢ - (z,1)) dy(z,y) : ¢ € CLHR™;R™) and |p| < 1} .

If E is a set of finite Gaussian perimeter, one can define the reduced boundary 0*F of F, which
is such that 9*FE C OF and P,(E) = HI~'(0*E) (see [1] for more details). If E is an open set
with Lipschitz boundary, we also have Py(E) = H!~(JE).

For points in R™, n > 2, we use two notations: the usual (x1,...,x,) for a generic point in
R™, but also (z,y), with z = (v1,22) € R? and y = (y1,...,Yn—2) € R"2, in order to focus on
the first two components. The latter will be our main notation. We denote by ey, ..., e, the
vectors of the canonical basis of R", and | - | stands for the norm in R,R"~2 or R”, depending
on the context. For every r > 0, we set 9B(r) = {x € R%: |z| = 7}, where R3 := R?\ {(0,0)}.

Given a Borel set E, for every (r,y) € (0,00) x R"~2 we define the circular slice E.,) as the
subset of ]R% given by

Eqyy ={zr € R3: 2 € dB(r) and (z,y) € E},
and define the circular (Gaussian) distribution of E as the function
pu(ry) =M (Eqy), for every (r,y) € (0,00) x R"™2 (1.1)
i.e., pu(r,y) is the 1-dimensional Gaussian length of the slice £, ). Additionally, we set

— ﬁ M(Tv y) gll (T‘, y)

I for every (r,y) € (0,00) x R"™2. (1.2)
e 2

Eulr,y) -

’ and /BM(Tv y) =



3

Thus, £,(r,y) € [0, 27] represents the size of an angle corresponding to a connected arc of 0B(r)
whose 1-dimensional Gaussian length is pu(r,y). The double-arc rearrangement of E, denoted
F,, is defined as

F, = {(z,y) € R} x R" 2 :arccos(|2 - e1]) < Bu(|z|,y)} (1.3)

where Z := x/|x| is the radial versor of z. Refer Figures 1 and 2 for examples with n = 2 and
n=3.

9 x2

4
v 5%

FicURE 1. The double-arc rearrangement, with n = 2.

We say that a Borel set £ C R" is p-distributed if (1.1) holds. By construction, F), is u-
distributed. As we said, we are interested in sets that are symmetric with respect to all the
coordinate axes. More precisely, we say that F is n-symmetric if

(x,y) e B <= Aj(z,y)eE foreveryj=1,...,n,

where A; is the n x n diagonal matrix in which the j-th element of the diagonal is —1 and all the
other ones are 1, i.e., A; is the reflection across the coordinate hyperplane {x € R": x; = 0}.
Our first result is that the double-arc rearrangement decreases the Gaussian perimeter of n-
symmetric sets. However, we are also interested in what additional properties the initial set
E has when Py(E) = Py(F,). We stress the fact that the double-arc rearrangement does not
necessarily decrease the Gaussian perimeter if the set is not n-symmetric.
In order to state our result in full, we need some other notation. For every = € R2, we define

the tangential versor x| as
T2 T
=(—-——,—1.
P el ol

For every (z,y) € 0*E, we denote by v¥(z,y) the measure-theoretic exterior unit normal to
E at (z,y), characterized by
Dxg = —vEH " LLOE.
We decompose v¥(x,y) as vF(z,y) = (v (z,y), v} (x,y)), with vP(z,y) € R? and v[(z,y) €
R"~2, If 2 # 0, we further decompose v”(z,y) € R? as

vE (e,y) = vE (2.y) + V5 (2,y),

where
E ) E S A E _ E E
v (2,y) = (v (2,y) - )&, and v (z,y) =1, (z,y) — vy (2,9).
By symmetry, it follows that for every (r,y) € (0,00) x R"~2 the functions

xHi-uf“(m,y) and a:b—>\1/£‘|‘(m,y)]

are constant in (0" F),) ().
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FIGURE 2. A set F and its rearrangement F),, with n = 3.

Let 7 > 0, p € S* and « € [0, 7] be fixed, where S! denotes the unit circle in R?. The arc of
centre rp and radius « is the subset of 0B(r) given by

A, (rp) = {x € 9B(r) : arccos(Z - p) < a}.
Accordingly, if o € (0, 7), its endpoints are
Sa(rp) == {x € OB(r) : arccos( - p) = a}.



5

For what follows, it is useful to define the diffeomorphism @ : (0, 00) x R"~2 x St — RZ x R" 2
given by
d(r,y,w) = (rw,y), for every (r,y,w) € (0,00) x R" 2 x S!. (1.4)

I

FIGURE 3. The region ®(BxS!) for n = 3. The Borel set B C (0, 00) xR (orange)
is displayed in the (z,y) half-plane. Under the diffeomorphism ®(r,y,w) =
(rw,y), each point (r,y) € B generates a circle dB(r) at height y, and the union
of these circles gives the region ®(B x S!) (in blue).

The first result we prove is that the double-arc Gaussian rearrangement does not increase the
Gaussian perimeter. Here and in the following, for 1 < k < mn and A, B C R", we write A =,x B
whenever H*¥(AAB) = 0.

Theorem 1 (Perimeter inequality). Let E C R"™ be an n-symmetric set of finite Gaussian
perimeter, and let p be the distribution function of E. Then, u € BViye((0,00) x R"2). More-
over, I, is a set of finite Gaussian perimeter, and

P,(F: ®(B x §Y)) < P,(E; (B x §1)), (L5)

for every Borel set B C (0,00) x R"~2,
Moreover, if equality in (1.5) holds, then for H" '-a.e. (r,y) € B the following two conditions
are satisfied:

(i) E(ry)y =1 As, (ry) (rp(r,y)) U Aﬁu(ny)(—rp(r,y)) for some p(r,y) € {(1,0),(0,1)};
(ii) the functions
2o 5B (@y), o WE @y, w e (),

are constant in (0" E) (.-

Condition (i) means that if the rearrangement does not strictly decrease the Gaussian perime-
ter, then the initial set E already has circular slices constituted by two symmetric arcs. This is
intuitively clear: by looking at Figure 2, if a circular slice consists of more than two arcs, after
the rearrangement the yellow part of the boundary is strictly reduced.
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FIGURE 4. The set E and its rearrangement F), have the same perimeter, but
they are not congruent

It is important to note that even if P,(E) = P,(F},), the sets I/ and F}, are not necessarily
congruent. Consider the following example: let E be the union of the four cylinders (see Figure 4)

{zeR: 22+ <1}, {z eR3: 23+ (23— 3)2 <1},
{zeR3: 23+ (13 +3)?2<1}, {recR:a2?+ad<1}.

The rearrangement reorients the two orange cylinders making them parallel to the blue one.
The point is that the set

Q= {(r,y) € (0,00) x R"™2:0 < B,(r,y) < 7/2} (1.6)

is not connected (see Figure 5), and this allows us to rotate each cylinder independently, without
creating an additional perimeter.

We now turn our attention to minimizers of the Gaussian isoperimetric problem for n-
symmetric sets, and study their regularity and the behavior under the double-arc Gaussian
rearrangement. We recall that, for ¢ € [0, 1], the set E® of points of density t of E is given by

n . EQBT{B
PO = {o e R up(e) = i FREl =)

In what follows, we identify E with its precise representative E(). We first prove the optimal
regularity.

Theorem 2 (Regularity). Let E C R™ be a minimizer of the Gaussian isoperimetric problem
among n-symmetric sets with prescribed Gaussian measure. Then E is open, and OF is a real-
analytic hypersurface outside the origin, i.e., ¥ = 0E \ 0*FE C {0}.

When FE is a minimizer, the set €2, defined in (1.6) is connected and we have the rigidity in
the double-arc symmetrization.



FIGURE 5. Rigidity fails. In this case the set {8, = 0} U{8,, = m/2} disconnects
the set {0 < 8, < 7/2}.

Theorem 3 (Rigidity). Let E C R™ be a minimizer of the Gaussian isoperimetric problem
among n-symmetric sets with prescribed Gaussian measure, identified with its precise represen-

tative EW | let 1 be the circular distribution of E defined in (1.1), and set F := F,El). Then the
set Q, defined in (1.6) is open and connected (possibly empty), and

E=F or E = R(F),
where R is the clockwise rotation of w/2 in the plane (x1,x2). Moreover, exactly one of the
following alternatives holds:
(i) E is rotationally invariant in the (x1,x2)-plane, and 0, = O;
(it) Qu # O, M(OE N (RE x R""2)) = Q,,, and I/ﬁ(a:,y) # 0 for every (z,y) € 0E N (R% x
R"2).
Here T(x,y) = (|z|,y) and R% := {x € R?: 1 > 0, 22 > 0}.

We believe that the equality £ = F}, (up to a rotation) should hold for general n-symmetric
sets of finite Gaussian perimeter satisfying P, (E) = P,(F},), provided that €, is “connected”.
The assumption that E is a minimizer guarantees that 2, is an open set and provides the
regularity needed for a topological argument. In the general case the connectedness assump-
tion on €2, should be replaced by a suitable notion of essential connectedness. The appropriate
framework is developed in [8, 9], where essential connectedness is used to establish rigidity for
Steiner and Gaussian symmetrization. Adapting their approach to the double-arc rearrange-
ment would require formulating essential connectedness for the set €, in (0,00) x R"2 and
replacing the topological covering argument with a measure-theoretic one. We do not pursue
this generalization here.

An obstruction prevents the generalization of the double-arc rearrangement to higher dimen-
sions, where one might naturally attempt to foliate R™ (n > 3) with spheres instead of circles.
Indeed, see Proposition 8, the solution to the isoperimetric problem on the sphere S? among
symmetric sets undergoes a topological phase transition depending on the mass: it switches
from the union of two antipodal caps to an equatorial belt as the surface area crosses half the
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total measure. Consequently, rearranging a set by substituting its spherical slices with the op-
timal configuration could introduce topological discontinuities, increasing the global Gaussian
perimeter rather than decreasing it (see Example 2).

The paper is organized as follows. Section 2 collects preliminary results including the coarea
formula and properties of the distribution function. Section 3 proves the perimeter inequality
(Theorem 1). Section 4 establishes the regularity theory (Theorem 2). Section 5 proves the
rigidity result (Theorem 3). Appendices treat the one-dimensional problem (A), the spherical
obstruction (B), and the planar conjecture (C).

2. PRELIMINARY RESULTS

To prove Theorem 1 we need some technical results that are stated below. The first two are
results of geometric measure theory.

Proposition 1 (Coarea Formula). Let E be a set of finite Gaussian perimeter in R™, and let
g :R" = [0,00] be a Borel function. Then,

| s w)ldny o
O*FE

24y
2

e
_ K g(a.y) dHO(x) | drdy.
/(v()’—‘,—oo)XR"Q (27‘()(’”71)/2 </(L9*E)(r’y)
Proof. We have

| s w)ldny o
O*FE

_ ety
e

_ 2 E n—1
= | 9@ Gl i )

24y
e 2

= — g(z,y) dH’(z) | drdy,
[0,+OO)XR"2 (271-)(”71)/2 </(va*E)(r,y)

where the last equality follows applying coarea formula [1, Remark 2.94] with N = n—1, M = n,
k:nila and f(x’y):ﬂx‘vy) O

The following result will also be useful, see [10, Theorem 6.2].

Proposition 2 (Vol'pert). Let E C R™ be an n-symmetric set of finite Gaussian perimeter and
let i be the distribution function of E. Then, for H" -a.e. (r,y) € (0,00) x R"~2 the following
properties hold:
(i) E(vy) is a set of finite perimeter in OB(r) and 0* (E.,)) = (0*E)
(i) for every w € S' such that rw € (0*E) .y N 0*(Er.y)),

(ry)s

V;EEH (Tw7 y)

E E
vi(rw,y)| >0 and vy (rw) = .
x|

Here vEew) denotes the measure-theoretic exterior unit normal to the slice E.yy within 0B(r).
In particular, there exists a Borel set Gg C {0 < 8, < m/2} with H" 1 ({0 < B, < 7/2}\GE) =0
such that (i)-(ii) are fulfilled for all (r,y) € Gg.

Remark 1. We observe that, although [10, Theorem 6.2] was formulated for sets of finite Eu-
clidean perimeter, it still holds for sets of locally finite Euclidean perimeter. Therefore the result
can be applied to sets of finite Gaussian perimeter.
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We also need some technical results about the radial and tangential components of functions
and measures. If v : R" — R", we decompose v as v(z,y) = (v4(2, ), vy(x, y)) with v, (z,y) € R?
and vy(z,y) € R""2. Moreover, for every (z,y) € R3 x R"™2, we decompose v;(z,y) € R? as
follows:

Ve (2, Y) = Vel (2,Y) + vy (2, ),
where v, (2,y) = (v.(z,y) - T)Z,
and vy (z,y) = ve(r,y) — ve1 (,9).
If p € CH(R? x R""2;R"), we decompose the divergence of ¢ as

div p(z,y) = divy g (2, y) + divy @y (z, v), (2.1)

where div, and div, denote the divergence with respect to the x and y variable, respectively.
If o € CH(RZ x R"~2;R"), for every (z,y) € R x R"~2 we define the parallel divergence (with
respect to ) as:

diV:):H @w(‘% y) = divg %(377 Z/) - (vapac(wa y)i') 7 (2'2)

(note that V¢, (z,y) is a 2 x 2 matrix and 2 € R?, so V. (z,y)2 € R?).
The next lemma is a minor variation of [10, Lemma 3.2].

Lemma 1. Let ¢ € CL(RZ x R"™%R"™). Then, for every (z,y) € R x R" 2
: Noa 1 A
(dive 1) (2, y) = (Vapa(z,y)2) - & + o (P@9) ), (2:3)

(divy ) (2, y) = (dive) @a)) (@, Y). (2.4)

Remark 2. Let ¢ € CHRE x R""%R™). Recalling that ¢, = ¢,1 + ¢, combining (2.3) and
(2.4) we have that for every (z,y) € R3 x R"2

(divg pz)(z,y) = (ngpx(:r, y):%) -3+ ‘xl’ (pz(z,y) - T) + divy) @q (2, y). (2.5)

Proof of Lemma 1. First of all, note that
1

Vi (pu(@,y) - &) = (Vapa(z,9)) 2 + ] Pl (:9). (2.6)
Indeed,
Vi (pa(,y) - &) = (Vo (2,9)TE + (Vo) u(2,y)
= (Vapula ) "o+ 220 (00) = (Vapel@)d + ren (@), @1)

where I, represents the identity map in R?, and & ® & is the usual tensor product of & with itself
(so that Iy — 2 ® 2 is the orthogonal projection on the tangent plane to S! at ).
Thanks to (2.6) and (2.7), we have
divy 0y (2,) = divs (0 (2,) - 2)3)
1

= | (Vaeulw) 2+ (@) ‘oz+<sox<x,y>‘:e>|i|
= (Vapr(z,9)2) - & + (pulz,y) - &) |931’

which proves (2.3).
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By (2.2), it follows that
div, SD:E(x, y) = diva gpm(l‘, y) + (vx¢x($a y)i) " (2'8)
On the other hand, recalling that . (7,y) = ¢, (2,y) + Y1 (2,y) and using (2.3)

divy z(z,y) = dive g (7, y) + dive w1 (2, y)
= dive oy (2.9) + (Vapel@)2) -5+ 1 (p(29) - 3).
Comparing last identity with (2.8) we obtain that for every ¢ € C}(R3 x R"~% R")
divy) 02 (2, y) + (Vape(@,9)2) - & = dive ou (2, y) + (Vepe(z,9)2) - &
+ |x1| (pa(z,y) - 2),
From which it follows that
divy ¢z (2, y) = dive oq (2, y) + |m1| (pu(,y) - 7).

Applying the last identity to the function ¢, we obtain (2.4). O

If 41 is an R™-valued Radon measure on R2 x R"~2, we decompose p as 1 = (i, fy), where
pe and g, are R%-valued and R"~2-valued, respectively. Moreover, we decompose fi; as i, =
Pl + fiz), Where pip) and gy are the R2-valued Radon measures on R% x R™"2 such that

/ o(x,y) - dpg i (x,y) = / Vel (z,y) - dpa(z,y),
RZxR"—2

RZxR"—2

/2 o(z,y) - dug) (T, y) = / Ou|(T,y) - dpz (2, y),
R2xRn—2

RZxR"—2

for every ¢ € C.(R2 x R"2;R").
Note that w1 and ji, are well defined by Riesz Theorem (see, for instance, [1, Theorem

1.54]). In the special case u = Df, with f € BV,.(R3 x R"~2), we shorten the notation writing
Dy f and D,y f in place of (Df)y and (Df)s.1, respectively. In particular, if f = xg and
E C R" is a set of finite perimeter, by De Giorgi structure theorem we have

Dyixp = —v dH" ' LIE,
Dyyxg = —vaydH" ' LO*E, (2.9)
Dyxe = —Z/fd”H"_l LO"E.
The next lemma is a variant of [10, Lemma 3.4].
Lemma 2. Let f € BVioe(R3 x R"72). Then, for every p € C1(R3 x R""%;R")
Jop o ?0) Daf == [ ) divag ) deds, (210

and

/ o(x,y) -dDy, f = —/ f(z,y) (ngox(:v,y):%) -2dx
R2xR"—2 R2ZxR"—2

- / @)~ (polary) - &) do. (2.11)
RZxRn—2 ||
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Proof. Let ¢ € C}(R§ x R""2%;R™). By definition of D, f and thanks to (2.4) we have
RZxR"—2 R2xRn—2
—— [ dvee @)y dedy
R2xRn—2

= —/ diVxH <px||(x,y)f(967 y) dzx dy,
RZxR"”—2

and this shows (2.10).
Similarly, by definition of D, f

/ o(ayy) - dDy f(2,y) / poi(2,y) - dD, f (2, y)
R2xR™—2

RZxR7—2
= —/ divy @1 (7,y) f (2, y) dz dy.
RZXxR"—2

Thanks to (2.3), identity (2.11) follows. O
An immediate consequence of identity (2.10) is the following.

Corollary 1. Let f € BVj,(R% x R"™2) and let Q CC R x R"2 be open and bounded. Then,

| Dy f| (€2) = sup {/RQ - fla,y) divy ou(@,y)dady : o € CL(UR™), [l Lo (rn) < 1}-
g XR™~

Lemma 3. Let E C R"™ be an n-symmetric set of finite Gaussian perimeter, let u be the
distribution function of E, and let £, be defined by (1.2). Then:

(7’) :uafu € BVioc((O, OO) X Rn_2);
(ii) For bounded Borel functions with compact support, the following holds:
/(0 xR Qw(ﬁy)TdDrfu(ﬁy) _/ Y(|z|,y) & - dDyy xE(z,y), (2.12)
,00) XR™—

RZxR"—2

/ ré(r,y) - dDyE,(ry) = / 6(Iz],1) - dDyx(z, ), (2.13)
(0,00) xR"—2

RZxR"—2
where ¥ : (0,00) x R"™2 = R and ¢ : (0,00) x R*™2 — R"2,
(iii) As a consequence:

2
||

2 v Ly
re~ T e % DE(B) < e~ F e % Dyul(@(B x 5), (2.14)
for every Borel set B CC (0,00) x R"~2,

Proof. We divide the proof into several steps.

Step 1: We show that p € BVjec((0,00) x R"~2).
Let A CC (0,00) x R""2 be an open set, and let us show that p € BV (A). Let ra, R4 > 0
be such that

r>ry and 2 + ]y\g < Ri
for every (r,y) € A.

Step la: We show that u, &, € L'(A).
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12
We have
12(Ene@xs) = [ i)
D(AXST)
1 21241012
n/ e XE(z,y) dzdy
2 (AxS?1)
xe(z,y) d?—[l(:n) drdy

@

)
i [ |

1 _lw? e 2
= el U el 21 ca)

n—1
2

(r,y) drdy >
(27

2
B

so that [|u[[11(4) < oo. Moreover
2
e2

leullzsca = Va7 [ < trvy)drdy < VB lzaca

< 0.
(]a:\_y)x we obtain that for every

which shows that [|§,[[11(a)
Step 1b: We show that |D,u|(A) < co. Let ¢ € CL(A) with [¢)| < 1. Applying formula (2.3) to
t)z1 = Y|zl

the function ¢ (|x|,y)Z and observing that (¥ (|z|,y)%).1 =
[W(|z],y)2 - 2]

(z,y) € RE x R"
1
vy (9 (Jel,9)2) = [Va (91} 9)2) 3] -3+ 1 [0
0 Ih—1TQ®% 1
[(¢«ﬂwx®x+wur>2 ZE8Y 5 ot Lulielo)
where I5 denotes the identity matrix in R?
Thus,
) lely)i + e T dive ((J2] 9)3)
~ |af?
) wtiel].

“Fy(al.n)) =V,
_lz12 [0y
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Therefore,

1
/ Y(r,y) dDyp(r, y)
(0,00) x R —2

(2m) Jo
1 1 — |22 o2
" (20)% /Rz Rn2< |g;|,x| ) 2|2, y)xp (e, y) dz dy
1 o2
T 2n)t / e~ (el y) @ - vE dHY (@, ) (2.16)

lw? |1 — |z
- / LTl ) s (e, 9) d o, )
RQX]R“*Q ’ ‘

m/ (el )| 4 )

<e Mps+ —P(F)| < oo,
= s —po)]
where we set
1— 2
Mjg = max | 5 |
s€[ra,Ral S

Taking the supremum over 1) we conclude
Step 1lc: We conclude the proof that u € BV (A), showing that

ID,ul(A) < .

Let i € {1,...,n — 2} and let ¢ € C}(A) with |¢| < 1. . We have

1
(2 )nT_l /(0 ) R 1/1(7”7y)dDy“UJ(7'7y)
T ,00) X Rn—2
1 oY
T, r,y)drd
/(Omwgayf ) () dr dy

B _(27T

- )'ngl
o &
1 e 2z
= —(r, ,y) dH? drd

(2" /(O,OO)W_Q oy " o (/ewm Xl ($)> o

1 _l=> O

7 2 —(|z, ,y)dzd
T s gy e vxe(e ) dedy
1 _le?

Lo e uel) D, ()

X n

(2.17)

_lz? e
/Me S (el y) vE () dH (x,y)

! / &5 ([x], ) v, y) dHE (),
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and therefore

1
(2m)" 7

/ ¢(T7 y) dDy'LM(T7 y)
(0,00) xR —2
1
V2T
y|?

1 lyl” E -1
< —/= 2 ) i\ dH? )
=l )l b )l 4 )

2
\

? .
/8*Ee > (|2, y) v (z,y) dHE (2, y)

Py(E) < . (2.18)

Taking the supremum over ¢ we conclude.

Step 2: We show that &, € BVjoc((0,00) x R"~2).
We already proved that &, € L{ ((0,00) x R"2). Let us now show that D¢, is a locally
bounded Radon measure in (0,00) x R"~2. We recall that

r2

re 2z

M(n y) = ﬁgu(rv y)'

2

Since the function (r,y) — 1/(re” 2z ) is smooth and locally bounded in (0, 00) x R"~2, by the
chain rule in BV (see [1, Example 3.97]) we have that &, € BVj,c((0,00) x R"?), with

2

2

gy

Dy = 1— 72, drdy + rD,
9 _r?
1—7r e 2
= ,y)dr dy + ——rD,£,, 2.19
——u(r,y)drdy Wordl & (2.19)
T2
re 2z

Step 3: We show formulas (2.12) and (2.13).
Let ¢ € C1((0,00) x R"2). From (2.19) it follows that

,,,2
p(r,y) dr dy

/ Y(r,y) dDpp(r,y) = / U(r,y)
(0,00) x R"—2

(0,00) x Rn—2 r

»

T

e 2
" /(O,oo)x]Rn2 ¥, y)ﬁ r dDTgu(Ta Y). (2.21)
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On the other hand, from (2.16) we have

j/?

— |r\2
/(0 IR 21/1(7“ y) dDyp(r, y) \/%/W - ]:r| )6 U(|x|, y)xE(x,y) de dy
;00) xR xRn—

L / (el y) & - dDysxs (2, y)
R3 xR"—2

N

r

1—re 2

= B y) ———=
/(o,oo)an—2 (r9) T V27 JoB(r

2
+ T T -dD, x
T Jop e T O 2 a0

1 — 72
= Y(r,y)———p(r,y) drdy
0 OO XR’VL 2 T

XE(a?, y)dH' (z) dr dy

T Jop T 002 D),
X n—

Combining the previous identity and (2.21),

2
=]

r2 _ =7 “
/ 5 (r,y) rdD,Eu(r,y) = / (], ) & - D x5 (2, ),
(0,00) x Rn—2 RZXR"?—2

7‘2
for every ¢ € C1((0,00) x R""2). Applying the identity above to the function e (r,y) we
obtain that

/ B y) T dDyEu(r,y) = / Wlzly) & - dDs xs (2, y),
(0,00) xR"—2 R2xR"—2

for every ¢ € C1((0,00) x R"72).
By approximation, the identity above is true also when v is a bounded Borel function, and
this gives (2.12).
Let us now show (2.13). Let ¢ € CL((0,00) x R*“2 R"~2). Thanks to (2.17) and (2.20),
'r2
Jo a0 APl ) = VR € 0(r,) - ADyu(r,)

(0,00) xR —2
_ / o(z,y) - dDyx(z, ).
]R(Q)x]R"*2

By approximation, the formula also holds whenever ¢ is a bounded Borel function. O
The next result follows combining Lemma 3 and Coarea Formula.

Lemma 4. Let E C R" be an n-symmetric set of finite Gaussian perimeter, let u be the
distribution function of E, and let £, be defined by (1.2). Then

(T DT‘&H)(B) = T - V:cE($7y) d,Hnil(xﬂl/)

- /f)*Encb(BxSl)m{uElzo}

// vy (t, )dHO( ) dr dy,
(9% ) ryp N1V E £0} |Vx||( y)l

for every Borel set B CC (0,00) x R""2. Moreover,

&-vE(x,y

0t = [ Lve 00) o .
(0°B) (N {vE #0} 115 (2, 1)]
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for H" t-a.e. (r,y) € (0,00) x R"2, where 0r&, denotes the approrimate differential of &, with
respect to r. Similarly,

(TDyfu)(B) = VyE(xv y) dHn_l(xa y)

- /8*Em<1>(BxSl)m{uE| =0}

// v (@ )dHO( ) dr dy,
0° )y v 20 [V xH( y)l

or every Borel set B CC (0,00) x R 2, and
J Y : )

Tvygu(ray) = - /(v8

E
D o),
E)(rwm{yz”;éo}‘ IH( =l

for H t-a.e. (r,y) € (0,00) x R"™2, where V€, denotes the approzimate gradient of £, with
respect to .

Remark 3. Thanks to Remark 2, applying the previous lemma to F), it follows that for every
(’f’, y) € GFN

Fy
ohulr,y) = —a 22 0]
‘V$|T(x7y)|
Yyl y) = 1 2 )
1} (@0)

for every x such that (x,y) € 9*F),, where we have used the fact that H((8*F,,)(.,)) = 4.

Proposition 3. Let E C R™ be an n-symmetric set of finite Gaussian perimeter, and let p be
the distribution function of E. Then, F), is a set of finite Gaussian perimeter in R™. Moreover,
for every Borel set B CC (0,00) x R"2

2 \y\"’

<l|re 7e” 2 D¢,

(2m) "5 Py (F; ®(B x SY)) < (B) + |5 e Dyyxr, | (B(B x SY). (2.22)

Proof. The proof is based on the arguments of [12, Lemma 3.5] and [3, Lemma 3.3]. Thanks to
Lemma 3, € BVioc((0,00) x R"72). Let {u;}jen C CL((0,00) x R"™2) be a sequence of non-
2

negative functions with 0 < y1;(r,y) < e~z v/27r such that p; — p H* '-a.e. in ((0,00) x R*~2)
and |Dy;| = |Dpl|. For every j € N, we denote by F,; CR™ the set defined by (1.3), with y; in
place of p.

Let A CC (0,00) x R""? be open, and let ¢ € C;(®(A x S'); R™) with ||| oo (@(axst)rn) < 1.
We have

/F (div @)@, y) — ol 9) - (@ y)) e F e 4 dedy

Kj

M)
o

=/ XF,, (z,y)e” 2 e” 2 (dlvw(x y) — - oz (T, y) —y-wy(w,y))dwdy
(AxS?1)
=/ XF,, (T, y)e” 2 e” 2 <divy py(z,y) —y- <Py(:v,y))dw dy

(AxSt)

s e e (v palog) - o gy do dy
(AxSt)
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Let us now focus on the last integral. Thanks to Remark 2, this can be written as

,li
AA o) XFu](fU y)e Bt 2 (dlvxgoz (z,y) —x - pg(x, y))dxdy
X

22 |y

/A o) XF,, (z,y)e” 2 e” 2 divy) oy (x,y)dz dy
X

ly|?

—I—/ Fy, (x,y)e ~ e (Vaopz(z,y)2) - & da dy (2.23)
P(AxST)

JJ 12
—I-/ (z,y)e %6_% oz(z,y) - < )dwdy.
P(AxST) ‘ ’

In the following, it is convenient to introduce the function V; : A — R"~! given by

2w )
Vj(T, y) =e 2e 2 (¢I(x7y) -z, tpy(x,y)) d’Hl(x)
Aﬁﬂj (T‘,y)(Tel)UAﬂu]- (T,y)(_rel)
7,2 2
—reTe (pa(rw,y) - w, oy (rw,y)) dH' (w).

Ay, (ry) (€1)UAB, () (—e1)
We denote the components of V; by

r2 2
“Ter po(rw,y) - wdH (w)

(Vi)r(r,y) =re
Apy, (ry) (€1)UAg, () (—e1)

_r2 P
(Vi)y(r,y) =re” 7 e 2 oy (rw, y) dH* (w).
Apy; (ry) (€1)UAg, () (—e1)

We divide the proof into several steps.

Step 1: We show that V} is Lipschitz continuous with compact support in A.
The fact that V; has compact support in A follows from the inclusion supp V; C A(supp ¢),

where we set

A(supp ) = {(r,y) € (0, +00) x R""?: (supp ¢) N OB(r) # O} .
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Moreover, for every (71, y1), (2, y2) € A(supp ¢) (here we set A; = AB#]' (Ti,yi)(el)UAﬁ,uj (m,yi)(_el)
for i =1,2)

3 _ml?
re 2e 2 / (pa(riw, 1) - w, py(riw, y1)) dH (w)
Aq

- _ln
re 2e 2 (%(ﬁ%yl)'W,SOy(levyl))

_3 _wl?
— roe 226 3 / (sox(r2w,y2)'wa<Py(7’2W,Z/2)) dHl(W)‘
A,
3 lyal?

S/
Ay

—roe 2e 2 (%(Tzw,yz)'W,Sﬁ’y(rzwayz))‘dHl(w)

2
3 yol?

e R / (i (oo, y2) - @, g (rat, y2)) | dH ()
A1AA,

2
3 lugl?

< Cl(r1,y1) — (r2,y2)| +rae” 2 e” 2 H' (A1AA,)

lya

g 1€ (11, 91) — &y (T2, 92) |

2
_r2 _
= Cl(r1,y1) — (r2,y2)| + 2mr2e” 2e
S C/|(T1,y1) - (r27y2)’7

for some C,C’ > 0, where we used the fact that the function

2
'r2 Yl

(Ta y) —=re zZe 2 (QDZ(TW7 y) * W, cpy(rw, y))
is locally Lipschitz continuous.

Step 2: We show that 3, is H"a.e. differentiable and that

/ or(rw,y) - w d’Hl(w)
App(ry) (€1)UAg, () (—e1)

2 P aﬂﬂj 0
Lre Te 2 (r,y) Yr(rw,y) - wdH" (w) | (2.24)
r Spy; (r) (€1)USp,, - (ry) (—€1)

treTe ((Vapalrw,y)) w) - wdh!(w),
Apy; (ry) (€1)UAs, () (—e1)

for H" La.e. (r,y) € A.
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Let us set A;j := {0 < B, < 7/2}. Since p; € CZ((0,00) x R"~2), we have that 3, € C*(4;).
Moreover, for every (r,y) € A;

2 200,
+T€2ey2§'u](r, y)(/ Oz (Tw, y) -wd’HO(w))
" Sppu; (rw) (€1)US5,, (rny) (—€1)
r2 2 ﬁ ‘(Tvy)
freTe T " da/ ((chpz(rw,y)) w) -wdHO(w)
0 Sa(el)USa(—el)

/ pa(rw,y) - wdH (w)
Aﬁy.j (r,9) (el)UAB,uj (r,y) (761)

r2 2 0B,
+ rezey?gw(r’ y)(/ pz(rw,y) 'WdHO(w)>
" S, (ra (€1)USy, (r (—e1)
7‘2 7‘9‘2

((Vapulrw,y) w) - wdH' ).

+re ze 2/
Apy;(ry) (€1)UAG, () (—e1)

This shows (2.24) whenever (r,y) € A;. Note now that

(Vi)r(r,y) =0 for every r € Int({3,, = 0}),

'r2 7‘9‘2

(Vi)r(r,y) =re" 2e 2 / oz(rw,y) -wd?—[l(w) for every r € Int({ﬂuj =m/2}),
Sl

where Int(-) stands for the interior of a set.
Since

87"6#]' (r,y) = 0 for every (r,y) € Int({ﬁﬂj =0} U Int({ﬂﬂj = 7/2}),

using the identities above one can see that (2.24) holds true for " 1-a.e. (r,y) € (0,00) x R*~2.

Step 3: We show that

y)? 2

(divy (Vi)y) (ry) = e 5 e (divypy(@.9) — - 9y(@.)) dH (@)

/Aﬁu]- (ry) (re1 )UAﬂl‘j (r) (=Te1)

2

ly|?
treTTe 2 </ VB, (r,y) - oy(rw, ) d’HO(w)>,
Sppu; (r) (€1)US g, () (—€1)

for H" La.e. (r,y) € A.
The proof can be done by adapting the arguments used in the previous step.
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Step 4: We show that

z 2 2
/ XF,, (z,y)e > e (Vaps(z,y)2) - & do dy
D(AxST)

12 7
+/ XE, (@,y)e” 2 e 2 pulz,y) - (w - x> dz dy
d(Axsl) |z|

u)?

+/ X, (T,y)e” 2 e 2 (divysay(fv,y)—y-soy(fv,y))dwdy
D(AxST)

2y
— [ et < / V )y (1) - (a0, ) - 0,04 (1, ) d%°<w>> dr dy.
A Spp; (r) (€1)USg,, (ry) (—e1

Integrating (2.24), thanks to the classical divergence theorem applied in A, and recalling that
V; has compact support in A, we obtain

0= / div(,y) Vj(r,y) dr dy
A

- /A (On (V3o ) + divy (Vy)y () dr dy

:/ e 2 e 2 (1r2)/ ©r(rw,y) - wdH (W) | drdy
A Ay (r (e1)VAs, (ry) (—€1)

R
—|—/ re”Te 2 </ N (r,y) - (gpm(rw,y) W, cpy(rw,y)) d?-lo(w)) dr dy
Spp; (rw) (€1)USg,, (ry) (—e€1)

r2 Y 2
+/ re~Te % </ (Vo (rw,y) w) -wd’Hl(w)> dr dy
A Apy(ry) (€1)UAg, () (—e1)

2 2

+/ e 2 e T / (divy oy(x,y) fy-goy(x,y)> d’Hl(az) dr dy
A Aﬂﬂj (r,y) (rel)UAﬁHj (T,y)(—'rel)

a2 w2 T
= / XF[J.J' (ﬂs,y)e_Te_T SOx(SC,y) : <|$| — l‘) dx dy

2 w?
b [ et ( / v(r,y)ﬁw,y)-(som,y)-w,¢y<rw,y>)d%0<w>) dr dy
Spp; (rw) (€1)USg,, (ry) (—e€1)

22 |y

+/ XF, (z,y)e” 27 e 27 (Vwcpx(a:,y)i) - & dxdy
D(AXST)

z2 _|y?
2

+ / XFy,; (z,y)e” 2 e 2 (divy oy(z,y) —y - py(z, y))dw dy,
D(AxST)

which gives the claim.

Step 5: We prove that
: I ET el

/ XF,, (2, 9)(dive)(z,y) — ¢(z,y) - (z,y))e” 2 e 2 drdy

D(AXS)

2 lyl?

<|re”ze 2 DEy,

(A(supp «)) (2.25)

2w
—i—/Ae ze 2 H (S/J’uj(r‘,y)(rel)Usﬁuj(r,y)(_rel)) dr dy,
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where A(supp ¢) C (0,00) x R"~2 is the compact set defined in Step 1.
Thanks to (2.23) and Step 4

2 2

/ xE, (2 9)(div @) (2.y) — o) - (2,9))e™ = e = dudy
D(AxST)

2
lyl

|2 .
—/ XF,, (@,y)e” 2 e” 2 divy) oy (z,y)dz dy
D(AxST)

2

_r2
— [ reet ( / V<r,y)ﬂw<r,y>-(som,y)-w,soyw,y))d%“(w)) dr dy.
A Spu; (riw) (€1)US 5y, () (—e1)

(2.26)

We now estimate the right hand side of the expression above. Thanks to (1.2) and arguing
as in Step 2 we have that

V(T,y)é-llj (r,y) = 4v(r,y)/8uj (r,y) = v(r,y)/Buj (Tv y)HO(Sﬁﬂj(r) (e1) U Sﬁuj(r) (_61))7

for H" La.e. (r,y) € (0,00) x R*~2.
Therefore,

2 Jyl?
-/ : ( / VB (13) - (0, ) - 0, 0y (10, 9) d%%)) dr dy
A St (ry) (€1)USg,, . (1) (—e1)

2
/ re 2e y2 ‘V(T‘,y)ﬁ/"‘j (T7y)|7—[0 (SBMJ' (r,y) (61) U Sﬂﬂj (T7y)(_€1>> dr dy
A(supp @)
2w
_ / re” 7 e % |V iy n, (1) drdy
A(supp )

2
re”ze 2 DE,.

<

(A(supp ). (2.27)

Let us now focus on the term in (2.26). Applying the divergence theorem in the circle and
denoting by v« (z,y) the exterior unit conormal in dB(r) to Ag, (.,y(re1) UAg, . ,y(—re1) at
AN AN
its endpoints, we have

2
[yl

S T
/ XF,, (@,y)e” 2 e” 2 divy) gy (@, y)dz dy
D(AXST)

2 vl
:/e Te T divy) ¢ (7, y) dH(z)| drdy
A Aﬁuj(r,y)(rel)UABMj(r,y)(fTel)

7,2 2
:/6_26_242 gom”(:v,y)'l/*(x,y)dﬂo(az) dr dy
A i ngﬂj(rvy)(rel)usﬁﬂj(r’y)(_Tel)
_2 P
§/e Te 2 HO(SBHj(T,y)(Tel)USBHj(Tvy)(—rel))drdy. (2.28)
A

Combining (2.26), (2.27), and (2.28), we obtain (2.25).

Step 6: We show that F), is a set of finite Gaussian perimeter.
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Note that XFu; = XF, H"-a.e. in R", and B,; — By H" L a.e. in (0,00) x R*2. Note also
that, from our choice of the sequence {1;} en and thanks to (2.19), it follows that

2l .
re-ze 2 DE,| asj— oo.

Therefore, taking the limsup as j — oo in (2.25), and using the fact that A(supp ¢) is compact,

2|2 |y?

/ X, (1) (v @) (2, 9) — (. y) - (2,)) e~ F e~ % de dy
D(AXSL)

212 |y?

—tiwswp [ (00) (@) (w0) — o) ) e F e S dody
(AxST)

Jj—00
) _ﬁ Ly
< limsup |re” 2 2 D¢y, | (A(supp ¢))
Jj—00
. _r2 _|y|2
+l1msup/e e 2 HY (Sg, (Ty)(rel)USB (Ty)( re1))drdy
J—oo A
_ﬁ yl2
<|re”2e” 2 D&l (A(supp ¢))

7‘2
+/Ae_2e_ HO (Sﬁu(ry)(rel)usﬁu(ry)( re1))drdy

A i R /L P
<rem2e 2 DEL(A)+ [ e Zem 2 H(OE ) drdy
A
r2 2
< |re~7 e D[ (4) + Py(B; B(A x §1)),

where we used the Coarea formula and the fact that, since E is symmetric with respect to the
origin, we have

HO(SBu(T,y) (re1) USg, (rny)(—re1)) < HO(0" Ery)),
for H" t-a.e. (r,y) € (0,00) x R*2, Taking the supremum of the above inequality over all
functions ¢ € C} (P(A x S'); R™) with [[¢]] oo (@(axst)rn) < 1, we obtain

2

2
re” ze 2 DE,

P,(Fi ®(A x§") < (A) + P,(E; D(A x S1)).

Thanks to (2.14), using the fact that E is a set of finite Gaussian perimeter, we have
P, (F,; ®(AxSY) <2P,(E;®(A x Sh)) <
Since A was arbitrary, this shows that F), is a set of locally finite perimeter.

Step 7: We conclude. Let A CC (0,00) x R""2 be open, and let ¢ € C}(®(A x S'); R") with
¢l Lo (@(axst)rn) < 1. Combining (2. 26) and (2.27), we have that for every j € N

\ w2
/ XFuj( 2 (dlvxgox z,y) — - pz(z, y))dwdy
D(AXST)

r2

2
< re_Te_%wa (A(supp ¢))

2 2
[z \yl

+/ XF,, (@,y)e” 2 e” 2 divy) gy (2, y)dz dy.
D(AXST)



23

Taking the limsup as j — oo, since A(supp ) is compact, and thanks to Corollary 1, we have

2 2
=] lyl® \

/ XF,(z,y)e” 2 e (dlv o(x,y) — (2,9) - @(w,y))d-%‘ dy
d(AxSL)

r2 2
< |re” T e Dg, | (Asupp ¢))
_l=? _ﬂ
+ XF, (T, y)e” 2 div| ¢q) (2, y)dz dy
P(AxST)
_2 = wi? 1
< fremze 2 D&l (A(supp ¢)) + |Dy(e” 2 e 2 xp,)[(P(A X S7))
P I _l=? 1w 1
= [re” Ze” 2 D& | (A(supp @) +le” 27e 2 Dyxp, [(P(A x §7)),
el w2 ,zj ,M
where we also used the fact that D, (e” 2 e™ 2 xp,) = 2 ¢ D, xF,. Taking the supre-
mum over all p € C}(P(A x S'); R") with ||| oo (@(axst)rn) < 1,
T2 2 22 2
(21)"T Py(Fus ®(A x 8) < |re”Te™ 5 Dg,| (A) + |e™ F e™F Dy, | (2(A x 1)), (2:29)

which shows (2.22) when B is an open set included in (0,00) x R"~2. The general case with B
a Borel set follows by approximation. O

3. PERIMETER INEQUALITY
The following easy result is the key in the proof of Theorem 1.

Lemma 5 (Isoperimetric inequality for 2-symmetric sets in the circle). Let r > 0 be fized, and
let 0 < a < /2. Then, for every 2-symmetric Borel subset D of OB(r) with H'(D) = 4ar, we
have
4=H" (a* (Aa(rel) U Aa(—rel))) < H°(9" D).
Moreover, equality holds if and only if
D =31 Aqa(rp) U Ag(—rp),
for some p € {(1,0),(0,1)}.

Proof. Since 0 < a < m/2, D cannot be empty, nor the full circle. By 2-symmetry, D must
have at least one portion in each quadrant. In each quadrant, there is at least one point of the
boundary (indeed, two, unless D crosses the axes). A minimizer is a union of two arcs centered
on an axis (crossing 2 axes), yielding exactly 4 boundary points. U

In the following, we denote by 3/ and ) the approximate limsup and the approximate liminf
of B,, respectively.

Proof of Theorem 1. We adapt the arguments of the proof of [3, Theorem 1.1]. We can assume
that B CC (0,00) x R"2 since the general case B C (0,00) x R""2 can be obtained by
approximation.

Let A CC (0,00) x R"2 be a Borel set such that B CC A CC (0,00) x R"2 and let Gg
and G, be the sets relative to A given by Proposition 2.

We start by proving (1.5). We first prove the inequality when B C ((0, 00) xR"™?)\(GF,NGE),
and then in the case B C Gy, N Gp. The case of a general Borel set B CC (0,00) x R""? then
follows by decomposing B as B = (B \ (G, NGg))U(BNGr, NGEg).
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Step 1: We show (1.5) when B C ((0,00) x R""2)\ (Gp, NGp).
The set (0,00) x R"2\ (Gp, NGE) can be decomposed as

{Bu=0}U{By=7/2} U ({0 < By <7/2}\ (GF, NGE)), (3.1)
=N

where H""1(N) = 0 by the definition of Gp, and Gg in Proposition 2. We treat each piece
separately, establishing the following auxiliary results first.

Step la: We show that for every p-distributed set W C R™ we have
T <8*W NBW x §1) N (v} # 0}) —0 (3.2)

for every Borel set N CC (0,00) x R""2 such that H"~}(N) = 0.
Indeed, by Proposition 1,

Vi (a*W NN x 84 N {n # 0})

X v 70 (l’ y)
//* { 75‘; dH°(z) dr dy = 0,

) () :E||
where in the last equality we used the fact that H"1(N) = 0.
Step 1b: We show that for every p-distributed set W C R™ we have
T (a*w NO({B, = m/2} x SY) N () # 0}) —0. (3.3)

Indeed, by Proposition 1,

T (a*w NO({B, = /2} x SN (Wl # 0})

X v 0 (‘T y)
/ / by 203 d?—[o(a:) dr dy
{Bu=n/2} J(&*W |Vx|| (z,9)]

W) (r,y)

X v 7#0 (1’ y)
/ / { w170 dH (z) dr dy = 0,
Bu=m/2} SO (Wiry))  Va| Rz

where in the last equality we used the fact that, thanks to Vol’pert Theorem, for H" '-a.e
(r,y) € {Bu = m/2} we have ("W)., = 0" (W, ) = 0"(0B(r)) = @. Similarly,

- (a*w NB({B, =0} x SN {1} # 0}) ~0

Step 1lc: Using the decomposition (3.1), we can write B = (BN {f, = 0}) U (BN {8, =
7/2})U(BNN) and treat each piece separately. Therefore, by applying Step la and Step 1b
to W = F},, we have

Py(Fus ®(B x S) N {v,f #0}) =0,
In particular, by (2.9),

22 _ |y?

(®(B x S)) = / 5 @) aHr @) = 0.
9*F,n®(BxS!)
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Then, by Proposition 3,

n—1

(2m)"5" P (F; ®(B x §")) <

22 |y

t?fT(ZfTDm”XFM (‘I)(B X Sl))

re” 2e 2 DE,

(B) +

n—1

(B) < (2m)"7 Py(E; ®(B x 81)),

where in the last inequality we used (2.14). Notice moreover that for the set F,, and a Borel set
B C ((0,00) x R"2)\ GF,, inequality (2.14) holds as an equality.

Step 2: We prove inequality (1.5) when B C G, N Gg. In this step, we set

pE(T7 y) = Ho(a*(E(r,y)))v

and we use a similar notation for the set F),.

First of all note that, thanks to Proposition 2, we have 1/5"“ (z,y) # 0 whenever (|z|,y) € GF,.
Therefore,

Py(F; 9(B x §')) = P,(Fs ®(B x 8') N {r}' # 0})

/ L B (o)
B*chb(BxSl)m{uzﬁ‘;éo}

_T2+Iy\2
2

1

e
_ e _* 7(17-[0(90) dr dy.
/B (27r>(n /2 (a*Fu)(r,y) |V5\T(x’y)|

Now, using the fact that

F, F, F, ~ F, F, F,
1=l @ )P+ W @)+ @) = @ ol @)+ )+ g ()

thanks to Remark 3, for H" " !-a.e. (r,y) € B we have

1
F;
/(B*Fu)(r,w |V$\T(5Ua?/)|

s Fu 2 Iy 2
:/ 1+ (‘T Ve (:E?y)) + |Vy (a:,y)| d’HO(a:)
(a*FH)(r,y)

dH° ()

il @yl v )P
|7’V(r y)fu(ra y)|2
= 1 ’ = /P2 2
pF;L (T7 y) \/ + p%‘u (7", y) \/pFH (T, y) + |Tv(7‘,y)€l$(rv y)| (34)

|Tv(r,y) 5# (T’, y) |2
pE(ry)

= \/p%(ﬁ Y) + 11V ) &u(r, y) > = pe(r, y) \/1 +

. 2
=pe(ry) |1+ (J{aw) de(x)> +

(r,y) |yx|| (.CU, y) |

2

E
(0% E) (r.4) |Vx|| (z, )]

thanks to Lemma 5 and Lemma 4.
Observe now that the function f : R x R"2? — [0, 00) given by

ft,2) =142+ |22,
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is strictly convex. Therefore, H" !-a.e. (r,y) € B we can apply Jensen’s inequality and

———dH (z)
/(‘a*FH)(w) ‘Vﬂf(l’,y)’
~ . E 2 E 2
S/ 1+ (z EVx (»’U,y)2) + !V%(fﬁ,y)|2d%0(x) (3.5)
(0*E)(r,y) |Vx”(x,y)| |Vx”(x,y)|

1
/(va*E)(,«’y) ’V:L'E” (.I', y) ’

From this it follows that

2m)"=V2p (F,;®(B x SY)) = /
B

dHO(z).

7‘2 2 1
e / e dH%(z) dr dy
(8*FM)(r,y) ’V

F

2t y|? 1
g/e‘ + / —————dH (z) dr dy = (2m)""V/2P,(E; ®(B x SY)).
B (O*E) (r,4) ‘VIH(-%"Z/)’

Step 3: We conclude the proof of the theorem. Suppose equality holds in (1.5). Then, equality
holds also in (3.4) and in (3.5). From the equality in (3.4), thanks to Lemma 5, we have (i).
Instead, the equality in (3.5) gives (ii). O

4. REGULARITY

In this section we prove Theorem 2. We will proceed in two steps, where we first prove the
regularity up to a small singular set (Proposition 4). The singular set is small enough for us to
use the second variation and to deduce that the boundary OEN{z; > 0} for every i = 1,...,nis
a graph of a BV-function. We then apply an argument similar to the one used in [6], to deduce
that the singular set is empty.

The strategy for the first step is to remove the symmetry constraint at small scales and
reduce the problem to the standard regularity theory for almost-minimizers of the perimeter.
More precisely, starting from penalized minimality with respect to m-symmetric competitors,
Lemma 6 yields an unconstrained almost-minimality property by replicating a local perturbation
along the orbit of the reflection group G. This argument is close in spirit to standard symmetry-
reduction principles for invariant variational problems; for related ideas see [23, 17]. Since we
did not find the precise local estimate needed here in the literature, we include a self-contained
proof.

Once the symmetry constraint has been removed, the classical theory of almost-minimizers
yields the C*¢ regularity of 0*F and the estimate dimy(Xg) < n — 8, where dimy denotes the
Hausdorff dimension. We then use symmetric criticality (see [25]) to derive the Euler-Lagrange
equation away from the coordinate hyperplanes, and finally extend the analyticity across the
hyperplanes by reflection argument.

The first lemma deals with the symmetry of the problem.

Lemma 6. Let E C R™ be an n-symmetric set of finite Gaussian perimeter. Let p € OF. Define
the index set I == {i € {1,...,n}:p € IL;}, where Il; .= {x € R" : x; = 0} are the coordinate
hyperplanes. Let G be the reflection group of order 2" generated by the reflections {A1, ..., An}
across the coordinate hyperplanes. Let v > 0 be small enough such that B.(p) N1l; = @ for
all j & I. Assume that for every n-symmetric set W such that WAE CC g 9(Br(p)) the
following control holds: there exists A > 0 such that

Py (E; Br(p)) < Py(W; B, (p)) + Ay(WAE). (4.1)
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Then, for every perturbation F' of E in B,(p), i.e., another set such that FAE CC By(p), one
has

P,(E: B,(p)) < P,(F; B,(p)) + 2"A1(FAE). (4.2)

Proof. Let B = B,(p) and let F be any set of finite Gaussian perimeter with FAE CC B. We
have to construct a globally n-symmetric variant W of F, keeping a certain control inside B.
If I = @, ie., if p does not belong to any coordinate hyperplane, B is disjoint from its
reflections. The modification can be easily done by substituting F' with its symmetral inside the
reflections of B.
We assume henceforth that I # (). We follow an orbit averaging strategy. We decompose G
based on the local geometry at p:
(i) The Stabilizer: Ggap == {9 € G : g(p) = p}. This subgroup is generated by {A;};cr and
has order |Ggtab| = 2l
(ii) The Orbit Representatives: Let {gi,...,gn} be a set of representatives for the cosets
g/gstaba where N = 2n-11,
Note that the images {g,(B)}_, are pairwise disjoint, as they lie in distinct orthants not
separated by any II; with j € 1.

Step 1: Local Symmetrization. The hyperplanes {II;};c; partition the ball B into |Gstap|
disjoint sectors. Let S denote this collection of sectors. For each sector S € S, we construct a
locally symmetric candidate Fis on B by reflecting the restriction of F' to S:

Fs= |J WMFNS).
hegstab

By construction, Fyg is symmetric with respect to the hyperplanes {II;};c;. Using the Ggap-
invariance of the Gaussian weight and the sub-additivity of the perimeter, we obtain:

S" Py(Fs; B) < [Getab| Py(F; B). (4.3)
SeS

For each sector S, we define a set Wg by replacing F with Fg inside B, and replicating this
modification to all other balls in the orbit:

N N
W = (E\ U gm(B)> U | gm(Fs).
m=1

m=1
Since F is globally n-symmetric and Fg is symmetric under Ggap, the set Wy is invariant under
the full group G, i.e., it is an n-symmetric set.

Step 2: Perimeter control. By the hypothesis (4.1), applied to the competitor Wg, we
have

P, (E; B) < P,(Ws; B) + Ay(WsAE). (4.4)
Note that P,(Wg; B) = Py(Fgs; B). We now explicitly compute the symmetric difference term.
Since the modification is replicated IV times on pairwise disjoint balls and F is G-invariant,
N
YWsAE) = y(gm(Fs)AE) = Ny(FsA(E N B)).
m=1

Inside B, Fg consists of |Gsqp| copies of F'N S reflected by elements of Ggqp. Since EN B is also
symmetric with respect to Ggiqp, the symmetric difference on each reflected sector is identical to
the difference on the generating sector S. Thus:

Y(FsAN(ENB)) = |Gstap|y((FAE) N S).
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Inserting this into (4.4), we obtain the local estimate for the sector S:
Py (E; B) < Py(Fs; B) + NA|Gstap |y (FAE) N S).
Summing this inequality over all sectors S € S:

|gstab‘ P’Y(E7B) S Z P’Y(FS;B) + NAZ |gstab”7((FAE) N S)
SeS SeS
< |gstab|P’y(F; B) + |gstab‘NA7(FAE),

where we used (4.3) and the fact that Y g g v((FAE)NS) = y(FAE). Dividing by |Ggtan| we
get (4.2). O

We may proceed to prove the partial regularity.

Proposition 4. Let E be a minimizer of the Gaussian isoperimetric problem among n-symmetric
sets with prescribed Gaussian measure. Then the reduced boundary O*E is a relatively open, real
analytic hypersurface, and the singular set ¥y = OE \ 0*E satisfies dimy (Xg) < n — 8.

Proof. We divide the proof into four main steps, and we will use the notation introduced in
Lemma 6 (and in its proof) for the reflection group G.

Step 1: C'* regularity and dimension of the singular set. Let p € OF and let [ := {i €
{1,...,n}:p €ll;}. Set r, > 0 as the distance between p and ;4 I1;.

Since F is a minimizer of the Gaussian perimeter among n-symmetric sets subject to a volume
constraint, we first observe that E satisfies a penalized minimality condition within the class of
symmetric sets. By performing symmetric volume-fixing variations supported in | J 4eG 9(Br(p))
(adapting standard arguments, see e.g. [21, Part III]), we deduce that there exists a constant
A > 0 such that for every r < 7, and for every n-symmetric competitor W with WAE CC
Ugeg 9(Br(p)),

Py(E; B, (p)) < Py(W; Br(p)) + Ay(WAE).
Applying Lemma 6, we remove the symmetry constraint: for any set F' (not necessarily sym-
metric) such that FAE CC B,(p),

Py (E; By(p)) < Py(F; By(p)) + 2"Ay(FAE). (4.5)

Following [2, Proposition 2], from (4.5) we get that F is an almost-minimizer of the Euclidean
perimeter: there exists A > 0, depending on |p|, such that

P(E; By(p)) < P(F; Br(p)) + Ar™.

We can now apply the classical regularity theory for almost-minimizers (see [21, Theorem 21.8
and Theorem 28.1]). Let us define, for every p € R™,

. |E N B (p)| .. |ENB(p)
u =limsup ——————, andu = liminf ————=,
p(p) = limsup =5 p(p) =l It = )

and let us use the notation ug(p) if the liminf and the limsup above coincide. We assume that
FE coincides with the precise representative

{p e R": up(p) = 1}. (4.6)
Then, thanks to the density estimate on OF for almost-minimizers (see [21, Theorem 21.11]),
we have that the precise representative £ = {urp = 1} and its essential complement {ugr = 0}
are both open, and 0F C R"\ ({ug = 1} U{ug = 0}). The topological boundary OF coincides
with the essential boundary {p € R": ug(p) ¢ {0,1}} and it is partitioned in two parts:
(i) the reduced boundary 9*E, that is a subset of {p € R": ug(p) = 1/2}, is a C1* hyper-
surface for every a < 1/2, and is relatively open in OF.
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(ii) the singular set ¥ = OF \ 0*E}; it satisfies dimy (Xg) <n — 8.

Step 2: Lagrange multiplier for symmetric variations. Let X € C2°(R";R") be a vector
field. Let 0 < § < 1, and let ® : R™ x (—4,0) — R™ be the flow associated with X, i.e.,

0

5 8@, 1) = X(®(z,1),  &(z.0) ==z

We perturb E through the flow ® by defining F; := ®(E,t) for t € (—4,0). The first variations
of the perimeter and the volume are given by

d E E -1
%PW(Et)‘t—O = /* (A —x-v7) (X -v7)dHY

d

2 (E, ’
dtf)/( )t 0 V2T /*
If ® preserves n-symmetry, since ' minimizes the Gaussian perimeter among n-symmetric

sets of finite perimeter subject to the volume constraint v(E) = m, by the method of Lagrange
multipliers there exists A € R such that

d
@Pv<Et>’

df}_[n 1

=SB (4.7)

Step 3: Extension to general variations via symmetric criticality. Recall that |G| = 2™.
Both the Gaussian perimeter and the Gaussian volume are G-invariant: for every g € G and
every set I’ of finite perimeter,

Py(g-F) =Py (F),  ~(g-F)=~(F).

Since E and the Gaussian weight e~12*/2 are G-invariant, a change of variables gives that the
first variation is invariant with respect to G.

Now let X € C°(R™;R™) be an arbitrary vector field supported away from the coordinate
hyperplanes. Define the symmetrized field

X(z) = ’g|2g_1 (g-x).

geg

By construction, X is G-equivariant and generates a flow preserving n-symmetry. Let E, be the
perturbation of E through the flow associated to X.
Using the fact that X is supported away from the coordinate hyperplanes and the G-invariance,

d

- d
ZP(B)| = ZP(E)| .

t=0
and similarly for the volume term. Since X preserves n-symmetry, equation (4.7) holds for X
and therefore also for X. Since this is true for any X supported away from the coordinate
hyperplanes, we conclude that pointwise
)\ n
My —vF = = on O*FE I1;, 4.8
N Y (45)

where 7% denotes the mean curvature.

Step 4: Upgrade to analyticity. Away from the coordinate hyperplanes, since 9* F satisfies
the Euler-Lagrange equation (4.8), standard elliptic regularity (see [24, Chapter 6]) upgrades
C1@ regularity to real analyticity, i.e., 0*F \ Ui~ IL; is a real analytic hypersurface.

We now extend the analyticity across the coordinate hyperplanes by a standard multi-fold
reflection argument. Let p € 0*ENJ;, II; and let I = {i : p € II;}, k := |I|. By n-symmetry,

vE(p)-e; = 0 for every i € I, so k < n — 1 and, after relabeling, rotating and translating within
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span(epr1,...,en), we may write 9*E near p as the graph z, = u(2') with u € CY*(B}(0))
even in each of zy, ..., z;, where p is sufficiently small and B;,(O) denotes the open ball of R"~!
centered in 0 with radius p. The even extension u(z’) .= u(|z1|,...,|2k|, 2k+1, - - -, 2n—1) belongs
to Cl’a(B’p(O)), because evenness forces homogeneous Neumann conditions 9,ul,,—o = 0 for
i < k. Therefore we deduce from (4.8) that the function u is a C''®-regular weak solution of the
equation

div ( Vu ) () - (Vu, -1) A (4.9)

V1 [Vul? VI+ Va2 Ver
in B;(O) in the sense of integration by parts against a smooth test function. By standard elliptic
regularity results (see e.g. [24, Theorem 6.7.6]) it is analytic. O

Remark 4. From now on, we will always identify a minimizer £ with the open set {ug = 1}.
Therefore, we have that {ugp =0} = R" \ F is also open and

OF =0"EUXg,

where 0*E is (analytic and) relatively open in OF, while X is relatively closed in OF, and thus
also closed in R™.

We introduce some notation for calculus on smooth hypersurfaces. Let M be a C* hyper-
surface. We may extend a given vector field X € C*°(M;R"™) to R™ and denote by Dy X the
tangential differential of X on M and for a real valued function v € C*° (M) we denote the tan-
gential gradient as Vyu. The tangential divergence of X on M is defined by divys X = tr(DyX)
and the Laplace-Beltrami of operator u on M is

AMU = diVM(DMU).

When M is the boundary of a set E, the exterior unit normal v¥ fixed above is a smooth
vector field in C°°(M;R™). Then the second fundamental form is B = Dyrv? and the mean
curvature J% is

Hg = divop (V).

Finally, the divergence theorem on hypersurfaces in the Gaussian setting states that for every
Lipschitz continuous vector field X : 0F — R"™ with compact support, using the notation
Xop = X — (vF @ vF) X, it holds

/ (divop X — Xop - x)dH () = | X -vPdHl " (2).
OF OF

The drift Laplacian (or the surface Ornstein-Uhlenbeck operator) on M associated with the
Gaussian measure is defined as

Ay —Vae- -z, ¢eCHM).

Integration by parts with respect to the Gaussian measure ”Hglfl yields
/M Dl dH2 ™ = — /M (A — V- x)dH, e CZ(M). (4.10)

The following is the standard stability inequality for the Gaussian isoperimetric problem (see
[2, Proposition 3]), adapted to the n-symmetric class via the principle of symmetric criticality.
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Proposition 5. Let E C R" be a minimizer of the Gaussian isoperimetric problem among n-
symmetric sets with prescribed Gaussian measure. Set M = 0*E. Define the quadratic form

Q:CX(M)—R by

Qo) = [ (I9asl? — (Bl + 1)) s

Then
Qp) 20 (4.11)
for every n-symmetric p € C°(M) satisfying fM gpd?—[;‘—l =0.

The following result is a direct adaptation of [2, Lemma 1]. Indeed, the cutoff construction
used there relies only on the finiteness of P,(E), the local perimeter-growth estimate, and

H"3(OE \ §*E) = 0,

all of which hold in the present setting. Averaging over the finite reflection group G, in order to
make the cutoffs n-symmetric, yields the following lemma.

Lemma 7. Let E be as in Proposition 4, and set M = 0*FE. There exists a sequence of n-
symmetric functions

ChngO(M)’ OSChSl,
such that

/M (1 =)+ IVuGul?) dH2 — 0.

Remark 5. Let H % (M) be the Sobolev space of functions which are square-integrable with respect
to the measure Hg_l in M, together with their weak first derivatives. Lemma 7, combined with
truncation and local smooth approximation, implies that
HY(M) = HY (M) = Co(a) ™
Y 7,0 c

Moreover, Proposition 5 can be extended to all n-symmetric H%(M ) functions with zero average.

We may use the second variation condition to deduce some information about the global
structure of the minimizers. The first result deals with the connected components of 0*F.

Proposition 6. Let E C R™ be a minimizer of the Gaussian isoperimetric problem among
n-symmetric sets with prescribed Gaussian measure. Then one of the following holds:

(i) O*E is connected.
(i) O*E consists of exactly two parallel hyperplanes, one being the reflection of the other one
across a coordinate hyperplane (in which case E is a symmetric slab or its complement).

Proof. Let G be the reflection group of order 2" generated by the reflections {41, ..., A, } across
the coordinate hyperplanes. We first show that G acts transitively on the set of connected
components ¢ of 9*F.

Assume, by contradiction, that G does not act transitively on the set % of connected compo-
nents of M = 0*F. Then % can be partitioned into two nonempty G-invariant subcollections,
whose unions we denote by I'4 and I'g. Define the test function

@ =M (Tp)xr, — HY H(Ta)xry-

We have ¢ € H;(M) and V¢ = 0 a.e. on M. Moreover, ¢ is n-symmetric and [}, god?-[;‘_l =0.
Thus Remark 5 allows us to use ¢ in the stability inequality. We obtain

[ (Bel =02t < [ (gl anst o
M M
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On the other hand,
/M(]BE\2 +D)*dHI T > /M @ dHI ! >0,

which is a contradiction. Hence G acts transitively on €.

Let N be the number of connected components. By transitivity, N = 2 for some k €
{0,...,n}. If N =1, we are in case (i).

Assume N > 2. The stabilizer Gr of any component I" € ¥ is a proper subgroup of G. Thus,
there exists an index j € {1,...,n} such that the reflection A; ¢ Gr. We can assume without
loss of generality that j = 1. This implies A; moves every component to a disjoint component, so
no component can intersect its fixed-point space {x; = 0}. Consequently, 0*E N {z; =0} = 0.
By Remark 4, F is open. Therefore, recalling that 0F = 0*E U X, we have

{x1:0}\2ECEU(R”\E).

Since dimy(Xg) < n — 8, the punctured hyperplane {1 = 0} \ Xg is connected. Because E
and R™ \ F are open in R", their intersections with {z; = 0} form a partition of a connected
topological space by two disjoint, relatively open sets. Thus,

either {21 =0}\Sg CE or {z1=0}\Xg CR"\E.

Assume {z; = 0} \ ¥p C R" \ E (the other case follows from similar arguments). Then
S = EnN{x; > 0} is a set of finite perimeter with no reduced boundary on {z; = 0}. By
the n-symmetry of E and the fact that 0*E N {x; = 0} = @, both the Gaussian measure and
perimeter split evenly: v(S) = 1v(E) and P, (S) = 3P, (E).

Let I(m) be the Gaussian perimeter of a half-space of Gaussian mass m. By the standard
Gaussian isoperimetric inequality, Py (S) > I(y(S)), with equality if and only if S is a half-space.

We claim this must hold with equality. Suppose, for contradiction, that the inequality is
strict: Py (S) > I(y(S)). Consider the half-space H, = {z € R": 21 > a}, with a > 0 be
the chosen so that v(H,) = v(S). Define the competitor set W := H, U A;(H,), which is the
complement of a symmetric slab. Since a > 0, the half-spaces H, and A;(H,) are essentially
disjoint. Therefore, W preserves the mass of E:

Y(W) = 2y(Ha) = 29(5) = v(E).

Since W is n-symmetric, it is an admissible competitor. This contradicts the assumption that
FE is a global minimizer of the Gaussian perimeter among n-symmetric sets, since

Py (W) = 2Py (Hq) = 21(7(5)) < 2Py(S) = Py(E).

Therefore, Py(S) = I(y(S)), and S must coincide with H,. By symmetry, E coincides with
W, and its reduced boundary consists of exactly two hyperplanes {z1 = +a}, corresponding to
case (ii). O

The second result on the global structure of the minimizers is a dichotomy related to the
components of the normal v¥. For the rest of this section z = (1, ...,2,) is a generic point in
R™ (we pause the notation (x,7y) with z € R? and y € R"~2).

Lemma 8. Let E C R" be a minimizer of the Gaussian isoperimetric problem among n-
symmetric sets with prescribed Gaussian measure. Given i € {1,...,n}, set v; = vF . ¢;,
and M;“ =0*EN{x € R": z; > 0}. Then one of the following holds:
(i) v; =0 on O*E. In this case E is a cylinder in the direction e;: there exists a Borel set
E' c R" such that E = {x € R™: (z1,...,2i_1,%it1,...,Tn) € E'}.
(ii) v; does not change sign on M (either vi(z) > 0 for every x € M;", or vi(x) < 0 for
every x € M;").
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Proof. Without loss of generality, let us assume i = n. Set M = 0*E and M+ := M,}.

Step 1: Slab case. By Proposition 6, either M is connected or E is a symmetric slab (or its
complement). In the slab case, E = {|z;| < a} for some j € {1,...,n} and some a > 0. If
j # m one has the alternative (i), while if j = n one has the alternative (ii). Henceforth for the
remainder of the proof we can assume that M is connected.

Step 2: M™ is connected. By Proposition 4, M is real-analytic and, by symmetry, it meets
each coordinate hyperplane IIj orthogonally; hence M N {z € R": x, > 0} is a topological
manifold with corners. The continuous folding map = — (z1,...,Zn—_1,|zs|) from M onto
M n{xz, > 0} is surjective, so the latter is connected. By symmetry, it then follows that also
its relative interior M = M N {z, > 0} is connected.

Step 3: v, does not change sign on M. Suppose, for contradiction, that both sets
{vy, >0}NMT, {v, <0} M™T

are nonempty. Define on M™

uy = (vp) T, u_ = (v,)” = max{—vy, 0}.

Since E is invariant under reflection across {x,, = 0}, and M meets this hyperplane orthogonally,
we have

vp =0 on M N{x, = 0}.
We may therefore extend uy and u_ evenly across {z, = 0}, retaining the same notation for
the extended functions. They are locally Lipschitz, n-symmetric, nonzero, and satisfy

0<us <1, upu— = 0.

Let

T

= e, — vp?, el =z — (z-vEWE

el v
o
denote the tangential projections of e, and x, respectively. Differentiating the Euler—Lagrange

equation in the direction el gives
VM%E cenp = Deg(x . I/E) =X- DEEVE,

T

because el - v¥ = 0. By the symmetry of the second fundamental form,

x - Dez:VE = Bg(el, 27) = Bp(2”,el) = Dyrv? - e, = - Vv,

rn x
Combining the well-known identity Ao +|Bg|?vF = V% (see, e.g., [16, formula (10.17)])
with the previous ones, yields
Apvp — - Vavn + |Bel*v, =0 on M. (4.12)

Let ¢, be given by Lemma 7. Since uy € H. (M) and have zero trace on M N {z, = 0},

the functions
Cgu-l—v _Cgu—

belong to H(M™). Therefore, by density of C°(M*) in Hi(M™), the integration-by-parts
identity associated with (4.10) applies to these test functions. Testing the weak formulation of
(4.12) with ¢ = (Puy and ¢ = —(Pu_, respectively, we obtain

| (Ghus) P = |BeP i) ans ™ = [ a9 ans .
M+ M+

All the quantities involved are supported in the compact set supp (, C M, where the second
fundamental form is bounded. After even reflection across {z, = 0}, both sides are multiplied
by 2, and hence

/M (|VM(§hUi)|2 — |BE|2C;QLM3E) d?‘[z_l = /M U1|VMCh’2d'H2_1. (4.13)
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Set
a, ::/ (hu+d7-[fy‘_1, by, ::/ Chu_ d?-[f;_l.
M M

Since w4 and u_ are nonzero, ap, by > 0 for all sufficiently large h. Define

ap,

cp = B on = Cplugs — cpu).

Then ¢y, is n-symmetric, has compact support in M, and

/ ondHI Tt =0.
M

By remark 5 we can apply the stability inequality (4.11) to ¢p,. By the Sobolev chain rule,
on M™ one has

VMU+ = X{Vn>0}VMVn, VMU, = *X{l,n<0}le/n a.e.
The same orthogonality is preserved by even reflection. Consequently,
uyu_ =0, Vyug - Vyu_ =0 ae on M,

and all the cross terms vanish. Using (4.13), we obtain
Qpn) = /M (u?F + C}QZUQ_)|VMC}1‘2 d?—[;l_l - /M G (u%r + C%uz) d?—[;‘_l. (4.14)
Since (5, — 1 in L?Y(M ) and the sequence (c) is bounded,

/ (u2 + Eu2) VP dHit < (1 +Ci)/ IV arCal? dHE L — 0,
M M
while

/M Gl + G ) dHi T —s /M (u2 + 2u2) dH > 0,
It follows from (4.14) that Q(pp) < 0 for all sufficiently large h, contradicting the stability
inequality. Therefore, v, cannot change sign on M.
Step 4: Strong maximum principle. Let 0 € {—1,1} be such that v :== ov, > 0 on M™.
Since v satisfies the same linear equation

Apv—z-Vyv+|Belv=0 on M,

the strong maximum principle implies that either v > 0 on M or v = 0 there. Thus either v,
has a strict sign on M or v, =0 on M. De Giorgi’s structure theorem (see [21, Proposition
I1.4.9]) yields

Dxp = —vEH" L M.
Therefore, in the case v, = 0, the distributional partial derivative D, xg is zero and necessarily
E = E' x R for some set E’ of locally finite perimeter in R" 1. O

We may now proceed to the proof of Theorem 2.

Proof of Theorem 2. If n < 7, then Proposition 4 implies that E is analytic. So we can
assume n > 8. After relabeling the coordinates and iterating the cylindrical alternative in
Lemma 8, exactly one of the following occurs:

(i) Cylindrical case. There exist k € {1,...,n — 1} and E’ € R"* such that
E = E' x RF:

(ii) Non-cylindrical case. For every i € {1,...,n} the component v; does not change sign on
OENn{z eR": z; > 0}.
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We first consider the cylindrical case. The set E’ is a minimizer of the Gaussian isoperimetric
problem among (n — k)-symmetric sets in R"7%. By adapting to the n-symmetric case Heil-
man’s strategy, either E’ or (E') is convex. If an almost minimizer of the perimeter E’, or its
complement, is convex then it is well known that the singular set is empty (see e.g. [14, Lemma
3]).

We henceforth assume that E is not cylindrical in any coordinate direction. We want initially
to show that the set OF N {x; > 0} is the graph, in the e;-direction, of an extended function w;.
Consider, for instance, the direction i = n. We define

U, =1I,(F) c R" !,

which is open because F is open. By studying E or its complement, we may assume that v, > 0
on 0*E N {x,, > 0}. This means that the partial derivative 0., xr is a non-positive Radon
measure. Therefore, for a.e. x’ € R"~! the function t — xpg(z',t) is monotone for t > 0. In
particular, for a.e. ' € U, the section {t > 0: (2/,t) € E} is an interval of the form
[0, up(2)).

We then define

up(x') = sup{t > 0: («/,t) € OF}, and (4.15)
vp(2)) = inf{t > 0: (2/,t) € OF} 2 € U,. .

It is immediate that wu,, is upper semicontinuous and v, lower semincontinuous.

For n > 0 we denote U, = {2/ € U, : 1 < vp(2') < up(2’) < %} Since uy, is upper
semicontinuous and v, lower semicontinuous U, is an open set. Our aim is to show that wu, is
locally Lipschitz continuous in U, for every 7. To this aim we fix & € U,, and choose 0 < 6 < 1/8
such that Bs(Z) C U,.

We denote further the set

Ms = {(x/axn) €EJE: 2 € Bg(:i’),l‘n > O}‘
1

Then by construction it holds for z = (2/,z,) € Ms that 85 < vn(2') < 2y < up(2’) < g5. In
particular, Ms C {x,, > 0}. We prove that for all z € Mj it holds

Un(x) > ¢(6) > 0. (4.16)

The argument is analogous to the classical result [6] and we follow the presentation in [16]
highlighting the differences in the argument.

Define
1+4¢
=1
w(z) =log (un +€>

for small € > 0. Then by (4.12) and by straightforward calculation we deduce that w satisfies

Un

Up +€

Agpw — (VaEw) cxr = |BE|2 + ’VaE’w|2.

By Young’s inequality we have

2 \V4 2

) : (4.17)

Step 1: Let us fix y € Ms. We claim that for ry = g it holds

C
wly) < o [ (w+1) dH" . (4.18)
By (y)NOE

To
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The argument is similar to [16, Theorem 13.2]. For 0 < ¢ < r < ry we choose

7.3771,

0o (z) = ﬁ(agin - + 2(711;1) (rt" ol e —yl?, for |z —y|<o
(nfl)l(nfB) o =y + pces i yl? - s for o <|r—y[<r

and @, (z) = 0 for |z —y| > r. Recall that n > 8. Then ¢, < Co3™" and |Vy,| < Co?™™.
Moreover, using

Nopps = Ao — (V@oup) - ve — Hpdy@s
and the fact that Hg is locally bounded, we have

1 1 _ N
AaESOU < ﬁXBr(y) - FXBU(:I/) + 002 n on O'F.

Using the cutoffs (; provided by Lemma 7, localized to supp ¢, and the local energy estimate
following from (4.17), we may pass to the limit in Green’s identity and obtain

Apppe wdH" ! = / 0o AgpwdH" 1 > —C 0y dH L.

o*E O*E oO*E

Therefore using the estimate H" 1(0*E N B,(y)) < Cr"~!, which follows from the minimality,

we deduce
n—1

1 1 C T

— / wdH" ™ < —— / wdH" + —— / wdH" '+ C—.
o B, (y)NOE r B, (y)NOE g B, (y)NOE g
(4.19)

We choose 7, = 2~ Frg and denote X, = Tn%l fB (y)maEwdH"_l. Applying (4.19) for o =
k Tk

rgr1 and r = ry yields
Xk+1 < (1 + Crk)Xk + CT]%
Then for Z = max{ Xy, 1} the above implies
Zit1 < (1 + Cry) Zg.

By iterating this we deduce

k—1
Xy <Zp<CJJA+C27r0)Z < C(6)Zp < Cn(f)/ (w4 1) dH" L.
i=0 ) By (y)NOE

The estimate (4.18) follows by letting & — oc.
Step 2: Let us denote z = (2/,z,) and the cylinder C,(y) = {z € R : |2’ — /| < p}. We
claim that it holds

/ wdHl < C. (4.20)
aEﬂ{xn>0}ﬂC% ()

The argument is similar to [16, Theorem 13.4]. Note that the estimates (4.18) and (4.20) imply
the claim (4.16) by letting e — 0.

Let n : R — R be a smooth cut-off function such that 0 < n < 1, n(t) =1 for |¢t| < % and
n(t) = 0 for [t| > . By the Euler-Lagrange equation (4.8) it holds for M+ := 8*E N {x,, > 0}

/ Vo (zun(|z’ — y'|) w) - en dH" ! = / (VE-:E—I—)\) zan(|z’ — ') v, dHY L
M+ M+
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Since Vopay, - en = 1 — 12 and Vapn(|2' —v'|) - en = —(Vn - v)vy,, where the latter follows from
the fact that the function is independent of z,,, we have by the above

/ wdH" < / n(|lz’ —y'|)wdH" "
M+m(1%(y) M+

< —/ (|2’ — ') (Vopw - e,) dH" ! + / Z, (V1 - V)wry, dH™ !
M+ M+

+ / ((I/E T+ Nan + vn) 9l — ') wry dH™ L.
M+
(4.21)

In order to estimate the last three terms in (4.21), we recall that for (2, z,) € My N Cy/o(y)
it holds 2’ € U,,. Therefore it holds n < x, < % In particular, the set My N Cy)o (y) is bounded,

where the bounds depend on § and 7. Recall that w(z) = log (Ulntfa) and therefore wy,, <1

when ¢ is small. We may thus estimate the last two terms in (4.21) as

C z,(V ‘le/ndHnl—i—/ vE x4+ Ny, + vy, 2 —y')wy, dH !
- (Vn-v) " (( ) ) n(lz" —y']) (4.22)

< CHY" N (MynCspa(y)) <C.
We proceed by estimating the second last term by denoting ((z) = z,n(]2’ — ¢'|) and have

_/ (|2’ — y|) (Vopw - e,) dH" ' < C +/ CIVopw|* dH" .
M+ M+
We use (4.17), and use the cut-off function to avoid the singular set as in step 1, to estimate

/ C|Vopw?dH™ ! < C + CAppwdH™ !
M+ M+
—C— [ 2(VoC - Topw) !
M+

1
<C+2 / Vorc2dH 4 1 / |V ol dH" .
M+ 2+
Therefore we have
/ C|Vomwl2dH™ < C + 4 / VouC2dHm " < C. (4.23)
M+ M+

The inequalities (4.21), (4.22) and (4.23) imply the estimate (4.20). This concludes the proof
of (4.16).

Conclusion: The claim follows from the inequality (4.16) by the following maximum principle
argument. Recall the function w, : U, — R defined as in (4.15) and the definition of the set U,
and B;(%) C U,. Let us prove that u, is Lipschitz continuous in Bj/s(Z).

Fix 2’ € Bs/s(#) and let ¢(d) be the constant from (4.16). Define ¢ : R® — R as ¢(2') =
Alz/ = 2| + un(2') for A= 5 + Tld)' We claim that

o(z") > up(2) for all 2’ € Bs(2'). (4.24)
8
Note that if (4.24) holds for every 2’ € Bs/s(Z), it implies that w, is Lipschitz continuous in
Bs s (z). We argue by contradiction and assume that

sup  (up(z") — p(2)) =1 > 0.
' €Bs5(2")
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Recall that u, < g5 in Bs(&). Therefore by the choice of A it holds ¢(z') > up(z') on 2’ €
0Bj/s(%'). Since u, is upper semicontinuous there exists a point ¢’ € Bs/s(2'), ¥ # 2/, such
that un(y') —p(y') = c1. Then up(2') < @(2') 41 for all 2’ € Byg(2') and un(y') = 0(y') + c1.
In other words, the function ¢ + ¢; touches u, from above at 3. Since the subgraph of ¢ in a
neighborhood of (3, v(y’) + ¢1) is smooth, then the point (v, u,(y’)) belongs to *F (see [14,
Lemma 3]) and thus w,, is differentiable at y’. Since u,, — ¢ obtains a local maximum at 3’ we
have

y/ _ 2,

ly' =2

Vuu(y') = Ve(y') = A

But since A > ﬁ we have

1 1
= — <
V14 [Vu(y)2 V1I+A2

which contradicts (4.16). Hence we have (4.24).
Since u,, is Lipschitz continuous in Bj; (&), then the Euler-Lagrange equation and standard
8

Un (y/v un(y/)) c(9),

elliptic regularity imply that the set
Ms = {(z/,2,) € OF : &’ € Bs (&), 2, > 0}
10

is analytic. Since & was arbitrary, this proves that w, is locally Lipschitz continuous in Uj,.
This also implies that u, = v, in U,. Since this is true for all > 0 we deduce, together with
the fact that for a.e. 2’ € U, the section {t > 0 : (2/,t) € E} is an interval, that the set
En{(@, zy) : 2 € U,,0 < vp(2'),un(z') < oo} is a subgraph of a locally Lipschitz function,
and thus the associated boundary is analytic. By repeating the argument in every direction
i=1,...,n we obtain the regularity of the boundary 0F outside the origin. Here we note that
for any point z € OE\ {0} there is a coordinate direction e; such that for the associated functions
u;, v; : Uy — R it holds v;(2") > 0 and u;(z’) < oo. O

5. RiGIDITY

In this section we resume the notation (z,y) € R?xR""2 and E is a minimizer of the Gaussian
isoperimetric problem among n-symmetric sets with prescribed Gaussian measure. Recall that
E is identified with its precise representative (4.6), which is an open set, and that by Theorem 2
the set OE\ {0} = 0*E'\ {0} is a real-analytic hypersurface. Since E€ is also a minimizer (for the
complementary volume 1 — v(E)), Theorem 2 applies to E¢ as well: its precise representative
{uge =1} = {ug = 0} = R"\ E is open.

Define the “arc-projection” II : R? x R"~2 — [0,00) x R"~2 as [I(z,y) = (|z|,y). If B C
(0,00) x R"2, then II"}(B) = ®(B x S!), where ® is the diffeomorphism defined in (1.4). Set
R?2 = {z € R?: 21 > 0, 29 > 0} and wy = (cosf,sinf). Recalling (1.1) and (1.2), for every
(r,y) € (0,00) x R*~2

1

27
Bur) =7 | xeren.n) do. (1)

Lemma 9. Let E C R” be a minimizer of the Gaussian isoperimetric problem among n-
symmetric sets with prescribed Gaussian measure. Then, for every (r,y) € (0,00) x R?*~2,

E(T,y) = E(ﬁy) N {.Z’l >0, x9 > 0}

is connected. Moreover, if E(T’y) s non-empty, then it contains at least one of the two points

(r,0) and (0,7).
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Proof. Set G = R"\ E, which is open. Every p € 9F is a limit of points of G: otherwise some
ball B,(p) would be contained in £ U 0F, hence in E up to the H"-null set F, and then in
E = EW, contradicting p ¢ E.

Almost-everywhere structure of the fibers. By minimality, (1.5) holds with equality for every
Borel set B C (0,00) x R®~2, By Theorem 1(i), for H"1-a.e. (p,n) € (0,00) x R"~2 the angular
section

I(p,n) ={0 €[0,7/2] : (pwy,n) € E}
agrees, up to H'-null sets, with the empty set or with an interval attached to one of the endpoints
of [0,7/2].

Consequently, no circular fiber can contain three points, in strictly increasing angular order
in [0,7/2], belonging respectively to E,G,E or to G,E,G. Indeed, since E and G are open,
either configuration persists for all parameters (p,7n) in a non-empty open neighborhood of the
given fiber, and each of its three points has a relative angular neighborhood of positive length
in the corresponding phase. This contradicts the preceding almost-everywhere description.

Connectedness. Suppose that E(T’y) is disconnected. Since E is open, there are angles 0 < 0; <
0y < 03 < m/2 such that

(rw917y)7 (Tw937y) €E, p= (rw927y) ¢ E.

If p € G, this is already a forbidden configuration. Otherwise p € OF, and p can be approached
by points of G. Choose (pwg,n) € G so close to p that 6; < 8 < 63 and (pwe,,n), (pwes,n) € E.

This gives the forbidden configuration E, G, E on the fiber (p,7n). Thus E, ) is connected.

T.y)
The endpoint assertion. Write v; == v¥ - ¢;, i = 1,2. By Lemma 8, set ¢; := 0 in the cylindrical
alternative, and otherwise let o; € {—1,1} be such that o;1; > 0 on 0*E N {x; > 0}. By (2.9),
Dixg = —v; H" 'L 0*E, so that

0iDixg <0 in {z; >0} ifo; € {—1,1}, Dixg =0 inR" ifog; =0. (5.2)

By the one-dimensional slicing theorem for BV functions (see [1]), writing x = (2/,2;) up to a
permutation of the coordinates, for a.e. 2’ € R"™! the function t — xg(2/,t) is a.e. equal on
(0,00) to a nonincreasing function if o; = 1, to a nondecreasing function if o; = —1, and to a
constant if o; = 0. We claim that the corresponding statements hold pointwise for E = E().
First, membership in F is preserved when |z;| is decreased if o; = 1, when |z;| is increased if
0; = —1, and is independent of z; if o; = 0. Indeed, let ¢ € E with ¢; > 0 (the case ¢; < 0
follows by symmetry) and let U’ x (¢; — 9, ¢; + 0) C E be an open product neighborhood of ¢. If
o; = 1, the a.e. monotonicity of the sections gives |(U’ x (0,¢; +9)) \ E| =0, and the reflection
symmetry of E gives |(U’ x (—¢; — 0,¢; +6)) \ E| = 0. Every point of this open set has density
one, so it is contained in E = E(M). The cases 0; = —1 (yielding U’ x (¢; — 6,00) C E) and
o; =0 (yielding U’ x R C E) are analogous.
Suppose now that E(rﬁy) is non-empty but that

p1 = (T,O,y)%E, p2 = (0,T,y)¢E.

Choose ¢ = (x1,x2,y) € F on this fiber with z1,29 > 0. If 09 > 0 > 09, first decreasing x;
to zero and then increasing zo2 to r gives po € E. If 09 > 0 > o1, the analogous changes give
p1 € E. Both are contradictions, and these cases include all cylindrical alternatives and all
opposite-sign alternatives. We are therefore left with o1 = 09 =0 € {—1,1}.

For i = 1,2, if p; € G, then p; + ote; € G for all sufficiently small ¢ > 0, by openness. If
instead p; € OF, then p; # 0 and (p;); = r > 0; hence p; € 0*E N {x; > 0} by Theorem 2, and
Lemma 8, whose strict-sign conclusion holds on the whole set 0*E N {z; > 0} (including points
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where other coordinates vanish), gives
v (pi) - (o€i) = ovi(pi) > 0.

Since JF is a C' hypersurface near p;, with £ on the side of —v/*, the same conclusion p; +ote; €
G follows by transversality. Consequently, for all sufficiently small ¢ > 0, with r, :==r 4+ ot > 0,

T T
(Tt707y)a (O,Tt,y) € Ga gt ‘= (?txla ?tl‘%y) € E7

where the last inclusion follows from the openness of E. These three points lie on the fiber
(re,y), at the angles 0 < arctan(xa/x1) < /2, and give the forbidden configuration G, E,G.
This contradiction proves the endpoint assertion. [l

Proof of Theorem 3. Recall that E = E() and F = Fﬁ(Ll). By Theorem 1 and minimality, F is
also a minimizer. Hence Theorem 2, Proposition 6, Lemma 8 and Lemma 9 apply to both E
and F'; in particular F' is open and OF \ 0*F C {0}. If E is cylindrical in both directions z; and
7o (Lemma 8(i)), then E = R? x A for the precise representative A C R"2 of the corresponding
section, every circular fiber of E is empty or full, F = FE, Q, = 0, and (i) holds. We therefore
assume henceforth that at most one of z1,zy is a cylindrical direction for E.

Step 1: the precise representative has the same pointwise circular distribution. We
claim that

H%(F(ny)) = pu(r,y) for every (r,y) € (0,00) x R"™2, (5.3)
Fix (r,y) and write C,, = 0B(r) x {y}. The circle C,, stays away from the origin, so OF is
analytic in a neighborhood of it by Theorem 2; hence either C,, N OF is finite or C,, C OF.
Indeed, if C;., N OF has an accumulation point p, a local analytic defining function of OF near
p vanishes at infinitely many points of the analytic curve 6 — (rwg, y) accumulating at p, hence
identically along an arc; therefore the set of 6 € S such that an arc of C,.,, around (rwp,y) is
contained in OF is non-empty, open, and closed by the same argument, so it is all of S!.

Case 1: C,,NOE is finite. Then, for all but finitely many 6 € [0, 27), the point (rwy, y) belongs
to one of the two open phases E and R™\ E, so that xg(pwy,n) = xe(rwe,y) as (p,n) — (v, 7).
By (5.1) and dominated convergence, /3, is continuous at (r,y). Therefore, for every 6 € (0,7/2)
with 6 # B,(r,y), by (1.3) the point (rws,y) has a neighborhood contained in F), if 6 < B,(r,y),
and a neighborhood disjoint from F), if # > (,(r,y): in the first case it belongs to F, in the
second it does not. By symmetry, F{, . and (F},) ) differ at most at the four angular endpoints
+8,(r,y), m £ Bu(r,y) and at the four axis points, and (5.3) follows since F}, is p-distributed.

Case 2: C,, C OE. Then u(r,y) =0, since E is open. The circle is tangent to OF, so

VzE(p) = a‘(p) 'a:\? b= (xay) € Cmp

for the continuous function a := v¥ - 7. Neither z1 nor x5 is a cylindrical direction for E: if, say,
v1 =0 on 0*F, then a = 0 at every point of C,, with 21 # 0, hence v = aZ2 = 0 at a point
of *E N{xe > 0}, and Lemma 8 makes x5 cylindrical too, contrary to our reduction. Let then
01,02 € {—1,1} be the strict signs of v on 9*E N {x; > 0} and of v» on 0*E N {3 > 0} given
by Lemma 8. At an open-quadrant point of C,, both vy = aZz; and v, = aZy have the sign
of a # 0, so 01 = 09 =: 0; at the axis points (£r,0,y), (0,£r,y) one has oa > 0 by the same
lemma; and a(A4;p) = a(p) for j = 1,2 by the reflection symmetry of E. Hence, by continuity
and compactness,

inf oa > 0.
ey (p)

Since OF is C' in a neighborhood of the compact set Cry, with E on the side of —vF | there
exists to > 0 such that for every ¢ € (0, o)

CT‘—Ut»y CE, Cr-l—at,y C R" \E
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Each inclusion persists on a neighborhood N,= of (r F ot,y) in (0,00) x R"™2 on which 3, is
identically /2, respectively 0. Thus the open set ®(N; x S') is contained in F, up to an H"-
null set, hence in F, while the open set ®(N," x S!) is disjoint from F),, hence from F. Letting
t 1 0, every point of C,, is approached by both F' and R™\ F, so C,.,, C OF. Since F is open,
Fiy. ) = O, proving (5.3) also in this case.

In particular, F'is p-distributed, and €2, is the same set whether computed from F or from F'.

Step 2: the rotational Jacobi field. Set
M=0F, M"=MnRLxR"?),  X(z,y) = (—22,11,0).

Since OF \ M C {0}, we have M = 9F N (R2 x R"72).
Slab cases. If M is disconnected, Proposition 6 implies that F' = {|z;| < a} or F' = {|z;| > a} for
some a > 0 and j € {1,...,n}, where z = (z1,22,y). If j > 3, then F' is rotationally invariant
in the (21, x2)-plane, every fiber of F' is empty or full, and Q, = @ by (5.3). If j € {1,2} and
F = {]zj] < a}, the fiber F,  is full (up to two points) for r < a and a non-empty proper union
of arcs for r > a, so (5.3) gives 2, = (a,00) x R"2, which is open and connected; moreover
MT = {z; = a} N (RZ x R"72), so that II(MT) = (a,00) x R"2 = Q,, and v = +e; gives
V:ﬂ' = +(ej — (e - T)Z) # 0 on M, since T # +e; there. Similarly if F = {|z;| > a}. Thus, all
the conclusions of the theorem hold for F' in place of E.
Connectedness of M. Assume henceforth that M is connected. The continuous folding map
(x1,22,y) — (1], |z2|,¥) maps M onto M N {z; > 0, z2 > 0}, so this latter set is connected.
For i = 1,2 and p € M N{z; = 0}, the reflection symmetry v (A4;p) = A;vF (p) gives v (p) = 0,
hence

Vuzi(p) = e —vi (p) v (p) = es.
Thus x1 and x9 are submersions on M near {x; = 0} and {zes = 0} respectively, and their
gradients are linearly independent at the points of M N {x; = x9 = 0}. Therefore M N {x; >
0, 2 > 0} is a manifold with corners, whose interior is M*. The interior of a connected manifold
with corners is connected: every point has a corner chart whose interior is connected and non-
empty, so it is adjacent to exactly one component of the interior, and the closures of two distinct
components would disconnect the manifold. Hence M ™ is connected, and non-empty because
M # Q.
Sign of u. Define

wi=X- v on M.

In angular coordinates x = |z|wp, 6 € (0,7/2), on the open quadrant R?2 x R""2, one has
X = 0p and, by (1.3), xF, is nonincreasing in 6. Since divX = 0 and F' == F),, for every
¢ € C°(R% x R"2) with ¢ >0

w/2
(X-Dxp,p) = —/ XF, X-Vodz = —/ / XF, (rwe, y) 89(g0(rw9,y)) do rdrdy <0,
R (0,00)xR7=2 /0

i.e. X-Dxr <0 as a Radon measure in Ri xR" 2. On the other hand X -Dyp = —uH" L M.
Therefore u > 0 H" !-a.e. on M7, and hence everywhere on M™ by continuity.

The Jacobi equation. Let J be the skew-symmetric endomorphism of R” with Je; = eq, Jeg =
—e1, Jep = 0 for k > 3, so that X(z) = Jz, and for z € M write 27 = 2z — (z - v )oF,
XT = X —uv¥. By Proposition 4, #% — z-v" = \/v/2m on M. For 7 € T,M, since D, X = Jr
and D,v¥ = Bp(1,-),

Dyu=Jr-vF + Bp(r, XT), D, p = Do(z-vF) = Bp(r, 21).
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Choosing 7 = 2T in the first identity, where JzT - vf" = Jz - v — (z - vF) JvF - vF" = 4, and
7 = X7 in the second, the symmetry of Bp gives

2-Vyu=u+Bp(zT, XT) =u+ XT - Vyt.

Moreover Ay (Jz) = JAyz = —H#3 Jut is orthogonal to v¥', and, for an orthonormal tangent
frame {7;}, >, Dr,(Jz) - D vl = zzk Bp(7i, 1) J7i - T = 0 by the symmetry of Br and the
skew-symmetry of J. Hence, by the identity Ayv? + |Br|?v! = V1% used in the proof of
Lemma 8,

Ayu=X- Nyt = XT .V 5 — |BF|2u =z -Vyu— (|BF\2 + 1)u,

i.e.,

Apu—z-Vyu+ (|Bpf* +1)u=0  on M. (5.4)
Equivalently, (5.4) is the linearization of the Gaussian constant-mean-curvature equation along
the rotations R, := e*/, which preserve the Gaussian weight and hence the equation and its con-

stant right-hand side; no admissibility of the rotated sets in the symmetric variational problem
is used. The term w, absent in (4.12), comes from D, X = J7 # 0.

Minimum principle. By (5.4) and u > 0,
AMU—Z'VMUZ—(|BF|2—|—1)U§0 on M.

The operator Ay — z - Vs has no zeroth-order term, so the strong minimum principle applies
locally to the nonnegative supersolution u: an interior zero forces u to vanish in a neighborhood,
and the connectedness of M yields

u=0 on MT or u>0 on MT.

Step 3: openness and connectedness of (2,. Suppose first that « = 0 on M ™. Since
u(A;p) = —u(p) for i = 1,2, and M N {x1z2 = 0} is H" -negligible (it is a proper submanifold
of M by the transversality proved in Step 2), we get u = 0 H" '-a.e. on M, hence X - Dxr =
—uH" 1L M =0in R". Let R; = €'/ be the flow of X. For ¢ € C2°(R"), since R; commutes
with J and div X = 0,

d

7 Xr(2) p(Riz) dz = / xr(2) X(2) - V(poRi)(z)dz = —(X - Dxp,po0 R;) =0.
R n

Hence Ry F =yn F for every t. Orthogonal maps commute with the passage to density-one
representatives, and F = F(1); thus R,F = F pointwise for every t, i.e. F is rotationally
invariant in the (x1,x2)-plane. Every circular fiber of F' is then empty or full, and (5.3) gives
Q,=0.

MSuppose instead that « > 0 on M ™. For every p € M, the circular fiber through p is tangent
to X (p), hence transversal to M at p, and thus contains positive-length portions of both open
phases F' and R™ \ F. By (5.3), 0 < pu(Il(p)) < HL(9B(|z])), i.e. TI(M*) C ©,. Conversely,
let (r,y) € Q,. By (5.3), 0 < Hl(F(ny)) < 27r; by Lemma 9 applied to the minimizer F,

and by symmetry, the quadrant section F{, , is a non-empty, connected, relatively open proper
subset of the closed quarter-circle containing one of its endpoints, hence it is {# € [0,0)} or
{0 € (0*,m/2]} for some 0* € (0,7/2). The point (rwg«,y) lies in F'\ F = F and in the open
quadrant, hence in M7 since r» > 0. Consequently

Q, =II(M™). (5.5)

In particular Q, # @ is connected, as the continuous image of the connected set M. Moreover,
for p = (z,y) € M,
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so 1| j;+ is a local diffeomorphism onto its image; therefore 2, is open. Finally, u(p) = |z| v (p)-
x| and l/fll = (v - ) z show that uﬂ (p) # 0 for every p e M.

Together with the slab cases, we have proved: either F'is rotationally invariant in the (z1, z2)-
plane and Q, = @, or Q, # 0, (5.5) holds, and ij‘ #0on MT =9F N (R% x R"2). In both
cases €),, is open and connected. In the first case we clearly have also E = F since the circular
sections of F' are empty or full.

Step 4: rigidity of the original minimizer in the case €2, # . Set
1. n—2 ., 2 . n—2 .
Q, ={(r,y) € (0,00) xR"“: (r,0,y) € E}, @, :={(r,y) € (0,00) xR" 7 :(0,r,y) € E}.

These sets are open, being inverse images of the open set E under continuous maps. Let
(r,y) € Qu. Then E(T’y) is non-empty and is not the whole closed quarter-circle, so by Lemma 9
it contains exactly one of the two axis points (containing both would force, by connectedness,
the whole quarter-circle). Therefore

Q= (2, NQ,) V(0 NQ,).

This is a covering of the connected set 2, by two disjoint relatively open sets, so one of them is
empty. In the first case E = F', while in the second case E' = R(F"). O

Corollary 2. Let E C R" be a minimizer of the Gaussian perimeter among n-symmetric sets
with prescribed Gaussian measure. Fori # j, let R;; denote the double-arc rearrangement in the
coordinate plane (z;,x;), with arcs centered on the x;-axis. When applied to a minimizer, R; j(E)
1s understood as the density-one representative of the corresponding double-arc rearrangement,
as in Theorem 3. Then, after a permutation of the coordinate azxes, one has

E=7R,;;E) for every i < j. (5.6)
Moreover, if there exists a point p € OE N R} such that
vE(p) = s <respectively, vE(p) = _p) ,
Pl p|

then E (respectively, R™ \ E) is the open n-dimensional ball of radius |p| centred at the origin.

Proof. Let M := §*F and M := M NR’.. For i # j, consider the infinitesimal rotation in the
plane (z;,z;),
XZ'J‘(LE) = —Tj€; + Ti€j,
and set
E

R SR R O N
= XV = ziv; — TV, on M.

Step 1. By Theorem 3, applied in the plane (z;,z;), either £ = R;;(E) or E = R;;(E).
Moreover, the sign argument in the proof of Theorem 3 gives the following alternative on the
positive orthant of the plane (x;,x;):

E = Ri7j(E) =  u;; >0,

whereas
E = 'R,jﬂ'(E) — Ui, j <0.
If u;; = 0, then E is rotationally invariant in the plane (z;,z;), and the two choices are
equivalent.
Given p € M, for every i define B
pi = Vi (P)
pi

Since p; > 0 for all i, we have
u; j(p) = pipj (pj — pi) -



44 M. BARCHIESI, F. CAGNETTI AND V. JULIN

Hence the choice of rearrangement axis in the plane (x;,x;) is determined by the ordering
of p; and pj;. Indeed, if p; < pj, then w; j(p) > 0, so the preceding sign implications rule out
E =7R;;(F) and yield £ = R; ;(F). Similarly, if p; < p;, then £ = R;;(E).

If p; = pj, then w; j(p) = 0. Since p;, p; > 0, this means that the angular component of I/E(p)
in the (z;, z;)-plane vanishes, contradicting alternative (ii) of Theorem 3, applied in that plane.
Thus alternative (i) holds: FE is rotationally invariant in the (z;, 2;)-plane, and consequently

E=7R;;(E)=TR;iE).
We have therefore proved that
pi<pj = E=Ri;(E), pj<p = E=TR;iE),

with both rearrangements leaving £ unchanged when p; = p;.
After relabelling the coordinate axes so that

p1 < p2 <0 < pp,
we obtain E =R, ;(E) for every i < j, which proves (5.6).
Step 2. If M is not connected, then by Proposition 6 the set F is a symmetric slab or its
complement. This is incompatible with the existence of a point p € M+ such that v*(p) = p/|p|.
Hence we may assume that M is connected. As in the proof of Theorem 3, the folded positive
orthant part M™ is connected.

By the previous step we can assume that F = R, ;j(E) for ¢ < j. Since u; ;(p) = 0, using the
Jacobi equation and the strong maximum principle as in the proof of Theorem 3, we get that
u;; = 0 on M. By analyticity and symmetry, this identity extends to the whole of M. This
means that the infinitesimal rotation field X; ; is tangent to M.

Since this holds true for any pair {4, j} with i < j, M has to be a hypersphere. O

APPENDIX A. THE PROBLEM IN ONE DIMENSION

The conjecture about the shape of the symmetric Gaussian isoperimetric problem can be
easily verified in one dimension.

Proposition 7 (Isoperimetric problem on the real line with symmetry). Let m € (0,1). On
the real line R, the Gaussian perimeter has a minimum among the sets of Gaussian length m,
which are symmetric with respect to the origin. More precisely,
o If m < 1/2, the unique perimeter minimizer is the symmetric tails (—oo, —a) U (a, 00)
for a suitable a > 0.
e Ifm > 1/2, the unique perimeter minimizer is the centered interval (—a, a) for a suitable
a > 0.
e Ifm =1/2, both configurations have equal perimeter.

Proof. The existence of minimizers is standard and follows by the direct method in the calculus
of variations in the BV setting. Let £ C R be a minimizer of the Gaussian perimeter. Since xg
belongs to SBVec(R), the set E is equivalent, up to a set of measure zero, to a countable and
locally finite union of intervals (as, by) with disjoint closure. We have two cases.

The origin does not belong to any of the intervals (ap,by). If we write E~ := (—00,0) N E and
E* := (0,00) N E, we have Py(E) = P,(E~) + Py(E™). Necessarily, E~ must be the interval
(—00, —a), with a > 0 such that v((—oo, —a)) = m/2, because this is the minimal configuration
of the Gaussian isoperimetric problem. By symmetry, £+ must be the interval (a,co).

The origin belongs to one of the intervals (ap,by). Instead of E we consider its complement,
reducing to the previous case (with mass (1 —m)).
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Having established that the only candidates are the symmetric tails and the centered interval,
a direct computation completes the classification.
O

Because of this dichotomy, we cannot rearrange an n-symmetric set E by substituting its
one-dimensional slices with the minimal one-dimensional configuration. The following example
in dimension 2 illustrates this failure.

Example 1. Let a > 0 be the threshold such that the centered interval (—a,a) has Gaussian
measure 1/2. Consider the 2-symmetric set E C R? defined by

E=((-a—-¢a+e)x[-1,1)U((—a+e,a—¢e) x ((—o0,-1) U (1,00))),

where € > 0 s sufficiently small.

For |y| < 1, the horizontal slice is E, = (—a — ,a + €), which has measure m4 > 1/2.
According to Proposition 7, this is the unique minimizer.

For |y| > 1, the horizontal slice is E, = (—a + €,a — €), which has measure m_ < 1/2.
According to Proposition 7, the unique minimizer for this mass is the union of symmetric tails
(—o0, —b) U (b,00), with b > a + €.

If we construct a rearranged set F' by replacing each slice with its unique 1-dimensional min-
imizer, we obtain

ro— (—a—¢c,a+¢) for |yl <1,
Y7 (—o0,=b) U (b,00) for |y| > 1.

At the interfaces y = 1, the set F' undergoes a topological change, effectively turning “inside
out”, see Figure 6. This discontinuity introduces horizontal boundary components with significant
Gaussian weight, whereas the original set E has only small horizontal shoulders of total length
4e at each interface. Moreover, as € — 0, we have b — a, so the difference between the vertical
contributions to the perimeters tends to zero, while the excess horizontal contribution tends to
212, Consequently, Py(F) > Py(E) for ¢ > 0 sufficiently small, showing that optimizing
slices individually does not minimize the total perimeter.

a—+¢€ a+e¢

E F
FIGURE 6. The set E (left) has only short horizontal boundary at y = £1. Slice-
by-slice minimization produces F' (right), which switches from a centered interval

to symmetric tails at both interfaces and therefore creates horizontal boundary
of order one in Gaussian weight.
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Remark 6. This obstruction arises because the optimal configuration in Proposition 7 depends
discontinuously on the mass m at the threshold m = 1/2. In contrast, the double-arc re-
arrangement of Theorem 1 uses circular slices, where the optimal symmetric configuration (two
antipodal arcs) is independent of the mass, cf. Lemma 5.

APPENDIX B. OBSTRUCTION

It would be useful to generalize the double-arc rearrangement, by foliating a n-symmetric
set F using spheres, or more generally using k-dimensional spheres, instead of circles. More
precisely, for every point in R™, n > 3, we write (x,y), with z = (21, 22,23) € R® and y =
(Y1, - -, Yn_3) € R?3. For every r > 0, we set dB(r) := {x € R3: |z| =}.

Given a Borel set E, for every (r,y) € (0,00) x R"~3 we define the spherical slice E(y) as the
subset of R? given by

By ={z € R3: 2 € 9B(r) and (z,y) € E},
and define the spherical distribution of E as the function
wuir,y) = H,%(E(ny)), for every (r,y) € (0,00) x R"73,
The idea would be to substitute E, ) with the minimizer of the symmetric isoperimetric problem
on the sphere 0B(r), under the constraint of having H% measure equal to .

Since the Gaussian measure is constant on spheres centered at the origin, it is enough to
analyse the problem on the unit sphere S?, endowed with the standard Hausdorff measure.

The needed classification follows from the work of Viana [26] on the isoperimetric problem

in real projective spaces RP""!. Equivalently, Viana’s result implies that, among antipodal-
invariant regions of S"T! with fixed volume, the least perimeter is attained by sets of the form

'
{a: csntt. Z:cf > a},

i=1
for some r € {1,...,n+ 1} and a € R;. The class of sets which are symmetric with respect
to the coordinate hyperplanes is contained in the class of antipodal-invariant sets. Moreover,
the minimizers above are themselves symmetric with respect to all coordinate hyperplanes.
Hence Viana’s classification immediately yields the corresponding classification in the smaller
n-symmetric class.

We record the statement in the form needed below.

Proposition 8 (Isoperimetric problem on the sphere with symmetry). Let m € (0,47). On
the sphere S%, the perimeter has a minimum among the sets of area H?*(E) = m, which are
3-symmetric (symmetric with respect to the three coordinate planes). More precisely,

o Ifm < 2m, the unique perimeter minimizer is the union of two antipodal geodesic caps.

e If m > 27, the unique perimeter minimizer is a symmetric equatorial belt (the comple-
ment of two antipodal caps).

o If m = 2w, both configurations have equal perimeter.

The fact that the shape of the symmetric isoperimetric problem on the sphere depends on
the mass provides an obstruction to our idea: the rearrangement proposed above is not going
to decrease the global Gaussian perimeter in general.

Example 2. Let E = (—a,a) x R? be a symmetric slab. Taking a large enough, E is the only
minimizer of the 3-symmetric Gaussian isoperimetric problem (see [4, Corollary 1]). If we foliate
E by spheres OB(r), the spherical slice E, is a full sphere for r < a and an equatorial belt for
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FIGURE 7. The intersection of a symmetric slab with a sphere is an equatorial belt.

r > a (see Figure 7). However, for r large enough, the equatorial belt is no longer the minimizer
on OB(r) under the constraint to have measure p(r). If we substitute the slice E, with the two
antipodal caps (or any other shape), we change the global shape of E and we strictly increase
the Gaussian perimeter.

Remark 7. Viana’s classification also bears on a different strategy: rather than substituting the
spherical slices of a fixed R™ as above, one lifts the problem to spheres of growing dimension,
in the spirit of the classical spherical derivation of the Gaussian isoperimetric inequality (see,

e.g., [20]). Let S% C RN+ be the sphere of radius v/N and let Ty ,: RV — R” be the

projection onto the first n coordinates. An n-symmetric (hence centrally symmetric) set £ C R"
lifts to the antipodally invariant set HJ_VlJrln(E) N S%, whose normalized measure converges to

v(E) as N — oo. Since the n-symmetric class lies inside the antipodally invariant one and
Viana’s minimizers {z : }_,., 27 > a} are themselves n-symmetric, one could hope to recover
the symmetric Gaussian minimizers in the Poincaré limit N — oo.

This may fail because a minimizing rank r = ry need not stay bounded. For (E) € (0,1/2)
this boundedness agrees with Heilman’s conjecture [19], underlying the a priori assumption
E = E' x R. At mass 1/2, there is always an escaping branch of minimizing ranks. Indeed, if
r is a minimizing rank on SV 5~ C RN+ then so is N + 1 — r, since the corresponding regions
are complementary. Choosing the larger rank in each complementary pair gives a sequence
rn > (N +1)/2, and hence ry — oo.

APPENDIX C. CLASSIFICATION IN DIMENSION TWO

In this section, we address the symmetric Gaussian isoperimetric problem in the planar case
n = 2. Unlike the one-dimensional setting, where the classification is straightforward, the two-
dimensional problem presents a richer geometric structure among the possible competitors. A
set F that is stationary for the Gaussian perimeter subject to a volume constraint must have a
boundary OF satisfying the constant mean curvature equation:

k(z) —x-vE(x) =\ (C.1)
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Oval (I-2) Squircle (1—4) Rounded Hexagon ({=6)

— Chang Curve T,
—~ Intersecting Circle

FiGUure 8. Chang curves I'; for | = 2,4,6, generated via the support function
h(0) = o + ecos(lf). A generic circle 9B(r) with ryin < 7 < Tmax intersects I';
in exactly 2! points (marked in red). For [ > 4, this yields at least 8 intersection
points.

E E

where v* is the exterior unit normal and x = divyg ™ is the corresponding signed curvature.
While circles centered at the origin and straight lines (forming strips) are the most immediate
solutions to (C.1), they are not the only ones. A notable class of non-trivial solutions is given by
the so-called Chang curves [11]. These are closed compact curves that satisfy (C.1) with A <0
and exhibit non-trivial rotational symmetry (see Figure 8). The support function h satisfies the

ODE
1

h+ X\
Chang curves with [-fold symmetry arise as solutions bifurcating from the trivial circle solution
h = rg at critical values of the radius. Linearizing (C.2) leads to the equation ¢” + (1+73)¢ = 0.
The kernel of the linearized operator is non-trivial if and only if /1 + rg = k for some integer
k > 2; for [-fold symmetry, one considers the branch corresponding to the eigenfunction cos((6).
It is known that Chang curves I'; with [-fold symmetry, [ > 6, are unstable critical points
for the unconstrained Gaussian isoperimetric problem. However, instability in the general case
does not automatically rule them out for the symmetric problem, as the directions of instability
might break the symmetry constraint. We can prove via Theorem 1 that for the specific class of
2-symmetric sets, a Gaussian isoperimetric set cannot have a Chang curve of parameter [ > 4
as boundary.

W 4 h = (C.2)

Lemma 10. Let | > 4 be an even integer, and let T'; C R? be the Chang curve with I-fold
rotational symmetry. Since I'; is strictly conver and encloses the origin, for each 6 € [0, 2m) there
exists a unique 7(0) > 0 such that r(0)e® € T';. Define rmin = minr(0) and rmae = maxr(f).
Then, for everyr € (Tmin, 'maz), the circle OB(r) intersects Ty in at least 21 points. In particular,
the number of intersection points is at least 8. Consequently, by Theorem 1, the convex region
E; enclosed by I'; cannot be a minimizer of the symmetric Gaussian isoperimetric problem.

Proposition 9. Let E C R? be a 2-symmetric minimizer of the Gaussian perimeter under fized
Gaussian area. Then, up to replacing E by E€, the possible configurations for E reduce to only
three configurations:
(i) a symmetric strip;
(ii) a circle;
(iii) a compact convex set such that v¥(p) # p/|p| for any p € OENR2.
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Proof. Let M := 0F. By Proposition 6, if M is disconnected, then F is a symmetric strip or its
complement. We may therefore assume that M is connected.

After replacing F by E° if necessary, we may assume that F is the bounded component
enclosed by M. By regularity, M is analytic and satisfies (C.1), with v¥ the exterior unit
normal.

Orient M counterclockwise by arclength s, and denote by 7 its unit tangent. With our
convention,

Isv? = k1.
Differentiating (C.1) along M, we obtain

83%:85(1"1/]3) =KX T.

Consequently,

Since M is connected, there exists ¢ € R such that

=2
ke 2 =c¢ on M.

The turning-number theorem gives

12
27r—/ /@ds—c/ elTlds,
M M

and hence ¢ > 0. Therefore k > 0 everywhere on M, so E is strictly convex.

Set My :== M N Ri. If there exists p € M, such that v¥(p) = %‘, then Corollary 2 implies

that M is a circle centered at the origin. Otherwise, alternative (iii) holds. O

Remark 8. Let I'y C R? be the Chang oval, i.e., the Chang curve with 2-fold rotational symmetry
bifurcating from the circle of radius 79 = v/3. In [11], the existence of the Chang oval as a solution
of the constant mean curvature equation (C.1) has been established for every A € (A, 0), where
Abif = —2/4/3. As possible minimizer, it falls in the third case of the previous proposition.
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