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ABSTRACT. We survey recent developments on the null energy condition (NEC) from
the perspective of optimal transport, with particular emphasis on non-smooth Lorentz-
ian geometry. After reviewing the role of classical energy conditions in general rela-
tivity, we discuss the connection between Ricci curvature and entropy convexity in
optimal transport.

The main focus is the optimal-transport characterization of the NEC developed by
the authors. In the smooth setting, the NEC is shown to be equivalent to the displace-
ment concavity of the Shannon entropy power along suitable null-geodesic transport
plans supported on null hypersurfaces and measured with respect to rigged measures.
We review the geometric ingredients underlying this characterization, including null
hypersurfaces, rigged measures, and optimal transport along null generators, together
with applications such as a weighted Hawking’s area theorem.

We then turn to the synthetic theory introduced in a second paper of the authors. Its
starting point is a notion of synthetic null hypersurface based on achronal boundaries,
gauge functions, and reference measures in topological causal spaces. Within this
framework, the displacement-concavity characterization of the NEC is promoted to a
synthetic curvature condition, denoted by NC°(N), which remains meaningful in the
absence of any differentiable structure. We discuss its compatibility with the smooth
theory, invariance under natural changes of gauge and reference measure, and stability
under convergence. Finally, we present a synthetic version of Penrose’s singularity
theorem for continuous Lorentzian metrics.

The results provide evidence that the geometric and causal consequences of the NEC
persist far beyond the classical smooth setting and illustrate the potential of optimal
transport as a unifying framework for curvature, causality, and singularity formation
in Lorentzian geometry.
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1. ENERGY CONDITIONS IN GENERAL RELATIVITY

In general relativity, gravitation is described geometrically: the gravitational field
is encoded in the curvature of spacetime, while matter and energy act as its source.
More precisely, spacetime is modelled by a Lorentzian manifold (M, g), where M is a
smooth, connected manifold of dimension n (with physical dimension n = 4) and g
is a Lorentzian metric, that is, a smooth, symmetric, non-degenerate (0,2)-tensor of
signature (— + - - - +); see, e.g., [49, [76]

The dynamics of the gravitational field are governed by Einstein’s field equations

(1.1) Guu + Ag,uzz = Ly,
where
. 1
G = Ricy, —3 Scal g,

is the Einstein tensor, Ric and Scal denote the Ricci tensor and scalar curvature of g,
respectively, A € R is the cosmological constant, and T}, is the stress-energy tensor
describing the local distribution of matter and energy. Using the contracted Bianchi
identities, one obtains the conservation law V#T),,, = 0, expressing local conservation of
energy and momentum.

A celebrated summary of Einstein’s theory, often attributed to Wheeler [68], is that
“matter tells spacetime how to curve, and curved spacetime tells matter how to move”.
While the Einstein equations prescribe how geometry is related to matter, they impose
surprisingly few intrinsic restrictions on the stress-energy tensor T),,. To exclude un-
physical matter models and capture basic expectations about the positivity and causal
propagation of energy, one therefore introduces additional assumptions known as energy
conditions.

Energy conditions are pointwise inequalities imposed on 7}, and are motivated by the
requirement that observers should measure non-negative energy densities and that energy
fluxes should not propagate faster than light. The most commonly studied examples are
the null, weak, dominant, and strong energy conditions (NEC, WEC, DEC, and SEC).
Although differing in their precise formulations, these conditions constrain the energy
density and principal pressures measured by timelike or null observers [49, 9T, 21].

Historically, energy conditions have played a fundamental role in mathematical rela-
tivity. They constitute key hypotheses in the Hawking—Penrose singularity theorems [78],
47], Hawking’s black-hole area theorem [4§], topological censorship results [80]. However,
developments in quantum field theory and modern cosmology have revealed that several
classical energy conditions can be violated, even in physically relevant situations such
as Casimir systems, Hawking radiation, and models of accelerated cosmic expansion.
As a consequence, the validity, interpretation, and possible replacements of classical en-
ergy conditions remain active topics of research in both mathematical and semiclassical
gravity; for a recent survey, see [31].

We now recall the classical energy conditions. To state them precisely, we first fix
some standard terminology from Lorentzian geometry.
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Let (M, g) be a Lorentzian manifold and let p € M. A vector v € T,M is called

timelike, < 0,

null (or lightlike), according as (v, 0) =0 and v # 0,
causal, <0and v #0,
spacelike, >0orv=0.

respectively. The set of causal vectors in T,M forms the causal cone. A Lorentzian
manifold (M, g) is said to be time-orientable if there exists a continuous timelike vector
field on M. A choice of such a time orientation determines, at each point p € M, a
decomposition of the causal cone into future and past components. A time-orientable
Lorentzian manifold together with a fixed time orientation is called time-oriented (also
called a spacetime). Unless otherwise stated, all causal vectors appearing below are
assumed to be future-directed.
Some classical energy conditions are:

(WEC)

(NEC)

(DEC)

(SEC)

Weak energy condition: for every timelike vector v € T M,
T(v,v) > 0.

Physically, this condition expresses the expectation that the effective energy den-
sity measured by massive observers should be non-negative.
Null energy condition: for every null vector v € TM,

T(v,v) > 0.

Physically, this condition expresses the expectation that the effective energy den-
sity measured by photons moving at the speed of light should be non-negative.
Dominant energy condition: for every future-directed timelike (or causal) vectors
v,weTM,
T(v,w) =0,
or, equivalently the vector field
T(v) :=-=TF "

is causal and future-directed. In particular the DEC implies the WEC.
Strong energy condition: for every timelike vector v € T M,

Ric(v,v) > 0.

Although this interpretation should not be taken too literally, the SEC is often
regarded in the physics literature as encoding the attractive nature of gravity for
massive observers. The reason is that the condition Ric(v,v) > 0 implies, via the
Raychaudhuri equation, a focusing effect on timelike geodesic congruences, thereby
tending to draw nearby freely falling observers together.

When a cosmological constant A is present, one often replaces this by the re-
quirement

2A
Ric(v,v) = — g(v,v),

for all v € T'M timelike, which is the condition naturally arising from Einstein’s
equations.

The logical implications among these conditions are summarized in Figure
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FIGURE 1. Summary of implications on energy conditions

Example 1.1 (Energy conditions for a perfect fluid). As a basic example, let us examine
the classical energy conditions for a perfect fluid in four-dimensional spacetime. The
stress-energy tensor of a perfect fluid is given by

Ty = (p+p0)UU + p gy,

where p denotes the energy density measured in the fluid rest frame, p is the isotropic
pressure, and U is the future-directed unit timelike four-velocity field, normalized by
g(U,U) = —1.

A straightforward computation shows that the classical energy conditions reduce to
the following inequalities:

(WEC): p>0and p+p > 0;
(NEC): p+p > 0;
(DEC): p > |pl;
(SEC): p+p>0and p+3p>0.
Thus, for a perfect fluid, the energy conditions translate into simple constraints relat-
ing the energy density and pressure.

Remark 1.2. e Most classical matter models arising in physics satisfy the domi-
nant energy condition. In particular, electromagnetic fields and many scalar-field
models obey the DEC (and hence also the WEC and NEC).

e The strong energy condition plays a central role in the Hawking—Penrose singu-
larity theorems, as it guarantees the focusing of timelike geodesic congruences
through the Raychaudhuri equation. Unlike the NEC, WEC, and DEC, however,
the SEC is violated by several physically relevant matter models, including massive
scalar fields.

e A positive cosmological constant provides a particularly important example of SEC
violation. Indeed, interpreting the cosmological constant as an effective perfect
fluid with equation of state

b=—p,
one finds
p+p=0, p+3p=—-2p<0,
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for p > 0. Thus the NEC is saturated, while the SEC fails. This violation is closely
related to the accelerated expansion of the universe.

e Quantum field theories generally violate all of the classical pointwise energy con-
ditions. Nevertheless, suitable averaged or integrated replacements often remain
valid. Important examples include Ford’s quantum inequalities [37], their rigorous
formulation in curved spacetimes [36], and the quantum singularity theorems of
Fewster and Galloway [35]; for a recent survey see [52].

Since the focus of this survey is the null energy condition, we begin by briefly recalling
its geometric meaning and its role in some of the most fundamental results of general
relativity.

The null energy condition. Through Einstein’s equations (1.1)), the null energy con-
dition (NEC) can be expressed geometrically as

(1.2) Ric(v,v) > 0, for every null (i.e. lightlike) vector v.

Among the classical energy conditions, the NEC is arguably the weakest and most
robust. It is satisfied by essentially all standard classical matter models and occupies
a distinguished position in Lorentzian geometry because it governs the focusing of null
geodesics through the Raychaudhuri equation; see, for instance, [91, Sec. 9.2]. As a
consequence, the NEC plays a central role in a wide range of geometric, causal, and
physical results.

Two particularly notable applications are the following.

(1) Hawking’s area theorem. The NEC is a key ingredient in the proof of Hawking’s
area theorem [48], which states that the area of a black-hole event horizon cannot
decrease in classical general relativity. This result provides a striking geometric
analogue of the second law of thermodynamics and played a central role in the
development of black-hole thermodynamics.

(2) Penrose’s singularity theorem. The NEC is one of the fundamental assumptions
in Penrose’s singularity theorem [78]. Under suitable global and causal hypothe-
ses, together with the existence of a trapped surface, the theorem implies causal
geodesic incompleteness, typically interpreted as the formation of a spacetime sin-
gularity. This result marked the birth of modern singularity theory and remains
one of the cornerstones of mathematical general relativity.

Because of its intimate connection with the focusing of null geodesics, trapped sur-
faces, and singularity formation, the NEC occupies a distinguished role among the clas-
sical energy conditions. Nevertheless, the synthetic theory of the NEC is most naturally
understood against the backdrop of earlier developments concerning timelike Ricci cur-
vature and the SEC. Accordingly, we first briefly review the synthetic timelike theory
before turning to a more detailed discussion of recent synthetic formulations of the NEC
in non-smooth spacetime settings.

2. NON-SMOOTH SPACETIMES, AN OVERVIEW
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2.1. Why going beyond smooth spacetimes. Already in the 1950s, Lichnerowicz
emphasized that physically realistic models in general relativity naturally lead to space-
time metrics of limited regularity [58]. Indeed, many matter models give rise to stress-
energy tensors that are not smooth, and the Einstein equations then imply that the
Lorentzian metric itself may fail to be C?, the minimal regularity class required for a
classical definition of the curvature tensor. Such low-regularity phenomena occur in
a wide variety of physically relevant situations, including matched spacetimes describ-
ing stellar interiors and exteriors [60], self-gravitating compressible fluids and shock
waves [57, [16], impulsive gravitational waves [79], and more recently in models of cyclic
cosmology [56].
A major breakthrough in the mathematical treatment of such spacetimes was achieved
by Geroch and Traschen [38], who showed that if
ge LS nwh? g el

loc? loc»

then the Riemann and Ricci curvature tensors can be interpreted as distributions, and
Einstein’s equations retain a well-defined distributional meaning. This framework has
since become a cornerstone of the theory of low-regularity Lorentzian geometry.

A fundamental feature of the Geroch—Traschen approach is that the underlying space-
time manifold M remains a smooth differentiable manifold, while only the metric tensor
is allowed to lose regularity. This naturally raises a more radical question: can one for-
mulate a meaningful notion of spacetime geometry when the smooth manifold structure
itself is absent or ill-defined? Such a question is motivated not only by the study of
singularities, where classical general relativity is expected to break down, but also by
several approaches to quantum gravity. In many candidate theories, smooth spacetime
is no longer regarded as fundamental; rather, it is expected to emerge only as a macro-
scopic approximation of a more primitive discrete, combinatorial, or quantum-geometric
structure at Planckian scales.

2.2. Synthetic approaches to non-smooth spacetimes. A useful analogy may be
drawn with the theory of fluids. At macroscopic scales, a fluid is well described by con-
tinuum models governed by partial differential equations, despite the fact that matter
is fundamentally composed of discrete molecules. Classical solutions of the govern-
ing equations often develop singularities, such as shocks or concentration phenomena,
beyond which smoothness breaks down. Rather than abandoning the continuum de-
scription altogether, one enlarges the class of admissible solutions by introducing weak
functional frameworks, such as Sobolev spaces, distributions, and functions of bounded
variation. This strategy has proved remarkably successful: singular phenomena can be
accommodated and analyzed within a continuous theory, even though their ultimate
physical resolution may require a more microscopic description.

A similar perspective can be adopted in general relativity. Classical spacetime mod-
els are based on smooth Lorentzian manifolds, yet both physical considerations and
mathematical results suggest that singularities are unavoidable under rather general as-
sumptions [50]. One possible response is to seek a more fundamental theory of quantum
gravity in which the smooth spacetime picture is replaced by a discrete or quantum
structure. A complementary approach, which is the focus of the present discussion, is
to enlarge the class of admissible spacetime geometries and develop a weak or synthetic
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theory capable of describing singular spacetimes while remaining within a geometric
framework.

Several such theories have emerged. Notable examples include the theory of time-
like spaces by Busemann [I7], closed ordered spaces by Nachbin [74], causal spaces by
Kronheimer and Penrose [53], and Lorentzian (pre-)length spaces by Kunzinger and
Samann [54]. At present, several variants of the basic axiomatization of these spaces
have been developed; see [62, (14, 9, 66, 19]. These frameworks dispense with the dif-
ferentiable structure traditionally assumed in Lorentzian geometry and retain only the
causal and metric features that are essential for spacetime theory.

A fundamental challenge immediately arises. In vacuum, Einstein’s equations take
the form

Ric =0,
so that spacetime geometry is governed by Ricci curvature. Classically, however, Ricci
curvature is defined through second derivatives of the metric tensor. If the underlying
space is no longer a differentiable manifold, the very notion of differentiating the metric
ceases to make sense. Consequently, one must find alternative ways of encoding curvature
without relying on smooth differential calculus.

2.3. Optimal transport and synthetic Ricci curvature lower bounds.

2.3.1. Riemannian signature. The connection between Ricci curvature and optimal trans-
port originates in Riemannian geometry. A series of seminal works by McCann [61],
Otto—Villani [77], Cordero-Erausquin, McCann, and Schmuckenschléger [30], and von
Renesse-Sturm [90] established that lower Ricci curvature bounds can be character-
ized through displacement convexity properties of suitable entropy functionals along
Wasserstein geodesics. This discovery culminated in the celebrated Lott—Sturm—Villani
theory [59] [85], [86], which introduced the curvature-dimension condition CD(K, N), pro-
viding a synthetic notion of a metric measure space with Ricci curvature bounded below
by K € R and dimension bounded above by N € [1, o0].

One of the most remarkable features of the CD(K, N) theory is that curvature is
encoded entirely through optimal transport and entropy convexity, without relying on
any differentiable structure. As a consequence, meaningful notions of Ricci curvature
extend far beyond the class of smooth Riemannian manifolds.

A major advance came with the work of Ambrosio, Gigli and Savaré [5, [6], who
uncovered a deep connection between lower Ricci curvature bounds and gradient-flow
structures. More precisely, they proved that in CD(K, oo) spaces the heat flow can be
characterized as the Ws-Wasserstein gradient flow of the Boltzmann—Shannon entropy.
Even more significantly, they showed that the associated gradient flow satisfies the Evo-
lution Variational Inequality (EVI) formulation if and only if the heat flow is linear (see
also the subsequent generalizations [4] [3]). This observation led to the identification of
the genuinely “Riemannian” synthetic structures within the larger class of CD spaces,
which also includes Finsler geometries.

These ideas gave rise to the theory of RCD spaces, whose fundamental additional
requirement is the infinitesimal Hilbertianity of the Sobolev space W2, The analytic
and geometric consequences of this condition were systematically developed by Gigli [39],
leading to a rich first- and second-order differential calculus in the absence of smoothness.
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A fundamental property of the RCD condition is the stability under pointed measured
Gromov-Hausdorff convergence, proved by Gigli, Mondino and Savaré [41].

A further milestone was the realization that the optimal transport formulation of lower
Ricci bounds is equivalent to the Eulerian viewpoint based on Bochner-type inequalities,
also known as the Bakrnymery condition. This equivalence was first established in
the infinite-dimensional setting by Ambrosio, Gigli and Savaré [7], and subsequently in
finite dimensions by Erbar, Kuwada and Sturm [34] and, independently, by Ambrosio,
Mondino and Savaré [§]. Another cornerstone of the theory is the local-to-global property
of the RCD(K, N) condition, established by Cavalletti and Milman [24].

The resulting RCD(K, N) theory has undergone spectacular development over the
last decade and now provides one of the most powerful frameworks for geometric anal-
ysis in non-smooth spaces. We refer to the surveys [89] 2, 87, [40] for comprehensive
introductions and further references.

2.3.2. Timelike Ricci lower bounds. More recently, analogous ideas have been developed
in Lorentzian geometry. In contrast to the Riemannian setting, the presence of a causal
structure fundamentally alters the nature of the transport problem: admissible trans-
port plans must respect causality, and the resulting geometry is inherently asymmetric in
time. In the timelike setting, McCann [61] obtained an optimal transport characteriza-
tion of the strong energy condition. Independently, and shortly thereafter, Mondino and
Suhr [71] showed that lower bounds on timelike Ricci curvature—and, more generally,
the Einstein equations themselves—can be reformulated through displacement convexity
properties of suitable entropy functionals along causal transport geodesics. These works
established a conceptual bridge between Lorentzian curvature and optimal transport,
providing the smooth foundation for the synthetic theory of timelike Ricci curvature
bounds developed by Cavalletti and Mondino [26] within the framework of Lorentzian
(pre-)length spaces introduced by Kunzinger and Sémann [54].

One of the main achievements of the theory developed in [26] (see also the survey [25])
is the extension of Hawking’s singularity theorem to a fully synthetic setting. Remark-
ably, the resulting theorem requires neither a differentiable structure nor a smooth
Lorentzian metric, thereby showing that singularity formation can be understood as
a genuinely synthetic phenomenon. Closely related developments include inextendibility
results for Lorentzian pre-length spaces satisfying synthetic lower bounds on timelike
sectional curvature [44] [1) [10], as well as singularity theorems in the general setting of
closed cone structures [64]. Together, these works provide strong evidence that several
fundamental features of Lorentzian geometry persist far beyond the classical smooth
framework.

More broadly, this line of research has led to synthetic counterparts of a number of
classical comparison, rigidity, and singularity theorems from Lorentzian geometry; see,
for instance, [12}, 9] 14} 11L 15]. In addition, the optimal transport approach has recently
yielded new Lorentzian isoperimetric and geometric inequalities under synthetic timelike
Ricci curvature lower bounds [27], highlighting the richness of the emerging synthetic
theory.

A notable feature of the synthetic framework is that it accommodates singular space-
times lying beyond the scope of classical Lorentzian geometry. In particular, the class
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of Lorentzian pre-length spaces with synthetic timelike Ricci curvature bounded be-
low includes physically significant examples such as Penrose’s impulsive gravitational
waves [70] and spacetimes endowed with Lipschitz Lorentzian metrics whose timelike
Ricci curvature is bounded below in the sense of distributions [I3]. This demonstrates
that synthetic timelike Ricci bounds are sufficiently robust to capture geometries with
genuinely low regularity while retaining meaningful curvature information.

2.3.3. Ricci lower bounds in null directions. While timelike Ricci curvature bounds pro-
vide a synthetic counterpart of the strong energy condition, a natural and equally impor-
tant question is whether curvature bounds in null directions admit a similar formulation.
From the perspective of general relativity, this amounts to developing a synthetic theory
of the null energy condition (NEC), one of the most fundamental assumptions in causal
and singularity theory. Since this topic constitutes the main focus of the next sections,
we conclude this overview by briefly summarizing the principal developments in the area.

A first synthetic characterization of the NEC for smooth spacetimes was obtained
by McCann [62]. The key idea is to view the NEC as a limiting case of timelike Ricci
curvature lower bounds and to exploit the corresponding optimal transport formulations
developed in [61) [71]. This approach is closely related to the synthetic TCD(K, N)
theory introduced in [26] for Lorentzian length spaces. A notable feature of McCann’s
characterization is that it naturally extends to non-smooth Lorentzian length spaces.
However, as already observed in [62], the resulting condition is not stable under suitable
notions of convergence.

A different perspective was subsequently introduced by Ketterer [5I]. Rather than
approaching the NEC through a limiting procedure from timelike directions, Ketterer
directly investigated optimal transport along null hypersurfaces. More precisely, he
established a characterization of the NEC in terms of displacement convexity properties
of entropy functionals for singular probability measures concentrated on codimension-
two spacelike submanifolds contained in null hypersurfaces.

The authors [22] later obtained an optimal transport characterization of the NEC
based on diffuse probability measures supported on null hypersurfaces. More precisely,
they showed that the NEC is equivalent to suitable entropy convexity inequalities along
null transport geodesics. Their work develops a systematic framework linking Ricci
curvature in null directions, rigged measures on null hypersurfaces, and optimal transport
of probability measures that are absolutely continuous with respect to such measures.
A key advantage of the diffuse-measure approach over the singular-measure framework
of [51] is its compatibility with stability and convergence properties. This makes it
particularly suitable for the development of a synthetic theory and ultimately yields the
stable synthetic formulation of the null energy condition obtained in [23]. The main
achievements of [23], which form the basis of the subsequent sections, are fourfold:

e the introduction of well-posed and geometrically natural synthetic notions of null
Ricci curvature lower bounds and of the null energy condition;

e the proof that these synthetic notions are fully compatible with the classical
smooth theory;

e the establishment of stability under a suitable notion of convergence for synthetic
null hypersurfaces, thereby overcoming a major limitation of previous approaches;
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e the extension of fundamental results of Lorentzian geometry, including Hawking’s
area theorem and Penrose’s singularity theorem, to highly non-smooth settings.

2.4. Why extending singularity theorems beyond the smooth setting? The
singularity theorems of Penrose [78] and Hawking [47] are among the most celebrated
achievements of twentieth-century mathematical physics. They show that spacetime
singularities—understood in terms of causal geodesic incompleteness—are not artifacts of
highly symmetric solutions, but rather arise generically under physically natural assump-
tions. In particular, Penrose’s theorem predicts singularity formation in gravitational
collapse, while Hawking’s theorem applies to cosmological models undergoing expansion.
Together with their subsequent generalizations, these results profoundly shaped modern
understanding of black holes and the evolution of the universe.

The classical proofs, however, rely on a smooth Lorentzian metric, typically of class
C? or higher, so that curvature tensors and the Raychaudhuri equation are well defined.
This raises a natural question: to what extent is smoothness essential to the phenomenon
of singularity formation? From both a mathematical and a physical perspective, there
are compelling reasons to seek singularity theorems under substantially weaker regularity
assumptions.

Indeed, many physically relevant spacetime models possess limited regularity, see
Section In such situations, the metric may fail to be C?, while still retaining clear
geometric and physical significance. Consequently, if singularity theorems were valid
only in the smooth category, their physical relevance would be considerably diminished.

This issue was already emphasized by Hawking and Ellis in their seminal mono-
graph [49]. As they observed, the robustness of the singularity theorems requires that
their conclusions persist under realistic reductions in regularity. Otherwise, geodesic
incompleteness could in principle be avoided by a mild loss of differentiability rather
than by any genuinely geometric mechanism. From the perspective of Einstein’s equa-
tions, this would be particularly unsatisfactory, since metrics of regularity below C?
naturally arise from matter fields of limited regularity and do not necessarily correspond
to physically pathological situations.

Although these concerns have been present since the early days of singularity theory
(see, e.g., [84, Sec. 6.2]), substantial progress has only been achieved in recent years. On
the one hand, Lorentzian causality theory has been successfully extended to continuous
metrics [29] 83] and, more generally, to synthetic settings such as Lorentzian (pre-)length
spaces and closed cone structures [54, 64]. On the other hand, new analytical techniques,
notably regularization methods adapted to low-regularity Lorentzian geometry, have
led to versions of Penrose’s singularity theorem for C' metrics [42] and of Hawking’s
singularity theorem for C%! metrics [20].

An even more ambitious goal is to formulate singularity theorems in settings where no
differentiable structure is available. In this direction, [26] established a synthetic version
of Hawking’s singularity theorem for Lorentzian length spaces satisfying suitable syn-
thetic timelike Ricci curvature lower bounds; see also Braun—-McCann [14] for extensions
to variable lower bounds. These results demonstrate that singularity formation can be
understood as a genuinely synthetic phenomenon, independent of smooth differential
geometry.
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Extending Penrose’s theorem to a similarly low-regularity or synthetic framework is
considerably more subtle. Unlike Hawking’s theorem, which is governed by timelike
Ricci curvature bounds, Penrose’s theorem is controlled by curvature in null directions
and is therefore intrinsically linked to the null energy condition. As a consequence, the
development of synthetic notions of null Ricci curvature and the corresponding singular-
ity theory has become one of the central challenges in modern non-smooth Lorentzian
geometry. Next sections describe recent progress in this direction, culminating in the
extension of Penrose’s singularity theorem to continuous spacetimes established in [23].

3. CHARACTERIZATION OF THE NULL ENERGY CONDITION VIA OPTIMAL TRANSPORT
IN SMOOTH SPACETIMES

In this section we review some of the main results of [22].

3.1. Some basics of Lorentzian geometry. Let (M, g) be a time-oriented Lorentzian
manifold of dimension n > 2. Fix an auxiliary smooth Riemannian metric on M; all
notions of local Lipschitz regularity are understood with respect to this metric (and
hence with respect to any such metric).

A locally Lipschitz curve v : I — M is said to be causal if its tangent vector ¥ is
future-directed and causal at almost every point where it is defined. It is said to be
timelike (or chronological) if, in addition,

g(%,%) <0 a.e. on I.

The spacetime (M, g) is called causal if it contains no closed causal curves.
A causal curve is said to be inextendible if its domain cannot be enlarged while pre-
serving causality. Given two points =,y € M, we write

<y (respectively, z < y)

if there exists a causal (respectively, timelike) curve connecting x to y. The causal (resp.
chronological) future of a point p € M is denoted as

JHp)={geM:p<q}
I(p):=={¢e M:p<q}.
An important role will also be played by the causal relation
J={(p,q) € M x M:p<gq}.
The Lorentzian length of a causal curve v : I — M is defined by

Length(vy) ::/I\/W’ dt,

and the associated time-separation function (or Lorentzian distance) is

(3.1)

(z,y) sup{Length() : v causal from z to y}, x <y,
x,y) = .
Y —00, otherwise.

Unlike the Riemannian distance, the function £ is not symmetric in general. Nevertheless
it satisfies the reversed triangle inequality on causal triples:

(3.2) Uz, y) + 0y, z) < l(z,z), forallz <y <z



THE NULL ENERGY CONDITION THROUGH THE LENS OF OPTIMAL TRANSPORT 12

We remark that the Lorentz distance is often defined to be 0 if z and y are causally unre-
lated; however, the convention in this paper (and in many papers in synthetic Lorentzian
geometry) is more convenient for an optimal transport perspective.

Finally, a causal curve v : I — M is called a geodesic if it satisfies

Vi = 0.

Equivalently, geodesics are locally represented by the exponential map and arise as the
critical points of the Lorentzian length functional.

3.2. Null hypersurfaces. A central role in the study of the null energy condition is
played by null hypersurfaces. Recall that a hypersurface H C M is called null if the
restriction gy := ¢|ry is degenerate. Equivalently, for every p € H, there exists a
non-zero vector L, € T, H such that

g(Lp, w) =0 for all w € T, H.

The collection of such vectors forms a one-dimensional distribution, called the null di-
rection of H.

The geometry of null hypersurfaces differs substantially from that of spacelike hy-
persurfaces. First, since the induced metric gy is degenerate, its determinant vanishes
identically, and therefore H carries no canonical volume form induced by the ambient
Lorentzian metric. Second, the Lorentzian distance becomes trivial along H: locally,
any two points z,y € H are either causally unrelated or satisfy

l(z,y) = 0.

As a consequence, neither the restricted volume form nor the Lorentzian distance pro-
vides a suitable measure-theoretic structure on H.

A key idea in the study of null hypersurfaces is that the degeneracy of gy can be
compensated by selecting a null geodesic generator of the hypersurface. More precisely,
let L be a nowhere-vanishing null vector field tangent to H satisfying

g(L,L)=0, V,L=0.

Such a vector field determines a natural measure on H, called the rigged measure as-
sociated with L and denoted by Voly. Although gg itself admits no volume form, the
measure Voly, is non-trivial and is absolutely continuous with respect to any auxiliary
(n — 1)-dimensional Riemannian volume measure on H.

Heuristically, the construction amounts to replacing the degenerate null direction
generated by L with a direction of unit length and then computing the corresponding
volume form in the usual way. Rigged measures provide the natural reference measures
for the optimal transport theory on null hypersurfaces discussed in the next sections.
The construction above relies on the classical rigging technique for null hypersurfaces.
We refer to [22, Sect. 2.2.1] for the version used in this context, building on the framework
introduced in [46]; see also [63] Sect. 2.6] for a related exposition.

3.3. Optimal transport on null hypersurfaces. Having introduced rigged measures
on null hypersurfaces, we now discuss the optimal transport framework developed in [22],
see also [51] for related constructions. At first sight, transporting mass along a null hyper-
surface appears problematic. Indeed, the Lorentzian distance is completely degenerate
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on a null hypersurface, so that the standard Lorentzian optimal transport machinery
cannot be applied directly. Nevertheless, the geometry of null hypersurfaces contains
enough structure to support a meaningful transport theory.

Let H C M be a null hypersurface endowed with a rigged measure Voly,. Given two
probability measures pg, 1 € P(H), we consider the set of transport plans

(po, 1) == {m € P(H x H) : (P1)ym = pio, (P2)ym = p },

where P; denotes the projection onto the i-th factor. Among these, we distinguish the
causally admissible plans

< (po, pa) o= {m € (po, p1) : w(J) = 1}.
We also introduce the class
(3.3) Poc(H) :={p € P(H) : p < Vol },

which is independent of the particular choice of rigged measure.

In Lorentzian optimal transport [33] 88, 61, [7T], [26], [75], the natural cost function is
given by the time-separation,

c(x,y) = £z, y)

or more generally by c(z,y) = %E(x,y)p for p < 1, p # 0. On a null hypersurface,
however, this cost function becomes completely degenerate. Indeed, as observed above,
for z,y € H one has either € y, in which case ¢(z,y) = —o0, or x < y, in which case
{(x,y) = 0. Thus the cost assumes only the values 0 and —oo.

At first sight, such a degenerate cost seems to destroy any meaningful transport theory.
A crucial observation is that the set of points causally related to a given point x € H
is locally contained in a null generator of H. In other words, the null geometry induces
a natural partition of H into null geodesics, and transport can only occur along these
one-dimensional leaves. This observation forms the starting point of the theory.

To formalize this idea, let

e, : C([0,1]; H) — H, e(y) ==,
denote the evaluation map.

Definition 3.1 (Null-connected pairs of probability measures). Two probability mea-
sures g, u1 € P(H) are said to be null connected along H if there exists a probability
measure
v e P(C([0,1]; H))

such that:

e v-almost every curve -y is causal;

e the associated endpoint coupling 7 := (eg, e1)sv belongs to Il<(po, f11);

e /(x,y) =0 for m-almost every (z,y) € H x H.
The collection of all such dynamical transport plans is denoted by OptCaus’ (10, p41)-

Since the Lorentzian cost is degenerate, elements of OptCaus® (ug,p1) should be

viewed as null analogues of optimal dynamical couplings. Among them, a distinguished
role is played by those concentrated on null geodesics.
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Definition 3.2. Let po, 1 € P(H) be null connected along H. A dynamical transport
plan v € OptCaus’ (1o, p1) is called null-geodesic if v-almost every curve is a null
geodesic. We denote the collection of such plans by OptGeo® (pq, f11).

For a proof of the existence of null-geodesic transport plans see [22]:

Theorem 3.3. Let g, 1 € Pac(H) be such that ug is null connected to 1 along H.
Then

OptGeo™ (o, 1) # 0.

Equivalently, there exists a dynamical transport plan connecting pg and py which is
concentrated on null geodesics.

This result provides the basic geometric object required for the synthetic study of
curvature in null directions. Indeed, once a suitable notion of geodesic transport on a
null hypersurface is available, one can investigate the behaviour of entropy functionals
along such transports and thereby relate their convexity properties to the null energy
condition.

The degeneracy of the cost function on a null hypersurface implies that the set
OptGeo® (g, 1) is typically formed by more than one element. This phenomenon re-
flects the fact that all causally related points on H have vanishing Lorentzian distance.
Nevertheless, [22] shows that uniqueness can be recovered by selecting transport plans
satisfying suitable monotonicity conditions with respect to the causal relation J; see [22]
Sect. 6.1].

3.4. Null energy condition and convexity properties of the entropy along null
optimal transport. We now turn to the central ingredient in the optimal transport
characterization of the null energy condition, namely the displacement convexity of en-
tropy functionals along null-geodesic transport plans. The results discussed in this sec-
tion originate from [22) Sect. 7]. Here we present a streamlined account tailored to the
subsequent development of the non-smooth theory.

3.4.1. Entropy functionals. To formulate the relevant entropy inequalities, let (X, m) be
a measure space. The Boltzmann—Shannon entropy of a probability measure p € P(X)
with respect to the reference measure m is defined by

Ent(um) = [ plog(p) dm,

provided p = pm and (plog p)s € L'(m); otherwise one sets
Ent(u|m) := +oo.

Originally introduced by Boltzmann in statistical mechanics and later rediscovered by
Shannon in information theory, this functional has become a central object linking ge-
ometry, probability, analysis, and optimal transport.

We denote by

Dom(Ent(-|m)) := {p € P(X) : Ent(p|m) < +o0}

the effective domain of the entropy.
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Following [34], it is convenient to consider the dimensional entropy-power functional.
Given N > 0, define

Ent (ju]m)

Uy (ufm) = exp<— u

> ; p € Dom(Ent(-|m)),
and set Uy (u|m) := 0 otherwise.

The functional Uy is closely related to the classical Shannon entropy power from
information theory (see, e.g., [32]); for instance, in Euclidean space RY the entropy
power corresponds to Upo. Its relevance in geometry stems from the fact that convexity
properties of Uy along optimal transport geodesics provide a synthetic formulation of
lower Ricci curvature bounds. As we shall see, an analogous phenomenon occurs in the
Lorentzian setting when optimal transport is performed along null hypersurfaces.

3.4.2. The null energy condition as displacement concavity. We are now in a position
to state the main result of [22], which provides an optimal transport characterization of
the null energy condition.

Let H C M be a smooth null hypersurface and let v € OptGeo® (1o, ;1) be a null-
geodesic dynamical transport plan connecting two probability measures pig, 11 € Pac(H).
Denote by

e = (er)pvs t €[0,1],
the associated interpolation, and define

un_l(t) = un—l(ﬂt ‘ VOIL).

The appearance of the exponent n — 1 is natural, since a null hypersurface is an
(n — 1)-dimensional object and the corresponding entropy power is computed relative to
the rigged measure Voly,.

The following theorem shows that the null energy condition is precisely equivalent to
the displacement concavity of the entropy power along null-geodesic transports.

Theorem 3.4 ([22]). Let (M™,g) be a smooth spacetime. Then the following are equiv-
alent:

(1) The null energy condition holds, i.e.
Ric(v,v) >0 for every null vector v.

(2) For every smooth null hypersurface H C M, every pair of measures o, 1 €
Pac(H) such that po is null connected to py along H, there exists a null-geodesic
dynamical transport plan

H

v € OptGeo™ (g, 11)

such that
Un—1(t) > (1 =) up—1(0) + tup—1(1), Vit e [0,1].

In other words, the null energy condition is equivalent to the concavity of the Shannon
entropy power along suitable optimal transports contained in null hypersurfaces. This
result should be viewed as the null counterpart of the displacement convexity character-
izations of Ricci curvature lower bounds in Riemannian geometry.
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The theorem admits a weighted generalization. Let
myp = eq) VOIL

be a smooth weighted measure on a null hypersurface, and let N > n. Consider the
Bakry-Emery N-Ricci tensor

1
Ric?®"N := Ric — Hess ® — mwp ® V.

Then Ric?®" > 0 in null directions if and only if the same displacement-concavity
property holds with Uy_1 in place of U,_1. Thus entropy power continues to encode
weighted curvature bounds in exactly the same way as in the smooth Riemannian theory.

3.4.3. The NC®(N) condition. One of the main advantages of the optimal transport
formulation is that it remains meaningful under very weak regularity assumptions. In
particular, the displacement-concavity inequalities above still make sense even when the
weight function @ is merely continuous.

Motivated by this observation, [22] introduced the following synthetic condition.

Definition 3.5. Let (M™,g) be a smooth spacetime, let H C M be a smooth null
hypersurface, and let

myp = eq) VOIL

with ® € CY(H). Given N > n, we say that (M, g, H, ®) satisfies the NC¢(IV) condition
if the entropy power Uy _; is displacement concave along null-geodesic transport plans

in the sense of Theorem Recall that the definition (3.3)) of Pu.(H) is independent
from the choice of L and of the smooth weight e®.
We say that (M, g, ) satisfies the NC®(N) condition if the above property holds for

every smooth null hypersurface H C M.

Remark 3.6. e Although the construction depends on the rigged measure Voly,, the
resulting NC(N) condition is independent of the choice of null geodesic generator
L. Thus it defines an intrinsic property of the spacetime (see [22, Remark 7.8]).
e The continuity assumption ® € C? is substantially weaker than what would be
required to interpret the Bakrnymery tensor distributionally. Indeed, even defin-
ing

1
Ric?®" = Ric — Hess ® — rv¢ RV

—n

would typically require at least V& € L%OC. The optimal transport formulation

therefore provides a genuine extension of weighted curvature bounds beyond the
range accessible to distributional methods.

More importantly, the optimal transport formulation remains meaningful in
situations where differential notions of curvature are unavailable. This observation
motivates the synthetic theory developed in [23] and discussed in Section 4 where
the NC®(N) condition is extended to non-smooth spacetimes and shown to be
stable under suitable notions of convergence.
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3.4.4. Geometric consequences. Beyond providing a synthetic characterization of the
null energy condition, the optimal transport approach developed in [22] yields several
geometric and physical applications. Among the main consequences are:

e stability of the NC®(V) condition under natural approximation procedures, namely
Cl -convergence of the Lorentzian metrics and Cp -convergence of the weights,
see [22], Thm. 9.1]. This robustness is one of the key features of the optimal trans-
port formulation and foreshadows the stability results under measured Gromov—
Hausdorff-type convergence obtained in [23] and described in the next section.

e a weighted version of the classical light-cone theorem, together with a correspond-
ing rigidity statement, extending earlier results of Choquet-Bruhat, Chrusciel and
Martin-Garcia [28] and Grant [43], see [22] Sect. 10.1];

e a weighted Hawking area theorem and an associated rigidity theorem.

We focus here on the weighted Hawking area theorem, which illustrates particularly
well the geometric content of the NC*(IN) condition.

Recall that a null hypersurface H C M is said to be future geodesically complete if
every future-directed null geodesic contained in H can be extended indefinitely towards
the future. More precisely, whenever

v:la,b] - H
is a future-directed null geodesic, there exists an extension
v :la,00) = H

which is again a future-directed null geodesic.
Let S C H be a spacelike cross-section of H, i.e. H is spanned by null geodesics that
pass through S exactly once. The quantity

/ e dH"?
S

may be interpreted as the weighted (n — 2)-dimensional area of S with respect to the
density e®. The following theorem asserts that such weighted areas are non-decreasing
towards the future under the synthetic null energy condition.

Theorem 3.7 (Weighted Hawking’s area theorem [22] Thm. 10.3]). Let H C M be a
null hypersurface and let S1,S2 C H be spacelike cross-sections satisfying

S1 C J(S2).
Assume that g, H, S1, and So are of class C?. Let
m=e® Volj,

with ® : H — R continuous. If H is future geodesically complete and (M, g, H, ®)
satisfies the NC®(N) condition, then

/ e? dH" 7 < / e dH" 2.
Sl 52

When ® = 0, the theorem reduces to the classical monotonicity of the area of spacelike
sections of a future-complete null hypersurface under the null energy condition discov-
ered by Hawking [48]. Thus the NC°(N) condition recovers one of the most important
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consequences of the NEC in black-hole geometry. Moreover, the theorem continues to
hold for merely continuous weights, a level of regularity for which the Bakryf]:jmery
Ricci tensor is not even defined in a distributional sense.

The proof illustrates a recurring theme in synthetic geometry: rather than study-
ing the expansion of null geodesic congruences through differential equations such as
the Raychaudhuri equation, one derives the desired monotonicity directly from entropy-
concavity inequalities along null-geodesic transport plans. In this way, a classical geo-
metric consequence of the null energy condition emerges from a purely optimal transport
argument.

We refer to [22] for the corresponding rigidity statements, the proofs, and for the
weighted light-cone theorem, which provide further evidence that the displacement-
concavity approach captures the essential geometric content of the null energy condition.

4. SYNTHETIC NULL HYPERSURFACES AND THE NULL ENERGY CONDITION IN THE
NON-SMOOTH SETTING

4.1. The synthetic setting. The developments described in the previous sections rely
on the smooth structure of the underlying spacetime. A natural question is whether the
optimal transport characterization of the null energy condition can be extended beyond
the realm of smooth Lorentzian manifolds. More fundamentally, one may ask which
aspects of general relativity remain meaningful when the differentiable structure itself is
no longer available.

This perspective has deep roots in the foundations of the subject. In his 1969 lecture
Gravitational Collapse: The Role of General Relativity [81], Penrose argued that one
should

“[...] examine, once more, the foundations of Einstein’s theory, and to
ask what parts of the theory are likely to be here to stay [...]. The parts
of the theory I am referring to are, in fact, the geometrical interpretation
of gravity, the curvature of space-time geometry, and general-relativistic
causality.”

Motivated by this philosophy, several authors have sought synthetic formulations of
Lorentzian geometry in which the causal structure, rather than the differentiable struc-
ture, plays the fundamental role. A first step in this direction is to abstract the causal
relations that are present in every spacetime.

Definition 4.1 (Causal space). A causal space is a triple (X, <, <), where X is a set,
< is a preorder on X, and < is a transitive relation satisfying < C <.

The relations < and < should be thought of as synthetic analogues of the causal
and chronological relations of Lorentzian geometry. This notion originates in the causal
spaces introduced by Kronheimer and Penrose [53] and was later adopted by Kunzinger
and Sdmann [54] in their development of Lorentzian (pre-)length spaces.

In order to perform analysis and geometry, one must also endow the space with a
suitable topology. The following class provided the natural framework for a the synthetic
theory of the null energy condition developed in [23].

Definition 4.2 (Topological causal space). A topological causal space is a quadruple
(X, <, <, %) such that:
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e (X,<,K) is a causal space;

e T is a Polish and proper topology on (X);

e the chronological relation < is open in X x X;
e the causal relation < is closed in X x X.

These axioms capture some of the most basic topological and causal features of smooth
spacetimes while making no reference to a differentiable structure, a metric tensor, or
curvature. In particular, topological causal spaces belong to the broader class of closed
ordered spaces studied by Nachbin [74]; see also the survey of Minguzzi [65] for a modern
perspective.

The philosophy underlying the synthetic approach is that causality should be regarded
as a primary geometric structure, from which increasingly refined notions of spacetime
geometry can be reconstructed. The remainder of this chapter is devoted to explaining
how the null energy condition can be formulated within this framework and how the
resulting synthetic condition retains the stability and geometric consequences discussed
in the smooth setting.

4.2. Synthetic null hypersurfaces. The smooth theory described in the previous
sections relies heavily on the geometry of null hypersurfaces. In particular, the opti-
mal transport characterization of the null energy condition is formulated in terms of
entropy convexity along null-geodesic transport plans supported on a null hypersurface
and measured relative to a rigged measure.

To extend this picture beyond the smooth category, one must first identify synthetic
counterparts of the basic ingredients entering the construction. This raises a number of
fundamental questions. How should one define a null hypersurface without a Lorentzian
metric? What should replace the rigged measure? How can one distinguish the preferred
affine parametrizations of null geodesics needed to formulate displacement convexity?

The purpose of this section is to explain how these issues are addressed in [23].

4.2.1. Achronal boundaries. We begin with some standard terminology. Let (X, <, <, %)
be a topological causal space. A subset S C X is said to be achronal if

Ky V,x,y € S.

Equivalently, no two points of S are in chronological relation.
Given a subset S C X, its chronological future is defined by

IT(S):={y € X : 3z € S such that » < y}.

In a smooth spacetime, a null hypersurface can be characterized by the degeneracy of the
induced metric. Since such a description is unavailable in the absence of a differentiable
structure, a different viewpoint is required.

The key observation is that null hypersurfaces enjoy a strong causal property: they
are achronal (at least locally), yet the causal relation does not trivialize on them. This
suggests replacing smooth null hypersurfaces by suitable achronal subsets. An especially
important class is provided by achronal boundaries.

Definition 4.3. Let (X, <,<,T) be a topological causal space. A subset H C X is
called an achronal boundary if there exists a set S C X such that

H = dI™(S).
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One can easily prove that achronal boundaries are indeed achronal (see [23, Lem. 3.2]).

The relevance of this notion stems from the smooth theory. Indeed, in smooth
spacetimes, achronal boundaries are classical objects in causality theory (see for in-
stance [80), [49]). Under suitable assumptions they are ruled by null geodesics, and every
maximal achronal set arises as an achronal boundary (see for instance [65, Thm. 2.97]).
Consequently, achronal boundaries provide a natural synthetic replacement for null hy-
persurfaces.

4.2.2. Endpoints and static points of an achronal set. Although achronality is a funda-
mental property of null hypersurfaces, it is not sufficient to characterize them synthet-
ically. Indeed, spacelike hypersurfaces are also achronal, but they do not possess the
causal generators that are the hallmark of null geometry. To capture this additional
structure, one must require that the causal relation remains non-trivial on the set. The
next sections, culminating in Definition make this idea precise.

Definition 4.4. Let H be a closed achronal subset of a topological causal space.
The set of final points of H is defined by

b(H):={m € H: Pz € H such that m < z and x # m},

that is, the points of H having no strictly larger causal successor in H.
Similarly, the set of initial points of H is defined by

a(H) :={m € H:$x € H such that x < m and = # m},

namely the points of H having no strictly smaller causal predecessor in H.
The subset of H consisting of points that are neither initial nor final is denoted by

(4.1) H®:=H\ (a(H)Ub(H)),

and is called the achronal set without endpoints.
Finally, the set of static points of H is defined by

s(H) := a(H) N b(H).

Equivalently, a static point is a point of H that admits neither a non-trivial causal
predecessor nor a non-trivial causal successor within H.

4.2.3. Reference measures. A second ingredient of the smooth theory is the rigged mea-
sure Volr,, which serves as the reference measure in the definition of entropy.

Recall that, although the rigged measure depends on the choice of a null geodesic
vector field L, the resulting NC®(V) condition is independent of this choice. This suggests
that the measure itself should be regarded as auxiliary data rather than as part of the
intrinsic geometry.

In the synthetic setting, one therefore starts with a non-negative Radon measure

me M*(H)

defined on the achronal boundary H. The measure m plays the role of the rigged measure
and provides the reference measure appearing in the entropy functionals.

As in the smooth setting, the resulting synthetic curvature condition will ultimately
be shown to be invariant under a suitable equivalence relation on reference measures.
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Roughly speaking, this equivalence corresponds to multiplying m by functions that re-
main constant along the null generators of H, mirroring the change of rigging vector
field in the smooth theory.

4.2.4. Gauge functions and distinguished parametrizations. A further ingredient is re-
quired before one can formulate a synthetic version of the NC®(N) condition. Recall
that the latter is expressed through concavity properties of entropy along interpolating
measures (it)qc(o,1] generated by null-geodesic transport plans. The parameter ¢ € [0, 1]
plays a crucial role, since concavity is a statement about the evolution of the entropy
along the interpolation. Consequently, one needs a distinguished way of parametrizing
the null geodesics supporting the transport.

In Riemannian geometry, every minimizing geodesic 7 : [0,1] — X admits a distin-
guished parametrization by constant speed, characterized purely in metric terms by the
identity

d(vs, ) = |t — s/d(v0, M), Vs, te[0,1].

This relation simultaneously encodes both the minimizing property of the curve and the
fact that it is parametrized proportionally to arc length. Equivalently,

17| = Length(vy) = d(v0,71)-

An analogous phenomenon occurs in Lorentzian geometry: timelike geodesics admit
a canonical parametrization by proper time, which can be characterized in terms of
the time-separation function £. Null geodesics are fundamentally different. For smooth
spacetimes (M, g), if v : [0, 1] — M is a null geodesic, any reparametrization still satisfies

9(,%) = Length(y) = £(y0,71) = 0.

It follows that the class of maximizing null curves is invariant under arbitrary re-
parametrizations. As a consequence, the Lorentzian length functional does not deter-
mine a distinguished parametrization of null curves. This stands in sharp contrast with
the Riemannian and timelike Lorentzian settings, where the length functional naturally
selects constant-speed and proper-time parametrizations, respectively.

This becomes problematic because the NC®(/V) condition is formulated through con-
vexity properties of entropy along geodesics, and convexity is not preserved under arbi-
trary reparametrizations. In the smooth setting, one resolves this ambiguity by requiring
null geodesics to satisfy the geodesic equation

which fixes the parametrization up to affine transformations. Since convexity is invariant
under affine reparametrizations, this is exactly the amount of structure needed.

The synthetic analogue of this affine parametrization is encoded by the notion of a
gauge function. Intuitively, a gauge function plays the role of an affine parameter along
null generators. In the smooth setting, one may think of G as a function satisfying

G(n) =t

along suitably normalized null geodesics.
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Definition 4.5 (Gauge function). Let H C X be a closed achronal set, and let H®
denote the corresponding achronal set without endpoints (see (4.1)).

A Borel function

G:H°—R

is called a gauge for H if the following properties hold:

(1) For every injective causal curve « contained in H°, the function G o+ is continuous

and strictly increasing.
(2) For every causal curve v : [0,1] — H satisfying v((0,1)) C H®, the quantities

sup G(v) and inf G(y)
t€(0,1) t€(0,1)

are finite.

A gauge function G is said to be proper if, for every compact set K C R, the preimage
G~1(K) is precompact in H°.

Assumption (1) implies that, for every causal curve « contained in H°, the composition
G o v is continuous and non-decreasing. Indeed, if v is not injective, one can first
reparametrize it as an injective causal curve and then apply Assumption (1).

Assumption (2) prevents the gauge from blowing up along finite segments of causal
curves and ensures that the affine parameter encoded by G remains finite whenever the
underlying causal curve has finite parameter length.

The notion of properness plays a particularly important role in the synthetic theory.
As we shall see in Section properness of the gauge provides a synthetic counterpart
of future null geodesic completeness and constitutes a key ingredient in the formulation
of the synthetic Penrose’s singularity theorem.

A gauge function allows one to recover, in a purely synthetic manner, the affine
structure carried by the null generators of a smooth null hypersurface. This leads to the
following synthetic analogue of an affinely parametrized null geodesic.

Definition 4.6 (G-causal curve). Let H be a closed achronal set and let G : H® — R
be a gauge. A continuous curve

v:[0,1] - H
is called G-causal if the following conditions hold:

(1) ~ is causal;

(2) 7((0,1)) C H*;

(3) the function G o (o) is affine.

The collection of all G-causal curves is denoted by Causg C C([0,1]; H).

The third condition should be viewed as the synthetic counterpart of the geodesic
equation in the smooth setting. Recall that, for smooth null hypersurfaces, the geodesic
equation singles out affine parametrizations of the null generators. In the absence of a
differentiable structure, this role is played by the gauge function G: requiring G o~ to
be affine provides a synthetic notion of affine parameter.

More precisely, if H is a smooth null hypersurface and G is induced by an affine
parameter along its null generators, then the G-causal curves are precisely the affinely
parametrized null geodesics contained in H. Thus the notion of G-causal curve extends
the classical concept of affinely parametrized null geodesic to the synthetic setting.
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4.2.5. Synthetic null hypersurfaces.

Definition 4.7 (Synthetic null hypersurface). Let (X, <, <, %) be a topological causal
space. A triple (H, G, m) is called a synthetic null hypersurface if:

e H C X is a closed achronal set;

e G: H° — R is a gauge function;

e m € M*'(H) is a non-negative Radon measure that does not charge the static
points of H, i.e. m(s(H)) = 0.

Achronality is a fundamental feature of null hypersurfaces. Yet it is far from sufficient
to grasp the distinctive features of null geometry, in particular curvature. Indeed, even
spacelike hypersurfaces are achronal, yet they lack the causal generators that constitute
the hallmark of null geometry. Any synthetic notion of null hypersurface must therefore
retain not only achronality, but also a non-trivial causal structure.

The second and third conditions are designed precisely to capture this additional
geometric information. The gauge function G is defined on the non-endpoint part H°
of H and encodes the affine structure of its causal generators. At the same time, the
requirement m(s(H)) = 0 ensures that the reference measure is concentrated on the
dynamically relevant part of the hypersurface, namely the points through which non-
trivial causal generators pass.

Taken together, the data (H,G,m) provide a synthetic analogue of a smooth null
hypersurface endowed with an affine parameter along its null generators and a rigged
measure. In particular, they furnish exactly the structures needed to develop a theory
of entropy, optimal transport, and synthetic curvature bounds in null directions.

Ezamples arising from smooth spacetimes. We now discuss several important classes of
examples showing that the notion of synthetic null hypersurface naturally encompasses
the classical objects of smooth Lorentzian geometry.

Smooth null hypersurfaces with a global cross-section. Let H C M be a smooth achronal
null hypersurface whose null generators do not form closed causal cycles. Equivalently,
the restriction of the causal relation to H is antisymmetric, so that it defines a partial
order on H. Assume moreover that H admits a smooth global cross-section S C H. The
existence of S allows one to construct a global null geodesic vector field L tangent to H,
whose integral curves coincide with the null generators of the hypersurface. Denoting
by
Uy e SxR—H

the flow generated by L, every point z € H can be uniquely represented in the form

z = \I/L(pv t)
for some p € S and t € R. This yields a natural gauge function
GL,S :H — R,

defined by setting G'1, 5(z) = t. In other words, G, s records the affine parameter of the
null generator passing through z, measured relative to the reference cross-section S.

As reference measure on H, one takes the rigged measure Vol associated with the
null geodesic vector field L. The resulting triple (H,Gp g, Voly) is a synthetic null
hypersurface. For more details see [23, Rem. 3.10].
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Local constructions. The previous construction can be localized and therefore does not
require the existence of a global cross-section. This is particularly important in situations
where a global section is unavailable, such as compact Cauchy horizons [69, [I8, 45]. In
such cases one constructs local gauges and local reference measures, which can then be
used to endow suitable open subsets of the hypersurface with the structure of synthetic
null hypersurfaces. For more details see [23] Rem. 3.11].

Achronal boundaries. A particularly significant source of examples is given by achronal
boundaries. Let (M, g) be a causally simple C? Lorentzian manifold (equivalently, a
strongly causal and causally closed spacetime), and let A C M be a compact, achronal,
spacelike C?-submanifold of codimension k& > 2. Consider the achronal boundary

H = 0It(A).

Although achronal boundaries are generally far from smooth, they retain a remarkable
amount of null geometry. Classical results in causality theory show that H is ruled by null
generators and enjoys many of the structural properties of smooth null hypersurfaces;
see, for instance, [80, Lem. 3.17] and [49, Prop. 6.3.1]. This residual geometric structure
is sufficient to construct, in a natural way, both a gauge function and a reference measure
on H. Thus H naturally carries the structure of a synthetic null hypersurface (see [23|
Rem. 3.12] for more details).

This example is particularly important for applications. Indeed, achronal boundaries
naturally appear throughout Lorentzian geometry and general relativity, including in the
study of light cones, event horizons, Cauchy horizons, trapped surfaces, and singularity
theorems. Consequently, the synthetic framework applies not only to smooth null hy-
persurfaces but also to many geometrically significant hypersurfaces that arise naturally
in low-regularity settings.

4.3. The synthetic null energy condition NC®(N). Having introduced synthetic
null hypersurfaces, we can now formulate the synthetic counterpart of the null energy
condition. As in the smooth theory recalled in Section the guiding principle is
that curvature should be encoded through displacement-concavity properties of entropy
along suitable families of null geodesics. The key difference is that all notions are now
expressed purely in terms of the causal structure, the gauge function, and the reference
measure, without any appeal to a differentiable structure or curvature tensor.

Let (H,G,m) be a synthetic null hypersurface. Given two probability measures
o, 1 € P(H), we denote by

OptGeo® (g, p11) == {v € P(Causg) : (e;)sv = pi, i=0,1},

the set of dynamical transport plans concentrated on G-causal curves with marginals pg
and 1. For any v € OptGeo® (ug, j11), we write

Kt = (et)ﬁyv le [O’ 1]7

for the associated interpolation. Recall that, given a reference measure m, the entropy-
power functional is defined by

s ) = exp (- Butfm) ).
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The synthetic NC®(V) condition introduced in [23] is obtained by requiring displace-
ment concavity of Uy_1 along suitable G-causal transport plans.

Definition 4.8 (Synthetic null energy condition [23]). Let N > 0, let (X, <, <,%) be
a topological causal space, and let (H, G, m) be a synthetic null hypersurface.

We say that (H,G,m) satisfies the synthetic null energy condition NC°(N) if, for
every pair of probability measures pg, 1 € P(H) satisfying 1< (uo, 1) # 0, there exists
a transport plan v € OptGeo” (10, po1) such that

Un—1(pe|m) > (1 —t)Un—1(po|m) + tUn—1(p1]|m), vt e [0,1],
where 1y = (eg)yv.

This definition should be viewed as the direct synthetic analogue of the smooth char-
acterization discussed in the previous section. In the smooth setting, the null energy
condition is equivalent to the displacement concavity of the entropy power along null-
geodesic transport plans contained in null hypersurfaces. The above definition takes this
displacement-concavity property as the primary object and promotes it to a synthetic
curvature condition.

A notable feature of the NC®(N) condition is that it only involves the causal structure
of the ambient space, the gauge function G, the reference measure m, and entropy
functionals. In particular, it makes no reference to a metric tensor, a connection, or
Ricci curvature. Consequently, it remains meaningful in settings where none of these
differential-geometric objects are available.

As we shall see in the following sections, the NC®(V) condition enjoys many of the
properties expected of a synthetic curvature notion. In particular, it is compatible with
the smooth theory, invariant under natural changes of the reference measure, stable under
suitable notions of convergence, and strong enough to imply synthetic counterparts of
classical results such as Hawking’s area theorem and Penrose’s singularity theorem.

4.4. Fundamental properties of the NC°(N) condition. A synthetic curvature con-
dition is useful only insofar as it enjoys the fundamental properties expected of a geo-
metric notion. In the case of the NC®(V) condition, three such properties play a central
role:

e compatibility with the classical smooth null energy condition;

e well-posedness, namely independence of the auxiliary choices entering the defini-
tion of a synthetic null hypersurface;

e stability under suitable notions of convergence.

We briefly discuss each of these aspects.

Compatibility with the smooth theory. The first fundamental requirement is that the
synthetic theory recovers the classical one whenever a smooth spacetime structure is
available. This is indeed the case, see [22, Thms. 3.18, 3.19]: for smooth null hypersur-
faces H endowed with their natural gauge function and rigged measure, the synthetic
NC®(NN) is equivalent to the non-negativity of Ricci tensor in null directions along H.
Thus the synthetic theory genuinely extends, rather than replaces, the classical smooth
framework.



THE NULL ENERGY CONDITION THROUGH THE LENS OF OPTIMAL TRANSPORT 26

Well-posedness. The definition of a synthetic null hypersurface involves two pieces of
auxiliary data: a gauge function G, encoding the affine parametrization of the causal
generators, and a reference measure m, playing the role of a rigged measure. A priori, it
is therefore not clear whether the resulting NC®(N') condition depends on these choices.

To formulate the appropriate notion of invariance, one first identifies the transforma-
tions that preserve the underlying null geometry.

Let H be a closed achronal set. A function f : H° — R is called transverse if it is
constant along the causal generators of H, that is, if f oy is constant for every causal
curve ~ contained in H°.

Using transverse functions, one introduces an equivalence relation on reference mea-
sures. Given my, my € M™T(H), we write my ~ my if

mll_H\Ho: mg\_H\Ho
and
miLpgo= fmaLpyo
for some positive transverse function f.

Similarly, given two gauges G1,G2 : H° — R, we write G; ~ G2 whenever they
determine the same family of distinguished causal curves, namely

Causg, = Causg, -

These equivalence relations have a clear interpretation in the smooth setting. If H
is a smooth null hypersurface, changing the null geodesic vector field L modifies both
the associated rigged measure and the affine parametrization of the null generators. The
relations above are precisely the synthetic counterparts of these classical gauge freedoms.

The following result shows that the NC®(N) condition is intrinsic. For the notion of a
tight gauge see [23, Def. 3.16]; roughly, it means that the set of G-causal curves satisfy
a pre-compactness condition é-la Arzerla-Ascoli.

Theorem 4.9 (|23, Thm. 4.6]). Let (H,G1,my), (H, G2, m2) be synthetic null hypersur-
faces with tight gauges satisfying G1 ~ Go and my ~ ma.
Then (H,G1,my) satisfies NC*(N) if and only if (H,G2,m2) satisfies NC*(N).

Consequently, the synthetic null energy condition depends only on the underlying null
geometry and not on the particular gauge function or reference measure used to describe
it. In this sense, the condition is geometrically well posed.

Stability under convergence. The third fundamental property is stability. One of the
principal motivations for introducing synthetic curvature conditions is their applicability
to singular limits of smooth geometries. Accordingly, one expects the NC*(N) condition
to be preserved under suitable notions of convergence.

This is indeed the case. In [23], Sect. 9], the authors introduce Lorentzian analogues of
pointed measured Gromov—Hausdorff convergence and Sturm’s D-convergence adapted
to the setting of synthetic null hypersurfaces. Roughly speaking, the role traditionally
played by the distance function in metric geometry is replaced by the causal and affine
structures encoded by the gauge function G. The actual construction is considerably
more subtle, however, as it is designed to be invariant under the natural equivalence
relation G ~ G9 discussed above.
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One of the main results of [23] states that the NC*(IV) condition is stable under these
notions of convergence. In particular, limits of synthetic null hypersurfaces satisfying
NC®(N) continue to satisfy the same condition.

This stability property is one of the major strengths of the optimal-transport ap-
proach. It allows one to pass to geometric limits and to formulate meaningful lower
bounds on null Ricci curvature for singular spacetime models arising as limits of smooth
ones. More generally, it provides a robust framework for studying low-regularity and
non-smooth Lorentzian geometries beyond the reach of classical differential-geometric
methods.

We conclude by mentioning that, motivated by similar questions, several notions of
convergence for smooth and non-smooth spacetimes have recently been proposed in the
literature; see, for instance, [26, 67, [73, 19, 82, [72]. Understanding the relationship
between these convergence theories and the one introduced in [23 Sect. 9] remains an
interesting and largely open problem.

4.5. Penrose singularity theorem in C’-spacetimes. One of the principal motiva-
tions for introducing synthetic versions of the null energy condition is the possibility
of extending classical singularity theorems to spacetime settings of very low regularity.
Among such results, Penrose’s singularity theorem occupies a distinguished position.

Recall that Penrose’s original theorem [78] asserts that a smooth spacetime satisfying
the null energy condition, admitting a non-compact Cauchy hypersurface, and containing
a future-trapped surface must be null geodesically incomplete. More precisely, there
exists a future-directed null geodesic satisfying
(4.2) Vi =0
whose maximal domain of definition is not the whole real line.

Over the last decade, substantial progress has been made in extending Penrose’s
theorem to lower regularity settings. The theorem was established for C'™!-Lorentzian
metrics by Kunzinger, Steinbauer and Vickers [55], and subsequently for C'-metrics by
Graf [42]. In both cases, the null energy condition is interpreted in a distributional sense
and geodesics remain classical solutions of an ordinary differential equation.

The case of continuous Lorentzian metrics presents substantially greater difficulties.
Indeed, when g € C°, neither the Ricci tensor nor the null energy condition can be
interpreted distributionally in any natural way. Moreover, the geodesic equation itself is
no longer available, and even the notion of a future-trapped surface becomes problematic,
since its classical definition involves mean curvature and therefore requires at least C'-
regularity of the metric.

The synthetic framework recalled in the previous sections provides a way around
these difficulties. The basic idea is to replace the classical null energy condition by
the synthetic condition NC*(NN), and to replace null geodesics by G-causal curves. To
formulate a singularity theorem, however, one must still identify appropriate synthetic
counterparts of null geodesic completeness and of the trapped-surface condition.

Proper gauges and synthetic completeness. A key observation is that, in the smooth
setting, null geodesic completeness imposes a strong constraint on the associated gauge
function. More precisely, if every null generator can be extended indefinitely towards
the future, then the corresponding gauge is proper.
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This suggests taking properness of the gauge as the synthetic analogue of null ge-
odesic completeness. Consequently, a singularity theorem should assert that, under
suitable geometric assumptions, the gauge cannot be proper. This characterization of
null completeness is discussed in details in [23], Sect. 8.1].

Synthetic future convergence. The second issue concerns the trapped-surface assumption.

Classically, the relevant hypothesis is that a compact spacelike surface be future con-
verging, namely that its mean curvature vector points sufficiently towards the future.
Since mean curvature depends on the Christoffel symbols, this notion is unavailable for
continuous metrics.

The key idea in [23, Sect. 7 and 8] is to replace the classical mean-curvature condition
by a second-order variational property involving the reference measure. The motivation
comes from the smooth theory: mean curvature arises as the first variation of area, while
area itself may be viewed as the first variation of volume. It is therefore natural to seek
a synthetic analogue of future convergence in terms of a second variation of volume.

In the synthetic setting, the role of volume is played by the reference measure m. The
corresponding notion of area is given by the Minkowski content mg, defined with respect
to the gauge function G; see [23, Def. 7.1]. This leads to a purely measure-theoretic
formulation of future convergence, which remains meaningful even in the absence of
differentiable structures and curvature quantities.

Let (H,G,m) be a synthetic null hypersurface satisfying NC*(N), and suppose that

H =0IT(9).
Definition 4.10. The set S is said to be (G,m)-future converging if there exists a
constant # < 0 such that
m(AF) —emfi(A
i A A
e—0t € /2

for every measurable subset A C S.

Although somewhat technical at first sight, this condition admits a natural geometric
interpretation: it expresses a strictly negative second-order variation of volume along
the future null generators of H, and therefore serves as a synthetic analogue of negative
null expansion.

Penrose’s theorem for continuous Lorentzian metrics. With these notions in place, one
obtains the following synthetic version of Penrose’s singularity theorem. The assumption
of null non-branching [23], Def. 5.6] is the synthetic counterpart of the uniqueness of null
generators in the smooth setting. Roughly speaking, it requires that null generators do
not branch, so that two generators that agree on a non-trivial segment must coincide.
This condition is automatically verified for achronal sets in C?-Lorentzian manifolds;
see [23], Cor. 5.9].

Theorem 4.11 (23] Cor. 8.8]). Let (M,g) be a spacetime endowed with a continuous
Lorentzian metric. Let S C M be a compact achronal set, and let

H = 0I™(S).
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Assume that H is endowed with a gauge function G and a positive Radon measure
m € MT(H) with supp(m) = H.
Suppose moreover that:

e (H,G,m) satisfies the NC*(N) condition for some N > 2;
e (M,g) admits a non-compact Cauchy hypersurface;

e S is (G, m)-future converging;

o H is null non-branching.

Then the gauge G cannot be proper.

The conclusion should be interpreted as a synthetic form of null geodesic incomplete-
ness. Indeed, one of the key observations underlying the theorem is that, in the smooth
setting, future null geodesic completeness of H implies properness of the associated gauge
function. Therefore, the failure of properness can be viewed as the synthetic counterpart
of the existence of an incomplete null generator.

Consequently, when specialized to smooth spacetimes, the theorem recovers the quali-
tative conclusion of Penrose’s classical singularity theorem. More importantly, it remains
meaningful for merely continuous Lorentzian metrics, a regularity regime in which nei-
ther Ricci curvature, nor the geodesic equation, nor mean curvature are available in their
classical forms.

The theorem therefore provides a striking illustration of the strength of the optimal
transport approach: by replacing differential-geometric notions with synthetic entropy-
concavity conditions, one can recover one of the deepest results of general relativity in
a setting far beyond the reach of classical methods.
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